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, . INTRODUGTION e

In this unit we introduce the mathéfnétical idea of a topologi-
cal transformation or deformation. Topology is the branch of
mathematics corcerned with the concepts of continuity and
- . connectedness. In topology we study what happens to ob-
' A\ . jects and gurface when they are transformed by twisting,
e bending, pulling orrstretchmg, but not by tearing or cutting.
Under such deformations, scme properties of objects and
. surfaces, are not preserved. These are generaliy measurab;e
!"! properties and include area,-length, mag of angle, shape,
size, etc, ™Other properties are preserved and include,
among others, connectedness, insideness-outsideness and
) continuity. Topalogy is commonly called "rubber sheet
, . geometry. For example, if you stretch a rubber sheet map of
o the United States, the areas of the states and the lengths of
the rivers will change. However, the relative location of the
—_ v states and rivers will not change, and Salt Lake, for example,
‘ .~ will remain within the\boundary of the United States. S -

One of the basic concepts of topoloogy is that.of the continuity
of points in a set. The topologist, in his imagination, looks
upon-the objects and surfaces Le deforms as continuous sets -
of points. We say that there is an infinite number of points
on a line segment; see Units 10, 2!, 22, Just as the-points
on.a line segment form a continuous set, so also do the points
on a surface or in a three-dimensional object. The continuity
of points wn a line is an essential characteristic of the real
™ number systera and of the number line we use to fepresent it
geometrically. The continuity of points..on a line or in a plane
is also at the heart of the calculus and of all the basic theo-
. rems of analy31s in mathematics. So, as thé children s”tudy ®
the deceptively simple properties of the surfaces and ob;ects
that they deform, ,they are introduced to the groundwork “for
much o_f higher mathematics. In this unit the children will
. : often work with sets of discrete objects rather than with sets
L | of continugus points. For example, the 48 states of the con-
tinental United States .or the main features of a human body
constitute the elements of some of the sets that they will
study. They will observe transformations of these sets and
i . study how measurable and non-measurable properties change
, nnder a transformation. Thus the children can transfer their \
ideas about sets”of discrete objects to sets of continuous
points<”~ .

1
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Anather concept that is basic to the idea of a topological
.« - - . transformation is that of one to one correspondence, with
- which the children in the.MIg)lNEMAST -program are familiar.
. Consider a set of points or simple elements which is topo-
logically transformed. The set, in its finaliform, will cor-
‘respond point by point or element by element with the origi-
. nal form, in spite of changes in size or shape. Thé children
. . ) are givern simple examples of this concept. For instance, in
Section 4, they will try various ways of flattening th_qglobe
in order to make a flat map.  They will see that although .
angles, distances and shapes might change, the features.
. - of the flat map may be matched one to one with the features
of the globe. They will realize that there is always a one
.. . to one correspondence between points (geographijcal features)
R . on different versions of the same map, Thus the concept of
* one to-one Jgo/rrespondence, which;the children first worked
with when they began counting a.d using natural nubers,
, is further developed and applied in this unit. - |
2 - T .
The concepts of cgnfihuity and one to ome-correspondence
s are two of the most fundamental-ideas in set theory and, .
’ indeed, in mathematics. In their study of transformations
in this unit, the children are exposed to these two concepts,
- on.a basic,. intuitive and geometrical level.

&

a . NOTE: If poss-ible,r use the two films that are listed for Les-
. son 7. The films are: :

- . Monarch Butterily Story, Enc~yclopedia Britannica film, !} min-,

. e -utes; color, 16 mm, ' .~ :
s o . Frog's Life, Coronet film,. 10 minutes, black and white, 16 mm.’
———— ¥

Listdd below are some books th§t you might find useful while
tea/éhing this unit. : )

- ’ ) Barr, S., Experiménts in Topology, New York: Thomas Crowell
= : Co. , {Chapter ). C
L * Hulbert, D. and S. Cohn-Vossen, Geometry and,the Imagination,
New York: Chelsea House, (Chapter vI). e
rasner, Edward and James Newman, Mathematics and the Imagina-
. tion, New York: Simon and Schuster, Inc., (Chapter 7).
Life-Science Library, Mathemat ics, New York: Time, Inc., ’
(Chapter 8). :

: S 10
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St MEASURABLE AND NON-MEASURABLE PROPERTIES

This section reviews many of the ideas -intreduced in earlier
MINNEMAST units, such as propertxes .classification, one
to one correspondence and measurement AN

¢ \\ N
In Lesson | the children review the 1dea‘that a proper*y isa .
characteristic or attribute of an object or a set of objects,
leadmg to the important 1dea that number is also a property
~ of a set. By using one to one correspondence they can com-
. pare the number property of two or more sets. “They review -
- ;‘classxfxcatxon ideas with sets of animal cards, using common
’ ] propertxes such as the number of digits on a front foot, etcy ’

as' ‘the’ basis for classification. ] . “

\4

\

N
In Lessons 2 and 3 the children study measurable properties
of two-and three-dimensional figures. A measurable prop-
erty is one to which a number can be assigned, usually By
measurement with some instrument (e.g., ruler, protractor)..
. Examples of measurable properties are length, area and vol-

. ume. A

q

e d

~

In Lessons 4 and 5, the children study non—measurable,ﬁrop—
erties of two- and three-dimensional figures. °In this unit
the non-measurable -properties are-"boundedness" (pertaining -
- to boundaries), order of points on a line or in a plane and n -
’ "insideness- outsxdeness" (in-out)., which has to do w1th the
location of pomts in reference to a boundary. '

"'“ o This study of measurable and non-measurable properties, pro=
vides a basis for investigating properties that change'and

- ' propertles that do not change under transformatxon
- , °
Izl 2
- P “
" 7
., . “
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L
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Lesson |: PROPERTIES OF OBJECTS AND SETS

2

The purposes of this lesson are:
) .

- to review the usage of the word "property" when describin
a characteristic or attribute of an object or a set _of objects;

— to use one“o one correspondence as a way of comparing
the number property of two or more sets;

— to have the children classify sets of animal cards ,; using
common properties of the animals as the basis of classi-
fication. ;

In this unit, as in Unit 26, What Are Things Made Of?, the

~ word "property " refers to a characteristic or attribute of an
object or a set of objects. Hardness, shape, color, thick-
ness, texture, size, -etc., aréwords that denote properties.

When describing properties of sets, such words as "number"

and "order" are also used. ) " -

MATERIALS

N

— Letter to the Student (provided in the Student Manuals)

— story, "The Education of Peter von Hahgg" (provided in
this lesson and also in the Student Manuals)

—

— 30 pairs of scissors . . .

— Worksheets 1 =35 - .

" PROCEDURE

Activity A
Distribute the Student Manuals to the children and have them
open to the 'student letter. Read it over.with them. This
letter introduces two story characters, Peter von Hahgg and
Henry, who will appear from time to time to help introduce’
and review certain concepts. The first installment of the

story follows the student letter: Have the children turn to

the first installment and read through it with them. In this
part of the story, Peter and Henry clarify a common misunder- -
standing children often have of the word "property," that is,

™

jb
Q0

O




-
. they think of property as land. Peter and Henry also review
.. ore to one correspondence (matching) as a method of compar-
ing the number of objects in two sets.
- »>
. z
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THE EDUCATION OF PETER VON HAHGG

Pe_atef von yéhég, Pig-in-Chief of Hillendale Farm, was very
proud of his highfalutin title and more than a little pompous, but he

did have a very good heart, after all. ‘

His friend, Henry, a clever but modest fellow, went to the
Little Red School House five of the seven days out of,the week, On
the sixth day he t6ok long walks with Peter, and on tﬁ‘g se\}enth, he

rested. - , \\

The two had been friends for quite some time now._When }
Henry came home from school, Peter would tell him the farm gossip
and Henry, in turn, would explain much of what.he had learned that

day to Peter, R2eéter was a highly intelligent pig. He had ta ght

himself"qhe‘alphabet and could spell such words as pedestrian,

antidisestablishmentarianism and reticule, which, you must admit,

is pretty impressive. He even had a library card and checkéd -books
out of the local library so he could bone?up on all so;*-ts of subjects.
All in all, ‘_Peter von Hahgg was one of your more well-informed and
high-toned pigs. However, as you will soon see, there were cer-
tain topics about which Peter knéw nothing, which is not to se;y_that

he wasn't perfectly wil{li.ng to learn.

Oue fine Saturday afternoon in April, shortly before the begin-
ning of daylight saving time, Henry and Petér went out for a stroll
around Hillendale Farm. They were eager to look at the young lambs

and chickens and ducks and to see how the gardens were growing.

w




»

They were standing near the chicken coop looking at the :

chickens when Henry said to Peter, "Those chickens certai"n'ly

- have some interesting properties, don't they Peter?”

¢
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“Properties?" asked Peter, "Do they own property" Other

than the ground they re scratchmg on, I mean" "
...:{-“

"S1‘ly pig," replied Henry, "I mean — well, when I say prop-

erty that way, I mean the things you can see and descrrbe about the
chzckens that make them chickens — like their feathers. Let me see
if I can explain it better. The properties of a chrcken include its
feathers, its wings, its ability to lay eggsr‘,wi.t‘s two feet, Yon get

<

the picture?"

"I'm not sure," answered Peter, curling up his tail as he

thought about it, the way most people wrinkle their foreheads when’

they try hard to concentrate,
"Well, Peter before you get your +ail all Bent out of shape
\thmkmg about it, I m going to assemble a set of obJects and let's
see if you can descr.be some properties that all of them have. O K 2n

Henry*asked. e o

a e

N\

"O.K. " -reo'lied Pet‘er ‘but wifhout much enthﬁsiatfn He was
a teény bit afra1d that he rmght riot be able to answer Hénry s ques-

tions and he hated to appear foolish in Henry s eyes

And with that, Henry walked off to the bam and returned a
quarter of an hour 1ater carrymg two white baby raboits and lead- .
ing a young lamb, a kitten and a puppy. He brought thern_ over torthe
oak tree that Peter was standing under. As he sat the rabbits down.
on the ground, Henry said quietly to all of them, "Now, don't run
off until I tell you you can go’ You understand?”® And turning-to
Peter, he said, "Very well, then, Peter, can you describe eome prop-

> erties of all the animals in this set?®

<
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“Hmm....let's see.,...they all have four legs, they all are
covered with fur, they ar€ all of them living animals. ...what I mean
is, they're not plants or buildings or stars but they are animals,"

“explained Peter. | f
"Verrmry éood, " exclaimed Henry. "Any’chin§ else?"
"Well, the lamb and the two ra}?bits are white," Pete; said,

. "Yes, but the ki§t7énd the ,pg’bpy aren't white," Henry re-
I

plied. "You see, Peter/ I want you'lto tell me the properties that

L.

“all the members of this ;set have in common. That means the prop-

* erties that they all havé — like they all*have tails. — or as you men-

~

tioned earlier on, ’che}{ all have four legs." .
i .

~

"Oh, I see," Pe'ter answered. "Théy all haye‘two ears," he

go‘nt"i’r‘fued "and two eyes and they all can move around They all

"

? *_eat ga:nd they all sleep and they are warm when you curl up next to

them. 1} \ w

N "Now ydu have my idea," Henry said,
SO B

2 -
——
.

"Say, Henry, this is kind of fun," said Peter. "Why don't
you — if it's not toow much work I mean — why don't you_make
anothex set of different kinds of ObJeCtS and let me-describe their

common properties? "

"O.K." replied Henry, fwho wanted to be a teacher wken he
grew up anyway) and SO saylng, he went to the tool shed and came
" back pushing a wheelbarrow that held a rake, a hoe, a shovel and
a trowel, He hned up these th'ngs on the ground and asked Peter,

"What gre the common properties of the objects in thig ..et? "

3




And quick as a bat, Peter an«cwered "They all have wooden’
parts and they all have parts made out of metal and they all have

handles. And — oh yes — they are not animals, They are all used

o

to work in a garden.” ’ . -
L - "Right!" exclaimed Henry. "Anything else?"
t ) % - " “ - ~ . .o 2 “ .
. . ’ . .
o ) \ . "No, not anything else that I can see," Peter answered.

T K But you kno;/v what, I:j'ust noticed something-that's interesting."

) - ’ "What's that"" Henry asked. ) s

"Both sets — the set of 1'1v1ng an1mals and the set. of gar-
dening tools — have five Ob]eCtS in them. Could you say that

the number of ob]ects m any set is ‘a property of that set?”

-

"Not so. fast " sa1d Henry. "Y.ou mentloned two very im-
- . Dortant things. You re absolutely r1ght when you say that the num-'
. ber is an 1mportant property. Whatever, the number of obJects in a
.set — 2, 49, IOO — it s an 1mportant property You also noticed
that in these two sets, both have the same number of objects. You
" must have compared them in some way., Can you show me ]ust how -

you know that each set has the same number of ob]ects m it? n
s M b4 &

"Why, that's easy. " rephed Peter. " Look, you can match

. one ob]ect 1n this set to an object in that set and not have any

le'ft @ver., ".e * ! ’ ) -

v " -

' o LI i

oL And, wouldn't you know it, that's just what Peter von Hahgg -~ -

A

did! He matched the rake to the kitten, he matched the hoe to the

PUDPY . the wheelbarrow tc a rabbit, the shovel to the lamb and the

Led
.

. trowel to the other rabbit."
PR S, *  "There you aré, Henry," Peter exclaimed, stepping back to -
/ . look at his work. ~ * °
3 . .\ \

&
P

-
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~

"That's very good," Henry said. "Do you know what you
. , )
have just done? You, my friend, have matched one to one the
objects in.one set with the objects in another set. In other words,

there is a one to one correspondence between these two_sets."

"Well, dog my cats!" squealed Pgter in excitement, (Peter
had a hard time kegping cool when he got excited.) "So that's

-
what I did. And now I understand what you mean when you say

one 'to one m‘at'éh‘in’g‘ of the objects in a set."




A

Henry had been roticing that the shadows cast by the tree
had been growing longer and longer, so he turned to Peter and
said, "Well, old buddy, it's been a long afternoon and this' has

been a pretty.deep discussion. What do you say'we return to the,

house and have some lemonade before we clean ‘up for supper""

e .
*

' "Sounds like a good idea to me," said Peter, who was not

one to turn down lemonade nor ﬁood nor even cleaninc up for supper. .

>

«As the two friends walked down the lane to the farmhouse,'

.

Peter nudged Henry in the ribs and said, “Speaking of chickens,

I have an important question for you to answer, Henry." - C
[ e . . . .
&
v »So ask me," said Henry.
\‘ E . i .

"Can you tell me," asked Peter, " why did the chicken

cross the road?"
14
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girl in another subset; one' subset has three long-haired g1rls,

- should then try to guess by what property the child determmed)

.objects, e.g., & ch1ld a plant, a pair 5f 501ssors and a 7

£y

After the ¢lass has finished reading the story, ask the chil-
dren if they would like to play a game in which they descr1be

some prooert1es of objects and sets of objects. ' o
. ' ~ ? —_ ) ~
Game |: Properties of Objects ' — \

i v

- 2

»
1

First have the ch1ldren describe some propert1es’“ of an obJect
such as a book or an eraser. Ther ask one student to leave\s v
the room for a few minutes and tell him that when he comes . =
back into the classroom the other children will describe the
proper,’nes of some object in the room. H1s job will be to .

‘figure out wnich object they descrlbed i
Wh1le the child is outs1de the room the rest of the ch1ldren
decide which object they w1sh to &escnbe Caut1on them - »
against lookmg at the ob]ect when they d050r1be its proper-
ties. Also, they cannot tell the name of the object i.e.,

‘they shouidn't say, "It's a clock." Call back the student K
who was sent out and proceed with the game. .

Game 2 Properties of Sets of Objects

\ - .
Have a set of four ch1ldren stand at the front of the room.
Ask,the class to describe some properties of this Set of chil-
dren. Some po%ible pfopert1es arb: - ’

/
¢ — there are four members in the set a .
— ‘they all have two legs . L .
— they all are wearing two, shoes .
— they dre all girls C
.- they all have dark hair "’ o ..
Ask someone to divide the set into two subsets accord1ng to /

some property. (For exampﬂe three girls in one subset, one
the other subset has one short-haired girl in it.) The class ~

the subsets. (In th1s examdie the property is hair Length )

%
LN

Repeat the procedure but thls tzme ‘choose a set of drss1m11ar

glass. Ask the ch11dren to describe some properties of this .

N o
. . kY ‘ .




' —a

. set of objects. Some possiblfa properties are: : .

- P . - E%
~ /1 .
: - v — they are all solid Tl e )
. . "L they are all taller-thgn they are wide =" = r "
L. T - ‘there are four members in the set H = R

- . . o
4 - - - - El

£

. - _ .
Lk . Have 2°chif divide the set-into subsets according to’ some
. 'propert}% For exampley he may make'a subset of the child *”
- and the/blant and another subset of the scissors and the
glass. The determining property in this example is wﬁe_thér
the object is alive or not alive. Ot perhaps he will-divide
- ¥ % these objects into a subsgt.of the child and the scissors and *
- another subset of the plant and. the glass and say that the «
LT .“%irst subset has “legs" and the second subset does not.. Or
ne'may rmake one subset of the plant, the-scissors &nd the
glass and gnother subset of the child. In this case the deter-.

mming' property is whether the object is an.2nimal or not. .

. & ",

-
-«

The &lass should again try-10 guess by what property the child’

. . -7 & determined the ‘subsets, The child who guesses the correct
' ' . property gets to choose a new set of objects and also to qe?
termine the subsets. T T

[ -

Activity B T .t - ‘
¢ »

_ Ask thé-children to tear Wor_ksheeté l through"u't_out, of their , ~
. %, - manuals. They should cut each worksheet into folr-parts - .
’ SR aiong the dotted lines. When they are done, they will have o .
. : a set of sixteen animal cards. On one side. of each card is a '
KEE ‘drawiﬁg of an animal. On the other side are smaller drawings
o ~ of the front paws and the back paws of the animal. :

. ) As;;‘ign partners and have'the;m sit next.to each other. Ask ’
Ry L . each child to divide his set of animal cards into Subsets,
' ’ using any property, he wishes. +When they are finished, each' :
chils should detefmine what,property hisé partner used to )

s . ; : =
. clasqj,fy his setof animal cards. When this is done, ask, .
them to reclassi:fy their set of cards accord‘ing to another
" property. Then they should check their partner's work as .
[ . %;. b . . - : - »
o exox;e. S - .
. . L f
. . ‘\ KO" -'
y b . . 4 3 ' ’ .
- 7’ ) ) “ . . . - r 4
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Bxtra. motivation for this activity could be to have the children
see which pair comes up with the greatest number of classifi-
cation properties. When the children have had enough time to
" try several classification schemes, list on the chalkboard
some of the properties that were used, The following diagram | ¢
illustrates one possible classification scheme: '

-
- - s

- 9
- set of all i
animal
cards
3 - no legs . A 4-limbed . .
(snake) : {fother 15 animals)
14
1
' g G
5 toes on front feet and 5 toes on front feet and
5 toes on back feet 4 toes on back feet .
. (man, ape, racoon, (cat, dog, elephant,
- beaver, skunk, oppos- mouse, squirrel, wolf,
sum, bear) frog, turtle)
~ .
F i
4
18

C
Fal)
<o




Discuss with the class the idea that the number of toes on an -

animal's hand or foot can be matched one to one with another
animal's dl(‘ltb.
r3 b

To further clarify the idea of one to one matching, have the-
children complete Worksheet 5. On this worksheet, all the
main features match one to one on the man and the bear

(2 eyes to 2 eyes, 5 fingers to 5 fingers, etc.), except for

_ the bear's tail. Discuss the worksheet with the ch11dren
.. . after they have completed it. -

i “Rorksheet 5

tnit 28 Name =T

- .
-

Draw lines Yo shom the related features or the m:m
and the bear.

Jimbs, o g 2 5o
i — .- 7/7402/ rﬂeclu/?.f }-\’\
{

bead,
+rU))K

. D
:‘ "y “

e

n—\{ -

‘/

D» the related features match one to one?
yés,
7
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Lesson 2: MEASURABLE PROPERTIES OF 2-DIMENSIONAL FIGURES

R .
The purposes of this lesson are: -

— to study such measurable properties of 2-dimensional
figures as length, mag of angles and area;

— to provide _the groundwo'rk for.investigating properties that
change and properties that do not change under certain
transiormations. : ’

Measurable properties are’those to which a number can be
- assigned, usually by measurement with some measuring'in—

strument (ruler, protractor, clock, weiglht scale, etc.).
Examples of measurable properties are length, area, height, *
weight, time, volume, etc. Non-measurable properties are

- ¢ those that must be described without the use of numbers and

- measurements . For example, order of elements in a set,
color, characteristic shape or.form, open or closedness of a

curve, etc., are non-measurable properties.

-

, MATERIALS
" . — 30 protractors (from Unit 26) L
. F i > :
< — 30 rulers
— 30 pairs of scissors . .
%’5 — 30 pieces of 5" x 3" paper
— 30 pieces of string, each’ at least 12" long .
& ) — story, "The Same or Not the Same? " (provided in this i
lesson and also in the Student Manuals) ”,'/
— transparency of Worksheet 6 (optional; printed original is/
included in the appendix of this manual).
— overhead projector {optional) -
— Worksheets 6 - 0l
PREPARATION
Before class, cut 30 pieces of 5%" x 3" paper. Use any
- . kind of paper. ’
A\ - A . -
3 i .
3 20 P
L = a ‘
o
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Cut 30 pieces of string, each at least 12" long.
_ If you wish to make a t?ansparency of Worksheet 6 for demon-
S ‘ stration purposes; a printed copy of it is included in the
appendix-of this manual.

PROCEDURE _

Activity A ~

Remind the children that in the previous lesson they talked

about such prpper:ties of objects-and sets of objects’ as color,.
thickness, hardness ,,éi:c.- Today they are going to read a .o~
short story about two sisters who get into an argument about
properties. , v

- - »

Have the children open their manuals to the story, "The Same
-or Not the Same?" It follows Worksheet 5. Read the story
together with them. It introduces some of the fundamental
‘ ideas that will be investigated in this section and throughout
i the unit. That is, undér certain transformations, certain

- properties change (measurable properties) and certain prop-
— erties do not change (non-measurable-properties).




THE SAME OR NOT THE SAME? .

Greta and Iréne were very excited. They were visiting their
grandfather in New York City and he was taking them downtown to
visit a giant l?alloon féctory. The girls were excited about the bal-
looné because they were the‘ones used in the'big Thanksgiving Day
parade every a;ear. Greta and Irene had often wateched the parade on®
television in Minneapolis where they lived. They loved to see the
drum mé‘Jorettes, the clov%ms and jugglers, the beautiful fairyland

floats and the live animats — and, of course, Santa Claus. But

'best of all were the giant balloons. There were balloons of many-

famous cartoon characters like Superman, Donald Duck, Mickey
Mouse"énd Popeye. Some of the balloons yeached to thehvery tobs
of the apartment” bulldlngs They had seen all of this on television,

and now they were going to see the real balloons at last!

"You girls are very lucky,r" the man at the factory said'; "We
usually keep the balloons flattened out and stored away in huge
cartons all year. But Mickey Mouse is badly in need of repair and

we've got hinl all blown up in our big warehouse."
]

The girls and their grandfather eagerly followed the balloon -
man into the warehouse. As they entered the huge room they were
amazed to see a gigantic Mickey Mouse looming high above their

heads and reaching alnfost to the top of the five-story roof. Greta

-and Irene both exclalmed "Wowl " They just couldn't believe how

large the Mickey Mouse balloon really was.

v

"We're trying to find a couple of leaks, " the man told them. ’
"And we' re also touching up some of the colors so he'll look just
like our originai Mickey Mouse statue over here." The glrls looked

at the table where the man had pointed. Qn the table was a small

o ™
Sw .







statue of Mickey Mouse, about two feet high.

wPhat statue is funny,” said Irene. "It's just like the big

balloon." B -

=

"Oh no," argued Greta.‘ "The Mickey Mouse balloon is com-

pletely different from this little statue. Can't you see that, silly?'"

“Now wait just a minute, " interrufited Grandfather. "I guess ’

#r

they're the same, but different ‘too!" ' . 4

Greta and Irene stopped”arguing. They both looked puzzled.

& N
-

- .
X+ WHO WAS RIGHT? GRETA, IRENE OR GRANDFATHER?

e

X}WHAT‘PROPERTIES’ WERE THE SAME ABOUT THE MICKEY
MOUSE STATUE AND THE BALLOON?.

¥>-WHAT PROPERTIES WERE DIFFERENT/?’

-~

I




After you have finished reading the story, discuss.the ques-

. tions at the end. Since these questions are meant to be open-
ended, accept all suggestions that the children give, At the
beginning of Section 3, you wilI refer to this story and give
the children an opportunity to answer the questions in more
detail. 2

Tell the children that in this and the next few lessons, they

will be iivestigating some of the types of properties the

Grandfather in the story meant when he said that the statue of

Mickey Mouse and the balloon of M1ckey Mouse were the . -
'same, but also different. 7

: - - 2

, Activity B - ’ .

Review the following measurement ideas. All of them have
been used in previous MINNEMAST units, especially Units 12,
16, 21, 22, 24, 25 and 26. '- ' .

“a

. — |. The "appears to equal" sign .
When we measure lengths, widths, areas, weights, etc.,
we get only an approximate measurement, so instead of
. > using the equal sigh, we use the "appears to equal"
] sign. For example, "the length of the desk =5 feet." -
“Since it may-actually measure 5.06000012 feet, it is in-
correct to say that the length‘ 5 feet.

" 2. Length or distance ‘measurements : ) .
The children shouldn't have much troubl{e measuring line ’
segments, However, they may not remember how to
measure the distance around a c1rcle. -You may want to .

. give the children time to think: of a way to do it. One .
possible method is to lay a string along a circle, mark
the circumference with a pencil and then lay the straight—
ened string along a ruler,




=

3

3. Mag of angles -
) The childrén were introduced to the standard protractor
- ’ in Unit 26, What Are Things Made Of?, pp. 172-178.
. . The children will be using their protragtqrs from Unit 26
throughout this unit. Review.the ideas according to the
needs of your class, ‘ :

A

§ ’ : 4, Area .
o Children ifl the MINNEMAST program have not actually
measured jarea since first grade in Unit 12 Measurement
* with Reférence Units. Therefore,.you may need tp spend
more tifne reviewing this notion than you spend on other
measu ement ideas.

»” %
Below is a possible sequence of ideas you may want to
follow when discussing area with your class.

A

W

- : ' — Area 'was defined in Units § and 12 as the "size of a
region on a surface bounded by a s1mp1e closed curve. "
For example, the size of the region bounded by the edges’
of this page ‘{5 called the area of this page. \
- — Have the children look at the transparent grid on Work-
. sheet 6. To find Worksheet 6, have them turn to the back
of their manuals. Give each child a piece of paper that
- measures 53" x 3". Ask them how®heir grid could be used
- to measure the area of the piece of paper. (They could put
the grid over the paper and court the number of grid squares .
it takes to cover the piece of paper.) Have them do this.

26 3

.




i Init 28

*orksheet 6

SRS S

‘They will soon discover that
. some of the grid squares f4ll

B R St ety rule: "Count a grid square if its

only partly on the paper. Sug%®,6
, gest that they use the following =~ *

center falls in the région to be

e e - , decide. " Tell the children to try

. Z measured. \The dots in the cen- -
b . ters of the grid squares can help

. to get as many whole squares as
' possible orto the surface they
are measuring.

3
(3
.
.

If the children -have difficulty
using their transparent grid sheet
make-a transparency of Worksheet
! ‘ 6. Use the overhead pro;ector and

i ! illustrate the measuring process
for the children.

. in the region to be mea- o

In this example, 15 of’ .
the dots fall compietely :

sured and 3 dots are on , |
the boundary. In this,

case, the children s‘hou{d
see that twb half squares

make one whole -square, - ' e
therefore the’area of i =
this region is 16% square: .

units, : 1. 1 .




- 5 .

— Rather than call the units "square units," ask the chil—
- dren what else they might be called. Have them measure
+ the dimensions of the grid squares w1th their rulers. They
- should see that the squares measure 1" x 1", Suggest
ce . : that the square units be called "square inches.

- You may want to give the children a chance to practice

. making measurements with their transparent grids. First
have them complete Worksheet 7 and then let, them measure
the surface area of several objects in the classroom, They

. 0 . can record their measurements on Worksheet 8. Suggest’
h ¢ that they measure the area of some circular or "curved"’
~ regions, such as the cover of a jar, a closed curve drawn
. » " *"on the chalkboard, etc. '
- ‘ - ‘ I} !
- hd - L “ <
§ \ '
7 . : Worksheet 8 1
Unit T Name . Unit 28 Nawe
:'c-u re the fexfons. . : Area Record Saeet <
’ Re r the.rule: )

(‘ount'- square If (ts center falls . The nren of - EY square- Inches.

‘within the area to ‘be measured. " -
»

- A The afen of square Inches,
— L - !
Y - f
g , The nren of ‘L _ square fnthes,
The area of . x stfinre inches.
*ée -
> The aren of 2t square Inches.
L RAL ‘ .
TU_,L square uniis “¥me area of s «

(1]

square Inches.
square uiits . “ .

. gquare inchea.

. ! The area of Y
' . -
¢ . . - N N g T
v . ]
The area,of H square Inches.: °
. -
o .
. . * R . N area of - s squnre inches.
. - ! . . ¥
13
’ The area of E] squarc inches.
. . g
. ' 1
¥4 ~’ RN -
, .
l b= . . . .
K = W 2. square units . « ATe o . B .
- ~4\ ¥ -
. , - . . . . ol

EMC R R ' 4

-
PAruiitex: provided by ERiC ' [l
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A worksheet 9 . . Worhsheet 10 -’ <
Fuft 28 Name i T oUnit 28 Name hid
- ; o B p———— ¢
. N\ ' - . { * |- Lenxth of each s1de é_z_f_lnches.

. Mag of each angle = :?O degrees,

) §
' .
. f . 2 . &
) N . Area of the square =

‘ H 4 square inches,
- 4 W -~ L4
. A - 'D N

‘¢ . .
A n ¢ 8
. ° L
.. . : » -
> Ftod the measurable properties of this triangie. <} %
“ . .
AY -
N % Lenkth of sides N Iy \ ’ * |
t - .
wide Al 2 ____;3,‘___ inches
[} v 4 s . >
side 12 _i'i'___ linches . - - Y?.
- » L
™~ ' side AC -. -——li—llnches The_distance around the circle (the circumferencel = BRIt
» l
« 7 B Mag of angles R nches. 5 i i v
. angle A ° __ZQ degrees ) The digtance across the circie through the middle . - e
T . g tdiameter) =3 _inches, -
. * angle B 5 __,,L,,__denm-cs

\ angle € & __ii,,__degrees - The area of the circulsr reglon i._l_lqulre inches,

- . —' : . a 3 € ~
. lo ¥ Area L . & T inches N ' ’ '
L4 . ~ - »
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‘e
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. . i
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.
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R 3y X T TG )
’ i ) hd - . > . > v
?’ ' . co R Activity C g
: Wworksheet 11 . B . . " ¥ ., .
Lnte 28 Name . - Have the children complete Work=.

e . « sheets 9, 10 and 11.* They will

! /«-\ _ ﬂeed a standard profractor” (from Ce
" . o . Unit 26), a ruler, a piece of stripg . .
/ ‘ T . heteht ‘ (at least 12" long) and the trans- =~ -«

o . o ﬁ Q'\n @ waedd  © |5 parent gri (Worksheet. 6). s Dis=" . o
o ) L ] ‘ cuss their answers when they have %~

A SN ' . - finisKed their;worksheets. . ' o

. . “ ) \“*/{ N - ’ L
' ) s _ ‘ : The measurement 4deas and devices - ’

\ . - " __i . . revidwed in this lesson will‘be used

IR a

. Theshetzht of the face.:

. . . extensively throughout the rest of -
* " The width of, the face & —L‘f-‘"”‘“ R the unit;, therefore, have the chil~ .
! - 'The area of the face . J—Jf-l'zcws - dren séve their string, protractors ’ “ v
" The distance around the face . L Z_tnches. ’ rulers and grids for later use; You
‘ N * ‘ may want them to keep their meas -
‘ N ‘ uring devices together in a folder. .
Y . " : » ks a
» ., o l . . - 7\ R T* Y]
. . Yo, ¥ . . . . v ) ': . .
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Lesson 3: MEASURABLE PROPERTIES-OF 3-DIMENSIONAL OBJECTS
_ , . — . T
The purpose of this lesson is: - - . : < &

» ' -
»

= 40 study some of the measurable -propérties of a cube and a
sphere, such as surface area, circumference, mag of

-

. 7~ angles on a cube and volume. ) o
MATERIALS __— : - : S
L o x5 .'
:—""30 pairs of scissors e .

—_ transparent tap& gas many rolls as possible, up to 30)

- — | measuring cup, filled with sand Ce

.— measuring devices from Lessoh 2 (protractor, ruler,.string,
* and transparent grid)

— 30 balls {assortment of different sizes, from golf balls'to
- basketballs), | per.child -

%

— Worksheets 12 - s

-

PROCEDURE
Activity A |
Briéfly‘review some of the proberties the children me’as;ﬁlred in
Lesson 2, such as length”(distance), area’and mag. These
were all properties of figures drawn on a flat surface“./ Tell
the children that today they are going to investigate some of
the measurable properties of objects that are not “flat" —
objects that have length, width and height — like @ box-or -
a ball. . ‘ o
N ~
Each child: will need scissors and a few pieces of trans-
parent tape. Ask the children to tear out Workgheet 12 and
follow the accompanying instructions to construct the cube.. -
To find both pages of Worksheet 12, tell the fﬁhildgeh to

turn to the back of their manuals. ; F .

7

When the children have constructed their c{;bes, have them
take out their measuring devices from Les,s[on "2 (protractor,
ruler, string and transparent .grid). Ihen,!’they should complete
Worksheet 13. Discuss their answers vts/rith them. Some child

may see that an easy way to find the tofal surface area of the
. ! .

)

&
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- A

dorheheet 12
ipit 28

-~

®orkshect <12, cont°d.
tnit 28

‘ L] L] : - ,
t < s . -
~ PO N 1. Cut-out the figure along the dotied 1ipes.
L . ) N
. ' : . « - b
. -

.,.
Ao
. [}
o,
]
[ I :
Ve :
1]
>
.
.
)
] .
1
+
L
[]
¥ .
»
e——————
.
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-« * -
2. Fold along the,darker lines.

-
-

3. Tuck In the tabs. _ ~

- ~

Y
» ' ) w rl .
- 1 . . : . .
I' . . 4. Tape the tabs shut.  ~—— rs
. N N e . _
. » L
4 . (-
\ : . . ' ;
. .
- - 5. You should have a box (cube) \vbext you:are
- : K LB finished.
M e * N - *
s ' ' -
-7 r - - ; .
< R .
~ . . . ‘e “ .
[

{EK

Aruitoxt provided by Eic:
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cube is to find the area of one. ..., | ‘
. face and.then multiply that by . - .
the number of faces (2 x*2 = 4; . porksheet 13 . s C )
. 6 xll 24 square inches), ' v -
. Mecasurable Propertics of a Cube,
- In discussing the last question Loog 2t the cube you made.
~ Ol'l WOrkSheet ! 3 "What other The surface arca of the cube i_Zisqunre inches.
. properties of the cube could you . s
. measuré? " ’Some possibi lities - ‘_' Find corner A. Measure the distance fr—on-f\—t‘o‘n
. 0 F to G to A, The total distance’ & triches.
are its volume "(capecity) and its ]
weight. One way to measure the Measure the Malgs ol the comers of your cube.
"~ volume of the cube is to tape Each anele *v—{o—""f?s'-
| comolete ly the edges of one CUbe’ 7\“\9! ofher propertics of your cube could you
. \ . .except for a lid face. Then pour .murez'
sand into the cube. Measure volusne . waiaght
the amount of sand used by pour- . n LY
ing the sand out of the cube into
” a measuring cup. Another method ’ .
would be water displacement, , . «
but this would be more difficult. - ‘ :
. Ask the children to save their ..
cubes. ,They will be used again .
in Lesson 5.




. L. . .
Activity B
. - . ?
Review with the children some of the properties they measured
- of their cubes: surface area,-distance around, mag of angles,
volume and weight. Then hold up a ball. Askthe class what
- /e . . "oy
properties of the ball they could measure and how they would
- » - & - N
- . measure them. List their ideas on the chalkboard.
~ ,, 4 R B . ) .
Then have ‘them complete Worksheet I5. To. complete this -
- worksheet, they must actually measure-the*circumference, the
) surface area ard the vélume'of a ball. On-the reduced work-
. sheet are sample answers-for a child who has a softball. To
’ answer the last question, the child must decfde which kinds - .
’ of balls are ‘smaller’and largét, than his‘ball. - S
. - . "‘-" ‘ -
PR Lo ) . ) );:'-' v B x
~ ia, . N »
. i - o — 3 . .
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Listed below are possible ways the children could make these

measurements.
o .
: 1. ,Circumference (distance around) )
", The children could use a string to measure the circumfer-

ence. Wrap the string around the ball at its "widest"
part and then measure the length of the string with a. ruler.
. -2. Surface area
Worksheet 14 is a
" page of inch squares.
These squares should
be cut out and taped
on:half of each .
. ; sphere. The total
surface area, of the
ball can then be
—. . computed by multi-
v , -plying by two the
. . number of squares
- . used.

When the children do this-activity, :
they .will soon see that the inch -
squares need to\be "folded" or

"pushed together" in order to con-

form to the spherical surface of

the ball. (The smaller the ball

is, the better.)

\.‘* &
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rather crude measuring device.

This is an important experience for the children, since later
in this unit they will encounter the reverse of this situation
when they try to flatten the surface of a sphere. They will
find that this cannot be done without "stretching" the spheri-
cal surface.

Children with similar balls may want to compare their surface
area measurements. For some of the balls, area measurement
may vary by as much.as two square inches or more, depeﬁdiﬁg
on the amount of overlapping and gaps. The children should
be able to make approximate measurements even with this ¢

- »
R,

wy
. .
e w,‘.o’é

3. Volume
At this point, a comparative measurement of vo“lume,is
all that is necessary. This could be done by lining up
the balls on a demonstration table according to "size."
The children could write on their data sheet, Worksheet—..
15, where their ball stands in relation to the other balls.

After the children have completed Worksheet 15, discuss their

" answers with them.

»

Finally ; review some of the properties the class has measured .
in the last two lessons: length (or distance), geea, mag,
volume and perhaps weights Remind the children of the differ—
ent figures with which they worked — triangle, square, cube,
circle, face, sphere. Then ask them to fry to think of some

properties of these figures that are not measurable properties.

Tell them to think_about this for the next lesson.

Save the cubes and spheres for Lesson 5.
7/

o .y
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Lesson 4: NON-MEASURABLE PROPERTIES OF 2-DIMENSIONAL FIGURES

:
. The purpoge of this lesson is: !

e

, — to study two of the non-measurable properties of 2-dimen- ..
sional figures. These two non-measurable properties are
order and "boundedness." . '

MATERIALS . ' _ ]

— crayons

- story, "The Education of Peter von Hahgg, " part 2 (pro-
vided in this lesson and also in the Student Manuals)

— Worksheets 16 - 23

PROCEDURE : :

Activity A 7

Ask the children to turn to
Worksheet 16, They will

Worksheet 16 "3 > e
rorkshe o . probably recognize these

figures as the same ones

they looked at in Lesson 2
(Worksheets 9, 10 and !1), when
they were looking for ‘measurable
properties, Ask theni if they can
think of any properties these
figures have other than such
measurable properties as width,
N length (distance), area and.mag
of angles. Accept all reasonable
responses and list them on the
chalkboard. Although such non-
measurable properties as order
and boundedness are intuitively
obvious, the children may have
difficulty verbalizing them. This:
is to be expected.

After the children have had an _ B
opportunity to think about non-

A
C>
-~
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measurable properties ‘of the figures on Worksheet 16, have

. them tum to the second installment of "The Education of
peter von Hahgg." It follows Worksheet 16 in the Student
Manual. In the story, Peter and Henry have to think about

* the order of points on a curve as a non-measurable preperty.
Another character, Ho Hum Bug, helps them and the children
visualize the order of the points as being a constant; that
is, the order 6f the points remains the same no matter where
the observer stands. y

»




THE EDUCATION OF PETER VON HAHGG
Part 2 , B

It was very, very late in the morning, but Peter von Hahgyg
was still snoring soundly. in his comn crib. He probably would
have slept the whgie day through, except that the Saturday 'sﬁn—
shine, flashing in through t};e slats, hit him in tﬁe eyes and
awakened him. Rolling out of bed and rubbing his eyes, he.ex-

claimed, "I'd better get moving if I want to‘get anything done

»

today!"

N

He threw on his clothes and washed his face and it was'
while he was brushing his teeth that he remembered what it was
he warited to do that day. Hé wanted to go over to the library
and read up on "things mathematical." Peter was a bit weary of
hearing Henry tell dbout what he was studying at Little Red. School,
He had decided that with a lit.tlé study here, a little more reading _

there, he could out-distance Henry and perhaps teach him a thing
or three,

D
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As he hung up his toothbrush, 'Peter thought to himself, "I
3
just hope I don't run into Henry before I get a ¢hance to go to the
library.” But, just as Peter came rushing out of the corn crib, he

bumped smack into Henry. . 5

. "Oh, hi, Henry," gulped Peter, as his hopes went into a

downward spiral.

YHi, Peter," replied Henry. "'I was just coming to gét you
up and ask you to help me with my homework. Well, actually,
it's not so much homework. Our teacher, Mr. Picaresque, just
told us to think about a few ;dhings_ over thie weekend, and I need

v . " a little help with the thinking." g
S ' "Oh sure," answered Peter, "I'd be glad to helpi What's
up?." ’ - ‘ : : R

"yesterday afternoon in class we talked about measuréble
properties — you know what that means’.’ Prope'rties like width

and length and area are measurable,” explained Henry.
- . ‘ ‘;.

*Oh yeah, I know all about:that stuff, " replied Peter casu-
ally. (Actually, he didn't know all aBout it, but he knew enough
" to get by.)

" Most everything has measurable properties," continued
Henry.” "A piece of paper has a length and a width and an area

and its angles have mads, and you can measure all those things."

"vyes, yes, I really do understand," :said Peter impatiently.

"So what are we supposed to think about anyway?"

¥

n"Non-measurable properties," answered Henry.

-
-

"NON-measurablé properties?" asked Peter. "I'm not sure

I know what you mean."
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"Neither do I. That's why we have to think about it," replied

»

Henry. . -

v

. _ “Oh. Well." said Peter. That's all he could think of to say.

Then he said, "Maybe we shbulﬁ'try to figure out what non-
. -~ 9 .
.measurable means. I suppose it must'mean a. property that can't

- be measured*with a ruler or a protractor or a clock or any. device.
Right?™" ) T ‘

“That sounds pretty good to me," said Henry, wishing he had

-

- thought of it first. - .

"Do you have something we could study for its non-measur-

"able properties?" asked Peter.

"Let me draw some of the figures we looke!d at yesterday in
class," said ﬂénry. "We looked at their meast[rable properties,
but Mr. Picaresque told us that‘they:have som.e[ non-measuraple
properties, too." Picking up a Stick, he drew [four figures ire the

»

. dirt, ) : '

-

D
> .
\
/\
N

AT A

"What do all the letters stand for? " asked-Peter, . =

» . ]
)

"Beats me," answered Henry. "But they were on the pic-

. tures, They might have something to do with non-measurable

-

3

. properties.,*"

*
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Peter von Hahgg puckered up his snout and peered at the-”
drawings, then he gazéd at his front hooves as.he always did
when he thought deeply. After that he uncurled and recoiled his

tail once or twite, but despite all these efforts, he was unable

to seé any NON-measurable ‘properties.

At that moment, Peter glanced up and saw a most peculiar

bug fluttering in his direction. The bug, in addition to the usual

number of Jegs_and wings and feelers that you find on any bug,

>

* had an extraordinarily intricate and colprful design whjch began

on his head and covered his body", but faded irit'o insignificance

at his tail. The design swooped and curved and curled — except

. when it reached hisjtail, of course where 1t stopped and left you

somewhat dangling. The colors — azure, emerald green and ruby

-3 -
red, topaze and arber and deep, deep violet — shimmered and

glowed in the late morning sun. The bug drifted lazily on the

: \breeze, over to Henry and Peter, where he alighted on Henry's

¥

s{mulder.

\ "Good moming, gents," said the bug.

, " Good morning," replied Peter. "You're a very beautiful

\ ; . i
bug, most of you anyway. I'm curiocus ta know why your design

stops when it gets to your tail, v
A :

N .
"Oh that, " 'said the bug, yawning and stretching his legs.

"Ho-hum. ...I just never had the energy to finish the design."

"I should like to kn&'/v,“' said Henry cautiously, "what kinJ::I

of a bug you are, I\ye mever seen the likes of you in these parts

‘ before. " \

\
"Oh,. my name i§ Ho Hum, yes Ho Hum Bug, at‘your :service,"

answered the exotic, slee\p\§ little bug.




3

[} s ’
“\&l," said Peter, "so long as you are at our service,

perhaps you can tell us what the non-measurable properties of

these figures are." And he pointed to the figures that Henry had
, - - -
)

. drawn in the dirt. )

"Certainly," said Ho Hum Bug, shrugging his shoulders.,

"Watch me'. "' And he flutteréd down and begar; walking around the

first figure, the triangle.

"You notice, fellows, th.a‘c. as I walk, I begin at Point A,
then I move towards and through Point B and from there on to Point
C. That's the order of my walk — moving from Point A tol Point B
to Point C. And as long as I keep moving in ‘ghe same difection,
the ofder of the points I go ﬁhrough is always the same —:,A, B,

C. And the order of these points is a non-measurable préperty."

.

(e
) QA
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i . "Well," said Henry, to whom this explanation seemed awfully
simple, "what about if I stand .on the other side of you and the tri-
angle? As I look down at you moving, you are going from my right

to my-léft " . g

| "“But as I look at him, he s go1ng from my left to my right,"
1nterrupted Peter "T don't see that that has anythmg to do with \

. the order of'the pomts on the triangle.' . -

v . . ' S B '

"/éut if I go stand on the other side and watch Ho Hum Bug

’ move through the points:, won't that change thdir order? " asked |,

. Henry. . T < e

} . * .
|
|

4
Y

"Try it " -gaid Ho Hum Bug ) "Try it and see," . ’ -

-

.o So Henry walked around o the other ;ade of the triangle,

/ p

and Ho Hum kept crawling around fbe tnangle and as he crawled,

~

he stili. moved th‘;:qugh the points in the 6i~der A, B and C. :

‘o

R

"Why don't you.try standing on yéur'.h_ead, Henry?": sug-

gésted Peter, "Perhaps that will change the order of the points."
C

. So Hengy tried standing on his head, But even then, Ho Hum

continued to move through the points in the order A, B and' C.

- "You see, Henry," explamed Ho Hum, K it doesn't make’ any .
d1fference at all where or how you are standing. It doesn't make

any d1fference at all if you plck up the triangle and me and move

us to the other side of the earth. There will always -be an order to

the points Bn this triangle and what's:importan{ are those points

and n;}e, You've got to try to.imagine what’it's like to be me, moy'ing'

through the points."”

“OOohhh. ...I think I finally understand what you mean,;:
said Henry. "For exar’n’p'le, it's a property.of Peter's fage that his
‘ eyes are between his nose and his ears, But you can't measure
‘ that,. ‘itfs a non-measu;ra_ble .prc;pérty. "'

) o D e
. 3 XY)
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s *  "Precisely,"” murmyred Ho Hum Bug. "Now that you seem

to see the light, I'll be off. I've got a long way to.go yet today."
So s_a:ying, the exjuisite little bug drifted away’and Peter * o

~ * - o

h . and Henry watched him until he was no more than an iridescent > 1\ P
' {

. . . gleam in their eyes. \ ’ . ‘ .
LI » M
A ' PN : - A

: : o ”Ihen Peter turned to I-f\enry and said, "That was very in- " »
. "P .

terestm% waSn t it, when Ho Hum said"that we have to imaigine
_— what it' s-like to be h1m movmg\through the points.' ' .

o, @
"- - - .

- uw

& ,
- o "Yes"\xt was," answered Henry. "I've never before thought

e . what it must be like to be in som&one else’s shoes. d ' o

|
f
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.
L

FRICY - =N M oeBe S e

.
. M 3

)




N EK

4

© o~ /
T\ ,:j"//) / "—"‘—Tf\_/u
\ dJ, E ‘ /

5 e

g
®orksheet 17

Lnit 28 Saps

«
Ko Hum Bux stxrted vrawling atons the curve at

posmt 4 Sext he aame to soint F.  ite kept crasiing,

i the sape dired tion, and arasled atl the way bak

to point A

LU /A‘

o ;- o
{/ I f/, G, /— « Li“—j'/ﬂ (/ T >
< {;/' //’ :; . /,": / 5,5 \\
S0
\ /’ / (\_, —t -—-——-—”‘"/l“’
Sy * -—’—]' -
PR ?ﬂ

}
Worhsheec 18

init. 28

o Hum Bug started at
mint A.
N ~
Next he cane to point -F.
A
Je hept crawling in (he
same direction,

*Write the order Ho Huo
went thfough the polnts.

-~

[

Aruitoxt provided by Eic:

v .
’ - -
!
Yorksheet 19 : * f
init 28 \‘.m:: = . N )
When the children have
Look a: the su?ves on Aorksheets 17 and 18. finished reading the story,
s . X o cucnother. * \ have them do Worksheets
orpare the vurves to cach-other. .
17, 8 and 19. Then dis-
Are the urves thé same or different? e Cuss Orde!' as a non-méa—
\ surable property -of the
- figures on Worksheet 16.
If you <aid the 3»15&:, tell how they are the same,
. \ D .
C_onder_ ok pOINES IS ,
- Fhe  Same - \
L '
‘“’ i yw-snld»_'dlrrerem.—— -tefl-how they are different. N
 Hhe wurve has been
_ratated :
) ~ 4
» . <
a4
’ -Gl
. SRy '
e ,
o K4

»




Activity B - . L.

Have the children complete Worksheets 20 through 23. They
will need their crayons for Worksheets 21 and 23. “When they
are finished, have them logk again at Worksheet- 20., Ask’
them if they can chink of another non-measurable property
‘these figures have. Eventually, the ch11dren should see . .
that these figures havé the property of separating an.inside
region From an ‘outside regidn. Th1s is called the prope:rty of

"boundedness.*

Fes
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Lesson 5: NON-MEASURABLE PROPERTIES OF A CIBE AND A SPHERE

< ~ -
L]

.

The. purpose of this lesson is:

*

- to stud’y two non-measurable properties of a cube and a
sphere. These two properties are order and "boundedness."

.

In studying both the cube and the §pheré, the children dis-
cover what hafapens‘to the inside and outside spaces when the
boundedness property is changed. These ideas will be im-

t portant when they begin“to study transformations in Section 2.

MATERIALS

- 30: cubes (from Lesson 3)

— crayons

— felt tip pen or grease pencil
. — 1'ball (any size, preferably volleyball size)

— | balloon

e

PROCEDURE .

Activity A

Review the two non-measurable properties that were introduced
in Lesson 4 — order and boundedness. Then ask the children
- ’ ., to take out the cubes they made in Lesson 3. Ask them if they
' think order is a property that their cubes might have and have
. them give reasons for their answers. To illustrate that order
- is a property of their cubes, have them color corner A red,
corner B blue, comer F green, and corher G yellow. The chil-,
dren should see that no,matter where they hold the cube (be-
hind them, below them, etc.) corner A (red) is still located
between corner B (blue) and corner G (yellow),

Some child might also suggest that the edges or the faces are
in a particular order. You could label the faces | through 6,
as on a die, and observe that opposite sides remain opposite,
no matter how the cube is oriented or viewed. Give the chil- .
dren time to discover for themselves that the order remains

the same ho matter where the cube is held in space.

D
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Ask the children if they think their cubes have the property of
boundedness. They should see that the surface of the cube
acts as a boundary, separating thé space inside the cube from
the space outside the cube (that is, if one ignores the openings
between edges that are not taped securely).

Suggest that the children think of the classroom as a huge box
with the walls, ceiling and floor of the rooﬁ\ as -a boundary
separating the space outside the room from the space inside
the room. Ask them what would happen to the' space inside
the classroom if someone opened the door. Remind the chil-
dren of Ho Hum's Rule. To illustrate the rule, have one child
stand in the hall and another stand at the front of\the class=.

room.

According to"Ho Hum's Rule {(adapted to 3-‘dimensiona1 space), s
if two bugs (of people) can get from one place in a region to N
another place, without going through a boundary, those two
places are in the same region. With the door open, the child
in the hall can reach the child in the room without going through
a boundary. Therefore, they must both be in the same region
when the door is open, even though it may seem that the two
children are in separate regions. '

o] ! -
The children should redlize that by opening the door, the’

boundedness property of the classroom was changed. The
space inside the room is no longer separated from the space

outside the room.

Activity B -

Gather the children around a demonstration table. With a felt
tip venvor a grease pencil, draw a circumference around a ball.
Label points on the circumference. Discuss with the clasc the
order of the points as a property of the ball that does not change
“when the location of the ball is changed.

1
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- Discuss the boundedness of the ball in terms of the surface of
the ball as a boundary that separates the space 1nside the ball
from the space outside the ball. '

/
/

!

Next, blow up a balloon. Hold the neck of the balloon closed

and discuss its boundedness property. Ask someone if he :
would like to change the boundedness property of the balloon.

The child will proBably open the neck passage or he might poke

a hole in the balloon — either way, the space inside the balloon
will no longer be separated from the space outside the balloon.

These ideas will b_fa important later in the unit when you begin
discussing which properties change under a transformation.




In this section, the children are introduced to the idea of a

transformation.” A transformation can be thought of as an

operation, real or imaginary, that changes a set from-one

form into another form. The initial form of the set, before

the transformation, we shall call the "starting set" and the
Ay final form, after the transformation, we shali call the "end-
ing set."

Lesson 6 intrcdiuces the words "starting set," "change" and - B
"ending set." The children make their own examples of

these things by casting shadows of their hands on paper .

and outlining them. They are asked tothirik of the hand as

the starting set and its shadow as the ending set and to

compare the properties of the two sets.

In Lesson 7, the children investigate several interesting

_transformations. These include, among others, making a

Mbbius strip, opening a flip top can, melting an ice cube,

burning a candle, watching films of the metamorphoses of a

caterpillar into a butterfly and a tadpole into a frog. : o

In Lesson 8, the children begin to develop some notion of
what constitutes a "useful" ending set and which properties
must be retained under transformation and which properties
may change under transformation and still produce a "useful”
ending set. In this lesson, they-do-this-by-studying -several
different checkerboards, actually playing checkers and mak-
ing their own checkerboards. They see that for this situation, .
a "useful" checkerboard is one on which they are able to
play checkers, no matter how odd the board may look at first
glance. They also discover that to produce such a "useful”
checkerboard, there must be one to one matching between
’ the starting set (standard checkerboard) and the ending set
(their special checkerboards) and that the non-measurable
properties of boundedness, in-out and order must be retained,
while the measurable properties may change. 7

”
in Leséon 9, these ideas are developed further. In this les~
son, a "useful" ending set is defined as a "recognizable"
one, and thé children learn that the non-measurable proper-
ties must be retained under transformation if @ "recognizable"
ending set is to be produced. '

Ay

-~
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You will see that as the children progress through 'this sec-,
tion, their idea of what a transformation is -narrows down.
They begin with the idea that there are maf;y kinds of trans-
formations and then focus their attention OQ a special kinhd. |
of transformation that produces a "useful" or "recognizable",
ending set. This kind of transformation occurs when the
S non-measurable properties are retained under transformation
while the measurable properties may or may hot change.
This is called a topological transformation, although the
children will not learn this term until later oniin Section 3,

T
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Lesson 6: TRANSFORMATIONS — HANDS AND SHADOWS

e 4

~

The purposes of this lesson are:

— to introduce the children to the terminology of "starting
set" and_ "ending set"; - g .

— to study which properties change and which properties do )
not change when a "starting gset" is transformed into an | A
"ending set." .

MATERIALS

— 1 balloon (optional) . : S

o -

— light source for casting shadows. (if the sun’is not ‘shining,

use sevgra,l,,projectors"Such as a filmstrip projector, an

Y - overhiead projector, a film projector, etc.)

— 30 large sheets of paper such as newsprint

— pencils Ay

— Worksheets 24 - 29

PROCEDURE

Activity A

e Briefly review some of the different properties. discussed in
. ) earlier lessons, such as measurable properties (length, area,
etc.) and non-measurable properties (order and boundedness).
Tell the children that they will be using what they have
learned about""properties to discover some properties that
change. )

: Review the balloon exercise from Lesson 5. Ask the children
to think of the blown-up balloon as a "starting set.” Explain
that the "change" would be to poke a hole in the balloon, and
_ that an "ending set" would be the deflated balloon. If the
children have difficulty visualizing this, you may want to do*
this activity again with the balloon.

Ask the children what property of the "starting set" changed.
They will probably say its boundedness changed. By poking
a hole in the balloon you have changed the boundedness

N

6o
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% property because the rubber surface no longer bounds or
holds the air in the inside space. The inside space is no
, longer separated from the outside space.

To further reinforce the ideas of "starting set," "change"

and "ending set, " draw the following sets on the chalkboard
and label them as shown. In each case, discuss.which prop-
erties changed from the "starting set" to the "end;ng, set."

starting set » . ending set |

[]
i,

The’ properties that changed from the "starting set" to the
"ending-set” include.shape, area and width.

starting set ' ending set

. Ry A (o

¥

In this example, the properties that changed from the "start~
ing set" to the “endinc set" include boundedness, one to '
one matching, order and shape, as well as such measurable
properties as area and length,

6«
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Worksheet 24

tnit 28 Name

-

Think of your hand as a starting set-

Deecribe the properti€s of ywur left hand.

1. Number of fingers. ! PN
2. Order of fingers 2 Z ek —
midd/2 . & rn§ /m 7.0

fow & e,

3. Color of hand
]
4. Thickness of hand Z_ &
i

5. Surface area of one side i_[a:_LZ_sq. in.

6 1 there a boundary that separates an inside

rexion from an outside rexiou? ) :

"hat I3 u?___f_ 5% arales the
bones.ote. —drom the. _aofsde

7. Shape. Draw a small plcture of your hand.

54

include as many whole squares as possible. By counting

Activity B

Have the child“rﬂer.l open-their
manuals to Worksheet 24. Tell
them that their left hand is going
to be their “starting set”and on

"this worksheet they are to de-

scribe the properties of their
"starting set." Go tfirough each
property with the childr\en as
they fill in the appropriate in-
formation. Question 5 agks for
the surface area of one side of
their hands:. To make this\meas- -
urement, have ‘them tear ou\t:‘ cne
of the area grids, Worksheeﬁ:\s 27,
28 and 29. (Incidentally, reduced
copies of these worksheets are
not included in this lesson. They
are exactly like Worksheet 14;
see page 32.) They should lay

a hand on the grid, with their

fingers close together, and out-
line the hand. Remind them to
the

squares and parts of squares on the grid, the children should
. be able to get an appreximate area measurement, probably

from 13 to 17 square inches.

squares as they count thew, as.shown in the illustration below.

The children should number the

t
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When the chxldren have completed Worksheet 24, tell them
) that they are gomg to use shadows of their f}ands for their
. . "ending set.,
them.

»

' 'Then discuss the following procedure with
Tou may want to list this procedure on the chalkbogard.

Each bersoﬁ gets a partner.

s
\

t ‘ |
\ .

Each paxr gets a large sheet of constructxon paper or coN
newsprint. . N . ’

The class will go outside if the sun is shining. Otherwise,
they will use, projector equipment such'as an overhead pro-
jector, filmstrip ‘projector, etc., inside the classroom. i
' . VL ) \,/

Each child will cast the shadow of his hand on the large :
piece of paper while his partner outlines the shadow RN '
with a felt tkp pen or a pencil. Then they will trade jobs Y
— the second child will cast the shadow of his hand and . ..
the first chxld will outline it. Tell the children that all } ~
of their shadows do not have to ldok alike. They should

label each shadow—castmg with the proper child's name. . .
@ /. -

When they are finished outlining their hand shadows, the

children willl return to the classroom and complete Work-
1

sheets 25 ang 26.

— [ il
'19
]
|
VYorksheet 25, | Worksheet 26
Unit 28 Name 'I Untt 28 Name
Avswers  win varg | .
Think of the shadow of your hand as an endIing set. | P ! N
Deacribe the properties of your hand’s -shsdow. ‘, Look at the properties of your starting -et‘ {your . "
. i ’ .
1. Mmber of fingers | left hand) on Worksheet 24.
2. Order of fingers \
% ! ~ !
2 : - .
} -
3. Colm: of shadow look at the properties of your ending set (your
4. Thickness of shsdow hand's shadow) on Worksheet 25. .
\ .
5. Surface sres of shadow = 3q. in. \ ‘
. ! - = - \ . .
6. 1s there a boundary that separates an inside . \
region from an outside reglon? 4245 Whici . ’
" ch properties changed from.the startink set to
wat 19 12_2Ulne of Ko Shedoo \
. . the ending set? - -
Eparales hside region Lonm oot ‘ i ) -
Sk veo o . ) , . Swers &id UGy
7. Shape. Draw a amall plcture of your hand's * - b ’ v
shadow, 1 T
e 7 —
Kl »
\ 55
\
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Ask the children whether they think the properties of their
"ending set" will be the same as thc‘a‘properties of their
"starting set." - Then proceed with the activity.

Be sure the thildren understand that thé actual shadow is
their "ending set" and that the outline they make is only a
record of the "ending set.". Emphasize this point as they do
this activity. - ’ :
Question 5 6n Worksheet 25 asks for the surface area of the
shadow. TS make this measurement, the children can use |
one of the surface grids provided (Workshegets 27, 28 and 29).
When discussing the answers on Worksheet 25, you may
want ta have a projector set up for the children to use to il- )
lustrate their ideas. They would be especially helpful if
someone claims that the number of fingers has changed. It
is also helpful in showing how the order and shape of the
hand have changed. . '

» A
PR

-

Other properties that will change are:

. |. Boundednes$ A N

\ There will still be a boundary separating an inside region

‘ from an outside region, but the kind of boundary has
chagged. ~This is a result of going from a 3-dimensional

- ¥




2.

object to a 24dimehsiopél surface. In the "starting set, "

the skin is the boundary and in the "ending set," the = , .

shadow outline is the boundary.

If thé children have difficulty with these differences in
kinds of boundaries, the following analogy may help to
make it clearer. T ~ ‘

P
*
-

. In the balloon example, the surface of the balloon
separated the ingide spacé from the outside space.
If a hole is poked in the balloon, the air inside the
balloon is no longer séparated from the air outside
the balloon. The skin of the hand separates the
ingide region from the outside region. If the skin

. is cut, the flesh, bones, etc. inside the hand are
no idnger separated from the outside.

Draw a boundary ‘on‘t;he c_halkboard.

.

.-

Explain that this bo{ﬁpdary separates the reg}on inside
(shade in the rggionl inside the boundary) from the region
outdide.

The outline of the hand's shadow acts as a boundary to
separate the inside from the outside. When we talk about
3~dimensional space, a surface serves as a boundary.
When we talk about 2-dimensional space, a closed curve
serves as a boundary, o s

Color ' A " .
The "starting set” (hand) could l}e black, brown, white,

‘
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-

yellow or red. The "ehding set" (shadow) is a darker
shade of the color of the surface on which it is cast,

T:In discussing this question indoors, the children may

just look at their paper with. the shadow outline on it
and say that the "ending set" is the color of the paper.
Remind them ti.at this is only a record of the "ending
set," Ask them what color the shadow was.

%

Thickness
The “starting set" (hand) is abcut
set". {shadow) has no thickness.

/

1

3" -thick. The “ending

Surfag.'area ' . i
This will vary depending on the size of the shadow out-
line. ‘However, the "ending. set" could have the same

area’as the "starting set.”

’
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Lesson 7: TRANSFORMATIONS — MOBIUS STRIP AND OTHERS

" The purposes of this lesson are: "/ L~

-/ to reinforce the notions of starting set and ending set;
: /
— to provide more practice in describing which propertifes
change dnd which do not change under a transformation.

MATERIALS. | /
| .

/

- 3:0 pieces of ma'sking tape (approximately- 1" long/)’

-~ 30 pairs of sciss - f
| ] .

= grayons o T
: . /
__=-30 rulers j , )
- 1 Unopenéd*ﬁip—tepWaS soda pop comes in

\\

- eﬁ few sheets of paper;’f

- nfxatc'hes - /

! ,

l . . .
- films: Monarch Butt.je_rfly Story, Encyclopedia Britannica Film

4 Frog's Life ,jCoronet Film |
! - .
- x?ealwbm}gnd beet/e colony (optional) i
;

¥

— f candle -

— | ice cube

e
- 'finkertoys (optional I .
—~ Worksheets 30‘and |31 , //’/
3 ( e
PROCEDURE . -
' ) . / ,
t . /
Activity A ! S
In th{is activity, th:mcyen{onstrdct an/en‘ding set that is

called a Mobius strip? V\fben they investigate which proper-
. ies-titange from tHe starting set to the ending set, they will

be surprised to finé}&hat thé number of surfaces-and the num-
ber of edges changes unexpéctédly,

.
H
!

\ g Lo
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Fach child will need his manual, a scissors, a 1" piece of
tape, 2 ruler, and his crayons. Have the children turn to
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asz1stance when necessary. After they have answered the |
‘uestions at the bottom of Worksheet 30, have them follow

the mnstructions on Worksheet 31. You-may want to demon-
strate for the children how to twist the strip before they try

it.

X}

e

deimh Peel X Vorksheet 31
Name

it 28 N e e init 28

(at 0Bt the ~Tpip oo the peaht sude o) this pader Intape the ends of -your paper strip fstarting setl.

At @ 2reker e
Twist the strip tn a ball turn.

Tare the sl fodether Lihe tha«

- Retape the ends,

’! Now your strip should 1ook tike this.

This~ 1+ wemr ~fart & e

folor e saflwe rel

tpinp e e Mur

. - e et e s .
s s+ s o -- - e . Thir & your ending.-xet.
“* FoopePties o souf slartad sel ?
1 fergth 0 uities .
2 kiaTh / i hes ‘k Properties of your ending set.
3 vaater ot pdaes o &~ 1. Leneth = _7@ _inches.
4 Nosber of wiftaoes % B . . /
2. Width = inches.
3. Number of cdxcs»‘__!_,__
4. Number of surfacee ,_.l_,_ "
.
R;' [ ol
{ i -

ERIC

Aruitoxt provided by Eic:




After the children have retaped the ends, ask them how many
surfaces the strip has. They will probably say two. Then

< 15k them to cclor one of the surfaces black. The children
w+ill discover that the strip now has only one surface. Ask
them hox many edges they think the strip has. (Answers may
vary; some children will probably not be so sure of their
instméts.) Tell them to make little tears in the edge, starting
at any point on the edge. : :

-

They should continue making little tears along the edge in one
direction until they get back to the starting point. The chil~
dren will discover that the strip now has only one edge. Have
them answer the questions at the bottom of Worksheet 31.

Discuss what happened to the strip; i.e., by twisting the
strip, they changed the property of the number of surfaces on
- the strip and also the property of the number of edges.

Ask the children what they think would happen to the strip if

they were to cut it dowp the middle. Most of the children

will probably say that the strip will become two pieces. Have -
them cut down the middle of the strip. )




-
-

To their surprise, they will still have a taped strip, all in .
one piece. The children should check the number of surfaces
and edges again. They will discover that now there are two

- surfaces and two edges. Ask them what properties of the

starting set changed when it was transformed into the ending

set. (Length and width.) ’

2

. 4
i Ac thlty B . 3

<~ In this activity, several other transformations afe described.
£ The examples embody the ideas about transformations that

~  were infroduced in this lesson and the previous one. You
and the children will probably. think of many more-exampt
of transformations.

T As much as possible, use the actual equipment described to
.perform the transformations. Then discuss what happened.
Stress the térms "starting set” and "ending set," and use the
words "change” and "transformation” interchangeably. Also
discuss which properties change and which are retained under
transformation. After each example, some of the properties
that change or are retained have been listed. Be sure to do
the first example described, because it reinforces the ideas
about boundedness that were discussed in Lesson 6.

b starting set transformation ending set
C> ‘ ’ﬁg\) ,
\ o e —— -

open the can

- | y

flip top can flip top can
(Closei) > ’ (open)
Discuss the change in the boundedness property. Stress the

idea that the soda pop inside the can is no longer separated
from the outside region after the can"has been opened.

r "1
Y
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2. starting set, transformation ending set

—_— burn the paper

o

R = T - 2

Mpi le of charcoal
PO AN

) M’buf*awﬁ A e o e Y o
From the-starting set to the ending-set, the properties that
chunged include: shape, width, area,-color—t8xture —ordessm: 2k
~boundedness, etc.

-
L m———

piece of paper

3. starting set transformation ending set

- e o e e

‘_wice cube -—— - - -‘w pgdd_le:géf:A.water»

A

From the starting set to the ending set, the prppe:rt’ies ‘t?lrat:
changed include: shape, boundedness, order, surface area,
etc. Properties that were retained include: amount of mate-

} rial (volume). - P
T - S PR g R
§ I .
s e e
. rmend ek Arerrmga D Smmag
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4, starting set transformation

ending set

metamorphosis

L AR L e ad -~ 3 : - - . o
TV Meannd o ey . o u’)’!‘ﬁi\?ﬁm’i&y&rm}ﬁ}ﬁ'«-‘fw

*

R

<aterpillar Monarch butterfly

3

If it is possible, use the Encyclopedia Britannica Film,
Monarch Butterfly Story,. which shows this transformation

in slow motion.

~

5. starting set transformation ending set

metamorphosis

\

‘tadpole

frog

Use the Coronet film, Frog's Life, to show this transforma-
tion. '




transformation ending set

- . peetle

“mealworm

Do thiz exvample if vou have 3 mealworm and beetle colony in

your classroom (or borrow a colony from another classroom).
7. starting set transformation ending set

v ‘ candle burns

burned-out candle

// [ \cmdle _

From the starting set to the ending set, the properties that °
changed include: length, shape, width, one to one matching,
order, etc. Properties that did not change include: color

¢ .
21 wWax.

»
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“ * 8. 7 starting set transformation ending set

o

-
e
From_the starting set to the ending set,the-properties that
changed include order. rroperiies that wereretai in="
clude: measurable properties of the sticks, their color;
one to one matching may Or may not change.
&
. £
- “
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Lesson 8: TRANSFORMATIONS OF A CHECKERBOARD PATTERN -

<

The purpcses of this“lesson are:

— to investigate transformations’by transforming checker-
board patterns; .

- ©
— " to show the children that to produce a "useful" ending
set of a checkerboard, the ending set must retain:

I. a one to one correspondence with the elements of the

starting set; ) ]
— . ) ' 2.the same boundedness property the starting set has;

3. the original order of the distinguishing characteristics;

4. the “in-out" property, that is, what was inside the

boundary must remain inside and what was outside the

boundary must remain outside. (The term "in-out" property

- ) . --- - 1isintroduced-in, this iesson.) _ B

~

In Activity A, the children become familiar with the game of
checkers and the checkerboard. In Activities B and C, the
children perform transformations upon the checkerboard pat-
terns. Therefore, you may want to do Activity A one day, and
Activities B and C the next. .

MATERIALS

— 30 small plastic bags )
— | commercial checkers game (optional)
- 30 pairs of scissors

- pengils

— crayons ] ,

— construction paper, at least 10 sheets
-~ paste .

—"Worksheets 32 - 42

PREPARATION W -
For Activity B, tear 30 pieces of paper that measure approxi~
mately 3" » 3". Do not cut these on the paper cutter.

L

w3
Cl
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- L
PROCEDURE"

Activity A _— e

Have the children tear out Work-
sheet 32 (standard checkerboard
and checkers). To find Worksheet
32 tell them to turn to the back of
their manuals. They should cut

ouf the 24 checkers at the bottom .
g of the worksheet and label them ’
with their initials.” Give each

child a small plastic bag in which
to keep his checkers and checker-
board.

Ask the children if they have ever
played checkers. Discuss how
their checkerboard and’ checkers
are different from the checker
sets with which they are familiar.
(Their checkerboard has black
and white regions ; a regular
checkerboard has black and red

regions. Also, their cr:eckers
are -white circles and white triangles, while reqgular checkers
are red and black circles.) If you have a commercial checker-
bdar& in the classroom, let the children compare it to their
.checkerboards. i -

fell the children that they will be doing some interesting ac-

tivities with checkers and checkerboards, but first, they must i i
. ’ become familiar with the rules of the game, which are given

- . below. Go through the rules with the class and then have the ‘
. children find partners with whom to play the game. Since each . _.!
- pair will need only one set of checkers and. checkerboard, one .
set should be put away for future use. If you have several :
children who have never played checkers before, you may want |
to pair them with students who are familiar with the game,. |

- \

(8

.Rules for playing ‘Checkerg . o

’ The main object of the ga'me is to capture all of the opponent's
checkers. Each player moves his checkers toward his oppo~ ,\
‘nent's beginning row. ¥ - |

58 l .. ‘ ,
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I

The players sit op,p‘bsite each other.

Each player has |2 pieces g{l}l’ed "men” or "“checkers."
One player has |2 triangles, the other has 12 circles.

Each pla};er arranges
his checkers on the
. black squares of the -
~first three rows.

Until it is crowned,
a checker may only
be moved forward
diagonally.

The checkers may only |
be moved on the black
squares.

When a checker reac};es the beginning row on the oppo-
nent's side, it is crowned with a checker from those that |
the opponent has captured, and thus becomes a "king. "

7. A king may be moved forward -er-backward diagonally.

8. A checker may jump and .
capture an opponent's
checker if it is on an
adjacent diagonal square
and the square adjacent
to the opponent'schecker
is empty. See-diagram.
(More than one-checker
can be captured at a

. time.)

[
.t
!
U

{ Here the circle "man"’ jumps three tr1angles in one move.
The c1rc1e bec0mes a king. :

e

_ Tell the children t_o plan their moves carefully in order to
' put the other player in a defensive position.
. * ’




Activify B ' .

Have the children take their checkerboards out of the plastic
bags. Give each child a piece-of construction paper that .
measures approxr\ately 3" x 3". :

e
4 N

Ask the children to think of their checkerboard as a startmg
+ ' set. Tell them’ you want them to dra«f.r an ending set of their

checkerboard on ‘the piece of pa/er you gave them. They

must follow these rules: L . . -

., . »
. x g [

% ! .
1, They cannot use a ruler or a straaghtedge to draw their
-ending sets. . Yoo LR
. Al . * .
2. It must be possible to play a game of checkers on the-
. ending éet following the standard ‘rules, with the regular '
number of chekkers (assuming that the checkers would *
be small enough to fit on the ending set). ’

With tnese rules in mmd the children should begin. Some
children may hesitate, while othérs will bggin qu1ck1y to
draw squares. In any case, have extrc. pieces of paper
available, for the children will probably dlscover that: to have
a usable checkerboard they need 8-regions x 8—reg10ns al- .
ternating black and white. That is; there must be ope to one
matchmg of each region of the starting sét to each region of
the ending set:(the same number of black reglons and ‘wh te
regions). Also, the property of order must be retamed from .
the starting set to the endmg set,




. ~
. . . ' e

Ask the children to look at Work'sheets 33 through 40. These \‘\
. worksheets show examples of different ending sets of a checker~
board. Ask the children if they can decide which ending sets. ,/
*  would be useful d4s checkerboards. One way to decide would
be to try to play checkers on each checkerboard (ending §et).
‘Suggest this if the children don't. Then let them.find partners
amd play checkers. When they are finished playing checker% '
they should ciassify the different chebkerboards (ending sets),
according to whether they are useful or non-useful ending sets.
/ They can record their results on Worksheet 41,

-




anrksheet 33
« trit 23

_ Worhstet 34
1nit 28

ending set

worksheet 36
tnit 2%

cading set

Yorksheet 36
Unit 28 -

emilng sct

¥




Worksheot 17
fnit 2B

ending 'set

worksheet 38
init 28

*Worksheet 40
Unit 28

ending-set

Aruitoxt provided by Eric
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worksheet 41 - Worksheet 42

faat 29 ame, L. N - init 28 N L e e - —
Revond Sheet
:l::,‘:‘:h::e’:m:::ﬂ ’:::‘;:l;?z;:’“m of (‘h:,?.“?/' - Have your partner hclgi you answer these questions,
~ ,/""‘/’ ) * %hat are the properties of the useful ending
\\ Leefal endtg -cx-:mT;x::;seml erd e ~;'vl':_] - sets?
\\__\ War/{;;{,(,zf 33 :4//0/'1;{’5'4/!7“ F4 N e E%%%%x%?t Z;ame ‘;-wam(::: o(}%jadi
wo ~ £ 0r AS Aaed e . and whide reaonsd e .
~ sleef 35 37 - G
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Wochshect 56 Worlisleel 35— T - Tppal flep the sat prier o
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- -
‘ ) b ) - they are all distorted.
. .:’ ] . - Tr’\hcc :Lwngsd ness” pchjle'éidl:“{’ C‘lalge.
¢ -\\ ) .'“2. *wmn a:P-lgg progc‘;?lgsegf the l:ou-rn’xscl‘%l O-I’\%C.

~ il : ending sets?

= j - 33 YHO. "Reondednss praperty
. -4

Frdine Sets

R
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& %

— e = e

changed. -
- y.ol‘}n:.gui_.pppeaty;ahgm&
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When the children have finished Worksheet 41, they should
try to figure out the properties of tbe'useful sets and also the
p-operties of the non-useful sets and record these properties
on Worksheet 42. While they are completing Worksheet 42,
remind them to look at their starting set (the standard checker-
board) so they can see which properties changed and which
properties did not change.

The reduced copy of Worksheet 42 contains .more answers and
detail than is expected from the children. However, these
answers should be helpful when you discuss Worksheets 33
through 42 with the class. - You may want to write some of
ther on the chalkboard. On the reduced copy.of Worksheet
42, the term "in-out” propé‘erty‘ is used for the first time. Use
this ter . when you discuss Worksheet-40. Tell the children
the in-out property refers to whether or not what is inside the
boundary in the starting set remains inside the boundary in
the ending set and to whether or not what is outside the bound-
ary remains outside. Ou Worksheet 40, the in-out property
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ras changed from the ~tarting ~et, and because of this change,
he checkerboard 15 not a useiful ending séet.

Actraty C: Checkerkord Contest

The purpoze of this contest 1s to give the.children an oppor-
tunity to construct their own transformations of their checker-
poards. Rewview -with them the following. rules for a useful
ending set. \ )

I. There must be one to one matching of each region of the
starting set to each’region of the ending set. (There
must be the same number of black regions and the same
number of white regions.)

® 2. The oniginal order of the regions must be retained in the
) . ending set. . )
3. The original in-out property of the regions must be re-
tained in the ending set. B
The winner of the contest is the child who creates the most
Janus ual’transgqrmation of his checkerboard, while following
these rules.
3
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lesson 9: ONE TO ONE TRANSFQRMATIONS | .

The purposes of this lesson are:

— to ‘show that non—mea»s'urable properties of a set must be
retained under a one to one transformation if the ending
set is to be recognizable. These properties include order,
boundedness and in~out; N :

’

- s

— to show that even if the measurable properties of a set
change, the ending set is still recognizable.
A one to one transformation is a transformation in which all -
the elements (objects) of the starting set are retained in the
ending set. That is, the objects in the starting set can be
. matched one to one with the objects in the ending set.

N -

MATERIALS

— pencils

T‘ Works‘heets 43 - 49

T PROCEDURE j\ .

g Jorkapeet 43 s : Have the children tear Worksheet
¢ 43 out of their manuals. Ask
T — R them what the starting set is.

(A photograph of a boy.) Then
ask them what the ending set is.
(A drawing of the same boy.)
Ask how they can tell that it is
a drawing of a boy and not, for
exan}ple, a drawing of an-apple,

ending set

. or a truck, or a cat, etcyg The .
. children shouid see tha&ne
‘ ’ drawing has features simfflar to )

AL TV

those of the starting set; such = -
as two arms, two legs, two handb .
five fingers on each hand and a A
body. These similar features are
also in a particular order; the
head and the legs are at opposite
ends,of the body, etc. The order

starting set

L]

»
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Remind the children that by keeping certain properties, théy

" boards) that were useful for playjng-checkers. Ask them what

of these features helps to make the drawing recognizaBle as
that of a "boy." .

were able, in the last lesson, to make ending sets (checker=-

they think would happen if they rew ending sets of the boy

that did not keep such properties as order, boundedness, in-
out and one to one matching of the main features. 'Suggest‘ _—
that one way to find’out is to try making just such drawirQS/

Have the children turn to Worksheet 44, Tell therd that on
this worksheet they should draw an endmg set of the boy in
which thg features of the starting set cannot be matched one
to one with the features of the ending set. You may have to
Le_g_ew~br1éﬂ? what one to one matching of similar features
means: 2 eyes in‘the. starting set, 2 eyes in the-ending set;

2 ears in the startmg set, 2 ears in the ending'set. Examples
in which one to one matching is not retained are: 2 eyes ifi the
starting set 4 eyes in the ending set; 2 ears in the starting .
sety, 0 ears 1n'the endmg set. - -

When the chil’d'r'en have» finished Worksheet 44, ask them if
they think their ending*set is recognizable as a drawing of a
bov. (No, because boysidon't have 3 eyes.or 4 legs, etc.)
Have them turn to Wdrks‘%t 45. On this worksheet, they
should draw an r;!]ding set \hat retains one to one matching

of all the main eatures of the starting set. But, they must’
change the order of thé main features. Worksheets 46 and 47 °
should be com 1eted in the same way, except that on Work-
sheet 46, the property of boundedness should be changed and
on Worksheet 17, the in-out property should be changed. o
When the-children do WorksHheet 46, ask them to think of the
cutline of the poy as the bbundary that separates the inside
region from th outside reglon. P \
When the chil,‘dren }’iave completed‘their drawings, have them
answer the guestions on Worksheet 48. Discuss what prop-
erties must be kept to produce a récognizable endmg set of a
boy. (It must be a one to one transformat;.on. The propert1es
of order, boundedness and in-out must be kept. These are a11
non-measurable properties.) - Ask the chfldren'whether or not °
they think it is necessary to keep all the measurable properties

<
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Change the boundedness property.
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sprkehect 48 . - worksheet 49 ) o : !
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to have a recognizable ending set. For example, ‘does the
height of the boy in the ending set have to be the same as
the height of the boy in the starting set?

Have the children turn to Worksheet 49 and compare thé prop-

erties of the starting set (the man at birth) to the properties

of the various ending sets (man at other stages of development).
. Bring out the following ideas during the discussion:

I. Each ena‘ing set is a one to one transformation of the start-
ing set. That is, each of the main features of the ending
set can be matched one to one with its corresponding fea-
tures in the starting set. .

!

E]

2. In the ending sets, measurable properties such as height,

P

width and area have changed. ‘

3. In the ending sefs, non-measurable properties have been
retained. * These properties include order, bourdedriess :
and in-out.

=

&
#




Tell the children that in the néxt section, they will have a %
chance to construct some one to one transformations in which .

measurable properties change and non-measurable properties
are retained..
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SRRl 0P OLOGICAL TRANSFORMATIONS

In Section 3, the children study topological transformations

e —-~—~+—~by~wor~k-ing~w—ith~a—-variety~of~materia-1ST—‘For"I:esson**l-O T you
will arrange different "rubber sheet activity stations" at
which the children get a chance to stretch, twist fand bend
sheets of rubber on which different starting sets have been
drawn. This is one way to make a transformation in which
the non-measurable properties are retained while the mea-

surable properties change.

s
£

ot

In Lesson |1, there are clay molding activities, where, with-
out cutting, tearing or overlapping the clay, the children
ransform one figure into another figure, The first figui'e
constitutés the starting set and the last figure, the ending

L.
set.
3
Lesson 12 introduces the term ntopological transformation"
R , for those trarj;;;formation;; in which measurable properties
change and non-measurable properties are retained. In}tss ) .

lesson, the children use projection equipment to make trans-
formations. S -7 .

In Lesson I3, the children see how a grid can be used to
transform a starting set into an-ending set. They also see
that a grid reference system can be used to describe a loca-
tion, :

In Lesson 14, the children use a grid to transform one map .
of the United States into another form of that map, andﬁee" ’
that when a map is thus topologically transformed, it still

‘s . . i retains the properties of boundedness, in-out and order of .
R points, which produces a nuseful” ‘ending set*map. ~
b oo ok
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. Lesson 10: RUBBER SHEET TRANSFORMATIONS

. .. : e
The purposes of this lesson are: EEEEES

[

AP

h

vé, -~

— to review briefly the ideas introduced in Section 2. These™ =
include one to one tra}nsformatiéns and the prdperf;es of
boundedness, order and in-out; - L

; ‘ . . /

i

—. to discover that étretchi“ng a rubber sheet is ofle’ way to
make a transformation in which non-measurable; properties
"are retained and measurable {\)rd’pe"rties are .cha’i;\ged.‘1
This lesson will probably require two or three class periods
to complete. In Activity A, the children read the llast in-
stallment of "The Education of Peter von Hahg‘g.'" In Activity
B, they stretch, twist and bend different fubber sheets, at
téh different activity.stations which you will set up in ad-
vance (see PREPARATION). Thay also observe which proper-
t1es change and which are retained from starting set to ending:
set. In Activity C, the students analyze the information they
gathered about the properties of the yubber sheet sets, and in
Activity D, they use their newly afquired knowledge to answer ’
more fully the questions from the story, "The Same or Not the
Same? " in Lesson 2.

« MATERIALS L /

\ [P S R——

- hl6 round balloons
— 2 ruhber bands i

— | long balloon

#

| red felt tip pen

| black felt tip pen ‘\

30 pairs of scissors - : - ./

10 station labels ((see PREPARATION).

/ _ .
pencils a \ .
30 rulers ¥ -

story, "The Education o'f Reter von Hahgg," part 3 (providéd

in this lesson and also in the Student Manuals)
)

-
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e ~ rubber sheet activity booklets (in Student Manuals)
P 1 . -
‘ -~ Worksheet 50 o ‘
PREPARATION - ' L r ,' -
. Before cLass prepare the followmg materials for the rubber -
.. sheet activity stations. (You will find that these" preparatlons
, are very short and eas¥.) \\ -
R 2 ¢ - £ - - - -

Station | Cut a rubber band Once. with' felt t1p pens . put a
red dot near each end of the strip and a black dot

betweesr them. ' \ e .
. . - a4 .
- . - . -
: red ° “black = red N
o dot " - .dot dot | P
. e =~ o = e
- ) ) ,” _ S . R —
- - "“ ‘ ' ‘ '
N , Station ~2 Cut a rectangular rubber sheet.out of a round balloon:
: 7; .Make it as large as p0551ble. With a ball point pen

. or a fine tip felt pen, draw a circle and- label pomts
- on the rubber sheet, as shown. =+

|
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Station 3 Cuta rectangulaf rubber sheet from another found
. balloon. Draw the following pattern on ﬁ:

° - ) “ l

]
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Station'4 Cut anéther rectangular rubber sheet from a round
balloon. Draw the féllowing design on it, . -

Ly .
.- i '
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) £
1 4
"
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L
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"w / e s
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. a . N
S o
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[ - _. - =
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Station 5 Draw a Iine segment on a-long rubber balloon.
x , Label points A, B, C and D, !
- £y \ L SN . .
R . ; . ‘e . . * -
z’ : - t‘ i
_ - —
P T 0 .. -—— - [
. * .j‘ J A * - B C
—y S f
- A Y
. 'g . ¢ . . .
ot - .
' / ({%’ - ° ’
> ‘¢ Station 6 . Draw a circle on ten round-balloons. Write X inside
BT the circle. . o :
y . ’
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Station 8 Cut a rectanguiar rubber sheet from a round balloon.
Draw angle TAK on it as shown.

- T

A K

-

L]

Station 9 Cut a rectangular rubber sheet from another round
baliloon. Draw a square on it,

- - Ll
- - S
-

.

. - -
.

14

Station'l0 Cut a rectangular rubber, sheet from a round bal- K
loon. Write the word "LOVE" on it, as shown.

| LOVE

To make station labels, -cut out ten §" x 4" pieces of paper
and write the numerals | through 10 on them. Place these
station labels around the room and put the proper rubber sheet
materials at the appropriate stations.

LT
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PROCEDURE

- Activity A

Have the children turn to the third and final installment of
"The Education of Peter von Hahgg." It follows Worksheet

- 49 in their manuals. Read it together and give them-an op-
portunity to answer the questions in the storv.

)

-

c;o ,
Co
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THE ‘EDUCATION OF PETER VON HAHGG
Part 3

-

One evening, right after supper but long before sunset,

Henry and Peter were ambling down the lane in search of adven-

ture. Peter had just finished reading Treasure Island that after- -

noon, and he secretly hoped to stumble upon some buried treasure,

or at least an old map pointing the way.

-
.

Just as they reached the end of the lane, a shaggy ‘brown

dog came loping up to Heriry and said, "Hello there, Henry, how

are you?"

. . "Why hello," said Henry, somewhat startled. "Do you

kniow me?"

. s
"Of course I do, " said the dog. "Don't you remember me?

Here, iook, " and he took outhis wallet to show Henry a photo-

graph. "I used to live here on Hillendale Farm, when I was a pup—

My name is Old Brown, but you called me Browﬁie, when I lived

¢ -

- - here.”




-

JHenry squinted at the photo of Old Brown as a pup. "Why

yes of course," he exclamed "I do recognize you now! It's

.

- £ 4
great to see you Bfownie!" v

“And it's good to be back," replied Old Brown. "Who's your

friend? " _ "

"Oh, I beg your'pardon. This is Peter von Hahgg, Pig-in-
Chief of Hillendale Farm, " said Henry, hastily making in'troductions
"And Peter, this is anold friend of mine, BrOWme Dog,.or as he says,
Olcf Brown, ™

"Pleased to meet'cha," said Peter. -

-~

- S
"The pleasure is mine," replied Old Brown.
"Weil, Old Brown, what have you been doinq since [ saw -
you last? . Why did yoh leave Hillendale Farm? " asked Henry,
who was extremely curious to find out what had become of his old

~.

friend. e

S~

"You remember I ran away from home as a young pup. I
wanted to see the rest of the world, or at least as much of it as
I could., " ) _ . .

- N

"And did you?" asked Peter,

"I saw quite a lot," Old Brown said. "First I traveled
around this country and then I went to South America, all the way
down to T1erra del Fuego ‘where 1 worked for a while, herding
sheep, Then I'met the captam of a ship going north, so I became’

a sea dog and eyentually wofked} my way back here.®

[

Peter said nothmg. He had only read about the places 0ld
Brown had been to and it boggled his mmd to think of traveling

that far alone.

't
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have some pretty exciting stories to tell,"

«ing set."

- ”
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"Wow!" exclaimed Henry. "Iwish I would have run away °

with ycu! But maybe, someday....anyway, Old Brown, you must

‘e

“"] do, at that," replied Old Brown. .

"] can hardly believe it's really you," continued Henry. "If
you didn't have that old photo with you, I wouldn't even recognize = *

you, you've changed so much."

"We all do, Henry, m'boy, we all do," answered Old Brown.

"Yes," said Peter, who had finally found his voice. "It's

as if that photo were a starting set and Old 8rown here is the end-

< i om

"Now, that's very interesting, but what does it mean?"

asked Old Brc;wn .

"Well, you know — you started out one way, as the photo
shows, and you ended up another way — as you are now, And in

between, there were lots of changes," Peter explained,

"Yes," said Henry, picking up the thread of Peter's thought,

=

"vou are still recognizable as a dog, even after all these years A

and all your experiences."

161 -’
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"You don't say!" replied Old Brown, who was more~ than a -

little amused. and even a b1t 1ntr1gued by what Henry and Peter

were saying.

"Sgre_, " Peter said. "Ygur meéasurable properties have cer-
tainly changed. Look at that photo. You're a lot taller and lonéer

and heavier now then ycu were when you were a pup."

"Well,yes, I've grown a lot since tﬁéﬁ, haven't I? " Old

Beown remarked .as he studied the photograph.

%

"But look, there are other propert1es that haven't changed

_at all," said Henry T - : ' >,

"Like what? " asked Old Brown.

¢ - i ~

.
f [y - o - 7 - ~ w -

> .
.

34’ DO YOU KNOW WHICH PROPERTIES HAVE NOT CHANGED? &

"Well, the order of features is still the same,‘ and ‘there's
one to one matching of the main features in the_plgoto, with the main
features you have now, u answered Henry., "Let-me explain," he
contmued "In the photo you have two ears two eves, one head,

one body, one tail, four legs — and you st1ll have the same num-

"ber of features. That's one to one matchmg. "

"I lost a couple of teeth in a dogfight once ,,'.' said Gld Brown.

"Well, that doesn't count,” said Henry. "What's more, your
‘features are still in the same order now as they are in the photo.
Your earsrand eyes are on your head and your legs are attached to
your body and your tail is attached at the other enrl of your body
from your head. Yeur front 'legs are still your front legs and your
back legs are still your back leg-s. At ieast, I don't think they

have switchéd places!"

a | 162 .

91,




-

Shamnse

o

-

-

R i o P




l/ - ‘,

: ‘ rs . Al ’
)

"No I should say not," laughéd Old Brown. "Y'don'treckon
I could ever get used to a hind leg trading o'laces w1th a front leg.

Or if my head changed places with my tailt"” AN ' M B
P '

. "

"Another non-measurable property that didn't change is§ the o ¢

~

property of boundedness," said Peter. "And," he ‘hastened to ex-
plain, “that's not as d1ff1cu1t to undersStand as it sounds. All it

"means is that.your skin is still 1n one piece, as it was when you -
o

were a pup. It's still whole; there have heen no cuts.or breaks or

tears in it." : :

-

*

“And along wi‘th that," added Henry, "y9ur propefty of in~-
out hasn't changed from the photo to now. That means that what N

was inside you when you were a_pup — things like your stomach

>

. and liver and heart and blogd and banes and veins — are still in-

side you. And things outside you — like me — are still outside
» .

you . n - - - 4 .

-
-

“I think I understand what you're saying," said Old Brown,
-+#It sounds like you two-fellows have been learning a lot in school

and reading a lot of books. " ' R
‘ o, - ! - -

\ "Yes, we have," replied He'nry. “But," he continued, with
a far-away look in his eye'_s, "I'm sure therg are other ways to * =«
z learn. thatare’ just as good as school. I'll bet you know a lot of

interesting things that Peter and I don't know,"

-

. [y :
"Yes, that's so," answered Old Brown. "And I'll tell you

-

about my experiences sometime — there will be plenty of time for >
that. But right now, I'd like to have a good meal and then. a ‘good
night's rest, I've traveled pretty far today." * v

~ -

N o
x
=

"Of course,” Henry said. "Let's head back to the farmhouse, ‘ A /
We have the whole summer ahead of us, when we can tell storms
and talk about the old days."




Aruitoxt provided by Eic:

The sun had already set apd the birds weré going to sleep aé_
the three friends walked back to-the farmhouse, Peter, excited by
the mystery and advgnture that Old é?éWn seggxé\d to promise, re-
called his secret hopes of finding buried treasui'é. “Saif, Ol Brde," .,

4
he said, "did you ever find any buried. tredsures anywhere?"
) : ‘t <

J"qué, I'm afraid not," laughed -Old Brown., "But, there are
places and there are friends that I'll never forget and that's a

treasure of sorts, don't you think?" .

And Petér, thinkihg about it, nodded gravely.

a
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Activity B. . " R

~ cedure. - A

4}
&
~

(e

Ask the om,ldren if they can think vf any method of. changing

a start1ng set.into an end1ng set that would change the mea-

surable propert1es whike reta1n1ng the non—meas;_xrable prop-

e es. If no one’ suggests wworking w1th balloons or ru-bber

sheets show-them-a rubber sfiget -you prepared‘for oné of the

Actiwity: stations, “TeH. them that'they will all have a chande
‘to¢1nvest1gate some qf the properties of rubber sheet "designs,"

before and after fhe rubber sheets .are stretched. Also.say

that you want thém to find out vyhether these -transformations
changesor retain the non—measurable propemes of the starting

sets. . . . .

- k- ' - M .
divide the class into groups of three each. Have éveryone
tear the three rubber sheet data pages out of their manuals,
(These fallow the last 1nstallment of the story. ). Holding
these three sheets of paper‘%ogether, they should fold the
top half back so-that a booklet is formed, Check to make
sure that each child's data pages are 1n order and then staple
them along the fold. -

-

>

Explain that there are ten stations located around_ the class -
room. Each group will experiment with the materials at each
station, Call on one group to demonstrate the following pro-

. Each group uses only one data booklet while investigating
the¢ materials at the activity stations. When they are done
with all-of the stations, they can record the information in the
other hooklets.
ruler,

2. Have the three children go to Station 2, for example. (The
rest of the class should lcok at their data sheet for.Station 2.)

%

. - AN ’
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Each group will also need one pencil and one -

-

“ .
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. . s . -
Have one of the chlldren hold up thg rubber sheet at Station 2
‘and show it to the class. They should recognize it as the
starting set pictured on their data‘sheet for Station 2.
3. Explain that two children in each group are to stretch,
~ bend or twist this rubber sheet but they cannot break, cut
or teardt. The third child ‘should ask them to "freeze,"
holding the rubber sheet in its distorted state. He theh
makes a sketch of this ending set in-the space provided on ~
the data sheet for Station 2. When he s done, the rubber |
sheet should be put back)at the labeled station for the next
“gr&up to use

-

.

o

NOTE: At Statloms where the children are asked to blow up
a balloon, each group should™ use a,different balloen, for
sanitary reasons . ) \’

N -
4, Each group should answer the questions at.the ‘bottom .of
. each data page. The questions for each station are different,
so remind, them to read carefully-and answer the glestions
acdéurately. For some of the stations they are asked to mea-
sure the length of’'the epding set. One child should use his
ruler to do this. .

.
"4

. 5. When tHey are done with each station, the group should
' . look for a. free statlon They should go to the free station
- and repeat the procedure It isn't necessary for them te do

the stations in any particular order. .
. ’ . -~ ~ 'o 4‘

~

¢ -

6. At the néxt station, the members within-each group should
. switch jobs. . , .
AN e Voo o
When you think the class understands these directions, assign
a gréup to each station and let them begin. -

/ . . . .

]

.
-

ACthlty ;,C . ‘n .
After all the children have~transferred the rubber shéet’infor-ro
mat1on to their own data booklets, have them open their = °

o manuals to Worksheet 50. On Worksheet 50, they record
, which propertles changed and which propertiés were retained
f' " in each rubber sheet activity. «Do the. first one or two exer-
cises with the children. They should refer to their data book~
lets for the required 1nformation about each aCtIV\lty

L = T
. . . B S —— e

/e




heet 50 Since the properties of in-out -
Yorks t . .
Uit 28 7 Nome_o ¢ and boundédness are so closely
' related, some children may have
. Properties ~ Properties that
Stutlon that changed did ot change dlfflculty d1st1ngu1shmg between
. le 1‘“‘ he two. This is the distinction -
nq order the authors have made: When
2 Size ;h_g . you talk about a boundary that.
. ‘ bmoundecl;\:f:é separates an inner region fror_n
¥na g ; Cor im0t .an’outer region, you are talking
. 1eh in-out (or about the boundedness. property;
| "\)( € boundedness) when you talk about the location
5 I(’,nﬂth P ler of some element as being’inside
- : '(or or outside of some boundary, you
6 Qrel. ll?a-gﬁdedﬂess are talking about the in-out prop--
2 N erty. However, if the children
. ’ I@ngth \ order do not always make this distinc-,
8 mag N order tion, don't press the point, Ac-
: " " 1 -
; Yoo nd edness|. cepb e1ther in-out” or "bounded-
“Qrédg (k. tm-a0t) ness" as answers on Worksheet
. 50 N
10 Stze order g
' , When all the children have com-
_ pleted Worksheeét 50, discuss
their answers with them. Ask the
children if they cansee any relat1onsh1p between the properties
that charged for each rubber sheet'act1v1ty. Someone will
probably notice that the properties that changed are all mea-
surabie properties and the properties that did not change are
all non-measurable propertiés. Be sure té( point out that by
stretching, twisting or bending the rubber sheets, they wére
R able to transform startmg sets into ending sets that retained
-0 non-measurable properties and did not retain measurable prop- .
érties, ' , s -
) . -°e..
-9 Use one of the rubber sheets to demonstrate what would happen
! if it were cut or'tom, .
) starting set endig set
' R "\ \ v
AY
\ B JFol o . 7B .E
~ .
A C c
D ' ‘
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In the example on the previous page, the boundedness prop-
erty has changed.  The boundary is not connected the way it
was in the startmg set. Point F can be reached: from point E
without crossing the original boundary.

-~

- L

v -—— P T

i s 2 o o e+

out hHave

In th1s j{zmple, .the propert‘es oY order, boundedness and in-

hanged. . )

In this discussjon, stress that tearmg, cuttmg or breaking ,5
would change the non-measurable properties as well as the
measurable propertles. These ideds will be developed in
greater detaij the children progress thrgugh the’rest of
this unit; thereforg, do nct be; too concerned if all the chilz
dren do not.unders nd them at th1s gomt

&

f
. *
- a LN . -

- -

Act1v1tyD - L

Ask the ch11dren 1f they remember the story thev read earher
about the two girls named Greta and Irene_ and the argument *

:they had. Read the story to t&?class agam (p. 22«)\and dis-

cuss the arswers to the questions, .using the ideas the chil-
drefr have studied. The non-measurable properties of the end~
ing set (the Mickey Mouse balloon) were not changed from they; ..
starting set (the Mickey Mouse statue) That is what is the
same about the two figures. The measurable properties, Bow-
ever chahged from the starting set to the ending set and that
wha‘t is different about the two figures.

<
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.Lesson 11:

@

.

CLAY TRANSFORMATIONS

MATERIALS

*

PROCEDURE . :

i

_Distribute one-half stick of clay to each child,

The purpose of ‘thic lesson is:

—"to help the children discover that if they remold a clay
figure (starting set) without cutting or overlappmg the clay,
“the ending set keeps the non-measurable properties, wh1le

some of the measurable properties are changed. f

— one-half stick of clay for each child

— 30 paper clips

__—_enough newspaper to.cover. desk tops -

— measurement devices from earlier lessons (ruler, protractor,
string, inch grid)

— Worksheets 51 - 53

ky
T

In this act1v1ty, the children mold clay into the f1gure of a
turtle. This is their §tarting Set. Then, without breakmg,
cuttmg, tearihg or overlapping the clay of the turtle figure,
they change it into a figure of a man. This is their ending
set.’

¢ Lomy

If your class
seems interested in working with clay, you may want.to let
them play with their,clay for a few minutes before giving any
specific directions. When the class is ready, have them tear
Worksheet 51 (b6th pages) out of their manuals: The aotivity
described at the ‘top of the first page should require very

little direction from you.” However, you may want to read
through the instructions with the children before they start.
When they have f1n1shed making their clay turtles, they should
look at their turtles to answer the questions on the rest of the
worksheet. They will also heed their measuring devices to
answer the questmns

Heve the children save both pages of Worksheet 5! when they
have completed them. Then have them tear both pages of

14 | - 99
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L worksheet 51

tnlt 28 Name:

Put a paper clip Inside your‘plecc of clay.
You should not be able to see the clip.

~ }bld the clay: info this starting set.
. \...\, Nt
&_\ {
' .
. &;/~ "’"\}
The maln features of your clay urtle are: .
4 1linbs, | head and a body. -
.
3 N .
Non-Measurable Propertles of Starting Set.
N LR -
1. The paper ¢ilp 1Is located your turtle.« .
You are located In the reclon QM’;!M‘ turtle.
e s mm— e e - '""”3"..:' T e -
i *\__g ‘

2. The order of the lt.’ll.t realur(w 152

head Tt {:Vo-th\ rt ln&K lcg

) "IE m&_ It froatie

head

%

worksheet 51, cont!d.

3. The surface of the lzrllc is a boundary that, -
sdparates the_in§i JG rexion from the Q()'CSt&

region.

Measurable Properties of Starting Set. BhSW‘rS wily
% Va.f‘\’

1. Lenxth of turtie from head to back lex =

inches.

"
2. %idth of turtle’s body = inches.
3. Thickness of turtle % inches. .
4. Surface area.of top side & sl . square Inches.

# -
by . / .
5. Mag of this angle on the turtle = dexrees.

Wworasheet 52

tnit 28 Nase

C e .

Mold your clav turtle Into this ending set.

-1
Follow the rule: Do not cut, tear, hreak or
o overlap the clay. Yo
= = .
¢ .
4
. *
. o
EJ ) -
4
B
A
-
. -
—— £y

Non-Measurable Propertics of Ending S(:l.‘

1. The meper olip s tocated 10850 E
You are Iacated 10 the regton .0G8SidE the

the man.

y
- aan. - A

f-} 6 s
. 4 ;

2. The order of the man l'c'nurﬂ 16
thoead Ilgblt ara.

- Y"Q’lc,,,_s
x Jeft « _left _om

-

——died

4

—

workshcet 52, cont'd.
- )

3. The surface of the man 1s a*boundary that separates

the I0SIAE _ recton from the .OD_B‘LJ‘_Q. rexlon.

Measurable Properties or'P,}ldl;lz Set. A’n swers will
vary.

inches.

1. Helght'of ean 2

2. Wdth of man* lmdv 2 o IOICHES o

3. ‘i'hlckncss of man *

x -

Inches.

4. Sur_tnce arca of front lor back) sq. in,
-
-
* »
hd .
5. Mag of thix angle on the man * . degrees.

IS

s .

o -

ERIC
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-
.

¢ Worksheet 52 out of their manuals andgfollow the instructions
at the top of the first page. When they have completed both
pages of this worksheet, either collect the clay or have the
children set it aside. They should refer to both Worksheets
" 51 and 52 to help answer the questions on Worksheet 53.

Discuss their answers on Work-

. ' sheet 53. Bring out in the dis-
varksheet 53 cussion the similarities.of this
tnit 28 Fame clay transformation to the rubber
~ Use Worksheets 52 and 53 to answer these quest lons. sheet transformations they made
in the-last lesson. In both cases,
¥hhlch propertics changed froa-the starting sct to the non_‘measuréble properties
, the ending set? were retained from the starting
______ Lt n_lenpth =———"" "} TsetT6 the ending set, while the
2. ﬂk’;'f“"h - measurablé properties were
: é&:‘ thickness : changed. In both cases, they
s __SU0Cface _qréa were not allowed to tear or over-
5. _mﬁg of ancles “"lap their materials. Ask the chil-
. . These are lhcmm_bie_p:{merucs. dren if they can think of any rea-
- son why they weren't allowed to S
*"‘hlch properties did not change? do- fhis. :Let them demonstrate o P B
1. - opE their ideas using one of the end- -
2. ordes N ing sets (a cldy man). e -
- s. . _bounoledness : ) * .
These are. the_10N: MEBSYIL hporonertics. For example, 1f the figure of the ‘
- man is broken in half, so that the
. paper clip is visible, thé children
- will see that the in-out property
‘ . : _ has changed, the boundedness -
ts - — has changed, and if the pieces
- are moved-in space and recon-

nected, the order could change. The children ‘will .undoubtedly -
think of many other examples. In such transformafions . the

- non-meagurable properties change; therefore, they were not
allowed to cut, overlap or tearthe clay.

¥




. TLesson 12: PROJECTION TRANSFORMATIONS - -

The purposes of this lesson are:
— to discover that when a s‘térting set is transformed into an
ending set by projection, the rﬁ)n—measurable properties
are retamed and the measurable oropemes are changed;

— to introduce the term "topological transformation” for t‘ypes
of transformations in which measurable properties change
and non-measurable properties are retained.

The definition.of "topological transformation" presented in

non- -measurable properties be retained under transformation
is not always sufficient to guarantee that all such transfor-
mations are topological. However,for the purposes of this
unit, this definition is adequate.

< MATERIALS,

— 4 blank transparencies ) - .

' — 3 printed originals for transparericies (included in the
< _ appendix of this manual) .

~« = overhead projector

—. projection booklets (in Student Manuals, following Work-
sheet 53)

o

— measuring devices (ruler, prdtrac?tor, string, inch grid)

[
K

— pencils = -~
o ~ = ruler or yardstick -

— Worksheets 54 and 55 -

R PREPARATION . ) T

. Make the three transparencies for this lesson, using the

pnnted originals in the appendix. If you decide to draw the

ticncparencies freehand, be sure the measurements correspond

° 4o those of the originals. On the first transparengy, the line:

-  segment should measure 5", on the second, sides AC and CB
of the triangle should each measure 3" and on "the third trans-—
parency, each side of the square should measure 3",

o

2 'i‘i'.“.
. ’ ‘l.-a-u

this lesson is no. mathematically precise. The condition that

v ore

7

(¥4
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These transparencies are identical to the starting sets in the -
children's projection booklets. Since you will use them to
produce distorted ending sets, it would.be a good idea to ex-
periment with the transparencies and the overhead projector
before starting the lesson. Suggested below are several ways
to produce distorted ending sets. (The triangle trahsparency

is used in each example.) In each case, the prejector must

be right next to the wall to get a noticeable distortion.

I. The projector faces into a corner of the room. Tilt it back-
ward so thf image is cast upward into the corner.-

projected image

(ending set)

corner of room

)

-

2.  The projector faces the wall. Tilt the projector Baqkward.

' projected image -
Y T ) .

wall Y

»t

L. 103
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3. The projector is_at an angle to the wall. Tilt it backward.
M’d—. .

projected image

Other poss1b1ht1es—mclude~pro;ect1ng the 1mag&onto theseam.__ -

where the wall and the ceiling meet or where two walls and
the ceiling meet. Durmg the activity, the children may think
of other surfaces onto which the image may be projécted.

- —— s

PROCEDURE

i

Activity A -

Briefly review with the children the two methods they have

used so far to get transformations in which the measurable
properties change and the non-measurable properties are
retained. (Stretching.rubber sheets: and molding clay. ) At

this point, you might want to introduce a term for this type

of transformatlon topolog1ca1 transformation. (Somet1mes

it is also called a "rubber sheet" transformation. The chil-
dren should be able to understandiwhy these" transformatmns

are called "rubber sheet" transformations; figures are stretched
out of shape and distorted, while certain non-measurable prop-
erties are retained.) -
Tell the class that they are going to investigate another trans-
formation of a starting set into an ending sef. Say that you
would like to have them decide if this transformatmn could be
called a topological transformation. .

Have the children tear the pagés of the projection booklet out
of their manuals. (Thése pages follow Worksheet 53. ) They -
should fold the pages together as they did their rubber sheet
booklets and staple on the fold. They will also rieed their

P
LY

e




4]

~get.
. , \\. . . .
When they have finished the quest10u., for Trial I', followthe R
~ same procedure to complete Tr1als 2 and 3. Call on different e

1 properties did not change; therefore, they are topological

.

. e LS 1
N L)
.

-

measuring devices and a pencil. Have them open their pro-

jection booklets to Trial | and answer the questions about

the starting set. When they have finished, show them the 1
transparency you made of the starting set (line segment AF). ‘
Have someone show that it is iderntical to the starting set in |
the booklet by superimposing the transparency of the line ‘
segment over the line segment”in the booklet.

Project the line Segment onto several surfaces (sée suggestions

in PREPARATION sect1on) You may have to tape the transparency- - -
down to keep it from sliding oZf the projector. Ask the._children S
10-pick one-of-the projected images as their ending set (for ex-

ample, the image cast in the corner). Hold the projector steady

(or have a student do $0), and have the ch1ldren draw a picture

of this end1ng set in the1r booklets.

P _A-—_.__..__._—-—.__/\a—
—

Have someone measure the length of the projected line segment
with a yardstick ‘or a ruler. The children should record the
length in the appropriate blank beneath the sketch of the ending

children to make the requ1red measurements of.the ending sets..
Several ch1ldren may have to combine the1r inch grids to mea-
sure the area of the projected square (Tr1al 3). When all three
tr1als have been completed, the chﬂdren should use their in-
formation to complete the chart on. the back pag= of the:booklet.
D1scuss their answers with them. L < T

- v

- s e

\\

Ask the children whether or not they th1nk these prc)Ject1ons ' ~
were topological transformations. They should see that the
measurable properties changed, while the non-measurable

~

transformaitmns

Activity B (

Do Worksheet 54 with the ch1ldren. You may want to have the
overhead projector set up with a blank transparency on it.
Draw the starting set on the transpdrency. ‘Let the children
check their answers by projecting the start1ng set onto various
surfaces, The-children should see that ho matter where they .
project the image, the non-measurable properties (boundedness, e

)
\/

[P
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Worksheet 54 Worksheet 55
Unit 28 Name, 2 ¥ Unit 28 Nai

&

i

Can the starting set be projected into these ending
s sets”

Circle yes or no, Y
starting set ending set

4 &
/B
@

®

WA
C:i; AA“@

yes
<@

yes
)

3
P
@
.
0
®

Al Ju=p

®

Ay

"
3
'~

Cyes)
ng

o €
\1) o A .
'

[ [
HasE=t

O |o@ 0@ O

D ::@Ey”
G '
[V s [T

&0 O
./(/‘

starting set

Do worksheet 55 the same way.

el

in-out, order) of_ the starting set remain unchanged in the
ending set. Some children might be able to conceive that
it is p0551ble to pro;ect a triangle into an ending set like *
this. : ¢

-

©

-

‘This ending set is possible becduse.the non-measurable . .
propertics are retained, However, the following is not a ‘
possible projection, because the boundedness property has
not been retairied.

i
v \
Have the students complete ’Worksheﬁdss on their own and -

‘ - en discuss the answers S with them., . .- )

: 106 ) ‘ ‘ _ N
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Lesson |3: USING A GRID TO MAKE TOPOLOGICAL TRANSFORMATIONS

) preen
The purposes of this lesson are: 1y
—~ to review the properties of a topological trénsf%mation ;
— to show how a grid can be used to transform\’a starting set
Y into an ending set; ;
_ — to show how a grid reference system &an be used to de-
. v scribe a location, : :

T The children are introduced to a "tool" &n artist-might-use'if- - - - -
he-wanted to ‘Teproduce a painting or a drawing ; that is, su-
perimposing a grid on the original drawing (starting set) and
transferring what is in each section to comresponding sections
on another grid, This produces the ending ‘set, -.

\MATERIALS
‘ ' — pencil§ .
—— / " — Worksheets 56 - 62 .
/ 1 * PROGEDURE ‘ ‘
*{orkﬂwct 56 . ‘b . ‘ ~
Unit 28 Name 3 A
' ¥ - A tl\\\dty A . ‘
Review with the children the .
. three methods they have used to
’ make topological tra_nsformétions
N = stretching a rubber sheet,
N molding clay and projection,
A T . Tell them that today they are
e ' - - going to leam about a method_
: e ' that artists sometimes use when .
3 ” cndink st . they want to transform a starting
& set (a picture) into an ending set °
L . (a picture). 5
4 ey . _ { ’ " } -
) » . Have the children-turn to Work=
. sheet 56, Tell thém that perhaps:-
- s | - an artist would want to draw an
RS A I ending sét in the larger square at
L ) the bottom of the wotKsheet and
E3 . “{{;'m o *
. ). *,‘
g . . ' < 107




worksheét 57 Worksheet 58 !
7 tnit 28 » Jiame, _ Unit 28 * Naw

'
. Tt - - ettt ot ) .
¥ ~\\‘ N . - ) A I it T PR
. “ 1" . starting set
- , 4 x .
Circle which properties SN T - . - %‘:'h\ \ i -
changed in each ending set. . b 1 - - < . -
‘ N P 4 e N - _
*) bt IO ‘:\»"
Y. o L 2%
) o + k3
K
- . L': 1
L

* ending set

" 7 - ' boy dediess
. -

. :':""-,"Q’ o s

b}
Is® there one to one matchink between the main

features on the starting s¢f and the main features
on each ending set? .

7

would want the result to look as much as possible like the

original picture. Then ask: . ‘ g ' i

WHAT PROPERTIES OF THE STARTING SET MUST BE KEPT

- “ "IN THE ENDING SET\IF IT IS TO BE RECOGNIZABLE? -

! . . »
‘ Have the children look at Worksheet 57, which shows three )
endmg sets of the picture that have not kept the properties of .
order, boundedness and in-out. Discuss with them why these
. ., are not very "useful" or "fecognizable" ending sets. Then
: have the children look back at Worksheet’56. Ask them to
think about the pyoblem that confronts the artist who wants to
draw an ending set that looks ]ust like the starting set, except
that it-would fit info the larger square ‘I‘he children might | N
suggast using a projector, or if-if were on'a rubber sheet,
strétching it so it would fit the larger square. Accept the chil-
dren's, ideas and then ask tk‘lem to turn.to Worksheet 58, ”
Ask the children what the artist has done to the starting set.
(He has superimposed a grid over.the picture.) Then ask:




Worksheet 99
Unit 28

HOW COULD HE USE THIS

GRID TO MAXE HIS JOB

EASIER?
Lead the children to see that if
they were to construct a similar
grid(four-sections.by four sec-
tions) on the square at the bot-
tom of Worksheet 58, they could
reproduce the drawing section by
section, . For example, the part
of the drawing in the lower left-
hand section of the starting set
could be reproduced in its cor-
responding section of the ending
set, (It ish't necessary to have
the children actually transfer the
-drawing on ‘Worksheet 58, Have
them draw a grid .of the- largermm.r
square and let them transfer the -
picture in their free time or at
home, if they want to.) -

o~

Have the children turn to Workshaet 59, which shows the
drawing reproduced on the square by using a 4" x 4" grid
Have them compare the ending set drawing with the starting
set drawing to be sure the one to one matchmg was retained,
Alsd', check the properties of order, in-out and boundedness,
During this discussion refer to. certain sectlons for the stu-

e,

" simple reference system is

dent$§ to .ctheck; the children

should realize that it is dif-
f1cult to refer to certain sec-
tions and that there is- need

for'a better reference system,

For example, it is awkward to*
say, "The square that is lo- ‘
cated in the second row from

the tdp, the third to the right."

~ 1

Ask the children to think of

various reference systems
and to discuss them. One

shown on the next page.

120
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o
Mup" axts N ’ |
, ). Choose.a starting point 4\ - |
(OlVA)C L
. 2. Label the grid lines (over- - ‘ ' 1. ‘ .
axis: 0,‘*!, 2,3, 4; up~ .D - % ]
{ . axis: A, B, C, D, E). . . X

Now, the section that is * C
shaded can be referred to as, 1 - ' .
" The region between lines 2 C ,

- and 3; and Cand D." Dis- B — —
cuss the advantages this sys- "
tem has over other systems aE .
that make references to "right” A ' , . ~

: 3 e
or"left." 4 . 0 I 2 . 3 - 47
\ ¥ "over" axis

- . Activity B . s .

T \
.

o Have the children op,:e,n ;heir '
Unit 26 Name — |- manuals to Worksheet 60, which :
) ——is_a’picture.of a dog with;a grid “
o7 | | superimposed.on it. ‘Ask’the
I children\what they could: do to ~
- the grid lines that would help '
them refesto ¢certain sections | . .

gtnrtlng !et

-of\the grid.". They will:probably
suggest that they labelithe grid” . _ ,
“lines, Have them do this. Re- A
., mind them to label the §tarting ~ v
. -1 .point (0, A) first. oy

A 2PM e x

S

.

= v

B / ) ( A :

. ’ ’ ‘ . R
RS Ao 4TS 6 7 F 1- 0 . b 2
. starting point (0, A) : .

\
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starting set,

» - -
» .

¢
~
~,
~

Thr§ 111ustra$n\shows how thé startmg
set grid should be labeled. Have the
children label the ending set grid the
same way. Have.them draw on the end-
ing set the lines that are in the region -
between lines 3 and 4, G and H on the
Quickly check their draw-
ings and then let them finish. Check
to make sure they get the appropriate
}mes in the correct regions. -

()

When all the children have completed WE)i‘ks ‘heet 60, have
them tear it and. Worksheets 61 and 62 out of their manuals.,

/

for drawing the ending sets on Worksheets 6l and 62,

I‘he,r should use the, starting set on Worksheet 60 as a guide 1.

When'

the children have completed these worksheeté discuss with_
‘them which properhes changed and whlch\propertles were

-

// g[& . 6 *
l/ e ] ; N r] vy ':‘.t:-"t !
_ . R RS
) ! // ’ ' A‘ :v". ] . (\, > oy
e - ~ e '
& »
. ending set \
.7 ; T .
o/ s MY YL
/o . { .
L]
7 w "_l/ . - ]
, *1 . , , 1
. i = 7 ',’\ . .
S LUV S =
[ - x
i - * -— 3
~ : ‘ / / - % 1
. ;(T.,____“ ‘- | \ !;- Y . U
- /L j 4 ,\4
X : P Y -
. } )* = ' i
: o
. q
I
y"l ’ - > N f"!'
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. " ¢hanged properties

-~

“ L. -
retained in the ending sets on all three worksheets, List
these properties on the chalkboard. Below is a sample list.

o
-,

properties retdined

) . — area

= : - height

. o —<width. | ]
— shape is distorted
B (especially on

CF ) - Worksheet 62)

. still separgted from .

order of main features
(2 eyes,, nose, tongue)
boundedness

(the region inside the
outline of the dog is
the region outside the
dog's outline)

in-out

(the' features inside

.are still inside)

o - .

The - cﬁildren should realize that the measurable properties
_ changed- and the non- -meastrable properties were reta‘med
' ) Therefore,. these ending sets can be class1f1ed as topologmal

R

_transformations. -

%




Lesson 14: TRANSPORMAI‘IONS OF A MAP OF THE UNITED STATES

s

The purposes of this lesson are:

d

— to acquaint the children with some of the geograph1cal
features of the United States;

-

— to use agrid to tran'sform' one map into anothér map;

— to show that when a map is topologically transformed, 1t
still retains certain properties (boundedness, in-out,
order) which make the map "useful." :

MATERIALS ‘ ‘ . ’
— crayons R A

- globe - - T )

©  — Worksheets 63 - 66

. .PROCEDURE

&

*Color the Great Lakes blue.

v Activity A

Worksheet 63

sorkabe Display a globe at the front ©of

the ctlassroom. Have. the chil- -
- dren. open their manuals to vork-
sheet 63 and ask them to find
on_the globe: the' area shown on’
the worksheet, Ask:

WHAT LARGE LAND AREA OR

GONTINENT IS THIS? (North
America.)

- OCEAN ’

CAN YOU FIND THE UNITED

STATES ? <

Discuss briefly the geographical
features (rivers, lakes, oceans,
mountains). Then have them
complete Worksheet 63; After
everyone is finished, check the
; maps together, using the globe
as.a reference,

- 1] A‘ ;
%hat contlnent is thls? Ap. WA ic ey

Color the rivers blue,

Color Canada ereen.

Color Mexlco yellow,

Color the United States red.
tDon't forget Alagka and Hawall.)




Sorksheet 64
Unit 28

' ending set

J
et
\ B
AN

L]

starting set

JTTRS\

Activity B ]
Have the children tear Worksheets 64 and -6 S.out of their

o manuals. Tell them that they are going to. transform the
starting sets into ending sets, using the gnd reference sys-
. tem as an aid. Discuss briefly the topologlcal properties

that should be retained in the transformations — order, in-
out and boundedness. Then let them draw the ending sets.
3 i

-

After the children have completed the worksheets, discuss
their maps with them. Ask such questions as the following.

WHAT PROPERTIES HAVE CHANGED" (Area, width, heigilt,
shape.)

WHAT PROPERTIES HAVE BEEN RETAINED? (Order of main
features, in-out, boundedness!) N
[ *

DOES THE ENDING SET ON WORKSHEET 64 SHOW THE
SAME REGIONS AS THE ENDING SET ON WORKSHEET 65?
ARE THE SECTIONS IN CORRECT ORDER? ARE THE IAKES

- 3
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AND RIVERS INSIDE OR OUTSIDE THE IAND AREA? '

CAN YOU STILL RECOGNIZE THE ENDING SET™S AS MAPS ‘
OF THE UNITED STATES?

Sorksheet 66
tnit 28 Nawe

ending set A

R ending set B
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Use Worksheet 66 as a discussion guide to help the childrén
visualize how ending sets of the United States could look if
the topological properties were not retained. Ask the children
if the maps on Worksheet 66 are "useful" maps. For example,
ending set C shows the Great Lakes located in the northwestern
part of the United States. Ask the children if this map would
be useful when traveling. in this part of the United States. (No,
the Great Lakes are not in Montana, Idaho and Washington.
Ending set C is not a useful or faithful representation of thid™®

. region. )

Discuss with them the usefulness of the maps on Worksheet
64 and 65 by comparing them to the maps on Worksheet 66,
The children will probably see that even though the maps on

-

. ) ?:‘
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Worksheets 64 and 65 are distorted, they are still useful for
"\ showing relative locations of geographical features, (Check
. the location of the Great Lakes, for example.)

Tell the class that in the next section of this unit, they are
going to use what they have been learning about topological
transformations to make some very interesting maps.

1
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'In this section, the children work with the ideas they have
learned about topological transformations to make flat maps
of the globe. In this case, the globe is thought of a%h\e

-~

starting set, and the flat maps as the ending sets.

Lesson IS acquaints the children with the major geographical
regions of the world .and géts them.to compare the properties
of an area on the globe with the properties of that area on a
flat map. ’ - oo

In Lesson 16, the children are asked to think about the prob-
lems that early mapmakers faced when: they tried to make

- flat maps of the world that retained as much as possible the
same topological properties as the globe,

In Lesson |7 they compare different methods of "flattening” °
the globe, including poking a hole in it, stretching it and

* cutting it. They learn that different methods are used to

" produce various kinds of flat maps and that different maps.
are useful for different purposes,

In Lesson 18, the children review the methods of making
topological transformations that they leamed about_in Sec-
tion 3. These were stretching rubber sheets, molding clay,
using a grid reference system and projecting. They find

that projecting. is best for their purposes and so they use

the projecting equipment to transform a spherical surface
into a flat surface,

In Lesson 19, the children use the projecting equipment to
project the northern hemisphere from a spherical surface onto
a flat surface and then compare the properties of their starting
set with the properties of their ending sets. They produce
three different kinds of ending sets: the cylindrical projec-
tion, the conical projéction and the gnomic projection. They
also get a chance to predict which regions of the starting set
(globe) will be most distorted by projection into an ending
set (flat map) and to verify their predictions.

Lesson 20 is a summary of the most, important ideas in the
unit,

X
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" Lesson 15:'7 SECTIONAL MAPS OF THE GLOBE' .

Thé purposes of this lesson are:

= to acquaint the children with the major gepgraphical
regions of the world;
d T = to cofhpare the propei'ties'df sections on the globe.
(starting sets) to the properties of correspondmg sec-
tions on flat*maps (endmg sets). -~

MATERIALS

— globes (see PREPARATION) LT

e PO -t

- 'penc1ls

— 30 transparent area grids (from Lesson 2)
) — Maps A - E (in Student Manuals) .
— Worksheets 67 - 72

&

PREPARATION .
Try to get one-globe for every two students; however, one . . .
for every four students is acceptable, Borrow the globes
from other teachers in your school, They need not be

identical globes. Plan to use them for at least two days.
2

PROCEDURE
Activity A

Many children have difficulty understanding the relationship
among continents, countries, states and cities, To help
clarify this, have the children help you develop the chart
on the next page. Foint out the different regions on a globe,

.
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The World

a

Hemispheres

along the equator)

. s

-

" ’ "; Al
(Northern and Southern, divided

-

Continents (Asia,. Africa, North America, South °*
. America, Europe, Australia, Antarctica)

9

- T "Countries (with‘inﬁthg\ North American continent, for ex- -

ample: Canada, Me:é’ic‘:“of,méfééﬁ'lénd‘, United. States,

Cuba, Guatemala, etc,)

/

,States (within the country of the United States, for éxample: N

Texas, Minnesota, Hawaii, Alaska, etc.)

Cities (within the state of California,. for example: Los }\ngeles,

San Francisco, San Diego, etc.)

Measure the area of eachirexion.

-

Worksheet 67
Unit 28 Name

STARTING SET — THE GLOBE

Find these rexlons on the globe.
If tt is hard to find the bourdaries, ook at Mep A,

1. The area of Greenland & square inches,

2. The combined area of the United States (resember
Alask.), Canada and Mexico i::._."squnre inches.

3. The area bf Europe %..____squarc Inches. }

- .
ENDING SET — MAP &

Find' these recions on Map A.
Measure the arca of each rekion.

1. The area of Greenland :,_.___ squarc inches.

2. The comhined arca of the Unlted States {remeaber
Alaskal, Canada and Mexico £ rmemeatquare inches,

3. The area of Europe 2 e square inches.
- v

-~

1’

~

Activity B

Divide the class into groups,
Each group should have one
globe and all the children.should
have their transparent grids from
Lesson 2, Have the children in .
each group complete Worksheets
67 and 68 together.. -They will
probably have difficulty making
the transparent area <grids con-
forn to the curved surface of

the globe; however, they should
try to get an approximate area o
measurement, Point out that on
Map A the names of the conti-
nents are written in capital let-
ters and that the-rest of the maps
in the manuals have been made
this way,

119




PACIFIC OCEAN

. — .. .

l) \ T
%orksheet 68 ‘\
tnit 28 Name . -

Lsc your answers on Worhsheet 67 lo ulp ~you f11T
tn' the chart and answer the questions on this

worksheet. ‘
 starting set | eing set } )
- - ~ ? “
Greemland arca t sq.1n. area ;Arsq.ln.i
L.S., Canada [areq & baren 2\ __sq. 1]
o Yoo rea & _.._._sq.ln.:nrm z Sq !
T n H
Europe area ..,__sq.ln.!nren :___l(sq. In;
) !

~ T

1. Did the,area of the reglons in the starting set
change or remain lht, same In the ending s&?

2. Did the boundedness of the rerions chnmze\ or\
reaain the same?

3. md the order of the main featurces th:unze or
remain the same?

-

3. Did the In-out property change or-remain the
same?

-ERIC

Aruitoxt provided by Eic:

.

e N

When the groups have completed Worksheet 68, discuss their
answers, The children W1ll probably see that the area (a mea-
surable property) changed from the globe (starting set) to Map
A (ending set), while the non-measurable properties remained

the same from starting set to ending set.,

Let the children complete Worksheets 69 through 72 on their
own or with partners, If you do not have several globes avail-
able, you may want to let the children complete the worksheets
over a period of several days. After everyone has completed
Worksheets 69 - 72, discuss the answers, Ask the children if
there is one to-one matching of the main features of the start-
ing. sets with the main features of the ending sets. They should
see that on each map, the main features match one to one with
the main features of that section on.the globe. For example,
on Map A there is just one North America, not zero or two or
more North America's. ?

Discuss with the class the fact that each of the ending sets
(Maps A - E) retained the properties of order, boundedness

“ 7 -
[}
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- . hd .
? ’ ‘Worksheet 71 % | ~
s Onit 28 N Name
st - . A . |- .
: i L - B
[
STARTING SET !
Find Antarctica ori the globe. . b
< Measure the area.
The area of Antsrctica = square inches.
ENDING SET
- Find Antarctics on Map D. Pon
. Maasure the area, . . *
s The sréa of Anfarctica =__* ___squsre inches.
-
ad o \
c 1. Did the area of ‘Antarctica change or remain '
the sams from the starting sst to the snding set?
N INDIAN OCEAN L -
> - L X4
2. Did the boundedness of Antarctica change or .
remain the ssme? R
L - >
3. Did the order of the main features chayge-or
. remain the same?
. .
¢ - . -
. 4. Did-the in-out-property change or remain the
.. same? : . .
. - PACIFIC OCEAN
]
?
« “ . € ‘i
- N e
. . I
. - L - f‘
v - -
o y :
Map F 3 £ -
. F s q Worksheet 72 o
2 Unit 28 Name,
E .
< B
o STARTING SET .
Find Asfa and Australla on the globe,
4
Measure the area.
~'§ The area of Asia & square. inches. “
A2 The area of Australia = square inches. .
ENDING SET . .
- Find Asia and Australia on Map F.
Measure the area. . .
The area of Asia 2 square, inches. o
The area of Australla 3 square inches.
‘i : . -
g ) 1. Did the area of Asla and Australia change or
remain the same from the starting set to the A
. 4 ) ending set?
g ~
- 2. Did the bounjedness of Asin and Australia
change or remain the same? Y
- * - ' ’
3. Did the order of the -maln-features change or
1 remain the same? .
3] 4. Did the in-out property change or remain the .
= P ,, same?
. X
> ,
- [} .1 l“ -
122 Ou
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i,

. " . N . -

and in-out, while the measurable properties (are‘a, ett.)
changed. Ask if, instead of having several sectional maps
of trﬁ ‘a.lduge, you could make a flat map of the whole world
that keep the non-measurable properties of in-out,
order and boundedness, How would such a map look? Ask
the children to-think about this .problem for the next few days

and tell them that in the next lesson they will look at some
early flat maps of the world that.were devised by different

men who thought about this same problem, . .

The geographical ideas introduced in this lesson could also °
.be referred to in a social studies or gurent events class,

¢ - i

Keepi{he globes for use in the next lesson
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. = Lesson 16: EARLY'FIAT MAPS OF THE WORLD
The purposes of this lesson a;e-“/ o .
. — to study 'the topblog1ca1 properties of some early flat maps
. of the world; ) . :
Al . » A T B '
. . - to determme by comparing them to th&globe why these. \\
‘ t : maps ar‘e not very useful endmg sets today. . ,
MATERIALS
.o — globes (from Lesson 15)
. ] <+ pencils . ' e
ra . N LS
= Maps F, G and H (in Student Manuals)
- - Worksheets 73 74 and 75.
.- < E N -
. - PROCEDURE . ,
. Have the children work irf groups, using globes and Maps F ’
G and H to answer the quest1ons on Worksheets 73, 74 and 75
Iorks;:ce( 73
thlt 28 Name
4 - ﬁ:ZrM‘:‘;ﬁFFnz:(l:: i:’)ml':;wcr these questions. :

1. Does adfrica look the same on uolh Map'F and
the n’lobc?_—__
1f pot, how is it dlrferen(?

2. Can you find any large land areas that are on
the globe that are not on Map:F?
1t a0, 1iat (hem below. -

'x

3. 1s there one to one matching beiween the land
areas on the globe and the land areas on Map F?

L1124

. - ) ~
4. Wwrlte about any othdr-differences you can find \
between the regions on the ¢lobc nnd the régiona
on Map F. 1 .
5. Ia-Map ¥ a useful ending set of the globe?,
¥hy or why-not?,_. e - N
ST S,
- t
4
L]
) ) v
. ~
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" Worksheet T4 - ’ g
i tnit 28 Name,
/  Tear Mﬂé G out of your mnunl:
K Use Map G and- the globe to” answer these questions. '
/ -
, 1. Does Greenland look the same on both Map G and 2
cn the globe?____ . b
/ 1f not, how 18 It different? i
2. What propertles have beep changed? _____ | .
3. Flnd North America on the ilobe. ~.
Find North America on Map G.
. Does North America look the same on both?
If not, how is §t different? -
13
4. Are the-e any arcas on the globe that are not
on Map G? ! >
If there are, 1ist them below.
p
e -
-
5. Is there one to one matching between land areas
on the, xklobe and land areas, on Man G? E
+.6. 15 Map G a useful ending set of the globe?_____ S -
v Yhy or why not? 4
-
S - ’ -
- B B
\ . \ - ‘\y
- A
ﬂ“[\’A“l""”‘
: i !’mi‘l | "
v R P
ﬁlorkshcet‘ 15. . i
. nit 28 Name H
¥
¢ !
Tear Map Jl out of your manpal, ] y 1||,}[H|'m|§‘l;u
Use Map H and the globe to answer &hese questions. ! i‘!ff‘\‘ll“
W I'U‘(
. 1. Does North Arertca look the same on both Map H
and the globe?r______ I, *
‘If not, how fs it different?
- | R
2. Are there any other areas that are not the same
. > on Map i and the wlobe? "
& Which area? N\
flow ix it different? ”
» Which arca? e
How Is It different?
. N \ Which area™ B _A* “: -
How I3 it different? .
3., Is there ont, to one matching between land :l'rons S
on the globe and land dreas onMap W2_______ ° . &
z
&
4. s Map 1] a useful ending set of the wlobe?___ \s
Why or why not? __ e ,
-~ : T ‘Ilu! i “‘
. » ' . il
! ¢ i t
' . mdl 1 m
. ¥ f,
. . : <1
- _ o .25
. /. .
A A * ° / '
: /185, -
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(They should tear the maps ‘out of their manuals' in order to

. study them more easily.) When they have.completed the .
worksheets, discuss their answers, Below are some ideas

.

that should be covered in the discussion..

These maps are not on‘e to one transformations of the‘globe :
many regions have been left off the maps. Ask the children
why they think this happened. Someone will probably notice
the dates on the maps anl remember that certain regions had
not yet been discovered by explorers, Besides noticing the
lack of one to one matching between the globes and these
maps, the children will probably ‘notice that non-measurable
properties have changed. For example, on Map G, the bound- *
ary of Greenland is connected to Asia and 'Europe. Therefore,
regions that are actually located outside the boundary of
Greenland are not represented correctly; the in-out property
has changed. Also, the inside region (the Greenland region
on the globe) is no longer separated from the outside region;
the boundedness property has changed. On the globe (starting
set), the order is Greenland, Ocean, Norway. On Map G
(ending set), the order is Ocean, Greenland, Norway; 'the or-

 der of the main fe‘agures has changed.

Dt Eu £ 'why'these old maps of the wof‘ld are not very "useful”

"or thful" ending sets of the globe, (They don't keep one

to one matching of the main features, nor do they keep non-
measurable properties such as order in-out and boundedness.)

[ ]
Repeat the questions you asked at.-the end of Lesson IS

GAN WE MAKE A FIAT MAP OF THE WORLD THAT RETAINS
THE NON-MEASURABLE PROPERTIES SUH AS ORDER,
_IN-OUT AND BOUNDEDNES?

IF-WE COULD WHAT WOULD SUCH A MAP LOOK LIKE’

. WOULD THE REGIONS LQOh LIKE THEY DO ON TH E GLOBE”
%
Tell the chrldren that in the next lesson, they will look for
solutrons to‘\these questmns .

. .
() L j A
. .
N A
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" Lesson 17: FIATTENING THE GLOBE

The purposes of this lesson are:

— to acquaint the children with‘the topological difficulties
of "flattening" a sphere (the globe) ;
{
— -to discuss the usefulness of d1fzerent methods of flattening
global maps;

— to compare the properties of a standard Mercator map ith
the propert1es of global maps,

— to show that d1fferent flat maps of the world are useful ifor
different purposes.and to let the childten speculate abo t
how these maps can be made ‘with the fewest changes
the topolocucal properties of the globe.

-

1
MATERIALS " |
— | ‘hollow x:ubber ‘ball (in third. grade kit) ] /
— 30 pairs of.scissors /
— | straight pin or other sharp instrument
= ! balloon ‘ /
. — Worksheets 76%nd 77 ! /
PROGED URE . ' /
d
- Ask the éhildren- : / !

CAN WE MAKE A FLAT MAP OF THE WORLD THAT KEEPS THE
NON- MEASURABLE PROPERTIES OF ORDER, IN -0U] AND
BOUNDEDNESS OF THE SPHERE? ,

Show the children the hollow ball, Ask them to thidk of this

ball as the globe,  Then ask if anyone can flatten it without

changing its properties. of order, in-out and bound;dness

Let volunteers try out their ideas, No matter ho /they stretch
: it or step on it, they will not be able to make 1t ie flat,

-

i/

L}
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. vice versa, ",

[el

128

‘activities they performed in Lessons 5’and 6, in which the

.Ask the children what can"’b'e 'dcne'“to'the ball to make the entire

13

Then ask:

WHAT DO WE HAVE TO DO TO THE BALL TO MAKE IT FLAT?

Someone will probably suggest poking a hole-in it, Let him
do this with & pin or some other sharp instrument, Squeeze
the ball so that the air inside comes out. Ask the children
what properties of the ball changed when the hole was poked
in its surface. (The boundedness property and the in-out
property have changed. Some children.may recall the balloon

properties of in-out and boundedness of a balloon were changed
by poking a hole in it,) . N
e

Once a hole has been-made fn the ball and the bail is deflated,

the. main problem is to makf the entire surface visible from one

side. To illustrate this problem to the children, put an "X" on

one side of the deflated ball.' If you Hold the ball with the X'd

side toward you, the class will not be able to see the X, and~ T

S

surface visible from one side. Some child will probably suggest
stretching the edges of the hole until the entire surface is flat,
Do not do this with the ball; instead, try it with a balloon,
which stretches out more -easily.

The children should be able to visualize how the edges could

be stretched out so the surface is flat and entirely visible

from one side. Ask them what they think would happen to the
land areas drawn on the surface of the globe if the ‘globe were N
stretched this way. (They would become very dlstorted in

some areas.) - )

Another method for flattening the,ball is to make several cuts

in it until it lies flat, Do this with the demonstration ball,

Tell the children that citting the ball is one way to make it

lie flat, Have them look at the maps on Worksheet 76 (see
reduction on the next page). These maps were made by "cut-
ting" the globe, Discuss the properties of these maps and
compare them with the properties of the globe's surface.

Point out that in this case, not only have the topological

g
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Worksheet 76
Unit 28 Name

-

properties of thé sphere
changed, but also the topo- . )
logical properties of the con- <®71 I
tinents on the sphere'’s sur- N P ey
face. For example, on the- "
maps, the boundary of North . A=

America is disconnected in e -1
several places; this is not : 1= 'ir
true of the boundary of - =3 Eune
North America on the globe. &l T

3 »

»

NOTE: Some children may become confused when they compare
the properties of the globe's surface with the properties. of the
map's surface. They are not comparing the sphere (three di-
mensions) with the flat map (two dimensions). Rather, they
are comparing the surface of the sphere (two dimensions) with
the flat map (two dimensions), Perhaps the following examples
will help to-clarify this distinction.

I. The boundary of North America on the globe's surface can.
be compared to the boundary of North America on the flat
map, In this example, a boundary on the 2-dimensional
global surface is being compared to a boundary on the 2~
dimensional flat map surface,

-

2. The boundary of the sphere, that is, the material (steel,

rubber, etc.) that’ creates the boundary that separates the
inside region from the outside region of the sphere, can-
not be compared to the boundary of North America on the
flat map. ) -

129




3. The inside and outside regions of the sphere (i.e., the air
mside the ball and the air outside the ball) cannot be com-

pared to the inside and outside regions of North America on
the flat map.

When discussing Worksheet 76, bring out the idea thzt these
are not very useful ending sets of the globe because of the
many cuts that were made that changed the non-measurable
properties of the continents, Tell the class that although it
is necessary to make some cuts, we want to make as few as
possible when making a flat map of the globe, Ask the chil-
dren to turn to Worksheet 77, which shows a standard Merca-
tor map. Discuss the propert1es of this map (ending set) by
comparing it to a globe.(starting set).

te

Workeheet T7
Unit 28

Compare, the lines of latituce and
Newe I longitude on the globe to these

£
3
‘-‘-’% S lines on the Mercator map., The

; the globe, the lines of longitude

of N3
w

all meet at the North and South

4 ¥
9 128 2% 118 18D 063 180

Poles (points, in both cases).

However, on the Mercator map,

s &

the lines of longitude are parallel;
and the points that were the North

]

~ and South Poles on the_globe have.

become "stretched out" to become

lines the same length as the equa-

tor. Discuss what effect this

"stretching-out" at the poles has

on the land areas in these regions,

especially Greenland and Antarc-
tica, .Have the children label

»,
38 523108 93 78 €7 A% 3¢ 4% 0 s W

these two land areas on Worksheet

77.

,
L3

s
Ocea
—

*83 48 18] ¢

Have the children label Australia,

]
3
<
[ 14
?
13

130

’ ica on Worksheet 77. Ask them if
they -think this.map would be very "useful" for the captain of a
ship sailing from Australia through the Pacific Ocean to North
America. (No, The Pacific Ocean is located on both the right
and left sides of the map.) The cut that made the map.lie flat

¢ -
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children will probably see that on

the Pacific Ocean and North Amer- |




was made along the 1800 line of lopg'litude; Discuss how the
map could have been made so that the Pacific Ocean was left
whole. " (It could have been cut along a different longitude,
line, one that did not bisect the Pacific Ocean.)

Discuss the usefulness of this map for other purposes. For
example, would a traveler going across Europe and Asia be
able to use it? Or an airplane pilot flying the Polar Route
between London and-New York? Or an explorer in Antarctica?
The children should see that the map-on Worksheet 77 is
adequate for some purposes but not for others, Stress the
idea that for different purposes you need different maps, one
for which the cuts that make it lie flat are made along different
longitude lines.. ' - )

N "
Ask the children to-think about how mapmakefs construct flat
maps that have only a few cuts in them and. that keep the prop-
erties of order, in-out and boundedness as much as possible.
Ask them to think especially about how the Mefcator map (Work-
sheet 77) was made. Accept their speculations for now and
: leave the question open. , . :
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Lesson 18: PROIEQTING. IMAGES FROM A SPHERICAL SURFACE
ONTO A FIAT SURFACE . :

The purposes of this lesson are:-

— to review the methods used in earlier lessons to make
topological transformations and to discuss whether these -
methods can be used to transform a global surface into a
flat ending set;

to investigate how a point light source and a transparenf
plastic half-sphere can be used to project designs from a
curvéd surface onto a flat surface; .
to investigate the measurable and non-measurable proper-
ties of the ending sets that are formed by projection,

1 N

MATERIALS

e

.
-
¥

overhead projector

transparency of dgsigns | and 2 (included in the appendix
of this manual) ’

1 globe

projection equipmént (in third grade kit): transformer, plas-
tic half-sphere, lamp,.translucent plastic sheet

>

~ black-gredse pencil
— 30 rulers
— 30 transparent e;re,a grids (from Lesson 2)
30 pairs of scissors '

Worksheets 78 - 82

PREPARATION

Cut out the two design pieces on the transparency for this

lesson. The transparency is in the appendix at the back of

this manual, Set up the projection equipment on a démon-

stration table as shown on the next page. It would be help-

ful to study this equipment before conducting the lesson in
_order to become familiar with it.

-
hY




Set aside ‘the ‘projection equipment so it is not visible at the’
beginning of the lesson. .

PROCEDURE

.
»

At the end of the previous lesson, the children were asked to
think about how they could make different flat maps of the
world that have the least amount of changes in the properties
of order, in-out and boundedness.of the continents, Diseuss
any ideas the children come up with. If they have difficulty
thinking of ways to make such maps, ask them to recall’ some
of the transformations they made earlier in this unit — trans-
formations that'kept the properties of boundedness, in=out and
order. Ask them to think of how they could use these methods
to make a flat ending set of the globe. Listed below are the .
different methods for making topological transformations that -
~the children have studied and some suggestions for discussing
them, . ’ s

-

. Clay molding transformation
If they had a globe made out of clay, theo_retically it could
be molded into & flat map. * However, this is not very prac-
“tical. s >

2. Rubber sheet transformation
If they had a globe made out of rubber, they could poke a
hole in it and stretch the edges of the hole until the entire
. surface was flat. They could also cut the rubber -globe
and stretch out the areas by the polar regions.

.

b
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—-- - onto a flat surface.

after stretching

. before stretching

Again, neither method is very practical.

3. Gr1d transformation R s
They could use thé lines of 1ongitude and latitude on the
globe as their starting set. Each feature found-in-thé - )
grid sections could be transformeéd™to a rectangular ending-
set grid. The ending set might look something like the

___ Mercator map on Worksheet 77 from Lesson 17.

-

4. Projection transformatioh

The children will probably remember the projection booklets
they completed in Lesson- 12 -when they-used the-overhead-
to project figures onto the wall, . Ask the children if they
have any ideas about how this projection method could be
used to project a global map onto other surfaces. .Accept
all reasonable ideas.
using the overhead pro;ector, globe and any other equip-
ment they wish. For example, some child may place the
globe on the overhead. He will sqQon discover that the
spherical globe projects onto-the screen as-a black, cir-
cular region.

After the children have had a chance to test several of their
ideas, show.them the pro;ectlon equipment you set up earlier.
Ask them if they can think of some way this equipment could
be used to_project something -from a curved, spherical surface
Gather the children around the demon=-
stratlon table on which the half-sphere equipment has been
set up; so that they all can see it, Make a design with a
grease pencil on the clear half—sphere Ask the childrén for
suggestions on how to project the design, Carry out their

Let several children. test their ideas, .

-
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suggestions as ciosely as pos-

sible.. Then show them the sheet
of translucent plastic and sug-
gest that it could be used as a
possible "screen" on which to

project the design. Darken the
room and cast the design you drew
on the half-sphere onto the, ceiling

-

and- other surfaces (a large sheet---—

of newsprint, etc.). ‘
Show the children designs ! and 2
that you cut out. Tell them that
these two designs are going to be
used as starting sets and the pro-
jected images."of these starting

sets will be the ending sets. How-
ever, before you begin projecting,
ask the children to return to their .
desks and to tear Worksheet: 78 out
of their manuals. Worksheet 78
has copies of the, transparency

‘designs on it. ¢

i
lo'rkoheel 76
. Unit 28

Ed
starting aet |

%orkshect 79

Unit 28 Name

Properties of Starting Set §
Measure the distance between the following polints:

[
Aand B !...:‘Llnch
Band' ¢ 5._’1._|nch
Cand D z_.;..;.lnch
D and E 2_sa_inch
.Aand E 12 inches
Fand 6 2% tnch
Gand H 2 ~inch
Hand | :,_F_q,lnch
Tand 3 :7g.__fnch
Fand  :/_tnch
¥ and C ;iilnches

’

£

Starting at point A and rolng to point E, the order
of the points is:

B0 O,k

A
Starting at point F and reing to point J,'. the order
of the pointa §s: *

Worksheet 80

Unit 28 Name’

Properties of Starting Set 2

Measure the distance between the follawing pointe:

Aand B 28 _inches - PR
B.and C &_Llnch
Cand D .*.._.S_lnchu

* Dand A2_/ inch- :

Find the area of rectangle ABCD without using your
area grid. . -

L) .
area of rectangle ABCD &_.S_oqfnref inches

Check your answer. Measure the rectengle with
your ares grid. T

Starting at point A and goink in the direction of
point D, the order of the points {e: ~ ot -

LA D v&_v._@ A

Ho Hum 1s located: inside the rectangle.
How many bugs are located outalde the reclnngle?_‘i_

144
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~ The students will negrulers", transparent area grids and

Worksheet-78 16 complete Worksheets 79 and 80, which are
) - record sheets for listing the properties of the two starting
- sets (designs | and 2). When the children have completed
Worksheets 79 and 80, tape design | (startmg set I) to the
half-sphere, as shown,

- . . Mt

*

T .

- Ask them*to tear out Worksheets 81 and 82, These are record
sheets for the ending sets. Pro;ect the starting set onto sev-
eral surfaces, including the translucent sheet {screen)., Hold

x

»

\\3rkaheel 81 R Worksheet 82 -

nit 28 Name & Unit 28 Name,

. 8
\ Properties of Ending Set 1 Properties of Ending Set 2

Hens\i(e the distance between the following points: Measure lte.dl-ll?\ce between the following points:

A\mdB.!.

inch B Aand B 2 inches °

Cs inch Band C & inches
¢ .‘nd\) : inch ) ) Cand D & tnches
D and inch "D and A &—__inches
A and E A_____Inch: v
F and . Find -the ares of recunnle ARCD without unnl your

and G 2 ——1Inch ~ area gtid.
Gand H 2 inch |
Mand'l 2 {nch , srea of rectangle ABCD 2 square inches
- -
. f.:: .

1 and 3°2 __inch Check your answer. Measure ti.c rectangle with
FandJ 2 in%h . your ares grid. Ld b
X nn(q Ccs Inch\ .

Styrting at point A and golng in the direction of

Nt . point D, the order of the paints is:
Starting at point A and noi\m to point E, the order -3

ERIC -

PAruiitex: provided by enic [l

'
N ’ ‘e
\ ]

of the points fa: . A . p.C.B., A
A B_.C.D \p , .
\ Ho Hum s located inside the rectancle.
Snrnnx at point F and soing to |§1lm J, the order . How many bugs are located outside the rectangle?
of the points 1ss \
[ W) G D H |__LL_.- 1 \‘\ -
’ . . v
\
- \\ -
\
136




v

o

3

~~~~~ ——can be flattened, and in this way,

. changed, . . I o

,i »

»

the screen in several pc)sitions._ Ask the children to choese
one: position as the ending set position,
. :

A [

translacent plastic sheet

A Y

Then use a grease pencil or felt tip pen to outline the projected )
image on the screen. When this is done, lay the screen fiat
on the table and have someéone measure the distances asked for
on Worksheet 81, He should tell the.re’st of the class the mea-
surements, s6 they can record them on their copies.of Work-
sheet 8. - Have some other stident tell the class the other in-
formation asked for on the worksheet,

Ll - ¢

When everyone has filled in Worksheet 81, follow the.same pro-
cedure for design 2,(stai'ting set 2), recording the probgrties, of

the ending set on Worksheet 82. When the children have all
completed Worksheet 82, ask them tq conipare the properties of
each starting set to.its ending set." Discuss which properties. - y
changed and which properties were retained, ‘

.
.
. 4

The children should se€ that this method can be uséd to pro-

ject a starting set on a Spherical suzjface»‘or‘l'to a screen that
the non*measuyrable prop-

‘érties are retained, while the measurable préperties are

H "y
. & f

End this lesson b}i asking the children to think about how this

equipment could be used to make a flat ending set of‘the globe,
' O' . t

Save the equipment'to use in the next lessc;n‘.

4

v

[

[T
(&)
Ed

[




Lesson 19: MAPPING THE GLOBE.

* — 30 pairs of scissors’

— 3'0 rulers . ~ .

The purposes of this lesson are:

— to use the projection equipment from Lesson 18 to project
the globe onto a-flat surface; . ;

— to compare the properties of a 'haif—sphere starting set
with the properties of three flat ending sets. These three

-ending sets area cylindrital projection, a comical projec~ '

tion and a gnomic projection;

- to give the children a chance to pred1ct wh1ch regions of
the startmg set will be the most distorted in each of the
thtee ending sets, and to verify these predictions.

-
-

£

MATERIALS .

— projection equipment (from Lesson 18) 7
— 4 transparencies of Northern Hemisphere pieces (inplixded
in the appendix at the back of this manual) -

— transparent tape

- g l'ue

— pencils g g .

»

— 30 transparent area grids (from Lesson"2) =

—. ESS unit, Outdoor MapanQ (optional) ; for information - '
about obtaining this booklet write to the Elementary
. Socience Study of Educatmn Development .Center, Inc.,
55 Chapel! Street Newton Massachusetts 02160

g

— Worksheets 83 - 95

s PREPARATION

Cut.out the twelve map sectio_n's on the four transparehcies"
for this lesson. The transparencies are in the appendix. '
Set them aside so they-are not visible at the beginning of the
"lesson. Set up the half-sphere projection equipment on a
demonstration table, as! you did for Lesson 18. . .




/

PROCEDURE Coe © o -

-

1

Actlvrty A . . R §{

[~

I
-

- ’

Gather the chkldren around the demonstratlon table on which .
the prOJectlon equlpment is located. Ask them how they think
the equipment could be used td make a flat map of.the globe, .
.and give them a' chance to use the equipment. to try out'their
ideas. They wil probably discover that they need a trans-
.parent global map so that the light source can prOJect~the
globe outward- onto, a screen. Show the children the trans-
parent séctions of the Northern Hemlsphere that you cut out
earlier. Ask them i they have any ideas about how they .
f‘could use these., They will probably suggest taping the seg-
-tions to the half—sphere. '

t

Tape the bottom of one tra nsparent section to ithe bottom edge
of thé half-sphere and then .tape the top down. Do this with -
the other eleven sections, mak1ng sure the latitude lites
match., hile you are taping. on the sections, the children -
will probably notice that it is difficult to make the pieces’
canfdrm completely” to the curved surface of the sphere.. How-
ever, for your purposes, these str1ps conform to the curved

L3

surface well enough, . ' -

Tell the children that this ‘half-globe is the szi‘rng set.and .7
that they will project it onto: different surfacéd to make differ-"

ent ending sets. Then hava them retutn to their desks. Tell

them they will be working in pairs to investigate some of the
properties of the start1ng set. Each pair will put together-a Y
half-globe 51m11ar to the transparent one you made. Work-

sheets 83 through 86 contain the twelve map sectrons

M ~




Workstwet 84
* Unit 28

Worksheet 83
Unit 28

Worksheet! 86

Worksheet 85
Unit 28




- e

: ’ : - Discuss the followmg procedure
with the ch11dren

' Workshecet 87
Lnit 28 Name, ~

Properties of Starting Sot . Each pair of children should »
« Measure the arca of these regtons. ’ use“ Only Oge set Of Worksheets
. 83 - 86.

Greentand ~ . _square fuches {

SCamada o square faches : - .
, Alska t__square ffiches 2. One partner should carefully

Lirtted States ! _square fnches X R o

Wxto £ sqrure fuchds cut out thie map sections and

USSR D _square fnches - . arrange them in the order of the

!
Furepe — —wuSQuare fnches
China * _ . _«quare inches
i * __ _square inches

/

num bered‘ tabs.

j . i 3. The other partner should glue
The height of the letters used fo label the the sectlons together 1n order

oceans o inches. .
i

i 4. When the sections are glued /
BE ready to discuss q»( non-measurahle properties *

of the starling sct (ithe half-clobel with your . . tOgethepl the Chlldren should

vlassmates. ; use theu‘ rulers and transparent
-1 ‘ / . area gr1ds (from Lesson 2) to
e L ; ) complet{e Wgrksheet 87.

. ‘ When the children measure the

" area of ‘various regions on their
half-globes, one partner should

hold the sections togefther, while

“ ) the other partner measures. the

' s area. . -

.
——r
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e - When they have completed Worksheat 87, gather the children
around the demonstration table. Discuss the non-measurable
properties (order, in-out, boundedness) of the starting set. e
For example, the boundary of Greenland separates the inside
f "land region" from the outside "ocean region." If a piece of
" Greenland were placed on the outside ocean region, the in-
i out property would be changed. Also discuss the order of the
large land.areas; for example, on the North American conti-
nent, the order of the main land areas is Alaska, Canada,
U. S., Mexico. Ask the children to give an example of a
change in the order of these land areas. (One example would
- be Alaska, Mexico, U. S., Canada.) .

Activity B

Remind the children of the designs they projected in Lesson
18. Bring out in the discussion the idea that, depending on
the position in which the screen was held in relation to the
half-sphere, different ending sets were formed that had vary-
ing amounts of distortion.

Tell the children tﬁat they will project three ending sets of
the- half-globe starting set. The screen will be held in three
different positions. Demonstrate the three positions as shown

pelow. . ) ;
AN . -

cylindrical conical . gnomie,

i 1;‘ ~
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Worksheet 88 : N Worksheet 89
Untt 28 Naze : Unit 28 Name,

Predict.on Sheet — Ending Set 1 Properties of Ending Set 1

If the scresn ts held-11ke 2a1¢: Measure the area of these regions.

Greenland & ____square inches
¥'5Mch rexion wiil be more Mexico & square lnc!oel
distorted or stretched? China 2.___square inches
. - Indla & ___square inches
1. Greenland or Mexico -

2 a . Measure the Ml;hl of these 1etters.

China or india

The “A™ In ATLANTIC £ _____inches
The “C* In ATLANTIC 2_____ inches
A WWich letters w111 be mafe distorted? The "0" tn QCEAN 2.—_Inches
The “N"™ 1n OCEAN 2_____inches

———

1. The ™A* or the “C" tn ATLANTIC

. is the order of .the main features the same or
2. The "0” or the "N" fn OCEAN different? 2

Has the boundedness property ch d? MQ

Has the in-out property chmnd?_&a‘\

*\'lll the properties cf order, In-out and boundedness
change?

Have the children turn to Worksheet 88. -They should find
Greenland, Mexico, China and India on their half-globes
(startir’lg sets). Ask them to recall their work with the design
sheets and the different amounts of distortion that occurred.
They should predict which regions will be more distorted when
the screen is held in the position shown on the worksheet,
"Go through the rest of Worksheet 88 with the class. Each

child should fill in his own predictions. When all the children )
have completed Worksheet 88, project the half-globe onto the
cylindrically held screen. (Tape the bottom corners of the i
screen to the half-globe.) ]

- Have the children turn to Worksheet 89. Have different chil-
dren measure the area of the regions. listed on the worksheet.
(These measurements must be made on the screen, not on the
half-globe.) They’ should repeat the measurements to the class
so each student can record it on his copy of Worksheet 89.

~

Some children may notice that the Polar Region is not on the

15 . 143
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cylindrical projection. The diagram below may help you ex-

plain why this is so. ?

pn’

Notice that the North Pole is projected straight up and there\
fore cannot be seen on the cylindrical screen. The regions
near the North Pole could be projected onto a cylindrical \
screen, if the screen were very tall and the lamp were much'
brighter than the one in therojection equipment.

When all the children have finished Worksheet 89, have them
compare it with Worksheet 88 and discuss which properties of
the starting set changed and which were retained. Also dis-
cuss which regions were more distorted. Ask the children if

. this map (cylindrical projection) reminds theim in any way of

a flat map of the world they've seen before. Someone will
probably notice that this projection is similar to the Mercator
map: the North Pole becomes a line instead of a point, and
the lines of longitude become parallel.

Do Worksheets 90 through 93 the same way as Worksheets 88.
and 89. However, you may want to.divide the class into
small groups and let them experiment with the equipment over
a period of several days, u-§ing Worksheets 90 through 93 as
guides for their investigations. Whichever way the children
do this activity, discuss the worksheets with them afterward.




worksheet 91
Nawe,

aorksheet 90
Unit 28

% which rexion witl be sore

.

Nawe,
Prediciion Sheet,— Ending Set 2

I the screen Is 1otd 1ike this:
3

distorted or stretébed?

1. Greenfand or Uiited States

Europe or the U.S.S.R.

-

2.

X shich letters will be more distorted?
1. The A" or the "C* In AMANTIC -

2. The "P" or the "F" In PACIFIC

Unit 28
Properties of Fnding Set 2

Measure the area of these regions.

Greenland £__.__square inches

- United States &..___square inches
Europe % Z square inches
U.S.S.R. 3.—_.square tnches ) ~
Measure the height of these letters.
The "A" in ATLANTIC 2_____iInches
The "C" in ATLANTIC 2 inches ;
The “P" in PACIFIC 2 inches !
The *F” in PACIFIC & inches )
* ' . I'
. &
Is the order of the main features the same or !/
Ame .

different? :
/
Has the boundetness property chanxcd?_in"—

Ewi1l the propesties of onder, |n-qgl and Loundedness
chage?
- - . U ;
Has the in-out property ch d? I3 ]’
o !
« o /
F) .
R . h
i
- /
7 -
s I3
i
= . =
,I
A : /
worksheet 92 . Workeheeot 93 /
Lnit 28 Nawe, Unit 28 Name,
v - 7
Prediction Sheet — Ending Set 3 Properties of Ending Set 3
Msasure the area of these regions. )
Alaska 2 square inches
Mexico & ____square inches
square inches

If the screen 1s held 1ike this:

* which regfon will be more
distorted?

“ 1. Ataska or Mexico
rd

The U.S.S.R. or India

U.S.S.R. 32
Indie =.___squsre inches

Messure the helght of these letters.
The "C™ in ATLANTIC & ____inches

The 0" In QCEAN £ __inches
The 717 in INDIAN x__inches

The “A" 1n INDIAN = —._inches

- 2.
% Witch letters will be more distorted? w
. 1. The¢ “C* In ATLANTIC or the "0™ In OCFAN
L3
2
. . Is the order of the malin Teatures the same or
2. The "I" or the "A™ in INDIAN? . different? Same.
*  Has the baundedness property chsnged? 'Do
. ¥¥111. the properties of order, in-out and boundediioss o
change? /\)
» . tias the in-out property ch 4? (@)
.
L3 . .
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Sorksheet 34 . 3 . Worksheet 93 ) -
Unit 28 Nase ! Unit 28 Nawe
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v Activity C .

Have the children look at Worksheets 94 and 95. Using the
information they have learned, ask them to speculate about
how_the screen was held to get the standard projections shown
on these worksheets. Then gather the ch_ildi'en around the
demonstration table on which the projection equipment is set
. up. Have several children demonstrate how they think the
screen should be held to get these projections. They should
be able to support their ansWwers by givirfg detailed descrip-
. tions of the identifying characteristics of each_kind of projec~
' tion,  For example, on the cylindrical projection, the grid
|

lines are parallel. Also, there’is much-distortion near the
Polar Regions and little distortion near the equator.’ Some
e ~ = child may notice that it resembles the Mercator map. .
After the children have discussed all three kinds of projection
_ — cylindrical, conical and gnomic — discuss which properties
have been retained in each projection (boundedness, order '
and in-out).

146 \ .15y
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The childre,g should see thﬁt ev\eﬁ though-the measurable
properties changed, there is still one to one matching of the
main features cn the half-globe with the main features on
each projection. For example, é@ch‘ major land area on the

, half-globe' can be matched one to, one with its projected image

on the screen; there is just one North America on the screen,
Cuba is not missing, etc. o -

Some children ma'y notice the abse‘r,_lce of the Southern Hemi-
sphere on the -gonical and gnomic projections on Worksheets
94 and 95. Discuss with them the following suggestions on
how projections of the Southern Hen'\igphere could -be made.

.. Conical “

1
i

- i .
1
Form the screen into a cone'shap‘e and place it over a

half-globe that has the Southern Hemisphere printed on it.
¢ ! :
2, Gnomic } R .

Place the screen tangent to the South Pole-ohi'a half-globe
that has the Southern Hemisphere printed on it.
Discuss these three standard projec.t'ions' in terms of their = ——

"usefulness" for different purposes. Here are some questions
you might ask: ' ~ -

» i
WHICH PROJECTION WOULD AN ARCTIC EXPLORER USE?
WHY? ' ! ]

WHICH PROJECTION WOULD AN AIRPLANE PILOT FLYING
FROM NEW YORK TO MOSCOW USE? ‘WHY?
. . $ v
WHICH PROJECTION WOULD A PERSON TRAVELING AROUND |
THE WORLD ON A SHIP USE? ‘ .

1

\
The children should see that each projection is suitable for
different purposes. “

Ask the children which projection they would dse if they
wanted to make a map of North America. They will probably

suggest the conical, ‘since on it, North America is the least
distorted. g

t

B
* \
i
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Théstudents should haye an opportunity to experiment'with_
some of their own ideas, using the projection equipment.
You could keep the equipment set up in a corner of the room
for a few days. The children should also be encouraged to
follow their interests in mapping by investigating other types
of maps, such as relief maps, contour maps, physical maps,
etc. Some child' might want to find out and report on how a
globe is made, w\hile others might enjoy making a clay con-
tour map of the playground, as described in the ESS unit

_ Qutdodr Mapping. (See pagel'.}8 for instructions on ordering.)

-
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Lesson 20: SUMMARY LESSON

Y

This lesson reviews and summarizes some of the main ideas
introduced in this unit. Briefly, these include the notions

that when a starting set is transformed into an ending set’,

both the measurable and the non-measurable properties may
change, However, -thereis a largerclass of "useful" trans-
formations that involve changing only the measurable prop-
e;‘rties. Examples of "useful" or topological transformations .-
«include checkerboard distortions, rubber sheet transformations,

clay molding and grid transformations of r:aps .and pictures,

»~

MATERIALS _ e

— penciis.

— Worksheets. 96 - 99

PROCEDURE ) \
Use Worksheets 96 - 99 as a gﬁide for'reviewing and sum-
marizing the main ideas in this unit. One possible proce-
dure to follow would be to discuss which properties changed

Worksheet 96 . W%orksheet 97
Unit 28 N Unit 28

ending.set

starting set

starting set

starting set ending set




Y
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‘Worksheet 98 .
Unit 28 Name Name
starting set ending set »
starting set
.r -
\ .
A x end ing sef i {
X starting sct ending set
3 .
= . ,5 -tnrunq\get
i
.’ 4
4 é ) ending set
3 S VO
. starll—nz set ending set ? ’§ ¢ 3 I '.— .(" !
; . bR L ATITTE
N b \ A v
PR w\: o o
f} / h - NG THYRG
. - - ¢ 3, ij - ﬁ
- - - 4 - &\ b uuuuu )
y - N - ~ffl ) \N : .
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and which did not change from the starting sets to the endi\jng
sets pictured on each 'worksheet. (Each transformation that,

is pictured was actually studied in this unit.) Then you could
ask the children to generalize about which kind of properties
were retained to produce a "useful" ending set (non—measurabie)
and which kind of properties changed and still produced a "use=

ful" ending set (measurable), . N \
. ) l h \

End the lesson by asking the children to think of otier kinds of
transformations in whiqh the measurable properties change and
the non-measurable properties do not change, . \
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LESSONS 18 AND 19 WERE REMOVED ,‘
FROM THIS DOCUMENT PRIOR TO ITS BEING
SUBMITTED TO THE ERIC DOCUMENT REPRODUCTION SERVICE
DUE TO POOR REPRODUCIBILITY.
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