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ABSTRAC
. ‘ .

The report provides s susmary of the rationale for questfoning
the applicabiiity of classical rcliébi!ity Qeasures to critcrlén—
refersnced %ests; an extensi@n of the classical throry of trué and
srTOr Scores to incorporate a theory of slichotomaris decisions; a Pe-
sentation of the mean Spiit~half coefficient of égfecmcnt,'a Qinnge

sdministration test :ndex designed to measure the interpal comsistency

”, v 4

of dichotomous classifications; and information concerning the proper-
ties, under varying conditions, of this new coefficient and several
other single-administration test andices, as gell as their interrela-
rionshxpﬁ. o

Sinula:cd data were used to provide answers to questions about the
behnvlar of coefficient bata relative to variations in score d‘str:bu-
Lion, cri:eriQn Xeyci. number of ;xaéznee5,‘nupb;r of items, and certain
basic tcst statistics. §1 was determined that cbéfficient beta in-
creases 83 the number of items increases, but in a nanner different
froz that predicted by the Spcarmnn-arown prophecy formula. It was
aiso shown that :h; value of th:'co:fficicnt increaser as the bulk of
' scores departs from the criterion cutoff.

‘Relationships between ceefficacnt beta and other test indices are -
presented. Most prominent among these is the indication that for uni-
wodal score distributions, cocfficient betﬁ and Livingston's szx‘

have siwilar ranges of vatue and fluctustions aver c¢riterion level,

whereas this relationship Jdoes not held for binmodal distributions,

xilf

13



sxncc uocffxcxcnt hcta is - scns:t19c to the mode(s} of thc score

LA

dxstr:bu;:on uhxlc k is %cnsxtxvc to thc !C§t mean.

TX
/
; o s
. . . .
- L}
.4
,
h )
&
xivy -
Qo , -7 . !

ERIC

Aruitoxt provided by Eic:



CHAPTER 1 -
INTRODUCT 10N "

Béhavioral Objcctives,.Ih&iQidualized Instruction, and Mas-ery Learnbng

In the past dbcado, cducators have given dn incroasing amaunt of
attention to the related ideas of behavioral objectivos, individunlized
instruction, and mastery Iearning. These idoas nay be nothing more
than what ;ood teachers havo been using or uorﬂing toward for centuries,
but it cannot be denied that fbrmnliziﬂg and labeling thun has had and
will contihue %o have a great impact on education ' -
3 The notion zhat a curriculun, or at ieast i rtanf parts of it -
can succernsfully be broken down 1nto sets of be vioral objectives 3
has beeu advancod by aeveral authors {e.g., Gagné, 1965}, and within
the past few yours there has been a progrossion fron tho theoretical to
| the practical, from 5chola'1y arti;les to the coanercial educational
marketplace. Such coumcrcially available programs as thc li;ggn;in_ng

sign for R&ading;;kill Deyelopment (Otto § Askov, 1974); Developing

Mathematical Processes (Developing Mathematical Processes Staff, 1974),
and Science--A Process Agproach (Anoric&n Aiéociation for the Advance-

ment of Science Comission on Science Education, 1965)‘!;, rcpresenta-.——f
tive of this nove from -theory into ptactxce.

But educational reform has not stopped with the devolopnent o“
ﬁurrlcula based at least in part on behavioral objectivos. Along with

the shift toward objectives has come an increased aqpﬁ;sis on flexibility,

.’ | : : | | 15 :‘ . . -
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in instruction, td give each pupil iat least in théory)’a better. chance
of receiving the k;nd of 1nstruct10n that best meets hxs needs. One
reason for such a system o£\xndzv1dualxzed znstructxon (Klausmcxer,
Quilling, Sorenson WNay, & Glasrud 1971) 15 that 1nd1vxdudﬂs in a
Riven group do not all leﬂrn a given set of materxals at the same rate
or by the same ucthods, a_fact which has been all too psxnfuily ob«

SN

vious to genetations -of teachers fa od w;th pupxls ort one end of the

N el

ability spet;rum who exhibited bo:edbm and pupi!g»on the other end
who felt frustrafed when they have used a puce n&&;forn of presentation .
appropriate for some pﬁéils in thé'middle. ;

A _system of behav;oral vbjectives and xndxvzduaixzed instructxon,p
however, offers hope' :h& ob;ectives allow the teacher to concentraté

» \

on a di cre'e block of material, and indxv;dualazatxon 1uproves the
v \
chances that a. ngen student wi'l spend nextber more nor Iess time on

tig: matcrxal than is needed .5, of course. raises the questxon,

Y

"How nuch time 1s 'enough'?“ Although this questicn is $0 openrended \
as to have frustrat‘d many . theoretxcxans and rcsearchers, a good bit
"has been wrztten on the topxc. uhxch hns come to be known as the :
-"mastcry lcarnxng" issue. While much of the current interest in G‘N-
‘tery 1earn1ng was given impetus by an article by @oon (1968), the -
underlying philosophy has p;of1ted fron contributions of many writers
(e.g., Carroll, i963) . - '
One can easily discuss mastery learning in a theorotical way, but

to make the concept opcratibﬁnl in a classroom neans defxnxng nastery i
for a gxucn behavioral ob;ectxve, and this in tum nccessitates descrxb-'

b
*  ing the method by which mastery is to be assessed. Thxs descr:ptxon

.

h

15 .




i3
' does not usually prv.jsent too .great a difficulty; if a behavioral ob-
NN - o S R
jective is'explicitly stated, it is generally possible’to explicate
how mastery can be assessed. Evans (1968)'c1aiﬁs' however,‘that the

behavioral ob;ectives are less important operat1onally -than the assess-
ment instrument; He mn;nta1ns that tbe posttest not the list of be-
.havioral obfect’ves, is the ultimate operatxonal.measure of what a
"teacher is trying to.teach.~ While master} may sometimes have to be»
. assessedeby somewhat uncoumon methods, this report will only concern
xtself w:kh the famlllar paper«and-pencll tgst format. |

—

Criterion-Referenced Tests

. There are several kinds of instruments whose stated phrpose is to
// 'assess mastery. -They dlffPt in the number of ob)ectxves 1nvolved the

number of ztems per obJectxve nomenclature, the meanxng of criterxon

and the 1nterpretatxon ngen to the test results. '

L]

Some 4ests measure only one’ bbJectxve (DMP Staff 1974), others.
4 !

encompass/several ob;ectzves. Of these,'some test each obJectlve Nlth o
a slngle test item (Gessel 1972) uE/}e others require more than one, .

TheJe are several names ngen by ‘various writers to these assess-

K

* ment lnséruments' mastery test, object;ves-based test obgectlve-_
¢ .

l
referenced measure, domnzn-referenced test and cr1terion-referenced

h ‘ test. -This last term, 1ntroduced over a decade ago (Glaser. ‘\93) has

ga;ned peghaps the widest currency. Such wxdespreed use has also re-

~

‘sulted in wzdespread abuse, sxnce this single term is employed to

cover a range of test types and Anterpretations.. Recogn1212§ thxs

,prob{em. nlon [197&) and Mxllman (1974).have offered schemata for
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. labeling various kinds of briterion-referenced tests.

In addition, some audhors disagree on the -eaning of the uord
criterion.. Sone writers e, g., Nitko 1971) uaintain that criterion

means some observable*s rd of perf rnance, others (e g ’ Harrxe &

-

,Stewart, 971) define it ns a specified»percentage of corrcct responsesn,
© on test items. Some writers indicate t&at intefﬁ*etation of the ;est

=.rosults should take into dccount how 1 ituls were re#ponded to cor~

Al

_'rectly “or how far fro- the crdterion thexexanxneo s score liee. uhereas |

tw_- “

| others naintain thag the sole nntter of inportance is whether uastery '

. was ettained. At an even,lore basic ievei, there are writers (Sipon, .
e,

1969) who argue thnt therh is no such thing as a critezaon—referench

N 4

" test separate from a mote traditional norn-referenced test. rather,_ l
the interpretation one. pdtsnon fhe score (absolute nunber rather than :

'relatxve ranking) is the basis for the distinctipn. .

/" SRR Any. of 'these vieunoints may have merit, ueuever, for the purpose

Ry EEY

- . of this regprt a criterion~referenced test (CRT) is’ defined as a test

’ - )

) that mea ures perfor-ancd on aI51ng1e behavioral objective. that has
‘several itens draun fro- uellzdefined uniwprse, end whose results’
_yield a dichptouous -aste /nonnﬂbtery decisxon witﬁ roference to a: ?';ﬁj
_?;predeter%ined criterion level expressed as a percentage of itens ' |
T ‘ ln'answered correctly. As s&ch 1t coles closest to Roudabush's (1974]
category of a pseudo-continuous neasure u€ a, didhotouous true score
It nlso scems to fall inte uillnan'; (1974) category of J‘ﬂRDAD. or
:crxterion referenced differential assessnent device, aitnaugh this writer .
docs not ngree with all the nuances of 1-plication of the CRDAD classifi- .

P

cation. Sono of these arens of dxsngrecneﬁt will be discussed in the

IR 1:1




- next chapter.

f-;_./ E It willselso'be shown in the next chapter that a CRT, as;defined '

: _ o _ R Ve
. -~ above, differs from the more familiar norm-referenced test in several

o

‘ (Endamental aspects: purpose, test specifications, desired score

Ped

distriﬁptions, method of reporting seores, and-meening of reliability,
among others. Thus the two kinds of tests aie quite different and,
élthough they share some properties, one.kind is not, for example, a

" special instance or a generalization of the other.

¢

. C Qverview | o ) }iﬁafu

This report deafs'with CRTs as'previousiy defined; and its major
focus is-on the notlon of LRT rellablllty. Because thefpurpbses, con-
structron appllcatxon, and psychometrzc theory of CRTs arerconszdered'

- by mnny to dlffer from: those of norm- referenced tests (NRTs), serious
K L .
C- questxons have been xalsed in recent years' as.to ether class1cal

.

-

' rellabllity measures ought to be applied- to CRTs

R S

In C‘hapter II several of these questmns rgt raised .e:_x’x_d‘inv@

A

e tzgated and an attempt is made to.show that ctasical reliebility

o .

1't‘- .‘ 1ndices are not mean1ngfu1 for at least one importsnt aspect of CRTs.

5

An extenslon of the classical mathemat1cal model that 1ncorporates Eﬁxs

ter

aspect of CRTs is suggested and a deflnltlon of CRT reliabxlxty is pre-

-

. sented. Also suggested 1s a set of cr1ter1a for a. CRT rellabxlxty 1ndex..
Chapter 111 is an exposlt1on of coeff;clent beta, t.e mean split-half
' . coefflcient of agreement (Marshall § Haertel 1975), 'recentli de-
- veloped s1ng1e-adm1nistratlon CRT rellablllty coeffic1ent. Thi"ideﬁ ’
ﬁQt‘.-. coeffbc1ent is based on the theory preserted in Chapter II and meets the

critsria suggested thereirx. - 19 R I . | _. N

!4 . '
5 \ - tor
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In Chapter IV, a few other CRT\ indices that have been presented

in the recent llterature 1nc1ud1ng those of szzngston (1972a) and
s
Harrls (1972a), are discussed with emphasxs on how well they meet the

crzterza’suggested in Chapter II. In addxtxon; other 1nd1ces used
. . M '

Y

-
“« - -

in this study are defined. :

/- ' ‘ ‘ Chapter V presents the questions.investigated in thie study con-
‘g’ .
cernzng propert1es of coeffxc1ent beta and its relations to other test

1ndxpes. The statxstxcal nethodology utilized in ansnering these

‘questions is doscrxbed, as is the computer prod!!ﬂ-vd%ﬂ’:o generate

the sieulatod data for the_ study. S : Y

> ot - . : ! oo ‘2 .
.Chapter VI presents tle results of Iiese investigation} anu draws
.ot : . . FY . S .. N
. a number of conclusions, uxd Chaprar YiT nifers a summary and suggests

areas for future reﬁfarch. . : /s -

The' purpose of this rcpo*t is to provxde the educationnl neasu*e—

Bent cdmmunxcy with: 3 ,'“,' , o,

:

‘ . | 1. a brief SumaaTy of the rationale for questioning the appllca-

)

“bility of classxcel reliability” nensures to CRTs.

;2. . an cxtenszon of the cis ssical theory of true and error scores
JUPRE S o incorporate a theory of dichotomous decisions. .
';e e 3. a gptnzied presentqtion of the ueaqbsplit-half coeffxczent
| of agreeuent, a new single-adﬂxnxstrat1on test index de-
sxgned to measure the internsl consistency of dichotoaous
.>. ) classif;catxons. '
v 4. systenatzc data concerning the properties, under - vamying con-

dxtxons, of this now cooffxczeﬁt and several other dlng1e~

udainistratxon test indices, as ‘well as the;x,1nterrel§tzonships.

Qo S . " \ L &-.\\\_ . R




In summary, this report offers the rationaie, the exposition, the
characteristics, .and the relationship to other test-ind%ces of B new

coefficient designed to measure the dichotomous decision-waking re-

v . ey,
L I o - :
~liability of CRTs. B ?
> =~
{
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‘this chapter, tertain parts of classical

CHAPTER I1
RELATED TEST THEORY

It is‘approprigte to examine how a critezion;rcferéﬂcéd,testv(CRT)
{as defined in Chapter i) Qiffers_from @ nor:-r;fereﬁaéd test (NRT). A
numbar of authors have discussed aspects of the subject usi&g various
definitions of a CRT (Brennan, 1974 Giaser, 1963; ‘Glaser § Cox, 1968;
Hambleton & Novzck.,1973;vulllman, 1974; Popham £ Husek, 1969) in
\'tgét theory will be discussed
briefty and extended to'}ncorﬁorane a proposed theory Yfor CRTs. The
dzscuqs:on wxll include the 1nterrﬂlated topics of” the purpose of a
test, scorpvdistrxbutxons, test specxfxcations and item selection, the
underlyxng mathematical model and nrfbrs of . easurement an extension
of the mathemat;ual model and the meanxng of reliabxlxty‘ Since this
chapter is not a treatxse on measurement theor} as such, the" dlsgyssxon'
will not cover'alliareas~in detail but will ‘instead focus on those

~

points that bear on the arguments developed here.

rpose of a Test

The fundamentai purpose of an NRT is to differentiate among in-

- dividuals by assigning to ea;h examince a number, or estimated true

score, in reference to the norms of the populntioh for «nich the test

-~

is qgsxgned One s score on an NRT-indicates a level of achzevement

3
that is given weaning by comparison w1th the group at- large, it is a

R Y

. 99
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measure of rciatxve s:anding within thc group that can be comnunxcated

‘via grade equanlents standard devzatxons above and balnw the aean,

~

'stanxnes, uantxles "grading’on»a'curve " etc. (1t is true that NRTs
can be used for d:chotomous dccxsxons—-a person may be 4elected for
Wadaxssxon to.a trainxng program, for examplc accordzng to whether he
. scofes above a certain cutdff-point~~but—this cutoff score is chosen
in reference Lo the performance of pth&r candzdates and thus is dif-

" ferent from the criterion cutoff score an a CRT } .

! ~

Kot ton many )ears ngo,a commissioner nf education, in a publie
policy address, znd:cnzed hxs "hope that uinhzn 2 certain period of’

time everyonc wnuld be readzng “up to or above grade level.” When one-

. A

considers thaf gradc Iﬁvel is nnothcr tarm for mean, this conunnt re-

Pl

duces to & proposal that cveryone should be at or above avcrage Al-

Ve

though' the statement is humanistically generous. it is statxsticaiiyq

self-contradictory.

Given 4 well~defined behnviornl objective, houever,.ons,could'
correctly make a stateacnt about everyono 5 perfornzng at or above a
gerta1n criterion level.” Ome co' 1d measure thjs pcrfbruance with a
CRT as’ defined in Chapter 1.7 The puxpose of such a CRT is not to rank

'1ndxvxduals or to report scores in ‘reference to B norn. buc rather to

\

enabl® one ‘to =make a dichotomous decxsion based on uhether a ngan

pupzl is perforwang on a gzvcn behavzoral objective at or sbove a cer-

.

tain predetermznnd levex (as defined by a certazn score cr percent .
corrtut on the CRT.) . Thusythe purpose of a CRT is different from. that

of an HRT .2 CKT provxd da:a from which to anke a dec1sion on .an.
, AN 3
absokutc, not a relatlve. standard (sée also Glaser, 1963 )



~

Score Distributions. B 4

ancc. as stated eaxl;er, zhc purpess of an NRT isvta'dgscriminatc
AmMONE examineos. nae would naxarally hépe for a fairly even score dis-
trxbut;on with a w;de spread of scores, 50 us 10 allow efficiznt dis-
crxminatzon. Thus, an theory, vha optxmum ‘otalbsccre distribution
for an NRT would have some shape uzthin the rangc of normal (wi:h 1arge
standsrd deyiatxon} pla:fkurtic, rectnngular or slxgntly bimodal
(w;th modes at the extremes): Total score distributions of this sort
usu41Xyﬂonhancé'test reliabitities since they produce moderately high
vtotal-score variance. -in gﬁgcéice. anéicansistent with most theories
of'trnits.within';vpgpulation, a large-varsunce dormgﬁ%or'n syameéfi-
wal, sdaauhn;_plary%urtic, distribution often obtains. ' |
éow;ve;, the aﬁsumﬁzion of a normal or a platykurtic distribution
for competence on z gaiven behavioral objccti§01 is clearlﬁitbntradic'
tory to the rcagén for and purpose of instructxon. The-réason for
. glving znstruction towsrd an objective is thnt students have aot m&s~
terpd 1t ong-assumés {pnt baforé instruction, student proficiencies
are massd for the most part at the lower end of the specfrum@féfh
teachxng, one hopes that all students will master the obJective.
wWith individuaiized instruction some students may take a good deal
Iongcr than others but ultimately the purpcse of this instruct1on 1s
1o ensure that the mass of student proficiencies shifts to the upper

end of the ecale. In neither case is a normal distribution 1mplxed.

N, .

-

Here; and elscwhery/{é this paper, attention is restricted toa
dertain limited type of behavioral objective--one that is quite
specific and nerrow in’scope, usually from .the cognitive domain,
and measurab!c by a test of several items.

v
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To quotc Bloom {1968),.

If we are efftctive~in oul instrud%iqg, the dxstributaon
of achievement should be very different from™ tie normal- .
curve. In fact,.we may even insist that our educational
. efforts have been unsuccessful to the extent to which our
: distribution of achieve-ent approxilates the norsal dis-
- : tr:bution fp. 3].

: With a CRT, moreovcr, used to aake a dichotonous dec;sion ﬂlth
respcct to a predetermined criterion, thn desired discrinxnntzon is
not’ amang 1ndivzduals but rather between two mastery groups»-those
students who have met the nb)ectzve and those who have not (Glaser §
Cox,-i968.) Henae the des;red score distribution is one th&t is rather
sbarpi? bimbdai, uith one mode well below-and the o;ha; sode rather ..
above the cutoff point (Rouﬁnbush 1974). | Research-by Blatchford :
(1970; shows that these bznodal dxstribut;ons do indeed occur in class-
room testing. He connenta,'"ln a dzagnostic test, as [an axanple of]

14

a criterion-referenced test, there_xs no evidence of a normal dzstr;bu-

tion {é 43}." - .
For a gzven administration of a CRT, particularly beforn or im-
med;ately after 1nstruction. it is even plansxble (and quxte ncccpt-'
ible) for:the set of scores for one of thbse nastery groups to be
empty Or very nearly so. producxng saall variance and hence disxorted
estxmates of reL:ab111ty by traditional mesns (Stanley, 1971) Huch
. has been made of this point in the literature {e.g., Paphan & Husek,*
1969). .Thus the need arises for a new definition of CKT reliability,
"so- that a tcst‘s'relxabzxxty estimate is not adversely affected by a
score dxstributzon with small variance. It will also becone evident.
= in the next few sections, that there are additional difficultxes in

applying a tradztxonal reliability estxnate to a CRT.
. . - ‘A

25 -
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Test Sgecifzcacians and Inca Selection

Al:hough a detailed digcussion of the mechanita of'taﬁx sptc1‘1c3w' )

-

tions and 1tma.selection is no: withzn the scope of this rﬂpart¥ cer-
tsin facens of thig practical,tapic ghnu,d be aentluntd

In zhe conﬁtruszxon of traditional tests, zhe daaain of tha Tox 24

H

18- ofzcn dcfined in rciatively Iocac tcru; such as *ir€t~yeaf‘bioiogx, L

&
or readzng_coq;rehen;ion. of" matheaatical aptitude First a tﬂst

: bluapr&nt is prepared indica:zng in broad nuiliaayxhﬁ b@acessea ﬁﬂd
toplcs to be covared Then 1teas are selected; if thﬁj %4 :he tesf,

-;biueprin and if they fall wi*f,n the purview of the suhjec: natter,

e
«f

’ they are fair gaue for inclus:on in- uhe.ini*ial veraicn af the te&z‘

whethsar they are included in the, fxna; »arsiqn depandﬁ ﬁﬂ ?erfa I

on them in. the :ast uryou;x fﬂnd vhether tﬁ@ ‘tmas tnk¢n as a whale

t

s:xll fit the bluﬁpﬂint} Declsinns”baagﬁding an’ xtea % suitahziijyu

for the fxnal varsion are usuailj aade in "TOTRS of 1*3 d}fricuity and

exther the xtgm ~Test co;relation (bavza, ?Sb} oY an analogau LS 518

tistic (e g., Baker, 196:)*;: | | o
A CRT on’ the athe* hand. has . decidedly na:10uer ‘QCUa dﬁw

&;ncatcd by the behavzoral objectzv and thus the itens pdmissible

for inclus on in a Lcs' trvout aust mest far ﬁote reztrictv 3pecy-

-

fications oaae wrxtcrs have clazsed that rraditiopal aathuds of

Citem selec:xan are therefore 1napprcpr1ate and have ofFered alter-

native mgthcds based on from nne to three ot ﬁﬁ&;ﬂis:rations
(Brennan, 1974; Brennan § Stolurow, 1971; Cox & Vargas, 1966;
Darlington & Bishop, 1966; Ivens, 1970; Kosecoff § Klein, 1974;

Millman, 1974; Popham, 1971; Popham & Husek, 1969; Wedman, 19731,

- 26
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Definitive answers to the i;uc'stidﬁsbf ‘how best to choose items for
CRT3 are stin being sought, but tlu mk of these mthors uplios
that tnditionu lw:hods probably :re not the. sohgion.

._’}

' - The lbthmt;ical Model and Emrs of Husurenont
T In classical test theory, the ‘ususl. nthunticu model defines
~ sn exsainee's obsenmd Score on & test s conprfsinq two coquents. ;
true score and error. This model is nsun,ny oxpmsod by an oquation
equiulent to xp ‘r + F. uboro p is the :ubscripz for persons.
Here Bp is the error of msumnt‘ the umnt by which a person's ’
obtained score (lp) differs fro- his truo score (‘l‘ }, shich in turn
is the score that vould hnvo ‘been obtained with a (purely tbemtical)
perfect measuring instn-ent or vonld have buu derived from min—
finite mumber of" sdministrations of the test or panllel ursim of
it. This kind of model hns been thomghly d.iscussod in the lit=ara-
ture (e Re» Lord & Novick 1968) and nill not be dotailed herc.
It 33 upomn: to note t.hat sew.«ﬂl -assumptions are wsaciatad
. with this nthea:atica; aodcl amg hence vith %t,s d_urivod ‘Tesults. _.Threo
of those assunptim (Lord * Novi;:t, 1968, p. 56)' are buié to the
definition of classical ralubuity tnd mpmtiouod hcn, since they
are s;mtinized later. 11\”3 usmim are tlut {1) true score and
error have zero covariu;ce, {2) the expected vhu'c of erTor OVer per-
sons is zero, and (3) c;;mrs an';;lnlloi mmts have zero co-
~ VATI8PCO. h | | >
!n classical thaory the basic questioa asked is, What is thc
_ ou-ince s trus score? True score is cmidorod s contimmz vu-iablo

-and is expressed on a sule that is mually»consi&cm .to be interval,

2% [
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if not ratio. Observed s;o;e exyresscd on‘ihbbsala scale, {s usually
»a polytomous rather than a can:lnuqurvariab —hut only bcééuse of
the nature and limits of the measuring instrulent,nwhich ordinarily v
produces scores uith integral values. Hence erpor, like true score,
15 cont;nuous, in absolu:e value, it is expressed on a scale that is
rttio. ' -

This continuous true-score model serves nicely uhen the purpose
of the test is to detornine as procisely as pos. iple uhat one's true.
score is and .o report that estimated true score on a pclytouous,scale.'
But that is not the fundanental purpose of a CRT as defined in this
paper. ﬁaqher. the basic quaﬁtiop,asked by.i CRT is, "Is the gxnninee'i"
true score gr;at enough t0»allqy him to'ba»placed,in the 'nasferm',
classification?" Although the'continuous,trge score is used as a

_,,,/first step in answering this question, iﬁe £ina1 answer, &r Qecisioﬁ,
is dichotomous an&-is reported on & séale}thnt is urdinal'Bui not
interval. ‘

These facts suggest an alternative model--one of dichotomous
érue and observed scpres,'uith score in éhis ;Ense aning decision.
This model fms been labeled Platonic (Sutcliffe, 1965) and is well
surmarized by Lord ggg Novick (1?68, pp. 39-44). Alihough the equh-
tion X = T+ £ is ﬁgchanged. elseuherf this model differs markedly
frob che clbssical model presented above. First, true score and ob-
served score, being dichotomous variables, are expressed not on an i~-

. geyval scale but on an ordinal scgie, as is error, which is a tri-‘ -
chotomous vnriable'{or dichotomous in absolﬁte vaiuei. Second, Kiein
and Cleary (1967) have shown, among other things, thai with the Pla-

tonic true-score modcl, the covariance of true and error scores is

: — - 23
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generally negative and is 26 only under pxtrgom circumstances.,., '
They also have shown ‘that t “expected value of Platoaic error scores &
.is not likely to be zero, lud thst efrors on pmllel tcsts clnnoz be
expected to have zero cwarunce. All three of these findiugs violate
the assumptions upon which the derivation of clus!cal test reliability .\
" rests. (Since covariance is a gtati.stic designed for intmal data,
one ‘éould question uhy it has been computed for & model whose data are
measured on an ordinal sdle.~ One could i_i;illl.rly quesiion the compu-
tation of a variance or a correlation and thus the applicability of a -
classical reliability coefficient for dichoto-ous data ) -
The meaning of measurement error is also different for_ the two
models, In' classical theory, it is the'eminee's trixe 3‘coie and
hence the size of the error present in the obtained score . _ave the
psychmtric:an's subjects of interest. meﬁbtwhn '
is error, can vary from the true score by a-]lci or by a little, and
it makes'a dit'ference to th\z\\psychoutrigim which’ of these cases
holds. In the Platonic rodel, howav.a‘r,' there is only-one kind of ~

naasutmnt emr-~incomct catogorization. ’mm i

mn associated with i.t, che psychmtricim is omed with the
' exi;:cnc‘e, pot the s;ze. of error. This vieu has been’ suted succinctly
by Cron';é%h and Gleser (1965) as follows: . "a test designed to bc . .v
/. ’ mmally efficient for_ & particular decision will frecly allow errors ‘
to enter 1f they are irrelevnnt to that decision [p. 137] " Others
(Bzmblotpnv & Novick, 1973) have mcognized,_ even uithout ncccptix_tg
the ?{ngdzxic model, that there is only one kin& of measurement error |

for a LRT.

29



CTABLE 1

ERRORS OF MEASUREMENT [UNDER TWO TRUE-SCORE moﬁs B ;
. | -c;ua1;a1 mo{y | - |  rilatenic Theory
hmscgdgnt ) X - T . B ‘,f' k AT . E
.'Af 15, 9.4 | 5.6‘,‘ o [ o} o
B | w6 | 200 -4.@ | ! 1|
C a5 | 18 | 45 LR ?/ -1
o |1 |- 108 is.z 1 ] 1 ' /]o 1]
e | 1| 162 :1.2 | | o | 1] -1 :
7 16 15.2 .8 1 0 1 ,
N . ~ ]

Hofeover, classical and Platonic measurement error nee& not cor-
raspdnd for a given set of data. Consider the hypothefical data'-n
Table 1 for 2 20-153# CRT with a mastery criterion of 80%,

vyieldxng 16/as the cutoff score. Of students A through F\ all of'whom
‘have a; obtained score of 15 or 16 students A, B, C, and D have the
largest classical measurement error and students C, D, E, and F have the.
largest (only) Platonic measuyement~error. Likewise, ;he student$ with W
the;sualleﬁt classical measurement error are not necéssarily those With
s Platonic measurcment error of 0. .
The table ‘shows that. given the distributions. of observed and true

scores under the two modcls, there need not be a high correlation be-

tween classical and Platonic measurement error,- particularly when ob-’




served scorés sre very near the cutoff score.. Thesefdnta; of course}_V s
have been chosen to :illustrate a point, and as observed scores begin to ¢

.

move awav £rou the cutoff the uorrelatxon batween the two kinds of -7'

measurement error. will increase. However, if the scores -ove farther

- '

frou the cutoff, the correLatiﬁ!Fw111 decresse. In any case, classical':
and Platonxc mensurenent errors are dxfferpnt things. and the. theory
dcveloped for one kind of error need ot apply to the other.

This Gact raises the-question of which theorettcal -odel is appro-fn
priate, or preferablc, for CRTs,, There are argunents for both models., |
‘Those suppo:txng the classxcal -odel argue that even if a CRT is designed
‘to make & dichotouous decislon, its initial results (observed score} are ’
reported on a polytonous scale. It is also felt that a dichotonous de-

‘ czsxon often h1des the true level of student perfornnnce [Klein#%
Kosecoff 1973 P 9] " Supporters of this -odel believe that it is ,

just not. real;stxc to claim that a person's true score on a behavxoral ,';
objeccive is an all-or-nothing entity. '  ,‘ o

Prxmnry among the arguments supporting the Platonlc -odel is the

decision—-"go on*

3

-.,belzef that when a test is usod to make a dichot 5

or "don't go on" to the next behavloral objeetive—~the ize of the ob-
taxned score is immaterial exqibt as it results in a .tcry or non-
mastery classificatxon. It is: felt that this dichotonouk score is the

only one that need be reported--further subdivisions of the obtained ;?

oo

scorc -have no pract1c31 value. "Such gradations in reporting {scoros]
“are only a fhnctionAOf the alternative courses of action avaxlable to

the - 1ndxvzdual nfter the ucasure-ents havc been -ade [Pophan & Husek

1969, p.8|." . R - !
, ) 31 _ . ' ' o ":'-" T
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It appears thét one must choose between the model that is consis-
tent with contlnuous true and error scores and the model that incor-.

-,_porates dichotomous dec151on and error scores._ The need

"

betﬂeen these two models can be avoxded (and it xs clazmed here, sﬂould

be gvoided) by broadenzng one's v:ew of the mean1ng of true and observed

B

. scores. The contention here 1s that classical true score theory is

appropriate when the baszc purpose of a test’is to estimate the-true,:

’

:_.scoro._ But when the test has a dlfferent basigc purpose, such as to de- f

termine a dichotomous classxf;catzon, then the exam;nee has not one
true score but two, exlst;ng slmultaneously a true score; that is 1n—~

volved with the primal measuring_process and another that has to do

: thh the dec1sxon or basic quesxﬁyn to be ansuered concerning the in-

dividual and thus with the pract1cal results of that measurement. It

can even be said.that the are as many dszerent sets of "true scores"

. e . .

as th re are alternate score~report1ng schemes.'

he assertion in this report is that a’ CRT as defineé here 1n-
volves two dxfferent facets of true score-fpos1t1onal and operationab,
The flrst facet deals with the position of one s test score in relatxon .
to the test scores of others; the second facet deals wzth the opera—
tional effects of the test score on the examlnee alone. Classzcat NRT
theory concerns itself only with thc former and for good reason. When
he end result of the testing process is to associate the examinee with
a nunber (when the test's basic” questxon is what his’ true score 15),
then the posxt;enai and operatzonal faoéts are 1nd1stingu15hable.v But
when the end result of the testxng pro ss is- to make a dichotomous

-

ether the exam1nee merits a cerJ

decisfq' fwhen the basic questxon is

. -tain classification) and the outcome of that deciszon has an immediate

32 .
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" and differentlating effect on thu studont's next oducational activity,

than the difference botueen thoso positional and operationnl facets
N, -

had -

emerges. - o o o
Tho dual truo-scoro~nod6//;or CRTs 13 su-nnrlzed in Table 2

-

ST '_’ér- vt ST
T e Ny | TABLE 2 _
SN
SCHEMA FOR- DUAL TRUE-SCORE HDDBL -
: - . : j . Scale of
| Facet ;Bosio_Quqstioo to be Ansvereé Squotion. " Ansver
Positional { What-is the true score? | X = T+E | Continuous

Ter e .' - e ! . . . " . M . ’ ® . i
Operational | Is. the true score high enough | D = C + y" Dichotomous

to merit ”uastcry clasaifi- ’ , -
cat:lon? _ ) o : ‘ v : o [ -

~

D - obse:ved claasification (Deciaion), C= truc CIaonification,
M = Misclassification (ettot) ; }

Hoaningggf Reliability iD

e c1£ssica1 rolzabilxty can be dofined as tho squarod correlation
" petween observed and truo scores (Loxd § Novick, 1968, p. 61) This

4statist1c is equal to the ratio of truo-score varianco to observed-

e score varxance Af the conditions noted at the beginning of tho pre-

vious section are assumed. The classical truo-score -odol, presented
hero as the positionnl facet of the dual true~score model, is consis-

- tcnt ‘with those assunptions and therefore v th thoso dofinitions of .
reliability. However, the Platonic nodb , OF operational facet of a

. , CRT, is no:/ﬁdns;stent with those assuaptions (Klein & Cleary, 1967), .

and hence the classical no:ion of roliabxlxty cannot apply uhonever the



21
reliability of a test has to do with the ccnsistency of decision making,
~ i.e., whenever the basic heasufemhnt question is to be answered di--

chotonously

What then should be the meaning of the operational relxabxlxty of

a E&T? For the pos1t10nal fscet, a test is reliable insofar as an

exnmlnee receives the same relatzve ranking on two sets of data (and
in the case of parallel tests, the -game - score). for the operatlonal

facet, a CRT should be relzable ifisofar as an examinee receives the same

'"classification on both sets of daia. Put differently;'positionalrreli?

ability is concerned with the accuracy ofeassigning (polYtomous)‘num;
 bers to examinees, operatxbnal relxability (henceforth called CRT reii-
ability) must necessarlly be concerned with the accuracy of placement

~

in one of two categories. .
Consxder the theoretical fourfold contzngency table given in | ?
Table 3. Classical relzabxlity is defined in terms of a mathematxcal
'relationsth between true and observed scores It uould be natural ’

to begin to 1nvest1gace CRT reliabil1ty in the same terms. With
Vi reference ta Table 3, one approach would be to: consﬂﬁer the squared )

{‘ correlatxon between true and observed classxficacxons, el (C D) Since
the variables are dichotomous, this would imply the use of the sqaared
TABLE 3 .
A FOURFOLD TABLE FOR TRUE AND OBSERVED CLASSIFICATIONS

' " ‘
.

,Obaateed Classifica;ion.(b)
N ;
+ -
.
) True S+ a | b _ .
~ Classificacion
“ (C) - fc | d
H 4




o, _A, - » L -
phi Loctfxcxent if the dzchotony is aatrue one. Hoievbf, the dual true;
stnrc model prcscntcd pfbvinusly und the arbztrarxness of the mastery
Lutuf! score of a CHT suggest” that truc classxfzcatzbn is an art1f1c1a1 :
rather than a real dxchoteny. and hence that,the ph;,cétffxcxent 1s
not thevapprOpriate statistxg. (Nonetheless, the ph1 coefficient is
calculated frﬁm a different fourfold table ‘in the investigation pre- ~

sented in Chéptefs V and VI.) ";“"~"“{;/

v“ If the dxchotomy is artificial, then the tetrachqric correlation

<

coefficient is the appropriate statistic and would yield a. formula'ﬁp

¥

a, b, ¢, .and d._ (See Table 3). The objection to(::e cosxne-px estimate -
of this statistic is lha: if either aord is 0, then the correlation is
-1 even though it- may be near 1 when' a or d is merely close to 0.

(Nonctheless, the cosine-pi csnmte of the ‘.trachoric correlauon

coefficient is also calculated from a dxfferent‘,%urfold table in the

© study presented Iater ) }

Another approach to the mathenatxcal relatxonshxp betwcen c and
: ~ -
© D-is the variance-ratio approach As pointed out ear11er, one ‘cannot

assume z2ero covariance between true classification and aisclassxfica-

tion (error]. wWhen this assumption is rejectcd. a true-classxficatxon
varinnce/obtaxned-classxfic n variance ratio of

sb)(c+d) ¥ - W)
@rat d PP

is obtaxncd -where 7 is the truo proportion of nastory classificatxon and

B

p is the obtained proportxon of maztary classificstions. But this sta-

‘

tistic is unsat;sfactory fou at least two reasons. First, if a = d or

b = ¢, then r = 1 no matter what nunbers are in the other two cells;




second, éf;:? <m < porp<m< . 5 1> 1, which is clearlyvnbt éccépt-
able. ' : . - e

So it appears that for the true {(C) and observed (D)'classifica~'

tions in Table 3, nclthcr the correlation approach nor. the ratzo of

variances approach yxelds a satxsfactor}\coeffxcxent Thus there must
)

he some other mathematical relatxonshxp ‘betyeerr C and D that affords a

meaningful CRT reliability index. One such relationship, which follows
direcf]y'from the notion of CRT reliabiJity as'bbnsistency of classifi-
éation, is the proportfon of ciassifications that are correct classifi-

. + 4 . - L, }
cations, a . Since a and 4 are unknown, it would seem that a

N -4 : . :
menningful'CRT reliability coefficient would be a statistic that esti-

matas or perhaps is a lower bound for, this quantity. Furfhérmore,
any - such CRT relxab;lxty coeff1c1ent should have, so far as possxble,
the following characterzstxcs: ‘

1. It should be associated with the notion of consistency or
accuracy of {dichotomous) classxxzcatxon, hence the more the
scores depart frogp the cutoff po;nt the hzgher‘tme CRT re-
liabilivy 1qeet srculd be, singe such a departure most clearly

represents a ﬁcparat1on petween the mastery and NONMASTETY

categories. -

7. 1v should be, at least in some respects, xariance-free, so.

that it will not vanish when total score variance approaches 0.

3. 1t should avoid any reliance on classical measurement &rror

concepts, since they are nédr necessarily relevant to a test

~

whose purpose is Lo make a dichotomous decision.

35
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4. 1t should be a function of the criterion level, since thé'
criterion level is an integral part of the CRT as defined in
this report.
. 1t should if possible have & familiar range:of valueé, most

probably [0,1], for easc of inteiprétation.

A coefficient that incorporates these features will be presented

in the next chapter. -



CHAPTER I1T

COEFFICIENT BETA:  THE MEAN SPLIT-HALF COEFFICIENT OF AGREEMENT

e

v

History and Rationale

Some decadeslago, the single-administration reliability, or in;eJ:/cks
nal consistency, éfva test was estimated by calculating the Pearson - |
product-moment éorrelatibn between two halves of a teSt,radjusted by the

| Spearman-Brown prophecy fot@ula. Later, other split-hal? formulas were
introduced (?Ianégan, 2?37; Qﬁ%on, 1§39). But there were objections to
the 3ylit;haifjmetﬁod; sirce tﬁé\particular test split‘chosen\(usdafly
odd-numbered items versus even-numbered items) was not necessarily
repies ntative, and a misleading relgability estimate could result.
Other methods were proposed and proved dsefulv(ﬂoyt, 1941;'Kuder'&
Richardsoﬁ, 1937). Then Cronbach {1951) showed that his coefficient alpha
was n;t-cnly a géneralizazion of the xudgr-Riéhardson formula 20 and
eqﬁnilto Hoyt's internal consistency measure, but was also equal to the
mean of all possible split-half reliability coefficiénts (but not equal
to the megn of aillpossible stcp?ed-up split-half correlation coeffi-
cients, see Novick & Lewis, 1967). Thus was established the basis for
estimating internal consistency for a test désigned»to rank-order thé
examineges. | i

However, when tHfppurpose of a test is to dhichotop_‘aize i..ner than
rank-order, the procedure to follow is not ;o ¢lear-gut fPopham &
Husek, 1969). Several auihors {Bergar, 1570; Carver.'1950; Goodnman &

Kruskal, 1954; Hambleton & Novick, 1973; Hbilman,'197d) have suggested
/. )
N / - -

O ‘ ' 25 1\
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using a simple coefficient for such test reliability, but only in the
dual- ﬁdm?nistrutxon sense. This 1ndex given various names and s;mbol1c
iabels by various authors, will here be called the cocffic1ent of agree--
ment and, for the sa&g of simpliczty,ylabeled P. According to Goodmgn
“and Krusfal'(ISSQ), this measure of association was repqrted as early

as 1884, although it was‘not used for test reliabilifyl Thé suggestqd 
index is simply the proportion oflindividuéls who are classifi;dithe

same way (mastery[master;'o;inonmastery[nonmgste;y) b; two sets of data
--test-retest or pérallel forms. The coefficient ha; not been adapted

to the split-half singie-administra;ion case, perhaps for the same reasons
as those cited previously for the classical split-half coefffcients.

However, Cronbach's (1951) finding suggeséﬁ a lead:" one can con-

sider an index that would be equal to the mean of all possxble Spllt- :

half coefficients of agreement. To extend the analogue uith Cronbach's

coefficient alpha, this index will be labeled coeff1cient beta~(8).

Definitions
Let
& N = the number of people taking the test . -

n = thé number of items ip the test

X = the pth person's total score, p = 1, ...,>N‘

< :_thé criterion levcl,%expressed Qs,a fraction (0 < ¢ E.l)
k = the smaliest integer >'3% , and hence the minimm nunber

of items in a half-tesrz that must be ansuered correctly

2 ror now, only tests with an even number of items are considered.
Tests with an odd number of items are dealt with later in the chapter.

39
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"

W

to receive a "mastery” classification on that half-test

X, , X

1p ~ » the pth person's scores for the t=o nalé-tests,

P .
and hence Xy * Ko = X
e 1 p jo)

4

fhe;e are (n?z) = v possible test splits for an n-item test if
one considers each half to be labeled (i.e., for a two-item test the

split 1 / 2 is different from the split 2 /. 1.} For each pair of split-

halves, construct a fourfold mastcry {+} / nonmastery {-) contingepcy table:

. i : ,

L .

Y
A B

T lclo

N
and define . . . ,
A+ D
P = N

Then B is the mean of P taken over all . possible spliv-halves {x}:

<

a . 2 T - 
YTy & ?s
=1
+ D
1 c % S
=v L T
< !

-

But A, + D is the number of consisten: classifications {among the N

persons) on test split s, and hence can be written

p
+
o
it
"~
o
-

e

40.
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vhere dp =1 or O as the pth persan's clsssifications are consistent

or fncomsistent, rcspcctivnly. on test split s. Thus B can be written

| Z ¢
8 =17 (%fl ..:)
- ssl\ N

Lo
v N

E 'r

o

1]

zi-—-

- 7

Thus B8 is also the mean (over persons) proportion (over test splits) of

consistent classifications,

Analysis of the Coefficidnt

Por any g;ven test, tha set of pnsuible scoros for an individual
s {0, 1, ..., a}. For couputational purposes this is partitioned into

five subsets, one or more of which may be empty.for a pmicular. n.

s

~.

and k:
s, » 0, ..., -1} e : -
s, =ik, ves, 2k=2)

Sy = {2k-1)

+ k-1}

'S‘ w {2k, ..., '2-

Sg = {2-0 K, «ce, 0},

(Note that k = | jmplies S, » { }, and k~ 3 implies S, = ( 1)

Then consider scores in each of the five subsets:

41 ,‘ e - ) -;‘e‘
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oo
- N

, , |

- \-\_/

i. PFor xp € Sy, Xé < k., Thus mastery on a half-test Cannot be

obtained no matter how the test is split, since both xlp and x2p must
‘ ;

necessarily b§ less than k. Hénce all pequps-wi:h XP € Slwlll contribute

'tSJD, as defined in the contingency table ahtove, for all v test splits,

2. For X; €5,k g_xp < 2k-2. Here some splits will contribute

[y

10 B or C (for examplé, Xp i k*i;.xlp -k, xzp_- i} and some will con-

tribute to D (for exasmple, xp » 2k-?; le'; xzp = k-f}. The obvious quesé;:
tion “Nhich splits?" becomes s problem of comtrinatorics. Since only
A and ' D .enter into Equation 1, one need nét be concerned with contri-
“«..ions to B and ?. (Thes?ibcntribu:gobs will be eqd;lly divided among
B. and‘ C 'becaus; of'th¢ symue§rf iuﬁlied_in "labelinﬁ" the kalves of
the test.) : S ; ‘ .

* The question then reduces to "Fer 4 score.of Xp é Sz.¥how mahy n;
cntégorizatibns ;ilf result?” A-D-fategorization‘ﬁill hapéen -then
nesther half-test is mastered and thus both X, , kz; i k-1.

-
1

p Define X, and X._ as %ec:prl of 0's and lfs, indicating in-

p 2

correct and correct respo:ses, respectively, to items on éacﬁ h&l?-:esté
1f one vector has.k-l i's, the other.has xp + (k-1) lf;. Moreover,
since Xp € Sé and hence xp < 2k-2, it foll&#s that xp - {k-1).% k-1,
Thus one is interested only in those pairs of vectors in which the number
of 1's in each 1; Betueen these twoflim;ts, name;y xp “(k-1) gtﬁoth

“1p* ¥2p

thare'nre anp 0's. In the half-score, if there are 'j 1's, there are

< k-1. Morcover, since in the total «score there arc xp 1's,

%-- jJ O's. Thus, for X e 52’ we can pick pairs of vectors thst will '

P :
. - .

yleld D-catoforizations in kil (x)(: J() . ways.
- : sex-tk-1y\3 S\ T

42



3. For y}, ¢ Sy xp . k-1, ‘nus “the mt "huncod" split will
yleld k 1's in one vector and k-1 1's - in thc cthlr. iudiating Ras-
tery in thq fir;t case ‘nonmastery in the second. Other, less *bal-
_ anced" sﬁlits will yielKnn: extrene alioﬁtiom dtf ;"s'; ‘ rqsﬁiting
~in the ;.'.m mtgw/non_nstery classifications. Thus, foy tllﬁ’ € Sy, :
no spiit contributes to A or D.

. 4, For 7*, ¢ 54, 2k < 7» -2-0 k-I. 'lhis case is similar to that

S,- Some splits will contribute to B or C (for oulplo. xp . 2k;

ilp - b, Xy e K-1) and ‘some will contribute to A (for example,
w 2k; X, = X, ‘
xzp < k, snd hence there are-no contributions to D. Apin we ignore

the contributions to B and C, But should focus uttonuou instmd on

- -. : > ] A ) t '.
k) stmelp;_n it’cumqtbo‘thn:bothxlp

the con:ri,hutions to A

In this case, one.needs to count. tbou voctors where both half-

‘_tests are ustered i.0., where both xlp xzp > k. )/ !ulf-tost
vector contalns k 1's, the other muins xp-k 1's. lut xp c S‘ i-
plies xp > 2k, which impiies k < xp k. nm one is 1ntmstod only
in those half»test vectors such that k < both X‘ Xb x’ -k. By using
ruasoning 1dent1cal to that for S th. total mmber. of splits that
' vill coptri.bute to AforX ¢S, is ol ( !)
| P e j-ri JJ\z-3

A

5. For xpc Sg. 5 > nf2 ¢+ &, 'mn nrs m: mr the itess plus
at least another k items are snswered c_dmctly, qad thus both xlp‘ :
xzp >t no matter how the test is split. Hence all v splits con-

tribute to A,

\
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The coefficient ,
The nbove analysis yields an equatlon for 8, the mean spli;-half

coefficient of agreament. For xp in each of the five subssts define

the following functions'éi(X). i=1, ..., S:

1. for 0 <X <k-I 9 =2 |
2. k <X < 2k-2 000 = ] (") (: - x> 'y
| . ) : 'j{X_:(k-l) 3 3 - J 12‘.

i, X= 2k - 1. 650Xy =0

- C ' Xk o .
‘. X <n/2e kel g0 = L (:)(:x) (2) |

. A A2\

5. M2ek<XEn 4R =1

Here. ¢1(X) is the proportion of splxts that contribute to A or D

for a given score X.

Then Equation 1 can be reyyi%ten

4

. 1 z L
8= , ¢ (X)), : {2)
N p"1 1 P .

where the 1ndif i depends on the value of xp. Hence B‘bhas .range
{0,1]; it is O when a1l X, € Sy, and 1. when all X € 5, U s,. ’
Although Equation 2 5ums up the analysis rather simply, it is in-
efficient for computing purposes. A uorcvcfficient method involveé.gener-
ating a frequency distribution of'total scores and conputing ¢i(X) pnly
once . for each possible valuc In general, let,fx be the frequepcy of
score x; x = 0, ...n, Z f = N; sThen . N

X=0 t

44 7
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ool fe 0,00, o ,) ,”

X!O

where again the index i dcpenés s u;. value of X.

More cxpucitly. since for som: val .es of x. ¢1(X) = 0 or 1,
A/ .
&
oy kil ' 2k)-:2'. T B E-l - m ;
B-;[ £+ £, 4,(X) ¢ fom* ~ ]
ﬁ'x_o x xex X 2 4 x-éok x
\
Pl
13)
kel - &2 | Bk on
*N [ ) £, - ) £, ¢, (X-[k-1], k-1) + Z f ¢ (k, X-k) + Z £,
X=0 . X-k _ ) x-%'k

where _ X
. o b . \i/

0, (8,0) = F, ———m—— 3

.Adjus‘tnent for odd n

-

For an odd nunber of iteams, a test sput is defined as resuitmg
when onc item is deleted and the rmining itek are- divided into two
sets, ‘each containmg —2— items. In this case, k is the smallest

- integor greatcr than or cqual to -c-%"-—l)- . The item to be deleted

~.
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Yo

.may be choscn in n ways, each yielding a distinct set of n-l iteus

.te be split. l{ence there are n ((n n /2) possible split helves,

if one again considers each half to be labeled. : ;, ,4».'. ‘, ' ,‘ .

For person p. with total score the res nse vector con-
P° _

tains xp 1's and (n-xl} D's., Thus, for person p,‘ Xp of the n =

'possibxe choices of the item to be' deleted will resul.t in'n;set of n-1 o

~ dtens containing ()(P -1) oy 5, and n-x choices will result in a set :‘

P o |
containing Xp l's., 'l'hus the contribution to 8 for person
X M= :
P, rather than ‘1("1:) i1l be -ﬁ- ¢i (x -1) s —12 ‘1(";,) and
hence, taking the m!%ﬂsr persons, B
YT N R A S S S B I |
g bR (D v (X)) 4 (X)) ]

As before, it is necessary to compute * $; (X) _onlyv once”for' each pos-

sible vafue of X. _ ) _ :
. Al¥o as before, ‘the computatmn is more efficient if we utiI'lze

. the’ frequency distnbutionr of total scores. Recall that for a score
"
- of X o on n (odd) items, for n-xp choices of the item to be deleted

the \btal score on n-l 1tems will remain at Xp and for Xp choices the

"'total score on n-1 items will be reduced to X o -1. The effect is th&t

of a transformation, ————b._,on the set of total scores. “In syﬂbols, M

-
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ipunherﬁore". it is éasiiy shown (see'ﬁppendix A) that

ﬁz n, exccpt that in tho lottcr casc one ﬁrst pcrfoms an additlonal

b

X t X in .'.‘_;';5 - of the cuos;’

T

t

- ;x‘;--_-,-.'x-l,in-g "of the c'ase';',;'mg hence

X+1'..-§--. xvrin | -x%!- of "the,.l‘ca'ses."

Thus a total score of X is arrived at with frequency\

11_-_-_!_ £ + X¢-1 £ (Noto that, Sinco f

e LB
R nod "

g,n ..“:3 s BLlog =0, ana therefore 'X

total scores, coefficxent beta is |

‘n-1, .
FRENE
X=0 *x. _i .

»
| Co.

x+1

o L

where once again t.he index ' depends on the value’ of x

practice, the computation of B is identica} for the casos of even and

£ by (n X)£, + (xouf
X

step ’ rcplacmg

¢ (X).

Ay ’ foﬂ ’i(‘x)f.'“;

‘nel
I 2,

Thus. takmg the’ mean ovor the transfomod frequency d),stnbution of

x+l ‘ forx-o 1

-~ and tpen using n-l in place of n in the computations of k and

 Thus, in




Technical Characteristics of Coefficient Buta

Although coeffieient beta is defined solely on the basis of
fourfold contingency tables, itsheomputationai‘formula (¥quation 3)
is a fenction of the score distribution as Qelllas of'tho;number'of
items and the criterion level. Since these latger tﬁo parameters are
(or should be) known before a test 15 administexzd, the value of B
for a part1cular tryout results from ghe frequency distribution of
total scores. .The'same is true of values of Harris's "2 and the
T criterion-referenced index of separation (sc); which ere discussed in the
next chapter.' Like SC_bUt unlike ui.’ 8 is the mean of its additf@e
parts. That is, given B' for a set ef scores of = N-1 examinees, if Fhe

\

score of an Nth examinee were to be added to the set, a new B8 could

*

be calculated from
1 . -
B =5 [(-1) 8" + 4,041,

since from Equation 2,
N-1

N1 8= X))

, - pal ,
A 51m1lar argument holds for the add1t1on of a set of scores.
Ly Since this additivity is a property of coeff1c1ent beta, one can
(/A\lniestigete_the relative contributioh of the"pEE_person’s score to the
value of the'coefficienf,.giVen rhe number of iteﬁs and theAEriterion
1eve1 merely be determining ¢.(X ).I For illustration, Figure 1.shows
these relat1ve contr1but1ons for a 20- 1tem test W1th cr1ter1on levels of
>

70% and 80% Add1t1onal graphs, coverlng a range of numbers of items’

and criterion levcls)can be found in Appendix B.
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It is apparent from Figure 1 (as well as £rom the ahalysis of ihe

coefficient presented eafiier in this chapter) that as scorcs approach »

the integer 1mmcdintcly belou the cutoff, they contribute successiv&ly
‘,éluss tg the valug of 8; a: the ‘score 2k-1 (with k- as,defipeﬁ qarlier),
the contfibu:ioﬁ is zero. This is ‘to be expected'sinée the score *%-1- :
gomposéé the subset S, as def&héd earlier‘ahd ¢3(x) 20, - '
Figﬁre 1 ‘might be misleading‘in the scnsd that ih,thésé‘two '
examples, the point 2k-1 is one 1e§§‘than cn, the praduct of the cri- :
terion level and the number. of items,. and hence is one 1ess than the
test's cutoff score. One might therefore ask why 2k11, and not Zk, is,:
the score with a zero éontribﬁtidn to coéfficienf beth.  It shou;d be'»z
pointcd out, however, that this relation does not alﬁﬁys—hbid~' On a
12-item test with criterionm lével of 75% for: example the paints 2k-1
‘and cn areé both 9. In general if gn -.is an odd integer, 2k-1 = cn;
if cn  is even, 2k-1 = cn-l. ‘If con .is not an integer,FZkfl can-2F
greater ‘than cm (e.g. if n = 16 and ¢ = 80%, then cn = i2.8 "and

- 2k-1 = 13.). In genéral, dgpending on the values of Qc and h. 2k-1

falls somew‘ e in the half-open interval [cn-1, cn+l).

.

Eve though 2k - might at first glance seem to be a more appro-
priate ¢ ndidate than 2k-1 for the score with zerc contribution to coef-

ficlient bgta,‘ZR fa}ls in the interval [cn, cn+2), and,theféfore, in a

mathemat expectation sense, is not as good an approximation to cn
as 2k-1. ' : :

50
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Discussion .
Although attention in thi&’ﬁfgﬁertation has_been given to cri;cr15n~

referenced tests, it should be pointed out that coefficient beta is ap-

plicable whenever reliability-is viewed as conﬁistcn;y of classification

or consistency of dccigion-making ba{?ﬂ on scores from @ measuring instru-

A N

ment, provided that the classification decision is based on some sort of -

cutoff point expressib ¢ as a percent of items responded to in a certain
manner. 4
Second, and consistent with the notion of accuracy of categori:aw
tiun ’rnm the results of a limited number of items, it shguld be noted
that coefficient beta increases as the nunsber .of items on a test in- ‘
crease¢s, as shown in a later chapter. -The degrcc to which_{his increase
follows the Spcarman Brawn prophecy foreula is discussed in Chapter -~
Third, one should also noté that if sxaminecs respond randomly to
the items oh a test, the resulting coefficient beta is not zero, as
»gight be expected Uitﬁ‘a tradiiional rciiaﬁility measure. In fact, de-
pending on the values of ¢, n,'and‘N and on the number. of options per
item (assuming a multiple-choice test), coefficxent beta would pr;Lably\
take on a rathcr high vaiuc,_possxbly even 1.0 From the standpoxﬁ% of
traditional test thcory, this is disconcerting. th it isﬁunderstandable.
rom thc CRT standpoint, if onec recalls that cocfficient beta is designed
to measurc thc operationnl TCllubllltY of a2 CRT: if all examinees respond
'randomly to a test, it is a clear indication that they are about as far

. from mastcry as is'possible. The high value of coefficient beta would

indxcatc that. thc tCst is cl1s<1fyxng mo<t of them as such, and reliably

" 51
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I

/ .

so. Nonaetheless, 3 test constructor might want additional test tryout in-'
farmatibn before passing judgment on the instrument's reliability, as in
the construction of an NRT.

Fourth, it is apprﬁpriaté to see how coefficient beta wWeasures up to
the eriteria for a CRT reliceili'y ceoefficient that were set forth at the
end of the iést’chaptcr. ' ; N

1. Coefficient beta is based on the notion of accurate placement in
categories., It turns out that beta does attain its highes;}values wﬁen
the test scores depart frém the cutoff; hdwever, these scores need not be
gt the extremes for beta to take on its highest valﬁes. For example, on
a 20-item test with a criterion level of 70% (yielding a cutoff .score
‘of 14}, 8 = 1 if all scores are in ({0, ...,6} U {17, ...,20}. As the
total scores pile up near the cutoff, the vaiue of B decreases.

2. goefficicnt beta is variance-free in the respect deemed most impor-
tant by critics of a variance-dependent CRT reliability coefficient: it
can take on any value from 0 to ! even though the total‘séore variance™
is 0, depending on the relative valuss of the cutoff score and the (single-
membered) set of test scores., The coeffiéipnt is, howe&er, variance-de-

B pendent in other respects. As the variance approaches its maximum, B ap-
proaches 1. This relation is reassuring since ma;imum variance on an n-
item test occurs only when scores are equally divided between 0 and n, which
scores indicate the clearést pogsible separation of cxaninees into two class-
ifi;ations. Furthermore, if 8 = 0, then the variance is zero. These rela-
tions are easily éummarizcd: if the wvariance is high, coefficient béta is
high; if the variance is low, there is‘no restriction (w;thin its range)

. on coefficient beta.

O 3 () ‘ .
ERIC « 92 .

Aruitoxt provided by Eic:



3. Coefficient beta is not bascd on traditional-uei;ureuent'erior

concepts. Since it is built around the theory of dichotomous categoriza-

tions and Platonic true scores, the Platonic notion of misclassification

is the only measuremecnt error involved.

4. Cocfficient beta is an algebraic function of the criterion

v

level (and otﬁer paramefers).

)

S, Coefficiénémaeta has a range of [0,1], although values near 0

occur only under higﬁly improbable conditions.

y ) zCoefficient beta nnd‘tricQQtonous data

‘ The authors gffsoae‘counercial instructional programs, such as
Developing Mathcﬁatical_?rpéess;s (DMP Resource Mapﬁél, Topics 1-40,
1974), contcndkthgq:masteggynbnmastery élonc is not a sufficient categor-
ization of test res&lts. a#d thatinbrc'yaluable information and more ap-
propriate teacher options'bcCOme available if the test result data are
trichotomized into classifications such as “mastery," "ﬁrogre‘ss.-“
and "ﬁbnmasterx." Coefficient beta, as outlined above, is clearly not

sensitive to such. a trichotomization scheme..

The trichotomous coefficient of agreement in such a situation would

be equal to

A+E+T

Pe= =< .

bascd on the following table, in unich +, *, and - stand for the three

~catcgorizations:

4

"
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~

A coefficient analogous to 8 and applicable to this situation shouid

. ‘ Y As «+ E_ + IS ' .
be equal to = ) ~, or the mean split-half trichao-

&L
s=}"

tomous coefficient of agreement.

’

EAL]

Such a coefficient can be derived, although the derivition is not
presented here. The analysis of this coefficient, aith@ugﬁ nore ceéyiex,
in placés, is essentially parallcl to ﬁh& analysis of coefficient bels
presented earlier. Instead of partitioning the set i0, ...,n} into five
subsets, one partitions it into seven. Reca’l that for coefficient beta,
k is the minimum_nunber of items on a half-test that must be answered
correctly fo; a\master? c!assificatioﬁ. If, fcf trithotcéiacd dara, one
in additiﬁn;iets 2 be the minimum number of items on the haif—£e§t that
must Se answered correctly for the middle ciassifica;ién,uthan zh¢ severn
subsets of {6,~;.., n o}, togetgér with their carfeqund:ng—values of

¢i(X),_i » 1, ..., 7, are

' 9, (X) =1

_ Sl = {0’ ..'_," i‘l} i'l ‘
s, = {2 g2y =D (x) nox b
&g 1L, .., 2 "2 B - . . < y
2 2 31:“:(-(1-1) 3 ’g' - j i;.
S, = (2e-1} ‘ $5(X) = 0 ' ‘

o4



) L. up x\ifn - ﬁ
4 {22,...,2k-2] - (%) = ¥ (j) (%_ j)

S, =
v S L
. ¢ i } 'm -
§, = {2k-1) - (X)) = 0

b 0G/G
8, ® {1 ,...ay » kol $e(X) = L 2
6 | = 6 =k j Y j _ (2.

s

n o | b ' »
2 (1;' E,. .0t} 4’7(1)-! H
where 0 <L < k< ¥

»

= max{f, X-Ik*}]),

v . )

1

and 4y ain(bi; X-2).,

»

Kote that £ = i implies S, » {'} i;§ﬂém¥.?,%L§5P1292“§503nm{ .

- 21 N S ——
As before, the computation-is ;ade wore efficient by utilizing the
frequency distribution of total scores, and hence a formula for 83. ‘the

poan split-half trichotomsus coe€€icient of agreement, is

* X 3} . -
Since ¢i(x) s 0 or 1 in four of the seven cases, this can be more

-

cxg»cit ly rewritten as

: t-1 20-2 |
] 2k-2
8, %% |4 F o I T ¢ (x-1t-1], t-
PR ey Tx oy 5 % fe-1}, t-1) - xgzl f, :?(u 4
n
k-1
* z £ e (k, X=k) + .
x=2k * % | ‘
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wvhere : éx(a'b) ®  jea (:) "

and uy snd u, are as above.

The t} chotomou::. cocfficient rc‘quires the same adjusments for |
an odd numbcrlof_itgms ‘as goes the dichotomous goeffxcxent,~except that "
n-1 is used in calculating L as-wéil.as‘ k and‘.§i(X).

Note that if the test is multiple choxce, the lower of the two _‘
criterion levels should not be set near the"percent of itens that should

be answered’ correctly due to chance. as this would result in unreliable ‘

AtiBSSlclcntlnn decisions between the louer two categorxes. In this case,

xf LieTe are a szgnxfxcant fumber of nonmasters in the populatxon, che

value of & 3 would tend to be rather low, as would be expeCted.



 CHAPTER IV
S;EER SiNGLE-ADMINIéTRATrJN COEFFICIENTS.-
Several aﬁthors have receﬁtlyvdevisé@ or résurrected indices deal-

ing either hirectly or peripherally with CRT reliabil}ty. Some indiées
maQévbQSe&"on éné #dﬁinistraiiﬂn.pf é.tesg fﬂhrris, 1972a; LivingSton,
1972a; Marshall, 1973j, some On two administrétions (Berger, i97b; C;rver,
1970; Hambleton § Novick, 1973; fﬁeégf 1970; Millman, 1974; Ozenne, 1971;
Swamingihan, Hambleton, & A;gina, 1974), ;ﬁd Sbm§ o three administra- -
tions' (Brennan, ;9?3); This report is coﬁ;gfned s&lély with singie-

rd ..
administration indices.

‘ jhe.tvé single-admiﬁistraiidn coefficients that havg received the
\widestbattendtion are k%x'(Livingstcﬁ,.1972a) and uz (Harris, 19722). A
third measure is the index of separation of tést ;cores~(Marshall;‘1973}.
These and thre§<qther coefficients are éresénted in this chapter. Since th
relation of each of‘fhese indices 0 coéfficient'beta is détailed in a

subsequent chapter, ‘their rationale is discussed briefly here, as is-

‘ their degree of adherence to the criteria given at the close of Chapter II.

Livingston's Criterion-Referenced Religbili Coefficient
ngs ] ty =Nt

_— . 2 . . . .
Livingston's coefficient, k is widely known and the most <£i1s-

TX

cucsed coefficient in the recent literazture. It stems from an interes:-
ing application of classical reliability theory, and departs therefron

only in the notion of mezn sguere deviztion. Instead of using variznce




as the mcan square deviation from the mean of scoresv Livxngston substi-

tutes for it a quantity equal to the mean square . dev1at1on from the cut-

off point. The assumption is that the deviatxon of a person's ‘score from
the cutoff, not the dev1at10n from the mean, is of 1nterest .in a CRT.

The rest of Livingston's careful algebraic development parallels,that 6f

classicgl theory, and the rgsultipg_ kix is ;eiated algebfaicaily t6

classical quantities:

K =

ro? + (X-0)° » R L . 4]
2. 302 -

where
r = classical internal consistency reliability
2 . .
g = variance of total scores

-

mean of total scores - ' ' %

»|
]

c

criterion cutoff point (not necessarily an integer).
As can be scen from Equation 4 (and as pointed out by Livingston),

2
krx

>r, and kix appfhachcs r as X approaches C.

, This coefficient has been the subject of much criticism, comment,
.\. . - -

and rebuttal (Hambleton & Novick, 1973; Harris, 1972b; Hsu, 1971; Living-

ston, 1972b, 1872c; Marshall, 1373; Ozenne, 1971; Raju, 1973; Shavelson,

tlock, & Revitch, 1972). Summaries of the arguments can be

found in the references by Eremnan {1974), Rim (1974), and Wedman (15973},

. . . . 2 . .
znd are not presented here,  In this sect:odt, er is analyzed with re-

~
(‘
[p]
o
+
O
ot
i
(B}
-
-
re

iverin for a CHT reliability index ser forth at the end

5%




1. It is not the d1stances of the scores themselves from the cri-
:terion cutoff that contr1bute to h1gh values of kT ; but rather the

~ distance of the mean of scores from the cutoff as. Equat1on 4 shows. . o

i
J

 This fact is of po consequence when the score d1str1but1on is un1modal

<

anﬂ generally sémmetr1c, since under these cond1t1ons the. mode and mean -

'3

v . - will tend to coinc1de " But when the d1str1but1on is b1moda1 wh1ch is

-

desxrable for a CRT then this fact becomes 1mportant in 1nterpret1ng
2 L

k % it is part1cular1y \Jgo;tant when the mean falls about halfway

between the two modes. Cons1der the earlier example of a 20-1tem test

s
=

: w1th a cutoff of l4 Suppose the data from two samples, A and B, - form
"inverted triangular' d1str1but1ons w1th d1fferent means .‘as shown in
'F1gure 2. 1If the cla551cal test reliability is .80-in both cases, kztx é' ]

91 for sample A and .80 for sample B, even though sample B seems to show .

. a clearer separation. between nonmasters and’ masters, since there are

fewer scores at/gr near the cutoff. (Coeff1c1ent beta would have vaflyes *

of .72 and .88 for samples A and B, respectively.)

Py

Q
¥

c=H

Figure 2. Tworhypothetical score distributions.

‘ ; . 59 . /'
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2. The coefficient ~k2)'(v
7~Equation 4; it is dopendent on totaknscore variance,‘

L ",' ' T

1s not var1ance free,‘as 1s ev1dent from

~as"are class1cal

coeff1c1ents, although in a d1ffereﬁt way When tota',score var1ance

¥ .\ ‘ -.

is zero, k;x = 1 (see Equat1on 4), umless x = C. Thus the coeff1cient

- does not van1sh when the var1ance approaches zero, but 1nstead it tends

—toWard a un1que value When the var1ance approaches 1ts max1mum, ,ka

\

7-"'aga1n approaches l because the trad1tional rel1abil1ty coeffic1ent also

b - L

-approaches 1 under these cond1t1ons and k:x >»r. Under less extreme

-

cond1t1ons total score var1ance has varying effects on. ka
- “3t The coeffl 1ent ka u:s base& ow class1ca1 error of measurement
'In fact, . as Harr1s (1972b points out in crit1c1zxqg the coeff1c1ent L
fthe standard error of measurement is the same 1n L1vingston s framework
as it is in the class1cal frameuork, evcn though the value of L1v1ngstoan
' rel1ab111ty coeff1c1ent is normal;y h1gher than that of a c18551cal .
coefflcxndz, _ _ .
4. As Equat1on 4 snows, ka is an algeb'a1c fhnction of the cri-,
teripn level (and other paraaeters; — v.
‘ S. The coeff1c1ent kT‘ has the fa;;11ar range [0, 1] under most
conoltJons, although it is theoretxc&lly possxble for it to take on nega-
tive values, wher the classical 1ntcrnal consxstency estimaie is negative

&nd the test mean is at or very neariy at the cutoff.

-
3

Rarris's Index of Efficiency

’llhc index of efficinncy, uz. propoﬁOu L; Harrls (1972a) is intend-

-

cd "to examinec how well the test sorts dofined snuplcs f students into

categoriesoand possxblx to measure, txs‘officioncy in this sense [p. 4.1

66



It has been 1nterpreted as the squared correlat1on between test score

and a 0/ 1 dummy var1ab1e represent1ng the nonmastery/mastery class1-

2 o
f1cat1ons. Harris also po1nts out that e can be conce1ved of as the
rat1o of true §core var1ance to. observed-score var1ance if true score is
def1ned for the subJects in each of the two groups as the group mean.

~The computat10nal,formulaﬂ1sr

- SS, ) - . : :
2 ~ b : : ”
Mo ® §5 %S5 - | [5]
¢ §Sy, + S5, . S

o

where the terms 1n‘;he ratio represent the between -group and w1th1n-group-

sums of squares xor the groups resulting from the d1chotomous class1f1ca- :

4

-tions _ . . K . L
% .The index is analyzed as follows with respect to the CRT reliability

criteria.

)
"

1. The index of efficiency has highest values when -the total score

d1stribution 1s sharply b1modal w1th ‘a mode on either side of the cutoff

- A e e, _

but these modes -need not be far from the cutoff’ For Illustratxon,tglven

. - the 20- item test w1th C = 14, u2 = 1 if all scores are e1ther 0 or’ 20

which is reassur1ng .But uz is also 1 1f all scores ‘are 13 or 14 a per-
fect u: occurs even though all mastery/nonmastery classxficatlons could be
reversed with a change of only one 'point in each person's total score.

(Coefficient beta would have a very low value under these conditions-~
less'thnn 0.20 if the scores are more gr less evenly divided--and Liv-.
“t . \}‘ -

9

-ingston's’ k%x would be no_greater than .Sr ¢ .5, where r is a classi-

cal reliability coefficicent.)
. A ‘ ,

61
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';L; : 2.. The indgidif eff1c1ency is var1ance dependent. but in a some-
‘:\u y-yjd .

the set {(0,n).

-

1fferent way than a classzcal coeffic1ent 1s. As Equat1on 5 in-

VR,
2
dicates, Mo is. undef1ned when\total-score variance 15‘2ero, and when

‘total- score va;\ance is at 1ts max1mum, uz = l. But uz can also be

' _hlyh cven though the variance is small (but not zero) iGiven a 20-item ..

test with a cutoff of 14, ui =0, if all exanlnees score'14'or'15; if

one examinee scores 13 and the. rest score 14, "3 =1,

- 3. " ‘Except for the_true-varianee/totsl4variance'ratio'interpreta»

. tion mentioned earlieg, the index of effic1ency is not based on tradi-

’

| ‘tional measurement error concepts.. "(An example of the 1ndex's departure _'

- from traditional measurement error_conccpts was given under point 1.)

: : 2 L . .

4. Although not explicitly part of the computing formula, the
criter1on level is nonetheless 1mplicit in the calculation ‘of u2 :since
it is the ba51s for dcfxnlng the two groups into which the examinees

are sorted and for which the sums of squares are calculated.

5. The index of" efficiency has the fasiiliar [0,1] range. -It is 0

"..when all examinees.are classxfied the same way (provided variance is not

RS -

0); it is 1 when there are two groups and each w1th1n group variance
is 0 (sce Equation S)-
' 4

‘

The lndox of Separation

The index of scparatfon of total scorcs‘(S)'is designed to measure

the degree to which the set of total scores on an n-item test approaches

1t ii\Egscd on the assumption that the population.

taking o CRT is in fact the union of two subpopulations, cither of



& p
wh1ch -may be empty: one knowledgeable, and hence with expected test

score E(X) é n; the other not knowledgeable, w1th E(X) = 0, either

when the test is free-response -or when the scores are corrected for guess-

ing. The formula for this index is &

.4 1 2 . i -
s=1-—1] (X -q xp.). _ R (¢}

nNp, P
where n and N are the numbers of items and persons, respectively,

and Xp is the pth person’s total score.

e Al

An.alternative formulation for S is

4 '2 n 2
S £ —— = - X .
Rt A AR

L

I1f this is rewriften as

’
.

it follows that S can be interpreted as the ratio of A to B, where
A is the mean squafe deviation of the Xp from n/2 and B 1is the max-
imum possible mean square deviation from n/2 (and hence the maximum pos-

SIblc variancc for_a test of n 1 1tems )

The index can be apalyzed according to the CRT reliebility cri-="""

teria as follows:

1. Tho index of separation has maximum values insofar as scores
. } : .
depart from n/2 rather than from the cutoff. Thus S is a score distri-
bution index and is not criterion-dependent; this is also clear from

Equation 6.
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2. The index of separation is algebraically related to total score
variance by the formula 13

»

S=1-4(7-

=’Nl on '
St

. - . R > P
“where p is the mean item difficulty (i.e., ﬁ% )~an2~.q = 1 - p. None- )
‘theless, S is variance-free in the same important respect as coefficient
beta is: it can take on its full range of values even though the total

score vafiance‘fgﬂzero. Also fike coefficient beta, S = 1 when variance
is at its maximum, and S =0 impliﬁi’gg;o’variance {(when the set of total
P - {

scores is {n/2}).
N N e , o
3. The index of separation is independent of classical measurement

\

error concepts. .
. 4. The index of scparation=is nct @ function of the criterion
leyel; it is a function of the frequgpcy distribution of total ’scores

alone. ‘Its value for a given score distribution-is therefore invariant

under changes 'in the criterion level. Thus it is a score distribution in-

-

dex and not a CRT index. - ‘b

5. The index of separation has range [0,1]. It is O when all

scores are n/2, and 1 when all scores arec 0 or n. -

-

~ Since the index of separation-fails.to satisfy criteria 1 and 4,

it may te helpful to introduce a rclated index that satisfies these
criteria. Such an index, the criterién-referenced indqf of separation
(Sc). is formulated as follows:

1 ~ c-x)?
ST
c N X<C x{ C

*

& b o
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where fx is the frequency of score X in thé score distribution.

| Appertdix A demonstrates tha.ISC =8 if C = n/2, and thus Sé is

a generalization of S. The criterion-referenced index of separatiory meets
all five CRT in@ex criteria. .Thu5‘coefficie£t beta will be cgmpared

with it as well as with the Livingston and Harris coefficients in

-

Chapter VI.

' Other Fourfold Table Test Indices:

In the analyses repo}ted_in Chapter VI, reference is made to twd
other indices besides those CRT coefficients discussed thus far. In
this section, these other indices are described.

First, consider again the definition of the elements of the mas-

tery (+) / nonmastery (-) contingency table: ‘ ;
+ - . .

< + A B

- |C|D

N,
and recall that coeff1C1ent beta is equal to the mean of all posyible

split-half coefficients of agreement, where the coefficient of agree-

ment, P, is

o p o AsD
~— N : = }
The c051netpl estimate A correlation statistic, approprlate //’

when the two kmherentlw continuous) underliying variables hava Feen / 4
i

e i rro s : . SR L]
artificially dichotomized, is the cosine-pi estimate (rcospi) of the T

tetrachoric correlation ceefficient (rte[). A compuring fqrmula 1!'
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= COS

Teospi 1 +. YAD/BC - (8]

where the angle 1s expressed in radians and the symbols A, B, Cand D
refer to the entries in the cont1ngency table above. This formula

yields a good estimate of r only when the marginal frequencies of

tet .
the contingency table do not depart markedly from %- N (Guilford, 1965).

The phi coefficient  Another index is the phi coefficient (r).

Its formula is

4

__AD - BC_ : (5]
¢ _ /{A+B) (A+C) (8+D) (C*D)

where A; B, C, and D are defined as before. The phi coe:‘icient is a

special case of the Pearson product-moment correlation that is calcu-

lated on two inherently dichotomous variables.

Normally, the computation of the = coefficients requires two sets

~— of data (resulting from two administriri..ns of a test). Howéver, in

the course of the ccmputer calculation of coeff1c1ent beta, a '"grand”

fourfold tabls w~ith :ntries equal to the means of the results of all

possible split-aalf categorizations is easily constructed. It follows

from the analysis of the derivation of coefficient beta given in Chap-

ter II1, and from Equation 3 in particular,. that the entries in the

cells of this 'grand” fourfold table are:

686
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X n-X
. 7+ k-1 X-k(.)(ﬂ_. n
- A= £ f AW + I £,
X=2k j=k (n) x=2 ¢ k
n
2

Bt =C* =2 (N-A"-DY) . | :

In tﬁiéwstudx, the cosine-pi estimate and the phi coefficiént~are cal-
culated from. this “gﬁand" table, and under these conditions they can be.
construed as single-%dministration indicei. Note, for example, that the
v thus calculated ;s not equél to the mean of all possible split-half
phi coefficients--the ﬁopputer Pfogram was‘not designed to do the
calculations required--but rather is a single coefficient calculated
froﬁ a table fesulting from ail possible split-half nonmastery/mastery

categorizations.

Coefficient kappa Millman (1974) and Swaminathan et al. £1974)

have proposed that coefficient kappa (Cohen, 1960), an index originally
- . &
developed for nominal data, rather than the coefficient of agreement, is

the appropriate index to use for dual-administration CRT reliabilfty.
The computing formula for « is

Py ~ pé

- . X = ———— R

l = D ‘ PSS e e e 4 e 4 = i
Ll o =

v

67
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where, in the case of dichotomous categorization for each administra-

tion,

Py *

z| >
+
zZlo

the observed proportion of like categorizations (i.e., the coefficient

’

of agreement), and

v - (5(5) - (3D(E).

the "expected" (by chance) proportion of like categorzzatlons {(i.e., the

-

sum of products of marg1na1 prOportxans, as in a chi- square test af HER

~

soc1at10n).

The advantage claimed for coefficient kappa is that it removes
» v

from the final coefficient that proportion of agreement due to chance,
that is, the expected proportions in the popuiatien. It seems uneicér.
hSwever, what interpretation should be given to the notion of popdla- “
tion proportion. In the case of an attribute with trui} nominal values,
say eye eolor; it makes senée to talk/f the prbportion of the pbpufh-
tion with hazel eyes (given, of course, a suitagle meaeurement ptoccss*~
for identifying "hazel'). But for such en ephemeral att;ibute s depree
of mastery of a given behavioral objective, where £ifteen minutes of
instruction may well change a person from the non-mastery cgtegdfy to
the mastery category, the "expected proportion' of the p0pulation‘in.

one catcgory is not so clear.

Since cocfficient kappa is a dual-administration index, ;t is not

%ithin the scope of this study. It would be_intereséing, however, to

" '_ | 88



consider 3 3‘ngls ndminxstr&tian coefficxen: cquil to the mean of all
('possible split—hnlf kappa»co¢,ficients. Unfbrzunately. tke algebra in-
Uﬁyplvad is forbidding S e "" <

' However, rather than take the mean of a11 possible split- half

kappa coofizctcnts one can treat coefficient kappa in the saae way as .

“mit:“*“the cosinepi estitnte adﬂ”ihc PHl ca&fftcient*'nlnr vy ona“can~ca¥cu~
iste the kappa coeffzcieaz from the’ "grand" fourfolu table which gives
the aeans of all pcssxblc split’half catcgori.atxons Recail from the
.dnr;vatiun of caeff;c;cnt bet“, that cells B and C 1n the ”grand" four-

f:yfold Lablc are. »Quai becnuse of :hc symnetry inplied in labeling,the
halves of she test. To indlcatc this, let )
BeCowE, | o
.iunq lai tb&;£§ﬁcr5qript é‘} denote a cocfficient ﬁalcuiatgd from tﬁc

fﬁgrgnd”“t;blé. Then

P . A,D (Aoﬁ) (A*E) (D*E)(D'E)
- H N K2

o . S5 P P
. . i-p. [
< R o (*‘EafA‘E! (Dos D+E }

"

.  'Hiih‘§,iit{;e sigebra (see &ppendix Ay this.can be'sipplified to

. .
vl AD - B

»

Note. hONGVcr, that undor tbese samc conditxons of 8 «aC» E :he ph: ‘

coefficiunt (from Equution 97 is

s -t

o
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Thus, in interpreting the resulls comcs

V2.

L2E7 o
also of intevest o note th

i

appears to be a (generally close; lower bound 1o

‘5

Vi

i,

ing fro
It

$

- . . . . .
where 1 is the estimate of the index of inconsistency us-d for hinceial

r.

data by the Bure:: of the Census, as reported by Cochran (1968, p. 643).
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var 2§ sraminest, sumber of jtams, and cerain Basic a3l

Z. Wzav are e characreriitics ~f the three other critericn-
depandant teir indices defired in Chapler Iv?

3. Are thers predictable relationships between coefficient’
beta and any or all of theze three indices?

4. »re there predictable relationships between coefficient

beta and ozher fourfold contingency table indices?

Large amourt: of systematic data arve needed to obtain satisfac-

tory answers to these questibns. Prohibitive expenditures of resources

-

~and inordinate coopération from schools would be required to collect

such data cmpirically, and hence the data were simulated by computer.
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The Cimouter Propran

i COMpIET pTogrAs was designed by the investigator and wriiien
by 32 wolleague to gererate the data for the study, The pin'pou and
design of the program were threefold: (1) to simulate the results of

vhe trit-vaking. proces: by gemeratiag 1tagwb7-?oyacn response naivices

of 't amd 1's; (2) to allow for systematic control of the jemeration

of theis matrices by providing great flexibility in the definition of
ingit parameters, to be discussed later; and (3} to create graphic aids
arzd 1o zalculate various statistics, including Mo used in this study,

frem each simulated response matrix.

The Basic Equation

The first step in using the computer progm 13 to det'ine the in-
put paramcters, discussed in the next section. - Then the prograu genab

ates a response matrix of O's and 1's according to the equation
2 . e e ]
Tipr " 81 ey v o) - (A -ddl el -8y ey ¢ °lPt1 [11]
where .

tipt is. the iesponse to the ith itea by the pth person on the

tth trial (6r replication) of the test;

)

g; is the “goodness' of un ita, akin to item-test correlatinn,
with range [0,1]: |

Cp is thc "compctence' of the person on the behavioral objective
being ucav.urcd with range [0 1] |

di is the "facility” and therefore 1- di is the intrinsic difficulty
of an item, with range [0,1};
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and the e‘é are nornaily distributed rénqom cpmponenti each with an ex-
pected value of 0, but whose variance pay be specified. The first 15
& persons-by-trials conponent. persons feel differc t from day to day
and would react td tests differently as a result. The socond is a
{generally la}ger) 1tems-by-persons compohent{ it is not realistic to
assume that a given item will have thc same diffxculty. relatxvc to
other items, for ecach person. The thirdlis a catch-all, undefined
component that varies over items, persons, and trials, and may be -
thought of as related to errors of’ measurement.

Thecrosponse 19-countcd as cortect or incorrect. and thus the cle-
ment in the response matrix is ! or 0 as ript >0 or rdpt <0, res-.
pectively '

Note that when an item is pcrfectly "good = gi = 1 nnd when the 5.

o porﬁons—by-trials error component is ignored. Bquation 11 reduces to

Tipt " Sp - (l - 41)‘ ’
LY ' .o * . ’
implying that the response is recorded as correct when the'person is at

least as cc:pctcnt as the item is difficult. Further. a perfectly "bad"
iten would bc one with 8§ s o; in this case the basic equation [11] To-
-

ducqs to

. ript -/e'| B 3 Gipt .
implying that the correéctness of the tesponse is due conpletely to ran-
dom~factors. Notc further that for a perfectly good iten the effoct
of the item-by-person orror'vanishes; this effcct docs appear when the

frem is not perfectly good. These values of item goodness are limits

v
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rather than reahties, of "purse, and thus the valy % ot‘ ‘i actual!y

‘used in the iwe*tigation were bstween the:a extremes. o % ‘

w

s der to clarify kow the bas:lc equntion Functions, cons
the catwde-ray tube analogy shown in Figw:e 3. Thick of the value
of’ ¢ * c’ as an .:nssion pom. on 8 cathode, and consider the value

p pt
of I o as a hole in a }wid “nwn cp ¢ e*p - ,(; - d;)- cou}d bg

~. \ . R ’ -
- \ natrin
- en
04 . . ‘ lr o ey
-1 g, (velocity)
' 29
L
+ 34 .
47
-5 o
64 '-“‘” wrrne conprinent \
enargle B (interference field)
.74 ot
Poe2
1y ‘0
'.31 14 .
XY ) 04 -
d i.d. ]
1.64 ! ' i O
. tp s e r
rt o - Tipt
eatholc qrid . ’ anode

»

Figure 3. A cathode-ray tube analogy for the.computer program,
Ve
4
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e"

termed "initial direction." The particle is emitted ﬁitﬁ'initiéi

‘velocity gy and passes through an electromagretic field of strength

°"ip + eipt towardiyhe anode, riptf, As Equgtion 11 indicates, the

greater the velocity gi; the less the effect of the interference field-

pt ! eipt'

. o,
In the example shown in Figure 3, cp + c,pt 3

resulting in an initial direction of (c + c'ét) - -d) = .08 If

= .62 and 1 - d, = .54,

th; velocity of the pnrtlcletware great cnough in comparison to the
strength of the interference field, the particle would continue ohitu

the upper.'grcatbré;ﬁan-zoro half of the anode and ihe entry in the re-

sponse matrix woul@-b; 1. Iﬁvthis example, héwever. the error componeits
#re large enough with tespect to g, to*bend the path of the particle
downward to the less-than-zero half of ti.  anode, and ihe entry in the
matrix is O. ” S

It should be further noted that since the com§u€eé prograr is
designed to simulate the rcsﬁlts of the togt-taking process rathor than

-

the protess {1self, the relatiopships in the computer model among such

h‘nhinz% ;;”itcm fncility, oxaminece ability, and tost mean arc not neces-

~

gnri}j'those one migﬁt expect. _For example, test mean is not an . |
nlgebraic funétldn of item facility alonc (as it is in the usual test
mpdels), bht fathcf is only influericed by it, and then only in conjunc-
tion with person competence (combined with it to produce "initial direc-

i . :
tion") and®subject to the effects'of both item goodness and the error

components. ’ : N



64 . - o ' /

N\
ihe differcnces between the usﬁag sodel and the conp?ter model

used in tﬁis ;csenfch are due to‘pfaétiial-rathef than theoreticsl

consiécranions: the usual model does not readily iend {tself to>com-
L ‘ ‘-9utér.simula£ion since its inner relationships nfn necessarily bound

up with the unpredictabﬁlity'of human behavior. Tﬁa coapukéf:modei

uﬂs‘evolyed over'é peried of time as the best brocedure that the author
'and his couputcr-ﬁrograunér'gollcniue could duvisc in order to simulaté

the results of the ususl test-zaking process.

In Figuté 4, the usual relationships (A) ahd those of the com-~

~

puter model (B) are compared. Arrows indicate directions of relation-
ships, solid limes indicate direct relationships, and dotted lines if~. .,

dicate indirect relationships.

IS A
y other item- h ‘ .o
/ examihos \ oo
/ characteriatics \ b
’ \ ) / R";.
i \ : , .
o -):n,‘~
axaning S itom itom-toat — acror . tost
ability faciity jcorroldtion ‘ . meahn

) A e e o o
A Clannical model ~ 0 i

B computoer model

e '

. e

aub ject ftom ftom argror S tent
competence caninenaa noodnoss componont s noan

rd
-~
//
- ¢

initial
dirrction

— — —— —— — — f—— o

Rclationships bctween item, cxaminee, and test characteristics;

Figurc 4.
a comparison of the classical (A) and computer (B) models.
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Inputl Paraseiers

‘The compuier progran offers a‘wide range of options for defining

, . = T — s ,
the three major veotors (cp, i and gi} (see Appendix C for nore de-
tail). However, for the purposes of this study, only a limited variety
of options was used.

The competence -ector «=as restricted to iwo typer. One is 3 nor-

2

mal distribution (Figure &), with w = .5 anmd o° such that al} cp values

generated lic between 0 and I (explained morz fully in Appendix Cj.

This competence distribution was chosen to reflect the classical assump-

tions about ability within a population.

%
s &
" & & 2
T & & @
s & & @
e« & & 9
& 0 @ % 9
e 4 &4 & 8 » -
«. & 8 & 2 =
« @ 8 % » ¢ & @
& 4 & & A& & s @ .
T R A % e B
# & &« & 2 & s @& .
e & & & & 4 8 & & @
4 ¢ &% & » A @ ¢ a4 8
8 A4 8 & % ® & * 4 @
2 A & 4 ¢ & a2 4 & 4 = =
A A& & A 0 s e sk
* % & % & & A & & b &
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A & & & & & A & 4 8 & 8 e 8 4 9
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. - .

Figure 5. Histogram of companents of a normally distributed
competence vectosofcp)
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The second type is a bimodal, "invo%s; normal” distributimn
. {(Figw o b). uh;ch is possertially uhat wou!d be obtainsd if 3 normal dis~
‘t pution were cut in half nz the ccntcr, the left half translated .5
il’xc the right, and. thc right hnlf translatc&'.s to the left. This com~
'gctenwe distributzon NaS chosen 16 ref!oct the nution that, for a g;ven
behavioral objcctive 8 student generally cithcr has or has not nastered

the objective.

. - - - ‘
; » T e .
; - 8 & & i
-, o s & /
. * % R X
v B » ® s & g
' s & & * 8
. & & P )
[T . e @ P
& & N n. 4 &N -
" & & ¢ . &4 & -
» s & @ s & 2 =
& & & . * A "8
T e & 5 8 T3 BE
' * &R e
. ¢ 4 & @ 2 ® & ¥ @
5 265 8 @ [ 2N 2 2N
& % eSS IR B R B B )
*® & & 8 & @ * e E W TN
$ €@ & s & & [ IR BE. 2R B 2 °
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¢ & % & 0 6 B 4 A& D - e " s a8 8
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x 2
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g O AN R LR LS e SRS oRREERA
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Figure 6. Histodgram of componepts of a bimodal
competenca vector (cé S

The item facility and goodncss‘vegtors emploved in the study were
all uniformly distributed, but their uppef and lower bounds varied ac-
> cordiné to presct con(itions.'

B
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.Eight sets of parameters were used, resulting in eight families
- of response matrices, score distributions, and test _indices. Particu-

lar combinations of porameters were chosen ©* simulate responses to

? .
three types of tests. ~

The first type of test has a moderate mumber of items, relatively
low item goodness, and % wi&e range of itea.facilities. It is perhaps
best exemplified by a poorly-written teacher-constr;cted test. Parameter
sexs | and I, which use fhe normal and bimodal competence Qectors,
respectively, are of this type. Examples of the :nsulting distributions,

3000 1 he accompanying basic test statistics, are given in Figures

R 7 and 8, -These hgsic test statistics arve p. the test mean expresscd as
pyerage ites difficulty; W, the variance cxprcsséd as & percent of maxi-
mum possible variance for an n-item test; S, the index of separation

{Equation 6); and v, a classical internal consistency, reliability estimate.

\
p = .62 . .
w6 . .
S = .12 .
L ]
re= .27 3
» . . . » \
. &
* ®
& % & & & &
* # @& & & @&
a & & & 9 4 & & & -
b o & % & & & 4 2 n A &P
S ity M N C OO~ NN D00
P e I B B B S o ]

Figuré 7: Score distribution resulting from
d parameter set l. :
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- p= .60
AV = 10 . .
S = .14 : *
. - 'S PHE .
T = .55 * P I . ' I
. I A I » /

-~ * MR R R *

{ R EEEEEE NN -/ >
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N ot e ol ot et o=t ot el ot ot O

J : ~
N

Figure 8: Score distribution resulting from
parameter set 2.

Poa

The sccond type of test is short, with relatively high item good-
ngss and a minimal range of item difficulty. It is perhaps best ex-
emplified by a well-constructed‘;riterion-referenced test for a narrow,v
gpetific behavioral objective, such as would be found in mathematics.
Parameter sets 3 and 4, which use the normal and bimodal competence
vectors, respccfively. are of this type. (see Figures 9 and lb)

The third type of test is long, with intermediate ranges of item -
facility and goodness, éimulating.a'morc traditional,  standardized test,
such as would be-founa'in a‘field like science. Paramcter sets §, 6, 7,
and 8 are all of this type. Sets 5 and 6 (see Fiéufes 11 and 12) utilﬁzc )

the normal and bimodal competence yectors, respectively.
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Parameter set 8 is the sams 5% set 6 except that thé standard deviations

of ﬁhc‘érror compoﬁents are smaller. This set was chosen because the
resu!ting score distribugi9n/(<'° Figus s i4) closely apﬁfoxiuates that
of”empiribal écorcAdistf&buté . 2 tests beiny developed at t%f:ris- ~
coﬁsin Research énd'ﬁevelopmcnt .ater for'Cognitlve Learnzng, where th15

stydy w~e conducted.
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Table 4 gives “he numericzl values used fur thexe eight parammter
sets. In all cases, cp is sither rormal or Giscdal {inverse normal) as
described previously, with u = .3, €, 0, wd ¢ = 1, di and g 2re

uniiformly distributed within the imtervels thowm in the table.
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Trs Opumaticme snd Vmssurch Verivds

1. Wrar are The charsctariztice of coefficient hetd?  Thiz can be

45 qidmd dnvss ke $3loeing ey rions:

s, Whar sre vhe values of ¢01;, we defined Jn Chapter 111, for
ruet serre J, wd fur veryitiy éumbtvz of jvems and criterion Jevelyn?
Sipek Lhe Bigebraeis definivien of $(4) ic ravher comples, 16 unswer AhLS
ganrtion grepbisel ditpleys were wade o that the convriburions ro
et fivieny wera ot 4(), Fuor esch X could be visuglly compsred. Figure ]
versed vy sn eosmple.  The grephs ere given in kppendix .

L. Fur esch purenever sey, how does coeffiolent beta vars b
criverion level changes? Tu answer this questicn, response astr:
were generaved for car uf the €l ht paremever Iovs, and graphs were
dreen. These graphs and snswers vo &ll questions which follow. o6
given ig’ﬁhayttr VI

.. ;hh(\lﬁ the behasiur of oo fficlent bhety as th amess oF 0l
eninees incressestTo answer this, four matrices were gene tied for
coth paramerer set, using 2%, 49, 7, '_nd 400 exwy lrnees.

4. Whst is the behavinr of coefficient beta as the numuer nF 1Tems
increases? s the Spearsan-Brown prophecy formuls spplicablet o oan-
swer these caestions, four mivtiices were nerat«d for each paraaeter

~wv, using 10, 20, 40, .nd 80 items, grafhs were drawe, and varicus
regres-ion analyses were carried out.

¢. Are therc predictable relationships between coeffic.eat teva and

the following basic test statistics: (1) test mean, expressunf &s 2 ..n-

.

cent (i.c., mean item difficulty), (2) score variance cxpressed a5 2

El{l(j o : B

Aruitoxt provided by Eic:
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percent, of n2/4, the maximum - ivle variance for a test of n items,

(3) index of seﬁarajion, (4) rueifrcient »ipha (KR-20), (5) KR-21, and |
(6) percent mastery?

To answer these questions, various analyses, iucluéi*g stepyife analy®$is

of regression, often non-linear, were carried out on the data generated’

~

in answer to Question 1b.

2. What are the characteri ics of three other'criterion—degpndent

single-administration indices? Harris's index of efficiency, Livingston's

criterion-referenced rsliability coefficient, and the criterion-referenced
index of separation, all disc.ssed in Chapter IV, were, -computed for the .
same parameter sets as .those for which coefficient beta had been calcu-

g

lated. The analyses were similar to those mentioned under Question 1.

3

3. Are there preidictable ielatiénship; .. tween coefficient,beta and

any or all of these three indices? This question was answeyrad through :

graphs and analyse$ of regression.

4. Are thcre..,predictab.lu.mlationships—between-—eoef{—'re'tent—b%é—an&--m———?

other fourfold table indices? The cosine-pi estimate and the phi co-

efficient (and hence coefficient kappa with equal off-diagonal cells):
* were calculated for the parameter scts rom the table resulting from all |

possible split-halves. Data were analyzed through graphs and regression

analyses.
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/ The Regression Analyses . =~ ¢

TN

The ﬁegression aralysis routinﬂ chosen’ for the studv STEPREGI (1973),

‘ -

. is part of the University of Wisconsin computer center's standard
~statistical analysis package. The basic purposes of this stepwise analy-
sis of regress1on program are to analyze the manner (and degree) to -

which the variai-e of the dependent var1ab1e is explalned by var1at1on

in the 1ndependent var1ab1es, and to\calculate regress1on equations.

r

: The stepwise feature of this statistical techn1que allows one _to intro- .

s J

i

duce 1ndependent varlables into the regression equat1on in. any number - -
A

and in any order, e1ther s1ng1y or in groups. ‘If some‘or all of the

vanabler are allowed to enter as a group, tlie program determlneé’the s
o magn1tude of the contributions of each- of these variables toward exp1a1n-

\\‘ ing the variance of the dependent varlable and_allows these variables

-

to enter the regress on equation in order of. the magn1tude of their con-
\

~ tributions. Thus one can analyze not only which 1ndependent var1ab1<s’
nes

help explain the behavior of the dependent varlable, but also which *

d

are most important.J The result can be interpreted.as répreSenting B

4 .
quant1f1ed "sot1ogram" of the indices in:the analysis. .

: Stcpw1se analyses of regresslon were usgd_rather_exten51Ve3y in .

‘ th1s sthdy because the procedu:e sade 1t possible to analyze ‘the manner

-

in Whléh e:eff1c1ent beta and other 1nd1ces are rel&ted to various test

r e -

"statist1cs and to each other.
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CHAPTER VI

RESULTS ‘AND CONCLUSIONS -

This chapter is in several sections, roughly corresponding to the

quest1ons set forth in the prev1ous chapter -The first section,deals

N -

~ with the character1st1cs of coeff1c1ent beta, wh1ch was developed in

- 3
~

Chapter 111, and its re1at1onsh1ps to various test parameters and bas1c '

‘mtest stat1st1cs (includ1ng classical re11ab111ty) “The following three_'l

sections deal s1m11ar1y with the three other recently suggested test

1nd1ces that were def1ned and brlefly discussed in Chapter 1v. The

last sect1on d1scusses the relationships of these four indices among
tutmselves and to the cosine-pi estimate and the phi coefficient de-

fined in Chapter If?

Characteristics of Coefficient Beta
S s

values of O{¥X}

As mentioned earlier, one approach'toithe analysis -of coefficient

beta 1s to 1nvest1gate 1ts component parts. Recall from Eqdation 2
that . ”/{ e |
« N e

’ ‘Here N is the number of examinec: xp is the pth person's total score,

nnd ¢i is as def1ned in Chapter Ifr. Sinco Xpis a member of the set
{0,1....,n), it is uwcful to znfncct the values of ¢(X) for each X in

{0,1,...,n) Tnble 7 shows these VBIULa of ¢(X} to two decimal places

.. o ‘ 77

89



for a 20-item test with_u criterion level of 0.7,

e

TABLE 5

Yélues of ¢(X) for n = 20,vc = .7

x|o-e|7 |8 |o|10| 1n}12]|13]1a) 15|16 |27 -20

loo | 1.00 |.95°|98.95].82 | .63 .354.00 |.37 |.70 |.91'| 1.00

! As can‘bé seen, ¢(X) de.reases as a person'é score nears 13, which is
the\integer 2k-1 aé defined in-Chapter'III.> In general, the farther
a perssn s score is from the cutoff the greater 15 ¢(X)
v ' As noted earlier, Flgure 1 g1ves a-graph of these values of X
and ¢(X). Other graphs of ¢(X),. for splected numbers of items and cri-
'terion’levels, can be fcun¢ in Appendix B (Figures Bl throuh B7). |

.

Coefficient beta and criteriecn level

As described in uhapter-V, the eight different sets of input para-

-meters selected . r the computer progrnmngngratcd eight famllies of -

fxmulntcd toﬁt‘ﬁcorc dtst;xbut;uns Since the ritcfion level is an

1n!gg Al part of the formuia for coefficicnt beta, the va}ue of the co-~.

cfficient wz]l’tcnd to vary as thc-crxterlon leve? changef. Recall :tha.
. : ) -~ -

the formula for.cocfficicnt beta {se¢ Equation 3) contains'ﬁ}-th& min: -

mum scorT reauire v . ieve a mastery classification on a half-tes?

. _ , .
Since hoof necessity tics in the sey o2, 0,nf2) fotr osnonoitem test,

90
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\ t

there are n/2 possible criterion levels and hence n/2 mean1ngfu1 cut-
off scores. Thus, as far as the computat1on of B is concerned, there
are enly half as many meaningful criterion levels, and henee half as
many values of B, as there are items on the.test.

. In an actual ‘test situation, the mastery criterion level is un-
llhely to be less than 0.5, and is perhaps most 11ke1y to be 1n the
range [.6,.9]. Nonetheless, for the sake of thoroughness, the values
of coefficient beta for a11~ppssib1e criterion levels_frong/n-to 1 are
shown in Figures 15 through_Zé for parameter sets 1 through 8. On each
graph, the abscissa>'s.the criterion Ievel and- the ordinate is the value
of B. For reasons to be-discussed shortly, a bar graph of the relative
frequency distribution of total scores (see Figures 7 through 14), on-
the same scale as the criterion level, is also given along the abscissa
‘of each graph. Also ir~luded with ea.h §raphﬂare certain basic test
statistics (defjned'in the last chepter): p, the test.meén; %V, the‘
percent variance; Sf the index of -eparation; and-r, a classicai relia-
bility estimrte. For thehgraphs of B, as well as of ui and Sc (to
be given later), the classical re1iabilitx_estimate_is,kR-Zlﬂ_since_”_
this statistic is compgtcd from the frequency distribution;of‘total
scores as are the three CRT in&ices. For the graphs of k%x (to be
diven later), the classical reliability estimate 1s KR—Zq; or ce-
efﬁ}cient alpha,'sincc these statistics are computed frem the item-by-

person rasponse matri- . . ‘ 9

91
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for parameter scts 5-8.
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The graphs show that as ¢ approaches 0, B approachés 1. This
11m1t1ng value is reasonable since a cr1terion level of 0 "separates"
those exam1nees w1th a score of 0 or more from those examinees with 2
score of less than 0, an impossibility. Hence the "d1chotom1zat10n" is
perfect, aithough in a degenerate sense. Also, in‘general,\as c apf
proaches 1, B égain approaches 1. .The exceptions seem to be in‘FigG;és
17 and 22, both of which show a relat1ve1y large number of scores sl1gr -
ly less than v, the number of items. If one could set a criterion level
greater than 1, B woyld take the value 1 atvthat criterion level since,
like the case ¢ = 0, ¢c > 1 implies Mseparation" of those ;ximinees with"

scores greater than n (another impossibility) from those examinees’with///’//

scores less than or equal to n.

Coefficient beta and the score distribution

Coeffitient beta does not approach 1 as c.approaches 1 in the graphs

d of Figures 17 and 22 because of the interaction between 8 and the dis-
‘ ‘ o

tribution of total scores. - Recall that one property deemed desirable
for a CRT re}iability index was th?t such a cogfficient should increase
as scores depart from the cutoff. With the exception of Figure 18,
Figures ls‘through 22 show that th1s is 1ndeed the c~se w1th coefficient

betag although these graphs shou thls rv).t1onsh1p in another way, in

these figures, the nff1c1ent increases not as ‘e scores depart from

the cutoff, but as the'cutoff departs from the mode(s) of the score d1s-

/

tr1but10n Perhaps the bnst exampics of th1s phenomenon are shovm in

: x

Figures 19 through 22, where there are more items on the tes ":d_thu$>

Smoothcr curves of B Values. R
e . ) . r’/" N
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Note, however, that the curve of 8 values "lags behind" the var
graph representing the frequency J*stribution of scores. This lag is
‘most easily discerned on the graphs with clearly defined score distri-

bution modes: -Fig fes 15, 19, 21, and 22. In these instances the cri-

terion level corresponding to a cutoff score immediately above the mode({s)

g

'}ields the‘minimumﬂvalue(s) of the coefficient. The lag is due to the
fact tha. the séere that cofitributes zero to B is 2k-1, one less than
the cutoff, ThlS explalns why B does not have its minimum value at
the mode in Figure 18, and why it does not drop as sharply as one mlght
E . expect at the mode 1n Figure 17. ‘
At any rate, it is clear that the shape and modes of the score,dls—

tribution in relation to the cutoff have an 1mportant effect on the

value of 8..7

Coefficient beta andvbasic test statistics

The basic test statistics considered in this section are those .

given in Flgures 15 through 22 and descrlbeé earlier. They are invariant
‘for a given item-by- person ‘Tesponse matrix; they do not- change as the
criterion 1eve1 varies. *he data availablzs for this and later sta”i~-
tical analyses include values of 8. at a11 posalble criterion levels

for 24 score distributions: 3 representatlves of each of the elght dlS-‘
| tribution types. Since 8{,un1ike the bzsic test statistics, varies as
criterion level varies, it is not meaningful to include all data points

in an analysis comparing B to these basic test statistics. One can, how-

ever, investigate the relationship if<the variance in B\ due to the

95
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’

changing criterion level is removed. This can be donre in one of (at

least) two ways: by taking either ‘the minimum or the méan value of 8

over all criterién—tévels for a ‘given score distrihbution. Table 6 shows '

the rank order of the eight distributions 5n'each basic test statistic,

-

as well as on mif(B) and B. ' ' v

~

" TABLE 6 -

ORDINAL RANK OF EACH DISTRIBUTION ON'THE VARABLE.
~ INDICATED AT. TOP OF COLUMN ‘
’ 1 = LOW, 8 = HIGH

Distribution
from Fig. No.

15
16 |
17
18
19
20
21
22

KR-21|min B

w |"oi

-

<

T ow w o eln

N0 U W e

o wm
~LoWwWon Aa @ o e ol

O H NN B O N
N T - " RS TR T R N
7. T N, SR RS I VR

~ b o
ot

1

From the data in Table ¢, Spearman's rank-order correfation {p}
“was computed for . both min(g) and B -against cach of the four basi- teat
- - * A ) . ) n - v ‘ - N
statistics. Table 7 presents these computed. .ulucs of o, The compultvd

p is at least as high for § as foi;m{h(&).iq YYYYY cach case.

96 K . | 5 N
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TABLE 7

VALUES OF SPEARMAN'S RHG (RANK-ORDER CORRELATION)
BETWEEN MIN B, B, AND BASIC TEST STATISTICS

.~ o

_ _ ) w s Sxr-21
min 8  © .43 .88 -83. .83
8 .55 .99 .90 .93
’ -~

Test mean appears to have littly to do with coefficient beta.
The best correspondence scoms tO-be that of KR-21 with B. _However, it
hould be poznted out that other test indices, whxch are analyzed later,

correspond about equally hell with some of the same basic test stati<t1cs:

[

"Coefficient beta and the number of examinees

For a given set of tcgﬁpgarameterq and a given criterion 1e»e
variation in the number of examinees does nét seem to have any systema-
tic effe€t on the value of 8. Fxgure 23 is a scatterplot of S for 2N
(or in‘éomc cases, 4N) cxamznees against BN' The pairs of numbers uscd“

were {25,49), (49,100), and (100,400). The correlation 6f B, and 8,,

(or 8, and B gn) wa% high, .94. The dbtained ‘linear regression equation

was By, = -.001154 +.99958,., which is veghg cfose to the model 8, = By.

N

’
In fact, the fit is close enough to alls “assume without qualm

that the model obtains in the population. This esuit was.expected,

since B = % g‘ f* ¢i(X), and hence doubling‘the number of examinees

* should merely tend to double each f; (as well as double N}, resulting’

in algebraic cancellatiog.

3 ‘ : ‘ o

The number 49 was chesen in place of the perhaps nd¥meobvious 50, op the
chance that there was a connection between YN and 8. Results showed ®here
was no such chncction:

97.
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Coefficient Bota andy \r"" Nu;\\,g{ > 1\3 s
) .

For a gwcn $e avs ey / %a/s und a given critcl‘ion level, |

variation in the mm;’tj S yf \ucﬁ’ %cts the \'alue af B: in'&eneml,

. ‘g
B increases as the Mb\ﬂ fo \ﬂcrcasas. Figure 24~ 15 a Scatter—

' Q
plot of B ‘vfdr m'zif\iwg@\n ’/ “_'n jtems . (Fbr comparison purpos;:s, ~

. - B c »\ ) . ) .‘

the stars in the fiju\’ AT Z8 AYyes of coefficignt alpha: a5 against |
) For this fxguz(\ \a, 7?\ a Oy va]ueﬁ of (10,30) (20,40) gnd

(40,80). : The scattd/\,ll\c y\'\goﬂ) ‘QS all data caloyjated for all eri-

térion lew-ls on eiyx \;;om d" l’thioﬂs. one fron pach of the eight

gk
_pai'ametér sets. Thq/\\"\;a{ co{r \lon of fhiS set of poin:s (cons:dered

as & set of ordered \w\;) is 4 high, S ) l

Figure 24 shov Ao 4\‘,4/5 ‘\e JoWeE >7 1S phe 1ine Ban s B,y
i.e., what would be ‘\al’\ctfm it N yumber of items had no effece on

-

the value of B (hemj\"’\ch %11 “\Q N-E 1ine). The ,figux;e shows ‘fairly

clearly that most o \V/N pomcé Y obove the N-E lipe rathor than
THe on | | .
evenly distributed j\/"\d v, Begrcssxpﬂ equatign was @Zn = 1999 ¢

81518 ' connstem: \%‘\ try 0!7 Qiidn -'th’a't most of¢ the Sé-ﬂ‘temlot-

N v c > ’ .
points 11e abovg th 1\me i AN case the coefficjent of determina- -

f\s A"\ the per fante®
tion (the squnred e/ Y \‘W‘Mr T Wyys the percent of varilance of BZn

accountcd for by vs/\d“ye N», g,t) \ -881 " That is, 38'& of the yariance . ¢
n |

cxhibited in the va \»j’ of &ir’ ¢ be expmlncd b)' the model 4

g s 8 . P T i

2n n 2" ’ 2sn

The upper curvj \ﬁ FlRyr? {R BZn s ”‘I;E" Y €0 the Sl‘aph that would
be cxﬁ‘cted if thc P\ﬂq\,mf\\sfﬂ bepthY towu.m heid (hencefo,th Cﬂllﬁdw

\

/

'./' v 100
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;f the S-B curve). A;{firSt g}ance this would appear to be a better.
podel than the lower line. Yot the points are not evenly distributed
arohnd the dppar curve: more points are below it than above it. The

. 28
regressian equation for this model was BZn - .3015 -+ 1, 307 ,,_g_
consistont with the oﬁscrvation that more points are below the curve

than above 1t. The cocfficient of determinntxon for thﬁs model was

887, only mxnzmally hxgner than that fbr the linear no-effect model.

¥
‘ Hence the Spearman-Brown model does not appear to>explain the bchav:or

of 8 better than the no-effect model. Nonetheless using the evidence
prescnted here, one could claim that’ fhe former madel does at least as

well as :he latter. 3 ' ~'

L

it is 1lrum1nating to put aside the. computer-generated data for.
"the moment. and briefly investigate the behav1or of 8 for some theoretx-
. cal score distributions: normal unxfbrm, and symmetric ("inversc

_normal”) bimodal distribﬁtions If for each distribution 82 is plottedv
%

against B thcre nppears to be a pattern Figures 25, 26, and 27 are’

.

scatterplots for the normal unifbrm. and bimodak_distributxons, re-

T spcctively. |
Notice that for a. normnl dismrlbution (Figure 25), the.poznts
31(8 , BZn) are app;oxxmntely evenly dxszrzbuted about the Spearmnq,sroﬁn ‘

v . o .
N »xurve _ fzq'sh l;fB gnd none falls below the no- efféct 11n§ 82 Sni
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In fact. nonel;pems to fall below an inagined curve hnlfway betwecn

thu S- B curvqxand the H E. 1ine. Such a half»way cuf?h\can be gener-

/
ated by ~ /

&2,‘.7 1“’8 _'.' ﬂn. o .'3 *

N NS T
. /"’ P "zzi+8ns * I L

[}
.

between the SrB curve and the half—uay curve just described ‘And,

although this figure does not shou it. the dnta from uhich tha figure

-

was drawn indicata that the points lie at -or. near the hulf-way curve

" when the critcrion levei‘is near .5 anq'approacb the S—B curve when

tha céitcrxon level is 1.

~

eyt

104
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In the Cﬁse of the unifbrm distribution (Figure 26), all points lie

-



Figure 26. Scoattorplot of 8 for 2n items aqalr;st 8 for n items, for a unifom.
distribution. d . . -

AN ‘ . .
~ $. l . . .
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- For tho bimodal distributiOn (Figure 27), all points appcar to lza

on oY bezwcen the $-8 curve and the N-E line. Therefbre, the value of .

-coefficient beta is apparently affected by the number of itams on the |

test: the more the items, the higher the value of 8 for a,given cri-
trrion Icvel and test type.
The shape of the score distribution seegs t haye some bearing

on whether the no-effect model (BZn = 8 ) or the Spearman-Bfown model

2&5

(8211 T
seem %o account for the variance equally well; fbr a low~variance nor-

) holds: fbr a sharply bimodal distrlbution, both madels

pal distribution, the Spe&rman—ﬁrown wmodel appears “to account for the -

variance better thnn docs t?e no-effect model, 5\;

Interesting!y. the computer generated Jdata follow very closely the .

rhalf~way curve model ‘described prcvxously An analysis of regresqion (of .

.concarned (It ma~ diaO be, of course, thnt any appropriate prophecy

g for 2n items against ‘g[§+§ for n items) yielied a coefficient of
determination of .B84, dbou: the same as for the earlier two, and a,

4

regression equatxon of §' = 00633 + 1.005 Bu(n) * where £ = g%f:g% :

Unlike the earlxer two, this regression equation is so nenT to B(2n) = B (n)

"th&:‘one is tcmpted to hypothesize that -the halflway curve is the appro-

. priatc model for the population, and that it should rcplace both the

Spearmnn—Brovn prophecy formula and -the no-cffect mcdel as far as 8. is

formula must coac Ercn 3 thally differcnt framework. This possibility

- is ¢iscussed brigfly in Chapter VI1.)
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| _”Qhai/g{/;zstﬁég of Lz?ingston o K 'g ' o

Y
t

; ﬁﬁlike coefficient be,a, is not. additivc nnd

'o parﬁllei thh thc ¢(X) analysta prasanteﬁ ’or ﬁ Thc*w-'_ . _;

- N q e et e em .

ar/,’hoﬂevcr other pﬂrn!lcls betueen zhc tuo iﬂd1c¢sﬁ‘ &s theze comparx-.»v

3

&Dnﬂ are discussed in the last scttian of his chﬂpter, :His ﬂac:ian wiil o
“ ’ . ! [ . PR
: concerned onﬁy wzth the harucncriatics of k ) R -';g SRR

Ny .

T and crltgr;pnvggyel L -y R RS

“ )
.. RO

The cumpuring formuia .gr ‘QTX; uﬁich shgwa xts relatioﬁship Ep

ozhcr tazt szatistzcax was givcn ea*lz&r (Bquationeﬂj n% ',f~" T

7’--{1335" :

2 ;,'__59'2 **{R‘-c)z SR SR
, .2,,;(i;p)2 . AT_}~ ; o o ..f,'t',', ‘ ;'uva“n

k4

“Thus szX (uauai!y) 3 differant valuc Eer eaah a!#e cfQC' zhe gﬁﬁﬁ‘f

in ‘act, unlika cocfficient aeta. the nuaher ‘of valuo& of ;Tx“ '
Lo " Jv

1tcm:by p,p:* re&parse agtr:x is 11&1:!053 ﬁince C né@& nst

“pointl -

for a ngen

9?23). Fﬂr this invcﬁtxgation, haye@er

be an intﬁgﬁr (’ivzngstcn,

van, n-xz x;ﬂﬂ?‘ . \ ‘

values of C were rcstriﬁted te th- se~'§ Q IOﬂ

where 0 % he number uf test :te@;, the sape (aher» mean:ngful; as for

<

eoeffzc:ent beta. - T - ‘_' ’51 'f T '{
S et
The graphs in ‘;gures 228 to 35 shou the vuluc £'k’fx 3t the selec-

ted criterion levels for the tcpresenta:ives of the Lighf'sta?qﬂéist?@buli

L v

As befora the rcint1"¢ ‘rcqucncv dastribﬁ¢&en-af tot&i scarar

..

—

tionz.

-

on thg 3aR¢- §”31c as the: crﬁ*erinn Icvei 13 inciudcd uath ench graph I

slong wzth the” basictfcst stat;gtxcs,. ﬂ';\dw A :,; L
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with score distribution relative frequencies,

for paramecter sets ]-4.

Graphs of k

Figures 28-31:
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Graphs of kz

Figures 32-35
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(The graphs indicate that, 23 would be expected from Equation I3,
; RZTX has a minimum at the critcrion level ncarest the test mean (expressed

as a percent), and increases as C departs from the mean. In earlier ve-
searfh on k T (Marshall, x973) it was repor:§d that “when the mean de-
parts from thé criter(pg;fth¢ coefficient accelgrates xayidly towarg
unity,”" and that ﬂihdwcoefficié%Q gencrall} has v;lues aﬁove "5,

and rarely drops below .90 {p. 14]." These statements ye:e'based.on
.

.score distributions like those representeé by>Figures 30, 31,~and 35,

As figure 28 shows, however, these statements do not hold for all kinds

T ~

of test score distributiops, particularly when classical reliability

-

15 low.

k2Tx'and the score distribution

Unlxke coefficient beta, Livingston's cocf‘1c1ent does not reflect
the modes-of the score discributidn. Instead. its behavior over changing
critgrion levels seems to be a function of only .the test mean and thg
classical reliability (and thus ‘indirectly. of score varﬂence). Again,

formula 13 indicates that this must be the case.

o . . R

kng and basic test statistics

. Two relationships, both of‘whichijlaow directly from formula 13,
hold truc fdr-szx:: the minimum valuc/of sz (if the'curve wefé wade
continuous) is the same.as KR- 20 and this minimum value alnays occurs

at the test mcan. It follows that ‘the rank-order correlation of the

minimum valuc (pvcr‘critcrion !cvcls) of szx with KR-20 is unity.
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. For a given sy A tﬂgf “Eers and a given criterion level,
vsriatxonLIn thc nud’j\f »f nﬂﬁ & did not seem to. affect the value o

of k > This rcsuj "‘\5 dxvcﬁt Yince :hc nuuﬂ'er Qf «exami.nees should =

- not a}ter the valueJ\,f ,ue;ﬂ\ " afta hge and Classxca‘ relxabxlity, to-
TX. is relatJ "\p. [q,w‘}l 13 pigul'e 36 is % 5catterploz ‘of
- values of k calcv)\'\d m 214 “N) exanipees ?&gif‘“ szX‘ calculategi.~ |
&cm N exarinees. ™ \/”\ueé of -, ?tq)'or (N, 4N) "l"e;-e the. same a5 for ‘
= the analysxs of coef\‘\ané m{,a (QS 49)» (49 100) and (100 400) .
The lxnear coJ&l\nm\ at h pairs of nu&bers was. very high. . ,978.
. The obtaxncd regresy \74“ cq.}q,;dn ' Q&\ k T’X{?N) =-. me + 1. 106 K2 X(N),

not too different ft/o\ﬁ\ )‘Urf) TX(N)

. o \ -t . } ..
\‘ -4., .‘..

which 'k

-2 . '0v .
k and the number ,\:M\\
™ "¢ o
' VW » :

Li\;i.ngsto'n (l!ﬂv) h;& lyf”o " Yhat, . at least theoretica.lly,‘ szx
-adheres to the Spcaf \/‘\ AWy gr \ty gormula. 'mQ theor)’ 15 supported
by the Tesults of t!’\ \cud). ,'Fm“\‘e 37 is 8 Scattgrpmt of k2_rx |
| for 2n items plottej\g\inét /’”‘ s‘lt- n 1teﬂ6. \uth n ? 10, 20, and 40,
and for criter:on IJXI\ of 47 * .9, and 1.0, The upper curve

| N‘\ speatn\‘m EPOW pfophﬁ'c)' fOrmula.

on the graph is - E(xf)\: 1
the lower line is: f \ \ Xy tn” " “ Y of values to be gxw‘: -3 if the
number of items has \,‘ \Ef{;&, k)k Figure 37 Shws that the Spearman—

' 8!1-6;an probhecy fbmv)l\f \; ;"“d,‘,d’d b\ ‘lowed Regressio,, analysis (of .
'kz 7x_for 2n 1tcms 1]\"\: g 4 ‘,pp&q for n itemf') yielded a ‘rather.

hxgy‘u cocf‘fxcxent of xt\mﬂmt’ ¢ 94 3nd a Pegmsgion equntxon of K
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-

A . . -

Tx(Zn) =.095 + 90 k TX(") , where the variable with tho supcfscript,

is the stepped up cocffxcxent for n items. . The agove regressxon equa~
2k2...(n) -

tion is close enough to tho nmodel ak_?*i_ﬂl__~ -C;—Ez———- to’ gzve
1+k Tx(n)

Ve uodcrate empxrical support fbr Livxngston'“\algebrazc ‘derivation. Al-

~

though lxnear regression analysesf‘?re not carvied out for the no-effect
\

w.)

modcl Figure 37 suggests that the Spearmsn Brown model produccs .2 much

_ : .
: bctter*fxt than wguld a lxnear no-effegt model. : ~
] . .; N . . . . . o 2 )
’; -~ Characteristics of Harris's p. . *
uz;'criterion level, and péfE;n; mastery - L . -

In the graphs fbr each parameter sat given earlier 1n tnis chaptcr
. for B and k >’ cr1terxon level was . the kﬂdependent variable. Cr;;erion
Ievel was nct used tar the independent variablc “in- the graphs - for uz -

_since e rcsulcs oF this study and an earlier one—tﬂarshati~—i9?3%—*—

showed that p; is more clearly a functxon of percent mastery ‘than of .

_criterion level. This result fbllows from an analysis of the formula fof

u:. given eafiier as Equation 5: y T
B 2 =— __.E.SL__u : . .
' e S5, %55, Yo L

where the ‘terms in the ratio rcprescnt the betwecn group and within-group
sums of squarcs for the groups resulting from the dxchotouous classifica-
ticn of a CRT. If two or more crxterion levels yield the same écrcent
mastcry, thcrc is no change in “i‘ Np mntter what the criterion level.
if thorc is only one clnsszfxcatlon (i.e., if one of the groups has no |

SR oo

O ’ v e j
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fuenbers};—ssb = 0 and hence z = @, prOV1eed there i$ sono score vari-

¢

:ance witain the non~e$pty group. Hence u:~a1ways‘approachcs 0 as the

'percent mastery approachcs 9. “or 1. \‘i_

- Thus in Figures 38 through 45 percenc mastery rather than'crxterion
lovel is the iﬁﬁcpendent variable. As Har*;s (19728) points out,’ there
are ‘as-many sortings into groups, and. hence values of percent maste&y

" as there are test scores with a frequency of one or more in the SCbre —

disti‘tbutimr e Lo .,

(ﬁigures 38 through 45 show ‘that the ecurve for u2 as-a function of

j»percent mdstery is quite smooth and clearly monotonic on either side of

-+

o the ma;imum value of p . In fact. it appoars that one could concoct

.

.. a non—linear algebraic functzon of percent mastery (perhaps thh some
additional variables) that would fit the points preczsely.. Some attempts‘

uerowmade during,this study to constrUct such a\functxon. Althrugh

—-—somefunctions yielded a close fit, an exact fit was not achieved.

T e vf o

-

’

" These findings will shortly be d;scu;sed furtherh

-

-pz.and,the score distribution

There appeared to be no relat:onship between u2 and the’ score dis-

"tribution, at Icast not in the way that the value of B reflects the score

distribution mode(s), although tho maximum value of u2 often occurred

; near the point where thcre~uas 50% mastery. B

B £ -




104

ry

LR

T

4

PP n.lws.-,if PN

T L

l.m‘\
3 A

‘lw% Mastery

" “ Y
PRRVRIRY S S
MY
PR ST S &
. e «x PISEaR B
LY - A x v fr
p o]

*
-

Fl

It

- o
Vom aingeramve myha

15

O NS
W ceoyl]

"

o -,—L— pmge

1)

- LR T
1 .LTL.

S B S
Rw Rl
ARy k.

A oo s Bl arob oy

Il

e Sl oal
-

S i
by
’

EN

W
b
]

b

i0o% Maste

-4 -4

A

o e e e

50

oy 4

4+

el

. =

b~

Py
L b 44
-4

-

1

-

-
-

- 100% Mastery

-
.

.Figures 38-41

<
- for parameter sets 1-4,

L
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* 1
. _ . 3 ° #
¢ - T PR P e - : : e
- 2 X ' ) ’ ;; ‘- ) . )
[ and basic test statistics . . : oL ,‘,‘, N
T e . : FRRY:3 ) .
-7 e 7 L B t '

" 4 The relations})'ip of u2 ~t.9 the basic test sta;ispcs was mvesti~

o gated by rmving tt-e vanance in u2 due t'o changing percent nastery.

_ This can be done by taking elthcr the naxim or thc uean value ofy ui

for each ‘parameter-set, ‘as iu the analysts i}e ﬁ:\th coefficiemt beta.r_ |
d’-‘or coeffxcxent beta. ;nin(a)g‘uas c,hosen as a vtnable t; study beca é - i
it corresponds o the nodos of *fand varies o(ver) scm:,a distribunons,' S |
whereas max (8) a!wnys approaches 1 as critprio& levq.l approachc.% 0. ~- A )
:'see Figures 15 throuagh 22. For uz » nax(u ) m chosen mstead because \ )
. it varies over score dist.ributions—‘whmas. except for ‘the truncated _‘  L

dxstributwns shoun in Figuﬁas 40 uxd 41, nin(u } alwhys approacheg or

’i” reaches 0 as percent mastery approaches its extretes) ‘The eigﬁt score -
. distnbution types were ranked on iax(u ) cnd "'2,‘ nd on each of the '
basic test stanstxcs. and Speaman s rho. (rank-order cmelatmn) was '
S cowputed (see Table 8) : S S
TABLE 8 ] - < ~~ " -
VALUE% OF SPP.ARMAN'S RHO (RANK-ORDER CORRELATION)
asman mxtu ), p + AND BASIC TEST sm'xsncs .
| |y W s W I
. ux(uZ)_ 48. 8 .°.79 .88 DR
-—2_/ - - % G -
~ TS .29 .98 80 93

The results shov that tcst mean had lxttie rolatwn to u2 Lexcept

> as is discussed latcr},.whereas the mean ": was very highly correlated
. 5 - _

s




uith thh parcent Variance and KR 21, There vas aiso % strong positiv

- fcorre!ation be:uecn aaxiu ) and both KR-;ﬁ nn& 9atcent varinnce. Tbat is,
the grcatar the vnrianca (or KR-ZI or 1ngpz;df separatiaﬁ} the greatcr
“the mnxiaum and . average vaiues of u;,' ?ﬁe&c relationsbips e, sinilnr |
to those betwben basic tess statistics and’ﬁ ¢r min[B), as report&Q% -
oirlier.'ﬂ\' ‘—  %;;‘f e c T ;_/ ;5 ' . ‘ 5;~' : o
:

Because of the smoothnesz of thz cuxves of Figarqy 38 throﬁgh éS

..5

:tteapts were made to “find = ﬂlgebraic fbncticn to desnribe the relation—‘

"ship between uz and the test stztlstlcs. Sevetal rugression uquntionsr ;

1nvolving quadratzc terms were tried with ‘the indcpendanz varzables of

- 0'? . v' .

test: uean, perc%@x'mastery at zhe test mean, index of sepa:ativn p&xn
2. R

_cent mas:ery whxch produces the maximum valu» of e and both ltnear

. \’Y Yz

and binomqal comﬁ1naticns of these For more chan twn«thirﬂs of these .
nodals, coeffxcxents of determinatxcn ucxe high ranging from. 84 to .9$
but ther was not enough consistency a=zong: regression ﬁoefiﬁcients 20 war~

rant any strong generali’ation. In suauary, ‘visusl Inspoctzan of thé

fanzly of curv»sﬂpfovzded jus% about as. much inforaation as ‘these nOﬁ-"

linear analy°es of reg*ession, fher» is a non—linear relationship betveah'»

percent aastery and u (and other variables], but an. algcbraic axpressian

of this relationship remains undisco»eted

In the earlier research cited above (Harshall 1973), it was stazed .

that for bimodal dzstribugzons u secmed to be very highly corrnlated
,.'

' vith pe?cenx mastery, and was,relared to test wiogn and perceﬁt nastary

via 2 bivariate linear regressxon equatiow.= Figures 43 nnd 15

*«f'. -
*

e
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help explain the inconsistency between that conclﬁsioﬁ and the con-
clusion presented he;;. The carlier fesea:;h used cri:erioﬁ_levels of
.6 1ndvhighéf only, corresponding roughly to the’ left ﬁalves of these
graphs. It is now evident that the erroncous conclusion of'linearity

was rcached using such incomplete and unrepresentative data. The earlier’

report ‘also asserted that the linear relationship was less strong for

_unipodal distributions, such as that rcpreéented by Figure 44, The rela-

tionship is clearly non-}iqg:f in the left half of that grap-.

. 2 . .
w_ and the number of examinees

For a given set of test parameters and a given criterion level,

variation in the number of examinees did not seem to affect the value of
2 .. | N 2 . ' '

M- This was cxpected since Mo is the ratic of sums of squares, and
hence increasing the number of examinees should affect both terms of
the ratio equaily.

Figure 46 shows a scatterplot of values of uz calculated on 2N .

\ : 2 .

{or, as before, 4N} examinces against uc calculated on N examinees.

Regression analysis showed the linegr correlatidh of the pairs of
Q\: P

values to be very high, .981. The obtained regression equation was

-9 . . 2 ) _
Gc(2N) = -.004781 « ,9931 u (N), close enough to the wode |-

2 2 . . L )
%) = u {N) to warrant its acceptance as the mode! that obtains
~ “ S

in the population,
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u: and the number of items

.
\

Harris (1972a) indicates that his index is for "fixedrlength mastery -

\\\ : ‘\ .

tests;" presumably because there is theoretically no 1ntora§tion.between
' uz and the number of items. Harris's index is unliie'the @%asSical reiiix'
abilzty measures and the two criterion-reﬁerenced indices di ussed thus i
far in this regard. Figure 47 shows a scatterplot of- u for 4n items .
agaxnst uz for n 1teas, ‘with n = 10, 20, and 40; and for crite ion 1evele‘
of (6,..7, .8, .9, and 1.0; . | [\ |
-The linear correlation of this scatterplot was very high,-.%79. ihe
‘obtained regression equation was u (Zn) a:- 0721 + 13075 uz(n) *hxs _ |

{appears different -enough from the expected no- effoct model of u ( ) =

explanation

-

enumerated above, rather then for a nunbor of values of porcentlnasteny,; £_~>
yet "2 is more closely ralated to percent mastery than toncritorion \,lmﬂ '
level. Depending on the score distrioution, the percent mastery can flictu-
ote greatly for a given criterion level For exanple, in the data discussed
_vhere, a crxterion level of .8 produced percent uastery values ranging frou
0 to .81. The nodel e (Zn) = u (n) would more 11koly be appropriate if
the data had been generatcd for a set of values of percent mastery rather 1
than for a set'ofsva‘ues of critcr1on_1evel. - |
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_Characteristics qf Sc

The gfiterion-referénceﬂfiﬂdei'of separatién'is additive,‘iwe.,
it is the mean of its cdmpoﬁent pafts.n,The formula was givéh:carlier. o
_ (Equation 7) as c
- ~ ' . . . 3 R
vsc. " 2y fx( ex) * R‘X; g {!:9)2  . .. [1;] 3
. TR x>¢ *m=C 4
v . § . ,
’ : . i

’ s is nat a reliabil:ty coeffxcignt but rather s ‘an lndicant of how

distant the bulk of the scores are fron the’ cutoff score,

se and criterion level

3
“

;FAs Equation 14 shows, there are as'man&_values-of Sc"a; there are.
- values of criterion‘ieVel. rFigurss 48 through SS Show the behavioffof S
for each dzstr;bution as the criterion level varics from .05°to 1, The .

AT

relat1ve frequency distr1bution of total ‘scores also appesrs on each
gr 3Ph : B o
‘ The curves . of S appoar quxte smooth - except for those of Figures ]
50 and Sl, to bq‘dxscussed shortly. In general the index takes on.' e
'{ lower valugs'thaﬁ do the other indices.reportcd herein. There_appears
to be no tendency for Sé to ‘approach either 0 or 1 as.criterion level

aPPTOaches'O ot i | v '\ . RN
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'Sé and the.score distribution‘

S seeus to reflect the mode(s) of the score distribution, as does '
coefficient beta, but not .always in the same way. vThis is particularly
evident for extremely skewed or Jushaped distributions. such as are re-;
presented by Figures S0 and Slu On those graphs, the value of S, drops

‘sharply to correspond with the equally sharp mode at X=n, . . C

‘Sc md baS:lc ‘test statisjtics SR _ e R , .. '.-.:‘ L

_The size of (but not the variance in) the index appears to depend on }i
. the location of the test mean: the, farther a-.r the test mean. (expressed
as a percent) is from .S, the higher the overall value of the index until
(as in Figures 50 and 51) the criterion corresponds to the mode. This
appears to ba the only consistent relationship between S and basic test.
. statistics. |

t . P . oy - o - et
: - . Pde e e TR
. . S )

Sc’and the number'of examinees

For a given set of test parameters and a given criterion Ievel

variation in the number o}\g;aminees d1d not seem to affect the ‘value of -

,,

' S . This is reasonable in light of Equation 14 in which the effects R
of increasing the number of examxnees should cancel out algebraically.
Figure 56° showS'a'scatterplot of values&%f §c calculated -for-2N -or- 4N -
eraminees.against Sc caiculated for N eiaminees, as was done for tho
other indices. . L \;VZ ] : o | ,

Regrossion analysis showed the linear correlation of this scatter-

plot to be unusually high, .997. The obtained regression equation was

e o 18 y
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$_(2N) = - .006453 + 1.009 S _(N), quite close to the model *

S, (2N) = S (N). Thus'S_ is not affected by variation in the number of
examinees.

Sc and the number of items

Figure 57 is é5scatt¢rplot of Sc for 2n items plotted ag;in Sc
for n items, with n and criterion levels as before. ’
‘Figure 57 shows that the points~hew-tolthe vinear model. Re-

gression analysis yielded a very high correlation of .997, and a

regression equation of S (2n) = - .01669 + 1.003 S (n), very close
oo : c c .

to. the model Sc(Zn) = Sc(n). Hence Sc,‘unlike certain other indices,

is apparently not affected by variation in the number of items.
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~ Figure ‘57:_, Scatterplot of SC for 2n itens against Sé for

1

altr
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-

Relations Among Criterion-Dependent Indices

*e Tuo other indices enter into the analysis at this point The —
cosine-pi ‘estimate (rcospi) of the tetrachoric correlation coefficient
 ;,and the phi;coefficient (r¢). Thesg indices are cnlculatgd from the
"T"grand" fourfold table resuiting from all possible split-half categoriza-
’iiona described near the end of Chapter IV, under which conditions T4
is.iacnticélito éoéfficigh& kappa,“'kll three indices were defined and
brief;y discussed~inA“ﬁapter Iv. - .

N Ona May to summarize much of the data is to _superimpose, for each
paraneter set the individunl graphs of the four indices presented
carlier plus two more (but note that u2 is now plotted against criterion
level xather than percent mas:ery) Fxguxes S8 through 65 show values

2. 2 S

of B, k T Yer Sor T and r,, as well as the relative frequency

. cospi o
- distributions of total scores, for each ¢ the eight parameter sets, using

'crxterion ievel as the xndepcﬂdent variable. In many of the graphs, it
appcars oat these six lndices arc’ roughly grouped into three families:

. B, and S in one, rcospi and_,rd in another, and (with sope exceptions)
pi by 1g@h$f. More will be saic about these apparent interre€lat..nships
_ t,‘{p ) A . N
later. fl g , .

Notice that r runs off t.e lower edge of most graphs at the

cospi
extreme criteriom }evels.' This is.due tc the occurrence of an em;ly

*cell in one of the~diagpnals of the fourfold table used in computing

r by the formula given es-lier as Equation 8. - Wheh one of these

cospi
A.diagonnl cel}s is empty, as is of:cn the case at extrcaely low or high

c;lterion levels,' s -1, even though the coefficient may have

_cospi

Q \ “ 1 L: o o "l \\V ; :153'?
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quxte a dift‘crcnt value when the cell as marly-—enpef Fonmpls,

Table 9 shows, for the score distributlon corresponding to Figure 64

the proportzons within the four cells and the value of rcospi for cri-
tcrion levels of .90-and_.%§. |
. ‘ TABLE 9
EXTREHE FLUCTUATIONS IN rcospi '
- ; : T .
Criterion N ~ Proportion in Cell, - * Teospi -
Level o : o _ -
o A G B < b
~ .e0 | .c020 | .o0145 0145 9690 7097
' .95 ".0000 .0047 . .0047 - 9907 . | .-1 oooo

Because ‘of this property.of rcOSpi’ some of the analyses that follow miﬁht~

have been substantially altered if these extreme and unrepresentatxve

valucs had been rescored or excluded from the data.

Coefficient beta and other indices

Figurcs 58 through 65 suggest that coefficient beta measures much
the same thing as does vaingston s szX' at least for unimodal distribu—
tions. The two indices appcar to have similar fluctuatxons as the

criterion lcvel varies, and thcy are generally close in value at each

A crztcrzon level. The na)or dxffcrcncc is that B 13 sensitive to (has

minima near) the mode(s) of the dnstr;butxon whcreas k x‘ls sensitive
W & e o
to (has nxnxmum at). the wean of scores. Where thc mean and mode more

146



or loss coincide, as in Figures 59 and 64 tho coefficients ATE aImost "'

' equal in value., ‘For a binodal distribution such as in Figures 63 or 65,'

RN

-houcVer, the difference betueen thcm is’ clonr. Sznce a truo CRT could

- well be expected to have a. binodal distribution, this differoncc betwconwnflf

the two coofficicnts is important.

- the dependent varfable (Table D-A) and w;th tesc nean, porccnt variancc,

Stepwise'regression analysos boar out thesc 1ntu1tive arg nfs -

(sce Appendix D for tables of data) In the regression uodol uith 8 as

KR-21, criterion level szx and S as thc 1ndcpcndent va;iables. szx ]~QFV
uas-alunys first to efter the regression oquation (and honco would be v'xf d
closest and most influential in a "statistfcal sociograﬁ”) for each of

the five unimodal distributions, and accounted for batwcen 71% and 92%

~ of the variance in B, Axso consistent with the 1ntuitivc argun

_ the anount of variance.accountcd for was 71% and 83% for tho two distribu- ;

tions in which. the mean and mode were some distance apart, and was highcr
for tho distributlons in which they more noarly coihcidod. The rogression ‘

coofficient was slways positive and with but one oxception 1ay betwcen 64,

o and .90, For each b1moda1 distributxon,'sz alvays cnterod thc rcgression

\oquation also but was never the first variable to do so, and it accounted

P

for very little variancc in 8.

-

¥hen all un1moda1 distributions were ‘taken as a group, sz was e

‘ again the first vaxxable in the cquation and accounted for all but 63 of

.the variance explained by that model, 1t did not even enter thc equation

unon all bimodal distributions werc taken as a grod& e

R U N

Ny



' different properties of the score distribution.

) were tnken as a group, both ré and r

N

[N

Fron the above data, uhich are rather consistent fbr stepwise re- -

gression anslyses, it secmz r*esonable to conclude the foilouing' for

a uninodai test, B and ”ZTX measure much the sane thing and result in o

sinilar values, but this. relationship is weeker when the nean and the mode

are not proximate, for bimodal tests, the two indices are sensitive to :

»
e

Coefficient betatalso has a aoderately strong relationship with S .““

In the regressxon nnaiy51s discussed above, S aiso aiways entered the

.regression equation. For each uninodai distribution it was elways the

second variabie to enter, for two of the three binodnl distributions '

,(Figures 63 and 65), it was the first variabie to enter, but ‘accounted

for only 29% and 52% of the variance of B. Fizures 58 through 65 show

that the curve of S over criterion ievels did not genereliy fiuctuete
as nuch as did the curve of 8, and’ S generally hes a nuch lower . value .
vthun.does 8. Nonetheless they seen to. neasure sonenhet siniiar things.
| Nhen rcospi and r,s uere ellowed to enter the regression equation, '
the results were not consistent.- In one instance (Figure 61), " was

:the first. variLblc to enter and acconntcd fbr 95% of the variance, but

this was a unxque situntion. Likewise, when nll binodal distributions t

ospi entered the’equation and to- ;

same pattern did not hold fbr individuel bimndal distributions.

£,

',jllliizi“l.

e

vgethcr accounted for about half of the explained variance. However, this‘;'
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J<:;K_k ™ and other indices

-

Nhon L:vingston s szX was the oependent variabie_in tne.stepwise
regrassicn analysis (see Table D-Z in Appendix 9), the results were Iess
consistent than when 8 was. the dependent variablo For. instance, B
did not always enter the equation when all variables were allowed to do

' so, even fbr un1moda1 distributioﬂ§“"ﬁowever, it was the first variable
. .to enter for four of .the five uninodal distributions-when the independent
4 variables were res:ricted to the cr1ter1on-dependent test indxces. Also,’
. as 1n the analysis of 8, when all unimodal distributions were taken as
group, 8 was the fxrst to enter and accounted for 83% of the varxance
of k Y+ no matter whzch varxablas were allowed to enter the equation

A similar result ‘occurred when all distributions were taken as a groap.

" When all bimodal dlstr1butions were taken as a group. 8 did not ente: the

g

regrcssion equation. _Thus it is clear that RZTX measures much the same 5
‘thing as does 8, particolafly for unimodal. distrxbutions. ; P
For most of:--the distrxbutxons, uz aiso entered the regression’ equaa
o tion, but the regress:on coefficients and the amount of variance accounted'
for were incousistenc. For the three distribut1ons for which uz was the
first to enter the equation, (Figures 61, 62 and 65), betwoen 69% and 92%
of the variance in szx was accounted for by fu?. and the regressionvcoef-
:zficlents were all negative. Alsc, when all bimodal dlstributions were
. itaken as.a group, and all criterion-dependent indices were allowcd to entern
tho equation, u 2 Cwith adnegatxve regression coefficient) accounted for

251 of the variance in kz x* . Nonetheless, theré does not seem to be suf—

',ficient evidcnce to generalize. o I

e T e




*~"wg~and-other indices. ; < - T

-

ln the s:epw.se analysis of rcgression with uz as the dependent

varxahle and the other criterzon depcndeu: test indiccs as the indcpendﬁn:

variables (Tablc D 3). T4 was the first to enter the equation fbr three

" of the distributions (Figures 60, 63 and 65.). For the- other five dis-

" tributions, ezther Bor szX was, the fzrst varxdble to enter, and the

" regression coefficients were always negative, This is an indicacion ghst*

pz measures something opposite to what 8 (or k ) measures. For each

distribution, Ty was alway; either the first or second variable to éﬁtgr -

the equation, and the'regfessibn'coeffiéignt was alutys.ﬁéﬁi:i?e.;

When ﬁnimodal,ebimodal;»ahd all distributions were taken i
as gfouﬁs, Ty was also the first entering variabia;faccounting for 61&-‘
94%, and.791 of the variance, respecﬂveiy.~ Hence it segns claax that,

_ particular)y for bzmodal dzstributions, u and T4 zeasurs sinilar things.

-

and other indices

Hhen all var1nb1as (basic test statistics nnd pnrnlaters, eri- 1“fml“

" terion level. percent nastery, and the criterion-depandcnt test indxces)
were the free variables in.the analysis. the results for S ware ‘not_

L  consistent. Houever, wé;n this set was rest'xcted to the criterion-

_dcpendent test indices {(see Table D-4), coafficicnt beta uas the pre-

dominant: vnr;ablc for all but tuo distributions (Figures 59 and 61), »
suggesting that S is in sone vay nssociated with 8 (3nd therefore gitﬁx

sz ). However, the percent of variance in_§t accountedrfor by B was.

150
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qgt.alhnys high. Moreover, when unimodal, bimodal, and ali distribu-

tions were taken as groups, the redunlts were inconclusive.
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CHAPTER Vil

e
e P

:ﬁnﬁuRY-AND SUGGESTIONS FOR FUTURE RESEANC&
. . Sunmarz . : .

, e , : :
In Chapter I jt was stated that an increased acceptande of the

interrelated notions of"ﬁehnvioral'objcctivés, individuslized instruc-
'tioh,‘and mastery learning has éivenvrise to.new kinds di’eduéational testsiizh
_ One of these new kinds .of tests has as its purpose the efficient separation
of the shmple of examinees into.two groups, of;en-labelgafﬁnaﬁmistﬁry"
gnd ";a;tqry.“ ¥hen sn examinee has only two courses qf’action avail-
able after takiqg this kind of test--stay in the iﬁstrﬁciioﬁai néddle
¢overed by the test or go on to studying tﬁe next module--his "score"
sced only be reported in terms cf‘this gichotomy. further subdivision
:f the test score scale ser§$s no prrpose; the dichoiqmy is suffiéient
io allew a decision lead;ng to action to be made., A test of this type,
which uses severa& items drawn from a well-defined ﬁniverse to measure
& single, narrow béhaviétﬁl_objective, and whose results yiéld a dicho-
 tomous categorization with fe%erence to a ﬁredctgrmined criterion level,
—hnﬁ hgreiﬁ been called a criterion-referenced test (CRT).

a

In Chapter i1, some of the psychometric implications of the dif-
‘ferences betweén & CRT and the more familiar norm-referenced test (NRT)
were given. It was shown that the purpose, desired score-distributions,

'_test speci{ications, cohstruction,_and use in decision-making of CRTs

are not generally the same as for NRTs, It was also showm that
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the classical and generally accepted mathematical model and assupp{

tions tﬁﬁt underlie the definitions of frnd;:ionalmwsééuxon;ntm e -

érror and NRT test reliability do not aybly to the dicbotombus derision-

. making facet of a CR.. Thus a new, duQI rathematical true-score ﬁode1 fo;
CRTs was proposed: a an h.s both a positiona} facet, concerned with the '
primal mcasuring process ;nd consistent with the classical assumpiiohs and
: éhe continuous true-score modei of an' NRT, and an dberatiohil facet, con-
cerned with the dichqtomous d;cision-makingtpr;cess and consisieyg with a
Platonic (dichdtomoué) true-score model but not ‘with the classical model.
It uas-furfﬁer’éfgued that the me#nings of reliability should be diffbtent
for the two facets of a CRT. ¥hereas an NRT'(of the positional facet of
@ CRT) is reliable insofar as an examinee Teceives the same score on two
>pag31£c! sets of data, the operational facet‘of a CRT demands ;hat,thc
1te$t must also be reliable in.ofar as the examinee recéives'tﬁe same di-
chotomous categor;zation from the two sets ;f data. But ;since a classical
reliability estimate is lhappropriate for this second facet of a CRT,"
what should take its piace? v - : -
: vfn Chapter II], an answer to this qﬁestion is offered. An app}o»
p}iate CRT rciiaﬁi!ity index ought to be founded on the notion of consis-
gcnt‘catégnrizations. A Singlé—administration coefficient ;pat reflects
this notion is the mean QF allfébasible split-halfﬁcoeffiﬁgents of agree-
-mant, where the coefficient oé agreement is the prop;rtjon of’consi§t6ﬁt”“””“””;
%3t5go%iz;tions, i.c., the éroportibn of entries in the main diagonal of

a fourfnldvmastcry/nonmnstcr9 contingency table, 'Su;h an indcx, labeled

_coefficient beta (a) because of the mean split;ha!f analogy with

153
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CrOnbach’s alpha was derived. and theoretical and computatxonal for-
mulgs were given. The computational adjustments -required when the .
test has an odd nunber of 1tems werennoted Certain technical charac-
teristics of toeffxcient béta were mentioned and B was shown ‘to satisfy
a list of CRT index criteria,that were proposed in Chapter II. F1na11y,
coeffitient beta was extended to trichotomous data, and a formula f&r the
modified coefficient was given. .- ,

!n Chapter 1V, three other recent criterzon-dependent test indices

were defined»-'z (vaingston. 1972a), u (Harris, 1972a}, and S (xn-

troduced in the chaptcr) ~- -and their rat1ona1es were briefly dzscussed

-Each index was tested against thc CRT reliability index criteria prcposed

- earlier. In addition, the cosine-pi-eStimate'of the tetrachoric correla-

tion coefficient and the phi coefficient were defined, and if was shown

that either coefficient can be construed as a. szngle-admin1stration 1ndex

if it is calculated Lrom a fourfold table whose cells contain numbers N

resulting from all possxble split-half mastery categorizations. It was .

shown that, under these cond1tions, the phi coefficient and Cohen s kappa
&

coefficientvare identical,

S

In Chapter V the questions investigated in. the study were posed and
the analytical methodology used to sgekfanswers to them was discussed.

The questions dcalt.with certain aspects of coefficient beta and the three

other criterion-dependent indices: their characteristics, their inter-
relationships, their relationships to basic test statistics, and their
behavior as criterion level changes and as the number of examinees and

the number of items increases (and in the latter case, the degree to which
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~ the Spéarman4srohn prophecy fornula _applies). The only feasible way

N ”;%”to édify out this kind of study is with sioulated data, and hence the B

| couputer program ‘that generated the data fbr this study‘was described ~ i
1n this chapter. Inqluded in- this discussion uere the equation used by
the program to generéte item-by-pupil response matrices. the available .

. input parameters and output optrons, and the eight input narameter sets ;7t
(and hence krnds of score distributions) that were selected for this |

study.' The parameter sets were chosen to simulate three types: of tests,

"

discussed in ‘the chapter. ?;,,w:Man : 1, “ﬁ ;a. c
.In Chapter VI the. results of the uata generation were given in |
'graphs and the data were analyzed through stepwrse analyses of regression
- both linear and non-linear. Characterrstics of .each of the four c;\terion- .
dependent test indices Hene given.. For. example fbr all the score dls-.
:tribution types studied consrstently moderate to high correlatxons
:exlsted between the mean (over crrter1on level) of each of three of'these'
1nd1ces and classical relxabillty (and in the case of uz, percent o£—max1-.f
 mum var1ance) Nqne of the four crrterlon dependent 1nd1ces,was affected
by the number of examlnees, whrch is reassurlng. However, the Jndroes
var1ed in the degree to- whlch they were affected by changes in the number

* of 1tems The cr1ter10n-referenced 1ndex of separatxon, Sc’ and Harr1s s

index of effxciency,.u:,>were not affected by the'number o£ﬁ1tems,:but |

a2
B and kopy

havior of szx, but the behavior of B was exp1a1ned equally well by the.

were. The Spearman-Brown prophecy.formula explained the be-

Spearman Brown prophecy model and the (11near) no-effect model. The,;

empirical evidence showed that the»variation in B as the number of items

I

(R

Q | | | ' A . 1.5553 | ’ | i 'l./ |




——~“-——r—"-intreasea‘was~best explained -by- a- model that is an: algebraic compromiseli
| between the Spearman-Brown and the ro-effect models. o |
Other relationships were revealed. Perhaps most important and ’ ‘
clear-cut among them was that forluninodal score distributions, °9¢ff1; Rt
cient beta seems to measure'much the same'thing as Livingston's k2TX --

their“fluctuations over - criterion 1eve1 and their ranges of values uere

generally quite 51m1iar--ﬁut for 5 moda I distrlﬁuflons fhi?‘reiation-

ship does not hold The reason is thot B ‘is sensitive to-(has minima

near) the mode(s) of the score distribntion, consisten* with the proposal o

-fhat a CRT reliability index should have higher values as the bulk of
r

scores depart from the cutoff score, whereas’ k X is sensitive ‘to (has

minimam at) ths test mean. . ¥

L5

There were moderately consistent correlations (over score d1str1- .

£
.

bution types) between 8 and S between‘kz';rx and 8, and between uz

2 = <“ \.‘.. . .'

.and rd Put differently, coefficients ‘B, k Txo._am:l Sc seem to measure-
similar test result atterutes .as do uz and rd' (and ther"efore K ), -
however, there i5 a ta ie difference bctween the first group (B, sz’

and S.) and the second group (u and r,): the 1nd1ces in the former :

L
'i,” group tend to have higber values {l, in the case of B and kz X) at the

P

extremes .of criterion’ 1eve1 whereas the latter group tend toward 0 at

_;,Ti;_;___these_sameiextremes. B . -

Te choose-a "best" reliability coefficient for the operational'facet
of"aVCRT, ¢ne mast take into account its nrﬁnises, rationale, and charac-
teristics. -Of'coefficients : B; _szx, and “3' onlx_ﬁ is’ sensitive to

, the test mode(s) as distinct from the mean. Thus if it is desired that a

156 -




140 y SRR | : . .

. <

h CRT operational reliability "index have.higher:values as scores depart

R .
. - ’ . s o ; P : '

f£rom the cutoff, coefficient beta is the reliability index that should
' A . ) . A
‘be used. o y N s

SUGGESTIONS FOR FURTHER RESEARCH

The following research suggestioﬁs‘are based on the reaplts of

thls study .. - N . . RS ] ' ’
- . T- ' . - Y
1. - Coeff1c1eht beta increases as the number of items 1ncreases and
, it is the mean<toeff1c1ent'of agreement calculated on all possible ha1vea
. 3 ~e Iﬂ . . ————

.- > . .of a-test. These two facts mayvsuggest that B is really a half-test index,

“

and that its.value should,soméhow be stepped up if it is to be applied to a

whole test

“

e T

o=

o

At least three basxe)approaches could be made to the stepp1ng up
procedure One approach would be to prov1de a formula that produces a
whele-test coeff1c1ent'as a function of the ha1f-test-coeff1c1ent, s1m11ar :
'to the»Spearmah-Brown prophec} formu}a orato'Equatien‘IZ in Chapter VI,
Another-approach would be.to calculate cbefficient beta on a test of
- twice as many items as are ultimately intehded’to be usedlahd then erop,
selectively or- randomly, half the items. A third abproach would be to

‘cstimatc based on the obtained score distribution, what the score distri-

. uucton—wou}d—be—on—a—test—%wree—as—}engT—&nd—%heﬂ—ealeulate—8—~£rom—the—————————

-

score dJstrlbut1on so cstimated. This. 1ast approach seems to hold

promise, and further research results using either a regression, a

Bayesian, or a binomial model to estimate the doubie-length‘score distribu-

tion could preve fruitful., (See Appendix E for binomial model approach.)




\“\.

X fmusf be- concerned w1th accuracy of placement to categor1es, and that

. ——l : o

: one useful definition of such rellabillty would be the pronortlon of

classificat10ns wh1ch are. correct classifxcatxons (see Table 3).

‘u

“was further suggested that a meanlngful CRT reliab111ty coefficlent would

o

e

-,

liminary research indicates that, for a given response matrix, the mean -
’ B L . b - . P . ’ -

Although it is intu1t1vely reasonable to- suppose that: coeff1c1ent

beta is related to this prOportlon of classif1cations that are correct

classif1cations, such a conclus1on has not yet been proved mathematxcally

l . N

'and affords a topic for future research

'3. Coeff1c1ent alpha is equal to the mean Spllt half class1cal eli-

ability'Coefficient; Coefflclent beta is equal to the-mean spl1t-half

f
. 1

~ on different values for d1fferent 1tem-by-exam1nee response matrxces,

and 8 tdkes on dlfferentﬂvalues for d1fferent_cr1terlon levels. Pre-.“

~'coeff1c1ent of agreement. For a giyen total score d1str1but1on a takes

. . )_ .- ° . o . - ..
value of 8 (over criterion level) is often close to the computed coeffi-

cient alpha.’ It may be that for a g1ven d1str1but10n of total scores,
there is some relatlon (upper or lower bound? algebraic functlon? "

equallty?) between the mean value of 4 (over Tesponse matrlces) and the

4. It was po1nted out at the end of Chapter IV (see also Appendzx A)

‘)":

mean value of B “(over criterion levels). This possibility would be inz”

terest1ng to investlgate

that when the off-diagonal cells in the fourfold.table are equal, the phi

"be a stat1st1c wh1ch est1mates or is a lower bound to thls proportlon.

’ » e . :
coefficient'(r¢,1 and coefficlient kappa (K‘)‘are identical. It was then
| 158 )
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* o v
' r¢-f'(Equation 10) to obtain a_clqse‘lower bound to K.

142

- s

- N . |

hypothes1zed based on a small sample of score d1str1butions that K

(and thus r’s ) 1s a generally close loﬁﬂ¥ bound to n the mean sp11t->‘

,hglf;;:gpa coefficient. If this conjecture can be proved, one could—use ‘

[

" .\ - L . ° v. . ’ l ‘ J:%L -’
. S, At the end of Chapter III, coefficient beta was extended. to:incor- .

pbrate'frichotomdus daté. It may be that the'ceefficient dan beffufther

extended to 1ncorporate data‘ut111z1ng four\class1f1catiun5) or poss1b1y

genera11zed to any number of c1a551f1cat1ons. Extrapolat1on from an

analys1s of “the formulas for 8 and Bs suggests however, that for an

~ n-item test, the maximum number of class1f1cat1ons is %- + 1,
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- A-2 Relation between the two indices qf separation

« -

!

In Chapter IV. the index of separation of total scoreg, S, is

given (Equation 6) as:
/s

»

| 4 1,2
s=1-53 g(xp-;‘-x(p)‘, where

n = the number of items
N = number of persons, and

Xp = pth person's total score.

In addition, the criterion-rgferenced index of separation of total scores,

Sc. is given (Equation 7) as:

- el
1 C-X X-C
Sc"ﬁ'[xzc (5 ¢ 1 5 (5G] here

n, N, and X_ are as above, fx is the frequency of score X in the distri-
bution of scores, and C is the criterion cut-off score. S can be

shown to be a special case of Sc . If we start with the formulation of

. S, and substitute % for C, we obtain

1 [ DXy , x-n,2
ook (oo (222F 0 L ¢ [—2)
2 X %- xz XU .1
n_xz 2 _
= l. X £ Z
N xxU 1
n 2,2
z - X
.glz[____R]
N n
P 3 ;
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T A-3 Eqmvalence of the phi coefficient (rO') and coeff1c1ent kappa (.c*)
. when off-diagonal celd are equal (B-C=E)' o

(D+E) D+E)]

A (A+E) (mf
+ N ‘'N- N - ®

1- [(A*E)(A*E) . gD+E)§n+£1]
| 2 .

AN + DN - (A+E) - (D+E)%

N - (AsE)% - (D+E)?

A(A+n+25) s D(A+D+ZE) - (A+E) - (0+E)?
(A+D+ZE) (A+ E) - (DoE)

o

2 _p%._ e .E%
47*7 37 - 200 - E¢

Az + AD + 2AE +°AD + DzoZDE'- Az - 2AE - E

A2 + D2 4-4E2 + 2AD + 4AE-+ 4DE - A° - 2AE -

_ 2D - 282 \\\‘\; ‘
Z

2AD + 2AE + 2DE + 2E ‘ J

2(AD-E" S B
A+E +E -

AD-EZ
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o UAPPENDIX.B.. . e

“

" Graphs of #(X) for each Score X, for Sclected -
Criterion Levels and Number of Items =~

e O U R P O

L ]
- . ) . '
B-1 #(X) for each X on a 4-item test for all meaningful
~criterion levels., - T A
R.2 p(X) for éaﬁhlx on an 8-item test for ;hree selected
criterion levels. - : , ' b
B-3 #(X) for each X/ﬁn a 16-item test for four selected
‘criterion levels. = :
B-d 6(X) for each X on a 32-item test for'séwen sefected
’ criterion levels. - = e ' - ‘
B-5  #(X) for cach X on a 10-item test for three sélected ©
criterion leveis. ‘ oo 4
B-& $(X} for each X on a I0-ites test for' five seleered
sriverion levels. o ' .
8.7 #{X) for cach X on a 10-item test for five selocted
criterion levels, ’ :
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APPENDIX C
Computer Program Input Parameter Distribufions.and Subroutines,

with Notes on Calculation of Vector Componentsq

Person Compectence . . o

- .
c = (ci, cz,.m,; cp,::., cN); where N = number of persons

.1. Chi-square. Calculated from .

) v |
(2 V% 1 32)__)]",1 [ P t.,('\’~2)/‘2e~t'/'2 at = B 0.5 -

.0

. v ’ " )
where v = a paraméter selected to control the shape

(degrees Ff freedom) _ ‘:&

‘ ¢ . X -
and cp = yp-' A{, where A is a scaling factor chosen
'so that the -maximum value of < coincides with

‘a parameter selected to control i he range. - N

2. Mirror-image quasi-chi-square. This is calculated as above,
with each cé being renlaced by 1 - gp;

The calculation of“the chi- -square vecter components is similar to thar'u
normzl distribution vector components (q v. for a less technical prlanat1on )
The chi- squarc dlbt‘lbu ion was included as an option because emp1r1-.v
cal duta from crxtcrxon-r"fcxunk;d‘tests suggcs; that post-instruc :on
total 5eoTe dl,trxhutxnnx often anprox\mage tho distribution of the mirror- |
image zhifuqugrc.' Further, it secms reas sonable to as sume that & populatiqn
thai 15 n r };o»lcdgcablv mi it hn#n pre-instruction total score distre-
Hmz.  R R I pmw;t{vﬂly skesed chi-square. “

"\

¢ .&w Koot This o eatewgr & fros
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h)
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172 Yy _+2 . ' ‘ :
@2 ret/2 gy Lp - 05 L
| | | -
—andc_ =y - B + U, where B is a scaling factor to make the
N P P . components fit within the- predeterm1ned
‘ range, which is itself a parameter se1ectgd
to control dispersion

and u= e(cp) is a parameter selected to control location.

The vector components are not determined by generating random values,
thereby necessitating truncation to make them fit within a range, but .

rather by apportioning the area under the curve according to the distribu-

tion function, and assigning as values the "weighted;midpoints" of .the

. fxug,segments W1th1n each of N regions. The operation can be thought

of as having three steps. f1rst the - n and ‘standard deV1atlon of *he

normal dlstr1but1on are def1ned, ‘second, the "m1dp01nt" of each segment is

)

found {in the case of the two extreme chunks, by finding the po1nts beyond

'.which in eéach direction 1/2N of the arca lies) and.third, 4 linear

transformation is applied so that the Two extremé val 2s coincide wifh the

. -~

limit: of the prede‘ined range. (Actually, the range, rather than the

standard ‘deviation, is defxned but the computer program merely works

n

L4

backwards.) B . ( .

4. Bimodal "inverse HO'J.L.'V Fivrst a nomal distribotion vector is

genrated 15 defincd above. Then a transformation is upp!ied and ad)ur‘ d.
The c¢ffect of rhe transformation and thc'pdjus:ments ig that of cutt; .

the normal dise it T © BBy al the ma&dﬁc, trans!nting::hc leis ha

S va the right, zof the rignt HE D S S-SR che_!t?t., {See Flpure & Tor an

%

ST L T

&, Meode. Thid isow highly fleaibie cobroutine incloded o enstio

186
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_one to approx1mafe unusual shapes in the competence distribution, Given a
d1str1but1on transcribed into graph form, with x and y coord1nates of up
to twelve po1nts on the curve such that 0 < Xy < xz...f< x, < 1, one 1nputs
these ordered pairs as parameters. The subrqutine calculates the areas

! of the trapezoids under the curve afd assigns elements of the competence

3

vector accordingly.

i 6. List, With this option, one can specify the vector components

by sup}lying a list of the component values.
7. Call. Add1t1ona1 d1str1hut1on subrout1nes, such as b1nom1a1
can be called 1nto play and used as the need arises. Only options 3 and 4

were used in this study.

2 :
~I1tem Difficulty o . ‘
d = (dl’ d2,...,vdi,..., dn), where n = number of iLems
1. "House,"., This s.so named because the region under the curve

looks like a child's drawing of a house--an isosceles triangle atop a rec-

tangle. Input parameters define thc "corners' and 'peak' of the "roof."
This distrib:cion includes the degenerate subcases of uniform (rectangular),
c@:angular, and‘constant.

Empxrlsdl data suggest that the dxstr{but1on of item difficulties ~ft: "

approximates some tvpe of “house! ulstrxbut1on. Uniform distributions were
PE P

i c eropdy
uged iy this study, -

*S

Veomil. Thi®a is the same as Jescribed for the vector of Lerson

Lomprt el . _ ; //
» N . ‘ ) ) l .‘ ‘-‘I . .
3. List. This as the same as tor <.

el

Same G bor O
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o
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Item Goodness . . .

g’ (gl' gz""l gi""’ 8n)

ol

: ‘ ) N
Distributions and other options for the vector g are the same as for
o _ . G N .

However, since the vector components for d and g are generated in as-

cending numerical order, a subroutine is employed.which randomly. permutes

the vector components by reassigning th¥ir subscripts. This is done in

“order to avoid interaction between d, and g.. S

N

In this study, only uniform distributions were used.

Error Terms : . ,
All ér:or terms are randomly generated from an internal normal distri-
bution subfoutine, the sta:EErd éeviatian of which can be specified. The
starting point (within the computer's subroutine) for an} of the error
tefms caﬁ.be'épecified, sQ tha§ identical error components can be generated>
'on'guccessive trials if this is wanted. T‘is W°Ulg\37 desirable, for ex-

ample, if one wanted to investigate the effect on reliability indices when

only the item goodness vector is changed.
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APPENDIX D

Summaries of Stepwise Anal

g

Summary of stepyise analysis
dependent variable.

Summary of stepwisé analysis
as dJependent variable,

Summary of stepwise analysis
as dependent variable. 1

Summary of stepwise analysis
as dependent variable.

yses of Regression

N

of rsgressioﬁ, with § as

N
N

. Y -
of regress)q&, with k >

N
-5

of regression, th@\u c

of regression, With‘Sc

e

.-’/' ’



Coefficients of regression’equation
Coefficient — .

Parameter of , _ Criterion :

. T ) 2 )

Set(s) | patermination Constant |} W KR-21 | Level (3) | k - (a) Sc (a)

| | (b

| 91 9 o ) W2 88| M0

2 Rl 16 §) -14 Iy 1) .6 %[

3 A 03 )90 T[Y 08

§ ! -0 ‘ IS 2(,) 1,5 Y ILEN
93 - 06 558 ) .29 812 L6

b 80 1l §) -5 564 (D07 W {Hs4 U Dol B
7 0 s 3) 05 ) 8 02 B

g o sl AERE 55 W) S

: | |

uninoda! 89 R IR N N T ) 90 833 .00
(112r3|5t7) ’
bigodal | .20 35 ) -9 5 03 D 8L
(4,0,8) | ‘ |
all B! 23 0l 4 w0902 -8 IR ALY
U'S) ‘ ‘ ! \

(a) percent of variance in g accounted for
{ (b) number set off © the left indicates v

Aruntoxt provided by Eic

“ ERIC
LV

Table d<1. Summary of Ste,

L)

by the variable, if » W0
ariable's order of entry 1nto regression equation

{

se analysis of regression, with § as dependent variable,

191






a) areent of varzanca in szX aceai mted for by | this variable, if » 10%
r set off to the left, indizzies variable's order of antry into regressxon equatlon
{5 the only unxmodal dis.rxbutxon Wfere ”2 rath&r the”. B is the first entering variahle' hovnver, the

correIaLion between u and 8 for this distribut1on is - 90
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'« Toble D=3, Sumary of stepwise analysis of regression, with v 5 dgpendent.varigblp.

/ : ; ‘

Y ' . S oy "
. i . ) . .
‘ l ’ ' . C -
i ' \ ., o . , ) ) o .
ot ' ; ' ' ’ . ' - , e
' . ‘ . ’
Ve . N N . . ‘ , | ‘ - |
L Y ‘ . : . 0 . . . ) . R . \ . ‘
‘ v o . . . ‘ !
. Ve ‘ ] ‘ ‘ .
. . . ) . . ,
' ' i , . ‘
. ' .
.

ey



oy

| Set(s) - -
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* Confflcients-of regression equation o
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,(a, percent of variancc ins accoumed for by this variable, if > 108 L
" (b) nusber set off t‘ the 1eft indicates vmable's ordar of entr,r into regressmn equation B o

‘ "(c) this was the fxrst’ variable to enter, but left at the fonrth step

-j[d) no variables énterod into this equation, and thus there is o coafficient of detornination o

| O Table D..c‘t.',v Sumary of 'stepuiségnﬁlysis_\oyf fqﬁression,' ¥ith _Sc"as depender;tﬁariab,lo‘.'. |
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. : SR y T APPBNDIXE R
R Y Binomial Hodel for Stoppiﬂs Up waﬂc““‘ B"“‘ 7

. - gt %, .

It uas notadujn Chapter“vxx-:hat since B is aqual to the mean yrc-~
°portion cf*agreeuent on all possible Split halvas og a*test, it |

" can he considored tc be a half—test coefficient, nnd thus should

f ;fgsfmmhow be stepped up in ordbr to represent thn oporational rexiability
T

. ‘of a w “le test, The formula prosented/in Chapter 6 uas based on - -
H;T'purely empirical evidenco, tnd thus is unsatisfying mathematically.~

1 ;;' Ona mnthenatical approach to tha solution to thiS‘ptObleﬁ 15 f, 3

s to use tha binonial prdbability model.‘ Brietly, the mcthod is to ff S

’.iﬁccalculate B frcn an es:imated frequency distribution of total

.'ﬁgscores for a double—lcngth (Zn items) test, Jased on tho obtaincd .;-f -‘fj
’ ‘Z;fraquency distribution of scores frr *he test qf n items, and " ii e
f'I'v..u'&:ilizing the binomial probability modal to estimate likelihoods '{,i_

f  concerning each pcgson's double 1ength test score. | ’.v

| More specifically, suppose pnrson p recoives a. scdte of xlwpﬁgzef

_‘170" an n-item :esc: Under cce ?inzfial model -13 the bﬂst cstima.éa

| " of the prpportion Qf items in the univarse that hé wculd answer ';15?”

d‘;;orroctly, hhd hcnce<also«thc best estimate of the proportion of | ,

,citams ho would answer correctly cn a test of 2n items. Let Yp be

F,the oxaminee s scara on. this test, Yp 5 {0, 1. s c_} Thgn the c». c}i;

v1,"probab1’ity that person p raceivea a score of y, i a‘, E

-

: : | fanY{xY[n-x g -,
p Y L] x - ; N o B K e § . L. . :
A R (Y)(ﬂY(n A e

»-




(Nota‘heiaithnt" S T AN o

Z Pr(Y =y lx - x) = (%" '
yso v ( . Yﬁo J X

But there aro f persons with score x, and hancc the =

contributxon to y from all th63e wlth this score is

x ‘ y n ‘)."l.? N :‘fn.., “' ' '. v - .

Le _‘ - Tt . : . -.' e
P s A

: -However, a numher of diffexént scores X wiil contributc to the s

frequency of y., Thus, summing.mver nll scoras x, thu freqnency

. of score y in the distribution is

N

;s‘_'

ne have thus arrivad nt a nathqd of calculatingvoxpected
frequencxes of ench component of the vectcr Fys (Fo, 1, ""'FZn)’
tha expected ‘requancy distributzon of scor@s;on'tﬂa_(hypotuetical)

..‘

doublc-length test.,.ﬁe can, new conpute B on. thevdoﬁblealength

v ar?
: .

tBSt, - a'-_."":.:. : .-e ” ’ o " -" . . "'“-.
2n *'~*>

i y-o 'f Qfl‘ CE e e T Ty
fe-1 - 2¢-2 et m ]
1Y Fl 2 F, ¢ (y-(c 11, cn o+ ) F 0 (c, y-C) « LORL

y=0. y ysc ¥ T oy VY R o |

-
R )
v

f.jwbare (as bofore) e
5 "N = number of exauinees~.’ ;f,',:ﬂf,, WL

. n = number of itemsi(on thc single-lcngth tost),




| y = 8 score on the hypothatical tpst of 2n iteus*

C 6 tha cutoff score on the n—item test, and hence the suailest 1 ;;A“

K b K R i
. a- U g

integer > eni .. T T

" e(a b)u ): AY ST AR

X f (zﬂ)(xY( m )2“ *; where f£_.is the obtained - - - T .

frequency of score x on. tﬁ nLIteh tEst.‘ i S

- M o - . e L s -

Note that

' 1f  Fy is generally not an integer,  ﬁ~fA S : .-_'}  S

,él‘ whon x = 0 or x = n, the quantxty 0 appeat5 in the formulatian e

- . ) —~ -

" of Fy, and ‘must be defined as equal to 1

' 3: ;tho sacond term in the brackets van:shes when C = 13 the gﬁﬁ
- third tcrm vanishes uhen C = n; ’ 5

-4, the adjnstment for odd n is no longer necessary,_

'S,‘ an analogous formula holds for 83. the stepped-up coefficient :»A |

}fo:‘trlchotomous,datq;
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