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1. INTRODUCTICON
frery teacher of vhysics would, T feel, assert that he
strives to teach stuadents not only how o solve certain paradigm
examples ~- but that he also hopes te impart a cluster of
generalized skills in problam solving that will equip students to
comprehend and analvese a gqreater range of problems than coulid
possibly be discussed in lecture classes and tuteri~ls. Put is there
any specific way to promote this mbjective ? The purpone of thix
introduction is to recount some of the more aznassible ideas in a
teacrhing strategen T have bean developing for this purpose.
This stratagem shares elements in common with what I call the
Fermi stratagem (in Physics tearching) and Polya stratagem (in

Mathematics teaching).

In the Fermi stratagem students are posed problems ~f »
more project-like character. Some such Ffermi problems are
relatively open-ended (e.q., "How, in terms of physics, deo we
walk and run?"). oOther Fermi problems have a definite solution but
are of a "non-standard" form requiring the skillful gelection
and artful utilization of perhaps quite elementary physical models.
Teachers wishing to follow the Fermi stratagem face two
difficulties. The first is the scarcity of Fermi problems, or
rather the scarcity of compilations of such problems. In this
regard "Walker's "Flying éircus“lis a very welcome addition

to the Phssics teaching literature. fThis writer has also

compiled a colisction of non-standard problems (which he calls
"Dragons") in elementary mechanics, "A Dragon Hunter's Box"? of
which some of the Dragons may be aptly characterized as

Fermi problems. The second difficulty
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in introducing Fermi problems is the absence of any compre-
hensive tutor's guide embodying theoretical analysis and
practical expesrience in the presentation and effective utili-
zation of such problemsa. In fact the casual introduction of
Fermi problems into certain innovatory couxrses of recent years
has often lead to obvious failure, as the students participa-
ting have lacked any model of how to proceed in tackling any
problem other than those more conventional problems which I
term "formula crankers."

In the Polya stratagem, students already familiar with
the tricks and techniques needed for particular problems, are
given specific instruction in powa2rful general problem solving
ideas -~ - what Polya terms mathematical heuristics. The style
of presentation, as evidenced Ey the structure of "Mathematics
and Plausible Reasoning"3 ir to first explain a particular
heuristic, and demonstrate its applicability to a particular
problem: the student is then posed a graded set of problems
which are amenable to solution via that heuristic. The writer
ig not aware of any extensive application of the Polya strata-
gem to physics teaching.

My own teaching stratagem grew out of an attempt to imple-
ment the key ideas of Fermi and Polya in the context of a college
course in elementary mechanics. I was especially keen to get
away from the traditional emphasis on problems which may be
cha racterised as "formula-crankers" and to engage students in
problems which had more of the flavour of research problems in

physics, such as Fermi problems. There are in fact very few
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published Fermi problems in elementary mechanics, and it geems
the typical problem actually posed by Fermi was "How many piano
tuners are there in tlew York7".4 So in oxrder to produce a signi-
ficant compilation of challenging problems for student use I
was obliged to devise a number of new problems in elementary
mechanics which I termed Dracons to express their formidable
character. 1In line with this playful terminology, the first
compilation of Dragons was produced in a hand lettered and
illustrated bookletS entitled "Wat ¢ Zilled Ned Relly? and
Other Problematical Dragons" (Ned Kelly - - an Australian folk
hero - - the last of the bushrangers - - was hung in Melbourne
iri 1867). The "Ned Kelly" Dragon book was used in conjunction
with the lectures and tutorials of a course in elementary
mechanics, AM204 Second Year Mechanics at La Trobe University,

in Melbourne, Australia during 1972}ﬂ




Tt is now opportune to discuss the pedagogic
principles underlying the selection and construction of the
Dragons of the original compilation5 and its successor2. The
Dragons were conceived as providing scope for the discussion
of problem solving per se rather than particular physical
principles. An underlying assumption was that many students

try to solve problems in accord with the following model :

Step 1. Look at the probiem solved, P.
Step 2. Scan cvae's reportoire of all the problems one
can solve, until one finds S similar to P.

Step 3. Apply the algorithm used to solve S, to P.
I've called this model the Formula Cranker's Model of Problem
Solving as this model will, in fact, be of some real service
to a student in the solution of a formula cranker - - a prob-
lem in which has been specified formally precisely those ele-
ments to be substituted in a familiar formula: for instance
if shape parameters (such as might be involved in a moment of
inertia) are not explicitly labeled and specified the "similar"
problem must not devolve on such parameters. My Dragons were
selected or constructed so that like thé real problems tackled
in research the Formula Cranker's Model would fail. Consider
first the Dragon MILKO of Fig. (iv). Because MILKO explicitly
seeks the determination of the pressure at the bottom of a
cylinder-like volume (the interior of a milk bottle), this
Dragon is clearly "similar" to the calculation of the pressure

at the base of a cylindrical column of liquid. In this sense

'Y



the Dragon is also "similap® to other calculations of base
pressure upon the sole of one's shoes., Hence applying to
MILKO the algorithm of the "similar" problems, the base
pressure P is given in terms of the hase area A and the

total weiaght of the contents of the bottle, W, as

P = W/A

This expression is entirely false, and is an instance of how
the Formula Cranking Model can lead to an inappropriate
formula. Corgider next the Dragon TUGGLO of Fig., (xiv). It
happens that thig Dragon may be successfully snared using

the same formulas as are applied to the calculations of the
mechanics of a rigid body. Yet as iugaling is in no sense
"similar" to a riaid hody, students following the Formula
Cranker's Model of action will not arrive at such an

analysis (as is given under the caption "In Toto" in Section 3).
That is, by this example, we see how the Formula Cranker's
Model may prevent students from recognizing the

applicability of quite familiar algorithms. The third point
to be made about the Formula Cranker's Model is that even

if that following this model one determined an appropriate
alaorithm, application to the given problem may lead to a
mess of alaebra which is hard to untangle te finally

folve tke problem, An illustration of this sort of

phenomena is provided in Section 2, helow the heading

Formula Crank.
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The above examples indicate that exposure to those
formidahle (vet elementary) vnroblems T've termed Dragons
hiaghlights to students the inadequacv of the Formula
Cranker's Model of Problem Solving. But in fact this is
only a minor aspect of what can be learnt from such
encounters. Particulerly when one has in fact produced
the canonical wrong answer to a Dracon, a study of such
encounters, using introspection and observation of other
students. reveals the sort of mental construct --
collection of ascociated ideas -- one has brought to bear

on the problemn,

How in fact does one snlve physics problems ? Over
the past few years T've listened intently to many attempts
bv students and physicists to snare the Nragons of my
cgllectien‘2 These observations (protocols is the jaroon
word in psycholoay) support the contention that in solving
such problems one uses a structured collection of associe ~1
ideas that T've termed a heuristic frame. There appears
to he only a relatively small number of heuristic frames
available to any individual, of the order of twenty.

In Table 1, the anatomy of a heuristic frame is revealed.



TARLE 1
THT ANATOMY OF A HEURISTIC FRAMR

COMPONENT DESECRIPTION

(Core) heuristic An elemental, crude problem

solving idea, probably

acquired in childhood.

Problem Peduction How to reshave the problem

Devices anid end which algorithm to

Alagorithm Selector apply.

Nebua routines What to do when things

"go wrong".

Nemons : Miscellaneous:

Yarnings, Caveats, "Watch out"

Flags, Pointers "Try another

heuristic frame®




In Tahle 1 and elsewhere in this paper, by an algorithm is
meant a highly specific procedure or formula. The (core)
heuristic of a heuristic frame is the same sort of mental
object as what Polyag termed a heuristic -~ a problem
solving idea of some potency. (Polya confined his attention
to mathematics, however). Problem reduction involves putting
the problem in a form suitable for the application of
particular algorithms. Tf the unexpected happens -- or even
when one is informed that the answer derived is "wrong" --

one calls upon the Nebug Routines of the heuristic framc.

Also linked with the other components of a heuristic frame

are what I've termed Nemons: the image is of some little ".ast
that waits for some specific little occurrence to trigoer his
attention -- when he passes on his messace. At any rate,
under the heading of "Demons" are lumped together some
miscellianeous ideas bound in the frame, suéh as warnings,
~aveats, and directives to other frames. 2 few examples of

Nemons are presented later in this paver.

The concept of Heuristic Frames provides a descrintion
of the evolution of problem solving skills in temms of
a) The growth in one's regartaire of algorithms.
b) The elahoration and auamentation of the compor nts of ane'é
heuristic frames.

The latter process is termed the 'debugging of heuristics‘i

in debucaina the core heuristic is essentially unalterable,
only the other components of the frame can be edited. A simple
description of problem solving in terms of the components

of peuristig frames is contained in a ma&e; which iz called

the Horse and Cart or H.A.C. Model (of problem solving)

11




TARLE TI

HORSE_AND C#RT MODEL OF PROBLEM SCLVING (H.A.C.)

TO HLA.C,

Step 1. Given a problem, choose a Heuristic

Step 2. Reformulate the problem and select an Algorithm
Step 3. CRANK the algorithm

Step 4. In case of trouble, DERUG.

The H.2.C. Model is presented in Table TI. This

model essentially states that the choice of Heuristic

precedes the choice of an Algorithm that does the actual
cranking of a problem. As stated above, the model is

over simple, but has proved to be an effective tool in
promoting problem solving skill, by providinag a descriptive
basis for self-assessment and student counselling. Thus in
total, this paper deals with a teaching stratagem based on
two models:

i) A model for intellectual development in terms of

the debugging of heuristics

ii) A model for problem solving.

An example of how a tutor may aid the intellectuul development
of a student by directing attention to the debuqging of one
particular heuristic is provided by the following example
taken from my tutorial records.

A student complained that he didn't "understand”
ayroscopic effects. What that meant was that he could follow

the mathematical presentation given in class, yet the

_behaviour was still surprising. T probed further and found
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that if a flywheel was spinning in a vertical plane, and a
torque abont the artical axis was acplied for an instant,
this student expected the flv-wheel to remain vexrtical, but

for its plane to rotate ahout the vertical axis.

Fig. (1)

Figure (i) Imaaine that a spinning flywheel is placed inside
the hox (drawn here in isometric projection) with the plane
of the ﬁlywheellparallel to the front face of the box. The
spin sense of the flywheel is marked on the front fFace, anéd
the projection of the wheel, the line »8, on the top of £i.:. hox.
A torque, applied hriefly, is indjcated by its tendency to
twist in the top (horizontal plane), rather than as a vertical
vectox. One common student expectation is that the new
rogitior of the flywheel has the projection A'R' on the top of -
the hox, corresponding to a rotation of the plane o* the
flywheel about the vertical.

Figure (i) is the diaaram that was Arawn while
endeavouring to clarify the students ezgectati§n§ It is clear

that the student was here invoking a heuristic "Parallel" --

the idea that the "effect" of af“faree“ is a displacement

in the "direction" of that “Faree“gﬂ'(The-éireétiéh in this

i1



Specific case is a screw sense). The student had selected
an algorithm which could be formally stated asg

Twisting Force X Time = Amount of Twist

This pgrticular algorithm is appropriate to a high friction
environment such as the domestic arena of a young child.
It is essentially an Aristotlean algorithm - part of a physics
where forces "cause" displacements in velocity. In order to
help this student debug I constructed an arqument involving
the same heuristic (Parallel) and patently presenting a
choice between Newtonian and Aristotlean algorithms for
forces:

Consider a cannon firing at a target (dArawn a

schematically from above in Fig.(ii)

- Htl!m
vV  /
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Aristotlean Algorithm Newtonian Algorithm

Fig (ii) Dashed line is the unperturbed trajectory of a cannoun
ball. Dotted line denotes new trajectory after application of
an impulsive force according to (A) Aristotlean Algorithm,
(B) Newtonian Algorithm.

Suppose just as the cannon ball emerges from the barrel
it is given a short sharp knock. Then, in accordance with the
expectation portrayed in fig. . of generalized impulsive
forces causing a spatial displacement in the direction of
application the ball should be deviated as shown in fig. (ii)A.
Now of course what actually would take place is properly demon-
strated in fig. (ii)B - -~ the effect of the impulsive force is
to give the ball a transverse component of momentum to determine
the subsequent trajectory of the ball. Returning to the flywheel
problem, it likewise follows in formal terms that the effect of
an impulsive torque about the vertical is to produce angular
momentum about the vertical, which has to be compounded with

that pre-existing.

15




This point is well made by a drawing such as Fig. (iii).

Fig. (iii)

In this figure the original and the additional (angu-
lar) momenta are shown as screw senses on the sides of a box
containing the flywheel., But these two screw senses - - com-
pounded in a Newtonian way (algorithm) -~ - must be just the
projection of the resultant motion of the flywheel. &0 - -
imagining arrows drawn on the flywheel showing rotation sense = -
one deduces that the flywheel - - having suffered the impulsive
torque (double arrows in the figure) - ~ changes its plane of
motion: the new projection of the flywheel is shown in fig (iii)
as the straight line CD.

In summary, my first concern as a tutor was to aid this student
in debugging the heuristic (Parallel) he had sought to invoke for
‘the processional problem. (Compare computer programing: one has
to debug the programs one actually writes; on the other hand it
pays to learn of other programs), Confronted with this student
a tutor espcusing a different strategy might have replied: "Don't
look at a wheel like that. Look at a wheel as composed of little
parts,zéna consider the effect of the applied forces on each

little part . . ." This particular approach invokes the heuristic

16
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"pivide and Conaguer" (discussed later in this paver) and it
is well for a student to see a "Divide and Conguer" approach ico
a tantaliging prohlem: however, to repeat, in line with the
above described model for problem solving attention to the
debugging of a heuristic is paramcunt, and would be a tutor's
first concern.

Physics prohlems depend on s small number of heuristics
SPEEifiEVtQ physics. In this paper we are to discuss just

seven of these heuristics:

Formula Crank
To Paradigm
In Toto
Fibre/Capillary
Add Rffects (and Subtract Fffects)
Divide and Conquer
Process
In this list "Formula Crank" is none other than to apply
the Formula Cranker's Model of oroblem solving, the other

heuristics are described in Section 2. For the moment it is

important to note just how few there are, and that in ny teac:hing‘
stratagem, explicit names are given to each heuristic, Now in

the Polya strategem students gain "familiarity" with a particular
heuristic by applying that heuristic to a range of different
prohlems. Tn my stratagem this is also done, hut much stress is
laid on applying different heu;isgiag to the same problem --

to stimulate the debugging of these heg:iati;g. Mhd also to
overcome what T call Magic Key Thinking -- the idea that there

is just one way of looking at a aiven problem (a unique heuristié)f

17
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Just what are these heuristics, and how good are they in

practice? Section 2 is devoted to delineatinag these six

heuristice, and showinc their application to the snaring of the,

Dragon Milke of Fig. (iv), Section 3 shows how four of these
heuristics motivate alcorithms that successfully snare the

Draagon "Jugglo" of Fia. (xvi). This discussion of Section 2 and
3 will nrove of value to any teacher who wishes to discuss the
two Dragons, Milko and Juaalo with students -- using the

tutorials as heuristics debugging scenes where the tutor is

erjuipped to gquide an illformed but not heuristically misguided
student foray at these NDracons. In Section 4 the teaching
strataacem presented here is reviewed, The Appendix shows

the application of the theoretical framéwgrk of this paper

to aspects of the intellectual development of children.

The "debugging of a heuristic" is thereby demonstrated in a

simple setting, various heuristic morals are drawn.

2. MILKO

The problematical Dragon "Milko" of Fig.(iv) is reproduced
from my compilation "A Dragon Hunter's Box". Please read the first
paragraph of this Dragon. I have posed this problem to many
undergraduates, graduvates, engineers and professional
physicists. Invariably they jumped to the conclusion p = p'.

When informed that this was the canonical wrong answer, a line
of argument often developed which made plain the heuristics
invoked, and the dehug routines, caveats, and warnings that

were associated with particular heuristics. The later paragraphs
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£ this Dragon contain a measure of suggestion and counter-

suggestion designed to provoke such an analysis by the reader.

So . . . what heuristics are there for snaring "Milko, and

just how is it done?

% A wilk botle is allowed o stand s0
hal the cream rises 1o the itp: Whis occurs
wmtmfamyﬁ$aqg§lntﬂﬁlniana Does
the pressure near the base of he botle
ﬁhgqsg?
‘*Eﬁwﬂy~5ﬁu=ieiﬂalwqgﬁtWEfﬂg
liquid remains constant, the pressure
on the base, of area A, being W/A re~
wains E‘glsfdn‘l'

.ﬂdﬁars¢unﬂmn the prossure ivedi-
ately below the cream is loss than what
WwﬁSthﬂrEMQIEEﬂ5§#ﬂwmad
&:muﬂg

WA matematician uses a k:rmm:
oltiz of velyyme Vv, carrfwm hquld f
sbs:ry F. After seftiin ?é.
anles it two combos '; -

A and £, , which occuby volume Y, aﬂd V;

mp::!‘imlp as mdn;afed whene
'ﬂ!. by

VehA, VyahaA,.

S0 ke calculates a cha L th
pressuve after @m;g t-;

W A would- be Physici s the

mathematician: *7) FFg-mt
bulk forzes acting afer S#z:lraﬁaw, the
Pﬂﬁﬂnzrsundﬁﬁgﬂd'

Y The mathematician dedwes : fhe
W.b.p. takes his milk. in cartons.

big (iv) Reproduced with germissian from H.A. Cohen "A Dragon

Hunter's Box", Hanging Lake Books, Warrandyte, Victoria,

hustralia (1974).
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In Toto

The heuristic "In Toto" embodies treating the diverse
parts of a physical system as a single system. In the text
of "Milko" the statement of the "woulil-be physicist" suggests
that the w.b.p. - - like may first exposed to this Dragon - -
has adopted an "In Toto" viewpoint and applied an elementary
statics algorithm to eguate the total gravitational force W
to the product of base area A base pressure.

On being informed that they have given the canonical
wrong ~nswer for "Milko," "In Toto" champions - - who have
treat 2 the milk as a whole - = tend to
a) Check whether they have included to much in the whole
b) Check whether they have included too little in the whole
c) Switch to "Divide and Conquer" viewpoint.

The routines (a) and (b) are debug routines (or part of debug

routines) associated with thex"In Toto" heurigtic? (c) is what

I'd simply call a flag, or pointer to an alternative heuristic.
Of course the more skillful problem solvers are more effective
in invoking the above (and other) debug routines. |

Debug routine (a) suggests to check what was included in
the quantity W: and clearly it was the weight of the bottle,
so that W/A is the pressure at the base of the bottle at the
glass/table boundary. At this stage there's a strong induce~-
ment Lo switch to “Divide &nd Conquer” and check whether the
pressures above and below the glass base of the bottle are
equal or not.. (See the discussion under the heading "Divide

and Congquer".)

20




Debug routine (b) leads to the question “1s Lhe milk
vtally just sitting there with just the force of gravity and
bhise pressure (times base area) holding 1t in place?" This
leads to the more particular question as to whether the side-
wall pressure forces can have a net vertical sum. Now side--
vall pressure forces don't cancel - - at least they éa where
ihe walls are vertical = - but not where the bLottle walls arc
«lanting. As indicated in fig (v) the reaction forces have a

net downward sum X when the contents are homogeneous, X' afte.

Fig(v) sketch of wall reaction (pressure) forces acting

on the contents of a milk bottle.
3+ the usual statics algorithm,

PA=W+X , p'A=w+ X'
‘hen the milk separates, the density of liquid in the neck i-
lvss, so that pressures in this region are less, so that the
um of all the sidewall reaction force is less after separali. .,

x* € x

nd hence the conclusion p'<l P.

_1
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Divide and Conguer

The Heuristic that I've called "Divide and Conquer" exhorts
one to divide a physical system into a number of parts, and to
solve the various sub-problems before assembling the component
parts and the corresponding sub-problems. The example of this
heuristic applied to snare JUGGLO is rather more cogent than
what we do here.

We take as starting point the calculation of pressure below
the base of the bottle presented above (See In Toto). Break

the bhottle into the parts shown in fig (vi).

Fig (vi)

The vertical tension in the sidewalls of the baﬁtlé is easily
overlooked. By considering the equilibrium of the base one
deduces

W=1pa - T, W=p'Aa - 17!
where T, T' are the (corresponding) vertical sums of the side-
wall forces at the base. By considering the equilibrium of the
sides of the bottle, one deduces that T (T') are exactly can-
celled by the vertical sum of the forces due to liquid pressure
acting on the sides, i.e.

T =X ' T' = X'
where X (X') is the same quantity as determined in the "In Toto"

cussion. Thence, on camparlng X and x'. one deduces that base.

.ressure is less after separation. ' b..
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Formula Crank

T™he heuristic "Formula Crank" involves the applicaticr of
what in the introduction was called the Formula Cranker's Model
of Prohlem Sfolving. To illustrate the potency of "Formula Crank"
== T will repeat an apocryptal storv ahout Fevnman and his

5 Cv s s . . ‘e
is Tt avpears that in a @iscussion Jauch informed

early work.
Feynran of the 1931 paper of Dirac which showed that there
was an analogyv hetween unitary transformations in cuantum
mechanics and the exponential of © where S was & classical
auantity. ‘'Thereupcn there and then Fevnman proceeded
to manipulate tbe "analoqous" classical expressions as thouah
they were the aquantum mechanical unitarv transformations,
vield a first crude version of what was to become his important
"Space Time Pormulation of Quantum Mechaniés“, Clearly this
was "Formula Crank" motivated work -- but Feynman had
to call upon all his intellectunal resources == his elahoratud
(dekuaged) heuristics =-- to make a mass of meaningless formulae
into an important element of modern phvysics. To illustrate
the imootency of "Formula Crank" by itself -- here is how it
might he applied to MILXO, First to recapitulate the
discussion of the Tntroduction. A Formula Cranker will take
recourse to other calculation of bhase pressure, as of the
pressure at base of one's shoes, to calculate a constant bhase
pressure

= W/t
in terms of the weight of contents of milk bottle and base afuii
If the validity of this result were queried, what could a Formula
Cranker do? Verv little, ohservation suaqests. The weakness in

Formula
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Crank" is that there is no means to debug a solution other
than relatively capricious.y selecting a new algorithm. So
as a next step, consider the application of what might be

pressures, the formula

p= ] (pgh)y

1
whern the summation is other 1aye:5 of length hi of material
of density Py We apply this formula to the simplified
shape "mathematical milk bottle". For homogenous milk base
pressure is

P’ = Bye,9 + hyeya
This algorithm isn't enough. Conservation Algorithm yields
P1Vy * 0¥y = 0 (V) + V)

where by geometry these volumes are given in terms of areas

and heights by

Whence such formulae as

v + v ) h, + h
p’ ( (Q_L 92 2)

e ———

P (hl + h,) (91v1i+¢ 2V5)

From this formula it is clear that p' is ¥ p, but it takes a

measure of careful algebraic manipulatian'hefare-the barest

qualitative features emerge. In contrast, consider an "In
Toto" motivated attack. See Fiag. (vii), in which fhe arrows

indicate the vertical forces acting on the canténﬁé of the

a~-
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Fig (vii)

For homocenous milk ph, = (V. + V,)pa + (B, - 2, hy0q

it

W o+ (;2 - Al)hlﬁﬂ

For stratified milk, cream in volume vl, "water in volume V,

p'P2 =W + (E.z - .—31) hlplq

In this case, as cream is lighter than milk, i.e. py < P, it
follows that p'< . The point being made is that in an

araument motivated by the heuristic "Tn Toto", the Algorithm

gets marshalled - - is interpretable and therefore under control.
A Formula Cranler neerds mathematical skills of high order to

orcanize an elementarv phvsical calculation.

~olumns (Reduction Device 2)
The heuristic "Fibre" is a valuable prohlem solving idea
utilised by Galileo in his "Dialcques Concerning Two Mew

16 Galileo imagined a solid beam to bhe composed of

Sciences”,
parallel fibres, or filaments, effectively indevendent, the
total tensile load carried by the heam heing the sum of the
tensions in each filament. %hat must be stressed is that

although Galileo talked in terms of beams, which often are made ik

of fibrous material (wood), his discussion was intended to
apply to heams of anv solid material, so that the fibres

are truly fictions. 1In fact Galileo mentioned stone heams

in his discussion. Galileo used "pihre" skilifuily_and was

probably aware of such caveats to he attache
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heuristic as that one much check that it's a reasonable first

approximation to consider the fihres independent.

The heuristic "Column” is very closely related to "Fibre".
One might say it is merely "Fibre" applied to fluids, so that
it is the very same heuristic., "Column" suggests that one
analyses pressure differences in fluids by considering the body
of the fluid to be made up of cylindrical columns. The caveat
of non-interference between adjacent fibres/columns is still
relevant here. 1In the next sub-section we will discuss further

the issue as to whether Fibre/Column are two heuristics or one.

For the moment, lets consider a particular column approach to
Milko. We'll present not only a successful solution route along
which "Columns" will pull a Statics Algorithm -~ but we'll

also note one of the cul de sacs.

Congider the two fluid columns shown in Fig.(vii), one near
the axis and the other well off the axis. This suggests a bug--
it appears at first that the pressure must differ along the base
of the milk hottle -- as the two columns are of diffexent height.
Nowever this bug arose by ignoring wall oressure. By cansiaérinw-

the static equilibrium of a horizontal fibre (column) of fluid

26
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it is possible to convince oneself that in fact there is a unique
hase pressure. Tt remains much easier then to consider a column
about the axis of the hottle., ™o calculate the base pressure,
there are two cases: a) Contents homogenous milk: pressure p

b) Contents stratified: pressure p'

Consider central columns, on base area 6A, in the two cases, The
density of contents of column (b) is leas than that of column
(a) -~ as basically (b) has an excess of cream. Expressing

this evaluation in terms of weight,

DA > p'éA
or p > p'
That is, the base pressure decreases after separation. At this
stage of the calculation, one might return to examine the fine
detail re the two columns a and b to realise that we have
ignored side forces: no matter if sides are vertical as these
forces didn't contribute to the sums considered. In fact the
prime heuristic message to he learned from this calculation
could be summed up in the following heuristic:
R: "Select a thin vertical column that does not intersect any
sidewalls"
A is one of the Prohlem Reduction/Algorithm Selection Nevices

associated with the “Calumn“‘ﬁéﬁgistig.
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Columns (Reduction Nevice &)

“e'v already suagested that the preceding application of
Columns amounted to an applicaticn to a hvdrostatic context cof
the "Fiber" hgpr;stici However, the special convenience of the
central column of Pig., (viii} is not its thinness, but that

having vertical sides, the thrusts on the walls of the column
had no vertical components. So that it's natural to consider
columns of verv larae cross-sectional area in hydrostatics.

All will ao well, unless the column hits a flantinag wall.

This is a bit of a nuisance (bug) , but there is a way out as
detailed below. But in debugainag "columns" to motivate a
solution like that presented below -- the connection with
"Fiber" is getting a little remote. Thus one should say

that originally "Column" was just a portion of the heuristic
"Fiber" but ultimately, with elaboration (debugging) it assumes
autonomy as an independent hgurigtiﬂ -= possessing a core common
with Fiber, This is a very important process in intellactual

develooment that T term renlication of heuristics: the mother

heuristic spawns a daughter with many common elements. However,

the idea of replicatinn is part of my more elahorate

psycholoagical model of problem solving -- and its presentation

. I do not see as part of the teaching stragem I espouse.

Certainly if the sort of application of Columns presented below
is as far as this heuristic is elaborated, the solution
given is still reasonahly conceived as motivated by "Fiber"

debugged for hydrostatiecs. - .

8
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Fiag (ix)

Let ua make the thought experiment of encloaina the milk
bottle in a cvlinder, sharing the seme hase, as in Fig. (ix). ’
Our aim iz to reduce the MIFYO prehlem to a discuesion of the
preasure at the hasa of columns standing on the base of th-
milk bottls, Suppose that in the case when the milk bott!:
contains homooenous the space outaide the Sottle, but ins -
the cylinder is #11lad with milk to the same level as within
the bottle: the volume of milk extrrior to the bottle we call
Vext* Likewise, in the case when the milk has separated irto
components of density glfﬁregm); and oy {creamleas milk), suppose

the exterior volume V_

axt ¥ithin the cylindar is filled to

correspon®ing lavels with creaam and craamless milk (sae Flq. (ix)).
The presence of the hottle stands in the way of a "Columsa”
motivated algorithm, but we can justify igqnorine its presence.
Since pressure depends on depth alene, the pressure on each side
of the bottle is the sams, so that the pressure at the base of the
hottle, p (for homogenous milk) p' (for stratified (semarated)
milk)) is unaffected if one removes the hottle walls, but leavea
tha fluid contents just as they wera. The considering the

static eguilibrium of the eQ;ﬁpns standing on the hésg area A

of the bottle ona han

29
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Aruitoxt provided by Eic:

= A=

AR = W4 Foo
PA *Vaytd

PIA v W oV

Tn these equationn V ir the weight of the contents of the bottla,
P1Vayed 18 the weldht of the fluid in the extarior volume, this

fluid being predominantlv cream. Hence wo sea at once that
Bo* p

Tn summary, the aslgnificant driving motive in producing the
ahova derivatieon is the "folum” heuristic -~ ralentlessly
applied to anable considaration of a vartical column of fluid
standing on the bottle base area. This 1s & striking exanple of
more sophisticated problem reduction: bringing to light a
Prohlem Reduction/Rlaorith Selection Device which we denote by B,

which 1s roughly as follows:

Rt "Choose a vartical column with an "intereasting" baea,

femove intersecting walla whilast roataining fluld squilibsius"
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"Add Effects”

The heuristic "Add Efiects" encapsulates the idea of

I

(independent) causes having an additive cumulative effect. A
verbal formulation of this problem soiving schemata would be:
"If X causeg effect &,
and Y causes effect F,
then X + Y causes effect E + F."
To imp!emant "Add Effects" in a given problematical situvation
one must uevise or select cuantities that can meaningfully be
added together 17 - In fact one aspect of the evolution of the

field concept, and vector and tenscr notation, of classical

"Add Effects" was more or less "built-in," as is especially
exemplified by the "principle of superimposi tion” for fields.
Likewise "Add Effects" is explicit in various additivity -ules
and implicit in the formalism of all those theories of physics
characterised as linear. It is an enlightening struggle to
make an "Add Effects" foray at the Dragon MILKO.

In "Layman's Physics" it's the cream and milk minus cream
(which we glibly term water) which "cause" the pressure at the
base of a milk bottle. A little more formally, if the effect is
additive, one would write

P = Pcream * Pyater ,
and a like expression for the base presgure after separation, p°'.
Now the total amount of cream is unchanged after separation. so
that if quantity alone determines pressure, then

P Cream

P'cream ® {false!)
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and likewise

P'water = Pwater (falsel)
leading to the canonical wrong answer, p' = p. A more recondite,
and equally false, version of this argument recalls that the
total pressure of a gas mixture is the sum of the partial pres-
sures of the components, so thet on (mis)treating the components
cf milk &5 gases, one deduces a strict additivity of effect as
above.

The obvious bug in the above discussion is tha* distribution
must be taken into account. For the moment, we simplify the dis-
cussion by only dealing with the reqular shaped "mathematiciuns'
milk bottle." Then in accord with "Add Effects" one envisages
milk as the superposition of cream of density P1V1(V] +V 5)-1
and of milk minus cream = water, of density p,V,(V; . Vy)-1,
both cream and water being dispersed throughout the total volume
Vi + Vy. Then

o)
cracm

! =1, oy
plvlcvl + VE) (h1 + h,).g

I

, , -1 , .
92v2(V1 + Vg) (hl + h?).g

vinter

So that by "Add effects"

1

Prov o Vy + p,V (0, + v )g_'(h1 thy) g

?

Tonthy +h) g,

The heuristic has worked beautifully for milk. However, when we

turn to calculate via "aAdd Effects” the base pressure after sepa-
ration, we run into that super bug mention in Section l. To imple-

ment "Add Effects” one needs to imagine that (as is shown in fig (x),

O ‘ | 3;2




a "pressure ether" of zero densitvy fills up emptv gpaces, anA
transmits pressures so that ome can calculate the new component
pressures asg:

p' = P h, g

P crveam 12

t
=]

= Y
water 2 Pk

-1

péféaﬁ P cCyream

iy

ygl(v + vg) (v - hz)

1

- p' T e Qz(v’:l + )t (v

mi 1k - Vyhy)e.

Pmi 1k 2) 1

VV = h_ A where Al < A

272 2

then V.. = Y.h = «~ A_] .
then Volly vl{,z 1 zfa 1) > 0

Thus as water is denser than cream, we have

- —!:?_.' -— wn ! . - i
P =P (Poream = P cream’ * (Ewatér P'water

("2 13~ Vyhy)

decomposition

MILK =

"hdd Effects"

applied to the "mathematician's milk

— £ '
) +
o o
- 0
ke e
Stratified Milk = +

CreamiWater




Thus, for a "mathematical milk bottle"” we have established that
the base pressure (p) drops to the value p' after separation of
cream. Presentation <f this more sophisticated derivation to
students leaves for them the mere puzzle of extending the deri-
vation to milk bottles of convent onal shape. In fact the argu-
ment civeén above applizs at once to a conventional bottle provided

cream/milk voliumes and vertical heights satisfy the incguality

[

1-?’;; 2 1

which is a

"Subtract-Effects”

This heuristic is conceived by the writer as a variant of
"Add Effects" discussed above. A "Subtract-Effects” motivated
calculation of the differences in base pressures, p - p', is
outlined in visual terms by Fig.(xi). Now in this figure we
have not introduced a "pressure-ether" - - but the lower volume
Va2 of the mathematical milk bottle now contains a liquid of

negative density!

Fig (xi) Schematic outline of "Subtract Fffects"

motivated attack on MILKO, 4
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Process

"Procass® isg a heuristic of grent power which involves the

notion of a astate. From the "Process" viewpoint, a problem is

conceived as devolving on a transformation, like so

(State A) ———y (State B)

or, in short hand, A B. 1In terms of the parameters that define

a state, the transformation is

A"'ﬁE % (alp :32, 33; = L i) ’“WE!‘ (blp ?:’25 st = L -)

The key problem solving idea of "Process" is to devise some

(possibly fictitious) state X, for which the transformation rules

B e X ; X —>» B

are well established, sc that one can readily compute the transfor-
mations of parameters,

(al(’ a:i 331 S B 4 (xl' 321 353' S B (blr bgt bap-ﬂ')

What has been presented above is a very sgphiéticated and formal
description of "Process." 1In fact the present writer first iden-
tified this heuristic as being potent in thermodynamics and spe-
cial relativity and conceived of this problem solving idea as

being used and developed only by advanced students. However, in
September 1974, I was flabbergasted to ébserve a five year old, Leo,

use this very same heuristic. At the conclusion of a classic

35




Piagetian interview described in the Appendix, Leo was asked:
"How would you explain to another child whv the Pepsi
(poured from a sguat beaker) rises so high after
pouring (into a narrow cylinder) 2"

Leo thought intently for a few seconds. then answered,

"The sides are pushing the Pepsi up".

Leo placed his hands apart and forward, then brought them
together as he said this. It was clear in context that he had
invented 2 fictitious "state X: in which the tall cvylinder

had the same diameter as the (sgquat) beaker, and therefore
would hold its aliquot of Pepsi at the same level as that in
the beaker. Leo's explanation entailed the transformation from
State A: Pepsi in sqguat heaker

to the final state

State B: Pepsi in tall narrow cylinder

via the fictitious State X.

Looking at the Dragon MILKO in “Process" terms, one
perceives this Dragon as involving a transformation from
State A: Homogenous milk in milk bottle
to
State B: Stratified milk in milk bottle
One can't compute the alteration in hase pressure -- i.e.,
Pp = Py = p-p' directly -- after all, this is the problem of
this Dragon. Yet if the neck of the milk bottle were rubber.
or were hinged somehow, and the bottle transformed into a
cylinder it would be easy, in fact trivial, to compute the

base pressure change after stratification by reference to the

Q states: o 36




State ¥: Homogenous milk in ecylinder

State Y: Stratified milk in cylinder

In a cylinder the only vertical forces acting on the fluid
contents (of weight W) are gravity and the base pressure acting

over the aren A, so that
px = p, = W/A

The additional base pressure in state a compared to state X is
due to an additional height D of milk so that under the

transformation A =+ X: Pp = Py = D - W/A = TNpg

Likewise: Y » B: py, - pg = W/h - p' = - RUPL

Hence

P-pP =py~Pg =D =09
which is positive as cream density Py is less than the density

p of milk. This "Process" argument is illustrated in Fig.(xii)
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Homogenous Homogenous Stratified Stratified

Fig (xii) "Process" applied to MIIKO. The sides

of the milk bottle are drawn as hinged.
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It's worth noting an unsuccessful "Process" motivated attack
on MILKO that a number of students initiate. Suppose the milk
bottle is connect near its base with a vertical cylinder, as
drawn in Fiq.(viii).The level of homogenous milk is equal in
the two branches at the initial state. Subseguently the milk
stratifies; however there are unequal lengths of strata in
the two connected vessels, and there is no convenient interme-

diate state.

Fig (xiii) Sketch for an unsuccessful

"Process" foray at MILKO,

3

0
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Acertain ngglef approached a flimsy bridge.
H¢ !sﬁamf that the bridge was barely strong

5;?;‘?0!*1‘ hs wslghf and ﬂﬂe weigtt
aF Hﬁf o of his Juge ling | bulls .

Hnwevev, undeterved, he jug lgrﬁgffbﬂh
across, Wilh three blis. B)/ musfam jnag-
ling there weve alu@)s two balls mn theaiv
at awny givey stan.

Did he veach the oler side ?

Fie (xiv) M™ie Dragon JUCCTO, rRenrodured with permission
from lI.A. Cohen: "B Nracon Hunter's Rox", Hanoina Lake

Rooks, Warrandyte, Victeria, 3113, rustralia (1974).
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Preliminary

The dragon Jugglo of Fia (xiv) is a superlative Fermi problem
that appears to have been first posed sometime in the last century.
On being exposed to this Dragon a typical La Trobe undergraduate
will answer firmly "No!" With some coaxing he will recount the
thinking that lead to this conclusion. A typical response - -
very much refined for these didactic purposes -~ - goes like so:
"The bridge has a safe load of Mg + 2mg and presumably will
collapse if this load is exceeded. 1It's supporting a Juggler
and 3 balls of total weight Mg + 3mg. The balls are in the air
sometime, and the juggling details are too horribly complicated
even to envisage - - but the real point is that you've got a whole
system (juggler plus balls) of a weight which exceeds the eritical
load - - so that the bridge collapses,"

“he basis for the correct "physical intuition" - - the response
"No" as revealed by such verbalizing - -~ lies in the mechanical
implications of the heuristic "In Toto."

However, if the tutor reformulates Jugglo, supposing that there
are only two balls in all which the juggler is tossing on the very
same bridge, incorrect solutions are common, if not so invariable
a5 in the case of MILKO.

Now to get down to the slaughter of JUGGLO. Here are four

different attacks - - named in accord with their dominant heuristic.

40




In Toto

We previously discussed the heuristic "In Toto" as applied
to the Dragon MILKO. A familiar application of this problem
solving schema is to the description of rigid bodies where the
concept of the center of mass is introduced. To apply this idea
to Jugglo involves considering the system of Juggler (of mass M)
and N balls of mass m as a single object of mass M + Nm.

Students often adopt an "In Toto" viewpoint to examine

JUGGLO = - a but in midstream seem to switch heuristic - -

following the flag
(c) Switch to Divide and Conquer Viewpoint.
It seems that there is a particular debug routine attached to
the "In Toto" frame
(d) Check the f%latian of the parts to the whole
that is easily confusable with having switched to "Divide and
Conquer."” 1In fact we use such a debug routine (d) to extend
the fairly crude "In Toto" argument given above to the fcllowing
polished attack on JUGGLO.

How do the component parts of the whole JUGGLO system inter-
act? The answer is reassuring to the "In Toto" champion: the

"internal" forces between the cqmpanents are egual and opposite,

- and therefore of no consequence in considering the motion of the

system in terms of the behaviour of the centre of mass. The
various "external" forces, including the (upward) reaction of the
bridge R, have a sum of magnitude,

R = (M + Nm)gk

where k is a unit vertical (upwards pointing) vector. The center

41
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of mass of the system moves up and down a little, about some
average position (or perhaps remains stationary). Consequently,
if at any instant the center of mass is experiencing an upwards
acceleration, then at that instant

R 2 (M + Nmg.
Thus even in the case of two balls (N =2), if the center of mass
of the system comprising Juggler and balls is not stationary, then
at some instant there will be a net upward acceleration and the

bridge load limit will be exceeded.

Divide and Conquer

A "Divide and Conquer" approach to a problem is to break the
problem into interfacing problems, each of which is solved in turn.
Applied to JUGGLO this heuristic would naturally lead us to eaﬁaider
separately the dynamics of the bridge, the juggler, and each of the
three balls. Now the bridge is specified as éapable of supporting
a maximum load of (M + 2m)g - M being the mass of the juggler and
m the mass of the ball. The first subproblem - - the juggler -~ -
is easily analysed to deduce that the maxim force the juggler can
exert on one (or more) balls at any instant is 2mg upwards. The
next subproblem is the motion of one ball, ball I say. If at time
t = 0 the ball is released with upward velocity v it will rise a
distance (v/2g) in time v/g, and after a time lapse of 2v/g will
return to the altitude of release, but now with downward velocity v.
If caught at the same height as when released, then (presuming the
juggler has no other balls in his hands at the time) the juggler
can apply (maximum) upward force 2mg on the ball, so that the net

force on the ball is mg upwards - - leading to a symmetric reversal

of the motion as per Fig (xv). 42
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Altitude

sv%Ej

N_/
Bal 2

Fig (xv) Possible motions of two balls tossed by the juggler
In fig (xv) we've drawn not only the altitude of ball 1l assuming
release and capture of this ball occur at a constant height,
but also a permitted motion of ball 2. Clearly in accord with
this analysis at all times the juggler is applying the maximum
allowed force so that there is no possibility of him catching a
further ball; there can be no Ball 3 without exceeding the
bridge load limit.

The chief virtue of this "Divide and Conquer" attack h is
the very detailed information derived as to an acceptable juggling
style for two balls; if the greatest height reached by & ball was
h (= vE/Za) above catching level (marked 0 in Fia (xv)), the ball will
a further h encased in the juggler's hand and then be brought up
to be released at the catching level whilst simultaneously the
second ball is caught - - possibly with the other hand at a differ-
ent altitude ~ -~ after the second ball has iikewise fallen through
h.

43
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Divide and Conquer ("Time Average" Algorithm)

This approach to JUGGLO is also motivated by "Divide and
Conquer." However, the trick of té}ing a time average (such as
is often done in statistical mechanics) is used to get rid of
uninteresting dynamical detail.

Consider the equation of motion for ball a:

ng = ~mgk + F (1)
where as clswhere k is a unit vector in the vertical direction,
and Fa3 (t) is the force applied by the juggler to ball a at

time t. Integreting between the limits t = Oto t =T,

T
mia(f) - mia(O) = -mgTk + j{; dt F_ ()

~al

Hence, the time-averaged value of the force Eaj is

o
/- o F (4 = mak 4+ mv (T) —n

Provided this ball isn't dropped, the numerator of the second
term on the left is bounded, so that over an extensive duration
the time of Fay is

Cas)= mox
Summing the forces on the juggler, and then considering the load
on the bridge, gives for the time~averaged load on the bridge in
the case of three balls,

&)= Mgk + angi
which exceeds the prescribed limit. For two ballsa

<5)= Mgk + 2mgk
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Hence, if R is constant, the bridge is just safely loaded, but
if R varies then at some instant it must exceed its average value,

"Add Effects”

In accord with the heuristic "Add Effects" we conceive the
load on the bridge as being the cumulative (additive) effect of
each of Jugglo, and 3 balls, teated separately. Thus the bridge
is "held responsible" for on the average keeping each of these
four objects above the bridge. The Juggler needs Mg to stay
more or less where he is, and likewise each ball requires an
external force of average mg to be on the whole uninfluenced by
gravity. Hence the safe load is exceeded by a Juggler tossing
three balls.

This informal discussion under this heading differs in small
but crucial emphases from that given under the heading of "In
Toto." The formal mathematical argument motivated by "Add Effects"

is likewise similar to that given above under the heading "In Toto".
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4- CONCLUSION
We have shown how a diversity of "solutions" to the Dragons
MILKO and JUGGLO depend on just a limited number of problem sclv;ng

schemata called heurlstics. The core idea of these heuristics is

probably acquired in childhood, but during intellectual develop-
ment a coterie of debug routines, caveats, flags, problem trans-
formation and reduction, ideas become attached to each heuristic.
Knowledge of very specific skills termed algorithms is also linked

with particular heuristics.

In order to promote student self-awareness, of the Processes
involved in their own intellectual development, and of the evolu-
tionary character of the formulation of a solution to a formidable
problem, a teaching stratagem isg proposed with the faliawing facets:
1) Specific discussion with students c¢f the model for problem

solving and for intellectual development presented here,
2) The posing to 5tudents of really formidable challenging prob-
lems, of which the two Dragons discussed herein are instances.
3) The discussion of student fgrays at Dragons with students in
order that their own attempts can be interpreted in terms of
the theoretical framework provided by the concept of the elabo-

ration of heuristics.
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Appendix

This paper as a whole has been concerned with the develop-
ment of problem solving ability in physics. However the teaching
stratagem I espouse is based on a theoretical model of intellec-
tual development that has far wider gambit. 1In this Appendix the
model is applied to give an explication of certain aspects of the
intellectual development of children, by showing how it interprets
some of the data obtained in the "protocols" (transcripts) of three
Piagetian experiments.

The Egg and Egg Cup Experiment

In order to answer questions as to whether some quantity is
greater or less than another, the typical child uses such heuris-
tics as

Hl. Greater extent means more.
H2. Sparseness (greater gaps between elements) means less.
H3. Counting you if more or less.

The heuristic H3 is only suitable for very small sets because
of a child's limited skill at counting. The sorts of situations
wheére a typical child of five years gives the correct answer to
questions about quantity are shown in £ig (xvi), A heing what we
term a paradigm for Hl, while B is a pafadigm for H2. 1It is
noteable re these two paradigms that only one heuristic is applic-
able to each paradigm: but what happens if a situation is presented

~ to which both heuristics are applicable, and givevcanfligting con-
clusions? In one of the classic "conservation" éxgerimenﬁs of

Jean Piagetlz, the egg-cup experiment.‘ghildEEn in the 4 - 7 years




QQ’!,QQ QQQQ MORE o ¢ ¢ ¢ ¢ ¢ o
ORE LESS o
M LESS. e e o
(A) A PARADIGM FOR Hi (R) PARADIGMS FOR H2
‘Greater extent meansmore* || “Sparseness means less

PRPP20002808

Guestion: “Are there more aggs or more egg-oupe?”’
Typical Amswer: “No, the same.”
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Question: Aﬂﬂﬁimwgrmm?‘
Typicel Five Yesr Oid’s Answer: “More egge.”
Typical Seven Year Oid’s Answer: “Of course not!”

(C) The egg cup experiment of Piaget

Fig (XVI)..
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age group are set such a puzzle involving a clash in their heuris-
tics. As indicated in fig (xviC) if such children are shown a
line of eggs in egg-cups, where the extent and sparseness of both
the eggs and the egg-cups are the same, then in answer to the
question "Are there more eggs or more egg cups?" the typical
child (4 - 7 years) answers "No the same." However, if these eggs
are in full view of the child removed from the cups - - and spread
out in a longer line than the line of the cups - - then the situa-
tion is one in which Hl and H2 give conflicting assessments to the
repeated question. However, for the young child, Hl is in some
way tagged as primary or more important - -~ for, as indicated
below, Hl describes a great range of situations where such
evaluations are seughﬁ. So the typical five year old will now
reply "Of course not." What distinguishes the seven year old
from the typical five year o0ld? Possibly the seven year old has
acquired a heuristic such as

H4. Relationships more than or less constant in tirme.
which certainly doesn't adequately describe the contents of a
cookie jar but nevertheless is a valuable heuristic. However the
mere addition of H4 to a child's reportoire won't necessarily lead
to the correct answer to the repeated question of the egg egg-cup
experiment. What is needed is some caveat like

H5. In case of conflict between H1 and H2, use an historical

heuristic like H4.

The addition of these - - or some such - - heuristics to the collec-

o0
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Hl, H2 etc. of the typical five yvear old child is an instance

of what 7 term the debuguing of heuristies.

Another Piagetian "Conservation" Experiment

Here is the protocol of a classic Piagetian "censervation”
experiment, conducted by one of Piaget and Inhelder's
collaborators, Olivier de Marcellus, in Lexington, Massachusetts
in September, 1974,

i

A five year old child Pob was shown two vessels, One, a
measuring cvlinder, was tall and narrow in ernas-gection, the
other was a sguat beaker containing a dark liquid termed
"Pepai®, Rob was asked to what height he anticipated the

"Pepsi” poured from the beaker would f£ill the narrow cylinder.

Rob pointed to a level on the cylinder at the mame
height *(I) as the top level of the "Pepsi” in the squat
vessel. The "Pepsi” was poured. The level in the narrow
cy¥linder was about three times higher than that predicted hy
Rob. Rob registered much astonishment, followed by
traditional facial expressions for grasping a tricky idea.
Rob was asked: "Is there more Pepsi now?"
Rob replied: "No! 1It's just the same ... it only looks more."*
(2)
Fob was then asked how he would explain to another child how it
was that the "Pepsi” was so high in the (narrow) cylinder.
Rob pondered a moment -~ then placed his hands about ZD‘
centimatres apart in front of him, then steadily drew his hands
together while saying, "The sides are pushing the Pepsi up”.*(3)

Rob's responses, *(1), *(2), and *(3) of the above grbtﬁcai,

rorit these comments: 5 1
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*(1) Roh s expectation of the height of the new (narrow)
liquid column conforms to the heuristic H1 of the preceding
experiment -- the anticipated "extent" of the new "Pepsi"

column -- its height -- was anticipated to be unchanged.

*(2) Rob opined a caveat to be referred to as H6 which he
probably only recently learnt to associate with the heuristic

I-Tli

H6 : "Sometimes it only looks more".

On the basis of this protocol one can't be certain as to which
heuristic(s) led Rob to say "the same" -- but it was

probably the historical heuristic H4 delimited above.

*(3) Rob had formulated an explanation in terms of the
elaborated (= debuaced) was used to snare the Dragon Milko
in Section 2. Roh was considering a fictitious state of the
cylinder -- presumably one in which cross-section was the
same as in the scuat beaker. In the fictitious state, the
"Pepsi" would be at the same level as in the squat beaker.
But on bringing the sides tocgether -- as indicated by hand

movement -- the "Pepsi" level would rise.

Islands Experiment

The following incident took place within the context

of a very extensive Piagétian experiment,"Islands" ,conducted by

o - 52




Seymour Papert.

A five year old child was asked to count the (2 cm. x 2 cm.
X 2 cm.) cubes arranged as a rectangular prism which was 8 cm. x
6 cm. x 6 cm.. Her algorithm was transparent, as she traced her
finger row by row along the front face, and proceeded to likewise
count blocks on other faces of the prism. 2zhe concluded there
were 30 cubes in the prism. She was asked "How did you do it?
If another child wanted to count the blocks, what would you tell
her?" The child replied, "Don't count the side ( = edge) one's
twice." The child failed to say that her basic method was syste-
matically tracing her finger along the faces. This method had
the bug she discovered (as well as others she didn't discover - -
the inner blocks weren't counted) but the counting procedure is
not well characterised heuristically by that bug!

In applying the heuristic "Add Effects" to Milko in Section 2
a similar situation arises. An ihgredible artifact, a pressure
carry ether, has to be introduced for this heuristic to succeed.
Yet it would be patently misleading to heuristically characterise

this solution as "The Pressure-Ether Model” for the Milko Dragon.
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of Heuristic Prames

Interpretation of "Conservation" in terms

n describing ahove aome classic Piagetian "Conservation®

Exﬁeriment514

we have noted the heuristics manifestly utilised -
and in some inatances verbally expressed by children in the five
to seven years age qroup. Perhaps we should note that it is
fairly novel to attempt to use the »rotoeols of such experiments
to determine the heuristics reportoire of a enild: such a
discussion was first given by Seymour Papert. 17 The evidence
of these and other protocols suguest that a child does not mature
hy discarding the "non-conserving®™ heuristics and learning a more
“preeisé“ "eonserving” heuristie: rather to the prototype
heuristie "To tell if mcre - look®™ are added further
structural elements -~ other heuristics - the whole collection
of heuristics being closely linked, and heuristics relating the
various elements are nart of the whole. Table jII-shaws how
some of the heuristics discussed ahove slot into the Heuristic
Frame which ig ealled "Look - More”.
TABLE IIT
THE_ANATOMY QFV?F?VHEU?;STIC FRAMF _"LOOK=MORE"

COMPONENT SPECIFICATION

Core heuristie "To tell if more - look"

Problem Reduction Hl: "Greater extent means more"
Devices and Aldorithm H2: "Sparsensss means less”
Selector

Nehuq routines "Check H1 and H2 for consistency”
Nemens H5: "In case of eonflict hetwsen H1

and H2, use an historical heuristic®

H6: "Sometimes it only looks more"




The Heurisgtic Frame detailed in Table II is similar to a

schema proposed by Minsky and Pagért.lq The young child

has available the core heuristic of this frame ~ the idea that
visual observation can be used to determine quantity - plus H1
and possibly H2., Of course to a voung child guantity means
canacity to satisfy hunger or maybe bites, One of the most
endearina protocols I have collected was of a non-conserving
six year old, who vas asked whether a flattened ball of dough
contained moxe than a spherical ball which had previously been
adjudged "the same amount”. The airl gquided by H1 claimed that
the flattened ball of dough contained more, and justified

this answer by peinting out that the round ball could be eaten
in two hites, wvhereas the flattened ball would take five bites.
The older child - the Conserver ~ has added to these basic
elements of a frame debuag routines and demons akin to those in the
Table. It is just that process of aﬁ@henting and editing a
frame, such as "Look - More", which is called in this paper the

of that heuristic.
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1. Jearl Walker, "The Flyina Circus of Phyales”, John Wilay

SD

and Sonsg, NMew Vork, 1975.
H.A, Cohen, "P Dragom Hunter's Box", Hanging Lake Boocks,

Warrandyte, Victoria, 3083, Australia (1974).

6. Polva, "How to Solve It", 2nd Ediﬁiﬂﬁ; Double bay,
Garden City, M.Y. (1957)., "Mathematics and Plausible
Reagonina". Princeton University Press, Princeton, N.J.
{1254).

The mort of anlution that Fermi anticipated for this dragon
would be somethina like so: There are # million people in
New York. 80% may of planos are in family homas and
apartmenta, of which one can estimate ... 1f there is one
such unit per 5 people ag 1.6 million. Such and such a
fraction of homes pomsess of piano, A plano needs tuning
after such a period .,. Plano owners percalve a pianc
needs tuning after a further time-lapse, or vhen cextain
pltches are aignificmntly in error. To tune & plano

takes an estimated amount of time, so that to tune the
requisite weekly number of planos require zo many pianc
tuners working 35 hours per week, including travelling and

administrative time ...

H.A, Gohen, "What G Killed Ned Kelly? and Other
Problematical Dragons". Published by the author,
Me lbhourne, ;uazralia, (1872),

o claim that Dragons or any other problems have the
flavour of research requires for justification a detailed

discussion of the pattern of scientific progress. The
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philosophers of science Hanson, Kuhn and Lakatos ara

aspecially relevant in this regard. See Refs 7) 8) 9) 10} 1),

I. Lakatos, "Proofs and Refutations", Rritish Journal of
Philosophy and Science, 14, 1-25, 120-39, 221-43, 296-342
(1%63/614).

N.R. Hanson, "Patterng of Discovery", Cambridge Univ, Press,
England (1958).

N.R. Hangon, "Parception and Discovery"”, Freeman, Cooper and
Co., San Prancisco (1%69), "Observation and Explanation”,
Harper Row and Co., New Vork, (1971).

T.8. Xuhn, “The structure of Scisntific Ravolutionse”,
University of Chicago Prems (1962).

1. Lakatos, "Falaification and the Methodology of Scientifie
Research Programs" in I. Lakatos and A, Musgrave (Fditors)
Criticism and the Growth of Knowledge, Cambridge University
Press, England (1970). Also see I. Lakatos in P.C.Buck and
R.C. Cohen (Editors), Posten Studies in the Philosophy of
Selence Vol. 8 (1972). Dordracht Reidsl.

H.A. Cohen, "Mathematical Dragon Hunting on the La Trobe
Campus". Australian Viece~Chancellor's Committee Pducational -
Fewsletter, No 3/73, Publinhed hy the A.V.C.C., Canbeyra,
Australia (1273).

H.A. Cchen, "The True Confesaions of an Aunt Watcher”
scheduled for publication in the A.V.C.C. Educational
Newsletter (ecf. Ref, 10).

Phe atudy of human problem solving is the Jdomain of cog=
nitive paychology. My own work relates especially to the
ploneering work of Rlaget (ref 14) in being concernad with

the cvolutien of .ntellectual capacitias ("genetic
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aplotonologv").  The framen concept n@esented hers g

a way of aroanizinag Aate structires deacribing  oocedural
knewledge posgagsaed by humanse , but would mlso

provide the gualiteative outline of a Fullv computable

model of the problem solving process. Tha overall project
is comparahle to +-e efforts of Wewell,Simen and co-weorkers
at Carnecie-Mellon Iniversitv who have collected manv
protncols and daveloped eomputer models of adult efforts

tn aolve problems in crypto-arithmetic , chess end-gameg,

logic puzzles and the 1ike. See M.¥awell and II.A, Simon,

. "Human Problem Sclving" ,Prentice "all, Fnalewood rliffa,

N.J. (197,

The term"Frame" has been borrowed from Marvin Minsky
"Whenever one encounters a new situation (or makes a
subatantial change in one's viewpoint) he selects from
memory a structure called a frame) o reme bered framework
to he adapted to fit reality by changing details as
nezesaa:?.v'

M. Minsky, "2 Framework for Representing Knowledge" M.I.T.
Artificial Intelligence Laboratory Memo No.306 (1974).

To be republished in “The Paychology of Computer Vision®
(McGraw will (1975).

J. Piaget, "The Child's Conception of Number” Worton, New
York (1965) J. Piaget and B. Inhelder, "The Child's
Conception of Space", Norton, New York (1987).

Profemssor Feynman has confirmed the subscance of this

account in a private communication.

See p.l14t, Galileo Galilei, "NDialogues Concerning Two New
Sciences". Translated by H. Crew and A. de Salvis, Dover,
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This point is discussed from a philosophical perspective
in Chaoter 7 entitled "Extensive Magnitudes" ip Rudolph
Carnap, "Phileosophical Foundationz of Physics" (Edited by

Martin Gardner) , Basic Boocks (1966).

Saymour Papert; "The Langquage of children and the language
of computers”. Fstratto da Linguagql nella societa e nella

teenica (1970}, p.4l17.

Marvin Minsky and Sevmour Papert, "Progreas Report”

Artificial Intelligence Memoc No. 252 (1972). See Section 4.1.

It is worth the space of & footnote to ?ezﬂunt one effort by a
paychologist (who was a collahorator of Plaget) to "teach
children the correct answer"™ to Piagetian puzzles like the
above.'® The teaching consisted in informing the child of the
"right" answer to the guestion asked in a certaln puzzle. The
effect found wam that a child at a certain level of development
might be so taught to say "more" or "less" correctly in certain
of what Piaget terms “conservation” experiments ... but not
over an axtensive range of experiments. Moreover, one can ask
of a child who has said of some guantitv that it is more than
some other quantity to image the substance being considered
ﬁas really "yummy”, and then to say which lot he would prefer
to eat: hig heuristic judgemané is then manifest despite

his use of the appropriate verbal formula.. In faet the child
whe had heen 1in§uist;eally trained to give the right angwer
had merely been exercised in formuia cranking, and though he
might give the appropriate verbszl response, his preference

for a particular quantity of “"yummy® substance wéﬁld astabligh
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that his qualitative judgement had not been altered by

his subjection to a "teaching" program that was not
concerned with the debugaing of the child's heuristic
frames. Now it is my assertion that drilling students only
in standaraiseavprcblems ~=- which I've termed formula
crankers -- can, despite the best of intentions, be a

very similar teaching program: our students can then “"do"
correctly just a limited range of problems, but don't

possess property debugged heuristics capable of snaring a

Dragon.
Fee p.48, J. Piaget, "Genetic Fpistemology", Norton, New

York (1970).

In his receni%ate, entitled "Painless precession”,
Eastman gave just such a "Divide and Conaquer"
motivated approach to precessional problems, This
note also lists previovs A.J.P. Aiscnssions of
this 'mystifying’ phenomena. See P.C. Fastman,

Am. J, Phys. 43, 366 (1975).
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