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. Preface . . . !
v ' St Y
. In the summer of_ 1966 the pr1nc1pal of the San Ramon Elementary School
T '{n Mountaln Vlew, Ca}ifornia. aporoaohed the Director of the School Mathematlcs
) Study Group for suggestlohs with regard to a preeschool program in mathematlcs
for culturally disadvantagel ehl&dren‘ “As the School Mathematics Study ‘: |
Group had no p;evious experience with pre-schoolers it eould only pfifer to .
acquaint the San Ramon staff with the special\kingergarten program that’phe
SMSG had designed for a comparéble populatﬁon Arrangements were then made’ to
pave the teach s medt regularly with members £ the SMSG staff discussing *
Kkinds. of prg-sthool activities that mlght be aooroarlate for the develooment ’ .

of various mathematical concepts. i

4 . .
. The meetlngs were scheduled in two phases. The first ohése consisted of
a series of structured Dresenuations in the fall of 1966 For these, Mrs.
Jéanette Summerfleld of the School Mathemaelcs Study Group expanded on selec-
v ted toplcs from thes SMSG Studies in Mathematics, Volume 13, INSERVIGE COURSE’ i
. IN MATHEMATICS FOR PRIMARY SCHOOL TEACHERS, revised edition. The secona phasds . |
took plaée in the snring of 1967. The initiative was then assigned the , # ’

<

teachers of the pre schoolers td’oropose various pre-school activities that

-
(Y

migﬁ% lend themselves Vo a nrogram of readlness frr mathematics. .

Part1c1pat1ng teachers from the San Ramon e-ScnoolfTor these meetings -’ ‘

were: Miss Ruth K. H“5uon, Mrs. Jeanne M. thtleboy, Mrs. Janet L. McClurg,
and Mr. Patrick A. O'Donnell the prlncipal of San Ramon Elementary *School.
. Mrs Jeanette 0. -Summer; eld and Mr. William G. Chlnn were the part1c1oants.

from the Scﬁool Mathemaelcs Study Group. ., Tt >

-

Whét foilows.on tbese pages represents notes that have been compited from
1

same order as they are developed in the SMSG kfndergarten brogram. While the °

the meetings. Here, the sequence of relevant’ concepts presented ‘are in the

writers jare not ouggeetxng.tﬁaw there 1s only one suitable program in mathe-

matics for pre- schoolerg, they feel that these unlts offer a reasonable se<

-4

quence. Some,of the unltaroccurrlng later in the seguence  are oc6851onally
predicated upon experiences and vocabulary deVelooed in.the earlier units.
Some slight estorlal modifgcations have been made from the notes of the
. meetings in order to gain uniformity and cone31veness in formst. Each unlt
\.:con51sts of a section on Background Notes, Readiness, Activities, and Ty
Vocabulary., In each case, we tried to include some remarks that mlgnp'clérify

the pa}ticular concept that we have in mind. Thus, we felt free to discussy
- -

. [}

s e - ' ‘ : ©°
. .
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the topics more intensively than they are inte
~This défining feature, we hope, would help to place . )

[y

nded to be' developed for the

children &t thig levdl,
the topicsviﬁ proper pérspectiﬁe for an‘understanding of its'role in elementary
. , ) o ' .

méthematics.

¢ . . “ .
. The writing group wishes to express éts agpreciation to {he .Director .of

\ . . N
the Schopl Mathematics Study*Group, Dr. E. &. egle, for organizing these N
ng, égidanée, and making.tﬁé‘}acilities

'CCnferences and’ otherwise help th planni

or e SMSG *headquarters available for t?evmeetings.- . ﬁﬁ"
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. - 1.7 SETS * \
) \ ) . ' RN t ' ( . s
- BACKGROUND NOTES -~ ’ -~ . . -
f . . The concept of _ set is o.pe. tha‘o‘occurs over and over aggin in mathematics. " .

This concept occurs, for example'_ln dealing with sets of pomts, sets of

numbers, sets of objects, and SO ON., The W eneral of these are sets of .
-]
objects, especially if we mterpret "objects" in the“broa‘d“ sense as entri;‘r’ej'“'.

>

Not «only &re sets of objects the-most general, but with Judlcmus choice of L
’ .

objects, such sets can be ‘alsé, thermost concrete in ﬁ'erms Of v1suallzatlon R

LA set 1s(a collectlon ¥ach object in 4 set is called a membeyr or element

1

*
. of the set, For example,_& c;ollectlon of tn.lldren in the classrdbom, or a R

collec‘tion of. monkeys 1n the zvoo, each constltutes a set of obJec’es Each
. child*6r each monkey is an element of‘ the respec:trve—set'* ———— . .

I“E may be natural to think of a set ‘as consz.stmg of ob%ects hav1ng some
/( . characteristic ,1n common In f‘act, it méy appear that this is the only way .
sets*could be forged. For 1ns‘tance, in the cellection of, children ig the )
classroom, a common characfrvstch (common property) is jhat these objects or
. xhembers are all children. However, hav:.ng a common property ‘is not a pre-"
requlszte to being members of a set. It is perfectly acceptable to think of

e set’ gons1st1ng of thege elements: Bobby Jones, paper clip, o _adlo. That 1s
" %o say, a setrmay consist of‘ objeqgts -having no characterxeﬁe—m,-eemm_or.her\

Jhan slmply belonging to the same set. . < .

- . . . . .
. . Clearly, sets may" have many members oy few memebers. For a small number of .

S

members, we may even think of a set con51st1ng of Just owe member. Even this
)

may--be. regarded as a collection fstuch as: “a tommttee of one"). Further- .

mre, we may conceive Of a set conslstmg of no member. This ﬁci,al set o

w:cll be dlscussed ltter under ' the empty set".
- <' ) v o9

€

; In examining a set, one ‘of . ou# .questions may be: "Is there a character-

+istic shared by every membef‘ of the-set?" As we have noted above, this ques- ‘

,+ tion- nay or may not be answered in. the affirmative. When we look at a variety

. > .
‘“of sets side-by side, we may alsb want to pose the same question: "Is" there a

»
B

‘However, there may be some conﬁnon chanacterlstic that may be 1nconsplcuous at '
* ) first b&usQ/ Vith this im mind, sets will be selected for study such as to
bring out the p'roper'ty of‘ havmg the same, number of objects. Thus, sets help

-t form a primitive basis for the number coricept and serve as pre-number ideas.

b
=Y s T 4 ’ ’ : /
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Describing Sets T P : Sy

v < : [
_ r.Is‘here are varlous ways 1n whmch a set may e spec1f1ed ‘If the set con- _ -

< I 4

51sts of the follwmg’ memoers
. N - B

- ‘ Calli‘orma Oregon, and Washmgto‘n . S
. . . 6 e
then Ve may specn‘.‘y the set, by list thg all the members A class roster is
E}Aus a meang of spe 1ﬂvmg a ‘partIcular sep; % reading llst is 2 means bf
spec1fy1ng another et. In the later grades when special symbols are intro- o ‘-
duced ve can‘,l’xst he elemente within braces { } to denote the set e}

.

spemfled Thus, if the readmg 1ist comsists of the book titles, The Story

- of Ping, A Day in Mawne, and Make Wa ay for Duckllngs, we can enclose these !
titles within tyaces e 1

(The Story of Ping, A Day in Maine, Meke Way for~Duc kllgg s}

.

« - to denote the set whose members are The Story of Ping, A Day in Maine, and

Make ‘Way for for Ducklmgs
set whose members are". TMote that tHe itefus in'the listings are separated by

" The braces aye an abbreviation for the words "the'

commas . - v .
. . » » N Lr ;

v There are occ3s1ont when it 1s inconvenient or 1mpract1cal’to specify the.
set by listing all*its members For example, the set of all states of the
Unlted States requlres a llstlng of 50+ states; the set of alX inhabitants " ,,;
. in the Umted States may requlre a listing of more than: 200 mllllon names. . o

‘If there 1s an exrlicit common property that may be used to char?cterlze the

members o*‘ the set, then such & description may e a}iequate Thus, - >
N J .
! {the states of the United States} . .
’ *
; s'pécifiés the set being considered. For convenience, we rhay use a letter 4 ’

symbol 10 Iabel @ particular set, and once ‘so identified, refer to this set ©

by 1ts laUel Thus, if ve agree to label the set of‘ states of the United

LY

,

Sta't:‘es bJ the letter A" then we can write

1 . * ’ ' ‘ ,
= A< (the states of thé United States]. ! .

" v .

Théreaf'ter, the g:t of states of the United States may "be referred to simply

as *'A. Conventionally, capital letters are used for this purpose.

. ‘ We have ment,loned that a class roster 1s :1 means of speclfymg 8, particu-
lar set. Note that 2~-child's nane is not llsted more than once in spec1fy1r(g
.the set. Once he is" 11°+ed, he is designated as a mkmber af the set, By the - ¢
same tnl_cen, -{d. e, r} ' is t‘he set of 311 letters in ‘the word "deer" as ‘well

-~

as in the word "red" or in the word " erred”, .

’
-~
. » . - s
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PeoN At tpe pre-schogl Jlevel, the child's experierices with sets shoyld be with
"{“

%

Hence, ' the_ symbols and )" _.for denoting sets are’ . S

concrete ob,jgcts .

N

not -introduced.

It is suggested that the teacher use the words

- arjd

. Ypember" whenever possib (3

.In pointing out se'ts of objects,

be syre to In-

’
bse members do not share a common property,

sucl‘f as

eclude examples of a set

» . -

the followinfg—— . ' '

- oo s .
. . . ' 0.

a ’
- . - ¢ 4

‘ . - (marble, Susan, table)

‘ well as one whose members do shagrg’ ;éommon property, such as *., = ( < .

\.

.

- - 2]

. * B = {the musical 1nstruments in the class.room} ;
"' ACTIVITIES . . ' -

-
et

At \th.i.s level, no forn)al learning procedure 1s a.dVOcated. Rather,

I N
is not merely a mattter of‘ allowing

- a'ttempt to create an atmosphere in which incidental learning can occur

. program for incidental

learmng, 8 be sure,

into view;

. certain concepts to come it is p'lanned exposure to the concepts-= !

-

more structured than acciden tal learning and less structured .than foimal ,

learning. We list:below some suggestions for the kinds of plannegi exposure

that we have in mm;l relevant to the concept of a set. ! . .

o “In the classroom, attention can be called to ‘sets of\ob;)ects having

. similar members;’ f‘or. examp'le, sets of blocks, sets of) paint ‘brushés, ! st

BY N
. ¢ .

. .
’

Ox‘lce‘t'he ‘f:oncept of pets beg1ns to take shape and when dang,er of confusio’
»1s not likel*y,
" of dissimilar objects

LA and so on.

(o}

it is important to call attention to sets. consis’cing also
;*for example, ,lunch Ltable sett(;lngs, first aid «

equipment sandbox toys,
Pow . - . . . 4

Frequent conscious and- intentional use of the vocabulary "SEt“ should be

etc . L
» 1)

. o,

a part of the prbgram of planned exposure. This can seem strange at

first but becomes comfoxtable after some deliberate use. .

o Sets of objects located in various areag of the room can be described, ' “
o for example ) equipment found in the art area, dol}i area , block*play areaj

3 .
. .
- ' »

- . .

s

etc. .

< "o A variety ‘of sets may,be cons'tructed with children in the c).aSs as snem-
play together, different groups
"the s€t of-,

bers; for example, as children work and
may be: identified as 'setgt "the ‘set of boys at the slide",

and other such groupings

girls by the sw"ing ,

¥

39 .
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o} Specification of sets by category- may . be illustrated by such classifica~- +

i 1’?,-:'5:-'tions or defining élla-actérféitics as: "table blocks",, ”f'].oo‘r'.ﬁlocks", : - !
"indoor QcIothes'f, "Sltdoor €lothes", "boys? ¢lothing!, "girls? clothing",
‘ and the like. . ' , . : c ’

o . sznc'h provides many opportunities for the,discussion of sets; for example, -

with 'rei‘erence"to silverware, napkins, plates, seating arrdngements of ° N

” . e
o the cHildren. : -, ’ /" .
. S - ¢ L% : .

o o Fami'ly" groups-in stoz;ies: may be identified as sets. .Consider, 'f"or example,
. family groups mentio.fxed in: .Ping, Blueberries for S&lﬁ," The Three Bears, )
etc.  * . ' 1 ; -
. 1 Y N . '] -~
.« Oy Activitles in sért'ihg and classifying ot'>jects form imporfant bases for
. éorting/ax}d‘ classification of concepts for lemrning. A;neng the relevant

- ﬁroperties' of sets which might -be‘diécussed with chil:iren are the

‘following: : ~
R’ B * . \ » . .
. siZe, color, shape, texture, straightness, curvedness, function,
RS o
physical nature (solid, Liquid, ,or gas), mass, weight, ntmber of

. sides, length. S . - .

. ¥

2

o Teache®s tan éncourage readiness for this comcept by alternateiy focusing

on the child as an individual (member) and as part of a larger set (class). Lt
*  For .example,' . - o et

- °

"Where is Michael? Michgel is & member of our group."*

‘ 'Is everyone in our group here?"{ . ’ . !
. . ”
- . L - . ’ v
VOCARUTARY 4 - Lo
DRAntARL . .
- v . » ° , : ~ .
element,of a set . , . . ‘w\ -
‘ R N i
member oMa set . . 5. .
4 . : - . .
ST sete : - ' T
.t » ' b, . I
. { . Sy
N .
r [4 ~ -
o . - 1 \ A ‘e
. .
) N~ - o o« . . .
X ) . ‘
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Sy .
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S - )\ 2. Equab SETS , .

] . » > “ . ) r
e >
v ) . T | ' . - ) i
. BACKG'ROU'ND NOTES . ‘ . - ’ . ..
- -, . PS ‘ . - -
. , 1n our discussion about sets, we have indicated that a set may be speci- .

fied by 'Various means such as, by 1lis ‘ttmg;—a‘l-l—‘bhe -members—ex by description

-

throudh some common properties Each of these, we have noted has its advan- .

tages and disadv_antages v . e

< The use of‘ the first method depends heavily upon limitations* of practi-'
cality: Does the length of the listin‘: make it 1mpractical to resort to this -
way of spe¢ifying the set?” Or, are there inherent 1mpossib1lities for the
listing" To illustrate the firsx pomt "Can we indeed within reason list the
nemes of 200,000,000 persons?” (#{o, if we eonsider taking on the task’as
individuals, possibly yes, if we .consider the task 4s a national enterprisg such
as for census-taking(') To 1l15usﬁratce the second point, "Can we na%w list for

[
example, the names of &1l children Bborn in California next year?" . ) . .

«On the other hand, we have SO indi;cated th’*t it is not always possible T,
to specify a set by describing p&'operties shared by all the members. In fact,
. . sets mair cons‘ist of y¢lements with se other commoh property ‘than that. of belong-
'ing to the same set.] Even if ther.e were properties that the elements have in
com!non,‘ in using these t? defing the \sat, an obvxous but nec'essar'y word of
caut.ion should be stated: as defining- propef‘ties, ‘not only should esch member

of the set possess ‘all these properties, furthermore, no element posses’ng

-

A " all these properties can fail to belong to the set #n questtdn. - .

. For'this level “the kinds of sets that we shall construct céan usually bds -

describved by listing. For example, we max 1dentify a set A, as follows° v
[ T / . P

(Pai: Jean, Ruth),

‘"

*

-

At this point a wo d~about the notatlcn, "A = {Pat) Jean, Ruth]" may ‘e in

n "

order. When we use the symbol #7 a sentence such ‘as this, we ,,shall mean
that “the two expressions are names for the samé thing. * In this case, A"
. ¥ gnd " (Pat, Jean, Ruth}' are both 'different names f‘or the same set. In‘the

. M A
¢ - ° case X . _— . '
‘. [ P

s

‘ [Pat,‘Jean’, Ruthj = {’Pat Jean, Ruth}, L e
) 8 Ny .
the'expression at, the left, {Pat Jean, Ruth), and the .expression .at the

right, [(Pat, Jean, Ruth}, are beth nages for the sgme sgt

) . . 5 ‘ s ! .'. « '

Q e ' .
EMC ' . 11 2 '
3 <. . o
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¢ - ~Now consider sets A and- B, "specified as follcws: v L
. ? > B ! . ?
b ) . W [ ] -
" . A = (Pat, Jean, Ruth) ) . T
. - T N Bs (Jean, Ruth, Pay). :
- . -
. We sée that both of these sets consist of exactly,the ,Samg¢ members. Sinee a .
_set is speﬁnfle.d by 1ts membei’s, the eléments belongmg to ‘A, namely L.
LN . “‘- ) T 'Pat Jean s and Ruth ' !

equelly well speclfy thdet 1dent1f1ed by the letter B This fact may be

described by saymg that’ A and B are equal sets, and we write: A = B.

Examme the follow1nsz speclmcatmns . v .
te -~

{the first five letters of the Engllsh alphabet };

& ..
:?? :W v {8 b, C, d, e] . o < L
3'.'- ) ’; they contain exactlll the same elements, '

we say that'they are equal sets,

\ a4 we may express this by stating : '\' e
c ¢ - .
hal (the first five ‘létters of the English alphabet} = a, b, ¢, d, e). p
s In general, v . . P : ' :
& . a ) = . \ ¢ .
4 ». - IF A ISASETAND B IS A SET, THEN A - B¢ - s
¢ - A M M
7 IF‘BOTH SETS HAVE EXACTLY THE SAME MEMBERS.
)-“ ‘I’hul\« since {Spain, France #¥ngland) - has expctly the same members as
ae {F,;ance, Spain, England), e can write , o
: . - {Spam, France England) = {France, Spaln England}* ‘

T ‘Note that the orderwh listing the elements of a set is munaterlal in specify-x ’
- ‘.

¢ ing the' set. The same set may be spec;fledﬁy two dlfferent listifgs of the v
‘same members : . i )

. .
s
- <

\ [ ] N
~— We want to communicate the concept that a. get is defined *by the members;.

it does not.mattex: how ,Widely spaced these members may be. For gxample, * .

X
"c]'
O

) T - R o :
. \‘( N — . '°.'> .
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P . . - . ¢ -
E) . . -~ -

-
=

is thersame set of objects as

However, although we wish to emphasize that set meémbership is‘independent
of sp&t;.al z%\rrangemen*t;7 we also recognlze the intuitive aspects in visual per=-

cept:.on. In-a, v1,sual d1splay, the spatial arrangement of a set of objects may

-

suggest_a natural -grouplng Thus the ‘arrangement - .

L 1Y

. . %, Y.
. . ) g s
\ .. - XXX X % X X®X X X X XXX ' .
’ . T XX XXX ,xxxxx,".xxxxx . s
e B .- ‘ evr—s--* o . .
ce ma.gb,t sugges;t\j groups of ten obJect§ e &
- . % ’ .
L] - <

..
»

. Later on, when ve éxamine the bas1s underlying our numeration system, ‘we *’

_+do capl,talize\ on this. tendency to group on the basis of spatlal arrangement
» . For example, to arrlve-g at’a partlcular decimal numeral a set of objects may,
"be spatlally grouped 1nto-sets of‘ lO' - and 1l's, and so on.

s : Ry T - .
™ h

AerTViTES ... " RS ,
4o, ST ' "

.

- * The fact that rearzzangn,ng the members of a set does n@‘t change the se:te
is no'b‘ an easy concept to teach and a variety of‘ experienceés may need to be
provided 1eading to thls notlon.) Some ch'ﬁ.dren age qulte conv1nced that each
t1me there is a new arrangement of the same. members, a new set 1s formed. By

. way of‘ illustratlng that:we stlll have the same set ‘a few examples are sug—

A gested below. N ' ‘ R . Lt

. . . ' A
. LY

0 It Jlmmy& Sus1e Johnny Bobby, and Loulse sit at Table l for mﬂ.k and ,
' crackers At 1(? the same set of chlldren at the table even if Bobby and
- " Louise were to exchange seats. G
.+ o  Johnny Joneg! famlly con51sts of the same mémbers dven thouem Johnny
l Jones~1s in scHool, father 1s at work, and mother and Sissy are staylng

33 . . 5

f . .
. home.,‘,. “ . ) . . A .. .

¢« 0 Books ‘may be arranged dlfferently on a shelf If there is no change in

~
membershlp, then each arrar%ement gives us the same set of books. ‘.

] ~ . b

.

.

] . x g .
o “As aacertaln get of chlldren are gathered at the slide drea, ‘'some may be _' .
e g01ng up the steps bf the sllde, ,;ome may be scootlng down tbe s'li,de, and '
' ,others may be waltlng 1n llne to go up the stepsu If none of thesé"_;l‘ . !
. e children leave thls play areg and no new members 01n 1n, then wer ‘have the .
, sameret‘ of children at the sll.de area. et : . .
) R ’ T
s LT ., 13 |
ERIC o~ ’ _— ,
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©, Questions such as "Where is- Michael” Mlchael is & member qf our group

and "Is everyone in our group here?" serve also to hint at the concept

tuency ‘of a set.

to be off in the ‘Jungle gym or riding a trieycle.

- ’ .

that a new arrangement” of the same members does not change the consti-

Michael still belodgs to the group whether he happens

Thé coneept of. equal sets 1s one that the Students will be faced with

again and again.

thege‘ls a change’in mémbership, a different set is formed.

~, ? . .
o In our illustration above of children at Table 1 for milk and™ crackers,

Tif Jimmy who was at Tsble 1, traded seats with Dotty, who was orlglﬂhlly

: le 2, “then the children in Table I after the exchange aYe-no longer

. exactly the same ones.as were there before. ’ 'iny. .
o Janet Pat and Jeane%te aye in the-doll area‘ Barbara joins in with the
. group. Then the set ' oo .

A ' ’ '

{Janet, Pat, Jeanette) v ) "
J ' , S
W
has been changéd to a diffefent set ¢

.
s . N
€

" [Janet, Pat, Jeanette, Barbara).

B

because of this change in membership.

To shargen the notion, we.may want to emphasize that if

For example:

. N
S -
.
VOCABULARY . . . ’
— .
2
equal sets . .
. .
- . -% oo
. N .
s ‘ » .
v - 1
» “ . ‘ .
o ¢ - *
, a
b _ . “
. 2
A - — 4 . » 'y
. * . 'ét ~
. . &
- b
" . &
r & '
r\ ' H s s
- Lo \
j Q L ) -
. , B N
A ] . 4
’ ., - o
. L4
' : U
) - oo "~
¢ .o
~ . 14 .
. - Al
! 8 - - v
Q .
. »
lC , N - o -
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A ; 3. SUBSET >
S Y : «

BACKGROUND NOTES ,

~t

We can illu,strate the concept of a set by constructlng a var].ety of them. -

Y

] “For exa-t.nple', & set af “boys in the class might be o »
~0 o B'?('J'im, {Tom, Bob, Dave}.

Another set of boys in the’ class mlght be Y '
- } . LR N |
*" M ) . [Jlm, Bob, Davel. . ‘ . |

, ilot‘a.ce that S can be- formed by selecting members from B. aIt is true that we

can alwdys look for such spec1al relat].onshlps between sets: in formlng sets,

the elements are usually drbhwn f‘rom another set serving as a source, so to

' . R ¢

speak. . L AR N - .
Lo e - , : ) . - ” )

. oa L% ~ . N

.Fhus, when a set is formed consisting of -children in the classraom, each %

A

of the members is drawn from the class; in building with blocks, each of the

3

blocks going into a construction is drawn from a pool of*blocks; a stack of °

- " book.s'/ drawn from the bookshelf ,constj:tu.tes a set re_lated to the set of books,

| on the shelf in this special wayl” Likewise, given the set
’ .

) \ o . - . PR
P A=fa, b, c,d el
\ . . .
\ - .
\ - another set, .B, cohsisting of the elements ,-a, ¢, and 4 from A may ‘be v
\ .. M . .
.\ formed: * . . 3 . L ’ s
- / . L]
N P . ,
R ‘ -B = {ac 'd]. = . o

From the way that B 1is formed, we can see that each of its-elements is an
element of A. This last statement serves” as the crlterion by wHich the con-

/
cept of a subset may be defined. We say that .t . .

. c -’ ¢ IF A AND B ARE SETS;. “THEN B IS A SUBSET OF A .
. o ¢ . sl : : “
5 IF EACH ELEMENT OF B IS ALSO AN ELEMENT OF A.
H Thus, .{Jim, Bob, Dave} is a subset of {Jim, TPom, Bob, Dave}; each gwg

- - LY .
" member of ) . 0 L . s
:‘ 3 \ ] st A, ) . ot . ‘:
= B s {(Tim, Bob Dave“} .-
¥ a
: " is. %member of - . T , T .
?‘: . -:“Mf’s - P e To.
A . {(Tim, Tom, Bob Dave}. ~ < 0 P

On the other hand, (Jim, Dave, Frank} is not a subset of {Jim, Tom, Bob,

Dave} because Frank is not a member of (Jim, Tpm, Bob Dave}

-, . \

(‘,‘_ ; N )
Q . L f

5.




Consider now, sets A. and B spetified as follows:

-~ ’ ' A=1(a,;bc,d, e} and B= {b.e, c, a, d}. '

. . \ N .
[ . .t / ’ . ° - .
L) We ca°n verify that every element of B isian. element of.'A™ {remember that the
) order of listing of the elements is immaterial}; therefore B is a subset of
‘A. Observe now that both A and B consist of the same members; so A = B.

s - This example ' 1llustrates~that one of the subspts that can be fortied from a

given set may be simply the given set. This occurs, for example, when 811 the -
blocks in a contamer has been used. in block-building. The set of blocks in

the buildmg is precisely the same set. of blécks that was in the contalner. -

it ?V?Mt that one of the subsets that can be formed may be the given set |

[}

may ¥e so taken for granted that the need to make such a statement is not a%t

~ all apparent. However, this f‘act will have some undertones f¥w us, as for

.

T example when we examine certain special cases for subtraction. ™~
‘e

- -
We have noted thét ir . - . ..
¢ . . >

= . A=1{a, b,c,d,e} and B= (b, e, c, a, d; - g

then B 1is a subset of A; it s equally true that A is a subsgt of* B. oo
. This leads to the following statement-

e IF A.IS A SUBSET oF B,° AD IF B L
g ' o IS A SUBSET OF A, THEN A = N
. ' . . .. \
'READIN’ESS " ' : . i
- =e

s

In. introducing thew%ﬁ. "subset", caref‘ul enunc1at10n is needed as there
'mai be confusion between the words ' 'set" arnd "subset" because these terms my

4

- sound a“lake to the chlldren . oot ”

\]

Both the proper use of language and the deliberate stress on certain
critical terms are par‘tlcularly important in view Qf‘ the listening habits of
some children. Some may not be able to grasp all tha'ts is said. In additlon

173

. to marked effort in the proper use of language, constant and natural use, of
new terms throughout the day as occdsions arise has been. found to be helpful.
'Bhls 1s like working in "La pl\i%de ma- tante"‘at every bppor‘tunity one gets.

I
In order to make the idea of subset meanmgful to the cH:.ldren, it may be
necessary for a while to use the expression "set wmthln a set". The set fust oy

be identifieq Tirst in each instance before discussing subsets of that given .

set. In speaking of g subset, we must alwdysshave a reference set.
Y

- v
2 P—
-
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- ' g we have pointed ouf'; it is true that a Set 1s a subset of itself. How—
ever, this notion® is not simple and does not need to be given emphaSlS at this

% _‘timew’ For this level we can use examples ‘g,nstead; in whick' the subset is a

. A

part of a larger set. : . o .
~ ’ - ;

When the idea of subset “is introduced, the children may tend to always

'
gelect llke obéects as members of the subset,’ You\wlll have to prov1de -
numerous opportunities for them to manipulate set matérials and form varlous
subsets so that they will understand that a sdbset may be any set with.ln a
g_l__v_e_n set. "When 1dent1fy1ng subsets of a set make : clear that s:.ncé)a‘ subset

*is a set, a subset likewise may, but r?eeds not,, consist of like members.

| . . “

o

¢
- " In view of thls, avoid havmg the cha.ldren develop the mlscon(;eptlon hat

8, subset is a su'oset becadse the members belong together for reasonfbased on
-~ °

s.'Lze, color, use, ete. You may flnd that it will De exf‘@ctwe to do more

. "show}ng than "telling" . \ 20 S .
- .

[ - ~

it 1s true that each 1nd1v1dual member of a, set is a subset of that set. -

.

I-Iowever, in the early activities with subsets, we suggest that. you generally

(3

} ' consider, subsets that have at least two memb In this wvay, chl‘ldren are,
* 3
« -legs likely to confuse the idea Qi‘ "member om with the idea of "subset

N ;o
s ofaset. % o . . .
o RN & . . R f
‘ \ . . < '
R ACTIVITIES . ‘ P ‘ - ‘

"

There may, be many 1nstances where examples of subsets can be pointed out.’
Approprlate vocabulax'y should be used where appllcable Act1v1ties can be
planned so that there will be many incidental” opportumtles for discussion of

« ..  this concept. Here are a Tew. suggestlons .. : .
' b ' .
‘o During pley‘period, a subset of the class tha:b is on team A might be .
{rﬁj ‘,/videntlfled : at i )

- 0., A subset of the ducklingg in the pond might be am appropriate subject

T ‘ for conversatlon Jduring readmg v ’
- . . -7
Nod Members of the class who are playing specified instruments (e.g-, drums,

rhythm sticks, Piano, etc.) is a subset of the- class.

v
%
o} Pieces of a puzzle may be a subset oi‘ the puzzle. e . O
. . o
. .0 A toy or group of toys _might be a _subset of a larger set 'of *oys. o b .
gy g reF Yoot

o
v s

o‘ The rhythm records form a subset of the classroom set of records.

1

- -
. .
’ 3 - ‘a w0
et e " ) ~
- .
-« * - .. - « 1 .
] ;
. -t ’
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Various subsets may be identified in sets of parguetry blocks. w0 T :
o Members of the ¢lass at the painting area form a subset of the class.
“+ o  The pai}rt brushes*are members of a subsét of the painting equipment. \.‘t\.
. - - -
e 2 ' . ‘ -
VOCABULARY, : . .
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subset
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.y %7, u{ n SET WITH ONE MEMBER AND THE EMPTY SET

BAci&}R&JND /NOTES A * ) .

B . [

When Ve say that a.set is welL defined, we mean that it is clear what

objects are to be members of the set and whet obJects are not to be members .

‘i

Jof the set. For example, . Pt

g ) = {the vowBls in the English’ alphabet]

- o

< ’ s«well deflned-. Given a letter of the- Engllsh alphabet, we knoy whether it
elongs to the set or pot Neglectlng irregularitles, the members of V are

.

2. ‘the letters: a, e, i, o, and u. Thus . .

{a, e, 1, 0, u) .

The‘ description, "the set of all vowels in the word 'catl just as !

J early spec1f1es a set as the descriptlon, fithe set of all vowels in the .
TN gllsh alphabet" . Using the crlterlon, V= (s, e, i, o, u], we.find that
B, y one 'létt'er (nemely the letter '" a") of {c, a, t} fits the description, -
e Yhe set of all.vowels in the word " cat". . . >
. :Ij ?theif wér@s‘, 4 / - . . o,
\ . ' {the Yowels +in the word "cat"} = {al. ) ) . ‘.

~ . * )
' { This is an example‘ of s set with a single member.

e

It may conflict w1th our mtuitive sensé to think of a set with a s1ngle

P

{ *~member since, in ordinary ]:anguage s the word "set“ connotes more than one. object

/l in the collection. Loglcally, however, unless the concept» of a one—member set

is cons1der‘ed app;oprlate, it/ wourd make no gense to come up with "a" as the\'
set of all vowels in the wotd "Bt"; for ‘bhen, the letter ™a" would not

;M‘ _ ansver 't‘fhe guestion, 'Wh is the set of. all vowels in the word ‘cat'?" )
I

. “In thlnklng'abgut a,set with one member, there is & sﬁxong incllnatien to

think of the set a
‘bhi‘ng , #nd 1t is

the member that makes Up ’c}ns set as one and the same

i *
‘portant £o distinguish between the two. By this we mean,

B

. »

=, ‘i for exarn t s ' .

the set -whose only membér is ngt o ‘ . '

’Ff

by i:,, 2o O T S

4

19 . .
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. '-\/ . : ot

v > v 4', ’
should not be confused with | s s . \
. ¢ R i 2 B ! ¥
¢ N . - -
ot Cal +, theé-letter “a". i <

P N -,
< b * - ‘

¢ A case “dn pq1nt*m1ght be given, for -example, in the dataloguing of" books
i the school llbrary N Under the category of class1cs mlght be just the one
book, Treasure Island. . By itself, the book 1s rot the same as the set of

classips If another book 1s added to the collectlon, the set of Cl&SSlCS\h&S
changed, the book, Breasure Island,- has not changed

v ' 7

An even more bizarre get that we shall‘now describe is the set that has no

~

members . Uslng the same crlterlon as above ﬁor the set of all vowels in ‘the
English alphabet we may ask What is the set of all vowels in the word whyt?"
This set has nd, members! As anotber illustration, consider theé set of 81l two-

-

eyed Cyclops. This is also the set having no ‘members: the emgtz set.

’
[

Both of the mathematlcal concepts--ofta- set with one member and of the set
with no members--are convenlent ones. Moreover, as in the case_of a- set w1th
" one member, 'the existence of thé empty set is a vltal question of logic.

Neither the questlon, "What i the set of all vowels im<fhe word 'ecat!?" nor
"What is’the set of all Vowels in the word ’why’V"acan be answered‘unless the
existenéq of a set with one’ member and the empty 1s.adm1tted A plea may be
madé“that the questions themselves'need to be reworded Instead of asklng,
"Whatfis the set of 1 vowels in, the word 'cat'?", it may be more ‘appropriate

to agk, "What is the vowel in the word 'cat!?" Equally, instead of "What is

v the sé% of all voweii in the word ’why’V", it may be more appropriate to ask,

H

)

-/ 1@ advance, how many solutions we, may have to

t, 1£,any, is the v@wel in the word ’why’”" Thls may sound sensible, but
‘1t does require a priori knowledge of . the answer Qulte often, we do not know

{

’ fng that there may be one, more than one, Or no members in a set, there would

a problem. With the understand-

be no neéd to rephrase the question éach time a special situatiome is encoun-

tered For example, the, questlon3 "What is the set ‘of boys enrolled in this

/
sChool?" might be equally aopllcable t0 the Yale, Columbia, or\Vassar popula-

" tion--or to one in whlch Eust one boy happens to be enrolled N
’ ,’ The empty set is the ¥et with no members Thus, the set of all boys ,

enrolled in Vassar is an example of the empty set.*.The set of.all months
hav1ng»n1ne Sundays (Gregorlan calendar) 1s another example of the empty set
A notation. for the empty set ;F { 7. The empty space between the bnaces
indic¢ates that there are no membens.ln the set. ° ,

& o ) N

! ¢ . -

¥ ‘ [P -
o . ' ')', 1k 20 \ o

e




also a member of A. Another way to ;say this is: ¢ | o ,
- e * 1 B, IS ‘A SLIBSEI‘ OF A IF-THERE I3 NO MEMBER *
oo T ' OFBWHICHISNUIALSOANEAB’EROFA )
3 e Rl
i Both statements say exactly the same thing. As a consequence of the segcg_nd
LS ‘statement, theé empty set is a subset of - . . SR
1 . N .
T ' /- = {Bob, Jim, Dave}. . -5
Lo S
To see this, consider the'two sets ' : ' teT o
. . . :
* ‘ =,{ ) and A {Bob Jlm., ave) e e RN

* " L ’ e . “ v“

'Recall thet B is said to be a subset of, A 1f eaeh member of B -is

-

- Cah it be stated that there is no member of E tha® is not also a member‘of

of A. By the same token, wa can say that

.

&< [ -

A READINESS % . ) ’ .h.-r,.‘,' . N

A% Slnce this is true, bhen it can be argued that the empty set 1s-a “subset

-

]

THEﬂdPTYSETISASUBSET OFEVERYSEI‘

[ . -
> ! .

e ’ 4 ) . /— 5 -
As 1ndicated above , the set w1th one m‘ember and the empty set may not seem

to bé easy concepts to present. Many teachers 5 however, report that: ehildren

. have been able to grasp these concepte qmte ‘easily. Sa.nce these &ets will

o ultimately be assoc1ated w:Lth the number 1 and O, they need to —be included
o, L SR - =

- in our experiences with sets. e RN .

;i Famlliar examples of one member sets may be - s p

fa\ tire set of clocks on the wall, > .

i T the, 'set of teachers in the class, or v s .
’ Ll : the set of‘ American flags in ‘the roon. e

-

As for sets with o members, reference may be made.rbo such sets a_s,

° * a1

e Also, _you may refer to such sdts as ' oL, . ) '
e "‘;« - 7'  the set of crayons in a crayon container T
%’: g#:'v ' " L T - }
SRR yhen t)iere are no, crayons 1n(the box T e ’
R (kA (74 .
e T kR
it . j The concept of the empty set pelng a subset of every set -;L-& &xeadiness

el 5

) task for the operation of subtraction. In doing the problem, 2 -0=2,r the
% ’ e‘ enild imegines the operation as one of‘ removing a subset w1th no_members from
i " a set with-two members. mr e e e . "* -
H o y .
. . : -
: .. , .

ERIC
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the set of live elephahts seated. at the ,jh;ea'cher'ws desk.
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NP ‘Children dan be

preépared for th,e concept of a set w:Lth a s:Lngle member
b Y Ay
.witheut eing given a formal definition of thg concept.

In @e-kindergapten PR
th‘ls iz sm'ely}“t'he Ievel for most of our activ:LO:Les in mathematlcs Games can
R *k PR

tﬁdev:.sed along the linesw~of T am thinkmg of ..." that would- hint at specify.’s

For. example/ ' . ~

: . ' . [j . L.

R © "I anp think:mg of a little glrl in this classroom who has dark hair.". . ’
- .(Silehce?) - 5‘ ’?\ R

~ ! )

"Phis little girl has a bow in her h'air." (More s:.lence.?#

2SN
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PR

i, "This little girl is wearing a red dress today "

(St:Lll ;uore sllence?) ‘ .

; ‘: "Phis little glré\ is s1tt1ngﬁ5§?%{he back row and is the tallest little . xj .
T gl in this class.' (Ruthle’) ) .-
- . 4 bR .

: o N CEN - -

iy \-Or, . ‘ ~ ’ ' N ' ,“r:.

_ "I am thinking of something that is in this room. It is made of cloth AN

2 . and is fastened to a stick. The cloth has a pattern on 1t of some red T
) by -

and white stripes, and of some white stars®inside a blue patch...

¢ ¢ !

o Readiness for the empty set nay be prcvn.ded flI‘S't by the concept of

.
- :

-
;- p Y. Chlldren should have “many goncrete examples w:.th the preconcept T

i of emptiness. For . example, e Ut L
FYA S UV . . N AR
WA ) . ~ PRIV 2 N .- . , : e h
N - empty hands . empty plate, . . , )

“ . -empty Ju:.ce pitcher;' empty animal cage;" o ..
’ s empty puzzle fhek; - empty nail box...- - ' o

ap . e,
> e . 3 ¥
. Yo For each,@mp{ container, we can discuSs what could be there. For example,

. 5

animal cage: Mamster, guinea plg, Jurtle, rabbit, etc., )

pitcher: ' milk, Juide, Kool Aid, .ete.; ' ) ‘ . et
1 - 2N
N ) ‘puzzle rack: puzzles' \ : : e
T 1

T ) ¥ . . . e S e o
. 0" Ve can also discuss vhat was thére: . - .
I A ¢ . 2 A . ./7 ) —

p1tcher:_ juice; C e : R . ST .

g plate: meat,vegetables, ete. Tem e

+ We can remark, "Your plate i% empty. You have katen.all of your mfgt s ¥

potatoes, and applesauce!" . y el ‘ i “
Y
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In addition 1o planning experiences where the concept of em _R_X can %o
isolated for the chi-ldren, the’ teacher can make use of the many incidental
opportum.ties 4n the dally program to point out empty sets. Use the. *
vocab\ﬂ.ary‘%em ty or gr_ng_t_z set wherever possible. Do not use vocabulary
where use\would ve artificial or forced Thus, there will be fewer

Joppogtupita.es in ’che daily program to use the words, empty set, than to

X

i
.

use the word, empty. Many concrete experiences with Situations are,more
~ important at this “level. . . S
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L 5. " ONE-TO-CNE CORRESPONDENCE \ . ; .

: . * B Voo '
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¥."-  BACKGRQUND NOTES . . s . ? -’

- i ' .2 R

o One of the wajrs ‘that we have used to specify a set. is to descri e it by

the property or propertfg’s that the elements have in common. For example » °
* the set .0 i "
* - v )

{vowels in the Engllsh alphabet ) oo

N
ds specified by the prOperties ‘g‘h}t every element of the set shares, namely, :
that of being an English Letter and “that of being a vowel. This commonness .

- between elements within Whe set, sorf;s out elements %hat belong to the set

from elexhe,nts that do not bel ] . SN ) =
- .

Oftentimes, common propert es between different sets may be identified, -
a.nd thus thHe method of classa.fy:. things can be eéfended to help distinguisﬂ
one kind of set f‘rom another, tha is, classification of th!ngs may be extended

. to classificat:.dn of sets of things. For example, if - " .
. . P A = {lion,\tiger, leopard) . ) . /
. » . - - ° )"’\-‘, /’/'
g v ~ \ y
<o . - ¢ -
L ’- (elephan s deer cow, home] R ’

;,‘» then 1t is not true that A =B, In fagt, theﬂ is no element that the two -
b "sets have An common. However , one woul

agree that there- is more in common

between A” and'~B than there is betwee e1ther of these sets and - B .
: [N - : . : t .
R = {gold, ,Wood,\water, fire, eaxth).

The commonness that we recogni,ze between A and B 1s‘t t both of tIEse are ..

L sets of animals, mdpeover, of, land animals. Whlle ve ma choose to distinguish ’1‘ o
A from B by the characteristics that] Af is a set of darnivorous animals and

B is'a set of herblvoz‘ous animals, the po t is made here;that sets may “none- TRy
\ » Aheless be compared with one another by varlqus means. p
L ’ R
One way of ':?mg)amng two sets is by an e{ement-by element pairing. -
tLooking at the following sets, Co o " _
. // . . -
o v X X = (bea{', cat, cow, dog] ‘ ) . '
= -" . . . ; ¢ ;
gnd . . - / ' [
- e Y = {calf, cub, kitten, pup}l, .07
e o , .
Ty . /- N . ' .
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.+ there is an element-'by-element pairing, but it is not true that exa,ctly one

‘we van mote, as before, that X and Y have a common characteristic: both
of these are: sets of animgls. N'[ore 's'o, X “and ¢Y seem to be intimately' ‘
" related:*:X consists of certain animgls, and f the young animal corres-

* ponding to ca® or those in X . . o ) .
- s \‘ X = {bear, cat, cow, dgg) ’ ’
- 4 A . 3
oo ) -,
i ) ?u M‘ ‘
Coe . ¥= {calf, cub, kitten, pup). Y

s
- ~

As illustrated in the above diagrgm-,\/we can ind‘xcate a pairing by draving a *

- double~headed arrow between the cpr;c‘es‘pond.ing mé’mber\s; Thus4 the above shows

© that ‘ < e
Lo " " pear  is paired with  cub; ’ o,
P . ™ cat, ‘'is paired with kitten; VN
a cow is paired with. calf;
’ dog.r is paired with pup. - E by

In this example, our pairir@ was motivated by an app,arently./ natural
tendehcy to pair certain eléments belbngmg to the sets. As we sr&.l .see _

shortly, we may want: to relax this constralnt An looking for an element-by-
element pairing. For example, e .shall consider the following to be equally

: t- t b a . 4
admissible af an “&lememnt-by- elemen ia:}'rmg egt:weenf#‘ and

" ," _‘ @ ' X = {bear, catj cow, dog} " sl

- - -

LY A .

‘. Y = {calf, cub, kltten, pup]
< ' W
For our purpose , the concern will not be so mach that "cat" is paired*with

"oub" nor that "ecat" is paired with "k1tten Qur main interest here-is jthat

exactly one member of X 1is paired with exactly one member of Y.

In the following example, ) ”s - ST : .

Z = {bear, cat, c dog, seal)

{calf, cub, kitten, pup}, .

member of Z is ‘pafred with exactly one member of Y ,('both "dog" and "seal"

- are paired with "pup'). !

)
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X N - = (flover, truck, MaI'Y ] O . o

o, . / / Lo .

N LT = {vat, bird, Ball, vlock}. Lo
5 @ N { . %
e Note, that in this example, an element of B, is left and there is no element

of-A° which is paired with it.

1

, Hence, 'we see that when we pair the elemenZs .
Nof two giVen sets, it is possible to have every element in one set paired ahd - '.
‘@o have elements left 'unpaired in the other set.

L6 A DT RNEERT Ty
.

s .
£

If there are no elements lef‘ti unpaired, then we 'say that the two sets

i match A.nother way of suying th1s is that we have a one-to-one corr'esgondence
between the elements of the two sets It can be seen thatxwhether we cgh ge‘t

a One-to-one correspondence between the elements of two sets does not depend ! -

‘ ~ on which element of B is paired with which element of A, B

[N -

. ' ’
. Another Waylof‘ saylng that a set, A, matches a set, B, .is to say that . °

k] .
S A A IS EQUIVALEWT T0 B. ' )

~ -
. .
’

There are three important properties of the equ:.valence rélation. On the \'. - )
= su.rface, the f:.rst two statements may seem r}ther trivial. However, they will )
have some repercusslons la,ter in deal‘ing ‘with numbers. ) . ' ‘

4 / e . <X
- (i) We can sée“that by our pairing process, ,1'!; must ¥é true 1n'0general ;
that o , . - &
' A ’ B <
‘ IF A IS EQUIVALENT TO B,. . 0
“ . THEN B IS EQUIVALFM TO A. A B

» . -

(1) ﬁecalling that by A-= B, we mean that both A gnd B réepresent T
the same thing (they are names for the same thing), -it is clear
that a set is equivelent to itself; that is, S

A IS BQUIVALENT TO- A. .
° (111) Finally, w® can observe that - ’ - :
.’ . .

'IF A IS EQUWALENT T0 B, AND IF B' IS- ’ ) -
EQUIVALENT TO, C, THEN -A IS EQUIVALEN‘I' T C. ‘

< -
* .
¢

".‘. . This ‘bhird property may be deserived by stating ,that the equivalence rela- '

-

- tion lis transitive To illustratej*we see that- if

Fa ¢
. ~ . . 1

ns‘t"
e . ¥, " .

Lo +,



= {sun, moon, star}, .~
= {dam, blogk, rock},
{Jerty, Sue, Tony),

and we.have the following ‘one-to-one

correspogdences :

P

. . A = {sun, moon,:star}” . : ' 3 '
. ~ . . £ R
: ‘ : :
O : ' s .
3 s . . v q
: V2 2 {dem, block, r ock] ’ R e .
and s ) ’ ' b . %
. ' - - ~— . -
e - B = {dam, block, rock} Lo .
7] M X » .
N ) A
- L
, ‘C = {Jerry, Su:e,' Tony}, : Yo
. then, since ' ' .
sun -—— dam -=— Sue, sun = Sue; i
N " - N ) ‘ \
) . moon == block -—= Jerry, moon = q’erry;_ - .
’ star - rock -— Tony, star - Tony; '
e . . . ) R - .
‘.., it is possible to get a onerto-one correspondence betweer},.fA:.?avnd_ €, thus:.. <
s < R T TR oo fr )
v . A = {sun, moon, star} 7 , RS “;if-f%, e
1 A - .
o e . C'= (Jerry, Sue, Tony } . ‘ v ‘ .
s Therefore, we can conclude that A is equivalent to C‘ from the facE that .
* A matches B and B matches C. . ) . o
: I ' s '
b READINESS ; . ed e : .
Si»,\ . 2 . By
Hi Pairing two sets 1% an operatlon whxch leads to comoaring two sets and, e
o t .~ VI I -
¥ later, to comparmg two numbers. It is also basa.c to the concept of counting.
Notice\t‘,ha% pai is used as an active verb and not as a noun as ‘ip the D
expression | "a pair of shoes" etc. In fact; phrases like “a palr of mittens",
" or whatever, should be avoxded when developing the idea of pairing members of
sets. A moré appropriate 1 idea ‘to use might Qe that of Mpartners’, if this It , g
‘a famlliar one to children This is suitable, however; only if partnexSware i
i ! formed by assoclating a member of one set with a member oF. en‘()ther set. .
Fio ’ ’ h . - R o :
s g . - e - - .
#. ) e .
G o ’ et
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At the pre-school level, the teacher can pa1r sets concretely, such as,

“pairing the set of boy., with the set’ of girls. One cdn also place two sets -
on the flannel board and show the pairings-with pieces of yarn. 1In any case, °
it is. 1mpor‘tant to 1dent1fy clearly the two sets wh;ch are to be paired.

W
We want to stress the fact that the order o‘r:, pairing makes no dlf‘ference.

Thls\‘fact is basic to the counting operation. I8 counting members of a set,
it makes no difference in which order the members are counted--the end result '

.

-is the same. . ) . ¢
t e . i ¢
\ . L) {

At first, it is easier for children to follow or perf‘orm the palrlng .
-operation if the members of the two sets bélng palred are in some way related.
For instance, pair a set of aprons with a set of forks, or a set of boys with -

a a set of‘ ice-cream cones. However, eventually sets whose elements are not re-

lated should be introduced. For example, pair the set consisting of -

@ a ball, an ice-cream cone, and a book ’

. . .. . "% . ”
tO the set copsisting of * o b
4 a tar, a doll, ald a bixd. N '

When two sets match then express* this fact by saying thataon‘i set has

—

s.magz members as the other set. . ‘ s

In due cours‘e of time, you will find it cﬁnvenient to bring into donver-
-, sation several terms that apply when one set, has as many members as another

set: match match:.ng, equivalentd T one set has exac®ly as many members as

another get, we may say that:

a2
. the two sets MATCH; or that
) they are MATC}{[NG sets; or that
the.two sets, are EQUIVALENT; or that\ .
they are EQUIVALENT sets. ‘ -

3

-

o

b . -~

" Your intrpduction and use of such ferms should not be forced or hurried. Major
concern ils with the concept thatris first expressed by the words as many mem-
bers as. The vocabulary of match, matching, and equivalent should be used only
T to the extent that these words fac111tate« the development of that caneept It

" *\Is important that children understand your use of the terms, but it is nots”
particv.larly important Or necessary &at children use the terms readily in

thelr own conversation although it has been reported that thildren .can and do. :
~!.tse these terms with understanding. It is sufficient if children understand
a question suech’ as, "Do the sets ma“tch"" or "Are the sets equivelent?" It is
not essential that children themselves be able to say, for instance, "The set
of books is equivalent to the set of dfshed.

- . " \"

o ) ‘ 22 28 )
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,There are many opportu.nities for oge-to-ope correspondences in th“"”pf
school program, and children should have such experiences in pairing. The
7__'pair_ing process should be consciously directed and .deliberate ~ The use of the
'vdcabulary should aIso pe deliberate. Proceed with the activity slowly and
“e ’ ‘quietly, and with suff‘icient delay so that attention is focused on the pairing

o

>
Ry

T,

‘ process, being very careful to identify each set that 1s 1nvolved

e e geTe LT

The iden{;\ification of the two sets might first be accomplished by ringing
,

eac'h set with a piece of yarn (if the sets are on the flannefboard or are Ob- .

© - Jects on a table) by setting objects of, one set on one table and 'the other én
another table; er, in the case of ch:.ldren,»w&’eh«a piece of yarn on the floor,
I etc., or by wide separation between one set and the other. However, ringing

'by yarn, etc ’ can be overdone to the extent.that children might not regard -

.. object,s as belonging to a particular set because they "have no rings around .

TR th?%&l? R
» ' . - .
,] ‘{?ﬁf low, are listed some sets in which an attem.pt at pairing might be con-

at S.idered to be "natural”:

Lo ,(v ‘ b
'y .0 * Mealtime:- P . - ‘ PR
crackers to milk B

* silver to dishes

o Clothing:' . . .

A%

) coats ‘t’o children . .« P ]
f- . shoe .to shoe in dress-up area . . D
) Clas’sroom‘ac'l;ivities: - . ' .:{'. Y, :
i ) paoij.t.'brushes to paint conj;ainers ;o j ’ -\-\"‘:._,:‘-.-.','.::;}:‘: .
; . - scissors to children ) . . v ;o’,;~:. \:.,.« ,
%1 o  School-home activitiess " o ¢ N 3‘ .
%:, ol children to nofes to be sent’ home TN e ) \i L
children to paintings to be sent home - "
;“ The .phrase 'as many'asj sl‘:ould be enunciated clearly and deliberately as
;h bome childreh may ai;ten %d'only part of the phrases. For example, if a_:child
bt were asked to construct & set with "as mar\y members -as" a given set, he may
Ti. * simply construct one with many members ('S . - ’V%
. T . i e :
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_6. MORE. THAN AND FEWER THAN

.

. i

bl o1
o
\ v

-+ We have seen how sets may be compared

using element-by-element pairing.

When there is'a one -to- one correspondence between all the elements of one se¢t

:'f "+ and’ the elements of another, we say that %he sets &

-

re ‘equivalent and that

set has as many members 8s the other. Often, we do npot have’ equivalencg be-~

¥

tween sets., For 1nstance, in pairing the elements of A with those of B
(shown below) there is a member of B which 1s not paired with any element
- 2ok A—.»-rfl‘ins’wﬂl ”be so regardless of how ‘the elements are paired. In‘ this

-.. —=&age, we say that B has more members than A.

e

-

%
K]

REPESNEY A= (wt,*dog,‘mouse}
. ¥

.- ° ’.' wi

|
i L :.f e B —t{Mary, John, Bill, Peggy}
' We &

"fg, -
, n also sa&gt,hat A has f‘ewer memberé than B.
: acco:rdmg to’ %hreg 'possible outcomes:

2 »
" A matches * B; ’,/ '
- W4 A has more membgrs-tnan B;

A has fewer members than B.

Thus we can

Furthermorgz all this can be accomplished without counbing
is the set Of»all children

school au@:.%"f‘

-rz(‘ %} R,
set

. . Suppose C
in the school snd S 1is the set of seats in the

‘?i’f@ pairing, we can .determine without counting whether one

has x?or nfémberé“ than the other, one set has fewer members than the other,
Lo
or the sess '%,h

Below, we consider three sets, A, B, C, where

A c
- A 5 (l) 2) 3) h‘y. 5}
" B=(c,d, e, £}
- o 2

(oyster, Walrus, carpenter}

Kl . .

.and ,that B has more ‘}nembers than
Moreover, it.can be seen that A has more mémbers than” C.

Note that A has more members tHan B

C. This 1llus~

trates an impor¢ant proper't:y called the transitlve progertx. Recall that we

have -observed such a property holding also with e};ulvalence. In the statement

M.‘ . 25 N

ERIC B 31
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= > - : ' s N
-‘:_or the transitiVe property above by replaelng the phrase s ihas more mem'ge_rww
; —— R

than" each time it occurs with the-phrase\ ig equivalent to“
~~117.ent’ for the transitive préperty for equlvalence‘

» we have thc&nstaﬁe- T

This property is important
4 31 *4‘~ 2 PR ,
. 'because it provz.de,s s with—soms means of worklng with num5ers later.

; transit:LVe property glven aboa?/e for "more - ibmn.,,cmay be .stated:

~in general terms SRR

IF A HASMOREM'IBERSTHAN B,
", mmBmsMommmmsrmc o
- . THENAHASMOREMEMBERSTHANC‘

me N h
RS SR . }’T 4"5\'}""‘;’3

r‘. 'I‘he transi't:.ve property is der1ved without recourse to counting. The ¢
e conclusion ‘sanctioned by this property gives us the comparison of, A and ¢
with a get, B, ~act1ng as intermediary. (In a sense, it tells us how A com-
."pares with C wsing B -as a "yardstick".) Clearly, a transltive property is

fsimilarly applicable when A has fewer~membersrthan B ‘and B has fewer s
i Thatis, : . . ) ‘

v . Ey
.

IFAHASFEWERMEMBERSTHANB

ANDIF‘BHASFEWERMEMBERSTHAN-C . SR
mexmsmmm&amsmc : _'
" Both of the relations, '

more than" and "fewer th.an are order relations.
{*By means of’ ei'ther of these,

we can order sets which have different numbers of -
- members according to their "sizes". 'Thus if © "

A.‘-‘-{E].:O: A:,%]: ’ . ' \
B={c, I, M, V, W}, " ¢ il . © - . &
- C = {cow, tree, blimp}, '
‘0 3

fwalrus, carpenter, oyster, Alice B cabbage, king]
of in\:reasing number of elements » the sets may be li“ted't

C, A, B, D ' e

LSRN

hz‘ough the order relatlon for sets, we derive order ,relat(ions for numbers.
' ) f A . .

4
.

%
»

In decreasing order, these sets are ordered, thus: ‘D, B, A, C. lUltimately, e

. PR
" For ‘some- children, the idea of ' fwer members than" seems more dli‘ficu'lt )
3 grasp than the idea of "more members than”. However, children's under- .1
standing of "more than" can be used 'to good advantage in developing an under-

standing of the felated 1dea of “feWer than". Therefore, much time should be .
spent on the "more than" gbncept before 1ntroducing the 1dea of "fewer tha L

SRV P

.. e -
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g ; Supppse, j for instance,/that in co;npar&g the set of boys with t’he set df\
girls, we find that there are more members in the set’of boys than in the se*b

3 T
s
T 0
}*: Wl
.

. of girls. Simply mention that we may say this another way; namely ) ,the set
of girls ‘has'fewer members than the set of boys

.

i Y It is 1mportant to stress the fact that the "more than" or “fewer than'
4 f ‘relations depend - upon the result of pairing. For mstance , after pairing the /
two sets, say the following:

> o "The set of children has more members than the set of easels P

hY AT N .
3 “?{" ‘ﬁ‘ ¥ ‘because there are children l‘ei% who are not paired with an '
: ; T .
- . dasel "
. - \

The concept of “more than" for sets is basic £ the concept of “"greater

. ‘than" for numbers. S:.mllarly, the "fewer than! relatlo‘h for sets is associated
. with the 18ss than" relation for numbers . - ~ ’ .
0 o - -~ Py My, .

-+ .ACTIVITIES ¥ o g -

. ——"'—“ . . S " - . . .

: Children should be given® many opportunities for _c_:omparison, ang suclll voca-
S buiaz’y should be used enough so that/it becomes part‘ of the speech patt,ern,"

.For some children, there may be a preolonged delay before the coneept of "fev;er

- than" becomes understandable and meaningful. When it does, no one-can be

«" absolutely sure just what helped to put actross the idea.” The concep® of 'more

: “than" is more easily taught and one can try to approach ‘the " fewer than con- |
i . cept by repeated contrast with "more than™. This repeated contrast gp‘éro&gh

. does not always appear to be successful and many avenues need to be,eﬂ:“cﬁ.edﬁw"f

: In activities introducing the "more than'-"fewer than" concepts, it is *

suggested that exsmples in %hich the comparison is’ by volume ,~we1ght spate
Srstaic (extent); size, and time be avoidgd. Try to limit examples to those having
to do with quantity; that isj; the "How many" type. Aside from greater dlffl-

culty in gresping volume, etc., volumetrlc, areal, and other kinds of sizes

; . _.~<confuse the meaning of "Wh:.cg set hﬁs mqre metnbers? « Thus, vynle L
;n - bl )al " ~ ‘Av i . i. o4
i . "Tom has more milk, in h:.'s glass than Pat." © -
B T ot
; is gymeaningful statement,wf@{;he purpNOf set comparison, it introddces
:‘f g confusion to the "more thap" concept that we are-frying to teach. Similarly,
i ‘mashed potatoes, being measured by bulk rather than by discrete pieces, would”
A  not meke a good example T this unit. * Some suggestions that may be appro-
prlate are la.s‘bed on the ollowing page. . b
4 ~

" .-
L . .
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< 7. ORDERING OF SETS

.. . ' . N . !
. . )

“‘BAdmRotmn NOTES

. .

~-

e —”

In Unit 5, we were‘concerned with,one~fo-one correspondences which.led to

v the concept of equlvalent sa;s From/fthe §0n51derat10n of sets that are equlva-

.~ lent, it is natural to consider sets that are not equlvalent Hence, in Umt

6, the congepts of "more than" and fewer than were discussed.

‘f‘, not matgh. o - . :

- Tiea

There, ve

Conventlonally, we thlnk of increaging order as we proceed from left to

~ right. This {s merely a convenience in specifying a direction to agr%utb

. the usual custom in ordering numbers on the number line. Thus, if two sets do

.not match, the set w1th more members is located to the right of one with fewer ’

menmbers . We can also order vertlcally so that the set with more members is

above the one with f‘ewer members, and *this would ag\fee with a vertical number

line arrangemefit such as exempllfled by the thermbmeter , where numbers increase

. \upuards .- .
4

Suppose we were to order the following (threeSetg:

' = {cat, dog,\b
B =* {Mary)
/ .- C = {ball, cabbage].

. N

We start by comparing two sets &t a time. Since A has more members- than B,

we plpce« A to the right of B: ¢
v’ é "

N N B, A. o

. w ~ ‘ -
Now we must determine where™®C 1is to go. There are three “Bossible locations

v

-

<« s for C: . t . ~ .
o oo ‘
o . N ek
i;?‘-;‘ - (1) +to the left of B,-- in whichrcase? ‘the order*is T C77BY A v,
(i1) between B=and A, 1in which case, phe‘?:r&er is B, C,'4A;
‘ (111) to the right of A, in wﬁich cagse, the order is B, A, C.
: . . To determine wh:.c}\ of these is the correct oi‘der, ‘we compare c “with B °

. and A, two sets at a time. Comparing C with B, we see that

members than B, so C cannot go to the left of B:
, N
. ﬂ 0% 0.

o ) o 20‘\ -
ERIC . 35

A ruitoxt provided by exic |8

-C has.more
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)

. “
° .
i i !

7
Since' the grder is not as in (1), it must then be as i?elther (ih} or

.
.

7 :
Z (111) Now, comparing C with A, we see that A mud¥ be %o the 'rignt of
,, Fre since A has more ‘members; in, other words, » C 1s to the left of. A: "
\ 5 A RPN
o ~ ) :’ '< - ' ‘ ' ’ . ' )
"I'méms,’ the opder is: B, C, A. : N

s
- -~

For these same set®, the tran51t1ve pyoperty could have been used to ordér
them. Por instance, ¢

<

. 3, Lo«

B . ' ‘ - . i ﬁ -

$ SRS .A has more members than C;

o C ‘has mére members than B; therefore ‘

e, B Al

oo | A has-more members than B; \ : ) . -

,»::' N i \ LN : 4 ?
Py Lt , s N ’ A

"> hence the order is established as “, "

i‘ . —F " .

N B, C, A. S

- s ! ‘ \

[y . ) L )
Equa{ly vell, "the transitive property could have been used in conjunction ‘
« with the ‘fewer ‘than" relatlon b0 specify that: )

1 -

. ; ; B is to the left of! C; :
. = C is té the left of A; therefore, - :
-l 4 B is to the left of A;

' ! s . -

and ultlnuately, arrive at the same order as hef‘c‘e' nsmely, B, C, A. We

shall see later that orderlng sets is the hasis for orderi,ng of numbers. , X
I3 . , .
* The fact that sets may be ordered according to how many members they have,

leads to orderlng of nuirbers, and in this c_angctmn, ve have mentioned the

.

B}

~

e A
5

<« - ©

;"» ) number line. Numbers themselves, in turn are used to specify order when we i .
,think in ferms of the ordinal numbers: first, second, third,’ and sO on. ;In v
fact, we ‘often use numbers in the ordinal sense w1thou(t stating that this .is

, 8o, For example, when we refer to page 57 of a ;partlcular boock, we mean the

I fd.fty-seventh page of th:.s book » and 80 we do intend 57 to be used in an . :
. “ordinal sense. This certainly does not need to be mentioned at this level. "{
’ However the children still need the vocabulary . first, second, third, .... s _
G . ’ : ~ . .
£ae ; , . -
F READINESS ‘ o, . 2 .

T, ' * :

Yoo Orderlng of sets is greatly facilitated if children are able to distinguish z

... right" from "lef‘tl', and also "above" from "beloy'. It is usually better to
use the left to rlight orde¥ since it is a habit that ve wish to develop for °
-the children's later experiences in reading. e o . .

" T N oy
¥ 34 5 . N * LAl
- PO " S oLt - - >




) ' . ’ T
. Since ordering sets requires child.ren to arrange ‘the sets in a row such &8
illustrated bélow, - ‘ -

L}
P e e
- ] ’
- ,
. . . .
. ee . .
- c-x

»

any experiences that can be provided of »this pature should be helpful.
oS L - . MRS

E Al ) L . .
5o Acrxvnms = ‘ ‘ Nz
@‘“ s Activities can be planned so that children hdve actual experience in com-~

o+ ¢ - vparing sets of obje,cts. ., For example, . )
. - '

4
o ,Have children, se{ted in a semi- c:.rcular arrangement. Each of the children

- ‘. - :
. . -

. A 7 is*given\é. set of objects. The children are paired off tWO-'by-two, and !
’ _‘ . - then ate encouraged to compare sets with their partners One may have

v . lmore than" and”the other "fewer than" his partner. Also, one may nave
%‘?’ ) Mas many as" his partner. K ’ S , .
1 @3 o Different children cqn be hinded pre- co\'mted sets of objects (toys, erasers,
;.,‘,4,% blocks, —etc. in a container) consisting of .different numbers of objects.igju
§ Suppose Tom has 4 objects, Dick has 3, and Mary has 6. We can have ’
3:‘ ) J Tom compare his set with Diék's by placing the sets side by side on the

5" N floor. After deciding that Tom should be 1ocated to the right of Dick,
%‘W 7 - we next ask Mary to compare her set with Dick's and Tom's in turn. This
%’; ) kind of activity ten be repeated with other skts and other children unbil -
;1 "‘ each child has had some experience with set comparison This type of
% ’ activity should be very informal and should be relatively 1imited in ’
: . duration. 'L‘ ' ’ . Lo
L There are meny opportunities within the classroom for the serial arrange-

g . ments qf objects. At these times, the teacher can help the chil‘dren observe.,

5 ’ ‘and ordersthe objects. Opportunities for explorgtion of this concept and for ,
-:,A natural use of appropriate vocabudary should be very frequent thronghout the
X . "‘prog;'ain . . N - . )

o} As snacks or meals are distri‘buted make reference to which child is

»

served first, second, third, etc.

o «Diséussions of the days of the week can involve ordinal number; for

: examiple, Sunday is the first day of the week. v
. Q . A r +

_ o T3 ‘
= . 87 ’
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There are many.stories and
number,

As children play with manipulative materials, the teacherAégnEuse this
epportunsty to point out and help children explore order.

‘For example,
order in stringing beads, and so on.

songs which’are based on the concept of ordinal
These can profitably be includéd in the program.

For example,
Three Little Pigs (traditional) refers to the first pig,

second plg, etc.

POY
.iifv

. ! . R } _ b “‘“‘l’f
ordinal number ’ : . o .
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BACKZHOUND -NOTES .

The concept oﬁ\number is developed from the concept of sets. Recall that
sets can be compared according to different criteria. A set of red balloons
and a set of red blocks share the common characteristic of color. A’set of
blue blocks, a set of red blocks, and a set of green blocks are each composed

of “elements which are blocks. S~
’ i 4

If a one- -to-one correspondence‘can be set up between éhe*elements of two

sets, they are said to be equivalent. For exdmple, [Leon, Rosa, Eddy} is

-

equivalent to f{a, b, c} because their members can be paiyed, with none left
over. It is certalnly p0551ble to name many other sets vhich are equivalent
to these; indeed, we could never exhaust all the possibilities. "It ran be !

seen' that . .
2 *

(animal, vegetable, mineral} is equivalent to {Leon, Rosa, Eddv],

4 .
s ' . L

»-

and b§jvirtue 8 the fact that , .
{Leon, Rosﬁ Eddy]l is equivalent to {a, b,sc},
: _ vwe have, by the trap51tive property of equality,

(animal, vegetable, mineral} is equivaleni to fa, b? el

<

‘ Clearly, by repeated use of this kind of reasoning, any set tha% is equivalent

to any one, of these sets is equivalent ta each of them. Thus, the sets are

R all equivalent to each other These sets share a common property: they have

> tpe same number of members ' . . . s o

. ’ . D = {Lenore, Kevin) e

b 28 °

-
Similarly, the sets °

»
.
& - " "

v
~ ¥ 3
.

4

2 are each dquivalent to any other in this list. They share a common property
. : ¢ .

of each having two elements. . ;

,
.

LN

°

o o R - »
L .
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‘Bvery set has this 'number property We-call this characteristig the . -

e,

"ts yhich are equivalent have the same number To simpllfy the termlnology, ®

e denote the number property of a set A as N(A) thought of as "the num'ber~ P
px;operty of A", or in short, : "N of A", We can.,rephrase the statement that ’
“equivalent sets have the same nu.mber by saying- )
) LN - . ¢ )
mo o, eyl IF°THE SETS A WAND B ARE P
O, '  EQUIVALENT,~THEN N(A) = N(B).. .
‘Note that this does not say A = B. Thﬁ-statement A= B is only true if A
“ and B have the same members; it is not enough to have the same numbez;, of H ?
'32;“:; _members to be equal sets. T S T ‘
%* Ordered Sets | R ) - 3 L T
‘:“'&"\ —_'-’_*\ A \v ’ *
; Frequently the €lements of & set present themselves in a natural order.

e

.For :Ln§tance, ‘mqgét English -speaking people wou.ld list the membe,i‘s of the set ’ . ‘._
of vowels as' [ l e, i,.o, ul. It is natural to llst the elements in this K
"v order because thfl.s ‘¥s the ,order in wWhey were-learned. It is convenlent
becguse without undue checking one can be sure that he has not omitted any

member.- Simllag‘ly& it is patural to list the members of the set of* letters
Of ‘blL alphabedt ‘as: '

v
- -

v
Bl

: (a: b, c_' d: e, £, g, hyi, §, k) l m, n, O) b, Q) Ty, 8, t, u, v, w: X, X, 2.

S

In ordinary writing, we write this set as ° 'Z?-- T

. -
' -

{a, b, ¢, ..., z}. B
4 .

v

-’The three dots, ..., mean "and so Qn in the same manner". They are*used to
indicate the omission oOf certain members.

Essent].ally, to order thing§ is t(o‘llst or arrange them in some. particu- -t
1ar fashion. One can then say of ,éach element, which of the.. other elements it
«éa-precedes We do this by comparlng pairs of elements in the list and decidi-ng
whicy element precedes the other. The word "precedes" may be replaced by

BTN A by g S
.‘w‘. . °
s

o]

Sy

5 i
<

by

”

Lg"_bove "below s :'shor'ter than", ! greater than", and so on, depending on the

v,
"w

§

._elements to‘hbe ordered. For example, consfderkt,he set of jnames: o- *%: .

52

) ' . 4 . L ¢
A {Snoopy, Charlié, Linus, Schroeder, Lucy}. . -
. f,it ’
{

In the above ei@xpfe , the name of the number property is "two" ..

‘ ,;:f‘i,“ '

? ' . 1‘_\} 2 . .- , .

:V‘ﬁc od - - . -
46 #g % 40 o
& . .
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. .
.

v, . e

JIE we Qig er these elements alphabeti‘cally, we have .
4 . :‘x } ¢ 3
' L [Charlie, Llnus, Lucy—, Schroeder, .Snoopy] ! ~-
/ L4 .
When an order is imposed on the elements of a set, such as we have in the ~= =TT
second listing here, we call this set an ordered S@k e - . f
e e T : . .
%i:w‘,:wwﬁtandard»Setrs«* oo T T ' . e
: Let ,us establish some ordered.sets beginning wlth the set, [l},:.and -
k4

L oo'ntinuing in the following manner:

, - : (1, 2}, <Y
" [l) 2; 3}). . l s

'- > [l) 2} 3} J‘*}) e ” .

o

) and( SO On.

o -
’

v &
) From the way these sets have been constyucted, we see that each of these-
" s~ sets is. a subset of each-of the following sets., Thus, : . .
" ) {1) s a subset of (1,2}, '
) . . . - (1, 2) is a subset of. (1, 2, 3}, _
- . o - a. ° '
' and so on. . ' . : ’
These are- called standard sets. -By comparing these sets, we can determine
which belongs before’ the .?thers in orderlng these sets. For example, we see

- immedlately that {15 2, 3} belongsl\before 1, 2, 3, 4, 5, 6} in ordering

i these standard sets. Thus we get a catalogulng of these sets in increasing
: order of the number of elements in eaéh set, In the rext section, we shall
b, . . 4 . .
ff&‘ make use of this catalog of sets to arrive at the cardinality of a given set.
Ve 1] < N - ’
v e Cardinaliﬁxgand Ordinalitl o ‘ ’ A
i . Let us corlsider the sets e . ’ Y.
/‘I" B R g ! )
; . S . . ..
L. / - [Dorothy, Zaga) = . - .
g“tﬁ /, 7. s N
v AL o ., e B = {Lenore, Xevin} N
" . ) ¢ = {Ruth, Margaretgb T .
j\ ) ) 'D = [brlck, house] a

P

Each of ‘these sets is equlvalent to any o‘bher in this 11§t since the element

Fo et

~ KN L 3
* of any two of the sets can be put into one- to-one chrespondence. Let us’ con=Tg

A

v

T sider all the sets that are equlvalent to any one of these given*sets. We h e

LF T e,

noted that the- common progerty possessed by each of these sets is the number,
' tvo. Thus, we say ther numbek- property ‘of the set A= [Dorothy, Zagé’) is 2;

-

or alternately, N(A) 2, By th€ 5ame token,




Ak

N(B) 2, W)= é, MD) =

S;milarly, the number property of (1} is 1; of {1, 2, 3) iss 3; of
{l 2, 3 5 5; 6} is - 6; and so on. Notice that the number property of any

stﬁndard set is the number named by- the last element in the set. The words,-

"eight“, ninety-nine", and so on, are ndmes of cardinal numbers. This

,,slr.q 5%

v
%

LARRNE, ,“ A

- There isva cardinal number that is not named by the Tlast element in any
Tof the standard ’sets. This is the cardinal.number for the empty set the set \/-
consisting of no members, and therefore, a fortiori, no last member.
2 2proiord,
set is simply assigned the cardinal number Zero; that is, N({ )} =

3

S A 4

The empty

N ‘V“c‘&":“{

w

s ‘Much has been said about the of'dering of sets of elements within:,sgts. .
. In -this reference, the words, tirst and last have been used, and we recall
that this kind of ordinal sense was mentioned in the previous unit: Ordering
gof Sets.” In contrast with cardinality, the fact that we can talk about the
third letter of the alphabet or the fiftieth State of the Union,
“the> ordinality of numbers

£2y
f.‘J:

Y

“'{

AR
¥ y;: .

»w

depends upon
The words first ; second, thirty-eighth and so on
“rare names of ordinal numbers, These are independent of quantity and can only
N raina.

%4.

be considered relative to some frame of reference. That is, we cannot speak

of the third quarter in a football game without implying that there were a -
first and a second quarter.

‘(
¥
B3
o
N
7,
i
>
b
>
q«
e
>
x
7&
2,
b
o4

hhd

- 1
However, the third quarter only refers to one of
i the implied three quarters. * )

s\,v

AR Y

Both aspects of number, its cardinality and its ord‘inality, are contained
- :ln‘the statement' Jigty is the third of our seven children. ¢ Note that an’
ordinal nuxgber requires a set of at 1 ast the correspondimyéardinal number
of members. Jimmy is the third child Xequires at l.east a set of three. It

makes no sense to say: Jimmy is the thidd of our two children, On thé other
; hand, & cardingl number does not necessitate ordinality of 1ts members. The

,c,:«m E

TY
.z}l

q,\,w

umber two is the cardinality of [chicken, eggl; the question of the ordinality.
'9f~i:he members of this .ggt has occupied)yfnﬁs for years!

¢ -
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Bei’ore the children can determine the number property of a specific set
hey have to know the names for the cardinal numbers.

R R
é‘: 3
\r y

A% this level, i% seems
ise 4o begin with sets ,having from one to five members. .If the child knows

% he numbers from one to five, he essentially has the standard sets

-
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k.0, 2), 0,2,3),7 (42, 574, (1, 2,3, 4% 5) -

. .
in his repertoire If the child is given the task of determining the cardinal
umber of a particular set, say the f‘ollowing, ,

A
» . N
¢
.
N

he E)airs the given set with one of the stendard sets. However, he does n)ot w o
actually have to search through the five sets to find the correct one. Recall T
that each standard set is a subset of tlg néxt one in order, and furthermore s
the last member of a standard set names the cardinal number of, that set. Hence
the chilcf pairs each element of the given set with each element of an "open-

e

ended" set of numbers, o

f [l) 2, 3, h’, 5,c;..].

-

When he runs out -of elements(in the given set, the l,a‘st element he has paired
from this open-ended "standard" set nemes the cardinal number of the givexg set.

‘We call this process "counting" members of a given set. -

'Many occasions arise which call for counting members of. a given set. Ve
do not, at this time, wigh to emghasize rote counting. 'The emphasis should be
on comparison of sets, and the concepts of "as' many as Ymore (th.an“ and | ::
"pewer than'!. However, when ‘counting members of a given set" ‘does come upy
the sz: to be counted should be clearly defined and the children should be
told that they are finding the number of the set. This avoids emphasis being -
placed on the ‘last member counted. In other words, ve associate the number '

'"fi've“' with the set of five members and not with the fifth membex paired.

- . . . . -

,For instance, . . . .
"Here is a set of blocks © What is the number of this set of blocks?"
. o

"Let us count the members.li

T "One, tao, three, four."m ) ) .

"'I'here are four blocks in the “set. " .

¢ - 4 N R

ey Y v 1 . ‘.

, 2 \,‘:‘, e ) /' " R ' T v o . v aré»
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the order in which we count the ele-
rménts does not change the number property of the set. Understanding this cog-
"cept will be ?acilitated if the child has had many experiences in pairing sets,
{and if these experiences have shown that the order of pairing is immaterial.
That is, if set A hés move members than set B, then no matter vwhat order is
used for pairing, A w:ll always have more members than B. Counting members
of & set in different order may help to0 offset the emphasis that a particular
member is -always identified with a rarticular number. ‘ €
Occaslonally, a child may understand one-to-one correspondence and‘the
““process of courtting but still may be unsuccessful because he cannot-keep track'
‘. of what he-has counted and what he has not counted. For such a child it may
be necessary to actually suggest some systematic strategles in attacking the
problem. For example if the obJects are in a horizontal row andghe still’
,‘f‘skips around counting the objects' in a random fashion, it might be suggested
‘ that he proceed from left to right as in reading, S

In counting, it does not,matter which element of a set is paired with a _
given element in the appropriate standard’set. The same number property is
obtained regardless of the pairings used. By contrast in ordinal use, of
numbers itwds assumed that there—is-a* pre-determined order in the given set |
: as well as in the standard set. . That is, the elements are ordered as associat-

ing ﬁith each element ,as the first, second third element and so on as the .
‘case may be. The ordinal numbers may not be in the vocabulary of some children.

- However, it has been observed that many children do know what these words mean.

\‘,;2,,:),»*:(' s

»

W

g A e sy T AT SN
7

Lew

* In such cases, apparently some ingidental learning has occurted. 2

- - ACTIVITIES \ S : . e i

1
' The teacher should be, aware of the many opportunities for making reference
to~quantity Some of these activities, for example, may be used in the class-
%‘ room’ to develop the idea of "How. many?” ’
v

Connt the number of, children in the room.

L]

Count the number of children present.

Count the number of children absent .

B Sing counting songs with children.«

A s ¢ "

/-
Use counting records which encourage child partlcipation and f,;nvolﬂggmen

Count toys such as balls, bean bags, etc. P

- V’Wﬁu
Children shduld have many opportunities to compare sets which differ by

one. L -
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0 :j.’he concew the last count
. set may be taught® using much repetition to” reinforc® verbal chains and staying

. with smeller quantities for counting at_the start. The use of ‘fingers for -. | .
‘ and there is nb reason to discourage such

.+ ¢ Dractice. ) _ ‘
rote counting should be dereloped .only after children o
meaning of numbers.

ing number is the cardinal numbeerf'the‘

. counting is-quite satisfactory,

> Whenever pos' sible,

.+ i “have had many .opportunities ‘to develop the
P N ‘
RO : 't
: cardinal number : ) . 1 ' |
7 . |
. + cardinality - ' |
; )
. | |
by mumber ‘ ' i |
. N ~ M o - 1
- number property > N
.. ordered set ) .
£ » . .t . [4 %
Lo . ‘ordinality - S < .
S ' , . , oo~ -
st standar@ sets : . o . )
' .
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%"“51 ’ b " ‘ Ed {‘.
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i
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9. COMPARISON OF NUMBERS

3 < ~
¢« ¢ . A

.,1
CKGROUND NOTES *  ° o .

v
-

when arranged in order, is endless leen

s it is always possible to flnd another set with -larger

The set of cardinal numbers,
any standard set
cardinality.

wé say that the set of cardinal numbers -is 1nf1nite.

,“Lny sete A which is equivalent to a standard set is called a finite set.

In Sthep words, if A is ‘a finite set, its elements can be counted un’iess the

¥ sef has no members. Furthermore the countlng of the elements belongmg to a

< Tinite set would come to an end In the case of ;the empty set, there is no

element to be counted, S0 “the counting also comes to gn end, and the empty set

is ‘also a.finite set.

Examples of finitfe sets are: 5 ',,)\‘
~ WP o= {a, b{ Cy °‘°.°} X, y)xz)} ‘ ) .
' Q =\{children in this cless),

R = {nouSes on Main Street.].

N ~
<

Examples,of infinite sets are: s
%::5 v L ' ) . ~ e X
h T S = {cardinal numbers)} = {0; 1, 2, celd, :
‘ T = {even cardinal numbers };= {002, 4,6, ...}.,

0 ) % ¥ . ~
., ~Order of Numbers - Vo . . -
7’ . The numbers named by the set of numerals \ -

"~

N * .
) ’ .. — - . {zero, bne, two, three, ...}

are called the wh‘eie numbers. As in the case of

{a, b 2 Cs o veey X0, z}, :

we have used the three dots tQ indicate the omission of certain elements.
-2, The difference in the use of the ‘three dets in !

~ {zero, one, two, three, ...) :

»

¢

©, is that no end is indicated in the list of whole numbers. The set of whole

;. numbers is an inflnite set > | ‘ , 4 i Y
e | f{ s ; | ¢ } * |
P } If zero is omitted from the set .
{0, 1, 2, 3, ...}, . : P
& ¢
¥ gwes have the set of counting numbers or natural numbers. Thus, the set of
: counting numbers is . . , « ] .
‘ , (1,2, 3, .00 _ .o
. 40 4() . ’ .
§ 0

AN e « N
: cl 4 .




.-, b}
(&, Q? D, z,®]
lent. Each of these ‘sets is equivglent to the ‘standard set,

AN

. ©1, 23, }» 53 - ,
Hence, the c\rdinal number of these sets is. 5. - ‘

. Tfa standard set " § has fewer members than a standard set P, then the”
cardinal number of § is defined to be less than the eardinal number’of P. o
For example,-’ (1, 23 3} has fewer members than " “{1, 2ﬁ, 3, 4, 5}, and hence

*

" 3 is less than 5+ We cw'rite this \ . o

. n 3 < 5, , .

v ’ - .

M °

_The symbol - "<' means "is.less than", We see then, that the order relations s

"more than® and "fewer than" ertaining tq elements in sets impoéé the order

- relations, Yis greater than' n?f’"ls less than" for the corresponding number
_, properties. ’ /j . o \ Ler <

“When' the elements of the set of whole numbers is written in ordery O, 'l,'
© 2y ey each number is J.ess than any- number tha,t suaceeds it in the sequence.

\o<1<2<3<lw...

The statement, 3 <5 may be written

e ’ . 5>3,

~

which is read, “5,&8'5'_1: ter than 3". The symbols , < and > mean™is

less than" ‘and "is greater than respectively. . .

i “Note that t,he phrases "more than':and "fewer than" refer to sets sets, while
"grea‘ber than' and. "1ess than" refer to numbers. A e '

e

- If 'wei Qhooie any two whole numbers {a and “b, exactly on‘e of the, f,olléw,, | f
. Ty
g

ing statements Ls trye: - . }

a<b
840,
e ~>b.




é all whole nu.mbers greater than. t e given number; .

all whole numbers less than the/given number.
oo M . @
w‘i "I‘hi's concept of séparating numbers into t ee_such classes will be extremely

important in later mathematical studies, At this level, we make use of this

»idea in arranging numbers in order by compar:.son. . e

foex
w% . ) NN | . i i

o READINESS — * , . )

;Ef{- ’ ‘I’h& concept of order for the cardinal number is dependent ubd‘n comparison A

i:* of sets. Hence, the experiences a child has with comparison of sets by -t ‘%f@

’:"” pairing will Form a firm foundation for later experiences in tomparing numbers.

f:’-j:-.:':[t is not' necessary for the child to acquire the use of tMe terms “greater

g”: than" ahd "less than". It is, however, suggested that the teacher use these i

% ‘f:erms whenever poss:.ble, provided that he uses them correctly. . .

g" All comparisons should be performed with words,and poncrete obJects. The

f(%i‘fsymbols for numbers should not be specifically taught 8t this level. Nor do

5’ ‘the labels, ' countmg nu.mbers , "natural numbers_, "whole nu.mbers", need to .

?.ge be introduced at this time. ’ . =

§f

* ACTIVITIES ‘ ' ' '

-
s,
e

e Actlvities mvolv:.ng ‘the "more than" and "fewer than" concepts cap be

A used to lead to, t concepts of "greater than" anfl "less than". Certain -
. stones can be ué as a basis for ordering some of the characters by size or

: age. For example, the relative sizes of Papa Bear, Mamma Bear, and Baby Bear

' or the relative ages of Grandfather, Mother, and child may be used. =

K
'

i !

T . a . s

4

.

. By coxrect _usage, ve cafi point to the notion that "more than" -and "fewezs
than refer to sets, while ' greater tpan" and "less than" reﬁer to numhers. -

& For instance, suppose we are comparlng the-following two Sets' r

. J'/

s

ﬂﬁ)g;-, v,




How caﬁ ve “t\ell i.f these

"We have a sely of apples and a set 3f cats.

tvo sbts mateh?" (By pairing.) , .

"Let us pair the two sets.” (Do s0#)

"Ars there as many apples as there are cats?" (o)

"Whi.ch set l}as more members?" (The set of apples.)

v\,

"How do we know that?" (Because there are .some apples 1eft unpaired.)

4 v

"gow do we find the number of %he set of applés?" (BY.c
(Four.)

ounting.)

* "Yow many membérs are in the set of appies?"

"How marny membe?g are in the set of cats?" (Pwo.) -

e set of four apples has more members than the set of two cats;

so we say that four is greater than two."

5

K VOCABULARY o

) ¢
~
- countlng numbers . .

< fimte v . }
. greater than .
- infinite -
less than ’

i : natural numbers . . o .

» -

whole numbers




19. OPERATIONS WITH SETS

v

‘ ‘ A & .
. . . -
following sets: ’ T | .
- '_:_ e :_ g N . :

A={A,“O,D} -.‘7.,. . -—' .
’ '.,‘;w‘" - ;

B = LO: B) 2(_-: 0: %l : - ¢ T )

'I’here is a natural ,wvay by which we gan make up another set from these two.

- 3

Elh;is is to_construct a set, C, consisting of all the elements} : . ) o
) o] o ' ' ' '

.c=1{0 0,0,% %, 0,%).

~binafy. operation, and from the way th:fs operation is defined it is an opera- . =
T

tion on sets. " That is, if A and B, are two sets, it is possible to form a ° . '

~nem‘set by "Joining A and B This new Set is cadbedsthe union or Qoin of -
‘and, B. ’

-
P

o
A

. . =
’ KB ’ -
‘For our present ‘purposes 2 We ,join two sets only if the two sets do not;, I
have* ahy nfembers in common. - This is because we-are thf‘nking An terms of R
g.v‘ ‘connecting this operation on sets with addition of numbers. Later, the union . %
K ;,ﬁ" wr? y
éﬁi'cis given broader meaning for other purposes. We keep’%&to the more ’simple - g
Y . . :
B proeess at« this momen:t. . . ° o 7 B .
- -Z . J\o g
" ! o,
- NS \ - o
. P " 'o % R N %
A ) @ b R s 1 9
“viand 48 read "A union B". If A and. B are aé ab&\e them. .. . T, TS
%5:5* . A U B = {é} 0 ’ O: @”-f‘??ra':-'( e , T
- v I -4 . o, / ' o ‘ k ) —e ()“:
A S oes .. B
A 'I'he elements A, 0, (] ) are members of A- but notfor vb ft is - X

fv b e

gually 'brue thafpnone of the members of B is a member, %f A. Iﬁ two set@ ’1 R
‘56 not have an}1 members in common, as in thig case , then;\e aay that the sets 4. ° f%_’
disjoint sets.l In a;l.l of our examples for ‘this devel, when we ,join sets, e

shall ,join t&'losé that} have no members in cofmon. For éxample » the set of .

4
[
boys in a class‘rooni and’ the set of girls in the classroom are disjoint setF, R

ip -the classroom, N
» [] 2

o ) . P :




hd -

”w
o LI ) .
An ‘important-property of the joining operation is that the order of s
joining meakes no difference. If )

o

(Mary, Janicel,
{Sue, Deborah, Myra},

A
B

.

A UB = {Mary, Janice, Sue, Deborah, Myra)

L BUA = (Sue, Deborah, Myra, Mary, Janice].
5 A\l

- Since A U B has the same members as BU A, ve write~ . m

. " Ay B\.Bu,.A

Another way of stating this fact is to say that

b
THE OPERATION OF UNION OF SETS IS COMMUTATIVE.
' '

" A second property that will be of interest‘ to us is one illustrated by *
the example (1, 2, 3}V [ ). As the union is composef of all the elements in °
each of the two sets, and ,since the empty set has no members, the union is pre-
cig}ely /(l, 2, 3}, Therefore, we mus:; have

S
>

a2 30 ul)= gl', 2%3),

:" In general, if A is a set, then it is true that
A U { ] - A. ) .. .
‘“ . 0 s 'b . .
L This is parallel to the situation in ‘arithmetic when O is involved‘in -
addittdn, such as: 3 +0 = 3. ' %
. ’ - N ' \
inig Set (Relative Co_mplement) .

In the previous section, we started with two sets and f‘rom them constructed
I a név seb called tieir union. The construction of new sets from given sets 180
[OE not a completely foreign notion to us. Recall that construction of” new sets

1 " from a given set was done in obtaining subsets of a set. For example » from
. o

A' . R ) {l 2 3’ )_l_"s]’

: U * G » : , t
.+« we cafi ford.a subset of A, say,

& . }/ B(-{l 2). : b =
: , . ’

i

With respect to A and B, another set may be readily associated. 'I‘his is

‘the set, C, consfsting of the glements, 3, b, anll 5; namely, all the ’
elemehts of A, tha't; are not elements of B. The f/’ollow'ing display ‘shows more
. clearly the interrelationshlps of A, B, and £: ~ \ .. ‘

e S L, e s

> . : 4 Co .
o - > ‘v’ s
)




(l’ 2’ 3’ h’ 5]

A= !
. = {l: 2] s .
s e Bk ), -
In connec‘E;lon with A. and B, C is called the remz;gnder set, or the
'i:élative complement of B with respect to A (because C together.with B
R }fcomgletes the set, A&). Notice that to oléta‘ln & remainder set, we must first
f{: (\‘have 3 given_ et and & subset of the given set. We can think of the remainder
* s;d’@gs obtained from the given set A by removing members of a subset from- A, ’,
: If we consider the set of children'in thesclass, the set of girls is a~ )
ic subset, and the set of boys is the remainder set (relative to the set} of glrls), .
: of, if the set of boys is the subset being removed, then the set of girls is
e , the remainder set. - .
3 -
SR From the description that "C congists of all the elements of A that .
';W :are not elements of B",/ ve see that C, as well as B, is a subset of A. g
\?.;_‘5?‘ What we mean is, if- A is a given set, and ‘éB is a subset of A, then we
ii‘, immediately identify two subsets of A that go hand- 1n-hand- B, and the
& Subset made up of members of A but not of , B. . .
4 pt
Notice that if we join the remainder set with the other subset, the unidn
' is the original given set. Inl the examples above, M
e BucC={(1, 2,3, 4 5} A, , .
L < -
> . ’ ' « - -
i.  Also, . , o
PR .
b fboys) u (gir,ls] [boys and girls}. . ,
?’ . A propértyﬁ!hich will have bearing on later work with numbers is the fg.ct
¥ that if we”remove the emptfyh set from a given set, the remMainder set is still
2
" the given set. We can perform ‘thls operaThan because, 'as stated in ag revious ‘
“ section, the empty set is a subset of any given set. This conpépt i*s associated .
T with the propertiés of the number zero. For instance, in proplem such as -
3-0=3. ' ’ s
\ ’ : 4 |
“ _/—-v - - . ot .‘ ]
READINESS W . : -~
j, % w . . * " ‘,’f\t'
M Sets 5 L
L The pioining process for sets is basic to'the concept of addition of num-
“" bers. This means thgt if the child is to understend additiom, he must have
G experience in ,joining sets N ., - - -
2 ’ ) j
s P P
‘ ) ,// S B o
s T , !#6 Y - -:%u.d. ’ , e,




SN A‘b the pre-sghool level, the sets be/in{joined will be concrete objects,
'therefore, they will most liaely be disjoint. For instance , if we ,join the
‘set of rhythm sticks with the ‘set of tambourines, then we are joiﬁing two dis-

,joint sets, beca.use the sets have no common member.

An example of two concrete sets which are not disjoint is the following:

the set Qf children with blue eyes and ‘the set of ¢hildren with blonde hair.
Y 'I'hese two sets are not disjoint because there may be a child who is & blue+-

eyed blonde. He would then be a member of both sets.

"

. .Before Jjoining two sets, be sure to define each set clearlytjhen say,

"Now,, leﬁ?’ﬁs form a new se}‘, by Joinipg thebe two sets." /

‘ ] ¢ 2 /o 3
. The concept of joining disjoint sets k& been reported ‘to be fairly easy

for children to comprehend. Apparently, Join is & word that is used occasion-

Sl

ally in other situations. Sets of buttons, books, or other concrete objects
may be joined“:ith’ather sets of any concrete object;)co communicate in &

-

¢

natural way the notion of a union.
% * ’ .
The notion of & commutative operation can also be rend'ered in a concrete

form such as books froqx the shelf joined with books on the desk and ' books on
the desk joined with books on the shelf. 1In either case, the same set of bqoks
i1s in the union. The,.words "unign" and " oummutative”" need not be introduced at

Ay

Rl ?’:“)::ﬂ.}umufﬁ‘)‘{"!‘f:‘g Nty 2y
R ", . = ST AR LS

aae

e
¥ -

this point. oo . .

J:,
i3

e
3

it
A

* Joining the empty set to a given set can e introduced as a game. For -
instance, one could join the set of children with the set of elephants in the
elass. It is then, not difficult for the childfen-to agree that the only mem-

vers of the new set are’the children in the class. ¢

Remainder Set
> Just as the operation of joining sets is basic to addition, so is the

. concept ‘of remainder sets fundamental to the operation of subtraction for

numberss .. v,

. t ’ - « .7
We wish to stress the given set and the subset being femoved. In ordj
to -

’l'.o fa.cilitate this process,. the.children should have had many opportunitie

focus on subsets of a set; that is, seeing portions of setssas parts of & whole,
. . Py . i
- !

The process of removing the empty set from a.given set is a more( sophisti~.

: Set.

e,

.cated notion and should probably be avoided in pre- -s5Chool. o

-~

g




SR o T, .
;‘1""" . :. «)
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- , - & . Q
Joining Sets .

g

The word "Join“ may'be applied to a variety of activities having associbted

meanings, such as, "one group of chi¥dren Joining another" and the mathematical

» meaning indicatéd in these sections All of these cqrry-approximately the same
- idea, so this vocabulary ngy be used naturally. It is important to use the

~ vocabulary "Jjoln'™ whenever possible. The concept may occur, for example, in
these’_a ctivities. N
*» J

SRR
PR

o

£

g b

- N 'y ) <
o - Have children/'coll.lect sets in the room such ag "
paint brushes".

~ag e
ks

all scissors" and “all

¥

H

pozY-nra

o Help ‘children to understand how two, three, or more classes "join" to-

‘gether on the playground > . /,

. o Children can continue to add tools until they have a set of tools;

for,
example, "a set of clay tools". The full set need not be defined ahead
y

of time since the tools which they select"to use will be their individual

¢ e o

- . a .
A The commutative property may be illustrated by various wnions;

g Ty

- In mixing paint, children can Jjoin’ different colors of paint in different
oréers-s&-theut—modifying the final results. . - B |

o} Children in Table l can be Joined with those in Table é, and vice
. S -
versa. .

o} Children can place vater with salt’ Qr salt with water and‘end with the

.. Ssame, s‘lty solution. There. ‘is probably. no need to carry, the a“nalogy

) "~ beyond this point in the beginning . Fe - - ] )

: . SR

* .« Remainder Set . ) ) - )
aemainder Set

v o, ﬁ

The concept of remainder set or ;jnplement can be approached . b)y making a
. geme of "Who is lef‘t?" or "What is left?"

o

If done Judiciously, thig can add

# to the play value of the experience. When mention is made of people w}w remain,
g;;‘ point out that the remaining people form a group or set. - N P )
SN’ .

o A% the slide., "Who is left?" -
’ top of the slide.

may refes to the children remaining at the

. -

i

As children wash up for lunch, the teacher can point out who have finished

. wash{ng and’ ‘who are left to wash. : - .

- %
£ >
.

48 : ST
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.[theft ributes equipment, there are opportunitj.es?:e\ illus-
SISy S Coe L .
e ag giﬁcuseé/“ t are left?". For exemple, ‘¥ . v

A
te and

R - ‘. . - oo . } o |
rhythn ‘i,nsﬁ“rwﬁeni;s L ' ' X -
“ye . 6- . T e » R R . . * . . , b .
- wheel toys -, . e . R L
. : I
< snacks - . a
-notices to be taken home. .- . . e
" . s i . . N
T, - e N .
. A
D . Nwﬁ‘:,m - ~ . -" . * . ol
C e hd ‘
binary gperation - ' .
e SO - * . .- . A
. commutative property ( . ] . ®
AL complemeht , relative . ' . i i}
. _ disjoint h Lo e -
e \ ! } - 7. ‘

«
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.\.sz\, S S HEE R A Cy
; itn the previous sect;ions we have dealt with sets of objects and operations
on ‘éhese sets to form nev sets. Now we are ready to consider sets of points
' ana operations on these setd to generate various geometric flgu.res We shall - 1
begin our approach to geometry in & way that will be most helpful to teachers

4 ‘

from them certain desired geometric information. We shall then shift %0 a LT
ZZ\:%»?’ iore. mathematic‘ally logical approach . . e
i : : ' : o
5 FIGURES ™ nmm-nnmsio:ws : .
ES‘;; i
i,

Observation oﬂ-eoncrete ‘objects such as those shown belc\will\be helpful
- for an;understanding of abstract representations of figures.

ball - ice cream cone' . box

Discussion of the characteristics of these shapes facilitates familiarity with
~ some Oof the vocabulary associated with them. * - -~

(a) , (b) (c)
rectahgular prism ) . cylinder . sphere.
v N
- The a’bove drawings are examples of typical ié’pres'entations‘of geometric
3 figures 1 ghree-dimensions. There may‘ be some difficulty in visualizing the 3-

dimensional nature of the figures sincé the drawings are restricted to Awo - f

e B
dimensions The ‘dotteéd "linesd are included to aid perception They represent .
parts of ‘the figures which would not be visible ‘from this vantage point

In all thesé: fi,g'ures, the ¥inside" is not filled. The o?{ject identif; ed

by (a) looks dLike a, block. It is not like = block»],in terms of* being composed

of matter such as wood. It is shaped like a block; but is hollow. Phys:i,cal

.
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hio?é{zambex gfgwg;iated wgt% the geometric % gurea ’ﬂluétratz—:a‘ ixf (a)},
{e) are & ghoe box (including 'l;he lid) 5 a‘n empty oa%meal bo?ffwi’t e
s.gnd a b 1loon. P :‘ .

.1' n.
1 N
5

For our purposes in developing some basic. concepts ahd vocabulary, - .

w

gt
,
,

s-wﬂl concentrate only on Figure (a). ,

5 ; '
H L. - 4 :
. ! '0 . N :
R - .: % .
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v o . - (aj“" _

.

Thiz "box" (;nore fomally, a, rectangular prism) is made of six flat sur- |

faces which are called faces of the prism. The face of a 3-dimensionel figure
id s flat surface of the figure. 3 ¢

] o
"

Bach face of this f:.gure has a boundary.

1

e Where two faces meet is an dge.
The "skeleton of the pr;i.sm is made up of twelve edges. . .

B

of four edges.

. s

- One other charaeter:.stic w}uch we wish to identify in the a'bove figu.re. is , .
that it has "sorners™-where three édges come together. ,Each is a vertex N o
(plu;@l' ‘ﬁ'g:b:fées) of the prlsm. Note, that_any two of these three edges; would

‘ meet in th# seme place and form the same geOmetr:.c figure. ~Thus the two éf.’igur

‘to the right below o ' / . . -

es

b

Thus, & vertex

equally well locate Jthe vertex of the prism iden‘Efﬁed by V.

omay be determined by +the 'meet.’mg of two edges of a face. A point of geome'bric b
ey.mpthough it is not the \neeting

example 3 witgm the ve:;tex of a

‘ >

. figure may be designated a vertex B however;,
f\tyo edges of & facg.  This is the case', for

“eone , - ¢ - OFe T _,

v . o
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. .Points and Paths - : , ¢ ’
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A‘point ma)y qe th ught of as a precise locat.ion, Poin,ts aI:e represe
by dots'on a paper or as the end of*a sharply pointed pencil All of thes
- are visual aids to ass;Lst us in conceptualimng the nature of a point.
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These rep\resentations are merely attempts t0 symbolize the idealized geo-
metric *eptity called a’ point. The difficulty is that a point is an idea.rather
than & p‘fwgk:al object. The point which we represent by a dot, no matter how

" small the %} covers many' locations.

% | T )
When ve arrive at the‘description of a point as ap exact location, this is

&

) - . .

not a definition of a point in the foygal sense, ir we say a point is an exact |

location, 'exact location must be understood. ' The dictionary might define,

location as position in space”. Position in Space might refer us back to /

point. If none of these words were meaningful to us , " the dictionary defini-
tions wou.ld hardly clarify matkers. However, the ci¥eularity in dictionary.

- A definiti.ons is necessary, because there is only & finite aumber of words accessi-

ble 1n the d1ctionary. Eventuglly, some word in the chain of definitions must

reappear. Implicit in this is that at lehst one word in the chain must be
sMply’understood so that others may ,}>e defined in terms of it.

"Point" is-
) such a word in gaometry

In a-sense, it is the "first" word in the vocabulary
" of geometry, and ve may say it is an-undefined term. ’ *

. - .
»

Once the concept of point dis understood, we will again rely on. represent-
ing p01nts by marks on paper. to facilitate discuss1n$ them. They are commonly

‘labeled By capital letters. The drawing represénts point P, or sigpi¥~p,

by which a- point is understood .- ' ; a !
: : . ' B
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s, Every geometric figure is a set of points. A curve is a set of points
;' .follow;d in moving along a path from one p01nt to another.
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~T1}p.s the drawing ‘above represents a path from point A to point B,¢ off from

A _f'point B ta point A. It is evident that there are thher curves from A to

By inde%d there, ?re infinitely meny. ’ ) N o / ‘
J i ® -

1

.

. Inherent in the notion of path is the idea ‘of continui,ty There may not?
.be gaps in a path. Neither of the drawings below is a path from C to D.

L »
’///AD s
D i !
¢
. . f
According to the strict mathematical definition, curves do not have to be colr'l- oo

tinuous. We, however, will consider ogly those that are. Hereai‘ter by " e"
E) b) I} 3 71"/
} .

o He‘shall mean & continuqus éurve. \
/

Portions of the path or the entire path may be straight. As @ path may be “
ged to specify the set of p01nts in a curve, any of the. following figures )

represents a curve from' P to Q. .
‘ ’ Q Q

> 4 )
hid 3
Ev M *\ . ‘ |
5 - P
z , v . -
* Line Segments . . .
. - Let-us represen,t two points by the dots below labeled A and B. / We now \r

trace several paths from point A to point B gs shovwn “below. One of the path

shown in the picture i%gf speda\le:‘mportance. " It is the most direct path :
37
f;om A to “B., This path represtnted below, is called a line e@ent. o
\‘.}:”.‘*. i "‘:T;"A S "*\;}“:’;*‘:““'T“v ‘ - — ‘—~' - ‘_1‘/..‘7?‘—7 ‘r‘- "‘;:"\v‘);j
S fThe symbol for this 1ine segmeit -is AB or BA and the points A and. B are .
.. called the endpoints of AB. . A line segment is named by its two endpoints. ; 4
Since both AB and B denote the same segment the order in whioh the ead- ’
/ e
points are named 1s irrelevant. .. : . ’ S, .
e ' N [ N ' %’p
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Any point of the line seghient Which is not an e.ndpoint‘ is sajd to be
between the two endpoints Hence, 1to decidae whether or not point C is between

‘*{points K and%;i, we draw AB, and it ¢ lies on the line segmént’, we. say
S that C 1is between A and B. eren we say that’ a point is between two-others,
d ‘it will be our undersganvxg that all three pbints gre distinct points which lie

on the same line segment. . ‘ . - , 4

i

‘} 4 . 4

. , + 8 . T4
* . : L *

Once a line segment is def.'ined by the location of its two _endpoints and
all the points between them, it determines two directions. If we imagine ex-

. !
tending a given segment indefinitely far in both of these directions, ve con- !
‘eceive of a geometric iline. - ' . T

The drawing frepresents the line formed. by extending P 1in 'boA‘.h of its ‘
determinéd directions The arrovheads are used to indicate that the extensions -
is infinite. We adopt the notation $Q for the line containing the two‘points
. P and @ in order to distinguish it from line segmer?t PQ written as f@

+We can refer to the line,in this drawing as .PM *¥, @, and so on, since
‘each of these designates the same line. In general, any, "two points in the !

sét of points" in the line may be used to name it. Again, order does not
matter. . - . . 4

>

It is Jdmportant not to use this terminology loosely. A line has no end- )
points, vhile a line segment fmust have two endpoints - B o

,_44,,‘1 P P . P A A f . . At

&l T Sgace .. w s >

l - Now that we understand the geometric ;oncept of a point, we may define’
geometric space or simply space as the set of all points.

. -

[y

The visual connotation of space is the set of alf points in a three-dimen-

*of all po’fnts s is extended to %ranches of mathematics other than geométry. -

(‘I‘hus, in probabilLty, the set of gll possible outcomes of a certain experiment;
' is described as the sample spaece. ) The ;neaningrof space is geﬂerally deter-
N mined by the contéxt in which it is used Unless otherwise indicated, space

~in this _program will refer to infinite, three,-dimensional space.
- A

.
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. Plane el ‘, s Lt ) !
Z— A
wan Tet ‘us }\ow consider a .subset of the set of points of space called a plane.

P X
2
;

)

Again, vE, do; ‘not give a formal definitior of the plane. . .

Any flat stu'face such as the floor, the top of the desk, or a piece of )
Like the line, a plane is unlimited in'

paper suggegts the idea of a plane.
<~extent. Thit is, any flet surface used to represent a plane only represents a

portion of he plane The notion¥ef the infinite extent of the plane is ap- T, )

pro&ched by thinking in terms of an ever- increaSing blet0p and so on.

—
-

-
oy .

READINESS
areTiade up of points, one should begin’

S Logically, as geometric figures
L4
f what constitutes a point. Lines, .

the study of geometry with the conpept o}
& . eurves, planes, 3-dimensional figures, and spaces may be generated from a point.
Despite the logical basis, the sets of geometric objects that children

’ﬁ have tc manipulate are sets of‘ three-dimens:.onal objects. These are the con—

-7 crete objects which provide children with éxperiences, from which they cen ab-

ssract the mathematical concepts. For this reason, we begin with ‘models of

: figures in 3-d.1mens;ons From the models, we jdentify faces, edges, and vertices.
: , Once’ jdentified, we can use these primitive elements to construct other geo-
‘3’ metn'i,.,d igures Children learn to recognize the shapes of objects about them.

Y R They become acquainited with these shapes by moving their fingers around the ~

"4‘% edges of¥such objects as @ ‘domino, a record, a can, "and blocks
activities they be }o distinguish between surfaces which have a feeling of

Through such

gwl? roundness and thoge which have cornersj; straight edﬁes and round edges.

L

A\ 3
%%éthis 1levél, the vocebulary used should be as simple as possible with- ~

out acrificing correctness., Terms 'wh'ich can be used' whilé handling Bimple .2

3-dimensionala,§igures¢ are box (rectangu;l.gz; prism), cen £cylinderl,and,bal«L - e

The teacher can say, "This object is shaped like a can." The term
B

4
L 4

c(;rner «(may be used for »\vertex . It would not be correct to say that a
“sphere is shaped like a cgcle, because circle“ refers to\‘»shape in

%,

é 2-dimensions. A - = o e .

n"’f ‘{‘«f"’\;; ,s\_’“xw:‘ ! s Y- ‘****«--»~—-~..~~,_,_ﬂ."
- Thé concept of a 1line, segments be extracted from a straight edge Jof a G
rrers of the edde being the endpointst -
as thek«,child has to imagine the 1ine

thiee- dimensional figure with the two co
[THe concep?' of &, line is more difficult
segment extending in both directions indefinitely Straightness is a readiness

" task for the idea of a line. . “:
I AEN had m l‘"‘” a"%?
“ The emphasis should b% on recognition of simple basic shapes. This :&

) volves the yse & some simple vocebulary, and basiec: d%i\s‘tinctions. . —
. S 4 .

T
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b Many’plwsicar objects may»be used as models to begin to orient 'thinking
Af%@*» toward geometric concepts. The qhildren can feel afong edges of book shelves,
o «.»‘*’hifor example, to determine straightness, and along the rims of oatmeal boxes or-

! foa.ns for rounded edges. (Incidentally, in the rim of the .can, we see an in- .. - <
h“. Bt

-

ance of an edge that is not the boundary of twp faces. )‘ .Note/that we have - *

. A source of
- . ‘
in refe"rring to various

the housekeeping corner", ete.
-
For this reason, this kind of designation shouJ.d be ‘avoided.

- used the word "corner'™ to introduce the notion of- a ve
possible confusion lies in the use of the word " corner

: activity areas; for example,‘"the art corner" /"

e

These locations

should be reflerred to, instead, as housekeepifg area",;and so on.
i
‘o Industrial Arts activ1t1es provide many opportunities for the development

‘of the concept of corpers or vertices.

A X

N
<

As children engage in carpentry,
the corner.s in their products can be pointed out and discussed - :

The edge of g building can be used to illustrate the concept of corner.

However, this will provide only' an intermedia}',e step toward the precise
meaning or idea of vertex. / o %

\ P

As a’ followup, draw a’line around a, corner of the building to help -~

'_ - children see what it meang to "turn the corner"! Help them to distinguish
) between the cdrner they turn and the corner of the buildlng.

0 ; Songs such as "Three- Cornered Hat" provide further opportunity to apply Lo
.and explore the concep"é‘ |

In illustrating the concept of endpoints, the gﬁld may need help in d4is- °
& tinguishing between the temporal and Spatial meanings of "end" and in using each. k,
Precise vocabulary should be. us}ed and spec1fic refe;ences made to endpoints , ' ]

P
whenever possible,. The’ activities listed ‘below suggest possi'l;J.e references°

A

o @

Children cgn be shown the endpoints of a climbing rope.

a0 " If children strin& ‘the large wooden beads, the end beads can be used. to
N demonstrate the endpoints. For the analogy o be reasonably elose, the

., bead?,show.d ‘be; strung tightly togethery ™ ~- 1 T oes T

When children stand in a straight line, references to first and last child

in line can be Inade. Whenever possible, refer to front and rear as ends
o, | of the line. ' ‘ . \ - .

Whén the ruler is introduced to the child for experimentation, .the

-

PN _

: Y
TET
.

teacher can talk about the straight lines which result and the endpoints
« of the line segments. * R
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Bvie . f ¢

st

SN W / . 6§92 .. Y O

ATyl (LEh
ﬁ‘«e'«..x;?- (1

¥

s a5

5

e
-
g



. ” .
'Belou are listed suggested activities for the concept of bebween: .

o - When children assemble in linés, point out a child or children who are

between other children. 7
7 AN .
. i .
o Use games where children put items"between the palms of their hands.
(Button, Button‘, Who Has ees) ' ‘
o ' For s ndwiches, discuss ‘t\xe filling betweer the slices of bread. N

o Placement of characters in dramatic plays\, for example, Tarzan is between
the saber-toothed tiger and the Abominable Snovman .

o Discuss.arrangement of eating implements. The ‘plate,is between the Spoon

and the fork. ’ v .

. e
-~

o, Art lessons involving lamination provide opportunities for exploration:

of the betweenness concept {pressing leaves and paper between waxed paper. )

At this level, restrict the use of "edge" to figures in three;dimengions.
Try to provide children with many opportunities to ‘use manipulative materials

3 KA

-with clearly visible -edges. " ° P ey

o  Pointlout edges in the enviromment: . o

Table, chair, paper, plate, record, blocks.

o) Children can try to count, the number of edges on various kinds of Ylocks.
2

o In carpentry, we can refer to edges of the workbench, edges of pieces of

wood, and talk about putting "two’edges together”.

. From the concept of edges, we can lead to the coricept of a line segment . , ¥
Here gre sqme ‘exafnpl*és of line segments:' : . . .
L os ~ As children use manipulative materials like Tinker Toys, point out like- e

nesses between rods and line segments .

I -

o Use a rdler with pencil or crayon to connect two dots as a lead-up to dot
pictures. Since children cannot read numersls at this level, use dot

.

pictdres utilizing colors to determine jsequence of connections.

o * Let children plan and draw' Out line segments on the pavement “Tor outdoor «;pT

games. N . ot )
12 o e -

L3 S b
Max@materials in the room such as blocks, boxes, amd pencil erasers \

present oppbrtunities for illustrating the concept of a "face The vocabulary
"race" should be used whenever possible rather than the more general terms such
.as "side" and "end". That is, instead of speaking about the "side"" or *end"

.

of & box, the word "face" should be ueed

AR N
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SRR & (2) the set of points that are on the cufve;

O
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;i 12, SIMPLE CLOSEDEQURVES

BACKGROUND NOTES . - .-

- '

In ouy discussions of segments, we consiéered paths ‘between two points
and:observed that each of the paths describes a curve. A path ‘thus specifies
a-set of p01nts known ®s.a curve from A to B. When A &nd B coincidey .
“the curve is said to be closed. Thus, eabh of the diagrams illustrated repre-

'sents a curyve. The ones appearing on,the second row are closed curves.- -
. ¥ -~ ‘ rs

e

B

(e — (&) I W -

«

of €he closed curves that we have drawn, the first three are distinguished

from the last two. None of the first three curves crosses itself. To describe
the - fact that the curve does not cross 1tse1f, we say it is simgle *By simple -«

closed curve, we' shall mean a set of points in a plane@represented by a path

that-begins and ends at the same point and does not cross itself.,

. IS

Simple closed gurves have the important property of separating the rest
of*the plane into two disjoint subsets, the interior (the subset of the plane
enclosed by the curve) and the exterior. Thus, with a simple.closed curve,

there is a natural partitioning of a (plane into three disjoint subsets.

R

) +

(1).. the set of points that are _enclosed by the curve,hg

(3) the set.of p01nts that are neither enclosed by the curve nor
.. A —— -

EER T

A S

. on tﬁ‘ curve. .
v . Iy » a

With the separation,.any cur:e\gL the plane connecting.a point of the interior
with & point of the exterior necessarily intersects the simple closedfcurve.

o 2 ) ) .

This 1is i lustrated by the figure below, where C 1is the simple closed curve,

. . . -
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~Ba~ is -an interior* point’"“'Q“"'is an_ exterior point, and A is a plane curve J
LY
c’p‘nnecting P ana Q.57 ';;;» ) K
« R :“
. - .o :‘x‘% .
- -
: ) eéxterion-
3
]
: ’
- Lk aaliiid . . "
'PoMogs, - s - ' .t .

R - -

An important class of simple closed cur&tves is the class of polygons. How-

ever, before we can give the definition of a polygon, we must extend our def‘l-
7 nition fpr union of fwo sets. . '

———— -

" In our discussions of the um.on, the concept of this; operation was made
* on thesbasis of two disjoint séts. The reason for this restriction is that
eyentually we intend to link this concept to the addition of whole numbers.
Actually, the definition of union does not have this restri®tion:’

F
+

) . :
THE UNION OF, A AND B IS THE SET WHOSE ELEMENTS ARE *
MEMBERS OF A, OR MEMBERS OF B, OR OF BOTH A AND B.

+ That ‘is 1'30 say, elements of A U B are members of st leaé% one of the two
> setdy A, B. '“With this definition the concept of "a union is broadened to

w encompass joiping' sets that have members in gommon as well' as sets that are
disjoint. For example, if* '

~oae (%, O, m Y S {*k A, DQJJ,

B . .
-~

Pl

i . «AuB=('ﬁ'OADQJ)

Note that the common memb&; ‘ﬁr and A are not listed more than once, this 1is

*in accord m.th our previous agreement on the specif‘lcation of a set. The pro-

A # ey
Y

v aom g et

- pert:iés that we have noted before under the restricted operation still hold "1;
£ :E.‘or t}{e broader concept of union. * S ! - .
-*'-11 A 4 , ‘
i Sfir{gé"‘iilne segments are sets of points, we can take the union of two line€

: “"’,.f’ M«,.

-8 ‘@Pents to form a new set of points. For example » the union of two segments

mFfagain be a segment. In.the picture below, the union of .JAE and BD -

>
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AD \In the picture below, the union of AE and BC is the curve, AC, yhich

- .

7

1 J i
. . |
o -
- ' |
— 1 \ l‘}
-' - e
.+ 1is not a line segment bvecause it is not straight. ;[n all of the above examples,

the union is &, simple curve, but not closed. Nor is any of the figures })elow a
+ aimple closed curve although each-is a union of line segments. 4 polygon is a 2

g simple closed curve ‘that is a union of line segments Triangles, .

-

”\ guadrilaterals, pentagons, and so on, are examples of polygons. Note that
D above contains many other ‘segments. For example, AB is containeéd in AD,
. BC 1is contained in AD, AD is contained in itself, and so on. Likewise,
with segments of a polygon, segments are contained in segments If a s\egment .
'- of a polygon is. contained in no segment other than 1tsel~f, then this segment -d

is called a side of the polygon For example, PR is a side of the t}‘iangle

ys. . shown below.
L e °
N
£ - ¥
P . ,
;i{ J triangle ’ - quadrilateral pentagon “hexagon .
. . A polygon of three sides is a triangle; -four sidesvya uadrilateral' five N

o ‘@-’15;?'

L sides, a pentagon six sides, a hexagon; and so on. The endpoints of the sides
are the vert‘lces of the polygon Observe that edch’ vertex is a common endpoint ’

:" . of tw,o sides. Note also that the number of sides is the same™as the number of

vertic’es - ' ‘ .-

-

.

Razs ) ; ' . o
Another set of poimts which is important in geometry is a configurati,on'
‘which can be formed- by extenﬁing a line segment in one direction only. This

* . - .
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The ray sgown abbvD is formed by extending AB through B or AC through ¢.
The notation for this ray is AB vor KE

Iin contrast Vith the notat;on for '

segment and lines, in naming rays, the order of points is s1gﬁ1f1cant

A ray

has one endpoint, and it is named first.

point in the ray.

As indicated below,

The second” letter can name any other
There

€

are common points in the two sets.
point in MR. )

MR eana NR are not £qual sets
However, point X 1s in TR but is not a

e

%

MP designates which is the end-
it is not the intention to convey the orientation of the ray”

~
. Note that the arrow in’the nomenclature

point of the ray;

as it appears.” In fact, it would be impossible to orient the arrows in con-

formity with all possible origntations of the ray. A
- .
“A—x& 3 .
Another fundamental geometrlc figure recognized in many familiar shapes
is an angle.

- -

3

The formal deflnltion is: an angle is thé union of two rays

w‘ﬁich have a common endpoint but which are not subsets of the same liﬂ'e

z f |

+

o

.
.

*

Tne'example:shown~is the union of AB and KE
to be the vertex of the angle.

Their commor endpoint is said

" Recall that vertex also applies to 3~d1mensional
figures and their faces.

edges.

In each case, it s the intersection of appropriate

Similarly, here, the .vertex of an angle is the

olntersection of the two

» ,ssts~of points -in the rays.

\J

The rays are call

Qur angle is denoted by /BAC Or ./CAB,

-
t

sides of the angle.

where the middle letter identdi-

fies the vertex.

The othef two letters neme

e point distinct ffom‘the vertek

. - -
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. on each of the two s?.des i*Often, simply de will be wri%%en instead of 4BAC.
~This notation c&mot& be used if more than one angle is drawn at vertex -A. 3\

A Th .. O
K . [ L - T

. @; PR . -t e et
o 4

. N I
b ‘ . ¥
- i | .
(13 ¢
2 v .
X « 51" " 4
’ . ! P , . ¢ °
‘ oo : o
e It would 10t be clear ‘by [A which of ZBAC [CAD, or /BAD were meant
o0 -~
-7 °'I.n ﬁsche figure above. , : o S~ .,
. ion; S - ) :
'V _.5___. . f o . \e - .
Since & polygon is a simple c}osed curve, it is the set of points on the

urve. These points should be distingtp.shed from the set ‘of points enclosed

by‘:\ the curvewhich we cal]l the interior; ‘the two sets ‘are disjomt A circle
X -

is ,also a simple closed curve and it also has.an 1nterior

e
[
X,

The union of = sp.mple cYosed ‘curve and its 1nterior is called a region.

. We refer to a tria ar region,™ 1,’§/ngular region, . pol; gakal ‘region, or
& s+ POLY y €
Seds\a triangle ’

o

circular region, e'tc.l in'dicating that the simple tloséd c

recténgle s polygon, cir;cle, ete. ‘ ) . .
‘_

‘ To denote a pla e region in a diagram, the interior'of the sipfle closed

- cv::'ve "is usually sha{ded To denote the mtemor only, the intdrior is shaded, X

- " n
- N ‘ .

-~ - v "tf:xb 3 M -
. > ;
NG ,
- A - ¢
. a b2 ’
of 4 g ,gg;, ﬂ
..J::-‘:S‘ S "rectangle ; rectangular region” 'lnter‘ior' of nni_on of interior
i . e rectangle . of Tectangle and
“o o _ _ part of wectanglé,
.. A . - " . . . "'
Congru’e‘nt Figures, . : o . - .

R * ggruence {s a very important and complex idea with many consequences in
geometry Weqsh l;L confine ourselves 10 an intuitive approach to the tdea of
. congruencp Tha is, if one geometric configuration is an exact copy\of
; : ano*bher 5. WE sha say. that the/ two figures are ong ruent . \
) To decide 1'fhether two segments are congruent, we can make a tracing o

:‘; one and see whe'ther or no't fhe *tracing fits exactly” on. the other. If they .fit .

exactly, the segments are said 1;,? bve congruént. It is, in %his sense, that ]
. markings on a.x]uler perfom the function of the movable c0pies of segmentg«&v
3 . ’ R o
- ., é " - . .

i . . '
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‘Congruem:e may als? épply to angles. Suppose e have two angles LABG.. :

and APQ,R, and we wlsh to f£ind out. if they are congruent. We make e’t tracing C

Lo
Y - . ]

[k
e

z;;}ﬁ I

0

s

£

3 * ! ! : ‘ f
i' " -of' /ABC, say (A'B'C'. We now place the tracing on /PQR such that ray '
;' B'C' falls on QR and B' falls~oﬁ Q. (This is-shown above at the right ) .
3{,’: * ] ¢ — . .
¥ Now if B'A' falls on QP, we say “that ZABC is congruent to /EQR. ) cy
te .
:, ) A special angle that makes frequent appearances in mathematics is a right .
%f“ aggle. No formel definition is given at this time. The drawing below repre- o
e S
iS'.', ~sents two right angles, VK and  /WVX. The angles are congruent and the - .
Q&* ~.union of a side of one and a side of the other is a line. .. -
R s . )
£ o . _ .
(SR I "Xt .o R

> ' ‘ ' L~ )

. 9y . , .. o VRN ;
e - ) . \ .
R ) * - Y . \'4 * W \
T «~ : ’ y - - . v

< " If a pfece,f paper‘were folded twice, gs the drawing below indicates, ‘
1zil“nd it were then unfolded, the creases suggest segments of two lines whose
A S N
o intersection is the point R.. Thus, R 1is the vertex of foul right angles (/
;, Whééeqi@gs are the extensions of appropmate palrs \ .
; A . T

htl

Unfolded wrth
creases dotted
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n!; segments and congruepib angles. In considering
tive no;;ion tha*b 3t‘.wo gebmetric regions are

be %ﬁtri-

y
E %

‘ .. pVe have disgussed congrue
. ﬂ,f

B reg%ons, we shall depend on the intui
' congruenh if- one is an exact copy of the cher. Supp0se we»‘

2

angies p-fctured below.

. g,.q( f 3

A .
¥ : If we are to determine whether the triangular regions are congruent,
first we make a tracing of one ‘of the triangles, say OABC. Now e cut along i

the boundary , and place this tracing on AZYX, in any way that does not distort o

If the tracing fits exactly the second reBiqn, we say that two

‘ . the region.

h regions are congr_uent and the»'boundaries are congruent. .

i - . :‘ , . *

D To. \sﬁmmariz’e , to decide whether or not two regi;)ns are congruent: /

A °_

ii . ¢ . (l) “We make a tracing of the boundary— of one region.

: (2) We gry to match titis tracing to the other region. B

. (3) If*the tracing matches the second region with no distortio°n .

Lt - , to either, then the. boundaries and the regions are congruent.

o The movable copy is needed because the geometric figures to be compared - |

sets of points, and as such, have f‘ixed locations. Clearly, vwe cannot
A copy of a spherical negion may not
many 3-dimensional figures :

are
< continué this matching procesd’ too long.

2o 'Q,e matched and f‘itted into ranother spherical region,

cannot be testéd for congruence by this means. A more refined concept ‘of con-
. r

not attempted until t&e children study geometry from & more formal

«

gruence is

standpoint .o . et

%.‘ ’

Th the light of congruence s e may restate the requ
For examp}.e, any ti:o edges of a cube are congruent seg-
Similarly, we cen

npte the congruent s:.des of a garallelogram and so on. s

a
a .
. -
>

«Class:.fication of Quadr?laterals - ’
”"#’2 A polygon is a simple closed curve that is a union ofr line segments. It ’
ts, it is a triangle; of four line segments,

iremente of special R

= geometric figures.
./n\nts, and any two faces of a cube are congruent regions.

it is a union of three iine se
a q\iadrialteral, of;e,;give segments,
. 4 3

»

»

pentagon, of six segments , a hexagon,
14 v

a
v
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terest to *us. For example rectangles are spec1a1 kinds of quadrilaterals ;

% :

.'bhat are of special interest. “All"the angles of a rectahgle Ere congruent g
¢

+Squa res, in turn, are special kinds-of rectanglps All the sidﬁes of a square 5

T ¥
are congruent »Thus, in the family of quadr:.later‘a v 2 o R
b‘ el .‘-
14 o : "
- . 1
+ . ; ‘
’ .
- - - -
4
. . T <
. square rectangle ., -
TN

;subfami.lies are jdentified. The rectangles constitute a subfamily of the
quadnilaterals R and the squa constltute a subfamily of the rectangles.

. Another subfamily of thefqua terals are the Rarallelogzams The&r opposite
sides are segments of lines which are on the same plane and which, do not inter- -
sect. As rectangles also possess this charac‘erlstic, rectangles are a sub-
family of pa.rallelograms. Anbther. \subfamily of the parallelograms are the '
< rhombi (singﬁlar'« rhombus) Each side of & rhombus 1s congruent to each other

“ ' "side So & Square is both a spec1al kind of a rectangle and a special kind of t
P g rhombus o RN

. barallelogram . rhombus o \

‘i‘\ & I. . > N \
-~ By this kind of classification, we get a generic chain that may be depicted
N by the following diagram * . . -

v ° * .
. * .
) ’ ’ b’ y .-
o o ¥ ’ N '
- hd . . - -

- . P

. The term "angle of a polygon at a particular vertex is a language of
© . convenience to mean the angle having that vertex and’ such that the
oo particular sides of the polygon belong to the rays of the angle.

- . .
.o . . ' -

s * ., 6 79 o(\ .

) AT SRR A . . %t ) ‘
+ and "s'o°-~‘or£’ Eae y of the *figures belo¢< lﬁs’ four sides; so. each is a quadrilater&l
." , ’ » N 5 N ' g . !
o { - ' ’ ; 7
b ¢ s 2] x £° 8tk
% 4 a ! \ ¥ Y 3
; . § '\ b T § f§ *‘iﬁ };; & %;;
5 X . ) B * &
L . ¥ e #
Ly - 7 ?
.o t 5 . - ;* .
Within the category of gua'drilaterals s there are sﬁecial kinds that are of in-

Y -,
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polygons M
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FE SR , . . guadrilaterals : ,
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NN S
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e, ) \ ] parallelograms — . .
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§ . rectangles rhombi U , ¢
19 ¢ .
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s, squares . .
%‘t‘ i ’ 1 ,[ 7,\
Fraad v o N
= . .
A Classification of Triangles - A R

~We have seen how quadrilaterals may be sorted into subfamilies accor,ding

to their sides and angles. For example, . .
a rhombltihas each side congfuent®to any other side; | - .
: a rectang e has each angle gongruent to any other angle; .

. . Y -

a square has each side cor;gruent to any other side and each

" angle con'gruent to any other angle;'

Wxn‘:’:}%‘g\wa R

and so on. There are other kinds of( classifications of quadrilaterals such*®
as whether the@sides all bulge outward or whether some sides dent inward ¢

Hglwever, in the elementary grades s classification by congruence of sides and

angles is the main method of categorizing quadrilaterals. .

Triangles too mgy be classi-fied according to their sides and angles.
‘There are three special kinds of triangles which shall be of speéial interest ]
10, us. They are the equilateral the isosceles , and the right tviangles.

PGS

5, - ;~ - An equilateral triangle is g triangle each of whose sides is congruent to

) any of ‘the oéhers. In. ot}‘ier words , &n equilateral triangle has three congruenﬁ

.

oy
¥,
>}

KD
;

A ‘ Au isosceles triangle is a triangle with at lesy( two of its sides con-;' .
T g}'uent. So, every equilateral triangle is also an isosceles triangle. .

Ng
A
t_,c
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Y & ht"tr is triangle one of whose§ angles is a right angle. .

P

‘1sosceles
triangle-

* e, A

equilateral -

« triangle,

A z"ight triangle may or may not be isosceles ; but it cannpt be equila;eral.

T As with quadrilaterals, there are other classn‘ications for triangles.
_ Later in the stydent's career, for example » he will be concerned with acute

) At;;i,angles, Obtuse triangles, and scalene triangles, to *mention a féw.

-

1

-

-

’

Once childrel are able to identify faces, edges, and vertices (corners)

g - - . Yy .
~ of a three-dimensional obJect, these primitive elements can be used to construct

-d

,,w‘
Yo ¥

rerw

,.7.,,(,«,7~
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E,
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B

s

e out sthat Lt has a "rounded" surface.

'W_'refer to the edges of ‘the 3-diménsional figures.

other geometric figures,
tirely, intuitive.

For children, the approach to closed figures is en-
It is a good idea to display a set of wooden models of the

‘ h'asic shapes {rectanglular pfism, cylinder, and sphere) and encourage the

children to examine and handle them fér several d.ays. Most pupils seem to be

interested in finding objects gt home “which qualify as cylinders apd rectangu- -
-~ lar boxes. ’ “ . . ’

Have the children feel the surface.of the ba].l with their hands and point
In contrast have them feel a.face of a

)
Block and, point out’ that 1t is 8 "flat" surface. They can also trace the’ ed’ges

of a cylinder and i‘eel the roundedness of the edge (it hag no corners) By
tracing the edges ‘of one face‘of a rectangug.ar block, they can feel the corners
and the straight edges.

With these experiences, children can begin to distinguish the relation-
'ships among geometric curves, regions, emd 3-dimensional figures. You can
gradually introduce the idea that the:terms circle, rectangle, and triangle
When a child looks for one
lof the curves, say a rectangle, he 1is most likely to find examples such’ as the
base;of a,block, a cupboard door, the top of ‘the table, or a pane of glass, ip
the winﬁow or door. Esch shows “not only a rectangle but alsc its interior,

‘Again, with each region, emphasize that it is the edge that js a re$angle.

_— . F . ‘A R . . -
2o, . - ® . Vi b .
: 68 »
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Once children have the idea of a closed curve §such as'a circle, the con-
_cept of inside (interior), outside (exterior), and on the curve tan be intro-

. duced. " v ., L

,

Acrzvrm:s : .

~
LN

‘ Chlldren should have many Opportumties to describe, explore; and manipu-
late vari’ous models of .geometric shapes. Whenever pOsslble, they should attempt
to relate f‘lgures to Subsequent drawings. ‘ Many of the Frostlg Readiness ma- ‘

terials for pre- school may be useful in providing relevant experience with closed
; curves. 5

o - For movement exploratlon, ch1ldren can demonstrate closed curves by

moving hands in a circular motion or/by walking in eircles.

Circles of chlldren either in games or other activities provide oppor-

tunities to show that the eircle begins at one child and returns to the
same child. Show that the point of origin of the circle can ghift from
. - © - -
child to child. ’

Games .and activ1t1es might be planned in which the ch1ld"léa:ves-the
teacher, follows a prescrlbed path, and returns to the teatcher.. ‘I‘ry'

followmg the child's path on the floor with a flow pex} or similar

instrument. - . . .
L O
s , « A ’ .

Use paper and pencil exercises such as unfinished drawings %o help

children learn to connect 1ine’ segments. . .

In Art projects children should have many opportu.nlties to join two or

more line segments.
i « kel

(3

9
Printmaking in Art provides additional opportunities for experience with
“ J

.

shapes. -
) . S Lo S
.When involved in the study of polygons, f’requent reference to the co ?’ﬁ/é-‘,',,’{-’""' :
can be made. For example, children can walk along polygonal paths draWr’l ol '
i3 .

the pavement, taking SpeClal note of the corners ’as they, come to them.

’

o In Art, have ch1ldren try to construct shapes with'yarn or tape "‘,,"’

.

Use vartious klnds of form boards %o allow children multi-sensory experi.-

ences with various polygons.
. N
Make cardboard shapes"‘td match Efénda%‘d unit blocks Hav«i children match

cardboard shapes to b&%ﬁ : . R

)

¥
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Nested cups in hexagonal forms will give children added eXpez\;iences with.
R forms A .o -7 o e T
Construct a grid with different shapes in each square. Allow child to
move along a path following the shapes. (Colors may also be used as

guldes for determining paths.) © s

i 3 - .

., [slolals
e oA 0F

-

i,
2

;'é%classroom items such as unit bf ocks, same sizes of pre- elat paper, window

As 3 readiness for coéngruence, help chlldrenxto identify sameness in a.ny

“eto. Actual experience in congruence may be approached by activities

;ghuar to thos‘g that follow. . /

éé *

" Fedgd

o Use rhythm sticks to help children understand one-dimensional dongruence ¢
]

Use games where children match blocks of a partlcular size ands shape with
ca‘rdboard shapes. A varistion &f this activity is to h%ve tracings of
faces of various 3- dlmensional figures ready at the board, For example,

v
1A
[o) .

a face of a cubical block, and end of a cylinder, ete. The children are
A .to match the approprlate 3~diwmensional figure with the different faces

: Vidrawn. [ . . ' ’
~ . 1Y

S0 Use mimeographed pattetrns together with shegts of construction paper
cutouts in differemt shapes. Thﬁ ap?roprlate butout is to be pasted onto
: the different outlines. :

-

Since interior and exte‘g,g‘,or are usually taught in contrast, the actwities
"o for both are similar. At this level, limit the use of “interior" and ' exteri.or

g B
2 1o two-dimensxonal space. . . . *

e o Some art projects can be used to help dlfferentiate between 1nterior and

ex'terior For example,‘cplor the interior of the circle blue ‘o

‘ . ' ‘. # iz
Z-;,..,‘ . 4 s .

L T e
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IS ’Many g

‘e\s> 1e§1& fheﬁxsélveé? to fubther }’r‘liffé‘rentiati.oh bg{;wéé;x‘ interiok
.- and exterior, such s Ring Around the :"Ros?s , ALl Cirele Gamﬁé,b Go",INn»,s’and i'
o Out the Window, ete. . L 1 , -

‘*‘9 LA closed curve may be fo:';ned wlt’oh a p;.eée of rope on the floor; children
'qax_x ‘toss ‘bean bags inside, outside, 0;1, the circle. (Few will be on the

. _circle,)

¥, YOCABULARY : T .
angte ' ' : region % '

conpryent rhon;bus . .
equilateral \\ _right angle L
-exterior right triengle ’
hexagon - side of an angle _ . %

. ot b %

interior ) side of a polygon w R

isosceles o _ simple  «~ ) W, .
o . v . simple closed curve . k

parallelogram
* pentagon” ' square
pg}ygopw_ . triangle .
‘quadfilateral - vertex of an angle * e
- .- N . B S ‘
~ ray vertex of a polygon , o

rectangle . o ] .. | f
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FIGURE IN THREE- DDEENSICN

¥ /) R

R . . ’ g ' o

i ' . A ’ 1

: " : SN
) " cdgil that a simple closed curve separates a plane into three subsets:

the se‘b of pq;[nts whlch make up the interior & the curve, fmre set of romi;s -

.\,-' .

on ‘hhe curve, ‘and the set of points which make yp the exterior of the'cprve.

Te Anai’ogmz’s to th‘is separation property of a sj.mple closed curve in the
g pla.ne ‘is the separation property of a ‘simple closed surface in three-dmens1onal '
:v}"#'*' space (3—aspa~e) *The bounddry of a rectangular box (formed by the faces) is an

R example oi‘a smple closed surface. The surface separates the rest of 3-space

into two disjomt subsets, the interior and the exterior, SO that any curve in

‘space connecting a pomt of the interior with a point of the exterior neces-

- sarily interslacts the simple closed surface. This is shown in the figure
below. K

Exterior

Eadd

The classroom is another modei of a simple closed surface; it separates
space so that there is an interior and an exterior with reference to the room. -

A éurve connectmg an 1nterlor point to an exterior pomt must penetrate the
© wall. \

»

Intuitively, we say that two 3-dimensiongl figures are congruent if they

* »8re Of the same size and shape. In this example, .
’

- . L3
Pigures are of the_same shape, but .they are not the saﬁe size; so .

‘ A
‘not congruent. . -
y )
e )
£ Py 4
5
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Suppose the capacity'of‘ each of these containers 'is one Iquart. ‘ -

I

'l‘hen the fi s they represent are of the same size (have €gqual volumes), but
they are not the\ same. shape; hence they are hot ¢ congruent. -

~ ~

The following are of the same size and shape and so are, congruent . v

»

-
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READINESS ‘ -

-

-Readiness tasks f‘or 3-dimensional ;’:.gures are the same as some%f those
-dimensional’ .,

for other geometric concepts In fact, manipu)aticom with three
objects is itself a readiness f‘or'the more abstract ones 1nvolv:.ng one- or

two-dimensional configurdtions. As mentloned in Unit 11, these are the con-

crete objects which provide children with experiences from which they can ab- -

o ‘stract the mathematical concepts. L «
: - ’ ! ) - N
AG]?IVITIES - . Sy . )

The chilfd should lzarn to focus on three dimensions simultaneously . Pro-

Eeat s

with three-dimensional objects. Block play

S SERENT Y R et
Jen T T H

U,yide many- informal experiences
with both wooden blocks and large wooden blocks provide opportu.nities f‘or

: experimentatlon with three-dimensipnal space . .

ot 33
P
-

.

o Children can gain experience with three-dimensmnal space by ',Learning to

return wooden 'blocks to proper cu'bical storage compartments

o Succéssful manipulation of "Nests of Blocks" requires that the child focus

on three-d’imensions simultaneously. .- .
where the child pours into

_Water play-materials should *:;npclude containers
while holding volume

conta:.ners with Varying heights, widths, depths,

constant. . . ’ .

73 .'173 "- : ' .' '
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A cereal;tray With varying containeds should providp an exp

to that obtain@ble through water play ‘ :

'Shoppinglgames cai be played with the store displaying merchahdise
packaged in various sizes ang shapeb: cereal boxes, cans, ete.
"items" are loaded into .shopping bags.

" (without looking) into the shopping bag
. provide reasons for their guesseS°

\ -edges, ete." )

Later, children are asked to feel
.and guess what they touched.

. ¢
VOCABULARY /
SLAADVIART
w N <
simple closed surface
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erience similar

Different

They
"It is larfe end flat; it has rounded
!
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BACKGROUND NOTES

~ Congruent seéﬁéntgagive us a way of relating numbers with points on a
25.; lines .This is the Case W1th the number line. Given any two ‘points on a.ling,
a segment is determined *we™ candcontinue to mark off points, one after another,‘
o that éach segment 1s congruent to the first.

LR
A ° 1

R . ¢

a

‘M - 1

'2 nd 3 rd ...

The points may be labelled O, 1, 2, 3, 4, ..., in the order of the wiole
numbers. Albthough one can assign these labels from right to left; conven-
tionally ve proceed from left to right. When points are labelled thus, the »
numbers associated with the points arescalled the codrdinates of the points,

o ¢
and the line together with its cooridnates is called the number line.

.

v The Number Line .

-

The number line thus gives us Y one-to-one. correspondence between the set
\T ‘endpoints of congruent segments and the set of whole numbers. That iS,
each endpoint is assodiated-with one and on‘x—onelnhole-number'—and’eacﬁ'_F;le
's—assoctﬁfedﬂﬁitﬁ—onegand—onl& one endpoint of the congruent segments
on the.line. This device 1is quite useful for'us. It enables us to visualize

s *the order of numbers by the position of corresponding points on the line.

‘3 3

Operations in arithmetlc can be ‘connected with opefations on the num ber line.

- . .-
: -

-

READINESS -

. Pl
k4 - . .

Lining up unit blocks in rows may be Uised as & readiness task!for the .
number line. Other readiness activities may include, for example,lspecifying
{'sequence of beads on §tringing by color or shapes, where’ order is an under-_
lying concept. Counting experiences are also very important in connection ‘
with this concept. Experiences with the number line in turn eventnally lead

* . to concepts of méasurements. 3 .. O

A
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Work with,thékhumb.er.lhe ut tthis level, is gxostl’y* insidental. "There are,
. . - . . o ‘e : o - . - . « ~ A 4
7 'howevéi', a Tew activities ghat may-be directly related to the nufiber line}

the follmwing are “some suggestiops. , ,[° . . -

. P .
unit blocks. o oo

Make a number lix}e with' th

Give children préctice in constructihg equiv.alent line segments by using

. " “

. R . .
egdline segmentg being the length of Tinker Toy
rods. Let chilI;en match Tinker Toy rods to units on the ‘number Iins,

. g 5 * ° . . v :

and count the ndmber of rods required to match up sto ‘d]esignaged units.

Paint a nulnb.er line on the pavement in the yard with numérals * 0 thréugh.

. A & .

9,. placing points at least a gtép apart,

- or walks the line.

€. -
Paste a number 1liffe on the table.

‘number of times as he comes to it.
umb: -nes

Count aloud as & child hops
. ;
, {This can be done casually, but routinely.)

The child pats & number-an appropfi&‘té

.
- -

1 . e L \
\ -
VOCABULARY S : . .
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coprdinatés
‘'« number line . . . ‘
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15. ARITHMETIC OPERATIONS v -
.* ° . N .
. > . . -
i . . ) I o iy
- 'r‘ ) w : .‘ .
\ Aadition IL < . ! ~ o,
- The uni'ofi of disjoint sets is the basis for the concept of adding whole- T
mimbets. If : o
. * . / - -
:/’ ’r - : I ' A = {a, b’ cJ d’ e) ‘ . '_ bl
N . F - b I
‘and . ,! * ™ Y h
- ; ‘B = {x, ¥, z}, e ’ <‘
then /'- . . . ,
4 . P . . S . i
/ , AUB= {a, b, c, d, e, X, ¥, z) - R
) Ve know thg't N(A) =5, N(B) =3 and N(A UB) =5+ 3, or 8, . -
2 - ’ /,: :—' "

Ame o{ *the cardinal numbers,of two disjoint Sets is defined as the
cardinel. gumber of: the union of the two sets. : ;
d P . . hd

¢

;7 oo Ve spy _— : N
.. J -'—?%

-A .}" . - * ‘5 + 3‘= 8' . . -

“ N
Fiv and 3 are called adden'ds- 8 is the sum. .
Wh K. we start with two disjoint sets and form the union, we are— operating -
When we start;thh two mumbers and get a third, we are operating on

. on ‘sets
Addition is a bina;z oper: ation on the ,cardinal Hmbers assdciated

' ‘number
wi“‘h tw[o dissoint sets. ” e )

:

ro.

‘bime. Union is an operation on sets,

’ -

call addition a’binary operation because we operate on Just two numbers
Addition is an operation on ﬁumbers, e

L N -

(form their union) sets and we add numbers. s, ol
ies Under Addition . .- ' “ e ;oo ) oo
S:ane additioxj s associated withsthe union Lof sets , We can expect that v
. prop rties; under t union; operation may have im lications for ‘the addition ~
i; N ope, tion.| We observe first, that tpe union of two sets is a set. 1is, of/' ’
f §f§ €O sf, is from the definition of union. As a whole number may be agsigned to ’
= ,any‘ finite set, corr sponding to the fact that SN Y l‘ -
A ’ / . '
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L Both 3. +4 gnd &4 5-’3 nsme the same number.

. -

-

"Both “of theSeahre s‘f;atements of closure properties. The first is the clogure

property of sets under union, and the second is the closure property of whole

némbers under addi‘tion. o7 . D i -

. N - - - Je
Another property of sets under union pertains to the order of opera‘blon

- Ifalp and B are sets, the result of joining A to B 1is the same as .join-

ing Bvto A. We summarize this by saying that the union is a commtative

operation. For-any sets A and B

-

a
- -
. «

- . ‘. - AUB=BUA, .,

-

Corresponding to this, we have the eommutative p_operty of whole 'numbers under

. addit:.on. For any whole numbers e; and b, v ¥

a+bs= b+a. ST

-

) For instance, ‘the sum o 3 and 4 (whieh nay be - written 3 + 4) ‘and
. the sum of 5 and 3 (written .4 + 3) both are the same number, 7. For,
_this reaSOn, we “can’ write e Yo s )

-

.

"‘ " 3+ b =%+ 3,

ﬂ\' ‘Another groverty of gets under the union operatlon t.hatfis significant for
“the addition operatiqn is ore that is connected with the unlon of a set with
‘the empty set. We have observed bePore that if A is.a set)’ then Au.{)=
’-Since ’che _number property of the empty set is 0,. if the number property of~ A
_is' a, then the corresponding statement for the above observation is: . ‘

FORANYWHH@LENUMBER B
- a+O—al
N TN

Of course, because of %he commutative 'oroperty, we also have O + a = a.

& \{
Since additions6f 0 to any number produces that’identical number, Q
is called the iderrtity element with respect to addition. No other element

plgys this same role. The property referyed to above is known as the prope Y .
of zZero under!addition, or In short “‘&@_ additmn property of zero.

-3

; Subtraction ‘ / -
Just as 'the union] of two disjoint sets is the basis for addition, so is
he removal 'of a subset g basis for subtra.ction-. For example, if

A-{.on 0%, 01 ¢

#

o -

‘v

-




(O,,D )5
then removing B’ from A forms a new set, namely, »
J .
B VN 20 )

=5 and N(B) =2, and N(remainder set) = ‘

'l‘he difference of the cardinal number of set A and the cardinal number

. of set B is the cardinal #umber of the remainder set. Hence s ¢
; S~ .
N(A) - N(B) = N(remamder set).

f“‘l‘hé above definition-depends upon the fact that B’ is a subset’of? A;

i:.herefore 3 “B cannot have more elements than A. B can be the empty‘set .
ior B can be 1d§ptical to A. So if N(4) =& and N(B) =b, then b 20
cand 8 2 b; that is, b has to be 1gss than or.equal to a. 'These limita-

) tioné for subtraction are eventually’ relaxed when the set of numbers that we

L have to work with is extended to include more than-just the whole @umbers. .

.Recgll that ii‘ thé remainder set is Jo:.ned to the subset which waS.

*

removed, /1:he set obtained is the original set. Thus, if - :

<

. A= (a, b, c, d, €}
Yy . ' "
B= {:a,JcL : e -
sand if B is ;removed from @., we ée% the rezz;ainder set [b,‘ d, e}. Now if
~ ‘the r'emainder set, (b, 4, e}, 1is jolined to B, we get the original set A

[a,'c) u (v, d, e} = (a, b, c, d, e}.

v

* A removing B = (b, &, e}

[y
“

J_w . B Lnio {b‘, d, ej =A.

3 :
Hence we say that "Wnd “r movi‘ng a subset are *{hvérse operations. “In . -

K effect, ox}e operation "undoes" what is done by the other.
L

Corresponding to these properties under set operations, we have similar
) properties under addition and subtraction: * L. e

I a AND D AREWHOIENUMEERS,ANDIF b<a,
'I'}ﬁl‘l(a-b)+b a; AND,IFaANDbARE
quor,Emms/m (a +0) -[o 2
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: - Propedties under Subzraction R
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'Then., the number property of € tells ‘how 'magz more

,'that we want to hlgh;'ght now involve the empty (et&’

'The’ corresponding statemsnt for numbers is: foy

perations are possible or defined

Note that" there are different ways in which subtraction can be conceived,

--and the particular way condeived often depends on the kind of problem that is

posed. One’ way is to think in terms of removing a given set 'from & starting:

2set, arriving at the remainder set as explained above. This #€ the "take

‘away” kind of procedure that might be characterized by such problems as the
following . ’ :

4 s

'I}kf"reatfere five birdies in the tree; three .of them fley-
s .
away. How many are left?" - :

. ~ *
Another kind of problem qurlng subtractlon calls for)comparlson of
numbers.

This is the "how much more" kind of procedure that mlght be charac-
terized by such problems as,the fqllowing. * '

"Johmxy‘has 3 marbles and David has 5.
marbles than Johnny does David have?"

How many more
\' ’

Instead of starting wzth a set of 5 .and removing a subset of 3, it is

more natural in thls problem to start with two dis;joint sets‘ one consisting

of 5 membersh and one gf 3. members.

The questic;&r?&then turns to finding
8_ thir

t disjoint from the other two, and such that the union of this
with the rmember set would match the S-member set: 4

; L

three member set;

2

fivé memBér set: A='( ’
{

, )

3
a, A
c {-a

BucC D, A a
RS N N
e .5>

" is than 3; -that is,
R S~ 3 =

\

*

We have noted the property of subtraction that paints to its role as an

linverse of i:tion Two properties of the whol¢ numbers under this operation’

. “Recall that with the
v m . '

Au()=as | T

r
-

s
union, we have .

« >

| dny *whHole 'mimber a,

v %tO:au‘
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By the above, we observe that oy - "

’ “ a+0=a2a and.a=a—01‘ S

.
.

say the same tmng. Since a + 0 = 0 + &, we also have O + a = &, which {s .
. the same as O =a - a. Hence, in-addition to the inverse properties,

FOR ANY WHOLE NUMBERS e AN’D,b', WITH a >b,-(a - b} + D=2, *

'FORANYWHOLENUM'BERS a AND b, (a +b) - b =a, ‘)’
SHe have the following two properties of zero under subtraction: ‘
R & : ‘. . . -
5 : FOR ANY WHOLE NUMBER a, a - 0 =28; . &
. ' FOR ANY WHOLE NUMBER a, 4-a=0 ", '
'READINESS PRI .
s At this level, aside from formding the unioh of sets, readiness experiences .\

COPCaE

; . . for adéition consist essentially of counting activities. Joining a set of ‘one
. . tosa given set will: help put across the sequence from one number to the next
) higher number; repeated joinings wirl help v,q.th determining the results of

» . various %additioms. ¢ L. . . )

. Comparlsoki activities provide a readiness for subtraction. Formal work
in additlon and subtractlon is not expected for this level. \ .
ACTIVITIES ‘ ‘ - ‘

<o Counting Activities may include co nj \fltwo groups of children {or blocks,
PR .ete.) and'then:counting‘ their union. tially, one of the groups may be a set
{“‘element. This might be done , for.example, along with the

|
|

|

«

N “."_i
<

consisting of one
countins, "1, 2, 3, ..., plus one more makes __ KRS B : .
° Songs such as "o Little Blackbirds", "F"iye Little Pumpkins;;s,? provide

practice .in counting.

| Q{“ ) ey -“

i - : ..
ome of the’ comparison ‘activities may occur in- con:tction w,i;h distributing

'mater als in the classroom along with verbalizatioh of e subtragtion process.

\z\
(Y

- THe llowing situations ‘may be suggested.’ ,. 2 , . |

4/4 2 Lo
;o g started with three drums; I have given two away. "How many are léft?"

» PR
’

-’

o At Jjuice time, subtrac'tion exgeriences may be provided‘ “How many more

' children are, there than glasses?" . .
As with dition, there are songs inVOlving subtraction. For example s
. . B

iy Litthe Ducks”, "Ten in the Faani}.y "Five Little Speckled Frogs", \
and "Five Little Chickadees'. : f

81 87v
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élos,ui%lé property ‘-,
‘. “of sets, unde? union i

of who]:é numbers under additio‘ﬂ;“
commtative property '

of sets under union - W

of whole numbers uncier additidn ‘
difference '

identity element .
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inverse operation .
sum

zero :
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- &ngle, 61
¥ /as. many meibers as, 22 . .
CA N ) ¢ less than, 27

1line, 54 ) .

’ ) line segment, 53
. match, 20 )
AN : . matching, 22
T cam, 35 - K : ot i ~smember, 1 .
- “cardinal number, 35 - . more than, 25 |, .
. cardinality, 35 ’ - )
% ¢losure property number, 33
*  .of sets under union, T8 - number line, 75
~ + of whole numbers.under addition, 78  number property, 33; 34
x . cpmmutative property ) R 2 “
© of sets undex wnion, 45, 78 orie-to-one correspondence, 20 .
_ of whole numbers under additi‘, 18 order, 26 . .7
. “cémplement,srelative, b5 ordered set, 3k - ¢
“.copgruent, 63 ordinal number;, 30, 38,
'-"-cd;%ﬁcﬂ?,aﬁz . y o £ ordinality, 36 )
.-coordinate, 75 ‘ s .
. ‘corner, 5L ‘ pairing, 18 .
" counting numbers, 41 ' , parallelogr?m, 66 N
. clurvey 52 : ~ °  pentagon, 61
. cylinder, 50, 55 - plane, 55
e point, 52 | 2
. -@ifference, 79 . polygon, 61 . .
.disjoint, bk ) . prism, rectangular, 50, 55
-edge,- 51 ) quadrilateral, 61, 66 - .
lement, 1 e .. W
sempty, 16 . . - [ © zay, 61 '
i empby set, 14 ' rectangle, 66_. )
éndpoint.; 54 . . rectangular prism, 50, .55
-équal sets, 6 “ ' région; 63 T
equilateral, 67 - . . remainder set, 45
“éduivalent, 20 ) rhombus ,
‘exterior,. 54, 69 . _ right amgle, 64 -
s ] v right triangle, 67
. . P . -—
. . - ségment, 5 G
. : set,|1 7 A -
] side . -
°, ¢ angle, ‘62
' . of polygon, 61 -
, Fimpley 59- - - .=
L ) & ¢ ,isimple; osed curve, 59
identity clement, 78 simple closed sutface, T2
fitinite, 40 M . space, 54 )
Ariberior, 59,69 . . . . -sehery, 50,55 /"
. 24 vérse, T9 . ) +  square, , .
% standard sets, 35
o ' .

dfend, T - . - join,. bk f\/ R
: ‘. joining, bk / S
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‘transitive property, 20
triargle, 61 ¢

“of prism, 51 -, °
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- ¥hole, n'um'b,ers W0
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%zero s Property-of y“under
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