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L Criterion-referenced tests are becoming a_common metho of:assessing

B pupil performance with respect to a specified content objective, Such [ o

3 ~ ~ N
- Y « ,7

.i;‘ 'T ‘b tests are intended to provide absolute measures of proficiency. "Accord- -

T . ing to Cronbach (1969), too much attention has been given to comparati e

— . U

f'_ l ) interpretations and too 1itt1e to absolute content-referenced measur ent.

S - .- .
~ - - - . L.
- - . 3 . ' I

T . Kriewall (1969) points out: N ) o L : AN

L " . . . what is required to guide instructional decisions is curr culum-‘ Ll
dfic data that can be meaningfully interpreted in the abgence of pupil- ’ i

group data., Hence one needs absolute measures of an individual's pr'ofi--i

ciency with respect.to a well-defined body of content or set of ski}ls.

?
!
' "t,i ot ABsolute measures of an 1ndividua1's proficiency can aid the teacher

2

. in making decisions that . are intended to improve subsequent pupil perfor-
S AR I £ : Ty
mance, If criterion test scores are ‘uged for instructional decisioh-

N -
b . * . .

! ‘ making, a method of predicting performance on.subsequent tests may be of '

o 3

*

considerable Value, ej:Yciallyfﬁhen (a) .the instructional program consists

,of an ordered set of urits and (b) éach unit.has a set of subobjectives

ﬁhat are'related to the program objective. The prediction model presented
L = P |
in this paper was developed specif ical y for instructional programs which

cing ’ . ‘ Ny

include critetidn-referénced” tests . o ‘ . . |
. b A D f
i" - Using a prediction model a teacher may se1ect instructional activ~

7

ities that appear to have a‘high pay-off for improving predicted perfor~ ’

Z.
mance oﬁ‘subsequentvunits of instruction. Without a prediction model,

.

the teacher dgsiring to improve subsequent performance must use perfgrmance \




/:n units “of instruction for which observed scores ar.e avai}.able. The =~ | o

¢ S \ . "' . ot IJ

atrategy a.imed at improving predicted performance on subsequent unit&

‘_of‘instruction is seldom uged, "not because it has been ineffective, but .

' be.cause it requires a r_eliable prediction mode];‘ t:hat ig convenient to

» . D
.. use, : I

' Definition of Terms
:V . -

Before discussing the predictior} model,; the following terms need . -

to be defined: mastery, probabi'lity of mastery, degree of mastery,

" state vectors,- :nd transition matrix.’ v . . ' IR

« [ 2
2 - . . LAY 4 >
-\ LS

Mastery is s theoretical &:ons‘truct.iusea:ato repredentlthe maximum o ..
performance 1evek\ for a specified content objective when performance is
‘ /

[

measured with a criterion test which makes no asgessment errons. An N ! '

s, item test which makes no’ assessme.nt errors would result in an observed o

. ,'score of N for all students who are in the total mastery state' lﬂ\cewise, ~

-

3 ap - - ’
total non-mastery state. . . . o
. - -

- - -4 - .

Two types o assessment errors may occur, ' Type I errors ocgur when

'

g student who has mastered an outcome answers some of the items incorrect—

hi a

1y. Type II errors -occur when a student who has not-’maqtered the objec-
y 4
\ tive answers some of ‘the items correctIy. Carelessness is likely tow

s\-‘ re‘sult in Type I errors; guessing is likely to result in Type II e’rrors.

*Both types of errors may also resu1t when criterion test performance is .

. not dependent so1e1y 6n the specified content objectivqs for which the
A e A . - -' ' - N .
test was intended. - . o v,

~, 54 . . \ AT
A 4
.
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"Since ‘criterion tests which make no assessmént errors camnot be

Kl [

-

conqgructed, Gﬁserﬁéd'scores are not completely reliable indicators of \\\g~/

gﬁé student's true performance state. Observed scores can'be converted,
’ o - © 0 .
however, to values which are estimates of performance relative to mastery

<

or non-maBtery; two Such v&lues are probability of mastery, P(M), and
. degree of mastery, D(M). When probability of mastery is used fo rebresent

crifterion performance, it is assumed that each student is in either the

-

- total mastery state or the total ngn-mastery state, Probability of ﬁas~

L

;s ° tery, thgrefo;e, is a measure of confidence tﬁat a student is in thé

. total mastery state. - On the other hand, when degree of mastery is used
A . . . ‘ : .

1

to represent criterion performance, it is assumed that students can be

"in any state aloné a continuum from total mastery to total non-mastery.

‘eriterion value and a probabika} of mastery équal to zero for all degree
A Y Y ~
of mastery scores less than the

’ i

ass on is not uhregsbnable if (a) the criterion test dots not make
i -~ , ) . . .

[y

specified criterion value, "Such an-

too many -assessment ‘errors; and '(br,) an kapapriaté "cutting score" can
N \ . a -

o
K *«

[N »




be det:ermined._ The prediction model present:ed in this . paper does not: N

require cut:ting scores. to-be select:ed.

£

State vectors represent crit:erion performance at, a specified point: 3

" im t:ime fdr a student: or group of st:udent:s. A stat:e vector (V) is a

v

funct:ion of probability of mast:ery or deg;ee of mast:ery. Mathematically,
. . N

‘

LN

‘tHe state vector-for unit i is defined as follows: . " K Lo

i Q -
where M and Mi represent: values indicat:iVe of performance relative to
1%

mastery and non-mast:ery respect:ively., €.8ey P(M) and 1-P(M) for umit 4,

\ L3

. purrent: st:at:e vect:ors (V ) exist for all units of inst:ruct:ion t:hat have

been complet:ed Future state Vectors (Vf) can be calculat:ed by using ) -

e

" _one current staf:e vector and the appropriate transition matrix '(jI‘);,,,

Transftion matrices indicate the probabilit:’y of a speci'fic perfor-
C -
) «mﬁce state aft:er camplet:ing unit j given knowledge about: performance on

’ a crit:erion t:est: for unit i., Using t:he not:at:ion P (Yj/X ) t:o represent

-the conditional probability of st:ate Y aft:er complet:ing unit j given

-

that\the st:udent: was in a(gate X after completing unit: i, the mat:hemat:ical

‘definition ‘of the transition matrix -Ti I is as follows:- -
‘ | ’ . . ! , 4 »

b

. L = A
oot _
SRR % R '.
§ s <j M) - P(Mj/M)
\ SR T

. .-
where M represent:s mast:ery, M, non-mast:ery, P(M /—) equals 1- P(Mj/M )3

.. and 1’(“5)}‘{-2. equals l-\P(Mj/M ).




* Methods- of Con,xputing Transition Probabilities -

- ‘. .\’1

- A variety of methods can be used to compute the conditional proba-

v

S S U ————

bilities, depending on the data available and the assumptions made. ,

For example, if N students are elassified in either the mastery or non-

mastery state for units i and j, ;:hen a4 counting procedure cdn be used

f

to determine the frequencies associated wit:‘h each. transition ,path;
- L

3

i.e.,.F.‘(Mi«, Mj)" F_‘(Mi‘, M), F(M:L’ Mj) and ‘F(Mi, Mj). 'Tl}ese‘ ‘frequencies ,
" can then be used to ‘compute the conditional probabil'ities, 'Ihe mathemat~

ical equat:'ions are as follows:

-

. P(Mj/M ) = Py, F)/EE,)
P(Mj/M) = F(H,, Mj)'/F("f{'i) e ]
ij/m = Fay, H)/F@) c o
P(Mj/M) = F‘(Mi, 'Mj')/F-(Mi)
;here F(Mi) eguals F(-ﬁf"ﬁj). + Fzﬁi, Mj) snd F(ﬁi) ‘edua,ls F’(Mi’ ﬁj) s ,
'F(Mi’.‘Mj)' ) : B ) ‘:' .M

if pr'obaﬁili’ty of mastery, P(M), and probability of non-mastefy,

P(M), are assumed to be either zero or one, an equivalent set of equat:ions

can be expressed for a group of N students: o ’ .
e .
. ; v,
B0,/ = ®0p 2@ . .
. P('ﬁ ) . ) ) . ‘ ’ .
R i (\ﬁ ‘ ‘ -
- N ' _ ‘.' ‘
P’(Mj/M y = : P(Mj) P(M) , S
Al ! : \ s »
S —3 'R ICH) “
4

gt
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If it {8 not assumed that P(M) and P(ﬁ) are either zero or one, the séme N
N I N - PR

P . N i e N
equations can be used to’ cq_mpute /transition matrices that may be more ., . e

and two were (4 5) (2, 3), and (,5, 3),/ respectively.

. S
' N e
\ . .- EA , . . :_ A - -

E.‘x 1&1 ; : i )
.. R [ N « PR

- Assume that an, obgerved ‘scoreu"o",f 4 or 5 indi‘catéé‘ma’ste

v 3 " - . v s .
tl_ig,\an observed score less chan 4 indicates .non-mastery. Tl_lez:efone,,:

) . N

3 . - . o S
t

v

"3 the required frequency counts are as" follows~ Lo
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""" hssume that the probability of mastery is one for bserved
= ° N

!

. I~ @

e - . . - . .
scares of 4 or 5 and that the probability of mastery-is zero for

L

6bsen¥gg:scofes less thaﬁ:dl The prohabilities of mastery and °

- S

.nop-mastery -aré, therefore, as follows for the threé students:

,ﬁsf:ude'nt# P(Mi) P&l)f p_én?) - ‘P(-lziz)‘
IR T ) i%;;?i IR T 0
Y 5 | I U SR “ 0 R

3 . R .
L =eep r@pio L
T =Rl reyy =1 v | -

f
-t

. 3 ’
L =) rony -

-3' ',* .
=y -/




Py ='1/25.s
pmémpﬁéfi,/z* -

These values are the same as -those computed previously by the

frequency method.

R
oLl

A s

Assume that valizes for t:he probability of. mastery cgn be -
1K

computed for any observed score from 0 to 5. ) (Appendix A describes

a procedure for. compui:ing P(M/X), where X is an observed sco‘re from
0 to 5.) For (:his exampIe, the following va1ues wili be used-

~ -
ce - n

. ,} . . ', i:m/ : ". "' ' - .
Stdent #. @ pl) R .":P‘(Mz)

.. ~e

0,80 - ,.fo 20 . 1.00° 0,00
%’, ) i o n‘.,

B0 | "090 - S030 - 0,70°
e 0.90 - o 030 ho.zo 0,80

P

The follwingm are ob;ained for the probsbilities shown

«

o EP%) 2 T4

:" ‘7‘3", ,.\c " < -
2;1)(142) pp&) =
- i\r

= r(u,_) Pml) -




P(MZ/MI) = q.71./1.'20

PCM /M1) = o 49/1 20 =

e - - ’
7

P(M /Ml)‘,- 1.01/1,80 =

-~ P,

~ . . ‘-i_

It should be noted that the probabilities cd@puted in this example \

- w
‘ differ from the values obtained in the pfevious two examples."

L]
-

‘The Markov. Prediction Model

i . N
' \ .. Rl 3 .~
L. . -

.

The.Markov prdtctionkggdelsenables future state vectors for

’ 4

urstudent to be predicted using a singlENEﬁrrént;state‘Vector and the

- . e ¢

apprbpriate transition matrix, Transition probabiiities are based on ..

test scores obtained for a sample of students who have previously
. . X o ) N

s -’

completed the necessary units of instructiona Mathematically, the'pre-

B N ‘.

diction model is represented by thé following mattix equation‘

('”\"

- e .

fj “is the future state vector for unit j, i is the current staté /

vector for unit i, 4nd T j is the- trausitioﬁ matrix from unit 4 to unlt j.

¥

where v

T
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Normally, tfansftion'matrie,es wi.ll. exist only for those‘ cases where .

-4 a * < E
3 A3
j equals i+ 13 H..e., T,., T ,.T,,, and’so on. To obtain the matrix
122 7232734 , o~ )
N ik.’ where k :’.s greater than one, requires a series of matrix multiplica-
» N v '*‘
tion operations. For exaxqﬁle, 14 ‘is equﬂ to (le' . 1‘23) I " To : 2
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-, ”; computea using thexmatrices,- 2, Tl3’ and Tié for a student whose prob- :

0 x

ébmlity of mastery on tﬁe first unit ié 0 8. The caiculations are. as

v

0 68 fq: unit 2, 0 679 for unLt 3 and O 6686 fcr unit 4 It should be

notedaghat the probpbility of mastery for unit 2 w111 vary between 0.6

- Mg

', and 0 7 no mat;er what fﬁe student'e pxobability of mastery was for
A mit 1‘ . ! / . , ’ .h ~’ . . "'~ . “‘

/

,"'v" T . N ‘ - L
- i Applications of the Markdv Model -

-

.
g

2,

One of the mbst useful applications of the Markov model is in

predicting the effects of various instructional sequences ot subsequent

K




performance‘ Suppose, for egample, that tran%ition matrices have been - A . )

eomputed which are based on two diffehent methods of prescribing second

-1,

instruction, P1 and P2 Since one prescription method may not be the
¥ .

1; unst effective‘method for all units of instruction, the problem is to
) '.r ¢ .

. find a sequence that results in the highest probability of mastery

=, o

based on a posttest for the instructional program. There are 210 (or ; -3

* o~

- 1024) possible prescription sequences that would ‘have to be tried in

order to’ determine the optimum sequence. One approach.to the problem

¥

would be ‘to use “the Markov model to predict posttest performagce for all

possible prescr*ption sequences ugsing a computer and then select thogé

<

sequences that result in the highest probability of mastery, the selectedv

’ . .

sequences can,then be evaluated with an experimental design. ,f o - ) Mﬁ

L 3 .

-A second application pertains to the selection of an optimal~&ecision
strategy. In business, the following question arises° Should decisions ‘

be made to maximize current profits or to msximize future profits? In

£ education, a similar’question arises; Should instructional prescriptions

be selected to maximize current performnnce,relative to unit objectives‘

or to-maximize future performance relative to end-of-programgobjectives?

.

A markov madel enables prescriptions to be based on a strategy which

- :

maximizes future predicted performance. The method may be evaluated by"

.

comparing it with a strategy that maximizes current performance. Evalua-

. »

~ tion of the two prg:cription methods would likely involve a direct come=

parison of actual.posttest performance.
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