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graders learning division when the divisor was a 2-digit number.
Appendix G gives examples of 46 common computation errors which
children make in computing with whole numbers. (DT)
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Educators have spent many years diagnosing the various computational
errors made by students. In 1925 Buswell and Judd stated:

The term '"diagnostic tests' has become very familiar to those

working in the field of measurement, and at the present time

the chief interest in that field seems to be along the lines

of gpecific analysis and diagnosis of pupils' difficulties

(p. 113).

Buswell and Judd (1925) found that at that time, there were thirty-
one studies which dealt explicitly with diagnosis and remediation of
arithmetical errors. Twenty of those articles were devoted specifically to
an analeiS of errors,mainly errors in the fundamental processes. Of
these studies, a study by Uhl (1917) was the first to diagnose errors by
observing the pupil and questioning him while at work. As Buswell and Judd
indicate:

The advantage of this procedure as compared with the method of

analyzing test papers can scarcely be overestimated. The great

variety of mental processes employed by pupils in doing even

very simple work makes it clear that no method can be adequate

which fails to get first-hand information with regard to the

actual processes used (p. 118).

Of the thirty-one studies, Buswell and .fudd found that the best
systematic plan of diagnosis was wr Fi:w by Bruecknér (1923). Brueckner
used Uhl's diagnostic interview te ue. He identified ten common errors
in addition, seven in subtraction and division and six in maltiplication.
For Buswell and Judd, Brueckner's study contained the essence of a genuine
scheme of diagnosis. However, they saw a need for a more extensive
analysis of errors and more detailed examples of errors. They state:

If such a scheme can be accompanied by a set of diagnostic tests

which are so made that they proceed step by step in difficulty and

if a sufficiently detailed manual of directions can be supplied

for making these diagnoses and for following them with remedial

treatment then there is recson to believe that the method of -

diagnosis and remedial treatment will become a permanent part of
the technigue of teaching arithmetic (p. 127).
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This statement set the stage for the diagnostic studies of Buswell
and John (1926). Their work was much more extensive and complete than
any study prior to 1926. They individually diagnosed, using Uhl's
diagnostic interview technique, 352 students from grades three to six.
They identified and gave examples of, and the frequency of occurence of,
thirty-three addition errors, twenty-seven subtraction errors, forty-one
multiplication errors and forty-one division habits (Appendix A contains
the list of habits). They also constructed computational problems that

would test for these habits and diagnostic charts on which to record them.

In 1930, Brueckner's text Diagnostic and Remedial Teaching in

Arithmetic was published. Brugckner did not introduce any whole number,
computational errors unique from those of Buswell and John, however, he

did group the errors of Buswell and .John into "types of errors". For
example, he grouped the thirty-three .addition habits under six types:

(1) errors in combinations, (2) counting errors, (3) carrying errors,

(4) faulty procedures, (5) lapses and other miscellaneous faults, and

(6) used scratch paper. Similar groups of errors were constructed in the
other three operations.

. A study by Burdge (1932) dealing with errors in multiplication revealed

some errors not included in the Buswell and John study. Burge again used
- the individual diagnosis technique. His careful analysis of the mental
processes of 2110 children (grades four to six) in their responses to
exercises in multiplication revealed sixty-eight errors and questionable
habits of work (see.Appendix B). In a fashion similar to BrueckAer: Burge

grouped the habits and errors into seven categories as follows:
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(I) €rrors and habits in obtaining combinations
(II) Errors and habits in carrying
(III) Irregular errors and habits

(IV) Errors and habits in the misuse of zero

(V) Errors and habits in placing partial products
(VI) Errors and habits in adding partial products
(VII) Miscellaneous errors and habits

Upon comparison of the errors listed by Burge with those' of Buswell and
John, I have found thirteen multiplication errors'not identified in the
Buswell and John study. These new errors are identified in the appendix by
asterisks.

In his conclusion, Burge supports the diagnostic interview technique with

the statement:

"Relatively few type errors and questionable habits of work could be
analyzed with certainty from the written responses." (p. 194).

A very brief exposition by Myers (1935) gives an incomplete treatment
of common difficulties in arithmetic; including telling time, zero errérs,.
and number relationships. The article is only worth mentioning as it is
the first reference to errors involving zero as a special category of
arithmetical errors. The author does not give examples of zero errors, but
rather gives examples of questions in which zero errors often occur.

The thirty-fourth yearbook (1935) of the N.S.S.E. was completely
devoted to educational diagnosis. Chapter XIV, Diagnosié in Arithmetic, is
written by L.J. Brueckner. The list of arithmetical errors in this chapter
is a subset of the arithmetical errors cited by Brueckner in his book

Diagnostic and Remedial Teaching in Arithmetic (1930).

A study by F.E. Grossnickle (1936) revealed many errors in lerme
division with a oﬁe>figure divisor. He studied errors madé by 453 studc..ts
in grades five to eight. Before making a\detailed analysis of earh =.-

paper, Grossnickle constructed a tentative list of errors and fzuv':-
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4
procedures from the studies reported by Buswell and John (1926), Brueckner
(1930), Lazar1 (1928) and Burge (1932). Grossnickle found types of errors
in his study not listed in the previous studies. He compiled a list of
fifty-seven errors involving division with a one-digit divisor. The
errors were grouped under six classifications as follows:

(1) errors of combinations

(2) errors resulting from the use of remainders

(3) errors resulting from zero

(4) errors caused by faulty procedure

< (5) errors resulting from lapses of attention

(6) errors resulting from bringing down.

The above list represents a decreasing order of occurence of errors.
The errors are listed in Appendix %. Those errors indicated by asterisks
are errors that do not appear to be listed in previously mentioned studies.
It is iﬁteresting to note ti.t Grossnickle found, as did Lazar (1928) that
zero was the cause of many errors in long division as revealed in Table V
of Appendix C.

Although Grossnickle cited fifty-seven errors in long division, he
noted in his summary that many of these errors were infrequent. Errors
of combinations in division, nmultiplication and subtraction, omission of
final zero in quotient only, using a remainder greater than the divisor
and dropping the remainder when zero was final in the quotient only
constituted 59.4% of the total frequencies of errors noted in his study.
Thus Grossnickle concludes:

If a teacher is able to give special consideration to the six types

of errors enumerated, provision has been made for almost 60% of

the total number of errors which will impede pupil progress in long

division with a one-figure divisor (p. 368).

Williams (1937) reports on the results of a study by eleven elementary

school principals in Chicago. The prime purpose of the study was to

determine the characteristic mathematical deficiencies of children failing

1
o Lazar's study was unavailable. p
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in arithmetic. The Buswell-John Diagnostic Chart for Fundamental Processes
in Arithmetic was administered to 516 children from grades four to eight.
Hence no errors apart from those of Buswell and John were listed. This
study concentrated on the twelve difficulties most often noted in each
process (see Appendix D) and revealéd that in each ofuthelprocesses the
leading difficulty resulted from errors in combinations. . More than three-
fifths of the children were making such errors. Zero errors were also
common. In subtraction, 29% of all the children made mistakes because of
zeros in the minuend. In multiplication, four types of difficulties with
zero appeared among the difficulties with the twelve highest frequencies.
1n division 28% of the children made errors resulting from the zero
difficulty.

In summarizing, Williams states:

The vxperience of the Chicago principals, moreover, gives conclusive

proof that diagnosis is an individual matter. Group testing shows

that pupils are failing to secure correct results, but it does not
disclose what specific skill or skills are causing difficulty (p. 600).

F.J. Scﬁonell's textbook Diagnosis gﬁvlndividual Difficulties in

Arithmetic (1937) contains schedules of common errors in the four processes
(Appendix E). Schonell does not mention the work of Buswell and John so
we must assume that he determined the various error patterns independent of
their study. Schonell gives examples of six types of errors in addition,
subtraction and division and four in multiplication. Errors listed by
Schonell that are unique from those listed by Buswell and John are
identified by asterisks. It is interesting to note that there are oﬁly

three such errors, two in subtraction and one in division.
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Schonell is a proponent of the diagnostic interview technique. He
states:

In many cases this information can be derived from a scrutiny of

the pupils' work, but there are some instances, particularly with

pupils who are very backward in arithmetic, where it is necessary

to make observation of their arithmetical habits and to employ

oral analysis of their written work (p. 8).

A study by Grossnickle (1939) shows the degree of persistence of
errors made by a group of 221 pupils in grade IV who were learning division
when the divisor was a two figure number. A record was kept of each pupil's
errors on 26 different practice periods in divisiqn. Grossnickle found |
113 different kinds of errors mgde on the 26 different practice exercises,
but he considered only 24 of the most frequent errors (Appendix F). Two of
these 24 errors are unique from errors mentioned in previous studies. These
‘two errors are identified by asterisks.

Following 1939, there was very little research that crovides new
insight into diagnosis of computational errors involving the whole numbers.
There are, however, some studies related to diagnosis of whole number
computational errors to which I will make reference.

H. Holland (1942) refers to many types of difficulties encountered
in long-division. She mentions such problems as difficulties with division
facts, difficulties with subtraction and multiplication, difficulties which
arise when the fundamental operations are put in the long-division setting,
difficulties with placement of digits, difficulties in quotient estimation
and zero difficulties. Holland does not identify any new division errors.

Hence, for the purposes of this paper, her article only serves to lend

support to the work of Grossnickle (1936, 1939).



Brueckner and Bond (1955) devote chapter eight of their book to
diagnosis in arithmetic. The authors refer only to errors listed in the
Buswell and John study (1926). Brueckner and Bond acknowledge that many
errors are common io all of the operations: namel&, errors in number
combinations, counting in various ways, faulty procedures and lapses.
They realize, as well, that there are special kinds of errors peculiar to
each process, such as carrying in addition and multiplication, regrouping
in subtraction and remainder difficulties in division. In reference to
errors in computation with whole numbers, Brueckner and Bond support, but
do not extend the much earlier work of Buswell and Joﬁn. |

A second textbook by F.J. Schonell (1957), Diagnosis and Remedial

Teaching in Arithmetic, contains the same schedules of common errors as

his earlier textbook (1937). These errors are listed in Appendix E.

A study by Harvey and Kyte (1965) attempted to determine the effects
of an instructional program designed to isolate specific errors involving
zero in multiplication of whole numbers and to deal with them by remedial
teaching. The study was based on a sample of 15 sixth grade classes
(517 students). Diagnostic tests were designed and administered in
September and again in February. A total of 22 types of multiplication
questions involving zero was included in the pre-~ and post-tests. The tests
were not administered individually. After the pre-test, on which the 517
students erred 915 times, teachers were furnished with detailed records
of every error made by each pupil iq their class. On the basis of the

error data, they were to provide both ijndividual and group instruction to

meet the ascertained needs of their students. The post-test revealed a
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total of 246 errors, a 73.1% decrease in errors from the pre-test.
Unfortunately this study gives no indication of specific multiplication
errors involving zero, but it does show that adequate remedial work can

be organized on the basis of careful observation of errors made by students

on class administered tests. As the authors conclude:

The results show that the program of diagnosis and remediation was
very effective. The analysis of the results for all the classes
discloses that very few pupils per class failed to correct most of
their errors. Stress on the specific needs of specific children
led to the desired elimination of most types of zero errors (p. 50).

(1965) stresses the need for good analytical tests that will help in finding
what arithmetic difficulties pppils have and why pupils are having the
difficulties. Burns adyocates the use of the diegnostic interview. His
article refers mainly to subtraction of whole numbers. Burns refers to
only seven types.of errors in subtraction. He does not mention any specific
errors in the other operations. |
R.B. Ashinck {1972) is also an advocate of the diagnostic interview.
Ashlock devotes part of his book to identification of error patterns in
computation. He refers to four types of errors in each of the four
operations. The errors are similar to errors listed in previous studies.
Ashlock offers no new insight into methods-of grouping errors in the various
operations.

F.K. Reisman (1972) in her book, A Guide to Diagnostic Teaching of

Arithmetic, lists forty-six errors children make in computing with whole
numbers (Appendix G). Errors indicated by asterisks were not mentioned in
previous studies. Reisman, like Ashlock, is an advoate of the diagnostic

interview.
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L.S. Cox (1975) provides sume new insight into the diagnostic process.
She advocates givirg two tests to the children as follows:

The initial written test should be given without the teacher's
direct supervision. The teacher needs to see how the child

performs without the teacher's presence since it is under this
condition that the child must ultimately function. The child's
paper then should be analyzed for systematic computational errors.
Following the analysis and after a tentative diagnosis, the teacher
should watch the child work similar problems, being careful to
avoid allowing the teacher's presence to alter the child's
performance. Many children look to the teacher for non-verbal clues
indicating approval or disapproval.

Following this procedure the teacher should ask the child
what he was thinking as he worked the problems, or have the child
tell what he thinks as he works the problems, This last technique,
however, requires that a child be very verbal and many of the
children who made systematic errors also have insufficient verbal
skills (p. 155).

It 18 Cox's view that:
After using the foregoing methods of analysis and observation,

the teacher makes a diagnosis regarding the nature of the error
(p. 155).

SUMMARY
AND A SUGGESTION FOR FUTURE RESEARCH

To this point, 1 have reviewed the published literature pertinent
to error patterns associated with whole number computation. The studies
have revealed a total of 35 unique addition errors, 33 subtraction errors,
54 multiplication errors, and 71 division errors. Some attempts have been
made to ggoup the errors into varlous categories for each operation, Tt
secms that there is a limit to the number of consistent errors that students
make in wholy number computation: that is, if a student consistently makes
a computational error, it is probably one of Lhe 193 computation errors

fdentified in this paper. The Buswell and Join study (1926) is the most

extensive and Ldentified most of the errors that have been found in my

13
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review of the research. Mot of the authors have advocated the diagnostic
interview technique in which the student orally describes his method of
proceeding through an algorithm. It is probably true that such a

technique provides more insight into the actual train of thought or cause

of errors than does analysis of a written test. However, very few class-
room teachers are trained to prepare and/or admin?ster diagnostic tests

and, as a result, there is little real diagnosis and remediation present

{n elementary school mathematics programmes. Also, the diagnostic interview
technique 1s very time consuming.

Since there seems to be a limit to the number of consistent
computational errors, diagnostic tests can be constructed that will provide
for as many of these errors as possible, Perhaps the few teachers that
are trained to diagnose whole number computational errors and prescribe
remediul work, can be put into a more productive setting., Rather than
Jiagnose each student individually, diagnosticians could prescribe remedial
work after careful analysis of students' written answers on class
administered diagnostic tests., Harvey and Kyte's study as previously
ment foned supports this point of view. This type of diagnousis may ncver
be as accurate as the diagnostic interview, but the temporal efficiency
of this technique may far outwelgh the loas of accuracy. Such an approach
implies that the diagnostician nced never onter the classroom, Thé
lassroom teacher can administer the tests, the diagnostician can diagnose
the errors and suggest appropriate areas of remediation for cach student
or fur sroups of students, The clasnroom teacher can then provide the

students with the suggested remedial material.

14
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TABLE 1

FREQUENCY OF HABITS IN ADDITION (ALL CASES)

Habit : Grade Total
¢ 111 v | V Vi
al Errors in combinations:ce.cicenirncenniseesesens 81 | 103} 78 | 58 | 320
a2 COUNLINE. s ervsnonssonneassosassasnssasasassasss .| 61 83| 54| 17| 215
a3 Added carried number last....coceerresannaocoess 39 45| 45| 26 | 155
a4 Forgot to add carried number.......ceceeeevanen. 37 38| 34 | 17 | 126
a5 Retraced work after partly done.......coovvveses 26 34 39 | 22| 121
ab Added carried number irregularly.........cee0ee 26 30| 28 | 18 | 102
a7 Wrote number to be carried...ccvvvvesveroecenes 34 251 18 | 12 89
a8 Carried Wrong NUMbEY...seeeeessssososcsosnsoasnse 28 19} 26 | 14 87
a9 Irregular procedure in column......c.coveeneecns 16 29| 23 18 86
al0 Grouped two or more NUmMbErS.....cecesersesosrens 25 22} 21 16 84
all Split numbers....eveveearssssssrroscoscsassesoes 12 291 25 14 80
al2 Used wrong fundamental operation......ceeceeevnn 23 25| 20 11 79
al3 Lost place in column.c.esesssecessecorsansasones 17 17| 17 14 65
al4 Depended on visualization.....ceeeveveiieniennes 24 8| 27 2 61
al5 Disregarded column position.....ccoveevriacnensen 34 11 9 1 55
albé Omitted one or more digitg..vevevrevvrvrnseneess 13 21| 13 5 52
al7 Errors in reading numbers...cceeseeececvosionnss 14 10} 21 7 52
al8 Dropped back one Oor more tenS8....eccoecoarorcccs 13 124 17 5 47
al9 Derived unknown combination from familiar one... 13 71 11 11 42.
a20 Disregarded one column...csoessossecoranossnncns 15 11} 8 2 36
N a?l Error in writing Answer...ececoesessoosccacocsss 12 3| 14 5 34
a22 Skipped one or more decadesS.....civvcaeicesnannn 11 7t 9 5 32
423 Carried when there was nothing to carry....i....| 6 9 9 5 29
a24 Used scratch papere.ceeeerecerrionsssssiosccsees 7 5 9 0 21
a25 Added in pairs, giving last sum as answer....... 6 6 6 2 20
a26 Added same digit in two columns......eoeceve veeo | 10 6 1 1 18
a27 Wrote carried number in answer....cesseoersooons 10 2 2 1 15
a28 Added gsame number twice....ccovensssisaiononnny 4 1 3 3 11
a29 Began with left column....cceveesessocrencannns 1 1] 1 0 3
a3 Confused coluUmMNS.eeesesessocecessorsssse vessesane 1 0] O 0 1
431 Added carried number twice.. .o iiesiionen Ve 0 1 0 0 1
432 Subtracted carried number....cvvveevnrocnsoncnne 0 of O 1 1
a33 Added imaginary column........... eeee e vertiesanse 0 of 1 0 1
Total number of subjects.......... Vesaas veeos | 96 | 1241116 | 78 | 414

Chicapo: 136-140; 1926.




TABLE 2 12

~

FREQUENCY OF HABITS IN SUBTRACTION (ALL CASES)

Grade
Habit Total
: III IVv| v |VE |-
sl Errors in combinations.....ovvivinnsssnconaossse 62| 75| 69 |40 246
s2 Did not allow for having borrowed.........c000.n 19 ] 50! 57 |36 162
83 Counting:seeserrosseeososonssoveaosasoannssossosns 43| 44 1 39 110 136
s4 Errors due to zero in minuend..........c00.0 oo 251 39| 26 |15 105
85 Said example backward.......ccvvvvicivirnciinnons 21} 38| 29 |12 100
s6 Subtracted minuend from subtrahend......... reees| &7 33| 12 | 4 96
g7 Failed to borrow, gave zero as ansSwer.........: Jd 21 201 14 | 4 59
s8 Added instead of subtracting......eeceveneusrane 18 9] 19 |1 47
89 Error in reading.. . vivrerrenrnsnsnssnonasnoans 14 5| 13 |10 42
s10 Used same digit in two columnsS......ceevvvevunees 181 15 314 40
s11 Derived unknown from known combiunations..,......| 12 941 13 13 37
s12 Omitted a column.s.svesvuvevosssosnscosscssonons 9| 13 815 35
s13 Deducted from minuend when borrowing was not 9 8 10 | 5 25
NECESSATY s erseasoerastsossnsosnssasnassssoans
s14 SPlit numbers. . vvveveresesrscorssesssorssnasnans 7 51 10 | 2 24
s15 Used trial-and-error addition.....oeeevvevoreses 6 7 7164 24
s16 Ignored a digit,............. Ceseeens i eeeeaae 12 6 2 13 23
s17 Deducted 2 from minuend after borrowing......... 1 5 816 20
s18 Error due to minuend and subtrahend digits 1 5 10 3 19
being same...vsvvvsetrtevssstsetnsssssscannoos .
519 Used minuend or subtrahend as remainder......... 10 6 210 18
320 Reversed digits in remainder.......... e reeasaes 4 7 214 17
521 Confused process with division cor g :
multiplication....coceveierinnrinrnnsenonnns > 6 312 16
s22 Skipped one or more decadesS.....ovvviiiiiiiiiian 3 41 710 14
423 Increased minuend digit after borrowing....... .o 2 2 6 12 12
824 Based subtraction on multiplication combination. 1 2 3]0 6
825 Error in writing answer......oeeeeeeseosnvsosons 2 1 041 4
$26 Began at left column........eo0e0. et sseeiianna 2 0 110 3
827 Deducted all borrowed numbers from left-hand 1 0 1| o 9
digit.. . civevsnnesas ceeseesees Cresees s e e
Total number of subjeCtS..eirrrsnrrrrsvnnranns 84 {109 |109 |70 372

17
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TABLE 3

FREQUENCY OF HABITS IN MULTIPLICATION (ALL CASES)

Grade
Habit Total
III v \' VI
ml Errors in multiplication combinations.......... 36 | 59| 60|41 196
m2 Error in adding the carried number............. 6| 40| 58 |45| 149
m3 Wrote Trows Of ZEeroS..ecsvceeroessscssssnnssossns 21 331 40134 109
mé Errors in addition..ccesecsconsceroossannss ceos 5] 31} 4121 98
m5 Carried a wrong number......cesss creestaasaanns 5] 281 4022 95
mb6 Used multiplicand as multiplier................ 18 33 23 {15 89
m7 Forgot to Carry......eoeoee ceesene Ceeesiassesans 10| 30} 27 {22 89
m8 Error in single zero combinations, zero as
multiplier........... cessess e ceessensrseses 11 20 23127 81
m9 Errors due to zero in multiplier......ccccceess 51 26| 30117 78
ml0 Used WIrong ProCeSSecseessvsssrossssassns ceeres .| 18| 22| 16110 66
mll Counted tO CaTTy.e.eviveeoranssoroonscnns sesees 41 201 281 9 61
ml2 Omitted digit in multiplier ....... ceccecessenes 1| 15| 20116 52
ml3 Wrote carried number......... Geetisansanns ceses 8} 16| 14| 9 47
ml4 Omitted digit in multiplicand............. oo e -2 17 12 |12 43
ml5 Errors due to zero in multiplicand.......covees 44 141 15| 9 42
ml6 Counted to get multiplication combinations..... 15| 11 91 5 40
ml7 Error in position of partial product8.......... o| 15| 15¢{ 9 39
ml8 Error in single zero combinations, zero as 7 13 111 8 39
multiplicand...... Cteesseanane Ceasssenne casee
ml9 Confused products when multiplier had two or 1 13 9 9 '32
more diglts..oecececes ceeeesennes ceeseseenae .
m20 Repeated part of table.......coveess esssveeen 3 11 11| 6 31
m21 Multiplied by adding......cvvveverosssnnsocnans 6] 11 8 &4 29
m22 Did not multiply a digit in multiplicand....... 5 9 71 7 28
m23 Derived unknown combination from another....... 31 11 6| 6 26
m24 Errors in reading...... ceerannas et reeannasees 6 51 114 3 25
m25 Omitted digit in product..... teeeaas e eseeanen 0 5 71 5 17
m26 Errors in writing product.......ecoceeensececnes 2 4 8| 2 16
m27 Error in carrying into zero...... tesasa PPN 1 6 711 15
m28 Tllegible figures......ecovuvsusesass tessesus .o 0 3 S| 7 15
m29 Forgot to add partial products............... .o 0 3 71 2 12
m30 Split multiplier......... Ceseeeeeans ceeeceiaons 0 1 6| 4 11
m31 Wrote wrong digit of product....ccoeeevese ceeos 0 3 4 2 9
m32 Multiplied by same digit twice......... cesenees 1 1 31 2 7
m33 Reversed digits in product...... cesreeseanes cos 1 1 2y 2 6
m34 Wrote £ableB.cee.ceeeeraocsrocstonasnasrasssnns o 0 0 41 1 5
m35 Used multiplicand or multiplier as product..... 1 1 1 1 4
m36 Multiplied catried number...... Cereestessranaa 2 1 0] 1 4
m37 Used digit in product twices....ccevvvvoiieeanss 0 1 21 0 3
m38 Added carried number twice..... eesassannaas v 0 1 11 0 2
m39 Carried when there was nothing to carry........ 0 0 1| O 1
m40 Began at left side........ et eieteertarens ceeae 1 0 0j O 1
m4l Multiplied partial products....... cereas beesses 0 1 0| O 1
Total number of SUbJECEB. . cvsveeceenasesenae| 47| 981102 | 82 329




TABLE 4

FREQUENCY OF HABITS IN DIVISION (ALL CASES)

14

Grade
Habit Total
III Iv \) VI
dl Errors in division combinations......cec0eene - 35 | 55| 59| 42 191
d2 Errors in subtraction....ececeeeecocecnsasscses 4 | 25| 47) 37 113
d3 Errors in multiplication......... treeerssesenne 1 | 20| 48] 36 105
d4 Used remainder larger than divisor.......c..... 1 |17 39 29 86
d5 Found quotient by trial multiplication..,...... 1 81| 49| 24 82
d6 Neglected to use remainder within example...... 5 |27 25{ 13 70
d7 Omitted zero resulting from another digit...... 0 | 20| 22| 24 66
d8 Used wrong operation..,.ceoesoceancs cieecnas eeee| 17 117 | 24) 6 64
d9 Omitted digit in dividend....... crteeseseessnas 4 15 271 18 64
d10 Counted to get quotient............ e ressenecens 5 { 25| 24 4 58
dll Repeated part of multiplication table ceresee .o 4 15 27 9 55
d12 Used short-division form for long division.... 0 {16 | 24§ 10 50
d13 Wrote remainders within example..... ceriesenns . 8 {11 | 17| 13 49
d14 Omitted final remainder........eeeeees 4 (16| 18| 11 49
d15 Omitted zero resulting from zero in dividend... 3 {12} 19 12 46
d16 Used long-division form for short division.., 0 4 ) 27| 13 44
d17 Counted in subtracting......coeiceeennosnses ‘e 3 ]15 18 6 42
d18 Used too large a product..cecssssessascsss ceeae 0 71 21] 12 40
d19 Said example backward.....eevevssiveenen cecenes 9 |11 8 7 35
d20 Used remainder without new dividend figure..... 0 6| 141 9 29
d21 Derived unknown combination from known one..... 1 6| 11{ 8 26
d22 Grouped too many digits in dividend..... cessaes 1 |4 12 5 22
d23 Had right answer but used Wrong one......cseoes 0 71 101 4 21
d24 Error in reading....cccee00e et ertereattssarans 3 21| 10| 2 17
d25 Used dividend or divisor as quotient ..... ceaoens 2 4 6| 4 16
d26 Reversed dividend and divisor......c.eveeeen ces 8 3 2y 2 15
d27 Found quotient by adding.......... Crrereeeeans . 1 3 6| 4 14
d28 Used digits of divisor separately...........o.e 0 1 8] 1 10
d29 Vrote all remainders at end of example......... 1 0 6| 2 9
d30 Misinterpreted table...eessceccnccccennsss cesea 0 2 5| 2 9
d31 Used digit in dividend twice..eovicvvecrvnnnnns 0 2 5 2 9
d32 Used second digit of divisor to find quotient.. 0 1 5{ 1 7
d33 Began dividing at units' digit of dividend.... 1 1 41 1 7
d34 Split dividend....vvvevsuncereneososesnsnsncnns 0 0 5| 1 6
d35 Used endings to find quotient (long division).. 0 2 31 1 6
d16 Added remainder to quotient.........cocevereoses 0 2 11 O 3
(37 Added zeros to dividend when quotient was 0 0 1l 2 3
not a whole number...cooveveeves hereseessaas

d38 Added remainder to next digit of dividend...... 0 0 of 1 1
d39 Wrote rows Of ZerO0S..cesesesosscccsoesoosssssas 0 0 1] O 1
d40 Tllegible figures....evveeenns. Ceeeasens . 0 0 0] 1 1
d41 Dropped zero from divisor and not fronxdividend 0 0 0] 1 1
Total number of subjects........... teseseanas 44 | 77 |103( 76 300
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TABLE 1

ERRORS AND HABITS IN OBTAINING COMBINATIONS IN MULTIPLICATION
RECORDED FOR 2,577 PUPILS IN GRADES 1V-VI

Percentage of Pupils in Each Grade

Error or Habit Low-  High- :Low- Iiﬂigh- Low- |High-

fourth fourthtfifth' fifth|sixthisixth

(327)% (480) | (453)  (473)! (479)] (365)

1. Error in combinations...eevvvveennnan 1 29.1 '17.5 33.6 . 25.2 [30.5 '21.4
2. Higher combinations unknown.......... J13.2 ! 4.6 |17.4 12.3 110.6 | 8.2
3. Repeats tables from known combination 6.7 i 5.2 6.4 - 6.8 | 6.1 @ 4.7
4. Lower combinations unknown........... 4.3 | 0.6 6.0 1.5 1.7 ! 0.5
5. Repeats tables from first............. 3.7 ! 1.9 3.1 . 0.8 ! 2.9 t 0.8
6. Wrong combination fixed...... Cereeenes L34 | 1.9 4 3.1 2.5 ' 5.6 3.0
7. Counts from known combination......... | 2.5 l 2.3 1 2.9 1.7 | 5.0 : 2.2
8. Uses lower combination and addition...) 2.5 1.9 % 8.4 . 11.8 j12.3 11.5
9. Sets down columns and addS...........d 1.5 . 0.6 | 3.5 2.5 3.1 2.7
10. Depends on tableS.....ieevveveeenans .4 0.6 | 0.4 | 0.7 0.2 , 0.4 ! 0.0
11. Makes marks and addS...cceovvrecicnnns 0.3 0.2 0.9 0.6 0.2 0.5

12. Counts on fingers from known combina- 3 : ! :

tion.essssinsnn, e ieeereiieieaes 4 0.3 [ 1.5 '"1.1 - 2.142.9 3.0

13. Uses special device for nine's........ 0.0 0.2 ' 0.0 0.0 ’ 0.0 - 0.0
14. Makes dots in adding columns......... 4 0.0 0.0 | 0.4 0.4 | 0.0 0.5
15. Subtracts from known combipnation..... 4 0.0 0.0 | 0.2 0.6 , 1.7 1.1
16. Multiplication by addition.....ecees.d 0.0 0.0 ; 0.2 0.2 ] 0.0 0.0

*The numbers in parentheses represent the total number of pupils tested in
the grade.

Burge, L.V., "Types of Errors and Questionable Habits of Work in Multiplication,"
The Elementary School Journal, 32:188-93; Nov. 1932.
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TABLE 2

ERRORS AND HABITS IN CARRYING IN MULTIPLICATION RECORDED
FOR 2,577 PUPILS IN GRADES IV-VI

Percentage of Pupils in Each Grade

Error or Habit Low- |High- low- | High- | Low- | High-
+.., | fourth|fourth fifth fifth . sixth | sixth
(327)%{ (480) 1(453) (473) :(479)! (365)
*17. Sets down carried number.......... 17.1 |{15.8 '24.7 '30.0 | 30.3 E 35.1
18. Counts in getting carried number.. | 15.6 8.5 9.1 ''9.5 ‘ 9.4 | 8.5
19, Error in CATTYINg.......essenessss 8.9 | 6.9 il1l.5 = 9.3 [12.9 | 6.0
20. Fails to carry........ R 8.0 | 4.0 . 4.0 2.7 . 3.3 ; 3.0
21. Carries wrong number..ecesvescescns 7.3 5.8 ' 5.7 4.0 | 6.1 | 4.4
22. Forms mental image of combinations.| 2.8 0.8 ' 1.8 4.0 | 5.8 ' 4.7
23, Counts on fingers to get number | ! ; | i
carried...ccecvecesesssenssscnscns b 2.1 3.1 ' 2.4 2.1 . 2.7 ; 2.2
U 24, Puts number to be carried in par- g ] i » : l
£121 ProdUCE.eeeessssseanressooees B 0.6 1.0 '1.3 0.2 , 0.8 | 0.5
25. Reverses number to be set down and: ' ' ‘
CATTLE . v v v e nesnnsennennnsnnnens | 0.6 1 1.0 1.8 0.8 0.6 | 0.3
26. Sets down combination and carried | ‘ | i
number and addS......oeveeneeienns | 0.3 0.4 | 0.7 ' 0.6 , 0.8 | 1.4
%27. Carries smaller numbET.....eeeeo .. 0.3 (0.0 '0.0 02 0.2 ! 11
28. Secures right combination but sets | ; ! * '
down Wrong number....scescscesss i 0.0 ' 1.2 t1.1 0 0.4 0.4 ' 0.8
29, Builds units' digit to tens'......i 0.0 0.2 2.0 , 1.9 2.1 | 3.0
30. Makes dots in adding carried : l ; f i
AUMDET + v v s s e erarseeensnsnnsnnses , 0.0 l 0.0 0.0 ;0.2 0.6 | 0.5
| . { :

*The numbers in parentheses represent the total number of pupils tested
in the grade.

V)
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TABLE 3

IRREGULAR ERRORS AND HABITS IN-MULTIPLICATION RECORDED
FOR 2,577 PUPILS IN GRADES IV-VI

Percentage of Pupils in Each Grade

T " ' 1
Error or Habit | Low- ' High- Low- ! High-| Low- . High-
| fourth! fourth fifth’' fifth] sixth' sixth
(327)% | (480) (453) ' (473)!'(479) (365)

'
!

*31. Multiplies digits in multiplicand
by corresponding digits in

1
] i :
i i

i 1
' i
MULELPLIT. o vr s venrsurnenonsnons . 13.1 ‘ 2.1 3.3 |32 1.7 1.1
32. Uses multiplicand as multiplier... : 4.3 | 3.3 6.6 |59 154 5.2
33. Does not multiply all digits..... 4.0 }o2.9 4.6 4.2 | 5.4 3.3
%34, Can multiply by only one digit... | 2.8 | 1.0 1.5 0.0 ! 0.0 0.0
35. Multiplies the carried number.... . 1.8 :0.8 0.7 }0.2 1.5 0.0
36. Does not multiply by all digits.. ; 0.6 1 2.3 4.9 1.9 1.3 5.2
37. Multiplies by same digit twice... ! 0.6 | 1.0 0.9 1.1 1.0 0.3
*38. Can multiply by only two digits.. | 0.6 l 1.2 0.7 % 2.5 2.1 0.5
*39, Multiplies by carried number..... 0.0 0.2 0.0 | 0.4 0.2 0.0
40. In a three-digit multiplier, } ! 1 l
multiplies by two digits and | :
adds, then by third digit and | i
AAdS e v e v s enrnsresesssanasssonns | 0.0 t0.2 0.7 \ 0.2 0.0 0.0
0.0 io.o 0.2 10.0 0.8 0.0
|

41. Multiplies backwards.......ec0ce. i

*The numbers in parentheses represent the total number of pupils tested
in the grade.

23
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TABLE 4

ERRORS AND HABITS IN THE MISUSE OF ZERO IN MULTIPLICATION
RECORDED FOR 2,577 PUPILS IN GRADES IV-VI

Percentage of Pupils in Each Grade

Error or Habit Low- !High- !Low— ! High-; Low- ‘ High
fourth,fourthlfifth- fifth . sixth , sixth
1 (327)*| (480) F(453) , (473)  (479) (365)

!
!
42. Sets down rows of zZeros.......o... ' 25.4 31.0 -32.0 . 36.4  38.8 37.5
43, Cives zero value of one ‘in l | i ' l
MULEAPLACr e e e vrrervenererennnans | 15.6 [12.7 (21.4 +17.5 | 17.1 110.4
44, Error in placing partial product 3 { i _ b l
when units' digit in multiplier : | ' !
1S ZETO. et e ruesvennnnnsnanennasss , 4.6 i11.7 '15.9  15.4 . 17.7 | 24.1
4%. Gives zero vulue of one in multi- E‘ i
plicand... ... e e | 2.1 1.7 - 3.8 1 4.9 | 3.1 ' 2.2
46. Error in carrying into zero....... | 1.2 | 0.0.; 1.3 1.5 ' 0.8 : 0.3
47. Placing partial product when units'i ! ‘ : ; ;
digit is zero in product above... ; 0.6 : 0.6 ' 0.4 0.0 0.2 ; 0.0
48. Omits units' zero in multiplier... 1‘ 0.3 ‘ 1.7 ! 4.0 N | 3.5 | 7.1
| | | |

*The numbers in parentheses represent the total number of pupils tested
in the grade.
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Table 5

ERRORS AND HABITS IN PLACING PARTIAL PRODUCTS RECORDED
FOR 2,577 PUPILS IN GRADES IV-VI

Percentage of Pupils in Each Grade

T ! -
Error or Habit Low~ 'High- Low- High-l Low-  High-
fourthjfourth fifth fifthi sixth sixth
(327)%| (480)  (453) | (473); (479) , (365)

49, Error in placing partial product.. | 4.6 ! 7.1 7.9 E 5.1 + 3.5 4.1
50. Keeps columns straight............ 0.3 | 1.7 0.7 { 1.1 . 0.2 0.0
*5]. Omits left digit in partial i ' |
PLOAUCE e evaresnssasnonnarossosns 0.0 | 0.4 0.4 0.4 0.0 ' 0.5
*52, Double indentation of partial ‘ | Lo :
PTOJUCES . csssvsnararosonssssonses 0.0 0.0 0.6 ' 0.2 , 0.0 0.0
#53. Indents partial product to right..| 0.0 | 0.0 0.2 | 0.0 0.2 0.0
*54. Writes two partial products with l t | ,
one-digit multiplier............. 0.0 | 0.0 0.2 0.2 'l 1.3 © 0.0
{ i L .
*The numbers in parentheses represent the total number of pupils teste

in grade.
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TABLE 6

ERRORS AND HABITS IN ADDING PARTIAL PRODUCTS RECORDED
FOR 2,577 PUPILS IN GRADES IV-VI

Percentage of Pupils in Each Grade

Error or Habit Low- |High- |Low- | High-| Low- High-
fourth!| fourthj fifth| fifth| sixth| sixth
(327)*| (480) | (453)] (473)| (479)} (365)
55, Error in addition combinatioms.... 3.4 3.7 6.6 6.3 3.1 1.9
56. Counts to get combinations........ 0.9 1.7 1.8 1.9 1.9 0.8
57. Fails to add partial products.....| 0.6 0.2 0.0 0.2 0.6 0.3
58. Error in carrying....oeceeeocennee 0.6 1.0 1.5 1.3 1.3 1.1
59, Omits digit in adding....coveeenes 0.6 0.4 0.2 0.6 0.2 0.0
60. Groups numbers to add.c.oeceveoenns 0.6 0.8 1.8 2.5 2.3 0.8
*61. ‘.« is -down carried number.......... 0.3 3.3 7.5 6.1 7.1 | 12.9
62. Counts on fingers to get
combinations. oo iioerneecsessrorons 0.0 0.4 1.1 1.7 1.7 0.5
63. Makes dots in adding partial
ProduCtS. . vveeoevracssossnosasans 0.0 0.2 1.3 2.9 3.5 3.3
64. Fails tO cArTy.veecesosconsasssonnns 0.0 0.0 0.2 0.2 0.0 0.0
*65. Adds diagonally.seeieeecscovonnanns 0.0 0.0 0.0 0.2 0.0 0.0

*The pnumbers in parentheses represent the total number of pupils tested
in the grade.

TABLE 7

M1SCELLANEOUS ERRORS AND HABITS IN MULTIPLICATION
RECORDED FOR 2,577 PUPILS IN GRADES IV-VI

Percentage of Pupils in each Grade

frror or Habit Low- {High- {Low- | High-| Low- [ High
fourth|fourth|fifth| fIfth| sixth| sixth
(327)%| (480) | (453)| (473)| (479)| (365)

h6. Confuses processes of multipli-

cation and addition...coeesieeenn 3.1 1.7 1.5 0.8 0.4 0.0
nl. Supertluous use of language....... 3.1 1.0 1.3 0.0 1.3 0.0
%68, Confuses processes of multipli-

catiom and subtraction...eeeconn. 0.3 0.2 0.7 0.2 0.0 0,0

#The numbers In parentheses represent the total number of pupils tested
in the grade. —

ERIC . %0
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TABLE 1

ERRORS OCCURRING 1IN USE OF REMAINDER FOx GRADES v - VIII

Error — quge l Total for
v Vi Vil VIII All Grades
(4) Used remainder within example
greater than divisor .ceeeeeeescerees 169 156 102 50 477
(5) bropped final remainder when zero
was final in quotient only «.cececes 79 58 88 36 261
(6) Final remainder was two~or—~more-
figure number seeeecceeee seserons ees 54 68 32 11 165
(7) Used remainder as a new partial
dividend ... ceeveaseacne cosansse we. 93 57 29 18 157
(8) Final remainder was one-figure ‘
number equal to or greater than
divigOor .cececececsssene teseveasevaas 32 35 28 7 102
(9) Final.remainder correct in example
but incorrect in quotient ..cceee.en 5 17 10 6 38
*x(10) Final remainder reduced in fraction .-
written as remailnder ..ceeecceces voe ¢ 8 12 10 30
*(11) Last partial dividend written as a )
remaind@r .eoscecssscscoccccoe ceanee 3 10 7 1 21
(12) Did not find final remainder ....... . 7 2 6 2 17
TOTA] -e-oesceosccscscsaccsss teeeeoess 402 411 314 141 1268

28
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TABLE 2

ERRORS RESULTING FROM ZERO IN GRADES V - VIII

Grade
Error Ao -———m Total for
\') VI VII VIII All Grades

*(13) Omitted final zero in quotient
ONLY teernrnnennronnsenenennns eeses 110 101 86 63 360
(14) Zero final in quotient only, final
dividend figure was written for

quotient figure ......cevvv0vnennnn. 24 19 26 21 90
(15) Omitted final zero in both dividend

and quotient ....i0000.... cetesesnee 31 26 13 10 80
(16) Omitted zero not final .in quotient

ONLY it titienennneensosennnnnennes 18 17 10 9 54

(17) Extra zeros written in quotient
because each remainder treated as a
new partial dividend .......cc0000.n 25 0 0 0 25
*(18) After zero not final in quotient
only, dividend disregarded and zero

written in quotient .uvevereerennns . 5 9 5 2 21
*(19) After zero not final in quotient .
only, dividend written as remainder . 9 10 2 0 21

*(20) Omitted zero in the quotient when
final in both dividend and quotient, :
but added zero as a remainder ...... 5 3 6 3 17
*(21) Zero not final in quotient only,
dividend figure written in

quotient .......... et natsanns 2 2 5 4 13

(22) Zero final in quotient only, extra
zero annexed to dividénd ........... 0 0 6 6 12

*(23) Example completed only to zero, not
final in quotient only .veveveeeoe.s. 3 6 0 0] 9

*(24) Remainder not carried to next
dividend figure when zero was not

final in quotient only «.vvevvvuven. 3 0 1 2 6
*(25) Zero written for remainder when zero
was not final in quotient only ..... 4 0 0 0 4
(26) Jast two quotient figures inter-
changed when zero was final in
beth dividend and quotient ......... 3 1 0 0 4
(2/: /ero and next quotient figures
interchanged when zero was not final
in quotient OnNlY vueveevnnenerennnnn. 0 0 4 .0 4
TOTAL tovevniinerennosvocnssnnsnsnnas 242 194 164 120 720
Grossnickle, F.E., "Errors and Questionable Habits of Work IN Long Division
with a One Figure Divisor," Journal of Educational Research 29: 355-68;
Jan. 1936.
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*(28)
*(29)

*(30)

(31)
(32)
*(33)

*(34)

(35)
(36)
*(37)

*(38)

TABLE 3

ERRORS RESULTING FROM FACULTY PROCEDURES FOR GRADES V - VIII

Error

Placed first quotient figure
incorrectly ....... 000 iv0nnnnens
Found only first and second
quotient figures ......cevenvvrnes
Began with a two-figure when a one-
figure partial dividend was
sufficient .....viiiivenrinrnnnaas
Used three-figure partial dividend
but dropped hundred's figure .....
Used only units' figure of two-
figure partial dividend ..........
Duplicated divisor and made it a
two-figure number ....... . 0000004
Multiplied both dividend and
divisor by ten then used a two-
figure divisor ....vvvveniirennann
Subtracted larger number from
smaller (bottom Up) ...ceveveenens
Subtracted larger number from
smaller (top down) ....eeveeeveens
Began with second instead of first
dividend figure ....... 00000000
Began with two-figure partial
dividend and wrote two quotient
figures for the first estimation..

Grade

r S
\ V1 Vil V11l
64 22 3 1
90 0 0 0
36 22 22 6
45 22 1 0
23 30 0 0
30 0 0 0
0 0 0 30
8 13 6 2
3 5 4 5
0 6 3 0
5 1 0 0
304 121 39 44

Total for
All Grades

90

90

86
68
53

30

30

29

17

508




(39)

*(40)
(41)
(42)

(43)
*(44)

(45)
*(46)

(47)
*(48)

(49) -

(50)
:‘C(C)]_)

*(52)
*(53)
£(54)
#(55)

(56)

*(57)

TABLE 4

Error

Used correct multiplication product
but wrote incorrect quotient

figure ...iecevievrrvenernessannannes
Wrote extra quotient figure or
figures .v.veeveecientsanrrracnnss

Used product too small not

detected in subtration .....c0.00,
Wrote wrong factor of product for
quotient figure ....ccieicceecesnn
Did not complete the example ......
Forgot to multiply quotient

figure by divisor .....c. i i0elnn
Forgot had borrowed in subtraction.
Used last quotient figure for next

diviSOr cveereesnrcccencsssrsscnns
Misread own figures .....¢ccvevees
Forgot to write quotient figure
although used correct product ....

TOTAL

TABLE 5

Grade
r§f VL VII
33 34 38
57 30 7
20 30 26
13 7 14
13 9 10
13 13 1
5 2 4
1 2 7
2 4 3
8 0 2
165 131 112

ERRORS RESULTING FROM LAPSES OF ATTENTION FOR GRADES V - VIII

Vlf?

o
(V3]

68

24

Total
All Grades

128
106
88

40.
39.

217
14

14
10

10

476

ERRORS RESULTING FROM BRINGING DOWN FOR GRADES V - VIII

Error

Final dividend figure not brought
dOWN cecevencroseocancasonoasensses
Same number brought down twice ...
Figure in dividend other than final
figure not brought down .........
Figure not in dividend brought

AOWN « v vevronoransonannnasasaases
Did not bring down divide d figure
but wrote 9 for quotiern figure..

Rrought down two figures at once..
Figure in quotient brought down...
Did not bring down zero not
final in dividend .......c. ...,
Brought down without subtracting
for remainder ....ceiieiieenienen

31

TOTAL

Grade

My VI VII VIII'
78 29 27 5
13 23 2 7
19 19 4 2
4 6 5 1
10 3 2 0
7 2 2 0
0 3 3 3
2 1 3 1
3 1 1 1

136 87 49 20

Total
All Grades

139
45

44
16

15

292
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TABLE I B

|
j
i
|
|
|
1

. ’ PERCENTAGES OF PUPILS IN GRADE IV B TO GRADE VIII A HAVING
“ D%FFICULTY WITH VARIOUS SKILLS IN ARITHMETIC
|
| L e
Grade| Grade | Grade | Grade| Grade Grade | Grade Grade ’Gra@e? Grade | All
Lifficulty ‘ IV-? WALV BV ALVIE VIA VIIB 1VII A !VIIIB: VIIIA, Grade%
I B ! | .
Addition: | A | | | |
Errors in combination ,..vvv..., R I l 78 8 64 68 18 .80 |76
Counting vovevuvavnrnnsnainanie, 5 6h Tk 65 | 41 Sk &1 W 150, R |5
Added cartied number last ...... ¥R Rl s, R %W IR
Forgot to add carried number.... 41 32 25 ;4 | U i 3% W 13 A
Repeated work after partly dome, 25 © 36 26 | 48 | 41 i 54 030 18 |43 50 }37]
Added carried oumber irregularly’ 14 12 ' 9 120 1 L4 |23 11 (18 [ 3% B |18 |
Wrote number to be carrfed ...’ B3 030 19 R R B B 18N AW
Irregular procedure in colum .. 29 ; 26 l RN | WL RN 0 |8 R A
Carried wrong mumber .....vuvvs, LI O X I O O VIR R [ T D SR A
Grouped two or more numbers ..o 14 1 16 123 115 120 00 1 P10 |3 LA 1B
Used wrong fundanental operation! 3L 1 26 115 1 %6 | 8/ 18 L4 6 |W 15 15
Lost place 10 COlum covvvvrsnr B 120 12 P30 |18 10 |16 19‘uin
! | | : | | i
Subtract Lon: | ! i | % ; |
Errors in combinations vuvuyevs, 76| 58 160 74 | 63 | 62 ! S50 s 62
Did not allow for having S | | L |
BOTEOVEA +4vavvavrseeersirvrnns I I T R R VA O O T
Counting vvvvvvvuvivnnvinnnnnn 41 P B 4T 239 33 30 P 2. |16 12 16 3
Errors due to zero in minvend..,: 41 ¢ 38 | /X T R Y A ' B[ B A J : 29
Said example backvards .vvvvv.., BRI R R R B R RN R AR B
| Subtracted minvend from | | | i ; | | -
| subtrahend ooveiieneninenons NSRS RN O AR NS S I NS T R I
‘ Failed to borrow; gave zero as | | | o
) S O I S S R i i T e 1 o L
Adding instead of subtracting...| 2% | 22 115 |15 |10 [ 1 |8 (4 |12 55'nl
Error in reading +v..evvvrs TR I N U L O O I T O A VR
Used same digit in two colums,,| 29 1 22 @ 13 1 13 8 Ly § 2 4 1
Derived unknown from known L Lo : | | | | - |
33 - combination vuvererniiiiiinnn ST O N I I | A
 Onitted a column vuvvsvrvnnnnt 101 10 13 D28 106 1 2 b | 5 ‘ 14 } 11
‘ | { . i




ARITIMETIC DIFFICULTIES ‘ 26

Multiplication:

|
Errors in combinations ....... Sl B Te S ST B S 8 3T 63
Error in adduag the carried ! i
DUIDEE . vvvvvaresver i iar, A T I T T T A T R N )
Wrote rows of ZeTos ....v.uues., 0 2 RN ¥ 5. a0 4 50 | 01 3%
Carrled @ vrong numbet ......... 200wl N Brnw o a| ol on
Errors in addition ........000, A O £ R | R O T (N 7 A R ) B
FOTOL L0 CATEY 1uvvvvevvvvenn, ooR % 1 o%iulw o nlwnlos

Used multiplicand as multiplier,| 29 18 17 | 24 20 - 23 © 231 28 & 2] 2%
Errpr in single zero | - |
~ combinations, zero as '

RULEIPLIEE vuvvvveviiiiiniinnn B nla % on 1B % 0| N
Frrors due to zero in | |
BULEAPIEET +evvvvvreererennn, 0% 000, % 4w ulnlon
Counted £0 CATTY .\uviverssnn, U VA VA A (RS LI O IS VI B R
Omitted digit in multiplier,.... 1o : 16 81 30 ; 230 1320 12 14| 18
Errors due to zero in ] | | ‘ o
muliplicand +yiveviniiviniiinnnn KR A I A U A T K I | A A VI .
Division: | | % | | :
Brrors in combinations ......... 8 76 60 | 78 [ 6L 70 L 53 Sk k0| 46| 63
Errors in subtraction ..uvvuu.., 0003 030 | S T S O
Errors in multiplication .o.ooo| 8 © 10 - 36 48 4L 61 | 45 | 30 C 50 | 50 | 38
Used remainder larger than | | | | | .
dVISOr vvvvess e B 018 ;% | % 35 46l % |18 B! oanl|ow
Found quotient by trial é | ’ | 1 ! 1
multiplication vovevevvvrns c B8 B %N R % %, N
Neglected to use remainder f o o -
within problem ........... el PN D R I ; I S VA T
"Onitted zero resulting from N T L
another diglt vovvvvirnninn | 24 126 032 0 S0 T 2% 037 19 10 0N 5 28
mitted digl o dividend | 2 | 028 | 450 0% ) Bl m w3
Counted to get quotient vivevure| 24 | 12 21 120 116 | 20 | 13| 12 19 5] 16
Repeated part of multiplication | | | | f -
tale wviviiiiie i BRI B % B b0y
Used long-division form for l | | | oo ,
short division voevvvrvvvinnin, U T R R VR A U T O X R
Onitted final remsinder ........ 0% BN TrAIB |2 N WDn

Williams, C.L. and R.L. Whitaker, "Diagnosis of Arithmetic Difficulties," Elementary School Journal 37:l594-5,
fpril, 1937,
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COMMON ERRORS IN ADDITION

A. 1. Errors in combinations:

Example (a) 94
83

76

59

311

Example (b) 57
59
117

A. 2. Omitted carrying

Example (a) 39
48
77

Example (b) 3
81

19

827

94

1004

Error: 18 + 4 = 21.

Here the error was a temporary lapse in accuracy.
Combination is really known. Suggested additional
practice with Test X (see Appendix I.)

Error: 9 + 7 = 17.

This proves to be an habitual error for this child, as
revealed by oral testing and by the results of Test 1.
Needs individual practice in plenty of small sums
involving 9 + 7 and 7 + 9.

figure:

Error: omitted to carry 1.

Here pupil omits carrying number very frequently.
Obviously carrying is not an automatic process. Needs
practice from beginning with simple "carrying' examples.

Error: omitted to carry 2.
Here error due to fact that pupil adds carrying number
in whenever it makes a complete 10, therefore it is

sometimes forgotten.

A, 3. Carried wrong number:

Example 94
83

76

59

302

Error: carried 1 instead of 2.
More exercises needed in column addition with a variety
of carrying numters.

Schonell, F.J., Diagnosis of Individual Difficulties in Arithmetic,
Oliver and Boyd; 1937: 58-63.
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A. 4. Added in numbers from other columm:

Example 3 Error: added in 3 again in tens column.
81
19 This is sometimes due to bad setting out of
827 sums, sometimes to lapse of attention.
94
1054

A. 5, Added in carrying number twice:

Example 28 Error: added in 2 twice in tens column
103
784  This is due either to lack of consistency in
9 the time at which the carrying number is
944 added or to retracting steps.

A. 6, Omitted number or numbers from column: °

Examplé 951 Error: omitted 8 in adding.
382
467 This is due to losing place in column or to irregular
539 habits of adding. Practice needed in checking
196 answer downwards. :
2455

COMMON ERRORS IN SUBTRACTION

3

S. 1. Omitted to allow for borrowing:

Example 786 Error: omitted to allow for '"borrowing," 8 - 5
58 instead of 8 - 6.
738

Not a few of these errors appear to be due to lapses,
but in the early stages of subtraction many pupils go
through a period of intemittent error in this direction.
Oral working of examples decreases the error.

39
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S. 2. Subtracted figures in top line (minuend) from those in bottom line

(subtrahend):

Example 316
27
311

——

Error: 6-7 and 1-2.
4

Sometimes this is due to general ignorance of
subtraction process, sometimes to nature of
figures in the two lines, sometimes to bad
teaching. Thus oral examination of one group
of backward pupils in a junior school showed
that in such an example as the above they
would say, "6 take away 7," that is, the top
line mentioned first, with the result that in
suggestible situations the wrong figures were
subtracted,

S.3. Subtraction of ike numbers in minuend and subtrahend:

Example (a) 38
o)

38

——

Example (h) 250

Error: 8-8 = 8.

Drill required on actual comtinations of subtracting
like numbers.

Error: 5-5 =1,

*S.4. Subtractio.. of "0" from a digit or a digit from "0":

Example (a) 890
889
9

Example (b) 607
318
319

Error: 0-9 = 9,
This is a common error--that of writing in the
answer Ehe number to be subtracted from zero.

In general the difficulty seems to be one of
adding 10 to 0. The child experiences difficulty
in seeing that 10 - 0 = 10, or in then using

the 10 from which to subtract.
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Example (c) 80

S.5. Added instead of subtracting:

Example 387
196
421

*S.6. "Paying back' to the subtrahend when there was no "borrowing'':

Example 987 Error: 8-4 instead of 8-3.

832

145 Give series of examples alternating "borrowing"
and no "borrowing."

COMMON ERRORS IN MULTIPLICATION
M.1l.,. Errors in tables:
Example 7004 Errors: 4 x 8 = 34, 7 x 8 = 48,

8
48034 "Tlis error far outweighs any other in multiplication.
—— It points to the difficulty and the need of making
the basic multiplication facts absolutely automatic,
through drill and games.

M.2. Errors in "carrying'" numbers:

Example (a) 874615 Error: omitted to carry 4
: 2.
7871495 Requires plenty of short sums involving a variety
———— of "carrying."

Example (b) 56 Error: carried wrong number.
90
4940 1n this case the number written down in the answer
———  was carried.

Example (c) 95347 Error: 18 + 2 = 21,
6
562182 Requires practice in combinations involving adding
== {n multiplication,
See Supplementary Test Y.
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M.3. Errors in noughts in multiplier or multiplicand:

Example (a) 400 Error: 8 x 0= 8,
8
3288
Example (b) 90 Error: 90 x 0 = 90.
_90
8100
90
8190

Example (c) 80 Error: position of figures, 800
1C0 for 8000 and 80 x O = 80.
800
80
80

060

Example (d) 206 Error: omitted to carry figure 3
' 50 after multiplying O by 5.
10000

M.4. Errors in position of figures:
Example (a). Starting to multiply from the right:

34
22
68
68

136

Example (b). Starting to multiply from the left:

52
g
156
_52

208

o———is
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COMMON ERRORS IN DIVISION

- D.1. Errors in basic combinations:

D.2.

D.3.

D.4,

*ir, 5,

D.6.

Example (a) 411 Error: 27 4+ 9 = 4

9/2799 Requires speed practice in division

combinations, with and without remainders.
Tests 4, 5 and Supplementary Test Z,

Example (b) _9 r. 7 Error: 89 - 81 = 7,
9/89

Omitted to carry figures:

Example 32 Error: omitted to carry 1.

[

4/138

Remainder larger than divisor:

Example _6r. 8 E or: 7 x 6 instead of 7 x 7.
7/50
Needs practice with basic combinations
involving remainders.

Omitted "0" from quotient:

Example (a) 701l r, 3
7/49010

Example (b) _375r. 3
8/29643
Carrled wrong number:

Example 632 r, 2
5/3462 Error: 6 X 5 = 30, 34 - 30 = 4,
then carried 1 instead of 4,

Used same number in dividend twice:

Example _3785 r. 3
8/29643 Error: 6 used in dividing into 56 and again
to divide into 64; 4 used to divide into 64
and again to divide into 43,
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TABLE 1 33

NUMBER AND KINDS OF DIFFERENT ERRORS WHICH OCCURRED AT LEAST 52 TIMES
AND THE DISTRIBUTION OF THESE ERRORS AMONG THE 26 PRACTICE EXERCISES

Number of Practice Exercises

A —

{ a

Classification and Description of Error 1-6 7-13 14~19 20~26 Total
L. Estimation: (Total: 1707)

1. Estimation too small ........... 415 219 126 139 899
2, Estimation too large ........... 385 116 137 170 808
II. Multiplication: (Total: 2190)
3. Wrong compination .............. 826 351 143 109 1429
4. Carried wrong numbers .......... 218 154 78 50 500
5. Did not carry when necessary ... 91 74 14 24 203
6. Carried when not necessary .,... 31 13 8 6 58
IITI. Subtraction: (Total: 1598)
7. Wrong combination ...... Cesesaa 393 316 86 49 844
8. TForgot he had borrowed ......... 207 197 40 19 463
9. Forgot necessary to borrow ..... 113 93 17 9 232
10. Borrowed when not necessary .... 21 20 10 8 59

IV. TFaculty Procedures: (Total: 764)
11. Subtracted larger number from

smaller (bottom up) ........... 117 71 45 69 302
12. Placed first quotient figure

incorrectly ............. cesaa 153 23 15 13 204
13. Subtracted larger number from

smaller (top down) ...........,. 29 21 22 46 118

14. Used two-figure partial dividend
when three-figure number

NECESSAYY v v rvsneonosnnnsses 35 13 7 16 71
*15. Duplicated the quotient figure . 65 4 0 0 69
V. Remiinders: (Total: 696)
16. Final remainder greater than
divisor ...... ettt 82 72 27 46 227
17. Correct remainder in example, 1
Incorrect in quotient .......... 57 40 12 5 114
18. Did not find final remainder.... 60 33 5 9 107 -
19. Used remainder within example
greater than divisor .......... 16 30 13 35 94
20. Final remainder is equal to
divisor ...........000uuus, eees 07 15 12 8 82
*21. VFound only part of final
remainder .....iiiininee e 52 9 6 5 72
Vi.  lLapses: (Total: 302)
22, Used product too small, not
detected in subtraction ....... 66 22 12 10 110
<3, Did not complete the example ... 54 34 14 4 106
24, Used correct product but wrote
wrong (uotient figure ....,,... 66 9 9 2 86
TOTAL i etntiinnnnennsenennens 3599 1949 858 851 7257
Percent of Total .......... ee.. 49,6 26,9 11.8 11.7 100.0

Grossnick]e, F.E., "Constancy of Error in Learning Division with a Two-Figure
bivisor,' Journal of Educational Research, 33: 191, Nov. 1939.

IToxt Provided by ERI
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AN ANALYSIS OF SOME COMMON ERRORS CHILDREN MAKE
IN ELEMENTARY SCHOCL MATHEMATICS (16)

The following chart includes examples of common errors in elementary

school mathematics and analyses of the reasoning for them. This chart

will serve as an aid in diagnosing where the child is in need of

reteaching.
Analysis

1. Lacks mastery of basic addition

combinations.

2, ~Lacks mastery of basic subtraction

combinations.

3, Ldcks mastery of basic multiplication

combinations.

4, Lacks mastery of basic division

combinations,

Example

+
o s w
&~ Jw o~

o v o

3545=6

9/ 56
-56

Reisman, F.K., A Guide to the Diagnostic Teaching of Arithmetic, The

University of Chicago, 1926; 131-7,
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Analysis

5. Subtracts incorrectly within the
division algorithm.

6. Error in addition of partial

product.
7. Does not complete addition:
a. Does not write regrouped number.

Leaves out numbers in column

addition.

e lewrites a numeral without computing.

9. Does not complete subtraction,

LO0. Does not complete division because of

incompleted subtraction.

48
I TR UC ,

35

Example

3) 73 R1
70)

3/230

-21
10 —

-9

1

432
X57
3/0\24

21{ 6|0 o
246|026

3T

- 32

X 3

- 36

582
- 35
47

1) 41
40)

7/

Sy

N W
o0 O
~N O



11.

12.

13.

14.

*15.

*16.

*17.

*18.

19,

20‘

21,

. PRI ! 49
rd ! {

Analysis

Falls to complete division
stops at first partial quotient.

Fails to complete division; leaves

remainder greater than divisor.

Does not complete multiplication
within division algorithm.

Does not add by bridging endings-—-
should think.
54 9 =14, 80 35 + 9 = 44,

Lacks additive identity concept in
addition.

Confuses multiplicative identity within
addition operation.,

Lacks additive identity concept in

subtraction.

Confuses role of zero in subtraction

t.th role of zero in multiplication

Subtractg top digit from bottom digit
whenever regrouping i1s involved with

zero in minuend.

Confuses role of zero in multiplication

with multiplicative identity.

Confuses place value of quotient by

adding extra zero.

!

o o . v corsil R ot . : .
H ....L,vu,.m-, [S0 i LT Y OF RPN PR NP S LF 10 95 3 IR S RIS HPRPEp O ORI NPY 1 SOUD PR PR A
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Example

_50
7/370
350

_8OR9
9/729
720
9

1) 201 R 3
200)
3/603
600




Analysis Example

22. Omits zero in quotient 30R 3
. 4/ 1203

23. Lacks facility with addition algorithm:

37
a. Adds ones to ones and tens; + 2
59
b. Adds tens to tens and hundreds; 342
: + 36
678
c. Adds ones to tens and hundreds 132
+ 6
798
d. Is unable to add horizontally: 345 4+ 7 + 13 = 185
Thinks: 3 + 7 + 1 = 11; writes 1
4 + 3 = 7 (+ 1 carried) 8
> = 3 185S
May add zero to make sum greater
than largest adgend: 1850
24. Does not regroup ones to tens. 37
+25
52
25. Does not regroup tens to hundreds (or hundreds 973
to thousands). +562
: 735
26. Regroups when unnecessary. 43
- 24
77
27. Writes regrouped tens digit in cn-s pl.ooo,
carries ones digit (writes the 1 .ni - ( -, @
itypon 35
the 2 from "12"). . +7
51




Analysis Example

28. When there are fewer digits in subtrahend: 783
: -2
a. subtracts ones from ones and 561

from tens (and hundreds);

b. subtracts tens from tens and 783
-23
hundreds. 560
29. Does not rename tens digit after regrouping. 54
-9
55
30. Does not rename hundreds digit after 532
regrouping. ~181
451
31. Does not rename hundreds or tens when " 9067
renaming o =238
ming ones. 778
32, Does not rename when zero is in tens place, 803
although hundreds are renamed. :%%%
33. When there are two zeroes in minuend, 5
renames hundred twice but does not :bb
rename tens. 326
248
34, Decreases hundreds digit by one when 7 1
unnecessary, 1|3 4
l! 37
15, Uses ones place factor as addend 32
X 4
126
36, Adds regrouped number to tens but does 35
X7
not multiply. : “E5%

* 7X 5 =35
30 + 30 = 60

51




37.

38.

39.

40.

41,

42,

43,

44,

Analysis

Multiplies digits within one factor.

%G X 1= 4
1 X 30 =30

Multiplies by only one number

"Carries" wrong number

Does not multiply ones times tens

Reverses divisor with dividend.

*Thinks 6 + 3 instead of 30 + 6

Does not regroup; treats each column as

separate addition example

Subtracts smaller digit from larger

at all times to avoild renaming

Does not add regrouped number

Confuses place value in div’ sion:

a, Considers thousands divided by
ones as hundreds divided by ones;

P

39

Example

>
[9%)
&~

ETAS

457
X 12
914

67
X40
3220

1)

200) 201
3/6003
6000
3.
3



46.

Analysis

b. records partial quotient as tens

instead of ones;

¢c. omits zero needed to show no ones in

quotient,

Ignores remainder because:
a. does not complete subtraction;

b. does not see need for further

computation;

c. does not know what to do with "2" if
subtraction occurs, so does not

compute further.

23

Example

50)

100) 150

7/735
-700

80
7/ 562
560

40



41
BIBLIOGRAPHY

Ashlock, R.B. Error Patterns in Computation, C.E. Merrill Publishing
Co., 1972.

Brueckner, L.J. Diagnosis and Remedial Teaching in Arithmetic, 1930

"Diagnosis in Artihmetic," National Society for the Study of
Education, Thirty-fourth Yearbook Educational Diagnosis, 269-302, 1935.

s G.L. Bond, The Diagnosis and Treatment of Learning Difficulties,
Appelton-Century-Crofts, Inc., 1955.

s E.O. Melby, Diagnostic and Remedial Teaching, Hodghton Mifflin
Co., 1931.

s» E.L. Merton, G.0. Banting and A. Salba, ''Remedial Work in
Arithmetic," The Problem of the Elementary School Principal in
the Light of the Testing M Movement, p. 395 ~ 429, Second Yearbook
of the Department of Elementary School Principals, Washington,
N.E.A., 1923. Cited by Buswell, G.T. and C.H. Judd, Summary of
Educational Investigators Relating to Arithmetic, The University
of Chicago, 1925, p. 115.

-

Burge, L.V., "Types of Errors and Questionable Habits of Work in
Multiplication,” The Elementary School Journal 32: 185-94;
Nov. 1932.

¢

Burns, P.C. '"Analytical Testing and Follow=-up Exercises in Elementary
School Mathematics," School Science and Mathematics 65: 34~38,
February, 1965.

Buswell, G.T. and C.H. Judd, Summary of Educational Investigation
Relating to Arithmetic, The UniVersity of Chicago, 1925.

L. Joha, Diagnostic Studies in Arithmetic, The University of
Chicago, 1926,

Cox, L.S., '"Diaghosing and:Remediating Systematic Errors in Addition and
Subtraction Computations,”The Arithmetic Teacher 22: 151-156,
February, 1975.

Grossnickle, F.E., "Errors - Questionable Habits of Work in Long Division
with a One-Figure Division,' Journal of Educational Research 29:
355~-368; January, 1936,

Grossnickle, F.E., '""Constancy of Error in L.earning Division with a Two-
Figure Divisor,' Journal of Educational Research 33: 189-96,
November, 1939,

Harvey, L.F. and G.C. Kyte, "Zero Difficulties in Multiplication,”
The Arithmetic Teacher 12: 45-~50, January, 1965.

o4



42

Holland, H., "Ditticnlties Involved in Long Division and Some Suggestions
for Teaching the Process," Elementary School Jourr.al 42: 585-96,
April, 1942.

Lazar, May, Diagnostic and Remedial Work in Arithmetic Fundamentals,
New York Bureau of Reference, Research and Statistics, Board of
Education: 25-55. 1928. Cited by Burge, L.V. '"Types of Errors
and Questionable Habits of Work in Multiplication," The Elementary
School Journal 32: 185-%4. November, 1932. P. 186.

Myers, G.C. "Number Difficulties Common Difficulties in Arithmetic,"
The Grade Teacher 52: ;y March, 1935,

Reisman, F.K., A Guide to the Diagnostic Teaching of Arithmetic,
The University of Chicago, 1926.

Schonell, F.J., Diagnosis of Individual Difficulties in Arithmetic, Oliver
and Boyd, 1937.

» F.E. Schonell, Diagnosis and Remedial Teaching ig_Arithmetié,
Oliver and Boyd, 1957.

Uhl, W.L., "The Use of Standardized Materials in Arithmetic for Diagnosing
Pupil's Methods of Work," Elementary School Journal 18: 215-18,
November, 1917. C(Cited by Buswell, G.T., and C.H. Judd, Summary
of Educational Investigations Relating to Arithmetic, The University
of Chicugo, 1925. p. 117.

Williams, C... ;ud R.L. Whitaker, '"Diagnosis of Arithmetic Difficulties,"
Elementary School Journal 37: 592-600, April, 1937.

05



