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'PREFACE
-

This is the initiargublIcation of:a new series of TeOnical Notes (910) entitled
"Self-Study Manual on Optical Radiation Measurements." It coitains the'first three 'chap-
terabf this Manual. Additional' chapters will be published,'similarlY, as they are com-
pleted, The Manual is being written by the Optical Radiation Section of Nfti In addition
td writing some of the chapters, 'themselves, Fred E. Nicodemus'id the Editor of theManual
and Henry J. Kostkowski, Chief.of the Section,.heads the overall project.

In recent years, the economic.and sôçial impact of radiometric measurement's (including
photometric measurements) has increased s ificantly. Such measurements are required.ini

t the manufacture of camera's, Color Ty's, cop3Ing machines, and solid-.state lamps (LED's).
Ultraviolit'rediation is being used eitensit lyrfor the polymerrzation of industtial dost7
rings, andlregulatory agencies are concerned #ith its effects.on the'eyes'and skin Of
workers. On the other hand, phototherapy iusuall y;-the preferred method for the treatMent
of jaundice in the newborn. Considerable attention is being given to the widespread utili-
zation of solar energy. These are just a lew examplesnt preSent day applications of opti-cal radiation. Most of these applicationti,would benefit frowsimple measurements of one to.
.a few per cent uncertainty and., in soMe cases, such accuracies are almost essential. Btt
this is rarely possible. Measutements by different inStruments pr'techniques commonly dist.;agree,by .10% to 50%, and resolving these discrepancies is time-consuming and.c6stly.

There are womajor reasons for the large discrepanftep that occur. One is that opti-
cal radiation ip one of the most difficult Wsical quantities to measure accurately. ..
Radiant'pOwer varies' th the radiation parametexs,of position, directiew, wsvglength, time,

onsivity of most radiometers also varieg with these same radia:r
umber of environmental and instrumentalparameters; as well;
nt of oPtical radiation is a difficult multi-dimensional prob..:
at, in addition to this inherenrdifficulty, there-are few
. Most of the,people Wanting to mike optical cidiation
ained to do so. Few schools.have had programs in this area.
terial that can be used for self-study is only partially avail-
the literature, and .ls.generally inadequate. Our pUrpose Id
al is to make that information readily accessible idnne place

and polarization. The res
tion parameters and with a
Thus,the accurite measurem
'lem. The second reason is t
measurement experts availabl
measurements have not been t
and tUtorial and reference
able, is scattered throughou
preparing this Self-Study Man
and in systeMatic, unarstand

The idea of producinA su
latter,part of 1973. Detaile
time. editor (FEN) was, appoint
opingpan approach and, format w
chafteid. These are particula
of the Manual. During this pe
uted, along with a queationnai
senting virtually every techni
received, varying widely in the
were also held with kgy individ
thosethat will be'writing some
opinions encountered, all of th
decisions about objeCtives, cont

ble form.

h a manual at.NBS was developed by one of us .(I1,1K) in the
.planning got under way in the summer of .1974 wheu a full-
. The two of us Worked together for about one year .develz,
ile writing and rewriting several drafts of-the'first few
ly important because they will serve as a model for the rest
iod, a.draft text fOqithe first four chapters was distrib-
e, for comment and criticism to some 200 individuals repre-
1 area interested in the Mahual. About 50 replies were
reactions and suggestions expressed. Detailed discussions
als, including most.of the Section 'staff, particularly
of the later.chapters.. In spite of the very wide range of ,

feedback has provided valuable guidance foP the final'

in particular,.we have been
about the level of presentation.
with enough time and effort, we s
the equivalent of just elementary
That Convintion was based on our e
radiemetric measurements to techni
ever, was.that, in making such expl
what we said to the particular back
Just not Poesible tri.p text intended

heat-transfer engineering, illuMinat
and photo7chemistry, opticalepyrometr

, To deal directly and explicitly with e

nt, style, level ot presentation,:atc.

ble to arrive at a;Clear solution to difficult questions
Both'of us started out with the firm conviction,that,
ould be able to present the subject sp that readers with
ollege Wathematica and science Couldeaeily follow it.
perience of succeis in explainingthe stibtleties of
ans at that level, What we failed to consider., how-
nations to individuals we'always were/able to relate
round and immediate problem of'the individual.. times
for broad use by workers in astronomy, mechanical
n engineering, photometryl.meteorology, photo7biologii,
, remotesensiig, militaryinfriredapplicationa, etc.
ch /ndividual's probleis in a cook-book approaCh

6
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would require'an iMpOssibly large and unwAldy text.- 's'o we must faki back oft general.
. .

principles which'immed,iately and unavoidably require mote knowledge and familiarity with
.. sciOce and mathematits, at the level of a .badhelor's degrte in some brahch of,science or

engineering;' or the,equiValent in other training and experience.

. . . t

' In 'its present form, the Manual-is adeiinitiVe tutoNial. treatment Of the subject-that
is complete enOugh'fqr self instruction. :This is whsat is meant by the phra0L'!seff-stulY".
in the.title. The Manual does not contain,exPlicitly programmed learning steps as that,
phrage soietimes denOtes. In addition,through detailedikyet concisel chapter summaries, '..

the Manual is designed to serve.alsoas a convenient and au horitatiVe reference source. .

Those already f4miIiar with a topic should turn immgdiately 0 the summary at the end of
the apptopriate chaptef. They an determine from ,that su y what, 7if anyikof the bOdy
.of the chapter they want tO read'for more details:

. .

,

.
The.basic-.approach and focal point of the tieat5ent this Manual, is the Weasurement

..., equation. We believe that eVety measurement problem should be addressed witivad equation
relating the quantity desired to ale data obtained through' a.detailed characterization of
the ingtrpments used altd the radiation field observed, in terms of.all of the relevant
parameters. The latter always'include tbe,radiation parameters, as well as environmental
and instrumental paraTeter4, as previously pointed out. The objeetive of ehe Manual 1.6 to
develop the basic concepts'and cheracterTzations required so that,ihe reader will be'able e

to,use this measurement-equation approach, °It is our helie thaeithis is the only,way that
, . y

.
uncertainties in the measurement,of optical radiation can erally be limited tq one, Or
at most a few, per cent. . ,

.

. . 4 a
Currently,'the Manual deals only with the clasaical. radiometry of inCoherent radiation.

The basic quantitativegrelations for the propagation of energy by coherent radiation (avg.,
e ,laser beams.) arejust being worked out [1,2,3,4].1' Without that basic theoty; a completely

.satisfactory general treatmeAt of'the measurement of coherent (including partially coherent)
optIcaltadiation.is mit possible. AcCordipgly, in spite of the urgent need for improved .

measurements of laser radlation, we won't sttempt.to deal with it now. Possibly this4sit-
"qation will be changed before the current effort has been completed and A suppItment on
laser meas&rements can be added..

. . . .

As stated above, we first hopectto prepare this Mahual on h More elementary.level but
.found that it was impossible.to avoid making use of both difierential and integral calculus
of mote than one variable. 'flowevei, to help those that might be a bit "rUsty" with such
lzathethatics, we go:back to first principles each time a mathematical concept or procedure.
'.beyond thode of simple argebreor trigonometry is.introduted.. This should also throw addi-
tional light on the physical and geometrical relatiOnships involved. Whereit seems idap-,
propriate to do this in the text, we cover sudh mathematical considerations in appendices...
jIt is also assumed that the reader haS had an introductory College'course in physics, or
'the equivalent. . ,. ,

.

.

.

The Manual fs being organized.int'o three Parts, as follows:

Part I. gontepts

,Step by sfep build up of the theasurement equation,in terms of the radiation parame
ters, the properties and characteristics of sources, optical paths, and receivers, and the'

, environmental and.instrumental parameters. Useful quantities are defined and discussed,
1

. and their .relevance to various appliditions in 'many different fields photometry, heat-
transfer,engineerdng,.astonomy,,pholbinlogy, etc.) is indicated. However; discussiong qf
actual,devices and measurement situatOn&in this Part are mainly for purposes.drillustra-
ting concepts and basic principles,

Part II. . Instrumentation

Descriptions, properties, and other pertinent data concerningitypica1 instruments,4
devicesand components involved in common measurement situations. Included is material

1Figuree'in bracket& indicate l,iterature

I

referencep listed at the end.of,the TechnicalkHote.
,
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.

. .

de2t.k
.dealing with sources, detectors, filters, atMospheric paths, choppers La k.1er types of

tical modulators), prisms, gratings, polarizers, radiometers, khotometers, Ipectro-
radiometer's, epectrophotometers, etc.

:( .-:,.:.) "
. -.

.

..,
..

Pert TII. Appli.cations

. ..'7 i .

.. .Measurement teChniques for achieving a desired level of, or improving,.the accuracyOf a Measurement. Included will be.akvery wide variety of examples of environmental and
instrumental paraMeters with discussion Of their effects and.hOW to deal with them. Thil
igs where we deal with real measurements id the real world: The examPles. will alsa be

': drawn from the widest poesible variety of ireas of application in illUmipation'engineering,
.raAative heat transfer, military irifrared devices, remote senaing,meteotOlogy, astronomy,..

photo-chemistry,and photo-biology, etc.

Individudl chapter headolngs have been aseigned only to the first fi;re chepters:

Chapi'er 1. Introduction
. .

%.
e

; Chakter.2. Distribution of Optical Radiation wip re4Pect to Positiong:and
Direction -- Radiance..

-.

Chapter 3. Spectral Distribution' of Optical 'Radiation
.

.4

Chapter 4. OPticsl.RadiationMeAsurements 7- a Measurement Equatton
..

Ch'epter 5. More on.the Distribution Of Optical Radiation with respeat to
, 2- Position and Direction .;.

t

.

A-Other subjecte definitely planned tor Part I are thermal radiation, photometry, distribu-
tion With respect to time, polarization, diffraction, and detectoetoncepts. It is not our
intention, however, to try tp complete all of Part I before,going on to Parts II and III.
'In fact, becauee we realize that a great. many readers are probably most interested in the
material lon epplitations.to appear in Part III, we will.try tO complete and publish some

.chapters i .drts If and III jubt as _soon as:adequate preparation .hes been made in the .

earlier ch ters.of:Part I. However, becauee aur approach to redioiletry differs so much
V

from the traditional treatment, we feel that unnecessary confusion and misundecstanding
can'be avoided if at least the,first. nine chaptets of Part 1.,are published first and so
are:availuble.to readers of late; chaPters.

.

Finallyj.We.invire' tile reader to submit: Oomments, criticisms, and suggestions for
improvInifuture chapters in this Manual.- In. particular, We welcome illustrative examples
and problems!fiom aS.wIdely different areas of, application as possible.

1.
..' .

i..- .

As previously stated, we are indebted ta a great mAtly individuals for. invaluable
"feedback".tbet has helped US ta put this text together more effectively. Notable dre 'the.
-inputs and enConrigement:from the Council on Optical Radiation Measurements (CORM),

i

especiailyi P:the RM Cootdinat ts, Richardkate Becherer, John Eby, Franc GrUm, Alton R.
Karoli; EdWard.S: Steel'', end lett B. Watson, and'Ake Editor of Electro4pptil Systema
Dtsign, eit D. Compton. In ddition, far editorial assistance, we-are 'grateful to

.Donald gcSparron, Jostph.C. Richmond, and Johnlk. Shumaker, and particularly to
Albert T.,fiattenburg..

.

: 0

...

. . .

.'. We afeiespeCially. grateful to. Mrs.'Betty Castle-for. the ekillful and copscientious
effort that produced the excellent typing of this diffiCult text,' We also want to.hatik
Henry J. Zoranski for his capable help with the figutes..

4-
,

Fred E. Nicodemus, Editor
l"

Henry J. Kostkowski, rchief,.
Optical Radiation Section.
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"SELF-STUDY MANUAL on OPTICALAMDINIION/MEASUREMENTS, . ..
. . -

.:

. ;.. ., ., ,
.

. This isthe Initial nublichtiqn,of.a newderies of Technical NoVes
4.91,1) 'entitled "Self,TStudy Mapnal; 6n, Optical Radiation Mtadurements. '
It -contains the first threeAlipreiS of'this Manual: Additional Chapters
will be 94blished, similarly, *,...ttley are completed. The Manual is a
definitive.;tUtnrial treatment,of'the.measurement of incoherent optical
tapation ihatiis?complete.enqug'far self instruction. Detailed chap-
ter summafies make it alsw.a.cowienient authoritativetreference source.

fitz.

The first. chapter is ah.isntroduction that includes a description.
of optical radiation and the4ray approach to its treatment in this Man- A
-ual (based on geometrical optics), a discussion of relevant parameters
-and their use in a ineaQrement .tquation as a systematictechnique for
.analyzing measurement pjbbiems, and a presentation of the system of
:units and nomenclature' d.

.

6. .

The second chapter, on. the distribution of. optical radiation $1th
.

respect to position4and direction, introduces the basic-radiometric
_e.
1-quantity,-radiance, and its important invariance-properties. It is

shown tow t9 determine the' total power in a beam prom the radiance
>

1, "distriburion and to determine the distribution of radiance at any .

"'. surface, through whichthe btam passes, in terms of the distributiori
4e any' other surface that alSo intersecis the entire beam.... to. ...-, II ,

. . ! ,
.

", The third chapter, on. the spectral distribution of optical radia-
tiot.., develops the 'concept Of'spectral radiance. 6/Its invariande

'I.Pdbperties .and the evaluation of flux in a beam-from a known distribu-.
tion of dpectraIsradiance are developed in a treatment parallelling.

:.'that'for radiance in Chapter 2.

These:are tht first. chapfers'of Partj, in:whidh are developed
.

'the basic concepts, essential for the subSequent discussions of
ltist,9mentation in Part II, and of applications in Part III.

Kett:lords: ,Dpiical radiation measurement; photometry; radiometry;
agectibradlometry.

-Part. I. 'Concepts

.6hapter..1. Introduction'

by Fred:E.. Nicndemutj,Henry;T. ,Kostkowski,landt
.NAlbert.T. Hatt,nburg

in this CHAPTER. We.describe.optical radiation and the ray approach to its treatment irL

this-Manual (based cm.geometrical optics). We discuscrrelevant parameters and their use

ina measurement equation as a systematic teChnique for analyzing measurement problems.. We
/

also,nresent the system of units and 'nomenclature used' herein.

OPTICAL RAD/AtION. .'!Energy propaglted in the:form of electromagnetic waves or particles

(photosis), whiCh'carOse reflected, imaged, or diaperied by optical elements, such as

mirrore,Jenses, or priam m,. ii refer ed to hert avoptical. radiation. In the spectrum of

; electromagnetic wavesishown in figu e 1.1,'optiol radiation lies between x-rays and

microwaves,; i.e., in the interval f4àui about one nanometer:td about one millimeter.1
.

.

.

.1Commonly,used physical units and symbOid A e listed in APpendix 1.

: 1
. r
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The most familiar portton is visible light, which lies between about 400 and 700 nano-

meters, the approximate limits of the human-eye response in full daylight. None of these
limits is very sharp; only approximate boundaries exist between the wavelength regions of

'figure 1.1.

Physical theories and models of physical phenomena are abstractions or idealizations

that aPproZimate, more or less, what actually takes place in the "real" world. for exam-
.ple, Newton's laws of motion are quite'adequate for dealing with mosakordinary mechihical

,devices of everyday experience. But in cases:involving atomic particles or Aeronomical

at very high velocities,"the more sophisticated relations of Einstein's theory

are needed. Quite possibly that theory, in turn, will be found to be only '

bodies moving

of relativity

approximately tiue and will need to be supplemented, for certain applications,,by still more
ophistiCated treatments. Similarly, there.are three approaches or models for dealing, wit1 0)

optical phenomena, each With its region of useful validity. They are: geometrical optics.
1111

(ray optics), physical optics .(wave optics), and quantum'optics (particle opticp).

The Amplese'approach to optics,and the one used in this Manual almost exclusively,'is

that of geometrical optics or raroPtios. It accOunts'very well for theway, in which opti-
cal radiation is propagated from most common sources: such as incandescent lamps (light

bulbs), fluorescent lamps, arcs, discharges, light-emitting diodes (LED's), and laboratory
blackbodies. However, geometrical or ray optics can't account for the patterns (diffrac-

tion or interference) which are produced at the edges of certain shadows, in focal regions

where rays sharply converge, or by devices called interferometers. Then we require the

treatment of what is usually called physical opticeor wave optics. Finally, when we deal

with interactions with matter in microscopic detait is necessary to recognize that

energy exchanges take place in discrete amounts. Then we find it useful to consider opti-

cal radiation as being propagated in discrete "packets" or'photons, whose distribution in

large numbers produces average energy distributions in time and space corresponding to the

waves of physical optics. For our purposes, it is adequate to treat "classical" optical

radiation measurements or radiometry in terms of geometrical optics, with occasional rec-

ognition of Wave-optics or qUantum-optica phenomena as perturbations of the ray.vtiCs

relations. Both.geometrical and physical optics are based on the wave theory of light,-

although they can also be reconciled with' corpuscular theories. The distinction between

them involves mainly the phenomenon of coherence.

Electromagnetic waves consist of periodic variations in interrelated electric and mag-

netic fields, variations that are Periodic in space along the direction of proPagation and

in time at any siAgle point along the path. Emission of electromagnetic radiation can be

considered as involving oscillations of individual charged particles in the atoms Or'mole-

cules of the material of the radiation source.. If these are random oscillations, such as

those produced by thermal excitation in-heited matter,.the resulting waves will be similar-

ly random in phasei Then they will combine and propagate as incoherent radiation that

obeys the laws of geometrical optics', where waves passing through the 'same point in 4if-. .

ferent dtrections seem to be completely independent of,each other and do not interfere:

3
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However, if the particles are somehow made to oscillate together, "in'atep" with each

other,'the resulting waves wi1be coherent. They will have consistent phasejelations

so that they reinforde'or carcjel each other over many periodS of oscillation, Oroducing the

interference patterns'that deviate from the laws of geometrical optics. The relatiOns,
.t.;'

based on geometrical bptics do not apply., in many instances, to strongly coherent radiation

such as that produced by lasers. However, as previously stated, we can use.geometrical

optics almost entirely in connection with measurements .dommon sourcea, such as thOse

Aisted, treating the wave- and quantum-optics phenomena 4 occasional perturbations.

This. Manual will deal principally with incoherent optical radiation from about 200 ran-0

ometers to about 20 micrometers, We will exclude, at ,least initially, all laser radiatinn

(see Preface) and the v uum.ultraviolet and far infrared spectral regions. For brevity,

we'll refer to this redu d region Of incoherent radiation as just "optical radiation."

The MEASUREMENT EQUATI N. Every measurement of;,optical radiatiOnnvolves a beam of radi-

atiqn originating at a source, pr9pagating atabg an optical:path,.'and impinging upon a:

radiometric.inatrument. The source may emit radiation or't may be an irradiated object

that reflects or scaeters radiation incident,upoil it..from another source.. The.propagation

path may traverse a vacuum, or it may pass through a'.ndmber_ot different media and involve

a variety of interacvions with matter, such as reflection, refraction, scattering, absorp-.,

tion, anlI even emissiqn (by fluorescence). Finally, the radiometric instrument can take

many fo s, e.g., a bare photocell or a sophisticated spectroradiometer. Two measurement

confi u ations illusttating different combinations of some of these possibilities are shown

in figu es 1.2 and 1.3. The;, are not intended for detaired comprehension at this point but

only to emphasize the wide range of complexity.that can be encountered. We can cope with

such complexity only through.an orderly, systematic approach, and,our approach is based on

a measurement equation.

The measurement equation'is the mpthematical expression that quantitatively relates the

output of a measdring instrument to the radiometric quantity that is being measured, taking

into account all of the pertinent factom contributing to the measurement result. The main

part-of that m4asurement. eeuation relates the radiallon input at the receiving apertUre of

the instrument to the resulting output in terms of the instrument responsivity (output

"signal"-per unit incident radiation input).- The complete equation also accounts, as

.needed, for,the effeets of interactions between matter and radiation at the source and

along the optical path of the radiation beam_7 well as at.the.instrument. Serting all of

this down systematically in' a quantitative equation hell:is to insure that all pertinent

factors will be appropriately considered and will not be inadvertently oVerlooked. It

also facilitates the evaluation or estimation of the effects of individual parameterS by

the investigator in order to achieve 'needed aimplifications. The complete equation is

usually unmanageably complex until simplifying data or assumptions are introduced tomake

it tractable. Fortunately, the effects of a numberopf parameters or variables will often

be negligiVie; the effecte of others will be small and easily evaluated. The basic prob-
.

lem ié to identify and accurately asseds the effects' of all significant factors, making

I.
4
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Figure 1.3. Lunar radiation measurement configuration.

,

The moon /04 is tmagekow3a photocell .detector
.D. hy asittonontkal telekotpe T ,at surface of
earth E. The moon shines hy reflection 'Of
radiation from sun S. The propagation ,Path
from M to D includes the earth's atmoaPhere
A and the optics of T. Proportions greatly
distorted to bring out signif icant aeteils.



simptifications wherever, possible in order to obtain t actable expressions. The m asure-.

ment equatioq proVidee a mechanism for approaching this systematically, thereby minimizing
the chance that any significant factor)will be inadvertently overlooked.

,The.quantities used in the measurement equation are expressed in terms of the radiation

parameters and p7irtinent instrumental and environmental'parameters. The distribution of
radiAnt power (radiant energy flow) or flux in a beam of incoherent optical.-radiation is

. .

completely described or specified in terms of five yadiation parameters: position, &tree-
4.6'tion, wavelength, time, and polarization.' The measurement of optical radiation is a multi-

6

dimenSional problem that 'always involves these five. variables and, possibly, others as
well. The strength of radiation ean be different'at different points in.space, in dIffer-
ent directions from any one point, for different wavelengths, andfor different polarize-.

tions, and it can vary greatly with tine. In addition, the interactions betweeniradiation

and matter -= absorption, emission',
scattering or reflection,.and refraction-- may also '

depend upon these same .five radiation parameters.
'instrumental and'environMental param-

eters'pay alo affect a measurement (e.g.,:temperature, humidity, magnetic fields). Al-

though they can't be ao conveniently and exhaustively listed, we'll try to prOVide syalem-

atic approaches for identifying and dealing with all*those of significance in a wide
Variety of situations, particularly.when we reach Part III, Applications (see Preface).

UNfTS çnd.NOMENCLATURE. A mechenidal. engin eer, concerned with dissipetini frictional
heat, wants to know how much energy flows away from an exposed hot surface as.optical

(heat) radiation.. He is concerned with the rate of ekergy flow -- the power -- in the-.

radiation beam; usually expreased inwatts. 0 atomic phySicist, cOncerned with the light

emitted by individual particle ilkeractions, wantS:to know the number of photons.flowing

in a beam, the number of quanta per second% An illumination engineer, trying to provide
.

adequate lighting on a desi for.comfortable and efficient reading and writing, measures:

light in terms of its effect upen the average human eye, using 1umeils1 for units. Thus,

there are different ways oLatatiqg the Amount of optical radiation determined by a meas-
.' .

urement;, we can 'Use different units of flux, the general term foi the quantity of radia-

tion per unit time flowing in a beam..

This'ManUal will be malnly concerned with'rediant pdwer measured in watts. LtirMens and

related units are used when discussing OhotometrY, and photon flux is.Utilized when wg are
.-

conceined with the quantum aspects of interactions between radiation and matter. It can-

not be too'strongly emphasized, however, that everything said.here. about the fundamentals

of radiometry, even though stated in terms of watts, applies equalll to atl forMs of opti-
.

cal radiation measurements. For eiamplethe measurement of illumination for application

to visiOri needa.involves all of. the fundamentals, not just those discussed in the chapter
on photometry. And, conversely, there is much that islaert.inent to, say,military, appli-.

cations of infrared radiation in' that chapter on 09tometry. After all, photometry is

just the measurement of optical radiation with detectors having a' specified spectral

z'IThe lumen isAefined and diseussed in a later chapter on "Photometry.'"
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i
respOnsiIity.that is related to that of the-human eYe. Accordingly, the problems of photom-

etry Are; many., Of them, equally4pertinent to measerements with other spectrelly-selective

sensors, many of.which are used extensively in the,infrared,. AlSo, many military igfrared

devices,,e.g., night-vision devices, have yisual displays where the photoMetric consiaera-

tions, astsuCIII, are directly, applicable'. ICS' all optical radiatiokin spite of differences
,in terminology and units.

.

As a matter of f act, the grea it diversity of ndMenclature that has grown from the use of,-

optical.iadiation measurements in SQ many different fields of ipplication is,a perennial
problem. Different terms are used for the:sanconcept !and, conversely, the same term is

often-used for different concepts. We will employ, as much s possible, the nomenclature

of the CIE International Lighting Vocabulary [5]1 as the most comprehensive and least con-
,

troversial authority available. Exceptions will be clearly noted when we do departifromor
-

add to the CIE nomenclature'at times when we find it inadequate. We will also mention

alternative terms and practices that are widely used in the literature where, at least'for

a long time to come, complete standardizatiod in so many lifferent areas of application

just isn't going to.take place. For examgle, it will be a long time, if ever, tefOre-

astronomers stop using star magnitudes.2 Accordingly, others who need to use publis hed

star radiation data Must learn to convett themto

or of illuminance_or irraaiance.3

the equivalent values of point brilliance

One'of-the MO'st useful techniques-for aoping with th1 unavoidable diversity bf 'nomen-.

clature- is the regular use,of anit7dimensions.and routine unit-dimension-consistency checip
'

ror ail radiometric-quantitles and-their Mathematical r atiodship's'[6]. This Manual will

fol,iew the practice of assnciating.the proper unitsa -their dimensions with each physical'

quantity that:enters into ah important.equationk Ihis will facilitate .verification of 'the

consistency of the unit=dimerhsions of the final result. All unit symbols are enclosed in

.square brackets to emphasize their 'dimensionality in this connection. 'Standard A units

and symbols Eire used wherever *Bible find exceptions are noted:3

SUMMARY of CHAPTER 1. Optical radiation Is defined as energy propagated as electromag-

netic waves or photons..which can be manipulated and studied by optical elements (e.g.,

mirrors and'Orisms). /This Manual treats incoherent optical radiation in the Wavelength

region between approximately 200 nanometers and.20 micrometers. The method of treatment

employs geometrical oplics oi Kay optics.

,InChheient optiCA radO,ation is Completely specified in terMs of Ehe five radiation

parameters: position,:direction,*avelength, tiMe, and polarization.. Its interaction with

4Matiter, as it traverses an optical path and is directed and measured by an instrument, is-
--

also governed by these radiation Parameters, as'well as by; environmental and instrumental

1Figures in brackets indicate literature references listed ai the

2A star magnitude is a logarithmic unit of incidefit flux per unit area.-

3See Appendix 1.

end of the Technical Note.
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pa eters. plat cannot be exhaustively listed. The quitntitaave interrelationship between

oie incident radiation and the measurd result in a measurement equation, in terme Of all'-

relevant parameters, is the basic approach in this ManuaL The complete measUrgMent equa-
.-

tion, usually too crplex for a comiiete general solution, facilitate's the.evaluation of

the effects-of Simpliiying date'end:esdusiptionS,used to obtain more tractable expiessidna
,

foi particular applications. It provides a systematiC apforoaCh thit'helPg tb.minimize the

chance that any ificant factor may be inadVertently'overlooked.

!
\..

Radiometric Telations are usually-given'in this.Mannal in terms-of flux in watts, With
4 r

photometric and photon-flui' quantitUs.also employed,:when appropriate. gomenclature'.

follows the CIE system; with exceptions-and additions noted and with alternate trms.also.

supplied; if they are widely used. Unit-diTinsion checks are recommendgd for dealing with. .

nomenclature confusion and diversity SJ units'and symbols are used wherever possible' and

exceptions are noted.

NJ
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Chapter 2. .DistribUtion of Optical Radiation with respect to Position
and Direction -- Radiance.

by Fred ENlicodemus and Henry. J.-1Costkowski.

) ..

.'. n this CHARTER. We introduce the basic, radiometric quantity-radiance.1 .This quantity. ..

allows'us tokexplicitly characterrie'd distribution of radiant power from point to point
And directiOr(to direction throughout beam of optical radiation.. This is-particularly

,

important when both the power distributionY:and the sensitivity (reaponsivity)7.of a radi-

ometer used to measure this power, are non-uniform or nOn-isetropic't We also show how ihe

total Oewer in the.beam can be obtained from the radiance distribUtion. Finally, we show
how to determine the distribution of iaAiance at any;surface, through which the beam paases,

in terms,of the distribution at:any other:surface that also intersects the entire heam.

e OPTICAL4AY APPROACH. In figure 2.1 we see a aide view of a lamp with a fl glowing,

t ngsten-ribbonlilament,-an&i'detector-receivet that.te irradiated by the laMt. A y-

d awn,from,a point on the lamp filament to a poi on.the receiver surface repreaents.th

opticalradiationioriginatihiat a small-area el ent around this point; prdpagating alo g

the'iine. drawn, And impinging,!on.the-receiVer a e e ment, Thus a ray is.a line or dir
- .tion alonkwhich oitical radiation flows. Ilvt of waves, it is the direction in whit

that particular part.. of.the light wade is travdiling.
, .

From experience, we know that different p tsvf th46ig tm#gsten surfilsce will not
appear equally:bright to:the eye. The ends of the ribh0M)Iilamentiase.cool ether' the rest
so point 1 in figure 2.1 will lypically be,bijighter thanepRtnt?;2;....whoreoverhOugh to a

-

lesser degree, the brightness of any point, uch ds point 2, will atm& chaute"with

be' different when yiewed frot directiens a,'b and c. Thus, the positional"

'and directional distribution of'eptical

find a Way.of associatinea'definite quant

.

radiation can be.as ciaied:Mith rayg if we can

ty or concentrat n of radiant power or flux with
_each ray. This can be donethrough the'q Antity2called radiance, a concept which we now
develop.

1The purely geometrical aspects of radi nce are identical to those of the photometric quan-

tity luminance and aie approximately t e same as those of the familiar psychophyiical quan-

tity brightnesk. RadiaHae pertains t flux (amount of radiation flowin 0 measured in watts
or other power units, and'lum1nance o ilux measured in lumens, units that are related to

standardized eye response (defined nd discussed in the chapter on Photometry). Brightness
is related to luminance in that in andescent sources of equal luminance bsually apdear

equally bright. However, a commen "optical illusion" shows that the apparent brightness of

an area can be strongly affected'hy a backgiound or "surround" of a different brightness.

Also, the familiar photographic "gray scales," with.steps of apparently equal brightnesa

,'differen e, actually tuive luminance radiance steps of approximately,equal ratio% i.e.,

. a logari hMic scake of luminance or adiance. Introduction of'coltmakes.things even more
complidated. A .completely satisfac ory theory still eludes-the experts in colorimetry and

vision research.
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Figure 2.1: ,Rays from lamp source to detector-receiver.
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)1
RADIAWGZ (through two apdrtures). Consideroan experiment (figure 2.2). with a large-area

visible-ZINelength source that appears uniformly bright from all directions, two blaqk

screedi each having a Small aperturei.and-a photocell next to the secohd screen. 11F pho

tocell responds to all the radiant power reaching it from the source through both aperfor

The beam from source to photocell .consists of all rays .in the shaded region betweefi the

extreme,tays through both apertures, as shown in .the figure. It Is assumed that the medium

(Or) is perfectly trarisparent, with'a negligible ldss.of radiant powei froM ihe beam by ,

scattering or absorption. If fhe power AO in the beam is measured for different aperture

areas -AA1 and. AA2 (perpendicular to the plane of figure 2.2), and for different dis-. .

tances D between the apertures, it is found, over . a wide yange of lielues, to be propor-

tional to the quantity

AA. I' 6A2

D2
(2.1)

The,measured power or flux AO also changes.when the brightnetS of the .source .changep. . We

denote,the radioMctriyantity tfiat corresponds.to that brightnest by the letter L. Then7

we-cin. write

&AI 6A2

02
1

Also,,if the apertures aren't kept perpendicular to the central ray through both of them,

we find that the measured flux also varies with the cosines of the angles of tilt, shown in
figure 2.3. This makes our final expression.

AA1ocos816112cos02
= L

D2
(2.3)

Next we note that; holding the apertures fixed, the measured flux doesn't change when the

source is moved farther away from, or closer to, ihe apertures or tilted, Just, as long as

all rays in the beam through both apertures come from.the uniformly bright emA-Vink surface.
*Only if we change the source p0 that it is no'longer uniform and isotrolilc does-the meas-

died flux vary with the position and orientation of thi.source. We can again make the

measured flux less sensitive to source position and ofientation, at least to small shifts,

by making the apertures AA1 and AA2 small
wft

small.compared to the distances on the source

ferent brightness.

The experiments

.111.1t also to the small bundle of rays

In fact,.it appears

can be obtained for

shuw that the quantity
)e

compared to their separation distance D and

surface between points of significantly dif:104

is not only related toihe source brightness

leaving the source it a region of uniform brightness.

to have the same value anywhere alonesuch a bundle of rays. /ts value

our sample situation by solving eq; (2.3) for L, thus:

denotes unit-dimensions of watts

e

(see Appendix 1).

12
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Figure 2.2. Experiment to develop the concept of radiance.
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A.0
L'

D2
(2.4)

AA1cosO1AAcos02

Actually, careful measurements, avid-measurements with sources of more uneven brightness.,

show that these equations yield,only average values of L. On the other hand, if we try to

evaluate L for a smaller beam, representing just a portitn of the larger beam, by making

the apertures smaller and the distahte' D larger, wh reach a point where there is no long- .

er enough power in the beam reaching the photocell to make a Measurement at all. Even
A

before that happens, we may encounter diffraction efEects where our'geometrical-optics model

of proPagation along rays no longer adequatelydescribes the situation. Nevertheless, if we

are' careful to observe the.limitations of geometrical optics, not applying our equations,

without corrections, to situations involving significamt diffraction oil' interference effects,

we can obtain relationi having a very wide useful:range oA fiapp tion hy thp mathematical-

analysis methods ofcalculua. 'To do this,40Assume an underlyink continuous distribution
ml*

of flux among the rays of the radiation bevtam, even when thi apertures are made arbitrarily

small [7]. /

We define the quantity 'L, then, as the limit of the quotienx of flux AO, passing

through both AA1 and AA17, by the geometrical' quantity (AAIcosO1.AA2cos02)/D2 as

AA1 and A2. are made silpaller -and smaller. This is written e

Lim

AA2- 9.9Aid(4Avcos01-AA2-cos02)/D2k'!'n r
But this is just the defining equatIon:ftV secohd derivative,.so that

0,

dAidA2
cosO1 cos02

D2

(2.5)

(2.6)

In the limit, ;Is,the apertL.es become vanishingly small, there remains only a iingle ray

through both of them, so radiance, so defined, is associated'with an elementary.beam col-

lapsed to.just a single ray. 'ThiA doesn't mean however, that it's ever possible to ,actu-

ally measure the radiance of just a single ray. Real measurements always involve Apertures

and beams.of finite dimensions,'as in eq. (2.4), which then yield only average values of,

r;.diance.. Such an average value eqUals the actual radiance only when the beam is completely

uniform and isotropit with all rays having exactlythe same value of radiance.

.There is now no limit to how large the.apertures may be. -,By using integral calculus,

we can relate the ray-radiance distribution to the total fluvoor power flowing in,a beam of

y size. We begin by imagining that each larg,e .aperture is divided intO mady smallareas,

-----2.
. .

e h small enough so lthat.through any pair of these small areas (one in each aperture),

all rays have the same tadiance. The fluk\khrough each such pair of spall areas can be
, 7. ,,,1
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calculated by eq. (2.3) and the results added up, for aIl such pairs to account for the full

area of eap-aperture, to obtain die total flux in thq entire beat. A simple example of

7just three small areas in,one aperture and four in the other is illustrated in figure 2.4.

Then if, for example, the flux in the portion of the beam betweep area 2 of the first aper-.

ture and area 3 of ehe second aperture is designated as. A023, we can write the expression

for the total flux in the beam through both apertures as

." A011 * A012 4-

21 "22

31 "32
,

The flux in the beam through each pair, in turn, is

trated for the pair LAI in.the first aperture and

ure 2.5.and the following expression:

More generally,

the first into

be writteri as

Again using

hers i and

14

(2.1)

evaluated by eq. (2.3). This is illus-

LA4 in the second aperture, in fig-

ta1 .c0014.AA4.00041

D124
(2.8)

if each aperture is divided intq-an arbitrarily large nuMbe4of small areas,
i areas and the second into, j areas, the total flux in the beam can tlien

A.Ai.coseij&Aj.coseji

(2.9)

calculus, we let the areas 'GLA
i

and AA become arbitrarily small so the num-

become, at the same time, arbitrarily large. This is written as.

Lim
LA 4. 0 I AO

ij
[W],.

ij4. 0

0.

(4.10)

where / AO can be expanded as in eq. (2.9). This is simply the defining equation for
ij

the dolible integral over the two apertures:

In practice,

- I
A2IA 1

L

cosQlc,o802

D2
dA1dA2 [W]. . (2.11)

if we know both the radiance L and the slant distance p aldng the ray
."1

and dA2 as function's of the Ositlon°coordinates of those

both apertures, the integral for the flux, 4

Usually,'however, we try to make teasurements

the same, or,approximately :so, for eyery ray through both
, it can come oUtside the integeals, leaving

between the area elements dA1

elements,over the full areas qf

uated, at least on a computer.

tions fere the radiance L is

apefiures. Then, as a conStant

can be eval-

under condi-

16
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Figure 2.4. Notation for subdivided apert'ures.
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Evaluation.of these

this type have been

cos8rcose2
f f

62

.
.

douhle integrals can beenme uite toiplicated. However, integrals of

luated andtabulated fotimany-differentseometrical configurations,

4

(2.12)

with different sizes, hapes, otientatt

in more detail.in Chap er4 and the act

and separations of AI 4nd A2, as We'll see

ying APpendix 3.

,RAY RADIANCE (at a point in.a direction)... The defining equatiOn.for radiante, eq. (2 5)4

can be written in a different way-by recognizing that (4A2-colla2 )02 6w12 is the.solid

angle1

ingly,

jn steradians [sr] subtended'at 6A1 by 6A2,

radiance can 41so.be defined as:

LiM
L- AA -4.. 0 A.

Aw 4. 0 1i.A.ces8.60

as shown in figure 2.6t Accord-.

d2.
[W.m-2-sr7

AA.cnse.dw
(2.13)

In this form, it is easier to recognize that the units of,r4diance are,watts per square

meter and steradian, as shoWn. This formls also 'more general, since it defines at a

point,inthe_direction Of a ray through that point, rather than between two points'. Wirik

this.a0roach'we need not assume a Petfectly transparent medium with no atfenuation between

the two points. Hdwever, we have presented bofh apProaches beeause this concept, involving

simultaneous variation and distribution of flux .in both position and direetiog, is a difii-'

cult one. Many find the first approach easier to understand while others piefer the second

approach Which, in anY event, has definite advantages for many applications.

Radiance is 4 ray-associated fieldAuantity:: What'this.meana is tharita value'depends

on the point in space where it4s.evaluated and'aft-the'ray direCtion through.that point:'

4: 0
It is the concentration of propagated optical fli4x or power, with respect to.bath PositiOn

and directionas.a,function of both position and AirectiOn. We'll define it more.explic-,

itly.inmathematical..-termW and.uSe the definition to relate theradiance along an emitted

.ray at theaurface of a source to.its value at sUbsequent . points along that ray; Particular

ly at the point of Ancidence on the sUrface:df .4,receiver. At the seilet:ime we develop

the concept of the element of:Propagated fl*.ediociated with each rar aa thepioduetnf.
. . _

(1) the radiance and .(2) the negotiated element Of throughput, which.is aleo defined. :The

dintribution of these.quantities., ae_functions of position and direction, incident on the .

receiving apertute of a radiOMeter,oi'!radiometric device'can then be combined with the flux'.

responsivity of the instrumentwhich may also be i function Of.;position,and direction of .

the intident quxelement, to obtain the'instrtiment output in terms of the ineident radia-.

tion input and the spatial parameters. NoWever, we.won't take that step until Chapter 4.
a .

The precise, eliplicit definition' of radiance:[8] is'given firsr,in words and then

1See Appendix-4 for definition and discussion of the concept of solid angle..
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Figure 2.6. The solid angle Aw12

subtended at A.A1 bY AA2.:

is normal to AA1.

P2./42 is normal to Ak2
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mathematically,(tefer to figure 2.7). The radiance at a point on a surface'in.the direc7-

-tioa of.a ray through that point is.defined as the_radiant flux or power per unit projected-

area-perpendicular-to-the,ray-ap-the-point:and Unit solid-angle-in-therdirection-of-the-
.,

ray-at-the-point.

L(x,y,6,0)
d20(x,y,6,0)
dAscosOdw

[Wm-2,. -I], (2.14)

L(x,y,O2O) [14'. -2' -1] : ia* the radiance at the point .x,y in the direction 6,0;

and :y fm] ale'the position Coordinatea, on,the surface:of the point of

intersection with the.ray (usually, but not necessarily., it is'convenient

to have-a plane reference surface, in which case x and y are cartesian

coordinates);

6 and" [rad] are spherical cwidinates0 0 is the polar angle between the'

.ray and the normal .(perpendicular) to the surface at the point ic,,Y and '

.0:_ia the Azimuth angle about the point x,y in the,plane tangent to the

surface at the point xiy;

d20(x,y,6,0) [W] is.the element of radiant flux through the surface element

dA = dxdy, [m21 about the point x,y. and within the element of solid

angle1 dw = sinod640 [sr] in the direction 0,04 And

dACps6 [m2] is the element of projected area perpendicular tcythe ray direc-

tion 6,0.

As we.sew in eq. (2.13), radiance as defined here s the 1imit,:10:AA and Aw. both

approach zero,.of the quotient inithe first line of thai'equation, where .10 is the

radiant flux or power flowing through the area, AA within.the:solid angle .Aw. In order

' for this quotient to converge (approacha definite limiting value) at the point x,y in

the direction 0,0, the flux AO mast also become vanishingly amen. a8 AA and Aw

both approach zero. Thus, as we've already pointe0out,.we can neve* exactly.measurt this

quotient at a point and in a given direction; all 'we can ever measure in reality is its

average value over small intervals of area and solidangle,thrOugh which.enough flux can

pass toproduce a teasniable.output "signal" n a radiometer. (Of course, if the radiance

has the same value throughout 0 beam; the average value will equal the value along any

single ray, so this is the way:me try to' make the most accurate measureMenta.)*Ji is lierT.

important to understand'this limitation clearlyy but it.certainly doein't destroy.the use

fulneas of the concept of radiance.

Actually', there arealany sUbh "pOint. funetione that .cant.136.exactly measured. Some.

_are so familiar as part of our everyday experience that we never stop, to think aboUtthis

1Spherical coOrdina4fs, dolid angles; etC., are.diecussed in Appendix .2 for tholie WhO'ma

with to /efresh their memories on.these toriics.
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Figure 2.7.

4
.

Geometiy of ray-surface intersection
(for the definition of iadiance).
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limitation. A good example would be the concept of denstty, of mass per unit volume.

It's obviously imposSible tO'measure density exactly ate point in a region of changing

density, as in a flowing gAs'or liquid where the dentity varies rapidly.ftom point to Point.

Neyertheless,'most.ofus have no difficulty with the idea' thi.e there is a definite value
,

Associatedwith each.point along a path through such a region.of (continuously) changiqg

density. But any measurement,we make can give us only the average Value over a finite vol-

time, notthe exaCt value at a :point. It the same Way, a.radiometer.,DiVesn average':

response to inputs spread ver intervals of area and solid angle or intervals'of pOsitiOn:
and dlrection. But it's still very useful to thinkln terms of the radiance at a single

point and.in a single direction through that point as the basis'for analyais. Furthermore,

as.already suggested,' we are.daually able to detect or indirectly controlthe UniformitY.
. . .

of such a quantity with Me.v.i greaser precision than /e,can measureits absolute.value.

Accordingly, by arranging,to have the beam for a measurement as uniform arid iSotropiC.,.

(constant radiance) as possible, we'can make the measured average correspond yery closely

,t0 the aCtual value of thatconstant radianctfor all points and directions within the beam.

The ELEMENT of FLUX and the GEOMETRICAL INVARIANCE of RADIANCE: Now let's see how we can

use our .definition of radiance to express the%element of radiant flux associated with a sin-
gle ray. In figure 2.8 we show first (a) a singltray:between two points 13.1 and 'P2 'and

second (b) the elementary beam, made up of all the rays between two-area elements dA1 and
dA2 about the points P1' and P2, respectively. As-we've seen, an element Of rea dA
is jest a smaal area LA that can be made arbitrarily small in the process of pproaching

a limit, the limiting value:of ,yquotient for a derivative otAile limiting:va ue of a'summa-
.tion for an integral. jt may be helpful, at first, to' think of dAi as being part of the

eiaitting surface of a source, such as a tungsten.ribbon filament, and, similarly, of dA2

as being part-of the surfaceof a receiver on which the ray PIP2 is incident. HoWever,

they can just as well be apertures in real or imaginary screens through which the elementary'

beam passes. EVerything we say now, in'the following discussion, is equally aPplicable to,

any pair of two (imaginary) surface element,s intersecting any mo points PI and ;P2 '4104
.the path of a single. ray. These.points may :he arbitrarily chOsen anywhere along the ray.

*In figure 2.8(b), we have alSo drawurthe.4armals PiNi 'prui P2N2, perpendicular to
the surface elementa dA1: and ..dA2t respectively jhe ray and.normal that inrsect at

Pi .Jorm an angle el; _02 is the angle between the ray and !pormal-Cltersecting'at P2. In"

many cases, when the surface's of interest are parallel to ea0 othey 81,=,02. Htwe4r, we'

don't Want formulas that are toe restricted in their applic1oti ; SO' we've.CheSen 'the more

generaI-case whert these anglesof tilt may (or may not).cbeZ%te*qual:.. On the'other hand, we
1.7'.741'qdo want to restrict ourselves, at first, to a medium in whOtithe-14pagA.,wforefration is

everywhere thliksame, that is, where radiation flows at the same velocity:everywhere and in

all directions (uniform "and isotropic), so that all, rays ars straight°1ines. Later, we'll. ,

See lioift6.deal',Withthe still MOL general:cast where'the refractiVe,index 4s.foUnd to vary.

. .The elementary beam of radiation between dA1 and dA2,.. the beam,defihed by thoSe

two surface'elementi, consists of all cif the Ays along which radiation flowegr is '
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2.8 (a) A single ray

(a)

b) An elementary beam of radiation:

is normal.to dA1'

iS normal.to ,dAz,
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propagated between the two surface elements. In other words, ill of therrys jOining
points on dA1 to points on dA2, taken as a whole, constitute the beam. If we were to
try to draw them all, we'd just have a solid black band that wouldn't sho the detail in .

which we're.interested. Inatead, we've just suggested what's involved.by dçawing in these
rays for only three points on each surface element, one at Pi or P2, respectiVely, near
the center, and the other two at the edge on Opposite sides in eaCh case.mwEven this ends -

up as a fairly "busy" figure, with nine
rays altogether,' three,from each point on one sur-

face element toeach of 'the three points on the other sWace element.

Rays that all intersect at a common point: are said to form a prencillOf rays. If we
consider the radiation in figure 2,8(b) to.be flawing .from dA1 to dA2, the diverging
rays from any one;%point on dA1 to all points on dA2c form an exitent1 pencil, while
those converging at any one point on .dA2 frOM all points on' dA1 form awincident pencil.
The extreme 'rays between. a point on either area element'Snd the etAire edge.of the other
irea element f16 a'cone bounding the solid angle subtended at the point by that area ele-
ment.2 Theeleipent of solid angle subtended by dA2 at Pi is given by

ss 47:412 = cos824dA24D2 [sr], where' D [m] is the distance between Pi and P2.. Similarly,
the element of solid angle subtended at P2 .1)9 'clA1- is given by dw2i = cose19dA1/D2 [sr].
When the area elements are small enough, tEe lflid angle subtended by either one of them
point on the othex is the 'same for all such points.

/
With these geometrical ielations established, we can turn our attention to the flow of

radiant energy in the beam of figure 2.8(b). When the area elements are small enough, there
will be no sigofficant'differen6e6 in. radiance between the rays tarough4f,d ferent points. .

acro.ss a surface element or in'different directions within,the pencil zof iays to the other
surface element through any single point of the first element. Accordingly,'we assume that
all of the rays leaving dA1 toward dA2 are of radiance Li and thWthosejsame rays'
all,arrive at dA2' with radiance L2. .Of course, we've already seen;that experiments stiow,
that Li = L2. But we ignore chat, for the moment, so thit,we can also show, by analysis,'.
that Li = L2 follows just frommui definitiOn of radiance.' .We neit write expressions foi

the element of radiant flux Or poWer in the eleMentary beam througheach area.element.

If all rays leaving 4A1 are of radiance Li watts per square meterof projected
l ..

.

area and steradian of solid angle, and" they emerge through a projected area'(petpeddicular
/to the ray P1P2) of cost:11°1AI square meters and within a solid angle og° ,d,-w12 steradi-

k.,
anti-, the flux or poWer in the exitent elementary beam is the product of these quantities,

A;,,,..
4;,ar

I

.1' .

d(1)1 = LccosOl.dAl. dw12

= LIcos,,dA1ecos82.dA2/D21W), (2.15)

lrExitent" was coined" as an antohym of "incident" by Richmond [9].

2S0herits1 coordinate0; solid anglea,,etc., arAiscussed in .APpendix 2 fer those who may
wish to refresh their pemories on these topics.
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which looks very much like eq. (2.3) OT eq. (2.8). Similarly, the eleMent.of flux or power
reaching dA2 in this same elementary beam is

-.----2°d-A -2 6121dt2 L 2rose

L2cos62dA2cosOledAI/D2 [W]. ('2.16)

If there is no loss Of radiant power or flux in the intervening medium, so that ail of the
flux leaving dA1 in the elementary beam toward dA2 arrives at dA2,. we can set':
d01 = dO2. Then

which reduces to

LI.CoselsdAleco882 .dA2 /D2 L2. cos02 dA2 cOSO dA1 /D2

t
2. (2.17)

, Since no restriction' was plased on the choicse'of the points PI and P2 along the
y, eq..,(2.17) must apply to any pair of points, i.e. to all pairs of points, along that

ray. 'This means that the radiance in the direction of a ray is'the same at every point'
along that ray in tte absence of'any energy losses,or new sources of energy. Radiance is
geomeOrically invariant along a ray in a passive, loasless, uniform, isotropic medium.
Accordingly,'if we know the Value of:Oxitent radiance at the surface of a source for a

'partidular.ray, thia aleo means,thet.'We know iti value at any subsequent point of that
ray, including the point where it'is finally Incident on a receiver, providing there areh.

- e
ncrlosses of energy (or new sources of energY) along the intervening Oath. .Moreover, if,
duch losses exist, they can be accounted fbr by an appropriate factor, the propagance of

.(the p40, which we'll define and diseuss in detail later.1
I

1

APPLICATIONS of RADIANCE INVARIANCE. Although we won't get into a thorough discussion
of applications until Part:III, We wan! to look at tome of the Aiseftl applications of the
invariance property of radiance now because it will help to clarify the. tignificance of

this impdrtant quantity: .Firit, howeter, we need to examine what happens.when a ray traV-
erseg'different media with different refrattive indices. ,.Even though the Atmosphere.is

often reasOnably uniform and tsotropic, especially for measurements in thl laboratory, rays
frequently pass also through lenies, prisMs, or other optical elabents with quite different
refractive indices. We need to know how this °affects the'value cif radiance along a ray.

.
.

Most'of the optical elements yith whioh we are concerned'have relatively smooth sur-
faces ect we'll analYze the tituatlon

.064 smooth boundary surface herweeir

'43ected in figure We define a
:640;:ponstruct a tangent plane, i.e. wb

''óun to the surfade and,to a plane

1See eq. (2.37) (on O. 38.)

fOrreguIar (sOecular)iitrarismission, with rafraction

two media of different refracliFe'indices,'ai
,

"smooth" surface as.40y sUrfatewhere it is possible
1

ere &ery,siirface ei4'Sient dA. caw be.! treated as

tangenertO tbe surfaOlat that'point. ',This figure

3 9
!
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Figure 2.9. -Invariance of*basic'.radianoe
r along'a refracteCray.,
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shows a vertical plane (plane of the paper) containing the normal (perpertdicular) to.a sUr-

face element et of the smooth surface and an incident ray, inclined at an angle 61 to

the normal, within an element of solid angle. dwl, in the medium of refractive index nl

above the surface. The incident radiance is LI [W.m-12.sr-1], and the element of radiant

flux or power in the elementary be ncident on dA through dwl iA 01 [W].

Below the hurface, in the second medium of refractive. index \n2, the refracted ray

is inclined at an angle 62 and the refracted elementary beam fills an element of solid

angle dw2. This solid-angle element dw2 differs slightly from dwl 'because the rays

bounding, dwl are refracted by aljghtly different amounts. The radiance here is L2' and

the element of refracted radiant flux or power is d02. As before, we can write the ele-

ments of flux in terms of the radiance and the geometrical quantities as

d01 = LI.cos81-dAedw1 = LI-dA.coseesine1ed61.0 NJ, and

(2.18)
021 =' L2cos82dA.d-2 = L2-dAecos62sin62.d620 NJ.

Also, as before, we are'interested only in the effects connected with ray and beam geometry

so, again, we assume there are no losses in either medium. However, we know that, even

w)07104f\alled anti-reflectiog coatings, there will always be some of the incident flux

rilfiecAlat a smooth surface sb that only part of.it will be transmitted and refracted.

If t iial incident element Of flux is 01' 'with a fadiance L1' and the reflected

portion is p.d411' with radiance p,L1', then the remainder-that is transmitted and

refracted without loss is 01 = (1-p)d01' with 1.1 = (1-0.1.1'. Accordingly, setting

01 = 02, since it is transmitted and refracted mithout loss, we have, from e s. (2.18),

ri,f
deki LI-dA-cose1'esin61.010
02 L2dA.cos62.sin62ed62.0

L1-sin814cose1d81
m

1111-sin82cos82.d82

1

1..
(2.19)

a relation involving only radiance and beam geometry and ignoring the portion of the indi-

dent' 'flux that.is reflected. .,
t

,

.
The angle of incidence 61 for every incident ray 'is related to the angle of refrec-

tion 62 forthe correeponding ,refracted.Say by Snell's law of"refraction, which can be

stated,patbematically as

qrsinel n293ine2.

By differedtiating with resPect to angle, we also have

n1cos61.d61 = n2cos62.d62.
4e

RearrEhtliigg eq1C. (2.20) and (2.21#, we can write
I.

tYii4 41L?..

1'

sin61 cosO1ad61

sin62 cose2d62 ,
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FinallyNombining eqs. (2.19) and (2.22), we have

L1.n22

L2.1112
4

1; or
L1 L2

nI2 n22
(2.23)

Accordingly, in going from one medium to another, the invariant quantity is not radiance L.

Instead, it is the basic radiance .L/n2 (Where n is the 'index of refraction,of the

m ium) that has the same value in the directlon of a ray at aIl points Alontelthat,ray.

In feCt, more sophisticated proofs [101 show that the invariance of basic radiance is i

completely general geometric property, even along a .ray traversing a non-uniform, non-

isotropic medium in which the index of refraction varies continuously from point to point.

It must be reemphasized that this_is a purely geometric,property and.that the abtual radi-

ance or basic radiande is usually further modified by interacrione with matter, being

attenuated (reduced) by absorption, reflection, or scattering out of the beam, and also

possibly augmented (increased) hy emission or scnttering into the beam. The simplest case

of attenuation will be treated briefly at the end of this chapter. MA6 detaile on such:

interactions will Come later.

For tlie moment, the imporfiA point is that, from eq. (2.23), we can see that radiance

L is geometrically invariant along.all parts of the same ray that lie in the same medium

(same refractive index), regardleds of intervening passage through an optical element (with

smooth surfaces) of a different material (different index). The radiance within the

material of the optical element changes, keeping'the basic xadiance constant, but it

returns to the original value upon reemerging into the same.medium (usually air) again.

The only effd4, then, is possible attenuation by the optical element, which will 'be dis-

cussed briefly at the end of this chapter and later'in more detail.

This is such an important point that it may be helpful to restate it explicitly in

mathematical terms. Given a ray of radiance LI in a medium of index nl that Ages

through an optical element:with smooth surfaces of a material with index n2 and out.into

a third Medium of index, n3, the radiance L2 internal to the optical element and the

/final radiance L3 in the third medium satisfy the.following (based on el. (2.23)):

LI/n12 L2/n22 L3/n32[W-m-2.sr-1]. (2.23a)

Furtherntore, if the ray emerges, without attenuation losses, again into the same medium,

e.g., into airs so that n3 AI, this means that L3 L1 and we can ignore the fact

that the ray traversed a different medium; As will be shown later, if there are attenVa-

. otion losses, this will reduce the final value of propagated radiance by Che'fractional

amount of loss.

An4EXAMPLE orRADIANCEINVARIANCE: Manfphotographic exposure meters for measuring

reflected light from a scene or object.(not thefincidmik light on the object or scene)

consist'oCaphotooell mounted behind,a baffle, grid, and/or lenses that define the
. -

receiving aperture area and solid angle through Ohichlrays from the scene or object can
.

rI
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reach the photocell, just a.s-the apertures in the two screens of figure 2.2.elefineAthe beam

'from the source to that photocell.. The solid angle oracceptance or field angle ofsuch an
exposure meter is typically about 300 to each side,or a cone with a total. x)erhtex,Ingle of
about 60°, roughly the cone subtended by a circular'object at a distance eq0.1 roi.ts

mdiameter. You can.Use such a meter to verify the part of the earlier experiment.that e8dtb7

lishes the inVariance of r,adiance along any ray. Point the meter at a uniformly bright' Wall

from a distance that ks,l.early less than the height or width of the wall, whichever is the
smaller. Nort,that, over fairly wide limits, the- "reading" Of the meter doesn't change as
you move it .in or out'or tiIt'it to "view" different.parts of.the wall. Only when you get
so close that.you shade part of the wall'in the.field of view, gr'so-far away or tiltedso
far that some of the radiation from the surroundings beyond the uniform wall reaches.the

photocell, do you see any change. Accordingly, since the rearrangement or substitution of
rays within the field ofvied makes no difference, they must all be of the same.radiance

as they reach the instrument, regardless of distance or angle, as long as they originate

from'the uniformly bright wall surface.

The invariance of radiance along-a ray enables us to Immediately write down a very

general.rule that is often obtained through a fairly involved mathematical derivation. The
rule is that the flux per'unit area reaching a point (e.g., on the surface of a receiver)
from a. distantextended (source) surface of uniform, isotropic (constant) radiance depends
only on the value of that radiance and on the solid angle subtended by the (source) surface

at that point; the solid angle enclosed by&he rays from the extremities of ihe surface as
k"seen" from.the point. It is otherwise completely independent of the geometricar config-

uration. For example, iR figure 2.10 tha heavy lines at A, B, and C, repr'esent three 10.
%-possible configurations for such an extended source wi0, in mach case the same uniform,

,
isotropic (constant) radiance. It is clear 'frob the figure that, since radiance is

.
invariant along every ray, the configuration of.incident ray radiance converging at P will
be exactly the same,, and so willTmoduce the same f1u4 per unit.area, regardless of which

-
of the three sources, ,A, B, or C, is Oresent, as long as that surface has the same
radiance L [W-m-2.sr-1].

GEOMETRICAL INVARIANCE of THROUGHPUT. 'Although radiance is the complete distribution

function descrdbing or' specifying the-spatial distribution of optical radiation in both
,pbsition and direction, the physical quantity that flows in Ei beam of o;tical radiation is
energy, and ihe flux is the energy-per-unit-time or power flowing, e.g., through some

reference surface that inttEsects the beam. It is to energy or power that raaation de-
tectors usually' respond. We said earlier that we need to be able to associate an amount

or concentration of propagated flux orqlower woith a re( Actually, we've alrea#y done
this in the expressions for the elements of M.& or power ell) [W] in eqs. (2.15), (2.16),

and (2.18).--However, we want to go back for another look to get a clearer idea of this'

quantity and its significance.

From our defining equation for radiance, eq. (2.14), we can direbtly write.the.

expressiad for the elemeritof flux d(x,y,6,0) along a ray of radiance L(xty,p,O)
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_
. :through an element oi Onrface dA chOdy ,at'itnitOint.of..intersection: x,y 'Writh:theray.:

.-:ead:Mithin an eleMent:ef.aelid.ingle dw =,eineed8.4e about:Ae ray in:the directien 8,e,

40(x,y,8,#) ' -11(x,i;800-cos8edw. (1,7]

:l'Urthermore:if wehnomthe distribution 0 radiance L(10.,y,8,0) acroes any reference sur-:

4Cee:olier4M'ires thas includs ell points of' intersection ma between raye.ofa giVen
beam and tharreference'surface, and:over'e aolid ingle w at.each,point x,y, .that Con-

tains all directiont O, for rays ok.the beam that pas. througWthat 'point, then bieUM-1

Ming.Up:all elementsef flux ..dO we can:obtain the totai klux iri.thebeam-Thii Can
bedona by using integral calculus Where.

= f I L(x,y,e,)ecos8edwedA [in .2
k w

Notelhat this is just eq. (2.11) ii.slightly different form.
. ,

. A . .
.

In a uniform, isoteepic-beam, Whererbe tadiance,haethe:eame'conetant value L_ .

all rays Of4heVim, as with eq. (242), this:simplifies to

where

- Lfjcose;dw.dA - L.e (w)i

0

e s I
A

coseedwedA (m2esr]
4 w

is the throughput of the beam Elf]. .

it is clear from eq. .27) that the eiement of throughPut is

de = cosedwdA [rn2ear] .

Cbusequently, the eleient.of flux, g ven in eq.,(2'.24)*

I As the

tik de Led [W].

can be written

for

(2.20)

product of the radiance of a ray and dia.aimOdili<eleMeik of throughput.

4114,m'Ar. ows Ia conarved anA dO remains
In a locales., uniform, isotropit

!i

%"*.!.4tome Mould prefer that 'the left side of aq..(2.24)-be shown alief,A.:

d20,;but th ei raises matheratical questAnns that we don't want to:get

event, thi'order Of the differentkals soiewhat arbitiiiy, since
.

dxdyecoseedm LedmedycoseesinGed8414.

COnaT6rder differential

**caved with.In,any:

41..._1174e. Led/soda :4'

8L(it4;8,+)*Coieesit9edied;edmedy 141:". (see alio APpon"
,

-WJA. 'A .:144,sce
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unchanged along an elementary beamAassociated with a ray). :We equated .d01 of eq. (2.15)

and d0,2 Of eq. (2.16) when the points ,131 and 12 o'v'figure 2.8(b) were arbirrarily

chosen as aey two points along the same ray in such a meaium. We then found, in-eq. .(2.17),

that Tadiance ia invariant along such 4:ray, Consequently, if both dO and L are
. .

invariant al g a ray and they satisfy eq. (2.19), then .ihe elemeni.of thr'oughput ap*. must;

also be sim larly invariant along the elementary beam associated with that ray. Further-
.

more, since ray geometry is not altered in any way by attenuation of the flux propagated'

along those rays, the fact that d0-.i.s.invarianr along.a ray in a lossless medium with no

attenuation means that it must always be so, even in the presence of attenuatiOn.1

If dO is thus invariant:along every elementary beam or ray that makes up a given beam

of radiation, then its integraIvWr4he throughput of the entire beam in eq. (2.27) must te
,

aimilarly invariant.. What this means is that, at any reference surface ,thntersects the
. . . . . ..

entire beam, the integral,of eq. (2.27) will have the Same v ue as long te no'raya have

been added to or tak away from the;beam--as long as it is ill made up of exactly the

same rays. Thud'ihro hput, a purely geometric 1 quantity, is. the.geometrical invariant

.characterizing any given eam of optical radi ion... The larger the thro<hput the largeral
the flux propagated through an optical system. In fact, when-the radiance is everywhere ....11

./ r

the same.throUghout the beam, Leq. (2.27) shows that rhe proPaga ted flux is irectly pro-

portional to t..ba-thmughput. Accordingly, the throughput has been found fiseful as a figure
. . . . F._ .

'of merit.in making coMkparisons between.different optical'systems onthe basis of their abil- -

ity to propagatexir traniimdiant flex .6e:in:we; [12].

Anotheraepecrof-rhe.gioMartical,.4nVariance of thxbughput is seen .more readily if we

further simplifY::02..21yiy::edeuMing that the solid'angle m filled Wrays of the

beam is exact/y*Oarne"ai.every point x,y, where.-iays of the beam intersect the refer-

ence surface, 'over ihelmtire area A. In other words, there is tio vignetting.2 Then the

two integrals colagrieing the double integral on'the right-hand side of the equation are

indepen4e00.8f each other, maing them separable, so that We can write
: .

where'

e (1
A
dik) (1 cosech.0) - A0 [m2ssr], (2.30)

E f coseedw [sr]
4,)

(2.31)

is calied:a.i,eadected solid angle,(or, sometimes, a weighted soli4, Aegle; -for more discus-

sioe,Appendix). Here the throughput is exactly equal to,the product of the area A

,

1Ae a purely geometrical prOperty, it is possible to establish the invariance of through-

put, independently of the invariance of radiance, by purely geometrical reasoning. How-,

ever, the logic used here is qufte correct and a great deal simpler.

.

2See any standard text on geometrical optics [14,15] for definitions and.discdssions of

apertures, beams, stops,.Vignetting, etc.
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of interseCffon between the beam and the ieference surface. iina the projected said angle Q

corresponding to (and, for small solid Angles, apprOximately equal to) the.Solid angle w

filled by the rays of the beam at its interseCtion with the,teference surface. Am& even

, When there is vignetting, and the solid angle.' w varies with pos'ition at different inter-

section points x,y acrosithe area A, :it is.still,true that each elemenrof 'throughput

de .can be written as the product of the area element dA and the element of projetted

- solid angle dft E cOse-dw:

d0' = dA2-cOse-dw = dA-de [m2srl. (2.32)

In act, Jones 113LhaS 'proposed the term "arqa-solid-angle product" for the quantity we
,call throughput.

The, foregoing is not:just an exercise in.terminology and notation. -What eqs. (2.30).

and 12.32) tell us is .that, since throughput is invariant for,a given beam and is also

roughly equaFto the produCt of drosS-sectiona1 area and solid angle filled bythe beam at

its intersetion.with a reference surface, if the area is.reduced at the intersection With

another reference surface,, the solid angle must he correspondingly'increased to.keep the

throUghput the same,.and vice versa.. For example, as illustrated in figure 2.11, the solid

angle wi, subtended at theolslide in a slide projector bY the projection optice 0 is

much larger than the solid angle w
I subtended by those same.optics at the distant projec-

. tion screen. If the area of the slide is A
s'

and that of the projected image'is AI,

the epproximate refationships are given by

''.

Ilk**

0 A
5-0 S

A
I

- (2.33)0 I [m2-sr],

where the projetted solid angle 0..,7 f cos8-4w w [sr]. Rays leave each point of the
''.--' w

small-area slide surface -.7a fairly large solid angle and arrive at each point of the

large-area projected image *.ilr gh a correspondingly small solid angle, so that the through-
,

put or "area-solid-angle 'product" at each reference surface is the same.

110
t all a different reference surface, other than that at the

.

idal..by a simple lens used as a "burning glass" to focus the

;to image of the sun (see figure 2.12). The area AI: of the

,erfe As .of the sup's image, but the solid angle or pror

tactically the same for small angles where cose % 1)

A good illustration, wi

source or its image, ittTipv

sun's rays into 8 very small

lens is very chilarger ph4
16. ,

jected áolid g4P:(th

wLS gLS
subten

. .

atthe'lens.near the earthk surface

very much sma% tV 1014.01eCt011iolid angle . corresponding

converging rays4.auhtenHed at

same, the A-0 ptoducts:.aper,

mitely equal:. t

.thsun'S image by the lens.

tre'farenCe'gurfaces, at

is correspondingly

io the solid angle of

For the throughputs td.be the

L and s, must be approxi-
.

.

.

relation8hi$,'wlUçhis npt so ensily"evaluated, is

,^ ' /3

,
it

(2.34)



Figure 2.11.- Slide-projector hroughOut.
. .r.

Throughput

projected
q :

O..= slide

,c) projection bptics

I.= imageson projection screen

_eA5ft5 k Afcz1 Em213r],

ablpd.angle Q E f cosedw k W (srl.
.w
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f f cosO.dw dA p f .ds-L = :..cOse.13'1ca' dA'sc
) As wsL

AL caLs. ,,

.
.. . t!

where the quantities on the ,left-hand sideare evaluated4nVer a reference surface at the
,

. L.

ler* L. and those on the right-hand Side are evalUafed4gcr a reference surfaceat the

sun's-image s, and wherethe subscript L refers to the lens,',. S to the sun",and s to

the.sun's image. ,tr

. .. .

As With radiance; weS,e cOgiiitiered throughpUt first for uniformi'isotropic media Ohere

(2.35)

r4

the velocity of propagation (hence;:the refractive index) is the fame eVerywhere and'in all
e'

directions so that-rays are all straight lines.
. In the more genera! case, where theindex

of refraction Changes frbm point to pnint along a ray, it is:the element of basic throdih-
. .

put n2rdO, tether than the element of,throughput dO, thai is invariant. . This follows1

immediately.from the invatiance lu d. = Ld0 [= (L/n2).(n2.d0)1 and the invariance
4 -

of basic,tadtance L/n-; When nlytay geometry is considered and inttractions Ilth'matter-2

that may produce attenuationlor augmentation are ignored. We won't make much use of basic

throughput; hOwever,:a is mentiOned here primarily Ar completeness. It ia basic radi-

Ode that is usually inure useful., dt,a geometrical invarlanCe alongeadh iay,:tgether with

functions taking intii account any iateractions with matter along the.ray, OroVide the basis

for transforming from the dinEribution of radiance across the interseCtion Of a beam with

one reference surgace to the distribution at aoecdhd-intersecting reference surface:. .Once

the second distribUtion isalknown,' the total flux in the beam at the second reference.sur-

face is' correctly giveeby ip terms. of radiance (not basic radiadce), even when

the index:of refractinn a 4E16:Varies from point to point over that reference surface. r

Il

OPTICAL PROPAGATIO Th-7,!.:INTERACTIONS with MATTER. e propagating of optical radiation,

:especially the.int iCtions. with Matter alting.the propagatiOnAsathAhat can eithetetten7,., . .

. ,

-uat0 (redueeni.aUgment (increint) 0e-flux in a radiation beam, or do'both simultaneously,

could take up e separate chapter.:OtmOia. IA fact, the eamplete, highly tophisticated
r :

,

treatment of radiatiVeanergy trinafergt just radiatilie tranifer as it is usually termed;
1

is beyond the scopelpf this Manual, buwe will give it solue attention later. Rif& nowt

we'll-limit our treatment to the atteduation of radiance by absOrption and/or bx scattering

..:o.reflecEion into 'other directions. This will be adequate fot a.large Xjority of common

:measurement situatieras which do not involve optical paths through-emittintmr strongly
.; .

. icattering material nor the observation of weak sources that are close, at feast iii direc-

to very.much stronger ones. For example,-amateur photographers are always cau-
;

...tioned, At.least as 'beginners, te..take pictures out of doors on clear dayp Sand not to point,

, 7.

th..gene Thra near th sun. ese restrictions still:leae-them.wie. th plen& of opportunities.'
,

1Als pointed out in an earlier footnote concerning throughput; it is similarly possible to

.astablish the.invar nceo basic thro

...independently of the invariance of basic

quite correct and much simpler.

gfiput along a ray by purely geometrical reasoning,
.

diance. However, again, the logic used here is
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for taking sa tisfactory pie dres. Incidentally, photography is a rough form of optical

radtation measurement. An ;ordinary photograph cgn be, and sometimes is, used as a measure-

ment of the directional distribution of the radiance of ehe rays converging on the camera

lens (the receiving aperture) from different parts4of the angular field (the scene), HOW-*
ever, reproducibility and calibration accuracy are not as good as with mopt other tech-

.

niques. Nevertheless, it,4p4requently helpful'to think of radiometric problemw in terms

of. parallel Situations in photography, with which many people have at least some familiar-.

4.

icy.

To ,furber simplify things,in considering attenuation, we'll also confine our attention

to optical paths that begin and end in the same medium. Then we can treat radiance L. as

the geometrical invariant. Welleed,not concern ourselves with the refractive index and
*

basic radiance as long as we are 'ly intereated In the inittal and final values and not In
.

,

the Madiance Within interteard*o tical elements of different index.

-44 -

Since an "alement,of. throtighput d(I. is always invariant and iS a purely geometrical
,

quantity, unaffected 14:ateenUation, any at enuation of the element of-flux dO = Ld0, as .

a ray propagates along an Optical path, req ret corresponding attenuation of.the radiance ...

L. or example, consider in element 'of flux dOi reduced to d2 = rd01 in traversing

the path sh$Wajrom Surface 1 to surfade 2 .in figure 2.13. At each location, the fluls
c'

element is the product of the radiance and the element of throughput: d01 = Ld01 and

dc42 = Lv,d02. But dol = dc)2 =.d0, so

= d02/dO = r.d01/d0 = rL1
4

(2.36),. °

In this instance, r E'd42/01 = 1,2/L1, the ratio of final..radiance to initial radiance or

the fraction.of the in tat radiance that iw (successfully) transmitted, is the transmit-

tance of .the particula raf-Tath. MOre generally, a complicated ray path may also include

one ot:-More pointa of-r gular-(speculVr) refleEtance where attenuation also takes plaCe.

.Wiiimilar quantitative rel ion describes that*situatiop, yith reflectance .p dOr/d.ei,

L'IL 'the ratto of reaedted to iticident .radiance or the fraction of incident radtance
r . .

that is (SucCessfully) refletted, in .pia.ce,of transmiteanCe. 'The cOrxesponding ratio Off

final'Av'initial radiances; as a'measure of the Attenuation due to all transmittances and

reflectgnces over an extended path, the fraclion of incident radiance that is (successfully)

'propagated'over the entire path, is the propagance

a /d0 = L /L ,
P P

(2.37)

where dct and L are the propagated quantities reaching the end Of the ray path and-
P

dO
i

and L
i
jfe the initial quaneities at the beginning of the ray' path.

If the propagance is the same over all ray paths that make up a larger beam, it will,
have t1de4gme value for the-7entire beam. If not, theoverall propagance for the entire

beaM, asoixnefraction of the total.incident flux that is propagated to reach the end.of

the path, will be an average of the individual ray or elementary-beam propagances. It will

38
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0

d A

I I 141 )

a

'Figure 213. Transmittance of ray path

fr-om dA1 to. 'allAf is

E i102/d01 = L2/L1,

where dO m .cose .cha

m Li 740;
'=

1 or 2

4
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4

be a simple average if the incident yeam is uniform and isotropic, with allirays starting.
-put with the sameplitial yalue of radiance Li. If they dO not, it will'be a weighted
average; 4ith the spatial.(position and directiOn) distribution of radiance L ,y ,8

i'
0
I

)

as the weighting function.

. Again, since-we' can't measure the radiance of,a mingle ray or elementary beam, but
:

only the average value for a beam of rays, we can't measure the ray or elementary-beam
propagance, only the average Value foi a beam. However,:ihe individual7.ray or elementary !
beam concept is regarded as the more basic for analysis. It is only in' terms of individUal
rays that we can completely analyze aneaCcount,for

the behavior of non-iiuniform distribu-
tions interacting with..-non-uniform media and, fInall, with radiometric instruments WhOie
responsivities may-alsh:Vary with the pOsition'and direction Of each.incide*,elementary
beam at their receiving Apertures.

TUNSFORMATION from KNOWN RADIANCE DISTRIBUTION to FLUX at ANOTHER LOCATION. A frequently
encountered,problem in making optical radiation measurements is to transform from a known
distribution of.radiaoce acrOas the intersection of a beamyith one refefencesurface to.the
corresponding, disrkAbution and iteintegral,.the,flux,

acroserhaistersectioo of the same
beam with another refekence surface. For example;:,giVen the distribirion of radidhse from

I,
a known source, 1.g., a standard fok.which.

a certificate has been issued by NBS, whit is
the distributiOnOf incident radiance at the surface of a:receiver after,ith4 beam has

1,
passed.throughan atmosphere and optical elements for which theoverall, path propagince is
known for each rax of the beaM? a, c.nversely, given the measured values of radiance as
a function of position and direction over a reference surface, meksured by a seanning Or
imaging radiometer, and.the measured values of path propagancekto a.reference

surface. it
the source, what is the'corresponding radiance

distribution and its integral, the emitted
fluX, at the source?.

e The first step,'in either case, is
to establiah corresponding.lcoordinates for ray

:pe3ition'(point,x4'4ntersection) and direction, between retference surthces iRtersecting the
beam at. the two locations. We need to.know, for'all rays of t beam,. the value-of the
coordinates.of'the point jf,y2 and.direction 82 ;o2A. where a ray iniersects the second
reference surface when given the coordinates ot'the 0o4nt 1(1,Y1 and directiOn

'3141
for the same ray where it intersects the first reference surface, or vice isa. While
not trivial, 8 table or formula for providing

these corresponding coordin es for the same
ray.is often not a very difficult problem. In any event, it is a ray-tracing 'problem tor
which adequate treatments should be readily available in texts and references on-geometri-
cal optics, so we won't go into it any further at this point. Particulaeaituations will

4"
be covered in Part III, when we go more thoroughlyInto applications. WhSt'concerns us
now is that either set of coordinates,

x1.0'101,01 or X'2,y2,82,02, unambiguously iden-
tifiep 'the same ray.

of coordinates, or,

radiance of a given

Hence we may express any property of that ray in terms of either.set

even another iet, as convenient. For example, we can express t4

ray at the second.location as a function.of the coordinates of that ra
at the first location,

1-
and_ vice versa,- L1(A2a2,82,02).-'Accordingly,

111
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gir

.

well drOp the,subscripts from the coor4inates-and. Showohem just as x,y,(3,0.
,

- .the,coordifrates at tiny 4onvenient reference surface that intersects.the beam.

the saga-set Must be useT.consistently for all quantities relating to the same

given eipresSicr in order to establish meaningful relationships.

.0140".

On this basis, we can write the p4ppagance for a given ray, as

cOordinates, from eq.. (2.37), as

a function

-011x,Y,O,40 L (x,y,0,)/1, (x,y,e0).1 (2.38).

Then, if we know, the exitent propagated radiance L (x,y,e,) !and the

T**Nage,0), the incident initiarradiance Is
44t

ray-path propagance

L1(x,y,0,4)) = (x,Y,e,0)/r*(x,y,e,.) [Wm-2- (2.39)-1].
P .

Conversely,when-theincidentradianceL.(x,y,8,0) and propagWnge T*(x,y,e,O) are known,

the exitent propagated radiance is found as

L (x,y,e,c) = T*(x,y,e,0).Li(x,y,e,p) [W-m -11. (2.40)
- 4

Often the quantity that is finally desired is'not the detailed distribution of radi-.

ance but the integrated total flux in the beam at the desired location. The corresponding

expressions are the integrals of the quantities in eqs. (2.39) and (2.40), respectively.

The integration is carried out over the area A containing all points of intersection x,y

onAhe selected reference surface and over the'solid angle at each point.' x,y that

includes the directions e,, rays'of the beam that pass through that point.of

intersection.

= f f IL 71-*(x,Y,0 010i'cose.dw-dA [W]. (2.41)
A at, P

L,(x,y0,).1-*(x,y,e0000se.dwidik [WI. (2.42)
A 3.

4.1.7

It shOuld,be feemphasized that these egrions are based on the- assumption that each pair of

24]weCof the radiances L
i

and L for the same ray (same valueof x,y.001)) exist at
P

tiints
of that ray where the refractive index is the same (in the same medium). if this is

not the case, the transfewpations must be modifiedto take into account the different

refractive indices at the twdklocations.1

1If n
i

the refractive index at the beginning of the propagation path, n the index
A 4

at.the end, of.pe path, andlLn 'the index at the locaidgiOf the intersecting reference

surface for the coordinates x,y,8,0,' these relations become:
,

, 4
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4

T*(xiy,0,0) E 414 (x,Y,0,0)/d0i(x,y,044)

(L In 2).(n ?110
p p P P

(Li/ni2).

.

(L .d0 )/(L ed0 )
P P

(Lp
'/L ).xn 2/n 2

p '

since, by the invariance of basic throughput, n 2.d0 n A.410. . Then
P P i ji

(2.37a)

4

".
0 f f EL (x,y,0,0)/T*(x,y,0,0)]-(n2/n 2)-tosO.dw-dA (WI, and (Z.41a)A w P P ;:.

0 -T*(x,y,0,9).(n2/n 2)ecos0-dwdi [W]. (242a)P ° Awi
,4*.

.!°

14'
.

SUMMARY of CHAPiER 2. In order to obiain an expresSion for -the amOhnt of radiant (luitnolif
.

. -

, #or photon) 114 propagated along g. fay, we first introduce radiance (luminanas thi'comr
_ 7

i

plete distributi optical radiation with repect to the spapial'parameters of 'Position
,. .'L.14..

and direction. t 7Cdefined at. a point on a reference surfaceAn th"4 directiOn7a a ray
.:1

. .

through that point as (aee figure 2,7)

' d20(x,y,0,9) -1].L(x,y,0,9) I. A(2.14)dA-cose-dw

This quantity, radiance, is geometrically invariant along any ray, in the direction of 'the

ray; in a uniform, isotropic, passive, lossless medium. Across smooth boundaries between
, .

different media, ,cilr in media with varying refractive indexit is the basic radiance L/n2

(where n is the index' of refractioregt the point Where the tadiance is L), that is

similarly invariant along any ray. However; in the same medium (same refractive index),

even after propagation through.amother, e.g.,.through an optical element of different index,

4ust the risliance L ,is invariant (neglecting attenuation), with the agile value in the

directiedi-Of -array at all points of the ray in that medium' (e.g., air).

.The eleMent of 64:4ciated with a ray is given by

. .

d4(x,y,0,9) = L(x,y,e,0)cosedw-dA 4.(2.24) .

= Ld0 [Wi, (2.29)

where dO E cos8dwdA [m2esr] (2.28)

'is the element of throughput associated with the ra, through the point x,Y in the.dired7

tion 0,0. The throughput eiement' 'd0" is alsb geometrically invariant albihg the ray at'
,

.all pointe in the same medium (same index n).

, In orderio evaluate the total flux 0 in a beam-of radiation where it intersects

some convenient reference surface, it is necessary to kno* the distribution 9f radie4ce

over both the full area A, and the solid angle w at eacfpoint of that area, 'that
4b
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inciddeall of the rays that make up the beam. The total flux in the intersecting beam is,
then,'

4 f L(x,y,6,0).cose-dw:dA [W].
' (2.25)

.. A P. * ,
. -

. .

r If that radiance distribution is known only at another reference'surfdte, it can ge trans-4
4

BOrmed to the desired values through the invariance of (basic) radiance along each ray.of
4t, ,
o the beam,Okaking into account also interactions with,matter over the intervening propaga-'',4 *

1

Vietpaths thdi may attenuate or augment the radiance of each ray.., Usually, the points ofilk4 interestiNell .bOthl.lietin the same medium (same refractive index; d-Lg., in air) whee radi-
.?

1 .

an& is invariant, with no need'to resoreto basic radiance and refractive indices. Also, .

. ....
4,

-,.-

moser.100ilonmeasurement situatIons,involve direct paths throug4passive Media where the
1P

-. only interactions are those that produce attenuation. For our.purpoe the most conven-.-

ient measure oflhe result qoalleat Sttenuation is the propagance 1. "I.
i ,

t.

.

$. 0 rif(x07,6,0) E L (x,y,e,0)/Li(x,y,k,O)'
1 .(2.38)

over the rarpath from the point x y where an.inci t ray, of radiance

inteisects a-reference-surface in the direction 0
i'

cf) ,Atto the point x ,y , where the same
P Pray intersects a second referehce surface in the direction 0 ,(1) with propagated radiance

"P PL (x ,y ,(;) ). Either set of coordinates xi,yi,04:01. or x ,y ,0 , or even those at
P P P'10

a third reference surface (also in the same medium--same index) that intersects the entire
4 beam, may be used in eq. (2.36), so the subscripts have been dropped there. It is only

necessary to use, consistently, for all quantities in the"same equation,such coordinates
o

that uniquely identify each ray by its p61nt of intersection and its directiA with respect
to the same reference surface.

it

Given (1) the incident racilance .distribution (x,y,6,0) ai reference surface,.e.g.i

iIle,sUrfade,C46.ource, and-(2) the propagance. 14(x,y,13,0) of ach ray oVer the path from

its intersection witlithe first reference surface 0 its intersection with a second tefer-

ence surface, e.g., the sut--1)Te of a receiver, the transfOrmation to the distribution of. '

propagated radiance L,:(x,y,0,0) acrossothe secOnd reference surface is.-
P4116V

L (x,Y,6s4) L (x,y0,00).T*(x,y,0,0) [W-m-2sr-11. (2.40)T

Conversely, if:the gated radiance distribution has-been measured and the trans-., . .

formation.back to.ate incident radiance distribution at the first r&erence surface is:4V.
desfredi it is

L (x y 6 ), , L (x,y,e,$)/T*(x",/,e,$) 114.m-2
(2.39) .

'Finally, the corresponding trandformations to obtain the integrated Ootal flux in the

beam at the se6ond locStion, in each caie, are,
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and

- I wLicx,y,e,o)-T*(x,y,e0).c05e.dw.d4 [14)

04 - I u Y e 40/T*(x.Y03,40]:Cose.dwdIFL
' A w P !

t.

at

(2.42)

It is assumed that both reference aurfaces are in the same medium (same'refractive index) as
well as any tbird reference surfame that might be used foi the ray coordinates in an unusual
situation,. If this is not the gasw, see

eqs. t2.4la) aqd."(2.42a),in the footnote at the end
of the laigraph preceding this Summary.
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Chapter 3. Spectral Distribution of Optical Radiation

.by Fred E. Nicdaemus and Henry J. KOstkowski

In this CHAPTER. We develop the concept of spectral radiance. This is the basic quantity
for specifying the distribution of radiation relative to wavelength and, at 'the same time,
relative to position and direction. We examine the interrelationships between spectral
radiance and radiance, particularly in felation to geometrical invariance along a ray.
Finally, we look at theilway in which the total flux in a beam is evaluated from the distri-r
bution of spectral radiance. In . the main,'this is almopt a duplication of the treetmeqt in
Chapter 2,except for the addition of thOnew variable. However, we've spelled it all out
in much the same detail again fot those who want it. Those who prefer-'toido so,can skip
directly tb the summary at the end of the Chapter and use iv to decide what, if any, details
they need to review more fully in the body of the 41tapter.

SPECTRAL RADIANCE.. In general, the optical radiation emitted by most sources, the:Propaga-
tien overmany paths, and the responsivity of many detectors, all can vary greatly with the
spectral parameter, wavelength.1 The combined result of all such effects of wavelength
(spectral) variations involved in a.measurement is usually substantially greater than the
effects of geometrical variations (variations in ray position and direction). Arl example
of the degree of variation that can occur is seen in figure 3.1 which shows the spectral
distribution of the radiation emitted by the central, uniform portion of a 2750-K tungsten
strip lamp and the spectral responsivity of a frequently used photomultiplier detector.
The radiance of the lamp increases by a factor of 7.5 from 450 to 800 [nml while the
photomultiplier responsivity decreases by a factor of 30 over that same interval.

In order to extend the concept of radiance so that it also covers distribufion with
respect to wavelength, csnsider again the experiment,illustrated in.figures 2.2 and 2.3,

,

---orm spectral parameter is commonlY given in three different ways. They are..(1) frequency
v (..c/A0) [Tilz], (2)- Wavelength .A [nm], and .(3) wave number

c 3x1d8 [m.s-1] is the vacuum'apted of electro-magnetic'radiation, (.nX) [um] is.
the wavelength in vacuum, and n is the index of refraction). The units shown are those
typically used in each case, but they are not consistent. For v c/X0 to be in [THz]
with A6 in [um], we must use c 3x105 [kas-1], and for .0 = 1/X0' ta.be-in Acm-1.1

a ("11 A0) [cm-1i (where

0

.
it is obvious that X0 must be given in [cm). Incidentally, these wave-number units,

..,... .:,-fV -

widely used by speotroscopists, are called "reciprocal centimeters." Although frequency v .,

is the basic-spectral parameter, that remains unchanged as a ray passes through different
.media, we will follow common practice by expfessing moat spectral quantities in radiometry
.in terms of wavelength. Note, also, that the term "spectral," itself, can be ambiguous;.
there are also space-frequency spectra, referring to repeating patterns in,the spatial dis-

qotribution of radiance, and mOdulation- or scintillation-frequency spectra, 'eferring to

i
frequencies f<<y..[Hz] of variation in the'average radiant flux or power4 ..a radiation

i
beam. We will consiatently use "sPectrum" or."spectra".and "spectral" Illo4; without a

modifier,. only to refer to the radiation parameters v, A, and/or. a. 'd
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where we found that the flux in the beam defined hy two small apertures is'given approxi-:
mately by

N,
AArcosel.AA2-cos02M. j L [W]

D2
(2.3)

(this time we.use'the'"approximately
equals" sign to clearly'recognize that this is A

.approximation). Now, in this same experiment, we insert into the beam, one at a time,
. filters that are transparent (transmittance T = 1) only to certain desired wavelengths

and are opaque (transmittance T = 0) to all other wavelengths, completely blocking them;
,as shown in figure 3.2. Of course, real filters can'only approximate thost ideal character-''

istics, but it's useful to make the assumptions for analysis to clarify the related concepts
With'sUch a set'of filters, of successively decreasIng spectral intervals'(bandwidths) AX
about the same central wavelength Ac, we find that the measured tlux AO in the beam is
now approximately proportional to the spectral-wavelength bandwidth AA, a'S well as to the
spatial factors, as .before. .Also, as with the spatial parameters, as the wavelength inter-
vai.decreases, thicpwportionality becomes more exact. In fact, we find that, even though
we are stopped again by the minimum amount of flux AO required for any measurement to be
made, it iaonce more analytically useful to assume a continuous underlying distribution to
which the limiting process of calculus is applicable. Accordingly, we assume that, when

.

the spectral interval is made arbitrarily small, the proportionality is exact and the pro-
portionality.eonstant is called spectral radiance (more explicitly, spectral-wavelength
radiance) and is denoted and defined as

Lim AO
L = AA -0 0

,A1-0 0 (AXAArcot91AA2cos02)/D2
AA24- 0

d3C

(WodA1coseldA2cos82)/D2 (3.1) lit

These relations correspond to those in eqs. (2.5) and (2.6) and, like them,.are important
q

aids for.many who find this approach to the concepts easier'to understand. Later, however,
for useful applications, we'll go back to the approach of eq. (2.12) and employ the equiva-
lent expressions in terms of position and direction at a

Z
ngle location.

From eqs. (2.6) and (3.1), it is clear that'spectral diance is the spectral distribu-
tion1 of radiance, the spectral Concentration per unit wavelength interval as a function of

1The ,CIE-IEC International Lighting Vocabulary [5] does not use the term "spectral radiance."
Instead, it speaks of the value at a particular wavelength as Er "spectral concentratiOn of
radiance" and of 'the spectral concentration as a function of wavelength as the "apectral
'distribution of radiance." However, we follow the widespread practice in this country in
our pse of the'term "spectral radiance" for beth of these quantities.
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2,

wavelength

LA(A')
(4111; (3.2)

A'

'Accnrdingly, it provides.s means for specifying' the distribution of optical radiation with
respect to wavelength and, at the same time, with respect to posiN.on and direction. Fur-.
thermore, by integrating both sides of eq. (3.2)., the-value of radiance in a wavelength
band from Al to A2 is obtained as

,
1,0

A2
I, ..c1A%1x2) xi (3.3)

For example,'the wavelength distributions of emitted radiation for three frequently used
light sources are plotted on relative scales in figure 3.3. If the ordinate scales were
adjusted to represent values of spectral radiance, thd areas.under each curve between
limiting waVelengths AI and A2, i.e., the integrals of eq. (3.3) between those limits,
watiold represent the emitted radiance in that spectral-wavelength band for each lamp.

A
As with radiance, we want to-define and work with epectrcal radiance as the property of

a ray at itsintersection with
a reference surface (figure 2:7). Again, recognizing that

(A.A2ocos02)/D2 64'12 is the silid angle' in steradians [sr] subtended at AA1 by AA ,
as shown in figure 2.6, we can rewrite eq. (3.1).as

Lim
AA + 0
Aw + 0
AA + 0

d3o

A.A.cos6.6w*AA

dA cose-dwdA [W911- -1].
(3.4)

.The SI units for spectral radiance are often given as [W-m-3.esr-1], using the same unit of
length (meter [m]) for wavelength as for other distances. However, it then appearsonis-,
leadingly, to be a volume concentration,

which it certainly is not.2 (In fact, we'll see
later that there is a radiometric.quantity celled "sterisent" that is correctly.given 'just

1See 4pendix 2 fordefinitIon and discussion of the concept of solid angle..

?Similarly,' if the waVe-number unit is given as the reciprocal meter [m ], the unit of
spectral (wave-number) radiance L dL/do. would be [W-m-Lsr-1],. rather thana
[Wm-2.ee-I.cmi;' as we piefer it because it correctly suggests a simultaneous distribution
with respect to area,_ solid attgle, and wave number: An earlier, footnote suggests that
frequency. :1THz] be regarded as.the basic spectral parameter: FrOm that standpoint,
wavellidkth and wave number can,be considered as indirett

measures of:;freqnendy,-rather than
as lengths or reciprocal lengths, per se, as'furtherAnstification

for treating tHip as
having different dimensionality fi-om other lengths..

'
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those units and is quite-correctly treated as a volume concentration.) Accordingly; we

Prefer to use a differentlength unit (also of more appropriate magnitude), thananometer
'[nml, for wavelengths and thus make ft easier to recognize and keeps r tk,of the different.
dimensionality of the spectral paraMetevin checks of uni'i-dimensio sistency.,

The*fUlly explicit defining equation for spectral radiance,.then4 sli'

.,

4,',,:..

\a,-,..'

deo

where

d34(ka,84),X)L
A
(x,y,e,a,A)

dA-cose-dw-dA [W.m-2.sr-1-nm-1];

x,y,O.,a kre 'definedrela'tiVItto the intersecting ray amt. surface
xonnection with eq. (2.13) ..(add figure. 2.7); F

L
A [W.d72.sr-1.hm-1]. is the spectral radiance'at,the.point x,y in the

direction. Ei,a and at the wavelength 'A; and

. e

ilOh;

element ..dAl in

c35)

d3(9(x',y,O,4,A) [W] is the radiant flux thr6ugh.the surface element dA = dx.dylit0].
. about the point x,y':Withip the element'of solid angle di,.) = sinede fa [sr].

. .

° ta, the direction 8,1041M6h4ithin the elementary wavelength interval (IX [nm]abOut the wavelength X4'.

7GEOMETRICAL INVARIANCE of SPECTRIalDIAKE. In the last,chapter, considering'only'the

spatial parameteri of position and direction, we found that the basic radiance L/n2 is
invariant along.any ray, in thedirection of that ray, in logsless passiye media where the
.index of refraction-may vary and where its value is n at the point where the radiance is
L. The same is true for the basic spectral radiance /n2 ot L /n2, in terms.of freA. a. ..quency v or wave number a, tespectTve1y.1 However, wavelengths depehd on,the refractive
index of the medium, so that. ),(n) = /kohl where A(n) is the wavelength in a medium of
refractive index n, and A0

this affectg the invariance.of

situation depicted in figure 2.

is the wavelength of the same ray in a vacuum: To see how

the spectral'radiance L
A

E dL/dA, let'i go back to the

9. We now'assume that the incident ray contains only wave-
lelths in an elementary spectral interyal dAl = dAo/n1 so that its radiance, in terms of
the/incident spectral radiance L

al,
. is given by

dL1 = L -dX1 =
xl

L tdAAy o ;.:(3.6):

Similarly., the refracted radiance in.the second medium, of index n given, in
.terms of, the refracted spectral radiance LA2, by'

dL2 = L .dx = L -dA /11.
x2 2 x2

(31)

According to eq. (2.22), these values of radiance

1See Footnote 2 on p. 49.

dLi dL2

are related by

-

NI

2 (3.8)
n1 n22
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in which we can substitute froureqs. (3.6)*4 3.7) and cancel the common value of dA0

to obtain.,

=
*

(39)

.

't12
t.

,. The invariant oribatic.apectral=wavdlength radiancee in terms 'of local wavelength X(n).,in
. ,

a medium of varying refractive index n,- is, ibut: L /n3 Oot L fra., ICih,workem;,-.
.orn ..'. ,:

however, preftr to Aeal'with,this problem by eirsitgotal sOeciral quantities, in terkainf
0_

liacuuM wavelengph' Ao = n.A(n)"1 and then.using the, basic spectral radiance in Ole foam'

, L /112. Also, in a dispersive medium, where the refractive index varies significantly with
o I ..

:

wavelength as, d(A) or n(A0), the value of n that would make q0osic radiance L1n2

invariant depends on the spectral content-of the radiance L = fLx.dA, which may also vary

along a ray. If the medium.iS highly dispersive,.the variation of n. with -A can also
. .

, .

significantly affect L,/nf, although the discrepancy ls insignificant in air at.,room tem-

peratures. However, the basic spectral radiance in terms of ko: v, or o is Ir /112,
Ao

L
v
/n2, or L /n2, respectirely, and is geometrically Invariant along each ray in all L.

..0

4
instandes.

,.°

I.

TOTALfLUX in a RADIATION BEAM. From eq. (3.5), we can write he expreasion for the ele-
,

ment of flux (10(x,y,8,,,A) along a ray of spectral radiance LA(x,y,0,0,A) through an.

element of surf e dA = dx.dy at its point'of.intersection x,y with,the ray and within

an element of solid angle dw = sineded43 cabout the ray in the direction,' e,cp and also

within a spectral-wavelength'element 4A.4.,,a abgut the wavelength. A. is ,

,

,cq?(x,y,e,c1),A) = yx,y,6,0,A)sinENdwdA-dA

= L
A
dO.dA [14],

7

' (3.10)

411t

the counterpart of eqs. (.23) and (2.28), now also taking account of spectral4avelength

variations and functional dependence. 'Then, if we know the distribution Of spectral radi-

ance Lx(x,y,64,A) over an area. A that includes all points of intersection x:y between

rays of a giVen beam and some referenCe surface, over a solid angle w at each pOipt x,y

tfiat contains all directions (3,4) for rays of the'beam that pass through that point, and

over a wavelength interval A) that-includei all wavelengths A for which there.is a

significant amount of spectral radiance,1 the total flux II in the beam at its intersection°
se

, With the reference surface is given by

c,

o fff L
A
(x,y04,0,A)edAecos6edwedA [W].

Awn

r

1Strictly, 'the integration should cover all wavelengths A for which L
A
0 O.

(3.11)

Also, uae

of the symbol AA in nc wav implies that the interval is small; it may be of any size,
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This is the cOUnterpart of eq:'(2.24),
toWhichtheepectTal-wa7velength'dependence had.now

been added. 'For a mare.completely expliCit expansion of this ttiple integral, see the,

. . ,
. ,

. , e c ., . ,
- footnote below eq.40.24) oi Appendix:2.

7 At.the beginning.of this Chaptert called attention to the 0.0e OPettral. variations

.

thlit Commonly dOcutl.: It is quite unusual for the spectral radiance L(A) of a sour,ce to
! be a constant oveva Wide band of wavelengths; ;However, theie are many eituationswhere
the.ridiance L IL

A
(A)*-4 A4a a constant, Ea a u*eful liegiee of approximation. (ptacticallyA., .

. ., .uniform and iSotr yapiCthrou.ghout a beam of radiatiot. Hence, even when.'there is a signif17
-,cant 'spectral veriation,.the relatiOnslps given in eqs. (2.25) thTough:(2.33) may 'be MINA- '4

cable and are Often,'Imeful.
.

*
,

I 7, .4. .. ,:.:

.TRAN8FORMATg/CfrOm iii0WW.SPECTRAL-RAD/AlikilfSTRIBUTIQN to ifLUX:at AbigiHtlt. LOtATION. We're.
,

already seeCt4at.-detector response canfte.highly variable as a funcgon of the spectrali .....,4417.:
'.parameterlength. The same is trUkiOf;bt:her interactions with latter4hat produce

attenuation along a,propagation path'. ACcordingly; eq: (236) must!now be rewritten-to

.4 .

define the spectral7rdirectional propagance for.a ray through the point .x,y in4he direction
and Of wavelength A' (at that point 'and in that direction) as

L ,p(x,Y,e,(01A)/1,x,i(x,y,(40,),),

Similarky, eqs. (2.37) and (2.38) become, respectively,

-.and

x*Y*64*A) = (xa*e*OvA)/T*(x*Y0,01A) W.m72-st 210
.

'

(3.12) 4

*1:1
= LÀ (x,y,e.,0,A)--c*(x,y,. ,t0 [Wm7 -1] (3.14)

-.... . ,

:
...7 ,

forthe tvinsformation from a known spectral radiance atone locatd to that ai.another
jloZation, along the sane ray when both.pointe,are in the same medium (same.refractive index),

,Liewise; for thp integrated total,flUx in the.beam at the' desired loCatio4,, eqs.,-(2.39).
,

.and7 (2.40) become,. reaPectively, ' .

and

(4k

-1;4 .

yjilALAI.cx,Y$0,0,A)*T*(x,Y,e,s',A4A....cosb..dwdA tW].
.

Ve reemphalize that these relations hold Only.,when the pointkof incidence,.Where L
,

exists at the beginning of each ray path, and the point of exi;ence, where L,
4

exisad
*P :.0°atFthe end of the ray path, are,in ;he same

medium,(same'refractive index). Alio', beCause:
. -

invariance of..both the radiance and the associated elealentof throughput
,

.of the geometrical
.
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along each ray, thg reference surface for the coordinates x,y,O,O,A may be at eithet

location, or even at a third location, as long as the same coordinates and the area A,

the solid angle7 w, and the wavelength interval AA (all containing only, and all, rays

of the beam) are all consistently referred to the same reference surface at its inter-

section with the beam. Thus it is possible to choose the reference surface where these

quantities are easiest to evaluate.

In the more general case, where the refractive indices at the points of incidence and

exitence are not the same, the transformation must be based'on the geometrical IriVariance

of basic spectral radiance, taking 4.nto account those refractive indices, rather than on

the irivariance of spectral radiawe'as above. Otherwise, e:rerything proceeds'in the same

way.. It's all quite straightforward, but the expressions are longer and more Complicated

4and 'they are seldom needed.

REMATNINC RADIATION PARAMETERS -- TIME and POLARIZATIO . The spatial and spectral param-

eters, which have now been covered, have traditionally received the most attention since

their effects ave.almost always.signifiCant. On the othex hand', we may often safely ignore

the.remaining paramapirs, time ar frequency of,fluctuation or scintillapon, and polariza-

tion, especially when an uncertainty of a few per cent or more is adequate. Accordingly,

we will put off'Dur discussion of the remain ng parameters for a while and turn, next, to

the measurement ecination,,to more about spatlal distributions, to thermal radiation, and to

iihatometry. But we sttiongly caution the reader that, in doing.so,' we definitely are not

recomainding this as the ultimate or correct approach Por accurate measurements. It is our

conviction Hiit many of the problems and inconaistencies that arise every day in connec-
.

4

tion with optical iadiltion measurements can be traced to these remaining parameters, par-
,

titularly ta polarization effects, that are too often ignored.' We present things in this

oraer.because we feel' that it will be easier for the reader to grasp the new concdpts when
,

they are presented in this way. But we strongly.emphasize that, until all of the:param-

eters are included, the treatment of-the measurement equation and related topics must be

regaMed as only preliminary and incomplete. It will have a substantial area of usefulness,
, .

but the limitations on its usefulness must not be forgotten.

SUMMARY of CHAPTER 3. The distributioa of optical radiation with repect.to pOsition,

direction;'and wavelength--the spectral-geometrical or spectral-spatial distribution--is

spectrallradiance

L-(A')
A'

[W.m-2.sr-1-nm-1]
A

. tr,,more completely,

(3.2)

d30(x,y,0,4),A)
L A (x y A) =

.diocosO.dw.dA
[W.m-2.sr71.nm-1]. (3.5)

,

The spectral parameter of wavelen OD] may be replaced in theSe defining equationsir
,r%.

by the more .baeic spectral p eter o requency v [THz], or by the other spectral

'parameters of vacuum.wavelength0 mnm an wave number a [cm-1], both. of Zthich also

.
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U

remain constant during passage through different media (difierentorefractIve'ine4ces).1

4

' Like radiance L, ...spectral radiance LA is geometrically invariant along any ray, in

the,direction of the'ray, in akisotropic, passive, lossless medium,. Ia media Of varying

refractive index n, the.,invariant basic spectraloradiapce depends on the spectral param-.

eter. For frequency -v, fo wave number a, apd.for those.who transform always to the

vacuum wavelength X0, it is w/2, L /n2,' and L' /n2; respectively. However, fAIF
A°

the spectral,paiameter of "local" wavelength X(n), where'the refractive ledex is n, ihg
basic.spéCtral-waveleneth radiance is

X
/n3.

. ' 4 .4,
. .4,! c . ; .

The element of flux associated with azay of spectral radi0Ace
L'''' i'givenby,

. 1) 4P, X
.4

d'D(,?c.Y.O.O.A)' = L (x,y,0,0,X).-C-ONedw-dA.dX [W]
X

.

= L
A
..dd.c1X [W].

4
(3.1p) ,

The total flux in a beam, given the distribution of 'atiectral .radiance at its intersection
..,

with a conveniAt reference surface, As

0 = fff LA (x,y,0,0,X0XcosOdw.dA [t4. (3.11.

. A w AX
P :,

' 1

Except:for Lhe fact that the additional radOciou.pavametérs, 4me or frequency of modu4-'

tion or fluctuation and polarization', hiye been ignored, eqb. (3.10) and (3.11) are.ggrieral

relations of wide validity. In particular, they arg tiotAn any way ilepeockgnt onethe 'index

of refraction. .

. For the simple transformations,from a known spectral radiance of spectral-radiance dis-

tribution for the rap of a beam at one location to the Astributicin or,the integrated

value of flux in the same beam at another.location, based'on the-geome 71cal invariance of
spectral radiance, it is nd6ssary that both locations (botfi intersftting surfaces)

abe in the same medium (sathe refractive,..index). .jhetransformation:relaons

.
wand

L
X,i (x,y,O,O,X)

L
AP (x,y,0,0,X)

= f f

= L
A

(x,y,64,X)/T*(x;y96,O,X) [W-m-2-sr-Lnm-1],
.P

,

(xiY.0.4,..)T*(x.Y.e.0.X) [14.m-2'sr,-1.nm7)],

[Lx (x.Y.8.4),A)/T*(x,y0,X)].dX.dos8.dwdA [W],
AA 'P

(3.13)

(3.14)

(3.15)

= I I I ,91.(x,y,6,4d0,*(x,y,(3,4),A)-.dx.cse7do.dA [W],P A w AA
( 3 . 1 6 )

.When,the refractive indices at the twalWocationS are not the same, sim44ar. but somewhatZle

complicated expressions au& be used; based on the geom'etrical'invariiince of basic spectra

radiance, taking info 'ficAunt those refractive'indices.'

4')
',See footnote onfirlk page of Chapter 3.

55.0
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ApOendix 1. Units and unit Symbols.

W 6 A, e

The blitse uniAs of ,the International System (SI) are given in Table A1-1, which fol-

lows Table 1 of [16], except that we have added the squifre brackets enclosing each unit
:10

sym That practi6 was adopted to emphasize. the dimensionalfty of the units and the
.0;0.

ess,of that dimenaionalityin routine unit-dimensi6n7consisteqcy.checks and anal-
4 1yses to cope with thelreat diversity.of nomenclature in the literature on optical radia

tionlikaiUrements.

I .

Table A1..-14

V. SI Base Units

Quant* Name Symbol'

_ength meter [m]

mass kilogram [kg]
.1

tl.me . , , sepond Ca].

electric current % ampere [A]

k
thermodynamic temperature kelvin [K]

amount of substance. mole [mol]

luminous intensity . - . candela [cd]

7.
'Of ihe.SI base unitaefhe one of,w4cu1ainterest in the branch of optical radiatiop.

measurements known as ONotometry is tbe candela, defined officially as follows: 4The

candela is the luminoud ),ntensity,.tn.the perpendicdlar direction, of a surface of

1/600600squareeterof.blackbody at the temperature of freezing platinum under a

pressure
.

4C101 325 newtons per
w

AA,

4

s-6 COI;

41

-

440

.

square meter

71

56

{13th CGPM (1967). Resolution75)." [16].-J

a

,

fi;



41. 4

Factor

Table A1-2
4a

SI Prefixes

Prefix Symbol

1018 exa

1015 peta

1012 tera

109 giga

106 mega

103 .kilo

102 hecto

101 deka

Factor Prefix Symbol

10-1 deci d

10-2 centi c

T 10-3 ,milli ' m

10-6 micro U

10-9 nano n

ic 10-12 pico p

10-15 femto

da 10-18 atto a

.,.

The names and symbols-listed above are used, in combination with the names and sym-

bols, respectively, of the SI units, as 'prefixes to form decimal mulAitIles and sub -

multipfes of those units. (This table is bdsed on Table 7 of [16] to which wehave added

the two recently adopted1 prefixes "exa" and "peta" f9F 1018 and 1015, respectively.)

1Seg, for example, NBS Dimensions, Vol. 50, No. 10, October 1975, p. 229.

4



energ

radiant (directed.

'surface) elmur.e

ridiant ( kite.

ding) fluence

tadiaat (molm) density

'radiant ;ler or ox

maim intensity '

radiant [Dom (directed.

surface) density

ittadiance ,111

e i:t.coeNw

got eitooe

, Idiot ( , hi*
tiooal) flume tate, t e''

( 111-1

hot

1A' '11effn1t1ont1' '

Q1111

1,11 IldM; joule rot quire meter1

I L.cos1 wit

F,11 !
dt

di; joule per ppm
E

meter

v;ve 41d1 'Jodi per cubic meter

dOlt mitt

1,1e vitt per swede

1$161.
'

teatime L,1 d41(dinos1.du);

hi(di'dm)

a ,raditt sterbent 1,1 dt dlid1
I 1

orgy

spectra radience 1 I, dtlfi
1,l

(othet spectral panties ire similarly treite11)

[Pei

11.1"11

11 ,

rotted. 1,11

Expostre

i.direc 1,1t

lace

1st) density V,W

M,se

1,11

11,110

vitt perlguire meter 111'1'1]

PI\itVE per soura meter

matt pet mite meta lid

stergiii

vitt pet cubic meter ad

j

ot flux

lofty

(directed-

density

ohle 4.1

11 ilerivet hits for Winery

hit

joule

jouie, per spare meter is11:11,

,

Uni,L1±1

joule per quire meter

joule per cubic meter 11.101'

d11)Idt matt , NI; OD

Pei

too

.direc. Ft' Felt

lace rate

joule per monazite! (1,n111

sag pet sloe mete!, otetn, 114.8r112

ammeter

till of these putitiea ire definii lad Afoot] in Chapters 1, 1, ed 5,

ttdl sphola are defined sad u4d elseshete in thia haul; it is *atm to distiquit di s element of

(diluted) surfacti,' da Cr011'intional its of *laical emit; dt I el t of [merited (emitted or,

scitterti iito lay) ridiarie; dm 2 eltmet of distinct ,i17 lir; ill elect of 110121;18i at I eltilta of t

1,1

a a
141,

it.cfs11.dm

d2M10com(oh) i

d1M1(da'iml'

Idx; dild1

s)

lot two

hate 1,1,0

tral pantititi ate siilor1 treated)

vitt per steradit (11.1(11

k
,vatt per some 11106

1

matt per spare meter

vitt per spare meter Ind 111.1(1,srlj

studied

iatt per cuhic toter lad (Itie.srlj

sterodivo

joule pet tow

vitt pa spirt meter, stettiiit, (11,61t-111"

and molter

se pintities ire defined ind diicussed in C1144016 L 1, ad S.

ls ire defined Ind usi elinhete io this halal; it is importint to distimpish; dit element of

,

) !ghee; C1088-sictioall itti f iphotical Ilea; dt elect of itteritid (emitted or

/ 1 0 '
into toy) ridiance',.dm 8.1elemeit of distinct along rig; d1,1 eleloi of volute; ad dt,, el t of tit



geantit/

luminous energy

, luminous (directed-

surface) exposure,

luminous (omni,direc-

tional) fluence

luminous flux

Table A1-4

SI Derived Units for Photometry

Unit,

lumiU-seCond;:(candela-ateradian-second)
,

lien-sienna; (talbot) '. .

, ,

,

lux-second ' '. '''

.....

(canderi-eteradian-se4hd-per
squarOleter) .

lumen78econd perisquhre meter
,i,e .

F,Fli lux-second
. ({,, .:

.

(Candela7steradian-secciEd 'per Otitingleter).ii

lumensecond.per square.mitki0 w.'7.$ t.74

'luminous intensity' I;i

luminous flux (directed-

surface) density
w)liv

illuminance (illumination), E,E
v

luminous.exitance'

4

F
, 4.. t. v,t

luminous (omni-direc-

tional) fluence

luminance

luminous sterisent

. lumea; .(candeia-steradian)

lumiq
h..

'Unit Symbol

[Ips); ([cdsrs])

Elm's]

[Ix's] .1

acdsr.s.m-2]

[lmsql-2]

: [Irsl

'([Cdsr.s.m-2]

[1m.s,m-2]

, tandela .1td1,. ,

%. lumen per steradien

. lumen (candela=steradian),ger square,meo ((cdsi4e2
lUmen Iper square.meter 1 , .f2J,

lux; (candelkiteradip per square meter).
;

lumia Ter,s4uate meter ,

lumen (catidelarsigiadian). pel squfte metet

lumen per sqvare heter, .

(candela-iteridialt.t.ir-squaretmeter)

lumen per square meeler

candela per square meter
41

lemen per square meAer and ster* ian

.0,1.
1

'candela percub

lumen per:cubic

. .

'NOTE: The first erstry.or.entriel foteach quantity:

Ilse unit. The last entrffoi e#ch quaiitity is:the,

'that parallels the,correspoadiiiiiglio4t4c unit'41i't

Corresponding quantity in; Taiiiii.'44, efinitiOned,'

also' applY to tile correpOnding'qual# 'listed here.,
. .

. .

-, p ,

., y

, .

[ix ; acd.r(s».72

'

[3:111-2];(101-sr,m-2

[lx] ;..(tiPsp;i01)

(.1m10.sr-

_



ergy

irected

exposure

4..

D

i-direc-.

luence

Table 60

SI Derived01ii for Photometry

§A9A. . Unit

lumen-eecond; (candel8-4ieradtin7second)'

. lumetHecondtitalbOt)

, lux-second

Imindeli;literadiitn-iecond-per square meter

lumeaieCOnd'pe; Square meter
.

,

, .
0

(candela7steradian7aecond per square meter

lumensecond persquare meter,

0 lumen;, (candela-steradiaa

lumen per steradisn:

;umet,(candelikteradian) persquare met
. A luiren per AnStelieter

; _lux; (caldela-steradian per square mite
. .;- klumen per. squa4

lumen (candeli,steradian) per square meter,

lumen per 'square

f,F ,F ...ltu4,,(candelasteradi$0 r square,ve1s10,0

lpen, per' eqaare ,

direc-.

uence rate

kT3 !

eandelaler square meter

r squarerteter 'and steradian

ell per cubic meter

'per cubit deter ahd steradisn,,,,.

. 4
.

,.* * .
. 4.

,

.

a "fOr;OliCh vaatity.givse the strict SI units;,

h-,.cmititi:is the slime ,nnit in tertas of diel

ra oietric utiiOn terms 'of the 1,...0t . lin .e.tor

he7404tions iniag eqUitions) in

ilaitilies liatell here. . .. 5

' 'I A , .

I,

;
4 '

. .

the candela [01, itt the

pr ltimen-second' f1.m.s1;

respeotivelt,. for.,the

e, and thelociinoti 6ere,



Table A1-5

Some Additional non-SI Photometrit'Uoits

Unit Symbol: .

..-.:,..

SI Equivalent Quantity

apostilb . [asb] , '':,:-.:;..c.): *.r-I[cd*,!e2] tf- lnmipance

candela-second

footcandle

[cds]

[fc]

,

,

1[Cda]

* 10.764t100m-2]

,"ergolomIc
intensity*

illuminance

footlambert [fI] ' ¶ l[cdft- ] , * 3.426[CdM-2] luminance

lambert [L] ¶-l[cdcm-2] 6 1041T-[ccim-2] luminance

light-watt**. [LW] -.1K.VI.L.1110 680-[lm] luminous flux

phot [ph] 1[1mcm-2] * 104[1m.m-2] illuminance'

stilb' [sb] l[cdcm-2] * 104[cdm-2] luminance

4.'-*
The

.
.

CIE [5] seems not to have any term for this quantfty, nor does there, seem to be any
.ia general udt other than the term for the units, although "beamcandlepower-second" is

t 'also.used at times. This term for the quantityls taken from Jones' "phluometry"-pro-
,,posal [17]. .

...h

''.**The v-watt [iii] is related to the unit of radiant flui,:the watt [W], bi

760
'0 = f V(A) 0 (A)dA [W],

, 380 e,

_where ..
.

V(A) [dimiensionless] is the Ohoto2Ac spectral luminoua efficienei [5,18],

A.[nm]. is the wavelengih, :-)'.. . . .

0 (A) [Wnm-1] is a distribution of spectral radiant fluX as a function of.
e,A -

: wavelength, and
. ..

,[iW] is the luminous fIux'in light-watts of the radiation described by
the spectral:distribution 060,(A). :

. X--

..r. The luminods flux, in lomens, in this game beam7Of radiation is..given by.
....

0
v

* 1K
ill

1.0
t

'; '6804
2,

[.m], ,
. ..

where

680 [luW"71] at A k 555 [nm] ia the maxlmumolpectial luminous.
efficacr(oUradiatinn) [148].

0

Note that'both the lUmen and the light-watt are unitedUluMinoui fldx. They have,the

same dimensionality and differ only by the 'muierical'acale..factor::IKIIII 010.,',.There

axe approxigitelq, 680 inmens per light:-wAtt ai.all wavelengthi in the visibla.region

mf the spactruFtWhere 760.1.0M]..



Ciantityt '

, 4

° 'photon energy
t

.

photon exposure

tf
phOtorr fluence

.s' ,

photon flux ,

photon7flux intensity

photon -flu (surface) density
t . ,

indldent photon-flux.density
41%

photon-flux exiisnce

photon-flux fluenctOtate,

phnton-flux'sterance (radiance).

photon -flureterisent

708

Table A1-6

, Units for Photon-Flux Radiometry

, Symbol. Unit :

QA ''
P

11,11

. P.

F,F .

P ,

ivantum per.sycOnd
,p

1,1 'quantuiIer second ando4era4ian.
',1 4

lot seCond:and squat teter

M,M , . =

F F.
.41iiiilvlet cOndiand square.miteit9'1))? '.;41 :

LII. ''', ','' quantum4er.setak84.1quare meter, and steradian
41!. .,--;;) ,,..

quintukpersecondl iSpic meter,.and steredian

quaritumtt

fr

*

quantum per square meter

L%*

Unit Symbol

[q]

[1.2-2]

(vm-2]

kreleirll

Nee

[cps-

krir1.e2,18,111

[q!8-1111-3'13r-1

tDefinitions (defining equations)'are the sate as for cOrrespmaLki qi;;rititie0!in Table A1-3. Also-spectral quanti-
ties are formed as shown in that Table.

ttile number of photons or quanta in a beam of radiation is freqiently regardigas a pure (dimensionles# dumber,
the ratio between the energy in that beam and the'energy (hv) of an.individuatOoton Or quantum. Howivei, that
number is ce,rtainly a measure of the "amount of radiation" in the,beam and-it As not just a numberobut is a number

, of a Aistinctive physical quantity, just as the number,of joules,is a physiiii quantity. AcCording1y, it is useful
to assigirthe quantum per secaad (q.s-1] as the.unit of photon flux. Then ill of' the other geometrical quantities
and their interrelationships and units parallel exactly those.for radiant flur, luminous flux, or any other flux
of, a physical quantity propagated in rays that obey the laws of geometrical optics.

NOTB: the einstein E] R-NA '(41 (where N is the Avoga ro cohstant, the number of molecules (particles) per. 10

[mol] of any substance), is widily useA as a (much larger). unit of photon flux. (The latest value.of the'Avoisdro

constant in IBS,Spec.Pub. 398 (Aug.1.974) 44 given as

1 I

41A'
a., (6,021045't 0.060031)°x 1023 barticleemor 1.)
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iabll A.1-6

Units for Photon-Flux Radiometry'

Symbol. Unit

gY Q.Q quantumtt

sure EH . quantum per square meter
P

ce F,F 11 .1 u 11

.0,0P quantum per second
..

. .

P
intensity 1,1 quantum per second and iitradian.

P
.

s a.

(surface) deniiir; 14,14

ton-flux density
. E.,E qUantuM per Second and iquare meter

. P ,... ,
t4

,
mxitance 1,14

A'P4,,,,..
fluence rate . F

t
,F
p,t,

quantum per se liqond and sqnTe meter

sternnce (radiance ) 1,,L

P

sterisent.
.

1.11,*

.. P ,

.Unit Symbol

tql

(q.11-2J

/q.m.11

qq.8-11

quantum per seiond, square metagi:snd steradian

It.,
quantum per second, cubic meter,'unTsteradian

Eq.

4q.s-1.m-3.6r41'

(definfng equations) .are the SUE as ;for corresponding'qUantities
(n Table.A1-3. %Also spectral quantiformed ai shown in' that Table.

. 0

'of photons or 'pinN ta in a beam of rad1at4aN is
frequently iegarded ak a pure (dimensionless) number,.

...Nein the enerelp.that beam and. the'energy (hv) of an individual phOton-or quantum. 'lioweverthat,
rtainly aMeasure.of the,"amount of radiation" in the lea and it is not just alUiTter, but Is a number
tive phy4Cai quantity, juit is.the, er. ajoulis Is l'physical quantity.

Accordingly., it is useful'.
e quantua permecond. [0711.as the' t nf photon flux. Then all of the other geometrical' quantities
terrelitionships.and:uhris porallpleiactly,thosejor radiant flux, luminOus flux, or any. other'flux

, .
.

., .1 quantAty propagated lniays-that.oliey
thees of geometrical optics.

'..,

instein [EWAIA) ;Mere NA is Os.Avogadro,constant, tié num* of milc,)lecutes (particles) per mole

substancel, is widely used as a (much larger) unit oi photon flui.'. ithe latest value of the Avogadro

Spec. Ptlb. 398 443 1974) is gilt,

(6.022045 011003i) 'x' 10" Cparticlerpori).)

4



Alipendix 2: Spherical Coordinates and Geometrical RelAtionShi t3
.

SPHERICAL COORDIATES (solid polar ceord'inates). In almost all optical radiation measure-

ment.situations;.we are concerned with the flux through'a referende surface that intersects

.1;heam oUradiation.. We neeircoprdinates for silcifying, at each point of that reference

'aurfacec the'prection of very intersecting ray incident from (or exitent int()) the entire

hemisphere above the plane tangent to the reference-surface at that point. That is the

. plane containing the element of suriii* dk at the given point. The moat usefUl Coordinate
-

gysteM for this.purpose is illdStrated'inligure A2-1. atioi' given.poJat 0 is 'taken as'the

Origin. The normal to dA. at 0 is chosen as the pOlar axis foraiterical coordinates,-:

or the Z7aZia tor rectangular coordinates. The tanggnt plane, containing the element dA,

-lathen-the' X-Y plane. kstraight line extending from 0 in some convehient direetion,

in..that plane is seleCted as the azimuth refereace or X-axis% The sphericAl Coordinitera

ky POiPt .P )41 :EA as shown in the figure, ate then p,e,f, where p is:the length °

flf,the line -OP:, CIS the polar angle between the line OP and the.polar axis, and .f

ponding rectanrr ular coordinates,e the azimuth reference (the X-axis). The coesg
!latheazimuth angle in the tangent plane between of OP on that

plane aa

P 'are x,y,z, w6re

-

,so that

Usually, we:are

a'particular po

by 'just the tiqp

.p.sine.coaf,

y p.sine.sinf, and

z. -pcose,

p . (x2 4. y2 4

e tan41(x2 + Y2)/z

tlY tan'l(y/x).

dancerned*Ily with

Ent on the'raf. -The

angles .6,4. !Also,

.the direction of i ray,rather th#a:the'COordidittet of

.direction,of the ray through .1:r-arie..P .qa%specVied-

whenAhey are often confined to4ie-hemisphere above.'

the7tan4ants.rline,: p.s e s+71./2 (rad]., and O. Sf 1 27r[rad]..

. ..,
:,/!...;

., ., .

A souriMu. One pi the best ways ,t0grasp.the cOnCept of wsplid.anglnis tynailogy

With the porresPondiag features,oilhe':Sore familiar plane angle. ACcOrdingly,:we'll:start_141_.

with filitief rook.at'lilane.angles. . ..,

:., A plaae angle, fcitrmed..M? tWa straight lines that.ueat at a point,' the 'vertex, ik

defined as tbe.locud;of all directions thatWay.be.,,pcCupied by either'lind as it is totted

About.the tretex co IT ng - inxodirectiodal coincidence withtbe other line. Por.esamhe
-li

- JUT:figure At-4-the'i.in 'jail& OB foroCtheadgle e- aPthe'Veite3C.0..:Tbat ii.tite-.
'Anil.; .iii1140.11141 Of t j41uediate positionanhat could ba Otoupiod4by eithat0,ine. as'=

94.1s eataved,about b it tuttixdincisletic,0 withthe'direction,pf the Ottiec'll'Ir'. :
h 1,...!: A showais cOverOd by:the mOst diredi sansb'for suth4 -:

°

-..Noteteat.:the acute an

totation, tiO4e4er,,..thteejliles
,

O 'define an teripr obtuse angle ot (IOU -:e.).Ades]

.
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Fig lire A2-2. The same plane angle a Subtended. at

' 1; the -.5..rcu1ar arc CD,

,2. the straight line EF,

3. . -the curve E F ,
1

E"F".
,

0 by:



or (2x - 6) [rad] if the rotation is in the opposite sense [the units.are defined in the
next,paragraph].

The Itngth of each line is immaterial, just so it's long enough to bea straight-line
segment. In fact, an angle is-alkformed when two curvedliines meet if it's possible po
draw the tangent to each curve at the point of,intersection, Ehe vertex.- The anglipbetween
the curves is therp: the angte between the tangents. Hence, it is also the an;le,between.the

. .

infinitesimal elements of the curved lines at.that point. In figure A2-2, the lower
straight ,ling OB intersects a transverse straightiline at F, a circular arc at D, an.

Irregular curve at F , and the extfeme point of a lane figure at F". The upper straight
line OA is too short to meet any of these same lines or the plane figure, but.its exten-;fr

sione.inpersects the lines.at E, C, and E', respectively, and iS °tangent to the plane
.4;tig"ura,;at.:4.54`.ntofidr.'extremity at E". Then we can say that the angle e intercepts the

/4Tepte-EF.,,:CDd and just encloses : aRtainsathe.plane figure E"r";
...1.v.topv1040Iys.':elikline'segMents and the plane figure all 1.144nd the Ante angle, 0 at .0,.
.r/nftp4rtitUi4., tbe.7.tirtular arc CD has its center at 0; so its length is a measure'of

' *the 'anglie i-adtats the size of the angle is given by.tphe ratio
of the.a14:1cD toAts:y rda4ugi Or -OD:

.. . 4.
71,1°1

gia LA
The'.:111agAtuide of'the same apgle in (circular) degregs "[deg] is given by

, .

= CD/OC jrad].

= (l80/7).(C6/QC) [deg].

Pf ihe length

A solid angle is similarly formed 'at a point, also called the vertex, by a conical sur-
fate or cone. The cone, in tiarn, is the surface that contains all possible straight lines'.

is t4e locus of thAe lines) that extend from the vertex point to a point on some

closed,,simply-conoltTeigcurve, in space that does not pass through the yertex. Rich a
"curve," using thiiefts .broadest ense, may,include straightrline segments and

-
dis-

continuous changes of-direction or angles:. It is only revtuired that, starting from any
Point on the "curVe" and traveling,along it fat enough in either direction, you return to
the starting point After :pasaln.g ice, and only Ate, through every other poin't on the.

A"curye." 1111 Particular,'wheb. the:i'aiive" is made up tntirely of'stradght-line segmenta that
forM a polygon, the "cone" is a pyramid.. On the

to

ther han4, when a,pencil of rays conVerges
on the axis of a'cylindrical optical system, with

circular optical components', the solid
-angle formed at the focus is bounded by a right ciicular-cone and a solid antle.is tery

oftenelyo depicted.. In fact, speaking loosely, we often sax that the solid qngle is a right
circular 'cone. However, there is really no such limitation on the concept of a solid. angIe

which, as we Have juSt seen, tan tre formed at the vertex of a pyramid, di of the cohical

surface formed hy the straight lines joining the vertex to a closed curve of almdat any41,'

shape.(aee figurk:A2t.3).
, m

Likeoa plane angle,.a solid angle can be defined ag0a locue of ditections; Vit is the

65

8 3



fr,

Figure A2-1. A1id allgle.
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locus of all directions lying within the defining cone.

there-are always two possibilities: the acute interior solid angle and,the obtuse exterior
solid angle. However, unless the contAri is ttated, it ii usually assumed to be'the acute,.-
interior solid angle.'

-Any pfane throUgh the vertix of a solid angle that intersects the cone-enclosing the
% 0

I

Also, just ,as 'with a plane angle,

solid angle will do so along two straight lines that meet

angle.

angle

413ace,

, Thus, we can consider ligure °A2-2 as depicting

having its vertex at' 0 alid with the points A

that defines the bounding cone and, accordingly,

at the vertex to fops a plane

such an intersection with a solid

and B lying, on the cldsed curve in

does'not pass through O. Then the
straight-line segment EF represents a plane area, the arc -CD sphericel-Surface.area;
the line segment E'F' an irregular surfaCe area, and.the piane figure ri."!4a sectiOn
through an irregular. solid object, all of whicti subtend the same solid ahgle :w at. O.

The measure.of a solid angle is sometimes confused with the solid angle itself. The
solid angle is that which exists at tBe vertex, regardless of the extent of the:bounding

conical surface, just as.a plane angle can beformed at a vertex by very short straight-line
'segments, or even infinitesimal line elements. The me"asure of the solid angle; on-the other

hand, is provided by the area intercept

definihg curve if
4
necessary, on the surf

plane angle is measured by the intercepted arc of

d by

e, of

the bounding cone, or its extension,bftolid the.

a sphere centered at the vertex, just asthe
a circle .qentred`et verteXe:. The .

magnitude of a solid angle w,in steradiant [sri isijust-thd ratio of this interrO,eptet s

spherlcal-surface aiea A to the square of
5 -

the radius p of the sphere:

:

w = A
s
/p2 [sr]. (A2-5)

A SOLID ANGLE ih SPHERICAL COTgDINATBt. To expreii a solid angle
a. -

w in spherical coordi-
nates, we will start, firit, with lust an element of solid angle dw. In figure A2-4, we-
show the. angle 0 increaSed by an'infinites'lJial element d0 and the angie similarly
increased by. d. The. point PL, always at the same .distpce p from the origin 0, moves

04
over the surface of, a sphere of radius -p. The element of angle de intercepts an arc

''length p4d0 on the ephe sitlaCe., The element 0, however,

about,the polai-or Z-axt.s. ince, the point -P does not move on a

it follows an element of arc of -radius p.sin0' (the projection of
.0the X-Y plane, or odic) a plane parallel-Ito the X-Y plane through

scircufar are on the spherical surface is p.sin0.4, and it Subtends.an

ctf
represents 'rotation

great circle. Instead,

OP, of length p,, Onto

P). The length of that.

element of angle
,01104 [xad] at the originl O. Tgo' pairs of these elements df arc enclose the element of

sphericaf-surface area. dA '= co.sine-d0.a0,. as -shown
.-

dw, Suhtended at'thd.origin 0 (ty that. #ea
7

74 ; ' ' dw! 'dA
s
/P2

t.

angle

in the figure. The elemeft of solid

element 'dA
s

is, by eq. (A2-5);

t

sin00.0 [sr]. CA2=.0

It is 'also clear, since each of the.angle elemehts. de ;and sin0.0 is.in units of
. radians .[red] *hat their product is in units of square radians [cod2], just os the

n



* 

.Figure A2-4 "'An element.,'4f., solid angle 
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4.

corresponding'arc lengfhs p.46 and p-sin6-0, each in meters [m], have a 'prpductdA
s
= p2-sind6d0 that is an area in square meters [m2].. TAni., a steradian [sr] isa square radian [rad2].

Although,' e relationship
betweed.radians and degrees, ai ptane-angle units, is famil-

.

-JAY enough sihat most people feel they:Understand...it/,there eon6ision about their
liimensions. In the Case of a soli'dangle,vaimilpr

confdsiod eic ats concernink"dimensions
and, furthermore, concerning the'ielationship

between.steradiansiRad square degrees. Moonand Spencer (19]. have made a Helpful suggestion,
that we recognize the orthogonalitY of'direction between' radlel'lengihs

and -transverge lengths by designating their dimensions'las[L
r

] and [1..4, respectively. Then P plane:angle has rhe4imensionf [L
t
L

r
-1] rather

b.
than being a dimensionless ratio as in ehe usual trpatm 'The distinction may dot seem
too iMporiant when the same length units are used for. th th afc and the'radius to eval-uate he size of. anangle in

radians as.",the quot of these ti.To.guanti4esi. However, iiwe m -.
*asUre the arc in .smaller units

RI
, equal.to n/180 1.745 329 tix10-2 . mes the lendh

unit for. the radius, the
quotient,will be-OP size.of theaS'ame Ingle in degrees. CareYing-this one step:further,, we can ,now relate te-unit

Of solid angle, the.eteradian'or
squarelii.. ..

.*rad an, to the square degree :quite simply through this same relationship, since we'have
est biished the equivalencerf

a steridian and a sctuare ra44An. 11.

1[4Pg] =f' (1T/180)[rad] 1.745 329 x 118-2[rA11. ' (A2-7)
4, 4 -

l[deg2] "-= s(i/180)2(rae1y = (u/180)2nr]

3.046174 x 10-4[srgit P
'A 4 . 4

.

_Incidentally, the useEulneas and utlidity0Of the treatment,baSed
on ,the suggestion by

,.

. 6
,

..Moon and Spwcer is well brought put by the waA'in Ach itttlarifies the confusion about

..

Jthe dimensions of work or energy'and of torque_orMement, something that .bothers alMost
. .

.

,'every.physics student when first lbtrOduced to dimenspional analysis. In the notation'usedt- 1 .. a''. above, woriTior energy hal4 the dimensions of force times cOlinear length--either [F
r

.1.
r

] or
i
, .

[F 4,1. ] -;-while Aprque or momOnt hasHthe dimensions of force times.orthogonal ength,- .06Yusually [Ft.l.r]. Butl*Ork or energy is generated when a torque or moment acts through aplane angle. , Dimensionally, pat situation is"described
by. [ft.l.r].[Lt.L

,m, [F .1, ],which is gratifypglyi,self7cifsistsnt.

.(A18)

SAmuch for that digression into, units and dimensions. We.obtained the expressionjorr-
the eleMent of solid

angle...in sphericaPtcoordinates in eq. (A2-6). Th:integral of that
. -*

8

quantity over.the4 .appropriate limits thed.proyides us with a general expression for any
solid angle,in spherical coordinates:,: .

w = f f [sr].
-8 (A2"--9)

For example, it is often useful to.haVe the'eximession for the solid angle at the vertex of
a right circular cone of half-vertex angle' 6

h . If we choose the polar axis 'along tWaxis
f ..

.69

87,
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and the origin at the vertex, as in fAgnre A2-5,,.it is eaSy to see that
k

= f f sine.d6.dtk4..= 2fl(1 - ces0
h.

) 4n.sio?.(0. /2) Isr]..
.

and

sphere
= 4J [MI 4.125 296 x 104 [deg2]

F*411y,'we want a general'expressien for the,elem .se]ikangle: 'clw12 [sr]

tended at a snrfaee eled4t di.1 by an arbitrarily'orie aee element dA0 Z
'a distance of D [m]. Mita situatiOn i6 illustrated in fi , where dA2: is.

k!'

with itsnormal.making an Angle 02 tiith the line joIning 04 Tiea elements. 'I'

" 7,'
evident in the figure.'tha,t,:the solicf-angle element dw12 subT 0dA1 e4y, dA2_

,

an area g4ment dk=cos02 on the suwf'ace of.a sphere',,

from eq. (A2-5), wveap write immediately

cepts

Then,

60cone

such

dw12 = (dg2.cos02)/D2 l[srlire".\

Up to this kinte.we haim:conaidered only the.Spaplest forte.4blid!angle.Whare",ale,
11;!' :

enclosing the angle'it determined by a simsireennected et.i.kve ic,!.!/evet, t,,N1 dr..'mere

simple selidAgleS can be combined in,war ous ways to. PrTiuteirchlppre Complircaied

For example, as illustrated in figurliA;77,..the solid'ang!tOilled.bf coverging_

the focus of a Cassegrain-type OptitAlOyatem.is 4 "hOilow".:coelliereare conr
the solid angie betiOeri tfo'.,Oa4liairlghir4,10;cones;7tiiire''

angles.

'Fays at

vergin$ rays only within

are none within the Smaller inner cone

A PROJECTED.SOLID ANGLE- In Chapter

element of flux through a4 element
.*

angle dw. Thera, the obliquity

area dA. However, when we obta

entire .beam, eq. (2.25),..partic

.
,

4. ..jfr
2, we Ae'fleedr 'Er in:eq. ..(-2.14) in terms 'of..0e.

:eOp,0*,4q(Clin element of iselid

Oi

. .
, ,

earAy.als iaed wip4.the

?this nition the, expresSien forthe fl in an

n'the ca of uniferm'isotrOp4 itdjstionwftti ced7
i

stant L throughout the beam, vignettiAgoim that/ the integrals 4re sepama14,..as in ...

,t.
°P.w. 04- kr

-eq. (2:30), it is convenieht.to'a Oclate the obliqdity facip Cos 0, ,.:Ainstead,.NAtb the
.

element "of solid angle dw as cos9.dw = cos0.'siiiii-d0-4..*; We havejo ,cijones:t1

calling 1

E:' f d0 E f ccia0-4w [sr]
4 W.

the projected solid.angle associated withthe solid angle .It is'a wigrelt d.angle

(and is sometimes se-called), with .the obliquity factor. coa0 as the weighting functilw.

t.

0





'Figure A276.. , An arbitrarily oriented surface, element, dA2 subtends

a solid-Anglerelement dw1.2- at; dA1 at adisthnce D.
. I

111

dw12 = (dA2-cose2)/D2- [sr].

9 0
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Retch of, Cssseliais.type
optics, Incident para11e,1 rays

c

at the focus F, kcause sole incident rays'arOlocked

secondary mitroi 6, the inlid age of Ole conVerging rgy

is a 'hollow!' cone,
iith no rays is the taxial inner cone',

1

Pigure AVSketc of Cassegrain7type
qtics, Incident imrallel rays converge

at the focus
8eausesoe incidestirayS are blocked by the

,second y 1rror 6, the solid angle of the converging rays at 1

is a "hollow'
Mel with no rays'in the'coaxial inner

cone,

t

0
!

91



The name is suggested bY t analogy' with an element Atojected area CosOedA. ,HoweVer,.

while the projection-of an area onto another surface can be
1

in area that i7; the'projectet area, don't try'to pictuth or

the prOjected solid angle. 4/t doesn't exist in that-aense,

geometrical constructions fof the,measurg of a'projected solid angle

ful.

°

constructed so that there exists

visualizeanything himilarfor

although there arEat least two'

taç can'be yery'help

<-

rThe'lirst Of these h s been. Called Nusselt's construction [20] by alsoe:,

cites eihert[72] Who Publighed in the same Year as Nusselt 120f. However,. .ge un ,[23],:.14,-,, ..,,
AP

citeS a lierpublication by Wiener. [24] Thia,.incidgntally, is a good lllustra-

tion of'how badlyscattered and disjointedIhingsan be'in the'liferature'Od optical.ra4i-..0

ationmeasurements. ...Wiener'snstruction is presented in figuret:A2-8 and.A2L9.'-IO fig-

ure A2-0,;, a hemisOheie of unitadius above a surface'element dA is shown both in varE1.-.

cal-elevation andin horizontal plan vi,ew. An element of spherical-surface area on this.
;.,

hemisphere is labplled dw because its area is equal to the element of solid angle ..slw [sr
'x. .

%that itr.sObtends at dA. at the center of the hemisphere. The rectilinear projection of

that spherical-sdrface area eltmedt onto the circular base of the heirisphere in the tangent

plane containing dit. is, in'tutn, labelled dfl = cO'se.dw [sr], iis atea.being equal to,'

the projected !aid angle in steradians. The sides of that elrynt of Projected area on

the'base are also shown to'be cos0de [rad] radially and sine.dO [rad] in the Orthogonal

direction,

lb
_Figure A279 thaws, similarly, how the conical prOjeckion'Ot an irregular Object'dnto L

the aurface of the unit-raiins bekisphere is equal in total area to the tolid angle w, in
,

steradians,.,Subtended by that object at dA at the center of the hemisphere. 4so, since

the relationship shown inligure A2.-8 holds for every element dw Of theefftire spheriC4-

ir

'surface4trea to the rectilineat projection of Ihat.
. .

sphere is equal in area to ihe total projected solid

subtwnded. ai dA. bi.this same object. In fact, 6te,
hemisphere Of 2r [sr] sOlid angle (the area of the unit-radius hemispherical suria,ce).

.

///

Th e corteiponding projected solid angle!t: 4.n sIzadians is eOl. h ,to the area of fl* prOjec-

( 'tion,Of ihe heMisphere onto the inane of .dA 4.the ful/ unit-raditue titcular base 7- which

entirOrea onto thebase of the hem1.7
. . .x

ongle 41. f cos0.dw in steradiank
-

Felatioqahip holds for 'the oomplete

Necanverifythatlastresultanalytically. First, we need thetgeneral expes8fbnf or

the projected solid angle at the.vertex of a right circular cone of half-veriex angle '6
h.

with its axis normal to AA.; Again, at if figure A2-5., we choose the polat axis, along the

axis% of the cone ant the origin at the lAtex to wrife fi6r the ptojected solid angle:

ii.eh ,

= f .cOsessin8ede-d* = (x/2l - cos20

r, rsin2Oh.[sr].

"

-For ihe full hemisphere,

*.(.42-4.4)



4:

r.
8 de-44)

Itelein'ent of area on ;.drface
of sphere of radius p

= dw [sr] for p=1

-d.S1= p cos0-do; ,":
=p 2 sin9 .cdt"t.de-d

. projection o.f :oLeo
rnent on base of hemit-
sphAere,'

V-
= da [sr] fo p=1

\
p-cos 9-68

0

'
eit

u-re .A2-8
'

GeOmetricar nstructiptfoi meaSures of aR ement of solid angle

dw.. aria an. ement rO'ected ''solid 'an le do. 1

du) E Sine de .(10 ;* (JOIE sose cose

g:Pr_;;

,.v..
ars;

e
9
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A Measure of the^
SOLID ANGLE SUB:TENDED AT 0

,

sin9:d9 [sr1
I :CONICAL 'PROJECTION, OF OBJECT

;ON .SURFACE OF SPHERE
OF .UNIT'RADIUS (p,i1)

A Meothire of the'
. PROJECTED SOLID ANGLE

SI-zicose-clw

=ficose .sia0 -ctOd4) Esr].

.ReCTILINEAR PROJECTION
.OF w ON BASE OF -HEMI-

SPHERE (pla.ne-of clA)

s

9

4
i

. a . :
( i . ...

Figure A2-9: Wiener's construe .on for Measures, of the solia angle .-1,3 ana the
projected f dlid a le fl subteaaed: t dA . 1:t. an irre4u1ar object.

rP is an.a,rbi.trarlly chosen poitte'-on the libject; P'. is its pro-
I ; 9 jection (sonical) 'oh thet unitradius hemisphere above dA; and V'

.' 1 :is.' t444projectiori(rectilindar) "fpf. P' on the base of the hemisphere.
6'. (Plrgie of. dA). .: I

'V
1. ':' S s



in agreement

trir

nhe.Mispheee''

t

[sr] ',1k: 1.031 324 'x 104 Adeg

with the conclu§ion,ffam Wiener's construction.

(A2-15)

, . Wiener's construction prOvi es'aluable insight into the relitqonships'betWeen solid
. .,

.

Angles and the correspOnding projected*fid
angles and facilitate:4 analytical"computations.,

It heg,also been the basis foi analog computers to' evalueie pOjected solid;anglee oi the
.,.

related configuration factors (angle factors, viewfactork, eic.) in illumination and heat-
transfer engineering f251: (The relationships .betWeenprojected,solid ankles, throughputs,.

A'.and configuratibn factors, etc., are discussed in Appendix second construction.,
while not as useful for coMputations, may'seem somewhatemore

satilifying and mathematically '
elegapt, stnce itinvolveg an area intercepted by the'cone of.ithe solid angle itself rather

.0 0

.than a second projection, as in Weiner'saFonstruction.
,

The Unit-aiameter tangent sphere construction is illustratedfin Aguiri2-10, A uni-:'
.

..-
.:..dlemetee pPhere'is constrUeted tangenE to the:Orface element: Aik.:.aE the origin 01 ..Its.'

' centei' C, .accofdinglYlies On the normal to dA ; (the poly 'aXisYmidWay between dA. end
the point where the unit-diameter-Aphere is also tangent Eo Ehe Uliitradius hemisphere about. ., . .

.

0

O. The elementary cone; subtended at. 0 'by a' remote sUrface eleinenr .0--at'*P, inter-%-
cepts an element of area 'dm [oZdm,where 'p r.:11- on the urface of 'the unit-radiOS'
hemisphere at &P', as liefoie. It also.intercepip:anprea _

the-surface of the unit-pameter sphéreiP[da=4r2,JOdieAdm,

is numerically equal to ENe subtended projectea'sotidrangle.

43)Coa6 -.cm at P" on.

where: r 1121.4an area that

'This relationship holds true-
, foreevery element of staid angle fp the 'entire heMisphere above .dA; ,so it is also true0

for the.integrated*total,projected golid angle subandee at dA by a,more extended'bodyOr::..
surface. Again,'we.can verIlY its vaPidity for-the projected,solidengle of the entire:
hemisphere, This would be numerically equal, in,pteradians, to the,eotal surfae area of

f,the Unit-diaMefei sphere:

c. 4wr2;hemisphere -

:

r ; 1/2

.,,r, [sr]. :,iff (A2-450

p.
,

. ....;. . '.

The unit-diameter,tangent sphere construction is belied on some relationa thaticAppeaV
.,

' ;.,t ito haVe been first worked'Out by:Sumpner [26] and haye'been
summarized, more.recently amk. ,.

T"t''

..

accessibly, by Nicodemoy [27]: Thig constructimi is used or referred to in a numberuf;.:. 6.6
tea* and papers on.lIlumination and

heat-transfer:Vngiheering ea something that is rathe'
)widely known and we have notsuccpeded in findingeny

citations Otyeferencesthai.help to7

establish whO, first devised 'ark pUb t.

.

OTHER SOLID-ANGLE MEASURES,andror. IONS.. There are two Commonly used measnres'of, 'b

a soli 'angle or projected
,s

solid- antle.".

:1Appepdix 3 will appear in a

4,
en:it represents the "light=geeharing power'!.Of

subsequent Technical re
,

77'
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alOng with Chapter c.,:
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6

unit-diameter sphere P(dS)

unit-radius
hemisphere

I I

2(p.-dw)

(da=4r2-cos8-dw
:4r2'd11) 't,'

dA

Figure A2-16. Measures of amelement of solid angle dw and an element of projected
solid angle da. (unio-diameter, tangent sphere constiuction).

4/ dw sined8-4 = cose-da/(2r.codB)2 da/(4r2cose);

If r 1/2 and.;90 2r then

da eosedw da.

9 7



4 . .

an optical sYstami-or, more exaetly,.the
' ,

the fqcus by:0Se converging'pencil of taxe. Thatoencil is cohtained

r
solid'angle or projected solid, angle subtended at..

e,
within eRe'conef ub-

tended by the edges of the exit pup11,-usually a right circular cone. For' such a cone f

half-vertex angle, 611,.. the two quant4ties are:

1. the numerical aperture: N.A. F. nsineh' [dimensionless],

where n. is the refiCctive index bf the medium., and

2. the relative apert4e or f-nUmber:

f/# E (2sine
h
)-.1,[diOensionless].

7 ,

(0.46)

(A2-17)
.

The popular definition-of f-nuper-ae the '(effective) fOcal length of A lens divided; ,itrs

diameOr would lead.to the approximation f/i (2.tane
h
)-1. HOWever, in well-corrected

. -

optical sysAmOthit satisfy Abbe'd eine 'condition 114,28]) :the height h of an ificident

axial ray above the axis is given by h -fsinItt where, f the:effective-focal.lepth
and 6 the 'angle the ray makes wi;t1 the axi at

.1

the focus. them'e 'the'extreme ray,
f/# = f/2h (2.sin6

h
)-1 for

themaximum value ,of ,IMAnd the cor Chiding 0 Oh. These

two'measuies are related to the projected solid angle as foi4owkw 'r

Trsin26 Tr.(44f/021-1;
h -IT-(N.A.)2A-172 [dr]. ,(A2-18)

'

.conmion approximation to
.

ta solid angle w or a projected solid angli Ili with ref-

erence to the angular field of an optical system, is the area of the field..stop dr exit

window in the focal plane divided ,by the square of the focal distance,.whiCh reduCes to ,

0 Trtan2e
h

sr] in teris of the half-fiefd angle
.

6
h

[rad]. inOther approXimetifn is
0 .

express the sOlid angle, or projected,solid anye, as .106112 [srl. When eh iven in

degrees, rattier than radians, this last approximation also yields a yalue in square:degrees.

Table A2-1 lists the values of each of Che foregoing measurevor approximations along

with the correspo4ding values oB prlarted solid angle 0 [sr] for 'the same values of hdlf-4.

vetitex angle eh over the'range"9\/ eh 5:42 [rad] or 0 < eh < 90 [dog]. The peroentage

of each approximation with ieepect ed.theprojected solid angle el i also givfh.

The range of validit e, parkicglan'aipproximation

it can be evaluated directly. For exampile, to establish

tion 0 41Ve
h
2 withbut exceedine e)reiker7r,of, say

hence

.so that

can beeetimated from [he table; or

the rangeqor epproxima-.-
. 4

one per vent; det ,

- irO tk -O. Onl or IrA
h

2 (1.01).11 (1.01)rsin2Oh,

(1.61)Itsitie
h

(1.0

eh -0.1727 [rad?' ,9.895

47 562) sine 4.

txcordingly, rounding Off conservatfvely, the approximation p

within.one per cent for 6 0.172 Irod] ot 1 94 [deg].

74!
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[degree) , [rad) i, 4. [sr) , [or) [percent) ler) [percent) [sr) Jpercent) Num.) ll'ium.)

ix

0.573 0,01b00 0 000314' 0.000314 100.0 0.000314 .100.0

o, 0.0145 ', 0,000957 0.000157 100.0 ' 0.000957 ' 102.0

1.146 Itagi I, ;' 0,001256 0.001217 100.1 0.001257' 100.1

1.219 '. . 0,03000 ..', 0.0028p ' 0.001827 oo.oi, 0:002829 100.1

2":0100 0.03491 0i0d26* 0,003821 . % 100
i .

, 0.003831 100.1

2.292 A0440. 10.005,024 . 0.005026 10 X' 0,005032, 100.2

2.865 0.0506 tooiso s, 0,007052 0.1 " 0.007867 400.3

..

3.000 ,0,05236, ' 0,000605 0.008611 ' 00.1' 0.008621 ,' 100,3

4.,.

Pi9f 6.06981 0.01529 0.01531 106.1 0.01536 100.5.

5.000 "0.04'127 " 0.02386 /1 0.02391 100.2 0.02405 100 8
,

.

45,030 .'! 9L1220 0, 1031311( :0.0.3139 190.3 0.03163 101.0

-,10.00' 0.1745 0,09471

I

, 0.09546 A, a': 0,09768 103.1/
t ,

A

11.46' e: 0.2000 0.1240 0,1252
.

, 1,01.0 , 0.1291 104.1

15.00 ,". 0.2618 ." 0,2104 0.2161 101..8 ' 0.2256 1042
. . r

1.19'0.3000.04/44%0,2806,
1° I I.

9
102.3 4 0.3006

;

109,5

22.92 0.4000 0.4764 ', 0,4960
,

4104.1 , 0:5616 117.9

, 28.65 0.5000 0.1221 0.1692..mr. 106.5 0,9376 129.8

10.00 0.5236 0.7854 -q 0,841 . 107,2 1,047 133.3

34,38 0.6000 , 1.002 ; 1.09 109:5 1.470 , I46:7

,

40.11 ., 0.7000 1.304, /1.44 113.3 2.229 '1701

45.00 4 ,0,7854 1.571' 1.840 117.1 '' 3.142 200,0

45.84. 0.8000 1,611 1.906 1.331 204.0'

r 51,57 '0,9000. .1.928 2.377 111176,93 4,189 2)8.8

457.30 / 1.0000 2.224 p.888" 0,129.9 , 7,620. 142.6

e 60.00 1.0422 2.356 /3.142, 133,4 9,425 400.0

9.03 1.1000 I 2.495 ',,,, .3.10) 107,% 12.13 : 486.2

'68.75 1:2000 i 2,729 i 4.006 . -146.,
\ ..

74,48 1.3000 2.911 ii 4.602 I; t? 157'.8 ', '''r 1,397,3

i

,.

811421 1.4000 3;051 5.215 : 170.9 ) ', 1,411..2
t

0.000314 4 100.0 50.00 0.010010

0.000957 100.0 28,65 0,01791

00.001157 100.1 25.00 0.02000

0.001821-..,) 100.0 16.62 ' 0,03000

0,003828. 100:1 14.33 ,

Y '

.03490

0405017 ... 100.1 11.50 0.03999

1)

0.007054 10001 10.00 0.04991

0008613 100.1 ' 9,554 0,05234 ,

0.01531 100.1' i 7.168 0.06976

0.02312 100.3 5.737 ' 0,00716

0.03142
, 100.4 '5.008 0,09983

0.09510 101.0 2,879 0.1716'

0.1257 101,4 2,517

1.132 00:11:::*0;2153' 101.1

01827 103.0 1.692 0.295$

0.5027 rois 1.284 .. 0,3891
I

0.354 108.8' 1,4 11043 0,4794

0,8613 109.7 1400

4

0.5000

1.131 112.1 '`'.0i1855 0,5646

1.539 11(.0 ,0,114) 0.6441

'1.918
0 1'23.4

. '0.707,1 0.7071

2.011 124,4 0.6170 '' 0,7174'

2.545 112.0 4 0.6183 0.783)

, ,..1:

3.142 141,3 0.5942 0.8415

3.445 146.2 0.5774 0.1460 .

3.801 152.3 0.5610' 04912
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4
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." 't
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v

: C \
.,

o
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.

,
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.

200.0 . 1.938 123.4
.

.0.7071 ' 0.7071

1 206.0 2.011 124.4., 0,6970

112.0

0;7174

0,7833258.8 2.545 0..6383

60,55:::

342.6 3..142 141.3 0.8415
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column tabulates the percent of 6 :for the column immedintgly preceding.

100, r.ten2801 x 100, 1.6h2/0 x 106, respectively.

e muet be multiplied by the index of refraction n to obtain N.A.
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design and programming of corhuteri and cordiI
systems. Short numerical tables. Issued quarterly. Ah
nual subscriptioh: Domestic, $9.00; Foreign, $11.25.

,
DIMENSIONS1NBS (fotmerly Technical News Hui-

letin)This monthly niagazine is .published to inform
scientists, engineers, -businessmen, industry, teachers,
students, and consumers lof the latest advances in
science and technology, with primariemphasis on thern
woik at NBS. The magazine highlights.and reviews such
issues as energy research, fire protectiorbuilding tech-
nology, metric corNersion, pollution abatement, health
and safety, and consumer product performance. In addi-
tion, it reports the results of Bureau programs
measurement standards arid techniques, properties of
thatter and materials, engineering standards and serv-

pees, instrumentation, and automatic data processing.

Annual subscription: Domestic, $9.45; Foreign, $11.85.

I.

NONPERIODICALi .
MonographsMajor contributions-4o the technical liter-
ature on various subjects related to the Bureau's scien-
tific and technical activities.

HandbooksRecommended codes , of, engineering and
induetrial- practice (including safety codes). developed
in cooperation with interested industries,Irrofessional
organizations, and regulatory bodies.

. Special PublicationsInclude proeeedings of confer.-
, ences spqnsored by NBS, NBS annual reporti, and other

special Publications appropriate to this ,grouping such
as wall charts, pocket cards, and bibliographies.

Applied Mathematics SeriesMathematical tables,
manuali, and Studies of special interest _to phyaicists,
engineers, chemists, ie4gjats, math ticians, tom-
puter programmers, and dhers enga e in scientific
and technical work. ,

Natiosal Standard 'Refere e Data SeriesProvidesA quantitative dataon the phy4eal and ehemical proper-
ties of materials, compiled from the world's literature

s,.and critically evaluated. Developed under a world-wide

. .
. BIBLIOGRAPHIC tJB

The following current-awareness and Itterature-survey
bibliographies are issued periodically bz the Bureau:
Cryogenic Data Center Current Awareness Service

A literature survey issued biweekly. Annual sub-
scription: Domestic, $20.00; fpreign, $25.00.

Liquefied Natural Gas. A literature survey ishued quar-
terly. Arinugj subscription: woo.

Superconducting Devices and Materkis. 'A literature

Consumer Information SeriesPractical information,
based on NBS Jesearch and experience, covering areas
of ' interest:to the, cbnsumer. Easily understandable
language and illustrations provide inieful background
knowledge for shopping in today's' technological
marketplace. .

NBS Interaiency Reports (NBSIR)A special series of
interim or-finslIreports on'work Performed. by NBS for
outside Sponsors (both government and non-govern-
ment). In generkl, initial distribution is hahdled by the
sponsor; public distribution is by the National Technical
Information Service (Springfield, Va. 22161) in paper
dopy or 114grofiche

Order NBS publications (except NBSIR's and Biblioz
graphic Subscription Services) from: Superintendent of
Doctiments, G'otrernment Printing Office, Washington,
D.C. 20402.

SCRIPTION SERVICES
Bp rvey issued quarterly. Annual subscription : $20.00.-
Send subscription orders and remittahses tor the
preceding bibliographic services to National Bu-
reau of Standards, Cryogenic Data Center (275.02)
Boulder, Colorado 8030g.

Electromagnetic Metrology Current Awareness Service
Iseued monthly. Anhual subscription: $24.00. Sand,'
subscription order and remittance tb Electromagnetic4
Division, National Bureau of -Standards, Boulder,'
Colo. 80302.
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