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Recent1y, Subkcviak (1976) developed a single-administration procedure
for estimating the reliability of a criterion-referenced test composed of items

scored 0/1. The resulting reliability index is termed the coefficient of agree-
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ment. The procedure represenis an important methodological déve?épmen;_fgrpgria
A ,terioneréferenced testing because, in Tine with suggestions by Hamb1e€cn‘and
Novick (1973), the coefficient estimates the proportion of masteryrc1§§sificatians
that are consistent on two test administraticis, while avoiding the ﬂecesg??y of
multiple testradministratioﬁsg Application of the procedure requires an estimate
-QF each examinee's relative true score (in the sequel simply true score). Thé
irue score is defined as the expected value of the proportion correct score .
Subkoviak (1976) suggests using linear regression true score estimates, bute
raises a question about the adequacy of the estimates. _
o Aithcugh it is unlikely that the regression of trues score on observed score
is precisely linear, the regression function should be mcnatonicai?y non-decreas- -
ing. Therefore, a 1inear’régréssion function should providera ga@d appfcximatian'
" to- the régression function (Dawes and Ccrrigan, 1974). In particular, when the
true score variance is small, a situation that is common in criterion-referenced
" testing (ﬁamb1eton and Novick, 1973; Popham and Husek, 1969),- the approximation
of the linear to theé true regression function should be quite good. Thus, the use

of linear regression estimates may be expected to produce reascnably accurate

s Paper presented at the 1977 Annual Meeting of the American Educational
- Research-Association, New York City, April 4-8, 1977. ' o
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esfimates of the coefficient of agreement.

PURPOSE OF THE INVESTIGATION
In 1ight of the introductory remarks, the purpose of fhé study was to investi-
gate the accuracy of coefficients of agreement estimated on the basis of three dif-

th

ferent true score estimates. The first two estimates were obtained for the i exam-

inee using the linear regression equation

with é set equal to either the sample KR-20 or KR-21 coefficient. The symbol p; is
=ﬁrthe observed proportion correct score, Ep is the sample mean proportion correct score,
%i is the estimated true score and B is an estimate of the slope parameter. The

third true score estimate was simply i+ These three estimates are referred to as
the KR-20, KR-21 and proportion correct true score estimates. Once a true score

estimate is obtained, an estimate of the coefficient of agreement, Pg, for a given

cut-off score, ¢, can be computed using the formula

(2] PE=N_igV {[Prob(np; > ¢|T;)]2 + [Prob(npy < c|T{)]1%},

with T; estimating T and n equal to the number of items. In order to use equation
‘[2] an assumpt1on about the conditional distribution of np; must be made SukaVIak N

(19?6, Suggests the binominal or campaund binominal distribution.

for cceff1§1ent of agreement estimators based on the three true score est1mates Tha'

accuracy of estimation should be dependent to some extent on the hamagene1ty of thé
examinees, the number of items, number of examinees and the cut-off scare used to
. make mastery dec151an5_ The eFFécts Df these Factars were 1nvest1gatéd by a camputer

~ simulation of test performance
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DESCRIPTION OF THE SIMULATION

For each of six combinations of number of examinees (N=10,30) and number of

items (n=5,10,20), three matrices were constructed with elements Pij {i=1,2,...,N;

j=1,2,...,n) reprasenting the true probability of success for the ith examinee on
the jth item. These matrices were used in simulating the responses of three groups
of N examinees to n items. The true score variance, with true score defined by

T; = n~! pX Pig differed for the three groups. Velues of parameters describing

i 2
j W

variunce, error variance, mean true score and reliability, are defined as

-

B I%éérﬁ Tabie ii AbauﬁﬁHe;e
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1= T BT Epyg) - WY (0 iaipyg)?l,
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2. = (Nﬂ) 112‘12 DTJ (1‘{313),

e
fy]
i

U = (ni)~1! gz Pij» M
, ij
and

ofyp = o'y (g + o%g)7,

The computer simulation for each of the 18 tests was accomplished as follows:

1. CGenerate a N x n matrix of item scores by conducting Mn independent
Bernoulli trails. The ijth score takes the value 1 with probability
pij and the value 0 with probability ispij! : -

2. From the matrix of item scores compute the three true score estimates
for each of the W examinees,

3. Using the three true score estimates in conjunction with the binomial
error model® compute three coefficients of agreement for each of the
n cut-off scores (1,2,3,...,n).* These three coefficient of agreement
estimators and particular values for each estimator are referred to as
the KR-20, KR-21 and proportion correct estimators and estimates respec-
tively. : S '
4
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4. Repeat steps 1-3 for 100 independent replications.

5. Compute deviation statistics (see Tables 2, 3 and 4) over
100 replications for the estimated ceefficients.

“True" coefficients of agreement for the n cut-off scores were computed for each
of the 18 matrices using the expansion of the compound binomial distribution given

in Lord and Novick (1968, p. 525).

~ CONSIDERATIONS IN CONDUCTING THE SIMJLATION
Humber of Examinees and Items |
Tests lengths of 5, 10 and 20 items vere chosen because these véiues aré
typica]rtest lengths discussed in the criterigﬁareferénced testing literature
(cf, Novick and Lewis, 19743 Hambleton, Hutton and Swaminathan, in press). The
nurmbers of examinees were 10 and 30. These numbers were thought to be repre-
sentative of typical class sizes and different enough to detect the effects of

changing the number of examinees.

Homogeneity of pij's

The aVErage within-examinee variance of the p1 's was smail for all matrices,
indicating the items are hormogeneous in d1ff1¢u1ty for each examinee. These pij‘s
were chosen to simulate examinee FéSpDﬂSE tendencies to criterion-referenced tests
comprised of iféms that are h@mcgeneaus‘in content. (See Millman (1974) for a
discussion-of whether criterion-referericed tests must be comprised of items thaf

are homogeneous in content.)

Sampling of Examinees
Far'each replication the true scores remain the same and therefore estima-
" tion of the coefficient for a population of examinees, on the basis-of a- randam
_'samp1é, is n@tian jssue. Rather, the issue is est1mat1an oF a cceff1c1ent for

a population of administrations Df;thg same test on the basis of data obtained B

D
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from a single administration of the test. ilhen a test is used to make decisions
on a specific group of examinees, interest should reside in the replicability of

the decisions for that aroup.

Sampling of Items

It is often asserted that cr1ter13n referenced tests should be constructad
by following procedures that perm1+ the items comprising a test to be 1nterpreted
as a random sample from a well-defined domain of items (cf, Hamb?etcn; Swam1nathap,
Algina and Coulson, 1974; Millman, 1974).' It follews that the coeff1c1ent of
" agreement expected for any two tests constructed by random sampiingrwiTT be of 7
intevéstg However, régardiéss of whether random sampling is actually aczampiished,
in many instructional contexts only one exam is administered and decisions are
based on this administration. Therefore, the coefficient of agreement expected
for any two replications of the .. st (or strictly parallel tests) is also of in-
terest. This simulation focuses on the latter coefficient of agreement and for

this reason sampling of items is not an issue.

RESULTS

Statistics summarizing the results of the simulation are reported in Tabiéé;
2, 3 and 4. Statistics are not reported for theAruns with 10 examinees since
the mean deviations for these runs are quite similar to the mean devﬁationg'fgr
the runs with 30 examineces. The effects of number of examinees on the'VaEiabi1ﬁ
ity are discussed in a subsequent subsection. The results based on the KR-20
‘and KR-21 estimates of true scores typically d%ffer only in the third cdecimal
piace‘and'sa fhe latter resﬁﬁts are not reported. The existing differences in
the mean deviation generally favor the coefficient based on KR-20 trQEVSCCTE

estimates. The statistics for the cut-off scores not répreiémted in Tables 2,

~3 and 4 indﬁéaté‘that the e&timateé‘a?e'quite'aCCUratelfor,thésévtgtﬁcff'5¢éresik5




Several notable trends appearing in the data are summarized below.
Effects of Cut-Off Score Changes.

The bias of each coefficient of agreement estimator, as indexed by‘thé abso-
tute mean deviation, tends to be largest for cut-off scores near nug - For these
cut-off scores the bias is positive for the proportion correct estimator and neg-
ative for the KR-20 estimator. As the deviation between the cut-off score and
Nyt increases, the following pattern tends to occur for both estimators: The
absolute value of the bias decreases until the sign of the bias changes. The
absolute value then increases and finally decreases again. Aspects of the pattern

occur for all tests, but the pattern occurs most clearly for the 20 item tests.

. The variabiifty of the estimator also tends to be larger for.cut-off scores
near nu; than for cut-off scores at the extremes of thé‘pcssib1e observed score
distribution. For the cut-off scores near nu; the variability of tﬁe‘KR=leestie
mator tends to be larger than the variability of the propofticn correct estimator.

However, even the variability of the KR-20 estimator for the cut-off scores near

Ny is reasonably small. When N=30 the standard'déviation reaches a maximum of

about .08.

Effects of Reliability

The effects of varying o?; and of varying number of itams will be -summarized
. SR | ] : ‘

" under the single rubric of effects of reliability.

“The bias far the prapgrt1on correct est1matgr tends to decrease with increas-
ing pXT’ vwhile the bias for the KR-20 est1matar tends to increase with 1ncreas1ng

reiiab111tyg Fcr almost a11 cut-off scores on tests w1th pXT < .35, the b1asnof

- the KR-20. estimator is smaller than that of thekprgparh1an gcrrect estimator and
Hs quite 5ma11 1n abso1ute 51ze For the test with pr 47 neither.estimatnr is
un1f0rm1y 1355 biased However, on th15 ‘test the only ra]at1ve1y 13rge b1ases

”DCEUF W1th the KR ED est1mator far cut=off scores equaT to seven and e1ght -Egr

the test w1th pXT 62 the: propart1on ccrrect est1mator is- Tess biased for a1mostﬁr,:f;
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all cut-off scores and thé:absa1ﬁte values of the biases are fairly small. In addition,
with the exception of cut-off scores 14, 15 and 16, the bias of the KR-20 estimator is

also reasonably small.

Effects of Number of Examinees

The bias of‘the estimators is ﬁnaFFested by changing the nﬁmbér of examinees.
The variability of both estimators increases with the decrease in number of exami-
nees. However, the effect is not very-great. When N=10 the maximumagbserved

standard deviation is approximately .1G for the KR-20 estimator.

Two of the results deserve further explanation. The first is the change in
the sign of the bias as a function of the‘change in the cut-off score. Consider
the idealized situation in which the true score estimates and the true scores
have equal means and are linearly dependent. Then for cut=off scores naar nug the
coefficient of agreement, calculated using the binomial distribution. will be smaller
for the less variable set of ﬁumbersg For cut-off scores at the extremes of the
passibié test scores the coefficient will be larger for the less variable set of
numbers. The simulation indicates that :

[3] . §2 < g ¢ §2;
o T T '
where the averages are taken DVEF.FEQT%iEtiDﬂS.— In [3]

. fal 25
2 242 g2,

gT 20. P

‘where gzg is the replication value for KR-20 and o2 is the estimated proportion

P

the coefficient of agreement, calculated using T, = n-1 gpij in.conjunction with
the binomial distribution near nyy and overestimate the coefficient for the ex-
treme cut-off scores. In the present study this coefficient is a very close
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appr@ximatinn to the true coefficient, calculated using the compound binomial
distribution. Tharefore, the KR-20 estimator tends to underestimate the true

coefficient near npr and overestimate the coefficient for the extreme cut-off

scores. Moreover, since gzp >'¢£T the opposite relationship holds for the propor-

The second result requiring explanation is the relationship between the bias
of the two estimators and px, An explanation relevant to cut-off scores near Nt
is offered below. A similar explanation can be extended to other cut- off scgres, x
but in view of space limitations the extension is left to the reader.

For the KR-20 estimator the keys to the exp?anation are that (1) the smallest
possible estimated coefficient of agreement is .50, a value that can occur only |
when the estimated KR-20 = 0.00, and (2) the KR=20 estimator tends to underestimate
the true coefficient for cut-off scores near M. As piT approaches zero the true

caeffigieﬁt approaches .50 for cut-off scores near nug, and therefore the underesti-.

mation cannot possibly be great. On the other hand, when p2_ is Targe the true co-.

XT
efficient can be substantially larger than .50, and the underestimation can be sub-
stantial. In Table 2 the mean deviations for cut-off scores 14 and 15 on examina-
tions one and three illustrate these relationships. (fhe reader should note that -
the reported statistics or parameters Fo; a particular cut-off score on examiﬂa!
tions one and two or two and three are not comparable, since pT for exam two

differs from By for the other two exam1nat1oﬂs ). For the proportion correct esti-
mator tha keys are that (1) this estimator tends to overestimate the true coeff1c1ent
of agreement, and (2) the true score d1str1but1on is est1matud bJ the obscrved score
distribution. The degree of overestimation will depend in part on the proportion
of the éstimated true score variance, here the observed proportion correct score
Vvar1ance, that is errar var1ance Nhen p? XT is low, this proportion is high and
Dverest1matian tends to be great. On the other hand, when p2 is 1arge the degree

XT
of error score variance is smaller and therefore the Dverest1mat1an is Sma11nr




*

- The re1at10nsh1p ‘between pXT and the two estimator§ suggests that when piT
is 1arg§iy§ay_gre§§et than .50, the progort1an correct estimator m1ght be used
rHawever, it should be noted that.¥®-20 is quite variable over replications and
may be a poor guide to the choice of estimator. A better strategy may be to
average the prapnrt1ea cgrrect and KR 20 coefficients of agreement when FR 20 e

is large.

~ CONCLUSION
The resu]ts indicate that with few except1ons accurate estimation of the |
coefficient of agreement can be obta1ned using the KR-20 estimate of true score
in conjunction with the binomial error mode1, at 1east for tests compr1sed of
items that are homoganeous in difficulty far each exam1nee The chFFfETEﬂts
= est1nated on this basis were substant1a11y biased on1y=for cut-off scores near

nup for tests with QiT > ,47. Moreover, tﬁgigariabiiity of the estimator was

reasonably small in all cases. - e
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Footnotes
1. Th1s research was Funded by a Facu]ty grant from the Center for Educational

2. As Subkav1ak (1976) indicates, the compound b1nom1al is_ arabab]y a more

realistic model for errors of measureggnti In1t1al runs’ w1th both models
indicated that there was very,?itt1e difference in the accuracy of estimated
coefficients based -an ‘the two models, and therefergé%he cost of duplicating

N

cawputagians was avoided. The s1m1lar1t¥réf‘ﬂue to the fact the Pij 's are J—

relatively homogeneous for each: éiam1nee =
3. From the point of strong true score theary, if the- gpprapr1até W@del for

error of measurement is b1namia1 then the régrgssicn-parametér should be

KR-21. However, when it is desired to'estimate the proportion of mastery '
c]assifiééﬁions that will be consistent for repeated'édministrations of the

same or strictTy para1151 tésts, KR=20 prcv1des the better Tower bound esti-

h

mate of the rel1ab1?1ty Df the test (Lard and Nav1ck 1958) and probabTy
',ShDUTd be used even 1F tre b1ncn1a1 d1str1but1an is employed for the sake

of ccmputat1ana1 ccnven1ence

;4,f¥A capy of tables report1ng the entire set of results is available from the ffsf“f"f

- authors. ' R , V;i;pgﬁﬂkﬁjf
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- Table 1

_Parameters Describing 18 Simulated Tests-
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 Indices of Bias and Varability for Two Coefficient of
hareement Estimators: n=20, N30
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Agreement Est1matere

n=10, N=30
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