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Chapter 15

MEASUREMENT

15-1

Measurement

Class Discussion

Your friend tells you that he has a piece of rope that is 10
args long. Do you have any idea how long his rope is? Probably the
first thing you will want to know is, "How .long is an arg?" Suppose
your friend says, "An arg is 2 yuks long." Even though you still
don't have any idea how long an arg or a yuk is, how many yuks long
is his rope? "If a yuk is 3 snuks long, how many~snuks
long is his rope? ' ‘

Make a list of these answers.
The rope is 10 args long.

The rope is 20 yuks long. ' ~
The rope is 60 snuks long. -

You have been able to associate three different numbers with the
length of the rope ewven though you still don't have any idea of how///
¥ long it is! ) .

re

If your ' friend said, "One yuk is the distance from my nose to my

, toes," you.can now get some idea of the length of the rope.

-

' hkasurementlfnvolves two ideas: First, the idea of unit, and

second, the idea of number. We are free to choose any unit we want.
The number assigned to the length depends upon the unit we choose.
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Exercises

Use each of the rulers on Page 15-1b to measure the éides of this

triangle. Read the rulers to the nearest mark. Record your measurements

-

in the table below. : : '

C ' n
y
’ ~
A B
“‘\
Segment Ruler A Ruler B Ruler C Ruler D )
m AB %
m AC /
: a
— /
Y m BC
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| i _fold .
T T T T 1T TT7T 11
ruler A
fold

SLARARRARRRRRAARRRRRRRANE

ruler B

T T T T T T T T T T T

0 1

ruler C

. § — - o——  —

[ITTTTTTTTT T T T TT T TTTIT

ruler D

O
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Standard Units i . -

L]

In the last lessgon you learned that the number associated with length
depended upon the unit &ou used. In order to have an idea of how long
-something is, you must know the unit. fhink how confusing it would
be if everyone used different units. 'In,order to avoid this.éonfusion
some agreements on ﬁnits are needed. In this country some‘of’the units
agreed upon are the inch, the fsot, the yard, and the mile. Units agreed

upon are called standard units.

Class Discussion -

On Page 15-2b are éeveral pictures of 6-inch rulers. They are

really just parts &f portable number lines. The unit on these number
lines is one inch. Take Page 15-2b out of your notebook and use

Y"Ruler A" to measure this segment.

Segment AE is more than inches long but less than
inches long.

" Is the length of segment AB closer to 2 inches or 3 incﬁiii/

4

Is it exactly 3 inches long?

We can say that segment AB is "about"_ 3 inches long. Méﬁahrement

is always approximate because in using rulers we always read Eg the nearest

mark. If we want a closer approximation to the length of segment Kﬁ., all

we need to do is to divide the unit on the ruler into more parts so that

‘the marks are closer together.




Exercises

. A
Each unit segment-of ruler
and each of these parts is

-

Each unit segment of ruler
and each of these;'arts is

“‘ﬁbf rule®
i d
and each of thesp{p

is divided into
" inch”long.

- is divided_into

inch Xong.
is divided into
inch long.

i's divided into
" inch long.

Measure segment CD using each of the rulers on Page 15-2b

and complete the table below.
the closest mark.,

T
.

Remember to read the ruler to.

|

(b) Which ruler is least precise?Y

3
(¢c) Which ruler is most precise?

[ 3
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gl _
5 1 4 4 4 4 4
ruler A '
- fold ) - . \ . :
T T T 1. " 1 ] ]
10 T 2" 3 - 4 5 6.
rderB - . |
fold ‘ .
—'“'—Il‘!"l’lhll|7IF|II]|I1I|I‘|TI
'O 1 2 3 4 5 6
|rulerC :
fold . “ .
“““““ LR AR AR AR RN RN AR RN AR RN,
Q 1 2 -3 4 5 .6
ruler D |
fold : A
- - ‘f'['f'l'l'l'l‘ 'I'l'l'l'l‘[’l' 'Wl'l'l'l'l'l’ 'l']'l‘l'l'l'f’ 'I'['l"‘l']'l' 'l"’l'l'l']‘l'
IO 1| 2' ‘ 3| 4] 5| 61 °
ruler E




" . Mixed Numbers o : .

Class Discussion -

4 ed numbers are commonly used ih shoﬁs and stores. They are

really rational rumbers written'in & different way. You know that
\( means 7 divided by 2 . If you do.the division your answer is 3 .
* l .

Vith -2‘ X lefto . . .

$§.Eﬁamplé.

ol

nf =

=13

N3

To rewrite a rational number as a ﬁixed numbey you simply divide the .

numerator by the denomipétor and write the remainder as a fraction.

Somepimes you can simplify this fraction. |, ) ’ 4 _ ,

£

.'Rewrite these rational numbers as mixgd numbers.

9 _" T _
Loge__ 3. 5=
4 ’ ,8 . . 9
2. 3‘-— ’ )-l-. -5— A}
: To rewrite a mixed nﬁmber as a fraction you need to find a

,fraction name for the integer part. | s

) ' .2 % = 2+ % ‘ ' ‘

”

J * ’ . . .
kNotice that the fraction name we chose for the integer "2 has a

3 in the denominator. We chose .g as a neme for 2 8o that it would - o

"be easy to add to % . We always ¢hoose a name for the integer part that has |
same denominator as the fractional part of the ndxfd number,
(aan , . e, ) )
. 8 A

|
H
g

M

S




~ Here is another example.

2k

. . . [

Rewrite these mixed numbers as fractions. Follow the example

3. 2§=. :

22 =

. above.

1,

w

L]

22

w
Hw o FHw Hw*

w

!

N=g
\n

=

win Wi ‘win
(N (N

O\ O\ \Oj\n
n

N=g

Addition of mixed numbers is vexy easy. Simply add the in’cegez/' e
parts together and add tfle/'fré'ctional' parts tog‘ether. e

LIRN

Example 1. ,

+
\n

1
+ 2+ =
2 +5 3

Wi Wik W
+ +

N N
Wi Wi W

w
N0 o 3y
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As.long as the fractional parts of the numbers have the same denominators

you can probably do this %n your head. v

Add these mixed numbers. Simplify the fractional part of your
answer if possible. T, e

Sometimes when you add mixed numbers the fractional part of your
answer has a numerator that is larger than the denominator. When

this happens you rewrite the fractional part of the answer as another

mixed number and add agein. ;

FExample l

W
+
N=g

=9$ ’ but $=1717.

- 1
9+l7

= lO-,]7'-

\Nn
=\ g\ g\
+ +
= =
~w Yw Jw
I

Example 2 .
. 7 5 _ 12 12 y
68”93“ 15'?3' but T - 1"8
‘ 657;;95 - 15+1§ o ‘1 o
1‘ * ” .
65+9% = 165 .

w

. 16% simplified is 16-;- . Py

.
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To add mixed numberg that have fractional parts with unlike:
denominators we add the integers and adad the fractions separately.
To add the fractions you must find a common denomingtor.

AS(amle. " y
33,0k b+ (1218,
Fres =5 20
3 . _4h  _31 31,11
3E+2-§—5§6 but -é—o._lé-c-).
11
So:313f+2'51t=6'2‘5

Add these mixed numbers and simplify your answers.

A 3. 15f+203 =
2 1 2 .1 ‘
2. 5 '3' + 12 'é' = ho 8 7 + 1 -2- =

:
To multiply an integer times a mixed number it is easiest to

write the mixed number as a sum.

|
Example. To multiply 5 %Jx 2 7 we write:

|

~ 5:4.%
|
X 2

'10?.8- - -8_ -8- g
.I
80 10'1'.81"=lo+_lg \
= llg or: .llﬁ-

L3

|
l
|
I
!
J» 11
|
J




Multiply these numbers.

h%x? , : .
rewrit*t;en: '.ll-+-32-7
X 7
7$x8
rewritten: 7”-1-%-
X 8
2
5-5")(6
rewritten: ‘5+§'
X 6
8%x5 o .
rewritten: 8+% .
. X 5"
LY 12

.  Exercises

7.

Add these

o b

7+35

7

h%+2%
]

7 L3
€5+53

i‘)’ =34 -

numbers.
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Distance Between Poiﬁts on the Ruler
- Class Discussion

The diagrem below shows a broken ruler placed below segment EF .

L — "
1. Is segment EF L % long?
: | '
2 What/number should be subtracted from &4 % to get the correct

leng“:h of FF ?

~

3.  The lsymbol =
® p the lens = _ 13
Is the length of EF ~ 4 v - 27

means "approximately equal to."

H

.. 4%-2 -
! : , .
When you place a ruler so that the end of a gqgméné lies on some mark

other than zero, you must be careful to subtract the numbqg on the rulér

Eeft end of the segment from the number on the ruler at the right
This method of using a ruler ,

‘s

at the |

end. Ends of rulers are oftern damaged.
usuall% gives more accurate méasurements.

i

/ ‘ :
/ '
i .

!
-]
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Exercises

.Use this picture to answer the following questions.

S o D ;
| j iil ] 1i ) 23{ : 1| $:§
c- 7 13 ‘2§ 35 53 6

Find the lengths of the following segments by writing a subtraction
problem and then solving the subtraction problem.

1. mAB=~ - 6. mCD=~ -
m AB ~ n CD ~ ‘
2. mAD~ - 7. mAC =~ -
’ m AD ~ nm AC ~
3. m3EBE=~ - 8. mnAiE~ -
m—-z mA.TE-z
k, m CE ~ - 9 m DE ~ -
'
mﬁ'z m.]TE-z
5 m BD ~ -
evntn » - -
)n_BDz .
{ .
! 14 4

[
- A~
Z
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15-5

i

‘Subdivision of the Inch -~

PP

] The ordinary rulers you have been‘using were subdivided by, repeatedly
bisecting the inch. That is, we starﬁed with the inch unit and bisected
it. We then had divisions of % -inch. We then bisected each % -inch
io that we had divisions of %—ingh. We again bisected to get divisions of
g-inch and again bisected inﬁf —6- inch divisions. Some rulers continue
this process until they get 33 -inch and then even Gﬂ inch divisions,

These rulers are usually made of steel and are called "machinist scales'.

These "scales" are very hard to read but they are more accurate than the .
common wood ruler. Even so, they.are not nearly precise enough for modern ,
day epgineering'work. bther ways of subdividing the inch and other measuring
instruments are used by engineers and machinists. For this work the inch

' is divided into tenths, hundredtlhis, thousandths, and even ten-thousandths.

'

Class Discussion

l., On Page 15-5c¢ is a picture of a fuler with the inch unit divided into
tenths., Use it to measure the sides of these triangles. Write your

measgrements in decimal form.

-

.}“5: ‘ /..

(a) c —_
P m AB =~
L
. m BC ~
R A B mz—éz

The length of a triangle (distance around) is called the
-perimeter of the triangle.

The perimeter of A ABC =m AB +m BC +m AC

2
+
+

The perlmeter of A ARC

The perimeter of A AEBC =

15




Per}meter of A EFG = + .t

v Perimeter of A EFG =

.. .~

(¢c) Tmegine each tenth of an inch divided into ten parts. Each
of these parts would be one of an inch.
They would be very small segments. Such a ruler is very hard

to read.

-

(d) If each of these hundredths were divided into ten parts, each
part would be one of an inch. These segments

are so Bmall that they are about the thickness of a human
hair. Do you think it would be possible to read such a ruler?

This instrument is called

a vernier caliper. It will

measure hundredths of an inch

easily.
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»

This instrument is called a "micrometer". It is dommonly used -
by machinists. It will measure to thousandths of an inch. You may
have a chance to use these kinds of instruments in your science classes.

If so, you will be taught how to use them at that time.

Exercises

Use the ruler on Page 15-5¢ to measure the sides of these triangles.
Write your answers in decimal form. Add the lengths of the sides of each:
triangle to £ind its perimeter (P). '

1. mA—.ﬁz
A mBE ~ -
mI(fz
P = <
B c )
2. mE—F_z - *
G mFe~__
mEG-z
F P = i,
E 5
3. : ’ mJ-iz
\ L m %% ~
mJL =
P =

17 -

)

»4f.l
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Each wnit on this ruler is divideci :j.pto tenths. ’
e
! .
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Q . _h ;;‘g
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15-6

The Centimeter Ruler ' ;

Most countries use the centimeter -as their small unit of measure.
The abbreviation of centimeter is "em". Physimsts and other scientists
find this unit so handy that they do’much of their work using centimeters.
Many people in our country want us to adopt centimeters as.our small unit

of measure.

-

Class Discussion < .

Take the picture of the centimeter ruler on Page 15-6b out of

your notebook. o

Into how many pesfts has each unit centimeter been divided?

Can we write our measurements in decimal form? \

Use your "centimeter" ruler and your "inch" ruler E (Page 15-2b) to
' measure parts of this rhombus. The parts to be measured are shown in the
table below. Write your "em" measurements in decimal form. Remember to

regd’ your ruler to ‘tﬂhe closest mark.

D .
: Length in. | Length in
Segment inches cm .

iB

CD

IY3)

A 9 B
Without measuring, how long are EC, §
AD, and ED ? cm
Without measuring, how long is A0 ?
cm . —
* Without measuring, how long is DO ? . c
&~ cm

AB is . inches long and KB is © centimeters long.
About how many centimeters are there in one inch? -~

~ 1 inch
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! ) ' . Exercises

Use your cm ruler to'maké the following measurements. Write the
s

meaéuremeh%g in decimal form.

; : “ﬂ : ~
¢ 1. . m cm .

=
2

3 m.ﬁc—z v cm
i . —
mAC = cm
T .
’ /
LY
i [l
' 2. » m PQ =~ cm
mQR ~ cm
m QS ~ cm

m PR ~ : cm

3. X m WX ~ cm
. \,/> \\ mWZ ~ cm '
W Y m¥Z ~ cm
L »
muwY = cm
Z ’
b, ‘ mEF ~ . ‘em j ,
mf'-@z.__ cm ‘
E M " H T
m¥FM = cm
L 4
m GM ~ cm
F G '
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o o _ ; 15-6b
{
3
7 .
: ‘ A
/ ’ |
{ .. / .
.- %/ "
. + B
of
X : . P4
O~1 2 34 5 6 7-8 9 10
cm
]
YN
; * . ) ) . ‘
\ Op ?/“
i ‘l
L]
P
. -
1
. , )
¢
] -
~

* 21




Changing UnYts - Inches and Feet

You know that besides using inches as our unit, we also usé the foot,
yard, and mile as units. This s called the "British system of measurement."

There are also other units that go Eogether with centimeters. Sowge of
these are the millimeter; metér, and kilometer. This is called the "metric

system of measurement." &
) »

Below is‘a list from épaller units to larger units for both systems.

Brifish Abbreviations . Metric Abbreviations
inch ) in. " millimeter mm
foot ft. centimeter -em
ya;d ya. meter m -

mile mi. kilomete&_ km

‘ > LY
In countries using the British systém you need to know how to change

from inches to feet, feet to miles, miles to yards and so on.

fn countries where the metric system is used you need to be able
to change from centimeters to meters, meters.to kilometers, and
8o on. You will also need to be able to changeusystems when studying
- § ’

science.
\

If someday you travel to a foreign countyy, say México, you will
find road éigﬁs marked in kilometers and speeé limits in kilometers per
hour. But.American speedometers are marked in miles. Engineers often work
in the metric system but in order to get their designs made they have to
change to. inches. For these reasons you will need to be able to change.

from one system to the other.
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Clasgs Discussion

~ You know that if you measure something 1- foot long its length
. can be written as 12 inches. 2 feet can be written as 24

inches and so on.

i

1 foot = 1 + 12 inches
2 feet = 2 . 12 inches
3 feet = 3 - 12 inches
= 4 feet = 4 . 12 inches
X feet = x * 12 incheé
aﬁd 80 on.

To change from feet to inches you multiply by

(2k inches)
(36 inches)
(48 inches)

Suppose we have a "times 12" function machine like this:

Input (x)

J

Times 12

Output (12x)

If we assign the number of feet to x and inmput x° to our machine,

it will output the number of inches that tells the samellength.

ﬁrite this function in arrow notation:
This function will change from the foot unit to the inch unit for us.

.IZJgill meke our work easier and faster if we use the graph of this

function on the next page .

It'doesn't make sense to talk about ﬁegativi‘length,so we need
only the upper right section of the graph. '

23
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We can check our graph by trying @ few conversions we already know.
Read the graph for a length of{ 3 feet. Do you get 36 inches? )

i
, |
What do you get for |2 feet?-

2 feet = f inches.

¥

_What do you get for |3 lé- feet? : -

3 1 feet = ' inches.

2, ,
Whét do you get for 1 % feet?

] .
l %'feet = ) inches.

. Suppose we want to change, 9 inches fo feet, This is the same as
asking, "What input gives an output of 9 "

" 9 inches = feet.

Did you get % feet?
Fill these blanks.

feet

: 18 inches = .
| . a7 incﬁes = feet
"33 inches = " feet
48 inches = feet
45 inches = feet

3 inches = , feet

Check your answers with your classmates.

——

You multiply the number of feét by to change to-number of
inches.

You multiply the number of inches by to change to nuiiber
of feet. '

s

l\
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Exercises

Use the graph on Page 15-Tb to change these measur;ments from units
. Of feet to units of inches. . ‘

(a) 2 % feet = inches

1

(v) 3 5 feet = inches
(c) % feet = - inches ’
——— %
1
(a) 1  feet = © inches , ;
(e) 4 feet = ‘ inches

. ‘ .
Use the graph on Page 15-Tb to change these measurements from units

of inches to units of feet. =~ .
(a) 18 inches. = feet
(b) 45 inches = feet

(¢) 33 inches feet

(@) 21 inches = feet

(e) 15 inches = feet x ;




Changing Units - Feet and Yards

) Again we can use the.graph of a function to change
* yards to feet. ‘

Class Discussion

You know that 1 -yard is 3 feet long. Fill the blanks below o
help you find the "yards to feet! function.
1 .yard 1l -3 feet
yards = 2 + 3 FPeet
yards - | feet
yards feet
pr———

yards feet
x* yards feet

Write the "yards to feet" function in arrow notation:

fix———»

Yoa have seen this function before. * On the next page is its graﬁ%.

“~
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B

It is handy to divide each yard (on the input axis) into thirds.

We can use this graph to change from yards to feet or feet to yards.
To change 9 feet to yards we are ggain asking the question, “"What input
.glves an output of 9 2"

1

Exercises
l.: Use the graph on Page 15-8a to answer these questions.

(a) 4 yards = feet
1

(b) 23
2

() 73
(@) 9 yards = feet

yards* = feet

yards = feet

fe)  yards = 27 feet
(£) yards = 24 feet
(g) yards = 17 feet

(h) yards = 19 feet

(1) yards 7 feet
(3) " yards =é feet
(k) yards 2 feet

(1) yards 1 foot

(a) You multiply the number of yards by

to change to number of feet.

You multiply the .number of feet by

to chénge to number of yards.
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Class Discussion

Suppose you wanped to change from yards to inches. You cén do this
in. 2 steps: -

Pl

Step 1. Change from yards tQ feet.
Step 2. . Change from feet to inches.

1. Use.the graphs on Pages 15-7Tb and 15-8a to make this conversion:

1 L yards = . feet = inches.

3

We could go the other way as well." To change from inches to yards:

‘ Step 1. Change from inches to feet.
Step 2. . Change from feet to yards.

»

2. Use the graphs to mske this eonversion:

2Lk inches = .__'feet = yards. .

There are some difficulties that can come ub by using graphs to make

L

. . "double" conversions like those above. _To see the trouble we can get into,
try'thig conversion using'the gréphs. ‘ R

»

: 33 inches = _ feet =- yards.

- W T,

It will be easigr to do this problém using fractions.

You multiply the numbér of inches by ] to change to

mumber of feet. So .

- 33 inches = 33 feet. . b

You mul@iply the numberipf"feet by - to change to nﬁmber
of yards. So .
- N 33;°‘1L feet = 33 - L. yards.
12 12 —
'I.} 30 ‘
' ’ ~"
s;r:
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.. + Here is the problem we need to solvé,
. 1 ,1.
« M '33 . -1-._2- " 3 .
We can change the order of multiplication and it
will be easier to work the problem. "
1 1
33 313
— ’ -~ ] l
. - 12 .
v
. u
12
So: )
11 -
33 inches = 15 yards.
1] ) . v

Follow these steps to change these measurements from inche;s to yards.
Step 1. Multiply by ']'_']é' (change to feet).
Step 2. Multiply by -%‘- (change to yards).

Change the order of multiplication whenever it makes the work easier.
The first problem is done for you.

1. Change 28 inches into yards.
‘ 28 - 'Il:é (change to feet)
28 i]-‘é- . .%'- (change to yards)
28
= 3B (multiplication)
- .97. ’ , (simplifying) ]
28 inches =, -9Z- yards.

31 .

v

-
Y

.‘

Condd

(=
(Y

o+
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Aruntoxt provided by Eic

3.

Change 27 dinches into yards.

.

27 inches = ° - yards.

-

Change 45 inches into yards.

60 inches = .. yards.
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Changing Units in the Metric System ) .

-

In Lesson 15-7 there was this list of metric units from smallest

to largest. (There are other units but these are the most common.)

>

Units Abbreviations
millimeter . mm
centimeter cm
. meter ' ) m
kilometer km

These units are related by powers of ten. That is:

1 centimeter

.. 10 millimeters
100 centimeters = 1 meter
1000 meters 1 kilometer y

Because these units are related by powers of ten we use decimals instead

of fractions to wfite these measuremehts. This makes conversion from

one unit to another in the metric system very easy. All we have to do
is multiply or divide by powers of ten. This is especially easy if you

write these numbers in scientific notation.

Example l. 1 em

=1.0 X lOl mn = 10 mm
2cm=2.0X lOl mm = 20 mm
"3 em = 3.0 X lOl mm = 30 mm
) * and so on.
Example 2. lm =l.0><102cm=100cm»=
2m =2.0X lO2 em = 200 cm
3m =3.0X lO2 em = 300 cm
. and so on.
Example 3. 1km=1.0x105m =1000m
2km=2.0x10°m = 2000m ’
v, 3km =3.0x 105 m = 3000m
and s0 on. )
33 ’
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Iook at the centimeter ruler on Page 15-9b. Notice that a cen\t)imeter‘
unit is subdivided into 10 parts.” Each of these small segments is a
millimeter. _ ' P

Class Discussion

1. How many centimeters long is the ruler on Page 15-9b?

‘2. How many millimeters are there in one centimeter?

3: How many of your rulers will you have to lay end to end to meke a
segment one meter long?

., Teke your ruler to the chalkboard and mark off a segment that is

one meter long. . )

5. How many millimeters are there in one meter?

6. You multiply the number of millimeters by to
 change to number of meters. {Write your answer in exponential
fom.)
T. (a) You multiply number of meters by to change A

+0 number of centimeters.
(b) Write this answer in exponential form.

8. (a) You multiply number of centimeters by to .charge to
number of meters.

(b) Write this answer in exponential form.

9. (a) In Example 3 on Page 15-9 you saw that we multiply th?number
of kilometers by to change to number of meters.
(b) You multiply the number of meters by to change to
number of kilometers. o .
(¢) Write the answer to Question (b) in exponential form.

10. (a) When you multiply by 10 the decimal point moves 1 place

) to the .
. (b) Wwhen you multiply by T.% the decimal point moves 1 place
" to the .
- 34
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IO 1'|2 3 4 5 6 7-8 9'1[;
centimeters ;
~ a \
Fach centimeter is divided into 10 mil]imeéters.
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I'}xerci-aes ' T

' _Charlge these units from centimﬁters to’ millimeters by multiplying
« by 10l ‘The first problqm is done for you.

’

(e) 386cm L (a) 111-230m‘

38 6x lOlmm ’

:“_?= 386m ;.

-

- ~

2. . Change these units from millimeters to centimeter%:By maltiplying
Py 10t

(a) 172.5 m (@) 1437.2 mn

“1
cm

The first problem is done’f?r you. .

. 172.5°x 10

. 17.25; cn

- " -

-

12.6 mi
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) Change these unita f£rom meters to centimeters by multiplying by
10 . Eme first one is done for you. : .
() 172 (@) .36lm
= 1.7x10%en |
'}70 em -

~

3.1 o o T (e) 125w

~

Change these units from centimeters to meters.by multiplying by
2. The first one is done for you
4 -
(a) 85 cm (@) 47 em
85 x 10 2 m

.85 ~m

(£) 336 cm

.




6.

Change these units from kilometers t0 meters by multiplying by
103 The first one is done for you.

(a)

(c)

2.81{111
= 2.8)(103 m
= 2800 m
. 7.6 km
) m
.65 km
s v om

(@) %.27 km

m_
(e) 3.8 km
-u..\v‘:

m
(£) 27.2 km

: m

P!

Change these units from meters to kilometers by multiplying by

10
(a)

(v)

(e}

-3..

3728. 7 m .

= 37284 x 10 3 fm
= 3i7287 km

o2l m

. km "
1931.9 m

3

‘The first one is done for you,

(@) 281:k p

km,
() 8729.5 m

m
(£) 10,000 m

km

- .~l’549é‘

1




7. Change these to the units shown below.-
(a) Change 2.3m to mm,”’ m
" (b) Change 14,729 cm to. km. km *
. )
(c) Change 1 km to mm. mm
(@) chenge 43,028 mm to m. n ..
¥
—
- . ‘ .
39




- - Teletransporter Problem -

.

The teleti‘ansporter on the space ship "Riteon V" requires a wiré
made of the rare metal "Blomindium". This wire runs up both sides and ‘across
the ceiling and floor of tWe activation chamber. A drawing of this chamber

ig shown" below.

. 4

-
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Clags Discussion

A United States supplier sells "Blomindium" wire at § 3,764.23 per
foot, so wé must be very careful to find its length in feet. In order
to do this we need to change the dimensions to feet.

1. We multiply the number of yards by " to change the
legggh'to number of feet. Do this multiplication. ’

2.~ The chember is " feet high.

3. We multipiy the number of inches by to change the
’ width to number of feet. Do this multiplication.

4, The chamber is feet wide.

Now we must add these dimensions and multiply their sum by 2 in order
to find the length of the wire. ’

5. 2 (Lip £t. + a% £t.) = 2. £t

The wire is feet long. The wire costs §$ 124,219.59
from this supplier. (You can check this if jou want.)
. . 4
Suppose a European supplier sells %iomindium for $ 126.30 per
centimeter and we were given thg‘dimensions of the chamber-in these

metric units. . i //

b, 3434 ~
high i

.‘._: 685.8 mn .
Ywide

~
P
o
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Tet's find out if we can save money by buying from the European suppiier:

6, * To change the height from number of meters to number of centimeters .

we multiply by .
T+ The chamber is § cm high. (Hi7t>< move the decimal
point.) ' — '

8. To change the width from number of millimeters to number of
centimeters we multiply by ’ . ‘e

9. The chamber is - cm wide.

10. Add the height and width.

height cm /
+ width cm ' °

11. Multiply this sum by 2.

2 . cm = cm

-

This is the length of the wire in centimeters. To find the cost from
the European supplier we multiply $ 126. 30 times the length of the wire.
This cost is § 127,937.59.. We can save $ 2,818.00 by buying the
wire from the Meﬁcw supplier.

Metric units are related to. each other by powers of ten. Ha.ny
times as in this exercise it is necessary to change.from units of

the British system to units of the metric system.

When you compared your centimeter ruler with your inch ruler you
found that there were about 2.5 centimeters in one inch. As a matter ?
of fact there are exactly 2. 54  centimeters in one inch. In other
words, we can multiply number of inches by 2.54 to get number of
centimeters. This function can be written

g:x —o 2.54x

The input to this function is the number of inches and itg output is
" the number of centimeters. The graph of this function is on the next page.
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' Exercises N -,
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- ‘. Use the graph of 'g:x—t 2.54x . on Page_lé-lOc to work these

o

h — o
APt SRR
v \i‘
N [
P

<

‘pi‘oblems. . o . S .
1. _Change thesé dimensions to_centimeters. o ) o
' T h '

. (a) L ' -

-

- o ﬂx-nﬂ -
‘v\\. .F" ::v
B
B
9
2

g ‘ . | @
Ll P -
e a |
¢ - ) B N . [ . * ) . ’ T
; (b) Eind the perimeter in centimeters of the rectangle in Problem (a).
b L P = 2(4 +w) " '
-3 P = 2( + ‘ ) .
‘ P 2 ) R .-
P ~ cm . .
. ¥ 2. . .Chénge these dimensions to, inches. : . ) .
» c. I : s
" ' . (a) * x - o
O . ’ mAB s~ inches ) :
e m iC ~ - inches
v . 12 em . . T .
Co : . . mEC inches
W s N ..
’ y - N, * i - "
. o : A 5 cm B . ;

K "+ (b) Find the perimeter in inchesof the triangle ‘in Problem 2(a). _ .
P = miB + mAG ¥ 'mBC \

, P ~__ + + ‘ - .

AP ) .inches - . . ) - ‘

o
=
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. Angle Measurement - The Protractor ‘ ) '

-

) The measure, in degrees, of each of the right angles below is 90 .
~(‘I'Iie ray .O® bisects the straight angle AGB ) . '

L . 113.

: - : P oae . 7-:*
I 7 . /-\
‘< - " i A

B 0

e

TheAsymbol for degree is a Q;;ll circle written above and to the right
of the measure of an angle. Thus, ' ‘

3 "90 degrees" is written "9o° .

" In the figure below, ray B8 bisects the right angle AOP and ray oR
bisects the right angle POB. .

”,:'.A';: ‘o r ’ N ’ M ‘ N (/
R The measure’ of each of the angles [/ AOQ, ~/ QOP, [/ POR, and ./ ROB is L5,
o Here we have b angles tbgether forming the straight angle AOB .

l ’f" i X Naw imagine 180 eongruent angles together forming the straight
T , angle AOBC Each of these angles would have a measurement of one degree.
N Suppose that a half-circle is drawn from A to B with its center
a',' “"at.point O . Ther the rays of the 180 angles would intersect,the

' " -half-circle at equal;y spaced pointg.- ' - k o
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*.  The picture below shows these poimts. Only every tenth ey from

[

goiqt O is shown. - K | - -

SRR garam ae
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This looks & lot like the protractor pictured below.
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Use your protraétor to measure / x . Follow these steps.

l.\

Look at your protractor carefully. At the poir'rt that is‘ the
center of the half circle there is either an array, or a cross,

or a smgll/hewypoint is called the index of the protractor.

(See the pn.ctu.fe on Page 15-lla. )

Pl&ce the bottom edge of the protractor along ray _f so that

_ the index is over the vertex (point O) / "

Notice that there are two scales on the protractor. Start at -
ray 0P ‘and use the scale that "counts" by tens up to ray o5 .
You should find the number 50 at the point where 05 intersects

the half circle. The measure of L x = degrees,

You can measure [/ y without moving your protractor. Follow these steps.

’l.

o "

= gnd that the index is still at point O . Notice that the ?c}ge is

.Did you use the same scale you used before?

Check fco' see that the édge of the p:rotractor_is still along o

also aiong ‘OR . '

Start at OR and use the scale that "counts" by tens up to oS .

mlly =~ , degrees.

m/Zx+mnly = : degrees.

If the sum of the measures of two angles is 180, the angles are

‘supplementary.

y7
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B4

T
\-U

s




S b
i

A A

L

.,‘..\
e L
.

15-12c B
T e ‘Exercises . ’ -
) l. | Use your prbtract,or to find the measures of each of the angles be]pw.' '

(a) ‘ A :

po

A T —
i e RS PR S

hrata
LR

Facvc

N 5
VI e s e

o mla~_ / i
. . m/b=
Za and /b are called : angles.

. m/Za = '
m/Zb =
/Za and /b are called N " angles.

=,

48
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Sometimes the sides of a drawing of an angle are'rot long enough to
intersect 't"he half circl\e of the protractor.” Since sides of an
angle are reslly rays they can be extended. .Use the straight edge ’
‘of your protractor to draw longer sides on these angles and then
'measu.re them.

“(a) (b)

Q

m/Zp~ - - m/s

., .
. (@) Which pair of these angles seem

to be supplementary?

/ and [/ -

v

>

(a) Measure / x with your protractor. m /x =~
(b) Measure /y with your protractor. m/y =~ .
(¢) Find the measure of / z without measuring. -

m/z = . .

<4 .
50 -

- 05
\_}'J
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2, and %, are parallel.- 7 . -

“

'

-

R <
(a) Measure [/ r with your protractor. m/ r = .

(b) Pind the measutres of tWese angles without measuring them.

. .

m/sg = mlqz ”
mlliz

m/t =~

m/iw =~ miv =

m/p =

51
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Measurement g£ E'Surface Region - Rectangle

So far we have been talking ‘about measurement of lengths: iengths
of segments, sides of triangles, and so on, Suppose ye want to know the'
size of a surface region.\ The length around a surface region won't
always give us an idea of its size., It's possible to héve differently

shaped regions that have the same perimeter but are not the same size.

-

- ; " . Class Discussion

Suppose we want to tile the two floors shown below.

3'

/

1. (a) What is the perimeter of "Floor A" ? ft.

(b) what is the perimeter of "Floor B" ? ft.

.

The tiles we are going to use are 1 ft. by 1 ft. square as shown

below.,
ll

1 1!

Y

- o l‘
2. 1(a) How many'tileé are needed to coéver "Floor A" ?

"(b) How many tiles are needed to cover "Floor B" ?

“

! . 5é

]

]

r u
?}':)
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.~

The perimeters of these two floors are the same and yet it takes less
tile to cover "Floor A" than it does to cover "Floor B". 1In this example
knowing the perimeter doesn't help us tell which floor requires more tiles.
We need a new kind of measurement for covering problems like tiling,
carpeting, painting and so on. This kind of measurement is called area.

Areg is the measure 22{3 surface region.

Look at the rectangular region below.

height = 5"

|1

base = 10"

Instead of length.and width, we will call one side the base and the éide
perpggdicular to it the height. Suppose we want to cover the rectangle
with square tiles that are 1 inch long on each side. (A sq&gre is a
réctangle that has all four sides the same length.)

We can divide the rectangle into l-inch squares and count them.

2 o O
HEE AR
CEr

EEE T e,
EERLEEEE

base = 10"

§§
g

% .

If we do this, we find we need 50 tiles. You know that
multiplying the length of the base times the length of the height also

glves 50 . .
To find the area (abbreviated A ) of a rectangle we simply multiply
base (abbreviated b:) times height (abbreviated h ).

A'=b+h

53
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Since we think of area as the number of square regions that it takes

to cover the larger region,odr unite for measuring surface regions are
square units. In the example above we covered the rectangle with square
inches as the unit. ’

4 >

Suppose we want to tile around a swimming pool with these dimensions.

4
A
|

| P —— 25ft

p——— 35 fte —
It is easy to find the number of tiles needed by finding the area

Qf the large rectangle and subtracting the area of the pool.

1. A (of large rectangle) = . .

2. A (of pool) =

3. A (of tiled surface)

4, A (of tiled surface)

If the tiles are each 1 .square foot, how many do we need?

A rectangle with all its sides the same length is called a
~_ . To find its area we use the length of the side
(8) as a factor twice, that is, ' 8 . Write this

-~

A . =8
(square)
in exponential notation:

A(square) =

- The area of the square below is square inches.

/

''''''
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* Find the areas of these shaded regions,

Exercises

%
7z, 7 //’/?
/4*%’/4’ g Ve //{%4’

LY
o n L

A( shaded)
A (shaded)

A( shaded)

A (shaged ) T

77,

2

=Blrect.) ~ Beq)  (chaged)

: -2
=b-h -8 A(shaded)

- A(‘shaded)

sq cm
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Total Area

Total Area

A +hy

+ A3 + Aﬁ
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Measurement of & Surface Region - Parallelograms and Triangles

Class Discussion

In Chapter 11 you learned that a U-sided figure with opposite
pairs of sides parallel is gélled a . . You also
learned that the perpendicular distance between two parallel lines is

the same no matter where this distance is measured. This is the

distance we have called the heighé of a rectangle. s
. Get out Page 15-13a. The two parallelograms sre just alike. Cut

out parallelogram P. ‘

1. AB | .

2. The distance between AB and TC is the length of the segment

. On‘the drawing, label this segment "h" for height.

3. Cut out A BEC.

L, Place the triangle so that point C 1lies on point D 1like this. - S

5. VWhat kind of figure is this?
. -Now look at parallelogram Q . Compare the rectangle you mede with

parallelogram Q to answer these questions.
[

6. The base of the rectangle is segment ' .

7. The base of the rectangle has the same length as segment
of parallelogram @ .

8. The height of the rectangle has the same length as segment
in parallelogram Q . Label this segment "h" .

9. Is the area of parallelogram ‘Q the same as the area of the

rectangle? 57

6.
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15-13b.

‘From your answers above you ‘have found that the area of a parallel~
ogram is the length of the base times the height. The heigﬁt is the

¢ berpendicular distance bétween opposite sides.
' —

A=b-h

3

Notice thet this is exéctly the‘sgmg as for the rectangle. All yqq’have
to remember is that the height"is always the perpendicular distance

< ¢

between parallel sides.

Exercises

Find the areas of these parallelograms,




‘ Class Discussion

In parallelogram WXYZ the diagonal ‘WY forms two congruent
triangles. Write this congruence. ‘

A % A ~ "
Since these triangles are congruent, WY separates the surface
region inside the parallelogram into two parts of equal size. Each of
these parts has an area that is

5 the area of

the parallelogram.
The area of WXYZ is: \

, A
Write the area of A WYZ .

A

Write the area of .A WX..
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(c) A

o Cen G =
I's Ay

h=2—yd80
A

w

-

R
n .

(Hint:

61

s
~

-~ 1. Use A= % b-h %o £ind the areas of the

following triangles.

sq. in.

8q. de .

Use your tables to

help you with this arithmgtic.)
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Aruitoxt provided by Eic:

{M 1is the midpoint of

_the base. )

t . .-

A(shaded) = A(parallelogram) - Aﬂunshaded) :

A(shadea) =

¥ s8q. in.

A(shadqd) =

= +
A(shaded) A(rectangle) A(triangle)

¥ .

4

A(ghaged) = *
= ) m *
A(shaded) 89 ¢
~ 62 \ ~
- , _
\ ""_)' 7




Exact Lengths

Throughout this chapter we have said over and over again that all
‘measurement is approximate. What we mean by this is that we cannot
meagure 525& things exactly using Eeal‘rulers or zga; protractors or
any other real measuring instrument. Mathematicians leave ‘the world
of real things up to the scientists and engineers to worry about.
Instead the math atician. deals with idéas only, and ideas can be
exact. You have baer! asked repeatedly to associate numbers with points
on the number lined In your imagination you have named a particular
point on the numben line "one" and a particular point "2" and so on.
You have even named the point for % s 2 H , ete.’ But these. are
ideas, not things, and ideas can be exact. You can 1magine a segment
that is exactly 1 inch or 2 inches long even though ‘you have seen

that segments cannot be measuiai,exactly using real rulers. °

~

Class Discussion

Suppose we play around with this idea of exactness a little while.

Think gbout this coordinate plane. *

}
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. *

We have picked out the one point labeled 1, and the one point
labeled 2, the one point igbeled 3, and so on. Draw a segument )
from 3 on the vertical (output) axis to L on the horizontal (input)
axis. . } ' '

. - ;

Would you say that the segment you drew has an exact length even if

»

you can't measure it exactly?

In mathematics we deal with ideag and we would like for our ideas
to bé exact. So, let'!s see if we can figure out what the exact
length of our segment is, We know that we can't do this by measuring
beqause it is approximate. If we imaéine a right t;;angle whose
‘dimensions are‘exactly as show? bglow, maybe we can’ calculate the

exact length of the segment opposite the right angle.
. ..
A

-Eet's make a ruler using the same unit as’used on the axis of our .

coordinate plane.

Tohklzlalslsls lglo
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Measure the segment AB using a copy of this ruler., What is its
approximate length? ‘

Suppose wé use the "trial and error" method to find a way of
calculating this length without measuring. We can test our results
" using our measured length even though it is approximate.

If we add the length of the other two sides of the tfiangle what do we get?
Is T at all close to the measured igngth of 5%
" Does adding these lengths seem to work?

Then let's try something else.

What do we get if we multiply the length of the other two sides.
Does 12 com€ close to our measured length of 5 ? This
doesn't seem to work either. Try subtracting and dividing the lengths
of the sides. Do these methods seem to work?

A long time ago a very smart Greek mathematician named Pythagoras
-yorked on this problem for many years. Luckily he finally found the

| answer; - g '

(1) he found 32 =9

- (2) and then found h2_= 16
(3) and then added  3° + 4% = 25 ,

Hié answer was the éame number as if he squared the measured length of

this segment! Try this to see if it works.
.4 .

¢ b

Does 32 + 42 252 ¢

n
n
\Nn
-

That is, does (P + 165

65




1.

Test Pythagoras' idea on these right triangles.
at the top of this page and use it to do the measuring.

S

Exercises

iv2q Wi

\
/-\.4}

-

2

',r/ -

’.

{a)

(b)

(e)

(a)

(b)

(c)

* LS—%hc ,

Cut off the ruler

+ 5
. 2

5

1}
+

122
122

Use the ruler above.
o KT =~
=2

(m KT)® =~

Are .your answers to parts
and (b) the same?

m
(m AE

1_52 +82 = +

152 + 82 =

Use the ruler.

Are your answers to parts
(a) and (b) the same?




(a)

(v)

{e)

242 + 10° -

242 + 107

Use. the ruler.
m M~

. (!ﬂ ‘@')2 ~

"/
Y s
-

i

Are your answers to ;;ai;ts
(a) and (b) the seme?




-

‘\l\fé
!

t e
]

7.52 + h2
7.52 + h2

h e o o —
- . 1 ~ N i !
S R e s (P SR PR
. . e
.
.
-

Use the ruler.
mPQ ~
C ey 2
(mn Q)" =~

Are your answers to parts
(a) and (b) the same?

h.52 + 202 =

h.52 + 202 =

Use the ruler.

mTﬁz

(n T ~

Are your answers to parts
(a) and (b) ’the same?




... Pre~Tegt Exercises

1. (Section 15-3.)
Rewrite these fractions as mixed numbers.'

(a) % =

(®) F =
(e) _182=

(Section 15-3.)
Rewrite these mixed numbers as fractions.

(a) 2% =

(®) 33

y &

.

LY (c) 1’37

(Section 15-3.)
- Add these mixed numbers and simplify the answer.
2 2

(a)'lg+5=;-= () 25+2%5 =

(b)" 2 +83 = (@) sE+13-

o

s

7

) <
4.  (Section 15-3.) S,
Multiply these numbers and simplify your answers.

(a) lvl7x5' .

(b) 3.§x6




5. (Section 15-k4.) B . ..
Use the picture below to amswer these questions.
K B c .
— — -+ ¢ —

>

’flflw'L'lf\|'l‘!"|-*1w-'l;l'|'1'l'[‘|'|f,'l'|'| l 3

O 2 3 14 5 6
é‘inch :
g

(a) mAB=~

(b).m'.i._C'%

(¢) mBC~ | , ’

(d) D~

(e) uwED~




13-HF-3

A
P

2

Number of Feet




7

“~

*
o
r—
- -~
A
(]
n
. —
% ,
AT
)
—-
- 2]
~ it
N &
a
Lal
- Gl
[o]
% &
L
AWA ™~
NII
L]
L]
- &
R e
T
- oJ LB
Y - B
3 —
L]
3 > .
N,
Al
f *
AV
' 3
=
]
> - N <P —
o LAY 14y & § vl g ] uh
4
' - ool Jo fadqumji 4 (¥ )| 3UGIR0




Input! - |x ijchps




6." (Sedtions 15-7, 15-8, 15-10.) . . v
1 Select the corréct graphs (from the prévious 3 pages) to make

- these conversions.

-

(ay 2 % feet = inches .
N ]

“

(b) 21 inches = feet A -

’ (¢) 39 inches feet

(@) 15 inches ~ cm e

(e) 17 feet = yards )
5

(£) 9 3 yards = feet

(g) 48 inches = yards

0

7.  (Section 15-9.) . :
Use this 1list of metric udits and powers of ten to make these

conversions.

10 mm
100 em
1000  m

lem ) -
1w
1 km v

mm

m Lot ’ [




|

i

ERIC

Aruitoxt provided by Eic:

8.

(Section 15-41. )

- Use a protractor to measure these -angles.

(a)

mib = degrees
(e) .
2N
m / c = degrees
T 75




9. (section 15-11.) «
Measure these angles to find which pair is supplementary.
A

L and / are supplementary.
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10. (Sections 15-12, 15-13.)
Find these areas. Use the correct equation from-the list below.

. A=b+h .
.—l s * -
. L A=3b-h
(a)
12 ft, . . .
! A= sq. ft

A = sq cm

7

)

-y
s




1. Rewrite these fractions as mixed numbers.
S(8) 2= , c ,
1k - A
(v) 5F C
» . &
2. Rewrite these mixed'numbers as fractions.
l = ' - ) .
(a) 2 37 . ' ‘e
3. . ;
(b) 17 ,
S
3, 'Add these mixed numbers and simplify \the}answer. " .
(a) 2 % + 1 % =
> (v) 38+12-
v 9. 7
y, ﬁultiply fhese numbers and siniplify your answers.
P , : - . ) A
2 ’ C '
(a) 2 7 X2 = . . / ' _
2x5 =
() 32x5
Se Use the picture below to answer these quest’iSns.
A B C ! D
- — + - —+ »
RUUNENUL ||l|l|Ill‘[l[[U'J|I|I[I[I|l|l|lg
o 1 2 <« 3 4 . D 7

éinch o ' ’ |

" ® (b) m'AC

B CE

(a) m AB

2

2

I

(C) m BC ~

(d) mCD ~ . L ) .




Output (12x) - Number of Inches

=
n

Q

In

Il
T

| 2 E

Number of Feet

19

P
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\n

of Feet

17

Output (3x) - Numbér

N

[Wh Y

10

ber of Yards
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15-T-5 B :

6. Use the correct graphs from the previous 3 pages to ‘make
—} i .

these conversions,

(a) 3% feet = ’ in;:hes '

(v) 33 inches = feet

i (c¢) 12 inches ~ . em
. 2 ’
: (d) 5§ yards = feet

(e) 19 feet = yards

»

(£) 24 inches = yards

v

T. Use this list of metric units to make these conversions.

i

l10mm = 1 cm
100ecm = 1nm
i 1000m = lim -
(b) 525 em = .m
C 03 m = cm
() 7.3 km = m

o=
e

B

~
Lo
L N




! ‘ g |
! () c
¥
5 ..
b .
‘ .
3 ) ;
‘ [

. .
’ .

mia=m degrees T ‘ .
(v)
: .
: , b .
——

mibx degrees

o

. . -

S ' miZcm o degrees

~




Choose the correct equation from this 1ist and .find these

9.
, areas,
(a) ~

et 17 £t
(v)

‘. -A -/_,-

15~1-7

A= 84. £t

9iin, Aj °  8q. in,

A= ' 8q. cm

o .. l

Uy

Vo
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Check Your Memory: Self-Test

(Section 10-9.)
Write each mumber in decimal-férmh

(a) %
R
(e) 196'
@ &
(e) -g%

(Section 10-12.) Q

" Divigde.

(a) 3

(b). -éﬁ
(c) —1-22
o -

(e) T~

(Secfion‘l3h5.),

1

Find the least common multiple of each pair of numbers.

(a) 25 and 30 .

(b) 15 ana 2k

(c). 8 and 6k ’ o .

(@) 8 anda 11

(e) 12 and 16 i

Fad




b, (Section 13-6.)
- Add. (Use the space at the right for your work. )

(a)

"1
Sz =

=~}

)

&
+
Wl o
I

Now check your’answers on the next page. If you do not have them all right,

go back and read the section again.

v
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Answers to Check Your Memory: 'Sel‘f-Test

1. (a) .15 7 -
(b) .625
() .9 ..
(a) 1.6 - . ~
(e) 8.9

2. (a) 140
(v) 3.9 : -
(¢) .31 7

(@) .037 o "

(e) 10

" (b)
(c)

- (d)

(e)

582y

(b)
(@)
(a)
(ef

gla«ﬁ-\l O \r—'n“-\\; ’:-l&
{
*

] | : .87 | .

L
< of
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REAL NUMBERS
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Chapter ‘16

.- THE REAL NUMBERS

’

“ .
In Chapter 5, Integers, you saw that to find answers to sub-
traction problems like 3 -5, 2 -7, and 5 - 8 we'had to

invent new numbers. We called these new numbers opposites. ¢
-'. 3-5-= oPp 2 ' ' .
2-7T7=opp5 '
. 5-8= opp 3

and so on.

The whole numbers together with their obposites are called the

integers.

But using only the integers we were still not able to find
answers to all division problems like 3 divided by 6 , 2 divided

by 5, 7 divided by 4 , and so on. Again we had to invent new
numbers. Since division-expressions did not always name integers, we

wrote these new numbers as fractions.

. .
3 divided by 6 =

.

2 divided by 5 =

Y N\

1

- 7 divided by .b =
and so on.

All the numbers - including the integers - which can be expressed”
as the Quotient of an integer divided by a counting number are called

the rational numbers. ,
Suppose we want to find the length of the side of a square whose

area is 3 . To answer this kind of question we will again need to

invent some new numbers. These new numbers will be useful in answering

other kinds of questions as well.

N \




N . ) - kY ‘
Class Discussion S 16-1a
1. Complete this Mst by squaring these integers. (Squaring an

integer means raise it to the second power.) You can use :

your multiplicafjion tables to help you. -

-1 =
vy 10°=___ -
=9 uf -
W2 . 12 - )
52=__'____ 132=___
‘ 6= - W - .

S——————— . onmtemtmliseems

The numbers 1, 4, 9, 16, 25, an& 8o on, are all squares

-of integers. They are called the perfect squares.

Suppose you start with one of the (perfect squareé and try.to find
the integer that was squared to get it.

<. »

Start with 49 . The question we are asking is, "What integer
multiplied by iteelf is 49 2V Another way to ask this question is,
N "What is the square root of 49 ?" The symbol for square root 1s I .
A AR ) - '

Example 1. Y49 = 7 because T- =

- , ;

Example 2. -/§ = 3 because 32, =9.. .
o . ' .
The symbol Y- 1is called a radical. ' o o w
. K ~ 8
" 1)
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+ 2, Complete this list. . ) 3

, o ] ' ‘80 VI =1 Kk
T - e o ‘ 80 JE‘?. -
| 2.9 80 /9 =

o 42 216 so /16 =
. 25 8o =

.
W LN
n

n
n

=64 50 =

N
[
[e0]
=

9

! 102 = 100 80 =

80 L =

Oql§ the perfect squares havp séuare roots that axne integers.

.

How ;et's ask this question. How long is_;he side of é square -
with an area of 4 ¢ -

. -
{ <. >
& . -
< ) A .

Agaln we are asklng the question, "What nqﬁber multlplled by -
itself 18- 4 or what is VK " Lot et .

F =2 because 2° = k4 . Byt the fact that: JF and 2° are
egual means that /H and 2 are different nameé for the seme number._

"o - ‘e
- . ’

. 2 : ©
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3. Here is a square with an area of 9 .

S

Area = 9

! 7 —

4"

(a) What is the length of the side of the square? i
(b). What is the integer name for this length?

4, Here is a square with an area of 16 .

* N
(a) What is the length of the side of the square? ¥

"(b) What is the integer name for this length?

/

92




J .
- 3. Here is a square with an areg.of 9 . ’ ' o |
,’ R 4 " )
a * B ! s - ”
\
Y. -
© Area = 9 v‘ !
‘ <
i jo— T — . // - :
. . . . |
i (a) What is the length of the side of the square? i § .
(b), What is the integer name for this length? / ,
’ ' ~
4, THere is a square with an® area of 16 . )
. \
t 3y ‘I
> 1Y 4 \
' . » ] L]
/
~ '
- -~
<
A \ -
/
o ! .
—

(a) What is the length of thes side of the square?

(b) What is the integer name for this length?

v

o/
~




5

(16-14

Here is a square with an area of 36 .

.

Area = 36

. . L {
y v
(a) What is the length of the side of this square? e

(b) What is the infeger name for this length? )

4

B ,:v
!

95 -

Bl
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Exercises
—_—.

_ What are the lengths of the sides of these squares: Use your
multiplication tables to help you.

1. (a) Length of side = ¥ - o Area .
=25

(b) Integer neme for length
of side is .

re

é-;, (a) fengkh of side = _ ¥

(b) Integer neme for length . . “

of side is " e .
Area = 81

3. (a) Length of side = ~ ¥ R
"(b) . Integer name for length — 2 \>
4 - P y . -t .
of side is ‘e - /
' Area = 169
- \
4. (a) Length of side = +
(b) Integer name for length ° i
of side is - . ‘ Area = 64




More about Squares and Square Roots ° ) .

2 anpd Y§ are different names for the same number,

C o 2oy
s0: (/5)2 =4, -

. Class Discussion

1. (a) What is another name for 37 )
3=_+4_

(b) P -9
so (/5)°

2. (a) What is another name for 5 ?

() 5°
g0 (/35)°

1]
‘

. R &
3. (a) What is another name for 6 %

(b} 62
so (V)
)

4, (a) What is another name for -7 ?

36

T=_J
A .
(v) 7 o
s (Y59)° - .
Some square roots do not have integer names. « 7,
P ) , ! "
5. (a) The ()P =3. : A N . .

Can you think of an integer whose square is 3'?

(b) Is there an integer name fér 32

o - (




6. (a) 1Is (Jg)a equal to 6 ? S

(b) Can you think of an integer whose square is 61

(¢) Is there an integer name for V6 ?

7. (a) 1Is (/8)2 equal to 8.7

’ (b) Can you think of an integer whose square is 8 7

(c) Is there an integer name for 8 2 { <

8. Here is a square with area 3 . .

Area = 3

3

(a) What is the length of its side?

(b) 1Is there an integer name for this length?
2

() (B)P=_

96

16-2a
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’

9. Here is a sqguare w;th areg 5 ,

10.

V. -

(a) What is the length of its side?

(b) Is there an integer name for this length?

(c) () =

'Y

Here is a square with area -6 -, .

(a) What is the length of its side?

Area = 6

A

!

3/——
(b) Is there an integer name for this length?
5
(c) (/6)° =

-




11. The length of the side of this square is V8 .
<} .

1
i

Areg = 7 /

+ i—— /8 D

4

(a) Is (/8)2 equal to 8 7

(b) What is the area of the square?

12, The length of the side of this square is ¥10 .

Area = ? ~

-~ m —
| (a) (J10)2 =

, \ (b) The area of the square is .
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Exercises : s
A
1. Find the length of the side of each of these squares.
) (a) (c)
o
Areg = 2 .
Area = 18
) —— 7
length of side = ¥ '
fe— 7 —_
L] / ~
e
length of side = ¥
®) . (a) ,
|
e
\
Area = 10 Area = 14
— 7 —s ?
/.
length of side = ¥ length of side = o
99




2. .Find the area of each of ‘these”squares.

-

(a) ~ (c)

’

Area =
) A 22 —™
Area =
(v) T (a)
>
e /5 ——
Area =
i /E'5_
N Areg =
100

"7[;55




3. Square these numbers.’ \

———————

(a) (B = _. o ‘

(b) (/D)2 = -

(&) (/)2 =

—
5
~r
n
i}

(a)

(e) (/55)R
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Irrational Numbers .

Here is a 1list of perfect squares.,

. l -
)y -
\ 9 - ‘
16.-
25 ;
36
4g*
<, 6 -
g1 . S \
100
121

and so on,

- The perfect squares are the only numbers that have integer square

roots. ~

Vo~

1]
w

AT T a5 o

~

and so on.

The integers between the perfect squares, (2, 3, 5, 6,
T, .8\, 10 , .11 etc.), have square roots that are not integers.

These squére roots are some of the numbers that are called

irratioAal numbers. ,Irratidﬁél means not rational.
———— e -
\

102




These numbers These numbers
are irrational are rational

/1

v

v N

55 8 &

/10
YIT
v
vl
ik
/5

AR S Y

and so én.
103
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1.

>

Class Discussion

Complete thé;§oijkwing table, The first two are done

for you.

104 g

Number Write R if Rational If_Rational write
~or I if Irrational. Ihe integer name.
AJE' == "__R-— > © 7 I3 :L P
4 I ? _
/7 i _
v . L
Tk — _:_
/3% . -
/59 o Vo
o o _ L
/8L R -
"
|2 - - :
2 = —
/38 ” ‘
¥ —o
Mo/ : ‘ -
. Ty ' -
e —
. Y p
. .




{ On the numbér line:

3.

Yk is to the left of) J§ because 2 1is to the left of

/§ is to the left of Y16 because 3 Mis to the left of

.
5
(=
0]
ct
o}
2
[
=
[
.
}-b

B
o’
®
Q
£
(g -
=
(=
2]
ct
o}
c’.
b‘\
@®
=
®
b
(o}
}-b
O\, &= w

B 15 1o he 1et/de V36 becallse 5 1s to the Mt of
and 80 on.
.

Use the list on e 16-3a to help you with these questions.

(a) On the numbek.line is K to the left or right of V6 ?
. ‘ o . '
(b) On the numbgr linr ig 2 to the left or right of. /6 7

(e) 2

(g) What intlegers is ¥6 between? and .

On the numbey line:

{ .

(a) Is VI8 to the left or right of v20 ?
(b) Is &

A

o the left or right of Y20 2

(e) 4 Y20
G,5 . NG
(@) What 18 the next integer to the right of V20 ? -
, T -
(e) V20 _| 5 .
NCIES
(£) Vhat integers is Y20 between?




~

16-3d

4. (a) What integer is to the left of Y12 7 __ ,
(b) What integer is to the right of YIZ.? -
(¢) Y12 is between and . (What integers?)
5. 30 is between and . {(What integers?) ) .
Exercises
1. Complete the following table.
b er Write R if Rational If Retional write
or I if Irrational . the integer name,
/6 ———— ———
/10 —— —_— .
5 _ _
‘/@ bttt ) ———
B N A
/T L .
755 _ " o
2, Between what two integers is each of these numbers?
(a)J /5 is between - and ______ \
(b) Y1k is between __ “and . ‘ ‘
(¢) VB0 is betwe and . .
(@) /2 1is (:tween and .
(e) V3 4is between and .. 2
106
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The Right Triangle

weé have done before we will, locate these new numbéfs on

the nugber line. The right triangle will help us do this

For right triangles in the last chapter‘we'did theaé thipgs.
1. }squared the length of each of the shorter sigeg.
2. e added these squares.

3. %his sum was the same number as the square of the.length of

he long side.

]
[This works for all right triangles.
I
/
.
/ Class Discussion

The longest side of a right triangle is called the hypotenuse
( pronounced hi—pot%uh-nqose). The hypotenuse fi

tg the angle.

BRE

.

l

In triangle PQR above, RR is the hybo@enuse. It is "e"
" units long. : '

How long is side PR? uniits

How long is side PQ? units _

JFor all right triangles the relationships of the lengths of the
sides is:




LT 16-ka

‘a4

-x

2
Tor the right triangle above a = ' and

b2 = .
8.2 + b2 - c2
+ =c2
2
=C

. .
Since c2 = 100 we can find the length of ¢ . }
This is the-number whose sguére is 100 . We writeh
7100

0
1]

So:

' .
t
[ L
d ¢
/
Example 2. '
. "
: &= 2
For the right trianglé above a“ = and B
> 2 .
b = .
8.2 & b2 - c2
. 2
—+_=c Y
5 #

s
There is no integer whose.square is 13 so we
simply write ' ’
Y ) c = /ii“.
Our answer is /i§ units for the length of the
hypotenuse., This number is irrational.
108 )
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Exercises
Find the length of the hypotenuse of each of these right
trigngles. For the triangles where these lengths are.irrational

legve your ‘answer as a radical.

l.' . 3.
c A\l
b =1 b=k ¢
%:l I a=3
3-2 + b2 "-'-02 3,2 + b2 =c2
+ =02 ! + =c2
P —
=c, = C.z
= = e
2' )‘I'o -~
b =2 b =
, 4
‘\. \.
R
~. v
— +—_=c2 * . PN =c2
—.:‘ce L =c2
Ty —— T ’ —_—=c

3
*

109
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The Real Number Line

In Chapter 5 you learned how to locate the integerd on the number
line. When you did this there were many ﬁoints that were not yet

named,

In Chapter 6 you learned how to locate the rational numbers.on
the number line. Perhaps you thougﬁt that the. number line was
?filledJ up with the rationa}®numbers. At the time of Pythagoras
most people believed that all the points on the line could be named

.

by retional numbers. Pythagoras discovered that this was not true. ,
There would be many, many points left unnamed even if we could put all the
rational numbers on the line. The poirnts "left over" are named by

the irrational numbers. Naﬁing‘these points "f£ills up" the number

line. We say the line is "complete". All the rational numbers

together with all the irrational numbers name all the points on the

line. We call the rationals together with é%e irrationals the real

numbers .

You may think that all numbers are "real", but this is not so.
There are some other kinds of numbers that behave in unusual ways.
These strange numbers are useful for some things, and, they are not .

called real numbers.

We can locate some of the irrational numbers by using the right

triangle.

111




-Class.Discussion

3

Get out the worksheet on page 16-5d. Use your compass and
stfaightedge. Follow these steps to.locate 2 .

L. Label the origin point A .

2. On the worksheet the point (0,1) 4is labeled B .

3. The point (1,0) is labeled C .
4. s Draw BC. . «
5. Triangle ABC is a ' triangle.
6. The hypotenuse of this right triangle is segmént .
T. How long is AB ?' unit
8. How long is AC ¥ unit
9. (m)° =1%+12 )
(o )? = '
m BC = ' . )

\ —_— . , .
‘ : »
10. . Place the needle point of your compass &t point B and the

pencil point at point C .,

11. Without changing your compass setting, place the needle point at
foint A . Swing an arc that crosses the horizontal axis to the
right of point C . Label this point V2 .

Your completed conqtruction‘should look like this.

112
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-Follow these steps to locate 1/§ .
. ¢
Label (v¥2,0) point D .
Draw ED . ‘ -
How long is D ? -
How long is . AB 7
4 -
(m B)° = 1% + (/3)°
(n B =
mED =
Place the needle point of your compass at point B and the
pencil point at point D .
Without changing your compass setting, place the needle point
at point A Swing an arc that crosses the horizontal axis
to the right of point D . Label this point 3 .
Your completed construction should now look like this.
' g
b
O‘
B
11
el
C D {
»
A 1 ! J
2 3

113
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We can use the same procedure to locate /% which you know
is 2 . This will be a good check on our method.

1. Iabel (¥3,0) poindmsE .
2. Draw ﬁﬁv‘ )

3¢ How long is AE ?

4. How long is AB ?

5. (nEE)® =12 + (3)?
w2 = _+
(m T =
mBE =

6. Place the needle point of your compass at point B and the

(3

pencil point at E .

1. Without changing the setting, place the needle of your compass
at point A and swing an arc to the right of point E . This
is the location of Y% . What integer is located at this point?

By continuing with this process we can locate Y5 , /8 , ¥7 , /8
and so on on the number line. On page 16-5e you will find a number

line with many of theséwirrational numbers marked.

[T 1

11k

%

*se




WORKSHEET

4

D
P

£
4




vt | oot | 92 v2 22 OF SNur syerEyErrON 8 2 o g g 2 | o
..L_ S P T s T | 0 )
_ __& _ _ e e 4 — + 4 + } = - \0
..r) “~ A
eor | 1wt | 2 sz rgBe . .
250 gz , @ 5\ ’
. \ s
. /,
/c ]
_
< i




Exercises , -

1. 'Find the lengths of the diagonals of these figures. \
| PN »
(a)
/ /'/
a2 + b.2, = c? \
+‘ ; c2 e
« T
: 2
S nn— = c
Vah —_=c
_"
(b) N ” f N
. *
s ot
i . A .
¢ ) ®
2 2 2 - >
a + b =c¢ . .
: 51in P N
2
—_t____=c . © M o
> Y e
\ — T
y - c‘/ "____12 in »
X -
Hint: This is rational.
' ABCD is a rhombus.
« . Diagonal AC is 12 in. long.

Disgonal DB is 8 in. long..
Find the length of the side of

the rhombus.

.(/\ag\ + h,fj = c2

5

+ ;.,:c

.

v$’-‘ 2
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2. 'This telephone pole has € wire
- support from the top of the pole
wire < to a point on the ground 15 feet
support '

from the base of the polé. How
long is the wire?

. 2 4 2 -2

v———-'l---—--—::c2

L—15:t =&
) =C

Hint: This number is rational. See if you can give its.-

integer name.

1
This sailbodt has a 24 foot madt
located 10 feet from the bow.
.The headstay is a wire -that runs.
from the top of the mast to the
bow. -How long is this headstayz

: 2 R o2

+ = 02

. \ 2
= C
= C

.. Hint: This number is rational. Square 26 and see if this

is 02. .

118
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Addition and Multiplication of Irrational ﬁumbers

Class Discussion

We can use the number line on page 16-6 to find out how to

édd irrational numbers. - -

"

"You have seen how to add integers and rationals using arrows. T
You can use your compass as a portable arrow' if we agree that the
pencil p01nt is the arrow head and the needle point is the arrow
tail. _ r

»  Suppose we first add 2 + Y3 on the number line on page lé$6.
Place the needle point of,your compass at O and the pencil pg{nt
at /§ + Carefully pick up your compasg and place the needle point

at /2 and the pencil point on the line like this.

/

Notice that you do not not come to VP In fact the point you come to
is not even named. We simply name this point (¥2 + ¥3) . This is
a little less than Y10 .

Try adding /2 + /5 using your compass and the number line.
Does V2 + /3 = /i ?
. Is the point you come to named?

2 + /3 is between what two square roots? and .

N ‘ 120
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Let's see what we can find out when we add a square root to .,
itself, Use your compass and.the number line to add Y2 + /2,

~

. This time you come to & point that is named.
2+ 42 = .
* Add fhese irrational numbers..
3 +43 =
5+ 45 =
Y6 + /8 =
Do all of these come out to points that are named?

You have often thought of repeated addition as multiplication.
In other-words 2 + /2 =2 . /2 .

Write these as multiplication problems. 9, ’

B+/3=__

55+ 5= e

E+/B=___ 1

You know that 2 can also be written as 7% .
So: Z+5=4k- '

When you added these on the number line you came to /8 .

So: / A 2=/2=y8 .

-e

Look at your answer to /3 + /3. From your answer we can see
that: '

3+/3=2:43

B+B =/ 3
‘ I +3=/-3

3+4/3=4/12

121
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Also
Srh=2.45
B+ d5=E -
B+ /5= 5
N5 £ 5 = /D
and ’ ~
B +B8=2.48 .
JE +/8 =%+ /B
l B+fB= TG
/6 + /B = ¥k
There are three important facts that we can see Pfrom what we
have just done. S

(1) If a is a positive ipteéér,
fa+a=2"-a
=vF - /a2

.

Because L4 - a must be an integer; Yk * & must be the
square root of some integer, '
(2) If a and b are different positive integers, va + Vb
&

is not equal to Ya +b . If \Ya and /b are irrational,
their sum canxonly be written in“the form +a + /b ..

(3) If & and b are positive integ g, then Ya « /6 =+/a * b .
You can see this if you replace & and b with perfect
squares. ' ’
‘ﬂ:'l@=2-3 and -/E' -_-,/33 .
=6 =6




1.

2.

3.

1.

Find this. product,

. T AT=
Find this producf. . a )
BeAfT=4hH - '
=_——-——
Find this product.
AR —
=‘1’ - ~
¢ Exercises

Write yes if the sum is named on the number line on page 16-6
and no if it is not. Use your compass to help you"'. '

.
L]

(a) 78+ /I - oL ,
(b) B+ 76 |
@ H+5 i

(e) /3+4/3+43

123
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‘2, Write these sums, Use the number line on page 16-6 and your.
.

compass to help you. o 3
(8) B+/B=
(bf T+ 4T = S
() F+/3+v5=
C (@) BafBe
() Bk

3. Find these products,
. ’ . t

(a)" /2 '_'.1/’7 =

o seme

S () 5B __
- 2

@ 73 : ﬁ% I

) B /-

LT R

o

(0) G-

124
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Simplifying Radicals :
:

Class Discussgion .

n_u

In the last lesson you learned that if "a" and """ are
positive integers then

I Ya /o =va 0. ,
You saw thié{ when you multiplied Y% « /3 =/F + 3 = /i3, |
Suppose’ we work backwa’:‘t;d. ‘
L BTS2

\
2-/3' i8 considered a simplified form of Y12 .

Here is another example, We will simplify 32, b ?
) /B =872 | }
V32 = /16 « /2 ' |
But Y16 has an integer name., What is this name?
So: Y32 = 42

In this exsmple we will simplify +27 .

27 =49 + 3
=053 \ >

27 =3 * 3 \ *

-




i 16-Ta
- A square root can be simplified if it has a perfect square
as a factor. Remember that ¥ , 9 , 16 , 25 , 36, k9,64, 81,

.7 4 . 100, etc., are the perfect squa.res.
To gimplify . Y18 first ‘factﬂr 18 into a perfect square

times some other integer. !

/8= . | . -
’ i R
Write this as the product of two radicals (square roots).
vir: SRR

number.

z ’ - 1. Simplify these irra.tiona.l /ixumbers by £illing the blanks.

: (8-)/_ /T (e, AO=V ____ -2
- 7 - /* 5 e

B __ 5 B

mrg f @ M=/ ___ +5

@:a___.ﬁﬂ- ~ ./HB-;__-@\
o \

g : ~ / 126 P
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(&) BE=/__ -6 (@) MBS ___ 73
el __ B Bl __ - h
@L__ﬁ' MB=__ N3
() fo=/___ -10 () M=/__ -3
M-/ _ /o B=/__ h3

M- T M-__ 3

2. Multiply these irrational numbers. The first one is done for

you.
(a) 3:/65=4"73 () B-B=yf - __
/345 =715 2 B = .
(b) /& - /7 = v/ Give the integer name for
- T this number. -
R - T =
' (2). B-vB=/___ -
(¢) /8« 11 = V/ ’
. _ . —_ /3 - /i3 =
\ /B - /T = _
. Give the integer name for
(@) Y10 - @:»/____ . this number.
+ /0 3= (g) B -/B=/__ - __

2 - 32 =

Give the  integer name for

this numbgr .

127
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Subtraction of Real Numbers

We have always subtracted in the same way. With the integers
we learned to rewrite the problem as an asddition problem. We added
’ the opposite, of the subtrahend. We subtracted rational numbers in
the same way. Since the real numbers include the rational numbers
which also include the integers we must not change the rules for ;

subtraction. We subtraet the irrational numbers’in the usual way. ]

In order to do this we need to locate the opposites of the

irrational numbers on our number line.

Class Discussion
Take page 16-8a out of your notebook.

1. Place the needle point of your compass at zero and -the pencil

point at V2 . ‘

‘2. Without changing the setting of your compass swing an arc
that crosses the line to the left of zero. This is the .
location of V2 .

3. ~ Repeat this process to locate V3 , B, &, V7, /8,/I0 .

4, Page 16-8b is a picture of your number line., Locate’ and label the
following points on this picture. Use your compess. Remember

“to rewrite the problem as addition.

(2) Point A (¢) Point C
55 -2 /7 - /10
= + = L
(b) Point B ’ (d) Point D
/16 - /3 3z - B “
= + - +

128
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_ Notice that the points you marked hafe not been named. These
points represent‘neﬁ i{{atighal numbers whose names. are simply
(5-42), (VIO-3), (fT-VO), (2.-), etec.

From this y09 caﬁ see that we have not named all e points ¥or the
irratiohal numbers. In fact, this would be impossible.

“~
5. The Y% is rational. As you know it is 2 . On the number
.1ine what is the opposite of V& ? ~/F =

6. /E =2 because 2° =L . In step (5) you found that /& = T2 .

What is ('2)2 ? That 1%* (T2) «.(T2) = " so, ‘(‘/E)e =k,

-(Remember that the product of two negative numbers is Bositive.)

7. From step (6) you see that there are two numbers whose square

is 4, 22 =4 and ('2)2 =4 , You have found that U4 has

two square roots.
L 3

8. (a) Does (j})e =917 -

(b) What are the two square roots of 9 ? © and .,

9. Vhat are the two square roots of 16 ? and
o '} " of 25 ¢ ‘ and’
—

But what abowt

All éésitive real numbers have two square roots.
the negative real ;ﬁﬁﬁprs? Let's see if we can find a number whose
square is 4 . Two reasonable choices for this mumber V k& a}e'
either 2 or "2 . But this cannot be true because 2° = k and
('2)2 =Lk . There is no real number whose square is 4 , 'In fact
there.are no real numbers that are the séuafé roots of ggi of. the

,negative\real numbers.

JEE is not real
JC; is not rea}
/=§ ig not real

/

Y 12 is not real

» ' 131
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)
R ) Exercises
Below is a list of mumbers, Under this list is a diagram that: . ;

shovs that integers are also rational numbers and real numbers, and
that rational numbers are also real numbers. Sort out the numbers
) in the list by writing them in the correct circle.

‘

R, B
: 2 X1
R
. 3 . . 5 " B
, ‘ 5 b 2
~ 16"¢ 3
36 2 ~ :
L )
a7 5

-‘-?

"Real Numbers

Rational
Numbers

’

Integers

, .




Reciprocgls of Real Numbers

You have seen that division means.to multiply by the
reciprocal of the divisor. In order.to divide square roots we
will need to locate their reciprocals on the number line.

Class Discussion /
¢

On page 16-9a there is a picture of a real nuniber line. Wg"

will locate some of the reciprocals of irrational numbers on this
line. )

1

You knog that the reciprotal of 2 is %‘- In the same way '
the reciprocal of /2 is —;'-_- . Since rational numbers are also
. Y2 '
real numbers the product of reciprocals must still be 1 . So
R 2 . Lo LQ- =1
L 2 2
Our problem is to find the loeation of L on the number
. , /5
2
line. We can use thggfact that — = 1 1o help us.
: ’)Y‘“Y'L,','. -/5
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Does it change & number if we multipl& it by one?

2 .
Suppose we @éﬁtiply L by X2 . Will this change the number?
. : /2 /2 ]

sWe gﬁltip;y these irrational numbers in the same way we multiply

rational numbers. v

That is:

L
2

The integer name for

So:

~

This tells us that j% is located half way between zero and
2
Y2 . All we have to do is bisect this segment. Use your compass

and straightedge to find the midpoint of this segment on page 16-6a.

' X this. midpoint -—=- .
. 2

Now let's locate iﬁ whHich is the reciprocal of Y3°, Again we
3

can use multiplication’ by one to help us.




_ In Chapter 12 (Similarity) you sa¥ that you can divide any -

segment into any number of parts using parallel lines,

1. On the number line (p. 16-9a) set the needle point of your
2% - . compass at zero and the pencil point at v3 .

2. Count over .3 ‘'lines past zero.
this line. Iabel this intersection point A and draw the
segment from zero to A 1like this.

il

7

/

-«

Swing an arc that intersects

D 1.

/3

/3

* The vertical lines on the grid are parallel and equally

spaced .

3. The segment from zero to A 1is divided into 3 equal
Set your compass at zero

\

and at the point where the segment crosses the first vertical
line. Swing an arc down t0 the number line like this.

parts by these parallel lines.

-

o

/

L 3

AY

R

»-

N 4 16-§c




Since .-.1.'..=_1.'_ n:ﬁ:ﬁ
e BB B2
we could locat -51 on the number line by a similar process to
. > '
findiné-'3= . In fact we could locate the réciprocals of all the

/3
square roots of integers by this method.

\

The procéss of rewriting jé' as %? is called rationalizing
5 .
the denominator.

We can use multiplication by 1 to’ratipnalize the denominator

of any ratio of square roots. Here are several examples.

1,2 _2
Z B 2
3 _f3

S-Sk - &l S
Sls Sl o
-\1'\@ wk;:‘ '\1|-:\1|

(4]
ct
(o]
.
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Exercises
Follow these steps to locate the reciprocal of Y5 “on the
‘number line at the bottom of this page. /\

. I 4
1. Rationalize =~ .
/ ‘ ,/5-
‘ ' 1_1. 5 ,
: ' . B B T

"2. FHow many equal parts is the segment from O to V5 to be
" diyided into? - . ’ ~

« 3, Set your compass at zero and  v¥5 on the number line below.

~ ,Count over .5 lines from zero and swing an arc that intersects
" this lipe. (Do'not change the compass setting.) Label this

Al

» point P,
. L
5:"\ Draw the segment from zero to P,

6. The vertical lines of the grid divide this segment into fifths.

. Set your compass to -51- the length of the segment from zero
to - P ., ’ '
7. Mark off this length from zero on the number line. TLabel this
point L .
5
) ®
h 2 /5 1 )




8. Rationalize the denciminator in each fraction,

(a) = =

7
R ./3-’
(p) ==

: 2 e

(e) 2 (Caution: The numerator here is

3 an integer.)
(@) 2 =

/6

/8
(e) .
5

h— -
(£) —= .

T

s
‘\ .
\ +

139
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n and the Circumference of & Circle

Class Discussion -

Get out & coin and carefully lay it on the number line at the
bottom of this page so that one edge is at zero and the line passes

under the center of the coin like this.

Y

, Place ‘the needle point of your compass on the number line and
against the edge of the coin. Punch a tiny hole in your paper. We
will use the distance from zero to the hole as the unit for the
number line, so mark the point at the hole and label it 1 . ‘

Carefully set your compass &t zero and 1 and use it to locate
the points for 2 , 3, and &4 . Label these points.

Make a small pencil mark on the coin on the edge of the coin
like this. * .

Pencil mark

Place the coin on edge on the number line so that the mark
is located at zero. Roll the coin along the liné.without slipping

until the mark again touches the line. Mark this point on the
. line. This point is a little to the right of .-

L o

. 140 *

145




) S 16-10a
Check with your classmates who used a different kind of coin. ‘ ) {
Did they come to about the same number on their number line?

-

You probably know that the distance across a’circle througﬁ~«~.~//\

the center is called the diameter of the circle. The symbol for
diameter is D . The distance from the center to the circle is
called the radius. It is % the length of the diameter. The
symbol for,radius is r . The length of .the circle (distance

around it) is called the circumference of %he circle. The symbol

for circumference is C . T,

. On the number lirfe on page 16-10 you used the

of the coin as your unit. The circumference of the circle is a

. little more than times longer than the diameter.

This is true for all circles no matter how long their diameter is.

The number you came to in.your experiment with the coin is
actually irrational. .Its name is = (pronounced pie). From what

you learned in your experiment we can write

r

D .

‘e

' (circumference = x times diameter) .

The number = is very close to the rational numggrs 3.1% ang %% .
For computifg the circumference of a circle you can uéé{'s,lh or %5 as
an approxjmation for w . To get a rough idea of the circumference

you can simply multiply 3 times the diameter.

- 14
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. Exercises
H L}

For circles with the diameters given below first multiply by

3 to get a rouéh estimate of the circumference and .then multiply
*

by 3.1% to get a closer approximation of the circumference. The

first‘one is done for you.

D

Rough ' Close
(diameter) estimate of ¢ ’ approximation of C
'1. b gt ia ft. » - 12.56 ft.
2. 5 in. in. ' in.
3.f. 8 cm cm ' cm
« ‘h¢‘ ’ 7 yds. . ‘ yds . 3 yds .
, 5, " 2.6 in. in. ) in,

6. 3.2 in. - in. in.

1k2




Area of a Circle .
Look at this circle. ‘
"
A Sk
/
. R [
/
- 1
: y
The radius of the circle is 5 units long.
’ Each of the squares is a uni; square. You can count these unit

squares and find out gbout what the area of the circle is.

Class Discussion

_ Count the unit squares that are shaded dark. How many of these
squares are there? Write ‘this number in the table on the next page.

~
-

LookK at one of the regions that is shaded light. The circle cuts
through 2 unit squares. If you put the two parts together you get
about one square. So each 1iéhtiy shéded region has an area of about
one square., How many of these regions are there? So about

., how many urnit squares does this make? ’ Write this answer in '
% the table. . . '

143 .




Now look at the unshaded regions., BEach of the unshaded regions
is about %»'of a unit square, How‘mgny'of these regiong are there?
So about how meny unit squares does this make?

Write this answer in.the table. -

T

Number of dark .squares is
* Number of light squares is about

Number of unshaded squares is apout

The area of the circle is about

-

Add the number of squares in the table'to find the approximate
area 48f the circle.

v
Now let's see if we can find a way to figure out the area of the
circle without counting the squares,

’

Here is a picture of the same circle, This time we have put the

circle inside of a large square.'

«—————— 2r —————

The length|{of the side of the square is 2 +times the radius of
the cirecle. '

. , - T

16-%1a




Ared gf square

o= S

Areg of square = 2r « 2r
k] -
- Area of square =2 * 2 + 1 o 1 ) . ,

*Ayea of square = hre

You can see that the area Sf this squa®e is 4  times the.square .

of the radius of the circle.

' Remember that the radius of the circle is'<5 -units long. Find

By,

the area of this square. ? N

Ares of this square = hre

Area of this square = # . )2

AN

- Area of this square = 4 - , //
Area of this square = square units
Remember that.the area of the circle is about 78 ‘square units,

Is the area of this square more or less than the area of the

circle? . . .
\-——

\ Let's try a smaller square.

q

* Here is a'%icture of tile same circle with a squa;e insige,

L ™, : ' K

=3 i
N . 3
T
~
M 8 i
1Y i ~
P 8 Q

- M 1is the center of the circle., PK is the diagohal of the square. .
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. K¥ is therradius of the circle, so diagonal PR is 2 times the
length ":o;”:f'ﬁie radius of the circle, - ’

. mPK = 2»° ! o

~ Here is triangle FQK taken out ofthe circle, . ' L,

Triangle FQK is part of the sguare so PQ and QK are the
same length, We don't yet know the length of T and QK 'so we use
"g" for this leng:th.. "g" 1is the length of the side of the square
80 the area of the square is | $2 o This is what we want to find, '

¢ The triangle is a right triangle. _ .
> So: . 92+s_2=(2r)2‘ ‘
’ @ 2 ‘

8 + 8 = 2r * 2r

( 92+92=2-2°r-r
g° + 32=1+r2 ) 2

. » '282'=x.ll-r2 : e ’
1 2 1 2 .
§ .2 8 —E 1I»’I‘_"%
2 - 2 s 1

g8 = 2r
k) But 82 is the az:eg/ of the squa.?'e,
80 area 'of this 'squar'e = 2ré
ThHe area of th:l:s Bquare is 2 +times the square of the radi
of the ciz:cle.v ' . |

‘,: =
Q 1
peess
[N

\
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Remember that the radius of the circle is 5 units long. Find

the area of this square. =~ .

Area-of this square

Areg-of this square

Areé of* this sqqarg

Area of this square = square units
Remember that the area of the circle is-about 78 square units.
Is the area of this square moré or less th;n the area of the

circle?

- Here is what we have learned so far:

(1) If we use hr® to find the area of a circle the

answer is too big..

(2) If we use 2r2 to find the area of a circle the
answer. is too small. '

(3) The area of the circle is between 2r° and hr? .

Lets 3}3& 3;2 and see if we come close to the area of the circle.

Is the area of the circle equalto 3r2 7

337 =3+ ()P
= 3 o

= sqQuare units

-

Is your answer close to the 78 square units you got by
counting?

Is your answer too big or too small?

IS'yo%g_gnswer very much too small?

The area of a circle is.a little bit more than 3r2 « What
number do you know, that is used with circles, and is a little more

than 3 %




Area of a circle = :rrz

U"se this formula to £ind the area of the circle with radius '
5 units. (use = =~ 3.1h4)
. 2
A(c:trcle) = r
. , 5
) = 3011‘!' 4 (___) °
) "3301!‘1' . ' =

. A( circle
A( cirele —_—
A(circle) =~ square units ¢

This answer is very close to the approximate area of 78 square
units that you ‘got by counting.

Example 1. Suppose we find the area of a circle whose radius is. L
inches, For computation we will use = ~3.14 .
A= nr
A =~3.1k - (4)°
A ~ 3,1k « (16) . .

A ~50.24 sg. in, -

Exsmple 2. Find the area of a circle whose radius is 7 cm.
' 22
. use N = —=- :
( ‘ 7

so: A 22 «
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Exercises

o
Use the examples on page 16-1le to work these problemg 2
ph=
1, TFind the area of a circle whose radius is 6 feet.

(use = ~ 3;1k)
-2
A= nr

A= ] sq. ft,. -

2. Find the area of-a circle whose radius is 1k centimeters'.

(use = = -2,%—%)

-

.3. Find the area of a circle whose radius is 12 inches’
(use = =~'3.1%) - B




16-11g
L, (a). Find the radius of a circle whose diameter is 42 inches . .

r=%D .

=

r = * dinches. o

(b) Find the area of this circle. (use = ::,-.2_,‘72.)

)




Pre-Test Exercises

1. (Section 16-3,) w

(a) -5
L () 1B

(e)

(8) 8

2, (Section 16-k.)

triangles. '\

(a) -

-

‘Draw a circle around the square roots that are integers.

[y

Find the length of the hypotenuse of each of these right
Fd

. (b)

-
-

(e) A9 '
(£) Y12
(g) Y20
(n) /36

-
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3e (Section 16-6.)

Ciréle the correct answer.

B+ /=2

(a) 55

(b) S +11

(e) /18 ‘ o .

"(a) /1% | '
(e) none of these

k, (Section 16-6.)

Circle the correct answer.
5« Y11 = 2
(a) ¥55
(b) 5 +1T .
- (c) V16
(a) YIoo

(e) none of these

152




 16-B-3
5., (Section 16-8.)

‘Sort out ﬁﬂé numbers in this list by writing them in the
. ‘correct circle. '

. -17
, g VB /5 + /10
oh1 /25
Rationals
\/

' Integers

155




(Section 16-9,)
Rationalize these denaminators
() 2. -
/5 ’
1 . 7
(v), r
(Section 16-7.) . o
Sinplify by factoring out a perfect square.
(a) 20 - a
(v) 5 - . .
. (Section 16-11.,) ) .
Find the area of this circle. (use x =~ ?-2..{—)
\
A=gq r2
.A L ———2
A~ .

A= 8Q. in.
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(Section 16-10.)

Find the circumference of this c'ix"cg. (use =7 ~3.14)

) C=x*D
C ~

Su—

C =

(Section 16-10,)

What is the radius of a circle w}}ose diameter is 32 Pt?

* [
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16-T=-1
Test

Draw a circle.aropnd the squé%e roots that are integers.

(a) 37

(v) /6L

(o) VB

(a) /2 \
(e) VI9

(£) Bk A

Find the length of the hypotenuse of this right triangle:/J.

v

6
a + b2 = c2
2 + 2 - c2
+ = 02
2
=ec
Circle the correct answer, I ‘
/T + 410 = 2
(a) /70 .
(b) T 10
(¢) 1T ‘
""
(a) 1k
(e) none of these-
156
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. *

"4, Circle the cbrrect ansver,

T - »’13 = 2
: (&) A7 (@ A+

E (b) /2 B (e) none of these

(e) 70

!

5. Simplify by factoring‘out a perfect square,

p

(a) /50

LR

(b) ¥8
(¢) - /18 =
(a) iz = . - :

-~

6. Rationalize these denominators.

/T

(a) :E;

«,




7. If the diasmeter of a circle is 26 ft., what is the radius?

»

8. If the radius of a eircle is 8 in., what is the djameter?

I

. ’

9. What is the area of a circle whose radius is 9 feet?
(use = =~ 3.1%4) . ) ’

A §

A = a2 : : v

A =~ square feet K - p

10, What is the circumference of a circle whose diameter is 35 inches?

(use n o~ 22
T

C = inches




2.

Check YOI;.I‘ Memo.ry: Self-Test

- ¢ .
1. (Section 15-94)

A .
Fill thé blanks. °

e +

(a) 15 m is the ,same/‘é.'s' ____mm
(b) 10 m is the same as™ _____ lm

. (e) 140 em t§):c‘}1e sape. a5’ - mm ‘
(a) 582 om is the same a8 _~  m =7
(e) 2}#8& m is the seme as ' km

(Section 15=12)

X
Find the area of the following.

(a) (e)
.. 10%
14 £t.
1‘ ‘
A: 8q. Tt A:
. <
* (b) L o (a)
5V 1y
A: - sq. yd. A

1.1 1
lol in. . [~ 2
. *
8q. in. -
L i 11 em
12 em )
o
square cm
'l
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3. (Section 13-10)

Write thei following using Bcientific notation.

(a) 965.013 = _

(v) .

(e) Y 4

(a) '

(g) +0005368 = : J

4. (Section 13-8 and 13-9)

’

Multiply or divide. Write your ansvwer using an exponent.
(a) 100 X 1073 =

(b) 1000 X'ag,ooo =

(c) 2000,
100

103
1072

———————n.

(a)

(e) .0000L X DOOL =

5. (Sections 11-7 and 11-8) “ . *

Give the measures of Zx and Zy in each problem,

(a) - (B)

mZx mwlx =

nlZys=

mly-=

. Now chpk your ahgwers on the next page. If you do not have
them all right, go back and read the section again.

. 160
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Answers & Check Your Memory: Self-Test

(a) 15000 - |

(b) I%B or .0l - ' | R

(e) 1400

(d) 5.8

(e) 2\.&88

(a) 140 sq. ft.

(b) £ sa. yd.

(¢) 1.21 sq. in. )
' (d) 12 square om

(a.)\ 9465013 X 10° , ,

(b) 3 x 107 '

(c) %.9736 x 10* ‘
. () 1.486 x 107t
* (e) 5.368 x 107 -

(a) 10°

(b) 107 . ' N

() 167 '

(@) 10° - O
‘(ej 1077 -

—
(a) m/lx =45 "
m/ly=bs
(b) m Zx =60
, ~
m/y=30
161
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