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The viability of systematic analyses of real problem domains in terms of rul
:w

.and higher order rules has been demonstrated by Scandura, Durnin, and Wulfeck (19/9

and Durnin and Scandura (1973). The practical importance of such analyses in suph

areas as artificial intelligence and education, however, is still an open question.

Although an attempt was made to insure in those analyses that the rules identified

reflect human knowledge, it was not demonstrated there that they do. Rigorouatests

of this thesis require experimental data, oFurther&re, even if the rules do turn out

to be coOpatible-with what human subjects are likel to know, it is not clear whether,

and to what extent, instruction in the higher order Mules will result in improved

problem solving performance.
The research reported in this paper deals with these questions in education with

respect to the geometry construction analyses in Scanduraet al.'(1974)% Specifically,

the purpose of this research was to determine the extent to which: (1) the basic

higher order rules identified in the andlyaes are compatible with the knowledge had by

a group-of average ability teenagers, (2) instruction in the higher order rules

facilities pe ormance on geometry construction, problems and (3) instruction in some

higher otterpies influences (i.e., facilitates or hinders the-learning and/or use

/ of) subsequeht ones.
A totil'of four paths of the two loci, similar figures, and auxiliary figures

higher order rules were .considered in the study. According to theAnalysis given in

. Durnin and Scandura (1973),''-the central question in determining lithaviotal compati-

41. bility is whether the paths of the higher -order rules act in (near) atomic fashion.

The major task, here*, is to determine whether the ability, or'lack thereof, to appro-

priately combine available loIer order rules in one problem' situation is reflected in

other problem situations of the same type. This ability, can be determined either

directly in-higber-order task situations,' where the sUbject is .required to derive

solution procedures tor given problems, or.indirectly,'as-we have done below, by.ask-

ing the subject to actually solve probleMs (i.e., derivegolution procedures and 4n
use them).

In theory, when .paths ef--a rule act in atomic fashion with a given populatiowof

subjects, inadequacies. determined through testing ,can be overcome through direct`'

instruction on the paths involved. If a person can solve problems whose solution rules

reqUire one path of the similar figures higher.order rule, but not problemg involving

the other path, for example,, then instruction presumably would be required only on

the latter path.
PreVious research }provides more or less definitive elide lines on how to proceed

and what to expect with regard to the first'two questions. ThuS,the research reported

in Durnin and Scandura (1973) suggests that-introspection as-to how one actually

solves'a class of problems often results in. the identification of procedures which

appropriately partition the class (into equivalence classes). Although we know of

no empirical research in the literature which bears on the second goal, members of the

-MUG, group have developed maeefialS for diagnbsiic testing and remediationin the

arithmetical skills which are based directly on these ideas (for details, see Scandura,

1972).. Formal data concerned with instruction have-not been obtained but informal

tryouts attest to the effectiveness of the remedial materials.

With regard to the third goal, very, little can be said oh the basis of available

evidence. The fact that various paths'of the higher order rules srare many sttps in

common suggests that there might be positive transfer from one path to another. Thus,

having learned-one path, there is apt to be less to learn on subsequent ones so that

learning them will require less time. On the other hand, one could argue that

o



1 -similarities among the higher order paths coadresult it interference. In attempt-
ing to generate solution procedures to given,problems, the subjects might use the
wrong paths.

The present study was designed both to provide answers tothe first two questions
and to determine transfer and relative learning efficiencyoresulting from prior
training. y.

METHOD

Tasks and Materials

Four paths of three higher order rules were considered in the study. Figure 1
depicts the two loci rule, and Figure 2 depicts the two paths,of the similar figures
`rule in Scandura et al. (1972). Path 1 (restricted similar figures) involves stepti
T,JK, Ls and M, and path s2 invol/es steps A,- B, C, D, F, G, H, and I. The fourth
path involves the auxiliary figuikes rule (Scandura et al., 1974). For 'instructional

...,,i',purposes, the decisions and operations of each path were'written, respectively, as
simple lists of questions and iterative statements.

FIGURE 1

Construct representative (S ) pair.

<
1. Does there exist a point X in (Si, 1) and a rule rg

,

such that (X, E) E Dom r
g

where E is a point or distance,
no

and Ran r
g
c G, and satisfies two specifisc -conditions of types: 4O

X is a given distance from a given point or line, and/or

X is equidistant from a given pair of potnts`orlines?

X sa
,,.

.

4

yes

2. Construct: r9

3. Is there a rule rL such that a pair consisting of given
no

points; lines, or distances in Si is in Dom rL, an43is there a.

locus L such that X E LE Ran r
L
? Also for r

L'
?'

1 yes

1

4. solUtion rule R :

.--e.111'^'"""011. 1110"'.11,

r
L rL" rg
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The experimental tasks were 13 geomet construction problems (see Table 1) taken
flour Scanduta et al. (1 74). These proble may be categorized according, to which of
the four paths of the gher order rules may be used to generate an appropriate solu-
tion rule. The two loc higher order,rule constituted one path; the similar figures
rule yielded two pa hs (restricted similar figures and similar figures); the auxiliary
figures rule yielded ne.

°' TABLE 1
(0,

Nr,
,

eometry Construction '.-asks

.
,

Problm Solution tb,

Test ,

Number Type i

Problem Statement, ,

Given a line and a point not on the line, and a radius a

. Pretest I 1 Two loci R, find a circle having the given radius R, which is

f . tangent to the line, and passes through the given point.
Path one ,. .

Pretest I .1
2 s ilar

Given angles B and C andthe altitude H
a

, construct

fi ures
the triangle.,

.

.

. ,.

Pretest I 3 Two loci
Given side a, and the median Ma, and the height Ha,
construct the triangle.

Path one
Pretest I 4 similar

figures

-Given'angles B and C and the angle bisector Da,
construct the triangle.

Posttest I 5 Two loci
Given sides a and b and the median M

a
, construct

the triangle.
Path one

Posttest I 6 similar
figures

Given angles B and C and side b'opposite angle B,
construct the triangle.

Posttest II 7 TwOoloci

Path one
Posttest II 8 similar

fi res

Given two intersecting lines and a radius R, construct
a circle with radius'R tangent to the two given lines;

Given angles B and C and the median Ma, construct
'the triangle.

Twdyloci
and

Choice Test 9 Path one
sim*lar
figures

Given right triangle ABC.with right angle at B, inscribe
a square in itsuch that two sides of the square lie
on the legs (AB and BC) of the triangle and the fourth
vertex of the square (the intersection of the other
two sides) is on AC.

Path two
Pretest II 10 similar

figures

c.; Path two
Pretest II 11 similar

'figures

Path two
Posttest III 12 similar

Posttest III 11

figures

Auxiliary
figures

Given two intersecting lines m and n and a point A'
not on either line, construct a circle tangent to
lines m and n which passes throughpoint A.

Given two intersecting lines a %nd n and a point P on
line m, construct a circle whose center is on line m,

. which passes through point! and is tangent to line n.

Given line m and points A and-B on the same side of
line m, construct a circle tangent to line m which
asses throu h.oints A and B

Given sides a and c and the altitude Hb, construct
the triangle.
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, The lower order rules needed (in addition to the higher order rules) foi solving

-the ex rimentai problems are shown in Table 2. For purposes of instruction, these
to es weretefined to the level of actual compass settings and placements. Each con-
si ted of a sequefce of operations to be performed. Accompanying sketched illustrated
the result of each operation.

rcle rule

M ian locus

cle tule

Po nt-line
ci cle rule

. Pa allel line
e

51 An e bisector

1 ,

. Perpendicular
bisector rule

Similar
triangle rule

. Goal triangle
ruli

10. Point of
similarity
rule

le rule

11. Similar
square rule

12. Goal square
rule

Similar
circle rule

TABLE -2

Lower Order Rules

Construct the locus of points at a given distance from a given
point.

Constructthe locus of points at a given4istance from the
midpoint of a gived segment.

Determine the distance between a given point and a given line and
then construct the locus of points at the obtained distance from
the given point.

Construct the locus of points a a given distance from a given
line.

Construct the locus of points equidistant from two given inter-
secting lines.

fr
From a point not on a given line segment, draw segments to the
endpoints of the given segment (i.e., construct a triangle given
a side and an ovosite vertex). r-

Construct the locus of points equidistant from two given points.

Construct Sntarbitrary-triangle from a pair of given angles, and
construct on it parts cetresPonding to other given Segments.

Construct a triangle having some part a given length similar to
a given triangle with a corresponding part.

.
, -

Select a point of intersection of tOo lines through corresponding
paints of goal and similar figures as the point of similarity,
then construct a line through the point of similarity and a point
on°the similar figure, to intersect the goal figure at a corres-
ponding point, from which the goal figure may be constructed:

ConStruct an arbitrary square in a right triangle with twa of its
sides contained in the legs of the triangle.

-Given a right triangle and a point on its hypotenuse, construct a\'
Square with that point as one vertex, such that its two opposite
sides are contained in the legs of the triangle.

Construct an arbitrary circle, with its center on one line and
tangent to another line.

The fact that.there were 13 tasks and 13 lower ordkr rules is strictly happenstance.
The only connection is that.the senior author was_married on August 13 and is,in the
13th year of marriage.



2aC

Descriptions of all rules were reproduced on 21.59 cm. x 27.94 cm.
(8 1/2" x 11") paper. Each problem appeared on-i separate page so that constructions
could be done on that page. The 13 problems were arranged into six separate tests as
shown in Table 1.

The instructional materials were arranged into seven training booklets. Booklet 1
contained lower order rules 1-10 and a sample task for each. Booklet 2 contained 1'
review tasks for the rules of Booklet 1. Booklet 3 contained path 1 of the two 1 ci
higher order rule, with the two Pretest I, two loci problems, as practice. In pa alle1.1-

fashion, Booklet 4 contained path 1 of the similar figures higher order rule wi.' the

two Pretest I, similar figures problems as pr'actice. Booklet 5 ,contained lowe' order
rules 11 and 12 of Table 2 with correspo ding practice tasks and Booklet 6 con ained
Rule 13 from Table 2 with a practice to 1. ooklej 7 contained the second pa of the
similar figures higher order rule aldh wit the two problems from Pretest I. as
practice.

Pencils, compasses:and straightedges were available where subjects did got provide
their own.

Subjects, Design, and Procedure

the subjects were 30 Trenton State College students enrolled in an undergraduate
college geometry class.

A repeated measures design was used. The first phase involved lower order rule
training (Booklets 1 and 2) and Pretest I. lap main purpose was to obtain information
regarding the adequacy of the two loci higher order rule and path one of the similar
figures rule as a basis for assessing the (higher order) behavior potential of sub-
jects. A secondary purpose was to obtain success or failure profiles, so that the
subjects could be stratified efore assignment to experimental groups.

The first meeting with t e subjects occurred during a regularly scheduled 75-
minute class period. One inst uCtor and two experimental assistants were available to
help the subjects and to evalua e their work. They were given Booklet 1 and instruc-
tion-on lower order rules 1-10 c ntained in it. The steps of each rule were read aloud
and the corresponding constructio s were performed on the blackboard. Each subject
then completed the corresponding p actice-problem.

During a second regular class meeting, the subjects were given the practice prob-
lems in Booklet 2 and were Aquired to perform_at.least one correct construction for
each of rules 1- hievement of this criterion level was verified by one of the

experimenters. n as they reach4criterion, individual subjects were given Pre-
test I. AlLsubj s were instructed to attempt all problems in Pretest I before the
period ended; no = ubject "ran out of time." Pretest problems were scored "passed" if

a correct soluti d' figure was constructed. Minor deviations ("compass errors") were
allowed. Each etest was scored individually by three experimenters; there was no

disagreement. he pretest results were used to stratify the subjects as shown in
Table 3.

I TABLE 3

Pretest Results'

milar
igures

Prohlemi

Two-Loci

' Passed 46th

Problems

'assed One Passed None

Passed Both 6 1 0 7

Passes( One 2 1 2 5

Passed None 6 10 18

c

-10 8 12 30

a
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On the basis of the pretest results, the subjects w e iandomly divided into two
groups of 15.each, the two -loci- then - similar - figures (T group and the similar-figures-

,

then-two-loci (ST) group, with the constraint that ea of the cells in Table 3 was
split evenly. (The two "singleton" subject were plp ed in different groups.) Indi-
vidual or small group sessions were arrange with each subject for all subsequent
training and testing. Throughout the experiment, each 'subject retained all instruc-
tional materials, but not completed tests.

During the remainder of the study, instruction was provided on three of the four
higher order Paths and performance was measured on both within an extrascope problems.

1At the third meeting, the TS subjects were given'Booklet 3, path e_of the two loci
higher order rule and instruction in how to apply the rule. Specifically, they were

1 , shown how to dete/mine whether particular lower order rules from Booklet 1 (which was
available) were relevant to solution, and if they were, how to combine them so as to

s generate solution rules for the Pretest I, two loci problems (1 and 3). No actual A

constructions were performed. ,(One TS subject failed to attend this or any other
Instructional session and was dropped from the study.) The subjects in group ST,
received Booklet 4, path one of the similar figures higher order rule, and instruction
on the applidation of that rule using problems 2 and 4 from Pretest I. After three
subjects had been trained, the instruction_was odified slightly so that additional

ie4Mphasis was-given to the stopping decisions (i.e., to conditions where the rule did
not apply).

Immediately following instruction each subject was given Posttest I. The sub-
jects in both treatment groups received exactly the same problems. ,Booklet I contain-
ing statements of rules 1-10 was available throughout. Also Booklets 3 and 4 contain-
ing the higher order, rules were available to the subjects in groups TS and ST,
respectively. Following Posttest I, one subject in the.ST group became ill (no causal
relationship implied) and had to be dropped fro -the experiment. (The two subjects .

dropped from the study had both failed all pr eat problems, and had been.assigned to
different training groups.) ,,, .

-,;

At,the fourth meeting, those subjects who had received the two loci training
received path one, similar figures training and vice versa. Instruction was given
exactly as before. Posttest,II paralleled Posttest I and followed immediately after
training. Booklets 1, 3 and 4 were available to the subjects throughout the testing.

ANach subject's fifth meeting, he,was given Booklet 5 containing two new lower
order rules (11 and 12), and training proceeded ad/with Booklet 1. With all previous ''
training booklets available, the subjects then took the Choice ctest problem. (This

problem could be-solved by either of the two higher order rules on which'the subjects
, had,been trained.) ,

Next, Pt the sixthlmeeting, Objects were trained'on the lower orderrule (13) in -4,,...

,., Booklet 6. With thist rule and all previously learned rules also available, the sub-
jects then took Pretest II. Tho purposes of Pretest II were similar to those of the
first 1Prittest, but dealt with the second path of the similar figures W.gher order
rule. (AKthis-point, two additional subjects who were failing the course, dropped
out of the study. The:remaining 26 aubjlpts completed the experiments, 13 in each
group.) , , t

Finally, at the seventh'meeting, each subject w s trained as before' on Booklet 7,
'., ,the second path orthe similar figures higher order rule, using the'protilems in Pre-

test XI. 'After training, the subjects were given Posttest III.: Qfieproblem of Post-
. test III Was within theqfccipeof the second similar figures path; the other was an
auxiliary figures problem not solvable by using any of the three higher order paths on
which instruction was provided. . . .4

Approximate timep required by each subject were recorded for each session of the
pxperiment. c

4 C)

4

;
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t. RESULTS AND DISCUSSION

Assessment Results

6 Pretests I and II contained a total of six problems grouped on an a priori basis
according to their solvability via thi three higher order paths on which training was
provided. To test the behavioral atomicity of the identified higher order rules,
contingencies among within-class (path) problems were examined. Table 4 presents the
Pretest I and II results on the three classes of problems. On Pretest I, the sub--
jects' performance on the first two loci problem (problem 1 from Table 1) was signifi-
cantly correlated with performance on the second two'loci problem (problem 3)'

'

(Fisher's exact probability = .00485; one tailed), and similarly for, the path 1,
similar figures problems (2 and 4) (exact probability = .00165; one tailed) and, on
Pretest II, for the past 2 problems (10 And 11) (exact protbility = .00794; one
tailed).

TABLE 4

Results of Pretests I and II

Pretest I Pretest II,

Problem 1,

Pass

'Fail

Two loci

Problem 2

Path 1 of '

similar figures

Problem,2

Path 2 -of

similar figures

Problem 2.

Pass Fa1). Pass Fail Pass Fail

10

7

1

12

7

2

3 2

0

1

25

These results strong y suggest that the identified paths, both collectively and'
.1

individually, acted in at ashion for the experimental subjects. Some of the
deviant cases, fUrthermore; ar due to two particular subjects who initially were ,

obviously uncooperative but later applied themselves. Nonetheless, the relatively
large number' (5) of remaining "fail-pass" cases on the two-loci problems-requres some
'discussion. In particular,, this result suggests the possible desirability of further
refinement of the two-loci higher order rule into a larger number of distinct paths.
This would-require ,analysis of the atomic operatk5rs and paths in terms of sub-opera-
tors and sub-decisions and, thereby, substitution of a number of paths with more
limited domains for the original path. Because the various decisions .01 this rule'--
involve disjunctions of properties, a basis for such refinement follows directly. 'T
second decision:making capability of the two loci higher order rule, for example,
refers to a disjunction (A or ,B or C) of properties, any one of which, if satisfied,
is sufficient to direct a computation to a particular sub-operator. With some subjects,
at least, it is certainly possible that the ability to decide, say, on whetherthe e
is a rule containing a point a line in its domain is independent of theabil ty to
decide on whether a domain contains segments or angle measures. In this case, e
ability to solve the problem involving property A would silly nothing as regards the
ability to solve a problem involving property B, as was the e with problem= 1 rand 3.
In effect, such refinement would not only be consistent with cou results bti would
follow directly from our analysis.

o
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Instructional Effectiveness

Over the entire experiment there, were 514cases where subjeits failed all pretest
problems from a given class prior to training on-the path corresponding to that class.
On posttests immediately following such training, new problems from the same
were solved in 45 (88.2 %), of the 51 cases. (The 95% confidence interval for\>

centage is 79.3% to g7.1%.): In addition, there were 14 cases where subjects
only one pretest problem in a given class. The (new) posttest problems were

.13 of those cases. f

Table 5 summarizeehe results from Posttests I, II, and III on problems
training immediately preceeded testing, arranged accordins to the number of pretest
problems passed.

TABLE .y

Results on Posttest Problems ithin Scope of
IMmediately-Preceeding Training,

classes
this per-

iled solved

solved in

foe' which

Number of pretest NuOd'r of Ss passing
problems 'within Scope

N within scope problem
of training passed after training
nior to training .

. _

Posttest I

.

.

-

0

1

Z

14

6 ,

9

11

_6

9

Posttest II

.

1

13

. 7

8 I

12

6

8

Posttest III

24 22

1

2 1 1

Total Cases

0 51 'T. 45

41,1".9- 14 13

2 18 18

I

:

After. training on either the two loci higher order rule or-path one of
figures rule, 11 of the 14 subjects who failed both. retest_ I problems in a
succeeded' on the corresponding Posttest I problem (binomialp < .05). Not
all- six subjects who solved one Pretest 1 pjoblem and all nine subjects who
both Pretest I problems also:irlved the Posttest I pr9blem.

j

the similar
given class

surprisingly,
had solved

4
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0 Posttest II, 12 of 13 subjects who failed both pretest problems in a given
class Sbcceeded after training on the higher order rule for that class.., Of seven sub=
jects who solved one pretest problem, six solved the corresponding Posttest II problem

after training. All eight subjects who solved both pretest problems ucceeii'd follow,
,!*

ing training. Op Posttest 22 of 24 subjects who failed both Pretest a-problems
succeeded follow4ig training. Two other subjects, who had solved one or bath pretesCN

problems also succeeded on the posttest problem .

Ov4k1, there' were seven cases of posttest failure out of 83 cases where success

was expected. Five of the seven discrepancies occurred on Posttests I and,II. After

failure, these five subjects were retrained on the respective higher order paths, and
retested. All five succeeded on the Second trial.

Inspection of the seven individual problem Attempts which resulted in_failure
showed thate in six of those cases, mistakes occurred at points corresponding. to dis-
junctive decision points in the two loci rule or in path 2 of the similar.figures rule.
As noted earlier,. disjunctive decisions may be broken up (refined) to fdri'separate

paths. This suggests that more explicit attention to the molar nature of such (dii-
junctive) decisions might possibly have reduced even the small number of inconsistencies

noted.
tf

Instruction ill the higher order rules was not only effective but slim was rela7 F4

.
tively efficient. 'Subjects were able to solue relatively complex construction problems,
once they knew the component rules involved, after only about 75 minutes of higher\order

rule training. Instructiop on the lbwer order rules took an, average of about 100 min-

utes. In all, less than three hours of actual instruction was required. I

Sequencd Effects' . .

. . ._ , ..

In addition 'to the positive assessment and instruction results, a nu4er ot% 0'
,

interesting sequence effects were found.',1 On Posttest I, positive transfer to problems, (

for which training had not been provided, occurred in approximately 40 per cent of the
cases. Of 13 subjects who had failed both Pretest I problems in the claps for which
no training was given; five solved the corresponding Posttest I problem. (Two Ojects 41
solved the two, loci problem; three solved the path'ene, similar figured'problem!)
Three of .seven subjects who had solved one of the untrained problecson Pretest I

a lved the Posttest I problem. (All three solved th two loci problem.after path one,

(17s milar figures training.) On the other hand, one.gubject who had previously solved
both Pretest I two loci problems failed the Posttest I two loci problem after beink
trained on the path one, similar' igures rule. "Apparently', this was due toy hitt; mid--

.,:,

1understanding of the posttest instructions; the subject thought He was required"'

... the -trained higher order rule (which was inadequate). After this misapprehension w s f_ . i

correc , the subject was retested and passed the problem. (It was at this, point that:' 1

mor stress in the instruction was placed on when a higher drder rule would not work -,

i. ., when to stop.), % '

,

y ,
. 11

....-

The results on Posttest II, restricted to/the problem for which training had beep

g ven prior to Posttest I, suggests. that training on the second Higher dtdeerute did

n t interfere with earlier training. Twenty-seven of the 28 subjects who c'omp'eted

Posttest II solved the prpblem corresponding to the_first-trained rule, after. second

'-training. The remaining subject passed the pfoblent on 4 second trial.
.

This lack of interference was*also reflected i'n performance on the,Choice problem,
which could be solved using either the two loci or path one similar figures rules.
All 28 subjects solved the problem. 'Tlre were'll, two loA solutions and 11 path one

si r figures solutions; this differe ce was not significant. Furthermore, thOre,
A
significantere n significant differences as to solution preference due to order of training.

Group T had eight and six, respectively. This suggests that when two (or more) rules,

. are ava 'able at the time of problem solving (as they were), selectidns_dce.--not-depend

on ,hen the rules were originally learned. .

. 1,
4

.
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It'is also of interest to note that the higher order rule selections aften learn-ing were in approximately_tne same 3:2 ratio as observed success on Pretest I, where18 and 12 subjects, respectively, solved:one or both of the two loci and similar figuresprobleMs.. This observation suggests that subject-..preference after. learning is somehowrelated to subject likelihood Of having learned two loci-Uke higher order rules priorto training. Our data are inadequate to determine why this is so but it could havesomething to do with'the involvement of similar, previously learned selection rules(cf. Scandura, 1974).
Positive transfer was also found from training on one higher order rule to thenext. When given first, the two loci training. required an average of about 32 minutes(25 -60 min; range) and the similar figures training, 31 minutes (20-65 min. range).When the training came second, the corresponding times were 21 minutes (15-45 min.range) and 28 minutes (18-60 min. range).' 'The third training session on path two ofsimilar figures higher order rule required only about 18 minutes (10-30 min. range),even though the relatively large number of failures A the corresponding Pretest IIproblem suggests that this path was more difficult than aleothers. Overall, then,ignoring the particular training involved, first_training took an average of 32 minutes;second training, 25 minutes; and third training, 18 minutes. Differences among taesemeans were highly reliable (F7 = p < .005). Individual comparisons of firstand second training and'secona'ana third were also reliable (t25= 4.85, P <.001 andt

25 4.14, P<.001, respectively).
Rather surprisingly, performance on the auxiliary figures problem, which ould rotbe solved using any of the three trained higher order rules, depended on thesequenc;"

in which the higher order rules were-learned (r..? 7.58, df =.1, p < .01). Eleven ofthe 13 TS subjects solved it while only three of the 13 ST subjects succeeded. Noother relation was observed between the results on this problem and on any of the
previous ones.

It is impossible to say4with any certainty the source of this rather strikingsequence effect. One possibility is that,'in attacking the problem, subjects may havetended to select the first higherroder rule on which they were trained. In this case,the TS subjects could have had a4 advantage because the auxiliaryligunoe problem maybe solved by repeated application of a'vakiant of the two loci rule. Equivalently, itis possible that the subjects combined the higher order rules into more encompassing
rules (see the combined two loci-Similar figures rule in Scandura-et al., 1974)as theywere learned. If so, tfiBse subjects who tried the two loci path of the combined rulefirst, most likely the TS subjects, would again have an' advantage, especially if theeffects of limited memory are taken into account (cf. VOorhiesNEt Scandura, 1973)..

Both of these explanations, unfdrtunately, 'imply differential solution type
preferences on the .choice test problem. Since no such effect occurred, some 'alterna-tive accounting seems necessary. One plausible explanation stems from the fact that
the similar figures and auxiliary figures gighor order rulessmay be regarded as pro-
gressive generalizations of'the two loci rule. That is,'all of the highet order rulesbegin by, identifying constructable'elementary figures upon which further operations mayact to generate a goal figure. In'the two loci rule, theJelementary figure is "the
missing point X." In the similar figures rule, the elementary figure is more general;
it is no longer a "degenerate" point, but is still constrained,,by similarity. -Finally,in the auxiliary figures rule, the elementary figure is arbitrary. (For details, seeScanduri et al., 1974.)

Because the TS -subjects were taught the procedures in' a "natural" order- of gen-
eralization, while the ST subjects Were not, the former may have been more likely .to
have "induced" a generalization procedure. More specifically, the TS subjects may haV
learned a 'higher, higher order-'rule" for making generalizations. Such.a rule could
have been used to derive some form ofauxiliarY figures higher order rule,-which in
turn wbuld,have allowed derivetion of an adequate solution rule.,

3 ti



CONCLUSIONS AND IMPLICATIONS FOR MATHEMATICS EDUCATION

In view of the clarity oethese results, it would appear that the identified
higher order rules can be used effectively and efficiently both to diagnose difficulties "

subjects are having with geometry construction problems and to prOvide instruction in I ,

how to solve such problems. Furthermore, training on prior higher order rules seemed
to facilitate the learning of la4r ones.

phis is not the first time that beneficial effects have been found for instruction
in heuristics. Ennis et al (1969), for example, found that training subjects in
general heuristics such as means-endeanalysis and planning, improved mathematical
'problem solving. At the present be; 'Hatfield* also has a study.under way in which
Weis trying to faciliiale Arfo nce in mathematical problem solving by the informal
(clinical) introduction of heuristics.

Although the'present study is based on more rigorous and exacting analyses of
heuristics in-terms of higher'order rules (as well as lower order ones), it must not .

be thought that these varying kinds of studies are incompatible. The present research
is'completely neutral as regatta how information is to be imparted. Motivating the
child to learn and the actual mode of presentation in the classroom is up to the teacher's
judgement. However, because our higher orderyules'have been so explicitly characterized,
instruction in whatever form (including diagnosis of individual,sources of difficulty)
is potentially more efficient and feasible than with loosely Ldimulated heuristics.

Although a considerable degree of transfer was evident from training on one higher
order rule to another, it is still an open question as to whether explicit instruction
in higher order rules (by whatever means) also helps the learner develop new "heuristics"
on his awn., Earlier, of course, Roughead and Scandura (1968) found that "what is
learned" in making simple' discoveries can be presented in expository form with equivalent
results. In the present case, however, the task of identifying "what is (to be) learned".
is far from trivial and, initially; may require more informal, inductive methods
(cf. Lowerre and Scandura, 1974). Whatever the answer, there is certainly no reason
why the teacher might not encourage discovery (of higher order rules) in addition to
whatever explicit training is provided. Indeed, one good teaching strategy would appear
to be tolpresent a variety of situations where learners are required to discover higher
order.)rules. Even in the present study, the higherorder rules were not taught

, -

explicitly as formal (some would say "rote") procedures. Representation of the rules
as flow diagrams simply made the experimenters more aware of exactly what it was that
wap to be taught.

.

-In spite of the positive nature of these results, it should not be forgotten that
they deal primarily with the question. of how subjects perform in particular problem
solving situations given what (rules) they know on entering into'the situation. Any
complete prescripon for problem solving instruction must deal in detail with-thg.

lcourse of solving whole classes of 'problems. Or findings concerning the sequential
effects of instruction on higher order rules ha demonstrated the importance of such
study, and is'one step in this direction, but it is a small one indeed. Consider the
complications introduced in considering a continually changing set of lower order
rules (as learning progresses), not to mention the difficulties in attempting to
explicate-precisely the source of the sequential effects we observed4with the'higher
order rules. Nonetheless, we are optimistic concerning She progress that might be
made in this direction, and considering the obvious implications for mathematics educa-
tion, to use a time -worn, phrase, "we had better begin." ,

*
Personal communication.
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