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_ - INTRODUCTION

3

., When I tcok my first probability course, in college,

ACTIVITIES IN ELEMENTARY PROBABILITY

'
.

I discov-

gred.that probability could be a%veiy challenging subject.,’
Thers are many nctations, formulas, and theorems to pe‘le%;ned.'
It was nct until later, as a student, teacher, that Imrealized
n28% ¢f the'probability that an average person will ever need -
can be learned without mucn of the formaelity encounterea in .

usual probability colrse. -

~

. } the

k

Net

srly Tan the formality de omitted, but nrobability ¢an

evén be fun to ldarn At the same time, 1t seryes as an

sexcepiional s to reinforce arithmetic skills, including,
. v I

werk with fragtions and percents.

Also, it provides an oppor-

e tunity to combine theor}y with practice 1n the: form of lessons

‘ and experiments. Often, teachers do not take full advantage .
., -of this onnortuq’ty '

o ! ’ vt

-~

Thus, what I ‘o do in this unit.is combine %he
theoratical ﬁorkﬁessential to understanding basic probaﬁility
gith some experiments which will lend practical insight to that
I have

priate for most

nave attempted

theory. attempted to keep the work at a level appro-
middle school or junior high schoel students or

even a consumer mathematics class at the high school level.

"The unit’ is divided into t;o'parts. The first part includes
- -the cpuntiﬁg techniques which will be needed before tne actual
.work with probabiljity can begin. Covered in pert one are the
Lundamenual countlng principle and work with combinations and
. - ‘permutations. Some samnle problems are 1ncluded w1th each
. lesson. in, the back of

The answers to these.problems appeaz
the unit. ' :

(op]




The seacnd part-consistd of a combination of lessons and

d N - kel
.

experiments.: The lessons deal with probability and its appli-
caﬁ*oﬁs. Again,‘sampie probleqf are included. The experiménts
attempt o relnfor the theoretical work. I have indioated
nat scems- tﬂ be a natural order’ of presentatlon for both
lcssons and exper*ments Alsc included aresideas on. the tech-
nijues T fe "work well for afitten lab veports ’

. ] . - N .
] . .. ;
Tne'pasis fcor most ~f the theoretical work comes from H. R.
sacot’s bock, atbematlys A Human Endeavor; {(W. H. Freéman

. arnd Company, San ~ran01sco, 1570). Mr. Jecob's book is one

of tna mﬁst entertaining %nd informative. mathematics textbooks

1 have’aver read. I would suyggest this book fon'reférence and

‘e . * ' . *

’ -

add tional problem

Ehe bxoerlments‘como from a variety of sources. Some were

borrowed from wqrk done by Dr. ,Albert’ Shulte of Oakland Schools.

. Some Jwere adapted from Creatlve “xnerlments in Probability.

(Midwest Publlshers) by Dr Donald Buckeye of Fastern Michigan

’uclversits Some were devised by Mr. Gereld ‘Leckrone and myself

to suit a ﬁartlcular situation. r= Lockrone, with whom I d1d
my student teachlng at Brighton High School, is responsible for
many ctf the 1deas in thla unit, and I owe him spe01al thanks

for his help.

)

o . M
This hnlu is not en in-depth study of the theory of probability.
Its goal is to accualnt ‘the student with a discipline he will
encounter, in some form, every day.

»

o
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INTRGDUCTION TO" PART I

A~

s

.

Y
Following are the outlines for lesson planséwhich cover the

fundamental countlng pr1nc1ple, permutations, and combinations.
Included are five outllnes with the basic develfpment of these
ideas and some sample problems.

. , X
. " . - . . _ ] ‘,
: Remembéring that this unit is going to emphasizé€ experiments
- rather than theory, these lessons ekplore simple ideas - ,

via simple means. In this section, there is only one rule and
r one deflnltlon for students to learn. Compllc_ated p.resentatlons

and complex development; of the .ideas would only confuse & stu-
dent at this level. They'are.not.nécessagy and should be a%oi&eé;

The best.way to begin a lesson is to ask "What if...?", begin-
ning with a simple example, ther-bulld up to more compllcated N
examples through clasg.discussicn, keeplng in mind what it is _
that needs.to be eveéfually accompllshed in the lesson. The

problems should relnxorce the lésson and perhabs 1eag_te more

problems and questions. - - . o ' /
. L. ! ° . .‘ ~.- L *
These first five lessons should take asbout one day each. . [
_ ) ) : ) 0 .
- —
. ) :
! ”
. - ';
- ’
- , , . ';‘
. 5
N - 9 Q .
Y .
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LESSON 1: THE FUNDAMENTA§~COUNTl G PRINCIPLE

’ \
f
'

- B rd "\ R s A N
Objective: h
The studgnt can find th@* tal number of decisions to be made
* by qyltl lying the numb ﬁ f choices that can be'made at each’
. decision. U
Example: R o
¢ ’ . .
Given one true or false question, A o T _~=2.choices
. how many choicesé?re there? : . ” B N
Glven tﬁo true or-false questionsé ) T.7T '
' ) - TF = 4 choices
s ; F.T : .
. FF
1 . » .
- Given three true or false questioys? ‘
' ’ TTT FTT .
: TTF FTFL < 8 choices’
- : . TFT FFT J
. J , TFF FFF)
ze . . .
Méthod: ) . ' ,
’ D) \ R
Use the boxes of this make believe test and see how many ways «
they could be filled in. [ '
s . 1 .
one question |2 “ 2 ways = 2 -
two questions |2 | 2 "4 ways = 2°
’ ' three " {2 | 2 |2 8 ways ='23_
four® " ola |2 ]2 ? ways = o? d
. . AN o .
In general, the total number of chbices'possible is found by -
{ ' * multiplying the number of choices which cén;be made each tinme.
| ' * . ‘ . . . \‘.“ ’ -Io’
. , 9 . .,
E . &
. v ’
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5 womer., Row many dates can hergrranged°

Jppose bpu naue 5 rultﬂole,eh01~e qaes;lens with 4 answers to
\ o
zach questicn. Apo1y the above meuhod . v
N Lju b4 1e sl =102 ways.

-
0

ar computer datlng service had appllcatrons,rrom 55 men and

0 \
N N '~

. = ¢ dates.

. ., - . * N

HowW many dlfrenent Mlchlgan license plates are pos51ble

L giv en a thre» 1et er-three digis format? \ (Vowels. a, e,
i, 2, 0 = are not used in #{icHigah license plates,)
~ 1 P LY * . -t
e . ' Y e . - . -
’ / - . N a J M ~ y
g . . . ) \ o,
* B Bl ) - .
” L . . LA
L s " . . ) -
EINT? ~ . . . 0 » - !

A-recent letter to.Astion Line in the Detroit Free Press. .

expressed aoncern that.the Socval Secur;ty Department-maa
run cut of rumbers for itse cards. leen the standard

nlne-dlg;t card how many dif eren;\cards are poss1ble°

. .

LI . .
JE . LI N . - . /

ey

[}
A . N —~ s
. A

[y . .

. ,
< . ,’ .

- !
Suppose the Social Security Department addéd a single digit
onta the end ofthe current number How)many-cards would

v
v

s e

$hat ould- be the result if, 1r6tead of addlng a s1ngle

uhen beﬂposszbleO '

‘diglt onto“the’ end, they addéd a let'&:er‘7 S -

~ A .
N ~ - l
- . ‘ ‘
.

cu are worklng a maze. As you .go -through it; you finhd
that there” are 10 ”forks in the road" where you must’
decide to go- lg;t or rlght. Qow many different paths are

possible in th maze° Is there g good chagce that you*

'- wild get through 1t on your first try?

kY 2 O . -
- e ’ . ‘rL .
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" The first space can be filled'py anyone so there ar

ubJect\ves

’

~

:LESSON.QQ

PERMUTATIONS . e

Dl 4
K . Qs N 'U

'

The student can apply the *undamentaT count;ng pr1nc1ple to

solve the Drﬂblem of arrcnglng thlngs ln a definite order}
The student cen apgly the deflnltlon of:;actorlal te solve n!,

given n.

Examnle:

v

-

.arrangedf I ) ? A.B
B | B A = 2 ways
How about three pe?plé? A B p A CE !
: f 1 R “B A,E BCA =.6 uays
- _ CAB . CBA
AR
Given four peopie, hoﬁ mary ways can they be arn{nged? ] T
°Method- - ,'( oo .

-~

Use the Fundamental Counting PrinC1ole.

We have 4 people, so

we are coneerned ‘with h spaces .

A)

‘e
L SN

-

I

>~

»
L
e

—

1

’ 2 .
. . “ i
f .
~ - . e
e - - ———— [ RV Y SV
5

[

But once that first space is filled, there are only

b

3wchoices

left for the second seat. -

- B

-

L3

Now,we are left witn}e

.
?

~

nly 2 people to piabe in the

e 4 choices.

.. 4 .. . -

- - ~

And in the last spot is the last person.

AR AN,

.

» 3
- "7

3,'




o . ‘ ) . v ‘ L . . ' ) L - ~ .
KA o, . . l l
) .‘g ' | — |
. ” “ .a. |
Hy the. Fundamental Cauntrng Prlnc1ple, we get.the total by .

multlplylng 4+ 23:2-1 = 2h, Thls ¢an be verified by writing '

L

'all of the psssibilitifs as’ .ve did abdve: A..BCD - ACDB -

* A'.D t B - o.'.. . .\L" ..? - ‘ . ) ' ) ) . - .
A snor‘haad notation for M 3 2% is 4*. 'Whaf would Be‘the .
. shorthand form fok. 5 £.3.2.17 . T

{ - . «

- ) [ , , - , . .
Annlinatidns- : .. ) o N .
: .- .

2

: Suppose that 12 people-are comlng to Chrlstmag\dwnner How *

many dlfferent orders aré there for 12. people° T . ot
o ( )

1Y o ’

. ‘/ (4
Supnose tﬂat 12 people come to a. famlly dlnner and .that there .
axre only 8 places at the dlnlng room table .The rest have to
‘eat in the kitchen. Hnw many ways can the 8 availabls seats

»

be filled? . : :
' 12 .21 N - o
[ d . - . I - LY » ..
Problems: ° . 33 S o . . . \
. Ty ) . - .
) L. Celculate: 5!; 81; 31-L1.' Is 31,41 = 1212

[
’ -
L

. * 5. Suppose g veterinarian has an gardvark, g bear, a cat, ~

oo a dog, an egret, and a fpxrand'has'6_cages in‘a row. o~
» .How many diﬁﬁerent ways can these .animals be arrangedéf? B
. . ! : ‘ ' . !
Y " 6. How ,any.gays <an 7 peogle line up 8 2 drlnklng fo,untainq . T
. . . v ) A
"‘ 7. At k: track meet tnere ane 8 ﬁersons runhlng the 100 yard

dash There are awards for fmrst sécond and third place.
How many d1fferent ways can lst 2nd, and 3rd be awardedV

) ’ - !
¢ . ”

-

. [T s/
' 8. How many dlfferent ways are there of §cramﬁling the 'letters N
. .of AVERSION?  ° =~ : - ‘

. ' ) .
< c e ? - 4

‘ 9. How many different h~letter arrangements can be made using C

letters in th word TOLERANCE? : ‘- .

Id ’ . ., . .
- . ol q ° . , 5 °
N ) L o

v > . . & ¢
!7“ “i - _ .
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—

‘artangements. Our formuls, 31, -gave us 6 "different” .arrange-

; » L

. M4 ) i . * |

f H . . . P - -
b ‘ . . , cs .
’ e, . - . j

I . . . ’ . =

" ) F 1

N ;:SS ' P:RﬂUmATIONS wITH REPETITION {?

* f . : . 1

. . “ 14 » 'A: . N 5 . . \
» s ’ , o‘

The stu@gnt lan. a2lculste the number of weays to arrangw.a set ’

of gbjelts wWnen cne subset ¢f those obgebts consiste of ideftical <
’ . . .

elenents. p N d |
- . 2 |
. > ) . / > . - ) - ‘
T o m T S~ . . * % V. 1‘
R - ” . - . . ” . 3 - -j
O hond ‘.J‘
. ) !

. . ' - N - . .
%, How mery different’ 3 letter words could: ' ., B
: :

ce madg rom these letlersie | . -,
‘/‘ . ‘e N 4 ’ W - \41‘
P . . *
Previcus word -sfems 1o indizete that there could be 3.2:1, < . :
F] . ~ 1
RN . - - . . =
differfnf arrangerments Yet, if,we lis®ed all © dl“ferent uords R '
. M ’ N . -
the resulte might ©e rather perplexing D .
-~ L . . ¢ . i
T- facAlitéte the listing, we W*Ll nurber- the"E's. . s, R J
. . © .
. - . .. En e [ s . 34
. o, ’ . F nlEQ F u2E1 s ]
’ : . EJF E E.F E . . .
- ‘Q R C ee L - . 1 2 »‘2 1 ¢ R 4 ‘
..'.“’ N . ‘ E L EE E . . . .‘. ‘
. ' _— 1 et R j
ot looﬁiat t“v same l\é*’hl»houv Vk numbe*é( ‘ . .
y . FFEE * *FEE &
‘e . - . ’ e 'Y
. v ’ EPE FFE Bt
. . . . -..' " A -
: | - ERF EEF ) SRS
’ . L ~ f -

- . . . [N .

Witlicut the numbers, there is no difference betw;;n the two -

¢ . v
cclumns. Whén we wsrxked with people or animals,/all the ng “
cbjects were distinet. But when letters asre invdived, there . .

2 2 ad A '\'}; N .
sf~en is repetition. ) ’l . . o -
. B vr ,x:’; ‘ ; R *;T - ) . - a « ) __;\:‘_-—'-r - ~ -
Method:. Q & :

;n.uhe above arrangem f?‘vez ;pdﬂed Aaﬂy have 3 distingt

ments, exactly twice as many as it should have. On closer ._é'

¢ - * N -

inspection we see that the 2 E's, when cqunf%d as separate - " *

LR - hd .

',ﬁ * LI
‘ el )

o N . '. .




M b 3

Q . -
- ERIC | -
A . ‘ . -

¢ " 5 " )

. 61 _ 6'5.h.3.2.1 L o - v
: w s = = 51 Z-7 = "220 different-arrangements.
= . ‘ b 3201 eTesE
.3. l. > \ - &
. Y @ . ~ > v . .
) e, h - ‘ 3 g ‘o
Prcblems: - J : - ®
-““@f‘ . H~w meny different arrangements are tners for the lettdrs
) N in ¥ISSES? . ‘ - ¥
.. ,;,—. ..;‘J‘. % v K o : v
C . In UNUSYAL%g . ’ ! v
' - &t B . .
i S~ in BRRRRR? . v .
L/ . iad I - . - o * »
.- t . . -_‘ ’ M - - &
3 « .11, H-w many different rumbers cen be made by reerraznging
A ) the digits € 36 1 6 in 21l nos51bl° Vays‘7 e -
. ) N ‘:.: (A‘ :' . e, - : - s - ~ ,
. . Y P - > - g
. lE..‘Suonoss 5 ident%;al pefinies are placed in @ row. How
mana different srrengeme nus are there in which only: 1 boin
NP TE B be a tail (T)? . - ? ,
= (Hint: . How many different.ways gre there tc arrange %he
. ‘ letters T H H H H?) ' .o
P d ’ L) N
. .: . ¢ N . - 7] \
S 14

P \ LAl ) .
” ¢ ~ ) - M ’ .
AN ’\ ‘ :
) - .
. — . 1
12tt2rs, zan oe errenged In 2! = 2 différent ways. Therefore,
‘y - . . [,‘ P - - - ’ N .
Lo edg4ast Ior repetiticn, divide supr the number of ways that the
iderIical letters can be arranged. : '
¢
. o L 4
Lftis wiil-give wne correet number of different arrangements: of
tné€ Tewters in FEE. c T S
-‘ _7' , ’ . .
2! 2o . - -
. = =4?§gi— =3 dl;ferent grrangements. -
: c 5 1 ’
- L ’l -
- . N
‘ .
. Applizeticn: . L -
- .
Heow meny dififerent o letter Errapg ments are there ‘of the, .
v l=tgers in the word SHEEZES . , . .
] ; . c . S ¢ - .
Since there zre £ letters, there sre £! arran igements.  3But sinc
. thiere ere 3 I's, which*cen be arranged 3! ways, the number of -
. o v L
., different .arrangements is: . . ’




- -

LESSIN - MORE CN PERMUTATIONS WITH REPETITION :

1 |
' 3

~ s : 4 v ) ~ ‘ .
clective: .
__Y—. . . ¢\ ,
Ine student an calculate the number of ways to arrange a . ¥
% ’ i\ . ~ ~ ' ~
seT 7I tbjecis when tnere are several different subsets of
fdentical cbiec*s within ‘the’set. © )
\ o * ' i ‘
- N - 4 i .

N Ixampl=2: -, . . o : .

and armed with our kncwledge

. >
' cf perrmuteticns from Lessen 3, it 1s cbvious that there,are
.' . ' 1 1 . ) .f'
. - 5! CeBrleZe2.1 - X .
. OL 2 &2 2 Z2'1 _ 155 arrangements of these letters.
2 2:2-1 ;
11

-
.

But in the word FREEZER the additicn of the letter "R" to the
s

the matter slightly. ‘

4
. : . |
| -
1

) FREEZER not oanly has E repeated 3 times, but now there are 2 R's.
. ’ ¢
¥ethe . )

It is necessary tc expand on the method from Lesson 3. That is,
we must divide out not only.%he 3! ways that 3 E's-can be .
-~/ arranged bu: must alsc divide out the 2! ways that 2 R's can be

:eranged.f : . ¢ )

[N

]
ol
W
or
g.
o’
0
&
o]
=4
Ql
'.Jo
-

ferent ways to arrénge the letters in FREEZER

i d
CRN 3 b
w2uld then be: :

= U20 different ways.

A}

. ege

spplicativn: R . v

¢t errangements can be made from ell ‘the lesfers
in the word MISSISSIPPI? _ . : {
| \

4
4
&
1]

. There are.1l letters so there are 11! arrangements. There gre

- \ -

)_l
et

ERIC

Aruitoxt provided by Eic:
.

—




. - 1's whith can De arranged in-b! ways. There are L-S's which
A . k .
can e arranged in -! ways. There are 2 R's'‘which can- be
- ‘tarrang=d ir 2! ways. Jur final result, dividing.out to avdid
¢ repetizion,.will be; . . { : :
' 1 1 111 ° .
. SR _ 1T7-10.C-Z*7.-3. 4.3 2.1 37&4650/
) Slemte2l #.2.2. 1822171 ?
: 131 111 1 .
’ e '
‘ . - DD
S A allierent arrangements are there for the letters
REPETITIONT .
. . .
SCCICLCGICALY t
15, How many differernt signals can be sent aS1ng € "lags hung
vertically, if 4 of {ne flags are red and 2 are’blue? '
12. I7 < penries are arranged in a row:. .
. @. How many ways are there for all L coins to be Heads (H)?
Hint: How meny different grrangements are there for
5 H H H?: .
> t. How meny weys can you have 3 Heads (and 1 Teil)?
. p - . o
: C. nIW marny ways can you have 2 Heads®
- s s ¢ LS
S. ACw rmarny ways.céen you have 1 “vad°‘ >~ ¢
R €. HIW meny wayvs cen you have 0 He ads‘> .,
o :
J. Wrhgt is the total number of outcomes nos51b1e w
« pennies? [(Hint: 2~Lhe Ffundamental Counulng .
) Principle.) . : &
1st ¢ 2nd,coin  3rd coin  Lth coin
£. Add us all the answers irn parts a t rough e above.
Cces_ygyr answer agree with pert %
. . * N P
\
16. Fcollow a fo at, =imllar tc preblem 15-~for 5 or more‘coins.
- ]
Q 10 : v
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| v rcace = ~ gy
| LSS D C.MBINATICKS 1
| .
| . . '
.
K ./ S
| - . » .
> > ‘ B -
\
e Saen.
| T ectivs . -
. Ir2 stadent wWill Tind trne number -2 cimbinatizrs by using the
|
| .
‘ | N 3 L b - -2 ~ 2 ~ -~ 4 3 Mar
| Turdamentel Tounting Principle and tnen dividing by the nurber
-
-
| o s o . -
| T dipliliceate arrang-rents.
|
- . . s ¢
\
| Tt ® o -
| LNETT L
A = .
‘ : Y
v o4 nhave [Iined g reccrd -IT the ronih.elub. s en Lrtroductor
“ "\
.
A Ay e -~~~ - = bl 2 b Pa g -
\ , 2ffer, yiu ey dhctcse any 3 elbums fromoe 1isy of 45. How )
.
- o~ -~ - -~ - <
| . ALY WEYS 2anVvis Iniose »
| , ' .
’ .
l Nl e . . . . ]
- - R
) o
T2 - ~Z JrepSA 3 a -~ Dy p
Sinte insre gre 5 3iffersnt zlitums tc cohocse from, 1t weould _
>
PR3 o~ s - - - A I TSRO I NN D0 - <
geem 882 {7 Szy tnat tnere are 22.2+«-23 = 13,220 differen: - |
.
. 3 N ’
. -~ - P R ] -
weys tT cncise 3 glburs. A ..
.. - . \
- <%
D A - 3 A S A I .
2xt dces o order in whizh these adbums ere-chosen na RP any .
- ' L 4
JE NS - - ’ T e -~ - - 3
: dillersrzef ne ezldums gome at the same time in the same ' . ,
—~ .e ~ - 2 P ‘&
tacregs. And even trough we'may 2pjoy one df the “three more .

re in a sense; sjuivalent. There

~

is nt ziventege 10 cacising the I albums i any particular order.
8 rence. - _

tne number of ccocmbinations posslble, “hen, we must use
principle. Tren d;v1de by the number

7hgs being :Fosen can be arrangéd.

. Three albums car. be arrange in 3! ways. The number of ways cf
- - L4 . ¢
chczsing, 3 albums frem 25 is: . ‘
’ N

v, 3pe2k.23 _.25.98.23 B A wrmee ‘ *
. 3, . - 3.2.1 = 230‘0 ha:\S.
11 :
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¥ e .
. +
roraization:
.
- AN - - ] -~ . <
- & tdess oI Z3 students, - students are ‘¢ be choser for a
S1888 Lressentailliln,  HlW many ways can tnese.students be chncsen?

rust-divide Ty the number of ways in which & students can be
grrarged, -.. Cur result isv . ‘ '
’ 23,324 31 .32 3038.31 . %
23:39 31035 (33322158 | Lo oon yays. .
1 1.2 2.1 s7e~ o
. 7 9 oo 77
» * . .
o ¢ ,
>~ Troblems: '
. P .
17, How rany wayvs cen a committee of € _seratsrs be chosen
3 *
Srem 170 senators? : . . .
< \ hed -
. r 5‘ -~ LX) ) )
- - —~ ° - PN S e f jn ) . .« ¢
=T+ Tnere gre 12 sYudents eligibie to attend a.Katiochal .
. . . - R «

t . _zadsrsnip Capp, tup there are only § openings. How
. » T, :
i

Y
-y
[$4)
L]
®
et .

) i ways are iheré.to chocse the 5 stldents?
’ [ ] . . .‘
. f - t

. 1%, & nand of Poxer ccnsists oft 5§ ards 2ealt from a deck
>? 22 playing cards. H:ow mény different poker hands
- X, 3
are thsref '
- R \l ‘
\
» .
* .
- [

. - -« ~ R
10
>
%o O ‘- .
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mount and lamihate these task cards. *©

Zaph experiment will require a lab report.
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Each page of experiments
*After a lesson is completed, add
ir. that lesson to the collecticn from

-
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_This-

n handling as well as protecting the \
of da*ly 2lassroom use.
ures, consult ycur media specialist.

le to help you suit your individusl néeds.

In
ergncing, 1 have devised a

with the
"ab check-1ist".
the student meke sure his experiment report
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have 81so provided write-up sheets for each
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’ LESSCH £: PROBABILITY CN A DIE AND DATA COLLECTION -~ . .
- . ) '
»~' - '
Zolectives: .
—_— e T L} . .
't Trne Student will be able to use the definition of prgbabilizy
. T Jird, in fracticoneform, the probability of a s;mJ!e event
. srourring ’ . ¢ .
-> , . . . , . . ’ . ~ -
) The stadént zan plot botn a frequency dstributicn chart and
& tar gragh, given tne appreoprigte‘date. .
\ 4 .‘1:; .
Zxarple: - . N . :
— S A
oy . .
Jocngider tossing e’ coin.  wWhat wduld Be the "shances" of getting
' 2 nead? £ 13319 S ’
» : . .
: Since there are cnly two possible ways for it to land, .it would
4 ' . . A
seen reascriable that we would get neads half of ithe time and
. - L4 . ’
.« - tails the cther halfl. . ' )
0 - $

. If we 1lzck et a die, how many ways couid we roll 1? How .

a ) - “ ' » :
many ways could we roll a 27 a 32 How many numders are there
onoa dis? | . ' . Lo

. v - \ N 'v M -
} . _ . . \ .
e can 'day our chances for rolling 2 3 would be one chance in
B A
. N . 1 N . . :
sixXx, 2r as a 1ractlon,‘6. . N
) ~ . ot ¢ ) - .\n
vhat would tne chence be of -rblling 'an even number fégnce.half
of’the nurbers gre even)? . -
) N hd . .
Method: . /¢ L ; ]
This leads us to the definition of probability. The probability
o ,-.\ . N » . » B . -
cf an event oscolrring is: i
, * _ number of favorable ways ’
. P{event ocecurs) S 8ye .
. number of total ways . i .
. N '6 . 2
. . [
Application: . . T
Consider the.eight letters in "HOT COCOA". 1If we write each of

* . .

iU R




Aruitoxt provided by Eic:

qes letters zn = rd, shuffle the cards, then pick Oone aap .
rardcm: - : .
. .
{a) ¥nat are the chindes of getting the ls*ter C“ e '
- P 4
b) What are the chpnces of.getting o 1etter in the word- CREAM° '
aint:  Heow mepy 'of the lettess. in CRdAu appear cn the cards?
. : L PN ’
. How meny cards|are there in all?)
' \
- ' s
Toctncte ’ ' . v
N ] o>~ ¢
-— - - . ’ ’ \w. N
sreguently we willl have 'tc keép tracx of 2 large amount of data,

are dring experiments.

experiment/ using the above problem.

Suppose we wgnt to. ;
We are going to see ‘

e seme results from experimenting as we do in

thecry. YThis fay -be a2 good point for discussion). -
R . . [} - IS .

. P . ) L
we are gting t _éick 100 times from our deck of car8s and . -
reccrd the reshlts. One écc@ method is the use of a frecmen y T
d4stridution ¢hart .as follows: ' ' . o

- R \ . “ v
L S or A TMMWW H B
. . no. of o's TT*L
/ . ~ o ] . ‘. o
: wrs oy S
- . .
. C. ~f C'S - .
S RS . Y1 8, VUV |
T Ot vt ’ ' . T
- 1g : "
[ e ot PR L ] -

/

f

.

25
20
15
10

>

of
appearances

no.

Iy d

35
30,

1
—

e
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Problem / ! o .

‘2. Given g deck of cards, in one.draw, what is the proﬁéhility N

of getting:® . ' ‘
a., The ace of diamonds®
b. Any zce? | ‘ )

. 2. A spade? /' s ) -
d. 4 red card?; (heart or.diamond) S ' <

[d
“e

. b N
(
[ 39

. 1. If.you roll a die, wnat is the probability-of getting:
. a. & 2% ) ' T
‘ f . 3 Ar <dd number: . . .
"?: A md1tlbli ﬁf 39. . ) ‘ .o
e . d. A seven? _ « )
. _ ' R P "
- 2P, If a person r"ﬁls a d1e 6 tlmes, how many tlmes would

‘ he/she expect|a 6 to appearV (Hlnt Since there is. a %

‘ cnanee for each number on the dle to appear, you would’

‘ exnect the nunber 6 to aﬁpear £ ©of the time.)

N T - How many tlmes would you- expect to get an even numbex
l:A if you rolfl a die 30 times? '

~

<

s (.éb. "If you rolfl a die lOO\tlmes, how many times%would you
. 1

~

St expect a 3 to appear9 What per cent of the time should
you expecﬂ a 3 to appear in a given number of rolls?
s (Be scvurgte to two decimal places.) -
“if é3.' Suppoégbe*bangontains 16. red marbles, 10 green merblesH
14 blue marbl»s, and/lo yellow merbles, If a marble is
o drawn and 1mm=dlately replaced what is the probabiiity:

. a.., Of gett 8 red marble? - Do K

" b. Of getting a red or a green marblet L~

9’\ é._ éuppqse hat 5 draws in a row have beefi red marbles:
_ ¥What is he_probability that the sixth draw will yield

" a red ma}ble? (Remember that the marble is replaced

- e + after ‘eagh ‘draw.) '

q..- bup of 190 draws, how many would you expect to ﬁe!'

. N4, Red®f ii. Green? 1ii. 'Blue? iv. Yellow? '

» w\‘* . ‘:'-rg)&.’}

20
»
%

w



s LAB REPORT CHECKLIST

b :
If veﬁ ca neetly check each one of the following boxes for

any .given lab {eport, you will earn an "A" grade. If you use
* this sheet, please hand it in w1th your report. It is pot
mandatcry. Use it enly if yqu want to. .

-
-

’

Dgsc ption of ‘experiment, summarizing your entire
N LS » - ' B
Te ’ '

ip
>
proce du .
A Y

y -

) .
A ccmplete list of all data. .

' Data neat and well érganized. - . B
Dredleulens of the general outcome of'the.experiment:

Adequéte dnsweérs tg all questions asked.
Y § q

-

If there are any grephs' tables, or charts nequested
hey are labelled and' reflect, accurately the data
.whlph is submitted. ’

b

~

Complete sentences, good grammar. -

/t vy e

r

The report is clearly ﬁf}tten, eas& to follow from
stap to step. ‘

There is & short summary bringing out points of

-

O 00 'Q" 000Q O

interest and comparing predictions to results.

-
. L




20 . : L B ' - A ) s . ‘ ;
. , \ N .
\ . " . LAB.REPORT SHEET - -, "N.
' N ) v ' : et . ' .
- 'y EXPERIMENT NO. . T . NAME =~ S ,‘
WES, —_— . ‘ -
f"ﬁ . . N ) -
DATE o . 4 HOUR o
: ‘ + ) . B ) ,_' v = -~ = : &
QTHER MEMBERS OF MY GROUP: i " R
., . 3 [ . . -
¢ ) ) .
. : . — - . =~ TN * ’*
. - ' ' v - 4

Briefly déscribe your experimént; what you ded, how ygu did it, .
and what your findings'were. Include answers to any questions

that were asked in the experiment’ Include-predicéions of how ;
you expect the ekperiméﬁk 0 turn out before you actually do it.

‘e A1l answers should be in complete sentences. A%l graphs-should
., ’‘be’'neat and clearly labelled. (Attach extra shedets~or graph.
' paper if necessary.)® | C . ,
. v : .
- . I. - . a
- <&
N :
) X . ¢ .
l‘ . ,
: - ‘,‘ o~y ~ -
) ‘ .o :
\ Y "
\ ¢ n . ) .
[ R . o » © >
* < 3 A ) *
\ - H - LI ‘o
P - N ’
- .+ ]
w ) A 4
- " +
° ° )
’ 4
L} - .
- + - . “ ‘. o.
- ’ X I'
¥
~ , , A
t -~ N ‘ - ' .
. . x i:-
- iy “R .. . - B
. NN R . e . ¥ et R B }7_::
. . o . . ‘53 . .
t ~ < : > . -
( ) »
. @ °
; 25 :
? - t - y
| - ' -
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2. What! aré the results after 25 rolls°

is there any one numge ¥
“~

3.

y, "

~e

%

Determlne whether a die is honest by rqllln? .

1t 100, times and recoxy

dlng your resulgs

V.

*ﬂ‘\‘n .

¥

\

{

&

75 rolls%

lOO rolls°

501reiis?aj

that conS1stently seems to appear more.often9.'

* Did you ever get the “same numbergg bimes in- a
row?

-

xzx\‘\\ ) . .
Do you thlnk this die is honestg_ wny\or why' not”

»

.
-

- . -

< . , .

¥

- - . 3 . o

‘ ; EXPERIMENT NO. 1 ‘
t ° ) N . M .:
R »(Apgara}us:,aCoin) .»
A ’ . .
. 1. Determine whether a coin 1s honest: by flipping . .
. ~ 1t 100 times and recording your results
2. What are"the resplts after 50 flips? After 75 :
2 flips? After 100 flips? >
R i . re . ® ' -
+ 3. Did you get ﬁhe same. ratlo each time?” . -
N
L, Do youu%hlnk uhlS coin is anest° Why or why not? .
. 5. Dld;you ever get 5 heads or 5 tails in a row° Ve Et
L] ~‘ ;‘ .. . .~.
' %
\’ .!a ' . .
N - , (‘
’ - -
EXPERIMENT NO. 2 ' '
] > —— 2 .
gg(Apparatus} Die) . . s N
. ‘\’\b v * ‘.. . . ? - H 174
. o
‘1 Al
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Ead

v ™

(R

-

(Apparatué:

-

< EXPERIMENT NO. 3

‘Ten .pennies, paper cdp, box "1id)”
<. o

Placde the pennies in the cup, puf your hand

over the ton, shake the, cup well, and

empty the .contents -into the 1id. -~

4
Count how,many coins~turned up heads dnd record

this number. (If oné should wind up standing’

against the side of the 1lid,,count the faces -

’ [y

you

A :
hew repezt the gb<ve 199 times' for a

-

total of -

AN
1

Show.the results of thé tosses on a frequency .

:ﬁdistributipn»cnart. . - .
. 5. With the data collected, draw a bar graph.. .
- 5. Do your results seem regsonable? .
, : I A
RS // . EXPERIMENT NO. 4 \
. , ‘ o ‘ (Apparatus: <Thuﬁbtagk)v - '
- ‘ - * - . 4 ' . .’
. Yo, Toss or'drop a thumbtack .ontoc a hgrd level
. i - sprface,,wheré it beunces before oéming to A
) rest. When the thumbtack .comes ta rest,.;t o
points up (U) or down (D). ' )
"2, “toss the tack 50 times. Record the data and .
calculate -the ratio (traction) Of times the™.
4 . tack falls .U. ‘
M 3. Would you always get the same results? .
-4, - Repeat steps 1 and 2 again and comnare your ' .
. results. =~ =, .
_ 5. Usesa slightly slanted surface.and do sten 2
. 6. Don the §lant§d surface give different results?‘
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. EXPERIMENT §O. § : .
=
Loa {Apparatus: Cards)

cne hand and & black - .

a
card in #% other hand. LoF .

-

tell you whiéh‘hégd holds the

T
red.cara. . - et .
:

-

New you try t
E.S.P.? '

Xeep track of your results.

hat your partner has E.S.P. (extra-
ption) or is he just guessing?
he same experiment.

Do you have

A

v ~

(Apparatus:

EXPERLhENT NO. 6
.

New half doJlars)

\
.

Plece a new half dollar on edge on the floor, -

end hold, it uorlght wlth one hand. Give it a

,fllCK with the other hand, and 1€t. it spin

untll it comes to res¥.

~ ~

Do this 50 times and’ record the results. What °

has haopened9 T

Do you thlnk the results would change 1ﬁ‘you
did this 100 times? 1000 times? = -

) PAruntext provided by eric .t
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-
EXPERIMENT NO. 7 ‘
- (Apparatus: Two pennies) ..

[

Gary fhe g!mbler is setting up a friendiy game;
He suggests to Tony, "Let's toss pennies. I'l1l
toss mine first. If it comes up heads, I win.
If it comes up tails, ydﬁ toss. If your penny
comes up heads, I win; if it's tails, you wid."
2. Tony says, "That's ngt fair! You'll win twice
as often." | ' )
3. Gary: "0.K., then! I get one penny if I win —
you get two if you win." CeL - :
L. Tony: "That's better! Let"s play!"
5. Get s partdér. One of you be Géry.-'the other, -

v

Tony. Take 20 turns. W¥Who won? How much did he win?

6. Switch places. This time who wgn?

-« gambling-system. It gives the'gamblez a good

7. Is the game fa%r? Why or why fot? Record the results,
Ki

¢

EXBERIMENT NO. 8
v ’ N
{(Apparatus: A coin) ¥

i. The Martingale is an old and commonly used

'chan;e to win a smell amount, balanced against
& small chance of teking a lhrge loss.
Bet a certein amount xX. (For simplicity bet $1.) .
If you win; bet the sSame amount {($1). * . .
If “you lése, double the previous smount bet.
Each time you win,ogolbéck to the original &1 vet.
Toss a coin. 20 ﬁimes to try out the ‘system.. Let
a head reprggsff @ win and a tail a loss. Record
~your results. (Hint: <Keep traeck of the amount &
".bet on esch toss as well as the total amount ﬁoﬁ.) ,

(SATA 2 Y SNl UV I \V )




"
‘a

O

ERIC

Aruitoxt provided by Eic:
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PRCBABILITI

EE

the probabilities 2f &

ne dle, b2th as a fraction

F - Blue Die
A S ERY XY Y .
PR . . ¥ : ’j_,a S e
p LXETD.E ' . AL,
. . '
»
Zraw g dlagrar nith twe dice ard 1 ‘, 2 3k 5 6 7 1
all th2 possiple cutocimes This — 3 4 5 6 7 8 “
would T2 good o draw on oz trans- ©fe 1 ,°
. ) . [l 5 6 72 8 9
par%zéy Tir fature use.  How many —
. Y '
weys can you roll a 7% An 119 § <¢J]|5 6 7 8 9 10
119 & ~utoaw 2 s 0
A 12 v man§ tutcomes are there 16 7 8 9 1011
1 » © ¢ . .
. > & L2 ' L
Metnod: . * - B 8\ 910 11 12 s
The way to compute the dbances of*getting,thesecnumbers is to
£ ) A . .
1y the me bhﬁd from cur lasb le Qson- .
2
.. “ .. WP . £ < “Q\7
Prcbebility <f an event, P{event) = no. of favorable ways

total no. of ways

What isNthe mos» llkely to occur when two dice are rolled;i
"The probabixy j% &
How about a 19

h<gocd way -tc cOmpare Wi to occur is

to convert cur fractions

Example:’, P(7) = £~ .17 = 173 4 : , '
- . o 1 . . . . , )
Footnote: : ' . .. . .

T.V., we hear someone refer to: ~
ODDS are simply &’
convenienu means of exores§1ng Dfobabllitles. The way to-compute

ODDS is: : .

Often when listehing to radio-or
the ODDS in favor of *an event occurring.

Co
O




L

~ O Y (]
v RIS in fauvar of ar event = nurbe r S* iiv:rao}e weys
. ‘ nuroexr of unfavcrable ways
L . 1
- '.. . TN R . s . ~ ~ . -  —
-I 2 dle 1s rc..sd, wnat are the 2dds iIn faveor of getting a 2% , .
bt
- Jv N 3
what . zre the 2dds In faver of geiiing an =vern numbert \%)
:‘;g e 20tve example help maxe sensg «<ut ¢f the expression
- “ever.-zdds”e
Prztierms ’ ‘
[ "
2-. Given two dicte, express the prcbedbility of the fo 11 owing
4 . : : R .
events cocurring bith as a frecticn znd a2 percent’
' g ?c, . ’
. . /
o) 2.2 . ,
Ao ?.of getting e multiple of 3.
. 4. P11 .
. o .
25. A dice game can be oleyed according 10 the following rules:
i, You win cn the first throw if you throw a 7 or 11.
1i. You lzcse cn the Tirst throw if you .throw a 2 {spake 1
~ . . : N
' eyes), 3, or 12. . . A :
©iii. IT you throw eny other number on the first thrdw

‘¢, 5, 6, 8, ¢, 10}, you must rcll the same number
again befcre you roll a 7 in order to win.'
In reference to this gsme, answer questions 26-31. '

) 26. Wwhat is the probability that you will win on the first throw?

27. Wwhat is the probabiliiy you will lose on the first throw?

(4 4

25. Wwhat is t the Drobabili ;you wlll neither win nzr lose on

N

the Tirst throw? .

29. Suppose you roil a 4, 5, 6, 8;-9, or 10 on your first throw.
) Are you more likely to win or lose the game? .

- 4 . .

ERIC 31 ,

.
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) , .- e ‘
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. L}
. . . . 31
. . R * .
3. %What are the c©dds in faver of winning the game on the first
trrew?  In faveor of losing on the first throw?
21 wrat wculd be trne cdds against winning cn the first throw?
) ' Are they tge sare as the odds in faveor <f lcsing?
L
 J
o .
. . L4 ~
) *
) !
L] ) )
. ) <
€ - *
\
L4 . >
. ) . .
¢
u .
. : r ’
. ‘ )
o
L4
- ’ A} \
' s : ’
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‘Apparatus: Styrofoarm
, :

If you roll wwe dice 100 times, which tozs:

1 e up most often? FhA¥E-.

s ort your guess. ;l

Roll poth dice from the cup for lOO tim é,:
o)

I
H
v
£‘
jo g
[\
<
@

«
Q
H
ke,
ot
©
ct
1
£
ct.
3
1Y
0
ey
[\
H

f-
=4
o
~
L
m

bar graph of your resulus. 13,
what sum is the mcde (the number appearihg most)?
Hew does this compare with your predictfon?

-

Where jices the expression "lucky seven™ come from?

e

O
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persorn spun it each time?

EXPERIMENRT

(Apparatus: A pop bottle) 2

v
ct

et

Q2

least 3 persons in a group and sit in a -
- ;
on the floor,

(9]
[N
(9]
[
m

I7 you were to spin a pop

()

once, what do you think the chances are

c"

that 1» will be pointing at any particular person?
Spin the bvottle.

whe is the zlosest to where it is pointing. Then

ir
T
a
lec

d'

soresne tc begin., ,Record

that person spins it. Do it 60 times.
Zraw a frequency distribution ®hart reflecting
the date. .fé .
Jraw a bar g?%ph reflecting the data.
id the bottle favor one person? '
2¢c you thirk it would meke a difference if one
Why or why not?
If more people played, what would be the resul??
. {

EXPERIMENT KO. 12 7

TN
(Apparatus: Coin) ‘

-

lip & coin and move one place to the right if-

(W

it comes ub’neaas and one to the left for tails.

Drj

lip the coin 10 times, following the' directions
it gives you each time. How far from "S" are you? -

Do this whole procedure ten times. Do you always
L'

- -

come out at the seme place?
Pocl your results with the other members of your .
group and make a bar graph shewing how many times
5oufénded up at a given place.

Is your graph symmetric sbout the starting point, S‘
Qalculate'the average distance gone from the
starting point for your dat; end yéur group's.

. S

¥ X X ¥ ¥ ¥ * ¥ ¥ ¥
54321 12345

' 4 -

3
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) LESSON £: BINOAIQ; PROBABILITY ° )
’J . ,
Cbjective: .

' : ) & ~——
he student will be able to. tell the probability of an event in
o)

. [ [ .

‘ . . / 1 c o s
2zin once. Then P/H) = P(T) = 5. This is
D

pps &
1l1:d a binomial preobability because it has two ossiple ouE-
ot cse we toss two coins at once. What are the chances

11 be a8 head? That each will be a tail?

2102 .
AL .

I we use a iree diagram when discussing binomial probabilityj

4

) ’ it is easier tc see our cutcomes. .
- . i o - .\‘ ¢ - v
The first coin (of counse order does not matter here) could come
uc E or T. If the first coin is an H, what could the second be?
Cr if the.{irst coin is a T, what could the second one be?
\ > L3 . [ . . ’ .
"This I1s 'sasily <ept track of with a tree diagram:
' 1st coin 2nd coin " outcome .
‘ / H_ . }ﬁ{
H \l\ ) -
. T —— HT
. H : TH
. 'T K - <
i Fill in the follbwing fable using the tree dilagram above:
no. of HEADS [ 2 | 1| 0 .
E no. of times [.1] 2| 1 )
. " probability | 1/4{o/4|1/4 _
\ - , . ~ "
- : .
. ] ‘
> Mo * . -
Q 30 )

ERIC . | ' :

s . ‘ .
- *
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38, . ). , " "

Aptlication: ., - ’

iss
l,J

Suppose ‘'we have 3 ccins. Again use a tree diagram:

1st coin ° 2nd coin  3rd coin outcome L
-_— —_— - -_— '
o . __——H ———— HHH _ 0
.,————””’ .§-“‘-~<~T ——— HHT . . ¢ )
ol A '
{ e—ee—H ———— HTH " .
. S T HTT
. THH
H -
. T THT
/ T x
- ee——H ———— TTH?
. T
TTT——1T — 7T
. “ Fill in the table
» ? R ' -
nc. of HEADS | 3| 2 | 1 |0 ) ‘
nc. of times | 1 313 11 X
" | crovability | 1/8|3/8|3/8 1,8
. ~ .
Prcblems: © . Lo
32. Use the above method to fiéﬁre out the possibility of
there being only one boy in a family of 3 children,
- tassuming that the probability. of a boy or a girl is equal.
{
»
38. Recalling that one coin hgs 2 possible outcomes, two coins
have L possgible outcomes, and 3 coins have 8 possible out— ~,
cormes, how many possible outcomes would you expect U4 coins
to have? - ) « ‘
. 34. Construct a tree diagrem'and a éable, similar ‘to*those in
the lesson, for_h'coins. What .is the probability of 4 . ‘

heads? Of 2 heads? '




4

35. ?robabilitv plays an impoftant role ‘in heredity in plants
. ‘and animal Let us take a simple example of plant héredity,
one of ?he height of the plant. Each parent plant will
contriput a height gene to its offspring. - Hence, the off- - .
p Spring will have two genes to determine its height. Let's
‘represent|each gene with a letter, T for Tall, t for short.
Furthermofre, assume that téll will'completely doming%e ' s

short. ence the comblnatlons TT and Tt will be 8 tall
plant. nly tt will be short. Suppose our parent generatiod
’ has the

ollowing genes: TT and tt. The follow1ng diagram —_—
shows al possible outcomes of the second generatlon '

} -

L 2nd parent -
t °t
~ . - =
¢ ’ Tt | Tt

. SECOND GENERATION .

lst parent
=

T || Tt Tt

What is the probability of an offspring in the second
generation being short? Tall? -

-~

Suppose we cross two plants in the second generation.

Fill in the table: . ? ' : ’
’ 2nd parent
o T t .
C = »
()]
; .T TT ?
THIRD GENERATION -
. . —~ 4 \

What is the probability of getting a short plant in the
third generation?. A tdll plant? What are the odds in
favor of a short plant in the third generation?

37
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LESSON g: PASCAL'S TRIANGLE

. Objective: - : “~_ _ “

The student can use Pascal's Triangle to solve problems in

- -

which a tree diagram is not practical.

Eiémgle: ' - " ‘ .

12 ’ K} )
$uppo§e we want to know the probability of & family with ten
children having all girls or even three girls and seven boys.

LY .
A tree diagram 1s difficult to construct for such large numbers
.a8s you, can see by examiningvthé‘tables of the last lesson for

<

one, two, three, and four coins.

.
~ .

It we‘staqg each row with the:number'of~ways to gei‘all heads.

and end with the number of ways to get no heads (all teils),

we get: . L : .
one coin ’ 1 1 .
two coins 1 2.7
three coins 1 .3 3°1
.four coins - 1 4 6 4 1 : ]
) N
. ) . . s ‘ﬁ
Method: . : — ) . '

Are there any patterns in this tabl What might be the numbers
of a row for 5 coing?: 6, T, or~8° .

&

Look again at the row for three coins. . What are the total
‘number of outcomes? How could this ;Bw give .it to us? Wheré

. ’ -
. would the number of outcomes for getting 2 'heads and 1 tail
be found? ‘ . '

- -

Appiication: X . . ¢

Fill in this table (Pa§éal's Triangle) up, to tén coins and apply . -
"it to the problem of the family with ten chlldren After filling

in the table, add-a column on the end for Total Outcomes In the*
first row‘there are 2 outcomes, in the second 4, in the third 8,

in the fourth, 16. What pattern is deQeloping hgre? ) ;o

e, 88 o




. N . ) - LI ‘ul L
. - 7 . f
o . - Y m . %
' T .
Problems: ' n .

36, If 11 coids are tossed at once, what is the probablllty
that 5 will be heads and 6 will be tails? What 1s the

o probablllty 5 will be tails and 6 will be heads° What‘is

'the probafility thev wfll all be heads? ,

& 1
¥ +

37. Supposefb.cains are tbssed~ What .is the probability 3 will,
be tails? . ~ C

?

.
¢
.

-38., "If & femisly hes 8 chlldren, what line would we look at in .
' our, table to see what the chances of having 3 girls and 5
boys would be? ‘

;f 39. Suppose I have tossed a coin 6 imes and it has come*up
heads every-time., What is the probahility it will be &

"&fﬁ@ head on the next throw 1f it is a fair c01n°l *
. ¢ N

40, Conbealed in Pascal'sﬁfri&ngie are the " sequence of squares

and the "Fibonacci Sequence' . Can you £ind them? (Hint:
* You have to perform some fddlth‘ns to bring them out of .
hldlng ) ' )
‘. - « ‘¢ » ’
. - . '°
] T 7 ©
1 *- )
/ [ 4 * .
7 X <
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" Keep track of the number of Eombinatiqns of : SN

- e . -, <
£ - . . . - P
=~ [ \ .
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. 'mgmnﬂm NO. 13 . . . ' >

14

'(Apparatus: cup, 5 pennies)

Using the cup,}toss the five pennies 100 times.

Heads dhd Tails each toss.
Record your results in s table like;this:
- : !

S5(H) | 4gm) | 3(w) | 2(H) | 1(H) { o(H)

T -

.. '/
I a .

After you have ¢ompléted the table; take a sheet

of~paper Construct 2 bar graph and answer the = =

»

iollow1ng questions R

&~ Which combinations occurred the most° Least?

b. What percent of the tétal humber of tosses ~
did you get for each of the possible outcom§s° -
[ < K‘}Q
Could. you predict the results using Pascal's Triangf%ﬁ
_How do ¥our results compare to these predictions°

Each person must get his own data. .

d

paper and try to get it in. Record the results.

Tetrieve your shots. b

‘Now let your partner try it. _ - b

‘Move_ the waste basket into a corneffand.ré;éat ; "
. the above, * N A “; .

1.
. 4 . i of

-~ - A

" ... . EXPERIMENT NO. 14 o

(Apparatus: Waste basket, paper balls)

o
N N v,

Get a partner and roll 1O0“sheets of paper into balls
Set the waste basket in, the middle of the floor..
XStand %bout 5 ‘paces away from it. Thr0w a ball of

[y

Repeat the sbove 50 times. Have your partner

Calculate the percentage of shots you missed and
the percentage of the shpfs you made in each spot.
.Is the experiment & "fair" one? Does fhe pos1tion
of the basket make a difference? Could you compare
it to flipping a coift.for "fairness"? List factors
which might influence the outcome of this experiment




\~If we toss a ccin § times and if it is tails every time, what °
"is the probability that on the next throw it will be tails?

Objectives:

.2id here is-an oversize deck of cards available at most game

‘clust? P{g heart)? Does it matter what happened on the . o

- . =

~ . -

»

LESSON 10/ 'INDEPENDENT & DEPENDENT EVENTS

Y . 7 ..
. ok . .

. 4

The student can find the brobaolllty of several events occurring

by multlolylng,the probabilities of the individual eventa’together

The students can use this working definition to find-the outcome

of a series of events, whether they are dependent qr independent.

P . . . .

Example:

A

Ay . .

. . [4
Sinae the previcus tosses have nothing to do with the next tess,
v

we call these events independent. K . ‘

-,

Suppose we pick a card- from e deck of 6iaying cards. (A good'

stores,) What is the P(9 of hearts)?: P(9 of any suit)?
Replace the card in the deck. Pick another. What’is P(6 of:

. .

previous dresw? . _ - " -

- e [ 3 ’

Supnose a card is drawn, reolaced,cand then a second ‘card is
drawn. What is P{both cerds are heam,s)‘> ‘ ’

. . \ ,.\.. . . . . . - >
Method: ‘ T | o :

Aooly the fundamental ceuntlng orinciple to find P(bOph~C@Td“
13 13 1

are hearts) %= == - T . .

52 . . ’

Sﬁnnose that the first card hed”’ not been out back into the deck

. Thén the oufcome of the second would “depend" on what hapoened

on the first draw. These are called.dependent events since what

happens‘%revious to an event infliences whaﬁ\hapbens‘nekt.

hY
’ - . - '.;:{' .
- - < . N
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t
«?

{
|
Loo k ing a gain at our example, "if there is no renlaéemeht; we - 1
need P(H art, Heart) Cf'course on the first draw, P(Heart) 3 ’ 1

Since»%e are'interested 1ﬁﬁP(Heart, Heant), assume we got a
hearu sn the -1rst draw. ' Hcow many hearts are left? How many )
cards are left? Whet is P(Heart) on* the second draw? ,(%%)

.
" . [} N

~ Then the P(Heart, Heart) =

<

13, - '1°. S L
% e .

. . -
s .

It is necessary-to stress the point fhat indsed we.ma& not
K have gctten a heart the ﬁlrst the, but the only case ‘we are’

1nterested in is the serles “of events Zhat ylelds a heart on f
§ fhe first draw and also g heart on tna ‘second*draw. That is® '
the only case we ‘consider. . . "o ‘ o

V A
3 e <
.o

. v
Application: %

What is the probability of chopsing.three cards from a deck\ Ei
" witheut replacement, and getting "three of & kind"? Since it

does not-matter what the first_pard is, the nrobabllit 6f* .
geé?ing the first card is %% (= l) This ng‘see@«strangéhat ) . f(;é

£if'st, but remember, the first card can bgﬁany card. It is
the next two that have, to match it. Since there are only 4

“ of each rank of card and since one o; them has already been .
drawn, how many ére left? {3) And ‘how many cards total? (51)
. i L]
. R . \ '
So the probsbility that the second card matche's the first is é%n- ’
L And "“the Drooabllvty that the third card matches- the first is g%. : .
iz’ L‘ ~o ! o
;jsfif$:*=*; . o1 ir 1 oo
o= B(3 of a kind) = %é;'~j§% '35% = El%u '
- S i . 117 25 .
- \' -t
Problems:, , ’ R :

41, "You are glv%p q,Jar with 3 red 2 blue, 5.yellow,ieﬁa 6
green marbles* : : o

Ve

a. 1If a marble is drawn, renlaced and another is drawn,
what is the probability both marbles were red9

’ ]

\ ) . , . . . * N . } . »




’
1] - »

b. If a marble is drawn but is not reﬁlace@,,and another,
is drawn, what is E?e probability both marbles wene.fed?

, c. 3 margggs are drawn without replacement. What.is the ] -
proba ilitx that 2 are yellow.and 1 is blue? .,

. - .
. »

. L2, A péir-of dice is thrown twice. 'Tﬁe resul§ of the first.
throw is & 7. Whet is the probability that a 7 will appear
on the second throw? Does the second, throw depend in any
way on the first throw? ' -

.

~ 43, "In each 5f the follawing, éEsume you.are given a standard
dzck of playing cards and that 2ll drawing is done without
replacement. What is the proBability of drawing:
a. 4 hearts in 4 draws?
. 'b. The jack of diamonds, followed by the king of spades?
' ' A pair of aces?

(@}

Any pair? '(Remember‘Lhat ‘the first card can Qe any card.)
- A Royal Flush in 5 draws.. (A royal Flush is Ace, King,
Queen,  Jack, Ten in any one suit. Remember that the

first card cen be in gny suit, but it must ‘be "Royal”.)

o o

<

-~
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B{PERIMENT NO. 15 . |

(Apparatus: Bcx, blue and red marbles) ‘
/

1. In a box put 10 red and 19 blue marbles.

2. How many marbles do you think you will have to -
dravs, Without.replacipg them, to get.two red ones?

3. Try drawing marbles out, ocne/at & time, and count
how many ycu draw t: get two red cnes. -

L, Replace the marbles and repesgt the process 49 times.

5. What is the average number of marbles you had to

. pick to get two red ones? How does this compare
t2 your guess? .

6. What would be the 1argesﬁ number .of marbles you
could pick out befqre you got two red ones?

7. Wculd the results~change if you, simply had to
drew two marbles of the same color (either red
or blue}? Why cr why not? -

. (Apparatus: Paper, toothpicks)

.

~
1. Draw parallel lines, equally spaced, on a sheet of

cardbcard spaced twice the length of a'toothpgck.
2. AlloWw a tcothpick to fall anywhere Qn'the sheet;
do this 100 times™~ ‘
_ 3. Keep track of the number of timés the toothplck

tcuches a line. !

L, Determine the ratic between the number of tosses
of the toothpick and the¢ number of times it
touches any line.

L 4

total no. of tosses
-no. of times it touched g 1ine

5. Compare this ratio to 3.14. Doe& this ratio
look feamiliar? What does i€ have to do with
this experiment? '




. EXPERIKENT NO. 17

(Apparatus: Playing cards) .
. . 1 )
1.« Take 8 cards from & normal deck of plgying cards

so that you have 4 pairs. (It does not matter
which ones they are.)
Shuffle them aﬁg choose 2 cards, one at a time.
3. What is the probability that the 2 cards you
have chosen will be a pair? . _
L, Put back the 2 cards you have chosen, shuffle
them, and choose 2 more until each ﬁérson in
. your group has repeated the exercise 50 times.
Now combine your data. How many times did.you
get two cards of the same rank? (A pair)
6. What percent of the tctal is this number? ’
7. Nexe a frequency distribution chart and e bar-graph
showing the results of your data. (For the purposes
of this experiment, assume that the order in which
the cards were thosen does not matter,)

n

9

-
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’ LESSCN 11: CONPLEMEPTARY PROBABILITIES

i |
Objective: . ‘
The student dan use the definition of complementary ﬂ&obability
to solve elementary problems.

Example:
___§==;

Suppose ‘'we take a group of thirty people. What are the chances
twe of them have a: blrthday on the same day° We;l, it figures
out to be about T0%! . . ) '

>

Method:
’

what hould be the P{ rolllng a 5) on a pair of dice? What would
be P(not rolling,a 5)2

What is P(rolling & 5) +'P(not rolling & 5)? '

1 4

These are called complementary probabililitjes because any time

we add the proﬁability of an event occurring to the probability
thet it will not heppen we gét 1. This is intuitively obvious
since we know that either an event will or will not heppen. We

b L3 . L3 \ :
can rearrange this .identity to help us solve problems,
&

y P(event happens):+ P(event does not happen) = 1. .
P(event does not happen) = 1 --P(event does hannen)
P(event does happen) = 1 - P(event does noe happen).

-
ey

Applicationy . , T

P{2 people share blrthday) 1 - P(2 people do not) If we

consider two people, how can we choose their birthdays so they .
9 365

do not coincide? The first person can have any day, i.e., 365"

The second can have only his choice of —6— days.

-

P(2 share) = 1 - P(2 &0 not share)
-1- G2 - 39 : :

* =1 - 0.997 ="003.




54 : . . . ' .1
)

prpose we have 3 people:

P(2 share) = 1 - .P(2 don't share)
»
1. (3657364 363
- 365 © 365 © 385
=1 - 0.992 = .008.
. Suppose we have 30 peéople:

M .

P(2 share) = 1 (3-22 - igi ég— %%g)

1 - 0.294 = 0.706 =~ T0%

Footnote:

~ ‘ At thii point it Eight be. gsefbl to discusSs experimental results
vs. theoretical results if such a discussion has not already
taken place. A good way to lead intc such a discussion would be

- to d¢ a survey'in a class with thirty people to see if you can
get the desired'respltsdfor the birthday problem.

Problems:

L., The probabilty of rolling .7 on @ pair‘bf diee is §% ='%.
What is the probabiliiy of not rolling a 7? Show two
differépt methods for confirming your ?néwer.

! . B

45. If e die is rolled once, what is the probsbility it will

not come up 1? o

If a2 die is rolled twice, what is the probability it will
not come up 1 either ‘l:ime‘7 ;oo

46. 1If yod draw a queen from a deck of cards and do not replate
it, what is the‘ probability you will not draw a queen on
the second draw?

14

3

47, If 5 coins are tossed, what is the probability that they
will not all be heads?




1.
2.

3.
4,

~
.

ANSWERS TO PROBIEMS

21.21.21-10-10-10 = 9,261,000 license plates
107 = 1,000,000,000 numbers

- 10%.10 = 103’ = 10,000,000,000 numbers

107-26 = 26,000,000,000 numbers '

210 = 1024 choices

51 = 120 - '
81 =, 40,320 '

31-41 = 144 i

121<i 479,001,600 f ' .
61 =\720 arrangements v |

T = 7-61 = 5040 ways

8:7-6 = 366 ways ,

81 = 40,320 ways /
9:8-7-6 = 3024 combinations

=,120 arrangements

”

61
3T
%% = 840 arrangements.
61
51

= 6 arrangements o -
H]
215 20 numbers
31
51 _ .
= = ways
T S
101
- = 453,600 different arrangements

T = 9s797,200 different arrangements

L4
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Ve

ET?T = 15 different signals
Iy
Iy

Ly
d. 3T

]
g

c
|
]

1 way

= W

4 ways e.

ey

g. It should agree. '

1{
For 5 coins the answers would

tails): "1, 5, 10, 10, 5, 1 =
100-99'92297’96’95 -

12'11'%?'9'8 = 792 ways‘
22:51°20°49°48 _ 2,598,960 ways

1 oy 2 1 6.1
i 52 °- 52 =13 S M- *);d-' 52 2

1 v’ 3.1 2 _ 1 0 ;
ﬂa: -g .b. 6—-2- C'. g-—-g d 6—0 }
1 . B
z - 6 = 1 time ) 5
a. P(eﬁgn number) = %- g

" 330 = 15 times N .

b, %-100 ~ 16.67 |times ~ 17 times out &f 100 = 17%

16 16 . 10 26 © 16 ]
8. 56. b. +%=-%: c. -5—0 d.... 32, 20,\ 28, 20

5 . 1 ‘
a. -36 l.;

1. o .
b. §3~ 3%

12 1 _ o
c. §g —'§. 33% , ,

0 _ na )
d. -33-0% &

1,192,052,400 ways

be (going from all heads to all
0D

= 32 outcomes.

Ve .




26.

27.
28.

29.

30.

31.

36.

_3% ~ 229 .
il
3? = ll% N

- ‘ -
% = o | |

You are more likely to lose' since a 7 is more likely to come
up than any one of those numbers., 4

8 t6 28 = 2 to 7 in favor of winning
4 to 32 =1 to 8 in favor of loging |

number of unfavorasble ways . .
odds against an event = number of favoralfe ways

1l

1l

oddsoagainst winning on first' throw = T te 2
“They are not the same as the odds against losing.

8 " d L ) ' :
16 outcomes
. ) '
4 = 1 - .'g* LR
P(4H) T > @& -
. _.- 6 _ 3\ ﬁ'& ""'v.: - “ ’::‘
. P(eH) = T6- = -8— ﬁv K - . o . :
P(tt in second generation) = %- . ) gl ’..a
P{TT in second geperation) = % =1 '

Third generation $
. : \

P(short in third) = %

P(Tall in thira) _% .
0dds in favor $hort ih third =1to3

P(S Heads) = ?%61128 ~ 23%

P(6 Heads) = %fgz.eze% . & '

P(11. Heads __Hg'” .0005
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37. P(3H) = 5 ~ 31%

38, Look at eighth, line

39. P(H) =3

ho,
Sequence‘ of Squares: ~ Fibonaccei Sequence: (1,1,2,3,5,.8...)
‘ 1+3=4 . 1 1 =1 '
‘ 3+6=9: - 1+1- =2
N . z
\ 1+2 =3
1+3+1 =5 '
3.3 _.9 ‘
WM. e fg' g < 256 =
3.2 .6 _
b 1 ’_[5'_54_0"3%
LA 2 | 4o

ho, 3% = %z 17% No, it doés not depend in any way on the first

) - throw, ) .
©013.,12,11.10 _ _ 17,160 ~ 00 L
43 e 53STC5G @97 B AT.h00 T 0P L
b 5%2 gy = g5z & +000k
' 3 12




20 4 '3 2 1 u8o. _
e. 5—2 51 50 . E—g— EB—W’~ .000002'

44,  P(not rgiling e 7) = %%_?,%
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- P(hot rolling & 7) = 1 - P(rolling a 7)
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46. P(not draﬁing‘a gueen on s;cond draw) = 1 - P(will draw a queen)
. . | L é%
= 22~ oug
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