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AvBasic Test Theory Generalizable to Taildfed Testing |,

BN .
. -

.

The available methods or strategies for tailored testing aeem not to

include provisions for a self-contained evaluation of the test. They seem-

to make little provision for estimating anything analagous to a Kud!ngﬁi§

chardson (Gulliksen, 1950) or alpha (Cronbach 1950) reliability of the in-

strument itself in the tadlored context. Rather, they agsume the availa-

bility ‘of precise item statistics derived from other sgources. . The basic
obstacle “to deriving such consistency information comee from the difficulty
of handling the incomplete nature’ of the item response d:>3§in the tailored -
or computer interactive testing case. An ettempt\xill be made here to pro-.
vide ways of filling this need by suggesring'aaway to conceptueliee ther. '
gystém, | :'}s

There 18 a point of'viﬁw which 13%&§‘on testing ao an ordering proceos,
ordering persons with’ respect to each other or ordering peroons relative to
itemslor tasks. The fact that what Coomba (1964) calls "a dominance rela-
tion‘begween-membero of_different seto" can lead to a formally consictent -
ordering has

the mgjor pioneer, but the work of Loevinger (1947, 1948) repeated and ex~-

een known for a\fonsiderable time. - Guttman (1941, 1950) was

pandéd on many of those principles.
Recently, there has been a revived interest in ordinal_teetingdeoncepte,
e.g.,-Ducemp‘and Falmagne (1969), - Airasian and Bart'(1973),‘Bart and Krus

(1973), Krus (1974), Cliff (1975). These papers include reformulaticis and

elaborations on the use of binary (right—wrong) information to develop or-

3

deroz-snd they lead to the £orm:liﬁiono pregsented here. It can be ghown that

a Guttman geale leads to a join— partial-order of persons and items. Exact

4 ‘ - ) -

‘Guttman gcales--like other partial orderg--rarely exist in nature, and then

-

. ' . . /

w0 5 . ‘ .
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‘only in artificial envirqnments, but approximations to them are not uncom-

L

order can be measured, and these measures will be proposed as indicee of
&

the conéiatency of measure?ent of a test. In the case of complete data,
. {

gome of these measures will be found %o be related to the familiar Kuder—

Richardaon (KR) formuf)e (Gulliksen, 1950) and to some proposed by Loevin-

vger (1947).. New interprerations of those,formulas result. Some of the A

v

than the. t;radit:ional.ones, as measureg of order. (
The formulationo 1ead quite directly to geqeralizationo.which are ap-
plioable to the iﬁcomplete data—-tailored or computer-interactive--caee.
That io, measures of the internal consistenc& of reaponoee will* be devel—
oped wpich are entirely selffcontained in the taiiored testing process ra-

ther than:relying‘on outside information. -

Nototion ahd Basic Principles , /////

The basis.of recent developments in tests as ordering instruments is |
the consideration of the score matrix as:ltems-plus-persons by temo-s ug=-
e,h id i f th i i lug=p by itc 1

pergong rather thanioimply items by persops. Then a IkﬁndiCateo_andomi-

nance relation:of row element over column element, regardieos of whether

item or pergon ic‘dominant. The following conventions are used in later

‘ deveiopmento. ‘ . ' .

'\
i The matrix S containo item~pergon regponges with sij = 1 4if peroon(i
angwers item j correctly;‘i @1, 2, s0.ny 3 =1, 2,‘...xl\’§ ig a matrix

of item-pergon responseg wit:h’?a’i:j = 1 4f person i anowero item j,incor-

1

rectly. . ’ ,

~ : * .
measurés will be new, and it will be contended that they are more relevant.

'mon. The degree to which a g.wen matrix of relations resembles a partial,




' A is a supermatrix: -

. . - . . . .
P
* .. . »

v' . R » . ‘ ... ,‘ b "_
L a=fo ¥ L D

_ o .
" where 0 indicates no}l sectionghand g is the transpose of §' Thus thé els-. L

-

o ' ements of A indicate dominance relations of row element over column element,‘

N,
< v .
regardless of whether the elements’ are items or persons. Item-item and per~ -
¢ < » :
. : son-person relations are always 0-0 because there is no direct observation v 5
of these relations. 'S

. *

For complete data, $ and § are’complements,
,comp v :

2) -1-%

544

13° ‘ -
In matrices o R o .

v - ) : . . Ll

(ARG

e
%

where k, as elsewhere/bélow, denqtes a column of unities. The complementary

. .

L I Y

relation does not hold”ﬁn/tailored testing where some eldments are zero in e

both matrices becauge thie person was not presented the 1tem.

The ordinary matrix product ‘of A with itself is denoted * | "o'
z . "K” o i R » o
,.(4) A2= 1N 0 ¢ , A B
1 9 ¥ O‘ x 3 ) ’_ ) .’ i . ) o A

A

Note that all even powera of’A have the generai form of (4) whereas the

odd powers resemble (1). The scalar notatlon a, .. denotes the ij element of
L : iip ‘

-~

\ AP, In (4), where S

. (5 na=%s, - . , . »
the clement nkj is'edual to the number of persons who get k wrong and J righg,.

i.e., the number of tines item k dominates j.- . imilariy .




y

'ié~a person-dominance matrix, with element x

‘Similarly,

. x=s% ) S A

ih’ and contains the number of

. : - . )
times person i dominates person h, i.e.,\'the number that i gets right and

b wrong, T N 1)

Total scores are also used: -

7 .’Xi = S§1 and.

oo
. ® X, =51

3

(9)

(IO%Q

'~ The vector N, should be noted Qg a difficulty scoré, the number of, i-

3

tem hwins,ﬂvnot the: number pasaing as is more typically used.

For complete data, -

(11) | X =X ?&,1 and‘ N <

o A‘nj.-n-'ﬁj;' | ) £

- but again the- relations do not hold for the migsing data case.

1

Use 1o mnde of the "Baoleun powers" of A as well as the numerical cnes\
yarticularly in consideringtthe logical proberties of thg4relations. Here,
the matrix mﬁltigligatioﬁ uses Bogleaérarithmefic in which 1+ 1 =1, 1+ 0 o
0+1=1,0+0=0;1 - 1x1,01=1:0=20,0+0=0. Such powém

arc denoted by hdving'the exponent in parentheses

a3 al?) -Eho] R
0 - '




(X

[N

' lo&. 7A few additional ones are introduced as needed.'

¢ : . N . ‘ ' | ’ " 4 | -5- ‘ A

where D and Y are the logical counterparts of N and x, respectively.

&)

Still a third form of pdhers of A is used, Ap* in which binary en~

tries record the relation between the elements of Ap and some threshold .
4 . \ .
values for them.” Let Zp be ann + x by n + X matrix of threshold or cri-

i

terion values for AP. Then S ' « ‘J : .

. B

(1) PN o

N ’
A

That ig, a* [ = 1 if E? and zero otherwise, On oechstpn“we may

Yigp, 2 A ugp 7 B

have cause to refer to the aubmatrices of AP* gg S*, '§* N*, or X*vand to .
* their elements gfij’ ete. . '”.?' ’ h‘_ ' RS
Thus @fp) JAP* 1f 2P = 0 ‘/Ihe matrix Zp could also be a constant
/ *

such As 2 0 if for example, it were felt that at least two connectlng re=-

EEY [}

lationg’ should,be necessary to imply that 1 dominates‘h. Krus (1974) in\ r

effect definest - as the number ofl . relations necessary to show’ that i

~1hp
"significantly" dominates h.

N

. ' . 1

The foregoing are the main notational conventions that are used be-
. -

, Indices of Orderliness " o Y
Pcrson i "dominates penson h when he gets an itcm fight %Pich h geto

LIS [y

wrong\\ Item j dominates item k' when there is a person who gets j wrong -

and k right. . The dominance relations are congigtent insofar ab they;occur
A

in only one direction, i,e., are asymmetric rather than, there being in-
4
dtances of both 3 dominating k and the reverse.r Thio is what is meant by“

o . ]

reproducibility in,a'Guttman seale” (Guttman; 1950) . If the‘objective'of

the measurcmcnt proceso is to order persons or itemo or both, this ordering

should be complete ac well as consistent, at least in most instances, for

. .- K

-

K




. | ) .- . " R .

.'/og\\; . : ! A . ; -
® : ’ . 4 ; i ' \ “. . . .
g - o TN T -
o 7 ) \\ - L » 4
.+ a highly incomplete ordering is almost as. uaeless as a highly 1nconeis-~

:.'

'tent one. Consequently, indices -of completeness as well as consistency
' -0 o Do P . -
. i ' : . 4

‘are caa.ed for.‘. . o . ‘ ST A

.(‘.

A useful consequence_os;theJuse of the complete matrix A rather than
simply the rightg matrii s is that every index derived for items implies

a parallel one for persons. This is a complete duality as substitut{on

of items for persons and°vice versa in any formnla or theorem will zesult .

in a, legitimate parallel formula or theorem. Indices derivedufor‘items

« e .

will often turn out, to be related to traditional‘ttetistic& and formulas .

although it will oftenvbe argued that the sparallel ones for pefeons‘aré_” -

actually more relevant to the purposes of testing. o
- .= . - < I o -

The number of dominance relations

] . . : ) - .

Y - . . -
. .

o . 5 ‘ « L. ) ),
* For the mos%fpart we will concentrate on equations relating to the nu- -

.merical mode of. peration implied by'Equations 4, 5, and 6-dlthoughvthe .
.more gualitative formulations of Equations 13 and 14 vlll be returncd to
later go that gome analagous measures can be proposed. ' N _j .

The primary doﬁihence information 1s- simply the mumber of eleménts in'

3

the person matrix N .and the item matrix X. We denote thesc qpantihieo v

-and g, respectively. o ~ ‘L
(15) v = $in,, <and _ . ; :
jk jk B v vz\. & N
_ , - % ’ xﬁ s
(16)‘ ._-g-zzxih\f. o . ' o
In matrices, these are ‘ -
(17) . " vo I'Cg'S)l , and
) - »
s ge DLy RER A ( R




¢
\ . .
- e . " .
. . - -

,reapeétively, so that relocation of the’pauenthésesfmaﬁes.it clear.that

(19 ve®x,c oand - L
R . .
B -1 : - : .
» o - _‘, o : .
’ (20) 8 3" ] N
1% o
Minimum' er of dominance relations ‘ .

Q- Now suppose the sum takes place only aboVa the diaégnals of- the ma~
- X J . [ ‘. ‘-n }\§

't;ices. : e - -
: (?1).‘ v, = In

L s '

(22) _gm = 3o I'x -

iy 1B
If the items or persons arefin the appropriate order, and the data are per*:
fectly consistent then the matrices will be upper triangular, and v will
equal v and g'will equal g » otherwise they will be 1arget This auggesto

the ratios gy /g and v /v as consiateﬁcy 1ndices, but they have the drawback :

S that they will tend to be fairly close te Unity for most data, as the coef-

ficient. reproducibility is. They do, hawever, havdithe advantages over the

1atter of having terms with a clear interpretation and being straightfor—'

ward to compute. . . . s L.

L]

- . a - r
The indices v and g, can ‘be computed from the marginala without ref-

. erence to’the njk at all, . If the data are consistcnt, nkj a( for k >3

KN

Subtracting nKJ from each tern of (21) gives

= ¢ .

(23) .’ v, =L X (n
, 1 ¥ nkj

C But'njk _‘hkjtk'n nk, 80 - . .
S p - - .
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6 . . ‘ 2 ?
‘ . \ “ e . K ! . .- zs" * @
» 5 > .- & ‘ ‘* : : *
- A . , . . o . . . on
] ‘,' ’ -t . “;,"““ . : ) j" : ,8 ®
- This reducégvto‘ o Wv' * .
T ' 4 1/? s
. 7 MR
~m (25) v = Z(n -2, + 1)n . , o
.o m :1 J . j . 2 . Y
A S 5 ¢ SR N . .. -
* - . i . ' /.»‘.. , ‘
’ Or . N s ’ ,‘/ . . o ’ . . -
; R =y v .
- 26)° v.m (x4 1 zn ~ 2%in ‘ - o L
N A ) ( ) m ( ) j . j =, . ‘ l .; . .
. .. . . .’ . . . L34 . B 3 . .
$imilarly, * - - e e ’ D
S ' Q.i =,
. ‘(27) gm = I(x - 21 1) B o S
: « e
Thus, it'.is not 4 necesaary to attually have the N or X matriceo to com-. *
N v, e D . ~ ) . , ,
pute v,“v , g, or g . C _ S o
An obvious correction~term to apply to g /8 is to aooume that Lhere
i no Order, everything 18 equal Then n,, and’ nkj are botH estimateo of L :

Y

jk

The maxima fof thege two quantitics would bo‘;v and 3¢, roepoetiveay. The

I 4
., use of those 1atﬁer quantitics as dehominators leado to ﬁhe f@llew4mg$indicqb
. ¢ l °
. K . 2
e N
: . - L4

” . the aame q§r\\ity, vjk and xi and xhi similarly estimate xih The eot- T

¢ . . - . » *
s L '.. .-‘-. ¢ h
,“? 3 LI 4 P
ng - sy, +00) |, and L
. :. Jk - 7 jk nkj .:!!' - :
— _ !f' ' l- | ] ) ‘.
Xin ~ gy ) | : .~
. i } . . ’ &" . L4
When thevoubs are distributcd,'this rosults in -
| ! Le PN \
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et e (32) ~:-‘Q = e\ o ¢ )
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e 'ds _an iddex. of 'cons:fstency of item ordering for' a test, and < ,
L . C . e o ) . ". . ¢ :
- S - 1) S EE R - ° v
o (33) e =iy . :
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is an index of consistency ofJe’rson orderu fot : tes't-; ;

Applica Jon to Incomplete Data

All'of /Eﬁe calculations necessary for .c 1 and cp c‘an be carried out
for incomplete as weli as complete data, but the definitional equations v

15 l'é 21 » and 22 tust be used instead of the simplificSations. .~ The lat-» '

P
%" Y

can be shown to have relationships .to: more tradi— '

~
i

ter, as noted later,

< _ '

tional psychometric indices and also to the H measures of LoevingEr ,
Lo - .

.

(1947 1948)

. , : ;é"
There may ‘be some concern over how the order is defined; so that the
JEtE

! above-diagonal sume are as large as possib]xe.' Fm; cdmplete datad, order—

.
-

‘ing io that 1 < h implies x, > X and <k implies n i ] n will lead to
largeﬁ: values for g, and v than any alternative. To proVe this, let

mt be the same as (21) except that items j and k are interchanged in

\f\ the order.' This means that certain elements which were above the diag-

%5

‘ _onal have been replaced by their symmetric counterparts.

Ass_uming.J < k,

k1l .k—l k-l k-1
T (38) v =v+ z In, 4+ fn,~- In ,~

| o mt nk " tamy 3K b=jnb1 b=y 3P

- Then i ' ’ '
? . | k-1 k-1
- (3_5) ,} vmé v+ I (n.k - na,k)_'*" 2:'(nbj =Ny

. N - 13-,
N '.




But-for'completeNdata
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* . ..<37)‘_ P A va+ (k - j)ﬁ'nk —iina - @k- j)“j"*' _E “b’

6

. The summed quantities are identical 80 vmt*F vm will'be pdsitive if
nk‘- nj is.a hus the maximum g and vm are attained when, items are. in
order of"difficulty and persons~are‘in order of.score;-respectiVEIy.

The- procedure ib not ‘as clear—cut whih the da\g are incomplete, but
-the formulation used in the proof can bé-used to define a maximizing or-

N der. Gixen the items in an~arhitrary order begin.by calculating v for /.;fl’f

N

that order. - For J. 1and k = x calculate v ';Vmc using the indicated a

34 . <.

'-“sums. If the difference is negative permute j and k. Then repeat the

E ‘process for all combinations of j and-k for which k - j = x - 2, permut- "
R ing,those items with‘negative differences. Then repeat with k - j = x = 3,
. and go. on. The outside—in" character of the process would‘g\pear to guar-

antee that the final value for Vo 1s the l&rgest possible one, but no

- proof of this conclusion is offered here. - . - o v

The vm index is- calculated on the order resulting from the above

]

' procedure and is recommended as an overall index of item consistency. 4
e The g -Index for person consistency would be calculated’ in a’parallel
Lo % .

. N
way and used to measure the even moqe important property of consistency ~

~4dn ordering of persons.
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‘ lCompleteness of Ordering.

Basic concepts L. S Coe :JV "

©
o -

' tant than its consistency, particularly as far as persons aregkgneerned

- - 5 S

;After all if persons are merely divided into two classes, one corsxsgﬁ gf

"‘of a single individual. then the fact that this is done with perfect con-.”A

f sistency-is:of~only minor comfort.» Indices of completeness are thus imr"”ﬁ
"'portant'adjuncts to indices of consistency.. Such indices are;considered\
: ’ - . - ‘. P . o ‘_‘ ..."

-in this section.

- s h

There are a number of ways in which completeness can be defined but’
;the most obvious index is the proportion of pairs for which x xhl\x 0.

A more general index is the proportion of pairs for which Ixih xhil

i whefe the latter is a criterion or threshold value as’ described in the ear~

lier section onvnotation. That is, we define indices of completeneSs of

.

.:'person'and item ordering as-rp and L respectively, where :

ih2_ ;

©8) L. TExk |
| fm(n-l) oo e

s
and ' »
. (39) L in jkz " *_ . | : .- ) 8

For complete data and criterion values of zero, this is simply the num~'

9«3 .

ber of pairs of scores’ and difficulties ‘that are not tied.' In that caseh

the two indices must influence each other. If there are y different diffi-

‘culty levels and the data aregperfectly consistent, then the largest possi-*

Al

‘ble number of different score levels 1s v + 1. If y+1<n, let .

:{; The gompleteness of the. ordering process is only slightly less impor- ';;

re




B R S
g oy + 1 _ L :

5/an$ let I be the largest int ger’ < b., Then the lar est possible value

K for rp»occurs when some I ydividuals are tied at each of x(b - I )

’ scores and Ib + 1 are tied at éach of the x(I + 1 - b) remaining ones.

r

This can be used to derive an up, er boun for ‘the numﬁér of different

possible scores given the item ifficul ies. This can be used as a de- :

Tty

be made in the denominator of (39) to adjust v, . for the scoxes.

Extended Implied Orders - 1 Kj .

IR

)

The preceding developments and proposals have been presegfed as ones

" which would apply to dominance matrices which were derived from either

Lo -y

complete score matrices or incomplete ones but in either case from those
»,ﬂ‘ ‘ itemrperson relations which were actually present in the data. Recently
it has been suggested (Gliff 1975} that the incomplete scorsamatrices

employed in interactive testing can be raised to higher powers than two.

\

These higher powers can be used t% complete the dominance matrices N and

-

- X when the score-matrices are so sparse that they do not do 80 themvelves.

The process can also bp used to compute the odd powers of A’ which will re-

sult in completion of the score matrices’ themselves.‘ The indices proposed

here can be applied to dominance matrices which are derived from such im~

R plied score matrices as_well as from N-and X themselves;'\
There are several different ways one could proceed in Completing dom~

inance'matrices. The simplest is to calculate ZNP and' ZXP for some value

of P and then calculate - the indices from these matrices. But.in efrect

"

this is as ifvthe score matrices were other than binary because, e.g.,

A . ; , . .
]

nominator of (38) in place of %n(n - 1) A chresponding adjustment can - .




‘_;di wrong by implgcation as well as directly.

. _score matrices as well as observeduones. T - P Lo

-~ ‘
P
o ‘ . =13~

“n N @), i S
. o | .

and the two factors on the right can be thought of as implied score ma*
trices, and they need not be’ binary.. ' * J T : V .

Q . . £y . .

A more consistent approach is to calculate binary implied score ma—'

trices. By the notation suggested earlier, for/ﬁiample> A3* is such a
- “a

binary matnix whose non-zero elements contain items which are’ right or?®’ %
,?

Corresponding N and X maf:ri-fé?wL

0
o~

. ces- can then be computed and the indices of consistency and completeness'.

l .

calculated from them. Similarly, A5* A7*,...could be derived using more

' remote implications, a&d the corresponding N and X matrices used to give

> N s

- indices.for them as well, Thus the.indices would be used for implied

.
s

. -
i
. ow

T, 'I'he question of how the value;€ in the criterion matrix’ Z are arrived

at is not dealt with here. This is the ‘major statistical inference prob- -
lem in tailored testid% how it is decided that a response to an item is

Different methods.of doing

predictable on the basis of other responses.,
: that lead to different implied score matrices and® the different implied

Until more de-

K3

score matrices will have different degrees of consistency.,
tailed analysis shows otherwise, it muet be borne in mind that some me-
~thods might lead to spurious degrees of apparent consiltency in the order-

ing. One of the desirable ‘chgracteristics of a tailored testing method

- would be that it not lead to such spﬁriousness, but the problem of how to.

: ensure.that4seems a difficult one.

o

- - M . - .
‘ . v - .
% ) -
' ~
. ° ' -
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Ordinal Information and Its Ralation to Traditional Peycﬁbmetrics

Variance and Dominance

*;' In the\complete case, the traditional psychometric indices of loca— -;

-

. tion, dispersion, and internal ccneistencyléan be related to dominance

%o be expected in

view of the fact that then the complement matrix'g can, be derived from S

meaeures, particularly those related to items.‘ This is

'V.’by numerical means (Equation 3) Using equations (11) and§(19)' - :
i X “ ,-'_.- . : . ' '_-‘,z

: (42) ..vn‘\-zx.i(x - xi) P . - | _‘ ) | . . "_' ‘- .Q-. o "‘ . \‘... .

Then since‘txi - di'and inv? n!%°+ noi . N : v,

4 vemE-® -m2 Y

Lo Iy
(4 2=%x-BH -T

shows the relation between variance and item dominance: relations. The re-
. i o - . : : : L - .

4

is dichotomoua, and tnen it 18 RE~F. In this case v will equal 2ero;

perfectly coneistent. If the items are of equal difficulty but not per-

attain, and it will be denqted

(45)7 ﬁ‘vb f n%(x - %)

'},
&




-~ i A ' . ' ‘-150.-

In the present context X(x - EX is taken as a fixed quantity, but it

8

1

o , _ . v N ,
also represents the appropriateness of the items,and persons for. each other .

. iin terms of average difficulty and score levels. Dominance'relations occur

A

insofar as items “and persons are appropriat to'each other' 1f items are
I

" too eagy or hard, then E’or x - X will be zero and no dominance will' occur,

-Bearing this as well as the preceding riguit in mfnd ﬁ’riance is;gropor_‘.

tional to- the difference between the number of.dominance relations ond the
- =N BT o ,

maximum possibla number that can occur.given the»%verage score.and diffi—.

BCS [ B > 7 . . . ” \ o
culty levels, o g 0 4] ' ;3
. 4 ) & PR o N

It may be noted-in passing thht b&’this » texpretation uariance ic a

‘.stant of proportionality for relating it to variance is n..

o

 Person dominance - S o o v
. g\;e;:,iﬁﬁffgggig curious that total score variance which is habitually
thought of as T ating to discrimination gmong persons, is found to relate

to ‘1tem dominance rather than person dominance relations. The la.tterq too,

[

are related to .a more traditional‘quantity. Consider (20);using b; = nj/n:

- n) =2 -
(46) 'an(n nj)' n Spj(l pj) K

Thus the number: of person dominancc relations is'proportional‘to the sum of

- b
‘the item variances. Krus (1974) and Loevinger (1947) note this as the re-

lation between ijJ - pj) and the number of discriminations made‘by the i-

temo . . : . 'v' ‘. ’

-

'_hg Kuder—Richardson formulas T <

It is of interest to interpret the Kuder-RichardBOn formulas 1in terms
s

"cof,dominanee. Suppose two items aré independent, Then the expected value

2




-« .
o S ' \
s ! v . | ’ -16‘ i .
: A a S - ‘ : ) ' oo .
of Ty is . . : o . 'y _— ;
(1:7) ' E(n k) -; “'k) :
Thié can be used to qeflne vc, an expectation for v cprfesponaing to the
‘ : _ . | C e
gituation of all items being independent. Y ’ ' ,
- . . ﬂ/
(48) v =3I I E(n,) . .
c k. P :
AR A }
- ' - ' . . -

or for complete data

. ¢ 4
-8

,Substitution and simplification leads to

Py A

Using our previous expression (43) for v iﬁterms of variance\\eads to the
M

(50) v, = nx(x - x) - nEpj(l

(49) v 1 ZIn 1 zn X ' .; R ) . -
iﬁj“ﬂ“.n:” SR /

difference o o S '
erene : R ® LT 4?
1 , o . 2 L
(51) yc v = nol - nZp, (fl, pj) .
3 T o | o
In present notation, KR20 is SRS ﬁ\% .
C o 2 . - | - . v
.(52) KR20 . f - °x ij(l pi?) ) | .
. gs .
. x

*

If numerator and denominator are multiplied by n, (45) aﬁd (50) lead direct-

o

ly to .

A}

.,(53)' KR20 = | x Ve~ V., \ -
x=1 v, "~ T>

#

Thus, aside from Ehe correction x/(x - 1), KR20 is the ratio of the differ~

1}

ence between the number of dominance relations and the number expected by

o

- chance to the difference between v an&vthe maximum possible number.-The cor-. s

i

-~ o

¢




imum possible valtie. 'fhe féregoing provides still another interpretation
of KRZO to go with the recent one provided by: Kaieer and. Michael (1974).

. : A second variety of chance expectation for njk merits consideration.

'Suppose all items were not only independent but of equal .diff‘iculty. 'I'hat .

"

-1ds, there were no true dominance relations at all, the observed bnes rep-

> resentlng simply random-events. Then 3 _> - .
L - '
! - - ] . : . '
(54)‘ E (“jk) . np(l_ p) . o o .
. - L : . / X - B | i . . R
*for all j and k. o Co : ) .
""_; ) ‘The obvious estimate of p {is T/n, so under thése assumptions *

¥ . (55  E'(n,) =T(n-T\/n |

’ . ‘ S ’ J( ) T )

Then we can define a second chance expeeta__tion for v:
(S6) - v'eE B e
L gt R
which 1s obviously - S
. . ‘
(57 v, = x(x * DA - B

. . 4 ) .
Since xfi = n¥ here. ) -

» . \ . .
(58) v,' = nX(x - %) - 0%(x - %) /x ‘
or t ' ' o ‘ o
. e Ve "=, . a o
. ‘Then
" . ) - ! [N
' (60) ERAER A ~nai - nX(x - ¥ /x .

Recalling KR21 in preseng notation lead;;_- to

(61) KR21 = _x V' =v

o -17m .

p rectioxi has the effect of making the ratio L@ity'- when v takes on f¢g min-




o ) _ ‘ l ‘ ’ . ‘ . "'18"'

Thus KR21l is the ratio of the difference between the number ofwobscrved

" dominances and the number expected underQindenendence and. equal di#ficulty
ot . - N )' R A2

. . . .
to the difference between the number of observed-dominances and ‘the max-

iggm possible number. o : : :
I - A .' ! .
The fact that the two principal KR'formulas can.be expressed&in terms

- -

of - consistency of item dominance whereas consistency of person is pregum-

\ . v

‘ably the goal of testing leads to an intriguing notion. ‘This is:that the

KR formulas should be replacé& oxsat least supplemented by ones"which'

expregs congistency of person dominance. Denoting these ‘as KRPZO ang/KRPZI
P P
the duality of items and persons leads immediately to

»

(62) KR 20=_n 8. T8 | -
. ‘? n —.l &, " 8 " ' : ¢
and )
63 Kr2l=_n S "8, | I
SRRV B “ |
’
. ‘ L
Here, ! T
. (6 g, =P L E(x) ’
“ i hfi
iﬁ which |
(65) | °,'¥ xi(x‘~ x) § -
,o . E'(’?:i;‘h‘) = x . o -

. .‘\ . N
and g', and'iéw are defined in ways parallel to vé, and vw, respectively.,

In terms of conventional psychometric quantities (o2 being ‘the variance of

the n,) these are expressed as

3. - |
(66) a By (n - n,)
o - iy 1“"“1‘2‘2'“1‘non SRR

22
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- (6P 3n-n

-

‘ It is conceivable that formulas - of the KR type eould be generalized

- to the tailored case, but no way of doing this has presentedqitself. ’The'

-

| difficulty is in defining an analogue of the Variance which 1s stricﬁly

comparégle in complete and incomplete cases. The»inhompleteness of the

data gives a flexibility which makes it impossible to: definesv ’ the maxi—v A

. mum possible value of v, in other than an arbitrary manner” The concept
of a total score is equally slippery with incomplete data. The ¢ indices,

on the other hand, depend only .on there being orders for items or persons.
) V .
They are calcuable on any order, even an'arbitrary one. Moreover, thE pxo-

eedure outlined above for finding an optimum order -seem quite straightfor-

ward Hence the c indices are reeommended as appropriate indices £or ag-
. [ 3 t
sessing interitem consistency ‘in both complete and incomplete casecs,

LA
Ca . ; 4 X .

Loevinger',iindices i
| Loevinger (1947) defines a homogeneity index H which depends ‘on V s
the variance of the present test; V om’ the variance of a perfectly eon—

- sigtent test; and Vh ¢ the variance of a test composed of independent -1~
tems, The latter are analagous in concept to v, and vc’ ‘respectively. The

_index turns- out ‘to be mathematically related to them.

The index H is defined by Loevinger (1947, P-- 31) as

j = X het T . ) S :
£ Viom ™ Vhet ‘

(68) - V.-V




. : Y
BN :
I ‘ t notati S, N R D .
n present nota on, . X : e L
o (69) Vhet =~lz ﬁn (n - n,) . SR - .
_‘ﬁv .- " T, n j j‘ ’ . ’ ) e .
G X ' ' : ’ ) & .
' "’ oo, ] TN . - .. :
o v =1 . e 82
ST hom Ez- annj nxnj (an)‘
* : e *’lv .
It is easily seen from the discussion of the KR formulas that
..(7_1,) f S c VeV e ' . )

Furthermore,‘froﬁ (26) and (50)" f‘ e ,

o e . o ’ D K

- . ¢ ’ " .
.’(72) n(V hom ~ het) SV T Vg ot o ¢ s\ ' .
T\ Therefore, Loevingerh index of homogeneity is
_ . A U W
(73) VsV o , -
| Heom v =v ¢ . S
c m. ‘ . , v e
This immediately suggests an index of person consistency defined in terms of
. - . . . R . NN .\\. . - .
the g indices: A .
‘ o R :
BN ¢/ y LB TE
y P8 T gy g NS
e The resemblance of Formula (73) tn the KR20 formula coupled with the
\ .

present concern with domiuance relations suggests a’ furthoer alternaiive. I
. there are no true dominance relations.among items, then the sample item
* dominances represent purely chance events, as in the analysis of the KR21

analogue above (Pormula 61) Then an alternati/e to (68) is

@5) ot ele T ‘ : ,
1 . . . 2
v Vv . . .

c m

24 : - 4
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o o ¢ ¢ -
- - ‘ ) °

-~ rd ’ -
v . AN

' . ) R S

» -8 * - - ) .. . . B

‘@ .- .. where v,' ‘is.defined as in (56). . ". . I AR

’ Still a third homogeneity index suggeats itself, one, in which v, “is ‘ o

“
* . 4

. . used as an origin rather than’ Ve O V. T 3~“ W
xc. . : o W T Y . . ) .
, v
- There would be correeponding hOmogeneity indices for persons ‘
! e . e r
: - ‘ /_ ] . P .
) (77) B'=g'-8g S A
. - : ,'o..' - . ' . - N
. - - :.gc . Sq‘ - :
o N ﬂ . - Y
* and . _ .

ETELL ,-"_ ) )
| ( 78) Hp =8, "8 Co . ) ,.
- .vo . . ‘ gw - g v ’ .. 4 . LY

The chance expectations v and gc ‘can be generalized to the incomplete -

' case, 60 H and: Hp could be uaed to evaluate the measurement proceea there.

s

That is, the definition embodied in E%ggtion (48) would still apply, and

it could be useﬁ to calculate H for incomplete datd. The individual . E(n
5 v
' are straightforward to compute but could he time-consuming because ‘they

3K

, would need to be baeed on only the persons who took both items. Eaaentially,
nis a variable depending on the j,k.pair‘rather'than.a constant. In a
conputerized syetemhthe-additional roquirpmont would not‘pose an inouper=
able difficulty. SomeVOf the simnlicity of the ¢ indiééo-would'he logt,
however, by the dntroduction of this complicat;on of computing not only v

and v, but vc as well. Thus the ¢ indiceo scen atill to offer advantages.

i Thf variations "

' and H “, on the other hand, become much too compli-
» ’ .

t
cated tg;deal with in the incomplete casc because of- the difficulty in de— !

%. fining v, which was noted above in the diecusoion of the KR formulao.

L+ 2K L

b BN . . .
B L N
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. Item Difficulty“A ‘ ; L. ;g;_‘ S o A -

1‘4 .t o , . i . o * i ‘ .v-«
i - Item~In§d§&atiou}'v L ‘- S? \\

'present'context.

. ing are obvious in the tailored case wﬁere the object¥of the, tailoring

b3 . Y .

The baaic information about items which ig of concern¢to the~tcst de-
' (3

.8 ’

- Veloper is the' item difficulty and discriminating'power. These are tradi- ,

ﬂ_ tionally measured by proportion passing, which is 1-p 5 in present‘ nota-;g .

T

'QAtion, and item~test ﬁieerial or point—biserial correlation* respectively.

" Here we deal with the question of what to use for these purposes in the .

A

The‘difficulties inherent in measuring difﬁiculty as proportion pass- _
coom 4 »

L]
v . -

_strategy is to keep-the probability. of correct reaponse as nearly congtant ’

L]

- as possible. This fact is the basic motive here although the case of com-

| .
lete data is conaiderﬁd first, We seek indices which not only make ingu-

1

o

4itive serse in the complete case but also in the tailored one.

One of- the theoretical innovations of«modern test theory 1o thc plac=-

ing of persons;and items on the same scale. This isrtrue not}onlgkgf the

o L)

traceline models (Lord and Novick, 1968), but also of the ordinal moéel .,

used here. The'introductory discussion made note qg;the fact that 4t leads

to a joint partial order of -items and phrsons. Analagous to the scale val=

%

‘ue of items on the ability conitinuum in the treceline models, we hava tho -

L]

position of the item in he joint order. i -

N

To specifywthis, i /gs neeessary to know not only the.itemaperoon'releé

_ : T : .
tions but the person-person and item-item ones as well, Here we make use

of the reclational matrix AP%,  In the oimpleot goe, take A + A%%, Then we

define ui as follows




h Y
v

- '_ ' ;23—

i
fthus the difference between an element svﬂnins over items and persons

. where the index i runs over both items and individuals. The gcore u 'is

3
- p

. , land its losses. o S .
For incomplete data, it .may be necéssaﬁy to. make uAe of a "Boolean _
“sum operator denoted’* Here, taijp is. thken in Boolean arithmetic.

e T‘*“Hm feto o

a o

I N -

c.n be used as a generalized index of the positionoof the item or person

i the order. If p is limited to unity, thenuip is proportiOnal to‘aj
- » N4 o PO ’

“'hVVF : right minus wrong score or)a fail minus pass index..

S
There Are a couple of additional points that can be noted.. First,

'3 -

”fitems and persons are treated together rather than,separately or differ—

R

ently. Second uip provides an alternative way of defining the appropri—'

"ate, item or péfs:: opder 1 ,order,to compute v, OF B -
. . 12N .
Discrimination In! ic‘s ’ S o

The obvious place to start in defining ‘a "discrimination iﬁdex" is

‘ witu components ‘of . the v and v . The total number of dominances involVing

¢ - ”

item 1 is T ' | 4
) X | | - . | "" . ‘ . ,‘ ’ .
(81) j kz (njk + nkj | | o _, ¥ .

e T . @

< S
.. v . ! \
X

“ o (82) .V .'-t =. nkj X n'., . o <) A ',Q

SIS S ST IELE

K4

e

The number»which are in thexappropriate'direction are ‘) _%>§




s

v

'  ngglefe Data 1;;.' R _" o

oy

Then v = &Zvj and v + ¥2vhJ' This immediately suggeats that ;.:i“
M . o L N .' ‘___.t : . . .

(83) 'tj | va = ¥
,. v :

\j . . . e : ' : A v’

is an‘index of consistency for item j

® , For a given item, if there is complete data, N
E’ X, + z. 8 Q‘ UL o
i 1 i o ‘ :
B which ia o ,_ﬁ _‘ e | . . 5 .
_ -.(355 oy, = Z(l?-‘s )x + Zs (x - X ) h .
: ‘f' ﬁ, ot R ) e B . J . 1 = J ) . _ i ’
T TThia reducea to the differende between the sum of the total scorea of
fé hose who got the item right and the sum for those who got it wrong, plus

5 .

xn e

. g . . - '3 - : v
h"“,‘ j : S : -I P)

’he minimum number of dominations for j, j’ is the gum of the above .

’.diagonal entriea for that item.

'7Fé~6)f" ,11>.- nkj

n
kmj | k-j+1 3“

-/

‘This* cannbe expressed in terms of the marginals by the same reasoning as

- for Vo

. 7blete;'

L »'Jl"'_:x
(87) .v - T : + (n -2 + l)n .
S m k-ln", k-j+1nk . S SRR B

Thus cﬁj;is computable from itemiand person totals when the data 1g com-

‘ Item~iﬁdiées of th.evHt variety can a}ho'befmsed; Recal;;mgiEquations

3
¥




UD e o), wedettme L
L .}"‘(88) i v - E(a ) + E( :] T
T kﬂ[“ 3K’ nkj SR

and so o - o :

~

- (89) A 'VCJ, L I:fn (n - nk) + Enk(n -'n ) - 2nj(n - n‘Z] T &

Then a homogeneity index for item j can'%e defined as -

a=

(9@0)... ' ,"ch vy | N C . : .
- - -V B : .‘_- '
OJ j ) ) . , ) ) .','.v X .

f*Using the second: type of chaﬁce expectation used in (54), i e., thﬂt i-

e {-
. tem difficultien _are all the same, leade to

(91) Ve g _Zﬁ._z-ﬁ(

¢ a Br-M,

,ann an_Htj may be defined pareliel to.Htj._ L -\
Surprizingly,‘Loeyinger (1947) did not use an Htj like the above -

to measure item conaistency. ,Rather, she made. an'intereating departure,

.in effect mea ring the change in g, not v, reeulting from deleting the

item. Thia is an interesting approach and has a good deal to be said

for it conceptually.» it may have been impractical given the computa-

-

‘tional facilities-available at that time to use her approach. On the

other hand Loevinger does use an index similar to (90) in meaauri g the

consistency between a pair of items.

" In comperingmcﬁj to Htj,btheiadvantage may lie'nith the latter since
the former will tend to be larger as items"difficulties'deviate from .5.
. : o .

 For Htj: on the‘oiher dd, the bias is, if-anything,‘in the'opposite Ei--

rection).
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L N ‘Parallel indices canibe developed‘for'individualel While persons

| are’ normally treated as 1if they did not vary in their consistency, it

His quite conceivable that in fact'they do. Certainly in,achievement

' tegts the difficulty of the items is 1arge%y a function of the manner

in which the éducational system is organized Individuals who take an’
achievement test\structured for a particular educational sydtem but nho:

vdhave participated in-a different one may well be: expected to have ilow = |
cpnsistency indices. To take account of the possibility of difzerent

consistencies for different persons, we define

"//]i‘ Y (92) cp& = 28mi'; . o | i !

, & T J
. ’ . .- ’ . :’) '3 ’
. Qnd . : : .
‘ 8oy " Bpy

@

' where the g indices are defined parallel to the-corresponding;y.

Multiple Alternatiyes' ) <

| In.the foregoing, it has been tacit1y~assumed that item scoring is
+  dichotomous: Right or wrong, endovse or reject, 1This 1imitatiom.is_not'

a necessary aspect of thevsystem,.and_in many contexts»it makes sease to

vconsider multiple alternative responses separately as items in. their own

right. There are a, number of possiblq(different cases; methods of treat-

» \
ing a few of the most obviqus will be suggested here. ‘ A .

B First, there is the-multiple choice item. One of the benefits that

may be expected to acrue from the computerization of testing is the even~- \\

tual demise of this type, but the limitations imposed by habit to say

~>
~

(.




' ,’On the other hand sij’- 0 and sJi = l fo! each correct alternative he !

‘nothing of investment, mean that it will be around for some time.

‘obvious thingrto do will.be to put in each of the alternatives as a sep- ‘

. pattern that should be used since we useq!las well as S
to do is to set Bij

faiis to choose and each incorrect alternative he doea choose.."

" be selected a person selecting ﬁhe correct alternative would have siJ =]

'for all fohr possibilities..

)wov.xld_have,si:l = 0 for the correct alternative ‘and for the incorrect one

' derived for each alternative.

| tually similar case 4s the timed item, which will be the, replacemen for '

the speeded tes“ if the computer ever does take over testing. The time

The -

Ty

-~

arate ‘item of the score matrixﬁ _Shis raises,the question of the score '

, A logical thin

[,

1 and'? = for each correct alternative the in-

dividual chooses and for each incorrect alternative he does not choose.‘

In the traditional fourbchoice item where a single alternative must

&

he chose, but sij = 1 for the two incorrect alternptives he did not se~-
In this way,. "difficulty" and discrimination information could be

A second class of multiple alternatives are those<mhere the choic\g;

lect.

form a logical scale of ,some kind (e g., never," "occasionally," YEra— 'f
N S

quently " "constantly")

tonicity for the alternatives a person who chooses an alternative would

be agsumed to have also chosen all less extreme alternatives. A concep-

’

+ |

it takes the individual to give the correct reapdnse is measured, and

A person selecting an incorrect alternatiVe -

»C;‘B

In such,cases, if it is logical to assume monol \\<
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~

3

\. alternativesgf An individual who responds in three seconds has paased" "
v‘ the ten-second and the five-second “alternatives and failed the two-.h
seco d and o;e—second ones. Thus the data is treated as if there were
’ plied 1ogical relation among the altetnatives. )
These are some possible’ methods of hsndling 1items which take ac-
count of multiple alternatiVes. Others may suggest themselves in the
f course of time and experience, .One thing that needs to be taken Ac-
| count of in evaluating the consistency of items is that the dominfffey
relations among alternatiVEs to the same item are necessarily perfectly
consistent. Thus they may inflate the overall eonsistency ‘estimates,

Thus v would have to be corrected for these intra-item dominance rela-

tions. ' , .: e RS

+

'Incomplete Data _ o

Thj!basic definitions of the number of actual, minimum, and chance

item domInance relations can be employed for incomplete item data Just

. 3 ©

sas they were for the total test. The problems and decisions are just

the game.:

_ o o ’ :
As noted before in the discussionmof v;‘vj is calculated from the
jk rather than using the marginals. Similarly, mj is calculated ac-
‘ cording to its definition (86) rather than the simplification (87, once
an order has been establidhed Finally, the E(n k) must be calculated
“ ‘on the basis of only those individuals who took both j and k rather than
for all. These qualifications mean that the item indices are somewhat
more troublesome to compute in thie incomplete case, but this is uniikely

. to cause undue distress since the availability of the computer is assumed
- v )

[}
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, The item statistics can be applied to the’matrices that include im- .
plied relations as well as to the directly obtained ones, The caveat B
that the method of completing the relations matrices may give an artifi—

cial degree of apparent consistency should be borne in mind, however. -

» .

- »-~Discussion

<

The deVelopments here followed primarily from considering the wrongs

Basic Rationale of the Approach :

matrix as well as the rights matrix, At. first glance, this is ‘a. trivial
addition to test. qheory, but it has several advantages. e .
A The first advantage of considering items passing people as well as

people passing items is a rather fundamental one. It provides a means of

-8
.

demonstrating that test data can produce an order in the formal sense_ of
avtransitive asymmetric.relation. If there is a Guttman,scale, then

A+ A2 14 npper triangular when the elements~are suitably ordered. Con~-
sidered as the adjacency matrix ,of the graph of a relation, it corresponds

o ~

- “'to the adjacency matrix of an‘order. Thus the correspondegﬁe is very

readily ,an’-' clearly estalilighed.

THe second conceptual advantage lies‘in the degree to yhich 1¢ empha-

\

‘sizes the duality between person and item relations.” Surely we arc not

-

interested in consistency of item ordering per se, but rather in congis-

tency and completeness of person ordering. Iteém relations are a means sto
the end of person relatioms. Use of the complete item-person domimance

matrix facilitates the uge of the duality in order to develop indices which

. - v Pl

reflect person relations.’
. o

r » .
Our primary mqgéxgtion here has been toward the development of con- +«

S
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"sistency indices which: were applicable to tailored tests as well as to

A

standard ones. Obviously, in that case, the wrongs matrix is not com—~

pletely redundant, There are three possible item-person relations now ;

+

" right, wrong, and.not~taken, rather than just two. What we haveitried e

to show here is that even in the incomplete case there are item-item and

person-person dominance relations and their consistency and completeness

-~ -

can be evaluated using just the same fundamental quantities as in the

".complete case.

Tﬁua,-a test theory based=on'the complete matrix of relations among

members of an extended set which includes both items and persons has a

'-number of conceptual‘adVantages."Not the least of these is that it prouj

vides medsures of consistency for tailored tests which are based solely . -

"'_ on the test items as they are administered in the tallored context.

Statisticsl Considerations

The developments here continue the unfortunate‘psychometric¥traditionu
of treating statistical data descriptively rather than‘inferentially.
There is no real justification for this‘excépt to say that an inferential
system. is pointless unless what it is attempting to infer is felt:to'be
worth knowing. Thercfore, a set of quantities areApresented which gre
argued to be important descriptors of a measurement system. .Unless'tﬁey

are accepted as valid, the additignal labor of dealing with the inieren-

tial problems that are involved is not justified. To stoprat the descrip-

tive level if the descriptors are accepted is equally unjustified. .

All that will be donc here in considering problems of inference ig

point out some of the statistical problems, First is the definition of

\

34
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- the ‘dimension of generalization, An observed value of one of the con~
P sistency indices is, based on.a sample of iteme and a sample of perBOns..

‘In tailored situations, it is. furthermore based on a sample of the item-

. 'vperson relations in the aample. Thus ia addition to the problems of in-
: Yy

ferring the value of ome of the consistency indices for the wholeépbpu~
lation of items from a sample of items or for a whole population of . per=
sons from a ‘gsample of peruons ‘we have that of inferring from 2;sample

,r//' © of peraon—item relations to a population of person-item relati ns.' The

‘.

ffact that item—person relations are not sampled randomly in a tailéred

test but rather are chosen by somé scheme which hopes to optimize the

selection makes the 1ast 1nferential problem an especially thorny one,

5

EValuating the samp ing characteristics by Monte Carlo method might be
the only feasible mé¢hod, with conclusions that are consequently sensi—

© tive to the éesign of the sampling experipent, J“
a There ia at least one problem of probable bias that should be pointed
out, This has to do with v and 8y Items and persons are placed in or-
der on the basis of sample data, so the true order may be different from
the sample one, The sample order minimizes rmband 8ys 80 sOme inflation
can be expected in the population with consequent shrinkage in consis-
tency indices. A correction for this effect may” be feasible, at least

5 ‘

in the case of complete data. .,

e :
It may well be that problems of statistical inference will not be,

soluble»without the adoptiofi of explicit statistical model relating item-

& .
person relations -to underlying parameters. This has been the routc fol-

W lowed by modern test theorists who have followed the traceline or item

4
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A
) 8

charaeteristic curve routes (Birnbaum, 1908, Lord and Novick, 1968, Laz-'
arsfeld and Henry, 1968) Thie will be unfortunate since the accuracy

s .. of the, inference wixl depend on the: accuracy of the statiutical modol,

" ‘-,

and that will be very'difficult to- assese. LS

Relatione between Item and Berson Mbasures

,~,

In ‘View of the fact that the various v, g,,and c indices are based

‘on the same basic data, closer relations among them might be expectedz
. The only direct relation shown is that‘inter~re1ating v, 8 Vs and 8e?

"

Equatton 98. N o
(%) g -TEmv, -FV
Furthet.work may well uncover adlitional onee. This would be a desirable

. outcome, particularly if 1t linked item and person indices more closely.

That would permittthe estinatieg;of one caonsistency index-frem the other,
and might thne provide eupport for the uee of iten consistency to‘esti¥’ ;
mate nerson consistency, - |
\ ., o Review and Conclusions - e g
. The fundamental premise here is that the set of binafj relations be-

tween persons and items which is theleutcomo of the administration of a

test is-usefully'considefed ae a graph (ef. Harary, Cartwright, and Nor-

“nmn, 1965). The adjacency matrix of such a graph 1is items-plus-persons

by itemSaplus-psons with the rights matrix S a8 one part and the wtonge
matrix ¥ as a symmetrically placed second part, as shown in Equation (1)

(1) -10 / ‘ : .
A= ' . . ' v = -

O - . . ) ' : 36 . 14
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If the score matrix haa Guttman form, then a formal correspondence

between auch a graphﬁnatrix and the graph matrix.of a partial order _can

be clearly demonstréﬁed--“x&-' _ 5lefl

’;_ The matrix A2 contains the number of itempitem and personrperaon U

dominance relationa' A v_rQ

A N 0 , "‘:-
2w 0 |
' 0 X

e

‘Then theré are two fundamental measures of dominance - - . ,
'(15) © v = IIn T L ‘ (/,/¢f
Rl Pl Y

v (16) g xzx A ‘

' S . ih .

,;k; whefe nJETQlll Be tpe nqmbe:'ef persons who get j Q}ongvand.k-rigat, and
Ry will be the number'of iteéa person i 8ets riéht which h gets wrong.'

s

1f the data are of Guﬁtman form, then ~for j < k and
My T i

4

for 1 < h. 1In that case, v 'and g will take on the ualues Vi and g y re~

spectively, where e : ".' .
N -
(2L) v =% fn, ,
m Jey dE -~
and .

22) gy~ Ix

1f there is no dominanee at all, then n nkj dand Xy xli for all

\

pairs of each. This suggesta the following indiees of consiatency o
item (ct)'and\peraon (cp) relations,
- . . - . -
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A tailored or - computerized testing situatiqn 18 one where it can be

true that Bij . 0 and ﬂ’ =0, i.e., the person dGes not take the item.
-"A useful aspect.of the foregoing measurea and indices is that their def-
I . e

_inition is equally valid in that case. a’,‘j

Additional apecial cases of v and g are. v, and g “and Ve, .and &, The
gI‘ ’ . .
v, and g are expected. values of v and g under the assumption of iﬁdepen-

‘ o
LJ

dence: - .
. (48) % c =1 kz E(n jk} e ‘ .~ ; . 7 .
‘  ea J .-d . .
| St ’ :
e . _
(64) ‘g, =% I E(k,.) -0 R
. C 4 et ih’ | o .

For .complete data,

Fron ’
N

. . - * n,(n~n) |
i @D E%Q_j n%,., | | o
;' and” ‘ ‘ n{;x/(\\ ‘ﬁl o SR L
L : ‘ . » 'x - ) , e
_ (65) ©  E(xyy) = —i—?j“—- o

where nj 1s the number of‘pccpleAwHo get ‘item J wrong and k right and EH

orrect. In the/tiilorea case, the ,

.

» but Dy Xy X, n and x must be re-
defined 80 as to. count only pgrsons orﬂitems who are in common,

'Using,vc and gé, a pgfr of congistency indices: are

. (73)  _u =Y

38




:H is identical to Loevinger 8 (1947) homogeneity index.

) i t v
¢
4 4 —35—

and s A

) ; ' . - v .H'v~ ) )

) (74) Ho=8-8 - ' .

. \ P - ,, . . _

o gm gc ., . ,» . - N ', .

Again, they .
are defined in both conplete and incomplete cases. o

'

The quantities v, and g, are the maximum values of v and g. These

¢
'are clearly defined only in the complete cagse since. for incomplete data

s ' .
Thus the KR formulas cannot be generalized to the tailored ase unless a -

means can be found to generalize v, . ‘ ' _ ' '(,’

Eor complete data, there are other simple dnd imp;rtsntlrelations
@) v =Ex - ) o T
and

G g=inm-n) .

- ]
. . , .

v 39 | | ‘.v' “ ’ ‘.‘ .

- the definition of a maximum would require elaborate analysis. For com—_f
| N , | o
plete data, they are | \“r
N RS -nﬂx-‘)'ﬁf e .
and 8, ia defined similarly. ',' C e . . .

The familiar KR20 formula can be expressed in these terms ) ‘ ‘S!,‘;;,
CGD R0 = _x "c“}' N S A
e, t x=-1 v =-v o o - :

L3 ’ w N J." - ©
‘This suggests a-pe;son consistency index parallel to KRZO,. | v' .
6 . k20=_n %8 . -
S n-1g-8 "' X D




.They are usable in complete as well as incomplete cases.

!

- (25).‘ vm -.- i(n: - ‘2.1 :T' 1)ﬁj, .

RN

N st ialaes -

.. - . ,
. ke v
Completenese of crde;IEE\ia\glgost as important as consiatency. Thus,

- two- completeness indices were Buggested S B
b + ¢ . . : . ; )
. N . e * 1.
(3 T m"m g *
,4’ . 7 . ;ﬁn(n P l) . . 4 i :
. o _ | .
= *
A.€39) r, EEn%, | . |
‘e . !ﬁ‘x(x -~ 1) . ) , .

.

»

Item indicea of censistency were also proposed. Ueing only thgse

parts of the sums v, v and v, which refer to item j, indieeﬂ parallel

to ¢ and H were-derived

t.

83) e, = 2vm, - ) o

tg 1. 1
Y
J\ o
and .
(QQ) | ntg o vI - Vcl .
' ' . * v, =Y :
K < . n el

“

These can be used for the selection, delation, and evaluqtien of items

in either the c@mplete or incompleto cade.: . L
It was also pointed out thqt the measures could be applied te data
where, in the tailored case, some of the clements of the scorc matrix

-

. . ) . 40 . o . m.(‘




'have been entered by implication rather ‘than directly. This prOCeduﬂé has

been suggested by Cliff (1975) ‘ds" an approach to computer—interactive

testing;- It was ﬁoted hOWever, that the meﬁhods for filling in entries

»

~in one ofsthe,score matrices may induce an artificial degree of conifs—'
tency to the data, - R - e

’ Several aspects of the utility of the system proposed here wer%

-

- diseussedialong with suggested methods of handling'certain kinds_of*dataa;’o

R 'l» ",. . o ,37a
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