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Coments

These modules were preparad by fifteen college physics professors for
use in self-paced, mastery-oriented, student-tutored, calculus-based
general physics courses. This style of teaching offers students a
personalized system of instruction (PSI), in which they increase
their knowledge of physics and experience a positive learning environ-
ment. We hope our efforts in preparing these modules will enable you
to try and enjoy teaching physics using PSI.
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WHY
TRY
psi?

The personalized system of instruction (PSI)]"3has been used in
physics courses in 2 nuiber of colleges and universities for
several years. Studies have shown that in some cases the stud-
ents in a PSI physics course learn physics better than students
in & lecture course. In almost all cases, & majority of the
students prefer the PSI course to the lecture course, yet they
report working harder in the PSI course. Why 1is it that this
system of instruction is not more widely used? At least one
reason is the large effort required of the PSI instructor to
develop the study modules for his course. We have written
these modules to enable you fo use PSI in your calculus-based
physics course. With these modules we believe the effort .
required to use PSI yill be greatly reduced. We hope you will
give PSI a try.

]For study modules on the use of these CBP Modules, see
Appandix A.

2J Gilmore Sherman, {ed.} Personalized System of Instruction,
41 Germinal Papers A Selection of Read1ngs on the Keller Plan,
{W. A. Benjamin, 1973)

3Fred S. Keller and J. Gilmore Sherman The Kejler Plan- Handbook,
Essays on a Personalized System of Instruction, (4. A. Benjamin,
1974)




COMMENT TO USERS

In the upper right-hand corner of each Mastery Test you will find the “pass”
and “"recycle” terms and a row of numbers "1 2 3 ..." to facilitate the
grading of the tests. WHe intend that you indicate the weakness of a student
who 1s asked to recycle on the test by putting & circle around the number of
the learning objective that the student did not satisfy. This procedure will
enable you 2asily to identify the learning objectives that are cau51ng your
students difficulty.

ERRATA

Our apologies to Or. Van Blueme]l for misspelling his name in the Tist of CBP
Fodule Authors! This wit]l be corrected vhen reprinted.

ERRATA
Calculus Review: p. 15, first three entries in the Table of Derivatives should
read _, 4 -2 3 -1 2
XY .. . =3/% b S b X ... =1/x".
P. 8, second to last Tine ..."...= 8/2 = 4." P. 9, Tine 7, "I = (1/3)23 - (1/3)0..."




COMMENT TO HSERS

It is conventional practice to provide several review podules per semsster or
quarter, as corfidence builders, learning opportunities, and to consolidate yhat

has been learmed. You the instructor should write these modules yourself, in terps
of the particular weaknesses and needs of your studeats. Thus, we have not supplied
review meodules as such with the CBP Modules. However, fifteen sample review tests
were written during the Workshop and are available for your use as guides. Please
send $1.00 to CBP Modules, Behlen Lab of Physics, University of Nebraska - Lincoln,
Hebraska 68588. .

FINIS

This printing has completed the initial CBP project. We hope that you are finding
the materials helpful in your teaching. Revision of the modules is being planned
for the Summer of 1976. We therefore solicit your comments, suggestions, and/or
corrections for the revised edition. Please write or call

CBP WORKSHOP

Behlen Laboratory of Physics
University of Nebraska
Lincoln, N¥E 68588

Phone (402) 472-2790
(402) 472-2742




HOTE TO THE INSTRUCTOR

You need to make several specific decisions as you prepare for the student
use of these materials.

1. You must select a textbook. These materials are not intended to be
used independenf of other reading and study materials. In fact, these
modules haye been keyed to four different calculus-based general physics
textbooks. If you wish your students to read only one of these books,
you may remove the pages in each module that refer the students fo the
other textbooks. We intend that these materials can be easily adaptable:
to any other general physics textbook that you choose, but you will have
to provide the suggested study procedures for such a text.

2. You should select a sequence in which you wish your students to study
these modules and your selected text. We have Jabeled these modules by
their physics content and provide a flow chart for you on pp. 2 and 3 of
Preparation of Your Orientation Module. You may wish to give them numbers
%g suggest a learning sequence for your students. In general, your stu-
dents will find a sequence that follows your selected textbook preferable
fo other sequences.

3. You may need to prepare an orientation module for your students. We

have provided a study guide to assist you in the preparation of an orien-
tation module. {See the next page.) If you have never taught using the
self-paced, mastery-oriented, student-tutored style of instruction, known

as the personalized system of instruction (PSI) or Keller Plan, you will find
it useful to read the references given on the previous page.

4. You may wish to provide additional learning activities for your stu-
dents. We haYe found that film loops and audio tapes can be very useful
to students. We have provided in our modules some references to film
loops. You can provide audio-tape instructions about problem solving as
you wish. The task of working a problem while 1istening to suggestions
from you on a cassette tape can be a good learning experience for your
students.

These modules, each of which incluges a student study guide with worked
problems and a practice fest, as well as equivalent mastery tests and
grading keys, provide the basic writfen ingredients for a PSI calculus-
based general physics course. You can also use these materials to improve
a traditional lecture-recitation course, through the use of enriched home-
vork assignments, repeatable testing, or in other ways.

]Ffederick J. Bueche, Introduction to Physics for Scientists and Engineers
{McGraw-Hi11, New York, 1975), second edition.

2Dav1d Halliday and Robert Resnick, Fundamentals of Physics {Wiley, New
York, 1970; revised printing, ]974)

3Franc:1s Weston Sears and Mark W. Zemansky, University Phys1cs {Addison-
Wesley, Reading, Mass., 1970), fourth edition.

4R1c:hard T. Yeidner and Robert L. Sells, Elementary Classical Physics
{A11yn and Bacon, Boston, 1973), second edition, Vois. 1 and 2.
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PREPARATION OF YOUR ORTENTATION MODULE

INTRODUCTION

¥
Perhaps you have walked infto a large shopping center and wandered around look-
ing for the iftems you came to purchase. The feelings of lostness you had may
be similar to the feelings of students as they wander into a self-paced,
mastery-oriented, student-tutored physics course. As the instructor, you
need to provide them with the assurance that all is well because you know
where everything is (if you don't, please read Appendix A). You also need
to provide your students with a road map and catalog for your physics course.
This combination road map-catalog is often called the orientation module.
(If you want your orientation module to match the CBP modules have it typed
on an IBM Selectric 12 pitch typewriter with letter gothic type.)

PREREQUISITES

Before you begin this module you should be familiar with the personalized
system of instruction (See Appendix A) and the content structure of the
physics textbook you have chosen for student use.

LEARNING OBJECTIVES

After you have mastered the content of this module, you will be able to

write an orientation module for your course which contains:

1. A description of the organization of the physics modules and the format
of each module. .

A suggested procedure for student progress in completing the modules.

An identification of the resources for learning and of their availability.
A statement of the requirements and responsibilities of students.

An explanation of the grading policy.

mp e

GENERAL COMMENTS

The orientation module you must prepare serves as the introduction of your
students fo your PSI physics course. For many students this may be their
first experience in a course that requires so much active involvement from
them. The self-pacing feature of PSI will demand that each student take
responsibility for the effective use of his study time. The repeated test-
ing enables students to perfect their problem solving skills. Your orienta=

tion module is to encourage your students to develop these personal attributes.

SUGGESTED STUDY -PROCEDURE

To complete Objective 1, you must become familiar with the structure of the
physics textbook you have chosen. You need to know what the prerequisifes
are for the various textbook chapters. The CBP study modules we have prepared
are a compromise between the sequence of physics topics in four textbooks.

You may wish to rearrange the sequence in which you use these modules or

you may change the sequence of topics in the textbook. Examine the following

prerequisite charts for the CBP modules.

8
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Mechanicss Sound, Heat

2
CBP Content and Prerequisite Description
Trigonometry Review S
‘\
‘\
*Dimensions and Vector Addition
Calculus Review /
s\
‘\
* Rectilinear Motion
Relativity Planar Motion
Newton's Laws Vector Multiplication
Applications of \ /
Newton’s Laws Work and Energy
Inpulse and Momentum Conservation of Energy
Rotationzl Motion Collisions Gravitation Temperature, Heat Fluid Mechanics
| \ and Thermodynamics
Equilibrivum of Rotational Dynamics

Rigid Bodies

Simple Harmonic Motion \K;netic Theory
Partial Derivatives of Gases
Review ~ “ea.
Tvea Travelgfog Waves l
Second Law

and Entropy

Sound




Electriciry, Magnetism, Light’

CBP Content and Prerequisite Description

- - r---'- ----------- 4

iﬂbrk and Energy !Conservation of Energﬁ

e e e e - -

Coulombs Law
and Electric Field

N

Flux and Gauss' Law

AN

Electric Potential

e

/

Electric Fields Capacitors Ohme's Law
and Potentials from "”,a/( 1\\\\\\
Continuous Charge
Distributions Direct Current Magnetic Forces
) Circuits 1
Ampere'’s Law

¥aradays Law

- i st

' Traveling Waves* Inductance

JEERE
Reflection and

Maxwell's Predictions .
Refraction and Circuits

| |

Lenses and Mirrors Wave Properties

N

Alternating ¢yrrent

I of Light Introduction to
| Quantum Physics
Optical Instruments Interferenca
bDiffraction
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Drientation 4

SUGGESTED STUDY PROCEDURE (Continued}

For example, you wish your students to study the CBP module on Work and Energy.
they should previously completed the modules on Newton's Laws. Vector Multi-
plication, Planar Motion, Rectilinear Motion, and Dimensions and Vector Addi-
tion. The Mathematics skills required are treated in the trigonometry review
and the calculus review modules. You will notice that the CBP modules permit
some branching, e,g. after the student has completed the Newton's Laws module,
he can do any one of three modules, Applications of Newton's Laws. Work and
Energy, or Impulse and Homentum.

Decide how you want your students to proceed through. the materials. You can
allow branching if you wish. Fill out the segquence chart below.

flodule Sequeﬁce Textbook CBP
Kumber Chapter(s) ____ Module

dmmd

W |oo |~ o | | (W M

—
o

dmmd
dmmd

—
~ny

—
w

—
2

-l
Jen

-
k=23

—r
-1

s
(=]

dmmd
'.p.

ny
o
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Orientation 5

Examine the format of several of the study modules. You will notice that each
module contains sections labeled: introduction, prerequisites, learning ob-
Jectives, general comments, four separate suggested study procedures (one for
each textbook), problem set with solutions, practice test (with answers), at
least three forms of mastery tests and grading keys. You need to remove the
mastery tests &nd grading keys from each module for use during the usual
class testing times. You need to remove the suggested study procedures that
do not relate to your textbook. Then you have a study guide in the format
that you will give your students. Prepare a short description of the study
guide to put in your orientation module.

To complete Objective 2 you need to write a suggested procedura for your
students to progress through your course. Below is an -example.

"How the course will be run. Since you are to do the work, I shall not
lecture but provide you with reading assignments, study hints, -and exercises.
You work where and when you wish, at your own rate within the ten:week 1imit
of the course. I have divided the subject matter into fifteen modules, nine
basic ones required for a C grade, and six advanced ones leading to B or A.
Thus, each basic module covers about a week's work at a basic Jevel."

"Prepare yourself through study at home. Whenever you feel you have mastered
the material in a module, you present yourself for a test during class hours.
If you are successful, you go on to another moduie; if not, you go back for
more work on the module on which you were tested."

"DO NOT GO ON 10 THE NEXT MODULE UNTIL YOU HAVE PASSED THE TEST ON THE PREVIOUS
ONE: IT IS MORE IMPORTANT TO KNOW A FEW THINGS WELL THAN TO KNOW A LOT BADLY."

“If you do not understand something, use the class time to get tutorial help.
If you wish to attend lectures, you can go to those given for Section 1 or 2."

(Karplus, UC-B)
An additiona) example is found as Exhibit A, page 9.

For Objective 3, you need to identify the resources available to assist your
students in their learning of physics. An example of resources for students
use is shown below.

"The materials you should have for this course are:

A. Elementary Classical Physics, Vol. 1, by R. T. Weidner and R. L. Sells,
hereafter cailed "W & S". ,

B. Study Guide in Physics, Vol. 1, Mechanics, by Victor Namias, hereafter
called "Namias".

12




Orientation 6

€. A three-ring binder in which to keep:
Information and notices concerning this course
Study guides to the units as they are issued to you
Your notes on the reading
Your solutions to the problems
Your progress chart
Other miscellaneous material, such as Physics 111
" quizzes and solutions, etc.”

{Baker, RU).

Additional examples of student resources are found as Exhibit B, pages 10 and 11.

For Objective 4, you may wish to offer a general statement of the responsibi-
Tities of the students, provide a 1ist of student responsibilities, or to
prescribe proper problem solving performance. Examples are shown as Exhibit
¢ on pages 11 - 13.

A progress chart or student record sheet can be helpful as a guide for stu-
dents. They can then guage their Pace according to a long term performance
goal. An example is shown as Exhibit D on page 13.

For Objective 5, finally,your orientation module provides the written grading
contract with the student. In the orthodox Keller Plan course the grade is
determined by the number of modules that a student masters.

42, @Grading in Physics 111

The final grade in Physics 111 will depend on the mumber of units completed
by the end of the semester. The relation befween semester grade and unit
completed is given on the progress chart that each student receives."

(Baker, RU)

By now, the Keller Plan has been adapted to fit a wide variety of grading
systefis: a final examination may be used for part of the grade.

“Grading: The term grade will be determined largely by how many units are
completed by the end of the semester {Friday of Review Week). The number
of units completed out of 24 will count 90% of the term grade. The compre-
hensive final exam may be taken at the option of the student and will count
an additional 10%. The A range is 90-100%, B is 80-90%, C is 70-80%, D is
60-70% and F is less than 60%. Completing less than 14 units will result

in a term grade of F.” (FulTer, UN)
Two levels of mastery may be required.

"The two examinations on each unit are designed to be of increasing difficulty,
which reflect the increasing mastery of the subject area by the student. {The
examinations are not intended to be a test of a high level of intelligence or
sophisticated physical understanding, just mastery?.

13




Orientation
Exam P Average Mastery of unit {To pass the course this
exam must be passed in
all units.)
Exam S Complete Mastery

“Course grading will go as follows:

A - all 25 examinations passed

B - 20 examinations passed, 15P + 5§

C - 15 examinations passed, 15P
Ko D grades will be assigned except by failure of the final exam. ToO pass
the course, the first “P" unit examination is each of the 15 subject areas
must be passed.”

A small bonus may be given for keeping ahead of schedule.

"Grading policy. Your final grade will be based on your work, as follows:

For each module completed "pass” 1 point
For each module completed "partial® : .7 Points
For each module completed “pass”
ahead of “slow pace" (Modules 1-9 only) .12 points bonus
Final exam 0 to 5 points
Maximum possible 21
For grade of A 19
For grade of B 15
For grade of C 12
For grade of D 9
For grade of F 8 or less"

(Karplus, UC-B) -

PROBLEM SET WITH SOLUTIONS (The number in parenthesis is the pumber of the
learning objective that is covered by the
question. ) .

A(1) Are the CBP modules in the same sequence as your textbook?

SOLUTION: Check the CBP prerequisite diagrams. In particular, notice
the location of the module - Equilibrium of Rigid Bodies. In many
texts equilibrium is treated much earlier in the book than as shown in
CBP. Plan your strateqy to avoid difficulty with this problem and look
for other possible sequence troubles.

14




Crientation 8

B(2) Are you going to regularize student progress by the use of deadlines?

SOLUTION: The original Keller article (see Reference in Appendix A}
suggested unlimited time and minimal punishment for procrastination.

Many physics teachers find that suggestion incompatible with their
institution’s rules or with their own teaching style. Deadlines can
subvert the intentions of a PSI course and need to be carefully considered.
A PSI physics course can teach physics and help students learn about the
logical consequences of irresponsible behavior.

€(3) What additional learning resources are you going to make available to
your students?

SOLUTION: The use of audio tapes or video tapes to augment the textbook
reading and problem assignments has been successfully used in a number
of colleges. Talking a student through physics Problems, by means of an
audio casette tape can be very effective. You can prepare your own audio
tapes quite easily and add another dimension to your interaction with
your students.

D{4,5) Have you described clearly what you are requiring of your students?

SOLUTICN: Just as the learning objectives in each module show what
physics content must be learned by the student, so your orientation
module shows what the students must do to pass mastery tests and how
their grade is to be determined. An essential ingredient in a success-
ful PSI course is an open grading contract. A student must be able to
decide what tasks he must do to obtain the grade he desires.

PRACTICE TEST

Write your orientation module and "try it on your students. (We are interested
in how you use the CBP modules. Please send us a copy of your orientation
module - CBP Workshop, Behlen Laboratory of Physics, University of Kebraska,
Lincoln, HE 68508}

MASTERY TEST
Write a short test over your orientation module and check it before a student

is permitted to take the first mastery test. It is a good way to reward a
student for reading your orientation material.




Orientation 9
Exhibit A - Suggested Procedure

The Teaching Method

"Unlike courses which have a rigid pace locked to a series of lectures, and
which too often leave most of a class either bored or confused, this course
allows you to proceed at a pace of your own choice. You will not be held back
by siower students, or forced to go ahead when you are not ready. Some of you
will finish the course in 5 or 6 weeks, but fast may not be best.”

“The material of this quarter is divided into 14 units, each of which covers
somewhat less than one chapter of the text (Halliday and Resnick). You have
enrolled in sections of about 10 students led by a tutor whose job is fto help
you learn the material of each unit in sequence. For each unit we have writ-
ten a sheet which spells out objectives of the unit, indicates relevant sec-
tions of the text and in seme cases contains supplementary material, and

includes a set of problems to help you Jearn and to test your understanding.”

“After you have completed the objectives -of a unit by self study, working
with other students, help from your tufor, or any other method which works,
go o your tutor. The tufor will provide you with a written quiz which you
should be able to work ir about a half hour by yourseli (no book) in the
ouiz room. Immediately after taking the quiz, you and the tutor go over

the quiz in order to decide how well you understand the material. If your
qQuiz is- correct, or if you understand things well enough to find and correct
your errors on the spot without help, you pass on to the next unit. If you
cannot do the quiz by yourself, the tuftor will help you find your difficul-~
ties and suggest some review vork which should enable you to pass the next
quiz. We do not care how many quizzes you take to pass a unit; the important
thing is the number of units passed. Most students pass most units on the
first or second try, but once in a while someone needs three or four quizzes
to understand a unit. You can't lose; & passed quiz advances you in the course
and the others get you some jndividual tutoring where you need it most. The
important thing-is to avoid putting off a quiz; you shouid take at Jeast two
or three quizzes per week to finish the course.”

“The results will surprise you. You will learn a remarkable amount of
science very well, well enough to discuss it with your tutor and with other
students. You will acquire the ideas needed to develop positions of your
own on scientific aspects of some problems of public concern, and you will
get some experience with the most powerful decision making tool we know; the
making of a mathematical model which approximates the real world and can be
used to make predictions regarding real situations.”

(Swanson, UC-SD)

16




Orientation 10
Exhibit B - Learning Resources

“Learning Materials You are required to purchase these items (approximate costs):

1. Complete set of Physics 5A Study Guides $ 2.50
(purchase syllabus cards from Physics. Department,
Roont 154 LeConte)

2. Resnick and Halliday, PHYSICS I or PHYSICS I & II 11.50
(1966 Edition) PHYSICS I is used in 54 and 58, (20.50)
PHYSICS II in 5C and 50. One part cf the two-volume
edition is easier to carry around with you.

The following are recomnended--you may use them in the Physics 1ibrary or
Mof$itt on 2-hour reserve, buy them for yourself, or share them with friends:

3. Young, FUNDAMENTALS OF MECHANICS AND HEAT (1974) 12.00
(referred to for additional reading and text for
some advanced modules; more readable and insight-
ful than #2, but fewer worked-out examples)

4, ¥Xarplus, INTRODUCTORY FHYSICS, A MODEL APPROACH 14.00
(qualitative background material, especially if
your high school physics course was weak)

5. Taylor, PROGRAMMED STUDY AID FOR INTRODUCTORY PHYSICS I 4.00
(step-by-step worked cut physics problems, keyed to
Resnick and Halliday; very good if you have difficulty)

6. Feynmann, THE FEYNMANN LECTURES ON PHYSICS
(excellent advanced supplementary reading)

7. Helmholz and Meyer, BERKELEY PHYSICS COURSE (rev.)
Sears and Zemanski, UNIVERSITY PHYSICS, Vol. 1
(alternate references, in case you get bogged down)
The following are provided for your use and are HOT for sale:

1. Yorked-out solutions to Exercises in all modules
(in classroom, Physics Library, and T.A. Office)

2. Audiotape supplements to some modules
(in Physics Library, cassette players available there also)”

(Karplus, UC-8)

17
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Orientation 11

"MINI-LECTURES ARD DISCUSSIOHS
OH 7.V. TAPE"

“The tapes listed below are available for your viewing in the library. Just
go past the Audio-visual desk and ask the 7.V. secretary for the number and
title you want. Additional titles will be posted on the bulletin board in
room 2028 as they become available.

1. Problem 4, Page 708, Cooper. Describes how to use vector methods to
solve projectile probiems.

2. Problem 5, page 708, Cooper. Shows how to use vectors to analyze motion.
3. Circular Motion. Hhy is Acceleration Towards the Center of the Circle?
Page 41, Cooper. Explains the rather abstract material in Cooper.
This tape shows the difference between velocity and speed..."

(Sperry, CHSC)

Exhibit C - Student Responsibilities

1.4 Class time will be used for studying, test taking, asking the instructor
and/or tutors and/or fellow students questions about those things that you
don't understand. You may also meet the tufors, the instructor, and fellow
stgdents‘outside regular class time in the Keller Plan Study Hall - Room
SC3-207."

"1.5 Thus the pattern for this semester should be as follows: Study the
material indicated in your study guide, work some of the suggested problems,
and answer some of the suggested questions. When you feel that you have
mastered the material you will then take a test. When you pass the test, you
will go on to another unit. If you do not pass, you wiil study the suggested
material again, and take another test when you feel ready, and so forth.”

(Munsee, SCU-LB)

“Your responsibilities. Your principal responsibility, of course, is learning
about Newtonian mechanics. To make this possible for all students in a class
using the PSI format, I have found certain specific requirements very help-

ful:

1. Honor system: all tests must be treated confidentially. You should
never take a test paper from the classroom, communicate the content
of a test to another student (though we encourage you to help fellow
students master the material in other ways), or have the assistance of
other students, the text, or notes during any of the fests except for
Module 4 and the final eXam, as described there.
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Orientation 12
Exhibit C - Student Responsibilities - continved

2. Attendance: You are regquired to attend one weekly conference with your
tutor during a mutually determined class period to discuss your progress,
until you have completed the nine basic modules. Beyond this, attend
classes as needed for your progress, to take tests, get help, or confer s
with other students.

3. {hgofing] examination is required. It will take place Tuesday, March 8,
230 - 4:30.

4. Your Progress Sheet must be kept up-to-date by bringing it to class so
completed modules -can be recorded: .

5. Bulletin Board: consult the bulletin boards in Room 60 at least once a
week to get information concerning any special situaticns, changes in
procedure, corrections to the study guides, or -other matters that you
need to know.

6. Errors: If you find mistakes in the study guides, especially in Exercise
answers or solutions, tell your tutor immediately so they can be checked
and announced on the bulletin board for the benefit of other students.

7. Use your initiative: there will be no planned group activities in-Room
60 after the first meeting. ¥e will respond to your questions and
suggestions. If you procrastinate, we recommend you change to Section

lor2.".
_ (Karplus, UC-B)
"PROBLEM SOLVING PERFORMANCE PRESCRIPTIONS
FOR KELLER PLAN TESTS

THUS SPAKE ZARATHUSTRA...in order to receive a "pass" mark on the KELLER PLAN
EXAMINATIONS a student must satisfy the following prescription for probiem
solving and provide the information noted.

1. SKETCH your interpretation of a word problem in the form of a figure and
define all symbols that you employ.

2. Define a coordinate system and sign convention appropriate for the problem.

3. Yrite and identify by name, if appropriate, any physical and mathematical
ﬁaws or theorems bk V0 émp]qyp n the so]ution?

4, If you simply employ a formula derived by mathematically manipulating
physical laws, specify any approximations involved in the derivation or
any physical conditions that must be satisfied in order to use the formula.

5. Be specific in distinguishing between vector quantities, components of
vectors, magnitudes of vectors, and scalar quantities.
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Orientation 13
Exhibit € - Student Responsibilities - (continued)

6. When you reach that point in your solution where you substitute numerical
quantities for the symbols in your equations, include the units associated
with each numerical value and carry these units or the resuitant set re-
maining after appropriate cancellations, until you arrive at a solution.
HUMERICAL ANSWERS WITHOUT UNITS OR WITH INCORRECT UNITS HAVE NO MEANING
AHD DO HOT CONSTITUTE A SOLUTION. ZERD CREDIT.

7. MWrite legibly and proceed in an orderly manner toward your solution. You
are not under a time constraint, so the opportunity for an orderly pre-
sentation is available to you. USE IT.*

(Snow, UMR)

Exhibit D - Progress Chart
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Hodule
STUDY GUIDE

DIMENSIONS AND YECTOR ADDITION

INTRODUCTION

If someone asked you how to get to the top of Pike's Peak from Boulder,
Colorado, you might say something such as “Eighty miles south and two
miles straight up!" This is a quantity which nust have both a magnitude
(80 miles, 2 miles) and a direction (south, up) specified.

There are other quantities similar to this, such as the velocity of an
automobile or the pull (force) of a horse on a wagon. These quantities
and many others can be represented by vectors. In a diagram we represent
a yector by an arrow; the length and direction of the arrow indicate the
Size and direction of the quantily being represented.

Vectors turn out to be extreimely useful in formulating the concepts of
physics, and they help tc find numerical answers to problems. The
study of vectors (vector analysis) also can be beautiful and rewarding
in its own right.

Vectors can be added, subtracted, and multiplied; the chief objective of
this module is to enable you to calculate the sum and difference of
vectors expressed in various Ways. A second objeclive is to review the
basic metric units in which physical quantities are expressed and to
enable you to usa these units to avoid errors in equations and numerical
results.

PREREQUISITES
Befbré you begin this module, you should Location of Prerequisite
be able to: Content

*Write the SI uniés, with proper prefixes,
for mass, length,and time (for Objective 1
of this module)

*Jse rectangular and polar coordinates in
two -dimensions to plot the location of a
point (for Objective 3 of this module)

*Locate a point in space using rectangular
coordinates in three dimensions (for
Objectives 3 and 4 of this module)

*Obtain values of unknown side(s) or Trigonometry
angle(s) of a given triangle, and find Review
values for sin 6 and cos 8 for & larger

than 90° (for Objective 4 of this module)
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STUDY GUIDE: ODimensions and Vector Addition- 2

LEARNING OBJECTIVES
After you have mastered the content of this module you will be able to:

1. Dimension and units - Given an eguation and the metric uniis of
all quantities, determine whether or not the equation is dimensionally
consistent.

2. Vectors and scalars - Distinguish whether a given item is a vector,
a scalar, or neither.

3. Vectors, polar and component form - Transform @ given two-dimensional
vector from Polar form {magnitude and direction) to rectangular form
(components and unit vectors) and vice versa.

4. Vector addition and subtraction -~ Given two three-dimensional vectors
in rectangular form, calculate the sum and difference.

Hote: If you think that you are already competent on these four
objectives, you can skip directly to the Practice Test, and you may
wish to try the Mastery Test as soon as possible. The first module
has purposely besn made somewhat less demanding than later modules,
and you may have already encountered this material. The advantage of
this method of instruction.is that you do not have to spend any more
time studying than necessary for you to attain mastery; on the other
hand, taking a mastery test before you are reasonably sure that you
can pass is wasteful of both your time and the instructor's time.
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STUDY GUIDE: Dimensions and Vector Addition 3(8 1)

TEXT: Frederick J. Bueche, Introduction to Physics for Scientists and
Engineers (McGraw-HilT, Hew York, 1975), second edition

SUGGESTED STUDY PROCEDURE .

Read a1l of Chapters 1 and 2 (pp. 1-1B), and study Sections 2.2 to 2.5
carefully. You may also find it helpful to read through the material
on accuracy and significant figures on p. 12 and on mathematics in
Appendix 3, p. 830.

After you have completed the text, 1ook over the Problem Set (below)},

and read through the General Comments carefully. Then work Problems

A through G in the Problem Set, checking your answers with those pro-
vided. If you have trouble with one or more of these problems, re-

read the text and the General Comments carefully, and you may wish to
work the appropriate additional problems from the text (see Table below).
When you feel prepared, try the Practice Test, which has problems similar
to the Mastery Test.

We shall now make specific comments concerning the material treated in
Sections 2.2 to 2.5 in Bueche. Bueche shows clearly in Section 2.2 how
to add vectors by transforming them to component form and then adding
the x and y components separately by means of a table. You should
study ITlastrations 2.1 and 2.2 carefully.

_BUECHE
Objective Problems with Assigned Additional
‘Number Read ings Solutions Problenms Problems
Study Text Study
Guide Guide
1 Secs. 1.6, 1.7, A E Chap. 1,
General Problems 10, 11
Comment 1
2 Sec. 2.1 B Chap. 2, Question 1
3 Secs. 2.2, 2.4 c F Chap. 2, Problems
1, 2, 3,5
4 Secs. 2.2, 2.3, D Ilus. G Chap. 2, Prcblems
2.5, General 2.1-2.4 7, 9,18, 19, 21

Comment 2
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STUDY GUIDE: Dimensions and Yector Addition 3(B 2)

The transformation equations for vectors from Section 2.2 are summarized
below. You should be able to Jook at each equation, to state the meaning
of each symbol, and to imagine the transformation involved. It is
generally not helpful to memorize the equations uncritically.

Polar jorm to rectangular components:
X = R cos 9; y = R sin 8.

Rectangular components to polar form:
R2 = x% s y2; tan 8 = y/x.

Section 2.5 describes a gdeometrical method to add vectors and introduces
the idea of vector subtraction. It is important to realize that vectors
can in fact be added by means of a diagram drawn carefully with ruler and
protractor, and in some cases this is a faster and easier method than that
of using trigonometry and the components.

Bueche does not Give an illustration for vector subtraction; thus we
supply one here:

Example
1¥K=47+6j-12 and B =81 - 3j + 2k, find B - 1.
Solution
B+ (K) = (87 - 35 + 2k) + (-47 - 65 + 12K),
B-A=4i-09j+ 14k
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STUDY GUIDE: Dimensions and Yector Addition 3(HR 1)

TEXT: David Halliday and Robert Resnick, Fundamentals of Physics (Wiley,
Hew York, 1970; revised printing, 1974

SUGGESTED STUDY PROCEDURE

You should read Chapter 1, Sections 1-1 through 1-5 (pp. 1-8} for
general information. Study Chapter 2, Sections 2-1, 2-2, 2-3 (pp. 11-18),
and 3-9 (pp. 35-36) carefully.

After completing the text, read General Commenis 1 and 2, and study the
Problem Set below. Make sure to work out your own answers for Problems
E, F,.and G. If you have trouble, re-read the appropriate sections of
the text and General Comments; if necessary, work the additional problems
listed in the Table. When you feel prepared, try the Practice Test,
which has problems similar to the Mastery Test.

Halliday and Resnick

Objective Problems with Assigned Additional

Number Readings Solutions Probiems Problems
Study Study
__ Guide Guide
1 Sec. 3-9, A E
General
Comment 1
2 Sec. 2-1 B Chap. 2, Question 5
3 Sec. 2-3 ° c F Chap. 2, Problems
10, 11, 12
4 Secs. 2-2, D G Chap. 2, Problems
2-3, General 5, 8, 15, 25
Comment 2
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STUDY GUIDE: Dimensions and Vector Addition 3(sz 1)

TEXT: Francis Weston Sears and Mark W. Zemansky, University Physics
(Addison-Wesley, Reading, Mass., 1970), fourth edition

SUGGESTED STUDY PROCEDURE

You should read all of Chapter 1, with careful study of Sections 1-3,
1-5, 1-6, 1-7, 1-8, and 1-9. After you have finished Chapter 1, you
should read the General Comments below.

After completing the reading, work through the Problem Set and check your
answers with those provided. If you have trouble with one or mere of the
problems, re-read the appropriate sections of the text or the General
Comments, and you may find it helpful to work some of the additional
problems listed in The Table below.

Sears and Zemansky

Objective Problems with  Assigned  Additional
Number Readings Solutions Problems Problems
Study Study -
Guide Guide
] SECS. ]'2’ ]'3’ A E
General
Comment 1
2 Secs. 1-4, 1-5 B
3 Sec. 1-7 C F 1-8, 1-9
4 Secs. 1-6, 1-8, D G 1-2 gnot
1-9, General easy),. 1-5,
Comment 2 1-10, 1-11,

]"]33 1-15

Section 1-3 of Chapter 1 contains a good example, similar to the one
presented below in General Comments, of how to check through the
dimensions of an equation and a numerical result. The units chosen
are not from the metric system that we use in this study guide, but
the principle is the same.

Figure 1-5(b) has the label for B in the wrong place; it should be to
the right of the triangle.
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STUDY GUIDE: Dimensions and Veclor Addition 3(sz 2)

Section 1-B employs the notation EF* and sz (p. 9). The Greek letter L
(sigma) 1is used in this way to refer to “the sum of.” Thus in Section
1-B, IF, is shorthand for Fix ¥ F2x + Fy,» and EFy is shorthand for

F]y + F2y + Féy.

In Section 1-9, Sears and Zemansky introduce the idea of vector subtraz-
tion; since they have not provided an example, we furnish one, as follows:

Example

Suppose & has a magnitude of 14 cm and direction 60° above the positive
5> >

x axis. Suppose B has B, = -6.0 cm and B,=8.0cn FindA -8 in

terms of rectangular components.

Solution

Vector x component y component

i 14 cos(60°) = 7.0 cm 14 sin(60°) = 12.0 cn
B ' -6.0 cm B.0 cm
-8 A -B =13.0cn A, - B, = 4.0cn
- B),
®-3),

13.0 ¢m
4.0 cm

6cm|} A cosb60°

Sears and Zemansky do not describe unit vectors. Therefore, you
should carefully read General Comment 2 below.
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STUDY GUIDE: Dimensions and Vector Addition 3(¥S 1)

TEXT: Richard 7. Weidner and Robert L. Sells, Elementary Classical Physics
(Al1lyn and Bacen, Boston, 1973), second edition, Vol. 1

SUGGESTED STUDY PROCEDURE

You should read all of Chapter 1 (pp. 1-5) for general background. Study
Sections 2-1 through 2-5 and 2-7 carefully. After you have read the text
you should read the General Comments below and work through froblems A
through G in the Problem Set. If you have trouble with the prgblems,
re-read the appropriate sections of the General Comments and the text,

or work several of the relevant additional probiems 1isted in the Table
below. When you are ready, try the Practice Test.

Weidner and Sells

Objective Problems with  Assigned Additional
Humber Readings Solutions Problems Problems
Study Study
Guide _ Guide
1 Sec. 1-4, General A E
Comment 1
2 Sec. 2-1 B
3 Secs, 2-3, 2-7 (W F 2-2, 2~6
4 S&CS. 2"23 2"'43 D G 2"73 2"9,
2-5, 2-7, General 2-11
Comment 2

Note: 1In Section 2-3, in the third line below Figure 2-10, the words
"Teft" and "right" in the parentheses should be interchanged to read
“(right or left, up or down)."

in Section 2-4, Figure 2-12, note that the component vectors 3& and ﬁk
add vectorially to give the component vector ﬁg. If we rebresent these
vectors with numbers, Ax is positive, B, is negative, and Ry is the
algebraic sum of A, and B,. Thus, write R, = A, + B, in the last Tine
of the caption to Figure 2-12.
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STUDY GUIDE: Dimensions and Yector Addition 4

*

GERERAL COMMENTS

There are two general comments in this module:
1. Use of units for checking equations and answers; and
2. Vectors in three dimensions - unii vectors and rectangular components.

These comments are intended to supplement your textbook but may overlap
somewhat.

1. Use of Units for Checking Equations and Answers. Note: This topic
is aiso treated in Halliday and Respick, Section 3-9, pp. 35-36 [D.

Halliday and R. Resnick, Fundamentals of Physics (¥iley, New York, 1970;
revised printing, 1974)].

There is a simple and convenient way to check for errors in your eguations
and answers to problems. The check™consists of determining whether the
physical units are correct; in an equation, both sides should be expressed
in the same units, and a numerical answer should come out to have the
units appropriate to the quantity being sought. For example, suppose

you were to derive the following equation:

= (—J - at, where [VO] =mfs, [x]=m, [t]=s, and [a] = m/sz.

(Note: He-sha]] use the square brackets to indicate that the symbol within
the brackets is expressed in the units to the right of the equals sign.

We shall also use the following abbreviations for the basic SI units:
meter, m; second, s; kilogram, kg.) You can check the equation as. follows:

"o = @) - gt
= (mfs) - (/sBHE) = (ass) - (ass).

Thus both sides of the equation are expressed in the same units, and the
equation is said to be dimensionally consistent. (Notice that the
numerical factor 1/2 does not have units.) Of course, you are not
assured that the equation is correct; this method will not catch mistakes
in signs or in numerical factors. For example, the equation could be

Vg = 5(x/t) + 10at,

and it would still be dimensionally consistent. However, the method does
catch a surprisingly 1arge number of errors. It is also worth remembering
that the trigonometric, exponential, and logarithmic functions are all

dimensionless.
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STUDY GUIBE: Dimensions and VYector Addition 5

Suppose that you proceed to put numbers into an equation in order to
calculate a result. You can also quickly evaluate the correctness
of the units of the answer. For example, using the above equaticn, with

x=16m t=2s,anda=10 m/sz,
vo=16w/2s - %{10 m/sz)(z £)

{where the slash indicates how we have canceled the units in the second
term on the right) and

Vo = 8 nmfs - 10 ofs = -2 m/s.

The answer is in proper units for velocity, and this increases our
confidence that this answer is correct.

Note: Another way to identify possible errors in 2 numerical result
involves estimating whether the magnitude of the answer is in the proper
“ballpark," but this technique will be described and examples given in
subsequent modules, for example, in Collisions.

2. Vectors in Three Dimensions - Unit Vectors and Rectangular Components.
The text describes how to add and subtract two or more vectors that are
confined to a plane. It is also 5

possible to add vectors in three- Z Axis

dimensional space using 2 three-
dimensional system of coordinates. J
We shall employ rectanguiar /
coordinates (see diagram) in Y ]
which each poini in space (P) is / | % coordinate [
located by means of its distance
from three mutually perpendicular
axes, the x-, y-, and z-axes.
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As in two dimensions, a vector
can be resolved into components ' ——
along the coordinate axes. We '
shall find it useful to employ
the concept of unit vector,
which is defined to be 2 vector
of unit length with no
dimensions.
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STUDY GUIDE: Dimensions and Vector Addition 6

¥e shall use the notation i, j, and k to refer to the unit vectors
oriented along the positive x-, y-, and z-axes, respectively (see Fig. A).

z

yA ‘?".-:-r --------- A
Vs & ¥ |

7/ Yk :’ t

P

/ r ™

e e

N
"

v W R e

<
R

FIG, 2 e
X ' % FIG. B

You may have found that your text was not sufficiently explicit about

the resolution of vectors that do not lie in one of the coordinate planss.
Perhaps Figure B will help to clarify this. If you have a vector ¥ and
need to find its components, your first step is to construct a rectangular
box as shown by the dashed Jines. The Jengths of the sides of the box
then give you the components V s V » and V In other words,

V= V i+ YYJ + ¥ k, and you can see that th1s is simply restating the
laws of vector add1t1on by noting how, starting at the or1g1n, one adds
?YJ plus V, 7 plus v, k to equal V. You should note that V,iand V, k

have each been drawn at two different Jocations. It is also 1mportant

to be careful of signs; if, say, the vector V'pointed more to the Jeft so
that the box cut the y axis to the Jeft of the origin, then vy would be

negative.

One can also see from the drawing, by use of the Pythagorean theorem, that
2 = ,_,2 + ¥2. Furthernore, V2 = 22 + ¥%; therefore, the Jength or

magn1tude of the vector V is given by
Y /¥ pd Z
|V|-./Gx+vy+vz.

{Hote: We shall use an absolute value sign, | | to indicate the magnitude
of a vector.)

31




STUDY GUIDE: pPimensions and Yector Addition 7

PROBLEM SET WITH SOLUTIONS

A(1). Given that velocity (v) has units of length/time, that acceleration
(a) has units of length/timez, and that distance (d) has units of
length, evaluate whether or not the following egquation is
dimensionally consistent:

v = 2ad?.

Solution

Units of v2: (mjs)2 = mg/sz. Units of 2ad?: (m/sz-)(m)2 = mgléz.

The units of vz and 2ad2 are not the same; therefore the equation is

not dimensionally consistent and cannot be correct.

B(2). State whether each of the following items could be represented by
a vector, a scalar, or neither:
(a) The moon itself,
{b) The mass of the moon,
(c) The velocity of the moon.
Solution
{a) Neither,
(b) A scalar; one need specify only a single mumber,
{c) A vector, one must specify both magnitude {speed) and direction.

c(3). (a) If R has x component A, = 12 m, and y component A = -18 m,
express A in polar form (A 8). (Use a trigonometric table if
necessary. )

(b) If A has magnitude [A] = 16 mn and 6 = 72°, express & in
terms of the unit vectors i and j.

Solution

(a) 18] = v(12)% + (-18)% n = /T80 226 m = /4GB m = 22 m.
tan 8 = -18/12 = ~1.5; using a table for tan ¢ = #1.5, we
find ¢ = 56°; but we want 9 = 360° - ¢ = 304°, since a
negative y component and a positive x component places the
vector‘ﬁ in the fourth quadrant.

(b) (4. 91 + 15. 23) mm.
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STUDY GUIDE: Dimensions and Yector Addition _ 8

B(4). @Given A=4i- 83 - 6k and B = -2i - 3:]: ¥ 5§, talculate the following:

{(2a) A+B.
(b) & - 2B.
Solution

(a)A+B=(4- 2)1 + [(-8) + (-3)]3 + [(-6) 53k = 21 ~ 115 - k.
(b) A - 28 = (47 - 8 - 6k) - (-4 - 6 + ]Ok) (4 + 4)1 + (-8 + 6)3
+ [(-6) - (+10)Jk = 8i - Zj _ 16k.

Problems

E(1). @Given that distance {d) has units of length, that acceleration (a)
has units of ]ength/timez, and that trepresents time, determine
vhether or not the following equation is dimensionally consistent.

d = 4at?,

F(3). (a) If A has magnitude 0.15 m and direction 260° with respect to
the positive x-—ax1s, fmd Ax and A_.
(b) 1f A = (8. 4i + 2. Bj) em/s, express A in polar form.

6(4). Given D=3 +3j -2k and E = 41 - 5] + k, calculate the following:
{a) 3B+ f;
{b) 4 -~ 2D. {Note order!)

Solutions

£{(1). The equation is dimensionally correct.

F{3). ({(a) Ax = -0.026 m, Ay = -0.15 m. (Note: Because the original
magnitude had only iwo significant figures, we have rounded off the
answer for |A] to two figures.)

(b) [A] = 8.9 cmfs; o = 18°

6(4). (a) 7 + 43 - 5k;_

(b) 147 - 26j + 8k-
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STUDY GUIDE: Dimensions and Vector Addition 9

PRACTICE JEST

}. @Given the equation y = (vo sin Bo)t =~ (]/2)gt2, and {y] = m,
[vo] =mfs, {t] = s, [q] = m/s2 determine whether or not the
equation is dimensionally consistent.

2. State whether each of the following items can be represented as a
vector, a scalar, or neither:
(a) the United States,
(b} the number of eggs in a carton,
(c)} the velocity of the wind at a particular point.

3. (a) If Ax = -8.0 ¢m and Ay =16 cm,-express.ﬁ'in polar form
(magnitude, direction). (Use a trigonometric table if necessary.)}

#— ~ ~
(b) If & = (26 m, 195°), express A in terms of i and j.

4. Given & = -131 + 45 + 4Kk and B = 61 - 9k, calculate the following
quantities:
(a) A+ 8,
(b) X - B.

AEL ¥ gb + 55 -=8-y (9}
AS - fr + L-= 9+ Y (R) ¥
"w (f29 - L52-) =y (9)
: (*olll = 0 “S3anbLy-8aay) ypuM "saunbry
juedL$LubLs oM} 03 10 papuUnos sem 9 330N} ‘o0Zf = 9 ‘W gl = [EI (e} -t
403034 (93  fuaeieds (Q)  fuayitaN (e) -
*3U33SLSU0D AljRuoLsSuswip SL uoLenba ay} ‘saf °y

SJaMSUY 353) 901300.4d
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DIMENSIONS AND YECTOR ADDITIOH pass recycle

Mastery Test Form A 1 2 3 4

Hame Tutor

1. Given the equation, E = (1/2)m? + (1/2)kx%, and
{E] = kg mzlsz,

[m] = kg,
[v]l = m/s,
£K1 = ka/s%,
[X] = M,

evaluate whether or not the equation is dimensionally consistent.

2. State whether each of the following items can be represented as a
vector, a scalar, or neither.
(a) Jdack’s age;
(b) the color of Jack's eyes;
(c) the length of Jack's shirt sleeve.

3. (a) If A= (4.0? - 3.03) m, express'ﬁ in polar form (magmitude, direction).
(b) 1f B = (15 m/s, 130°) express B in terms of i and j. (Note: You
may need to use a trigonometric table.)

4. If D= (-7.47 + 3.1 + 1.8k) n/s and
t= (-4.3? + 2.03) m/s, calculate the following:
(a) D + T,
(6) B - .
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DIMENSIONS AND VECTOR ADDITIGH pass recycle
Mastery Test Form B 1 2 3 4
Name Tutor

1. Given the equation I = (mvz) + rzp, and
[1] = kg n/s,

fml = kg,
fv] = n/s,
frl=m,

fp] = kg m/s,
evaluate whether or not the equation is dimansionally consistent.
2. State whether each of the following items can.be represented as a
vector, a scalar, or neither:
(a) the direction from Chicago to New York,
(b) the position of New York with respect to Chicago,
(c) the distance from New York fo Chicago.

3. (a) If & has components A, = -6.0 n/s, ay = —B.O-m/s,-express'K in
polar form (magnitude, direction).
(b) If B = (5.0 m, 210°), express B in terms of i and 3. (Note: You
may need to use a trigonometric table.)
4. Given R = 5? + 43 - 62 and B = -2? + 23 + 32, calculate the following:
(a) & + 28,
()& -8,
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OIMENSIONS ANO YECTOR ADOITION pass recycle
MasteryTest Form C 1 2 3 4
mme_ . _ Tutor
1. Given the equation, a = k2 A cos(wt) - ksz sin(kx), and

{a] = m/sz,

[w] = /s,

fA] = m,

k]l = 1/m,

[x1=m,

(8] = m,

[t] = s,

-evaluate whether or not the equation is dimensionally consistent.

2. State whether each of the following items can be represented by a

vector, a scalar, or neither:
(a} the volume of a tank,
(b) the shape of a tank,
(c) the location of a tank in a storage area.

" {a) IfFA = (-].0% + 2.73) m/sz, express A in polar form (magnitude,

direction).

(b) IFB = (7.0 mfsz, 170°), express B in terms of E and 3. (Note: -
You may need to use a trigonometric table.)

I1f € = 6.37 + 4.0 - 3.8k and § = -4.63 + 5.0k, calculate the
following quantities:

(a) € + B,
(b) € - 1.
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OIMENSIONS ANO VECTOR ADOITION

MASTERY TEST GRADING KEY - Form A

What To Look For

Solutions

1. Hake sure the student did not

just put a guess, but that the
units for both sides of the
equation are worked out.

2. Student recognizes differences
among vectors, scalars, and
other quantities. and correct

answers. . ... —o—-

3. (a) Check that significant
figures and units are correct.
If not included or incorrect,
point this out to student.
(b) Same as (a); answer should
be expressed in terms of unit
vectors, but Bx and gy are
acceptable.

4. (a) and (b) Check that
significant figures and units
are correct. If incorrect or
not included, point this out
to student.

1.
kg mefs? = (%Jkg m2/52 + (%Jkg me/s2.

The equation is dimensionally consistent.

2. {a) scalar, (b) neither, {c) scalar.

3. (a) A = /(4.0)% + (-3.0)% = 5.0 m.
tan @ = '-fr—g =-0.75, ¢ = 323°,

(b) B, = B cos 8 =15x -0.643 = -9.6,
B, = B'sin 6 = 15 x 0.766 = 11.5,

B = (-9.61 + 11.53) m/s.

4. (a) D+ = (-11.71 + 5.1 + 1.8K) m/s.
(b) B -3¢ = (+5.59 - 2.9 + 1.8k) m/s.
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DIMENSIONS AND VECTOR ADDITION

MASTERY TEST GRADING KEY ~ Form B

What To Look For _ Solutidns _
1. Make stre the student did not 1. kg m2/s = kg n2/s + kg m/s.
just put a guess, but that the .  The equation is not dimensionally
units for both sides of the consistent.
equation are worked out.
2. Correct answers. 2. (a) neither, (b) vector, (c) scalar.
3. (a) Check that significant 3. (a) & = /-6.0)% + (-8.0)° = 10.0°n/s.
e e _-ox  Figures and units are -correct. -8.0 .
If not included or incorrect, tan 6 = 5= 1.3 ? = 83°.
point this out to stident.
(b) Same as (a); answer should (b) B, = 5cos @ = 5x -0.866 = -4.3.
be expressed in terms of unit B = 5s5in@=5x~0.5=-2.5,
vectors, but B, and B are y
acceptable. B = (-4.3i - 2.55) m.
4. (a) and (b) .Check that 4. (@) K+ 28= T +8j.

significant figures are
correct.

() X -B=7i+2j - ok.




DIMENSIONS AND VECTOR ADDITION ¢-1

MASTERY TEST GRADING KEY - Form C

What To Look_For _ Solutions
1. Make sure the student did 1. m/52 = 1/m.
not just put a guess, but The equation is gggrdimensionaliy
that the -units for both consistent.
sides of the equation are
worked out.

2. Correct answers. 2. (a) scaiar, (b) neither, (c) vector.
3. (a) Check that significant 3. (a)As= 41-1;0)2 +-(2.7)% = 2.9-m/52;
figures and units are correct. tan 8 = 2.7 _ 22,7, 8= 110°

If not included or incorrect, -1.0
point this out to student. :
(b) Same as (a); answer should (b) B, =7 cos 6 =7 x-0.985 = -6.9,
be:"p"esze‘i ;“ te;"’; of unit B, =7 sing =7 x9.174 = 1.2,
vectors, bu an are ~ ~
S y = (o s 2

acceptable. B = (-6.91 +1.2j) m/s".

4. (a) and (b) Check that 4. (a) €+ D =6.37 - 0.6] + 1.2k
significant figures and units b)E:D=6 3+ 8 63 - 8.8k

are correct. If incorrect
or not included, point this
out to student.

ot — = p——— o —a———
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REVIEW ¥ODULE

TRIGOKOMEIRY

This module begins with 2 self-check test. If you can correctly answer 20%

of these test items, you do not need to study this module. (A table of
trigonometric functiens is given on p. 8 of this module.) The answers to
these questions are given at the end of the medule, i.e., immediately preceding

the table.

SELF-CHECK TEST
1. YHithout the use of tables, convert degrées to radians and radians to degrees:

(a) 30° = rad; (c) 225° = __rad;
(b) (3/4)xrad=_ (d} (5/3)7 rad = °,

2. (2) What is the maximum value for the sine of an angle, cosine of an angle,
and tangent of an angle? Give at least one angle that has the maximum value

for the named function.
(b} Which angle in Problem 1 has the largest value for the sine, for the
cosine, and for the tangent; respectively?

3. One acute angle of 2 right triangle is 37°. The length of the side
opposite the angle is 12.0 cm.
{a) ¥hat are the ratios of the lengths of the sides of this triangle?

(b} For this triangle, find the lengths of the other two sides of the
triangle. (Show your work')

4, One acute angle of & right triangle is 40°. The l1ength of the hypotenuse
is 12.0 ¢m. Find the lengths of the other two sides.

5. In a right triangle the hypotenuse is 2/3 and one side is 3.

(a} Find the missing side.
(b} What are the angles?

6. A surveyor wishes to determine the distance between two points A and B,
but he cannot make a direct measurement because a river intervenes. He
steps off at a 90° angle to AB a Tine ‘AC, which he measures to be 264 m,

He measures an angle with his transit at point C to point B. Angle BCA
is measured to be 62°, With this information, calculate AB.

7. Show that, for any angle 9,
sin2 8 + c052 8=1.




REVIEW MODULE: Trigonometry 2

RIGHT TRIAHGLE

Many of the applications of physics will require you to have a thorough
knowledge of the basic properties of right triangles, i.e., triangles that
have one angle equal to 90°.

The trigonometric functions are defined with respect to a right triangle as

follows:
sin & = y/r r'\
o Y

S I
X

The values of the trigonometric sine, cosine, and tangent functions for a given
¢ can be determined from a table such as in the appendix fo your text or the
last page of this module. You can also get the values by use of most slide
rules ("S" and *T" scales) and many electronic calculators.

cos &

tan & = y/x

The 30°-60°-90° and 45°-45°-90° Triangles

it is also useful to remember the values of the functions for & = 30°, 45°,
and 60° by means of the triangles below. .

|y &/ |1
.
T i 1

These triangles are right triangles, and you should check that the sides indeed
satisfy the Pythagorean theorem. Note also that in any right triangle the
longest side is the hypotenuse.
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REVIEW MODULE: Trigonometry 3

Using the basic definitions and the above triangies, one finds

sin 30° = 1/2 =0.500,

sin 45° = 1/4/2 = /2J2 = 1.414J2 = 0.707...,
sin 60° = /372 = 1.732/2 = 0.866,

cos 30° = /372 = 1.732/2 = 0.866,

cos 45° = 1//Z = /Z2J2 = 0.707,

cos 60° = 1/2 = 0.500,

tan 30° = 1/Y3 = /3/3 = 1.732/3 = 0.577,

tan 45° = 1/1 = 1.000,
tan 60° = /3 = 1.732.

The 3-4-5 Triangle

The 3-34-5 triangle (since the sides are in the ratio of 3 : 4 : 5) is known as
the 37°-53°-90° triangle:

sin 37° = 0.6, ‘ sin 53° = 0.8,

cos 37° = 0.8, cos 53° = 0.6,

tan 37° = 0.75, tan 53° = 1.33.
You should memorize these three special triangles so that you can compute the
values of sine, cosine, and tangent for the angles involved. A
ANGLES > 90°

When calculating the products of vectors (see Dimensionsand Vector Addition
module}, it is often necessary to determine the sine and cosine of angles
greater than 90°, whereas most frig tables 1ist values only for angles less
than or equal to 90°. Two alternative ways of remembering the necessary
relationships are as follows:

Method I Recall the definitfons of sine and cosine for general angles:
sin6 =y/r and cos &= x/r,

where x and y are the horizontal and vertical projections, respectively, of
the radfal distance r, as shown in the figures below for angles in the
varfous quandrants.
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REVIEW MODULE: Trigonozetry 4

+ +

: \a |

P ’IS,P\ _xI8 _ 0
z x | | -3_r \W

Figure 1

Method 1T  Recall the graphs of sin © and cos 0:

t'

1+

SING - COS©

Figure 2

Exampie .
Find sine 8 and cos 8 where 8 = 150° {= 180° - 30°).

Solution I: Comparison of Figures 1{a)} and 1{b) together with the definitions
of sine and cosine, shows that sin 150° = sin 30°, cos 150° = -cos 30°. Then
sin 30° and cos 30° can be looked up in a table or on a slide rule {or, for
this example, easily computed).

Solution II: Inspection of Figure 2(a) shows that sin 150° = sin 30°; inspec-
tion of Figure 2(b) shows that cos 150° = -cos 30°. The sine and cosine of 30°
are determined as in Solution I..
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REVIEW MODULE: Trigonoxetry 5

RADIAN HEASURE

Many of the problems of planar and rotational motion and waves will depend upon
your knowledge of radian measure of angles. Let us therefore take a Jook at
radian measure. The number of radians in an angle at the center of a circle

is equal to the {arc subtended by the angle) divided by the radius, or

: - - arc len
angle in radians Wﬁ;ﬂ’

_s
e-'r.

To travel completely around a circle with 3 radius of 1.00 m, you will go in
an arc of length 6.28 m (27 rad). But once around the circle is equal to 360°.

Derive a formula to ccnvert back and forth between angular measurements in
degrees and in radians. Use your formula to convert 45° to radian measure.

USEFUL TRIGOROMETRIC IDENTITIES

In the solution of many problems in physics you may need to use a trigonometric
identity. Listed below are somé of the most useful ones:

sin® @ + cos ¢ = 1, 1)
sin{A + B) = &in A){(cos B) %= (sin B){cos A), {2)
cos{A + B) = {os A)(cos B) F (sin A)(sin B). (3)

You can.develop the relationships for the sine and cosine of 2A by letting
A equal B in Egs. (2) and (3).

PRACTICE TEST

1. Convert the following angles to radian measures and give their sine,
cosine, and tangent values:

(a) 60°;
(b) 53°;
(¢) 37°.
2. Find the unknowns of triangle A:
B = .
as _ .
b = .

Triangle A




REVIEW MODULE: Trigonometry 6
3. One acute angle of a right triangle is 20°. The length of the hypoternuse
is 6.0 in. Use trigoncmetry to calculate the iengths of the two sides.

4. 1In a 45°-45°-90° right triangle, what is the ratio of the hypotenuse to
the sides?

5. State what a in the triangle is equal to without using a frigonometry
table or the Pythagorean theorem.

6. A car was traveling exactly northeast. If it went a total distance of
42.4 km, how far north had it actually gone?

Practice Test Answers

1. 8 (radians) sin® cos @ tan @
(a) #/3 0.87 0.50 1.70
(b) 53a/180 = 0.925 0.80 0.60 1.30
(c) 37a/180 = 0.646 0.60 0.80 0.75

B=17.0. a = 44°, b = 46°.
2.05 in., 5.6 in.

a=5/73.

2
3
4. Ratio of hypotenuse to each side = ¥Z : 1.
5
6. 30 k.

If you have had difficulties with the Practice Test, please work through this
Review Module once more, with the assistance of any general mathematics book
including a chapter on trigonometry.
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REVIEW MODULE: Trigonometry

SELF-CHECK TEST ANSWERS

1.
2.

Noe s ow

(a) =/6 rad; (b) 135°; (c) S#/4 rad; (d) 300°.

(@) sine=1, 8==%/20r90°; cos 8=1, 8 =0 or 0°
tan e + =, 8- 7/2 or S0°.
(b) sin 3%/4 maximum, cos 30° maximum, tan 225° maximum.

(2) The sides are in the ratio 0¥ 3 : 4 : 5. (b) 20 cm, 16 cm.
7.7 en, 9.2 ca.
(2) ¥3, (b) 30°, 60°, 90°; one side = (1/2) hypotenuse.

497 m.

x/r = cos 6, y/r = sin#, x2+y2 = rz;

x2/r2 + y2/r2 =1.
2

2

Thus, cos® 8 + sin“ 8 = 1.
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Hodule :
STUDY GUIDE 1

RECTILINEAR MOTION

INTRODUCTION

How long does it take you to go home? This depends on how far you are from
home (displacement), how fast (velocity) you can travel, and how often you must
start and stop (acceleration).

This module treats kinematics, which is the part of physics concerned with the
description of the motion of 2 body. The body may be an automobile, a baseball,
a raindrop, a flower in the Wind, or a running horse. The change in :position of
a body can be described in terms of the vector quantities: displacement,
velocity, and acceleration. -Calculus can be used to define the relationships
among these quantities. It is therefore essential to know some basic techniques
of calculus to understand the content of this module.

The applications in this module only consider motion in one dimension. A later
module will treat the more general case of motion in two or three dimensions,
but the fundamental concepts will be essentially the same.

PREREQUISITES

Before you begin this module, you _ Location of Prerequisite Content
should be able to: _ _
*Distinguish between vector and Dimensions and Vector Addition
scalar quantities (needed for Module

Objectives 1 and 2 of this

module)
*Differentiate and integrate simple Calculus Review

polynomials (needed for Objectives
3 10 5 of this module)

*Differentiate the sine and cosine Calculus -Review
functions (needed for Objectives

4 and 5 of this moaule) Trigonometry Review

LEARNING OBJECTIVES .
After you have mastered the content of this module you will be able to:

1. Displacement, velocity, acceleration - Write the mathematical definitions
of displacement, instantaneous velocity, and acceleration, and define all

terms.
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STUDY GUIDE: Rectilinear Motion 2

2. Average-instantaneous, position-displacement, velocity-speed - Distinguish
between average and instantaneous values of velocity and acceieration, and
distinguish between position and displacement and between velocity and speed.

3. Graphical - (a) Given a graph of position as a function of time, for one-
imensional motion, determine either average or instantaneous velocity.
(o) Given a graph of velocity as a function of time, determine acceleration
and displacement.

4, Ana]¥tica] - {a) Given a mathematical expression for position as a function
of time, for one-dimensional motion, determine an equation for velocity as
a function of time. {b) Given a mathematical expression for velocity as a
function of time, determine the equations for acceleration and displacement
as a function of time.

5. Constant acceleration prgblems - In the case of one-dimensional motion of
a body with constant acceleration, detemmine the displacement, velocity,
and/or acceleration of the body; e.g., a body falling freely near the
surface of the earth.

GENERAL COMMENTS

Physics. is an area of human knowledge based on accumulative learning. The
concepts of rectilinear motion are the foundation for the study of physics of
moving bodies. Mastery of the objectives of this module is essential to a
successful understanding and completion of subsequent modules.

Rectilinear motion is the motion of a single particle along a straight line.
Thus, we may suspend our use of vector notation in working problems, since in
one dimension velocity and acceleration may be considered as their respective X
components and treated algebraically. The vector notation will be kept when we
are speaking rigorgusly of definitions, but otherwise the symbol a, for example,
will represent both the vector acceleration and the absolute value of the
acceleration, which is scalar. In later modules we shall have to be more
particular and specify by subscripts, ays ay’ or a,, for example, to which

scalar component of the vector 2 ve are referring. In one dimension, vector
addition (subtraction) reduces and is equivalent to algebraic addition {subtraction),
noting that careful ¢bservance must be made of signs.

ADDITIONAL LEARNING MATERIALS

There 1is a series of film loops available from John Wiley and Sons, Inc., that
may assist in mastering Objectives 1, 2, and 3:

Velocity from Position,

Position from Velocity, I,

Position from Velocity, II,

One-Dimensional Motion.
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STUDY GUIDE: Rectilinear Motion 3(8 1)

TEXT: Frederick J. Bueche, Introduction to Physics for Scientists and Engineers
(McGraw-Hi11, New York, 1975), second edition

SUGGESTED_STUDY PROCEDURE

Read Chapter 4, Sections 4.1 to 4.4, 4.6, 4.7, and work at least qub]ems A
through I of this module before attempting tha Practice Test. Projectile
Fotion (Sec. 4.8) will be covered in a later module.

It is essential to work the problems related to Dbjective 4 (Analytical) because
the book does not treat this subject in the reading. You may wish to refer to
F. W. Sears and M. W. Zemansky [University Physics (Addison-Wesley, Reading,
Hass., 1970) fourth edition], Sections 4-5 and 4-6.

IMMustrations 4.4 and 4.5 are the most important part of the reading for
Dbjective 5.

BUECHE
Objective Problems with Assigned Problems
Humber Readings Solutions ,
Study Study Text
Guide Guide
1 Secs. 4.1, 4.2 A
2 Secs. 4.1, 4.2 B
3 Secs. 4.1, 4.2, 4.4 [ F Problem 10
4 Not covered in this D, G H Problems
text (see Sears and 27, 28
Zemansky, Secs. 4-5,
4-6)
5 Secs. 4.4, 4.6, 4.7 E I Problems 13,

15
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STUDY GUIDE: Rectilinear Motion 3(8R 1)

TEXT: David Halliday and Robert Resnick, Fundamentals of Physics (Wiley, New
York, 1970; revised printing, 1974)

SUGGESTED STUDY PROCEGURE

Read Chapter 3 and work at Jeast Problems A through I before attempting the
Practice Test.

It is essential to work the problems related to Objective 4 (Analytical) because
the discussion in the book is Timited to the one example for constant accelera-
tion. You will be required to differentiate and integrate functions as shown

in Problems B, G of this module and Problems 4 and 5 of the text.

Examples 7 and 8 on pp. 37, 38 are the most important part of the reading for
Objective 5.

HALLIDAY AND RESNICK

Objective Problems with
Humber Readings Solutions Assigned Problems
Study Study Text
Guide _ Guide
1 Secs. 3-3, 3-4, A
3-6
2 SECS. 3-33 3'4, B
3-6
3 SECS. 3"'23 3"53 C F ]03 ]]: ]2
3-6, 3-8
4 Sec. 3-8 (in D, G H 4, 13
particular,
Example 4)
5 SECSo 3-83 3-]0 E I ]53 ]63 2],

30, 34
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TEXT: Francis Weston Sears and Mark ¥. Zemansky, University Physics (Addison-
Wesley, Reading, Mass., 1970), fourth edition

SUGGESTED STUDY PROCEDURE

Read Chapter 4 and work at least Problems A through I before attempting the
Practice Test. The section on Velocity Components (4-9) will be treated in
a later module.

Examples 1 and 2 on pp. 48 and 49 are the most important part of the reading
for Objective 5, '

SEARS AND ZEMANSKY

Objective Problems with
Number Readings Solutions Assigned Problems
Study : Study Text
Guide Guide
1 Secs., 4-2 through A -
4-4 _
2 Secs. 4-2 through 8
4.4
3 Secs. 4-3, 4-5, c F 4-23, 4-24
4-6 .
4 SQCSQ 4"53 4"6’ D’ G H 4"28’ 4'29:
4-3
5 SEC. 4-? E . I 4-20’ 4"'25,

4-26
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TEXT: Richard T. Weidner and Robert L. Sells, Elementary Classical Physics
(Allyn and Bacon, Boston, 1973), second edition, Yol. 1

SUGGESTED STUDY PROCEDURE

Read Chapter 3 and work at least Problems A through I before attempting the
Practice Test.

It is essential to work the problems related to Objective 4 (Analytical)
because the discussion in the book is limited to the one example for constant
acceleration. You will be required to differentiate and integrate functions
as shown in Problems D and G of this module and Problems 3-12 and 3-13 of
the text.

Examples 3-3, 3-4, and 3-5 on pp. 2B-32 are the most important part of the
reading for Objective 5.

HEIDNER AND SELLS

Objective Problems with Assigned Problems
Number Readings Solutions
Study Study Text
) Guide Guide
1 Secs. 3-2_through A .
3-4
2 Secs. 3-2 through 8
3-4
3 Secs. 3-2 through ¢ F 3-1, 3-2
3-5
4 Sec. 3-5 [Middle of D, & H 3-12, 3-13
p. 27 to Eq. (3-7)
on p. 28]
5 Secs. 3-5, 3-6 E I 3-20, 3-23,
3-24, 3-32
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STUDY GBIDE: Rectilinear Motion ) -

PROBLEM SET WITH SOLUTIONS

A(1). Write the mathematical definitions of displacement, instantanecus
velocity, and acceleration, ard define all terms.

Solution
Displacement:
&-r’.-b-‘!;z"-‘r]’
where ?é is position at point 2 and ?i is position at point 1.

Instantaneous Velocity:

V= Tlim A dE
At+0‘ﬂt dt -
Instantaneous Acceleration:
+ . E¢ d¢
a= limzg= .
atog BT @E

8(2). A woman swims the“length of a 75-m pool and back again (one lap) in
60 s with a constant speed. (a) What is her displacement at the end
of one 1ap? (b) What is her average velocity for one 1ap? (c) What
is her average speed for one lap?

Solution
(a) ?é = ?j; therefore, AF = 0.

-+ +
(b) Since aAr = 0, Vav = 0.

(c) Vay © 150 m/60 s = 2.5 m/s.

c(3). A particle’'s velocity is shown in the graph below. At t =0, its dis-

placement is x = 0. _ _
(a) Sketch. the accelération vs. time graph corresponding to this
" vyelocity vs. time graph.

2 i - A - '[’.(S}
10 20 30 40

gx(ny/s)
o P‘
5
"f”

-'14,0 I-I-ﬂ---

RUNCINY




STUDY GUIDE: Rectilinear Hotion 5

Solution

Acceleration is the slope of the v vs. t graph. For the first 10 s the
acceleration is zero (v = 0). The acceleration is also 0 for t = 20's.
For the time between 10 and 20 s the slope is a constant. Therefore

c(3).

v, - ¥
- _y_12 1_ (-4.0) - {4.0) a/s _ 2
= aav i T 10 s -0.80 m/S .
0.4 L
10 20 30 40
0 . — £ (5)
mﬂ
m
T -0.2 {
=
-0.8 L

(b) Sketch the graph of position- (x) vs. time (t) corresponding to the
velocity vs. time graph.

Solution
At t = 0, x = 0. The position at any time is the area urder the v vs. t graph
up to that time.

Att=5s; x=4m/sx5s=20m.
Att=10s; x=4m/sx10s =40 m.
At t=15s; x=40m'+(%)4m/sx55=50m.

At t=20s; x=580m+ (%{—4) m/s x 55 =40 m.
At t=30s; x=40m+ (-4) m/s x10s=0.

- 1 t(s)
10 20 30 40

Note: The curve is not linear between t = 10-and 20 s. In fact, jt is a
parabola, which will be shown later.




STUDY GUIDE: Rectilinear Motion 6

c(3). (c) Determine the average acceleration between £ = 0 and 20 s.

Solution

. <4 - (+4} ofs _ -8B afs _ 2
a &t 20 S -0-4 MIS -

D{4). The vertical position of a body undér constant acceleration is given by
where t = time,

y = vertical position at time t,

Vyﬂ = jnitial velocity in vertical direction,

a = acceleration in vertical direction,

Yo = initial position.
By the use of calculus, Tind the velocity and acceleration of the body
as a function of time. Also construct a graph of velocity vs. time and
acceleration vs. time for this case.

Solution d P
=—l= ]— 2 -
v, = 3¢ tyg * vyot + 3 at.) Vo0 + at
dv

ay=?€1= dt vyo+at)=a.
v a
v
y0 _ t

t

£(5). An object is thrown vertically upward in a uniform graV1tationa] field
that produces an acceleration of a = (-g = -9.8 mw/ It has a speed
of 9.8 m/s when it has reached one-half its maximum he1ght

(a) How high does it rise?
(b) what is its speed 1 s after it is thrown?
(c) What is its acceleration when it reaches its maximum height?
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So}ution
This problem requires the solution of the folowing equation:
(a) v - vg = 2ay (constant acceleration).

When at one-half height, y]/Z =y J2; and sincev=0aty = ymax’
2 _ _ 2 . ..
0 = "2%pay OF Yo = 2y

Using vz - vg =2ay (at y = ymasz) gives

2 = -
V" - 20,0y = -29Ys

and usingy = Yyp2 = ymaxlz gives

2 I
v.= zgymax = Wiax = Ynaxe

Soljving for

Y _ (9.8 mls!z = 9.8 .

Ymax ~ g 0.8 m/sz

Also:
v, = 29y = /(9.8 m/s)? = 13.9 m/s.

(b) v- Vg =at; v=-gt+vg s ~9.8 + 13.9 = 4.1 m/s.

(c) a=-9.8 m/52 (acceleration is constant).

Problems
F(3). The velocity vs. time graph of a particle is shown in the figure below.

{a) During what time interval is the particle traveling with constant
acceleration?

(b} galculate graphically the displacement of the particle during the
irst 3 s.

(c) Estimate the particle's acceleration at t = 5 s.
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4
3
2
é 2
>

i 1 & 1 S t(S}
0 1 2 3 4 35 §

6{4). A'pairticle moves along the x axis in such a way that its x coordinate is
given by x = 3 + 20t - tz. x is in meters; t is in seconds. Find:
(a) 1ts velocity at t = 4 s.
(b) Its position at t = 4 s.
(¢) Its acceleration at t = 4 s.

H(4). Let x = A cos wt where A and w are constants. Find the expressions for
velocity as a function of time and acceleration as a function of time.

I(5). A rocket is fired vertically and ascends with a constant vertical
acceleraticn of +20-m_/s2 for 80 s. Its fuel is then all used, and it
continués upward with ap acceleration of -9.8 m/sz. Air resistance can
be neglected.

(a) What is its altitutde 80 s after launching?
(b) How long does it take to reach its maximum altitude?
(c) What is this maximum altitude?

Solutions

F(3). {a) Acceleration is constant for t = 0 to 2 s.
(b) 4 m (area under curve).
(c) 0.6 m/s2 (slope at £t =5 s).

59
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STUDY GUIDE: Rectilinear Motion 9
6(e). (a) v=2-d3120t-t%)=20-2t att=4s, v=i2mws,
2

(b} x=3+20t -t att=4s, x=67m
d d
(c) a=5=420 - 2t) = 2 s’
H(4) v=dx=d(Acos t)=Ad—(cosmt)=—Am5i t
. a't- a't- ) dt n &i.

a 'H't'=aqt'('A”Si" wt) = -Am-gt—sin wt = A cos wt.
I(5). (This problem must be treated as iwo separate constant-acceleration problems.)

(a) 6.4 x 10° m. (6) 2.4 x 10° s. (¢) 1.9 x 10° m.

PRACTICE TEST

1. Write the mathematical definitions of displacement, instantaneous velocity,
and acceleration.

2. A particle’s velocity is shown
on the graph. At t =0, the
displacement is x = 0.

(a) Sketch the displacement
and acceleration as a function
of the time.

(b) Determine the average
acceleration during the time
interval t = 0 to 2.5 s.

b £ {5)
5

vx(rn/a)

3. The position of a particle as a function of time is given by y = at3 - B8t,
where a and B are constants. Find the expressions for velocity as a function
of time and acceleration as a function of time.

4. A ball is thrown vertically upward from the ground with an initial speed of
24.5 m/s, under the influence of gravity (g = 9.8 mlsz);

(a) How long does the ball take to reach its highest point?
(b) How high does the ball rise?
(c) What is its velocity and acceleration at its maximum height?
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Answers to Practice Test

1. &Fr =7, - ¥,.
2 4-1 ==

Ar _ dr

Ve=linzk=2L.

> _ .. AV _ d¥
a= lim = -
privy KT

p—

t(‘S;) 0-'- |
A1 —]0 “

(b) By = (Fp - V) (ty - &) = 0/2.5 = 0.

3. v =dy/dt = 3at°- 8, a = dv/dt = Gat.

4. (a) At the highest point, v = 0. Therefore we can use the equation,
¥(t) =0 = Vo + at {and Vg = initial velocity = 24.5 ays),

t = vo/a = (-24.5 w/s)/(-9.8 ws?) = 2.5 s.
(b) x(t) = xq + vyt + (1/2)at?
= 0 + (24.5 Ws)(2.5 s) + (1/2)(-9.8 w'sZ)(2.5 s)?
61.2m - 30.6 m = 30.6 m.
(€) Vo, = Vo * &t = 2.5 w's + (-0.8 0/s%)(2.5 s)

= 24.5 - 24.5 = 0- (which we already knew from theé fact that at the
maximum point the ball stops rising and begins falling.

a=-g=const = -9.8 m/sZ.
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Date

RECTILINEAR MOTION

Mastery Test Form A pass recycle

Name Tutor

1. Write the mathematical definitions of displacement, instantaneous velocity,
and acceleration.

2. The graph below shows the straight-line velocity of an object as a function
of time. What is the average acceleration during the time inferval £ =5
to 15 s 7 Plot a graph of the acceleration as a function of time. Indicate
numerical values on the axes as accurately as freehand will permit. ’

t(s}

3. The speed of a particle along the x axis is given as

v, = ot? (¢ = constant).

X

(a) What is the position of the particle as a function of time if
x=0att=20?

(b) What is the acceleration of the particle as a function of time?

4. On the moon, the acceleration due to gravity is 1/6 as large as on the earth.
An object is given an initial upward velocity of 98 m/s at the surface of
the moon.

(a) How long will it take for the objéct to reach maximum height?
(b) How high above the surface of the moon will the object rise?

LA ]
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Date
RECTILIREAR MOTIGON pass recycle
Mastery Test Form B 1 2 3 4

Name _ _ _ i Tutor_

1. Hrite the mathematical definitions of displacement, instantaneous velocity,
and acceleration.

ra

A graph of position (x) vs. time (t) for a particle is shown below.

(a). Locate all regions where
the instantansous speed

is zero. o

(b) What 1is the average speed £
%

for the time interval
t=0tot=257?

. . t(s}

3. The position of a particle as a function of time i5 given by
X = A sin ot,

where A and o are constants. Find expressions for velocity and accelera-
ticn as a function of time.

4. A jet plane that is ]and1ng touches the ground at a speed of 100 m/s. It
decelerates uniformly, coming to a stop after 40 s.
(a) What is the plane's acceleration?

(b) How far down the runway does the plane move before stopping?
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Date _ e e

RECTILINEAR MOTION pass recycle
Mastery Test Form C 1 2 3 4
Name _ . i . Tutor_

1. Write the mathematical definitions of displacement, instantaneous velocity.
and acceleration.

2. The velocity vs. time graph of a particle is shown in the following figure:

5

ok
v3
o

e

P
2

1

- t(s)
0 1 2 3 4 S5 6

(a) Buring what portion of the motion is the particle traveling with
constant acceleration?

(b) Estimate the displacement of the particle during the first 3 s.
(c) Estimate the particle's accéleration at £t = 5 s.

3. A particle moves along the x axis according. o the eguation
x =5t + t2,

where x has units of meters and t has units of seconds. Calculate the
instantaneous: velocity and acceleration at £t = 2 s.

4. A ball thrown vertically upwards returns to the starting point in 4 s.
Find its initial speed.
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RECTILINEAR FOTION
MASTERY TEST GRADING KEY - Form A

- Solutions

Khat. To Look.Fbr_

o> .
1. ¥, V, and 3 are written as vectors.

1im and/or d/dt is used in
A0

definitions of ¥ and 3.

2. (a) Average does not egual
instantaneous.

(b) Units for acceleration.

3. (a) Integration to obtain ¥ from
vy and application of
condition x =0 at t = 0 to
find integration constant
equal to zero.

(b) Differentiation to obtain
a, from Vo

3. (a) v = at? =

1. (a) Displacement: ¥ ='?é - ?].

(b) Instgntaneous ve]ocity:

> _ dr
v = ]1m X
850 3" b

{c) Instantaneous acceleration:

7= 1 ﬂt gf
A0
_ dv _ (10 - 10) n/s
2. (a) qay "dt " 10s
=0 m/sz.

dx/dt,

X
[ & at = fot? dt = oft? at,

X = at3]3.
dv

(0) a, = 7%= § (otd),




RECTILINEAR MOTION

4, (a)-vf =Qwheny = Yinax*

units.

A~2

Check 4, (a)
Vf - Vi =at’

R ._.--—_._-t._i—' _(Vi:-.:—_vi)/a..—._._ B
Since a = (-98/6) m/s?,
V_i = 98 m/s, aﬂd
Vg = 0at ¥ = Yoayo

¢ = (0 ~98) m/s
~3.8/6: m/s

t=4960s.

- 0= (Bw/s? | pogg g,
-2(9.8/6) m/s®




RECTILINEAR MOTION.

MASTERY TEST GRADING KEY - Form B

Hhat_?o Look;For .

B-1

.Solutions .

@+ > -+ . r .
1. r, v, and a. are written as vectors.

T1im and/or d/dt is -used in
ARG

definitions of v and 3.

1. (a) Displacement: ¥ = ?é_- ?i,

(b) Instantaneous velocity:
> &% _ dr
v = Tim === o
atsp 56 @
"(c) Instantaneous acceleration:
> & _dv
a= 1in 7= 5
asp B @

(a) Slope of x vs. t graph.
(b) Average velocity is zero
because total displacement is

(a) Instantaneous speed is zerc in
the interval 1/2 € t < 3/2 s.
(b) Average speed:

zero. y = total distance traveled
) “total time ?
v=2m/2s=1m/s.
3. Differentiation of this function 3. x=Asinwt, v-= g%-= Aw cos wt,

will be useful in the module on

_dv _ 2
simple harmonic motion. A=IE" -Aw” sin wt.

4. Since acceleration is constant, 4. (a) Ve - V5 _

instantaneous acceleration is equal as—¢ » L= 40 s,
to average acceleration. Vi © 100 o/s,
Check units. Ve = 0,

= (0 - 100 m/s)/40 s,

= <2.5 m/s.

(b)
= 1 .42
y= vit + > at™,

y = (100)(40) + X{(-2.5)(40)%,
y = 4000 - 2000 = 2000 .
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MASTERY TEST GRADING KEY - Form C

Nhat To Fook For

So]utions

+> > + ..
1. r, v, and a are written as vectors.

1im and/or d/dt is.used in
At+0

definitions of ¥ and a.

2. (a) Acceleration is slope of v vs. t
graph.
(b) Displacement is area under v vs.
t graph, and the answer is
approximately 4 m.
(c) Slope of graph.
Check units.

3. Check differentiation and note that
acceleration is constant.

4, 1If student uses‘tup = tdown’ let

him/her justify statement.

1.

{a) Displacement: ¥ = ?é - ?5.

(b) Instantaneous velocity:

>
V= ]im-%%-= g%-.
At+0
(c) Instantaneous acceleration:
> - EF dF
a=1lim E”a‘a’.
At+0

(a) Instantanéous acceleration
for 0 st s2s.
{b) Displacement graphically -
area under curve:
x = H2 ws x25) + (2w's x 1 5)

= 4.
(c) Acceleration is slope of v vs. t:

a =]§m]52.

= 5t + t2
=dxfdt =5 +2t;at t = 2 s,

. v =9ﬂ1/5,
a=%=4 (5+20) = 2ws?.
Y=Y + vot + %-atz,
y=y5*® 0, 0= Vo t %eat,

VO = "%‘E" d = -9-8 m/szg
teqs, vy=-L2:804

3 0 2 b ]
Vo © 19.6 m/s
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REVIEY MODULE

CALCULUS

DIFFERENTIATION

Differentiation of a function, say f(x), is a mathematical operation
which yields a second function called the derivative of f [symbolized by
f'(x) or dy/dx]. This procedure is represenied in the diagram, which shows

Input Output

f(x) —— IB11"1"‘er'ent1atmn '—b-h-G‘-(x) =df/dx )_’
I 0perat1on

the function f(x) being input to an “analytical machine” that manufactures
as output the derivative of f. A detailed mathematical prescription for the
differentiation operation- is n-ntrivial. If usually involves a quarter or
semester course; which requires time, attention, and effort on the student’s
part.

Our goal here is to provide you with graphical and intuitive understand-
ings of what information the derivative supplies; and tabular means for
determining derivatives.

Graphical Interpretation of the Derivative

A graphical understanding of the derivative will prove useful time and
again in your study of physics. So, let's get at it.

A function f(x) is graphed in the xy plane by lettingy = f(x), i.e. for
-each-value of x (for which f is

defined) there corresponds one y .

valiue of y obtained from the
"rule” y = f(x). This number
pair (x,y) plots as a point in
the plane. As x changes, this
point swedps out a cuyve.

Such a curve might look like
the one shown in. the figure

on the right. -
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Guestion: Yhat information does the derivative f'(x) provide
about this graph?

Ansvier: Let X4 be a specific value of X. The value of the
derivative for x = x; is denoted by f'(x]) or (dy[dx)x1
and is numerically egqual to the slope of the line
tangent to the curve y = f(x) at the point (x],y]) where
y] = f(X]).

Read this interpretation carefully while studying Figure 1.
y y=f{x)

?

Example 1: In Figure 2, which pzint or points is: Answer

f' =07 B,D.
f' > 0? C,E.
£ < 07 A
[f'] the greatest? E

Each of the answers in Example 1 is obtained by looking at the graph and
ascertaining the needed information. about the slope of the curve (actually
of the tangent Tine). For example, point B has been drawn at the lowest
point on the curve. A tangent Tine at B is horizontal and therefore has

a zero slope. Since the tangent line at A slopes downward (i.e., has a
negative slope) f'< 0 at A.
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Exercise A: By inspecting the
grapﬁ decide whether to insert
>, =, or < in each of the blanks.

(@fy ____0 ()f__ _f
(b fg 0 (3 fp ____f¢
) fp____ 0 ()fy__-f
() fyp 0 (1)fy_____ f¢
(e) fz ___ 0 (m)- fo T
(f)y fp ____ 0 (n)fy___ f¢
(9) £ ____0 (o) |5} ___ I5;

(W) £y €5 () el IR

Exercise B: With reference to

the grzph of Exercise A, complete Increasing,
the table with appropriate words Point decreasing, <, 7, >
and symbols for the sentence: not changing
A
At point , fis and .
L—— B not changing
c _ -
D
E
F >
G_ -

COnsider the graph. At both pomts
A and B, f is 1ncreas1ng and f* is
positwe. But more .can be said.

At B the rate of increase of f is
greater than A. This statement is
said in -derivative language by saying
that the derivative iS greater

at B than at A. We can sumarize
these remarks with

o S|
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fé)zi fi > 0.
L X -
f increasing f incréasing at A. |
more rapidly ——
at 8 than
at A.

Clearly f' (or dy/dx) is related to the rate of change of f, and this rate
changes from point to point if the Slope of y = f(%) is changing as x changes.
The following statement (definition) relates (defines) instantaneous rate

of change of a function and its derivative.

If y = f(x), the instantaneous rate of change of y per
unit change in x at X, is defined to be f'(x]).

This statement is often abbreviated to Say “f'(x]) is the ratée of change of
f with respact to x at x1."

Determining f' by Using the Table

suppose f(x) = x2. What is f'(x)? if you don't happen to know already,
then two options are offered here. '

Option 1. The formal definition of the derivative gives
{x + haz - x2

£ (x) = 1im
0

Evaluate it. OR

Option 2. Turn to p. 15 of this module entitled "Table of Derivatives.”
Locate x2 in the f colusm and read 2x from the f' cclumn.

Answer: f'(x) = 2x.

Now Option 1 is the wayyoudo it when you really want to dig mathematics -

.and you have a month or two to learn about limits, etc. Guess what we
have in mind here?
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Let's do another. Let §(x) = xg. Look under the f column. ¥hat now?

xg does not appear as an entry. Oh yes, it does. It appears as xP. The
table gives f'(x) = pxp'], or since p =9 in this case, f'(x) = 9x8.
Furthermore, f*(1) =9 x 18- 9. Thus the slope of (the tangent line to)
y= xg'at {V,1) i5 9; and at x = 71 the rate of change of y with respect to

x is 9.
. . _ I ¥ 4
Exercise C: lLet f(x) =/ x =x"'°.

(3) f'(x) = . (b) £:(1) = .
(¢) Rate of change of x with respect to x at x = 1 is . e

(d) Graph f for 0 < x < 6. Construct the tangent Jine to f at (1,1).
Slope = _. Ooes this agree with part (b)?

X 0.00 0.50 13.00 13.50 2.00 2.50 3.00 4.0 5.0 6.0
A 0.00 071 1.00 3.22 1.41 1.8 1.73 2.00 2.24 2.45

P
L]

_‘,x
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Exercise D: Complete the table. .
f(x} £'(x) _ -_xi o f'(x]J
x2 =1
x 2 2
6 (I
sin x I
cos x ' ' /2
tan x o R
sin (21) . mr
cos (nx) - R
o* 0
o-2% 1
A2+ 16 3

R I T e e

A Few Important Prqurties of Derivative;

a(kf) K dx (k i$ a constant). (P1)
%{f $g) = g;: + a% ) (P2)
O INT S o

d_ £ _ (df/dx)g - f(do/dx
a(.é.)_i—Llﬂ—r(ﬂL)-_ ! . (P4)

g
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Example 2

() d(6:2).2 6 (<) = 6(2%) = 12. (+P1)
(b) g— (x? # sin x) = e (Xz) + a— (sin X). = 2x + cos x. (*p2)

(c) %—-{e cos x) = —;-(e } cos x + &* a;-(¢os x) = e* cos x - * sin x. (*P3)

(d) d 3"( o x) * 1n_x{de*/dx}. - €’ (d{dﬁ)xgin x). = ef :2nxx; X sx . (4p4)
Exercise E:

(a) £(x) = 2 - sin x: f'(x) =

(b) g(x) = axe: g'(x) =

(c) n{x) = &"/(x + 2): h*(x) =

(d) F(x) = x sin {nx): F*(1) =

(e) 8(x) = e** tan (ax): 5'(1/4) =

(f) H(x) = e*/x + 9: H'(0) = _

THE DEFINITE INTEGRAL

The definite integral is a mathematical operation that requires as input

a function, say f(x), and two rnumbers a and b, which are the coordinates of
the end points of an interval on the x axis, i.e., @ ¢ X £ b. Given this
input. the definite integral of f on [a,b] yields as output one number,

say I. This is symbolized in the figure. Just as with the derivative,

a careful prescription of this operation is nontirivial. Again we shall
first offer you some draphical understanding as to the meaning of the
number I and then give you a procedure (using integral tables) to

determine I.

Input - Cutput

Integration
Operation
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Graphical Interpretation of the Intearal

The definite integral of a function f(x) on the
interval a £ x 2 b is numerically equal to the
area enclosed by the curve y = f(x), the x axis,
the line x = a, and the line x = b.

The shaded area in Figure A is the area determmined by the definite integral
of f on-a,b.

Y y=X
S
21 J

_Fi_surq, A HSU"Q' b

Determination of I

Suppose f(x) = x, a=1, and b = 3. The area to be found is shown in
Figure B. Of course, it's very easy to do so since the figure whose area
we seek is a trapezoid. In fact,

Area = (Average height) x (base) =2 x 2 = 4,

This -simple calculation is possible because y = x ‘graphs as a straight
line. Almost any other function-would not be so trivial. '

Here's how you do the integral with the "Table of Intégrals” provided in
this module (p. 15). Look under the function column f and find x: Read off
the antiderivative (indéfinite integral) for x, namely, (1/2)x%. Evaluate
this function at the upper 1imit b ?# 3 in this case) and subtract the

value of this function at the lower 1limit a (= 1). The result of this
calculation is the value of the definite intearal. Thus we have

1=a¥)-%ﬁ)=%-%=%=%

in exact agreement with cur previous calculation.
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Let's try another. Let f(x) = x2
from 0 to 2. The -area to be
determined is shaded in Figure C.
From the table the antiderivative
for x2 is listed as (1/3)x3. The
desired area is

_8
1«32-3-%
T 1%gmn3(:

Does this look reasonable? The shaded
area is less than that of the trjangle
OPR whose area is (1/2) (base) (he1ght) or (1/2) (2) (4) = 4, which exceeds

8/3 as expected.
P fﬁgure.Il J

We can make a better 2stimate for
the dasired area by using the area
of the triangle 0AD and the trapezeid
ABCD (See Figure D). The result for
this improved overestimate is

=3’

roj<n

31 (1) 2 3(1) @) =3+

which is indeed less than 4 and 12.5%
greater than 8/3, the resuit from the integral.

Exercise F: Continue this estimating process one more time by d1v1d7ng
the x axis3equa]1y four times. and. calculating the area of the four figures.
-Answer: ZI

Essentially, what the integral does is continue this process of dividing
the interval [0,2] into increasingly, larger number of subintervals.. In.
fact, the integral is the 1imit of the approximate areas as the number .of
subintervals approaches infinity. In this sense then, the definite integral
can be thoudht of somewhat intuitively as the sum- .of many- (infinitely

many, in fact) termms each of which approaches zero as the total number
approaches infinity. We avoid thé difficulty of actually doing this by
using the table of antiderivatives.

Exercise G: Let f(x) =x, a = <2, b = 2, Déteymine the definite integral
of f on [a,b]. Answer: 0. Y yex
Fa’_gu're E .} )

If you did Exeicise G correctly, the
result is zero. But how-can. this

be? Here's how. Look at Figure E.
Areas below the x axis are treated by the
integral as negative. As you can See,
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the two area in the figure exactly cancel, leaving a net area of D.
Exercise H:

(a) f{(x) =cos x, a=0, b=g3/2, I= .

(b) Sketch a graph of cos x and estimate the area determined here by
partitioning the interval [0,3/2] into two and then three equal parts.
Does your result for part (a) appear reasonable?

(C)f(X)=COSX, a=0, b=n, I=

(d) Explain your result for part (c).

Estimating the Yalue of a Definite Integral

You may find yourself needing to evaluate a definite integral of a function

that is not in your table. You have already seen one way to estimate the
integral by partitioning the integration interval a,b into N egqual subintervals
and approximating the area by a set of N trapezoids. This technique is

depicted graphically in Figure F below for N.= 2.

4

}

Figure G.

& y=f(%)

<

=3 x o X
a " 2 b
N=2 Trapezoid Approximation N=Z Rectangle Approximation

TQ

e S A

pr o g —
o e - -
e

A second- technique is shown in Figure G. Heére the function is approximated
by N rectangles. The height of each rectangle is the value of the function
at the midpoint of the corrésponding subinterval. From the figure you

can see that the N = 2 approximation for I is then
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2
I=fkﬂﬁX+ﬂ§)M?é]ﬂﬂ)Mr

where X, is the value of x at the center of the k-th subinterval. For an
N partition then,

N
I=¢ f(xk) AX.
k=1

As N increases the rectangular approximation gets closer and closer to the
area being sought. In fact, the definite integral cam be defined by

N
I=1in 5 flx) s,
Mo k=]

This suggests. the usual notation for a definite integral, which is

b
o f(x) dx.
a

The symbol s is called -an integral sign. It symbolizes both the summation
sign £ and the 1imiting process. The values of a and b are included so

as to indicate the end points of the integration interval. Finally, dx
symbolizes the Ax in the sum. We shall use this notation for the integral.
To be sure you understand, here is the appropriate way to write the
integrals with the results we have obtained so far,

Function Interval _ mmgq _ Value
3
X [] :3] J X dx = 4
1
2 2
NG [0,2] 5ox dx = 8/3
0
2
X [-2,2] Sox dx = 0
-2
/2
cos X f0,n/2] 5 cos xdx = 1
0
.
cos X [0,n] 5 cos x dx = 0
. 0
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One more comment before yout go to work: Most integral tables will indicate
the antiderivative for f{x) by sf(x) dx, i.e., the definite integral

without 1imits. For example, y
fxdx=%x2, A
so that

a2s we found earlier.

One More Comment on Estimating Integrals

Consider the definite integral suggested by Figure H. A valuable technique
for getting bounds on a definite integral is suggested. Let @ be the mini-

_mum value of fon {a,b] and M- the maximum value of f on fa,b]. Consider
the rectangle of height m and base (b - a). Its area is necessarily less
than the area determined by

b
5 f(x) dx.
a

Similarily the area M(b - a) is greater than that of the integral. Thus,

b
m(b-- a) s f(x) dx < M(b - a).
a

Note: The equality signs are included in this equality to take care of
the case where f is constant on the interval. Thenm =M = f(x) and

b

mb - a) =5 f(x) dx = ¥(b - a).
a

Exercise .I: Evaluate the following définite integrals. Also determine m-
and M and determine bounds on the 1ntegra] [You may need to sketch a graph
of f(x) to determine m_and M].. . __. T .

Q 23()




REVIEW MODULE: CAECULUS 13
Integral . ] _ _ mb- - a) e M - a)
2 2
£ x° dx = . 1(1) =1
1 - : _
2
S xdx = .
-1 T
n/4
S cos xdx =
0
1 .
J ex dx =
]
16
S Yx+9dx= .
]
3
P _x dx_ =
0 x2 + 16
9 -
So_Gx _
0 x+2
L -1
;S oetdx= e (2) = 0.3 e{2) =« 5.4
_] i

Remember in 2ach case you should check to see that

b
m(b -~ a) £ 5 f(x) dx § M(b - a).
a

Two More Impor‘;ant Properties o__f ;he _;ntegra]

The following properties of integrals are frequently required:

b b
S kf(x)de=ks f(x)dx (kis a constant), (P1)
a
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b b b
5OIFx) +a(x)ldx = £ f(x) dx + 5 g(x) dx. ' (P2)
a a a
Example 3
3 3
(a) 6 4y dx = 4 6 x dx by (P1)]

= 4 (3%72 - 0%/2)

= 18.
1 2 ] 1 2
(b) s (x+x")dx=/rxdx+7s x“dx [by (P2)]
1] 0 0
2 2 3 3
IR L N |
“](E;ES)"(s 7)
=7t37%

txercise J:

2 2
{a) { (x“ ~ %) dx =

w]2
(b) 6 (sin x + cos x) dx =

3
(c) 6 (x2 +e%) dx =

1
{d) 6 (x + sin #x) dx = __ . . . .
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TABLE OF DERIVATIVES

f*(derivasiv- of

15°

TABLE OF INTEGRALS

f(fun;tion)_ sf{antiderivative)

f(function) functionj
3 352
x-z =2/%
x-] In x

constant 0
‘% 1
x2 2%
x3 3x2
P pxP"!

.3 2

x2 el

X! n x
constant (c) cX

X x2/2

%2 x313

x3 x4/4

xP P /(p+1)




