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A Basic Test Thpory Generalizable to Tailored Testing ,

The available methods or strategies Or tailored testing seem not to

include provisions for a self-contained evaluation of the test. They seem

.

to make little provision for estimating anything analogous to a KulliwzRi
.

.

chardson (Gulliksen, 1950) or alpha (Cronbach, 1950) reliability of the in-

strument itself in the tailored context. Rather, they assume, the availa-

. bility:of precise item siatiotics derived from other qouTces. ,The basic

obstacle to deriving ouch consistency information comes from the diehculty

of handling the incomplete nature' of the item response datr n the tailored

or computer interactive testing case. An attemptiill be made here to pro -.

vide ways of filling this need by suggesting-a,way to conceptualize the'.

oyst4m.

There is a point of viw which 140 on testing op an ordering proceoo,

ordering persona with respect to each other or ordering peroohsrelative to

items or tasks. The fact that what Coombo (1964) cello "a dominance rela-

tion between members of differelit nets" can load to a formally consistent

ordering has een known for avanoiderable time..Guttman (1941, 1950) wao

the pioneer, but the work of Loevinger (1947, 1948) repeated and ex-
%

pandtd on many of those principles.

Recently, there has been a revived interest In ordinal tenting concepts,

e.g.,Ducamp'and Falmagne (1969),Airaoian and Bart (1973) ,Bart and Kruo

(1973), Krus (1974), Cliff (1975). These papers include reformulatiorio and

elaborations on the use of binary (right- wrong) information to develop or-

dero
!

and they lead to the formula ono preoented here, It can be shown that

a Guttman ocale leado to a join- partial-order of peroono and items. Exact

0
'Guttman scaleolike other partial orders -- rarely exist in nature, and then

o

4.4

4%.
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onlyin artificial environments, btqt approXimations to them are not uncom-

lama. The'4egree to which a gliven matrix of relations resembies.a partial

order can be measured, and these measures will be proposed aeindices of

the conbistancmof meadurefent of test. In the case of complete data,

'Dome of Chest measures will be found 'to be related to the familiar Kuder-

Richardson (KR) forilip4 (Gulliksen, 1950).and to some proposed by Loevin,

,ger (1947), New interpretations of those formulas result. Some of the

measures will be new, and it will be contended that they are more relevant,

than the. traditional ones, as measures of order.

The formulationo lead quite directly to gegeralizations,whiCh are ap-,

aa tplicable to the ificomplete ta--tailored or computer-interactive--caoe.

That cO; measures of the internal consiste4T of responses devel-.

aped which are entirely self- contained in the tailored testing proceoo ra-

ther than relying. on Outside information.

Notation did Boole Pyinciples

The baoio.of recent developments in tests as ordering instrumento it,

th.s.,conoideration of the score matrix astitems-plus.lersono by items-131110-

/croon° rather than °imply itemo by persops. Then a Andicateo a domi-

nonce relationof row element over column element, regardleos of whether

item or peroonio'dominant. The following conventions are used in later

developments.

The matrix S contains item - person responses with s
ij

413 1 if peruon'i

anowers item j correctly; / 1, 2, ...n; j m. 1, 2,, .4e. io a matrix

of item - person responses with lei./ 1 if person i anowero item j,incer-

S2Etia.

6



0

° A is a supermatrix:

(1) A -vs 0 1.1
.

. S 0 j .0v e

,
c-- y

where 0 indicates null sections.aneb' is the transpose oft .Thus thd el,-.,.

events of A indicate dominance relations of row., element. over column element,~

regardless of whether the elements are items or persons. Item-item and pert
4

son-person relations are always 0-0 because there is no direct observation

of these relations.

For cpmplete data S and arecomplements,

(2) s
ij

.8 1 - 'if

In matrices

(3) S to 14' .-; If,'

where ]I, as eisewherepelow, denotes a column of 'unities. The complementary

relation does not hold°in t iored testing where some ellments are zero in 1zvai

both matrices because t e person was not presented the item.

The ordinary matrix product of A with itself is denoted

(4) FN

' () X

Note that all even powers of .A have the general form Of (4) Wherean the

odd powers resemble (1). The scalar notation a
iip

' denotes the'ij element of .

AP. .In (4), where

. (5) N m dg' S,
O ,

111

the element n is equal to lie number of persons who getis wrong and j right,.
.

.

kj

i.e., the number of times item k dominates j.. . imilarly

7
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(6) x- SW'

Q

-4-

is a person-dominance matrix, with element x
ih'

and contains the number of

times person i dominates person h, i.e. 'the ;umber that i gets right and
.

h mrong.

c

Total scores are also used:-

(7) ' X = S1 and

(8) lc INT).

Similarly,

f

(9) N = 1'S and

(10) Se-i ==

/,
Thp vector Ni should be noted as a difficulty score, the number of, i-

tem "wins,, ", not thOnuMber passing:as is more typically used.

fl

For complete data,

(11) x
i

x -i, and

(12) nj n

but again threlations do not hold the missing data case.

Use is made of the "Boole "an powers" of A as well as the numerical ones

'particularly in considering the logical properties of the relations. Here,

the matrix multiplication uses Boolean arithmetic in which 1.4. 1 = 1, 1 +

0 + 1 = 1, 0 +.0 = p; 1 1= 1, 0 1= 1 .0 = 0, 0 0 = 0. Such powers
43*

are denoted by having the exponent in parentheses

(13) A(2) .

0 Y

-t.
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where D and Y are the logical counterparts of N and X, respectively.
f.;

Still a third form of pewers of A is. used,-AP* in which binary en-

tries resord therelation between the elements of AP and some threshold.
1 .

values for them.' Let 2..11 be an n + x by n + x matrix of threshold or cri-

terion values for A. Then I

(14) :AP* = (AP > ZP). A

That io, a* 1 if aip > ZF'' and zero otherwise. On occasion we may
t

have cause to refer to, the aubmatrices of AP* as S *, 1 *, N*, or X*and

'their elements slklj, etc.

ThusA(114) m, -AP* if ZP 0.)he matrix ZP Could also be a constant
/

-ouch ,ao 2.0 ifi for example; it were felt that at least two connecting re-

lationo'ohould.be necessary to imply that i dominates h. Krus (1974) in

effect definpojtzih., as the number of .relations necessary to shbW'that

"Significantly" dominates h.

The foregoing are the main notational conventiono-that are used be-
.

low. A few additional oneo are introduced as needed.
0

Indices of Orderliness

Perloon i "dpminateo" person h when he gets an item tight which h geto

wrong Item j dominates item k'when there io q pdroon who geto j wrong

and k right. _The dominance relations are conointent ingiofar ab they occur

in only one direction, i,e., are asymmetric rather .than there beingin-
,A

dtaneeo of both j dominating k and the reverse. Thio io what Jo meant by
d

reproducibility in.& Guttman ocale'(Guttman 1950). If the'objective of

:the meaourement proceoo io to order peroono or items or both, thdo ordering

ohould be complete ao well ao conoiotent, at laast in most inbtanceo, for

:
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-inconsis-

tent

highly incomplete ordering is almost as.Oseless as a highlyinconsis-

'7-tent one. Consequently; indices ef completeness as well an consistency

are called for.

A useful consequence_of-thaUse of the complete matrix A rather than

simply the rights, matrix S is that every index derived for items implies

a parallel one for persons. This is a complete dmility as substitution
a

of items for persons and-vice versa in any'formula.,or theorein will result

in a, legitimate parallel formula or theorem. Indices deriVed,for Items

will often turn out, to be related to traditionarstatistics and formulas ,

although it will often be argued that thevarallel ones for poisons aro

actually more relevant to the purposes of tesgngo.

The number of dominance relations

4
Fer the most part we will concentrate an equations relating to the nu- .

4

:merical mode of 3peration implied by'gquations 4, 5, and 6. although the

more valititive formulat.ons of Equations 13 and 14 will be returned to

later so that some analagous measures can be proposed.

The primary doMinance information'is-simply the &number of elemintfl in

th6 person matrix Wand the item matrix X. We deilote these quantities v

and g,'respectively:

4

(15) v ZEn and
jk

(16) g EEx
ih

In matrices, these are

(17)

(18) g m 1 ( ).1

v ==, 1'(g'S)1 , and

.
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,respedtively, So ,that relocation of the parenthdses,makes.it clear. that

(10) v tx

(20) g = EY-11 .

Minimum er of dominance relations

d

Now Suppose the sum takes place only above the diagonals of the ma-
,

1

trices:

(21).. v twEEn ,m jk

(22) g
m

7 E- E'

xihi h>i

If the items or persons 4refin the appropriate order, and the data are-per-

.
feCtly Consistent, then the matrices will be upper triangular, and,v will

equal vm and g.will equal gm, otherwise they,will be larget.. This suggesia

the ratios g /g and v /v as consiw theytency,indices, but th have the drawbachm .m

that they will tend to be fairly close tp unity for most data, as the coef-

ficient reproducibility is. They.46, howOver, havethe advanthges over the

latter of having term S with a clear interpretation and being straichtfor-'

ward to compute.

The indices vm` and gm can*be computed froM the marginals without ref-

erence to'the njk at all. If the data are consistent, nkl c2 0 for 1s >.j.

Subtracting niij from each term of (21) gives

(23) -v
m

E, E (n nk)
j k>j

But njk nki nk
0

(20, v = E E (n4 -fnk) .

j k>1

.1
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Ok

This redu sto'

or

(25) .vm E(n - + 1)r

4111P

(26) v = (x + 1)Enj/- 2

Similarly,

(7) E(x -2i + 15 xi
4

,
-Thus, not"necespary to <abtually have

pute vv
m , gi or g

1!,4

4 o

1/4,01 I.

the N or :: It matrices to zom-,

An obvious correction term to apply to g
mfg is to assume that there.

. . !

,.-
i no.;.0r4er, everything Is equal. Then n

jk
antra

kj
are both! estimated of,..

the saMe-qEa'-ity, vjk,'and xih and.
xhi similarly estimate xih. The eot-!.

.

.

. ,

imate e combined.by averaginge' , the quantity of. interest would tam be
.

.. .

the de6ree to;:which't4e,nik aild,xih- exceed these estimates, replacing --

- quations.2,1 aza .1.7uh ,., ..0., ,
. ...

,

*s., A

o_

(28) E - (njk ') , and
k>j

.4'

. (29) g E xih -
xhi)1101,

When the-suyon are distributed, this results in

V m V
mt

(3].? got gm - kg .

. I

The maxima for these two quantities would bel:v and %g, respectively. The
(2/

use of those latter qdantities ao denominators leade'to the follovingindiceb

a



of consistency:

r 2v
c = m

'is an index of consistenc of item
.

(33) c 2g

P
g

is an index 'of consistency of .person ordering-for

. Application to Incomplete .Data

Allsof calculations` .necessary for c and c Can be carried out

for incomplete as well .as- complete data, but the definitional equations

15, 21, and 22 must be used instead of the siMplifidations. yThe let,-

ter, as rioted later, can be shown to "have telationshiPs to, more tradi-
,

tional psychometric indices and also to the II measures. of Loevinger

(1947, 1948).

( " 7=*: --.---.---t-':
. There may be 'some concern direr how the order is defirieS;scr that the

t

above-diagonal sums, are as large as possible. For complete data, order-

ing o that i <'h implies xi > xh and j < k implies ni nk will lead to

large {fir values for g
m

and v
Ja

than any alternative.- To prove this, let

v
mt

be the same as (21) except that items j and k are interchanged in

the order. This means that certain elements which were above the diag-

onal. have been 'replaced by their symmetric counterparts: Assuming, j < k,

k-1 .k-1 k-1 k-1
(34) vmt = v + E'rika E n t nh -En41,

Ja=j °a=j a b=j b=j

Then

(35)

k-1 k-1

mt vrisi (nka n
) E (nh4

a=j b=j



But for complete-data

So

1;

(36)
11.1(d. ak

ft

an,
a '

<37) vmt = vm + (k - j)n1
1c-1 k-1.

4 J)114+
ai jnb

The summed quantities are identical, so v
mt

v
m
willi)e positive if

nk nj is. Thus the maximum gm and vm are attained when, items are in

order of difficulty and persons are in order of scorevrespectidely.

The- procedure snot as clear-cut whin the data are incomplete, but

-the formulatibn used in the proof can 1,6 used to define a maximizing or-
,

der. Giken the items in an arbitrary order, begin by calculating Nm for

that order:

SUMS.

For j = 1 And k = x calCulate v
m mt

- v -using the

If the difference is negative permiute j and k. Then repeat the

process fOr all combinations of j and-k for which k - j,= x 2, petmUt7

ing those items with negative differences. Then repeat with k - j =,x = 3,

and so. on. The "outside-gnu character of the ptocess wouldct.ppearto guar-

antee that the final value for v is the largest possible one, but nom

proof of this conclusion is offered here.

The v
m index is calculated on the order resulting from the above

procedure and is recommended as an overall index'of item consistency.
f

The
t

g ,index for person consistency would be calCulateein a"parallel

waY and used to .measure the even more important property of consistency

.in ordering of persons.

14



'CoMpletenegis of Ordering

Basic concepts

The completeness of the Ordering process iS Only slightly..les; impor4.
0:

tent than its` consistency, particularly as far as persons are/...ancer#ed.
t.

After all, if persons are mereli divided. into two classes, one- -cone

of. a single, ndividual, then the fact that this isdond with perfect con-

N.

sisiency is of -only minor comfort. Indices of Completeness are tilde,

portant adjuncts to indices of consistency.. Such indices are considered.

in this section.

7here are a number of ways in which completeness can'be'ddfined., but

-4.

the'most,cbyious indei is the proportion of pairs for which Xih xhi^) O.

A more general index is the proportion bf'pairsifor which

where the latter is .a criterion or threshold value as described in the ear-

lier seCtiononnotation. That is., c.4

person and item ordering as r and re

and

(38) EEx*r - EEx
*ih2

.124 1/2n(n - 1)

(39) ,',EEn*
jk2

kii(x -- 1)

define indices of completeness of

respectively, where

For complete data and criterion values

ber of pairs of-Scores and difficulties that are not

of zero, this is simply the num-

the two indices must influence each other. If there

culty levels and the data are'perfectly consistent,

Jae number of different score levels is y + 1. If y-+ 1 < n, let

tied. In that case),

are jr different diffi.-

then the largest possi-g.

15



(40)

y + 1

4,4tndlet I, be the largest int ger" b.. Then the lar est possible value

for r occurs when some I, 1?dividuals are tied at each of x(b - I )
P D _ b

scores and Ib + I are tied at da h of the x(I + 1 - b) remaining ones.
-0 A.

This can be used to derive an upper boun for the numter 41f different

posSibIeeCores given the ,item ifficul ies. This can be weed as a

nominator of (38) in place of 1/44(n'- 1) A corresponding adjustment Can

be made in. the denominator of (39) to adjust vt. for the scAes. ,

Extended Implied Orders

-- The preceding developments and prOposaIs have. been prese ted as ones

whiCh would apply to dominance matrices which were derived frOM either

complete score matrices or incomplete ones, but in either case #rom those

item-person relations which were actually present in the data Recently

it has been suggested. (cliff, 1975). that the incomplete score,matrices

employed in-interactive testing can be raised to higher powers than.t0.

These higher poWers can be used to complete'the dominance matricea:N and

X when the score matrices are so sparse that they do not do so themselves.

The pfocess can also by used to compute the odd powers of A which will, re-

sult in completion of the score matrices themselves. The indices proposed

"here can be applied to dominance matrices which are derived from such im-

plied score matrices as well as from Nand X themselves:

There are several different ways one could proceed in Completing dom-
.

inance matrices. The simplest is to calculate RIP and'EXP for some value

of p and then calculate-the indices from these matrices. But.in ef2ect

this is as if the score matrices were other than binary because, e.g.,



..(41) N3 = l'grs)(Sig'S)

-13-

and the two flictors on the right ,can be thought of as implied score ma-

trices. , and they need-not be-binary..

A More consistent approach is to 'calculate binary implied score ma-

',trices, By the notation suggested earlier, for,Akample-, A3* is such a

binary mattlx-whose non - zero eleMentErcontain items which are right or'`

wrong by ikpltcation-as well as 'directly. COtreefonding Wand X

ces can then be computed and the indices of consistency andcompleteness

Calculated from them. Similarly, A5 *, A7*,..;...could be derived:using more

remote implications -and the corresponding N and X matrices used to give

indices for them as well'. T1ius the, indices Would be used for implied

score matrices as Well'as observed ones.

The qUeation Off how the valuesin the.criterion mattiVZ are arrived

at'is not dealt with here. This is the major statistical inference piob-:

lein in tailored teStink how it is decided that ;a response to item is

predictable' on the basis of Other responses. Different methods of doing

that lead to different implied score matricesand'the different implied

,score matrices will have different degrees of consistency.; Until more de-

4'

tailed analysis shows:OtherWise, it Must be borne in mind that some me-

thods might lead to spurious degrees of apparent consistency in the order-

ing. One'of the deSirable'chvatteristics of a tailored testing method

would -be that it not lead to such spuriousness, but the problem of how to.

6

ensure that-seems a difficult one.

4
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Ordinal Information and Its lation to Traditional Psychometrics

Variance and Dominance

In the,complete case, the traditional psychometric indices of loca-

tion, dispersion, and internal consistency.. ad be repted to dominance

measures; particularly those related to items. Thi'd is to be expected in
.1

view of *the fact that then the compleMent matrix'' can, be derived from S

-'!iy,rnumerical means (Equation 3) . Using equations (11) and X19)

(42) v Ex (x - x)i
Then since 'Exi. In PFC and Exi rge' na2

(43) v am,ffilf(x - 2'
x-

041
.

/

(44) d2 = - _.17.
Iv n

.

lir

,shows the relation between variance an item dominance relations. The re-

lation is,complementary ratherhan d rect which is counterintuitive at
10

a

fitst:glance.

The .maximum posdible value for a2 occurs when the score distribution

0

is dichotomous, and then it is x x In this case.v will equal zero;
0

there will be no item dominance r ationa. Thi's peens 411 items have ex-

actly the same score profiles;th y will be equally difficult but also

perfectly consistent. If the items are of equal difficulty but not per-

fectly consistent then will nit attain this maxiMum'value.

Looked at the qther,way, (x - v.) is simply the maximum value v can

attain, and it will be denoted

(451 Q v47 rig(ic

18
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In the present context 51(x - x). is taken as a fiXed quantity-, but it

also represents the. appropriateness of the items and persons for:eadhother
.

Dominance relations occurin terms of average difficulty and score leVe

insofar as items and persons are appropriat each other; if items area

too easy or hard then X' or x - x will. be zero and no dominance will occur,

t
.Bearing this as well.as the preceding res t in mihd :wiance is propor7

- -,
tional'to the difference between the number of.doMinance relations and the

maximum possible, number that can occUr given the. -average score.and ciffi-

culty levels. 4

It may be noted-in passing that by7thia ntexpretation variance is. a

pure:number, a uni9ess scalar, since v has arsons as units and the con-

.stant of proportionality for-relating it t8 variance is n..

)-

Person dominance.

It has curious ihat total score variance, wfiich is habitually

thoug t of as r acing to discrimination qmong persons, is found to relate

to item dominance rather than person dominance relations: The latter;, too,

are related to,a more traditional quantity. Consider (20) Using p, n /n:

(46) Eni(n - nj)1m, n2Spi(1 - pi)

Thus the nughberofTerson

the item variances. Krug

laLon between p - pj )

tern.

j

dominance 'relations is'proportional to the sum of

(1974) and Loevinger,(1947) note ehis as the re-

and the number of discriminations made by the i-
.

Tie Kuder-Richardson formulas

It is of interest tp interpret.the Kudai-Ric4rdsen formulas in terms

of dominance. Suppose two items are independent, Then the expected value

,1



of njk

(47)
1

n
n
j
(n - n.

-16-

This can be used to define v an expectation for v corresponding to the

situation of all items being independent.

(48) vc E E 8(n )k
j kfj .

or for complete data

(49) . v 1 EEn4Sik 1

j

En4W4
n jk J J

,Substitution and simplification leads to

(50) v
c

24(x - 2) nE p .(1 )

. Using our previous expression (43) for v 40"terms of varianceada to the

difference

. (51) ye - v 4 ncr x2 - nEp (1 - p )

Th present notation, KR20 is

(52) KR20
x

2 "2 nn (1 )

(ox 9; vl )
a
x

If numerator'hnd denominator are multiplied by n, (45) and (50) lead direct-

ly to

(53) KR20
v

x vc .

x 1 vw - v

Thus, aside from the correction x /,(x - 1), KR20 is the, ratio of the differ-

ence between the number of dominance relations and the number expected by

chance o the difference between v and the maximum ossible number. -The cor-_

20
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rection has the effdtt of making the ratio t.Tity when v takes on it:0 min-

imum possible value. The foregoing provides still another interpretation,

/
of KR20`to go with the recent one provided byltaiser and,

.

Michaele( 9-74).

A second variety of chance expectation for nik merits consideration.

Suppose all items were not only independent but of equal difficulty. That

-As, there were no true dominance relations at all, the observed Ones rep-
.

resentlng simply random'-events. Then

6

(54) E'(n
jk

) np(1 7 p)

'for all j and k.

'The obvious estimate of p is n, so under thdse assumptions

(55) E'(n ) - El/n

Then we can define a Second chance expectation for v:

(56) - v
c

= E, E
n(n E)/n

j kOS.

which is obviously.

(57) .1F x(x = 1)15(n - TWa'.

I

Since xE = nlrhere

(58) vc' - d(x - - n!(x 10/x

or

1(59) v a, (1 - -
x
)v
w

,

`Then

(60) ml-na2 - ra(x - 1) /x .

Recalling KR21 in present notation leads to

(61) KR21 st. -
x- 1 - v

s,
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Thus KR21 is the ratio of the difference between the number efoohserved

dominances and the number expected underAndependence andeiTal di2ficulty
4

to the difference between the number-of observed deminances and-the max-7,

imum possible - number.

The fact that the two principal*lpt formulas)Can.be eXpressed.Zin terms

of consistency of item dominance, whereas consistency 9f person is prepum7

ably the goal of testing leads to an intriguing notion. .This is,that tixe

KR formulas ;3hould be replacdd, Oridtleaat suppleiented, by. ones which

express consistency of "person dominance. Denoting these es KR 29 an9tER
P.
21,

the duality of items and persons leads immediately to

(62) KR 26"r. n gc g

n 1 gw g

and

(63) KI021 n g
P n 1 g g

Here,

(64) g E E(x )
c 14i ih

4

ifi which

(65)

ESiid w x
.

and grc , and gw are defined in ways parallel td and V w respectiVely.

In terms of conventional psychometric quantities(/1 being the variance of

the nj) these are expressed as

(66)
KR 20 mg

.n - 1
1_En

(n - n
1
)

nAcrtn

22
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(67)

KR p21 n - j'H...71Ktiiian 4.'
[I

101

-19-

It is conceivable that formulas of the KR type could be generalized

to the tailored cane, but no way *©f doing this hag' prqsentedJ.tself. The,'

J *

difficulty is in defining an analogue of the variance which is stricfly

comparable in couiplte and incomplete-cases. iniompietenessof the-
.

data gives a flexibility which makes it impossible todefinevt4; the-maxi-

. mum possible valUe of v, in other than an arbitrary manner.* The concept
a

of a total score is equally slippery with incomplete data.* The c indices,

on the other hand, depend onlyon there being orders for items or:persons.
.

They are calCuable on any order, even an 'arbitrary one. Moreover, the px.o-

cedure outlinaLabove.for finding an optimum order .seem quite Straightfor-

ward.; Hence the c indices are recommended as appropriate indices for es-
..."

'Bossing interitom consistency in both complete and incomplete cases.

Loevinge4indices,

Loevinger,(1947) defines a homogeneit? index Ht which depends on Vz,

the variance of the present testis Thom., the variance of a perfectly con-

eistent test; and Vet' the variance of a test composed of independent-1)-

toms. The latter are analagous in concept to v
m

and v
c
, respectively. The

.index turnsout-to be mathematically related to them.

The index H
t

is defined by Loevinger (1947, p..31) as

(58) V
x het

V -
hom Vhet

23



In present notation,

hp

(69) V = 1
71r4vat Enj(n.-
n

(,70):'. VhoM L.
[

7nEjn .- an - ( h )2
-

It is easily Seen from the discussion of the KR formulas that

(71) n(V - V ) ='v - v .x het 4 C
4

Furthermore, froi (26) and (50)

(72)
11.(Vhom Vhet)

Therefore, Loevinger's index of homogeneity is

\

(73) v
c

v

vc vm

This immediately suggests an index 'cif person consistency defined in ,terms of

\ \the g indices: \\

(74)
\\

gc g
H =
P gc gm

The resemblance of,Permula (73) to.the KR20 formula coupled with the
\ ,

present concern with dominance relations suggests a'further alternative. If

thdre are no true dominance relations.among items, then the sample aem

dominances rppresent purely chance events, as In the analysis of the KR21

analogue above (Formula 61) . Then an alternative to_ (68) is

= c
V V

V V

24
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where Vc' is4defined as in (56).

-21-

. .

Still a third homogeneity index suggests itself, one. in which v
.

usect,as an origin rather than v
c
".or v

c
%-

(76) v
t

vw

There would be corresponding homogeneity indices for persons

(77) .

P
' = gHip'

and

(78)

fa.

g

P
u cikag

gu. gm

The chancuexpectationo've Cnd
u
can be generalized to the incomplete

case, so
t

and H
P

could be used -to. evaluate the measurement process there.

That is, the definition embodied in Equation (48) would still apply, and

ft could:be used to calculate H
t

for incomplete data. The individual.E(n
jk

)

are straightforward to compute but could be time-,consuming because they

would need to be based on only the persons who took both items, Essentially,

n is a variable depending on the jok pair rather than.a constant. in a

computerized system the-additional requirement would not.pooe an inouper-

able difficulty. Some of the simplicity of the c indicoo would be loot,

however, by the introduction of this complication of computing not only v

and vm but ve as well. ThU4 the c indiceo seem still to offeradventageo.

TIT variations Ht' and MS dn the other hand; become much too compli-

anted to deal within the incomplete case became of the difficulty in de-
.

fining v
w

which was noted above in the discussion of the KR formulco.

2 y°
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Item Difficulty:

Item n rmatibn"

.

-22-

The basic information about items which 14 of concernl'to the..teoede-

.

Veloper is .the item difficulty and diseriminatiug power. These are trodl-

tionally measured by proportion

tion, and item-testtUerial or

Here we deal with the qUestion
/

presentidonfext.

6

4

paosing, which is 1 - p, in presenrnotol .

point7biserial correiation4 respectveli.
4 ,

of what to uoe for these purpose° in the

The4iffidulties inherent in measuring difficulty as proportion paos-
.

ins are obvious ipAhe tailored case where the objectirof then tailoring

otrategy is to keep the probability.of correct response as nearly constant'

ao possible. This fact is the basic.motive here although the case of'com-
io

plete data is consider6I first. We seek indices which not only make
,

itive sense in the complete ease but also in the tailored one.'

One of-the.theoretieal innovations of .modern. teat theory is the plae-

ing of personsand items on the same scale. This ia true not .on f4 the

traceline models (Lord and Novick, 1960,:but also' of'the ordinal model,

.used here. ThentrOduetoridiscussion made note the factthat. it leado

to a joint partial order ofitems and &Pions. Analogous to the Genie val-
,

tte of items on the ability continuum in the tracelipe modelo, we hove. the

pooitiodAf the item in he joint order.

To specifyothis, i necessary to know not only theitem-peroon

tiono but the peroon-personand item-item ones ao well. Here we make uoe

of the relational matrix AP*. In the oirnpleot live, take A I. A2*. Then we

define u ao follow°

I
213
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(79) ui [(A + A2*) 1 - 1' (A + ?k*) /(x + n

Where °the index i runs over both items and indiviqual.- The score u is

thus the difference between an element's _Nl.ns" over items and persons

p

and its lc:Saes.'

For incomplete data, it may be nedAsaEy to make die of a "Boolean
4r;w

r

sum" operator denoted 4. Here, isis, tOcen in Boolean arithmetic.

ipu = [(IA *)1 - 1' (11.A.P*)

P P

(n +

n be used as a generalized- index of the poaitionof the item or

the order. If p is limited to unity', then u is proportional to

right-minus wrong_Soore Ori)a fail minus pass index.

There Ire a couple of additional points that .can. be noted. r First, .

items and persons are treated together rather than separately or differ-

ently. Second, uip proVides an alternative way of defining the appropri=

ate. item or person o er i order ito compute vm or gm.
b.N

discrimination ic s

The obvious place to start in defining "discrimination ifidex" is

with components of the v and v . The total number of doMlnances involving

item j is

(81) vj = °E (n + .

k=1
jk

The number which are in the appropriate direction are

x
(82)-- =. E mic4 + E nj

mJ k=1 k=j+1.

27.
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Then v.='1/2EV-

m
and v + ;IX* suggests that

. . mi

c 2v
tj

vj

fis an index of consistencV-or item J.e,

CoMPlete.Data

For a given item, if.there:is complete,data,

(80

which is °

(85)

+
kf

s
ij iij

x
j

4

This 'reduces to the difference between the sum of the total scores 0.

these who got the'item right and the sum for diose"who got it wrong, plus

The minimumnnmber.of dothiriations for j, vm , is the sum of, the above

diagonal entries f or that item:.

J71 ' x
.4-80 = E n4 .

- 41J k=j k=j+1

'This' cawbe expressed in terms of the marginale by the same reasoning as

for vm

j-1 x
(87) . v E 'nk. E nk' + (n - 4.4.1)n,

1!1J kohl k=j+1 J J

Thus et JA computable from item:and person totals when the data ig.d0M-

.plAte.

Item indice0 of the H variety can alb° be used Recalling Equations



d (49), we define

(80 n ,)-+-E(

and so

II.

(09) v .! .:cj Ey - Pk)

Then a hoMegeneity index for item j can be defined as

, (90)
1r91.-
v - v
ej mj

Using the second:type of chalice expeatation.used in (54), i.e., that 1-

12ic (
)

-25-

tem-difficulties are all the same, leads to.

(91) = 2n - 2
E(n rli)0

:aad an ej may be defined parallel to Htj.

SurprizingIy,-Loevinger (1947) did not

to measure item consistency.

in effect

use an H
tj

like the above

Rather, she made,an interesting departure,

ring the change in g, not v, resulting from deleting the

item. Thi is an interesting approach and has a good deal to be said

foi it conceptually. It may have been impractical given the computa-

tional facilities.available at that time to use her approach. On the

other hand, Loevinger does use an index similar to (90) in teaauriag the

consistency between a pair of items.

In compating,ctj to Htj ttiaadvantage may lie with the lattel; since

the former will tend to be larger as items' difficulties deviate from .5.

For H
tj,

on the o r/ h4dd, the bias is, if anything, in the opposite ai-:

rection:.



Parallel indices can be developed for individualS. -While persons

are normally.treated as if they did not vary in their consistency, it

is quite conceivable that in fact they do. Certainly in achieveMent

tests the difficulty of the items is aargey a function of the manner

in which the educational system is organized. Individuals who take an

achievement test structured for a particular edudational
4
syStem but who

have participated it-a different one may -weIl be:expected to have low

consistency indices. To take;account of the possibility'ef different"

consistencies for different persons, we define

(92) c
p
1 2g

mi

Si-

(93) H gpi ci i

g ci gmi

where the g indices are defined parallel to the corresponding v.

Multiple Alternatives

In the foregoing, it has been tacitly-assumed that item scoring is

dichotomous: Right or wrong, endorse or' eject. This limitation is not
.

a necesbary aspect of the system ,.and it many contexts it makes sense to

consider multiple alternative responses separately as items in their own

right. There are a.number of possiblVdifferent cases; methods of treat-

ing a few of the most obvi4us will be suggested here:

First, there is the multiple choice item. One of the benefits that

may be expected to atrte from the computerization of testing is the even-

tual demise of this type, but the limitations imposed by habit to say

30



nothing of investment, mean that-it will be around for some time. The

'.Obvious thing' to do willloetp: putin-eaCh of the-alternatives..as a sep-

arate.item of the score matrix: Nhis 'raises. the question of the score

pattern that -Should-be used since we use as well as S. A logical thin

to do is to set s = 1 andg !I 0 for each correct alternative the in.,

dividual chooses and for each incorrect alternative he does not choose.

On the band s = 0 and s = 1 fow eaclv.correct alternative heis

fails to chbose and each incorrect alternative he does choose.

In the traditional folir-choice item where a single alternative .Must

be selected, a person selecting the correct alternative would have:sij

for all fohr,possibilities. A person gelecting an incorrect alternative

would have s 0 for the correct alternative and for the incorrect one

he chose, but si
j
= 1 for the two incorrect alterootives he did not se

lect. In this waY,."difficulty" and discrimination information could be

derived for,each alternative.

A second class of multiple alternatives are those,where the choicex.

form a-logical scale of,some.kind (e.g., "never," "occasionally,"."fre-
f

quently," "constantly"). In such cases, if it is logicaltO'Sssuma mono

tonicity for the alternatives, a person Who Chooses an alternative would

be assumed to, have also-chosen all less extreme alternatives. A concep=
.

.

tually similar case is the timed item, which will be thereOlacement for

the speeded test if the computer ever does take over testing. The time

it takes the individual to give the correct respOnse is measured, and

time-intervals, e.g. zero to one second, one to two seconds, two td five

seconds, five to ten seconds, more.than.ten seconds,correspond to response

31
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alternatives", An individual who responds in three seconds'has

the ten-second and-the five- Second "alternatives" and failed the p4o-.:

second and Otie-second ones. Thus the data is treated as if there were

plied logical relation amouuthe alternatives.'

These are some possible' methods of handling items which take ac-

count of multiple alternatives. Others may suggest themSelves4in the

course of time and experience. One thing that needs to be taken Az-,

count of in evaluating the consistency of items is that the dominance

relations among alternatives to the same item are' necessarily perfectly

consistent. Thus they may inflate the overall consistency estimates.

Thus v would have to be corrected for these intra-item dominance rela-

tions.

'Incomplete Data .0

ili.

Th basic definitions of the number of actual, minimum, and chance

item dom Wince relations can be employed for incomplete item data just

as they were for the total test. The problems and decisions are just

the same.,

As noted before in the discussion OfAti vj is calculated from the

n
jk rather than using themarginals. Similarly, v. is calculated ae-

.

cording to its definition (86) rather than the simplification (87), once
0

an order has been establiihed. Finally; the E(njk) must be calculated

on the basis of Only those individuals who took both j and k rather than

for all. These qualifications mean that the item indices are somewhat

more troublesome to compute .n, the incomplete case, but this is unlikely

to cause undue distress since the availability of the computer is assumed.

32



-29-

, The item statistics can be applied to the matrices that include _

plied relations as well.a6 to the directly obtainedonea. The caveat

that the method of completing the relations matrices may giVe an artifi-

)cial degree of apparent consistency should be borne in mind, boweyer..

'-.DiscUssion

Basic Rationale.of'the Approach

The deVelopments.here-followed primarily from considering theWrongs
4./

matrix as well as the rights matrix, At.first giance this is a tztivial

addition to test theory* but it has several advantages.-

The first adVantage of considering items passing people as well as

PebOlepaising itets is a rather fundamental one. It provides a means of

demonstrating that test data can produce an order in the formal sense. of

a transitive asymmetric. relation. If there is a Guttman scale, ten,

A + A(2) ie upper triangular *hen
a.

the elements- are suitably orderech Con-

sidered as.the adjacency-uiatrix.of the graph of a relation, it cOrresponds

,..to the adjacency matrix of an'order.

readily.arirtlearly established.

Thus the corresponde0(ce is very

The second conceptual advantage lies in the degree to which it empha-

sizes the duality between person and.item relations." Surely we are not

interested in consistency of item ordering per se, but rather in consis-

tency and completeness of person ordering. Item relations are a moans.to

the end of person relations. Use of the complete item-person dominance

matrix facilitates the use of the duality in order to develop indices which

reflect person relations.'

Our primary me,44tion here has been toward the development bZ con-
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daistency-indices-which-were applicable to tailored tests as well as to,

standard. ones. Obviously, in that case, the wrongs matrix is not com-

pletply redundant. There are three possible item- person relations now;

right, wrong and not taken, rather than just two. What we have tried

to show here is that even in the incomplete.case there are item-item and

person-person dominance relations and their consistencyankcompleteness

can be evaluated using just the same fundadental quantities as in the

complete case.

Thus, a test theory based on.the complete matrix of relations among

members of an extended set which includes both items and persons hds a

'-nuMber of conceptual 'advantages. Not the leadt of these is that it pro-'

vides measures of consistency for tailored tests whihh are based solely

on the test-items as they arc administered in the tailored context.

Statistical Considerations

The developments here continue the unfortunate psychometric tradition

of treating statistical data descriptively rather than inferentially.

There is no real justification for this except to say that an inferential

sysehmis pointless unless what it is attempting to infer is felt:th be

worth knowing. Therefore, a set of quantities are-presented which ore

argued to be important descriptors of a measurement system. Unleso'they

are accepted as valid, the additional labor of dealing with the in2eren-

tial problems that are involved is not justified. To step at the .lescrip-
c

tive level if the descriptors are accepted is equally unjustified.

All that will be done here in considering problems of inference is

point out some of the statistical problems. First is the definition of

34



V.

-31-

the'dimension of generalization. An observed value of one of the con.,

sistency indices is,based on a satple of items and a sample of personsi.

In tailored situations, it is furthermore based on a sample of the;itek-

person relations in the sample. Thus in addition to the problems of

ferring the value of one of the consistency'indice6' for the wholelopu-

latiqn of items from a sample of items or for a whole population a,per-

sons from a sample of persens tave that of inferring from ac stmple

of person-item relations to a population of person-item relati ns. The

fact that item-person relations are not sampled randomly in a tailored

teat but rather are chosen by soge scheme which hopes to optimize the

selection makes the last inferential problem an especially thorny one.

Evaluating the sampling chatacteristics'by Monte Carlo method might be

the only feasible m hod with concluSions that are consequently censi-

tive to the design of the sampling experiment.

Theie is at least one problem of probable bias that should be pointed

out. This has to do with v
m

and g . Items and persons are placed in or-

der on the basis of sample data, so the true order may be different from

the sample one. The sample order minimizes vm and am, so some inflation

can be expedted in the population with consequent shrinkage in conois-

tency indices. A correction fin this effectia-Yhe feasible, at least

in the case of complete data.

4

It may Well be that problems of statistical inference will not be,

soluble without the adoptioil of explicit statistical model relating item-
.

person relations-to underlying parameters. This has been the route fol-

lowed by modern test theorists who tave followed the traceline or item

35



a

-32-

--tharactaristiccurve toutes( Birnbaum, 1964 Lord and. Novick, 1968; Laz-»-

arsfeld and Henry, 1968Y. This-will ibe .unfortunate since the accuracy,:

Of the ;inference will depend:on the accuracy of the statistical model,

and that will be very diffiCult to assess..

Relations betweenIteM and Person Measures

In view of the fact that the Various v, gotand c indices are boed

on the same basic data closer relations among them might be expected,.

The only direct relation shown is that inter-relating v, g, Vc, and g ,

Equation (94) .

1 1

X
(94) gc .. 31. g al Ire V

''' q

Further work may well uncover additional ones. This would be a desirable

outcome, particularly if it linked item and person indices more clocely.

That would permit:the estimationiof one consistency index from the other,

and might thus provide support for the use of item consistency to esti-

mate person consistency.

Review and Conclusions

The fundamental premise here is that the set of binary relations be-

tween persons and items which is the outcome of the administration of a

test is usefully considered as a graph (cf. Harary, Cartwright, and:Nor-

'lman, 1965). The adjacency matrix of such a graiih is items - plus - persona

by items-plus7persons with the rights matrix S as one part and the wrongs

matrix VI as a symmetrically placed second part, as shown in Equation (1)

(1)

A
S 0_
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If the score matrix has Guttman form, then a formal correspondence

between:auch a graphloatrix and the graph matrix of a partial order.can

be clearly demonstrtd.

The matrix A? 'contains the number of item -item and pereon-pereon
. .

dominance relational

(4)
0

Then theri.are two fundamental measures of dominance

and

(15) v EE njk

jk

(16)' g EExi
ih "

,

where n
jk

'will be the number of persons who'get j wrong and k rig t, and
Ak

ih
will be the number of items person i gets right which h gets wrong.

Tf the data are of Guttman form, than nk4 Cfor j < k and xhi 0

for < h. In that case, v'aud g will take on the values v
m and gm,re-

spectively, where

(21) 00E En
41,

j k>j J-

and,

(22) g
nr

E Exih.
i h>i

If there ia no dominance at all, then njk ;2 nkj and xih m xhifor all
.

.

pairs of each. Thia suggests the following indices of consistency o2

item (e t) and,person (c
P
) relations, ?

crcv..
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t

MR

2v
m

(33) C
2g-
m -

A tailored or` computerized testing situation isone where it can be

true that sib 0 and 2/
Id

00.i.e. !the person d6es nut take'the
:

A useful aspect of, the fOregoing measures and indices .a.that

.inition is equally valid in that case.

Additional special eases of v and g are.vc and and .aid 4w. Thd

v
e

and g
c

ate expected. values of v and g under the assumption of indepen-

dence:

(48) E E E(n

j

(64) 'ge mE E EC*, )

For eomplete data,

and

(47)
n4(11 - nk

E(n
jk

)

3i1

(65) E(xjh) Q
y

X
-

where ni is the number of people who "get'item j wrong and k right and xi

is the'number of items pe 1 gets orrect. In theitAilored caca, the

OA'

definitionp of vu and gc stay but ni, n and x must be rc
,

defined so as to.count only persons or,items who are in common.

Using

( 73)

7

v
c
and gC, a parr of consistency indices are

H Ire
v

t
v
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(74> n
m

8m m
g gc

-35-

H
t

is, identical to Loevinger a (1947) homogeneity index. Again, they

are defined in both complete and Incomplete cases,

The 0entities vw and gw are the maximum, yalue0 of v and g. These

are clearly defined only in the complete case since-for incomplete data

the definition of a maximum would require elaborate analysis. For

plete data, they are
A

(45) v n!(x 50 j!

and gw is defined similarly:

The familiar KR20 fOkmula can be expressesein these terms

- 1)1

(53) KR20 x e

x - 1 v vw\

This suggests a.person consistency index parallel to KR20,

(62) KR 20 n Ike g

P n - 1 gw g

Thus the KR formulas cannot be generalized to the tailored case unless a,

means can be found to generalize vw.

and

For complete data, there are other simple and important relationo_

(42)

(46) g En n n j) .



Also,

(25) v E.
n - 2j +.1)n ' .

(27)

)

-36-
4, 0

0

(x 21 +

Completeness.of ordering almost as important as consistency. Thus,
A

two-completeness indices were suggested

(38) ih
Iln(n a. 1)

(3g) r EEn*
jk

!ix(x - 1)

-V*

They are usabliioin complete as well as incomplete cases.

. Item,indiCes of consistency were also proposed. ,Using only thve

pintb of the sums v, vm, and %re which refer to item j, indiceS parallel

to c and H
t
were-derived

and

(83) e
tg

(90) U
tg

v vci

o v
'raj

°v

These can be used for ,the selection, deletion, and evaluation of 11.temo

in either the complete or incompletb case.'

It was also pointed out that the measures could be applied to data

Where,in the tailore&case, some of the elements of the score matrix

40
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have been entered by implication. rather than directly. This-procedu#e has
- . , .

been suggested by Cliff (1975)6 an approach to comPuter-itteraCtive

testing.- It was noted, however, that the methods for filling.in entries

in one of,the score matrices may induce an artificial degree of tonals-

-

4-k

tency to the data.

Several aspects,of the utility of the systeM proposed here were

diicussed along with suggested methods of handling certain kinds of data
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