DOCUMENT RESUME

ED 137 083 SE 022 134 .
AUTHOR Greenfield, Donald R.

TITLE Condensing Algebra for Technical Mathematics.
PUB DATE 76

NOTE 262p.; Bd.D. Dissertation, Nova University;

Appendices B and C hacve been removed due to copyright
restrictions; Contains light and broken type

EDRS PRICE MF-3$0.83 HC-$14.05 Plus Postage. -

DESCRIPTORS *Algebra; *College Mathematics; Community Colleges;
Curriculum; Doctoral Theses; Higher Education;
Instruction; *Instructional Materials; Mathematics
Bducation; *Research; Technical Education; *Technical
Mathematics ) o

IDENTIFIELS Research Reports

ABSIRACT
Twenty Algebra- 'ackets (A-PAKS) were developed b; the

-“investigator for technical education students at the community
college level. Bach packet contained a statement of rationale,
learning objectives, periormance activities, performance test, and
performance test answer key. The A-PAKS condensed the usual s:xteen
weeks of algebra into a six-week period. An experimental group of 25
technical mathematics students completed the A-P2KS. Bach member of
the "traditional" group was selected from the total population of
students taking technical mathematics during the years 1970-1975, and
was matched t¢ a student in the experimental group based on
percentile scores on the standardized Hundred-Problem Arithmetic
Skills Test. At the end of the A-PAK treatment, a standardized
algebra test was administered to the experimental group and a student
ccurse-evaluation questionnaire was given. Results showed that the
experimental group scored significantly higher (p < .05) on the
algebra test “han the "traditional" group. Besults of the
questionnaire showed that studerts liked the A-PAK procedure.
Appendices include the A-PAKS, along with copies of the tests and the
questionnaire given to the students. (DT)

35 ok 3k 35 3 2 3k 35 2 e 3 3 3 3 3k ¢ 3 3 3 3k 3 3 3k 3 3 3k 3k e 3k e 2 3 3 3k e e ke 3k e 3 ke o ke ok 3k o e ok e e e 3 ek 3k ok 3 o 3k 3k ok Aok ok ok ok

* Documents acquired by ERIC include many informal unpublished *
* materials not available from ¢ther sources. ERIC makes every effort *
* to obtain the best copy available. Nevertheless, items of marginal *
* reproducibility are often encountered and this affects the quality *
* of the microfiche and hardcopy reproductions ERIC makes available *
* via the ERIC Document Reproduction Service (EDRS). EDRS is not *
* responsible for the quality of the original document. Reproductions *
* *
* *

supplied by EDRS are the best that can be made from the original.
sk i e ke oo e ok ok 3k o ok ok ok 3 8 30 3 3 33k 3 KoK 3 3 3 3 3 3l 3ok 3 3 ek sk e ek o e e o 3 e ok ok ok e ok 3 e 3 ok ke ok 3 o ok skeokok ok ok



| ) US DEPARTMENT Of HEALTH

| EDUCATION&WELFARE '

| NATIONAL INSTITUTE OF
EDUCATION

0137083

Condensing Algebra for Technical Mathematics

DONALD R. GREENFIELD

A MAJOR APPLIED RESEARCH PROJECT
PRESENTED IN PARTIAL FULFILLMENT OF THE REQUIREMENTS FOR
THE DEGREE OF DOCTOR OF EDUCATION

NOVA UNIVERSITY
1976

O 134
=]
ey
(oo
-
L e}
S
-
200 :
N
Iy
2a
tﬂal
;v-
v
Pt
&=y




ACKNOWLEDGMENTS

I am indebted to Dr. Joseph A. Malik, President,
Grays Harbor College, Aberdeen, Washington; Dr. Virgil
Hollis, Superirtendent, Marin County Schools, Corte
Madera, California; Dr. John Scigliano, Prograﬁ Director,
Nova University, Ft. Lauderdale, Florida; and Charles
Flieshman, Artist, College of Marin, Kentfleld,
California; for their invaluable assistance in the
development and preparation of this Major Applied

Research Project.

11



Abstract of a Major Applied Research Project Presented
to Nova University in Partial Fulfillment of the
Requirements for the Degree of Doctor of Education

-

CONDENSING ALGEBRA FOR
TECHNICAL MATHEMATICS

By
Donald R. Greenfield
October, 1975

The instructional materials for this study were
developed and the experiment designed in response to
several identified needs of technical education stu~
dents. The needs which Were 1denf1f1ed fell into
several definite categoriess (1) Many technlcal educa~
tion students at the community college level experience
difficulty with the algebra of numbers. This may be
due to just one or a comtination of several factors.
such as a poor high school mathematical background,
lack of recent number-algebra usage or need for a
general review of arithmetic. (2) Technical education
students--Machiane Tool, Automotive, Electronics Tech-
nology, etc.--must be capable of solving complex
algebraic equations that relate to their major field
during the first semester of their technology program.
(3) If deficlent in algebraic skills, the first-semester
student often experiences frustration; 1n fact, some

students may even drop their course of study. (&) If,
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however, algebra proficiency can be developed at a rea-
sonable skills level early in the technlcal program, it
is possible for the student to rephase into the formal
college mathematics sequence. Should he desire, the
student could possibly complete a course or two 1n the
calculus of numbers.

A comprehensive review of the related literature
was conducted. This review surveyed three areas
directly relating to the studys (1) selection and
condensation of key algebraic topics as identified by
contemporary writers and educators, (2) individualized
instruction and the preparation of instructional
packages including an analyéis of package components,
and (3) studies utilizing individuslized instruction
in the presentation of algebra.

The followirg null hypothesls was postulateds
Technical Mathematics students subjected to a method
of condensed/systemized algebra would score comparable
to traditionally treated students on a standardized
algebra placement test.

In order to test the hypothesis and on the basis
of the search of 1literature, twenty A-PAKS (Algebra
Packets) were developed. Each packet contalned a
statemént of ratiomnale, learning objectives.'performance

activities (with an original treatise dealing with the



mathematical concept embodied), performance test, and
performance test answer key.

The A-PAKS were developed for a systemized presen-
tation of a condensation of sixteen weeks of algebra
into a six-week period. The A-PAKS were subsequently
tested with an experimental Technical Mathematics group
consisting of twenty-nine students at the College of
Marin. Twenty-five of the original subjects completed
the‘experiment in approximately six weeks of treatment.

A Hundred-Problem Arithmetic Skills Test was
administered to the experimental group, and on the basls
of this test a paired traditional group of Technical
Mathematics studenté was assembled. At the end of the
A-PAK treatment, the algebra test was administered and
the results were subjected to a statistical analysis
consisting of an F-test for significance, wmeans and
median score analysis, and frequency polygon comparison.

A like and dislike effect of the treatment was deter-

‘mined by means of a subjecti&e student questionnaire.

The treatment was determined to be significant at
the pre-stipulated 5 percent (.05) level of confidence,
and the null hypothesis was re jected. The experimegtal
group scored significantly better on the placement test
than the traditional group even though they had scored
jower than the traditional students on the basic arith-
metic skills test. The experimental group exhibited a

convincing like effect of the treatment.
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The study concluded with the reSearchef's summaryv
and suggéstions for more experimentation gt all School
levels with the phasing of mathematlC8 coyrses 8nd thelr
empirical structure in the endéavor to provide mathe-

matical capability when it 1s most needeq,
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CHAPTER 1
STATEMENT OF PURPOSE AND BACKGROUND

The purpose of this Major Appiléd Hesearch Project
(MARP) was to develop a systemized condensation of a
traditional algebra course iﬁto a six-week (18 hour)
presentation. An 1ntegra1 £art of ﬁhe MARP was the on-
site testing of the producﬁ with a Technical Mathematics
class at the College of Marin.

At the College of--Marin there are several
Vocat1ona1-TechnlcaiMdegree programs thaf require of'
their students at least one college course of Technical
Mathematics, while a few of the programs demand addi-
tional mathematics--an even higher level of mathematical
proficiency. kither Technical Mathematics, General
Mathematlcs; or a similar course is typically offered
and required of technical majors at most of the Cali-
fornia community colleges.

The course content of Technical Kathematics 1s
usually review in nature, wide in scope, and encimpasses
a treatment of arithmetic, algebra, geometry, and prac-
tical trigonometry. Historically, Technical Mathematics
was instituted at the College of Marin in response to
the demand by the technical education instructors for a

comprehensive review of the msthematics traditionally

P
-
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taught at the high school level. The course currently
encourages its enrollees--primarily technical students--
to realize two extremely important objectives.

It is desirable that the student of Technical
Mathematics:

l. Solve mathematical problemé related to his
specific technical area as the student simultaneously
learns theory and manipulative skllls.

2. Learn the necessary mathematical skills and /or
prerequisites in order for thé student to re-enter the
formal college matheﬁatics sequence should he so desire.

The latter objective has incidentally magnetically
attracted some nontechnically oriented students. They
have elected the course essentially for the purpose of
"brushing up” skills prior to enrolling in the formal
college mathematics sequence--Advanced Algebra, I'rigo-
nometry, Calculus. '

Both students who are required to complete lechni-
calAMathematics and others who simply elect the course
to improve their skills are by and large not particu-
larly proficient in higher mathematics; in fact, many of
these students score in the lowest quartile in basic
arithmetic skills. However, these same students are
expected to solve relatively complex calculations in
their respective major areas of technical concentration.

The following problem will demonstrate the level of

13



proficiency necessary during the first semester of

Machine Tool Technology at the College of Marins

A chord table can be computed by the
following method and utilized for spacing
on the circumference of parts preparatory
to machining.

N
X = chord length

number .of divislons required

x =2 times side ¢

Angle C = 360
N
2

= 30°
Angle A = 90°

180 - (A + C)

= 180 - (90° + 30°)

= 60°

Angle

bt w W > O
H

Side a = radius
a = .500
Side ¢ = a times sine C
c = .5 times sine 30°
c = .5 times .5
c = .250
Side x = 2 times side c
x = 2 times .25

X = .5

1., Donald R. Greenfield, "Spacing on the Circumfer-
ence,” Industrial Arts & Vocational Education/Technical

tducation Magazine (May, 1968), pp. 64-68.
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This example is a typical machine shop layout prob-
lem-~-trigonometric in design. It can be adequately
treated in the Machine Tool lecture by the technical
instructor; however, in order to solve spacing problems
when given the technique, the student must obviousl&
possess an algebra capability that the instructor
assumes each student has'achieved since the instructor
cannot devote time to teach algebra.

Similar problems for the technical areas nf Automo-
tive. Drafting, and Electronics Technology demand algebra
proficiency. How, then, is the technical student able to

solve these problems the first semester if he should lack

the algebra capability? Far too many technical students
cannot; consequently, they suffer frustration and dis-
couragement.

Technical Mathematics courses devote the lion’s
share of their sixteen weeks of course content to reme-
dial arithmetic and algebra. A traditional algebra
section also requires approx;mately sixteen weeks.

Could this sixteen weeks of material (algebra) be sieved
for its essentials--the most important concepts--ard
then might the material be adequately covered in the
first six weeks of Technical Mathematics? If so, this
procedure would provide almost immediate capabllity for
the protlem solving in the major technical areas. fhe

rerpaindcr of Technical'Mathematics-time would then be

15



profitably devoted to the consideration of needed more
advanced concepts--logarithms, coordinate geometry,
vectors, etc. The arithmetic review 1svencompassed by
performing actual computations, i.e., practice.

There is ancther facet of the problem that 1s
similarly concerned with time--that most valuable of
student commodities. It is extremely desirable that
selected areas of the Vocatlonal-Technical cluster--
namely, Machine Tool, Drafting, Electronics, and
Engineering--encourage the students to achleve as high
a degree of the formal mathematlcs as they are capable
of realizing. Unfortunately, under the current college
mathematics structure, the technical student must spend
one_semester 1., each of the following as per the tradi-

tional, empirical nature of mathematlcss

Technical Mathematics )

Algebra ) Total time:
Advanced Algebra ) eight semesters
Trigonometry ) or four years.:

Calculus I, II, III, IV)

It is apparent that in adhering to the above se-
quence the technical educatlon student will at best
progress through the trilgonometry level in his four
semesters at the community college. Thls leaves very
little margin for fallure or half-success. For should
the student fail to receive a solid "C" grade in any of
the courses, he is not allowed or even encouraged to

proceed. While it is possible to hurdle a course, by

16



and large, 1t is almost 1mpossib1e‘for the technical
student to reach the calculus level unless he enters

_ the college already well qualified. If, however, reme-
dial algebra time is shortened in Technical Mathematics,
higher concepts can be treated, théreby improving the
student's chances for a better placement test score and
consequently a higher entrance level--perhaps at the
advan~~d algebra or trigonometry level.

Technical Education students at the College of Marin
are encouraged to enroll in courses of higher matﬁematics
not only for skills applicable in thelr respective areas
but for future upgrading of their vocational potential.
The calculus 1is the magic key that opens the door leading
to higher-paid and more satisfying vocétions and profes-
sions. Even those students who only complete one
semester of calculus aspire to, and many eventually
achieve, advancement elther on the job or by means of

additional and/or continuing education.

17



CHAPTER II
REVIEW OF REIATED LITERATURE

Three distinct areas of literature were surveyed
for purposes of this experiment. Each of these areas
s sumrarized under "Review of Related Literature";
however, for clarity of presentation, some of the
methodology resulting from the review is treated under
more apropos headings. (An example is the product
development that 1s treated under “Sources of Informa-

tion and Assistance.”) The three areas investigated

include:

Review 1. A review of algebra materials with
speclal focus on the selectlion and condensation of the
most important algebralc concepts.

Review 2. An investigation of expository publica-
tlons that deal with the components of individualized

instructional materials and the preparing of 1nstru¢-

tional packets.
Review 3. A search of the literature for data

pertaining to individualized instruction 1n algebra.

This included publications, studles, and theses.



- Review 13 Revlew of Materlals for Selection and
Condensation of Alxebralc Content for the Experiment

There 1s a plethora of information publlished about
innumerable concepts that are recommended for a first-
semester course of college algebra (as well as Technlcal
Mathematics), but surprisingl& few authors advocate any
degree of refinement or condensation. Two well-known
mathematicians have, however, presented a stimulating
first-semester course content in thirteen key chapters.
They state that "the actual amount of ﬁaterial covered
and the depth of cuv~rage will depend to a large degree
upon the background of the students involved."2 They
further maintain that with some modification--el1m1nat1ng
optional sections and de-emphasizing certain toplcs-- .
their course of college algebra could be covered in one
quarter. This material, interestingly, includes behav-
joral objectives as well as innovations like "flow
charting."”

Selby has similarly presented twelve algebra toplcs
consisting df a bridge from arithmetic through first-
semester algebra by utllizing a practical approach.3
Selby defines “"practical” as referring to an emphasis on

the techniques of problem solving. The topics {(chapters)

2. Mary P. Dolciani and Robert H. Sorgenfrey, Elemen-
tary Algebra for College Students. See also Mary P.
Dolclanl and Robert H. Sorgenfrey, Instructors Gulde and

Solutions.
3. Peter H. Selby, Practical Algebra.
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of material are broken into short steps called “frames:"”
and the student 1s encouragéd to progress at hils own
pace. Both objectives and self-type tests are 1ncor-
porated in a combination self-study and classroom-use
approééh.

A siﬁilar model is advocated by Heywood who supplles
five key units, alfhough each unit 1s subdivided into
several frames.u Thne units embody many concepts that are
woven into an extremely comprehensive treatment of algebra.
Heywood 's program allows for three possibllitiles:

1. A lecture-tutor procedure that can provide the
transition from the student-centered classroom to the
college~lecture format.

2. 2 class that requires only a review, with empha-
sis on difficulties as they are experienced individually.

3. A completely self-contained course in elementary
algebra for self-instruction.

Technical Mathematics 1s treated very éomprehen-
sively by Boyce, Slade, and Margolis in thelr recently
revised textbook, but they devote only oné of twenty-two -
chapters to practical algebra.5 This 1s about twenty
pages. The followlng topics are sparsely coveredi use

of letters, negative numbers, substitution, addition,

4, Arthur H. Heywood, Elementary Algebra: Lecture-

Ilab, p. 1i1.
5. John G. Boyce, Samuel Slade, and Louils Margolls,

Mathematics for Technical and Vocational Schools.

20
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subtraction, multiplication, divisions Signg of 8TrOuping,
equations. This approach appears to I€Dhresent the most
minimal algebra treatment; few Technical jgtpematlcs
instructors would be amenable to thils Sparge treatment,
Further, %he authors infer that algebra is py and large
‘already %nown and an elementary review wil}jy guffice,

The researcher belleves this "overly COndepnged” VeTrsion
of algebra serves little practical purPose other than to
confuse students who are in need of sk1ll geyelopPlent,

The product of a five-year project--The MilWaUkee
Area Technicul College Mathematics SeTles._ygs deSigned
for a two-semester Technical MathematlCs coyrse: Accord_
ing to the authors, after five years had elgpsed the
following had become evidents:

1. The dropout rate in the cOUrse pgs

been reduced by 50%.

2. Average scores on equivale€nt fyng)

exams have 1lncreased from 55% to 955,

3. The rate of absenteeism has decreased
L, student motivation and attltugeg have

been very favorable.

Fleld tests with over 4,000 students pgye enabled
constant revision. At the college leVe€l, tnys syStem
can be used in pre-technical, apprentice, trgde, and
developmental programs. The authors €DPhggjzes

Though not designed for students wiep
serious deficiencies 1in arithmetlc, it pas

been successfully used with stude€nts ypg
were below average in arithmetic Skilig,7

6. Thomas J. McHale and Paul T. WitZke, pgsic

Algebra, pp. v-vi.
7. Ibid.
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The series consists of four yoilumeS: Basic Algebra,
Calculation and Slide Rule, Basic TrigoNoOmetry, Advanced

Algebra. The three components of the SyStem ares (1)

the four textbooks. (2) a diagnostic assSessment--
essentlally te:zt Dbooklets, and (3) a teacher whe Serves
as manager of the system.

The first two sections Of the Milwaukee series,
“Algebra" and "Slide Rule,"” undoubtedly Comprise the
first semester, With probably two-thirdS of the Semester
(about twelve weeks) devoted tO algebra: The algebra
portion contains ten chapters With each Chapter Sub-
divided into an average (median) or fifteen subclassi.
fications. This material 1s organized SO that S€Veral
variations of a concept are treated as Subclassiflications,
thus presenting an extremely in-~depth aPProach: The
system appears very flexible, Suitable for a conven-
tional classfoom text in a learning center or as an
ad junct--supplementary to another textbook. Its main

drawback, for purposes of the researcher's experiment,

is the one hundred fifty conceépts (ten chapters tlmes
fifteen subclassifications pPeT chapter) 8lbeit many of
the subclassifications are unimportant OT not even
concepts but adjuncts,

An interesting departure from the COnventional

Technical Mathematics approach has veen developed by

22
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Bailey.8 The Systepm cOllences with a liberal arts orlen-
tation of theé &ritppeti¢ fundamentals and rapidly advances
into algebra &hd %rigoﬁometry. There is a core text and
a series of £CCompgnyin# laboratory modules that provide
an individuallZeq ,orrelated study between mathematics and
the student'S tecp,jcal 8rea, There are §1X technical
areas'ehcompassed vy th€ systems

1. ElectTonjycg Technol ogy .

2. Mach hine Shop Technology.

3. - Automotiye Technology.

L, Mining Technology.

5. Drafting pechnology.

6. LibeTal ppts Education.

Bailey'S S¥stem 18 the result of three years of con-
centrated resé@rch jnvolVing both industry and two-year
colleges., In the gjgebra portion of the system, which

appears relatlvVely gtructured, there are about ten key

areas (1.e., POWerg and Troots, formulas, Slmultaneous

equations, etC:) tpat 8T tied to eleven modules in the
drafting and Dachjp,e shOP correlation modules text. No
time frame 1S Sbecjiried Since the System 1is eventually
individualized coppining both lecture and independent
study. HoweVer, 44 app€8rs that the elementary algebra
portion might be ggequatély encompassed in & maximum of
elght weeks. | |
Balley's Modyjes m1&ht not be particularly adapt-

able for Californig community college technlcal programs

e ——

8. F. a. B2lley ccmPﬁtency Based Vocational-Technical
and Liberal Arts Ma hemetics, and Correlated Mathematics

M
for Drafting 8nd Machin€ Shop Technology.
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since there is a wide diversity in specific teacher-
selected technical curriculum, but the approach 1s by
far one worthy of careful analysis.

Sperry's Programmed Algebra ‘is representative of

the "programmed model® where the student progresses from
frame to freme--very sequential, advancing after frame
‘maStery at his own pace.? Some. advocates of this model;
including Sperry, note that a few students seldom attend
class but are nevertheless successful. With this pro-
grammed material, it is assumed that most of the Studénts
are seekiﬁg a review.

There 1s no attempt at condensation; some twenty-
nine units are presented within a time frame of a full
semester. While the lessons are excellent and fhe pro-‘
gression appears very logical, this type of approach
does not lend itself to Technical Mathematics wheré more
forceful teacher direction appears to better ﬁeet student
neéds. ‘

About 1960, mathematical educational materials
underwent some very close scrutiny by noted mathema-~
ticlans and educators. It was felt some selected
mathematical ideas should receive more interesting and
understandable treatment. A series of -volumes under

the "New Mathematical Library"™ cover Was.the result.

-

9. J. Bryan Sperry, Programmed Algebra.
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Topics not usually included 1n'the traditional.school
mathematics curriculum wefe treated by professional
mathematiclans. The project was titled "Monograph
Project of the School Mathematics Study Group" (SMSG).
This group represented all facets of the mathematical
profession, and the chief aim of SMSG was stated as the
irprovement of teaching matheméticslin the schools.

SMSG was headquartered ét Stanford ﬁniversity in
California and spearheaded the revitalization}of mathe-
matics at all levels of educatioﬁ. Most of the contem-
porary modern mathematics trend is a result of SMSG
influence. Four of the several bodks in the SMSG
collection contain concepts and treatment that are
directly applicable to the course content for this
experiment-lo Consequently, some of the researcher's
algebra materials were influenced by the hiétoiical but
still very pertinent and well-appraised SMSG publica-
tidﬁé;

In summafy, a preliminary'search of the literaturé
for a time frame of condensation as well as somelspecific
materials needed for developing the product (curriculum)
for the experiment ylelded at least one attractive direc~

tion. It was the researcher's intention to employ those

: 10. Edwin Beckenbach and Richard Bellman, An Intro-
duction to Inegualities.
Philip J. Davis, The Lore of Large Numbers.
Ivan Niven, Numberss Rational and Irrationail.
Leo Zippin, Uses of Infinity. .

25




concepts that have been consistently underscored by the
leading mathematicians and writers. While a minimum of
research and publication has been focused on compressing
'the total time interval for algebré mastery, Dolcianill
and Balley have at least opened a preliminary door for .
the possibility of condensing both"time and algebra a
materlal.12 There was then, the researcher believed,
a need for this kind. of an experimental approach--
i , particularly for technical education students.

The selectivity employed in the produqt. it appeared,
was crucial to the experiment. The researchei, when. |
selecting, had not only to refer to the avalilable litera;
ture but also depend upon his personal expertise baséd |
upon fifteen years of teaching both theoretical and

applied mathematics to both remedial and glfted‘students.

Review 2: Preparing Individualized Instruction Material

In tﬁeir report, Postlethwait and Russell identify
the characteristics of minicourses--self-contained
instructional packagés-that deal with a single con-
ceptual unit of subject matter.l2 Some of these
characteristics include a combinatlion of»learning
experiences, the definition of the teacher's role as a

resource person and motivator, specified performance

11. Dolciani, op. cit.
12. Salley, op. cit.
13. S. M. Postlethwait and James D. Russell, }ini-

courses -~ The Style of the Future.
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otjectives, test items to measure objective mastery, and
students proceeding at their own rate. Particularly
germane to this research was the "“flexibility" charac-
teristic: “lMinicourses can be structured into a greater
variety of patterns consistent with different approaches
or themes."lu The researcher utillized the minicourse
structure with a speclfied total time for the experiment
of one-third of a regular semester’s time. The major
conceptual unit in this case was algebra; however,
approximately eighteen subconcepts were packaged.

Postlethwait and Russell further state:

Having a design goal ardi an evaluation

plan, the minicourse developer is able to

correct faulty instructional materials and

to know when he has succeeded in developing

a successful minicourse.l -

Perhaps thiéﬂaspect of the minicourse is the most valu-
able for the teacher/experimenter: 1t 1is possible for
him to keep his courses meaningful through continual
student. and personal evaluation.

An instructional system at the operational level,
according to Herrscher, is a map depicting the path
available to the learner as he presses for mastery of

16

a selected unit of instruction. ‘Herrscher diagrams

this system (see Figure 1) to represent the general

14, Postlethwait and Russell, op. cit.

15. Ibid. '
16. Barton R. Herrscher, Implementing Individualized

Instruction.
27
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model for a systems approach. Note especially tbe
learner's option at the pre-assessmgnt Juncture. He can
elther exit from the system or direct himself to the
learning activities. Herrscher further maintains that

a ccurse composed of a series of self-instructional
UHTts 1s highly 1hd1vidudlized and yet allows for uni-
form instruction of a large number of studénts on an
individual basis.

There are several alternatives for preparing units
of instruction. Since a system is composed of compo-
nents, and in order to remain in fdcus on the unit
concept in total, some plan cf development consistency
is almost mandatory. Johnson and Johnson specify six.
stages of development 1in the following orders:

1., Identifying prerequisites.

2. OCbjectives.,

‘3. Criterion measures.

L, Learner activities.

5. Related content.

6. Medla and materials.l?

Stuart and Rita Johnson also emphasize that there
are at least two ways of sequencing the instructlional
environment: (1) arranging the learning materlal-
contenf, and (2) arranging the learner’'s activities or
behavioral responses.

Botts end Heed 1identify three distinct methcds of

course organization:

17. Stuart R. Johnson and Rita B. Johnson, Developing
Individvalized Instructional Material.
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1. Common Learnings Plus Individualized-Contznt
Tracks (objectives for each learning and a serles of

‘proficiency tracks).

2. The Continuous Progress liethod (a series of
tehavioral objectives each identifylng an instructional
package).

3. The Three-Track Method (three levels of learn-

ing activities in each package).18

19

A more pragmatic method of developing programS‘is.

advocated by Jacobs whereiln four basic stages are

observed:

1. Specifylng goals.

2. Writing frames.

3. Trying out and revising.
,, vValidation.l9

The fourth stage i1s the key to the entire proposi-
tion and Jacobs advocates:
The program should be validated, or tested
before it 1s released for general school use.
In validation one determines how much students
learn from the program. A standardized test,

or a test constructed for She purpose, 1s used
to assess learning. . . .2

Jacobs was an early proponent of individualized
instruction, leaning heavily on a "programmed model."

His emphasis on testing in a formal statlistical fashion

18. Robert £. Botts and Donald R. Reed, Individuallz

ed

Instruction.
19. Paul I. Jacobs, Milton H. Maler, and Lawrence H.

Stolvrow, Guide to Evaluating Self-Instructional Pro-

grams, p. 1ll.
20. Ibid.
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greatly influenced the development and testing of learn-

ing systems.

Components - rationale. .Rationale sets the stage--

the tone of the unit of material. According to Herrscher,
the content of each unit of the program must be selected
on the basis of its relevance to both the student's needs
and‘the ihétltutioh's purpose.21 bBotts and ﬁééd.employ
rationale as the "purpose“--sometimes called the gosl or
goals of the instructional package.22 The goals may be
all-encompassing, embracing the entire course, or they
might pertain solely to each individual vnit.” Some
descriptive names for fatlonale are suggested by Kapfer
who utilizes sucr terms as component idea, skill, or
attitude.23 It appears to be the generai consensus that
some statement, be it purpose, goal, or rationale, helps
to define the target for the student and provide some |

cohesiveness to the unit of instruction.

Components - Objectives. There has been a plethora

of professional publications pertaining to the writing
of "objectives,” one of the key components of an instruc-

tional system. Only a few comments are presented here

21. Herrscher, op. cit.

22. Botts and Reed, op. cit.
23. Philip G. Kapfer, Practical Approaches to Indi-

vidualizing Instruction. (As cited 1in John E. Roueche
and Barton R. Herrscher, Toward Instructional Account-

ability, p. 33.)
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since there 1is much more uniformity than difference
amongst the supporters of educational objectives.

Robert F. Mager, one of the early advocates of
instructional objectives, aptly pinpoints and defines
"an objective"” as ". . . a description of a pattern of
behavior (performance) we want the learner to be able
to demonstrate."zu Fager further qualifies objectives
as denoting measurable attributes that are observable:
that an instructional objective describes an intended
outcome. It is stated in behavioral, or performance
terms, and communicates the instructional intent of
the person selecting the objective,

Cgletree and Hawkins concur with Méger and also
enphasize that objectives should be stated in terms
which will indicate the kinds of change (behavior) to
be brought about in the 1earner.25 Objectives may
reside in the cognitive, affective, and psychomotor
domains.

Another enlightening dimension is added when objec-
tives are composed, according to Hernandez, using a.
"desired behavior” and "a competence level method . "26

Both these aspects are incorporated into every objective.

24. Hobert F. lager, Preparing Instructional Objec-
tives, p. 3. ) i

25. karl J. Ogletree and Maxine Hawkins, Writing
Instructional Objectives and Activities for the Modern

Curriculum. .
26, Cavid E. Hernandez, Writing Behavioral Objectives. -
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Beﬁavioral cblectives must be selected and written
with care for there are some concealed instructional
~dangers that could work to the.student's disadvantage.
.McAshan identifies five potential dangers;27

l. Students are different in learning.

2. Teachers'are different in selecting oblectives.

3. Too much standardization in the objectives may
fesult in the loss of teacher flexibility.

L, Mediocre.objectives due to time limitations or
lack of teacher training may result in mediocre results.

5. Oﬁjectives must be continually evaluated and
restated if they are to remain appropriate.

Cbjectives then appear to be critical and therefore

much care must be taken in their selection and phrasing.

Compcnents - performance activities._ Performance
activities or learning activities are the means whereby
the student does "things" in order to realize the objec-
tives. Some typical learning abtivities'includes

1. Readings, i.e., articles, books, etc.

2. Practice sets, i.e., mathematical problems.

3. Making things, i.e., industrial arts projects.

L, Viewing/listening, i.e., audiovisual.

2?. d. H. McAshan, Writing Behavioral Objectives, A
New Approach.
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Some teachers have attempted to combine indl&ldual-

28 ey cite

ized instruction with the lecture method.
that the "multimedia approach” for activities may cver-
look more complicated but very important leérnings in
mathematics, like proef or heuristics, which can be
successfully treated in a variation of the traditional -
lecture. In fact any activity, if meaningful. can be

a desirable learning activity--even attending the
traditional lecture 6r chalkboard talk.

Of increasing contemporary importance 1is the
Learning/Resource Center. Berg, Metcalf, and Gravely
envision a mu’ ' .media spatial center contalilning areas
for reading, individual study, conference and/or
seminars, audlovisual, materials preparation, printed
and nonprinted materials, reference catalogs, and audio-
visual preparation and staff workrooms.ngt the College

of Marin, there 1s an outstanding "Center for Indepeﬁdent

Study" with excellent facilities and resources.

Pre-test and post-test. The pre-assessment in s

system should precede formal instruction. Based on the
objectlives, this helps to determine three important facts

aptly summarized by Herrscher.30

28, Harold L. Schoen, "A Plan to Combine Individual-
Jzed Instruction With The Lecture Method," rhe Mathe‘
matics Resea.cher (November, 1G974}.

29. Lyle L. Berg, klinor Gay N. Metcalf, and Andree G.
Gravely. Individualization of Instruction, The Role of
the Learning/Resource Center.

30. derrscher, op. cit.
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1. Has the student the prerequisite capabilities?

2. Does the student already possess the behavior
as specified by the objlectives?

3, Where should the student be placed in a
graduated learning sequence 1if he possesses some of
the specified behaviors? | |

Since this experiment was concerned primarily with
review materials and the subjects historically have been
experiencing mathematical difficulties, the pre-test was
dispensed with in the experiment.

The post-assessment, according to Herrscher, 1s best
if 1£ ijs criterion-referenced as differentiated from norm-
referenced; that is, the testing is used to determine
performance with respect to a crlterion-(objectives).31
Further, if adapted to individual learning rates, lnstruc-
tion allows for objective mastery concept in grading. The
testing should assess thg teaching. Aptitude 1s viewed as
the time required to master objectives.

A valuable ad junct of the criterion-referenced post-

test is that it measures learning (and teaching). No

learning does not mean an “F," It merely implies that
the student should recycle back into the system.

In summary, there is fairly general agreement as to
what may comprise packages of individualized instructilon

as well as methods of application. The researcher, on

313.Herrscher, op. cit.
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the basis of this review and experience, has selected key
components. Cycling of students in the system wus based
upon the guidelines exposed by the search. (See Figure 2.)

Review 31 Review of the Literasture Pertalning to
Individualized Instruction in Algebra

A search of ERIC has ylelded several studies.and
writings that bear upon this experiment. " These mate-~
rials have been critically screened, and only the most
pertinent have been summarized for thils review.

In 1965, a programmed course 1in updated algebra
called Modern Mathematics was tested at the high school
level with a class of twenty-~two members.32 One of
the specific objectives of the study was to offer more
individualized study since two problems of the school
were ildentified ass (1) small class enrollments and
(2) providing fof children of varying abilities. The
teacher gave a zero for pre~-test scores and composed a
final test (post-test) at the end of the year. The mean
post-test score was 48.82 and-1s unad justed since several
students did not complete all the work.  The instructor
summarizes that the students learﬁed a significant amount
from the vrogram. The gain-ratio revealed that students

learned 50 percent of what they could possibly have

learned.33 The instructor also emphasized that, at best,

32. rRRIC ST 020 063. Fary Joe Clendenin, Programmed

Mathemratics.
33. 1ibid.
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programred instruction was seen as the individualization .
of 1instructilon.

Samples of instructional objectives applicable for
a corrunity college interrediate algebra course have
been compliled by Purdy.34 These dbjectives are qffered
as samples that correspoﬁd to skllis, abilities, and
attitudes thét mathenatics instrictors may want their
students to acquire. The author presents an interme-
diate algebra course that contains two of the components
of a traditionally péckaged courses (1) the objectives
of each unit and (2) the self-test for each unit. Of
sisnificance is the numwber of units--twenty-ohe. Thus,
this semipackaged course contalns only three more -units
than the one prepared by the reseafcher'for’this experi-
ment. Most of the objectives presented are in the
cognitive domain, geared toward the realization of the
variables of knowledge, comprehension, and applicatlon;
This fype of a treatment is somewhat traditional when
the subject matter is mathematical. -

Another evaluation of an individualized program for
ninth-grade élgebra and basic mathematics was:presented
by Clinton lLudeman and others.J? The two primary objec-

tives of the program were to increase achievement and

34, ERIC kD 067 077. Leslie Purdy, Instructional
Objectives for a Junior College Course in Intermediate

Algebra. ’
35. ERIC ED 086 545. Clinton Ludeman, et al, Final

kvaluation Report, Project Video-Tape Packages Mathe-
matics. .
- 38
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create a positive attitude toward mathematics. Both a
needs questionnaire and an attltudé questionnaire were @
- administered.

The algebra achlevement gains of thirty-one
experimental students were compared to control students
in the previous year's regular classes; no significant
differences were found. Under t-score treatment (after
twenty Weeks' instruction) the experimental mean algebra
score was 30.50 as compared to 26.90 for the control
group. Thus the experimental group was ohli'about four
ﬁolnts higher than the control group. The t-statistic
was 1.858. At the 95 percent confidence limit and with
29 degrees of freedom, the value of t for significance
is 2.045 or higher. Thus no significant difference was
indicated. Interestingly, however, 65 percent of the

experimental students showed a more positive attitude

toward mathematics after one year of exposure to the
program. FPut succinctly, the program met the challenge

posed to it in terms of its objectives.

The program can be considered a successful attempt
to present a form of individualized instruction in the
mathematics program in order to help the slow learner

as well as the advanced student realize his full

potential.

The novel approach of having student assistants

develop and direct the instruction was employed by
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Dr. Cecil W. McDermott.36 An analysis of covarilance
deslgn ylelded the conclusion by Dr. licDermott:
« o« o« that college students capable of

directing thelr own learning can success-

fully master intermediate algebra concepts

when the students are placed in a well-

defined _self-pacing audlo-tutorial learning

system.
Although the experiment was conducted at the four-year
college level, the concepts treated were remedial-
intermediate algebra. YNclDermoti also recommrended that
learning systems be developed and used for teaching of |

low-level mathematics concepts; further, that'éach

college should develop its own learning,systems. Four-
teen units (packages) were used in the study; F = 1.01;
the null hypothesis was accepted at .01 level. Thirty
students composed the experimental group; twenty-seven,
thebcontrol group.

A manual for the preparation of programmed text
material based 6n School Mathematics Stﬁdy Group work
and materlals waé_prepared in 1961 and subseguently
revised (1961;6u) as a result of a project under the
“direction of a noted panel coordinated by Leander W. |
Smith, Assistant to the Director of SISG, at Stanford

University.38 The researcher followed‘éome of these

36. ERIC-ED'077.7§h, Cecil W. McDermott, The Levelop-
ment of an Individualized lLearning System for Students
- Studying Intermediate Algebra, Filnal Report.

37. Ibid. : - -
38, ERIC ED 022 688, W. G. Chinn and others, School

Mathematics Study Group Report No. 1, The Programmed
Learning Project.
40




30

guildelines in preparing A-PAK materials since his
presentation utilized an SMSG approach.

A set of ten learning Activity Packagesw(LAPs) in
beginning algetra and nine ir intermediate algebra
prepared by Diane Evans appear to most closely align
with the researcher’s projections for his A-PAKS.39
Evans' LAPs are prepared for the high-school level; and
while the content and approach are similar to the re-
searcher’s, the level is unfortunately inappropriate
for the community college.""o Nevertheless, Evans' work
does indicate the degree of contemporary awareness of
the possibilities of a systems approach toward learning
mathematics concepts.

Bill Holland has prepared similar packaged materlals
which deal with advanced algebra and t::rflgonomet:ry.u'l His
materials are identical in format to Evans'and a con-
tinuum of her work. Similarly, the package components
include rationale, behavioral objectlves, act1v1t1e84
(reading assignments, problem sets, tape recordings,
filmstrips), self-evaluaiion problem sets, and references
for further work.

The rationale employed by both Evans and Helland

je indicative of the quality of their LAPs and does

39. ERIC ED 069 504, Diane Evens, Learning Activity

Package, Algebra.
LO. ﬁefer to A-PAXS included in this study.

41. ERIC =D 069 505. Bill Holland, Learning Activity
Package, Algebra-Trigonometry.
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aptly unify the concept or concepts of each of the

units.

For his Programmed Math Continuum, FParrigen pre-

pared a handbook to accompany a series of programmed

) .
2 of particular

study guldes for first-year aiggbra;
nofe 1s the 2mphasis placed upon one of the components
of the continuum. Harrigan outlines ﬁhe chronologiéal
sequence that should be followed by the writer and
emphasizes that the writer should give alternate
explanations of difficult concepts.: |

Tre researcher also employed this approach when
preparing his A~PAKS. While Harrigan's technique is not
origihal. it i1s seldom encountered in systemized instruc-
tional packets. The package writer can call upon his
teaching expertise and experlence for preparing this
.Xxpository component.

There have been several additional research proj-
ects directed toward preparing algebra courses that are
structured in a systemized, self-study fashion; however,

these projects incorporate computer-gssisted instructicn

into their systems. The New York Institute of Technology

kb

has developed a noted ser.les"'3 as have Harrigan and

42, ERiC kD 075 200. J. Ward Harrigan, Programmed

Math Centinuum, lLevel One, Algebra, Handbook.
3., ERIC ED 075 206. New York Instltute of Technology,
Programmed Math Continuur, Level One, Algebra, Volume 5.
4L, Harrigan, 9op. cit.
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Love.uj And, while the computer-assisted instruction has
much to enrich and facilitate a full-blown algebra course
involving many students, 1t is not particularly adaptable
to a one-gemester class of limited size.

A variation of logical versus scrambled instructional
sequences generally reports negative or no-difference
findlngs.accordlng to Spencer amd Brlggs.46 This aspect
of instructional systems has been heavily investigated
previously, and the researcher assumed his instructional
sequencing of the A-PAKS would not necessarlly add a
variable that would unduly influence the outcome of the
eiperiment.

In summary, a search of the literature dealing with
instructional packages of mathematics, their developument,
and testing has »rought to light the followings

1. Instructional packages are not new in tne fleld

of mathematics education at either the secondary or

college levels.

2. Instructional packages are recommended by some

researchers for pre-calculus mathematics.

ks, LRIC ED 034 403. Willlam P. love, Individual
Versus Paired Learning of an Abstract Algebra Presented
by Computer-Assisted Instruction.

L&, ERIC ED 063 B07. Rosemary V. Spencer & Leslie J.
Briggs, Application of a Learning Hierarchy to Sequence an
Instructional Program, and Comparison of This Program with
Reverse and Random Sequences.
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3. Excellent guidelines have been developed for
programming SMSG materials and.writing pertinent
objectives.

k., The statistical studies have :ndicated that
the null hypotheses (no significant difference between
experimental--packages--and control--traditional--
groups) 1s the probable result.  Other effects such
as more individualized instruction or better reception
by the students can be anticipated Qith & systems

approach.

5. Experimentation with the condensing of time

for algebra concept mastery has not been located in
the preliminary search of the literature; therefore,

this experiment apparently is unique in this respect.



CHAPTER III
STATEMENT OF HYPOTHESES

Eighteen original instructional units were tested
with a Technical Mathematics class at the Collegze of
Marin. The researchér hypothesized nuli: Technical
Mathematlcs students subjscted to a method of con-
densed/systemized algebra would score ccmparable to
traditionally treated students on a standardized
algebra placement test.

The altergate hypotheslis was two-~talled: elther
the experiméntal group would score higher or the
traditional group would score higher on the standard-

1zed algebra placement test.

34
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CHAPILR IV
SOURCES CF INFORMATICH ANC ASSISTANCE

Levelopnent of the A-PAxS

Ihe A-PAKS were designed and prepared by the
researcher solely for this research project. 3Both the
design of the materlal and the algebra toplcs that were
selected for inclusion were cﬁosen as a direct result
of the data summarized under "Review of the Literature.”
The researcher was greatly influenced by the two follow-
ing resources for his A-PA¥ deslgn and compositlon. |

1. During the Fall Semester of 1972 an educatlional
workshop was carried out at the College of Marin by
"Professors James Staley (rngineering--lectronics) ahd
Jay Stryker (Electronics). The main thrust of this
twenty-hour workshop was to encourage and assist
selected College of Farin teaching staff 1in the prepa-
ration of individualized instructional packages. The
researcher was selected as a participant and was fortu- -
nate in having his work critiqued by both Professors
Staley and Stryker (each participant‘prepared a com-

prehensive wodule of instruction).

2., The Mova Fodule "Curriculum” was‘preSented to

the Y“ova 3San Francisco Cluster in January, 1974.“7

47, Barton R. Herrscher, Dayton Roberts, John Houeche,
Curriculum Development.
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Dr. John Roueche served as the natlonal lecturer.

Dr. Roueche, a recognized leader on contemporary educa-
tional change, required of each cluster member (the
researcher is a member of the San Francisco Cluster) the
preparation and on-site testing of an instructional pack-
age (individualized 1nstructhn).48_ Under Dr. Roueche's
guldance, the researcher's conceptualization of instruc-
tional packages was crystalized and, as a result of that
préliminary exposure, refined.

The technique of composing an original technical
treatise or monogram for each of the algebra topics
compiled in the A-PAKS was elected by the researchgr‘
in order to incorporate into the system his expertise
amassed over a period of several years of teaching
-algebra at both the secondary and college levels of
education.

Twenty A-PAKS were composed and assembled.u9 The
topic titles include: '

A-PAK Crientation
A-PAK #1, Operational Order and Number Properties

A-PAKX =2, Fundamental Operations - Addition and
Subtraction
A-PAX #3, Exponents

8. Dr. Roueche is a professor at the University of
Texas at Austin.

L9, A complete A-PAK text assemblege 1s included in
Avpendix A since it was the tangible "product" of this
research project. Although the material is technical,
it presumably would be of interest to mathematics
teachers and/or educational researchers.

47



37

A-PAK #4, Fundamental Operations - Multiplication
A-PAK #5, Fundamental Operations - Division
A-PAK #6, Special Products

A-PAK #7, Division of Polynomials

A-PAK #8, Linear Equations

A-PAK- #9, Linear Inequalities

A-PAK #10, Fractions '

A-PAK #11, Graphing Numbers, Sets, and Ordered Pairs
A-PAK #12, Factoring

A-PAX #13, More Factoring

A-PAK #14, Quadratic Equations

A-PAK #14A, Applying the Quadratic Formula

(An Optional A-PAK for Enrichment)

A-PAK #15, Systems of Equations
A-PAK #16, Graphing Equations
A-PAK #17, Roots

A-PAK #18, Word Problems

Basically, each of the A-PAKS, with the exception

of 144,
1.
2.
3.

L"o
5.

an optional topic, contalns:

Statement of Rationale.

Pefformance Objectiveg.

Performance Activities, with an original
treatise dealing with the mathematical concept
embodied.

Performance Test.

Performance 1l'est Answer Key.

The A-PAKS were typed in single-space form 1in

compliance with College of Marin conservation policy.

" The originals were sent to the duplication center at

the college on June 19, 1975; one hundred coples were

prepared. Each page of the finished product was printed

on both sides of the paper, agailn to conform with sclool

conservation policy. In order to minimize cdst, the

firished product was stapled instead of bound. The
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printed material was then forwarded to the College of

Marin bookstore feor distribution to the students enrolled

in the Technical Mathematics class.

49




CAAPrLR V-
PHOC:DURLS FOR COLLLCIICN AND I[RLATMeRT CF LATA

The A-PAK Treatment

I'wenty-nine students enrolled 1n the Technical
l.athematics course which met for the first class wmeeting
August 20, 1975, at the College of larin. Thls class
was asslgned the title "ixperimental Group - fechnical
Mathematics" since 1t was scheduled to recelve the
A-PAY treatnent.

A standardized Hundred-Problem Baslc Arithmetic
Skills lest was administered to the group at the second
class meeting}so The answer sheets were subsequently
scored and the percentlle scores defermined. The
Hundred-Probler Test percentile then served as the
basis for selection of a composite "tradltlonal group.”
This technique was possible because the researcher has
historically administered the Hundred-Problem TITest as a
dlagnostic device with traditional Technlcal Mathematics
classes. Thus 1t was feasible to select a closely paired
"traditiénal score" for each experimental score. For
each merber of the experimental group there was avallable

a closely matched member for a tradlitional group.

The experiﬁental eroup underwent the six weeks of

50. See Appendix B. 50
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treatment with the prepared materials-~the A-PAKS. During
this period copious notes were compiled on observations of
the experiment by the researcher primarily for future
revision éf'the A-PAKS or in anticipation of any possible
residuval findings from the experiment. |

At the conclusion of the treatment on October 10,
1975, the standardized algebra achiévement test was
" administered to the~exper1men;al group‘.5l The researcher
also had scores for efery student who had previously com-
pleted the Technical lMathenmatilcs class (the traditional
group). Thus 1t was possible for the achievement scores
of the experimental group to be statistically conpared
with the achievement scores of -the traditional grou: .

A subjective questionnalire was also administered to
tﬁe experimental group 1n order to tabulate for a like

or dislike effect of the A-PAK treatment.sz,

Ireating the'Hypotheses

In order to statistically test the hypotheses, the
data--the Hundred-Problem Test scores and the achleve-

ment test scores--were subjected to the following

treatrent:

1. An analysis of the measures of central location

--mean and median were performed.

51. See Appendix C.
52. See Appendix L.
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2. A graphic comparison-of'measures of central
location by means of frequency polygons.

3. An analysis of variance utilizing an "F" test
of slgpiflcance was applied to the achlevement scores
of both experimental and traditional groups. The "F" 
test was pre-selected for the following‘reasonss

a. 0Only one score for each subj)ect was needed
for "F" test treatnent.

b. The "F" test lends itself to an equal number
of subjects in the experimental group and the
traditional group.

c. The "F" test is amquble to small size samﬁle
experiments--as few és ten to fifteen subjects
per group and from two to'six g.roups.53

d. Significance is 1nterpfetab1e from the .1 per-
cent to the 20 percent levels, thus allqwing
for possible wider 1ﬁzz;ﬁretation.

It was the researcher’s pre-sflpulation that

significance of the experiment would result if the "F"

ratio fell at or below the 5 percent (.05) level.

53, James L. Bruning and B. 1. Kintz, Computational
Handbook of Statlstics.

52




CHAPTER VI
STATISTICAL PaRLSLUTALION

Hunédred-Problem Arithmetic Test

The Hundred-Problem Test was designed for grades
seven through twelve inclusive but may be used satis-
factorily for high school rraduates whether they be in
college or emrployed in industry. <The test provides a
quick and reliable appraisal of computational skills.

Individual achievement may also be appralsed with
reference to the national standardization population by
locating the vercentile rank that corresponds to the
student's total raw score on a table provided by the
publflsher.SLL The percentile incdicates the percent of
the national population for the given grade that had
scores lower than or equal to the student's score.

While the test is not a pure reasure of numerical
facility, it is constructed so it minlmlzes other factors
like verbal abllity.

fable 1 lists each student in the éxperimental
group, his or her Hundred-Problem Test individual raw
score, and the 1nd1vidua1 norrec. percentile.

tach rerber of the traditlonal group was selected

fror the total population of the years 1970 to 1975.

sk, For a comprehensive analysis of the test, see the
Manual of Directions by #aleigh Schorling, John Clark, and

ary Potter.
: L2
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Table 1

Hundred-Problem Test Scores and Percentlles
of Experimental Group

———

———

Student

Raw 3Score

Normed Percentile

*E-looooooooooooooo
E-z.oooooooooooooo
E-Bo-ooooooooooooo
E-uooooooooooooooa

*E-Soeooooooooooooo
E-6ooooooooooooooo
ED?oooooooooooo-oo
E‘Boooooooooooo-oo
E”9ooooooooooooo}o
E-looooooooooooooo
E=lleeeoivsoooesee
E-iZ............-.
E-l eeeescceer e
E-la

E-lsoooooooo;ko-oo
E-16oooooooooooooo
E‘l?ooooooooow-oo-
E-laoooooooooooooo
E-19.........-....
E-ZOQ-oooooo-ooooo
E-210-oooooooooooo
E-22..........-.-.
*E‘ZB.Q....Q..Q....
*E-Zu...-..........
E—ZS............-.
E-26oooooooooooooo
E-27oooooooooooooo
E-28.-....-..-..-.
E-29ooooo.-ooooooo

DN
VMR oW N F H O st £ o D o -

*There 18 a slight percentlile difference between the
experimental and traditional palirings.

54
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The selection of each member was based on his percentile, .
mratching one in the experimental group; thus the groups
became statistically comparable. The traditional group

is listed in lable 2.

Hundred-Problem Test frequency talllies. The fre-

quency tally for the experimental group (see Table 3)

was constructed with a class interval containing incre-
ments of three. Raw scores were utilized since the score
range possibility extended from 1 through 100--very
neatly lending itself to a graphic interpretation. A
slightly different tally was verformed for the tradi-
tional group frequency (Table 4). The entire population
for the years 1970-75 was tallied. Thls technique

provided a larger silhouette for comparison.

Sample means and medians. The experimental group

sample mean from the Hundred-Problen Test was computed
utilizing the individual percentile scores in lieu of
computing the sample mean from frequency distributions

since there were few scores and relatively small figures

were involved.

When X = sarple rean:
X = 28,689
T =



Table 2

Hundred—Problem Test Scores and Percentiles
of Traditional Group

Student

Raw Score

Normed Percentile

*T-loooooooooeooooo
T’Zooooooooooooooo
T-Booooooooooooooo
T-uooooooooooooooo

*T-Sooooooooooooooo
T-6ooo.ooooooooooo
T’?ooooooooooooooo
T“eooooooooooooooo
T-9...............

T’lOoo.ooooooooooo

T‘lloooooooooooooo
T’lZoooooooooooooo
T-l oo o0 eSO OOREES
T-lg

T'lSoooooooooooooo
T-16oooooooooooooo
T‘l?oooooooooooooo
T-laoooooooooooooo
T-lg.....ooooooooo
T-20..............
T'leooooooooooooo
T-22......---.....
*T-ZB..............
*T-Zu...-...-.....-
T-25oooooooooooooo
T-26oooooooooooooo
T-Z?oooooooooooooo
T-28..........--..
T-29-......----...

20
24

\O M\ VWV & £ 00 o 0

*There 1s a slight percentile difference between the
traditional and experimental pailrings.

56
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. Table 3

Hundred-Problem Test Frequency Tally
of Experimental Group

- - — U

Raw Score Midpoint Fregquency Class Intervals
98-100
95- 97
92- 9k
89, 90 90 2 89- 91
88. 87 1 86- 88
83~ 85
80- 82
78 78 1 7- 79
7h4- 76
71, 71, 72 72 3 71- 73
70 €9 1 68~ 70
66 66 1 65- 67
64 63 1 62- 64
59 60 1 59- 61
56- 58
53~ 55
51 51 1 50- 52
b9 L8 1 hp- b9
B, 45 L5 2 bl b6
L3 L2 2 bl- 43
Lo 39 1 38- 40
35 36 1 35- 37
33 33 L 32- 34
29, 30 30 2 29- 31
26- 28
25 24 3 23- 25
22 21 1l 20- 22
Below 20
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Table 4

Hundred-Problem Test Frequency Tally
6f Traditional Group (1970-1975)

Raw Score Midpoint Frequency Class Intervals
99-100
95, 96, 97 96 6 95- 97
92, 9k 93 b 92- Ol
89 90 2 89~ 91
86, 87 87 5 86- 88
83, 84, 85 84 6 83- 85
8o, 81, 82 81 L 80~ 82
77, 78, 79 . 78 _ 10 77- 79
74, 75, 76 75 7 7h- 76 .
71, 72, 73 72 6 71- 73
68, 70 69 8 68- 70
65, 66, 67 66 12 65- 67
59, 60, 61 60 10 59~ 61
56, 57, 58 57 13 56- 58
53, 54, 55 sk 13 53- 55
50, 51, 52 51 13 50- 52
Lo, 48, 49 L8 16 Lho- 49
Ly, Ls, 46 Ls 14 L. 46
b1, 42, 43 42 7 bl- 43
38, 39, 40 39 13 38- 40
35, 36, 37 36 7 35- 37
32v 33! 3"" 33 11 32' 3“"
29, 30, 31 30 12 29~ 31
26, 28 27 L 26- 28
25, 24 24 5 23- 25
20, 21, 22 21 5 20~ 22
8, 12, 14, 15,
16, 17, 18, 19 13 14 Below 20
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The experimental group sample nmedian for the Hundred-
Problem lest was computed utilizing the individual per-
centile scores. When n is the number of scores in rank

order, the reasurement with rank iﬂ_%_ll was the sample

Ted ian.
(L%...l_’= sample median
(29 + 1) _ 15th score, 1.e., 12th percentile

2

The traditional group sample mean for the Hundred-
Problem Test was computed utilizing the individual
percentile scores in lieu ¢ computing the sample mean
from frequency distributions in order to obtaln a more
realistic comparison with the experimental group. The

traditional aroup includes the total population attempt-

ing the traditional Technical PMathematlcs course from
Fall 1970 through Spring 1975 at the College of lMarin.

When X = sample mean:

X=%

% = 2628
239

X = 31.916

X = 31.9

The traditional srouvp sample median for the Hundred-
Problem Test was computed utilizing the individual per-
centile scores. When n is the number of scores 1n ranx

order, the measurement with rank 12_%_ll was the sample

red 1lan. 5 9
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12_%_11 = sample median

(239 : 1) = 120th score, i.e., 24th percentile

Frequency polyszons. Three frequency polygons were

plotted, each based on its respective freguency tally.
Figure 3 deplicts the experiment group; Figure 4 graphs
the traditional group. A third frequency'polygon was
then compiled containing both the experimental and

traditional group plots. This third graph (Figure 5)

highlights the individuality of the experimental group.

Alrebra Placenent Test

The Cooperative Mathematics Test (Algebra I) is
employed at the College of Marin as a standardized
placement test. Lvery student pricr to enrclling in
a mathemsatics course at the college must obtaln a
satisfactory score on the placement teét. In order
to enroll in First Year Algebra, the student muét
cbtain a sccre of sixteen on either Form A or B of the
Algebra I test. If the student obtains a score of L
twenty-six, he may enroll in either Math B (Advanced
Algebra) or Math C (Trigonometry). In order to enroll
in Celculus, the student must successfully pass both
Mathematics B and £ or recelve a satisfactory score on

the Alcebra Ii-Trigonometry placement test.

The researcher has historically adninistered the

GO
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EXPERIMENTAL GROUP
FREQUENCY FOLYGON
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Figure 3
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Algebra I test as a service to his Technical Mathematics
classes. Thus scores were avallable for comparison.

e experimental group raw scores are identified in
Table 5; traditional group raw scores in Table €. The
student designation Code E-1, E-2, E-3, T-1, T-2, T-3,
etc., 1s retained from the Hundred-Problem Test assign-
ment. |

From the raw scores of both experimental and
traditional groub frequency tallies, Tables 7 and 8‘were
tabulated. The class intervals were 3elected so they
would match the intervals chosen for the Hundred-Problem
Test tallies. Thué'gge Algebra Placement Test frequency
polygbns would hopefully resist any numerical distortion.

Both experimental group and traditional group means
and medians were computed utilizing the raw scores in
lieu of the frequency dlstributlons since there were few
scores and relatively small figures.

For the experimental group sample mean:

X=X
X N.
= _ €11
X = =33

The experimental group sample median was the 13th

score, i.e., 24.

For the traditional group sample mean:

64



Table 5

Algebra Placement Test Scores -
of Experimental Group

Student Raw‘Score#

E-loooooooioooooooo 9
E-2.............'.. 30
E-Booooooooooooooo; 14
E-uoooosoooaooooooo 17
*E—Soooooooooooooooo -
E-éoooooooooooooooo 415
E°7oooooooooooooooo 18
E°8.ooooooooooooooo 16
E°9o.ooooooonoooomo 9
*E‘lOooooooooooooogo -
E-lloooooooooooooo; 18
*E-lz.oooooooooooooo ’ hind
E-laooooooooooooooo 16
E-lhzoooooooooooooo 27
E'l5ooooooooooooooo 16
*E-léooooooooooooooo -
E-l?............... 2“
i E-ls.coooiooooooooo - 29
) ’ E-l9ooooooooooooooo 26
E-ZO.......o....... 27
E°21.oooooooooooooo 28
E-ZZ.-...-......-.. 19
E-23csessvvcecccccne 26
E-2 es ecLee O NOEBPOEOICTSE 23
E-25.oooooooooooooo 26
E—26ooooooooooooooo 27
E-27oooooooooaooooo 34
E-28.......-....... 3“
E-29........-...... 40

*#These scores were not avallable.
The students withdrew from the
class during the experiment.

#A total score of forty 1is
possible.




Table 6

Algebra Placement Test Scores
of Traditional Group

Student ' Raw Sccre#

T-looooooooooooooooo 15
T”Zooooooooooooooooo 16
T-Booooooooooooooooo lu
T"‘"Qoo..o.o.ooo.o.oo 22
*T-Soooooeuoooooooooo 19
T-6oocoocooooooooooo 21
T—7oeooooooooooooooo 8
T-8ooooooooooooooooo 12
T-9oooooooooooooooon 15
*T‘lOoooooo.ooooooooo 10
T-llooooooooooooooop 19
*T—lzoo.............. 16
T—lB.ooooooooooooooo 13
T-luoooooooooooooooo 12
T—ls.ooooooooooooooo ll
*T-léoooooooooooooooo 17
T—l?.....:...:**:... 20
T—lS-........mhav... 30
T-lgoo;ooooooﬁﬁbﬁooo 24
T—20..........-..... 32
T—210.oooooooooooooo 2?.
T-ZZ......--........ 16
T—Z s0 00000000 OPO0 OO 25
T-Z LI NI N N I B B N NN S N Y N ) 27
T-zs.ooooooooooooooo 13
T—26oooooooooooooooo 31
T-27oooooooooooooooo 32
T—28.........-...... 36
T-29ooooooooooooooon 3?

*These scores were not statistically
included. Their experimental group
counterparts withdrew from the class.

#A total score of 40 is possible.
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Table 7

Algebra Placement Test Frequency Tally
of Experimental Group

.

Raw Score Midpoint  Frequency Class
Intervals
4o 39 1 38-40
36 0 35-37
ok, 3k 33 2 32-34
2wy 2 P B2
? ? 2 1 27'

27, 27, 28') 27 7 26-26
23, 24 24 2 23-25
17, 18, 18, 19 18 L 17-19
14, 15, 16, 16, 16 15 . 5 14-16

12 0 11-13
9, 9 9 2 8-10
Below 8

Table 8

Algebra FPlacement Test Frequency Tally
of Traditional Group

——r——— ey wa e

Raw Score Midpoint  Frequency Class
Intervals
39 0 38-40
36, 37 36 2 35-37
32, 32 33 2 32-34
30, 31 30 2 29-31
27, 27 27 2 26-28
2y, 25 2l 2 23-25
20, 21, 22 21 3 20=-22
19 18 1 17-19
14, 15, 15, 16, 16 15 5 14-16
11, 12, 12, 13, 13 12 5 11-13
8 9 1l 8-10
Below 8
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X=X
X =¥
X = 528
25
X =21.1

The traditional group sample median was also the

13th scere, 1.e., 20.

Frequency polygons. In order to obtain a mcre

realistic picture of the Algebra Placement Test scores,
three frequency polygons were plotted. Flgure 6 depicts
the distribution of the experimental group Algebra
Placement Test scores based on the experimental group
frequency tally. Figure 7 similarly was ba;éd on-the
traditional group frequency tally. For a ffequency

polygon comparison a composite polygon (Figure 8) was

graphed.

F-Test - for Significance

Table 9 contains the placemehtvtest data summary
utilized for the analysis of var}ance based upon the
placement test data.

The following series of calculatlons were necessary
for computing the F-ratilo:

Grand total of group sums.

611 + 528 = 1139

grand total square/total of sub jects

11392/50
129?321/50 = 25946

Correction term
Correction term

Correction term

68
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EXPERMENTAL. GRoVP
Frequeney FowconN

T I IS 15 U 24 27 30 35 X 31 42 4
Alqebraﬂacana;f‘,:ﬁaes

Figure 6
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TRADITIONAL. GROVP
FREQUENCY FPoLYEoN

FREGUENCY
el AT

L

9 1215 1B 2 24 27 30 3B X 3 42 45
Algebra Placement Scores

Figure 7
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Teble 9

Data Summary

~p—p—;
—

r———— ———
E————— ]

Expirimental Group Traditional Group
Student Score Sviore Student Score Score
(X) (x)? (x) (x)2
E-1 9 81 T-1 15 225
E-2 30 900 T-2 16 256
E-3 I 196 T-3 14 196
E-4 17 289 T-4 22 L 8L
(E-3) - - (T-5) - -
E-6 15 225 T-6 21 Ll
E-7 18 324 T-7 : 8 64
E-8 16 256 T-8 12 144
E-9 9 81 T-9 15 225
(E-10) - - (T-10) - -
E-11 18 324 T-11 19 361
(E~12) - - (T-12) - -
E-13 16 256 T-13 12 144
. E-14 27 729 T-14 .13 169
E-15 16 256 T-15 11 121
(E-16) - - (T-16) - -
E-17 24 576 T-17 20 koo
E-18 29 841 T-18 30 900
E-19 26 676 T-19 24 576
E-20 27 729 T-20 32 1024
E-21 28 784 T-21 27 729
E-22 19 361 T-22 16 256
E-23 26 676 T-23 25 625
E-24 23 529 T-24 27 729
E-25 26 676 T-25 13 169
E-26 27 729 T-26 31 961
E-27 34 1156 T-27 32 1024
E-28 24 1156 T-28 36 1296
E-29 0 1600 T-29 37 1369
25 611 14406 25 528 12888

Total (X)2 = 14406 + 12888 = 27294
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Sum of squares total (SSt) = sum of squares - correction
term.

5S¢ 27294 - 25946

SS¢ = 1348

Square of the sum of each group divided by the number of
scores in each group.

6112 | 5282 _
53 5%

373321 . 278784 _
25 25

14932 + 11151 26083

Sur of squares between groups (SSb).

SSy, = 26083 - correction term
26083 - 259&6

SSb
SSb = 137

Sur of squares within groups (8S,).
SSw = SSt - SSb

SS. = 1348 - 137
SS,, = 1211
Degree of freedom (df) for components.
df for SSg & 50 - 1 = 49
df for SS, ¢+ 2 -1= 1
df for SS, : 49 - 1 = 48
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Mean squares (ms) for coirponents.

_ SS8¢ (not needed)
mst - a-f'“
_ 35 _ 132 _ -
S8y _ 1211 _
mSy = gF - TL8- T 25.2
F = :'H_SP_ = llz
1S, 25.2
F = 5.436
Table 10 summarizes the essential data necessary
for determining the F-ratilo significance.55
Table 10
F-Ratio Significance
Summary
Source S afr - ms F=-Ratio
Total 1348 L9 - -
Between Groups 137 1l 137 5.4k
Within Groups 1211 Lg 25.2 -

An F-ratio of 5.44 is slightly higher than the
value required for the 2.5 percent (.025) level which
is 5.42 for significance. An F-ratio of 7.31 is needed
for significance at the 1 percent (.01) level. It 1is,
therefore, evident that the F-ratio of 5.44 with df equal

to 1 and 48 1is not significant at the 1 percent (.01)

level but is significant at the 2.5 vercent (.025) level.

55, Bruning and xintz, Cp. Cit., "Appendix D - Per
Cent Foints in the F Distribution,” p. 222.
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Student Evaluation wuestionnalre

_The Student Evaluation Questionnaire was designed .
to yield a subjective like/dislike effect of the A-PAK
treatment. At the conclusion of the experiment the
Lvaluation questionnaire was completed by twenty-one
members of the class--four students were absent. The
questionnaire was not signed by the students. Table 11l
compiies the responses; however, not every statement
was responded to. This accounts for the slight tabu-
lation discrepancy which appears on every statement
tally. Furthermore, in order to obtein a definite posi-
tive or negative impression, the no-opinion responses

were considered neutral and discarded.

Table 11
Student Evaluation kuestionnaire
Tally
Staterment Number + 0 -

lll.llllll.l‘llll 1’4‘ Not tallied -

2..-.--........- 12 - -
Feeossossesssnee 15 - 1
cesesessscecs e 12 - -
5.:..-...-.-..«. 16 - -
. - -
Zeeerennnnnneess 11 - 2
Beeerveoonssooncs 14 - -
Geoesososscessns 1l - -
10cierensvescnncs 14 - -
) R R 12 - -
12.-.-.--..--.... 1)4' - -
13ciecenssnsscscs 9 - 6
h..eceennccnnnes 3 - 4

15...'........... 16 -
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CHAPTeR VII
ANALYSIS CF DATA

Hundred-Problem Test Comparison

The mean score of the traditional eroup (Hundred -
Problem Test percentiles) was computed as 31.9 while tne
mean score of the experimental group was computed as
28.7, a difference of 3.2. This is interpreted as not
being overly significant. However, the median of the
traditional group is the 24th percentile while the
experimental group is the 12th percentile or exactly
one-half as sreat as the traditional group.

An exarination of both the traditional and experi-
mental group frequency polygons visually ‘dentifies the
discrepancy in median scores and verifies the similarity
in mean scores.

Discounting the large negative outlier (less than
the 20th percentile that is expected in a gemedial class)
of the traditional group, the frequency polygon 1is fairly
symmetric. In fact, the degree of kurtosis is almost
normal. However, the experimental group freguency poly-
gon shows a long platéau between scores 48 and 69 or
platy“-urtic.

The experimental group is heavy midway between scores

2l to 48 at the mean or balance point while the traditional

65
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group also balances at about score 35. undoubtédly this
was due to the high incidence of the *"less than 20 scbres“
‘and accounts for the medlans s .read.

The experimental group was then not as well prepared
arithmetically as the traditional Teéhnical Mathematics
classes historically. The experimental group mean was
slightly less than comparable, but .the median score

1ndicated_fewer adequately prepared students.

Placement Test Comparison éhd Analysis'

A comparison of the experimental group mean score
of 24.4 with the traditional group mean.score of 21.1 at
first glance_does not appear numerically significant.
With a sanmple size of 25 the differential of 3.3 thus
tends to under-emphasize a possible statistical signifi-
cance. However, a comparison of median scores--24 for
the experimental group and 20 for the traditlional group=--
somewhat modified this effect. |

The experimental group median was 4 higher than the
traditional zroup, thus underscoring a 21 percent differ-
ential 1ncrease.between means and medians. A sample slze
of 25 with a median differenﬁial of 4 is a relatively
large range for median disparity. Even more interesting
is the fact that while the experimental group was rela-

tively weaker in general mathematical capability 1t

surpassed the traditional group algebraically. Coupled

with the condensation factor of the treatment, i.e., six
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weeks of algebra versus approximately sixteen weeks of a
traditioral algebra exposure feinforces A-PAK treatment
significance.

An analysis of the frequency polygons exposed an
interesting silhouette reversal; that is, where on the
Hundred-Problem frequency polygon comparison the back-

drop is the traditional grbup polygon, on the placement

test fregquency polygon itne backdrop is the experimental

group polygon. This was. predicted, of course, by both
the means and medlans reversél even though the differ-
entials were numerically snall.

It is fairly obvious that the traditional group
polygon is definitely platykurtic, with one peak at about
score 1l4. However, the experimental polygon, when com=-
pared to the traditional polygon, is relatively
leptokurtic--more peaked, and 1t graphically emphasizes

the quantity of hligher scores obtained by the experimental

group.

F-Value

Since Eﬁe'F-value of 5.44 with 1 and 48 degrees of
freedom would occur by cﬁance less than 5 percent of the
time according to the F-ratio significance table, it 1s
statistically evident that significance of the treatment
has been established. (The researcher pre-stipulated the

5 percent (.05) level for significance.)
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An F-value of 4.08 1is nebessary'to establish signifi-
cance at the 5 percent (.05) level of confideﬁce. ahd’an
F-value of 5.42 is necessary at -he 2.5 percent (.025)
level of confidence. Thug'é hypothesis determination can

be made on the basis of Table 10,

‘Table 10 F-Value Summary

5.44 4 7.31 at ‘.1% ievel
S5.45 25,42 at 2.5% level
5.44 2 4.08 at 5% level

Analysis of Student Evaluation

The number of statements on the Student Evaluation
Questionnaire resoonded to by the subjects was somewhat
diséppointing although community college students are
constantly beselged by evaluation forms ahd similar
questionnaires. Consequently, saturation might account
for the poor numerical response.

Many of the statement responses implied an uncon-
cerned attitude, one of indifference about the treatment.
This was réflected by the several .zero responsés (no
ovinion) submittéd. |

Three statements in particular were negatively
identified:

No. 7. I did not experience difficulty locating

reconmended study materials (received three minus marks).
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No. 13. The Center for Independent Study was of
assistance to me (received six negative marks).

No. 14. The audiovisual, games, special treatments,
etc., provided more motivation (received four negative
marxs).

The concentration of negative marks directed at
these three statements strongly indicates some déficiency
with respect to the innovatlive performance activities of
the treatment. 'It would appear likely that the students
interested in this type of learning activity experienced
frustration at trying to locate the study materials or
they received little or no help from the Center for
Independent Study. BRegardless of the cause, however,
it is apvarent that a better procedure or system musi ve
devised if the special treatments--games, slides, audio-
visual, etc., are to be continued as performance
activities.

On the reinforcing side the instrument strongly
revealed a student like for the experience. Iwo state-
ments received sixteen positive marks, the highest number
of responses:

Yo. 5. learning objectives were clearly ldentified.
I understood what I was supposed to learn.

No. 15. In total, I would rate this an educational

experience.

Even more gratifying was the positive mark of fifteen
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attributed to statement No. 3: I would like to learn

more algebra.

’he students, by and large, declared their like of
the treatment-~-the format, the student assumption of the
responsibility for learning, and the -condensation of the

material.



CHAPTER VIII
CONCLUSTIONS

Summary
The purpose of this Major Applied Research Project

(MARP) was twofold. The researcher endeavored to develop
a systemized approach and condensation of a traditional
sixteen-week algebra course into a six-week (18 hour)
presentation. The second phase of the project was the
on-site testing of the developed materials with a
Technical Mathematlgﬁﬁg}ass at the College of Marin.

| The MARP was formulated in response to the following
student needs:

l. Technical éducation students are expected to
solvé”felatively complex equations in their respective
ma jor areas their first college semester.

2. Many technical education majors are deficient in
mathematics, and they particularly experience difficulty
with the algebra of numbers. Some students experience
extreme frustration and discouragement as a result of
their poor algebra capability. |

3. Algebra proficiency the first semester would
enable technical students to re-enter;the forma1
mathematics sequence in time to complete at least one
course in the calculus, thus opening avenues for higher

prestige-salary occupations.
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A comprehensive review of related literature was
conducted prior to the development of the A-PAKS. The

review encompassed three distinct areas.

l. Selection and condensation of the most important

algebraic concepts.

2. Individualized instruction and the Preparation
of instructional packets,

3.‘ A search of ERIC for reclated studies and data
bearing on 1nd1v1dualizéd-or systems-type instruction.

The review of the Telated literature was encouraging.

Subsequently, it led to development of the elghteen key

algebra packets and also some guidelines for”eventual
design of the experiment.

An experimental class at the Colleée of Marin was
then subjected to the A-PAK treatment. Student scores
on an achievement test at the end of the treatment were
statistically compared with a traditional composgiie class
formulated on the basis of an arithmetic 8kills test. 4n
objective analysis of the data enahled the researcher to

formulate the following conclusion with respect to his:

hypotheses.

Determination of Hypothesis

For this experiment the null hypothesis was pos*iilated
thuslys Technical Mathematics students subjected to a
method of condensed/systemized algebra would score com-

parable to traditionally treated' students on a standardized

Algebra Placement Test.
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it was Turuher pre-stipulated that significance of
the experiment would result providing the F-ratio fell
at or below the 5 percent (.05) level of confidence.
Under inferent: . 2atment it was statistically deter-
mined that the 1o did indeed lie below the 5 percent
(.05) level; in fact, it resided at the 2.5 percent (.025)
level. The F-value was computed as 5.44, and the F-ratilo
Significance table identified an F-ratio of 4.08 as being
necessary to establish significance. Since S-Mh > L.08
at the 5 percent (.05) level of confidence, the researcher

rejected the null hypothesis.

The alternate hypothesls was two-tailed and postulc ced
thusly: either the experimental group would score higher
or the traditional group would score higher on the
standa:dized Algebra Placement Test.

The researcher elected to accept the alternate

hypothesis.

Implication and Significance

One of the most important functions of this MARP
was the demonstration that algebra need not be presented
to college-level students in a set time frame of a total
semester or even with the traditional lecture/cextbook
pedagogy. The researcher belleves this MARP established
significance s*mce it was directed toward saving student

tinme through "gystemized and condensed” methodology-
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Technical students are under mathematical performance
pfessures, especially during their first semester. rfhis
FARP attempted to alleviate some of the pressure by pro-
viding basic concepts in approximately one-third of the
traditional *ime--giving algebra capability immediately
when it is needed most.

Tt is interesting to note the inciplent cornnmunity
college trend toward "minicourses." Concentrated treat-
ment oi subject content is encompassed over a minimal
tire span in minicoursss. rhis trend is particularly
evident in noncredit or adult education classes. A
gardening class, for example, might nmeet for twenty
hours, realize the course objectives, and then disband
or lead to another aspect of horticulture, 1.e., tree
prugin' or Japanese tonsal.

‘;The researcher sees some educatior:..l uses for
1ncorporat1ng this technique, with modification, into
the recular credit offerings. Why not, for example,
orfer maithematics in trree topical one-unit courses
instead of one three-unit course that treats three or
four packed topics. lathenmatics, in particular, 1is
amenable to this aporoach; however, little change 1in
ﬁhe structure of mathematics curriculum has occurred in
the past several years.

Corzencinzg at the hisgh school, the structure is

tasically:
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1. Zlerentary Algebra.

2. Advanced Algebra.

" 3. Irigonometry-Analytic Geometry.

Cortinulng at the four-year college:

L, Calculus (one or two years).

5. kajJor area of speclalization, l.e., Statlstilcs
or iroglc.

At the comrinity college, mathematics courses include:

l. General Mathematics.

.2. rlerentary Algebra.

3« Advanced Algebra.

L, ZTrigonometry.

5. Calculus.
It is, however, at this level that rore experinantation
with sequence can occur. The éesearnher Lelleves this
MARP breached the aforementioned traditional appruach to
mathenatics by semester branches: algebra, georetry,
trigonometry, etc. Perhaps the nexc module might de:

1. Advanced Algebra.

2. Trigonometry.

3. Geometry--solid.

L, deonetry--plane.

5. Slide Rule or Calculator.

£. Calculus--by toplcal sections.

7. Probat!l ty.

8, Statisti s.
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G, Mathematics needed by the student at this
part’ zular time regardless of sequence.

kmphasis migh: :hus be placed on wnat the student
needs in order to be success:in:l in his selected major
field while in school.

An additional ecucational spin-off of the experl-
ment was underscored by utilizing the "systems approach.”
The students by and large vpreferred this type of pedagogy.
1t provided a means for'each student to determine his own
paée--aryunt, perfcrmance, and evaluation. The emphasis
was shiftéd fror a teacher-centered course to a student-
centered one. The teach.r's role, while necessary, was
basically one of providing expertise--offering but one
of several vossible performance activities for the -
studc:+'s option. While this type of indivicualized
instruction is rapldly gsa wg educatioiial accep~ance,
research in this sphere hopefully will enccourage sig-
nificant experimentatior at all educational levels with
an vltirate roel of meanirgful and realistic educacion.

mis I'AXP concludes with the researcher's cornmit-
ment to further “evelop self—instrucfion packets for
community college rathematics jnstructicn as well as

cortinue to refine and utilize the A=-PARS developed in

the execution of this MAHXP.
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A-PAX ORIENTATION

Rationale

Education is primarily a process of discovery and en-
counter for the student; therefore, each student is encour=-
pzed to be dependent upon himself for learning. Since the
student supplies the motivation, this A-PAK system of "Con-
densed Algebra Concepts" is designed so that each student
can set both his own pace and depth for a personal progres-
sion through, and mastery of, the A-PAKS. The treatment of
algebra has been condensed to the essentials prerequisite
for succes:sful solving of technical problems, both during
and following completion of the eilghteen PAKS. A total
time frame of 6 weeks is allotted for algebra. '

Instructional Objectives

After completing this A-PAK, the learner will be able
tos

l. Define in writing the components of an A-PAK.

2. Given selected study alternatives, establish and
maintain predetermined boundaries or parameters for personal
performance.

3. Identify personal goals for attainment by the end
of this course.

Performance Activities

l. Attend the orientation meetinyg on Technical Mathe-
matics - IT 53, Instructor - Don Greenfield.

2. Read "A-PAKS -~ COMPCNENTS® incluvded in this A-PAK.

3. Ask the .nstructor questions yo. are concerned
atout pertaining to the course:s grading, requirements,
procedures, etc.

.

L, Scan the list of "Personal Goals" included in %this
A-PAK and place a check mari beside each goal thrt you wish
to set for yourself.

5. Purchase the textbook recommended for IT 53:
Daniel R. Peterson and Gilber: M. Peter, Technicai Nprbe-
matics, Scott Foresman and Cc¢., Glenview, T111:01i8, 1974,
It can be bought in the college bookstore,

1
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A-PAK COMPONENTS

A-PAK 18 an abbreviation for Algebra Packet. An A-PAK
1s a study gulde prepared for the student in a systems
approach for individualized instruction in c¢ollege algebra.
Each A-PAK 18 numbered for both reference and convenience.
Each i1s also titled. The title will identify a key alge-
braic concept. Each A--PAX will aiso contain the following
componentss -

Rationale. A brief statement that wiil inform the
student why the topic has been selected or why 1t is impor-
tant. Perhaps a thought-provoking equation or puzzle will
be mresented--hopefuily to stimulate interest.

Instructional ob jectives. Statements of what the
learner will be &ble to do at the end of the A-~-PAK, esch
ir#structional package.

Performance activities. A 1list of specific activities
for the student’s consideration. All of these activitles
are ovtional. The learner selects cnly those that he wants
oy needs to do in order for him to:realize the instructional

obJlectives.

Performance test. A briel checkup instrument contain-
ing items (questions) or sets of problems designed to indi-
cate to the learner whether or not he has mastered and can
apply the algebralc concepts in 1light of the objectives.
This criterion-based test is for the student’s information/
self-appraisal. It 18 not for grading purposes. As per
gschool policy, midterm and final examinations will be

administered for determining student grades.

Performance test answer key. The answer key enables
the learner to quickly score his performance test. If the
learner has received a score commensurate with his goals,
he should progress to the next A-PAX or enrich his educa-
tional experience. If, kowever, the learner has experi-
enced extreme difficulty solving the test items or used an
inordinate smount of time, the learner should recycle back

into the system. He should:

&, Revliew the Instructlonal Objectives.
b. Repeat or perform more of the Performance Activi-

¢. Retake and rescore the Performance Test.

d. Make an appointment with the instructor for
exploring remedial possibilitiles.
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List of Goals

By the end of this class I want to be able to:

1.
2.

3.

8.

Qe
10.

Understand aigebraic concepts.
Be able to solve equations in my major field.

Prepare myself for higher mathematics or a con-
tinuation of matheanatics courses.

Pass this course because it is a requirement fcr
my ma jor.

Increase my computational speed.

Beview algebra for other course prerequisites,
1.e., chemistry.

Pick up three college units with a reasonable
amount of effort.

Get an "A" in math.
Be the "best" student in the class.

Gain some math confidence.
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Performance Test

1.
2.
3.
L.
S5

Answer the followlng questions brlefly:

What is the pufpose of an A-PAK?7 ;

List the components of an A-PAK and define each.

Is it necessary to do every performance activity? Why?
How much study 1s necessary for this class?

List the three most 1mportant goals that you wish to

attain as a result of this course. Add more if you so
desire.
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Performance Test Answer ey : -

1. An A-PAK is & study guide in a systems approach toward
learning basic algebraic concepts. A-PAK stands for
Algebra Packet.

2. The components of an A-PAK are:
a. An identifying number and title.

b. BRationsle. A statement of purpose or an interesting
problem for stimulation.

c. Instructional objectives. What the student will be
able to do after completing the A-PAK.

d. Performaence activities. Things to do that will
facilitate learning.

e. Performance test. Problems that will test knowledge
or skills.

f. Performance test answer key. Will enable the per-
formance test to be scored.

3. No, it 1is not necessary to do every performance activity.
The student should set his own goals and decide for him-
self the amount of work needed to achieve these goals.

4, Subjective., The student must decide, test, reevaluate.

5, Goals are subjective. Each student must decide for him-
self. However, the student should be realistic in his

choices.
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‘ A~PAK #1
OPEBATIONAL ORDER AND NUMBER PROPERTIES

Rationale

Pythagorian Theorem is generally stated a2 + b2 = c2
utilizing an algebraic symbolism as a language. Just as
every language contalins rules for application, aligebra
similarly is treated 1n accordance with number properties

and an order of operations.

Instructional Objectives

After completing this A-PAK, the learner will be able
tos .

1. Match number properties with their algebriac
equivalents.

2. Glven a selected series of statements about number
properties, identify the true statements.

3. Simplify prescribed algebralc expressions by means
of rules and order.

k. Express a personal recognition of why number prop=-
erties are necessary.

Performance Actlivities

l. Attend the chalkboard review of Number Properties
{a regu .ar class meeting). .

2. Read "Operational Order and Real Number Properties"”
incluced in thls A-~-PAK.

3. Study pages 2-4 and 86-88 in Technical Mathematics.,

4. Memorize the Number Properties included in this
A-PAK., :

5. Practice your skills with the following problem
setss Exerecise 1, pp. 4-5, Problems 1 through 38, odd
numbered problems only.

6. Read pages 1-22 in Elementary Concepts of Sets,
Edith J. Woodward, Hen:y Holt & Company, New York, 1959,
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~ BEAL NUMBER PROPERTIES

Just es in the game of baseball, algebralc operatlons
must be performed according to specific rules (or regula-
tions). These basic rules are called properties of numbers
and were completely formulated by about the Yyear 1900. Some
of the propertles may seem very simple--in fact, obvlous,
but in order to construct a number system 1t 1s loglical to
start with simple bullding blotks and progress to more com-
plex structures. Note that the number properties are
reversible; for example, if a = b, then it is also true that

= a. Instead of using natural {(or whole numbers) numbers
to state the properties of numbers, varlables (symbols) are
substituted in order to emphasize the point that the number
properties are true for all numbers.

Fleld Propertiest

For all real numbers symbolized by &, b, ¢, and d, the
following real number properties are trues

//—élosure Property //

a + b = real number
a*b = real number

The closure property states simply and precisely that
when a real number is added to a real number the solution
ig a real number. The closure property 1s also true for
multiplication.

/‘“Associative Property of Additlon //

(a+b)+c=a+(b+ c)

The assoclative property of additlon enables addition
to be performed on palrs of numbers. We could add a to b
end then add the sum to ¢ or we could regroup ani add b to ¢
and then add its sum to a. The assoclative property for
addition simultaneously enables parentheses to be cleared.

1. See Diagram

-
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//*Associatlve Property of Multiplication //

. (a*b)ec = as(bec)

Multiplication is elso assoclatlve.

//7Commutative Property»of Addition //

a+b=b+a

The commutative property of addition allows the addition
to be performed by adding the a to the b or the b tc the a
regardless of order. .

Z(iCommutative Property of Multiplication //

a*b = bes.

Multiplication is also coqmutative.

W//VDistributive Property of Multiplication bver Additioh “/

a(b + c) = ab + ac

The distributive property allows the multiplicatlon
before the adiition. It also permits the parentheses to
be removed. Note that the expresslions
ab + ac =

may be factored--reexpressed as the product ofs
a(b + c)

An expression may be distributed over subtraction:

a{(b - ¢) = ab - ac

Q- 103




//7Mu1t1p11cative Iﬁvérée //

aol&:l
a

Every real number except O 02 has a reciprocal. When the
rumber is multiplied by its reciprocal, the product is equal
to 1,

//*deitive Inverse /7

a + (-a) =
" The additive inverse states that every number has a
unique number that is 1ts opposite, and when they are col-
lected the sum 1s 0. Note alscs .
a - (+a) =

Therefore: a+ (-a) =a - (+a)

l/>Add1t1ve Identity //

a+ 0=

When 0 is added to any number, the sum 18 equal to th=o
number. The additive identity enables us to treat 0.

// Multiplicative Identity //

a*l = a

The number 1, when multiplied by any number is equal to
the numbe:. The multiplicative identity informs us that the
number retains its ldentity. Note «leo:

a8 =

1D

For any number a except zero, the number divided by 1 equals
the number.

2. a #0
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OPEBATIONAL ORDER
Signs of inclualon includes
( ) parenthnesis, [ J brackets, {} braces.

They are utllized to indicate a preferred order of mathe-
matical eperations. For examples

(4 4-7)+6 indicates that (a) the 4 should be added to
the 7 and (b) the sum should be multiplied by 6.

When grouping symbols (the signs of inclusion) are con-
tained within other grouping symbols, the mathematical
operations are first performed on the lnner palrs as:

Tk +7) +3(2+4)] =2
C11 + 3(6)] = 7

11 + 181 = 29

If there is uncertainty in solving an expression or
equation, or when a specific order 1is not implied following
the removal of signs of inclusion, the preferred operational
order is (a) multiplication or (b) division; then (c) addi-
tion or (d) subtractiom. .
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NUMBER PROPERTIES MEMORY AID

Closu;p{\‘ a +b = real nunber

- a*bd = real number

Assoclatives (a+b)+c=a+(b+c)

(a*b)ec = as(bec)

Commutative: a+b=b+a
a°*b = bea
Distributive: a(db + c)'= ab + ac
Multiplicative Inverse:s a-% = 1
Additive Inverse: a + (-a) =0
Additive Identity: a‘+‘pl= a
Multiplicative Identity: a*l = 8a

11
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Performance Test

1.

2,
3.
b,
. 5,

| 6.
7.
8.
S,

10.

List the following sequenceé of operations in their
correct order:s EL( L 67
. ' 2(3 + &) + 1 =
- +3 =

Illustrate the distributive property over addition.
Illustrate the associative property of multiplication.

The property a*b = a real number is called

Is it possible to distribute over multiplication as
a(bec) = abeac

7+ 8 =8+ 7 i3 an example of what number property?

Illustrate the additive inverse.

Identify the number property a + o = a.

Is division commutative?

What 1s the purpose of number properties?

107

12



Performance Test Answer Key

l.. Sequence ©f operations: (a) 3 + 4 = 723 (b) 2/12) L
(c) 24 + 16 =p3o, (d) 30/10 = 3 (b) = 2

2. a(b+ ¢c) =ab + ac
3. (a*b) ¢ = a(bee)
L. Closure property."

5. No, multiplication cannot be distributed. Let & = 2,
b=3,¢c=

a(bec) = gebrace
2(3°4) = 24324
2k # ug
6. Commutative of addition.
7. a+ (-a) =20
8. The additive jdentity.
9. Division 18 not commutative. Ly2 = 2/4
2 #£1/2

10. Number properties are like rules; they permit only
certain operations to be performed.
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, A-PAK #2
FUNDAMENTAL OPERATIONS - ADDITION AND SUBTRACTION

Bationale

There is only one operation in mathematical calcula-
tions--addition. From addition, subtraction 1is defined.
Multiplication is but & fast way to add, and division 1s
defined from it. Addition then 1s the keystone of mathe-
matical operations.

Instructional C.jectives

After completing this A-PAK, the learner will be able
tos

1. Given selected problems, perform addition and
subtraction algebraically and determine solution sets.

2. Identify from a specified 1list the correct
definitioins {or new words and terms.

3. Write a definition of absolute value mathematic-~
ally.

L4, 8Select the number properties that pertain to
addition and subtraction from a provided list.

5, Demonstrate how subtraction is accomplished by
means of addition.

Performance Activities

1. Attend the chalkboard talk on Addition and Sub-
traction of Integers and Variables.

2. Read "Addition and Subtraction” included in this
A"PAK [ ]

3. Study pages 7-10 and 91-93 in Technical Mathe-
maticse.

4., Perform the following practice exercises:
Exercise 2, page 11, problems 1 through 40 (odd numbered
problems only): Exercise 19, page 94, problems 1 through
50 (odd numbered problems only).

5. Read “"Absolute Value” in Elementary Concepts of
Sets, Edith J. Woodward, Henry Holt & Co.s New York, 1959

14
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ADL;ITION AND SUBTRACTION
Addition

When integers are added, note that they signify a
quantity of some type of real item. For example:

5 steel parts + 7 steel parts = 12 steel parts

When variables are added, think of a symbol being
substituted for the items. Instead of steel parts let
the symbol a be the substitute.

5a + 7a = 12a

The number portion of each term 18 called the
numerical coefficient. The numbers are collected, and
only if every symbol to the right of the numerical co-
efficient 18 identical can each term be added.

5a + lmefZa = 7a + llb. |

e e i i 0 i e i e 5

Note that it 1s not possible to add 7a to 4b. This opera-
tion can only be algebralcally symbolized since a and b
are different items.

Defining Absolute Value

If +6 18 compared to -6, it 18 obvious that (other
than the signs) the integers are identical. In order to
communicate this sameness, the concept of absolute value
18 beneficial. Absolute value is symbolized by two ver-

tical lines:s

|x| = the absolute value of x
If x 15 a positive number (x = +2), thens
Ix}) = x
j+2] = +2
If x 18 a negative number (x = -2), then:
jxl = -x
-2} = =(-2)
|-2|‘= +2
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If x is 0, then:
x| =0
If x 18 not equal to 0 (x ¥ 0), thens
=} = J-x|
121 =1-2] or 2=2
In the following problenm, the first term does not show

& numerical coefficient; therefore it is only one item and
18 aedded as follows:

2 + 2ax 2

ai 2, 43:2 = 7ax
Some of the terms in an equation may be negative. 1In
order to add both positive and negative terms, the follow-

ing rule can be followed:

/ If the signs are identical, add the absolute /
values and use the same sign. /

Example 13 H (+) +5 =
|+a; + |+5| =

b + 5 = +9
Example 23 =l (+) -5 =
FH (+) |-5] =

b (+) 5 =9

If the signs are unlike, subtract the lessor from the greater
absolute value and use the sign of the greater.

Example 33 + (+) -5 =
|+#| subtract j-5] =
L gubtract 5 = -1 (use sign of greater)
Examples -k (+) +5 =
‘-bl subtract |+5] =

L gubtract 5 = +% (use sign of greater)

111
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Subtraction

Subtraction is defined by means of the Additive
Inverse Property.

a+ (-a) =0
also a - (+a) = 0
and a -~ (+a) =a + (-a)
Assume & = 4, thens
a+ (-a) =0
b+ (<s4) =0
b - 4 = 0

And since a - (+a) = 0, assume a = -4, then:

<l - (=4) =0
-4 and 4 = 0
<4 +4 =0

The Additive Invefse Property enables subtraction to
be performed by adding the opposite of the subtrahend:

bx - (+3x) =
hx say opposite of (+3x) =
or bx « 3x = x
Consider:

7y + 3x - (-2y) =
7y + 3x say opposite of (-2y) =
or 7y + 3x + 2y = 3x + 9y
Note that when the parentheses are removed, the opposite

of the subtrahend is expressed and the problem becomes one o
addition.
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Consider:
3x - (x) =
3x - x = 2x
by - (-2y) = -
Ly + 2y = 6y
And subtracting verticallys

+y +y
() ¥3y = =3y
8!2 = +8y§
(=)=by° Hiy
12y

Remember say opposite of change the sign of the subtrahend
and then follow the ruies for addition.

18
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Performance Test

1.

2.

3.

b,

Define the absolute value of x when:
(a) x 18 a positive number.

(b) x 18 a negative number.

(c) x 18 zero.

Identify which of the following number properties
permit the indicated operations (associative),
(commutative), (distributive), (additive inverse),
(additive identity)s

() 2 +3 =3 +2 =05

(b) (2¢ + 2a) + o =

' (20 + Ubc) + 2a = 6¢c + 2a

(c) 5 = (=3a) = 5a + 3a = 8a

(d) 2(3x = 5) = 6x - 10

(e) x + 3x + 0 = 7x

Prove that 23y - (-2y) = 25y by identifying a number
property that "subtracts" by "adding"?

Match the slgebraic term to its appropriate definitions

Term Definitions
numerical coefficient of 2x g
binomial 2a + 2
monomial 2
- (<2) . a
variable L
null set a2 4+ 2a + 2

Perform the indicated operations:.

5.
6.

7.

8.
9.
10.

a =-2b + (-a) = (2b) =
From 512 - ox + 8 subtract 312 -2x + 4

Ifa=2,b=3, c=4,d=1, find
2(a +b) +3(c+d) - (a+Dd)+3 =

Add (2a - b+ c)s (2 =b +c); (3a + Db - 2¢).
95 = (=~54) + (=32 + 20) - (-4) =

Add 282 + a - b to the sum of 3a% + 4a + 2b and
82 +a -Db + b4,
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Performance Test Ansxscr Key

1. (a) |x| = +x when x is positlve.
(b) |xl = =(x) when x 18 negative (assume x = -U4)
(=4 = =(-4) = 4
(¢) |x| = 0 when x i8 Zero

2. (a) commutative.
(b) associative.
(c) additive inverse.
(d) distributive.
(e) additive identity.

3, 23y - (-2y) = 25ybecause of the additive inverse
x+ (=x) = 0or x = (+x) = @&

Thus 23y - (-2y) = can be rewritten as
23y + 2y = 25y ‘

4, Numerical coefficient'of 2x = 2
Binomial = 2& + 2
Monomial = either 2, a, &

- (=2) = 2
Variable = a
Null set = £ or the empty set {_}
5, =4b
6. 232 - bx + 4
7. 17
80 6& - b
9, 4

10. €al + 6a + 4
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A=-PAK #3
EXPONENTS

Rationale

Exponents and their fundamental rules are necessary for
understanding and applying the base 10 number system. The
rules of exponents also permit the definition of mathematlical
operations when identical bases are treated. A great order
and preciseness 18 obvious as the rules of exponents are
developed, and it is evident to some students that there 1is
more to mathematics than mechanical operations. Look for
this more than approach. ' '

Instructionél Ob jectives

After completing this A-PAK, the learner wll] be 2ble
tos

1. JIdentify bases and exponents in given equations or
expressions.

2. Carry out mathematical operations--multiplication,
division, etc.--by means of the rules of exponents.

3. Given the rules of exponents, write them symbol-
iocally. '

L, Write a given number as the sum of its constituents
ané reassemble numbers when given their constituents.

5, Express a recognition of the order and preclseness
of higher mathematice. .

Performance Activities

1. Read "Exponents™ included in this A-PAK.
2. Attend the chalkboard talk on exponents.

3. Memorize "The Rules of Exponents® included in this
A-PAK.

4, "Play" the aLPHA GAME, using the rules of exponents.
Score your aLPHA GAME with the aLPHA GAME score sheet.

5, 8tudy pages 38-44 in Technical Mathematics.

6. Practice your skills with the following problem sets:
Exercise 7, pages 42.43, problems 1 through 55 (odd numbers only).
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EXPONENTS

Defining Exponents

Exponents are an abbreviated way of designating repeated
multiplication. They may be specific--that 18y & set number
-=0r they may be a variable, If the multiplicative factor 1is
variable, it 1s represented by a symbol that 18 generally an
alphabetical letter. Some examples of bases and exponents ares:

XP has a base X, exponent 4
124 has a base 12, exponent 4

4X nas a base 4, exponent X
MX has a base M, exponent X
3 has a base 3, exponent 1

The last example (base 3) does not show an exponent. It
i1s understood that any base 1llustrated without showing an
exponent has an exponent of 1. This greatly facilitates the
printing of mathematical date since most of the numbers that
we deal with daily have sm exponential value of 1.

The base always represents a number while the exponent
indicates how many times the base is taken as a factor.

75 means 7°7¢7°77
x* means XeXeXeX

X2 1is commonly referred to as X square while X3 is fre-
quently called X cube. When the exponent 18 greater, than 3,
the expression 18 often designated a pQwer. Thus xy 18 read
"X to the fourth power"; similarly, 12° i1s read “twelve to
the fifth power.” X" would be read "X to the nth power.”

Fundamental Rules of Exponents

The rules of exponents state very precisely how mathe-
matical operations, such as multiplication and division, are
carried out when we are dealing with a given base.

onsiders 42,43 = (Lekt)(lelyolt)
E uol}ol}ol}ol}

= 45
117
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_ A simplified means of performing this operation--
multiplication of l1ike bases-«18 to add the exponents.
This can be precisely stated as RULE I of exponents.

XP.xn = xmin

Remember, RULE I permits twn powers having the same
base to be multiplied by simply adding the exponents,

% % #
Considers (42)3 = (42)(42)(42)
- (lols) (lolt) (4okt)
= Boelpelyelpelyoly
= 46

A simplified means of performing this operation--ralsing
a power to & powers expansion--i1s to multiply the exponents.
We can state this rule mathematically as RULE II.

(xﬂl)n = xmn

Remember, RULE II permits the finding of a power of a
base possessing a power by multliplylng the exponents.

* % *
Consider: is:zﬁiililﬁli z 2,2,5°5%5
52 55 55
= 1e1+5¢5+5
= 555
=53

A simplified method of accomplishing thls operation--
division--1s to subtract the exponent in theudenominatop from

the exponent in the numerator, ors

52
Mathematically stated, this operation is RULE III.
X0 _ ym-n
.23
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RULE III permits the finding of a quotient of two powers
of the same base by taking the difference between the exponents.

%* % *

~

Consider: =‘ M 6°

That 18, when the numerator and denominatbr of a fraction
are equal, the ratio will reduce to 1.
Thuss x?f =1

m
Recall BULElIIIs %n = XO=N; gnd let m = ne

Thens Z; = X010 = x°
X

And sinces - and X" = x0
xB ' x®

It follows that x° must equal 1., We may state then, any base
to the 0 power must equal 1l; or RULE IV states X0 = 1 when

X # 0 (zero cannot be a base). This rule permits us to be
consistent in our treatment of exponents.

* ®* %
Consider RULE IIIs - Kﬁ = y0-n
X
If m = 0, then: ;ﬁ = xO—n = xR
X
And RULE IVs x0 =1
If m = 0, thens @ x0 .1 1

xn xt xn xn
We have shown that §g - y-n by RULE III.

, ‘ 0 _
X 1
We have also shown that ih - ip

Therefore, we have generated RULE Vi X7 =
119
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This rule of expcnents encompasses operations involving
negative exponents. Remenber then when an exponent crosses
from the numerator tc the denominator or vice versa, the sign
of the exponent changes. .

-2 __ 1 1 ned 2 L
3 = - = 3 = "2
3¢ 2° 3
Considers 1
255

This tells us that the base 25 should be multiplied by
itsell one-half of a time. This is not possible as stated.
There 1s, however, a means of restating the problem by invok-
ing another rule of exponents.

m n
2" YE

This rule of exponents enables us to solve problems 1n-
volving fractional exponents. .

1 2
25§ = Y 251 = 5

One more reminder about the rules of exponents. They may
be employed in reverse order. .

RULE VI 4

Substitutings

For examples 3

2
\r';;i—' may equrl 273

#RULE VI is also defined 28 one of the laws of radicals.
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Base 10, The Decimal System

We can apply the rules of exponents and construct our

number system, base 10.
If the base 1s 10, thens

10°

=1
101 = 10
102 = 10410 = 100
103 = 10.10.10 = 1000
If the base is 10 and the exponent is -1,

107! = —11 = .1
10

If the base is 10 and the exponent 1is -2,

102 = 1o = 1= .01
= 10% ~ Too

If the base 1s 10 and the exponent 18 =3,

103=1 =-1_=,001

103 1000
Assembling a base 10 key horizontally. we
103 102 10t 100 101
N L M W M
1000 100 10 1l ol
Numbers

Any number may be reduced to the sum
using & base 10 key as & gulde.

103 102 10! 100 1071
1000 106 10 1 .1
121
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then:

théns

haves

102 1073
" n
.01 .001

of its constituents

102 103
.01 .00,



Examine the number 476. It meanss

4 x10° +7 x 10t + 6 x 109 )
) Reassemble

or )

) 4oo + 70 + 6

4 x 100+ 7 x10+ 6 x1 ) 7

Each digit has a poSitional value as well as & quantitative
value.

Examine the number 30.65.

37100 +0x10%+6x10°l+5x10°2

)
) Reassemble

or ) 30+ 0+ ,6 + .05
; 30.65 ‘

3x10 +0x1 +6x.,1 +5x.01
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RULE 1

RULE 11

RULE III

RULE IV

RULE V

THE RULES OF EXPONENTS

x0.xP = 2N
(xm)n - xmn

2 o
I =1

2 = 1 when x ¥ 0

z“n :l

Por multiplication
For expansion

For division

For consistency

For decimals

You may use this study sheet when playing the alLPHA GAME.

123
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aLPHA GAME

1. a3 = (when a = &)

2, 3% = (when a = 2)

' 3. &% = (when g = 3)-

b, a2.03 = (when a = 1)

E: = (when a = 2)

6. a¥ = (when a = 462)

7

® |-

2 = (when a = 2)

8. 8”2 = (when a = 2)

9. (a®)® = (when a = 2)

10. a~! + 8% + a? = (when a = 2)

124
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ANSWER KEY FOR aLPHA GAME

5. 8

6. 1

8.

R L

9. 16

10. 5.5 or 5%

Score
10 correct = aLPHA A
8-9 correct = aLPHA B
6-7 correct = aLPHA C
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Performance Test

1.
2

3.

L.
. T
6.

7o

8.
9.
10.

11.

Identify the base and the exponent of X© =

Divide 36% _
36P

1073 =

32033 =

750 =

wgite as the sum -of 1ts constituents the number
782.1

‘"Write as a numbers

6 x10° +3 x100 +3x10%+7 x10?

Write the rules of 2xponents (symbolically) using
X as the base and m and n as subsequent exponents

fors

Multiplication of like bases.
Division of like bases.

Raising a base to a higher power.

Write a brief paragraph explalinings

a. Why higher math 18 uninteresting and repetitive
or
b. Why higher math stimulates and challenges.
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Performance Test Answer Key

l. Base = X3 exponént = m

2. 368°P

3. .001 or -1—0%3

b, &
5. 1
6. 731102 +8 x 10 +2x1200+1x107
7. 633.7
g. B = @
9. 5? = xp-h
Xt
10, ()% = X

11. (a) Higher math 1s generally disinteresting to those
students who concentrate on memorizing rules and
repeating arithmetical operations. ,

(b) Higher math is generally interesting to those
students who discover the order and relationship
of "abstract symbolism.” The mechanics are
secondary to the relationships. _
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A-PAK #&
FUNDAMENTAL OPERATIONS - MULTIPLICATION
Bationale
Multiplying algebraically is slightly more complex

because the direction of the number or variable (1ts sign)
must be determined as well as the product.

Instructional Objectives

After completing this A-PAK, the learner wilil be able
tos

1. Indicate the proper sign when given the four multie
plication possibilities.

2. Given problems correctly, solves
a. Multiplication of integers.
be Multiplication of monomials.
ce Multiplication of polynomials by monomigals.

3. Integrate exponentilal rules while performing glven
multiplication problems. Co

4, Perform the multiplication of three or more integers
and/or variables and determine the correct sign with confi-
dence and speed.

5. Demonstrate that the sign of a product is correct by
means of absolute value.

Performance Activitles

1. Attend the Introduction to Multiplication lecture.
2. Read ™Multiplication® included in this A-PAK »

3. Do the practice exercises included in this A-PAK and
check your solutions with the solution key.

4, Study pages 12-13 and 96-97 in Technical Mathematics.

5, Practice your skill with the following problem 8etss
page 99, problems 1 through 12 only.
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MULTIPLICATION

We learn how to multiply positive numbers by means of
basic arithmetic. Recall that multiplication is only a

-short cut for addition.
3¢2 18 equivalent to 2 + 2 + 2 and the sum 18 6

If a end b are positive numbers, thens
asb = Jal-|v|
When a = 2 and b = 33
2.3 = 2]+|3l =6

The same logic can be applied when one of the numbers is
negative.

Je-2 18 equivalent to -2 (4) -2 (+) =2 = =6 .
And since multiplication 1s commutative, thens
-2¢3 = =2 (+) =2 (+) =2 = =6
If a and b, then, are numbers with opposite signs:
asb = -(|al«1bl)
When a -_+2 and b = =3, thens
+2¢-3 = =(121°]-3])
a ~(2:3)
= =(6)
= =6

Proving that -ae-b = +ab is a bit more complicated. How-
ever, by means of the number properties 1t can be accomplished.
Try to follow each step carefully in this classic proof's

1 =1 Statement (reflective praoperty)
1 4+ (=1) = 1 + (-1) additive property of equality

1+ (~1) =0 additive inverse
-1 + (-1)] =0 multiplicative identity
«1(1) + (=1)(=1) = O distributive property
129

34



If then: =1(1) = =1 (already showm)
Ands 1+ (-1)(-1) = © ‘
It must follow that: (-1)(-1) = +1
It has now been established thats:

' dot+ = + and o= F -

—te Z Pt QN0 med = o
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PRACTICE EXERCISES WITE THE 1-2-3 METHOD

_ Multiplying 1is as easy as 1-2-3.
Step 13 Set the sign.
-ul"ﬂ"‘"'s‘b'-a =

Say minus times plus equals minus times a minus
equals plus.

. -t fote = +
Step 23 Multiply numerical coefficients.
he5el = 420
Step 33 Multiply like variables by adding exponents.
alial = g1%2 = 420a2 |
bl = $20a%b
Remember:

Step 1. Set the sign.
Step 2. Multlply numerical coefficients.

Step 3. Multiply variables by adding exponents.

Try this ones.
+2aNb2¥c.-6abe¥c =

If you have this answer, you are corrects 2 -
' T quut‘b e/
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Practice Exercise

1.

2.

3.
k.

5e

6
7o
8.
9.

10.

11.

12.

13.
14,

15.

b(b2 + a“) = ~ (distributive property!)

2y(3 +y') =
"2(4 - u') =
(-3)(=5) =

2

-8ab39-uazbu°-ab =

_-2(2: - 4y) + 3(2x - 2y) =

_2x®(39® + 19) =
-30-3.4'5.-8 =

-3x2y"4z3 (252 - 3x%y3z) =

a2 + b2 - e? (multiply vertically)
3a2 '
1,,1,2 o
it
(-a)(-a)(-2a)(-3a?) =
+Pom? =

" Find the Area of a rectangle that is x units wide and

x +y - 3 units long when A = 1w,

132
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Solution Key for Practice Exercise

1. b3 + a*p

2. 6y + 2y5
3. -8+8=0
L, +15

5e %

6. -32ab8 BN
7, -Ux + 8y + 6x - 6y = 2x + 2y

8. -6Imym - szm

9. -360
10. -6xzy623 + quy7zu
11, 30* + 3a%0? - 3a%c?
12. _3%13
13. 6ad
W, -22

15. x2 + xy - 3x sq. units
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Performance Test

+eot

1. (a) =
(b) +e- =
ic) -0 =

d) -k =

2. By means of absolute value demonstrate that the following
is « true statements

+3el = 212

3. 2!'-31 =

Ll'. 512O-3xy0-2n =
5. 10x2(.01x* - .1x% + .03) =

6. .%x..%xo-%y =

7. x2exdex =
8. (7y1%)(-y17) =
9. 2x%(x%2 +x% + x?) =

10 y(3y - 2) - 2y(2 - &) - 3392 =

134
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Performance Test Answer Key

1.

2e

s
b,
Se
6.
Te
8.

9.
10,

Lo
[e]
P+

+3e=ly = <12 Since:

2x35_* 2528 +‘2:a+2

2y

13

40

+3e -l
+3e -l
+3e-b
+30-4

~(1+3]« |-4l)
=(3.4) |
-(12)

-12



A-PAK #5
FUNDAMENTAL OPERATIONS -~ DIVISION

BRationale

Division as a mathematical operation is & #strange
technique since it is defined in terms of multiplication?
The multiplicative inverse is the special number property
that permits simple fractional division; and when: the cor-

"rect rule cof exponents is similarly npplied. polynomials
are eaaily manipulated.

e

Inatructional Objectives

After completing this A-PAK, the learner will be able
tos '

l. Demonstrate how the multiplicative inverse permits
division of fractions. .

2. Write an explanation why division by zero is an
invalid operation. . _

3. Integrate the correoct rules of exponents in the
division of given problems.

L4, Be proficient when dividing polynomisls by monomials
with both speed and aceuracy.

5« Identify the correct sign for the four poaaibilitios
of the division of signed numbers.

Ferformance Activities

1. .Attend the chalkboard talk on Reciprocals and the
Division of Like Bases, .

2. BRead "Division of Signed Numbers” included in this

A-PAK . =
3. Study pages 13, 21-22, end 100 in Technical Mathe-
naticse. :

k. Memorize the four sign possibilities for diviasion
of signs after reading the "Three Steps to Division” included

in this A-PAK.

. S5 Practice zour skills with the following problem sets:
Exercise 3, page 14, problems 15-18, 23 through 30; Exercise 21,
pages 102-103, problems 1 through 12.
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DIVISION OF SIGNED NUMBERS

T —————— S G —————"

aib= %
= %-1
= 8,1
1
1
gt
¥

Note that the numerator 1s multiplied by the multiplica-~
tive inverse of the denominator (its reciprocal); and since
0 does not have a reciprocal, division by 0 is not defined.

It is therefore impossibvle.

When a and b are real numbers with the same signs

= “ l.e. "’6
r =

o

When a and B are real numbers with opposite slgnss

a a
S = —"ls%' .00 _+g = -3

-6 o
] -a -3

Recall the rule of exponents:

lmn -n
xnx“
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This rule enibles division of variables to be pexformed:

Kg-XB'Z-xlux
X

J_f&_xb-Bsx-b_l
x8
In the above problems

b -'lb is established sccording to emother
X

rule of exponents:

x-’-l
xYy

Bemember to subtract by adding the 1nverse if the exponent
of the denominator is negative:

X x5 ~(=3) o x5*3 2 xB
x3

138
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THREE STEPS TO DIVISION

The division of a polynomial by a monomial 18 as eaéy
as 1l-2-3 providing that you follow these basic stepss

+altn2e=2
-Zac5
Step 1: Divide the signs.

¢4

Step 21 Divide the numerical coefficients.

N
z=2

Step 3t Apply the correct rules of exponents.

8
2 (We assume there 18 a b0 1n
Eo = bl (the denominetor of the prob-
b (lem since bV = 1 and 1 times
(the denominator equals the
{(denominator.
-2
e c 4 c-Z-(B) = c~2=3 _ c'5
o3
Reassembles -2&3b20'5
Remember: % -+ —=
+

#]s
]
t
]
t
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Performance Test

1. (a)'+ - % =
(b) + - - =
(0) - -+ =
() - - - =
2. Explain why this operation is invalid.
7=0=7
3. Demonstrate how & = ¢ equals ad
P°d bo
k. b
"2
s &_ .1
> gxiz-
6. | k) - (_3) =
(-20: 3} & (-8}
7. ;§x5-4x‘*+713_
2

8e _39x5 + 261 - 5232 .
-131"3

9. 13 + 12 - X
-X

10. (30588 - 0283-7 - 005686) % -7&5 =
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Performance Test Answer Key

1.

e s N
+t 1 4+

P o o, o,
Qo ow

2. Division is defined as multiplying the numerator by
the reciprocal of the denominator. Thus the problem

7 + 0 = can be reset 7

1
0
I
And since 0 has no reciprocal, division by 0 1s
invalid. .
3. & a d ad
_.t_)_lai.c = s.c
e " o 4
d d ©¢
k, _1
2
S

+

6. <40

70 8:3 - 212 + %x

8. 318 - 2x! + 416

9. -x2 -X + 1

10. —.5&3 + 0043-12 + ,008a
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A-PAK #6
SPECIAL PRODUCTS

Rationale

Multiplication takes on new significance because it
assists in the solving of equations (our ultimate goal).
Speclal products occur repeatedly, and this partiocular
A~-PAK 18 one of the most important since it advocates and
encourages some mental gymnastics with binomials.

Instructional Objectives:

After completing this A-PAK, the learner will be abdble
tos .

l. Glven selected problems, perform the multiplica-
tion of monomials, binomials, and complex polynomials,

2. Demonstrate to his own satlsfaction the capability
of multiplying binomials mentally.

3. Explain why a term disappears with certain
binomials when they are multiplied.

L, Multiply selected polynomials vertically.

5. Express an interest in further exploring binomial
theory at a future time or in an "extra learning bonus."

Performance Activities

l. Attend the Review of Multiplication lecture that
includes binomial products.

2. Read "Patterns of Binomial Products” included in
this A-PAK.

3., 38Study pages 97=-99 in Technical Mathematics.

Lk, Practice your skill with the following problem
sets:s Exercise 20, p. 99, problems 13 through 38.

5. Play "Concrete Binomial Multipliocation.” The
ingtructions are included in this A=-PAK. The apparatus
nay be checked out at the Center for Independent Study.
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PATTERNS OF BINOMIAL PRODUCTS

With a little prasctice the product of two binoniais
can be established without pencil and paper. Here are
some patterns that will help you multiply mentallye.

Considers (a + b)(a + b) = a2 + 2ab + b?

(a + b)(a +b) = a? (first term)
. |

(a +b)(a +b) =

(?-ftg)(f-
bea

p - -

Considers (a - b)(a

—.-d

(a - B)(
a ‘ l-a

(2 = ?)(%
-bh *a

A tricky ones (a + b)(a

(a + b)(a
-

(

(] )
| 1 [}
bra

P -we=D

+ b)

U'.--_—

- b)
- b)
- b)
i
\

|
~-b

- b)

-b)
S

+b)(a = b)

b
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+ b2 (last term)

lab

(+)lab
2ab (middle term)

a2 - 2ab + b2
a? (first term)

+ b2 (last term)

-ladb

(+) -lab
-2ab (middle term)

32 - b2
al (first term)

b2 (last term)

lad

(+) =ladb
canceled = no middle term



Practice this one mentally:s

{28 + 3b)(2a + 2b) = -
4a2 ( First term)

6b2 ( Last term)
6ab + 4ab = 10ab (Middle term)

= 4a2 + 10ab + 6b2
A perfect square?
(28 - b)2 =
(2a - b)(2a - b) = 4a? - hab + b

Since the perfect square of a binomial ocours quite
frequently, we can take a short cut with another pattern?

(22 = b)2 = -
square the first term = 4a?
square the gsecond term = +b2

mpultiply the first '
and second termsm =2ab and double it = -kab

reagsemble = 4a2 - hadb + b2

Try this onel
(382 + p2)2 =

square the first term =
square the second term =

multiply the first and
second terms = double 1t

reassemble = *q .;..‘7‘@, *h‘o 6
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CONCRETE BINOMIAL MULTIPLICATION

The Gamet

l. The kit should contain: .
(a) One large square (or several for complex equations).
(b) Seversl strips in two colors. ‘
(¢c) Seversl small Equares in two collorse

2. The game is essentially one of oconstructing & graphic
model of a given product, sither binomial or polynomlal.
The geometric design 18 checked against the calculation.

3. The rules ares

(a) The large square represents x2, the strips repre-
sent x, and the small squares have a constant unit
term value of one eache '

(b) If the sign of the term_is plus, the major color

: is used (the color of x2)s When the term sign is
negative, the opposite color is used.

(c) Negative signed terms must be placed of top of
positive terms. :

(1) Positives may then be placed on top of negatives
if desired. '

(e) The object of the game is to "build” & square or
rectanglee. :

There is no one solution and maybe no solution. This 1s
precisely what makes the game so interesting.

#Credit for this technique should be given to Bob Golton,
President, San Francisco Math Teachers Association. 1 plcked
up the game idea at The California Mathematlocs Council Fall
Conference, December 6-8, 1974, Asilomar, California.
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Exampless (x+1)2=x2 +2x +1

All major color +

(x - 4)(x+1)=x°=-3x = 6

large square +

3 strips - on large
square vertical

2 + strips horizontal

6 - squares blotting out
and canceling + overlap

g

Solve the following problems and check your solutions
with the Solution Key. Can you devise any problems? Please
diagram the solutions and turn them in.

1. (x- 2)(1-1) =
2. (x - 2)%=
3. (x+3)%=

h, x(x +2 - 4) =
5. (x-1)%=
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Solution Key for Concrete Binomial Multiplication

1. 22-31-!-3

2. x =U4x+ b

]
N

> x4+ 6x - 9

L, x° - 2x

Se 12-21+1
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Performance Tegt

1.

2.

Find
3.
L,
5.
6.
7o

9.
10.

Explain what happens to the center term when the
product of (x + 3)(x - 3) is found.

Multiply the following mentallys

(@) (x+2)32a (0) (x+y)x-y)s=
(b) (x-2)2= (@) x(x +3) =

the product of the following:

(3y - 10)2 =

(x +11)(x - 11) =

(5x = 3)(kx + 7) =

(c2+c+1)(c+1)= (vertical)

(3a3 - 222 + a)(zé - 3) = (vartical)
(a - 2)(a2 -~ 2a + 4) = (vertical)

(5x + 2)(7x - 3) =

List three possibilities for further educatioconal
experience with special products.
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Performance Test Answer Key

1.

2¢

3e
b,

6.
7
8.
9.

10,

The center term cancels out when the first fdrms are
jdentical, the last terms are jdentical, one binomial
is +, and one i8 ~»

You should be able to multiply these gimple binomials
mentally. ‘

(a) x° + 4x + & (c) x? nlyz
(b) x° - 2x + 4 (d) x2 + 3x (aistributive)

9y2 - 60y + 100

x? - 121

20x2 + 23x - 21

03 + 2c2 +2c +1

6au - 1333 + 8@2 - ja

al - 4al + 8a - 8

3522 = x = 6

(2) Can & pattern be developed for (a + b)3?

(b) Are there patterns for breaking polynomials into
prime factors? :

(c) Is there a three dimensional game for multiplica-
tion? ‘ o , .
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A-PAK #7
DIVISION OF POLYNOMIALS

Rationale >

It 18 relatively simple tc determine whether a given
integer is a factor of a number. For example, 18 5 a
factor of 35? 0Of course, we divide (35 by 5 = 7), and we
have determined boih 5 and 7 are factors. There are also
oscagions when we must determine if polynomials ere
factors of polynomials. In order to verify a factor .
relationship, so-called "long division of polynonials" :
can be utilized, Is (a + b) a factor of (a + b)37

Let’s 3¢0e o »

Instructional Cbiectives

After completing this A<~PAK, the learner will be able
tos

1. Demonstrate that he kmows when tb employ the long
division of polynomials.

2. Specify an apprecliation for “long division" as a
concluding treatment of mathematical operations.

3+ Sucecessfully solve long division of polyﬁomials
with given problens.

k, In the event there is a remainder in a given
problem, be able to express the result in two ways.

Pertormance Activities

l. Attend the Development-of-lLongeDivision chalkboard
sessione.

2, Read "lLong Division of Polynomlals” 1nc1uded in
this A-PAK.

3¢ Study pages 101=102 in Technical Mathematics.

k, Practice your skill with the following pcoblem
setss Exercise 21, p. 103, problems 13 through 564

5¢ Take one of the distrlbution sheets coniaining an
exposition and vractice problems. These will b distributed

apon request at the chalkboard session,
i50
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LONG DIVISION OF POLINOHIALS

Sample Problem 1 (ba + 82 + 4) < (a + 2)

Step 1

Step 23

Step 31

Step U3

Step 5

Step 63

Step 7t

Solution:

Checks

Llign the variables in descending order of powers.
(a2 + 4a + 4) & (a + 2)

Set the problem.

! a+2/ a2 +4a + U4

Divide the a2 by a and multiply the complete
divisor back by the quotient.

a

a+2/a§+ua+l&

(=) al_+ 2a

Subtract. (Remember we subtract by adding the
opposite--go change the signs of the subtrahend.)

a
a+2/8% +ha b
(+)-82 = 2a

2a + b

Carry down all terms from the dividend (and the
gubtrahend if there are any) as above.

Divide the first term - the 2a by the a and
multiply backe.

a + 2 '

a + 2/ a2 + ba + It

-al -

(=)

PEb

+ U4
+ 4
82—

Subtract as aboves.
(a2 + ba +4) 3 (a+2)=(a+2)

(a +2)(a +2) = (a + ba + 1)
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Sample Problem 2 (a3 + a¥ + 1) - (-a + a2 +1)

Step 1s Allgn the varlables in descending order of powers.
(% +ad +1) 2 (a2 -~ a +1)

Step 21 Set the problen,
a2 -a+1/at+ad+1

Step 3¢+ Divide the au by al and multiply the complete
divisor back by the quotient.

a2
2 by a3
a¢ - a + 1/'34 +al+1 2 (Note a new position
(~) a* - a3 + a< (1s established

(since there is no
(32 term in the

(d1vidend.
Step 43 Subtract. (Remember to add the opposites
a? .
a2-~a+1/al"+a3+1 :
(+) -a* + a3 - a2
2a3 - a% +1

Step 51 Carry down all terms from the dividend and the
- subtrahend as above,

Step 63 Divide the first term 2al by the a2 and multiply

backe

az-l-Za

az - a + l/raﬁi+ a3 + 1
233 - az + 1
- (=) 283 - 282 +2a
(+) = + -
Step 73 Subtract and )
carry down a® = 2a + 1
all terms.
152

57




Step 81 Divide the al by the a% and multiply back.

al +2a +1
a2 -a + 1/ aﬁ +ad +1

az - 20 + 1

Step 91 Subtract. (-) 82 - a+1
S |
-8 remainder

Solution: au +a’+1 % a2 -a+1 = a2 + 2a +1

-§——=ﬂ-—- remainder
ac -a +1
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Performance Test

1.

2

3.

Identify all problems in the followlng set that may
be solved or proved by means of long division.

() (a + b) 18 & factor of a2 - b%?
(b) Prove that {a - b) 18 a factor of (a3.-_b3).

(¢) a 18 a faoctor of al + 2ab.
(d) One of the factors of 22 - 2ab + b2 18 (a - b)?

Identify the mathematical operations necessary for
performing long division of polynomials. I8 1t worth-
¥hile mastering these operations?

Express the following remainder in two different ways.

2
X ; 233' 12 . x + 5 remainder 3

Solvc the following problems by means of long dilvislons

L,

Se

6e

7

8.

(x3-33) 2(x-y)=

(3 + y3) (x +y) =

LY A

(o - 16) 3 (b -2) =

(x2 - 7x +12) < (x - 3) =
2 - 7x +12) < (x - 5) =
154
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Performance Test Answer Key

1.

2.

3.

L,

5

6.

7o
8e

Long division may prove or solve the following
problemss lae 1lb, 1lde.

All of the following operations are necessary in
order to divide polynomialss addition, subtraction,
multiplication, division, and laws of exponents.

It is worthwhile learning algebraic operations for
several reasons, including intellectual exercise,
algebra capability for solving technical problens,
and learning the language (algebra) of math.

x2

$ 22 =12 = (x4 5)(x-3) 43

= 3
or=x+5+ =3

+ xy + yz

2 - xy + y°

v3 + 2b° + 4b + 8

x - U4
(x - 5)(x-2)+2 or xX~-2*% W
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A-PAK #8
LINEAR EQUATIONS

Ratlionale

e pragmatic algebralc goal 1s to write "open sentences”
--ecguations--and then exercise a capabllity of solving them.
This A-PAK treats polynomial equations in one variahlz to
the first degree.

Instructional Objectives

After completing this A-PAK, the learner will be able
to:

1. Given salient information, write open sentences
and determine solution sets.

2. Given equations, compose equivalent equations until
a solution set 1s determined.

3. Demonstrate what must be done to specific equations
in terms of operations that enables a solution set to be

determined.

4., Solve specific equations with a self-designated
degree of accuracy in a reasonable amount of time.

5, Identify the axioms of equality that permit given
11lustrated expressions or substitutions of equality.

Performance Actlvities

1. Attend the discussion on Equations.

2. Read "Solving Equations® included in this A-PAK.

3, Study pages 119-126 in Technical Mathematics.

L4, Practice your s8kills with the following problem
setss pages 126-127, problems 1 through 127.

5, View "Open Sentences," Eye-Gate 5-6A, at the
Center for Independent Study.

6. Write and solve the equations in "Practical Exercises
included in this A-PAKs check your answers with the solution
key.

7. Read "Axioms of Equality" included in this A-PAK.

8., View "Linear Equations,” Eye-Gate 5-6B, at the
Center for Independent Study. '
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SOLVING EQUATIONS

Equations mathematically describe relationships.

E = MC2 1s s sclentific relationship where E = energy,
M = mass, and c? 1s the speed of light. '

32 + b2 = c2 is a geometric relationship that describes
the length of the sides of a right angle triangle.

C = nnd 18 a relationship between the circumference of
a circle, its diameter, and the transcendental number pi

(31415000 )0

Equations are solved by substituting a serles of
equivalent equations until a solution is obtained.

These equivalent equations are composed (or substituted)
according to the following sxioms. An axiom 18 a kind of
general statement that 1s accepted as a truth without a
formal mathematical proof. Think of an equation as a state-~
ment that 18 in balance; in fact, the equal sign may repre-

sent the pivot point of a balanoce.
X » 2 = 25

A

Axiom 1: When the same gquantity 1s added to both sides
(membars) of an equation, the equation will

remain in balance.
(#2) + 3x = 2 = 25 (+2)

3x = 27

Axiom 23 When the same quantity is subtracted from both
menmbers of an equation, the equation will remain

in halance.
3x + 4% =25
(-4) + 3x + 4 = 25 = 4
3x =~ ZL
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Axiom 35 When both members of an equation are divided by
the same quantity, the equation will remain in
balance.

3x = 21

ax - 21
3 3

x =7

Axiom 4: When both members of an equation are multiplied
by the same quantity, the equation will remain
in balance.

bx _ 28
3 =5
(3)ax _ 28(3)
T =5

Lx = 28

It 18 not necessary to memorize the axioms. Simply
agsk yourself, "What must be done--addition, subtraction,
multiplication, or division, in order to simplify the
equation?” Then, perform the operation on both members
of the equation. Don't forget to recall the order of
operationss "After removing signs of inclusion, multiply
or divide; then add or subtract.” Next simplify th :
equation by composing egquivalent equations. -
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PROPERTIES OF EQUALITY

There are three properties of equality.
Reflexive property: a =g
Symmetric property: If 2 = b then b = a
Transitive propertys If a = band b = c thena = ¢

The properties of equality hold true for &ll real
numbers &, b, ce.. These properties assist in the solution

of equations.

Consider the following:
6+ 3 =9 then 9 = 6 + 3 (symmetric)
2+ 6=8and ¥ + 4 = 8 then 2 + 6 = 4 + 4 (transitive)
9 = 9 (reflexive)
The properties of equality allow thats

(a) every equation may be reversed.

(b) each real number is equal to itself,

(¢) When each of two numbers are qual to a third, then
the numbers are all equal.

The properties of equality work in conjunction with
the closure properties of addition and multiplication.
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PRACTICAL EXERCISES

Solve the following

l.

2,

3.

5.

6.

A 12-foot length of steel must be cut so that one plece
is twice as long as the other piece. How long are the
Pleces?

The perimeter of a rectangular patio is 250 feets The
length 18 45 feet greater than the width. Find the
dimensions.

The formula for the circumference of a circle is
C.= 2¢tr. Solve for r.

The doctor needed a 25 percent solution of rubbing
alcohol but already had 20 quarts of & 15 percent
solution on hard. How many quarts of pure alcohol
must be added to the 20 quarts?

Many machinists like to solve number problems to "keep
in shape.” Try these! .

(a) One-third of a number is more than i2 by as much
a8 100 exceeds the number. What is the number?

(b) When two consecutive even integers are multiplied
together and 28 1s added, the total i1s equal to
the larger number squared. Determine the numbers.

The home economics class devised the following problen
to puzzle the teacher. Can yYou solve it?

An orange has 29 more calories than & peach and
13 less than a banana. If three oranges have

43 calories less than two bananas and two peaches,
how many calories are in an orange?
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. SOLUTIONS TO PRACTICAL EXERCISES

1. x = length of one plece
2x = length of second plece .
x + 2x =12
x=4%and 2x = 8
2. x = width |
x + 45 = length
P=2L + 2w =
250 = 2(x + 45) + 2x
4o = x and 80 = 24
3. C = Z2r

C=r
2%r
L, X = number of quarts of pure alcohol to be added
20 + x = number of resulting quarts |
15(20) + x = .25(29 + x)
X = 2.66 or 2% quarts
5. (a) x = the number
%x = one<~third of the number
%-x-12=100-x
84 = x
(b) I x = larger integer

x - 2 = the smaller integer
2

x(x - 2) + 28 = x° x =14, x - 2 =12
6. x = number of calories in an orange
X - 29 = ” " ” * ¥ peach
x+ 13 = #o” ” * ¥ banana

3x + 43 = 2(x +13) + 2(z - 29)
x = 75 66
9~ 161




Performance Test

Write open sentences and solve the followings

l. Together, a lathe and & numerical controi milling
machine cost $32,000. If the mill cost seven times
as much as the lathe, how much did each cost?

2. A 110-foot marine tow cable must be cut so that cne
plece is 10 feet shorter than twlce the length of
the other plece. Find the length of the shorter

Plece.,

3. Machine A produces twice as many parts as Machine B.
Machine C produces 76 more parts than B. If the
total part production is 6,200, how many pesrts doses
each machine produce?

4, Identify each operation (add, subtract, etc.) that
is necessary in order to solve the following equation:

2x + 4 = 28
5, Name the axlioms of equality that permit the followings

(a) 3x - 2 = 25. (¢) 3x =21
3x = 27 x =7

(b) 3x + 2 =25 (d) by = 28
3x = 23 3 = 2

bx = 84

x = 21

6. Name the three properties of equallity.

Look over the following nine equations. Now speclfy how
much time you are going to need in order to solve them and
how many equations you will solve correctly. The purpose
18 to be realistic in your self-appralsale.

7. =7 =2x -3 - 3x

8. 2b - [(3b+4)-5]-b=5

9. 105& -(a + 2.“) = l?ou 13. %-x -+ 5 = 3
10. 0= ux - - ]
o 6 M, x2 +x+10 =
11. (lal - 2) - 3fja] - 16 =2 (x + 2)(x - 2)

12 8 + 5 = =1 15. 8x - 5x = 4800
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Performance Test Answer Key

1. x = lathe x + 7x = 32009
7x = mill x = 4000 (lathe)

7x = 28000 (mill)
- X = one piece x+ 2x - 10 = 110
: 2x = 10 = other piece x = 40 (first piece)
. 2x - 10 = 70 (second piece)
3. Machine B = x x+2x + x + 76 = 6200
Machine A = 2x Lx = 612k
Machine C = x + 76 _ x = 1531
2x = 3062
x. + 76 = 1607
by, 2x + 4 = 28 given
2x + b4 = 4 = 28 - 4 add -4

2x . 24
= = divide by 2

x =12

5, (a) Axiom 1 = addition

(b) Axiom 2 = subtraction
(c) Axiom 3 = divislon
(d) Axiom 4 = multiplication

6. Reflexive, symmetric, and transitive.

7. b
8., -2
9+ 39.6
10, <4
11. =~20
12. 12
13. =6
S 1k, <14
15. 1600

An excellent time for all correct
is 9 minutes.
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A-PAK #9
LINEAR INEQUALITIES

Rationale

, We can expand our comprehension and treatment of real
numbers by analyzing their order relationship, for order
15 an integral part of any comparison of numbers. Is it
not true that when comparing eany two numbers--i.e., a and
b--only one of the following 1s trues a equals b, a 1s
less than b, a is greater than b?

Instructional Objectives

After completing this A-PAK, the learner will bé able
to: . .

1. Specify the three properties of order.
2. Solve selected problems involving integers.

. 3. 8Solve given problems involving combined inequal-
ities. ,

I, Solve specific inequalities by means of equivalent
inequalitles.

5. Demonstrate an understanding of the order of real
numbers by correctly using the addition, subtraction, multi-
plication, and division principles of order. '

Performance Activities
1. Attend the chalkboard talk on Order Relationships.

2. View "Linear Inequalities,” Eye-Gate 5-6C, located
in the Center for Independent Study.

3. Read "Solving Inequalities” included in this A-PAK.
4., Study "Inequaslities” distributed at the chalkboard
talk.

5, Practice your skills with the Exercise, Sets I and
II, distributed et the chalkboard talk.

6. Read "Equalities and Inequalities," pages 28-33, in
Elementary Concepts of Sets.
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SOLVING INEQUALITIES

There are three properties of order.

I, The Closure Property-~-when a real number 1s added to
a real number, the solution is a real number.

II. A Closure Property of Multiplicatlon--when a real
number is nmultiplied by a real number, the product
is a real number.

IXI. The third order property 1s called the Trichotomy
Law, It states that, "If a is a real number, then
there are three possibilities of a.”™ They are:

(1) +8 = real number
(2) -(a) = real number
(3) a=0

The Trichotomy Law might also be e=rressed (for all
real numbers a and b): ‘

a> b a=>b adb

There are four symbols that are utilized in stating
relationships of order.

adb read as a 18 less than b

a4b read as & 1s less than or equal to b
a>b read as & 18 greater than b

a>b read as a 1s greater than or equal to b

Inequalities, like equalities, are solved by composing
equivalent inequalities. However, there is one exception.,

Consider the following:
2x +12 5
2x +1~-1> 5 -1 (additive axiom)

2x > b
%I_Z % (division axionm)
x> 2
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Note that any real number greater than 2 satisfies the
inequality. Try 3.

2x +1 25

2e3 + 1225

641z ,.,5
7225 True.

New considers

-2xZ U
-2x., b

~2 a2
22 =2 Is this true?
Let x» = i isince 1 18 greater than -2):
> E-
~2(1)Z 4
2> L4 NG

when each number :c multiplied cr divided by a negative
number, an order reversal occurs. Iiils can be compen-
sated for by reversing the direction of the inequality

sign.
~2x > U

=2x 4
-2 -2

x5, -2
-2x 2 4 Checke

-2(=3)2 U
6> b Truc.,

Checks let x = =3 gincs -3 18 lees than -2,
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Performance Test

1. I.ist the three properties of order, either in muthe-
ma:lcal aymbels or by means of sentencss.

2, Mark each of the followilng T 4f true and F 1f fulse.

() =52 (d) If a<b and c»0,
then ac€ e

(b) -|5|> -6 (e) 151> |-l

{r) 4z£ 52 (f) =-3&3

Find s solution for each of the following inequalitiles hy
means of equlivalen:i inequalities:

3o y +25>35
b, e3> 9
. - <

. 1 3_{,12

6 Ux + 3 - 2x& -1

7. 3(3+5)> 9

8. 2(6x - 8) - o(x + 4).z 2z

9. 5(a -%) - (a+2)d kia-U4)-6

S

11. List the principles of order necessary to solve the
following inequalities:

(a) 2x + 3£ 7 (c) -x& 2

(®) 27
Solve each of the isllowing combined inequalities:
12, x+1% -3 and x-22 -8

13, =2 °, a + 344
iYe 6b =~ 3> 9 or 6b - 3¢ - 9
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Performance Test Answer Koy

1.

2.

3.
4,
5.
6.
7
8.
9
10.
1l.

12.
13.
14,

Closure of addition, i.e., a + b = a real number.
Closure of multiplication, i.e., a*b = & real number.

Trichotony Law, i.e., 1f & i3 a real number, it must
bes
+a = a real number)
-(+a) = a real number) or a»b, a{b, &8 =D
a = zero )

o~
s N Qe
R R
o~
»o M
He

oo

y>10 -
xD»6

yz- 33

xg - 2

az- 2

xZ52

0<£0

a>1l

(a) subtraction, division.

(b) multiplication, division.

(c) multiplication.

-6<Lx ¢~ U 1.6 x>~ 6and x£- 4
1>»az>- 5 i. s, a<l and a> - 5

b>2 or b<{-1
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A-PAK #10
FRACTIONS

Rationale

Just as the understanding of fracvions amplifies the
mathematical treatment of "perts of integexr wholes,”
fractional proficiency in the algebra of numbers pearmits
a wider range of polynomial solving. It 1s a fact that
not every mathematical problem possesses neat, oxrderly
integers as equation members cr solution sets.

Instructional Objectives

After completing this A-PAK, the learner will be able
to:

1. Simplify given algebralc fr-~:tlons.

2. Specify the rules for multiplylng, dividing, add-
ing, and subtracting fractlions 1n a proper mathematical forme

3, Solve specific equations and inequalities that
contain fractional numerical coeffioclents.

4, Solve given equations and inequalities that con-
tain a variable in one or more terms of the denominators.

5. Verify why denominator qualifications are necessary
when working with fractional expressions.

Performance Activities

1. Attend the lecture/discussion on Fractions.
2. Read "Fractions" included 1n this A-PAK.

3. Study pages 14-23 in Technical Mathematics. Work
& few problems in each of the accompanylng probliem sets.

4., Study and solve "Fractionsl Expressions and
Equations"” distributed at the lecture/discussion period.
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FRBACTIONS

Reducing Fractions

Consider:s ab This fraction may be rewritten as & bor a
ob c b c
with the only provision that b ¥ 0 and c # O.
Thus fractions are reduced or "simplified.”
Exampls 1l: (simplify)
x =5 . X -5 - L X ¥ +5
x2-25 (x+5)(x=~5 =x+5 =
Example 23 (simplify)
2ls . 78
®=5 vre
Example 3: (simplify)
23 =12 - 2(x - 6) - __2 ¥ 6

x° - 12x *+ 36 (x - 6)(x=-6) x-6

A fraction is reduced to lowest terms when the numerator
and the denominator do not contain any ocommon factors. In
addition, the denominator qualifications are guch that the
denominator must not be a zero since zero has no reciprocal
and the fraction would not be properly defined.

Multiplying Fractions

Consider the following rules for multiplylng, dividing,
adding, and subtracting fractione.

For all real numbers.a b c d.

Rule I: (multiplication) & C . &C when b ¥ 0
b'd bd anxd 4 #0

Example: (x - 4) (x + 6) _ x% + 2x - 24
o s when x # 13

Examples =16ab .14a21 - (we assume now that
Yy

Ta (denominators #¥ 0

—4b2 a2 | _5.2p2
1 .1, a‘b
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Rule IIs (dividing)

."
¥

(]
ol
ol

(]
4}

a
b
+ b .

b a

Exanmple:

® |9
-l

+

8 3

+b 3 + b - - 1l
18 ‘a + b :+b'i& Ig [

Rule IIIs (adding and subtraotins)

a [+ a + o ! c & « C
55" 1v M5~ ”

Recall that in order to add or subtract fractions, they
nust first be expressed with common denominators.

Example: .%__i ‘.E_;_l L.C.D, = 2¢3 = 6

3(3a + 5) . 2(ba - 1) . 92 + 15 -g 8a - 2 _17a + 13

Examples -1 4+ 2 apcD = ad
el .
2
aJ

s 282 .3 -a+28°

- 2
:5 al 33
Examples b+b—-3-_—E=L,c,D.=1(b+u-)=b+ll-
b ,_2 .b+2
XL EL

Examples % + 2 =« 2 =L.CD. = ab
a

a2 , 2ab _ b2 _ a% + 2ab - b2
ab ab ab ab
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Fracti&ml'eq;ations and Inequalities

Consider: E; +8 = bx 44
=

Step 1ls Find L.C.D, = ucs = 20
Step 21 Multiply both members of the equation by the L.C.D. |
(3x) (8 = lx) _
20(4F) + 20(2=51] = 20(3)
15x + 32 - 16x = 60
Step 33 Solve. -X 28
x = 28
Example 1l
Pl gy - > 2
Step 1: Le.CoD, = 8"‘"'2 = 6“’
Step 23 64§ (3)
6u{gy] - sv{fy) > e4(2)
Step 33 Loy - 16y > 96
2ky > 96
6
y > 5
you
Examples 2 3y _ 2«
Sl ol A
Step 13 57 = 35
SteP 20 35iZx) + 35{2x) - 35{2) < (1)35
4% + 21x - 10 £ 35
Step 33 35x & 45
e 45 .
<24
172
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Performance Test

1.

2.

List the rules for multiplying, dividing, adding, and
subtracting fractions in terms of a, b, ¢, and d when'
these variables are not equal to zero.

When the following rational expression 1s reduced as:
5x2 - 20 _ 5(x2 - 4)  S(x+2)(x - 2) o 5(x -
=2z - }')?(-‘ 5(x - 2)

2 +x x

' Explain the denominator qualification x ¥ -2

Reduce each of the following to reduced forms

3.

x° -y

- v)2 . a2
23 - =2 -

Find- the product in reduced forms.

6e

1 1 = 1_6__8 8. 6 1+'x=
a+ba-b 7e }’7'91 1-x2 3

Find the quotient 1n reduced forms

9.

10.

2:%22.:. (39; - 3b) =

Express the sum or difference in reduced forms

11.

12.

13.

14,

15.

1 +.l=z

2x 5x

a-b =a b

2

o'l
+
V]
+
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Performance Test (continued)

Solve the following equationss

17, 1 +1.2
5
18. a . a
. gt*t7=3
19. 4 -1
! '311 [
200 u_(zx - E) :1-2
( x ) x
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Performance Test Answer Key

1. a.c . ac b ¥ 0 (multiplication)
p'd  bd A #0
a.c_.ad_ad b # 0 (division)
P*d Db'c be c#0
a c _a+c
t+E=25 P #0 (addition)
a_c¢c_8a=¢6
z-g= 35 b # 0 (subtraction)

2
2. In the expression 5x< - 20 x # -2 because:
on X2

If x were -2, the 2 + (-2) = 0 and the fraction
5x2 - 20 18 then not defined since 0 has no reciprocal.
0

3.
ti-erty-ats

b (zogf.lx-n@-3)a.x=3

2 -y (x+y)x-3) x+7J

abl ;
6. 1 12, a2 + a%b - ab® + b3

22 - b2 ~ (a -Db)(a + D)
7 :_l_ 13. 12a .

2 (a-%)(a + 2)
8. 2 ‘

== 14, a2 -a + 3

a8 - 1
G & = 3b
a - 15 42 4 2ab + b%

10, 32x3 ab

7 160 o o .2
1. 11 3

IGI
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Performance Test Answer Key (continued)

17. x =6
18. a = 28
19, _ 30
20, = §

176

8l




A-PAK #11 |
GRAPHING NUMBERS, SETS, AND ORDERED PAIRS

Rationale

Describe, if you can, a number. Is it a measure of
magnitude, quantity, position? Numbers, equations, and
inequalities can similarly be desoribed by pictorial means;
they can be graphed, utilizing a Cartesian Coordinate
system. The graphs themselves may show the solutions to
systems of equations or define their parameters.

Instructional Objectives:

After completing this A-PAK, the learner will be able
tos

1. Graph given numbers, sets, and ordered pairs.

2. Read from supplied graphs the coordinates of
numbers, sets, and ordered pairs.

3., Idestify the various components of the Cartesian
Coordinate system. :

b, Gfaph sntervals on the number line when siveh set
data.

5, - Specify, by writing, a literal translation of given
sets or intervals. .

Performance Activities

1, Atténd the Graphing Demonstration.

2. Read "Graphs of Real Numbers” included in this
A=-PAK . ' '

3, Study pages 1-2, 7, 137-138 in Technical Mathematics.

4, Practice your skill by graphing the numbers, sets,
and ordered pairs included in this A-PAK titled "Pictorial

Practice.”

5, Take one of the distribution packets containing an
exposition and practice problems for graphing intervals.
These will be distributed upon request at the Graphing .

Demonstration.
177
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GRAPHS OF REAL NUMBERS

An introduction to graphing 1s the graphing of real
numbers on a number line. Next, sets are treated. IlLater,
the system of assigning numbered pairs in a plane 1is con-
sidered. This latter method 18 named after its discoverer
~-Rene Descartes, a French mathematician. “Cartesian Co-
ordinate Graphs” will be constructed; however, it 1is
important that the following elementary graphs be thor-
oughly understood initislly.

Examine the Number Line A. Note that all of the real
numbers can be located as a point on the number line. For
convenience, we standardize by dividing the line into
uniform divisions and usually represent the positive
integers as divisions to the right of zero and the uegs-
tive integers as divisions to the left of zero. A polnt
assigned to any number 1s called its graph and is indj-
cated on the number line by a solid dot. A number agsiz:zed
to & point 18 called the coordinate of the pzint.

Locate the graphs of the following real numbers on E:
-2e5, =lky +5, =3, When graphing inequalities, a ray is
employed. In x <& 5, an empty dot is used since 5 i:
excluded; if, however, x.2 4 18 graphed, the solid ot
i1 used as 1t indicates 4 is included. An arrow on the
ray indicates it 18 continuous as 1illustrated on Graph C.
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Graphing Sets

A set of numbers can be indicated by graphing each of
the numbers in the set and following the established
methods.

Consider:s 2z =£x) - i< x< 7}
Read: 2 1s the set of all x such that x 1s greater than
or equal to 4 and less than 7.

Graphing Intervals

The graph of D =£x’ - 3£ x & 1% includes the point
-3 and 1 plus every véal number 1ying between these two
points. This kind of a graph is called a closed interval
and is graphed according to D.

When“graphing a sets Eg -{x, ~2Lx<L 2.753 we solves
x> - 2 and x<& 2.75 and graph as 1n Ep. There is an over-

lap and the overlap consists of an open interval-~one end
open.

.Simﬂarly. a half-open interval would be:
F=fx] -3< x£3%
A more complex interiai is the graph ofs
G = £x| x| & b }
Recall the definition of absolute value:
x| == |l = @ |x] = -(x)
We have, then, three possibilities.
x 0, x =0, © x4 0

If x} 0 and x = 0, ther:1 0<& x & 4 and this interval is.
graphed as in G.

If x<& O, then =x 2> O (1ts opposite must be greater)
or Ex[ 0o - x& l&} or solving ror pnsitive x we have:
{x) o>x>- l&} as graphed in G.
Another possibllity is 1ndicated when an or set ir graphed:
B =£x] x& -3 o X2 2} The or set is grazphed as H.
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Coordinates in a Plane

Points (ordered pairs) of zumbers are graphed on a
number plane by means of cooxdinstes. Tne Cartesian
Coordinate Plane is formed Ly a horizontal number line
and & vertical number line. The point of intersection
18 called the ORIGIN and represents 0. The horizontal
line is customarily called the x-axis while thz vertlcal
line is termed the y-axis. Positive directions are
usually to the right on the x-axis and upward on the y-axis.

In order to locate the graph of an ordered palr
(4, 3) we define 4 as the x coordinate eand 3 as the y
coordinate and plot the point by counting on the x-
axis and +3 on the y-axis. At their intersection, we
make & do~ as shown on the accompanying sraph. Where
the line from the point meets, the x-axis 18 called the
abscissa of the point; where the line from the point
meets the y-axis is called the ordinate of the point.
Trace the following points on the graphs

(=7, 2)y (-2, -2), (8, =5)s (=3.5, 6.5)
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PICTORIAL PRACTICE

Graph the following and check your answers agalnst the
answer graphs.

1. |) 3

2. 1
-3z

3. 5

b, x£ 5

5- x> -2

6. A ={xjx =1, V2, 1}

7. B=§x|x2 0}

8. C =£xlx = positive 1ntegers}
9. D=gx]-34 x£ 3}

10, E={x|x€ - 2or x2 23}

11. F={x] m<% 5%

12. (=3, 2)

13. (5, 0)

e i.""z: "3)
T s, -2)
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42

7
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Performance Test

1.

2

3.
I
5
6.
7

8.

s,

10.

Graph f{a) =4

(b) g

(c) 1
Graph (a) A =fx] 2< x£ 33
Graph (4, =2)3 (3, 3) (2, 0) (0, k)
Graph B =~{x] x = all negative 1nteger§}
Graph ¢ ={x] x&-1 or x> 13
Graph D = {x| x 15 a real number §
Read from the attached performance test coordinates
the coordinates of each of the points and ldentify

them in correct mathematical form.

Align the graph component w.th its correct definition:

ordered pailr mw

absclssa (3, =6)
ordinate x-axis

origin y-axis

set 0

real number P=fx]x<23

Write out in longhand word for words

P=/x|-4<x< 6%

If your major 1is in a technical iield, identify how.
+he Cartesian Coordinate system has been oxployed or
modified and applied to your particular fisld.
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Performance Test Coordinates

+Y

L 3
| i
i !
%-% : -
:I | § |
? I ! z B
T T
| | | |
T —
| R
)

=4
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Performance Test Answer ey

© { )u)
3 —-(3;:3}
(@)
e o—é-T—&
Ir A
L 4)-2)
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Performance Test Answer Key (Continued)

7

9.

10.

(a) x &€~ 6

(p) (Jﬁi -2)

() 3L or (-3} 0)
(a) (2, -2)

(e) 2 or (2, 0)

(r) (2, 4)

(g) 27

ordered palr - (3, =6)
abscissa - Xeaxis
ordinate - Yy-axis
origin -

set -

real number T

.
p=Cx] x< 2}

P 18 the set of all x such that x is greater than
or equal to -4 and x is less than 6.

Technical Area

Automotive

Nursilng

Machine Tool
Electronics
Welding/Hetallurgy
Drafting
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A-PAX #12
PACTORING

Rationale

Factoring algebraic polynomials provides one means of
solving polynomial equations~~linear, quadratic, and cubloc.
And while not all polynomial equations can be solved in
this way (1t may not be possible to factor the equation)
factoring the equation for a solution is the initial
technique since 1t 18 relatively quicke.

Instructional Objectives’

After completing this A~PAK, ths isuinor willl be able
to:s

1. Factor glven polynomials w«or:s.’uilng the followlng
factoring possibilitiless
(a) Common monomial factdrd.
(b) The difference of two squares.
(¢) Trinomial squares.

2. Completely factor & give:: polynomial until the
factors are prime.

3. Identify glven polynomlals as eilther:
(a) Binomials., '
(b) Trinomials.

L4, Develop a systemized method for treating a poly=-
nomial by factoring methods.

5. Check factoring accuracy by remultiplying factors
in order to obtaln the original expression.

Performance Activitles

1. Attend the Factoring chalkboard sesslon.
2. Read "Factorini:® included in this A-PAK.
3. Study pages 1l4=17; 107-112 in Technical Mathematlcs.

4. Practice your factoring skills with the following
problem setss page 109, even problems 1-44; page 1173,

problems 1=3, 5, 15, 19,
5. Review A-PAX #6, SPECIAL PRODUCTS.
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FACTORING

Common Monomial Factors

Numbers can often ba expressed as the product of two
or more factorse And when the factors can no longer be
separated into smmsller factors, they are termed prime
rfactors.

Consider the number 12. It may be factored as:
12 = 203e2 or 2%¢3

Note tha* neither the 2 or 3 may be further factored. Thus
they ars prime factors.

Ir algebra, it is also necessary to factor a poly-
nomial. When factoring, the polynomial 18 subjected to
a series of "possibilities® that may or may not prove
feasible. The first possibility 1ls reccsnized as the

distributive property.

Factors 6x + 12y = 6(x + 2y)

Both 6 and (x + 2y) are factors of 6x + 12y. The 6 1s
called the monomial factor or common monomial factor of
the polynomial since 1t 1s a factor of every term in the
polynomial., Always search the polynomiul first for any
common monomial factors. if they are evident, they are

factored out--removed. Examine the following and note now
the common monomial factor is extracted:

3xy + 12x = 3x(y + 4)
5&3 - 25a2 + 1%a = 5a(a.2 - 58 + 2)
x2(a + b) + y(a +b) = (a + b)(x° + ¥)
ab v ac + ad = a(b + ¢c + d)

3y +2Y t= ¥YDb (3 +2)

The Difference of Tﬁo Squares

The binomial al - b° is factored ’a + b)(e - b)s When
the first term is e perfect square, the sgcond term is a
perfect square, and the two are separated by a negatlve
sign, it is factorable. Examir: $the following and notice
how the difference of two squarei 18 factoreds
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