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« Chapter 10
FACTORS AND EXPONENTS

10-1., Factors and Divisibllity
’ Once upon a tirme, there was a farmer whose total property

- amounted to 11 cows. This farmer had three sons, and when he
died, he left a will which provided that §- his cows should be
left to Charles, { of his cows to Richard, and £ of his cows

to Oscar. The boys quarreled greatly over this, because none of
them wanted the non-integral pieces of bovine matter which the
will seemed to require. As they were arguing, along the road came
a stranger, leading a cow which he was taking to market. The three
boys confided their problem to him, and the stranger replied:
"Thatts simple. dJust let me give you my cow, and then try 1t."
The boys were delighted, for they now had i2 cows instead of 1l.
Charles took half of these, 6; Richard took his quarter, that is
3; and Oscar his sixth, namely 2 cows. The 1l cows which the
father had left were now happily divided; the stranger took his
cow and went on his way.

So that you mzy not complain that the boys did not get
exactly what the Will provided observe that each in fact got
more, for 6 > 1;, 3 >-1r, and 2 > 1; (can you prove these
inequalities?). However, there is something fishy about the prob-
lem, and it must be with the provisions of the will., What 18 it
that made such an unusual solution possible?

This anecdote does have one mathematical canclusion at which
we now want to look. For some reason, it was much easier to deal
with 12 cows than with 11, And what was this reason? It was
that 6 and 4 and 2 ail divide into 12 exactly, while none

. of these seems to divide in%o 11 exactly. And this is an im=
portant distinction between 12 and 11: there are many numbers -
which divide exactly into 12, but very few that divide into 1l.




248

It is a bit clumsy to write "divide into exactly" all the
time, and so we shall use a more compact mathematical term for
this. We shall say that 6 1is a "rfactor" of 12 because
6 x 2 = 12; similarly, 4 1is a factor of 12 (because
4 x 3'=12), and so on. Is 3 also a factor of 12? Is 2°?

The number 5, however, i1s not a factor of 12, because we
cannot find another integer such that 5 times that integer
equals 12. Of course 1 and 12 are also factors of 12,

Given any positive integer, 1 and the integer itself are factors
of that integer; because such factors are always present, they are
not very interestinge. So we shall call 2 and 3 and 4 and 6
proper factors of 12; these and 1 and 12 are all factors.
The number 11, however, does not have any proper factors, because
no positive integer other than 1 and 11 1s a factor of 1l.

Now we are ready for a more precise definition of a factor, remem-
bering that a factor of n 1s one of two integers whose product
is n. .

The integer m 1s a factor of the integer n 1if

mq = n, where q 18 an 1nteger; If the integer

q does not equal 1 or n, we say that m 1s a

proper factor of n.

Does it follow from this definition that if m 1is a proper
factor of n, then m also cannot equal 1 or n ?

Since 3 1is a factor of 18, then 1is 18 a factor of 187
Is 1t true that if m 18 a factor of n, then = 1is a factor
of n? Is the same true for proper factors? How can you tell?

‘ Since 5 1is.a factor of 15, we;say that 5 divides 15.
In general if m and n are positive integers and if m is a
factor of n, we say that m divides n, or n 1s divisible by
m. We shall say that O 1s divisible by every integer, but O
does not divide any number. :

10

[sec. 10-1]
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Problem Set 10-la
For each of the questions below, if the answer is '"Yes", write
the number in factored form as in the definition. If the answer 1is
"No", justify in a similar way.
Example: Is 5 a factor of U457 Yes, since 5 x 9 = 45,
' Is 5 a factor of U462 No, since there is no
integer q such that 5q = 46.

1. Is a factor of 24°?

2. Is a factor of 247

a factor of 2u?

2
3
3. Is 5 a factor of 247
¥, ‘Is 6-
9

5. Is a factor of 2u?

6. Is. 13 -a factor of 24°?

7. Is 12 a factor of 242

8., Is 24 a factor of 247

9. Is 13 a factor of 917

10. Is 30 a factor of 5107
11. Is 12 a factor of 2042
12, Is 10 a factor of 100,000?
13, Is 3 a factor of 10,1017
14. Is 6 a factor of 20,2027
15. Is 12 a factor of L40,4%042

If any of the following numbers are factorable (i.e. have
proper factors), find such a factor, and find the product
which equals the given number and uses this factor. '
Example: 69 = 3 x 23 :
67 1s not factorable

[se:2. 10-1]

11
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16, 85 2l. 92 Lo. 23 31. 68
17. 51 - 22, 37 27. 123 32. 95'
18. 52 23. 9k 28. 57 | 33. 129
19. 29 2k, 55 - 29, 65 - 34, 1n1
20. 93 25. 61 30, 122 © 35. 101

Let us now consider how you can'tell whether 2 1s a factor
of a given number., Which of the numbers with which you Jjust
worked did have 2 as a factor? Is there an casy way to tell
whether or not 2 1is a factor of a numper?

T.et us now look at the numbers 5. .and 10, When is 5 a
factor of some integer? You have probably known for some time
that the decimai notation for every muitipie of 5 ends in eithner
a 5 or a O, and every integer whose decimai notation ends in a.
5 ora O 1s a muttipie of 5. Ai1sSo tne decimas representation
of every muitipee of 10 ends in O, and every decimal numeral
which ends in O 1s a multipie of 10. We can now Llook at this
in a slightly different way: & number has 10 as & factor 1f and
only if it has both 2 and 5 as factors, Numbers which have 5
as a factor must have decimals which-end in 5 or O, and numbers
which have 2 as a factor must be even; hence, 1f a number is to
ha#e both 2 and 5 as a factor 1ts decimal form must end in O,
Can-you formulate what we have Just said in terms of two sets and
members common to both?

Problem Set 10-1b
Think about a test to check whether a number is divisible by &4,
and also a test for divisibility by 3. The following examples
should give you some real hints on the solutions - but don't be
 disappointed if a simple rule.for 3 to be a factor of a number
‘weS¢é§és you for a mbmeht, for 1t is Patﬁéf‘tfiéky; o o

12

[sec. 1¢-1]
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Divisibility by 4: wWhich of the following numbers have h

. a8 a factor? 28, 128, 228, 528, 3028; 6, 106, 306,

806, 2006; 18, 118, 5618; 72, 572? Do you see the test?
How many digits of the number do you have to consider?

Divislibility by 3: Which 2wing numbers have 3
as a factor? 27, 207, 1 ‘02, 270; 16, 106,
601, 61, 1006.. How al- +.  .opbserve that 3 + 6 = 9),

306, 351, 315, 513, 5129, (observe that 5+ 1 + 2 + 9 = 17),
321227 We write
2358 = 2(1000) + 3(10C) + 5(10) + 8(1)
= 2(999 + 1) + 3(99 + 1) + 5(9 + 1) + 8(1)
= 2(999) + 3(99) + 5(9) + 2(1) + 3(1) + 5(1) + 8(1)
- $2(111) +3(11) +5(1))9 + (2 + 3 + 5+ 8)
222 + 33 +5)9 + (2 + 3+ 5 + 8).
The expression (222 + 33 + 5)9 is divisible by 3 (Why?);

48 2 + 3+ 5 + 8 divisible by 3? Notice that the sum of the

digits is the key to divisibility by 3. Try to formulate
this as a rule.

If a number is divisible by 9, 18 it divisible by 3? If a
number is divisible by 3, 18 it divisible by 9°?

If you know a test for both 2 and 3, what would be a test
for 67

Answer the following questions and in each case tell which
divisibility tests made your work easler.
(a) Is 3 a factor of 101,001%

(b) Is 3 a factor of 37,1997
(¢) Is 6 a factor of 151,821?
(d) Is 15 a factor of 91,215?
(e¢) Is 12 a factor of 187,326,648?

13
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10~-2. Prime Numbers

" We have been talking about factors of positive integers over
the positive integers, in the sense that when we write

mgq=n
Wwe accept only positive integers for m, n and q. We could, of
course, accept negative integers, or any rational numbers, or even
any real numbers, as factors.: But if v .sider these possibili-
ties for a moment, you will see that they do not add much to our
understanding. If, for example, you permit negative integers as.
factors, do you really find anything new? For example, -2, 2, =3,
3 are factors of 6. How are the factors which involve negative
integers related to those which involve positive integers only?
You get a different picture if you accept all rational

numbers as possible factors of positive integers. The rational’
number ~$ , for example, would be a factor of 13, in this ex-
tended sense, because (%)6%}) = 13. Can you think of any non-
zero rational number, in fact, which would not be a factor of 13
in this sepnse? Try - %?3 for example. Since (7%;)(— %;) = 13,

we find that --%I is also a rational factor of 13. Is the situ-
ation any different if you permit factoring over the real numbers?
You see that if you try factoring positive integers over the
rational numbers or over the real numbers, then every number other
than zero becomes a factor of every number. Such a kind of fac-
toring, therefore, would not add much to our understanding of the
structure of the real number system, and so we shall not consider
it further. Usually factoring over the positive integers gives us
the most interesting results, and so when we speak of "factoring"
a positive integer, we shalllalways mean over the positive integers.

Problem Set 10-2a
1. We have listed below a set of positive integers less than or
equal to 100. Cross out the numbers for which 2 1s a
proper factor and write a 2 below each of these numbers.
(FOP example, <<, 82: 9, }0;, "')

[sec. 10-2]
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1 2 3 L 5 6 T 8 9 10
11 12 13 14 15 16 17 18 19 20
21 . 22 23 2k 25 26 27 28 29 30
31 32 33 34 35 36 37 38 39 Lo
41 4o 43 O 46 47 48 ) Te} 50
51 52 53 5k 55 56 57 58 59 60
61 62 63 6l 65 66 67 68 69 70
71 72 73 75 (I & ¢ 78 79 80
81 82 83 Bt 35 86 87 88 89 90
91 92 93 95 96 97 98 99 100

What is the first number after 2 which has not been crossed out?
It should be 3. Now cross out all numbers which have 3 as a
proper factor.and write a 3 below each of the numbers. If a num~
ber has already been crossed out with a 2 do not cross it out
again but skip it. What now is the first number after 3 which
has not been crossed out? It should be 5. Cross out numbers
which have as proper factor the number 5. Continue the process.
After the fifth step your picture should look like this,

1 2 3 ¥, 5 g, T B, 43 ¥
11 l’éa 13 l’xa w3 15’2 17 ) lga 19 - 262
31

41 be, 43 B, . |
2‘3 2, 38 S, 585 56, Sy 8 59 68,
1

725 73 182 753 762 7¢% Zaé 79 862

71
pl, 82, 83 g4 225 86, S5 88, 89 99,
917 9g2 933 9)(2 5

[sec. 10-2]

o 15



254

Did the picture change from the fourth step to the fifth step?
Why or why not? If you are having difficulty with this question
perhaps it would help if you would consider the first number
crossed out in each step. How far would the set of numbers have
to be extended before the picture after the fifth step would be
different from the picture after the fourth step?

In the set of the first 100 positive integers, you have
crossed ot ~11 ! - numbers which have pryer factors. Thus the
remain. i ..ave no proper factors. We call each of these
numbers, other than 1, a prime number.

A prime number is a positive integer greater
than 1 which has no proper factors,

Is it possible to find all the prime numbers in the set of
positive integers by the method we have "just used (called the
Sieve of Eratosthenes)? Is it possible to find all the prime
numbers less than some given positive integer by this method?
what is the next prime number after 977

Problem Set 10-2t

1. Whz= 1s the largest prime number less this 120? 1less than
20C” 1less than 300? | ‘

2., What is the largest prime proper factor ci numbers less than
100? 200? 300?

3. Note that no prime number, greater than 7 was needed in

_ crossing out non-prime numbers less than 100 1in the Sieve

of Eratosthenes. What is the largest prime number needed in
cros=ing out all non-prime numbers less than 200? 1less than

3007

16

[sec. 10-2]
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10-3, Prime Factorization

Let us now return to the Sieve of Eratosthenes and seeiwhat
else we can learn from it. Consider, for example, the number 63.
It 1s crossed out, and hence 63 1is not a prime. When did we
cross out 63? We see from the diagram that 63 was crossed out
when we were working with 3. This meéns, if you stop and think
about it, that 3 1is the smallest prime factor of 63. (Actually,
it follows from what we have Just said that 3 1s the smallest
proper factor of 63, regardless of the "prime". Do you see why?)

Since 3 1is the smallest prime factor of 63, let us divide
it out. We obtain 27, and once again we can look in our chart
to see if 21 1is a prime. We find that it 1S not, and that in
fact 3 18 a factor of 21, Divide 21 by 3, and you obtain T;
if you look for 7 on the chart you find that it is not crossed
cut, so that 7 1s a prime and can be factored no further. What
is it that we have learned from all this? We have obtained 63|
as 3 times  times T; and the significance of this is that
these factor - »f %3 are all primes. In other words, we have
succeeded in #itimg 63 as a product of prime factors:
63 =3 X 3 XT .

Let us t=r =mr same procedure again with 60. What prime
were you consldering when you crossed out 60? If you divide
60 by this primes, what do you obtain? Continue the process.
What factorization of 60 as a product of primes do you obtain?

' . Problem Set 10-3a
l. Using the Sizve of Eratoathenes, write each of the following
numbers 3w agpfoduct of prime factors:
84, 16, 37, 48, s50, 18, 96, 93, 78, 47, 12,

2., What posutive .1tegers have the followixr prime factorizations,
respectively
() 2x2.7, (b) 2x3x5 (c) 7x1I,
(d) 2x3x3x3, (e)7Tx7, (f) 2x2x3x 3?

[sec. 10-3]
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' A positive integer, you see, can be thought of as "made up"
of a number of prime factors. Thus 63 1is made up of two 3's
and one T7; 60 1s made up of two 2's , one 3, and one 5.

We shall have many uses for this "prime factorization", as it is
called, of a positive integer. But now we face a problem: How do
we do the same thing for a number which is not on our diagram? If
you are asked for the prime factorization of 144, you might per-
haps consider extending the diagram from 100 to 144, But
suppose you are asked for 17642

Maybe‘you can figure out a way to do the same thing without
a picture of the sieve before you. What, after all, went on when
you constructed the sieve? You first marked all numbers which
were multiples of 2 with a "o": the first number not marked was
3, and you proceeded to mark all numbers which were proper multi-~
ples of 3, and so on. Then came 5, and then 7. What were
these numbers 2, 3, 5, T, etc.? They were just the prime
numbers. Thué, if 2 was a proper factor, 1t .was crossed out
when we were working with multiples of 2; if 2 was not a factor,
but 3 was, then "3" was crossed out when we were working with
multiples of 3, and so forth. If the number had no proper factors,
i.e. was prime, it was not crossed out at all.

Let us now do the same thing without the sieve, say with
1764, We first try 2. (It is convenient to start with the
smallest prime factor.) Is 2 a factor of 17642 By the tests
which we learned, the answer is, '"Yes"; 176l = 2 X 882. So now
let us try 882, as if we had the sieve before us. Is 2 a
factor of 8822 VYes; and 882 = 2 x 441, Now let us work on
441, Is 2 a factor of " 44l? NWNo, it isn't; so if our sieve
had gone as far as 441, this number would not have been crossed
out when we considered multiples of 2. The next prime after 2
is 3, and So we must test next whether or not 441 1is a multiple
of 3. If you check 441 for divisibility by 3, you find that
3 divides (4 + 4 + 1), and hence 3 is a factor of A4k4l, so that
1t would have been crossed out in the sleve when we tested
méttiples of 3. We now obtain 441 as 3 x 147. There is no

[sec. 10-3]
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sense trying the factor 2 on 147, since if 2 were a factor
of 147, it would also have been a factor of U4l (why?). But 3
divides 147, and we obtain 147 = 3 x 49, U9, in turn, is
7% 7, and 7 18 a prime number, so that the job is finished.
To summarize: We have found that 1764 = 2 x 2 x 3 X 3 X 7 X 7,
and this is the prime factorization which we are :looking for.

All this writing 1s rather clumsy; a more compact way to
write it is

1764

882

uﬁl

147

kg

7

1

Here the smallest prime factor at any stage i1s to the right of the
line, and the qQuotient of the dividend by the smallest prime

factor is underneath the dividend. The prime factorization can be

read off from the factors to the right of the line.

~NNwWwNn

Problem Set 10-~3b
l. What is the smallest prime factor of 115, of 135, of 321,
of 484, of 539, of 1432

2. Find the prime factorization of each of the following numbers:
98, 432, =258, 625, 180, 1024, 378, 729, 825, 576,
1098, U486, 3375, 37ho, 1311, 5922, 1008, 5005, Ahl,
5159, 1455, 2324,

You may have noticed that we have been speaking of 'the"
prime fadtorization of a positive integer, as if we were sure that
there was only one such factorization. Do you suppose that this
is actually true? Can you give any convincing reasons why this
should be the case? The fact that every positive integer has
exactly one prime factorization 1s often called the Fundamental
Theorem of Arithmetic.

[sec. 10-3]
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10-4. Adding and Subtracting Fractions
One of the many uses of prime factorization of integers is in
addition and subtraction of fractions. It 1s easy to add or sub-
tract two fractions if their denominators are the same. We have
" already found it possible to use the property of 1 to change one
fraction to an equal fraction having a different denominator. In
this way we can change fractions to be added or subtracted into

fractions having the same denominator.

To make additlion of--fractions as easy as possible it 1s
desirable that this common denominator shall be the least common
multiple of the denominators. We define the least common multiple'
of two or more given integers as the smallest integer which is
divisible by all the given integers.

Consider the pronlem of oimplifying

1 3 L 1

T-To-T5+%
We can readily see that one common multiple of the denominators 1is
thelr product 4 X 10 x 45 x 6, or 10,800. This seems very
large. Perhaps what We have learned about: prime factorization can
help us to ‘find the smallest integer which has ‘4 and 10 and 45
and 6 as factors.

Consider the prime factors of eaci; denominator:

b =2 x 2,
10 = 2 X 5,
45 = 3 x 3 x5,
6=2X3.

Since U4 must be a factor of the common denominator, this denom-
inator must, in its own prime factorization, contain at least two
21s. In order that 10 be a factor of the denomlnator,- the
latterts prime factorization must contain a 2 and a 5; we
already have a 2 by the previous requirement that 4 bpe.a
factor, but we must also include a 5 now. To summarize what we
have so far: in order that both 4 and 10 be factors of the
denominator, the prime factorization of the denominator must con-
tain at least two 2!'s and one 5.

[sec. 10-4)
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Next we must have 45 as a factor. This means we have to
supply'two factors of 3 as well as the two 2!'s and the 5
we already have; we dontt need to supply another 5 because we
already have one. Finally, to accommodate the I=:tor 6, e
need both a 2 and a 3 in th: factorization, b * we alreadr
have each of these.

Conclusion: The denominator will have the prime factorization
2 X g X 3 X 3 x 5., We need each of thess factors, and any more
would be unnecessary. What unnecessary factors did the denomina-
tor 10,800 contain?

Now that we have found the least cummon denominator, we can
complete the problem of changing each of the fractions in our
problem so that it has this denominator. What will % become?
An easy way to do this 1s to use the factored form of the least
common denominator and the factored form of 4. 4 contains two
2's and nothing more, while the common denominator -contains two
2's, two 3's and one 5. Thus, to change 4 into the desired
denominator, we have to multiply by two 3!'s and one 5 +to
supply the missing factors.

11 __1  3x3x5 45
T o xe2 ™" 2x2"3x3X5 2x2x3xXx3x5°
Similarly,
&3 8 _,2x3x3 54
10 " 2 x5 2x5 2X3X 3 2Xx2x3xXx3IxXxhH°

F tdw

Can you now do the same with s and '% ? If you have completed

the arithmetic correctly, you will have

1 3 4 1 45 . 54 - 16 4 30
T30 " T5 P8 " 2 x2X3X3IX5

_ 5 _ 1 !
T2 X 22X 33X 3XHP ?PTX2X3X3TT6°

What are the advantages of this way of doing the problem? One
advantage 1s the avgidance of big numbers; the denominator is
left in factored form until the very end, and you see that we
never had to handle any number larger than 54. Another advantage

[Sec. 10-4]
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of having the ator in factored 'm is that e need only-
test the rcu: ¥ numerator for divis .y by the tavtors of
the denominatcr ir. or :- to change the fraction to "lowest terms".

Problem Set 10-4
1. Find the following sums.

(a) —g+-11—5' | (g) 'é%"":i' : -
(b)%‘% (h) +-g-5
(o) ~fr it (1) £+5 -1
(a) - 5 - 1% W {’—‘g+% .
(e) g + o () 22 +718-23
() - 57 - 55 (h 5+F-75+2%
2. Are the following sentences true?

(a) & (13
a) 1% <%
(b) <5 < ZF

(e) %%«%

3. In each of the following pairs, which number 1s greater?

(a) 1]7' or %-%

(b) -Il-% or‘.‘.—e:’7

(c)-is—éori% i

4, You have learned in Chapter 5 that for any pair of numbers a
and b, exactly one of the following must hold: a > b,
a=b, or ac¢b. Put in the symbol for the correct relation
for the following pairs of numbers. '

[sec. 10-4]
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6 6
() =, % () 15, 2
(0) %, 2 (@) (3 +3),(3 - )

5. John and hls brother Bob each received an allowance of $1.00
per week. One week their father sald, "I will pay each of
you $1.00 as usual or I will pay you in cents any number

~less than 100 plus its largest prime proper factor. If you
are not too lazy, you have much to gain." What number should
they choose?

6. Suppose John's and Bob's father forgot to say proper factor.
How much could the boys gain by thelr father's carelessness?

*7. A man 1s hired to sell sults at the AB Clothing Store. He 1is
glven the cholce of being paid $200 plus %? of his sales
or a straight % of sales. If he thinks he can sell $600
worth of sults per month, which 1s the better cholce? Suppose
he could sell §$700 worth of suits, which 1s the better choice?
" $1000? What should his sales be so that the offers are equal?

10-5. Some Facts About Factors »

Suppose that you were looking for two integers with the
property that thelr sum 1s 22 and theilr product is 72. One way
to find them would be to try all possible ways of factoring 72,
and keep looklng until you found a palr that met the conditione.

We are now golng to see, however, that factors of numbers have
properties which allow us to rule out many possibllities without
actually trylng them. The prime factorization of 72 1is

2X 2x 2% 3x 3. The two factors of 7é whlch we are seeking
must use up the three 2's and two 3's 1in the prime factori-
zation of- 72. Suppose three 2t's were all"in' one factor, and no
2's in the other; that is, either (2 x 2 x 2)(3 x 3) or
(2x2x2x%x3)(3) or (2x2x 2x 3x 3)(1), then one factor
would be even, whlle the other factor would be odd, because it
contained no 2's. But the sum of an even and an odd number 1s

[sec. 10-5]
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odd, and 22 1s not odd, that is,
(2x2x%)+(3><3)=17_ or
(2x2x2x3) +3=27 or

(2x2x2x3x3)+1=73

So this split of 72 won't work; we will have to split the three
21g between the two factors, and thus put two 2's 1in one factor,
and one 2 1in the other.

Next, let us look at the 3ts. Do we split the two 3ts, or
do they both go into one of the two ractors? We know 22 does
not have 3 as a factor; but if we were to split the two 3's in
'72. between the two factors of 72, then each would have 3 as'a’ R
factor, and then the Sum would have 3 as a factor. The sum could S
¢ertainly not be 22. '

We have thus learned that the two factors of 72 must be

"put together" as follows: one factor contains two 2's while the 73
other factor contains one 2; one factor contailns both 3's, while

the other contains no 3's. Thepre are only two possibilities; the
two 3's go either'with the one 2 or with the two 2ts, that 1is,
either (2 x 2 x 3 X 3)(2) or (2 x 3 X 3)(2 x 2) . But two 2's
with two 3ts makes 36, which 1s cleariy too big, so that the
two 3's go with the one 2 (making 18) and the other two 2's
(making ) form the other factor. Since (2 x 3x 3) + (2x2)=
22 and (2 x 3 X 3)(2x2)="T2, we have our answer.

The kind of reasoning which we have Just done depends on two
1deas, namely: 1f o 1s a factor of one of two numbers, and 2
18 a factor of thelr sum, then 2 18 a factor of the other number;
and 1f 3 1s a factor of one of two numbers and 3 1s not a
factor of their sum, then 3 1is ot a factor of the other number.

om——

Let us first prove a similar theorem.

Theorem 10-52. For positive integers b and c,
1f 2 1is a factor of both b and
¢, then 2 1s a factor of (b + ¢).

Proof: 2gq = b, 4 an integer, because 2 18 a factor of ;
2p = ¢, P an integer, because 2 18 a factor of C.

[sec.10 =5]

94



263

Therefore,

29 +2p=Db + ¢, (Wny?)

2(qg +P) =b + ¢, distributive property
Since q+p 1s an integer,

2 1s a factor of (b + c).

For example, Theorem 10-5a guarantees that since 2 1is a factor o
of both 6 and 16, it follows that 2 4s a factor of (6 + 16).
Since 7 1is a factor of both 21 and 35, do you think it

~ follows that 7 1s a factor of (21 + 35)? If we replace 2 in b
Theorem 10-5a by ahy positive integer a, we can prove the general -{j
result,

Theorem 10-5bé& For positive integers a, b and ¢,
‘ if a 1s a factor of both b and
c, then a 1is a factor of (b + ¢).

The proof of this theorem will be an exercise in the next . |
" set of problems.

Another useful theorem is

Theorem 10-5¢. For positive integers a, b and ¢,

S if a 1is a factor of b, and a is
not a factor of (b + ¢), then a
1s not a factor of c.

Proof: Assume a is a factor of c¢; then a 1s a factor
of both b and ¢ and, hence, is a factor of (b + ¢). (Why?)
But this contradicts the given fact that a is‘ggg a factor of
(b + ¢c). Hence, a 1s not a factor of c.

Since 3 ‘is a factor of 15, and 3 4s not a factor of
(15 + 8), we are certain that 3 1is not a fa¢tor of 8.

A third theorem useful in dealing with factors is

Theorem 10-5d. For positive integers a, b and ¢,

: if a 1s a factor of b, and a
i1s a factor of (b + ¢), then a
is a factor of c.

Lsec. 10-5]}
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1.

3.

The proof 1s left to the student in an exercilse.

Problem Set 10-5 ‘
The prime factorization of 12 1s 2 x 2 X 3. What two num-
bers, whose product is 12, have an even sum? odd sum? Can you
find another odd sum? (Remember that 1 18 a factor of every
positive integer.) Can 3 be a factor of any possible sum?

The prime factorization of 36 1s 2 x 2 x 3 x 3.- Find two

numbers whose product is 36 and whose sum will be divisible
by 3 but not 2; divisible by 2 but not 3; divisible -
by neither 2 nor 3. C B

The prime factorization of 150 is 2 x 3 X 5 X S5e Find two -
numbers whose product is. 150 and (a) whose sum 1s even; o
(b) whose sum is divisdible by 5; (¢c) whose sum 1is not"divisibléf
Write the prime factorization of 18. Find two numbers whose

product is. 18 and whose sum is 9; 11.

Write the prime factorization of the first number in each of
the,following and use it to find two numbers whose product
and whose sum are as indicated below,

(a) Product is 288 and sum is 34
(b) 1] 1] 972 11} 1" 1] 2’4’7
(c) ‘ 1" 1l 216 113 1 1" 217
( d) " 1] 330 n 11} 1] 37
( e) n 1] 500 1] 1] 1] 62
( f) " " 270 " ", . n 39

The perimeter of a rectangular field is 68 feet and the
apea 18 225 square feet. If the length and width are
integers, find them.

Prove Theorem 10-5b.

Prove Theorem 10-5d.

29
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Show that if: y 1s a positive integer, then y 1is a factor
of (3y +y°). (Hint: Use Theorem 10-5b)

For what positive integer x 1s 3 a factor of 6 + 4x?
(Hint: apply Theorem 10-5d. How many values of X ‘can you
find?)

If 3 Dboys shovel snow from sidewalks and charge 50¢ for a
store and $1.50 for a house, how many walks of stores and
how many walks of houses must they shovel in order to aplit
the money evenly? #What 1f there were % boys?

(a) 3 1s a factor of 39 and 39 1is a factor of 195.
Does 1t follow that 3 1s a factor of 195?

(b) 3 1is a factor of 39 and 5 4is a factor of 20..
Does it follow that 3 + 5 1is a factor of 39 + 202

(c) 3 is a factor of 39 and 5 is a factor of 20,
Does 1t follow that 3¢5 1is a factor of 39207

(d) 3 1s a factor of 39 and 3 1is a factor of 27.
Does 1t follow that 3° 1s a factor of 39+272

(e) 3 1s a factor of 39 and 3 1is a factor of 27.
Does 1t follow that 3 1s a factor of 39 + 272

(f) 3 1is a factor of 39. Does it follow that 32 dis
a factor of 392?

(g) 32 is a factor of 152. Does it follow that 3 1is
‘a factor of 152

(h) 3 1is a factor of 39 and 5 1s a factor of 135.
Does it follow that 3 1is a factor of 135%

Prove the theorems:

(a) For positive integers a, b, c, if a 1is a factor
of b, and b 1is a factor of ¢, then a 1is a factor

of ce.
27
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(b) For positive integers a, Db, ¢, d, if a 1s a
factor of b, and c¢ is a factor of d, then ac 1is
a factor of - bd.

(c) ForAp051t1ve integers a, b, ¢, 1f a 1is a factor

2

of b, and a 1s a factor of c, then a“ is a factor

of bc.

(d) For positive integers a and b, 1if a is a factor .
of b, then a2 is a factor of b2.'

14, Which theorem in Problem 13 justifies the follewing:
(a) 25 is a facuor of (35)(15).
(b) 6 1is a factor of (30)(7).
(¢) (13)2 is a factor of (39)(26).
(a) 4¢ 1s a factor of (14)(35).
(e) c? 1s a factor of (5¢)(9¢) if c¢ 1is a positive integer.

(f) 20ab 1is a factor of (15)(24)ab if ab 1is a positive
integer. '

10-6., Introduction Eg_Exponents.
Wa have Seen that we can write a positive integer factored
into its prime factors, so that, for example,
088 = 2x 2x2X2xXx2%X3x%x3.
This notation is somewhat inconvenient because it is so lengthy;
1t would not be necessary to write the "2" five times if there
were some way, more compact than ox 2x2x2x2,o0f writing

"rive 2t's multiplied together."
As a first step in this direction, you already know that

3 x 3 can be written as 32, fThis is proncunced "3 squared";
the "3" indicates that we are going to multiply 3's together,
and the "2" that we are going to multiply two of them. How
would we write 2 X 2 x 2 X 2 X 2 similarly? The number 288
can thus be written in factored form more compactly as 25 X 32.

[sec. 10-6]
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In an expression of the form a", we need some way of des-
cribing the numbers involved. The "a", which indicates which
number we are going to use as a factor several times, is called
the base; the "n", which indicates how many of the factors '"a"
‘we are going to use, 1s called the exponent. Thus a®’ means a
number consisting of n equal factors a; a 1s called a power,

or more precisely, the nth power of a. We can write

an=\&.XaX...Xa.

N~

n factors

a® 1s read "a squared" or "a square'.

ad 1s read "a cubed" or "a cube'.

a’ 1s read "a to the nth power", or just "a to the nth".

Problem Set 10-6a
1. Can you guess how the words "squared" and "cubed" origi-
nated? If a side of a square 1s 5 inches long, how large,
in square inches, is its area? ' ‘

2. Find the prime factorization of each of the following numbers,
using exponents wherever appropriate. 64, 60, 80, 48, 128,
81: 2"9: 2"1: 32: 15: 27, 29: 56: 96: 22"3: }432, 512:
576, 625, 768, 686.

3. In describing the number an, what kind of number must n be:
Must a be?

*l4, The expression a® can be thought of as defining a binary
operation which, for any two positive integers a and b
produces the number ab. What does it mean to ask if this
operation is commutative? Is 1t? What would it meah to ask
whether or not this operation is associative? '

[sec. 10~6]
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I3 Les. .sx extend our notions about exponents. Since we know that
the set of zeal numbers is closed under multizZlecation, it must be
true tizt ap«ag name:: a taal ryumber. Is tn&»r : zimple~ name?

N )
Sirme oz~ eans that . .3 # .Tactor shree times and a means
that = 1s: factor twice, .- Tollows that a"-a" =nas a as a
faczor __+vt imes. That is,
5 factors
-\
a3-a2 5

= Q88 ¢ 8+8 = 8
[ —— [
3 factors 2 factors.

Write siﬁbper names for eac: of tne foilowing: 2.a3; b3.p3;
33-3u, : ) 5), au-aaoa‘; 05-c8, a2-b3; 2-.33 , Suppose
we consic;: the number a".al, where m and n are positive
integers.
m + n factors
aMa’ =axaxaX...XxaxaxaxaxX..Xxas g+ no
m factors n factors

Does it seem reasonable, therefore, to say that a™ a” and
a™” + D gre names for the same number?

Have you noticed that we have been talking about a2, a3,
as, a7, etc., that is, forms of the type an, where n 18 a
positive integer; but we have not mentioned al? Certainly, 1

is a positive integer and we shall define al = &

Problem Set 10-6b
l. Write simplor names for the follﬁwing.
Example: (9x )(3x ) = (32x2)(3x )
= 33x6 [

(a) m° m>1

(b)  (x3)(x7)
[sec. 10-6]
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e) (o (x) | (h) (== %)

(d) =0 ) (1) 3%.3°

(e) (oxy 3 () 32

(£) (27 3% (k) 25.3%.5.22.33.52
(

(Hint: =z.lacze 27 by its 7) o8.pta
“me

‘;r ‘tewntorization.)
(g) (16 2am”) (m) (32®p3)(32ap?)
(n) (3k= j(3m°t)

In Proble. ~ .l: tell which sentences are true and which
are false and - '+ whay Ln each case.
2. 23438 . 8. 23 428 .2
3. 2333 - ¢ 9. 334333
y, 23 433 3 0. 3% 4+3% 4383t
5. 23.3% _ ¢ 1. 43 13 3 _yh
6. 23.33 - ¢&° 12, 43 4 43 443 3 b
7. 23 423 _ 2"
13. Write other —ames for:
(a) 23(2° 4+ 2) (a) -3a"(3%a3 - 33:2)
(b) x%(2x® + x=) (=) (a2 +-2a3)(a - a°)
(c) 2x3(2x2-— 453)

10-7. Further Pruperties of Exponents.
Now let us examine the fraction: 23 » 2 # 0. Is there a

simpler name for this fraction? From the meaning of a5 and a3
it is evident that

-

~  a X

1}

m(h‘}r
]
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2 6

5 7 4 S
Write simpler names for: 3‘-—2— 3 -9-5 ; L. ; -:iz 545 3 % H
x b ¢ 3“ 2 m

where none of the variables has the value O. ’i&n you gen=ralize

the results? Suppose we consider a5 again, hmt ireason IT this
way: a
a5 = a3-a2 , because dlea” = g™t .
Then
5
a 1 (3 2
= .(a”+«a%)
P
1l 3.2
= (=g-a”)a (Why?)
a »
2
= lea (Why?)
That is, if m > n,
m
a 1 ( n n
&. - = (a'e.a )
a® a”
1 ny me-n
gl
_ l.gh - D
- g ="

We speclfy that m > n because we want m - n to be a positive
integer.

If m=n,

m
a_

n
a

HooRgley

32
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If m<¢n,
3" | 1
- s
n T *® ( be! 'n)
a a s2
,
= M)
A o7 3
m 1 1
o= oo |
(a%e"p! =5
a
= 1- 1
n - m
a
_ 1
T n e-m
a

To summarize: When (a # 0)

a_ _ _ma=n 62 e
If m > n then i a . For example '33 = b
. a™ 62
If m=n then - = 1. For example —= =1 .
a 6
m 5
a 1 1
If m¢n then =~~~ = ————, For example -5 =
a? '~ E 6 EI
Problez Set 10-7a
1. SimpliZy:
3 3 16 2 .4
2° ’ 2 , 2 2.3
(a) =5 fe) = e) 9% () =¢
22 23 pl2 2.3
2 3 10 : 3 35
. o 2 2 273
() =% -d) (£) == (h) ===
23 33 213 22.37

In Problems X ~ 7 =mplify each expression. (We assume that
no wariatle will hawe the value O0.)

[sec. 20-7]
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3 o 3 3
2. (a) & (b) 2 (c) 2 (a) 2
! = 23 it
3. (ﬂ}~2“ b) = c) Ehﬁ (a) —&
2352 (b . 5b ) I1g?
4, (= iﬁ%é—:ﬂ (v) (a%¢- ‘)(aubsc"*) (e) %3¢ + a*bdct . ‘
i 5%) - v 5x%(5 + x) §5xg§5x}
5. R (b = (c
5%x ' 5°x ) X
2.3 2, 3 2,3
8a5b 68°b Tab
3 - 2.3 2.3
“5lx 63x%
7. (a) (b) ‘5_616' (e)
48x"y . 53%kxa 28a

In Problems 8 - 12 t=21l1 which sentences are tiue and which
are fals= and show why.

8. 3° 3 11, (43 @)% -1
2% A -
63 63 .3
9. =2 12. = 2
33 3°
31t 3k 13. Why must we be careful to
I, S = (-§) avold O as the value of
2 the variables in Problem
2 -~ 7?7 -

Having tores rromsrties of exponents for handling division
3 pmeswer as sestisfszctory as just one which will do the same Job.
= smppens that it ls- possible to reduce all three to Just one,

nEmely:

%57
|
fo

#2 we drop the coraitior m > n. Let us work some problems in
TWT ‘ways, fi—st, using w—ichever property of the last section 1s
-aparopriate and second, ==ing 3 4

[sec. 10-T]
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It is convenient to tabulats: the results.
Complete the table.

T 7 -
Compare '9'5 = a7_3 = ,u with s = a7~~' = a,)4
A 33
a’ 3 .3-3 .7
Compare =3 = 1l with a =a = a
a 3
a
a3 1 1 aﬂ 3-5 ?
Corz::are "‘5‘ = -—5:-3- =-‘-—é with ——5- =a“.” = a
z a a a
R )
Compare 53 =1 with ~§t = ah-h =a’
a a
2 2
Compare 33 =-% with 33 = 52'3 = a?

m

a

We have extendad notions of numb=z=rs in many instances befors;
can you now extend —our notion of expanents? Zxamine The amove
table carefullyv to =-swer ixe followlng questicns:

ao = 9

-1

151 = ?

a‘2 = ?
Do zero and nes ;—ive =xponexts make any sense iy our Zefinition of
n .
a =aaa - > n fastors? O0f course, 1t L5 senseless to
think of a = &z faz-tor (-3) times. But the above compariscrus
suggest a way t . write just one property of expanents for divimion.

If we defire, ftr m and n positive integers and a ¥ O,

0

a =l,
and
"n_..].'__ = £
a —an,c.,.—o,
then
[see. 10-7]
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ExamplejL

RUES
it
-~
w
g

it
~3

~%JH

Is this the same resul: you get usimg The formex d=initlon?

Now that we have a meaning for £ negatlive sxpons== and for
a zero exponent, the propertles ‘

m =~ N n

ama: =2 anc —-r-l-= am =
a

hold for any integers m and 0, whether posiZive.. zero, or
negatilve.

‘Example 2

= x40, 7THY
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'}Example 3

Problem Set 10-~7b
1. Simplify each of the following, first by the single property

am m = n
_?x.:‘a
a

and also in a form using only positive exponents. (Assume
none of the variables takes on the value O.)

7
Example: &= = =2 = &
mwie: Tg= o -
5 4 5 o an2 4 3
3 4 b 10° x 10 a'b>
(a) P (d) 2 (S)——los—‘ (3) :7’;1
5 7 2 b . 2 N4
3 b 10° % 10 36x
b h k -
‘ (v) 'gg (e) ;?5 (h) f"Igg“‘ (k) -g;i&
8 5 y .3 3m "
3 £) 10 4y 207 x 10 (f) |
(e) B (£) 100 (1) 10° x 10 , m’
w5
S 3t

2. Simplify to a form with only positive exponents. (Assume
none of the variables takes on the value O0.)

[sec. 10-7]




276

(a) 20" x 1072 () 2x2y~2
2 72 22
10 hex
(b) 10° x 10° (&) 32 % 2-3
1072 23 X 3"2
. 3 -4 0
() .007 x 20" x 107" (h) QX 10 X 10
10° x 10
lQaub -3 -2 4
(d) ‘3 7b2 (1) 2_ X2 i
a 2—2x v
2;(9'1"2
(e) 1 5D
Xy

3. The distance from the earth to the sun in miles 1s approxi-
mately 93,000,000.

(a) How many millions of miles is this?
(b) How many "ten millions" of miles?
(e) Is 9.3 X 107 another name for 93,000,0007?

L, Simplify to a form with only positive exponents.

(a) 10°(10% + 1072) (@) (a+at)(a+a™?)
(b) 3a2(3a + a'l) (e) (a + a'l)(a - a"l)
(¢) 322(371a + 3272)
5. In the following, what value of n makes the sentence trué?

(a) 10% x 103 = 10" (e) 10" x 10" = 108
(b) . 107} x 207t = 10" (£) 10 x 10" = 1076

. (e) 107 107% = 10" (g) 10" x 10" = 108
(@) 107 x 107 = 10" (h) 10" x 10" = 107"

38

[sec. 10-7]
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6. If n 1is a positive integer and a # O,
prove that

*7, If m and n are any Iintegers, then show that

Mg = M+ 1N
includes all cases of multiplication and division of powers.,

(Hint: The case of 8P can be considered as aP * ('Q).)
a
a

What is the meaning of (ab)3° We know ab names a number,
and we also know that a number cubed means that the number is a -
factor)three times, Therefore, (ab)3 must mean (ab)(ab)(ab).

By the commutative and associative properties of multiplication for
real numbers we know that

(aaa)(bbb) = adp3

(av) (ab) (ab)

Thus
(ab)3 adp3
)3

]

using similar reasoning., Write
using similar reasoning. 1In general,

Write another name for
another name for (a b

we have )
(ab)? = a™",

3)3

Problem Set 10-7c¢ ] 4
In Problems 1 - 8 simplify (assuming no variable has the value 0)
and write answers with positive exponents only.

o) (29 @ @) (o) (3 (@) 3al3)
3 ' Qxe §5xQ2 5x°
2. (a) ]_Sxyz, (b) ‘lsxydl.-f (C) 15(XY)
[sec. 10-T]
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(@ == g = (o L2 (g (=32)

9
2,3 2, 5
b (a) {22112 (v) L2 (o) {21
(2)°£2y7) (2y2) 2y
2,15 712,15 72,30
5 (@) -5 (v) Lﬁ?o— (c) -'E_g—z—ﬁ
| 28,3 312 | 6322\ [ 5027 s7(-a)3) [ 2a22
«owled F wlagla) o (g
7. (a) Ao (b) P2 (0) (22)°
X
e (ab)2 2
s @ sar o S
' B.Lan” x“
ol _2'%‘

xy'

9. Is eac «f the following true? Give reasons for each answer.

(a) (& = %5 (e) 3% 1s a factor of
- o2 (3% + 3°).
(b) E=
37 g (£) 32 is a factor of
2
(c) fSa\Z 52.a2 . (6% + 92)-
c . =
% 2
b sz . (g) (2x + hyz) is an even
= number, if X and ¥y
3 2.2
(@) 5= _5"a are positive integers.
27 52,2
T 7™"b

10. (1) Tzize a number, (2) double it, (3) then square the
result-ng number. Now start again: (1) take the original
‘number, (2) square it, (3) then double the resulting number.
(a) Is the final result the same in both processes?
(b) Usirz a variable, show whether or not the two procedures
lea® to the same result.

[sec. 10-7]
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(a) Consider a square whose side 18 s units long. What is
its area? Now consider a square with sides twice the
length of the sides of the original square. Write and
simplify a phrase (in terms of 8) for the area of the
larger square. The area of the larger square is how
many times that of the smaller?

(b) In a similar manner compare the area of the original
square with the area of a square with side three times as
long.

(¢) If you have not already done so, show by sketching the
" squares involved that the results of parts (a) and (b)
seem reasonable,

.Simplify the following, that is, change to 2 form involving

one indicated division.

Example: o

2

2
. 11 4
52 + 11 42 5.3 2y2 + Xy 2_2x
3x 6xy 9y 3x2 3.2y 6xy 3xy 9y° 2x
- 30y2 + 33xy - 8x°
32-2x2y2

30y° + 33xy - 8x°

18x2y2
(Notice that 32-2-x2y2 is the least common multiple of
3x2, 6xy, and 9y2 because 32-2-x2y2 is the smallest

set of factors which contains 3x2, 3.2xy, and 3-3y2.)

(a) &+ & (@) G+§+3
(b) 5 - 2 +_1_._ (e) 11 + 13 - 7
2x2 3% 6x 35a° 25ab  5b°
(o) Ly Ay £
323 Ha 2a
[sec. 10-7]
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13. Prove: If a2 is 0dd and 1f a 1s an integer, then a 1is

odd. (Hint: Assume a 1is even and obtain a contradiction,)

1%, Prove: If a° 48 even and if a 4is an integer, then a 1is
even, (Hint: Assume a 18 odd.)

15, Let a be 2, b be -2, ¢ be 3, d be -3. Then
determine the value of:

3 3
(a) ~2a 2p2c2 (e) &tD
a“b
(b) (-2abe)? .
L (a +b +c)
(¢) -=ka'd (r)
6b§a§ o a2 + b2 + e
() _6a12p16,20
2a""b" "¢ 2

16. Multiply:
2 2 2, 2 2
Example: (a ~ 3)(a“ - 2a + 1) = a“(a“ - 2a + 1)-3(a“ - 2a +J)

ah 3 2

- 2a8° + a° - 3a° + 6a - 3

3 2

= an - 2a¥ - 2a“ + 6a - 3

(a) (x° +‘1)(x3 + %2 + 1)
(b) (223 - b2)(3a2 ~ 2v°)
(¢) (2x - 3y)®

(d) (a + b)3

Review Problems
1, Find the following sums:

() o5+ (@) -18-3
®) F-3+3 (&) o+ 35+ 2
() & -8 (0) Zp -3+ %




281

2. ‘Simplify to "lowest terms".

3
(a) 2= (c) g2

22435
62,7, 02 142857
(b) 2:p T8 (d) 555559

3. What is the next prime number after 129?

4. Four times an integer is ten more than twice its successor.
What 1s the integei?

5. If the domain of the variable is the set of prime numbers,
find the truth set of the following: )

(a) '% (2x - 99) = 29 (c) 3x° < 123
(b) % 4o = 12 + 4 (d) |x - 10] < 3
6. Simplify:

(a) (2a)(32%) (a) 2°.23
"

b) XX M

() 8x° (e) -§§§‘—

(¢) mPem™2 3a

' () 103 x 107t
10”

T. Write the indicated products as indicated sums,

(a) a2(a +1) (e) (a2 + b2)(a + b)
(b) xv?(x% + ¥%) (£) x(x® + x3)

(c) (2x + 1) 3x2 () (a+0b)(a~t +b~h)
(d) (-mn)(m - n) | (h) (x°y + l)(xy2'+ 2y)

8. If n 1s-a positive integer, which of the following are even
' numbers, which are odd, and which may be either?

43
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. 10,

11.

12.

(a) n° (£) (2n +1)°

(b) 0’ . (g) Un®

(¢) ©2n (h) 2n -1
(d) 2n +1 (1) 210 4 3%
(e) (2n)? (3) 20 4+ 61°

Which of the following are non-negative for any real number.
n?

(a) n (g) n'

() (-n)® (h) " (-n)*
(¢) (-n)(-n) (1) -n*
(@) -n® (3) -In?|
(e) (-n)® . (k) |-n

2y 7.2
(£) (n%)(n%)
Two squares differ in area by 27 square units. A slde of
the larger is one unit 16nger than a side of the smaller.
Write and solve an equation to find the length of the side
of the smalier square.

For 27 days Bill has been saving nickels and dimes for
summer -camp expenses. He finds he has 41 coins the value
of which is $3.35. If he has more dimes than nickels, how
many nickels does he have?

Sam has five hours at his disposal. How far can he ride his
bicycle into the surrounding hills at the rate of 8 miles .
per hour and return at the rate of 12 miles per hour?




Chapter 11
RADICALS

1l1-1l. Roots

~ After we studied the operation of addition, it was possible
to define its inverse operation, subtraction. What operation did
we define as the inverse of multiplication? In Chapter 10 we con-
sidered the operation of squaring a number. This operation also
has an inverse.

Let us review for a moment the process of finding the square

of a number.

If x =17, then what is the valﬁe of xa?
If X = .3, then what is the value of xa?
If x = -2wa, then what 1s x2?
" Now let us consider the same kind ~ question in the opposite
direction.
What 1s the truth set of x° = 492
of x° = .09?

. of x2 = —h?

In the second group of questions we are finding, for example,
a number whose square is 49, This is the inverse operation to
squaring, and is called finding a square root. One number whose
square is 49 is certainly 7, and hence 7, is a square root of
49. Since it 1s also true that (-7)° = 49, it follows that -7
is also a square root of 49, Our notation and our terminology ‘
have to be chosen so that they will keep these two square roots .
distinect; people usually call the positive square root-of a number.
b "the square root of b", and denote it by +b .

Let us now summarize this discussion.




If b 1is a positive real number, and a® = b,

‘then 'a 1s a square root of b, If a is a. o
square root of b, so is ~a. The positivé'square
root of b 1s denoted by W/S_ and 1s commonly
called "the" square root of b. The negative
square root of b 1is then -7\/b . ' '

We also define \/0 = 0, in which case there 1s only one

 “square root.-- — -

2e

3.

5.

6.

Problem Set 1ll-la

Simplify: T — |
(a) Vi o (e) '\/.’ig_ﬂ.

(b) -V1al (o) VA | S
(c) - (-3)2‘ (careful) : (é) y-\/'i' s VS - VL3
(a) ¥2.25 (ﬁ) 2'\/-1-‘? - 3’\/%_

Is the sentence "'Vx2 = x" true if
(8) x 1is 3? (b) x 1is =37

Is the sentence “‘Vxe"s Ix|" true if

(a) x 1s 32 (b) x 1is -3?

If a and b ‘are positive real numbers and a < b, prove

that V2 < b . Hint: Exactly one is true: vVa =vb,
Vi > V5, Va <V . (Why?) Show that the first two lead
to contradictions.

Is it possible that “\/xe + 2 =1 for some value of Xx?
E-)cplain .

Determine the square root of (2x--1)2 if

(a) x<3, (b) x>3%, (¢) x=%-.

[sec. 11-1]
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B #7, Consider the following "proof"'that all numbers are equal.
If a and b are any real numbers, then

la~=b| = |b-al,
(a-b)? = (b-2)?,
a-b=>» -~ 8,
2a = 2b,
a = b.

Which step of this "proof" is faulty, and why?

If x = 2, then what is the value of x3?

If X = ~.3, then what is the value of x3?

If x = %ae,::hen what is xu?

Again, in the «fher direction, we can ask: —
What 18 the truth set of x5 = 89 .
of xS = =0.0272

of xu = 167
Following the same procedure as before, we can say that a
" 1s a cube root of b 1if a3 = b. We write a = {7_7; . Notice"
from the above examples that while we were not able to take square ‘T
roots of negative numbers, since both negative and positive numbers .
have positive squares, it is perfectly possible to take cube rodts
of negative numbers, since the cube of a negative number 18 nega-
tive. _ ‘
On the other hand, we seem to be able to find only gne number
whose cube 1s 8, namely 2, while we have seen that numbers other
than O have two square roots when they have any at all. Within
the framework of the real numbers, this 1s indeed correct; in the
coming years, you will find that by extending the kinds of numbers
we are willing to use, negative numbers will have square roots too,
and every non-zero number will have three cube roots.
[sec. 11-1] .
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Problem Set 11l-1b

- In Problems 1 - 8 simplify:

1. (a) ¥ 27 () YV 8T (c) J 283

2. (a) VB (v) 1000 (o) YT

o (a) V () V< (0 V

b, (a) f -125 (v) ‘@FZ;;; () V (-8)(-1?

5. (a) / (-13)° (v) \f-20)2 () V(128

€. (a) v .008 (b) - 2 (¢) §f .216
3 3

@) -2 oV & (&) VE

8. (a) ef 6#06 (v) : (x--3y)3 (eN\/V81

9. What is the relation between ?’ 16 and Vi ? Between

#’ 10,000 and /100 ? Can you guess a relation between fourth .

roots and square roots that seems to be true?

#10. Write a definition for fourth roots. For nth roots, where

n 1is a positive integer. For what values of n do you think

. negative numbers will have real nth roots? How do you
suppose the property of positive numbers of having two real
square roots and one real cube root extends to nth roots?

11-2. Radicals

The symbol‘v is called the radical sign; an expression
which consists of a phrase and a radical sign over it is called
2

a radical. Thus\/3x is a radical.

[sec. 11-2]
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v Let us now return to sguare roots, Thus far, we have not

.. attempted to take the square root of n unless we were able,
‘”with,more or less difficulty, to recognize n as the square c*
‘édme simple number or expréssion. (We call n a perfect square

in this case.) It us now consider the case of a square root

which we cannot recogniZe imﬁediately, such as, for example,\[—_.

What kind of question do we want to ask about this? For instance,

if we were given the expression \/g’ + 1, we would not leave it

in this form because it involves an indicated operation which can

be performed. It can be simplified to read % + 1,7or Just 3.
What 1f the expression were V2' + 1? : T
Let us recall what happened in the case Of\’§ + 1. We

discovered thatﬁvﬁg- was a rational number which we could combine
with the rational number 1 and obEgin the simpler expression ;% .
Can we do something similar with \/é + 1?2 We certainly do not
know of any rational number whose square is 2, but we have nof
yet proved that there 1s no such number. The tlme has come to
settle this question once and for all.

Theorem 11-2. V2 1is irrational.

Discussion: N
Before we begin the proof of this theorem, let us think about

the problem involved. We want to prove that'VG; is irrational,

that 1s, that a number whose square is 2 cannot be rational.

How does one prove that something does not have a certain property?

For example, we proved in Chapter 9 that O has no reciprocal.

" 'How did we do this? We assumed that O does have a reciprodal,

“and showed that this‘assumption leads to a contradlection. If an

: assumptién leads us to a contradiction, the assumption must be
‘false; and if it is false that O has a reciprocal, then 1t has

no reciprocal, Let us try the same reasoning here.

[sec. 11-2]
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Proofs: . :
Sappose that there is a rational number, =ay ~% , where
a and b are positive integers, such that L%y_;= 2. We can»k

certainly insist that a and b have no common Zactor, for if
they did, we could remove such a factor from the Iraction % .

2
«“ 7=
then
a® —
—1;2- = 2, - (vry?)
and
< g® o 2p@, (Wiy?)

This says that a° 1s an even number. (Why?) Then a itself

is an even number. (You proved this fact in a problem in Chapter
10, page 280.)

If a 1s even then a = 2c¢c, where c¢ 1s another integer. (Why?)"
If we replace a by 2c 1in our last equation, we obtain B

11»02 = P.ha,

202 = 52.

By the same argument which we just gave for a, we know that b
must now be even, since its square is even. Hence, we have shown
that both a and b must have been even. But a and b were
chosen to have no common factor, and this certainly does not permit:
a and b to have the common factor 2, Thus, we have a contra-
diction; that is, the assumption that \fg- is ratianal has led us
to a2 contradiction, and the assumption must have been faise.

Hence, \fE- is irrational. This completes the proof.

Notice, incidentally, an interesting difference between a
proof by contradiction, such as we have just done, and other
types of proof.which you have seen during the course. In the
direct proof, there is a specific fact which you are trying to
establish, and you proceed to work with whatever facts you are

[sec. 11-2] ‘
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g given and with the properties of the real numbers until the factb

you are seeking is before you. You concentrate on creating the
statement you desire from statements which you have assumed to
be true. In a proof by contradiction, on the other hand, you add
to your 1list of things with which you work the denial of what you
vant to prove, and then keep derlving results until a contradiction
a.pears. You don't know ahead of time just where this contradic-
tion is coming from, but you keep working until you find one. This
contradiction proves that you made a mistake in denying what you
wanted to show, and thus what you wanted to show must have been
true all along. '
It is possible to establish in a similar way that the‘square
root of gny positive integer which 1s not a perfect square is
irrational. Among the integers from 1 ' through 10, for example,
this tells us that only 1, h, and 9 have rational square V
rcots, while the others have irrational square roots. Try to
show that, for example,\[g is irrational.

— Problem Set 11-2
1. Since all integers are rational numbers, the fact that Wﬁg
is not an integer 1s actually included in Theorem 11-2. Try,
.to Show directly that \ﬂS‘ is pot an integer.

2. You learned in Chapteﬁ 1l that between any two points on the
number line, there are infinitely many points labelled with
rational numbers. Do you think that between any two points
on the positive half of the number line there are infinitely
many polnts whose coordinates are not only rational, but also
perfect squares? Between the rational numbers -% and 3
find two rational numbers which are perfect squares.

3. Prove that V2 1is irrational. (Hint: Assume it is
rational and arrive at a contradiction.)

4, Prove that V2 + 3 is irrational.

[sec. 11-2]
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#5, Prove that /5 1s irrational. (Hint: follow the same
reasoning as in the proof that \/5- is irrational.- You may

use the fact that if 5 divides p° and p is an integer,
then 5 divides D ) S

11-3. Simplification of Radicals

We observe that there can be only one positive number a
which is a square root of n. For if there were a second such
positive number, b, which is not the same as a, then either
a<b or bc¢a. (Wnhy?) In these two cases, respectively, we
would have a2 < b° or b° < ae. Thus, the squares of a and b
could not both equal n.

Let us consider next the broduct of two square roots, say
\/2 and/3 . Does this product equal some simpler expression?
We can draw a conclusion about V2 A/3 by examining (\ﬁi-‘vg)e .

(V2 -V3)2=(V2)3(V3)2=2.3-6.
Thus\fgfvg must be a square root of 6. Since we have Just
learned that there is only one positive number which 1s a square

root of 6; it must be true that Va3 =V6 .
As suggested by this example, we can prove

Theorem 11-3. /a#/b =\/ab, for any non-negative numbers
a and b,
2 2
Va)= Vo)<,

Proof': Since q/EFVS)E
= ab,

1t follows that the square root of .ab 1s\ayfd .

Problem Set 11-32
Simplify. In those problems involving variables, indicate what
restrictions must be put on the domains of the variables.

1. (a) VB5VE (b)) VeVT (c) VIVT
2. (a) V3VIVz (0) V5VE2Z  (c) V312

[sec. 11-3]
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L @VEE m VEVES VTR
h (@V5Vo (0)V(-5)2 V3 (¢) \/ﬁ/ﬁ
" 5. Is it true that for every real number a, (Va)° =

Is it true for every non-negative number a?

6. If n 4is a positive integer and a, b are positive real
numbers, - prove that

SRR

T. Multiply (explaining restrictions on the domains of the
variables).

() V2 (/3 +V8) (a) ¢\/5+v§)c\/5-v3)
() Vx' (V& +1) (e) WZ+VDE
(¢) &z +1)2 (£) (2V2 + 1)(3V2 - 1)

We can use the fact about square roots given in Theorém‘li-3.”
to separate a single square root into the product of two square-
' roots. Also, using our knowledge of prime factorization we can,

for example, write -
/98 -_-'\/72-2. B

We now recognize that V98 =\/72a/§ (Why?)
= T2 .

Certainly, TVF— is a simpler form thanwf_f because it contains . .
no factors in the radical which are perfect squares. Recall that. fgf
a phrase is called "simple" if there are no indicated operations .
~ which can be performed. Thus the indicated operation'\;72 can‘bejﬁf

- performed while Y2 must be left indicated. SHNY

Examp;e 1. Simplify V
The prime factorization,of 108 1s 2°.33, Hence,

V10 =V 22!33

[sec. 11-3]
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=\’2203203

22.32.3
= 2'3'.\/3-.=

Exampis 2. Simplify ¥ ss.
Since U8 = ota3 = 23-2-3,

3 3
8 /2% /2:3

36 .

"
N

Notice how we handled these tw° examples. In simplifying
the square root, we arranged the factors so as to group the -
highest even powers of the factors. (Why even?) This insures.
that our new form of the expression will be simple, since we o
jeave no indicated square roots of perfect squares. Describe the
corresponding procedure for cube roots.

Example 3. Simplify "\/18x°

Again we factor: 18x° = 3%.x2.2. Hence,

5 [Pl
R

Before simplifying\/xa, let us recali that deé is never

negative. Thus if x 1s positive or zero, then 2 - X, a
positive number; 1if x 1is negative then x2 = =X, & positive

number.
As a result, we see that \/x2 = |x]|.

Thus;\ ﬁBx2 = 3lxly2 .

[sec. 11-3]
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Problem Set 11~3b

In1l - 7, simplify:

1. (@Yo (v) V50 (c) V250 (a) V8o
Sz, (a)VIZ (b)) VG () V6 (a) VIge
3. (a) VBB (b) 3pB2 (c) 513 (d) Wizl
k. (a)V10VI5 (b) V/5/20 (c) VI8 27
5. (a) (6/2)(3/I})  (b)/T (VA1) (c) (3y38)(2/57)
6. (a)V9 + 16 (b)V916 (¢) V9 +16
7. (a) Y16 ® Y250 () YErar (FF YT
8. For each of the following find a positive number x for

which the sentence is true. For which ones is there a nega-
tive number which also makes the sentence true?

(a) %2 = 56 (b) x° = 162 (¢) x° =53

In 9 - 15 simplify. Indicate the domain of the variable in those
) problems where the domain is limited,

9. _(a)'\/ (b)"\ /24x3 (c) O\ /24x>

10. (a) (v) 32ak (c) 32a

11. (a) V¥7x (b) /625x2 (c)

12, (a)7/x* + x2 ®)/ (xH2) (e -\/;J’:_;\/;?_

13. (a) (2‘/5:-:)(5\/6-5)‘ (v) (3\/xTy)(‘/;y_2-) (c¢) V600x\/5000
.14, (a) V16 (b) ¥16 (c) Y18  (q) \ 16

6
s @ B onen?  eret (@R

© 16, Find the truth set of each of the following sentences:
(a) 2x2 =32  (b) -§y2 = 16 (¢) (n=-12=9

17. Multiply and simplify:

(a) &2(2V6 -V2) (b) (WB - 2)a2 (c) (3 -VEB) (23 +VB)

[sec. 11-3]
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11-4 Simplification of Radicals Involving Fractions

We have seen what can be done with integers and various
powers of variables under the radical sign, and what the goals
of simplifying such expressions are. What do we do 1f we have
a fraction inside the radical? o

Let us consider'\/g'. As before, we factor to

. 3 2
obtain -§ = 25 =-g§- . Then
9 3¥ 3
B -\ /2247
9 32

A useful result for simplifying radicals is given by

Theorem 11-4., If a > 0 and b > 0, then

]

Example. 15
V' 52

For what values of x 1s this a real number?
Problem Set 11-la

Simplify, indicating the domain of the variable when 1t is
restricted.

@ VE 01V () VE

[sec. 11-4]
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BNy o f3 © JF

=z
N ON (b) -93;5 ‘°)x/2$a2
| - Vel Ve
h, 2 S B
Sa)ﬁ (b) ) (c) S

5. (a) 42 /R ON VL () ~/F/T

6. (a) V3.5 (b) V3. VE () V2 Vx

Ji S V18 V2 v25x  Jx

7. (a) V14 & 22; (b) v/ 32 +~:9£ “(e) \/'%15 --g+-g

8. Prove Theorem 11-k,

We come now to the case of radicals containing fractions

A_whose"denominators“are_nothperfect squares, . What do we. propose .. ... ..

to do with'\/-% , for example? We know that

«/—§_=JJ—§;- (Wny?)

In this form,-§~ involves two square roots of integers, and this

/5
certainly is not as simple as if 1; involved only one., How should
“"we change 5;5; so that there would be only one radical (with an
5

- integer under the radical sign) 1in the whole expression? We have

© two choices: We must somehow get rid of either the +/3 or the
V5 . How, for instance, might we get rid of4f3 ? If we were to

multiply the whole expression by ig; » Which 1is another way of
3

saylag 1, then in the numerator we would have VG; -Vg-, which is
“Just 3, and the radical would be gone. In the denominator we

[sec. 11-4]
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would have /5-\3 , which 1s/15, and this we can simplify no
more, since 15 contains no perfect square factors.

_\/"' -'\\;: V’\/_:_ ‘\\//;3_ .\'\//-_—y_ \ﬁ-% | (Justify each step.)

We did remark, however, that we had another choice. We
could get rid .of the \[5 instead.
In this case (Jjustify each step),

.\/“\/“wf'\/’\/':;w/_ Vi
Vs VsV Vs Vs o |

Which of our two final expressionsvwould we prefer? Each of
them contains \/15 and no other radicals. If you had a decimal
approximation to \/IE , such as 3.873, how would you find a nu-

merical approximation to'\/%_ ? The form =3 would leave you
V15

with- the problem of computing v1r§73 H the form l%?— leads to

El?él_ . Which is easier°

For this reason, then, the form which leaves the denominator
rational 1s often preferable to the form which leaves the numera-
tor rational. Quite naturally, the process which leads to a
rational denominator is called "rationalizing the denominator".

Example_l: Rationalize the denominator of

(a)\/—l-z;- , (b)\/-:;—é—, x £ 0

aﬂ/_—- \/’V_V_ Va1

w

;f= Y
Vi Vo Ve
b)\F:fxﬂxl \7é|xh/"=' TZIET x £ O,

Example 2. Rationalize the numerator of

\/ég , X > 0.
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=TT T = X)O-
V2 Vx Vax _
(Why is it necessary in the original problem to restrict x -
~to non-negative values? Why must we restrict x in the rationa-
1lized form to positive values?)

Problem Set 1l1-Ub
Rationalize the denominator. Indicate the domain of the variable
- 1n each case where it 1is restricted.

@i o eViE s eVE

]égi_ 1£Z. 4o 9 Vs
5 (a) 2 ) 3 (e) E@ (a) ‘15%%
‘ 2 o
BeVE Ve eV ey
s (@V/E VB @V @ Ve

. - ) 5
o 0VENE VB VE @ Wi
7. (a) V%y_é’ (b) VE;/;L____VZE (c) 1 /9 16

8. Rationallze the numerator.
X

1 Vo Vo

9. Simplify:

() (VE+2° () (F + 1) <c>(vzﬁ/—)

o]

[sec. 11-4]
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Having seen what can be done to products and quotients of
radicals in order to simplify them, we turn next to sums and
differencés of radicals. We are always guided by the agreement
that a phrase is not in simple form unless it is free of indicated
operations which can be performed. Consider \ﬁg-kW/-—.
Certainly, \fE and Wf§' are each in simplified form and we cannot
perform the indicated operation of adding \fE and Y3 . Hence,
WfE‘ + \[5 is a simple phrase. ,

On the other hand, consider h“/; - 3V12 . By the fémiliar
procedure, we obtain:

43 - 3VIz = V3 -6V3 = (4 -6)V3=-2V3.

The last equality follows from the distributive property. Thus
we were able to simplify considerably in this case.

What is the difference between these two examples? If you
have a sum of different square roots, no one of which contains a
perfect square factor, it is in simple form, If one or more of
the square roots in the sum does contain a perfect square factor,
there 15 a possibility of simplification by the distributive

““property. e et

’ Problem Set 11l-lc
Simplify: ’

1. (a) VZ +VB (v) VIB -VET  (e) 2Vid+ 3VT5
2. (a) 8'\/3';--32: g (p) w/-gq/—% () 2Ve3 +7V3

3. (a) V3b + 316 /20 (b) 1288 - 272 + A
(2 2 5 3 Vel

b, (a) ¥ 6+ VE (0)F & +F 88 () 32 + 31/ 1250

5. Simplify, assuming that a and b are positive numbers.

(a) Voa +Vha (®) aV3a + 2Va® (c)‘% -1/%2

6. For what values of X are the following sentences true?

(a) x° =5 (b) VX =5 () \/x2 = 5

[sec., 11-4]}
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_ You have learned to recognize instantly the square roots of
‘1, 4, 9, 16, 25, 36, 49, 64, 81, 100, 121 and 144, You may even be
able to identify the.square roots of 225, 400, 625, 900, etc.,
because the square roots of these numbers are rational. On the

Of .0621? These are

other hand, what is th
entirely different que
irrational numbers.

e square root of - 37

stions, becausely3 and

.0621 are

You are able to locate the number\/ia on the number line
But how can you locate the irrational
number \fg‘? In fact, what is meant by "finding" or "locating"
or "evaluating" an irrational number such as \ﬁ? ? We mean by
"évaluating\/s " the process of finding two rational numbers such
thém. Each of these rational numbers is

n to/3. The closer the two rational num-

simply by locating 7.

that V3 1lies between
called an approximatio

bers are to each other, the better the approximation,
Thus, we evaluate an irrational number in the sense of

finding ratipnal numbe
Since l2
we know that

rs which are close to

=1, (“32=3,and 22=l|',‘

1<V3c2.

These approximations toV3 are the nearest

consider the squares:

(1.1)% = 1.21, (
(1.3)2 = 1.96, (
(1.7)2 = 2.89, '(

A glance shows us that

1.4, (1.3)°2
2.25, (1.6)°
3.24, (1.9)2

1.2)2
1.5)2
1.8)2

1.7 <V/3 < 1.8.

the irrational number.
‘and since 1 ¢ 3 ¢ 4 T

integers. Next we

—
=

—
=

1.69,
2.76,
3.61.

~ These approximations are to the nearest tenths. Again, trying the

squares of the hundredths between

1.7 and 1.8 we find that

(1.73)2 = 2.9929 and (1.74)2 = 3.0286. Hence,

1.73 <V3 < 1.7%,

[sec. 11-5]
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and we have approximations toWJE which are the nearest hundredths.
Write the squares of thousandths between 1.73 and 1,74 and find
the two thousandths between whichV3 1lies. (Hint: try 1.732.)
This process could be continued without end, each time finding two
rational numbers, closer and closer together, with W/E' lying be-
tween them. We say that each of these successive approximations
contains one more digit than the preceding.

You see that we can squeeze \[5- between two arbitrarily close
rational numbers. This can be done for any irrational number,

1.73
1 i | | | | | LA | |

L
T T T T L] 1) T 7Y T L\l |

| 17 1.8 2

although the process we used here 1s very slow and laborious.

Fortunately, there are more efficient ways. to evaluate square

roots than by the trial and error method we used. We shall des-
_eribe one such method., First, we make a rough estimate for a |
first approximation. Sécond, we refine our first approximation by
a speclal procedure.

In order to make a rough estimate of the value of the square
root of a number, we should first put the number in a standard
form. By this we mean write the number as the product of a num-
ber a Dbetween 1 and 100 and a power of 1O. For example,

392 = 39.2 x 10 = 3.92 x 10°
3920 = 39.2 x 10° = 3.92 x 10°
39200 = 39.2 x 10° = 3.92 x 10"t

We can see, for instance, that we obtaln 39.2 X 102 by
multiplying 3920 by 1072 x 10°. (What number is 1072 x 10°?)

3920 = 3920(1072 x 10%) = (3920 x 107%) x 102 = 39.2 x 10°
Notice that each of these numbers can be written elther as 39.2
times a power of ten or as 3.92 times a power of 10.

[sec. 11-5]
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Similarly, we may write

0.392 = 39.2 X 1072 = 3.92 x 10~}
0.0392 = 39.2 X 1073 = 3.92 X 1072
0.00392 = 39.2 X 10““ = 3.92 X 10‘3,

where we obtained 39.2 X 10'“, for instance, by multiplyihg

0.00392 by 10u X 10 h

-4 -
L ) L

0.00392 = 0.00392(10" x 10 (0.00392 x 10”) X 10

= 39,2 X 10“”.
You see that any number can be written in two forms as

a X 10“,
where a 18 a number between 1 and 100 and k 1is an integer.
In one of the forms, k 1s an even integer; in the other, k 1is
odd. Write 29300 1in two standsrd forms, Do the same for
0.000293. For 0.00293. For 2.93.
Now we are ready to make a rough estimate of the square root
—-0of ~a-number. -

Our method of estimating will depend on writing the number
as a product and using the theorem/ab =\/afb for any non-
negative numbers a and b. We shall choose & and b in such
a way that for each of them it is easy to estimate a square root.
In particular, if we choose b as 10 where k 18 an even
integer, we can find \[B exactly. Find the powers of 10 which
complete the following sentences:

'\/ISE-= 103 1072 = 2
WVES'“= ? 108 - 9
wV€5-= ? \/10° = e
\/10t* = 2 107° = »

+= n
(@)

=
1
(o)

[sec. 11-5]
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If we write our number in the standard for@ described above;
the first factor will be a Eymber between 1 and 100. For
instance 354000 = 35.4 x 10”. Thus

V354000 =V35.4 Vlou .

For 35.4 and for any number between 1 and 100 it 1s not hard
to find the integers which come closest to being the square root
of the number. This is possible because we are familiar with all
the numbers beétween 1 and 100 which are perfect squares. Thus
35.4 1s between 25 and 36; hence, V35.4 1is between 5 and 6.

For each of the following, find two successive integers between
which the irrational number lies. '

Vig Vo6
Vs V79.42 30.2

’

177

Now let us éombine the ideas we have developed and use them _

to estimate V354000, T
/354000 =V 35.4 -\/10“
Since 5 ¢V35.4 <« 6,

then,
5 %X 102 <'V5§Tﬂ~W¢ggin< 6 % 102,
500 < /354000 < 600 .
Since \/EETE is closer to 6 than to 5, we write
354000 ~ 600.

Hiagd}
~

Here we are ' using the symbol to mean "1s approximately equal

to". How could you verify that 600 is approximately- equal to
V3540007 Is 6002° somewhat near 3540007
Example 1. Estimate %/.00537.

[sec. 11=5]
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V. 00537 =V53.7‘\/§o"‘

;Q‘Since T <V53.7 < 8,

"' then
S ’ 7 X 1072 < V3.7 10‘2‘ < 8 x 10‘2,
. .07 ¢/.00537 ¢ .08.

Since/53.7 1is closer to 7 than to 8, we write
V.00537 ¥ .07T.

Example 2. Estimate 546

- Vsh6 =V5.46 x\/io2

~

X 2 x 10

'\/52;6 ~ 20

Problem Set 1ll-5a
Find a first approximation to each of the following.

1. (a) V27T  (v) Vér (e)VIT (@) VET (&) VT
3. (a) V846 (b) V85600 (¢) .08k (a) Vek.6
4, (a)\/2280000000 (b) /-000000053 |

5. (a)\/19 x 10~3" | ()\/77 x 1016

The next step is to derive a better approximation from the

tion 1t 1s sufficient to work on only the first of the two factors
obtained in our procedure. (Why?) h
: Let us return to Example 1 above in which we estimate that 7-'%
{[ 1s the nearest integer to V 53.7T. : A

[sec. 11-5]
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Consider the product pq = 53.7. If p = 4, then p (and q)
is V53.7. If p 1is larger than \/ 53.7, then in order that pq
still may be equal to 53.7, 4 must be smaller than V53.7*. We
see that 53,7 1s then between p and q. Similarly if p 1s
too small, q 1is too large, and the square root is still between
P and q.

In our case, let p = 7; then the value of aq such that
Pa = 53.7 1is %3-11, which is approximately 7.68. According to

our discussion above, V53.7 1is between 7 and 7.68. We take
as our next approximation a number half way between them. We

therefore find the average of p and q, namely L‘é'_.g. ..

. 7 + 7.68 14,68
In this case 5 === = 7.34,

Tt can be shown that this new number, 7.34%, is considerably
closer to V53.7 than our first guess, 7, and is greater than
V53.7. Thus, 7.32 <V53.7 < 7.34. Check this by squaring 7.32
and T7.34.

. _If we need a still closer approximation, we can use this

second approximation, T7.3%, as p, compute q = —5—3—1 , and find

the average of the new p and q. To simplify the computation
let us round 7.3% to 7.3.
p= 7.3

q=23F % 7.356

P +9 o 7.3 + 7.356
2 2

* If pq =53.7 and p >V53.7, then

pa >V53.7 q,
53.7 >V53.7 q,

V53.7 > a.
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14.656
2

22

~ 7.328
\53.7 X 7.328
Hence V.00537 X 7.328 x 1072,

‘\/.00537 ~ .07328.

Thus, .07327 < V.00537 ¢ .07328.
Perhaps you would like to see how close this approximation
is by squaring .07328.

Example 1_. Find a second approximation to \/763.
V763 =V7.63 xvlo2

~ 3x 1o
estimate divide average
b q = 159_3_ Eig
_w“héu+ 2.5 ) s Y2 T P2
'—““5"2 = 5—'2 = 2.77 3 2.54 2.77

V763 X 2.77 x 10
V763 X 27.7 ana 27.6 < V763 < 27.7.
Example 2. Find a third aprroximation to V.2138.

V2138 =V21.38 xV10~2

~ 5x lo'l
estimate divide average
' 21,38 P +4a
5 4+ 4,28 9,28 _ p q=
5 = 5 = N.GN e ‘ P 2
5 , 4,28 4,64
4,6 4,648 4,621
4.6 + 4.648  9.248
2 -2
= 4,624
[sec. 11-5]
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f;Hence V.2138
V.2138

Summary: To approximate‘V:g first write it as'the squarei
root of a number a between 1 and 100 times an even power of

le: NF;'=W/;‘ WVEEE;

Second, find ar integer p between 1 and 10 inclusive
which is the first eoproximation %o '\/a. To find the second ap-~
proximation, divide a by p to find q, (q = %), and determine .

the average of p and q. This average, Ilﬁ%-g, is the second

approximation to W/a.
Then Vx % B9 x 107,
&

Carry out the division 7 to three digits and remember that - g{ﬂ
the third digit may be in error. If more accuracy is wanted, round’
the second approximation, B—§—9 to two digits ‘and repeat the.
. process of dividing and averaging. The resulting third approxima-_ 

4,624 x 107t

4624 and 4623 </.2138 ¢ .L62k

22 22

tion will usually be in error by no more than 1 or 2 in the
fourth digit. By this we mean that_the difference betweeh 1/5—5
and its approximation is less than .002. If still more accuracy
is desired, repeat the process of dividing and averaging (but do
not round off the divisor). | ‘

Eacn new approximation is larger than the value of the square
root, and each will have roughly twice as many correct digits as
‘the preceding approximation. '

How do we know these statements are true in general? The S

above numerical examples serve to illustrate a result which can
be proved by applylng the basic properties of the operations.

‘ Problem Set 11-5b
1. Find the second approximations to:

() V796 (¢) Vo.088k (e)/0.00580
(b) V73 (a) V304000 | (£)v'9999900
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2. Find the third approximations to:

(a) Vo.ook70 (d) V3.1416
(b) Vo.273 (e) V70260
(c) V5280 - (£) /502085

" 3. A table of decimal approximations to the square roots of
integers from 1 to 100 gilves the following:

V72 % 8.185
V8~ 2.828.

Using these approximations, find an app:oximation to:

(a) 0.0072 (d) Vo.08
(v) /720000 (e) V800
(¢) V.72 (£) /8,000,000

4, Find second approximations to the elements of the truth set
of each of the following:

2 2

(a) x° = 0.012% (b) x* ~519 =0

5. The students attending Lincoln High School have a habit of
cutting across a vacant lot near the school instead of
following the sideyalk around the corner. The lot 18 a
rectangular lot 200 feet by 300 feet, and the short-cut
follows a straight line from one corner of the lot to the
opposite corner. How long, to the nearest foot, 1s the short-
cut?

6. A fourteen foot ladder rests agailnst a vertical wall, the foot
of the ladder being seven feet from the base of the wall.

" Determine the height at which the ladder touches the wall.
How close an approximation would be reasonable to expect in
this case? "
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Te

1.

2.

3.

- right triangle having the hypotenuse

A machine part is in the shape of a
10.14 ecm

13,20 cm., long and one leg 10.1l4 cm. 3
long. Find the other leg to the

third approximation.

Review Problems

Simplify, indicating the domain of the variable when restricted.

(a) Vi2 (a) 32 (e) V8 - V18
(b) w/%é (e) \/18x2 (h) (a®bc)(abe)
(c) Véa (£) V& Vak (1) Va2 (V2 +V6)

Simplify, indicating the domain of the variable when restricted.

(a) VI8 - V75 +y12 (a) (3%)(2P) (g) st
(v) V5 V& @VER Vs

(c) \/4(a + b)? (£) V2 (V2 -VE) (1) V_‘i-g- +1
Simplify, indicating the domain of the variable when restricted.

(a) 2V1ea? - 312l _ 1 /48a? (£)
/3 v/ 250x

(b) V—@:,%V—E (8) Vs \/6p°

' 3 3
(c) (VI -V2)(/3 +V2) (n) Vi -V/16a°
(a) V/2n2 TV sane? | (1) Vfua2 + w2

©V5/2E
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4, Solve the following:.

() VX =2 (d) m? < 16
(b) /m =4 (e) 3=Vt + 1.
(e) ¥ =2 (£) 2|x| + a3

5. In each of the following use one of the symbols ¢, =, >
between the two glven phrases so as to make a true sentence.

2

(b) x +\V2 ,\J2, for x>0

(2) \/ 2 b2, (a +b), for a>0 and b >0

a
(a) u.32,,_' VER

(e) (Vm +3Vn)(Vm -Vn), (m-n), for m>0 and n > 0
(£) (x| + 59125), (x%), for x =25

(8) V%%E , 7'\/%'

6. Evaluate /390 (to the second approximation).
7. Evaluatef3900 (to the third approximation).

8. Express as powers of simple numerals, if possible.

(a) 32.3° (@) 334+ 3% 438
(b) 32.22 (e) 3%+ 3% 43"
(c) 32.2° (£) 32 4+ 22 ‘
9. Express as powers of 10. (n 1is an integer.)
(a) 1072 x 102 (¢) 10% x 10° (e) 1073 x 1075 x 10°
(v) 193;;&-19—1 (a) % (£) (2073
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10.

‘11,

12.

13.

Simplify: (assume no variable takes on the value Zero. )

(a) -~ (d) —=
Z =
b3 1
e 1l + =
(b) —&- (e) X
B L-%
mn
= X + 3
(e¢) ¢ (£) 2
2n X(X +
_:jg . ':I:%;:IET_
Solve:
(a) 3x -1 >3 (a) Im| - 2% = &Inl
(b) §-§—§ = lgi (e) (q + 3)2 = q2 + 21
(e) §+§<a BGE = bl o
y

A remarkable expression which produces many primes is

n® - n + 41.

If n 1s any number of the set (1, 2, 3, +«e, 40} the value
of the expression is a prime number, but for n = 41 the
expression fails to give a prime number. Tell why it fails.
If an algebraic sentence is true for the first u400 values
of the variable, is it then necessarily true for the 40lst?

A procedure sometimes used to save time in averaging large
numbers is to gueés at an average, average the differences,
and add that average to your guess. Thus, if the numbers:
to be averaged -- say ycur test scores -- are 78, 80, 76,
72, 85, 70, 90, a reasonable guess for your average might be
80. We find how far each of our numbers is from 80.

72
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78 - 80 = =2 The sum of the differences 1s =9.
80 - 80 = o The average of the differences is
76- 80 = -4 - %-. Adding this to 80 gives 78%
72 - 80 = -8

85 - 80 = 5 for the desired average. Can you
70 - 80 = =-10 explain why this works?

90 -~ 80 = 10

The weights of a university football team were posted as
195, 205, 212, 201, 198, 232, 189, 178, 196, 204, 182. Find the
average welght for the team by the above method.

14. A rat which weighs x grams is fed a rich dlet arnd galns 25%
in welght. He 1s then put on a poor diet and loses 2596 of
his weight. Find the number of grams difference in the welght
of the rat from the beginning of the experiment to the end.

15. A man needs 7 gallons of paint to paint his house. He bought
three times as much grey paint at $6 a gallon as white paint
at $7 a gallon. If his paint bill was less than $50 how many
gallons of each color paint did he buy? (Assume the smallest
size paint can available is the quart size.)

16. Prove: If a>0, b>O0 arnd a>b, then \/a >/b.

Hint: Use the comparison property in an indirect
proof.




Chapter 12 '
POLYNOMIAL AND RATIONAL EXPRESSIONS

12-1., Polynomials and Factoring

In Chapter 10 we found that there are many advantages to.
having a numeral in factored form.. Consider, for example, the
‘number 288. The common name for this number is actually an
abbreviation of "2(100) + 8(10) + 8". This is the form on which
most of the arithmetic involving the number is based. ' We also
have the factored form npd.32n  1p you want to tell whether or
not 288 1s a perfect square, which form would you use? What if
you wanted to find the simplest form for J/2882 1In algebra, the
factored form for a positive integer is frequently the most

convenient.

Since the prime factored form for integers has turned out to
be so useful, it is natural to ask whether we can similarly write
algebraic expressions in "fagtobed form," that 1is, as indicated
products of simpler phrases. You have already done problems of
this kind. What properties of the real numbers enable us to write,
for any real number X, ‘

3%° + x = x(3x + 1)?

We could also write 3x° + x 1in the factored form

2
3x% + x = (x° + 1)-§§§41354ﬁ
x“ +1

Why is this latter form not as lnteresting as the first? One

‘ "3x2 4 x "
reason is that the factor ——;5—;—;—— is more complicated than
the given expression; 1t involves division, while "3x2 4 x"
involves only addition and multiplication. We are reminded of our
study of positive integers; it was useful to factor positive in-
tegers over the. positive integers, but not over the rationals or

reals.

74



314

What type of expression should correspond here to a positive
integer? In other words, for what types of expressions will the
problem of factoring be interesting? Certalnly, phrases such as
3x2 + x, x and 3Xx + 1 must be lncluded, while phrases such as

2 ' .
3X_ + X should be excluded.
X"+ 1 -

Let us look more closely at the form of the phrase

3x2 + X .
It involves the integer 3, the variable x, and indlcated opera-
tions of addition and multiplication. On the other hand, the
phrase

3x2 + X

X"+ 1
involves the integers 3 and 1, the variable Xx, and indicated
operations of addition, multiplication and division. As we have
seen, the essential difference between these phrases is that the
second involves division while the first does not.

Thus, we are led to a general definition of phrases such as

" 3x® +x ",

A phrase formed from integers and varilables,

with no indicated operations other than addition,
subtraction, multiplication or taking opposites,
is called a polynomial over the integers.

If there is Jjust one variable involved, say x, we have a
polynomial in x. Thus, "3x2 4+ x ", "3x + 1", "x" are poly-

nomlials in x over the integers.

Later we will extend our study to polynomlals over the real
numbers, but for the time being "polynomial" will mean "polynomial
over the integers'.
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Problem Set 12-la
In Problems 1 and 2, which are polynomials over the integers?

1. (a) 3t + 1 (e) (x - 2)(x + 3)
(b) ¢ +-% (£) % '
(c) 3a°p | (g) rq -v2
(@) 2 | (h) x| +1

2. (a) (s + 5)(t - 1)u (e) %%%

(b) 5(x - 4) (r) 24¥

x2 X
(¢) 2(x - 1) + x(x - 1) (g) ;§ + 27 +1
(@) (3x -y +7)° () 3ela+v)

In Problems 3 and 4, simplify by performing the indicated multi-
plicaticns and collecting terms. Is the result always a polynomial
over the integers?

3. (a) 2x(x - 2) (&) (u+5)(u-3)
(b) =xy(x - 2y) (£) (x+2)(x + 2)
(¢) (t - 2)(t + 3) (g) (3t - 8)(6t + 11)
(@) (-3xy%) (3xy)z (h) 2(y - 1) + ¥(y - 1)

boo(a) (s -1) - (s+1)(s-1)

(b) (a + /2)(a -V2)

(¢) 3s(u + v)

(a) 3u(u + %) - uv

(e} 2(s + 1) - 6st

(f) (x -2y +1)(2x +y - 2)
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5. Will indicated sums and products of polynomials over the
integers always be polynomials over the integers?

6. Can an indicated quotient‘of two polynomials ever be a
polynomial? Can such a quotient ever be simplified to be a
polynomial? Give an example.

Let us return to the problem of factoring expressions which
led us in the first place to consider polynomials. Just as the
problem of factoring numbers was most interesting when it was
restricted tc positive integers, so the'problem of factoring
expressions 1s most interesting when it is restricted to poly-
nomials.

Recall the expression "3xZ + x" which we considered at the
beginning of this section. This 1s a polynomial over the integers,
and we saw that the distributive property could be used to writs
it in the factored form

3% 4 x = x(3xz + 1)

"x" and "3x + 1" are also polynomials over the integers,

Since
we say that we have factored a polynomial over the integers.

This suggests the reason for our dislike of the factorization

2
3%% + x = (x° + 1)§§§—1;5L .
X" + 1

We want the factors of "3x% + x" to be the same kind of phrases
as "3x2 + x", namely, polynomials. Thus

The problem of factoring is to write a
given polynomial as an indicated product
of polynomials.

Just as in the case of positive integers, we also wish to
carry the factoring process for polynomials as far as possible,
namely, until the factors obtained cannot be factored into
"simpler" polynomials. 77
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Factoring can be thought of as the inverse process of what
we have called "simplification". For example, given the poly-
nomial

x(3x + 5y)(2y - x),

we "simplify" 1t by performing the indicated multiplications and
collecting terms, thus obtaining the polynomial

3

=3x" + x2y-+ 10xy2.

On the other hand, in order to factor the polynomial

-3x3 + x2y - 10xy2,

we must somehow reverse the simplification steps so as to obtailn
x(3x + 5y)(2y - x).

By examining carefully the process of simplifying indicated pro-
ducts, we shall work out in this chapter techniques for handling
problems of this kind.

Notice that the polynomial obtained in the above simplifi-
cation is a sum of terms, each of which is also a polynomial. A
polynomial which involves at most the taking of opposites and
indicated products 1s called a monomial. Hence, each of the terms

—3x3, xzy, -IOxy2 is a monomial, and we have written the given

polynomial as a sum of monomials. Any polynomial can be written
in this way as a sum of monomials. -

When a polynomlal in one variable 1s written as a’sum of
monomials, we say its degree is the highest power of the variable
in any monomial. Thus, for example, ‘

3x2 - 2x 4+ b

is a polynomial of degree two. We also say that "3" 1is the
coefficient of.mxe, ".2"" 1s the coefficient of x, and "i&" 18
the constant. A polynomial of degree two is called a quadratic
polynomiale.

In factoring polynomials in one variable, our objective 1s to
obtain polynomial factors of lowest possible degree.
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Problem Set 12-1b

In Problems 1, 2, and 3, indlicate which are examples of factoring
polynomials over the integers.

1.

3.

. (d) 3t -5 =

(2) ax + 2ay = a(x + 2y)

(v (x + 2)(x = 2)

(c) 52 -3=(s+/3)(s -v/3)
3(t - 2)

(e) a2_— 2a +1=(a: 1)2

(£) 9y° - % = (3y +2)(3y - 2)

(2) w-9=(J/F+3)(/T-3)

3 - 382
(0) r® - 38% = (¢7 4 1)E= 3
S+l

e
n

X - n

(c) 3x3y2 - 2x2y3 = (3x - 2y)x2 2

(d) a(ec +d) - b(c +4d) = (a -Db)(c + 4d)

(e) 2 -1 = (It] +1)(Isl - 1)

(£) x2 + 5% + 6 ="(x + 2)(x + 3)

(a) 3x(y® + 1) - 2z(y2 +1) = (y2 + 1)(3x - 22)
2 1 1,2

(b) h® -h+5=(h -35)

(¢) 3rs + 5r - 10st - 6t = r(3s + 5) - 2t(5s8 + 3)

(d) ac + ad - bc - bd = a(c + d) - b(c + d)

. n 2
(e} 2% + ax + 1 = a2< x% (2 4 (%)')

Verlfy that the factorings in Problems 1, 2, and 3 are correct
performing the indicated multiplication on the right in each
case.
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5. Which of the followlng polynomials are in factored form?

(a)
(p)
(e)

(x - 3)(x - 2) (d) (x - 3)(x -"2)(x -~ 1) + (x - 1)
(x - 3) + (x ~2) (e) (x+y+2z)(x-y-2)
(x = 3) x - 2 (£) 38z(z + 1) - 2z

In Problems 6, 7, and 8, use the distributive property, if
possible, to factor as completely as you can each of the following

polynomials. ,
6. (a) a® + 2ab (4) 3x(xz - yz)
(p) 3t -6 (e) ax - ay
(¢) ab + ac (f) 6p - 12q + 30
7. (a) 23 + 2 (a) 53 - 2a° + 3a
(b) 15a° - 30b (e) 6x° - 1lhly - 150
() x% - x" | (£) 3xy + y(x - 3)
8. (a) 2(z + 1) - 6zw (e) (6r2s)x - (6res)y
(b) a%3 + a2 - 223 () (W@ + v®)x - (@ + vA)y
(¢) 3ab + Ubc - ltac (g) =x=(ix -y) - y(x - y)
(a) abx - aby ' (h) 36a°b2c?
9. What 1s the degree of each of the following polynomials?
(a) 3 +2, 5~x, (3x+2)(5 -~ x)
() x® -4, 2x + 1, (x2 - B)(ex & 1)
3 2

(c)
(d)
(e)
(£)

2x” - 5x2 +x, x5, x2(2x3 - 5x2 + x)
1, Tx° - 6x + 2, 1-(7x5 - 6x + 2)
x° - 3x - 7, (x2 - 3x - 7)2

VWhat can you say about the'degree of the product of two
polynomials if you know the degrees of the polynomials?
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12-2. Factoring by the Distributive Property

In many of our applications ¢f the distributive property in
previous chapters, we changed indicated products into indicated
sums and indicated sums into indicated prodacts. The latter 1is
actually factoring and 1t gives us an important technique for
factoring certain polynomials. We saw some simple instances of
this in the preceding section. More complicated examples will be
considered here.

Example 1. ug? - 6tu. This is a polynomial in t. Using
the distributive property we write

12 _ 6t = 262 (2 - 3t?).

Example 2. 62302 - 32°b3. This is a polynomial in two
variables a and b. The distributive property enables us
to write it in various forms, of which 3ome are ’

(1) 3(2a%% - a%>)

(11) ab(6a°b - 3ab?)
(111) 32°(2ab® - bd)
(1v) 3a°b°(2a - b).

In each case we have factored the polynomial into polynomials.,
Wnich factored form is simplest? In for:r. (1), (i1), (iii)
the distributive property can be used to do more factoring.

In the case of (iv), the factoring 1s complete.

Example 3. 5(z - 2) + (z2 - 2z). This is a polynomial in
one variable z over the integers. We first write
5(z -2) + (z2 -2z) = 5(z - 2) + z(z - 2).
Then by comparing with the form of the distributive property -
we have
a + (a + b)

b c
5{;3%\é) + z%?;gLé) (% + i)(é/%\é).

Notice how we identify c with the single number (z - 2).
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The distributive property has been used twice, first to

obtain 22 - 2z = z(z - 2) and then to write

5(z -~ 9 +.2(z - 2) as the indicated product (% + z)(z - 2).
We found many uses for the factored form of an integer.

Similarly we will find many applications for the factored

form of a polynomial.

Example 4. Solve 5(z - 2) + (22 - 2z) = 0,
The result of Example 3 tells us that, for any real
'number z,
5(z - 2) + (2° -2z)-(5+z)(z-2)
Thus, an equivalent equation is
(5 +2)(z - 2) =
The truth set of this equation is (-5, 2}. (Why?) Notice
how factorization of polynomials helped us solve the equation.

Problem Set 12-2a

Factor each of the following expressions as far as you can using
the distributive property. Which cases illustrate factoring
polynomials over the integers?

1.
2.
3.

ax(2xz -~ yz)
6%t - 3stu

144x2 - 216s + 180y, What have you learned to do with integers
that will enable you to find the largest common. factor her°°
g u2v - % uv2 +‘3v2

%32 + 2x%y2 4 xy?

‘%ab +'I8a2b - {%aba

s V3 +82 V6

£/ -
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A 9.. 3ab + Ubc - 5ac
10. a(x - 1) + 3(x - 1)
11. (x + 3)2'- 2(x + 3)
12. (u + v)x - (u + V)y
13. (a - b)a + (a - b)b
14, (x +y)(u = v) + (x +y)v
15, (r - s)(a +2) + (s - r)(a + 2)

16, 3x(x + ¥) - 5y(x +¥y) + (x + ¥)

17. 6a Y7 + 15ab 3/ 2
18. 3|x| + 2a|x|

19, 7y «/x2 - 21y2|x|

20. r(u + v) - + v)s

e

21, (a + b + c)x - (a + b + c)y
22. (a+b+c)(x+y)~-(a+b+e)y

The distributive property has enabled us to factor poly-
nomials such as x® + bx and ax + ab into

x° + bx = x(x + b)

and
' ax + ab = a(x + b),
respectively. Suppose now that we consider the polynomial
' 2

x“ + bx + ax + ab.
d

You see that we can factor the sum of the first two terms, namely
x2 + bx, and the sum of the last two terms, ax + ab. Thus

x® + bX + ax + ab = (x2 + bx) + 1ax + ab)
= x(x + b) + a(x + b).
83
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We have now succeeded in writing our given sum of four terms as a
sum of two terms which have a common factor, (x + b). Applying
the distributive property for the third time, we obtain

rt + 8 =(r +8) t
' ¥
x‘{x):u\b) x al(3>+\b) (ch + i)(x’:\b),

x2 + bx + ax + ab

(x + a)(x + b).

Factoring such as we have done here, by grouping terms,

depends on the arrangement of the terms. For example, consider
the arrangement x2 + ab + bX + ax. This can be written as

2

x° + ab + bx + ax = (x“ + ab) + (b + a)x.

In this form, however, there is no common factor in the two
terms, so 1t does not lead to a factorization of the given poly-
nomial. (Why?) '

Example 5. Factor x2 + bx + 3x + 12,

x2 & bx + 3x + 12 = (x2 + Ux) + (3x + 12)

= x(x + 4) + 3(x + 4.

+ be (q + b)
Jc/*\h) + §&%§I\ﬁ) = x + 3)( fﬁL\h)

x% & Ux + 3x + 12 = (x + 3)(x + 1),

Thus,

Again, notice how (x + 1) 1is treated as a single number
when the distributive property is applied the last time.

Example 6., Factor xz - 8z + x - 8

Xz - 8z +x - 8 (xz -~ 82) + (x - 8)
! = (x - 8)z + (x - 8)-1
. (x - 8)(z + 1)

34
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Let us try another grouping of terms:

Xz + x - 8z - 8

= (xz + x) - (8z + 8)
= x(z +1) - 8(z + 1)
= (x - 8)(z + 1)

3s - bt

xz - 82 + x - 8

i

Example 7. Factor 2st + 6

(2st + 6) - (3s ; ut)
2(st + 3) - (3s + Ut)

ost + 6 - 35 - 4t

1

1

This grouping leads us nowhere. rerhaps another grouping
will be better. Notice that 2st and -3s have a common
factor s, and also the remalning terms 6 and -!t also
have a common factor 2. Therefore, we try

2s£‘+ 6 - 3s - Ut = 2st - 38 - Ut + 6
= s(2t - 3) - 2(2t - 3)
(s - 2)(2t - 3).

Wle should not conclude that all polynomials of this kind can
be factored by the method of Examples 5, 6, 7. Some polynomials
which look. like these simply cannot be factored regardless of the.
grouping. For example, try to factor 2st + 6 - 3s - 2t.

Problem Set 12-2b
Factor each of the followling polynomials, Consider polynomials
over the integers whenever possible.

1. 9X +2a + 3x + 6
2, UX + VX 4+ uy + Vy
3. 2ab + a2 + 2b + a
5

5
6. 3a + 150 - 3a - 15b

Yy, 3rs - 3s + 5r

1

5. 5x 4 3x¥y - 3y
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Te a2 - ab + ac - be

8. t2 - Ut 4 3t - 12
9. p° - pg +mp +mq

10. 2a° - 2ab+/3 - 3ab + 3b° /T
11. 15ax + 12bx - 9ex + 6dx

12. 2a - 2b + ua - ub + va - vb (Try t?ree groups of two terms
each,

13. XU 4+ XV - XW + YU + yV - yw (Try two groups of three terms
each.

a® - lax + 2ab + 3ac - 12¢x - 8bx

15. %axy - a2y + %abx --%aeb

14,

16. %% + Ux + 3 (Note that Ux = 3x + x.)

2

17. a° - b2 (Note that* a® - b2 -a® - ab + ab - b2.)

12¢3. Difference of Squares

Consider, for any two real numbers a and b, the product

(a.+b)(a -b) = (a +b)a-(a+b)b

a® + ba - ab - b2

= a2 - b20

il

This shows that the.product of the sum and difference of any two
real numbers is equal to the difference of their squares.

Example l. Find the product of the sum and difference of

20 and 2.
(20 + 2)(20 - 2) = (20)2 - (2)2
= oo - L
= 396.
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Example 2. Find the product of the sum and difference of
2x and 3y.

(2x + 3y)(2x - 3y) = (2x)2 - (3y)°
= 4x2 - 9y2.

Let us turn the above problem around. If we are given the
polynomial a2 - b2, then we know that

a® - b° = (a + 2)(a - b).

In other words, a difference of sq.. - -an be factored into a
product of a sum and a difference. h.aowing this, we can'glways
factor a polynomial if we can first write it as a difference of
squares. Thus, in Example 2, if we are gilven sz - 9y2, we write

Ux® - 9y2:= (2x)2 - (3Y)2

(2x + 3y)(2x - 3¥).

Example 3. Factor 8y2 - 18 .
Using the distributive property, we have

8y® - 18 = 2(4y° - 9).
In this form we recognize one factor to be the difference of

squares:
by2 - 9

(2y)2 - (3)°
(2y + 3)(2y - 3).

Hence, :
L 8y2 - 18 = 2(2y. + 3)(2y - 3).

Exsmple 4. Factor 3a° - 3ab + a° - b-,

By grouping, we write

2 2

(3a2 - 3ab) + (a2 - b2)
3a(a - b) + (a + b)(a - b)
(32 + (a + b))(a - b)

(32 + a + b)(a - b)

(4a + b)(a - b)

-

3a“ - 3ab + a2 - b

- -n L

P
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Example 5. Solve the equation 9x2 - 4 = 0.

Since 9x° - 4 = (3x + 2)(3x - 2) for any real number
X, the given equation 1is equivalent to

(3x + 2)(3x - 2) = O.

Moreover, for a real number x, (3x + 2)(3x - 2) =0 if
and only if either 3x + 2 =0 or ‘3x - 2 = 0. Therefore
the sentence "9xZ - 4 = 0" 1is equivalent to the sentence
"3x = 2 or 3x = -2", and the truth set of the equation
9x° - 4 = 0 1s [%-, - %j.n

Problem Set 12-3
1. Do the indicated operations.

(a) (2 -2)(a +2) (e) (2 + b2)(a® - v7)
(b) (2% - y)(2x + ¥) (£) (x - a)(x - a)
(e) (mn + 1)(mn - 1) (g) (2x - y)(x + 2y) - i
(d) (3xy - 2z)(3xy + 2z) (h) (£ - 8)(r + s°) R
2. Factor the following polynomials over the integers if possible.n
T (a) 62 -1 (d) 1 - n®
(b) 81 -9y° (e) 25x° - 9
(¢) a2 -4 (£) 16x° - uy®
3. Factor the following polynomials over the integers if possible.
(a) 258° - 262 (d) 16x3 - bx
(b) 208 - 5 (e) 16x2 - b
(c) 2by? - 622 (£) tox* -1
4, Factor the following polynomials over the integers if possible.
(a) x° - 4 (¢) X' o (e) 3x° - 3
(b) x° - 3 (a) x° 4 1 (£) 165" - 1
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*g,

Factor the following polynomials over the integers if possible.
2
(a) (a-1)°-1 (@) (m+n)2 - (m+n)?
2 2
() (a-1)%- (a-2)7 (e) (x

(c) (m+n)2-(m-n)2, (£) x—y+y2_x2

-y - (x - ¥)

Solve the equations.
(a) x° -9=0 (&) 43 -t =0
(b) 9r® =1 (£) x2 44 =0
(e) 758" - 3=0 (g) v -16=0

() 2x° = 8 () (s+2)2%-9=0

Factor 20° - 1. Solution:

202 - 1 = 20° - 1% (Why?)
= (20 - 1)(20 + 1) (Why?)
= 19"21 L]

Can you see how to reverse these steps? Suppose you are asked
to £ind (19)(21) mentally? Is it easier to find 202 - 19

Find mentally:
(a) (22)(18) ) (
(b) (37)(43) )
(e) (26r) (34) ) (36 mn + n)) (m - ni)
(d) (23x)(17y) ) (6)(6)(4)( 11)

a) Can B899 be a prime number? (Hint: 899 =

101) (99)
Lom) (50n)

(e
(£
(g
(
0% - 1.)
b) Can 1591 be a prime number?

c) Can you tell anything about the factors of 3917

d) Can you tell anything about the factors of X017

what is (2 -+/3)(2 + +/3)? Once again, since we have the sum
and difference of the same two numbers, this becomes

(2)2 - (vf§)2 =1 _ 3 =1. We can apply this to rationallze
the denominator in
2 /3
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By the multiplication property of 1,
1 _ 1 2 + /3
2-J3 2-/3 2 + /3

_ 2+ 43

=T = 2+ V3.
What does this say about the reciprocal of 2 - ./3 2
of 24 V3 2
Rationalize the denominator:

(@) —2— () 2245 (o) 6 (q) T
5+ /2 3 - V5 2 + JI V6 - J5
*10., Factor each of the following:
(a) ad + 3 = ad - av® & ap2 +p3

= a(a2 - b2) + (a + b)beu

=a(a +b)(a - b) + (a + b)b2

= (a + b)(ala - b) + b2)

= (a+b)(a® - ab + b2)

(v) t34+1
(c) g3 + 8
(d) 27x3 + 1

*11. Factor each of the following:

(a) a3 - 13 = a3 - av? 4 av? - b3
= a(a2 - b2) + (a - b)b2
=afa-b)(a+b) + (a-b)b2
= (a - b)(ala + b) + b?)
= (a - b)(a2 + ab + b2)

(o) t3 -1

{e) s3 .8

(@) 8x3 -1
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12-L, Perfect Squares

For any real numbers 'a and b, consider the product

+b)(a + b) B

i
~~
)

(a + b)2
= (a +Db)a + (a + b)D
_ 22 4 ba + ab + b°
2

n

n

= a° + 2(ab) + b

The polynomial "2 L 2(ab) + b2", since it can be written as the

product of two identical factors, is called a perfect square. In‘

the same way we can obtailn

)2 = &? - 2(ap) + b7,

2n

(a -

so that "a® - 2(ab) + b
The problem 1s to jdentify a polynomial which 1s a perfect
square and write it in 1ts "squared" form. We have already met

. h2 6 L2 6
perfect squares of the type 25a b c note that 25a b c

is also a perfect square.

= (5a2bca)€> . Ve are interested here in the two types considered
above.
Consider the example (2x + 3y)2 in comparison witn the
- general case (a + )2,

(a + b\?z - a° + 2(fb) + liz
(é£ + 3y)2 = (2x)2 + 2(2%x-3y) + (3y)2

)
= ux? + 12xy + 9y2.
If we are glven ux2 + 12xy + 9y2 at the outset, the problem 1s
to write it in the form (2x)2 + 2(2x+3y) +>(3y)2, from which the

factored form (2x + 3y)2 is obtained immedlately by taking a
as 2x and b as 3y in the general form.
Example 1, Factor x° + 6% + 9.
X% + 6x + 9 x2 + 2(3x) + 32

! (x + 3)2

I

I
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How do you tell at a glance whether or not a polynomial such
as this 1s a perfect square?
Example 2. Factor 982 + 128t + Lt2,
9s? 4+ 128t + 4t2 = (38)2 4 2(3s-2t) + (2t)2
(35 + 2t)2,

Example 3. Factor hae - lkab + 2

4a? - bab + b2 = (22)2 - 2(2a-b) + b2
= (2a - v)%,

Problem Set 12-4a
1. Fill in the missing term so that the result is a perfect

Square.
(a) 2 - 6t + ( ) (1) 4 -4/54 ()
(b) x° +8x+ ( ) (3) 1+( )+3
(c) a° +12a + ( ) (K) 5-( )+7
(@) 4s® 4+ hst + () (H () - 8tp + 4p?
(e) ( )+ 6xy + 9y° (m) () + bdova+ 25
(£) u®-( )+25 (n) k9x® - () + 16y°
(g) %%+ ( )+9 (0) (v+1)2 4 4{ve1)+( )
(h) 9x® + 18z + ( ) (p) (x-1)2+( )+09
2. Which of the following are perfect squares?
(a) x2 + 2xy + y2 (e) 4 - 2vﬁﬁf+.%?
(b) x° + 2ax + 9a® - (r) x° ~'% +'%
(c) 7% + 2(7)(5) + 5° (8) (x-1)2-6(x-1)+9
Q) 7+2J/7TJ/5+5 (h) (2a + 1)% + 10(2a + 1) + 25
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3. Factor each of the following polynomials over the integers,
if possible. '

(a) a2 - ba + b (k) 20 - 5x

(b) Ux? - bx +1 (/) 2a° - 20ab + 5b°

(e) 'x2 -4 . (m) rs + 28t + 3rt

(@) =24t () w(v +w) +w(v - w)

(e) 412 + 12t + 9 (o) 222 - 20a% + 50ab>

(£) 7x2 + 14x + 7 (p) (s + 3)2 + 4(8 +3) + 1
() y2+vy+1 (@) (t2 -2t +1) - (s + 1)2
(h) 14z2 - 20z + 25 (r) =% -2x% 41

(1) 952 + 6t + 42 (8) 2t + 1622 + 6b

(3) o(a-1)%-1

4., wWrite the result of performing the multiplications:
(a) (x+3)%=
(b) (x-2)°a=
() (x+ vZ)2=
(d) (a +b)2 =
(e) (x-v¥
(£) (x-1)° - &
(g) «x - 1) + a) 0“‘— 1) - a) =
(h) ( VZ2+V3)?-

(1) (200 +1)% =

)2 2
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Some polynomials can be factored by combining the methods of
perfect squares and differences of squares.,

Example 4. Factor x° + 6x + 5.

We know that x° + 6x + 9 1s a perfect square. This
suggests that we should write

x° 4+ 6x + 5= x° + 6x +9~9+5 (to form a perfect square

= (x2 + 6x + 9) - X4
= (x + 3)2 - 22 (to form the differei.ce of
squares)

= (X +3+2)(x + 3 ~2)

= (x + 5)(x + 1)
The method used above, of adding and subtracting a number so
as to obtain a per"."t square, is called completing the square

»

Example 5. Solve the equation x° - 8x + 18 = 0.
- Completing the Square, we obtain

x2 - 8x + 16 - 16 + 18 = O
(x - 2 4220

We know of no method for factoring this polynomial. Does this
guarantee that it cannot ve factored? In this case, we can
find the truth set without writing the polynomial in factored
form.

Since (x - 4)2 i1s non-negative for all x, (x - 4)2 + 2
1s never less than 2, Therefore the truth set of the given
equation 1s empty.

91

[sec. 12-4]




334

Problem Set 12-lb
1. Factor the following polynomlals over the integers ucing the

method of completing the square. e
(a) x° 4 Ux + 3 (d) x° - 10x + 24

(b) x> - 6x + 8 (e) x° - 10x - 2V

(c) x° - 2x - 8 (£) (x - 1)2 - 4(x - 1) -5

2. What integer values of p, if any, will make the following
polynomials perfect squares?

(a) we - 2u + p () v - 2pv - 1
(b) x2 + px + 16 (e) x2 - 8% - p + 20
(c) p°t% + 2pt + 1 -

3. Solve
(a) y2 - 10y + 25 =0 (e) (a-12-1=0
(b) 4t% - 20t + 25 = 0 (£) 2% + 1622 + 64 = 0
(c) 9a° + 6a + 4 =0 (g) x° -2x-8=0
(d4) a2 = ba - b (h) %2 - 10x + 24 = O

13-5, Quadratic Polynomials

We have already pointed out that factoring can be regarded
as a process inverse to simplification. Thus 1% seems plausible
that, if someone were to give us a polynomial which was obtained
as a result of simplifying a product, we should be able to reverse
the process and discover the original factored form. This can be
difficult in general but does work in some spe~fal cases, as /e
have already seen in the preceding sections. In this section, we

use this approach to factor quadratic polynomials, that is, poly-
nomials in one variable of degree two.

[
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Let us examine the product

(x + m)x + (x + m)n

x2+mX+xn+m'n

x2 + (m + n)x + m

(x + m)(x + n)

If we are given a quadratic pclynomial such as x2 + (m + n)x + mn,
where m and n are specific irntegers, then it 1s easy to reverse
the process:

x4+ (m + n)x + mn (x2 + mx) + (nx + mn)

(x + m)x + (x + m)n

(x + m)(x + n).

In fact, tihils 1s Jjust another example of factoring by the dis-

tributive property discussed in Section 1-2. However, suppose
that m and n are replaced by scme common names, say 6 and
4, Then

(x + 6)(x + 1) = x® 4+ 10x + 2&,

Now we can see how trouble arises. The variables m and n
retain their identity and hold the form of the expression, while
6 and U4 ©become lost in the simplification., The problem in
factoring a polynomial such as x° + 10x + 24 1s to "rediscover"
the numbers 6 and U,

Let us look at thls example more closély.
(x + 6)(x ¢ 4) = x2 + (6 + 1)x 4 (6-1)

x% 4+ 10x 4+ 2b,

. Evidently the problem is to write 2! as a product of two factors
whose sum 1s 10. In this case, since the numbers are simple
you can probably 1is% in your mind ways of factoring 2%,
’ 1-2%4
2-12
3.8

hef
and pick tne palr of factors whose sum 1is 10.
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“Although this method of procedure is easy when the number of
factors is small, 1t becomes tedious when the number of factors
is large; on the other hand, the number of cases which need to be
considered can frequently be reduced if we use some of our know-
ledge about integers. "

Example 1. Factor the quadratic polynomial x2 + 22x + T2.

We must find two integers whose product is 72 and
whose sum is 22. (Do you recall this problem from Chapter
10?) We have 72 = 2332; so the various factors of 72
appear as products of powers of 2 and 3. Since 22 1is
even, both integers whose sum is 22 must have a factor 2
and, since 22 1s not divisible by 3 one of the integers
must involve all of the 3's. This reduces the possibilities
to

22-32 + 2 36 + 2

!

or
2% . 2.3° _ 4 4+ 18.
Since Y4 + 18 = 22, it follows that

x° + 22x + 72 x° + (4 + 18)x + k.18
= (x + 4¥)(x + 18).

Example 2. Factor a® 69a - 450.

The prime factorization of U450 1is 2-32-52 . Since
69 1s not a multiple of 5, the 5's must be together.
Since 69 1s a multiple of 3, the 3's must be split,

Furthermore, since -450 1s negative, one of its
factors must be positive and the other negative. Thus, we
want to find a positive integer and a negative integer whose
sum 18 -69 and whose product is -450. The possibilities
are ‘

!

75 -6

52.3.2 - 3 = 150 - 3
and their "opposltes The opposite of the first one gives
-69; that 1is, 5 *3) + 3.2 = -69. Hence

5.3 - 3.2

!

!
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8% + (6 - 75)a + 6(-75)
(a + 6)(a - 75).
Example 3. Factor x° + 5x + 36 .
The prime factorization of 36 1is 22.3%, If we
examine all possible pairs of factors of 36, we find that
the sum can never be as small as 5.

a® - 69a - Us0

Product Sum_
1.36 37
218 20
3.12 - 15
heg . 13
6.6 12

It appears fhat the smallest sum occurs when the two factors
are equal. Since 5 < 12, we conclude that x@ + 5x + 36
cannot be factored because the coefficient of x 18 too
small.

By similar reasoning determine whether x° - 10x + 36
is factorable. Is x° + 13x + 49 factorable?

Is x° + 1lix + 49 factorable?

Next try to factor x° + U0x 4+ 36. .In this case !0Q
1s too large for x° + Y0x + 36 to be factorable. (Notice '
the preceding table of products and sums.)

By similar reasoning determine whether x° - 38x + 36
is factorable. Is x° + 51x + 49 factorable?

Is x° - 50x + 49 factorable?

Problem Set 12-5a
In Problems 1 - 9 factor the quadratic polynomials, if possible,
using the above method.

1. (a) a® + 8a + 15 (e) a® 4+ 2a - 15
(b) a® - 8a + 15 () a® - 2a - 15
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3.

5.

9.

(b)

(a)
(v)
(c)

(a)
(v)
(c)

(b)
()

(a)
(b)

(a)
(v)

(a)
(b)

" (a)

(b)

t2 + 12t + 20
t2 + 21t + 20
8% + 6a - 55

x2 - 5% + 6

w2 - 10u + 2k
-x2 + 7x - 12
12 - 11lx - x2 -
-x° - ix + 12
a® - 16a + 64
a2 + 8a + 64

a® + 36a + 64

x° -9

a”~ + 1

26 - 723 - 8

v~ 1102 + 28

2

5a + a“ - 1

10a + 39 + a2

3y2 - 12y + 12

x3 + 19x2 + 34x

(e)
(d)

(d)
(e)

(d)
(e)

(a)
(e)

(c)
(a)

(e)
(4)

(e)
(a)

(e)
(d)

[sec. 12-5]

99

ct
+

9t + 20
10t + 20

17y - 18

)
)

2z + 18

-x° - 13% - 12

--x2 + X - 12
a2 - 20a + 64
a° - 16a - 64
R

n® - 169

a)4 - 13a2 + 36
yn - 81

108 + a° - 2la

a° + 25a - 600

583 - 15a° + 30a
7x2 - 63
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'10. Solve the equations

() a® - 9a - 36 = 0 (e) x° + 6 = Tx

(b) %% =5x - 6 (£) (x -2)(x +1) = 4
(¢) ¥%-13y +36=0 (g) 6x° +6x -72=0
(d) x® 4+ 6x =0 (h) x° - bx +11 = 0

11l. Translate the following into open sentences and find their.
truth sets:

(a) The square of a number 1s 7 greater than 6 times the
number. What is the number?

Y

(b) The length of a rectangle is 5 inches more than its
width. Its area is 84 square inches. Find its width.

(c) The square of a number is 9 less than 10 times the
number. What is the number?

12. A rectangular bin is 2 feet deep and its perimeter is 2%
feet. If the volume of the bin is 70 cu. ft., what are the
length and the width of the bin?

13. Two plywood panels each of which cost 30¢ per square foot,
were found to have the same area although one of them was a
square and the other was a rectangle 6 inches longer than
the square but only 3 1inches wide. What were the dimensions
of the two panels?

#*14, Prove that if p and q are integers and if x2 + pXx +q 1is
factorable, tuen X° - pxX + q 1s also factorable.

*15, Find every integer p such that X2 + px + 36 1s factorable.
For which values of p will x° + px + 36 be a perfect
square? How are these values of .p distinguished from the’
other values? Answer the same questions for the polynomial
x2 + px + 64, If n 1is a positive integer, what is your
guess as to the smallest positive integer p for which
x2 + px + n2 is factorable? What is your guess as to the

largest positive integer p for which x2 + pX + n2 is

factorable?
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In the quadratic polynomials of Examples 1, 2, 3, the
coefficient of the second power of the variable was equal to 1.
In order to see how to handle other quadratic polynomials let us
again consider a product.

(ax + b)(ex + d) = (ax + b)ex + (ax + b)d

(ac)x2 + (ad + be)x + (bd)

In order to simplify our discussion, let us call a and b the.
coefficients of the factor (ax + b), ¢ and d the coefficients
of (cx + d), and ac, (ad + bec), bd the coefficients of the
quadratic polynomial (ac)x2 + (ad + be)x + (bd).
Notice how the coefficients of the quadratic polynomial‘ariée.

The coefficient of x2 is the product of the first coefficients
of the factors, the constant 1s the product of the constants of
the factors, and the coefficient of x 1s the product of the
"outside" coefficients plus the product of the "inside" coeffi-
cients. For example:

23 5e2

P o
(2x + 5)(9x + 2) = 2.3x° + (2°2 + 53)x + 5e2.
N _
242 4+ 53

For simplicity in speaking of these coefficlents, we call 2°3
the product of the first coefficients, 5.2 the product of the
last, 2+2 the product of the outside and 53 the product of
the inside coefficients.

Thus, the problem of factoring such a guadratic polynomial
as  "6x° + 19%x + 10" 1is a problem of finding two factors of 6,
and two factors of 10 such that the "sum of the products of the
outside and inside factors" is 19. 1In simple cases, this can be
done by checking all possible factorizations of the coefficlents.
Since the factors of 6 are 1.6 or 23 and the:factors of
10 are 1+10 or 25 or 5«2 or 10.1, we try each possi- .
b1lity. o
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(1) (1x

(2) (1x + 2)(6x + 5)

(3) (1x + 5)(6x + 2) ,

(%) (1x + ;81£§x + 1)
Q'l + 10'6 = @
(5) (2x + 1)(3x + 10)
N’
gflo 4+ 13 = EE)
(6) (2x + 2)(3x + 5)
N
2¢5 4+ 23 = 1§>
(7) (2x + 5)(3x + 2)

<é:2 +\§T; =;%é> | | '

Of“bourse, with a little practice we would have gone directly to
the desired factors (2x + 5) and (3x + 2) by eliminating the
other cases mentally. We would think: 6 = 2.3 and 10 = 2-5.

Since the middle coefficient 19 is odd, we cannot have an even

factor in each of the outside and inside products. This rules out

possibilities (1), (3) and (6). Certainly, the factorization

10 = 1°10 1in the other possibilities will give too large a middle

coefficient. This leaves us with possibilities (2) and (7).
Hence, we try these two and find that (7) 1s the desired pair of

 factors.
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Next let us consider a quadratic polynomial whose coefficients
have many more factors:

6x° + 7x - 24,

We must find a pair of integers whose product is 6, and a pair
whose product is ' -24, such that the sum of the outside and inside
products is 7. Again we could check all possible factorizations
of - 6 and -24, but this time we would have 32 cases. Instead,
let us use our knowledge about integers to reduce the number of - -
cases, Since 6 =2°3 and 24 = 23-3, we know that the desired
integers will be formed from products of 2's and 3's. Since

7 1is odd, we cannot have 2's 1in both outside and inside pro-
ducts. (Why?) Thus the 2's must all be in the outside product
or all in the inside product. Also, since 7 1s not divisible by
3, the 3;5 must be either all in the outside or all in the inside.
product. Now we have reduced the possibilities to:

(1x - 2%;31£E;3x +1)

<é:; - 2%.3.2:3 = - 1:§:)

or - -

. or their "opposites". Thus, the factored form is found to be
})
6x° + 7x - 24 = (2x - 3)(3x + 8)."

Sometimes it 18 possible to reduce the number of cases by
applying facts about integers; sometimes not. In fact, there is
never a guarantee that a given gquadratic polynomial can be
factored at all.

Example %. Factor 3x° - 2x - 2l.
We look for coefficients such that

E AT e
()x+ (D) Tix +( )| =3x° -2x - 21
R 5

-2 rd
\_“___/
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There 1is one factorization of 3: 3¢1, and two factorizations
of 21: 21«1 or 3+7. Since 2 1is not divisible by 3,
we must keep all the 3's 1in either the outside or inside
product. Of the remaining possibilities, which one yields
-2 as “he sum of the outside and inside products? Hence,

3%2 - 2x - 21 = (x - 3)(3x + 7)

Example 5. Factor 25x2 - Usx -~ 36.

We have 25 = 52 and 36 = 2232, We must find a pair
of integers whose product is 25, and a pair of integers
whose product i1s -36, such that the sum of the outside and
inside products is -l5. Since 5 divides 45, there must
be a 5 1in each of the outside and inside products. There-
fore we must have the first coefficients 5 and 5. Since
3 divides U5, there must also be a 3 1n each of the out-
side and inside products. On the other hand 45 1s odd; so
the 2t's must all occur in one term. We have thus reduced
the cases'to last coefficients: 12, -3; or -12, 3; or 3,
-12; or -3, 1l2. The case which gives the desired factors
is: 1last coefficients -12, 3. Therefore o

25 -36

/—K\
25x2 - 45x - 36 = (5x - 12)(5x + 3)
. N

U5

Problem Set 12-5b
In Problems 1 - 11 factor, if possible, the polynomials over the
integers.

1. (a) 2x° 4+ 5% + 3

2

(b) 2x° + 7x + 3

(c) 2x? 4+ 9x + 3

[sec. 12—5]

104




344

2. (a) 3a® 4+ la - 7
(v) 3a® - g - 7
(c) —Sa? - ba 4+ 7

3. (a) by? 4 23y - 6
(b) x° + bx - 32

(c) 8a® + 10a - 3

b, (a) 3¢® - 2¢ - 6

- (b) 3 - 17x - 6

(¢) 3y°“ + 3y -6

5. (a) 9x° - 4
(0) ox°
(c) 9x® 4 12x + 4

12x + 4

6. (a) 92° + 3a - 2
(b) 9a2 + 3a
(c) 9a° + 9

7. (a) 12x2 - 51x + 15
(v) 10x° + 43x + h5
(e) 10x° - 69x - 15
8. (a) 6 - 23a - ha?
(b) 6 - 3x® + 17x

(c) 19x - 6 + Tx°
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10.

11.

12,

13.

14,

15.

345

' 2 2
(a) p° + 2pq + q

(b) 'a® - 16ab + 7b°
(c) 25%° - 70xy + lgy®

(a) 2a" + 203

(b) a%b - 9ab + 25b
(¢) 2a° + 15a + 25

+ 50a°

Factor: _

(a) 6x% - 1hhx - 150 (e) 6x% + 25x + 150
(b) 6x° - 11x - 150 (r) 6x2 + 65x + 150
(c) 6x° + 60x + 150 (g) 6x° - 87x + 150
(d) 6x° - 61x + 150 (h) 6x° + 63x - 150

Can 2X° 4+ ax + b be factored if a 1s even and b 18 odd?

Why?
2

Can 3x° + 5Xx + b be factored if 3 1s a factor of b?

If so, choose a value of b such that 3%° + 5% + b can
be factored. '

Find the truth set if the domain of the variable 1s the
rational numbers.

(2) 8x° 4+ 10x - 3 = O

(b) 6y° +y =1

(c) 6ve = 19v + 7

(d) a® - ba + 15 = O _

Find the truth set if the domain of the variable is the
rational. numbers,

(a) 9x° = ¥x

(b) 9x° = 4

(c) (x-1)% =1
(d) 9(x - 1% =&
[sec. 12-5]
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16. Factor: o o D w_
(a) w® - 16 (¢) (¥° + 6y +9) - 16
(b) (x + 3)° - 16 (d) a° - 10a + 25 - gb°

Translate the following into open sentences and find their truth
sets..

17. The sum of two numbers is 15 and the sum of their squares
is 137. Find the numbers,

18. The length of a rectahgle 1s 7 1inches more than its width
and its diagonal is 13 inches. Find its width.

19. One number is 8 1less than another, and their product is 84,
Find the number. : : G e

20. The product of two consecutive odd numbers is 15 more than
4 +times the smaller number. What are the numbers?

21. Starting from the éaﬁe ﬁoiﬁt;HJim walked north at a certain
constant rate, while Bill walked west at a constant rate
which was 1 m.p.h. greater than that of Jim. If they were
5 miles apart at the end of 1 hour, what was the walking
rate. of each?

T '22¢ The altitude of a triangle is 3 1inches less than "1ts base.
Its area 18 14 square inches. What is the length of its
base?

23. Find the dimensions of a rectangle whose perimeter is 28 reétm
and whose area is 24 square feet.
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12-6. Polynomials Over the Rational Numbers cr the Real Numbers
Most of the preceding work in factoriniy was concerned with

factoring polynomials over the integers. The name ltself suggests

that we had in mind the possibility.of other kinds of polynomials.

A phrase formed from rational numbers and vari-
ables,"with no indicated operations other than
addition, subtraction, multiplication and taking
opposites, 1s called a polynomial over the rational
numbers.

You give a definition for polynomial over the real numbers.

We thus have three types of polynomials: polynomials over
the integers, over the rational numbers, and over the reai numbers.
Consider the expresslion 3x2 - x + 1, This is a polynomial over
the integers. Since every integer 1s alsc a rational number,
3x2 - bx +1 may alsc be thought of as a polynomial over the
rational numbers. Is it possible to regard this as a polynomial
over the real numbers? The expression u3 —-%»u2 +u-1 18 a
polynomial over the rational numbers. Is 1t possible to think of

1t as 'a polynomial over the integers? Over the real numbers?

The problem of factoring can now be stated more generally:

The problem 1s to write a glven polynomial,
which we consider to be of a certain type,
as an indicated product of polynomlals of
the same type.

Consider the expression ng2 _ 2", This is a polynomial over '
the integers and, as such, can be factored only in the trivial

form
x2 - 2 = (-1)(2 - x°).

This is not especially interesting since the factor 2 - X

not of lower degree than x2 - 2. In this sense, x2 - 2 1is

2 s

“prime“ as a polynomial over the integers. However, x2 - 2 can
also be considered as a polynomial over the real numbers, and we

" have x2 -2 = x?’; (vf§)2”' ' . B
= (x +/2)(x </ 2), '
[sec. 12-6]
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where X ++/ 2 and x - v/ 2 are polynomials over the real num-
bers (but not over the rational numbers or integers). Thus
x2 - 2, considered as a polynomial over the real numbers, admits
a non-trivial factoring. This example shows that 1t makes a
difference in factoring which kind of polvr~ = ™ ¢ eing
considered.

Consider the expression

"%st + -l;‘?ste - 27823,
This is a polynomial in two variables over the rational numbers.
The distributlve property enables us to write 1t in the form

(3) (st + 588 - 185%¢3),
n3n

The factor Gl may be thought of as a polynomial over the
rational numbers, while "st + Sste— 185%¢3" 15 a polynomial
over the integers. This reduction can always be made:

A polynomial over the rational numbers can be
written as a product of a rational number and
a polynomial over the integers,

By thls reduction, the problem of factoring polynomials over
the rational numbers is reduced to the problem of factoring poly-
nomials over the integers.

o Problem Set 12-6
l. Factor each of the followling, 1f possible, consldered as
(1) a polynomial over the rational numbers,
[(ii) a polynomial over the real numbers.

Example: Considered as a polynomlial over the rational numbers,

%% o= 1x® - 8).
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Considered as a polynomial over the real numbers,

2x2 - 4 = L(x + VB)(x - VB)
= %(x + 2 J/2)(x - 2 /2).
(a) %a° --% | (a) 2t - 1t2 4 8t -
(b) 17u - 51ud (e) a' - 16
(c) #t° - 3t% + bt (£) 4x% + 9

Solve the equations
(a) 2x° -6 =0
(b) 43 - 8t =

(C) 23 + 72 =

By checking all possible cases, we see that x2 + bx - 2,. _
considered as a polynomial over the lntegers, 1is not factorable.

On the other hand, considered as a polynomial over the real
numbers, it may be written )

x° + Ux - 2 = (x2>+ bx + 4) - 2 - &,
by adding 4 - 4 to form a perfect square,

= (x +2)2 - (VB)®
(x + 2 + V) (x + 2 -V6)

Thus, the technique of completing the square so as to obtain - .

the difference of squares sometimes allows us to factor a
quadratic polynomial over the real numbers even though it
was not factorable as a polynomial over the integers. ‘

Factor the following polynomials over the real numbers,
if possible, by completing the square to form differences
of squares.‘

(a) X2 4 Ux -1 (c) x2 + Ux + 3

(b) X2 4 bx 4 2 (d) x° - 6x + 6

!
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(e) Y2 -5 (g) s2 - 10s + 1
(£) 22 - 12z + 3L (h) 2x2 - 8x - 2
L. Solve (factor by the method of Problem 3):
(a) y2 -by +2=0 (¢) 2 - 10t =1
(b) a2 =6a -~ 6 (d) 2v2 - bv + 6 = 0

*#5, Observing the pattern of the coefficient of x and the
constant in

(x + b)2 = h 4+ b2 ,
find the number which nm. =s e of the following a perfect
square.
(a) X% + 1hx + () (d) me + %m + ()
2 .
2 - (e) T -Fb+ ()
(e¢) ¥ +v+ () -
*6, Factor by completing the square:
(a) a® + 3a + 1 (c) x2 - Bx - 2
(b) ¥°+y -3 (@) ¥2 +5v +3
*7. Solve:
(a) a® +32+1=0 (e) y2 - %y = g
(b) %% =7x+3 (@) v2+20 -3 =0

#8, Factor:
Example: 3x2 - 12x + 2

3(x2 - Ux 4 %)

3 (x2-4x+u)_u+—>

(3x _ 10 I
3 (; -2+ -§{><x -2 - N/%?)
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(a) 2x° - 12x - 5
(b) 3y2 +2y - 2
(e) 522 - a - 1
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*Q, Solve:

(2) 2x° = 12x + 5

(b) 3a% - 6a =1t

(e) 3me + Sm + 1 =0

- 12-7. The Algebra of Rational Expressions
When we began our discussion of factoring we made a special

point of the'similarity between factoring polynomials and fac-
toring 1ntegers."Th1n “*mil. Ly can be developed fu: iher. The
Integers are closc “w.t.owon, subtraction and multiplication
but not division. The polynomials are closed under (indicated)
addition, subtraction and multiplication but not division. If we
extend the system of integers so as also to obtain closure under
division (except diviﬁion oy zero) we obtain the system of
rational numbers. Wﬂat is the similar extension for polynomials?

A rational expression 1s a phrase which.
involves real numbers and variables with at
most the operations of addition, subtraction,
multiplication, division and taking opposites.

Is every polynomial a rational expression? Are the rati- 1
expressions rlosed urder the indicated operations of add. ion,
subtraction, multirlication and division? Why is /2X -1 not
a rational expressiz:z?

As examples of ‘rational expressions, we list

3
1 2xX - 3 X
1 - 1 2) ——— 3
(1) L. @) B (a) S
() & +o2v  (5) 3a-2b (6) g 21-242.

[sec. 12-7]
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Among these rational expressions, (1), (3) and (6) are in one
variable. WNotice that (2) and (3) are indicated quotients of
polynomials, whereas (6) is an indicated product and (1), (!) and
(5) are indicated sums of rational expressions. Just as every
rational number can be represented as the quotient of two integers,
every rational expression can be written as the quotient of two
polynomials. '

Since rational expressions are phrases, they represent
numbers. Therefore, in an expression such a8

<
2t ts -1

the value of O is automat’.ally excluded from the domain of the
;variable t and the value 1 1s excluded from the domain of 8.
'Such a restriction is always understood for any phrase which in-
volves a variable in a dernominator.

We are now ready vo study some of the "algebra" of rational
expressions. This amounts to studying the procedures for simpli-
fying (indicated) sums and products =»f rational expressions to
quotients of polyn...als. As was the case for the rational numbers
we might expect soms of the work we have done with fractions to
apply here. In fact, remsmber that for each value of 1ts vari-
ables a rational exgrression is a real number. ‘Therefore, the same
properties hold for c¢pewations on rational expressions as hold for:
operations on real numbars. A

For real numb:rs a, d, ¢, d we have the properties:

0 -
- (where neither b nor
(2) % =1 d is zero.)
a ¢ _ 2 =z
() Begtpt

113
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| If we symbolize rational expressions with the capital -
‘letters A, B, C, D, we can write corresponding properties:

B'D ° BD (where neither B nor D
can be written as the
(11) 221 -
B zero expression.)
(111) f+E=4EC,

v 'V,What are the restrictions on the domains of the variables
1nvolveg in B and D? If A, B are rational expressions and
B can be written as the zero expression, then is % a rational
‘expression?

‘ We use the above properties applied to rational expressions
to simplify the rational expressions. Ih other words, we want to
write an expression as a single_indicatéd quotient of two poly-

nomials which do not have common factors.

2 2
Example 1. Simplify 2% "be a ; 2ab2+ b,
‘ X a -b>
We use property (i) with A = ax - bx, B = x2,
C = a2 + 2ab + b2 and D = a2 - b2. Each of these poly-

nomials can be factored:

= (a - b)x “C = (a+0b)(a+b)
B = X°X D= (a+b)(a~n0).
" Hence,
2 2
ax -bx a® + 2ab 4+ b a(a-b)x(a+b)L~+Q by (1
X a? - vFi @ +5)(a-p) )
ey , (s +b)lx(a 4+ b)(a - v))
ST - x(x(a + b)(a - b])
“ -2 ; b : by (ii).

The restrictions are
x¥0, agbdb, ag-b.,

[sec. 12-T7]
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Example ?.
1 - x° x -2 _ (1L-x)(1+x). X -2
. T+ X X2 - 3% + 2 = T+ x (x - 1)(x - 2)
- 1 -
e BEEg o

=(1-x) (2 +x)(x - 2))
(x - 1) «1 + x)(x - 2))

-+ )
L O

What is the restriction on the domain of x?

Example 3.
x° 4+ %x - 2
S _hx 4+ 4 _ x° 4 X - 2 X -2
X + 2 %= - bx + 4 X7 e
X - 2
o (x +2)(x = 1)(x - 2)
={x - 2){x - 2){x +2)
=1 (x +2)(x - 2)
=x -2 "(x + 2)(x - 2)
X -1
2

Problem Set 12-T7
Simplify the following, noting restrictions on the values of the

variables: 2
L, 8% -3 y, 8b+ap’ 1-b g, e+l
xc -1 a - ab2 1 +Dd xx ; i
2 2 2 X - 1
* 2
2 X~ -~ 3X
3, Xp-ax =12 % T 3
x* - 5x - 6 .

[sec. 12-7]
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: 12-8. Simplification of Sums of Rationar Expressions
In order to use the property

" when adding rational numbers, it 1s necessary first to write them
in a form so that they have a common denominatort In the case of
rational numbers, the least (common) denominator which would work
was the least common muitiple (L.C.M.) of the two glven ‘anrm:" . _
tors. We have a similar problem in adding rational expressions,
and the methocd is just like that for rational numbers, with fac-
toring of polynomials playing exactly the same role as that of
factoring of integers.

Example 1. 7 + 2
36a2b 24;3

The factored forms of the denominators are
362°b = 2232a2b
olpd = 2333

Choosing each factor the greatest number of times:1t occurs

in elther denominator, we find the L.C.M. to be 23-32a2b3.
Then
7 _ .5 __1 v .5 3a°
36220  24bS  223%a°b ~ 2b°  293b3  3af
_ 142 15
2332a2b3 2332a2b3
- 14p° + 15a2 ______
728°0°

[sec. 12-8]
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2 ®
2 _8x + 15

Example 2. T 5 +
B 12 = x - x

Since 12 - X - X° = (3 + x)(3 - x) = (-1)(x + 4)(x - 3)
and %2 - 8x +15 = (x - 3)(x - 5),

the L.CeMe 18 (-1)(x - 3)(x + 4)(x - 5).

If x #£ 3, x# -4 and x #£ 5, then

3 ,E_j.}x- _(__i. i i-l“xi‘l;
12_x_x2 + _8x+15 ‘ (-1)()(-{-14)(}(-3) X~ x=-3 ;x- X4

= (- 1)(X+‘*)(X-3) (x-5) *

=1)(x+4)(x-3)(x=5

X = 23
= (3-x) (x+8)(x-5)

a 2a - 3
Example 3. 37— 5 " 5a - 15 °

The L.C.M. 18 3¢5(a - 3).

If a # 3, then

a 2a - 3 2a .3
32 - 9 5B5a - 15~ la - 35 5 Sla - 35 3

_ 6g - 9
B 3-5(a - 3) T 3+5(a - 3)

_5a - ‘6a - ?)

- 3.5(a - 3
a -6

3°5(a - 3

117
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Example 4. (1 - $5)(1 4 21o)
x4+l T x+l vt 41 X+l
and
1 x-1 1 _x-1+1_ _x
1+ X-1 = %-1 T %-1T = %=1 T
Therefore, i1f x #1 and x ¥ -1, then
1 o2 1+ 1 X X x2 _ %2
X+1 x=-1 X+l  x-1 = (x+1)(x-1) = 2 -1
Problem Set 12-8
’ 3 2 3 5 __
10 - e 130 -
;2 5x x2 +2x 3x + 6
ﬁ 1,1 ,1 4 2
20 < + ¢ += 1k, +
a B (] 8.2 - u_a . 5 8.2 + a
1 1
a 2a X2 4+ x - 6 xa—l&x.pl&
_5 _ i .
b =g+ 1 16, X =35, ¥ +25
3 2 2y y
5 o+ —
m = 1 m - 2 17 a - a ~ 3
* 3 +a a
6 X - X
* X +5 " x -3 18 b+ 1 + b
u_ ' _2 * b - 5 10 - 2b
Te s ow+ = 4 3 1
190 2 + - -
X _ v X© - x x -1 b 4
X+y X~y a o 3
9 2 3 2. 7 -'25 3a + 15 2a - 10
“®* a-b " b-a 2 a-
. 10, éSx + 1 x - L x
X -9 x4+ 3 21. L L Hint: Multiply by@i .
11 2a. - - 3 x
. ‘ _ 1.1
- 12, 1 XN 6 1 1
T a-b  a® - 2ab + b° a2 1be



_.and hastened to write it in the proper form 7 : This form
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©. 236 3" 2+ E3
i —

1 -3
jtéh. Consider the set of all rational expressions. Do you think
‘ this set is closed under each of the four operations of
arithmetic?

~“12-9. Division of polynomials. -
& . When you were given a rational number such as in R
*apithmetic you recognized it 1mmed1ate1y as an "1mproper fraction7'\

' peally means T +-—§ and, .since -—§ <1, does have the advantag

ff,or telling immediately that 7%? lies between the integers 7 and
8. The number 7 1s the integral .part of —1— Since ’

1-23 + 10 1
[ 23 \ 7%? >

_an equivalent way of looking at this 1s to write
171 = 7+23 + 10. "

Thus the integer 171 18 represented as an integral multiple of

23 plus an integer which is smaller than 23. This is really

' what we always do when carrying out the process of dividing one
integer by another. How do you check your "answer" in division? v
: We shall now 'study the similar problem for rational expres- .
- gions in one variable. Consider the example: o

ox3 - 6x° + 5% + 1 _ 2x(x° - 3x) + 5% +1

x2 - 3x x° - 3x

119
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Does this resemble the above example for rational numbers? Notice
that we first wrote the numerator in the form

3 . 6x2 + 5x + 1 = 2>‘I(X~2 - 3x) + (5x + 1),

3

2x

that 1is, as a polynomial multiple of x* -~ 3x plus a polynomial
of lower degree than x3 - 3Xx. Let us lay aside, for the moment,
the question of how we did this (later you will learn a systematic
way of doing it) and state in general terms just what the problem

'is.
et N and D be two polynomials in one
variable. Then to divide N by D means
to obtain polynomials Q and R, with R
of lower degree than D, such that
N R .
-D-=Q+—]j. -
This problem is equivalent to finding polynomials Q and R
such that

N=QD+R-

As in arithmetic, N 1is the dividend, D the divisor,
Q the quotient,'and R the remainder. What are N, D, Q, R in
the example considered aboveé—_it was easy to obtain Q@ and R
in this example since the first two terms of N, 2x° - 6x°,
contain D as a factor.
, Our objective is to give a general step-by-step process for
- finding polynomials Q and R, being given two polynomials N
and D. Notice that, since . '

N = QD + R,
it follows that
R =N ~ QD.

This means that if we can find Q, then R 1s obtained simply by
subtracting QD from N. 4 e
1290
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Let us consider another example:

24 x-5
X -3

2X

Here N = 2x2 +%X -5 and D= x -3. Let us try first to find

a polynomial multiple of D which when subtracted from N glves
a polynomial of lower degree than N (but not necessarily of
lower degree than D). All we need to do is multiply 'x - 3 by
a monomlal so that the resulting polynomial has the same term of
highest degree as N. The highest degree term of N is "ax®",
Thus, 1if we multiply (x-3) by 2x, the result has the same term
"of highest degree.

2x(x. - 3) = 2x° - 6x

‘and

(2x% + x - 5) - 2x(x - 3) = Tx - 5.
That is,
(1) - 2x° + x - 5 = 2x(x - 3) + (7x - 5).

However, the polynomial 7x - 5 1s not of lower degree than
x - 3. Hence let us apply the same procedure to 7x - 5. We
multiply (x - 3) by 7 in order to have the same highest
degree term as 7X - 5e

(7x - 5) - 7(x - 3) = 16
(2) : 7% - 5 = 7(x - 3) + 16
Combining the results (1) and (2), we have

2

2x° + x - 5 = 2x(x - 3) + T(x - 3) + 16

(2x + T)(x - 3) + 16,

i

Since 16 has lower degree than (x - 3), the desired polynomlals

are Q =2x + 7 and R = 16. (What is the degree of 162)
Therefore,

2
22X + X = 5
AL RS2 o (2x 4 T) ’*'"'xl_?T'

[sec. 12-9]
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In this division process for polynomials we subtract succeé—
sively (polynomial) multiples of the divisor, obtaining at each
step a polynomial of lower degree.. We are finished when the
result has lower degree than the divisor. This process has prob-
ably recalled to you the familiar long division procéss for
numbers in arithmetic -- remember that long division-amounﬁs to
successive subtractions of multiples ¢’ the divisor from the
dividend. For example

i3 2953 =200 « 13 +_20 ¢ 13 +

2600

: 353
Subtract » 260

\O
m#w

Thus 2953 =200 ¢« 13 + 20 ¢« 13 + 7 « 13 + 2,
= 13(200 + 20 + 7) + 2

—2%%§-= (200 + 20 + 7) + f%
= 227 + {% .

and

We can use a similar form for arranging our work in dividing
polynomials. First, however, we must see how to arrange subtrac-
~ tion "vertically" as is done in arithmetic. For example, the

‘sentence
) u u
(--5xl +2x3 - x + 1) - (3x - X% + x + 2 = -8x +2x3 4+ x% - 2x-1
may be written "vertically" in the form
-5xu»+ 2x3 -x+1
Subtract —» 3xu - x2 + X 4+ 2

--8x1l + 2x3 + x2 -2x - 1.

[sec. 12.9]
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Notice that the terms of the same degree are placed one above the
other and if a term (such as the second degree term in the first
polynomial) is missing, then a space is left for it. The differ-
ence 18 then found by subtracting terms of like degree.

Problem Set 12-9a
1. Subtract, using the "vertical" form described on page 361.

(a) ad - 5a° + 28 + 1

ad + 7% + 9a - 11
(p) -3x3 : 5x2 - Tx + 2
-3x + 2x3 - 3x2 - 6

(c) 7y° + 8y - 5
oy® + Uy

5. Use the "vertical" form in the followlng:

(a) Subtract 3a2 - 6a + 9 from 382 + 7a - 1ll.

2 + 3 subtract 12x3

(b) From 12x3 - 11x + 6x + 9.
(¢) Add lhy2 + 8y - 16 and --12y2 + 3Y.

(d) From -6x + 8 subtract -6x - 1.

We can now set up a "vertical" form for dividing polynomials.
Let us use the same example as before.

Example 1. 2x2 + X -5 .
_ e ,
X - 3[ 2x2 + X _ef-f—EEL} - 3) + 7(x - 3)+ 16
2x2 - 6x
' Subtract‘i:::i_“-’7x -5
x -21
1l
Thus, %2 £ x - 5 = (2x + T)(x - 3) + 16,
2
2x” + X - 5 16
and - 3 =2x+7+x—;—3—

[sec. 12-9]
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Problem Set 12~9b _
Perform the indicated divisions, using the form shown in Example 1.

2
1. 2x° - 4x + 3

X - 2
bx® - hx - 15
2. =
2% + 3
3 2x3 - 5x% . 8x 4+ 10
‘ 2X + 3
 2x3 - 2x2 + 5 3 o

b - o Hint: Write the dividend 2x° - 2x +5

to allow for the missing first degree term.

2x5 + x3 - 5x2 + 2
X -1

2x° + 14x + 5
3x + 1

6. 3x3

Example 1. on page number 362 can be ywritten more compactly as

Dividend l
Divisor —»x - 3 2x2 + X -5 2x 4 T €<——Quotient
D .
2x° -~ 6x
7x ~ 5
Tx - 21
16 <— _  Remainder
Check: (2x + 7)(x - 3) + 16 = 2x° + X - 5.
2
2x" 4+ x -5 16
Therefore, e = 2X + 7'+?E771T‘
 [sec. 12-9]



364

Example 2. Divide x° + 3x° - 38x - 10 by x - 5.

Xx -5 x3 + 3x2 - 38x - 10 %2 4 8x + 2
ESIER -5 | -
8x2 - 38x - 10
8x2 - hox
2x - 10
2x - 10
0

' Check: (x2 +8x +2)(x -5)+0= x5 4+ 3x° - 38x - 10

3 2
Therefore, —=—+3% _-538x =10 _ x2 4 8x + 2

3

Example 3. Divide 3x° +x by Xx + 2.

x4+ 2] 3 +x |3x? - 6x + 13
3x3 + 6x° '
- 6x° + X
‘- 6x2 - 12x
13x
13x + 26

- 26

Check: (3x2 - 6x + 13)(x + 2) - 26 = 3x3 + x.

3 .
Therefcre, ~§5§—$%%?= 3x2 - 6x + 13 “fgg 2

Problem Set 12-9¢

1. Divide x3 - 3x2 +7x ~1 by x - 3.
5. Divide x2 - 2x + 15 by x - 5.
3. Divide x' - 9x2 -1 by % + 3.
4, Divide 5x3 - 11x +7 by x + 2.

125
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Iﬁ Problems 5 - 11 z=~~arm the indicated division.

5. kP - x5 g, X2t 1
. 2x + 3 R
N R B <4
e L @ m Bx —m : A
6. —7x—== 10 =z ’?T-EL
n 3
PR | X"+ -1
7' X - 1 ll' 2x - -1.
L4 X + 1 ¢ 2x + 1

13. How will the division process tell -wu when the polync: I
D 18 a factor oi" N? Show that x + 3 1is a factor of

] 3

2x - 2x¥ - 7x2 + 1ix ~ 3.,

*In the above examples and problems, we have emphasized the
case in which the divisor is a polynomial of degree one. However,
the process works equally well with any two polynomials.

4x3 - x2 + 1

xq - 2x3 + 1

Example 4,

There 1s nothing to do here since N is already of lower
degree than D; so Q=0 and N = R. In other words,
the rational expression is already “"proper".

Example 5.

x3 4 2|' qu - 3x34 2x®4 1ex+1 = 5x(x3+ 2) - 3(x3+ 2)+2x2+ 2x+ 7
: qu + 10x ' ’ '

- 3x3+ 2x2+ 2x+1

- 3x3 - 6

m2+2x+7

126
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Thus
| .o L2 3 2
5x = Lo T - o 2x + 1 (5% - 3)(x7"~ +2x"+2x+ 7T

.2
- 5% - 3 + 2% 3+ 2X +AI_.

L 2z x> - 2

5x = axd .o - 2x + 1

Weltten in the -ore wucpact form, this becomes:

_}3 + 2 5xi - ] + ¢L3 + 12x + 1 | 5x - 3

5x N + 10x
- s 125 + 2x + 1
- -6
SET 4+ 2X + T
L 2 b 3 2
Check: (5x=3, < - 2 = (2x"+2x+7) = 5x -3x" +2x"+ 1l2x+ 1,
Therefore,
2
5xll - . = 2x2 + 12x + 1 = 5x - 3 + 2x” + 2X + 7 .
2 x> + 2
x4 2 =
Problem Set 12-94
1. Perform the indiczzed divisions.
2x° - Ux 4+ 3 ) ox3 - %% $ Ux 4+ 5
. x- -3
2 -
hx< - bx - 1% 3 2
(b) 2X + 3 (g;‘ X —22)( + Tx - 1
3 o x~ - 2x - 1
2x° - 5x° - 8x + 3 N
(c) . 3 2
2x + 3 (h) 3x 4+ bx¥Y - 2x" - 7
2
(4) 3x3 + 7x2 - 5x + U x5 - b
3x -1 (1) 5xll - 3x3 - x 4+ b
3 3 2
(e) x° 4+ X =2 5x~ - 2x
—x+ 2 y 2
( ) 3x - 2x° - x + 2
J B
b R4

[sec. 12-9]
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2. Obtain the second factor in each of the following:

(a) 9x6 _ ozt 4 3 + 5 = (3x + 5) ( )

(0) %% +1 < (x% + 1)( )

() 2x = 5x2 - x +1 = (x2 - x = 1){ )

(4) 4x8 4+ 2x5 - 20x" + x® - 1ox + 25 = (2x" +x - 5)( )

12-10. Summary

We introduced the concept of a polynomial and saw thzx =ae
problem of factoring expressions is significant only when »:-
stricted to factoring polynomials. Although most of our wocrk was
with polynomials over the integers, we also considered polyncmials.
over the rational numbers and over the real numbers. Each of these
sets of polynomials is closed under addition and multiplication.

In factoring a polynomial of a given type, we insist on fac-
tors which are polynomials of the same type. A polynomial which
is not factorable as a polynomial over the integers may or may
not be factorable when regarded as a polynomial over the real
numbers, Factoring a polynomial over the rational numbers can be
reduced to factoring a polynomial over the integers.

We found that factoring is a useful tool for solving
equations.

The various methods of factoring polynomials are based on
the following forms:

Distributi?e Property:

ab + ac = a(b + ¢).

Difference_gg;Squares:

a® - b2 = (a + b){a - b).

Perfect Squares:

2

a? + 2(ab) + b2 (a + b)?
2

a® - 2(ab) + b2 = (a - b)2

[t}
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Completing the Square:

2
x2 —px = (x + %) - %

2

Quadrat: _ Polzmomials iIn one lgriabla:

x° + (m— n)x + (mn)

(x = m)(x + j.

n

(ac)x® + iad — be)x + (bd) = (ax + b) =x = d). -

We considered the concept of a rational expression and ob-
served that ratiocnal expressions have the same relationship to
polynomials as rstional numbers have to integers. Problems of
simplifying rational expressions are similar to the similar prob-
lems for rational numnbers. We saw that rationzl expressions have
the usual properties of fractions and that factoring of polynomlals
plays the same role in the work with rational expressions as Zas-
toring of integers plays in the work with rational numbers.

Every rational exprassion can be writien as an indicated
quotient of =wo polynomials which do not have common factors.

We deveioped a :systematic method for division of polynomials
in one variable. This is based on the foIlowing important prop-
erty of polynomials:

For any two polynomi=als N and D with D
different from zero, there exist polynomials
Q@ and R, with R of lower degree than D,
such that N =QD + R.

The division process gilves us a way of calculating Q and R
when N and D are given.

1 Fy
pey

[sec. 12-10]
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Review Irobiems
Wiich of ue fuollowlng are raiionsl expressions? polynomials?
Wrich ar= poir—omials in one varishle? polynomials over the
icegers: over the ratlional rambers? over the real numbers?

(2) (8% = £}(=st + 1) + 5(8 + =)

(p) 7x°—zx - 5

(c) ax2 —_ e

(&) 2u + =
(e) 2(u - 32=v;

(£) u +3v

(g) E(%u + 2v)

2
(h) () - 2(3) +1

(1) V¥
(3) 3=
(k) Clri + 1)(}x] - 1)
2z —Db
) ==v
2 2
(m £ =D
A + D
igy I =5 T+ 5
W s = -2
Ly T =5 8 4+ 2
\&) === - 5
= z
(p) I -7 2+2z
2 _
(@) & - =

(r) (s + v 2)(s - 2)

1390
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(s) (2 +b)(a -b) +b° -a

1
(8) (a+v)(a-1b) +b7 - o

ny

3 2
(u) (,te + 1) = 38

(v) J—uxe—l'éqx-pl

(W) x° -2 /3 x+3

2. Simplif the glven expreuslons.

(a) 2-T8 +3V12 - /3 -6 /3
(b) +3 6a"
(¢) +/(x+9)°

3. Multiply the factors and simpiify the resulting expression.

(a) 2v3 (2 - V6)
(b) (/T +/2)°
(¢) (VX + (/=T -1}

4, TFactor ths glven polynoxials over the integers, 1f pOSEibie,
(a) x2 - 22x - 18
(b) =x° - z2x + 48
(¢) 3a%p" - 62203 . 12e%"
(a) xe‘—jyg - bx .. by
(e) (x2 -3%) +2(x-72-3x-¥y
(£) 6a® - Z9a + 10

)3

(g) 6a® + Tla - 10
(h) B(x - y)° + 8(x - y)% - 2(y - x)°

(1) x° 4+ %ax ~ a® - bx - ba - cx - ca

131
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(a) For what positive integral values ol k 1s the polynomial
x2 + kx + 12 factorable over the intagers?

(b) For what positive integral values of X is the polynomial

x° 4 6x + k factorable cver the integers?

{c) Determine the value of x so that = -~ 64/3x + k is a
perfect square.

Simplify the following:

3%2 6

(a)  20a°b?
7(xy°)°
30(ab2)2

(b) 3 + 13- 5
3522  25ab  Tb
(c) —52 3 -

+ + —
a2 - ab <£2 - ab ab

(a) 5 X + 22x -5 . 3=
x* -9 x°-U4x+3

™ ik ™

Divide the given polynomials z=md check.
3 2

(a) x° - Ux° +x+ 6
x -3
(b) 3xu + luxa - uxe - Tlx - =
3ax + 2
3
(¢) X -1
o x +1
5
(@) X=2
x -1

Find the truth sets for tiw given s=ntegcss.
3 3 1

(a) = -1 =10

N

-2
G

y-5
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(e) -TE—%_3T'= 7

(£) b4x® - 243 = x°
(g) 31x|® - 2|x|
(h) 1x1% + x| = 12

9. For each integer n show that the integer (n + 3)2 - n2
is divisible by 3.

0

10. Show whether or not x - 3 1s a factor of the polyndmial

xu—5x3+6x2—30

Q

11. The polynomial 5x1°C 4+ 3x'7 - 1 can be written in the form

5x100 4 317 -1 = Q(x3 - x2 +1) +R,
where Q and R are polynomials.

(a) What can you say about the degree of R 1if it is as low
as possible.

(b) If R has minimum degree, what is the degree of Q2

12. The polynomial 2xu + 1 can be written in the form

ox” +1= 2(x3 + x°

where R 1s an Iinteger.

+x 4+ 1)(x - 1)'+ R

(2) What is the meaning of this equation? What is its truth
set? ' ‘

(b) If a value of x 1s given, can you find R without
carrying out the division process? Is there a special
value of x for which this 1is easilest?

133




373

“13, The polynomial 5x%%C 4+ 3x17 - 1 can be written in the form

5x100 4 3x7 _ 1 = q(x - 1) + R,
where Q 1s a polynomial and R 1is an integer. Find the
integer R without carrying out the division process,

14, The polynomial 48 + n, where n 1s an integer, can he
written in the form '

b8 +n=0Q(x -1) +R,
where R 18 an integer. '

(a) What is the degree of Q2

(b) If R = 0, what can you say of the relationship between
(x - 1) and 'hxs + n?

(¢c) Choose an integer value for n 8o that R = O.

15, Given the polynomials 2x17 - 5x15 +1 and x + 3, find
polynomials Q and R such that

2xtT - 5x1® 41 =0Q(x +3) +R_
where R has degree less than 16,
16. Prove the

Theorem: If a and b are distinct positive real
numbers,

then  -2+DP5 /36 .

Hint: Observe that proving —2—5—9—> J/ab  is equivalent to

proving a + b - 2+/ab > 0.

~In problems 17 through 29, translate the problem into an equation
or inequality, and solve the problem by finding the truth set of
~ the equation or inequality.

 17. One boy can do his paper route in 30 iminutes, His substi-
tute did the route in reverse order and reguired U5 minutes.
Working together, toward each other, how long would it be
before they met?
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18.

19.

20.

21,

22.

23.

2k,

27 o

A candy store made a 40 1lb. mixture of creams selling at
$1.00 per pound and nut centers selling at $1.u0 per pound.
If the mixture is to sell at $1.10 per pound, how many pounds
of each kind of candy should be used?

A 100 gallon container 1s tested and found to contain 15%’
salt. How much of the 100 gallons should be withdrawn and
replaced by pure water to make a 107 solution?

A Jet travels 10 times as fast as a passenger train. In
one hour the Jet will travel 120 miles further than the

passenger train will go in 8 hours. What is the rate of
the jet? the train? ‘

Two trains 160 miles apart travel towards each other. One
is traveling %- as fast as the other. What is the rate of
each if they meet in 3 hours and 12 minutes?

A man makes a trip of 300 miles at an average speed of 30
miles per hour and returns at an average speed of 20 miles
per hour. What was his average speed for the entire trip?

Generalizing problem 22: a man makes a trip of 4 miles at
an average speed of r miles per hour and returns at an
average rate of g miles per hour; what was his average rate
for the entire trip?

The sum of the reciprocals of two successive integers 1s

%gé . What are the numbers?
Find the average of —5—%—§— and —§—§—§—.

The square of a number is 91 more than 6 times the number.
Write a corresponding equation and find its truth set.

-One automobiIé travels a distance of 360 miles in 1 hour

less than & second going Y miles per hour slower than the
first. Find the rate of the two automobiles.
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29'

30.

31.

32,

33.
34,

35.

375

A rug with area of 2} szuare yards is placed in a room 14

‘feet by 20 f=et ls=ving a uniform width around the rug. How

wide s the strip around ke rug? A sketched dlagram of the
rug ..pon the floor mzy helir you represent algebraically the
leng .7 and width of the rug.

One leg of a rigmt triangls is 2 feet more than twice the
smaller leg. The hypotemuse is 13 feet. What are the
lengths of the legs”?

Tell which of these mumbers are rational:

¥, JI, i3, (¥ Va6 .

If = two-diglt nuziber of the form 10t + u 1s divided by the
sum of its digits, —he quotient is 4 and the remainder is 3.
Find the numbers fc— which this is true.

1

Sirplify 1 +
T

i

Find the truth s== o= |x - 5|2 >9 .

At what time betw=en 3 and U4 otfclock will the hands of a
clock be together? At what time will they be opposite each
other?

A farmer has $IC00 to buy steers at $25 and cows at $26.
If you know the number of steers znd the number of cows are
each positive imtemsrs, what 1s the greatest number of animals
he may buy, if he must use the entire $1000.

1386



Chapter 13
TRUTH SETS OF OPEN SENTENCES'

: 13-1. Equivalent Open Sentences

Throughout this course we have been solving open sentences,
that is, finding their truth sets. At first we guessed values of
. the variable which made the sentence true, always checking to
ﬁxverify the truth of the sentence, Later we learned that certain

- operations, when applied to the members of a sentence, ylelded

' ‘other sentences with exactly the same truth set as the original
sentence. We say that:

Two sentences are equivalent if they have the
same truth set.

Our procedure for solving a sentence then consisted of per-‘
forming permissible operations on the sentence to yleld an equiva-
lent sentence whose truth set is obvious,

' what are such permissible operations? Let us recall a prob-
lem from our previous work. p

Example 1. Solve 3x + 7 = x + 15,
This sentence is equivalent to
(3x + 7) + (=x = 7) = (x + 15) + (~x - 7) -
that 1s, to “
2x = 8.
This sentence is equivalent to

1 _
(2x)(3) = (8)(3),
that is, to '
x = l‘. )
Hence, "3x + 7 = x + 15" and "x = 4" are equivalent
sentences, and the desired truth set is (4].
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5 Let us examine this example closely. When we say that A i
. M3x + 7 =x + 15" 1is equivalent to "2x = 8", we mean that every,jﬂ
solution of the first sentence is a solution of the second and -
every solution of the second sentence is a solution of the first.
How can we be sure of this? We lknow that (- x - 7) 1is a real o
number for every value of x. Thus, when we add (-x - T) to both;ﬁ
members of the'first sentence we obtain another sentence which is
true for the same values of x and possibly more. To show‘equivebg
alence of these sentences we must also Verify that every eclution"f
of this second sentence is a solution of the first. This we cduldif
do by adding (x + 7) to the members of the second sentence to .
obtain the first sentence, thus showing that every solution of the -
second sentence is a solution of the first. ‘ L

The point is that we did not need to perform this second stepﬁﬁ
of "reversing" the operation. We knew it was possible, because wef;
know that the opposite of (-x - 7) is also a real number for . i
every value of Xe

In the same wa& we know that "2x = 8" 1is equivalent to
"x = 4", because the operation of multiplying the members of
"2x = 8" by -% has an inverse operation,. that of multiplying B
by 2. In fact, every non-zero real number has a reciprocal which '
is a real number. ' B

Thus, two operations which yield equivalent sentences are:

(1) adding a real number to both members, ;

(2) multiplying both members by a non-zero real number,

All the sentences we solved thus far have been of a type .
- whose members are polynomials. Recall that a_polynemial inVOlves'
no indicated division with variables in the denominator. As a )
result we have not needed to face the problem of finding:simpler‘sfﬂ
sentences by multiplying members of a sentence by expressions
involving variables, :

Let us now consider other types of sentences, including those
whose members are ratlional expressions, ‘ ’

[sec. 13-1]
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‘379;ﬂ?

2

" Example 2. Solve %— =3'2- .

X~ + 1

By multiplying both niembers by 2(x2 + 1) we can obtain -
a sentence free of fractions., Will this operation yield an
equivalent sentence? VYes, because for every value of X,
2(x2 + 1) is a non-zero real number, Thus, the sentence is
equivalent go

—— 2 .02

that is, to

2x2 = x2 + 1,

This sentence is equivalent to

x° -1=0, (Why?)

that 1s, to
(x - 1)(x + 1) = 0.

| Finally, this sentence is equivalent to

X-1=0 or x+1=0, (Why?)
and we find the desired truth set to be (1, -1}.

Problem Set 13-la

For each of the following pairs of sentenceé, determine

whether or not the sentences are equivalent. You can prove
they are equivalent by beginning with either sentence and
applying operations that yield equivalent sentences, untll you
arrive at the other‘sentence of the pair. If you think they
are not equivalent, try to prove it by finding a number that
is in the truth set of one, but not in the truth set of the
other. '

(a) 28 =12 ; 8=6
(b) 58 = 38 + 12 ; -28 = 12
(¢) S5y -4=3y+38 3 y=6
(d8) T7s - 58 =12 ; 8=06

[sec. 13-1)
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2.

3e

(e) 2xa+lt~-10 ;xenh

(f) x+9-2xmTx-12;fax.

(3) x2=x-1 ;1=x-x2

(h) —T§T=;1§-- 3 ;¥ -1 =3(lyl +2)

(Hint: Is (|yl + 2) a non-zero real number for every
value of ¥y ?

(1) x2 +1 = 2x G (x-1)2=s0
(3) x¥-1=x-1 P X+ 1=l
(k)—xéLsino ; X° + 5= 0
x< +
2
(!)—ig:—:=1 ;x2+5=-1.
(m) v2 =1=0 ; lv+ell =0

Decide in each pair of sentences whether they are ;quivalent.
(a) 4 - 2x =10 ; x = =3

(b) 12x +5=10 - 3% ; x = 3

(e) X2 = b 20 ; Xm2 OFP X = -2

(d) x=3; x(x~3)=0

(e)x-1=0;x2-1-0

(£) Ixl=1;x2=12

Change each of the following to a simplez;' equivalent equation.

(a) ¥y +23 =35 (e) x(x2+1)-2xe+2
1 (Hint: Is --—— & non-zero
(b) 22« =19 ‘ -
(c) 6-t =7 real number for every value
1 1 of x ?)
(4) 78 = 155

(£) vyl +1) = lyl +12

[sec. 13-1]
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2
(g) 2 -¥or?y . 2

381

Solve (that is, find the truth set of), i1f possible:

2 .3
(a) 11t + 21 = 32 . (g) %-}-—3-::%-[-—2—
(b) % -5% = % (h) 4x + % = X +'6
(c) Bx - 17 = 33 (1) x* 4+ x2 41 = x°
(d) 6-s=84+6 () v vPayelo= v -yayPoye
e) 8-6=6-38 2
(e) (k) x° 4+ 3% = x + 55
(f) s-6=184+6

Often we can simplify one or both members of a sentence.
What kinds of algebraic simplification will guarantee that
the simplified form is equivalent to the original? Consider
combining terms:

Are 3x -2 - Ux + 6 =0 and -x + 4 = 0 erivalent?

Consider factoring:
Are x° -5x + 6 =0 and (x - 3)(x - 9= 0 equivalent?

x2 - U

————> =>4 and x + 2 =14 equivalent?

Are

In each of the following pairs of sentences, tell why they
are equivalent or why they are not equivalent.

() 22 +5-a=17 ; a+5=17
(b) 3x° - 6x = 0 ; 3x(x -2)=0
(e) 3x° = 6x ; 3x =6

(d) 3x° = 6x ; 3x° - 6x = 0

() 6y° +3-2y2 =54y +2; 432 43 =y +7
3

(f) b+ 3 =0 ; O

b + 3

¥ ; y +2

(h) 2(h +2) + 2(h + 3) = 27; 4h + 10 = 27

[sec. 13-1]

141




We have been careful to add only real numbers or multiply

-~ only by non-zero real numbers, because we are sure that such

operations yield equivalent sentences. Is it possible that other
operations may also yleld equivalent sentences? ILet us look at
another example.

Example 3. Solve x(x - 3) = 2(x - 3).

Without any formal operations we can guess that 2 and
3 are solutions of this equation. Are there others? In an-
attempt to find a simpler equivalent sentence, we might be
tenpted to multiply both members by
the new sentence

1 1
x(x - 3)'m = 2(X - 3)'m »
which in simpler form is

1
x -3 ° Then we obtain

X = 20
It is tertainly true that 2 1is the only solution of this
sentence. Tkis means that the operatlion of multiplying bty

X E 3 yielded a new sentence with a smaller truth set.

Thus, such am operation will not necessarily gilve an equisa-
lent sentznce. You have probably detected the difficulty:

for x = 3, TE%%TT is not a number, and the operation

of multiplying by—-l———- is sensible only for values of X
X -3

other than 3.

Example 3 suggests that we must never add or multiply
both members of a sentence by an expression which for some
value of the variable 1is not a number.

Example &4, Solve -%5{—%—= 2 -k

x-1°

We first observe that the domain of x cannot include
the number . (Why?) Thus, we are really solving the
sentence
and x # 1.

X - 2 1
Xx-1=°"%-1

[sec. 13-1]
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If is natural to multiply both members of the equation by
(x - 1). Is (x - 1) a real number for every value of x
in its domain? Is (x - 1) non-zero? (Remember that

x # 1.) Therefore, we obtain an equivalent sentence by
multiplying by (x - 1):

-2
o - 1)

2(x -~ 1) ~—25-(x - 1) and x#1,

X-2=2x-2-1 and x # 1,
1=x and x £ 1.

This latter sentence has an empty truth set. Hence, the
original sentence has no solutions.

The problem in Exampie 4 points out that we must be
careful to keep a record.af the domain of the variabls.
Thus,, we may multiply by =n expression which for all values
in the domain of the varizble is a non-zero real number.

Problem Set 13-1b
For each of the following phrases decide whether it is
(1) a real number for every value of the variable,
(11) a non-zero real number for every value of the variable.

(a) %% - bx + 3 (g) -—2féi——
x~ + 1
3 -4 241
o) $34- el
(¢) 3 +0r +-% (1) A/ ve + 1
(d) v’t‘+ 1 (J) -3
(e) 1y + 2| . (k) -i—
(£). Iyl +1 (!)-—3———17
[sec. 13-1}
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3.

Te

9.

. shown have the same ratio as

Solve:

1 x -3
(a) _§_§ﬁ§'= 3 (d) s =25 +x-2=2
x o 1 X
(v) 2. (e) -3 T+l=%+1
(c) 315"'3'_'"52:' (£) x(x® +1) = 2x° + 2

Find the dimensions of a rectangle whose perimeter is 30
inches and whose area is 5% square inches.

Find three successive int=gers such that the sum of thelr
squares .is 61,

is *é—. What are the numbers?

In a certain school the ratlo of boys to girls was '% . If

‘The sam of two numbers ie 8 and the sum of their reciprocals

there were 2600 students in the school, how many girls were '

there?

S#ow that any pair of numbers '(x, y) for which either one"ﬂm

of the equations 3x + 18 =y + 23, y = 3x - 5 18 true is

relation between the set of all solution pairs of the first.
equation and the set of all solution pairs of the second?

Show that the equations Uix - %y =6 and y=6x -9 are
equivalent.

The sides of lengths x and
2x - 5 of the first triangle

the sides of lengths 4 and
6 respectively of the second
triangle. How long are the

two sides of the first triangle?

2%-5

[sec. 13-1]
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A mixture for killing weeds must be made in the ratio of 3
parts of weed-killer to 17 parts of water. How many quartsl,g.
of weed-killer should be put in.a 10 gallon tank which is
going to be filled up 'with water to make 10 gallons of
mixture? -

.13-2. Equivalent Inequalities

, In Chapter 8 we solved certain inequalities by obtaining
simpler equivalent inequalities. Recall that we often used the
‘properties:

For real numbers a, b, ¢, a < b 1if and

only if a +c¢c ¢ b + ¢, '

and

\ for ¢ positive, a < b if and only if ac < be,
for ¢ negative, a ¢ b 1f and only if ac > bc.

It turns out that the operations we may perform on an inequal-.
ity to yield an equivalent inequality are somewhat like those for .
: equations., The only difference is that when we multiply both mem-.
‘bers of an inequality by a non-zero real number, we must be sure
“that it is positive or that it is negative. For example, xX° + 1

is always positive for every value of x; "—_El___ is always
: X 4+ 2

negative for every value of x; but x~ - 1 1is negative for some
values, positive for other values, and O for others. Hence, we
shall not use .x2 -1 as a multipller.
To summarlze, some operations which yleld equivalent inequal-
itles are:
(1) adding a real number to both members,
(2) multiplying both members by a positive number, in
which case the order of the resulting products is
unchanged,
(3) multiplying both members by a negative number, in
which case the order of the resulting products is
reversed. '

2

[sec. '13-2]
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L Example 1. Scilve %y - 6« %y +-g -

We may first multiply both members by the positiw= real
number 30 <to obtain a sentence free of fractions:
24y - 180 ¢ 20y + 25 .
Now we add the real number -20y + 180 to both member.:
by < 205 .
Finally, we multiply by the positive real number %-:

y <22,

What is the truth set of the original inequality? Explain
why all these sentences are equivalent.

Example 2. Solve - ——~—> -1 .

e X+ 1

Since -‘(x2 4 1)"~1is a negative real number for every
value of x, we may multiply both members by -(x2 + 1) to
obtain the equivalent santence

1< x2 +1.

By adding. -1 to both memizers, we have the equivalent.sen-
tence

0<%t .

The truth set of this final sentence i3 the set of all non-

zero real numbers. This is also the truth set of the criginal )

inequality.

149
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A Problem Set 13-2 E
,* ‘Solve the following inequalities by changing to simpler
~equivalent inequalities. -

(a) x + 12 < 39 (£) ”% <h+efo2
(v) %x < 36 - x (g) x° +'5‘2 L )
C(e) STH2x > 3/T (n) —53— ¢
‘ ' x% & ¥
(d) t4/3%3
(e) 8y -3>3y+7 ‘(1) - 2-2 -1

‘”'2;_ Solve the following sentences.

(a) 1<¢lx+1c¢2 v
(This 1s equivalent to "1 ¢ 4x + 1 and k4x + 1 ¢ 2").

(b) % -4 <0 and 1 -3t<¢O
(¢) -1<cat < .

(d) 6t+3<0 or 6t-3>0
(e) Ix-1]<¢2

(£) Jet] <1

(8) Ix+2| <3

(h) ly+2]>1

3. Graph the truth sets of the sentences in Problems 2(a), (c),
' (e) and (h) .

r?-h. Determine which of the following are negative real numbers for
every value of X.

(a) x | (@) l-x - 1]
(b) -=x (e) -lx + 1|
(¢) —5 | (£) -5

=X~ -1

[sec. 13-2)
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5, Solve 3y -Xx+T7 0 for y; that is, obtain an equivalent
. gentence with y alone on the left side. What.is the tputh'f"’”i
get for y when x =1 ? Now Solve 3y - x+ 7 <O for ‘X .

_ What is the truth set for x if y=-27?

6, If the area of a rectangle is 12 squar% inches and its length
is less than 5 inches, what.1s 1its width?

7. Write an open sentence expressing that a certain negative number
i1s less than its reciprocal. Solve the sentence.

13-3. Equations Involving Factored Expressions
When in Chapter 12 you solved_quadratic equations of the form

. (x - 3)(x +2) =0,
you needed the important property of numbers (Theorem 7-8e).

For real numbers a and b, ab =20
if and only if a =0 or b= 0.

- Restate this property for the particular a and~ b in the above
equation. Interpret the "if and only 1f" in your own words. -It
is this property, and the fact that x - 3 and X + 2 are real
numbers for every real number X, that guarantee the equivalence
of the sentence "(x - 3)(x + 2) = 0" and the sentence
"y ~3=0 or X+ 2 = 0", Thus, the truth set 1s (3, -2}.

How would you extend this property to equations such as
abcd = 0 ? State a general property for any number of factors,
What 18 the truth set of

(x + 1)(x - 3)(2x + 3)(3x - 2) =0 ?

-

: Problem Set 13-3a

1. Find the truth sets of:
(a) (a+2)(a-5)=0

(b) (x + 3)(x +1)(x - 2)(x) =0

ey (3y - 1)(ey.+ 1)(¥y - 3) = 0

[sec. 13-3]
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5.

6.

Solve:

"(a) x* -x-2=0

(b) 0 =x° - 121
(c) (x® -1)(x® + 5% +6) =0
(d) (x® - 5)(x® - 24) = 0

“(e) x3 = 25x
(£) 2x° - 5% = 3
(8) x3 +x = 2x°

(h) x2+2=0

(1) 3x® = 21x - 18
(3) x® -bx+2=0

(k) x° +6x =1

Solve x3 = 8 by guessing a solution and showing it 18 'the

only real solution by argulng about the "size" of x.

3

(If x < 2, what about x3 ? If x > 2, what about x° ?)

. 2
Solve xu = 1 by writing it (xe) -1=0 and factoring.

Find a polynomial which has thewvalue O whenever x takes
a value in the set {1, -1, 0]. i

Find the truth set of the sentence
(x = 3)(x-1)(x+1)=0 and |x-2] <¢2.

We have béen careful to avoid adding or multiplying by an

expression which for some value of the variable is not a real
. humber. Let us look at another example which illustrates this
- dangere.

[Sec. 13"3] =
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v“Considé} this example: Solve (x - 3)(x2 -1) = h(x2 -1).

1 L
x2 -1
1

But for some values of X, —75— is not a real number.
x- -1

Which values? InsteaZ, since l%(x2 - 1) Ais a real number
for every Xx, let ue add -H(x2 - 1) to both members, giving

(x - 3)(x® - 1) - 4(x* -1) =0
(x -3 - 10" -1) =0 (Wny?)
(x = T)(x-1)(x+1) =0
Each of these éentences is equivalent to evefﬁ ;fher. What

is the resulting truth set? If we had multiplied each side

(unthinkingly) by —z———— , what would be the truth set of
X 1

Our first impulse is to multiply both sides by

the resulting sentence?

This example warns us that "ac = be" and "a = b" are
not equivalent. Instead, we follow a sequence of equivalent
sentences: |

ac be

ac - bc =0

il

(a - b)e =0
a-b=0 or ¢c=20
This tells us that the sentence
ac = be
is equivalent to the sentence

a-b=0 or c=0,

when a, b, and ¢ are real numbers.

[sec. 13-3]
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_ Problem Set 13-3b
l. Solve

(a) =x(2x - 5) = 7x
(b) (3 + x)(x® + 1) = 5(3 + x)
(e) (x -2)(3x +1) = (x - 2)(x - 5)

(d) 3(x® - 4) = (4x + 3)(x° - ¥)
2

(e) 5x - 15 =x° - 3x

2. Multiply both members of the equation nx? o 3" by (x - 1).

Are the néw and the original truth sets the same? Is x - 1
zero for some value of x ?

3. Multiply both members of the equation "t° = 1" by (t +1) .
Compare the new and the original truth sets. Discuss any
differences the two multiplications made in the truth sets in
Problems 2 and 3.

“13-4. Fractional Equations

The expression L 45 not a real number when x 1is O.

X
Therefore, when we try to solve the equation
1l
%= °

we are limited to numbers other than O . In other words, we

must solve the sentence

1
Z =2 and x£0.

Knowing that x  cannot be 0, we may then multiply by the non-
Zero number X to obtain

l.x=2x and x#0,

i

l=2x and x £ O.

Hence, "% =2 .and x #0" and "1l =2x and x ¥ 0" are equiv-

alent sentences. The: latter has the truth set [%] « Thus %

is the solution.
[sec. 13-4]
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Another way Eo hangle this same problem is to add -2 to
-both members of x = 2 5 giving

—5—==0 (Why?)

What are the requirements on a and c¢ for the number
to be 0O ? They are, first, that ¢ £ O "(Why?z, and second,
that a = 0 (Why?). Thus the sentence % = 0 1is equivalent to

the sentence "a =0 and c ¥ 0O".

oip

n n
Then -3L§%J§5-= 0 1s equivalent to what sentence? Your
answer should be "1 - 2x = 0 and x # 0", which is the same |
sentence we had before. Can you find the truth set of -%%{?{% =0

in the same way.
The same two approaches can be used on more complicated
fractional equations. Thus we can solve the equation

L1
x 1l - Xx
either by multiplying both members by a sultable polynomial
1 1
(What 1s 1t?), or by writing it first as £ - —5 = 0 and then

simplifying to a single fraction. In either case we must recog-
nize two "illegal values" for x, O and 1 . The solution is
subjJect to x not taking on those values. Using the second

. method, we get "(i(i f)xsfx = O" which 1s equivalent to
"] - 2x =0 and x # 0 and x ¥ 1". The solution of this sen-
tence 1is % , which 1s, therefore, the solution of the original
sentence.
As a final examble, solve

X 2
X -2 °"x -2 °

[sec. 13-4]
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Since x ¥ 2, then upon multiplying both members by x - 2 we

obtailn
< x'2, (x - 2) = % ¢ (x - 2) and x £ 2,
Xx =2 and x ¥ 2.
Hence the sentence “x f 5 =% f 2" is equivalent to the sentence

"x =2 and x # 2". What is the truth set of this sentence?

Problem Set 13-4

Solve the following equatlons.

1.

2,

3.

17.

18,

2_3.10 9. (E=1)% .y
3-%-10 - 10, T 25 +-2E5=1

X +-% = 2 ‘ 1. (3 ﬁ 1)(x2 -1) =0
y'%"l ) 12, Tog+g oy =0
———5;24.-3-2-:1 13, 7L+ ptoo
3 _2+5y_1 w, A=y 14y _ o
2y y 3 l+y 1l -~y
"’%'?‘-ljf:l *15‘%+1%y+11y=°
%'“ t - 1 *16. % +7 i x ¥ i x=0

The sum of a number and its reciprocal is -2. What is the
number?

(2) Printing press A can do a certain Job in 3 hours and
press B can do the same Job in 2 hours. If both
pr.sses work on the Job at the same time, in how many
hours c¢an they complete it?

[sec. 13-14]
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(b) 1If presses A and C work on the job together and com-
plete it in 2 hours, how long would it take press C
to do the Jjob alone?

(¢) Presses A and B begin the job, but at the end of the
first hour press B breaks down. If A finishes the
Jjob alone, how long does A work after B s8tops?

19. In each of the following, express the indicated variable in
terms of the others.

Example: V=-J§'Bh i B .
This is equivalent to
V() = 38n() and h 4o,
that is, to, |
av .
g =B and h ¥ 0.

(2) A

Zbh ; h (@) s=Ra+.2) sy

=3 R (e) % +e¥=1; b

(b) T %

(c) A %h(x +¥):h

13-5. Squaring

If a = b, then of course a2 = b2 « Why? Do you think it
is true, conversely, that if a2 = b2 then a = b? You may see
at once that this is not so. Give an example. Hence, ng2 o p2n
and "a = b" are not equivalent sentences.

On the other hand, we can alter a2 2

=b throﬁgh a chaln of
equivalent sentences as follows:

a2 = b2
ag-'b2=0
(2 - b)(a + b) = o
a-b=0 ora+b=20
a=b or a=-b
[sec. 13-5]
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- Tell why each of these sentences i1s equivalent to the next one.
_Thus, "a? - b2  and "a = b or a= -b" are equivalent sen-

. tences.

. If we square both members of the sentence "x = 3", we obtain
Cnx? 9", which is equivalent to "x =3 or x = -3", Thus,

squaring the members of a sentence sometimes enlarges the truth
set.

Problem Set 13-5a
Tell what squaring both members does to the truth sets of the
following equations.

]
o

l. x=2 3. x4+ 2
4 u’. x-l

N
L]
=
t
=
i
=
1]
nN

In the above problems it 18 obvious what the original truth
set 18, and we haven!t had to use the new ¢ruth set to obtain the
““olds" “However, sometimes we square both members of an equation as
a simplifying process in situations where we dont't already know 4
the truth set. We do know, as in the above problems, that any
solution of the original equation is a solution of the equation
obtalned by squaring. But we also know that the new truth set may
be larger than the old. Therefcre, each solution of the new
equation must Eg_checked in the orlginal equation in order to

eliminate any possible exg;é solutions that may have crept in
__during the squaring.

Example 1., Solve /X + 3 = 1.
If VX + 3 =1 1is true for some x,

then ( V/x + 3)2 = (1)2 is true for the same x;
' X + 3 1,
X = "'20

If x=-2, then VX +3=J-2+3=+4/1 =1.
Hence, -2 1s the solution.

[sce. 13-5]
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Example 2. Solve /X + x = 2.

Our objective 18 to square both members and obtain an
equation free of radicals. Let us try it.

o ) (ﬁ + X)e = 22
(VT2 + 2(/F) (%) + x° = 2°
X + 2x/X + x2 = b,

Apparently, we have arrived at a more complicated sentence
which still contains a radical. Instead, let us write the
sentence in the equivalent form

B

JE =2 - x
before squaring its members. Then we obtain
| (vVHE = (2 - x)?
X = b4 - bx 4 x°
O=104U - 5x + x2
0=(x-4)(x-1)

X 4 or x = 1.

In other words, if there are solutions of the sentence they
must be in the set {1, 4}. Checking each of these possibill-
ities, we find that U does not make the original & ntence
true, while 1 does. The solution is thérefore 1. '

Example 3. Solve |x| -~ x =1.

Again we can obtain a simpler Sentence by squaring.
Here we use a fact about absolute values which you should
prove in Problem 11: |x|2 - x2 for every real number X .

‘Then we have the sequence-of sentences

x| = x + 1
2
(1x)? = (x + 1)
x° = x2 +2x + 1

2x + 1 =0

1
X=—-2-
[sec. 13-5])
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Checking back, we find that - %- does make the orilginal
equation true and is, therefore, its solution.

Problem Set 13-5b

- Solve the following equations by squaring.

1.
ot
Lo

3.

11.

12.

13.

14,

15.

~f§i =14+ X

Vex +1 =x+1
VE+1-1=x
VIX - x+3=0
3J)X +13 =x+9
[2x] = x + 1

2x = |x] +1

x = |ex| +1

x-IXI=1

3

lx - 2]
Prove: For every real number X,

The distance between X and 3 on the number line is 2
more than x. Solve for x .

One leg of a right triangle is 8 1nches.long and the
hypotenuse is 4 inches less than the sum of the two legs.
Find the other leg. -

The'time t 1n seconds it takes a body to fall from rest a
distance of s feet is given by the formula -

1:=,/—-—§gs . Find s if t = 6.25 seconds and g = 32 .

Using the formula in Problem 14, find a formula for g in
terms of t and 8 .

[sec. 13-5]
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16. Determine whether each of the following pairs of sentences in
two variables are equivalent.

(a) x> +y° =1, y=a/1-x

2

(b) %° + y°

|
]
»
+
<
|
]

(e) x° = Xy , x=20 or X =Y

13-5. *Polynomial Inequalities ,
Is (-4%)(3)(5)(-6)(-8) a positive number? A negatlve number?
Did you need to perform the multiplication to answer this questlion?
When we multiply several non-zero numbers together, their
prdduct is positive if the number of negative factors 1s even, and
their product 1s negative 1 the number of negative factors is odd.
This means that we can tell immedfately whether a factored
polynomial, such as :

(x + 3)(x +2)(x - 1),
is.positive, negative, or O for any given x . How about this
polynomial for x=2°? PFor x=07?% For X = -1 2 For X = = %?
For X = -4 2 You need not compute the value of the polynomial;

just check how many factors are negative.

_ We can do better than choosing a few points at random. We
can first find the set of values of x for which
(x + 3)(x +2)(x - 1) 18 O
(the truth set of (x + 3)(x + 2)(x - 1) = 0).
what is this set? Then we draw the graph of this set on the
number line.

-0
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What can we say about each of the factors (x + 3), (x + 2),
(x - 1) for any x 1less than -3? Try x = =4, We find that
'all three factors are negative numbers, and therefore their pro-

"_ duct 1s negative. We indicate this-on the number line as follows.

What about these factors when x 18 between -3 and -2 ? Try
X = = % . The factor (x + 3) 1is now positive, while the other
two remain negative. We can think of (x + 3) as "changing over"
from negative to positive as x crosses -3. The product i8 now
positive for Xx between -3 and -2. We indicate this by a mark

"+" over the interval. T

- +
——— N
-4 =3 -2 - 0 1 2 3

Probably you can see what is going tb happen when x crosses -2
and finally 1. When x crosses -2, the next factor (X + 2)
changes from negative to positive, so that for any x between -2
and 1 there are two positive factors/and one negative, the pro-
duct now beilng negative. Finally, when x crosses 1, the last
factor changes from negative to positive, so that for x greater
than 1, all factors are positive.

- + - +
r % — N, 4 ~ - - —
+ —+ * & + + 2 4 + t
-4 -3 =2 ~ 0 | 2 3

Using this final dlagram, We can read off the truth sets of certain
related inequalities. For example, the truth set of the sentence

(x + 3)(x +2)(x -1) <O .
1s graphed on page 400. This 1is the set of all numbers x for

[sec. 13-6]
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-4 -3 -2 -~ O

- which.the product of the factors is negatlve, namely, the set of

all x such that’ S
X<¢=-3 or -2<x<l. .
What is the truth set of the sentence (x + 3)(x + 2)(x - 1) >0 ?
Draw its graph. Of the sentence (x + 3)(x +2)(x - 1) >07?

To find the truth set of

x2 - 3.3 2x ,

we first change to the equivalent inequality with O 'on the right
side:

x> -2x -3¢0,

Then we factor the left side into first degree polynomial factors:
. (x +1)(x - 3) <0 .
m?yggggging as before, we get the diagram.

+

-—
A\ wN ™
y
1

le N
I 8

3
< T+

-4 =3 -2 -l 0

Thus, the truth set of the inequality x2 - 3 £ 2x has the
following graph (since the product of the factors (x + 1)(x - 3)
must be negative or zero).

t -+ t t i ’ . ‘
-4 -3 =2 ~I 0 l 2 3

' This is the set of all x such that -1 < x <3 .

[sec. 13-6]
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Problem Set 13-6a
1. Using the above discussion as a model, draw the graph and
describe the truth sets of the following inequalities.

() (x-1)(x+2)>0

(b) ¥° <1

(c) 2 4 5t < 6

(d) x2 4 2 > 3x

(e) (s +5)(s+ 4)(s+2)(s)(s~3)<oO
(£) 2 -x%°<x

2. What 1s the truth set of the sentence
(x +2)(x -1) >0 and x<¢ 3 ?

*3, Is there a single_polynomial inequality equivalent to the
sentence of Problem 2?7

There 1s one dénger point which Wwe should explain.

Suppose a factor is repeated in a polynomial one or more times, as
in (x + 2)2(x - 1) . When x crosses -2 , there are two
factors of the polynomial changing together from negative to
positive. The number of negative factOrs drop from 3 to 1,
and the product remains negative as x crosses -2 . The diagram
is then o

- -— -+
P A A
s N It N
3 'R & 3 —_— N

{ + &~

-4 -3 -2 -1 0 | 2

-+

oT

What is the truth set of
(x + 2)2(x ~-1)>02?

. [sec. 13-6]
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N (i.e., for what values of x 18 the product of the factors
T'V--~posit1ve?) Notice that the truth set of

(x + 2)2(x -1) 20

. 1is the set of all x such that x 21 or x = -2,
' what happens if a factor occurs three times, as in x(x - 1)3?
Wnat is the truth set of

x(x - 1)3 <0 ?
of

x(x -1)3302 7

Sometimes we have a quadratic factor, such as x~ + 2,

which cannot be factored and which 1s always positive for all
values of X . Does such a factor have any effect on the way the
product changes from positive to negative? What is the truth set
of '

2

(x® +.2)(x - 3) <O ?
or
(x° + 2)(x - 3)>0°

Problem Set 13-6b

Solve and graph:

1. x2+1>2_x _ 7. (x+2)(x2+3x+2)<0
2. %2 +1¢0 8. 3y+l2gy° -16°
3. (1:2+1)(t2 -1) >0 9. x° + 5% > 24

4, bg -8% sk 0. |xl(x - 2)(x + ¥) < ©

5. (x -1)%(x-2)%>0
6. (y° -Ty +6)<go0

162
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Review Problems
For each palr of sentences in Problems 1 - 6, determine whether the
two sentences are equivalent.

1. x(x2 + 1) —.3(x2 +1) =0, x-3=0

2
2. (x-3)-E—=2L-2, X~-3=2"
x= -1
2 2
30 (x - 3)(x° +8¥) =2(x+1b), x-3=2
X 3
be =5 -x3=9, x =3
5. 4;{—2‘:0’ |x|=2

6. -lgl =1, x° = 4

In Problems 7 - 20, find the truth set of
x .
Te ¥=3-5-3=0
. X 3
8. x=3+x-3=0

9. (x + 1)(x -~ 3) = T(x - 3)

10. (x + l)(x2 -2) = -(x +1)
11. x(x - 1)(x - 2) =0

12. 3 ? g8 % x % 2

13. % - 3-+32%5L3L= 0

14, /x+2+2=0

15. Yx+2 -2=0

16, |x + 1] = 3

1%.h|+x=l 183
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18.
19.

20.

21.

22.

23.

(a).
(b)
(c)

(x = 3)(x -1)(x+1)>0

(x - 3)(x -1){(x+1)>0 and x>0

(x - 3)(x -1} {x+1)>0

164

or x>0

FRRIEN

x| +1 =
X + 1 _
X + 1" 1
41 _

2 =
X"+ 1

Solve and graph the following sentences.
(a) -%%{F—%—: 0 () x2 -L>o0

x 2

(b) =E5>0 (@) Ix] > 2

Solve and graph
V1 +2x ¢ x-1.

Graph the truth set of each of the followlng senhtences.



Chapter 14
GRAPHS OF OPEN SENTENCES IN TWO VARIABLES

14-1. The Real Number Plane

The real number line has been helpful in making decisions
about relations among real numbers. (Give examples of some cases
in which we have used the real number line.! Perhaps a real

L4

. number plane would be even more helpful.

We have associated numbers with points of the line,. How gan
we assoclate numbers with points of the plane? Consider any point
P in a plane. If this point is on the number line x units from
the zero point, then there is one number x associated with P.

If P 1is not on the number line, as in Figure 1, there is a number,

1 1 1 1 A 1 1 1 ] Il L. 1 1 i 1

-6 -4 -3 -2 -| 0 | 2 3 4 5 6 7 8 9 10

Figure 1.

in this case 7, which is assoclated with P 4in the sense that it
is on the number line directly under P (it would be dlrectly over
P if P were below the number line). This number is not suffi-
cient by itself to locate P, since 7 1is on the number line and

P 1is 3 units above the line. Perhaps we need two numbers to
name ‘P, using 7 as the first one because it is on the number
line which we already know. From 7T we could draw a second
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number line to P, drawing it vertically and with the zero 6f'£his
line lying on the first line. On this vertical line we find P at
the number 3; this number we regard as the second number belonging
to P. The point P now has the assoclated palr of numbers

(7, 3)« We write these as indicated, placing the number found

" along the horizontal line first, and the one found along the ver-
tical line second, and enclosing them in parentheses. We have now
assigned to P a first number, 7, and a2 second number, 3, and

we think of these as an ordered pair of numbers, (7, 3), belonging
to P and called the coordinates of P. The first number is
called the abscissa of P and the second number the ordinate of

P.

L ¢S ¢E
$8(-3, 3.5)
- | L eaa
= . ¢A(2,2) - -
T
= }- - = -
6 H F
e & - 1 é 1 1 1 )\
-7 6-5 -4 3-94 -t of 1F 2l 3 4" sl 67 8 9
1*1.(-5.-3) ~ - B © ¢Q(7,-3)
¢C * K -~
%D
Figure 2.

In Figure 2, verify that the ordered number palrs written
for point P, A, B, L, and Q are correct. Which number 1s
written first in each case? Which 1s second? The order is
important, and hence we consider only ordered pairs. Note that
the ordered pair (1, 4) 1is not the same as the ordered palr

[sec. 14-1]
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(4, 1). How does the ordered pair for Q differ from that for
P ? .Why is the second number for Q negative?’

In Figure 2, what ordered pairs of numbers are associated
with points E, C, K, and D ? What ordered pair is assoclated
with point H, which is on the number line? This point 1is called
the origin, and is associated with (0, O). We may consider that
the second number of the ordered pair is the distance above or
below the number line. What ordered pairs are assoclated with
points F and G ? Make a general statement about the second
number of the ordered pair associated with any point which 1i.8 on’
the horizontal number line.

If we have several points in a plane, and a single horizontal

number line, is there any way in which we can refine our figure so
that we can ldentify the ordered pairs of numbers assoclated with .
the points without drawing a separate vertical line from each point
to the horizontal number line? For this purpose we shall use
coordinate paper and draw only one second number line, passing
through the origin and perpendicular to the first number line.
If we label the units of measure on both of these lines, each of
which 18 called a coordinate axis, the network of the coordinate
paper will permit us to choose quilckly +the suitable numbers of'an
ordered pair.

Note that S and T in Figure 2 do not have the same

'?coordinates; the first coordinate of S 1is 1 but the first
coordinate of T 1is 4. The coordinates of S are the ordered
number pair (1, %), while those of T are the ordered number
pair (4, 1). The szme numbers appear in each pair, but since the
order is different, the ordered pairs are different.

Do you think it is always true that two different points in
the plane cannot have the same coordinates? '

[sec. 14-1]
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Problem Set 1li-la
1. Write the ordered pairs of numbers which are assoclated with
the points A through M 1in the figure below:

Y
I M T
l F
: 3 E J
2
'To L
G 2 3 X
D C
B
i H A IQIL

Figure for Problem 1.

2. The four parts of the plane into which the number lines divide
the plane are called quadrants. These quadrants are numbered
counter-clockwise, as in the figure for Problem 1 beginning
with the quadrant in the upper right-hand coriner where both
coordinates are positive. In which quadrants will the points
lie for which the second coordinate is equal to the first?

3. Locate four points whose ordered pairs have ordinates -3?
Consider all such points; this set of points forms what sort
of figure?

4, Where are all the points whose ordered pairs have abscissas '%?

Describe this set of points.
[sec. 14-1]
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Now let us shift our attention from points to numbers. Select -
-any real number as the first number of a palr, and then select any
real number as the second of the pair, Can we associate with each
such ordered pair a point on the plane? Given the ordered pair _
(-3, %), can you find a point of the plane having these coordinates? .
Explain how you locate the point. Does every ordered pair corres-
pond to at least one polnt? Exactly one point?

Is 1t clear that for each point of the plane there 18 exactly
~ one ordered palr of real numbers and for each ordered pair there is
.exactly one point? ‘

_ Problem Set 14-1b
1., Using coordinate axes of your own choosing, locate the polnts
assoclated with the followlng ordered palrs of numbers.

A1, -3) a(5, 3)
B(-6, 1) 13, 5)
c(o, %) I(-4, -6)
p(-7, -1) J(-6, -k)
E(-4, 0) K(0, - %)
F(0, 0) L(- 2, 0)

2. In the figure you have Just drawn for Problem 1, are points
G and H the same? Why? Are points I and J the same?
K and - L ?

3. With reference to a set of coordinate axes, mark the polints
with coordinates: (2, 3), (2, 1), (2, 3), (2, 0),
(2, =5.5), (2, - %). What 1s true of all of these ordered
pairs of numbers? Describe the set of all the polnts for
which the abscissa of the ordered pair is 2 .

[sec. 14-1}
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4, If you locate several points whose ordered pairs have 5 for
thelr ordinates, where would all these points lie?

5. With reference to a set of coordinate axes, locate eéight points
whose coordinates are pairs of numbers for which the first and
second numbers are the same. If you could locate all such
points, what sort of figure would you have? -

*6, Let us think of moving all the points of a plane in' the
following manner: Each point with coordinates (c, d) is
moved to the point with ccordinates’ (-c¢, d). Describe this in
terms of taking the opposite. Another way of looking at this
18 to conslder that the points
of the plane are rotated one-

- -L2) o e (1,2)
half a revolution about the | —
y-axis, as indicated in the B
figure for the problem.
Answer the followlng questions, -
and locate the points referred (-L-Z):——:Nﬁ(l,-Z)
to in parts (a) and (b). :

4

Figure for Problem 6.
(&) ‘To what points do the following points go:~

(2, 1), (2, -1), (-3 2), (-1, -1), (3, 0),
(-5, 0), (0, 2), (o, -2) ?
(b) What points go to the points listed in (a) above?
(¢) Wwhat point does (¢, -d) go to?
(d) what point does (-c, d) go to?
(e) what point goes to (¢, d)?
(£f) Wnat points go to themseives?

[sec. 14-1]
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#7, Suppose a point with coordinates (c, d) 1s moved to the
point (c + 2, d). This can be thought of as sliding the
points of the plane to the right 2 units. Answer the
following questions and locate all of the points in parts-
(a) and (b).

(a) What points do the following points go to:
(1, 1), (-1, 1), ("2: 2), (o, "'3): (3: 0) 2

(b) What points go to the points listed in (a) above?
(¢) To what point does (c - 2, d)” go?

(d) what pointAgoes'to (-c, d)°

(e) Which points go to themselves?

14-2, Graphs of Open Sentences With Two Variables
' If we assign the values O and -2 to the variables of the
open sentence

3y ~2x + 6 = 0,

is 1t ‘then a true sentence? To which variable did you assign O ?
To which <2 ? Wefe there two different ways to make these assign-
ments? ‘
To avold the kind of confusion you met in the preceding
paragraph, let us agree that whenever we write an open sentence
with two variables, we must indicate which of the variables 1is to
be considered first. When the variables are x and Yy, as in the
“above example, Xx will always be considered first.
With this agreement we are ready to examine the connection
between an open sentence with two ordered variables and an
Hpordered pair of real numbers. Among the set of all ordered palirs
of feal numbers, each pair has a first number which we -associate
with the first variable and a second number which we assoclate
with the second variable. In this way an open sentence with two
ordered variables acts as a sorter--it sorts the set of all
ordered pairs of real numbers into two subsets:

171

el




n2

S (1) the set of ordered pairs which make the sentence true,
;;-and (2) the set of ordered pairs which make the sentence false.
. As before, We call this first set the truth set of the sentence.
N Now We can answer the question in the first paragraph if we
specify the ordered pair (0, -2). Does the ordered pair (0, -2)
" belong to the set of ordered pairs for which |

3y-2x+6.=0

18 a true sentence? Does the ordered pair (-2, 0) belong to the
truth set? , i

An ordered pair belonging to the truth set of a sentence with
two variables 1s called a solution of the sentence, and this -
ordered pair 18 said to satisfy ‘the sentence. If r 1is taken as -
the first variable, what are some solutions of

' s =r+12?

Does the ordered pair (-2,. -3) satisfy*@ﬁ?%mgentence? Is
(-3, -2) a solution?
If u 1is taken as the first variable, what are some ordered
pairs. in the truth set of
Vv = 2112 ?

Is (-1, 2) a solution of this sentence? Does (2, -1) satisfy
this sentence? - .

Throughout this chapter we shall use only x and ¥y as
variables, in order to focus attention on properties of sentences
with two ordered variables. But many times in the future you will
see other variables used, and then you must always decide which
variable is used first. | '

oo One other point needs to be stressed. The sentence "y = AT
can be considered as a sentence in one variable y, or 1t can be“
considered as a sentence with two ordered variables X and VY.
When We say that "y = 4" 1is a sentence with two variables, we
mean that "y = 4" 1s an abbreviation for |

(0)x + (L)y = 4% .

%
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What are some solutions of this sentence? What 1s true of every
ordered pair satisfying this sentence? If "x = -2" 1is a
sentence with two variables, then "x = -2" 1s an abbreviation for

(1)x + (O)y = -2 .

... What is true of every ordered pair satisfying this sentence?

_ Problem Set 1l4-2a |
1. Describe the truth. sets of the following open sentences in two

ordered variables x, V.

(a) y=5 . e (e) ¥ o= -3%
3 (b) x = O - (d) x =3
P : ‘
© 2. Find four solutions of each of the following open sentences.
(a) 3y = 3x - 2 , (¢) ¥ = x® + 1
(b)) y=2+x (d) v = x|

3. For each of the sentences in Problem 2, find two ordered pairs
which do not satisfy the sentence.

4, For each sentence in Problem 2 locate on a set of coordinate
axes the points whose coordinates are the solutions you found.
Use a separate set of coordinate axes for each part.

Remember that every point of the plane has an associlated
pair'of numbers called its coordinates. Now we see that an open
sentence with two ordered variables not only sorts the set of

:-.-ordered pairs of numbers into two Subsets--it also sorts the
points 2£ the plane into two subsets:

(1) The set of all points whose coordinates satisfy

the sentence, and

(2) all other points. _ SN

As before, we call this first set of points the graph of the

sentence.,
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We shall be interested to learn what sort of figure on the
plane this graph will be for any given sentence. Let us try, as
an example, the sentence

2x - 3y -6 =0 .

We can guess several solutions, such as (3, 0) and (0, -2).
Try to guess some more solutions. Notice that it woula be easier
to determine solutions if we write an equivalent equation having ¥y .
by itself on the left side:

2x-3y-6=0,
-3y = -2x + 6,

3y =2x - 6,

y

"
4

]

n

We call this last equivalent sentence the _z—form of the original

sentence. Now we see that "y = %x - 2" can be translated into an

English sentence in terms of abscissas and ordinates of points on’

its graph: "The ordinate is 2 1less than %- of the abscissa."
Since we shall be taking %- of the abscissa, i1t is easiest

to calculate ordinates corresponding to abscissas which are

multiples of ‘3, If the abscissa is 3, the ordinate must be O

in order to form a solution. Why? If the abscissa is -6, what

must the ordinate be? Continuing, we can fill in a table of

ordered pairs which satisfy the sentence:

x -9 -6 -3 0 5

y -6 . =2 0 9

You fill in the empty sdquares.

[sec. 14-2]
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In Figure 3, the points (-6, -6), (3, 0) and (9, 4) seem
to lie on a straight line. Do the other peints whose coordinates
~ you found in the table of solutlons also seem to lie on this line?
' This brings up the question: If we draw the line through these
points, will we find on 1t all the points such that each has
"ordinate 2 1less than 3 of the abscissa?" Furthermore, we must

ask: every point on this 1line a point whose "ordinate is 2
less than % of the abscissa"?

: Suppose we try a point which appears to be on the line, such
as point A in Figure 3. The coordinates of this point are

(6, 2). Do these coordinates satisfy the equation 2x - 3y - 6 =

It turns out that every ﬁoint on this line has coordinates
which satisfy the equation 2x - 3y - 6 =

[sec. 14-2]
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When we say that a specified line 1s the graph of a particular
open Ssentence, we mean that both our questions above are answered
affirmatively:

(1) if two ordered numbers satisfy the sentence, they are

the coordinates of a point on the line;
(2) if a point is on the line, its coordinates satisfy the
open sentence.
Thus, the line drawn in Figure 3 i1s the graph of the sentence

2x - 3y - 6 =

‘We can do the same with such open sentences as .
3y +5x - 11 =0, 2x +5 =0, -8y +1 =0, etc., and in each
case conclude that the graph is a line.

This sugrests that the following general statement 1s true.

If an open sentence is of the form

Ax + By +C =0,
where A, B, C are real numbers with A
and B not both zero, then its graph is
a line; every line in the plane is the
graph of an open sentence of this form..

We know that every open sentence has a graph, and we suspect
that every graph 1s associated with an open sentence. Of course,
some open sentences may have graphs with no points (empty graphs)
and others with graphs which cover regions of the plane. Later we
shall study such sentences.

Problem Set 14-2b
1. Where are all the points in the plane whose ordinates are -3?

2. With reference to one set of coordinate axes, locate the set
of points whose coordinates satisfy the following equations,
that is, the points whose pairs of coordinates belong to the
truth sets of the equations.

(a) vy=5 (e) =x

(b) vy=0 (a) «x
[sec. 14-2]
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‘What is an equation whose graph is the horizontal axis?
What is an equation whose graph is the vertical axis?

3. With reference to a set of coordinate axes, find the points
such that '

(a) each has the abscissa equal to the opposite of the
opginate, using all possible palrs of real numbers which
have meaning within the scope of your graph. With ref-
erence to the same axes, locate

(b) the points such that each has ordinate twice the abscissa;

(¢c) the points such that each has ordinate that is the
opposite of twice the abscissa. |

What general statements can you make concerning these graphs?

“Irite open sentences for each of the graphs drawn.

4, With reference to one set of coordinate axes, draw the graphs
of the following.

(a) v =5x (d) y = -3x
(b) y = 6x (e) y = -6x
(¢) ¥=42x (£) ¥v=-3

What characteristic do all of these have in common? How does
the graph of (a) differ from the graph of (d) ? Does the
same pattern apply to the graphs of (b) and (e) ? To the
graphs of (c) and (f) ?

5. With reference to one set of coordinate axes, draw the graphs
of the following, and label each one.

() y=x+5 (d) vy =2x - 5
() y=x-3 - (e) vy = %x + 2
(¢) y=2x+5 (£) y= --%x -2

How does the graph of (a) differ from the graph of (b) ?
How does the graph of (c) differ from the graph of (d) ?
How does the graph of (e): differ €<rom the graph of (f) ?
What 1s true of the graphs of (a) and (b}, and also of the
graphs of (c) and (d), that is not true of the graphs of
(e) and (f£) ?

[sec. 14-2]
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With respect to d get of coordinate axes locate points for
which the abscissas are

-2, -1, 0, 1, 2, 3

respectively, and for which each ordinate 18 equal to 3 times
the abscissa. Do these points lie on a line?

Now locate points having these same abscissas, but for which e
each ordinate 1s greater than 3 times the abscissa. Do these
new points lie on a 1line? Does each one lle above the corresponding -
point of the first set? o

The points in the first set satisfy the sentence

Yy = 3
while those in the second set satisfy the sentence

¥y>3x.
The sentence "y = 3x" 18 the equation of a line, and the graph
of "y ».3x" 1s the set of all points above this line, as shown
by the shaded portion of Figure 5. Thus,«the graph of a sentence
such as "y > 3x" 1s the set of all points of the plane for which
the sentence is true. If the verb is "is greater than or equal to",
that is ">" , we make the boundary line solid, as in Figure 4,
while the very "is greater than" 1is indicated by using a dashed
line for the boundary between the shaded and the unshaded regions
as in Figure 5. In these two illustrations, the line 18 the graph

. of the sentence ¥ = 3x. This graph, which is a line, separates

the plane into two half-planes. The graph of ¥y < 3x 18 the half-
plane such that every ordinate is less than three times the ‘
abscissa; 1t is the set of points below the line ¥y = 3x. The
__graph of ¥ < 3x 18 the lower half-plane including the line

Yy = 3x. o

- 1
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Problem Set 1l4-2¢
1. With reference to a set of coordinate axes indicate the set
of points associated with the ordered pairs of numbers such
that each has an ordinate two greater. than the abscissa.
What open sentence can you write for this set? Now draw the
" graph of the following open sentences.

(2} y>x+2 ; (b) y>x+2.

Is it possible to draw both of these graphs with reference to
the =same coordinate axes? :

2. Given ¥y = |x|. 1In this sentence, is y ever negative?
s Write the solutions for which the abscissas are: -3, -1,

o, l%, 2, U4 . Draw the graph of the open sentence ¥ = x|
within the confines of your coordinate paper.

In Problems 3 and A 4

(1) Write the sentence in the y-form.

(11) Find at least three ordered pairs of numbers whHich
satisfy the equation. (Why do we need no more than
two points to graph the line? Another point 4is
desirable as a check.)

(111) Draw the graph to its full extent on your paper.

3. With reference to one set of axes, draw the graphs of the

following.

(a) 2x -y =0 (d) x+3y=0
(b) 3x -y=0 (e) x-y=0
(¢) x-2y=0 (f) x+y=0

What is true about the graphs of all these open sentences?

[sec. 14-2]
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With reference to one set of axes, draw the graphs of the
following.

(a) 3x-2y=0 (d) 3x - 2y = -6

(b) 3x 2y =6  (e) 3x -2y = -12

(e) 3x -2y =12

What 1is tfue‘of the graphs of all these open gentences?

Draw the graphs of each of the following with reference to a -
different set of axes.

(a) 2x - Ty = 14 (¢) 2x - Ty < 14
(b) 2x - Ty > 1% (d) 2x - Ty > 1%

With reference to one set of axes draw the graphs of each of
the following.

(2) 5x - 2y =10 (¢) 5x+y =10
(b) 2x + 5y = 10 (d) 3x - by = 6

- Which polnt seems to lie on three of these lines? Do i%s

coordinates satisfy the open sentences associated with these
three lines?

With reference to one set of axes, draw the graphs of each of
the following.

(a) 2x-3y=10 (c) 3%+ 2y =5
(b) —x+2y=%‘ ' (a) %x-%y=12

Draw the graphs of the open sentences. (Find at least ten
ordered pairs satisfying each equation.)

(a) vy = x° (¢) 'y = x° 4+ 1
(b) y= -x° (@) v=3

Are the graphs of these open sentences lines? How do these
open sentences differ from those considered in previous prob-
lems in this chapter? Can we say that the graph of every open
sentence 18 a straight line?

[sec. 1%4-2]
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*g, In Figure 6 are drawn two sets of axes, as indicated: the
(x, y)-axes and the (a, b)-axes. '
(a) For each of the points P through W, glve the
coordinates with respect to each set of axes, as is

indicated below for P.

) Point (x, v) (a, b)
P (-4, 2) 1 (-8, ~1)
. _
ete.

(b) Give the (a, b) coordinates of the points whose (X, ¥)
coordinates are (5, -5); (-3, -%); (-1, 0): (3, 5) .

137
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- 14.3., Slopes and Intercepts

With reference to one set of axes, draw the graphs described
in (a) through (k) below: '

(a)

(b)

The ordered pairs of numbers for which the ordinate

15 equal to the abscissa,

Fill in the blanks in the table below so that the pairs
satisfy the stated condition:

b4 -6 -

l\)lﬁ-'
)]
[0)

vy -6 -3 0 5.1 [ 6
Now connect successive points with lines., What seems to
be true of these lines? Which points given by the table
do not lie on the line through (-6, -6) and (6, 6)?

Is the point (8, 8) on the line? Extend the line in

_ both directions, as far as possible.

What 18 the open sentence which describes this
graph for all points in the plane? What does this line
do to the angles formed by the vertical and horizontal
axes? “

The ordered pairs of numbers for which the second is the
opposite of the first. Fill in the table below:

x -6 -4, 3 2.5 6.1

i [ 5.1 0 -1

Could you determine pairs which fulfill the con-
dition without making the table? If you can do this
mentally, you will not always need the table. ‘Can you
draw a line through all cf these points? Extend it as
far as possible in both directions.

183
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line?

What is the open sentence which describes this

line in (a)?

How does it differ from the open sentence of the

The ordered pairs for which the ordinate is twice the
abscissa. Try to draw this graph without using a table
of pairs of numbers. ’

For this and the ones which follow, make a table if necessary.
Draw a line extending as far as possible to include points which
fulfill the condition, and write an open sentence which describes

the graph.

(a)

(e)

(£)

()

(h)

(1)

(J)

(k)

The
the

The
the

The
the

The
the

The

ovridered pairs
abscissa.

ordered pairs
abscissae.

ordered pairs
abscissa.

ordered pairs
abscissa.

ordered pairs

abscissa.

The

ordered pairs

for which the ordinate is six times

for which
for which
for which
for which

for which

of one-half the abscissa.

The ordered pairs for which

the

abscissa.

The ordered pairs for which
of one-fifth of the abscissa.
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Problem Set 14-3a

lffRefer to the eleven granhs just drawn and theip,dobresponding

~ sentences to answer the followlng questions: (Notice that each
of the sentences you have written 1s in the y-form.)

1. List the coefficients of x 1in the open sentences for which
toe lines lie between the graphs of "y = x" and "x = 0",
What do you observe -about. these coefficients?

2. List the coefficients of x 1in the open sentences for which
the lines lie between the graphs of "y = 0" and "y = x".
What 1s true of these coefficients?

3. List the coefficlents of x 1in the open sentences for which
the lines 1lie between the graphs of "y = 0" and "y = -x".
What 1s true of these coefficients?

4, List the coefficients of X in the open sentences for which
the lines lie between the graphs of "y = -x" and "x = 0O".
What is true of these coefficients?

5. In what position would you expect to find the graph of each
of the following open sentences: y = .0lx, ¥ = -100x,
¥y = -56x, y=---2X, y=%’ y=%—lﬁ, Y=~%-51;’5?

6. Make a 1ist of information concerning a set of lines contalning
the origin relating the positions of the lines and the coeffi-
ents of x. (Note: a point lies on a line and a line contains
a point if it passes through the point.)

T. What can you say about the graphs of equations of the form
"y = kx", where k 1s a real number?

Whai; do you know about the gruph of "y = kx" when k
1s positive? When k 1s negative? When k 1s between O
and 1 ? When k >1°? When k< -1°? When |k| >1°?
When |k| <1 °? When k 1s 0 ?

[sec. 14-3]
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In the preceding problems we have been considering open
sentences whose graphs are lines through the origin, and in
Problem 7 we Saw that the direction of such a line 1s determined
by the coefficient of x. Now let us consider some lines which
possibly do not lie on the origin, Graph the following open
sentences with reference to the same coordinate axes:
(a) v =%x (b) v =35x+} (c) v=%x-3

For the first of these no table of values should be neéeééary.
We need simply note that the ordinate must be % of the abscissa.
In order to get points which are easy to locate we could choose
multiples of 3 for vilues of x. To draw the graph of the second
open sentence, we should note that to each ordinate in the graph of
the first we add U4. How could we find the ordinates of points for
the third open sentence?

What sre the coordinates of the points at which lines’ (a),
(v), and (c) intersect the vertical axis? Do you see any
relation between these points and equations (a), (b), and (c) ?
We call O, 4%, and -3 +the y-intercept numbers of their respective
equations. Points (0, 0), (0, ¥) and -(0, -3) are the
y-intercepts of the respective lines. Explain how the graphs of
Yy = =X + 4% and "y = %x - 3% could be obtained by moving the
graph of "y = %x". Notice that the coefficient of x again
determines the direction of the lines, whereas the y-intercept
numbers determine their positions.

185
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Write two open sentences such that the absolute value of the
y-intercept number is 6 and the coefficient of x 1is %w
Draw the graphs of these open sentences.

In the fligures which you drew in the filrst part of this
section, all of the lines had the same y-intercept, but many
different directions. ' We say that:

The 51223 of a line is the coefficlent of x
in the corresponding sentence written in the
y-form. It is the number which determines the
direction of the 1line.
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The slope may be either positive, negative or 0. For what posi-
tions of the line is the slope negative? 0?7 What is the slope of
the 1line x = 2? Can the equation x = 2 be written in y-form?
Remember that only non-vertical iines have slopes.

In Figure 8 we have a line which is the graph of "y = gx - 3"
What is the slope of this line? The line passes through polnts
(2, 2) and (%, 7). Verify this. The ordinates of these points
are 2 and 7, respectively, and the difference of these ordinates
1s 7 - 2, or 5. The abscissas of the points are 2 and k,
respectively. The difference of these absclssas is 4y - 2, or 2.
If we divide the difference in ordinates by the difference in
abscissas, we obtain the number

% -2 5
-2 2°
But this is the slope of the line! We think of the difference in

ordinates as the vertical change and the difference in abscissas
as the horizontal change from (2, 2) to (4, 7). Thus,

[sec. 14-3]
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vertical change _ 7 -2 _ 5
horizontal change by .2 2

Note the order observed in finding these differences: If the
first number in the numerator is the ordihate T  of the point
(4, 7), the first number in the denominator must be the abscissa
4 of the same point. What value would we find for the slope if
we used as the first number in m 1tof_and denominator the
ordinate and abscissa, respectively, of the point (2, 2) 2 How
would this walue compare with the value Just found?

We can now prove that the ratio of the vertical change to
the horizontal change from one point to another on a line will
always be the slope of the line.
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Theorem 1%-3. Given two points P and Q on a
non—verticél line, the ratlo of the
vertical change to the horizontal
change from P to Q 1s the slope
of the line. |

*Pproof: Consider the non-vertical line whose equation i
At + By +C =0, B£0.
(Why must we make the restriction B ¥ 0?) Let us write this in
y-form:

' ¢
y = - %x + - ™ ¢

Thus, by definition the slope of this line is - % . Next, con-
sider two points P and Q on the line with coordinates
(c, d) and (a, b) respectively. Since these points are on the
line, their coordinates sat!=fy its equation, giving the true
sentences '

Aa + Bb + C =0

Ac + Bd +C = 0 . o

Ee

If we subtract the memhers of these two equations, we have the

il

true sentence
A(a -¢) +B(b -d) =0 .
This may be written as ’

b - d A ;
a-c. B° (Why?)

But b - d 1is the vertical change and a - ¢ 1s the horizontal
change from P to Q . This proves the theoremnm.

What 1s the slope of the line containing (6, 5) and
(-2, -3)? Containing (2, 7) and (7, 3)?

) Problem Set 14-3b
1. Find the slope of the line through each of the following pairs
of points.

(a) ('7: ‘3) and (6: 2)
(b) (-7, 3) and (8, 3)

f] | [SeC- 1”-3]
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(¢) (8, 6) and (-4, -1)
(a) (3. -12) and (-8, 10)
{e) (%, 11) and (-1, -2)
(£) (6, 5) and (6, 0)
(g) (0, 0) and (-6, -2)
(n) (o, 0) and (-7, %)

V] |
(6,2) T=F
2 .
/f‘AE/
I —
//,| 2 X
/,
417, -3) (6,-3)
(.
Figure 9.

In Figure 9 we note that the slope of the line is -% = (:7

or f% . We could check this by counting the squareé, Jinding
that from (-7, -3) to (6, 2) there are 5 units. in the
vertical change and 13 units in the horizontal change. It
would be possible to write the open sentence of this line with a
bit more information, that is, if we knew what the y-intercept
number is.

[sec. 14-3]
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In the case of the line in Figure 10 we note that i1t contains
the points (-6, 6) and (0, -2)., From this fact we can deter-

nine the slope to be ~6..-(62) - - % - . %ﬂ. We know, then,

!
that y = = %x is the equation of a line with the same slope as

.the one we have in Figure 10, but which contains the origin; Ve
see that the y-intercept numbsr of the line in Figure 10 is -2;
hence, its equation is "y = - X - 2" . What is the equation for
a line parallel to the line in Figure 10, but which contalns the
point (0, 6)2? :

N y
\‘\(-6,15)
N
\\

(-3ﬁn§¥\ 2

L

; N !

N\
1 \o 2 X
\k |
. (o‘_r‘)
- Al
N\
T\
v N

192

Figure 10.
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Problem Set 14-3c
1. What is the equation of a line which contains the point (O, 6)
|

and 1s parallel to the line whose equation 18 ¥ = "X - 2 ?

2, What is the equation of a line parallel to ¥y
containing the point (0, -12)7?

it
%

!
n
5
(o8

3. What 1s the slope of all lines parallel to ¥y = - %x ?

4, Wwhat is the slope of all lines parallel to y = - =X ?

5. What is the equation of a line whose slope is - % and whose
y-intercept number is -3 ?

6. What 18 the open sentence of a line which passes through
(4, 11) and (2, 4) and has y-intercept (0, -3)?

7. What is the equation of the line which contains (5, 6) and
(-5, -4) and has y-intercept number O ?

Now let us see how the slope and the y-lntercept can help us
to drew lines. Suppose a line has slope - % and y-intercept
number 6. Let us draw the line as well as write 1lts open Sen-
tence. To draw the graph, we start at the y-intercept (0, 6).
Then we use the slope to locate other points on the line.

193
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Thg fact that the slope 1s --% tells us that between two
certain points on the line, the vertical change is -2 while the
horizontal change is 3; between two points the vertical change 1is
4 while the horizontal change is -6; etc. A list of some of the
possibilities 1is

Vertical change Horizontal change
) 3
2 -3
N -6
-10 15

In every case the ratio is - % . If we take the point which we
know is on the line, (0, 6), as one of the two points, we can find
another point 3 units to the right and 2 wunits down; another
point is 3 units to the left and 2 units up. We can repeat
this process as often as we wish, and quickly get several points
through which we may draw the line, Write the open sentence for
the line. How would we have chosen the points with respect to

(0, 6) 1if the slope had been % 2 What is the open sentence of

this line?
[sec. 14-3]
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What is the form of an equation of a line which has no slope?
What 1s the slope of the line "x = 2"? What is an equation of the
line through (-3, U4) which has no slope?

Problem Set 1lu4-3d
1. With reference to a set of coordinate aXes, select the point
(-6, -3) and through this point

(a) draw the line whose slope 18 % . What 1s an eqguation
of this 1line?

(b) Draw the line through (-6, -3) which has no slope.
What is an equation of this 1line? ‘

2, Draw the following lines.
~ (a) through the point (-1, 5) with slope

ol roj-

(v) through the point (2, 1) with slope -

(¢) through the point (3, 4) with slope O .
(d) through the point (-3, 4) with slope 2 .

(e) through the point (-3, -4) with no slope.
(Wwhat type of line has no slope?)

3, Consider the line containing the points (1, -1) and (3, 3).
Is the point (-3, -9) on this line? (Hint: determine the
slope of the line containing (1, -1) and (3, 3); then
determine the slope of the line containing (1, -1) and

(‘3: ’9)')
4, (a) What do the lines whose open sentences are "y = x",
"y = 5x", "y =-6x", "y-= %" have in common?
(b) What do the lines whose open sentences are "y = %x - 3",
"y = %x + 4", "y = %% - 7" have in cpmmon?
1 1

(¢) What do the lines whose open sentences are

My ='3ﬁ‘~ 3", "y =‘%§‘- 3" have in common?

[sec. 14-3]
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5

6.

Write the equation of the line whose y-intercept number is 7

(d) what do the lines whose open sentences are "x + 2y = 7",
"%x +y = 3", and "2x + 4y = 12" have in common?

Show that your answer 1is correct by drawing the graphs of
these three lines.

Given the equations. :
(a) 3x + Uy =12 (b) 2x - 3y =6

what 1s the y~intercept humber of each? Draw their graphs.
Write each equation in the y-form. What is the slope of each
line? Check with its graph.

Write each of the following equations in the y-form. Using
the slope and the y-intercept, graph each of the lines,

() 2x -~y =17 () bx + 3y
(b) 3x - Uy =12 (d) 3x -~ 6y

12

12

Are you certain that the graphs of these open sentences are
lines? Why?

Write an equation of each of the following lines.

(a) The slope is % and the y-intercept number is O .
(b) The slope is % and the y-intercept number is -2 .

(c) The élope is -2  and the y-intercept number is % .
(d) The slope is -7 and the y-intercept number is -5 .

(e) The slope i1s m and the y-intercept number is b,
Can the equation of every straight line be put in this
form? What about the equations of the coordinate axes?

Given points (0, 0) and (3, !) with a line containing them.
What 1s the slope of the line? What i1s its y-intercept?
Write the equation of the line.

and which contains the point (6, 8). What is the slope
of the line? Can you write the slope as ?;f}%} ?

[sec. 14-3]
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10. What is the slope of the line which contains (-3, 2) and
(3, -4) 2 If (x, y) 1is a point on this same line, verlfy

that the slope is also —¥—rZzr . Also verify that —Xilzigﬁl—

is the slope. If -1 and Y2y are different names for

the slope, show that the equation of the line is
"y . 2 = (-1)(x + 3)". Show that it can also ‘be written
Ny 4+ 4= (<1)(x - 3)" . |

11. Write the equations of the lines through the following palrs
of points. (Try to use the method of Problem 10 for parts

(e) - (n).)

‘(a) (0, 3) and (-5, 2) (e) (-3, 3) and (6, 0)
(b) (5, 8) and (0, -%) (£) (-3, 3) and (-5, 3)
(¢) (0, -2) and (-3, -7) (&) (-3, 3) end (-3, 5)
(4) (5, -2) and (0, 6) (h) (», 2) and (-3, 1)

*12, Any polynomial of first degree in one variable x of the form
"wx + n", where k and n are real numbers, is said to be
linear in x. It is called linear, since the graph of the
vpen sentence "y = kx + n" 1s a straight line. The graph of
"y = kx + n" 1s also called the graph of the polynomial
"yx + n". Draw the graph of each of the following linear

polynomials:
(a) 2x - 5 (e) & -1
' 1 . 3
(b) -2x + 3 (d) -2x+2

%13, Consider a rectangle whose length is 3 units greater than
" its width w . '

(a) Write an expression in W whose value for each value of
w 1is equal to the perimeter of the rectangle. I8 this
a linear expression in w ? :

(b) Write an expression in w for the area of the rectangle.
Is this a linear expression in w ? ‘
[sec. 14-3]
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#14, Consider a circle of diameter 4 .

(a) Write an expression in d for the circumference of the
circle, Is this expression linear in d ? What happens
to the circumference if the diameter is doubled? Halved?
If ¢ 1is the circumference, what can you say about the
ratio % ? How does the value of % change when the
value of d is changed?

(v) Write an expression in d for the area of the circle.
Is this expression linear in d ? Is it linear in 42 ?
If A 1is the area of the circle, what can you say about
the ratlo & ? Wnat about the ratio 25 ? Does the value
. a }
of the ratio 4 change when the value of d 1is changed?
Does the value of A§ change when d 1is changed?
d
. #15, In the case of the special linear expression "kx", the value
of the expression 1s sald to vary directly as the value of
the variable x. The coefficient k 1s called the constant
of variation. The value of the expression kx2 is said to
vary directly as the square of the value of x. o

(a) Does the circumference of a circle vary directly as the
diameter? What is the constant of varlation in this
case? Does the area of the circle vary directly as the
diameter? Does the area vary directly as the square of
the diameter? What 1s the constant of variation?

(v) In terms of a graph, what does the constant of variation
mean if y varles dlrectly as x ?

(¢) If the constant of variation is negative, what can you
say as to the way in which the value of the expressicu
varies when you change the value of the variable?

(d) * What would be the form of -an expression in.one variable. .. ..
x uduch that the value of the expression varles directly
as the square root of x ?
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-#16. An automobile is moving at a constant speed along a straight
road. If t is the time in hours since the start, write
an expression in t whose value is the distance traveled in
miles. IS this expression linear in t ? Does the distance
vary directly as the tlme? How can you interpret the constant
of variation in this example? If it 1s known that the auto-

mobile has traveled 25 miles at the end of 20 minutes,
what 18 the constant of variation?

#17. In the case of an expression of the form % , the value of
the expression is said to vary inversely as the value of X.
The number k 1s the constant of variation.

{(a) Draw the graphs of the open sentences:

1 2

y=%i ¥=-%i V¥Y=x-

(b) 1If the variable x 1s given increasing positive values,
what can you say of the values of % ? Do they increase
or decrease? Does it matter whether k. 18 positive or
negative?

*18. A rectangle has an area of 25 square units, and one side has
length w units.

(a) Write an expression in w for the length of the other
side. '

(b) Is this a case of inverse variation? What is the
constant of variation? '

(c) Draw the graph of the expression in (a).
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#14.4, Graphs of Open Sentences Involving Integers Only
In drawing graphs of open sentences, we must keep in mind
that every point of a graph 1is associated with some pair of real
numbers. Suppose we consider a sentence in which the values of
the variables are gestricted to integers, so that the coordinates
of points on the graph must be integers. What would such a graph
look like? ' - ‘ o
First let us consider the coordinate axes. Would they still
be straight lines? It seems that they are sets of points such as
(o, 1), (0, 2), (o, 3), etc., since we are restricting ourselves
to integers, and we might wish to distinguish the axes for such
cases from the coordinate axes for all real numbers., However, a
gseries of dots would be apt to be confused with the graph itself;
8o we use a series of short dashes for each axis.

"

N

o o e afias o

¢

N

N I g B S

1
1
|
1
'
I
1
i
{
1
!
1
i
1
]
1
I
I
)
1

RNNENN RN

Figure 12.
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What is the open sentence associated with the graph in
Figure 12? 1In determining this, we first note that the graph
includes points with integral coordinates only, and second that
each ordinate is the npposite of the corresponding abscissa.
This may be stated as follows: "y = -X, where x and y are
integers such that 10 ¢ X ¢ 10 and =10 < y < 10".

y

2

|

T#O 2 X
; —8-
g

T |
-Figure 13.

In Figure 13 the points go on beyond the limit of this diagram.
Note that there are no points for x =1, x=2, x=154, x=-1,
and others. What do you notice about the ordinate corresponding
to each abscissa, if we assume that all the points lie on a
straight line, as these points seem to indicate? We would write
the oper sentence: My = %- where x and y are integers". Why
can the abscissa not be 1 or 2 ?

[sec. 14-4)
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Consider Figure 1ll4. For this set of twelve points it seems

there 18 no simple open sentence. Can you describe the limitations
on the abscissas? What statement can you make about the
ordinates? '

1
y _
l 1
2 L
|
0] | 2 3
Figure 14,

These facts could be stated in a compound open sentence as
follows: "1 ¢x <6 and 1<y <5, where x and y are
integers" .

Notice that here the connective for the compound sentence
is ggg; note also that the points whose coordinates make the

sentence true are only those which belong to the truth sets of
both parts of the compound sentence.

[sec. 14-4]
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Figure 15.

In Figure 15 a different situation exists. Let us see what
open sentence will describe this graph. The three horizontal
rows of dots could be the graph of the sentence: "3 < ¥y < 7,2

.where x and y are integers". Then we write a sentence which
describes the three vertical rows of dots:. "l < x < 5 where
x and y are integers". The open sentence which describes the
total set of points 1s "l <x <5 or 3<y <7, where x and
y are integers". Another way of stating this would be:
"2gx<h or U y $ 6 where x and y are integers".
Notice that the connective here is or, and that the graph
includes all points which belong to the truth sets of either of

the two parts of the compound sentences, or to both of them.

[sec. 14-14]

203




44y

Problem Set .4-U

1. With reference to separate sets of coordinate axes, and for
x and ¥y 1integers, draw the graph of each of the following.

(a)
(b)
(c)

y %, for -6 ¢x <6
¥y = 3Xx -~ 2
y=2x + 4

2. Draw the graphs of each of the following with reference to a
separate set of coordinate axes.

(a)
' (b)

()
(d)
3.

~3¢x<2 and -2<y<l, vhere x and y are
integers.

-3 <¢<X<2 or ~2<¢y<1l, where x and y are
1ntegers,

5{x<6 or 1<y« 3, where x and y are integers.

5{x 6 and y =0, where x and y are integers.

Write a compound open sentence whose truth set is ((-1, 3)].
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4, Write open sentences whose truth sets are the foilowing sets
of points:

(a) (v)
y
——t l '\l
¢
— 2 —2
— ¢! =11
- X
| 2 X 0 2
(c) (d)
L y ;
—p— 2 2
| |
.y Q 2 | x ol 1 2 X

[sec. 14-4])
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‘(e)

{ 1 1l

(£)

p2

[sec. 14-4]
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(2)

5. With reference to separate sets of coordinate axes, draw the
graphs of the following.

(a) x + 5y = 15, where Xx and y are integers.

[}

(b) x + 5y = 15, where x and y are real numbers.
How do the graphs of (a) and (b) differ? Name some
points orn d6ne graph which are not on the other.

(¢) x + 5y = 15, where x and y are rational numbers.
How does this differ from the other graphs? If (x, ¥)
is a point on the 1line x + 5y =15 and 1f x 1is
rational, what about ¥y ?

[sec. 14-14]

207




448

14-5, Graphs of Open Sentences Involving Absolute Value

Consider the equation "|x| = 3". This sentence 1s equivalent
to the sentence "x =3 or -x = 3". What would its graph look
1ike? First consider the graph for "x = 3". The graph of this
open sentence 18 a straight line parallel to the vertical axis’
and three units to the right of it. The graph of "-x = 3" 1is a
second line parallel to the vertical axis and three units to the
left of it. Hence, the complete graph of |x| = 3 consists of
two lines which are the graphs of "x = 3", "-x = 3", as in
Figure 16, Descrl! - and draw the graphs of:

(8) Ix, L= T (@) lvl=g (@ Iyl =3
For what value of k will the graph of |x| = k be a single line?

0 y 0
A »®
' o
- A -
3___ 2 » S
o l by~ ] 4
c
o o ——
5 4
0
0 " —
s = ,
= E: = -
i T
Figure 16.
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~ In
' i
x x

Figure 17.

Consider the graph of the open sentence "Ix - 3| = 2",

This sen ~~ce i3 squivalert to "X - 3 = 2 65, -{x - 3) = 2",

What would itz svapk Iook like? First consider the open sentence
X - 3 = 2, whose graph is a straight line parallel to the vertical
exis and five wuxtit= o the right of it. Then note that the graph
of "-(x - 3) = 2", that is, of "x = 1", is a line parallel to
the vertical axis #nd8 1 unit to the right of it. Hence the
complete grapx of "i{x - 3| = 2" consists of two lines, one the
graph of “"x = 5" amd the other the graph of "x = 1", as in

. Figure 17. Cheek mr the drawing that one of these lines 18 two

" units to the 2aght of x = 3, and the other 18 two units to the
left of x = 3. 3Xecall that on the number line, "|x - 3| = 2"
meant that the Jistance between x and 3 2z 2.

209
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Problem Set 14-5a
1. Draw the graph of each of the following open sentences with
reference to a different set of axes.

(a) Ix -4 =2 (a) Ix + 1] =2
(v) ly-2| =3 (e) Ix+3|l=1
(¢) ¥l =5 (£) ly +2] =3

2, Draw the graph of each of the following open sentences with
reference to a different set of axes, o

(a) [x|>2
(v) Ix| > 2 )
() Ix] <5

3, Draw the graph of each of the following with references to a
different set of axes.

(a) y>2x+ 4 ‘ (c) y}_%x__l
(v) Y<%§+7 () ygex -1

4, Draw the graph of each of the following with reference to a
different set of axes.

(a) 2x+y > 3 (¢) x-2ygh
(b) x+2y >t (d) 2x - y < 3

5, Write the open sentences for which lines (1), (2), (3), and
(1) in the figure are the graphs. Notice that (!) actually
is a palr of lines.
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(4)

Figure for Problem 5.

6. Draw a set of coordinate axes. With reference to these axes,
locate three points from each of the sets described below.
For each set draw a line through the three points.

(a) The second coordinate of the ordered pair is twice.the
first.

(b) The second coordinate of the ordered pair is 5 more
than one-half the first.

(¢) The second coordinate of the ordered pair is one-half
the first. '

(d) The second coordinate of the ordered pair is the opposite
of the first.
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Let us consider the open sentence "y = |x|". Whether x 1is
positive or negative, what is true of the absolute value of x ?
What, then, must be true of y for every value of x except O ?
What 1s the value of y for X = O ?

X -3 -2 -1 0 1 -2 -3

x| 3 2 1 0 1 2 3

- ayed

From Figure 18 we notice something new to us: the graph of
the simple sentence "y o= |x|" turns out to be the two sides of a
right angle. Can you guess why this is a right angle? Is it
possible to have a simple -equation -whose graph would be two lines
which do mot form a right angle? Suggest one. :

y
<
2
i
0 | 2 X
1 |
Figure 18.
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Problem Set 1li.5b
Draw the graph of each of the followihg wlth reference to a
separate set of axes.

(a) v = 2|x| (d) vy = -2|x|

(b) ¥ = 2x| e) x= -|yl
(¢) v = -|x] (£) x = |-2y]

Draw the graph of each of the following with references to a
separate set of axes.

(a) y= |x| +3 (@) x= |yl +3
() y= Ix| -7 (e) x=2ly|] -1
(¢) vy=2Ix|] +1 (£) y=-Ix] -2

Draw the graph of each of the following with reference to a
separate set of axes.

() vy= |x -~ 2f (d) vy= |x+3]-5
(b) ¥v= |x+ 3] | (e) v =%lx - 1] +3
(¢) v =2lx + 3] -

How would you get each of the graphs in Problems 1 (c¢), (e),
2 (a), (b), (4), (£), 3(a), (b), (d) from the graph of
either y = |x| or x = |yl by rotating or sliding the
graph? Examples: The graph of "y = |x - 2|" can be -
obtained by sliding the graph of "y = [x|" to the right 2
units. The graph of "x = -|y|" can be obtained by
rotating the graph of "x = |y|" about the y-axis. The
graph of "y = |x| -~ 7" can be obtained by sliding the

graph of "y = |x|" down 7 units.

What does the graph of |x]| + |y] = 5 look like? Let us
make a chart first. Suppose we start with the lntercepts.
Let y =0 and get some possible values of x which will
make the sentence true. Then let x = 0, and get some values
of y. Now £111 in some of the other possible values,
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Suppose x = 6. what can you say a: % possible values for y ?°

CIf X = . iz] = 3, and |yl + what pc.sible values

*7.

may y hbhave Fil® fn the blanks .. ihe table below, and then
draw the graph. How would you describe the figure? '

x 15 1-3]-3[-1]-1]ojoj{1]|1{3i3]5
Ix} | 5| 3 3 1 olo 5
vyt o | 2| & 5|5 0
¥y | 0 -2 | & 5 |-5 0

We could write four open sentences from which we could

‘get the same graph, provided we limited the values of Xx @

X+y=5 and 0L X< 5,
XxX-y=5, and 0L x5
-x +y=5 and -5 x0,
X -y=5, and -5 x < O.

With reference to one set of axes, draw the graphs of the
four open sentences stated above. Why was it necessary to
1imit the values of x ?

Draw the graph of each of the following with reference to a .
separate set of axes.

(a) Ix| + 1yl >5 (e¢) Ix| + |yl €5

(v) Ixl * Iyl <5 (@) Ix| + Iyl &5

Make a chart of some values which make the open sentence
x| - lyl =3

true, and draw the graph of the open sentence. Write four
open sentences, as in Problem 5, whose graphs Torm the same
figure.
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Review Problems
l. For each of the following graphs, write its open sentence.

(a)

) /
y [
/
7 -

2 u
/

'Y
0 X

/

/
/
7
(v)
N y
N\
N
\\
\\ 5 ’ !
a !
0 1 X
‘\
b
N
N\
AN
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*(c)

(e)

y
ol | 2 X
y /
/
2
\1
ol 1 2 X

216

*(d)

(£)




(g) (h)

Y

N

y
/
N
2 -
1
i 23 X
(1) ()
y N
\
2
|
of I 2 X

N
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(k) *(1)

*< y

2. Draw the graph of each of the following open sentences.

(a) v g 3x (g) x| + |yl = =2 R
(v) v =<% + 7 ' (h) 3y>ex -1

(¢) v<3-5 (1), x=23 and y = -1

(a) vy>3 (J) x+yg-2

(e) x<1.5 (k) 3y -12=0

(f) x+y=0 -

%3, Draw a set of coordinate axes, designating them as the 3
(x, y)-axes. Through point (2, -1) draw a palr of (a, b)- "
axes, making the a-axis parallel to the x-axis and the b-axis
parallel to the y-axls. Locate the following points with
peference to the (x, y)-axes: A(3, -5), B(-5, 3),
C("E: "5): D(O, 3): E(O, "3): F("5: "1): G('us 3):
u(6, o), I(-6, 0), J(2, 6). Make a table giving the coor-
dinates of each of these points with reference to the
(a, b)-axes.




Ca

b y Lg
I
Ly
2 wd
N
> t
1 1 2
N X
Ly .
A
]
X S
. N\,
|_4 .\\
AN
/ - )

Figure for Problem 4,

#4, @ive two equations for each of the lines in the above‘rigure,
one with reference to the (x, y)-axes, the other with
reference to the (a, b)-axes. (Note that Lg 1s a palr of
lines.) : :
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(a,b) R

ve
o0

Figure for Problem 5.

5, If the point (a, b) 1s in the second quadrant
(a) is a positive?
(b) 1is b positive?

(¢c) If the coordinates of P, Q, and R have the same
absolute values as the abscissa and ordinate of (a, b),
state the coordinates of P, Q, and R in terms of
a and b. b '

6. If (c, d) 1is a point in the third quadrant, in which quad-
pant is the point (c, -d)? The point (-c, d)? The point
(-C, 'd)?

*7, Draw the graph of "y = 3x + 4", What happens to this graph
when its equation is changed as follows?

(a) ¥y = 3(-x) + & | (¢) ¥y = (3x + }) -3
(b) ¥y =-(3x+ 1) (d) y=3(x-2) +H4
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B. Draw the graph of "y = 2|x|". Give an equation of the graph
which results from each 9f the following changes.
(a) The graph is rotated one-half revolution about the x-axis.
(b) The graph is moved 3 units to the right.
(¢) The graph 18 moved 2 units to the left.
(d) The graph is moved 5 units up.
2

(e) The graph is moved
down.

units to the right and % units

9. (a) With reference to one set of axes, draw the graphs of:
2X + y - 5=0
6x + 3y - 15 =0

What 1s true about these two graphs? Now look at the
equations; how could you get the second equation from
the first?

(b) What 1s true.of the graphs of

AX + By + C=0
and
kAx + kBy + kC = O
for any non-zero k ?

(¢) Under what condition will the graphs of

AXx + By + C =0
and

Dx + Ey + F =20
be the same line? If the graphs are the same line, what
is true of the ratios

A

C')
ﬁ;

B
E, and 'F f

Do
O
pas.
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10. (&} %*ith reference to one set of axes, diraw the graphs of

3X - Ny - 12 = 0,
12x - 28y - Z2 = O.
iMmarn 18 true it “wese twe graphe? Wiiat 1s true about
+r; coefficlents ¢ = and y in triese eguations?

(. Wi ¢t 18 true of thk= graphs of
Ax +By+C=20
avd
kKAX + KBy + D=0
Lor any noﬁ-zero e ? -

(c) ‘nder what condit=ons will the graph of

o+ Byl+ cC=290
Dx + Ey + F = 0

be parallel lines? If the graphs are parailel lines,
what equal ratios are there among the coefficients?

11. Draw the graphs of the equations
(a) T + 3t - 4 =0
(b) 28 = 5v=-1=0

Do the graphs depend on the choices you made for the first
variable? Explain vhy we speak of sentences with two ordered
variables.

#12, Suppose a point with coordinates (a, b) 1is moved to the
point (a, -b). Describe this in terms of opposites.
Describe it in terms of a rotation. Answer the following

 questions, and locate the points referred to in parts (a)
and (b).

(a) What points do the following points go to?
(2: 1): (2: “l): (‘ %: 2): (‘2: '3):,(3: 0),
(“5’ O), (o! 5): (o: ‘5) .

222




463

(») wWEuai ~aizt=gc to the points listed 1 (a) °?
(c) W.zv s~at -8 (a, -b) go to?

(@) wr=; yoiat cw2s (-a, b) go to?

(e) Whzxr -kns x=s to (a, b)?

(f) What ouintss - to themselves?

#13, Suppose a 1oin® wWish coordinates (a, b) is moved to the poimt
(a - 3, © ‘)« :>W can ‘you obtain this by moving all the
points of 1 = wlan:? Answer the followirz questions and
locate th: s wirt £

(a) What: uvis @z the following points go to?
(1: l) !’. Ly, "1): ("2-: 2): (O, _"3): (3: 0)?

(b) What ..int+ =0 to the above points?
(¢c) What ~>in: Zoes (a, b - 2) go to?
(d) What : ~ir- zoes to (-a, -b)?

(e) Which ;...nss go to themselves?

(f) Deserit= how the points are moved if (a, b) is moved to
(a, b - 2}.




Chapter 15
SYSTEMS OF EQUATIONS AND INEQUALITT:=*

15-1. Systems of Equations

We began a study of compound sentences in Ciaapter 3. What
connectiives are used in compound sentences? Let- us Tirst consider
a compound sentence of two clauses in two variables:. wWhose connec- -
tive is "or" ; for example,

X+ 2y «5=0 or 2X +y ~-1=20 .

When is a compound sentence with the connective ™' true? The -
_ truth set of this sentence includes all the orderv= mairs of mum-
- pers which satisfy "x + 2y - 5 = 0", as well as 31 the ordered
pairs which satisfy "2x + y - 1 = 0", and the grzra of its truth
set 13 the palr of lines drawn in Flgure 1.
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Name three ordered pairs . numbert wriich belong to tne wruth set
of

¥ -2y -~ 5 =0 .
Nar= four ordered pairs w.:ich belcng to the truth ser :7
2% - ¥y~ 1 =0,

Whi-= of these ordered pairs of rmmbers are elements of tme truth
set of the compound open sentencs

X+2y-5=0 or 2Xx4+y-1=027?

If we r=member that the sectences "zb = 0" and "a =0 or
b = O" are equivalent when a and &b are real numbers, another
way of writing this compound sentence would be

(x + 2y -5)(2x +y -1) =0 .

Now consider a compound sentence with the connezzi= "and"
instead of "or". Which ordered pairs are elements of tr= truth -
set of the cgqmpcund open sentence "X + 2y - 5 =0 =nd
ox +y - 1:=0" 2 Note that only one ordered pair (-1, 3),
satisfies both clauses of this s=ntence, and therefore th= graph
of the truth set of the open sentence "x + 2y - 5 =0 and
2Xx +y - 1=0" 1s the intersection of the pair of Iin=s in
Figure 1.

In this chapter we shall devote most of our attention to
compound orpen sentences made up of two clauses connected by and.
This sort cf compound open sentencs, with the connective "and" ,

1s often written
2x + ¥y - 130

X +2y ~-5=0.
This is called a system of equations 1n two variables. When we
talk about the trutz set of a syste=m of equatlons we mean the

set »f elements ===mn +7 both the truth sets. As we have seen,
the truth set of
; 2Xx +y -1 =0

I,»~r2y—5=0

s ((-= 3)}.

[sec. =-1]
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froiizem Set 15-la ,
1. #*nd the truth sets ¢f the following systems of equations by
sre=wiwz the graphs of each pair of open sentences and guessing
rhe ceordinates of the inwsrsections. (In each case, verify
tnat y=ur guess satisflae the sentence.) ‘

A} ZE =Y ~-2m0 X -3=0
R 4y -3=0 () { 2x +3y~9=0
var I 4 3y -3m=0 5 +y - 10 =0
5y X+ym0 (d){2x+2y-8=0

) EX~ 74+ 13 =0
(e) {x-n:iil:.?-12=0
2, I=maw the graphs of the ~—uth sets of the following sentences.
() =+2y-6=0 or 2Xx+y -5=0

(b) (2x =23y +9)(3x + 7 -2) =0

Did you have trouble gu=ssing the coordinates of the inter-
section points in problems 1 (d) and (e)? Let us see if we can
find &. systematic way to obzain the ordered palr without guessing.

Returning to the compound sentence
"t w2y ~5=0 and 2Xx +¥y - 1 = 0", and looking at Figure 2,
we see th=t the—e are many compound open sentences whose truth set
12 ((-1, 3))} ; for examale "2x +y -1=0 and y - 3 =0"

&=f "X +2y-==0 T3 X + 1= 0" are two such equivalent
compound sentermz=s, bwwzmse thelr graphs are pairs of lines inter-
secting in (-1, 3) . St=t= at least two more cumpound sentences
sacse Truth set 1s {<1. 3)]}. What is the truth set of

Z4+1=0 and y-3=02?

sec., 15-1]
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From this it appears <That we couid easily find the truth set
of any compound oper. senter=e of the tzpe

2% + ¥ ~1=0 and x + 2y —A5 =0

if we had a method &z getting the equations of the horizontal and
~yertical lires throuzn the intersection of The graphs of the two
clauses,

There are many I‘'mes Through any point. HEere 8 a method
which, as we shall sz=, will give us the =guatiom cf any line
through. the interseciitm of tws given linses, prmwid=d that the
lines Go interset ir = =ingie point. We shall zagain use the
- system

X 4+ 2y - 5 0
2x +y -1 0

to Illustrate.

k We multiply the: sxpression on the left of the first equation
by any number, say 3, and the expression on the i=ft of the second
. equation by::any number, say 7, and form the sentence

Z{x+ 2y - 5) +7T(2x +y - 1) =0

sec, 15-1]
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We see that:
(1) The coordinates of the point of intsrsection (<1, 3) of the
two lines satisfy this new sentence:

3 (-1 + 2(3) - 5) +7 (2(-1) + 2 - ‘1) = 3(0) + 7(0) = O

In general, we know that a point: ==longs to the graph of a
sentence if its coordinates sati=fy the sentence. So the
graph of our new open sentence

"I(x + 2y -5 +T7(2x+y -2 = o"
contains the point of intersectionr of the two lines

" +2y ~-5=0" and "2x 4V -1= o',
(2) The graph of the mew sentence is & line, because:

A(x +2y -5) +T(2x +y -3V =0
3k + 6y - 15+ Lkx + Ty -7 =0
27x + 13y - 22 =0
and we found, in Chapter 1l4, that the graph of ary =quation
of the form Ax + 3v + C = 0 1is z Iime, wi=n ether A or
B is not O.

Suppose we uss tthis metbod to find the enquztion of a
line through the.intersectior of +he graphs of tihxe tam equations‘
in Problem l{e) of Problem Set 15-lz

:Eiz;- y+3=C
If we have no particular line in mind, 'w& cAan uss: any multipliers
we wish. Let us choose 3 and -2, ami form the emation:

3(5x - y + 13) + (-2)(x = 23---12) = 0

Let us assume th=x the point (2. d) 1s the poimt of inter-
gsection of the gramas of ““e two glvam smuations. SZnce this
point (c, d) 1is Qn_gggg_gréghs, we imow that

5¢ ~d+ I3 =0 =nd = - 24 - I2 =0
is a true sentence. Why?

[sec. I5-1.
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Substituting the ordered pair (c, d) in the left side of
our new equation, we obtaln
3(5¢ - d + 13) + (-2)(c -~ 2d - 12) = 3(0) + (-2)(0) =0 .
Hence, we know that if the graphs of the first two equations
intersect in a point (c, d), the new line also passes through
(c, d), even though we do not know what the point (c, d) 1is.
In general, Wwe can say:

If A X+ By +C =0 and Dx + Ey + F =0
are the equations of two lines which inter-
sect in exactly one point, and if a and b
are real numbers, then

a(AX + BY + C) + b(Dx + Ey + F) = O

is the equation of a line which passes through
the point of intersection of the first two
lines.

Now that we have a method for finding the equations of lines
through the intersection of two given lines, let us see i1f we can
select our multipliers a and b with more care, so that we can
get the equations of lines parallel to the axes.

The system

X -2y - 12 =0
gave us some trouble when we tried to guess its truth set from
the graph. Let us see if this new approach will help us. Form
the sentence

a(5x-- y + 13) + b(x - 2y ~ 12) = 0.
Let us choose a as 2 and b as -1, so that the coefficients
of y become opposites: :
(2)(5x - ¥y + 13) + (-1)(x - 2y - 12)

{ 5 -y +13 =0

= 0
10x - 2y + 26 = x + 2y +12 =0
. 9X+38=0
2
he —
X + 5 0

229
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This last equation represents the line through the inter-
section of the graphs of the two glven equations and parallel
to the y-axis. Let us go back and select new multipliers that
will give us the eguation of the line through the intersection
point and parallel to the x-axis. What multipliers shall we use?
Since we want the coefficients of X to be opposites we choose
a=1 and b= <527

(1)(5% - 3 +13) + (-5)(x - 2y - 12)

=0
5x - ¥y + 13 - 5x + 10y + 60 = O
9y + 73 =0
1
y+8=0

We now have the equations of two new lines, x + 4% = o"

and "y + 8% = 0", each of which passes through the point of

intersection of the graphs of the first two equations., Why? This
reduces our original problem to finding the point of intersection
of these new lines. Can you see what it 1s? We see, then that
the truth set of the system ‘

{SX—Y+13 0

0

X - 2y - 12

is {(-Ng3 -8%)} . Verify this fact by showing that these coor-

" dinates satisfy both equations.

Now we have a procedure for solving any system of two linear
equations. We choose multipliers so as to obtaln an equlvalent
system of lines which are horizontal and vertical. The choice of
the multipliers will become easy with practice.

Consider another example: Thrie times the smaller of two
numbers is 6 greater than twice the larger, and three times the
larger is 7 greater than four times the smaller. What are tﬁé
numbers?.

239
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The smaller number x and the larger y must satisfy the
open sentence
X =2y +6 and 3y =Wx +7.

This sentence 18 equivalent to
X ~2y -6w0 and Ux -3y +7=0.

Choose inultipliers so that the coefficients of x will be
opposites. % and -3 will do the trick.

b(3x - 2y = 6) + (=3)(4x -3y +T7) =0
12x - 8y - 24 - 12x + 9y - 21 = O
y -4 =0

Now we could choose mﬁltipliers 80 that the coefficlents of ¥y
would be opposites. Another way to find the line through the
intersection and parallel to the y-axis is as follows: On the
line "y - 45 = 0" every point has ordinate 45 . Thus, the
ordinate of the point of intersection is 45 . The solution of
the sentence "3x - 2y - 6 = 0" with ordinate Uu45 is obtained
by solving "3x - 2(45) - 6 = 0" or its equivalent,
"x - 32 = 0" . Hence, the sentence "3x - 2y - 6 = 0 and
"Ix - 3y + 7 = O" 1is equivalent to the sentence "y - 45 = 0 and
x - 32 = 0", Now it is easy to read off the solution of the
system as (32, 45) , ‘
In the above example, what is the solution of the sentenc
"ix - 3y + T = O" with ordinate 45 ? Does i1t matter in which
sentence we assign the value 45 to y ?

[sec. 15-1]
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Example 1. Find <he truth set of
bx — 3y = 6
2x45y=16.
4 -~ 3y - 6=0
2X + 5y - 16 =0
1(bx - 3 - 6) - 2(2x + 5y - 16) = O
bx - 3y -6 -4x - 10y + 32 =0

- 13y +26 =0
26 = 13y
2 a2y v
When y = Z.
Hx—3-2=6
bx = 12
X=3

Thepefore "x =3 and y = 2" 1s equivalent to the
origins® ==rience.
The tr==m set is {(3, 2)].

Verific=tion: Left Right
First cizuse: he3 - 32 =12 - 6
=6 6
Second clzmse: 2¢3 4+ 5¢2 = 6 + 10
= 16 16
Exampl= 2. 3olve
3X =5y + 2
2x»=6y+3-

|
o

3x -5y - 2=
l2x -~ 6y - 3=0

[sec. 15-1] .,
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6(3x - 5y - 2)

| - 5(2x - 6y ~ 3) = O
18x - 30y - 12 - 10x + 30y + 15 = O
8x + 3 =0

8x = -3

.
2(3x -~ 5y - 2) - 3(2x - 6y -~ 3) =0
6x - 10y - 4 - 6x +18y +9 =0
By + 5= 0

8y = =5

. Y'-,'"g

Therefore "x = -% and ¥ = - g" is equivalent to the
to the original sentence.

The solution is (--g ’» - -g).

Verification: Left Right

First clause: 3 (-%)u -g 5(- -g)+ 2 & - 5‘? .,..18@
. | a _,g | '

Second clsuse: 2 (— -&-): - -ﬁ- 6(- -g-)+ 3= = —11? +-]-i;g

3
="7

Problem Set 15-1b

Find the truth sets of the following systems of equations by

the method just developed. Draw the graphs of each pair of
equations in (a) and (b) with reference to a different set
of axes. '

3x -2y =14 =0 5X - ¥ = 32
@ {E:8i%18 @{FEdTE
+ 4
- 2

(b) {g;cc 2y (d){3x-2y=27

2y = 1

2x -~ Ty = =50

{sec. 15-1]
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1
X+y=-30=0 Xty =2
@ {513:%28 mE
Tx + 5 A
(f) {Xx-—y-B (i){7x_6y=9
| 9% - 8y =7
3 ~-56x=20
(g) {3y=x—6

2, We can also use the operations on equations stated'in Chapter
13 to solve a system of equations. The method which results
is essentially the same as that used above. For example,
consider the system: o

{3x -2y -5=0

0

—
=
—
=

x +3y -8

and assume that (c, d) 1s a solution of the system. Then
each of the following equations is true.

30—2d—5=o
c+3d—8=0
3(3c - 24 - 53 = 3203
2(c + 34 -~ 8) = 2(0
9¢c - 6d - 15 =0
2¢ + 64 - 16 =0
1lec - 31 = 0O
31
c=—l—I
Also,
3c - 24 - =0
_3(c+3d—8 = -'3(0)
3c - 24 - =0
-3¢ -~ 9d + 24 =0
-11d + 19 = 0
' 1
d=—i‘?—
[880.15—11
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So if there is a solution of the system

3x—2y_-5=0
X+3y—8=0

]

then that solution 1is (%% , %%). We must verify that this
i1s a solution.

33P) - 2(4f) -5=0

# +33D -8=0

Are these sentences truae?

This 1s often called the addition method of solving

systems of equations, Use this method for finding the truth
sets of the following systems.

) X - Uy =15 =0 2Xx = 3 - 2y
CREFE S5 4 BENNCR S -
2x =73 - 2y 2x = 3 - 2y .
(v) {3y=1¥—2x (a) {3y=l¥-3x g

Translate each of the following into open sentences with two .
variables. Find the truth set of each.

(a)

(b)

Three hundred eleven tickets were sold for a basketball ~

game, some for pupils and some for adults. Pupil
tickets sold for 25 cents each and adult tickets for
75 cents each. The total money received was $108.75.'
How many pupil and how many adult tickets were sold?

The Boxer family is coming to visit, and no one'knowg‘
how many children they have, Elsie, one of the girls,
says she has as many brothers as slsters; her brother
Jimmie says he has twice as meny sisters as brothers.
How many boys and how many girls are there in the
Boxer family? )
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(¢} A home room bought three-cent and four-cent stamps to
mail bulletins to the parents. The total cost was L
$12.67 . If they bought 352 stamps, how many of each
kind were there? o

(d) A bank teller has 154 bills of one-dollar and five-
dollar denominations. He thinks his total is §465.
Has he counted his money correct;y?

Find the truth sets of the following compound open sentencess

‘Draw the graphs. Do they help you with (v} and (o) ?

(a) x -2y +6=0 and 2x+ 3y +5=0
(b) 2Xx -9y -5=0 and bx -2y - 10 =0
(c) 2X +y-tw0O and 2x+y-2=0 .
Find the equation of the line through the intersection of the L

lines 5x -7y - 3= 0 and 3x - 6y + 5 = 0 and passing '\v_ 
through the origin. (Hint: What is the value of C 8o that

Ax + By + C = 0 1is a line through the origin?)’

In Problem 4 jrou found some compound open sentences vhose

truth sets were not single ordered pajrs of numbers,. Which ones
were they? Let us look more closely at each of them.

In the open sentence

"ox =y - 5=0 and Ux - 2y - 10 = 0",

we note that "lix - 2y - 10 = 0" 18 equivalent to

2(2x -y - 5) = 2(0) ;

8o Wwe see that the graphs of both clauses are identical, as
shown in Figure 3, and the lines have many points in common.
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‘State some of the numbers of the
truth set of the compound sentence.

 Is the truth set a finite set? 5
What happened when you tried to .{
solve the open sentence algebra-

| I
1cally? Why didn't the method v
work? o K o X
L}
®
Vv
~
f
AN
Figure 3.

A somewhat different condition exists in the compéund sen-
n

tence "2x +y -4 =0 and 2x +y - 2. J"'. Putting each
clause into the y-form, we have
Yy=-2x+4% and y=-2x+2.

What 1s the slope of the graph of

each of these equations? What is ——
‘the y-intercept number? We see \\\\
that the graphs are two parallel A N\
lines, as in Figure 4, and there \
is no intersection point. In AN
such a case, the truth set of the 2 Q\
compound sentence is the null set. "IN 2
What happens if we try to solve o
the sentence algebraically? Why?

Figure U,

[sec. 15-1] 3
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‘ Let us try to summarize what we have noted here- The'truth"
ﬂset of a compound open. sentence. in two variables, w1th connective

1 "a.nd"
ordered pairs.

may consist of one ordered pair, many ordered pairs, or. no
Correspondingly, the graphs of the two clauses of

the open sentence may have one intersection, many 1ntersections,

- or no intersections.

}Example 1.
1 Equations
2x ~ 3y =t and x + ¥y =7

¥ o= %x --% and y = =x + 7

The truth set is ((5, 2)}.

Example 2.
' 2x -~ 3y =7 and 4x - 6y =

2 N
y=§x-»% and y = -6x-!-6—

The truth .set is made up of

all the ordered pairs whose
coordinzites satisfy the first
equation. (Note that the
second clause 1s obtained 1if

each member of the f£irst clause
of the original open sentence 1s

~ multiplied by 2.)

- Example 3.
. 2x - 3y =

7 .and !x - 6y

okn "

¥y = %x - %-and Y = E# -

The truth set is & .

Graphs ,

The two lines which are the
graphs of the clauses have one
intersection, since the slopes

of the lines are not the same.

The graph of the truth set is
the single point (5, 2).

The gra@hs'of the two ciauses s

of the open sentence cainecdde,
since the lines have ti2e same
slope and the same y-imtercept

number. The entire liwe: is the
graph of the truth set.

The graphs of the two -clauses

of the open sentence are parallel
lines, because they have the same

slope ‘but different y-intercept
numbers. The graph of the truth
set contains no points.

[sec. 15-1}
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Notice, in Example 3, that the coefficients of x and y 1in
the equation 2x - 3y = 7 are related in a simple way to those in
the equation u4x - 6y = 3 ,

223 (4) and -3 =3 (-6) .
In general, the real numbers A and B are said to be

proportional to the real numbers C and D if theve is a real
number k , other than 0, such that

Thus, the numbers 2 and -3 are proportional to 4 and -6,
the number k belng -% . If two lines are parallel, what can you
say about the coefficients of x and ¥y 1in thsir equations?

Another way tc say that A and B &re proportional to C
anéc D 1s to say that the ratios

B
and—ﬁ

ol

are equal, or
-2.

Al

Problem Set 15-lc
1. Draw the graphs of the open sentences in Examples 1 to 3 on
" page U479. Find the truth set of Example 1 algebralcally.

2, Solve the following compound open sentences, Draw the graphs
in (a) and (b) .

(a) 3x + 4% - 13 =0 and 5x -2y +13 =0
(b) x+5y ~=17 =0 and 2x - 3y -8 =0
(¢) Bx ~4y +2=0 and 10x -8y + 4 =0
(d) 12x -4y - 5=0 and 6x +8y = 5=0
() x -2y -5=0 and 3x -6y -12=0
(1) 3(F - -1-0 ana FF+d -F-0

[sgc. 15-1]}
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Consider the system,

2X -y -T=0
5 + 2y - 4 = O

Suppose we write the y-form for each equation and draw 1ts
graph -
Y=2X -7 and y = = gx + 2

At what point on the graph y |
af thls system are the \ O
values of y equal? What
is the value of x at this 2
point? If we set the values l ', 2‘ 11
of y in the two e=ntences 0 E _ "B
equal to each other, we have \ :
the open sentence in one : : )6,
variable, \x

2% - Ta-gx4+2. / }%

>
The truth set of this sen- A )%9
tence is ({2)}. Using this
value for x in each open
sentence which is 1n the Figure 5.
y-form we get:

y=2(2) -7 y=-3(+2

‘.ys?

Y = -3 . y = =3

Why do we get "y = -3" 1in both cases? Hence, if the com-
pound open sentence "2Xx -~y - 7 =0 and 5x + 2y - U4 = O"
has a. solution, it must be (2, -3). Verify that (2, -3)
is the solution. - ’
Suppose that we shorten our work somewhat by writing
only the first equation in its y-form.
V=2x-7

[sec. 15-1)
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Then we replace y in the second equation by the expression
||2x—7". . '

5x +2(2x - N -4=0
Let us procesd to solve this open sentence 1n one variable

5x+llx-11¥-ll=0
9x - 18 = 0
X =2,
Then,
yam2x -T=2{2) ~7=-3

so that (2, -3) 1is the possible solution of the system

2X -~ y~T=20
5% + 2y ~ 4 =0
The method just described in which we "solve one of the
equations for y in terms of x" and then substitute this
expression for y into the other equation is called a

substitution method. Solve the following systems using which

ever of the above methods seems more appropriate,

f3x +y +18 =0 (o 5x + 2y - 5=0
(a) {2x-7y-3l|=o (d){x—3y—18=0
. . : '
= 2 = 11
() [7=5 (e>{;rg§=_,‘
y = -3X + Lo 5
: = -4
() {Bx+2y-H=0 (£) §* -QZ
10x+1%y—8=0 y::—-s-x

A8 we have seen, the truth set of the compound open sentence
AX + By +C =0 and Dx + Ey +F =0

may consist of one ordered pair of numbers, of many ordered

pairs, or of no ordered pairs. '

(a) If the truth set consists of one ordered pair, what can
you say about the graphs of the clauses?
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(b) I the truth set consists of many ordered airs, what is
true of the graphs of the two clauses? A== the two
clauses of the compound sentence equivalex:?

(¢) 1If the truth set is @, how are the coeff*zients of x
and 'y related in the two clauses? What 38 true of the
graphs of the clauses?

5. Consider the system

bx + 2y - 11 =0
X -~y ~-2=0

In four different ways find its truth set.

6. Solve in any way. Explain why you chose a particular method
in each case,

CRE24 54 @ {23
X =
(v) {§l§§28 6y++y(2'.7.ltx)=3
(f){&m-e(s 1) =2
(c) x-ay--‘é ‘g){s (x +y) =2y
2X +y =% 2x - (3y +2)=1
ORE-SE+54 34 ® {5157 P

In Problems 7 - 17 translate into open sentences, find the truth
set and answer the questlon asked.

7. Firnd two numbers whose sum is 56 and whose difference is 18.

8. The sum of Sally's and Joe's ages is 30 years. In five
years the difference of their ages will be L4 years. What
are thelr ages now?

9. A dealer has some cashew nuts that sell at $1.20 a pound
and almonds that sell at $1.50 a pound. How many pounds
of each should he put into a mixture of 200 pounds to sell
at $1.32 a pound?

[sec. 15-1]
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10.

11.

12,

13.
14,

15.

16.

17.

In a certain two digit number the units'! digit is one more
than twice the tens' digit. If the units! digit is added to
the number, the sum is 35 more than three times the tens!
diglt. Find the number.

Hugh weighs 80 pounds and Fred weighs 100 pounds. They
balance on a teeterboard that is 9 feet long. Each sits at
an end of the board. How far is each boy from the point of
balance?

Two boys sit on a see~saw, one five feet frbm the fulcrum

(the point where it balances), the other on the other side six
feet from the fulcrum. If the sum of the boys! weights 1is

209 pounds, how much does each boy weigh? ’

It takes a boat l% hours to go 12 miles down stream, and
6 hours to return. Find the speed of the current and the
speed of the boat in still water.

Three pounds of apples and four pounds of bananas cost $1.08,
while U4 pounds of apples and 3 pounds of bananas cost
$1.02.  Wnhat is the price per pound of apples? . Of bananas?

A and B are 30 miles apart. If they leave at the same
time and walk in the same direction, A overtakes B in 60
hours. If they walk toward each other they meet in 5 hours.
What are their speeds? :

A 90% solution of alcohol 1s to be mixed with a 75%
solution to make 20 quarts of a 78 % solution. How many
quarts of the 90% solution should be used?

In a 300 mile race the driver of car A gives the driver
of car B a start of 25 miles, and still finishes one-half
hour sooner. In a second trial, the driver of car A gives
the driver of car B a start of 60 miles and loses by 12
minutes. What were the average speeds of cars A and B 1in
miles per hour?

{sec. 15-1)
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2115-2.‘ ystems of Inequalities ,
L. In 15-1 we defined a system of equations as. a compound open
‘ffsentence in which two equations are Joined by the connective

" "and", We also introduced a notation for this.

Carrying the 1dea
" over to inequalitles,, let us consider systems like the following:

X + Eyv- s o0 X -2y ~5=0
(a) {2x-y-3>0- (b){x+3y—9 0

(¢) What would the graph of x + 2y - 4 > 0 be?
recall that we first draw the.graph of

You

X +2y - 4 =
R 474%4
*iﬁqq’ 4
1"o 713
2
|
O] Ilrz 3 ¢4 X
M \ NN
— 4 Q \\
| o NN
s AL N\
'
o
¥
/N N
Figure 6.

using a dashed line along the boundary. Why? Then we
shade the region above the line, since the graph of

"X + 2y -4 > 0", 1,e. of "y > - Ex + 2", consists of
all those points whose ordinate is greater than "two
more than - §- times the abscissa » In a similar way,
we shade the region where "y < 2x - 3". This is the
region below the line whose equation 1s "ox - y-3=0",

Why is the line here also dashed? When would we use a
solid line as boundary?

[sec. 15-2]
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Since the truth set of a compound open sentence with o
the connective and is the set of elements common to the
truth sets of the two clauses, it follows that the truth
set of the system (a) 1s the region indicated by double
shading in Figure 6.

(b) What would be the graph of a system in which we have one
equation and one inequality, such as Example (b)° What
is the graph of "3x o 2y - 5 =0"?

Nz

I
4
o /
I‘?
©
X y
¥ 3y 5" A
P 0 )
7 DT> 4
Y2 AX VA X
[ A '1/ //1
‘AR ALY X
d T VIV AA XN NN P
A 9od CAAAAAAAAAAA A
X AL % %%
o4 PPPP L0720 LS PSL PP LEY
7// Y ' r/f Y I ,/|, Yy rad < r/{
f/:’/ S S I ODOBP OO IPA
L] A A2 /'/ AA AN /r/ ///,//'/ /]
Figure 7.

Is the graph of "x + 3y - 9 £ 0" the region above or
below the line
x+3y-9=02?

Is the line included? Study Figure 7 carefully, and
describe the graph of the system

3x -2y - 5=
x+3y-9«0

[sec. 15-2)
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o , Problem Set 15-2a
. Draw graphs of the truth sets of the following systems:

' 2x + y > 8 2X +y < 4
1. {ux-zy_s“ > {2x+y>6
6x + 3y €< O f 2x + y> 4
2. {ux-y<5 6. {2x+y<6
>x + 2y + 1> 0 2x - y gk
3. {3x- y-6=0 ,7. {ux—Ey'E,S
4 {hx +2y = 2
. y-xz pil

Let us consider the graph of the compound open sentence
X=~y~2>0 or x+y-25>50,

First we draw the graphs of the clauses "x -y -2 > 0" and
"x +y -2>0".

Y
n a4
% . 7V
.P\ !
’ es‘ AN
4% N
4 N\
5 *
Q
i
P
EY
i3
7 :
Figure 8.

Next we recall that the truth set of a compound open sentence

with the connective or is the set of all elements in either of the
truth sets of the clauses, Hence, the graph of the compound open
sentence under consideration includes the entire shaded reglon in
Figure 8.

[ Sec, 15"'2]
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Problem Set 15-2b
Draw the graphs of the truth sets of the following sentences:

l. 2X +y+3>0 or 3 +y+1<0©0
2, 2X+y+3<0 or X -y +1<O0
3. 2x4+y+3<0 or 33X +Yy+ 1>0
b, 2x+y +3>0 and 3x -y +1<0O0

To complete the picture, let us consider the compound open
sentence:

(x -y -2)(x+y~-2)>0.
Remember that "ab > 0" means that '"the product of a and b

is a positive number". What can be said of a and b if
ab > 0 ? Thus we have the two possibilities:

X -y=-2>0 aﬁd X4+y=-2>0,

X -y~-2<¢0 and x+y -2<0.,

In Figure 8, the graph of "x -y -2 >0 and X +¥ - 25> o" 4is
the region indicated by double shading, while the graph of
"y -y -2¢0 and x +y - 2 < 0" 1is the unshaded region. So
the graph of
(x ~y-2)(x+y=-2)>0
consists of all the points in these two regions of the plane.
Which areas form the graph of the open sentence

(x -y -2)(x+y-2)<0?

(If ab < O, what can be said of a and b ?)
To summarize, we list the following pairs of equivalent
sentences (a and b are real numbers): )
ab = 0 : a=0 or b=0.
ab > 0 : a>0 and b >0, or a<go and b 0.
ab ¢ 0 : a>0 and bgO, or a<0 and b> 0.

[sec. 15-2]
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Verify these equivélences by going back to the definition of the
product of real numbers.

1.

2.

3.

Problem Set 15-2¢
Draw the graphs of the truth sets of the following open
sentences.

() (2x -y -2)(3x+y-3)>0
(b) (x+2y - U4)(2x -y -3)<¢oO
(¢) (x+ 2y - 6)(2x + 4y +24) >0
(@) (x -y =-3)(3x -3y -9)<o

Draw the graphs of the truth sets of the following open
sentences.,

(a) x -3y -6=0 and 33X +y +2=0

(b) (x -3y -6)(3x+y+2)=0

(¢) x~-3y~-~6>0 and 3x +y+2>0

(d) x -3y -6<0 and 3x+y+2<0

(e) x -.Sy -6>0 and X +y+2=0

(f) x -3y -6<0 or 3x+y+2¢0O0

(8) x-3y-6=0 or 3x+y+25>0

(h) (x~3y ~6)(3x+y+2)>0

(1) (x =3y -6)(3x+y+2) <0

Draw the graph of the truth set of each of these systems of

- inequalities. (The brace again indicates a compound sentence

with connective and.)

0 “bex gl
(a) {’;go @ {45551 r
X + by <12
2
(b) {y%g 3x + 8
by 3 5x < 40
[sec. 15-2]
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*l,

1.

2.

3.

A football team finds itself on its own 40 yard line, in
possession of the ball, with five minutes left in the game.
The score 18 3 to O 1in favor of the opposliry team. The
quarterback knows the team should make 3 yards on each
running play, but will use 30 seconds per play. He can make
20 yards on a successful pass play, which uses 15 seconds.
However, he usually completes only one pass out of three.

What combination of plays will assure a victory, or what
should be the strategy of the quarterback?

Review Problems
Find the truth set of "2x - 3 = 0" and draw 1ts graph if it
is considered as an equation in
(a) one variable, (b) two variables.

Find thc truth set of "|y] ¢ 3" and draw its graph if it is

considered as a sentence in
(a) one variable, : (b) two variables.

For each of the following pairs of equations decide whether
the two equations are equivalent, and tell why.

(a) x> =3 -2 3 Xx-2=0 and x-1=0

(b) 'g%————- =1 ; X2 -2x+1=0
x" +1 _
(¢) xy >0 ; x>0 or ¥y >0

(@) L=}=2 5 y-1=2(x-12)

(e) x+y =23 and -% -'% =4; x-6=0 and y+3=0.

Given the lines with equations. 3x - 5y - 4 = 0 and

ox + 3y + 4 = 0, What are the equations of two lines each of
which contains the point of intersection of the two glven
lines, one of which is vertical and the other horizqntal?
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5. Solve the following systemg and in each case tell why you
chose a particular method.

(=) {ux-Byall (){%x=3y+2
.0lX - .02y = O 5% m 2y + &
(b) { X - 10y =8 (e){ V=X = <11
1 1 i
(c){y“i"‘z OV
X - Y - ]
7 ﬁ-§y=3

6. (a) Discuss the relationship among the coefficients of the
equations of two parallel lines.

(b) Ciscuss the positions of two lines if their equations
' are AX + By + C =0 and Dx +Ey +F = 0 and

A_B_C
P"E"F "

(¢) Describe the conditions on the slopes of two lines

which guarantee that the'lines have exactly one common
point.

7. Draw the graphs of the following sentences.,
(2) y+3x-25>0
(b) 2x = 3y +3>0°
(¢) y+3x -2>0 and 2x - 3y +3 >0
(4) (y +3x -2)(2x - 3y +3) <O
(e) ly+3x|>2
8. Translate the following into open sentences and solve.
(a) Find two consecutive integers whose sum is 57.

(b) Find two integers such that their sum is 16 and twice
the first is three less than the second.

2290
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(a)

The sum of two numbers is 45, If the larger is divided
by the smaller, the quotient is U and the remainder is
5. What are the numbers?

Two grades of tobacco are mixed, the one selling for
$4.80 per pound and the other for $6.00 per pound.
How many pounds of each grade must be blended to obtain
20 pounds of a mixture to sell for $5.50 per pound?
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Chapter 16
QUADRATIC POLYNOMIALS

' 16-1, Graphs of Quadratic Polynomials

In Chaptér 12 we first studied quadratic polynomials, that
18, polynomials in one variable which involve the square but no »
higher powers of the variable. Every such polynomial can be
written in the form

Ax2 + Bx + C,

where A, B, and C are real numbers with A # 0. 1Is
"2(x + 1)2 + 3" a quadratic polynomial? By the graph of the
polynomial Ax2 + Bx + C we mean the graph of the open sentence

v = Ax® + Bx + C.

We can make ahdrawing of the graph of a quadratic polynomial
by locating some of the points of the graph.

" Example l. Draw the graph of the polynomial

X2 W 2X - 3.7

Let us list some ordered palrs satisfying the equatlon

y:xg-gx—ao

x—E-%—l—%o%l

2 3 | v
dv | s | | -3 | -4 -3 | -f

F11l in the missing numbers in this table and then locate these
- points with reference to a set of coordinate axes. The'arrangé-
" ment of the points suggests that the graph might look like the
one sketched in Figure 1.

Wl
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Figure 1.

By locating more points whose coordinates satisfy the equation
you can conVince youréelf that the graph does indeed have the
indicated shape. A more systematlc dilscussion of the shape of
such graphs will be found in Chapter 17. '

Problem Set 16-la
Draw the graphs of the polynomlals.

1. 2x2, for x between -2 and 2 .

2. x2 -2, for x between -3 and 3 .

3. = %xg +x, for x between -3 and 3 .

4, ~x2 +x+1, for x between -3 and 2.
5. x2 - Ux 4+ 4, for x between -l and 5.

6. 2x2 - 3x -5, for x between -2 and 3 .

253
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You probably noticed that the preceding problems took a
good deal of time and effort. Even then, you were only guessing
at the shapes of the graphs. Let us try to develop a more precise

- method for drawing such graphs.

Start with the most simple quadratic polynomial, nylu

(In previous sections we located some points on the graph of
"y = x2".) Then let us see how this graph differs from that of

lx2"

"y =-%x2",. of "y = 2x2", of "y = - 5x°". In general, what

will be the shape of the graph of

2
y = ax,

where a 18 a non-zero real number? If we draw all these graphs
~ with reference to one set of axes, we will be able to compare
them. A list of values of these polynomials for given values of
X 1s as follows:

x (-3 f-2|-2|2]|-3 |-01]o0 ! % 2
x2 | "I N T 0 1 !
2x° 8 2 | 3 0 2 8 | 18

You fill in the missing numbers. The graphs in Figure 2
are suggested by this table.
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‘\ ’ |
W ] y=2x"
\ SR
; LY s y?
WU A1 =
N Ty x
12177
I\ W/
4-3-2/0l 1h2 3 4 |X
AR,
4r s
// S et
f 14
j 8 \
.Flgure 2.

How can you obtain the graph of "ox2"  prom the graph of

llx2 i ?

How can you obtain the graph of " - %xz " from the graph

Nood

Of . ll%#EII ?

2n

Draw the graph of "5x for x between -1 and 1.

_ Draw the graph of "—é—ng' for x between -10 and 10 .

How can you obtain the graph of "-5x2" from the graph of
" 2 "
5x ?

Explain how you can obtain the graph of "_ax®" from the..
graph of "axg", where a 18 any non-zero real number. - ‘

[sec. 16-1]
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Now that we have a graph of the polynomial "axe", for any
non-zero number -a, let us move this graph horizontally to obtain
‘graphs of other quadratic polynomials. As an example, let us
draw the graph of

- 1 2
§(X - 3)
and see how it can be obtained from the graph of "%xe". Let us
list a table of coordinates satisfying the equation
1 2
y=-§(x—3) .

1 3 13
32 ' 1
y 5 8 o | 3

Fill in the missing numbers. The graph is compared in Figure 3
with the graph of "y = %‘xe" .

] " XY'é /
\ J /
- R /R
.._.p\d 6
___.'/'A \ 5 / e
/ N
4 2 —
< .
\ T
2 L}
N\ | >
S 4
-4 -3 -2 -| _?I 2 3 4 b3
) ;
Figure 3.

We notice that the graph of y = %(x - 3)2 has exactly

the same shape as the graph of

[sec. 16-1]
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but 18" 3 units to the right. In the same way we could verify
that the graph of "y = 2(x + 2)2" 1s 2 units to the left of
the graph of "y = 2x2" and has the same shape as "y = ox2"

How could we obtain the graph of

- (x + 3)2 |

]

) y
from the graph of

Problem Set 16-lc
1. After setting up a table of coordinates of points, draw
carefully the graph of

y = 2(x + 2)% ;

with reference to the same coordinate axes draw the graph of

Y=2x2 e

From the figure describe how you can obtain the graph of

2u 2n

"y = 2(x + 2) fror the graph of "y = 2x°" ,

2. For each of the following, describe how you can obtain the
graph of the first from the graph of the second equation.

(a) y=3(x+4H% ; y=3uf
(b) y = ~2(x - 3)%2 ; y=-2¢°
1 2 | 1.2
(¢) y=-5(x+1)" 5 y=-5x
1.2

(d) v=—§-(X+%)2 ;¥ =%

3. Give a general rule four obtaining the graph of

"y = a(x - h)2" from the _raph of "y = ax2"

h are veal numbers and a £ 0 .

, Wwhere a and

‘. 25?}' B
[sec. 16-1]
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Next, let us move the graphs of polynomials vertiéélly.
Consider the quadratic polynomial,
2x -3)% +2, ,
and compare it with the graph which we have already obtained, of
"L(x - 3)3" . A table of coordinates satisfying "y = Z(x - 3)242"
is the following:

x o | 22|32 |es|3l P |s]5s
0 2 6
y 2 2 2 | 38 b

(You~have\probab1y observed that each ordinate in this table is
2 greater than the corresponding ordinate in the preceding table,)

Figure 4,

[sec. 16-1]
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Again we observe that the shape of the graph has not changed,
but that the graph of

y = %(x -3)% 42
is obtained by moving the graph of
1
y = E(x - 3)2
upward 2 units. Similarly, we can show that the graph of
"y = 2(x + 2)2 - 3" can be obtained by moving the graph of
"y = 2(x + 2)2“ downward 3 units.

Finally, we notice that the graphs in Figures 3 and % are
exactly the same shape, and that we can obtain the graph

"y =-%(x - 3)2 4+ 2" by moving the graph of "y = %xe" to the

right 3 units and upward 2 units.
We shall see in Chapter 17 that it is always possible to
obtain the graph of

y = a(x - h)2 + k
from the graph of
y = ax2
by moving the graph of 'y = ax2" horizontally h units and

vertically k units. .
These graphs (of quadratic polynomials) are called parabolas.
“The lowest (or highest) point on the graph is called the vertex,
and the vertical line through the vertex is called the axis.
Thus, the vertex of the parabola whose equation is

Yy = 2x2

is (0, 0) and its axis 1s the line with the equation x = 0 .
What are the vertex and axis of the parabola whose equation is

[set 16-1]
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Problem Set 16-1d
2

Describe how the graphs of "y = x“ - 3" and "y = x° + 3"
can be obtained from the graph of "y = %x2" 9 Dpaw all three
graphs with reference to the same axes.
How can the graph of "y = 2(x - 2)2 4+ 3" be vbtained from

1]

the graph of "y = 2x2" 92 Draw both graphs with reference to
the same axes.

Draw the parabola whose equation 18 "y = (x + 1)2 - %” .
Describe how you obtain this graph from the graph of

"v = %2" ., What are the coordinates of its vertex end the
equation of 1ts axis?

Draw the parabola whose equation i1s "y = -2(x +%_-)2 + 3" .
How can this parabola be obtained from the graph of
|ly = -2)(2" ?

Find equations for the following parabolas.

m(a) The graph of "y = x2" moved 5 units to the left and

2 units downward.

(b) The graph of "y = _x°" moved 2 units to the left and
3 units upward.
(c) The graph of "y = %xa" moved -% unit to the right and

1 wunit dcwnward.

(d) The graph of "y = %(x + 7)2 - 4" moved 7 units to
the right and 4 units upward.

Describe, without drawing, the graph of each of the following.
(a) vy =3(x -2)% -1

(b) v =~ (x+ 3)2 + 1

(¢) y=3x-27%-2

(d) y = -2(x +1)2 + 2

[sec. 16-1]
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16-2, Standard Forms

We have learned how to obtain the graph of "y = (x - 1)2 _—
qulickly. This is the parabola obtained by moving the graph of
"y = x2" 1 unit to the right and ! units downward. We also
notice that (x - 1)2 -4 =x%_-2x - 3 , for every real number
X . Therefore, we have obtailned the graph of the equation

y=x2—2x-3-

Suppose we were given the equation in the form
"y = x° - 2x - 3" instead of "y = (x = 1)2 - 4" . How would we
go about finding this second form? The fact to notice 1s that in
the second form, x 18 involved only in an expression which is a
perfect square. Therefore, we might ask ourselves the question:
How can x2 - 2x - 3 Dbe changed into a form in which x 1s
involved only in a perfect square? Do you remember this problem
in Chapter 12 in connection with factoring?

We can do this by "working backward" from "2 - 2x - 3" as
follows:

w2 - 2x - 3 = (x2 -2x ) ~-3.

Now we ask: What is missing inside the parentheses to yield a
perfect square? Clearly, what is needed is a "1" . Why? Then

we have -~

x° - 2x - 3 = (x2 -2X+1) -3 ~1,

= (x - 1)2 -4,

Why did we also add "~1" as well as "1" ?
Let us follow the same procedure with the polynomial
"3x2 - 12x + 5" . We have

. 3x2 - 12x + 5 = 3(x2 -k )+5,
=3(x® - bx +4) +5- (3)(1),
= 3(x - 2)2 - 7 .
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Hence, the graph of
v = 3x° - 12x + 5

is a parabola with vertex (2, -7) and axis .x =2 . It is
obtained by moving the graph of "y = 3x%"  to the right 2 units
and downward 7 units. ,
A8 you may have already recalled from Chapter 12, this method
of writing a quadratic polynomial in a form in which the variable
is involved only in a perfect square is called completing the
square. The resulting form is called the standard form of the

1

qQuadrailc polynomial. 5

, Problem Set 16-2
1. Put each of the following quadratic polynomials in standard

form.
(a) x2 - 2x (£) 5x2 - 10x - 5
(v) x° 4+ x 41 (g) 1x% 4+ U
(c) x° + 6x (n) x2 + kx, k a real number
(d) x° - 3x - 2 (1) *x°+ vV2x -1
(e) x2 - 3x + 2 (3) %xa - 3x + 2
2. Put each of the following quadratic polynomials in standard
form.
(a) x%-x+2 (&) (x + 5)(x - 5)
(b) x2 4 3% + 1 (e) 6x° - x - 15
(c) 3x° - 2x (£) (x+1-+/2)(x+1+/2)

3. Describe, without drawing the graphs, the parabolas which
are the graphs of the polynomials in Problem 2.
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5

Te

Draw the graph of

V= x° + 6x 4+ 5.
In how many points does it cross the x-axis? What points?
Draw the graph of

V= x° + 6x + 9 .
In how many points does it cross the x-axis? What points?
Draw the graph of

¥y = x2;+ 6x + 13 .
In how many points does it cross the x-axis?

Solve the equations formed in Problems 4 and 5 by letting v

have the value O . Compare the truth sets of these equations
with the points where the parabolas cross the x-axis. Devise
a rule for determining the points in which a parabola crosses-.

~the x-axis.

8.

Consider the standard forms of the quadratic polynomials in
Problems 4, 5 and 6. Which of these polynomials can be
factored as the difference of two squares?

Isec. 16-2]
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16-3. Quadratic Equations
In Problem 7 we learned that the graph of the parabola

y = Ax 4+ Bx + C
erosses the x-axis at points whose abscissas satisfy the equation
Ax® + Bx +C =0 .
This is called a quadratic equation if & # O .
We solved such quadratic equations before in the cases where
"Ax® + Bx + C" could be factored as a polynomial over the
integers. Can "ox® . 3x + 1" be factored as a polynomial over

the integers? If so, review how you solved the equation
2

2x° = 3x +1=0.

Now we cun go a step farther, because we can write any
quadratic polynomial in standard form.

Example l. Solve the equation

x2 -2X -2 =0 .

First, we write the polynomial in standard form:
x° - 2x - 2= (x - 1)2 -3. ‘

Since 3 = (+/3)% , we may treat the polynomial as the
difference of two squares: et

x2 - 2x - 2= (x - 1)° - (V/3)°

Next, recall how to factor the difference of two squares:

(x - 1)% - (V3)? = ((x-1)+ J_3)<(x - 1) -4«/3).

' Now we have factored the polynomial over the real numbers:

x2 - 2x - 2 = (x -1 +47f)(x'- 1 ; ¢’§)

[sec. 16-3]
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Multiply these factors and verify the product. The final

step in the solution is the famillar process of writing the

equation "ab = 0" in its equivalent form "a =0 or b = O",

where a and b are real numbers. Then the sentences
x2-2x—2=0

(x— 1+~/_§><x— 1 -«/'3‘):0
X-1+4/3=20 or x=-1-+4/3=0
x=1-v3 or x=1++v3
are all equivélent. Hence, the truth set of the equation is
(1 -v/3, 1+/3).

You see that solving a quadratic equation depeﬁds cn our
being able to factor the quadratic polynomial. Furthermore, our
being able to.factor a quadratic polynomial depénds upon thé
standard form of the polynomial, If the standard form is the
difference .of two squares, then we can factor it.

Example 2. Solve the equation ' Ve

X2 - 2x +2 =0 .

Writing it in standard form, we have/

x2 -2x+2=(x-1)2+1.

This is not the difference of two squares, and we cannot
factor "x® - 2x + 2" as a polynomial over the real numbers.
The equatlon

(x-1)2+1=0

cannot have real number solutions, because (x - 1)2 is
always greater than or equal to O for every real number X .
Why? Hence, (x - 1)2 + 1 4is greater than O for every
real number X .
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Problem Set 16-3
1. Factor the following polynomials over the real numbers, 1if

possible.

(a) 6x° - x - 15 (e) x2 - 3

(b) x° + (£) 9x° - 12x + b
(¢) x2+8x+3 (g) 2(x -1)% -5
(d) 3(x - 2)2 +1 (h) 3x - 2x°

2. Solve the following quadratic equations.

(a) x2 4 6x + 4 =0 (d) x2 = 2x + b
(b) 2x% - 5x = 12 (e) 2x% = bx - 11
(¢) x2 + bx + 6 =0 (£) 12x° - 8x = 15

3. Find the coordinates of the vertex of the parabola whose
equation is

What is the largest value the polynomial "-3x° + 6x - 5"
can have?

4, The polynomial "% . 8x + 21" may never have a value less
than what positive integer? May it have values greater than
this integer? Are all the values of the polynomial integers?

5. Consider the polynomial
2x° - bx - 1
and its standard form
2(x -~ 1)% - 3.

Since 2 = (~f§)2 and 3 = (vf§)2 , "2(x - 1)2 - 3" 1is the
difference of two sguares and can be factored as a polyriomial
over the real numbers.

2(x - 1)2 - 3 = (VE(x - 1) + V3)VEx - 1) - /3)

What 1s the truth set of the equation

2x2 - Ux -1 =0 ?

[sec.16-3]
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6.

T

9.

10.

11.
12,

13.

The perimeter of a rectangle is 94 feet, and its area is
496 square feet. What are its dimensions?

An open box is constructed from a rectangular sheet of metal
8 1inches longer than it is wide as follows: out of each
corner a square of side 2 inches 1s cut, and the sides are
folded up. The volume of the resulting box is 256 cubic
inches. What were the dimensions of the original sheet of
metal?

Draw graphs of the following open sentences.
(a) ¥ < %% 4+ 6x + 5

(b) y=4 and y = 3x
() v> 3x - 2x°

(@) y=x-6lx] +5.

A leg of a right triangle is 1 foot longer than the other leg
and 8 feet shorter than the hypotenuse. Find the length of
the sides of the right triangle.

2 . 12x + 13

A rope hangs from the window of a building. If pulled taut
vertically to the base of the building there is 8 feet of
rope lying slack on the ground. If pulled out taut until the

-end of the rope Just reaches the ground, it reaches the ground.

at a point which is 28 feet from the building. How high
above the ground is the window?

The hypotenuse of a right triangle is 3 units and the legs
are equal in length. Find the length of a leg of the triangle.

Find the length of a diagonal of a square if the dlagonal is
2 inches longer than a side.

The length of a rectangular piece of sheet metal is 3 feet
more than the width. If the area is 463 square feet, find
the length. -

207
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14, The sum of two numbers is 9 and the difference of their
" squares is 25 . Find the numbers.

15. The sum of 1l times a number and the square of the number is
' 11 . Find the number.

16. John drove 336 miles to Chicago, bought a new car and returned
the next day by the same route. On the return trip his_ayepaéem;
speed was 6 miles per hour slower and took 1 hour longer
than the original trip. Find his average speed each way.

17. The sum of a number and its reciprocal is 4 . Find the numbers

) Review Problems
1. Draw the graphs of the following polynomials:

(a) 3x°

(b) 3x2 + 3
(e) 3(x - é)é
(d) 3x(x - 3)

(e) Explain how the graph of (d) can be obtained from the
graph of (a) .

2. ?GiVen the graph of ¥y = x2 .

(a) Write an equation of the graph obtained by rotating the
graph of ¥y = x2 one-half a revolution about the x-axis.

(b) Write the equation of the graph obtained by moving the
graph of ¥y = x2 vertically upward 3 units.

(¢) Write the equation of the graph obtalned by moving the
graph of ¥ = x> horizontally 2 units to the left.

(d) Write the equation of the graph obtained by moving the
graph of ¥y = x2 one unit to the right and two units
down.
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3. Name the graphs of the following if possible; that is,
"parabola", "line", "pair of lines", "point", etc.

(8) y=x (£) x® -y =1 |
(b) ¥y =x° (8) v =(x-3)°?

(¢) ¥° = x° (h) 0= (x - 3)%

(d) vy = 0.x° (1) x -3 =y and 2x -y =3

(e) x -y =4

4, TFor each of the following find:
(1) the points where the graph crosses the y-axis,
(11) the points where the graph crosses the x-axis,
(111) the largest (or smallest) value of the expression, 1if
there is one. |

(a) x% +2x - 8 (d) - x +‘h

(b) x° + 2x + 3 (e) 12 + x - x°
(c) - x4+ (£) x|
5. Solve
(a) x° + 21 = 10x (d) 35x° - 51x + 18 = O
(b) x° =2x +1 (e) x° +1 = Ux
() x + 6x% =1 (f) x2+2x+2>0

6. The sum of two numbers is 9 . Find the numbers and their
product if the precduct is the largest possible.

7. A boat manufacturer finds that his cost per boat in dollars
18 related to the number of boats manufactured each day by the
B formula,
- » ¢ =n% <100+ 175 .

Find the number of boats he should manufacture each day so
that his cost per boat is smallest.




Chapter 17
FUNCTIONS

17-1. The Function Concept
" Are you good at explaining things to other people? How would
you explain to your younger brother exactly how to find the cost
“‘of sending a first-class parcel through the mails? -
Let us say that you first go to your postmaster and learn
these facts about first-class mail: A parcel welghing one ounce
or less requires Y4 cents postage; 1f 1t weighs more than one

ounce and less than or equal to two ounces, it requires 8 cents
postage, etc. The Post Office will not accept a parcel weighing
more than 20 pounds for first-class mailing.

You would probably first explain to your brother that he
should weigh his parcel carefully and find the number representing
the weight in ounces. To what set of numbers will this number
belong? Describe this set exactly. Now you will explaln how to
determine the amount of postage required. This will be a number
in cents. To what set of numbers will this number belong?
Describe this set exactly. If your brother's parcel weighs 3%
ounces, what will the postage cost 1n cents? How much if 1t
welghs 20 pounds and 15 ounces? (Remember the restrictlon on
the weight of the parcel.) ' v

The problem of finding the amount of first-class postage
really is a problem of palring oif the numbers 22_232 §g§g: The
numbers of the first set are the real numbers between O and 320
representing weights of parcels in ounces. The numbers of the
second set are positive integers between O and 1280 repre-.
senting costs of postage in cents. What you are réally explalning

“to your brother is the description of these two sets and the rule. . ...

which tells him how to take a given number of the first set and
assocliate with it & number of the second set.

270
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Your brother may ask you for a "formula" (to you this would
mean an "expression in one variable") which would automatically
give him the amount of postage for each number n ‘of ounces. Can
you find such a formula which assigns to each real number n
between O and 320 the number of cents in the required postage?
Would ' '

hn

be such.a formula? What is wrong with 1t?

If you can't find a formula, possibly you can satlisfy your
brother with a graph which will tell him at a glance what the
postage costs. Let us draw a portion of such a graph (for n in
ounces from n =0 to n = 5):

251

I

20

| 6 1

I

Interpret the meanings of the circled points and.the heavy dots
on the graph. How would you explain to your brother how to use
this graph to £iad the number of cents associated with 3¢
ounces? With 4 ounces?

y) ';7 1

ad

[sec. 17-1)
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Maybe he would understand the postage problem better if you

drew up a table for him. Let us say that his scales read to the
nearest %- ounce. You fill in the missing numbers in the table.

First Class Postage

: 11| 3 1 1 3 1 1 3 1
ounces T|3|T 1 l-n' 1'§ l-n- 2 E-E 2§ 2’1- 3 3E ces
cents cee

You need*not feel disappointed in not being able to find a
:formula for this assoclation. There are many assoclations of
numbers which cannot be described with an expression in one
variable. The important point is whether the assoclation can be _
descritzd in any way, whether it be in terms of a verbal descriptionm'
a graph, a table, or an expression in one variable. |

There are many places in the preceding chapters where we have
had occasion in one way or another to assocliate a real number wlth
each element of a given set. When an idea such as this turns up
in such a variety of situations, i1t becomes worthwile to separate
the .1dea out and study it carefully for its own sake. It is for
this reason that we now make a special study of associations of
real numbers of the kind 1llustrated in the above postage problem.
First let us examine some more situatlons which involve such
associations. - ‘

Problem Set 17-la
l. In each of the following, describe carefully the two sets and
the rule which assoclates with each element of the first set
an element of the second set.

(a) | Positive integer n| 1|2 |3|4|5|6|7|8]9|10].-.

nth odd integer 1113|5179

(F111 in the missing numbers. What number 1s associated
with 13 ? With 1000 ?)

[sec. 17-1}
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(b)

(a)

Imagine a special computing machine which accepts any
positive real number, multiplies it by 2, subtracts 1
from this, and gives out the result.

L.
S
Multiply by 2 Subtract 1

Nt

|
~e 2

(If you feed this machine the number 17, what will come
out? What number does the machine associate with O ?
With -1 ?) ’

B

Draw two parallel real number lines and let the unit of
measure on the upper line be twice that on the lower line.
Then slide the lower line so that its point 1 1is
directly below the point 1 on the upper line. Now for
each point on the upper (fivst) line there 1s a point
directly below on the second line. (¥':at number is below
-13 ? Below 13 ? What number is associated with 1000
by this arrangement?);

Draw a line with respect to a set of coordinate axes such
that its slope is 2 and its y-intercept number is -1 ..
For each number a on the x-axis there 18 a number b

on the y-axis such that (a, b) are the coordinates of a
point on the given line. (If we pick -1 on the x-axis,
the line associates with -1 what number on the y-axis?
What number is associated with =- % ? With 13 ?)

[sec. 17-1]
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(e) For each real number t such that |[t] ¢ 1 , use the
: linear expression "2t - 1" +to obtain an associated
" number. (What number does this expression associate with
£ with 29)

(f) Given any negative real number, multiply it by 2 and

then subtract 1 . (What number does this verbal instruc- -

tion associate with -13 ? With 0 ?)

In each of the following, describe the two sets involved and
state verbally the rule which assoclates the elements of the
sets., Tell, in each case, how many elements the rule associ-
ates with each element of the first set. ‘

(a) To each real number c¢ such that ¢ ¢ 1, assign a
number
20-5.

(b) To each real number d , assign a number e such that
(d, e) 1s a solution or the sentence "d = |e|" .

(¢c) To each real number X , assign a number y such that
(x, ¥) 1s a solution of the equation

y=3x+7o
{11) To each integer p , assign a number q such that

(p, @) 1s a solution of the sentence "p > q" .

(e) To each rational number u , assign a number Vv such
that (u, v) 1s a solution of the equation

V2=u.

Give a precise verbal description of the associlation of weight

-and cost of a first-class parcel.

" Describe the workings of a machine that weighs a parcel and

automatically places the proper first-class postage on the
parcel.

[sec. 17-1]
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Some associations, such as in problems 2(b), (d), and (e),
assign to each number in the first set more than one number 1in
the second set. You will notice, however, that in all our other
problems and examples, each number selected from the first set was
associated with exactly one number of the second set.

This is the important idea we want to study. = We call such an -
association a function, "

Given a set of numbers and a rule which assigns

to each number of this set exactly one number,

the resulting association. of numbers is called a
function. The given set is.called the domain of
definition of the function, and the set of assigned
numbers is called the range of the function.

Tt is very important to understand that two different rules
give the same function if, and only if, they involve the same
domain of definition and determine the same association of numbers. ..
Thus, the functions of problems 1(d) and (e) are the same, even
though they are described differently. But the functions of prob-
lems 1(a) and (b) are different because they have different domains
of definition.

Now we see that a function.may be described in many ways:

By a table, as in problem 1(a) ; by a machine, as in problem 1(v) ;
by a diegram, ae in problem 1(c) ; by a graph, as in problem 1(d) ;
by an expression in one variable, as 1n problem 1(e) ; or by a
verbal description, as in problem 1(f) .

For our purpose, the most important way of describing a
function is by an expression 1in one variable, since it allows us
to use algebraic methods to study the function. On the other hand,
1t should be -realized that a function need not, and in many cases ‘
cannot, be described by an expression in one variable. (Recall
the example of the first class postage.) The gr-.nical method
18 also important because it enables us to visualize certain

ies functions.
propert of | n 2 :7 r3

[sec. 17-1]
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Problem Set 17-1b
Which of the statements in Problem Set 1l7-la describe
functions? If any do not, explain why not.

For those statements in Problem 2 of Problem Set 17-12 Wwhich
describe functions, write if possible the rule in the form of
an expression in x , where X belongs to the domain ©f
definition. For example, in problem 2(a) the rule is 8lven by
2Xx - 5, where x 1s'a real number less than 1 ,

In each of the following, describe (if possible) the flnction
in two ways: (1) by a table, (ii) by an expression 4N x .
In each case, describe the domain of definition.

(a) With each day associate the income of the ice cream
vendor in Chapter 6.

(b) With each positive integer associate its remainder after
division by 5 .

(¢c) To each positive real number assign the product of %’
and two more, than the number.

(d) With each positive integer n associate the nt? prime.

(e) Associate with each day of the year the number of days
remaining in the (non-leap) year.

(f) Associate with the number of dollars invested at 6% for
one year the number of dollars earned as interests

(g) Associate with each length of the diameter of a clrcle
the length of the circumference.

(h) Draw two identical parallel numbeir lines and slid€ the
lower line so that its O point is directly undeTl the
point 1 of the upper line. Then rotate the lower line
one-half revolution about its 9 point. Now asgCclate
with each number on the upper line the number diré€ctly
below it on the rotated lower line.

[sec., 17-1]
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4, With each positive integer greater than 1 assoclate the
smallest factor of the integer (greater than 1). Form a table
of ten of the associated pairs given by this function. What
integers are associated with themselves?

5, The cost of mailing a package is determined by the weight of
the package to the greatest pound. This can be described as:
To every positive real number (weight in pounds) assign the
integer which is closest to 1t and greater than or equal to 1ELw%h
Does this describe a function? Can it be represented by an
expression in one variable? What is the domain of definition?
(Note that the Post Office will not accept a package which
weighs more than 32 pounds.) What number does this rule
assign to 3.7 ? To 5?2

6. Assign to each real number X the number -1 1if X is
rational and the number 1 1if x 1s irrational. What numbers
are assigned by this rule to -, —'%, - Jéé; 0, %, vZ2,

;%, 106 2 Can you represent this function any way other than

by the verbal description?
7. Sometimes the domain of definition of a function is not stated

explicitly but is understood to be the largest set of real
numbers to which the rule for the function can be sensibly

applied. For example, if a function is described by the

expression then, unless stated otherwise, i1ts domain

—3
x4+ 2°
of definition is the set of all real numbers different from
2. (Why?) Similarly the domain of definition of the function
~ defined by ~x + 2 18 the set of all real numbers greater than
or equal to -2. (Why?) Find the domains of definitlon of the
functions defined by the following expressions:

(2) 2 (c) 3-2 (e) ~/x% -1
(b) vZX = 2 (@) +/ x° (£) ;g—f-u—
[sec. 17-1]
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8. In certain applications, the domaln of definition of a
function may be automatically restricted to those numbers »
which lead to meaningful results 1ni§§e problem, For examplé,
the area A of a rectangle with fixed perimeter 10 'is given
by A = s(5 - s), where 8 1s the length of a side in feet,
The expression s(5 - s) defines a function for all real s,
but in this problem we must restrict ‘s to numbers between O
and 5, (Why?) Vhat are the domains of definition of the
functions involved in the following problems?

(a) What amount of interest is earned by 1nvestihg b
dollars for a year at 4% 2

(b) A triangle has area 12 square inches, and its base
measures X Iinches. What 1s the length of its altitude?

(¢) An open top rectangular box is,to be made by cutting a
square of side x inches from each corner of a rectan-
gular piece of tin measuring 10" by 8" and then
folding up the sides. What 1s the volume of the box?

17-2. The Function Notation .

We havevbeen using letters as names of numbers and occasion- .
ally as names for certain expressions. In a similar way we shall
use letters as names for functions. If f 1is a given function,
and 1f x 1S a number in 1ts domain of definition, then we shall
designate the number which f assigns to x as f(x). The
symbol "f£(x)" 1s read "f of x" (it 1s pot f times x ), and
the number f(x) 1s called the value of f at x .

The function notation is a very efficient one. Thus, when
we wish to describe the function f: "To each real number x
assign the real number 2x - 1", we may write

f(x) = 2x - 1, for each real number x .

[sec. 17-2]
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Then,

-

f(%) 2(%) -l==-5.

i

That is, f assigns to 7 the number -

Similarly,
£(0)

2(0) - 1= ~1.
Also, f(a) = 2a - 1 for any real number a .
What real numbers are represented by
£(-4), £-3), i £(s)
where é is a real numper? If t 1is a real number, then
r(et) = 2(2t) -1 =4 -1 .
What real numbers are represented by:
£(-t), -f£(t), 2f£(t), £(t - 1), £(t) -1 °?

Sometimes a function is defined in two or more parts, such
as the function h defined by '

h(x) = x, for each number X such that x.z o,
h(x) = -x, for each number Xx such that x <0 .

This is a single rule and it defines one function, even though it
involves two equations. It is customary to abbreviate this ruis

to the form
b 4 b4 0
h(x) - ’ 2 ’
-x, x<O0.

What is the domain of definition of h ? The range of h ?
Notice that h(-3) = 3 and h(3) = 3. In fact, we have’ worked
with this function h pefore in the form

n(x) = |x|, for every real number X .

279
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Let us consider another function g defined by the rule:

g(x) = -1, for each real number x such that x ¢ 0 ,

g(x) 0, for x =0,

_g(x)'n' 1, for each real number x such that x > 0 .
It is important to understand that this is also a single rule for
a single function which happens to be described in three parts.

For convenlience in writing, let us agaln abbreviate the above
function g to the form:

“'11 X{O,
g(x) = 0, x=0,
l, x>0.

Notice that: g assigns a number to every real number; hence, the
domain of definition of g 18 the set of all real numbers. What
1s the range of the function? We see that g{(-5) = -1 and.

g(r) = 1 . What reallnuhbers are represented by g(-3.2), g(0),

g@%), g(~/§)_? If a >0, what is g(a) ? What is g(-a) ?
If a is any non-zero real number, what is g(|a]) 2 Is it
possible to write g 1n terms of a rule with a single equation,
as we dld for the function h 1in the preceding example?

Problem Set 17-2
l. Given the functlion F defined as follows:

F(x) = 2 -«% for each real number x .

What real numbers are represented by: T
(a) F(-2) () ®([|-6])

(v) -F(2) (h) F(t), for any real number ¢
(¢) F(-3) (1) F(E)

(d) F(1) -1 (3) F(zt)

(e) x(0) (k) PP

(£) Ir(-6)]

[sec. 17-2]
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2. @iven the function G defined by:
G(t) = |t| for each real number t .

What is the range of G ? What real numbers are represented
by: ‘
(a) @(0)

(b) &(a) - G(-a), for any real number a .

(c) Ef3)

3. Consider the function h defined by:

<1, t <0,
h(t) = 0, t=0,
1, t> 0.

How does this function h differ from the function g
defined in Section 17-22 (Notice that the same function
may have different names and involve different variables,
provided the rule and the domain remain the same. )

4, Consider the function k defined by:
x#£0
k(x) - |“1: ’
0,x=0.

Show that k 18 the same function as the function g
- defined in Section 17-2.

5. @Given the function H defined by:

H(z) = 2° -1, -3<2<3 .

What real numbers are represented by:

(a) H(2) . (a) -H(-2)
(b) H(3) - (e) H(-1) +1
() H(-3) (8) H(3)

ﬁfi . [sec. 17-2]
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(g) H(a), for any real number a such that -3 <¢a< 3.
(h) H(t - 1), for any real number t such that -2 <t < 4 .,
(1) H(t) - 1, for any real number t such that -3 ¢t < 3 .

Consider the function Q defined by:
""1’ "l S x < o 9
Q(x) =
X, 0<Kx<g2.
(a) What is the domain of definition of Q ?
(b) What is the range of Q ?

(¢c) What numbers are represented by

a-1), al-3) ), @), o), am 2

(d) If R 1is defined by

z, 0czg2,
R(Z) =
-1, -1<z2<0,

is R a different function from Q ¢

Let F be the function defined in Problem 1. What is the
truth set of .each of the following sentences?

(a) . F(x) = -1 (¢) F(x) = -3 (e) F(x) > 2

. (p) F(x) <o (d) F(x) = x (£) F(x) g1

Let G be the function defined in Problem 2. Draw the
graphs of the truth sets of the following sentences.

(a) G&(x) =1 (¢) a(x) <1
(b) G(x - 1) =1 (d) G(x + 1) > 2
[sec. 17-2]
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9. Describe how each of the following pairs of functions differ,

if at all:
' X2 - .4
(a) f£(x) = x - 2; F(x) ="%53
y
(b) s(x)=x2-1;G(t)=t2'1
. T+ 1

17-3, Graphs of Functions

One way to represent a function is by means of a graph, as
we have seen early in this chapter. When a function f 1s defined,
the graph of f 1is the graph of the truth set of the equation

y=f(X) .

Example 1. Draw the graph of the function £ defined by:
f(x) =2x -1, 0L x< 2.
Thié is the graph of the equation y = 2x ~ l, 0cx< 2.

Is this the same as the graph of the function F defined by
F(x) =2x -1, -2¢x<2°?

233
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Example 2. Draw the graph of the function g defined by:

"1: XxX<O0 ’
S(x) = 0, x=0,
l, x>0.

. The graph of g 1is

—4?—‘<
v

Problem Seﬁ 17-3a
l. Draw the graphs of the functions defined as follows.

(a) T(?):%B+l, -l <82
(b) G(x) = Ix|, -3<xg¢3
| X, =3 <Lx<O0

, -

(c) U(x)

X, 0<<x<3
() Vv(t) =t -1, 2¢ctg1

"l’. x < o
l, x>0

(£) mu(z) =1zl

(e) h(x)

234
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2. What are the domains of definition and the ranges of the
functions defined in Problem 1?

3. Draw the graph of the function 4 defined by

"'1: ;‘SSX<‘1:
a(x) = x, =1¢x< 1,

X2, 1¢<xg 2,

4, Give a rule for the definition of the function whose graph 18

 the line extending from (-2, 2) to (4, -1), including end
points.

5. Give a rule for the definition of the functlon Whose graph

. consists of two line segments, one extending from (-1, 1) to
(0, 0) with end polnts included, and the other extending from
(0, 0) to (2, 1) with end points excluded. What are thae
domain of definition and range of this function?

6. Draw the graph of a function f which satisfies all of the
following conditlons over the domain of definition,

-2 <xL 2 :
£(-1) =2,
£(0) =0,
r(1) =0,
£(2) =2,

£(x) <0 for 0<x<1.

Now that we know ho: draw the graph of a function, 1t is
ratural to ask Whether a given set of‘points in the plane 1s the
graph of some function. Draw several sets of points-and then ask
yourself what the definition of a functlion requires of its graph:
It requires that to each abscissa in the domain of definition
the e be exactly one ordinate assigned by the function. Thus,
for each number a Iin the domain of definitlon of the function,

(sec. 17-3]
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how many points on its graph have this number as abscissa? If a
vertical line is drawn through the graph of a function, in how

" many points will the line intersect the graph? How would you
state the rule for a function in terms of its graph?

Problem Set 17-3b
1. Consider the sets of points, coordinate axes not included,
indicated in the following figures.

2+ 2+ 2-
L+ LT IE
—+ +—+ +— ——t
%2 PN 2 -1
(e) 4 (£) + (&) -
2 2
(k)

Which of the above figures is the graph of some function?
[sec. 17-3] '

286




528

Give the reason for your answer in each case, As an illus-
tration, consider figure (1). This is the graph of a function
f whose domain of definition 1s the set =~ all x 8such that
-2 ¢ Xx £ 2 . The rule for the function van be stated as

follows: If -2 < ag 2, then f(a) = b, where (a, b) 1is

3.

the (unique l) point on the graph with abscissa equal to a .

The accompanying figure is the graph of a function h . From
the graph estimate

(a) n(-3), h(0), h(2);
(v) the domain of definitlon of h;

(¢c) the range of h.

y
puy 2
7 ] S
7 N,
4 -3 -2 119NN 1 2 3
4
-3

Let G denote a set of points in the plane which 1s the

vgraph of some function g .

(a) For each x 1in the domain of definitiov of g ,
explain how to use the graph to obtain_ g(x) .

(b) How do you obtain the domain of definition of g from
the graph of G ?

(¢c) Show that if (a, b) and (c, d) are any two distinct
points of the graph G, then a £c .

[sec. 17-3])
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4, Let G be any set of points in the plane with the property
that, if (a, b) and (c, d) are any two distinct polnts of
G, then a # c . Show that G 1s the graph of a functlon.

5. Draw the graph of the equation y2 =X, for 0 < x <K y , 1Is

this the graph of some function?

17-4. Linear Functions

A functlion whose graph is a straight line (or a portion
thereof) is called a linear function. You have already worked
with linear functions in Chapter 1%, but there they were studied
in the form of linear expressions. Can each straight line in the
plane be consldered as the graph of some linear function? How
about the line whose equation is X = 2? Can each linear function

be represented by an expression in one varlable? What is the
zgeneral form of such an expression? (Recall the y-form of the
equation of a line.) '

Problem Set 17-4
1. If £ 1is a linear function, then there are real numbers A
and B such that f(x) = Ax + B for every x 1n the domain
of definition of f .

0 .

(a) Describe the graph of f if A

(b) Describe the graph of £ if A =0 and B=20.

(e) Determine A and B 1if the graph of f 1is the line
segment Jjoining (-3, 0} and (1, 2), including end
points.

(d) What is the domain of definition of the function in
part (e¢) ?

(e) Determine A and B 1if the graph of f 1s the line
segment joining (-1, 1) and (3, 3) excluding end
points.

[sec. 17-%4]
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5e

(f) What is the slope and y-intercept of the graph of the
function in part (e)?

(g) What is the domain of definition of the function in
part (e)? ’

If L 1s the complete line containing the two points (-3, 1)
and (1, -1), describe the function h whose graph consists
of the points (x, ¥y) of L such that

-2¢y<K2.

Which of the following expressions describe a linear function
(1.e., with a straight-line graph)?

(8) -(x - 2) (d) x| -2
(b) |x - 2] (e) (-x) -2
(c) x_—LE.T (£) x2 - 2

Let f Dbe the ginear function defined by:

f(x) = x - 2, for every real number x .

Write each expression in Problem 3 as a function g 1n terms
of the glven function f. Fxample: The expression (a)
describes a function g such that

g(x) = -f(x), for every real number X .

How are the graphs of f and g related in Problem &4,
parts (a) and (e) ? Draw each pair with reference to a
separate set of coordinate axes.

If F and G are linear functions defined for every real

X by
F(x) = -3x + 2, G(x) =2x - 3,

explain how the graph of the sentence

(v-rx)(v-0) =0

is related to the graphs of F and G. (Do this without
drawing the graphs of F and G .)

[sec. 17-4])
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17-5. Quadratic Functions ‘

We described a linear function in terms of a linear expres-
sion in one variable; i.e., any linear function f can be
defined by

f(x) = Ax + B,

where A, B are real numbers. It i1s natural to define a
quadratic function as one which 1is expressed in terms of a

quadratic polynomial in one variable,

Ax2 + Bx +C ,

where A, B, C are real numbers. If A = O, the quadratic
polynomial is reduced to the linear case; hence, we shall assume
throughout the remainder of this chapter that A # O.

Example 1. Define the function g by:
2

g(x) = 2x° - 3x + 1, for every real number X .
Then o

g(0) =1, ) =2 -3 +1=-1,

g(t) = 2t2 - 3t + 1, g(2t) = 2(2t)% - 3(2t) + 1

=8t% - 6t + 1,
gt - 1) =2(t -1)2 - 3(t - 1) +1 =2t - 7t + 6 .
Also, since g(x) = {2x - 1)(x - 1), it follows that
g(3) =0 and g(1) =0 . (Wny?)
Notice that

g(]-2]) = 2]-21% - 3]-2] +1 =3,
whereas
) 2
le(=2)] = l2(-2)2 - 3(-2) + 1] =15 .
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1.

2.

Problem Set 17~5a
Let f ©be the quadratic function defined by

£(x) = x° - 3x - 21, for every real number x ,
and g the quadratic function defined by

g(x) = 3x° - 2, =3<x< 3';
(a) Determine f£(-2), f£(-3), £(0), =), £(3);

£(a), f(%), f(a + 1), where a 1is any real number.

(b) Determine g(-2), &(-3), &(0), &(3);
g(et = 1), -1l<tc2.
(¢) Find the truth set of the sentence "f(x) = 0" .
(d) Draw the graph of the sentence "f(x) < 0" .
(e) Determine f£(t) + g(t), -3 <t < 3.

(f) Determine for the real number a
f(a) + 3, f(a + 3), 3f(a), £(3a) . .

(g) Are all the resulting polynomials in part (£) quadratic
polynomials in a ?

(n) Determine f(t)g(t), -3 <t < 3.

(1) Is the resulting polynomial in (e) a quadratic polynomial
in t ? How about the resulting polynomial in (h) ?

Describe the functions involved in the following problems.

.State the domains of definition, and solve the problems.

(a) What is the area A of a triangle if the length of the
base 1s b 1inches and the altitude is 10 inches
longer than the base?

(b) What is the product P of two positive numbers if the
larger plus twice the smaller, s, is 120 ?

[sec. 17-5]
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(¢) 120 feet of wire is to be used to build a rectangular
pen along the wall of a large barn, the wall of the barn
forming one side of the pens If L 1s the length of the
side of the pen parallel to the wall of the barn, find
the area A of the pen.

3. Draw the graph of the quadratic function f defined -by:

(a) f(x)=x2+x—1, -3<xg?2

(b) f£(x) = 3x° - 3, =2<x<?2
(e) £(x) = =x° 1, -2 ¢x<3

In problems 4 through 8, refer
to Figure l. and the graph of
Yy = x2, and also refer to
Section 16-1.

Figure l.

4, For any real number X, x? > 0. (Wnhy?) Also, x% = 0

‘ if and only if x = O . Explain why the graph of ¥y = x2
lies entirely above the x-axis and touches the x-axis at a
single point (0, 0).

5. For aﬂy real number X,

(-x)% = x° .

[sec. 1T7-5]
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If (a, b) 1s a point on the graph of y = x2, prove that
(-a, b) 1is also on the graph. (This means that the portion
of the graph in Quadrant II can be obtained by rotating the
portion in Quadrant I about the y-axis. We say that "the
graph of y = x°"  1g symmetric about the y-axis.)

6. If x 1s any real number such that 0 < x < 1, then
x2 < x . (Wny?) Show that.the portion of the graph of
¥y = xz, for 0 ¢ x <'1, lies below the graph of Y =X o

7« If 1 ¢ x, then

X < x2 . (Why?)

Show that the portion of the graph of ¥y = x2, for 1 x,
lies above the line y =x .

8. If a and b are real numbers such that 0O ¢ a ¢ b, then

a® ¢ b2, (Why?)

Show that the graph of y = x2

the right from O .

rises steadily as we move to

9. Show that a horizontal line will intersect the graph of
¥y = x2 in at most two points.

10. Choose any point (a, a2) on the graph of y = x° . What

18 the slope of the line containing (0, 0) and (a, a°) 2
As we choose polnts of the graph close to the origin

(a close to 0) what happens to the slope of-this line?
Can you explain why the graph of ¥ = x2 is flat near the
origin?

Problems 4 through 10 Justify the graph of y = x2 drawn

in Figure 1. This graph is an example of a parabola. The point -
(0, 0) 1is called its vertex, and the line x = O is called its
axis. ' '

[sec. 17-5]
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With our knowledge of the graph of y = x2, we can obtain
graphs of other quadratic functions. This was done in Section
16-1 for particular quadratic functions. Let us verify these
extensions of the graph of ¥ = x2 to the graphs of
v = Ax?2 + Bx + C for real numbers A, B, C, where A £0 .

Problem Set 17-5b
1. Describe how the graph of
v = ax® differs from the
graph of y = x2 in each

of the following cases.

(a) 0gacxl

(p) a>1
(¢) -1 <cac<o X
(d) a < -1

(e) |a] very large.
(Refer to Figure 2.)

2. Describe how the graph of

y = x2 4+ k differs from

the graph of Yy = x° 1in.
each of the following cases.

(a) k>0
(b) k<O o) X
(Refer to Figure 3.)
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3. Describe how the graph of y = (x ~ h)2 differs from the
graph of ¥y = x2 in the cases:

(Refer to Figure 4.)

y
" .
%) " )
* " !
X 44 > Nad
" n
> >
13
12
T1
4 —t —— ——t—x
-§ -4 -3 -2 - IO 1 2 3 4 ]
Figure 4.

4, Using the results of Problems 1 to 3, describe without drawing
their graphs the appearances of the following parabolas.

(a) v =(x+1)? (e) v =2(x -~ 2)°2

(®) ¥y = -x (1) y= (x+1)? 1
(¢) y=x%-3 () vy=2(x-1)2-1
(@) v =-(x - 1)? (h) ¥ = -2(x +1)% - 1

5 If a, h, k are real numbers, discuss how the graph of
vy = a(x - h)2 + k can be obtained from the graph of
¥ = ax2 . What is the vertex of the parabola
y = a(x - h)2 + k ? What is the equation of the axis of
this parabola?

6. What is .an equation of a parabola whose vertex is (-1, 1)
and whose axls is the line ¥y = 1 ? How many parabolas
fulfill these conditions?

[sec. 17-5]
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17-6., The Graph of y = Ax2 +Bx + C

In Section 16-2 we learned how to write a quadratic polynomial
Ax2 + Bx + C in the form a(x - h)® + k . We called this latter
form the standard form of the polynomial. In the preceding section
we learned how to draw the graph of the equation y = a(x - h) + K.
Thus, we have a method for d  awing quickly the graph ‘of any
quadratic function.

Example 1. Draw the graph of the function f deflned by:
£(x) = ~3x2 4 6x - 1 .

By completing the square, we obtain:

3 4 bx - 1=-3(x2 -2x41) -1 +3=-3(x-1%+2.

The graph of ¥ = -3(x - 1)2 + 2 1s obtained from the
graph of y = --3x2 as indicated:

y !
, 10,2)
|
+1
-2 -l | '3
) 3
~ ] "
" | y
! +-2 \I b
" | ”
> \
4-3 : i
| +
o~
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To verify that the process of moving the graph of y = -3x°
to the right 1 unit and upward 2 units will actually yileld
the graph of y = -3(x ~ 1)% + 2, let us argue as follows:
Suppose that (a, b) are the coordinates of a point on the graph
of the equation ,

¥y = ~3(x - 1)2 +2 .
Then these coordinates must satisfy the equation; i.e.,

| b= -3(a ~ 1)% 4+ 2
is a true sentence. But then

b -2=-3a-~1)°
is also a true sentence. This final sentence asserts that the
point with coordinates (a ~ 1, b - 2) is on the graph of
Yy = -3x2 . But what are the relative positions of the points
(a ~1, b~2) and (a, b) ? From (a - 1, b - 2) we must move
1 unit to the right and 2 units upward to arrive at (a, b) .
That is precisely what we did to every point on the graph of
vy = -3x° to arrive at a point on the graph of y = -3(x =~ 1)2 + 2.

Problem Set 17-6 .
1. Write the standard form and draw the graph of each of the
following quadratiic polynomials.

(a) x® - 6x + 10 ,‘ (d) -x° - x +-%
(v) er + 4x -9 (e) 1x° + bex + ¢
(¢) 5x° - 3 C(e) 5xP -3k - =2

2. For each quadratic polynomial of problem 1, find the points
(1f any) where the graph crosses the x-axis.
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Prove the Theorem: Given any quadratic polynomial ,
Ax° + Bx + C, there exist real numbers a, h, k such that

a(x - h)2 + K = AX® + Bx + C, for every real number X .

The numbers é, h, k are related to the numbers A, B, c
by the true sentences

2
: B hac - B
a=A, h=--§-A-,k=-—&—mA'—‘—

The problem of changing a quadratic polynomial, such as

-2x% - Ux + 1, into standard form can also be handled as
follows. Let us f£ind numbers a, h, k (if possible) such that

2

a(x - h)2 + k= -2x° -~ bx + 1

for every real number X . By simplifying and regrouping the
left member, we write

ax2-2ahx+(aha+.k)=-2x2-ltx+1,

for every real number x . Now we see at a glance that we -
must find a, h, k 8o that

a=-2, -2sh=-4 anf+k=1. (y?)

If &= -2, then "-24h = -4" 1s equivalent to "bh = -,

i.e., to "h = -1" . Also, if a = -2 and h = -1, then

nan2 4 k = 1" 1is equivalent to "-2 + k = 1", l.e., to

Mg = 3", With a= -2, h= -1, and k = 3, we have
-2(x + 1)2 +3 = -2x° - bx + 1, '

for every real number x .

Using this method write each of the following in
standard form.
(a) 3x° - Tx + 5 |
2 13
(b) 5x -.3x + 50

(e VAxe + BXx + C, where A, B, C are real numbers.

908  ,,__”‘ B
[sec. 17-6]
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17-7. Solutions of Quadratic Equations
Consider the three quadratic polynomials

x° + 2x - 3, x° + 2x + 1, x° +2x 4+ 3,

and thelr graphs shown in Figure 5.

[sec. 17-7]
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e + 2x - 3 crosses the

Notice that the graph of ¥y = X
x-axis in two points; the graph of ¥y = x2 + 2x + 1 touches tl.e
x-axis in a single point; and the graph of ¥ = x° + 2x + 3 does
not intersect the x-axis gt alll What 1s the ordinate of any
point on the x-axis? Another way of describing the intersections

of these graphs with the x-axis 1s: The truth set of

i x° +2x -3=0 is (-3, 1),
‘ of x2 +2x+1 =0 1is (-1} R
of x> +2x+3=0 1is £ .
In general, since the graph of
¥ = AX® + BX + C

is always a parabola (if A # 0), it seems evident that the truth
set of the quadratic equation

2

AX“ +Bx +C =20

will consist of two, one, or no real numbers according &s the
parabola intersects, touches, or does not intersect the x-axis.

We have already learned how to solve a quadratic equation
whdse left side can be factored as a polynomial over the integers.
Now conslder the quadratic polynomial

x° 4+ 2x - 1.

We know thét it cannot be factored as a polynomial over the
integers. (Why?) In Chapter 12 we learned how to write this as

2

x2 2% - 1= (x +1)% -2

(x +1)% - (V22 ,

i.e., as the difference of two squares. Hence, we may factor
x° + 2x - 1 as a polynomial over the real numbers:.

x2+2x—1=((x+1)+~/_2_)((x+1) -fa*—).

(Verify this by multiplying the factors.) Then

[sec. 17-T]

300



: 5k2

(x +1+vV2)(x+1-~+2)=0,
x+1+vV2=0 or x+1-+vV2=0,

X = =l - 4/2 or x==1+/2 ,

are all equivalent sentences, and so the truth set of
x2+2x-—1=0 is -1-«/2,-‘1+~/’§}.

This example suggests a general procedure for:determining
whether a quadratic equation has real solutlons, and, if so,- for
finding the solutions. We have shown that any quadratic equation

Ax2 +Bx +C=0

can be written in standard form

Let us assume that a 18 positive. Otherwise, we may multiply
both sides by (-1). The case in which "k - is a positive number
. can be dlsposed of quickly, because we have learned that the
graph of a(x - h)2 + k 1ies entirely above the x-axis if a

. and k are positive. Then it cannot cross the x-axis. 'Hence,
there are no real solutions of the equation if k > 0 .

If k = O, we saw that the graph of a(x - h)2 touches the
x-axls at the point (h, 0). Hence, there 1s one real solution
if k=0,

This leaves the case in which k is a negative number. Now
we.may write

a(x - h)2 4+ k= a(x = h)2 - (k) .

If k ¢ 0, 18 there & real number whose square 18 (-k)'? How do
we factor the difference of two squares? Your result should be

a(x = h)? = (=k) = ( V/&(x - h) + V=K)( V&(x - h) - vV k) .

[see. 17-T7]
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Thus, if k 1is negative, the polynomial a(x - h)2 + k can
always be factored as a polynomial over. the real numbers, .and the
equation has two real solutions.

2

Example 1. Factor (a) 2x° + 3x - 1, (b) x + 3x 4+ 4 .,

2 + 3x -1

2(x + 92 - H  (vertey this.)
2 ((x +13r)2 ~ %)
(b))

(o3 e LY (x 3 - ).

2 .
(v) x° + 3x + b4 = (x +-%) +'% . (Verify this.)

Here k 1is a positive number, and we cannot factor this
sum of two squares as a polynomlal over the real numbers.
In fact, x° 4+ 3x + 4 can never assume the value O for any
real number X, because x° + 3x + 4 is the sum of a non-

negative number (x +-%) and a positive number % .

(a) 2x

Example 2. Solve the equation x - 3x2 +T=0.

The equations x - 3x2 + T =0,
3x2-x-7==0,

[~

ax -3 =% =0, (my)
(x -5 -8 a0, (my2)

x - % + —-%?-n 0O or x =~ % Y85 o ,

[sec. 17-7]
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are all equivalent. Hence, the truth set of

x-324+7a0 s |2=YB  LadEL

Problem Set 17-7
1. Factor the following quadratic polynomials over the real
numbers, if possible.

(a) t° - 10t + 26 (£) 2 -2z - 2°
‘ (b) 6x° - x - 12 (g) 1 - 5x°
| (c) %xa +4x + 6 (h§ 7x %;x * g
(@) 4% +2y + 3 (1) 5v2 - 5v - &
(e) x° + Tx + 14 (3) x® + (a + b)x + ab, aand b

any real numbers .

2. Solve the following quadratic equations.
2 4

(a) 4 -3x° a0 (e) =%+t +1 =
(b) % - x - 3x° = O (£) %ya +2 -3=0
(¢) 4 -x+3x°=0 (g) -2¥° + ¥ --% =0
(d) 8% - s ~-% = 0 (h) an® = Tn

3. Consider the quadpatic polynomial in standard form,
a(x - h)2 + k, where a, h, k are real numbers and a # 0 .

(a) sState a rule for deciding whether or not this polynomial
over the real numbers can be factored.

(b) If a, h, k are integers, what conditions on these
numbers guarantee that this polynomial over the integers
can be factored?

(¢c) State a rule for deciding whether the truth set of
a(x = h)2 + k=0
contains two, one, or no real num.ers.
[sec. 17-T])
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Translate the following into open sentences and solve.

(a)

The perimeter of a rectangle 18 12 inches and its area
iz 7 'square inches. What is the number X of inches
in the length of its longer side?

(b) oOne side of a right triangle is x inches and this side
is 1 4inch longer than the second side and 2 inches
shorter than the hypotenuse. Find x .

(¢) The sum of two numbers is 5 and their product is 9 .
What are the numbers?

Consider the general quadratic ne? A :xa +Bx +C .

Show that

' 2 2
2 B BS -~ lAC

a) Ax" +Bx +C = A (lx + - )

(a) | (x + =) a?

(b) If B® - BAC < O, then Ax® +Bx + C = O has no real
solutione.

(e) Ir B? - BAC =0, then Ax° +BXx +C =0 has one real
solution, x = =~ % .
(d) If B® - BAC >0, then Ax> +Bx +C = O has two real

solutions,

_ 2 +vV % - lac - -V B2 _ ipc

2A > E = 2A .

X

(This latter sentence is c&ited the quadratic formula for
finding the solutions of te quadratic equation.)
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multiplicative inverse, 162, 163, 172, 202 B
natural numbers, 2 , oo~
negative exponents, 273
negative number, 118
negativé real mmber, g8
- null set, 2
number, . :
irrational, 98, 118, 287, 299
line, 7, 9, 97, 101
natural, 2
negative, 118
negative real, 98
of arithmetic, 11
positive, 113
positive real, 98
rational, 9, 98
real, 98, 118
whole, 2 ,
number line, 7 ,797, 101, 155
number plane, 405
numbers of arithmetic, 11
numerais, 19
numerical phrase, 21
numerical sentence, 22
numerator, 223
one, multiplication property of, 58, 71, 151
.open phrase, 42, T7
open sentence, 42, 56, 82 : i
opposites, 108, 110, 118, 209 | 5
addition progerty of, 131, 141 R
ordered pairs, U40
order relation, 185
ordinate, 406
parabolas, 500, 53% -
pattern, 196
perfect square, 286, .330, 367
phrase, 21
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polynomial
inequalities, 398
over the integers, 314
over the rational number, 347
over the real numbers, 357
positive number, 113
positive real number, 98
positive -square root, 283
power, 267 ]
prime factorization, 225
prlr v upers, 252, 25 '
P oswve of rea. numbers (definition), 147
proof, 137 : ‘
by contradiction, 174, 288
proper factor, 248
properties o
of addition (see addition property
of comparison, 105, 118, 185, 202
of equality, 205 '
of exponents, 271, 273
of multipli=ation (see multiglication property)
transitive.—roperty, 106, 118, 185, 202, 205
proper subset, 1=
property, 23
proportional, 48z
‘quadratic equatizm, EOS, 540
quadratic formui=z, 545
quadratic functinn, 531
quadratic polynamial, 317, 334, 368, 493
quotient, 359
- radicals, 286, 290, 294
rangs, 516
ratio, 233, 480C
rational expression, 351
ratlonalizing the denominator, 296
:rational number, 9, 98
“real number, 98, 118
~reclprocals, 172, 175
~reductio ad absurdum, 174
‘reflexivity, 205 S
. remainder, 359
-roots, 283 . '
satisfy a sentence, 412
sentence, 22, 41
compound, 56
numerical, 22
open, 42, 56, 82
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set, 1
- empty, 2
element of, 1
finite, 5 ,
infinite, 5
member of, 1
null, 2
solution, 134
truth, 45, 56
Sieve of Eratosthenes, 254, 255
simplest name for a number, 2h2
slope, 427
solutions, 134
of eguations, 167
solution of a sentence, 412
solution setv, 134
soive, 134
square, 267 . '
square of a non-zero number 1is positive, 197, 198
square of a number, Ly
square root, 283, 284, 300
trial and error method, 300
/2 1is irrational, 287
to approximate vX , 306
squaring in- equatlons, 394
standard form, 300, 503, 537
structure, 201 ‘
subset, 3
substitution method, B2
subtraction
.definition of
fractions, 25é
in terms of distance, 219
is not assocliative, 213
on the number line, 241
substitution method, 482
successor, 7
symbol " & ", 302
systems of equations, 465
systems of inequalitiles, 485
terms of a ghrase,.158
theorem, 13 .
transitive property, 106, 118, 185, 202, 205
translation :
from equality to order, 191
from order to equality, 191, 193
truth set, 45, 56, 167
of a system, .
unique, 137, 164

209, 241
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value of a funection, 519
variable, 37, 77, 102
- . 'value of, 37
- ‘vary directly, 438
vary inversely, 439
vertical change, 428
vertex, 500
"whole number, 2
~y-form, 414
y-intercepts, 426
y-intercept numbers, 42€
zero
addition property of, 57, 71, 131, 141
has no reciprocal, 174
multiplication property of, 58, 72, 146
zero exponents, 273 ‘
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