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FOR \SOLVING GEOMETRY CONSTRUCTION PROBLEMS

¢ . B
. >

Joseph M. Scandura

Wallace H. Wulfeck II :
John H. Durnin .
Walter Ehrenpreis o

Univers’i\9'y of Pennsylvania

N
- - ®
c-
I3
A
W ]
L‘.. u&é L&
-
L3
F v -
)
. ~
N
A
.
N
.
’ e
.
€
e~
\
tl‘ v
\
“~ %
hd N
-
v
. > ’ »*
-
y
t - .




t&'

X,
*
LY
H
<

The viability of systematic analyses of_reﬁl problem domains in terms of rufégk .
and higher order rules has been demonstrated by Scandura, Durnin, and Wulfeck (195%)
and Durnin and Scandura (1973). The practical importance of such analyses in sugch
areas as artificial intelligence and education, however, is still an open, question.
Although an attempt was made to insure in those analyses that the rules identified’
reflect human knowledge, it was not demonstrated there that they go. Rigorous' tests
of this thesis require experimental data. s Furthermore, even if the rules do turn out
to be compatible-with what human subjects are likely to know, it is not clear whether,
and to what extent, instruction in the higher order rules will result in improved
problem solving performance. . ' 4 .
The research reported in this paper deals with these questions in education with
respect to the geometry construction analyses in Scandura et al. {1974). Specifically, |,
the purpose of this research was to determine the extent to which: (1) the basic
higher order rules identified in the andiyseb are compatible with the knByledge had by '
a 'group -of average ability teenagers, (2) instruction in the higher order rules
facilities piéégrmance on geometry constriction, problems and (3) instruction in some
' higher ongr es influences (i.e., facilitates or hinders the -learning and/or use
o/ of) subseqpegt ones. ’ ‘ ,
. A total 'of four paths of the two loci, similar figures, and auxiliary figures
higher order rules were considered in the study. According to thé analysis given in
.  Durnin and Scandura (1973),%the central question in determining behaviotal compati-
= bility is whether the paths of the higher order rules act in (near) atomic fashion.
«, The major task, here, is to determine whether the ability, or lack thereof, to appro-
priately combine available lower order rules in one problem situation is reflected in
. other problem sié@atiops of the same type. This abilitx.éan be determined either
directly in-higher. order task situations, where the subject is .required to derive
solution procedures for given problems, or indirectly, as-we have done below, by.ask-
ing the subject to actually solve problefis (i.e., derive‘éolution procedures_and then
use them). - : _— o

In theory, when .paths of "a rule act in atbm@c fashion with a given ﬁopulatipgiof
subjects, inadequacies .determined through testigg .can be overcome through direct *~
instruction on the paths involved. If a person can solve problems whose solution rules
require one path of the similar figures higher.order rule, but not problems involving
the other path, for example, then instruction presumably would be required only on
the latter path. ; . - }

. PreVious research provides more ox less definitive giide lines on how to proceed
and what to expect with regard to the fifst':wo questions. Thus,’ the research reported
in Durnin and Scandura (1973) suggests that introspection as to how one actually

. solves-a class of problems often results in the identification of procedures which
gi& appropriately partition the class (into equivalence classes). Although we know of
no empirical research in the literature which bears on the second goal, members of the
-MERG group have developed mafetials for diagnOSEic testing and remediation in the
arithmetical skills which are based direcuiy on these ideas (for details, see Scandura,
1972). Formal data concerned with instruction have ‘not been obtained but informal
tryoits- attest to the effectiveness of the remedial materials. .
With regard to the third goal, very little can be said on the basis of available
_ evidence. The fact that various paths’ of the higher order rules sfWare many steps in
common suggests that there might be positive transfer from one path to another. Thus,
having learned-one path, there is apt to be less to learn on subsequent ones so that,

learning them will require less time. On the other hand, one could argue that
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. similarities among the higher order paths could.result in interference. In attempt- °

ing to generate solution procedures to given problems, the subjects might use the
wrong paths, . T

The present study was designed boih to provide answers to-the first two questions
and to determine transfer and relative learning efficiency, resulting from prior

training. e - ;
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' . ‘ : . METHOD -

Tasks and Materials £

.

-;; Four paths of three higher order rules were considered in the study. Figure 1
depicts the two loci rule, and Figure 2 depicts.the two paths of the similar figurés
‘rule in Scandura et al. (1972). Path 1 (restricted similar figures) involves steps
J, X, Ly and M, and path+2 involyes steps A, B, C, D, F, G, H, and I. The fourth
path involves the auxiliary giguxes rule (Scandura et al., 1974). For ‘instructional

" -purposes, the decisions and operations of each path vere written, respectively, as
_~" " simple lists of questions and imperative statements. )
2

-

—_— FIGURE 1

Construct repnesentativq (Sy» Ry) patr. v »
3 3 ) ‘ .
1. Does there exist a point X in (§1. 81) and a rule r
such that (X, E) € Dom rg'wherg E is a po?nt or distance,
. and Ran rg<:'G. and X satisfies two specifi%'gonditions of types:
X is a given distance from a given poin; or 11ne, and/or
X is equidistant froh a given pair of points‘or.1ines?

: l yes ; . I

. 2. Construct: g ‘ ) .

3. Is there a rule r, such that a pair consisting of given | '
points, lines, or distances in S1 is in Dom tL’ ana‘is there a

locus L such that X ¢ L€ R;n'rL? Also for r 2 )
: I yes \
4. Construct solution rule R.: oo S AR
e G Gy N ’

: - ‘ ‘( ‘ B
i STOP .. v . i
, Solution Rule s R, . - L .
' Q . 3
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(/ The experimental
ftom Scandura et al. (
| the four paths of the

tion rule, The two loc

rule yielded two paths
figures rule yielded

i§74) These proble

tasks were 13 geometx construction problemg (see Table 1) taken
'may be categorized according. to which of

gher order rules may be used to generate an appropriate solu-

higher order rule constituted one path; the similar figures

(restricted similar figures and similar figures); the auxiliary
ne,

A . / ' TABLE 1 . )
oy eometry’Conatruction‘}hsks ve |
v i
. - j
: Probem  Solution ™ . B 5
?gqg . gNumbgr Type ) . \ Problem Statement. 5
1
) ‘ ~~ Given a line and a point not on the line, and a radius s
. Pretest I ° 1 Two loeci - R, find a circle having the given radius R, which is 1
. tangent to the line, and pasaes through theggiven_point. '
Path o . |
Pretest I 3 5 sd ila:e Given angles B and C and* the altitude H q® construct *
8 . figures the triangle. . .
" . ' Given gide a, and the median M » and the height H ,
Pretest 1 > 3 Two }OCi ,_construct the triangle.
Precest 1 4 ziiglg:e "Given' angles B and C and the angle bisector D s
figures construct the triangle, .
‘ Given gsides a and b and the median M , congtruct
Posttest I 5 Two 109%_ tthe triangle. ]
Path one
. Given angles B and C and side b -opposite angle B,
, Posttest I 6 :i;ii:: construct the triangle. ) .
’ Given two intersecting lines and a radims R, construct
Posttest II 7 Twor loed a circle with radius R tangent to the two given lines.’
Path one
Given angles B and C and the median M a? construct
POStFeSt'I; 8 ;imii:: "the triangle, .
iOCi : Given right triangle ABC.with riéht angle at B, inscribe
Choi e‘Te ¢ 9 Pa%%—bne a square in it. such that two sides of the square lie
clce tes imlar on the legs (AB and BC) of the triangle and the fourth
fioures _ vertex of the square (the intersection of the other
g two sides) is on AC. “
Pretest II fo z:;:lzzo Given two intersecting lines m and n and a point A~
' figures not on either line, gonstruct a circle tangent to
' g - lines m and n which passes through .point A.
Pretest }1 1 * -i:::l::g Given two intersecting lines m &4nd n and a point P on
. ‘figures line m, construct a circle whose center is on line um,
g . _which passes through point P and is tangent to linme n.
Posttest III 12 z:gg;;:o Given line m and points A and -B on the same side of
8 fieures line m, construct a circle tangent to 1ine m which
gur? Apaaaes through points A and B, .
Auxiliary iy ‘
Posttest 111 13 figures .Given sides & and c and the tltitude Hb,mcongtruct

thé triangle. .

oy

H
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Circle rule

ian locus)
rcle trule

int-1line
rcle rule

. . Patallel line

rule
An

e bigector

rul

Tridngle rule

\
i
1
\
1

Perpendicular

bigector rule

Similar
triangle rule

Goal triangle
rulé g

‘Point of

similaritx

rule

Similar
square rule
Goal square

rule
ule R

Similar )
circle rule

"Given a right triangle

For purposes of instruction, these

@

TABLE 2

" Lower Order Rules

) Construct the locus of points at a given distance from a given

point. , . . »

Construct: the locus of points at a given.distance from the -
midpoint of a given segment J

'Determine the distance between a given point and a given line and

then construct the locus of points at the obtained distance from
the given point.

Construct the locus of points

a\a given distance from a given
line. .

Construct the locus of points equidistant from two given inter-
secting lines. K

From a point not on a given 'line segment, drav segments to the
endpoints of the given segment (i.e,, construct a triangle given -
a side and an opposite vertex) ~

Construct the locus of points equidistant from two given points.

Construct an\arbitrary‘triangle from a pair of given angles, and
construct on it parts corresponding to other given segments.

Construct a triangle having some part a given length similar to
a given triangle with a corresponding part. o

Select a point of intersection of tWo lineg through corresponding
points of goal and similar figures as the point of similarity,
tnen construct a line through the point of .gsimilarity and a point
on’the similar figure, to intersect the goal figure at a corres-
ponding point, from which the goal figure may be constructed.’

Construct an arbitrary

square in a right triangle with two of its
sides contained in the .

legs of the triangle.

and a point on its hypotenuse, construct a
as one vertex, such that its two opposite
the legs of the triangle.

g8quare with that point
sides ar€ contained in

Construct an arbitrary circle with its center on one line and
tangent to another line. s

-

-

The fact thag.there were 13 tasks and 13 lower order rulea is strictly happenatance
The only connection is that .
13th year of marriage.

the senior author was married on August 13 and is, in the

5
4

.+ The lower order rules needed (in addition to the higher order rules) for solving ‘
‘the etpérimental problems are shown in Table 2.
rules /were ‘refined to the level of actual compass settings and placements.
sisted of a sequence of operations to be performed.
_the result of each operation. .

Each con-
Accompanying sketchea illustrated

'Y

7
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Descriptions of all‘problems_and rules were reproduced on 21.59 cm. x 27.94 cm.
(8 1/2" x 11") paper. Each problem appeared on a separate page so that constructions
could be done on that page, The 13 problems were arranged into six separate tests as
shown in Table 1. . .
The instructional materials were arranged into seven training booklets. Booklet 1
contained lower order rules 1-10 and a sample task for each. Booklet 2 contained 1
review tasks for the ryles of Booklet 1. Booklet 3 contained path 1 of the two 1lgci
higher order rule, with the two Pretest I, two loci problems as practice. In pa allel »
fashion, Booklet 4 contained path 1 of the similar figures higher order rule wi
two Pretest I, similar fdgures problems as practice. Booklet 5 contained lowe
rules 11 and 12 of Table 2 with correspgﬂi?ng practice tasks and Booklet 6 conftained

Rule 13 from Table 2 with a practice ta ooklet 7 contained the second pa
similar figures higher order rule alo¥ig with)\the two problems from Pretest I
practice. T ) ’

Pencils, compasses, .and straightedges were available where subjects did
their own. ) ' ‘

Subjects, Design, and Procedure

The subjects were 30 Trenton State College students enrolled in an undergraduate
college geometry class.

A repeated measures desigh was used. The first phase involved lower order rule
training (Booklets 1 and 2) and Pretest I. Its main purpose was to obtain informatiop
regarding the adequacy of the two loci higher” order rule and path one of the similar °
figures rule as a basis for assessing the (higher order) behavior potential of sub-
jects. A secondary purpose was to obtain success or failure profiles, so that the
subjects could be stratified before assignment to experimental groups.

The first meeting with the subjects occurred during a regularly scheduled 75-
minute class period. One instructor and two experimental assistants were available to
help the subjects and to evaluate their work. They were given Booklet 1 and instruc-
tion- on lower order rules 1-10 contained in it. The steps of each rule were read aloud
‘and the corresponding constructiggg were performed on the blackboard. Each subject
then completed the corresponding practice problem. e 5

During a second regular class meeting, the subjects were given the practice prob-
lems in Booklet 2 angd were géquired to perform.at. least one correct construction for
each of rules l-ig,é‘ chievement of this criterion level was verified by one of the
experimenters. szgﬁ as they reachéﬁfcriterion, individual subjects were given Pre-
test I. All.subjt siwere instructed to attempt all problems in Pretest I before the
period ended; no Aubject "ran out of time." Pretest problems were scored "passed" if
‘a correct solutign’ figure was constructed. Minor deviations ("compass errors") were
allowed.. Each pretest was scored individually by three experimenters; .there was no =

[

disagreement. Zhe pretest results were used to stratify the subjects as shown in
Table 3. . . , )
v I TABLE 3
¥ Pretest Results' ' : . :
A Two Loci Problems ‘
Problems ' Passed Béth assed One | Passed Nome || T
Passed Both 6 [ f 0
. Passed ‘One . 2T ; 1 2 ’ 5
Passed None A 2 i 6 10 18
%L P [ / 8 . 12 30
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On the basis of the pretest results, the subjects wefe grandomly divided into two
groups of 15 each, the twiloci-then-similar-figures (T) group and the similar-figures-
then-two-loci (ST) group, with the constraint that each of the cells in Table 3 was
split evenly. (The two "singleton" subjectg were plated in different groups.) Indi-
vidual or small group sessions were arrange®with each subject for all subsequent
training and testing. Throughout the experiment, each 'subject retained all instruc-
tional materials, but not completed tests.

During the remainder of the study, instruction was provided on three of the four
higher order paths and performance was measured on both within and extrascope problems,
At the third meeting, the TS subjects were given Booklet 3, path gne.of the two loci
higher order rule,,and instruction in how to apply the ryle. Specifically, they were
shown how to detezmine whether particular lower order rules from Booklet 1 (which was
available) were relevant to solution, and if they were, how to combine them sg as to
% generate solution rules for the Pretest I, two loci problems (1 and 3). No actual a

constructions were performed. (One TS subject failed to attend this or any other
instructional session and was dropped from the study.) The subjects in group ST,
received Booklet 4, path one of the similar figures higher order rule, and instruction
on the application of that rule using problems 2 and 4 from Pretest I. After three
subjects had been trained, the instruction._was .modified slightly so that additional
w~€mphasis was -given to the stopping decisions (i.e., to conditions where the rule did
. not apply).

Immediately following instruction each subject was given Posttest I. The sub-
jects in both treatment groups received exactly the same problems. ,[Booklet I contain-
ing statements of rules 1-10 was available throughout. Also Booklets 3 and 4 contain-
ing the higher ordep rules were available to the subjects in groups TS and ST,
respectively, Following Posttest I, one subject in the .ST group became 111 (no causal
relationship implied) and had to be dropped froft the experiment. (The two subjects .
dropped from the study had both failed all pr eSt problems, and had been' assigned to
different training groups.) . -

At the fourth meeting, those subjects.who had received the two loci training °
received path one, similar figures training and vice versa. Imstruction was given
exactly as before. Posttest II paralleled Posttest I and followed immediately after
training., Booklets 1, 3 and 4 were_ available to the subjects throughout the testing.

At\each subject's fifth meeting, he.was given Booklet 5 containing two new lower ' -
order rules (11 and 12), and training procegded ‘ag with Booklet 1. With all previous *
training booklets available, the subjects then tooK the Choice test problem. (This

_ problem could be-'solved by either of the two higher order rules on which "the subjects
*. had been trained.) . .
~ Next, éf the sixthsmeeting, subjects were trained”on the lower’ order rule (13) in ..
. Booklet 6. With thig¢t rule and all previously learned rules also available, the sub-
jects then took Pretest II. Thg purposes of Pretest II were similar to those of the
first Pr test, but dealt with the second path of the similar figures hdgher order
rule. (A his point, two additional subjects who were failing the course, dropped
out of the study., The.remaining 26 subjects completed the experiments, 13 in each
,group. ) v
, Fimally, at the seventh ‘meeting, eaéh subject was trained as beford on Booklet 7,
,. ~the second path of ‘the similar figures higher order, rule, uging the problems in Pre-
:, test II. After training, the subjects were given Posftest III. Qe problem of Post-
. test III was within the scdpe of the second similar figures Path the ,other was an
auxiliary Eigures problem not solvable by using any of the three higher order paths on

~

which fhstruction was provided. . y
v Approximate times required by each subject were recorded for ‘each session of the
experiment. . . o < . -
: ~ ) > ] < - ‘ §
! . 7 ..
4 . ’ ‘
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Assessmernit Results

J Pretests I and II contained a total of gix problems grouped on an
according to their solvability via the three hi

?

-

a8 priori basis

gher order paths on which training was

provided. To test the behavioral atomicity of the identified higher order rules,

contingencies among within-class (path) problems were eéxamined.
Pretest I and II results on the three classes of problems.
jects' performance on the first two loci

cantly correlated with performance on the

(Fisher's exact probability = .00485;

similar figures problems (2 and 4) (ex

Pretest II,

Table 4 presents the
On Pretest I, the sub--:

Problem (problem 1 from Table 1) was signifi-
second two loci problem (problem 3)° '

one tailed), and similarly for the path 1,

act probability = .00165;
for the paﬁ? 2 problems (10 and 11) (exact pro&ﬁbility = ,00794; one

one tailed) and, on

tailed)., .
i \ TABLE 4 .\
\ Results of Pretests I and i ° '
T : . T -
. \ Pretest [ Pretest II:
Two loci V Path 1 of ° Path 2 of
similar figures similar figures
Problem 2 . 1 Problem,?2 Problem 2
Problem 1 | Pass FaZl : Pass Fail Pass Fail <
- Pass 10 1 7 3 1
v 'Fail 7 12 2 18 0 25
. a : .
R \ PRy . ’_J N

These results

. strongly suggest that the identified paths, both'collectivelyvand
individually, acted in at

Some of the -

kcyfashion for the experimental subjects.

¢ ¢ deviant cases, furthermore,’ arg® due to two particular subjects who initially werge

obviously uricooperative but later applied themselves. Nonetheless, the‘relatively
large number’ (5) of remaining "fail-pass" cases on the two-loci problems ‘requires some
‘discussion, 1In particular, this result. suggests the possible desirability of further
refinement of the two-loci higher order rule into a larger number of distinct pathg.
This would require wnalysis of the atomic operatiors and paths in terms of sub-opera-
tors and sub-decisions and, thereby, substitution of a number of paths with more '
limited domains for the original path. Because the various decisions of this rule”--
involve disjunctions of properties, a basis for such refinement follows directly, 't
second decision.making capability of the two loei higher order rule, for example,
refers to a disjunction (A or B or C) of properties, any one of which, if satisfied,
is sufficient to direct a computation to a particular sub-bperator. With some subjects,
" at least, it is certainly possible that the abilify to decide, say, on whether there
is a rule containing a point #nd a line in its domain is independent of the.abil ty
°* decide on whether a domain contains segments or -angle measures. In this case, /the
ability to solve the gproblem involving property A would sgy nothing as regards( the
ability to solve a problem involving property B, as was the e with problems/ 1 bnd 3.
In effect, such refinement would not only be consistent “i?&sﬁﬁﬂ results buf would

to

follow directly from our analysis. . SRS

—
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£ Over the entire experiment there were 51)cases where subjetts failed all pretest
problems from a given clage prior to training 'on the path corresponding to that class.
On posttests immediately following such training, new problems from the same classes
were solved in 45 (88.27%) f. the 51 cases. (The 95% confidence. interval for this per-
centage is 79.3% to 97.1%.)" In addition, there were 14 cases where subjects had solved
only one pretest problem in a given class. The (new) pggtteqt problems were solved in
13 of those cases. - I B - f , .o

Table 5 summarizes ‘the results from Posttests I, II, and III on problems for”which

training immediately preceeded testing, arranged accordidg to the number of pretest
problems passed, - ! \

Instructional Effectiveness‘

. ; ,
) S S TABLE\ 5 ~ ~
Results on Posttest Problemé\ﬁithin Scope of . ’
T Immediately -Preceéding Training_ Lo
é‘} N 4
- Number of pretest Nugb€ér of Ss passing
problems within scope N N within scope problem
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After. training on either the two koci higher order rule or path one of the similar \\\“ .
figures rule, 11 of the M subjects who failed both Pretest I problems in a given class
succeeded on the cd}reSponding‘Posttest I problem (binomial, p < .05), Not surprisingly,

all six subjects who solved one Pretest 1 problem and all nine subjects who had solved

both Pretest I problems also ‘solved the Posttest I ggpblim. -
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On Posttest II, 12 of 13 subjects who failed both pretest problena in a given

class Succeeded after training on the higher order tule for that class.: Of seven sub-

jects who solved one pretest problem, six solved the corresponding Posttest II problem -

after training. All eight subjects who solved both pretest problems succeedpd follow-

ing training. Posttest III, 22 of 24 subjects who failed both Pretest II—problems

succeeded folloging training. Two other subjects, who had solved one or bagh pretest

problems, also. succeeded on the posttest problem. : .
Ovef¥il, there were seven cases of posttest failure out of 83 cases where success _,

was expected. Five of the seven discrepancies occurred on Posttests I and ,II. After °

failure, these five subjects were retrained on the respective higher order paths, §and

¥ retested All five succeeded on the gecond trial.

K:::ilved the Posttest I problem. (All three solved the two loci preblem.after path one, )

Inspection of the seven individual problem attempts which resulted in failure °
showed that, in six of those cases, mistakes occurred at points corresponding-to dis- ~- )
junctive decisfon points in the two loci rule or in path 2 of the similar, figures rule. o
As noted earlier,.disjunctive decisions may be broken up (réfined) to form separate
paths. This suggests that more explicit attention to the molar nature of such (dis-
junctive) decisions might possibly have reduced even the small number of inconsistencies
noted. . -

Instruction in the higher order rules was not only effective but ‘aldo was rel g
tively efficient. Ii'Subjects were able to solwe kelatively complex construction progiens, N
once they knew the component rules involved, after only about 75 minutes of higheryorder
rule training. Instructiop on the lbwer order ruIes took an average of about 100 min- ‘
utes. In all, less than three hours of actual instruction was required. H

Schuence’ Effects < e S X J T -'\ |

?
In addition &o the positive assessment and instruction results, a number of A
interesting sequence effects were found. j On Pesttest I, positive transferato problems, (
for which training had not been provided, occurred in approximately 40 per cent of the
cases. Of 13 subjects who had failed both Pretest I problems in the clags for which N
no training was given, five solved the correspondimg Pésttest I.problem, (Two sﬂbjects\'
solved the two loci problem; three solved the pathvene, similar figures’ problem.)
Three of seven subjects who had solved one of the untrained problems ‘on Pretest 1

|
|
|
i
1
|
|
|
milgr figures training.) On the other hand, onetqubject who had previously solved
both Pretest I two loci problems failed the Post est I two loci problem after being
trained on the path one similar figures rule. pparently, this was due ta his mis-
understanding of the posttest instructions; the subject thought He was required“fb ]
the trained higher order rule (which was inadequate). After this misapprehension w af }
the subject was retested and passed the problem (It was at this point tha;& .
stress in the instruction was placed on when a higher order rule would not work == \..
1
|
:

., when to stop.). a
The results on Posttest II, restricted to,the problem for which training had beén
glven prior to Posttest I, suggests that training on the second higher order’ rule did
not interfere with earlier training. Twenty-seven of the 28 subjects who €ompleted .
Posttest II solved the prpblem corresponding to the first-trained rule, after second
training. The remaining subject passed the probleﬂhon g second trial,

This lack of interference was'also ré{lected in performance on the. Choice problen,
which could be solved using either the two loci or path one similar figures rules.
All 28 subjects solved the problem. Thére were 17 two loci solutions and 11 path one
r figures solutions; this differetice was not significant. Furthermore, thdye.

~

5ignificant differences as to solution preference due to order of training.
Group $T had eight and six, respectively. This suggests that when two (or more) rules

. are available at the time of problem solving (as they were), selectionﬁ,dprnot~depend
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It 'is also of interest to note, that the higher order rule selections after. learn-
ing were in approximately tne same 3:{2 ratio as observéd success on Pretest I, where
18 and 12 subjects, regpectively, 301ved:one or both of the two loci and similar figures
problems.. This observation suggests that subject.preference after. learning is somehow
related to subject likelihood &f having learned two loci-like higher order rules prior’
" to trainiqg. Our data are inadequate to determine why this is so but it could have

something to do with the involvement of similar, previously léarned selection rules
(cf. Scandura, 1974),. 3 . . ’ :

Pogitive transfer was also found from training on one higher order rule to the
next, When given first, the two loeci training.required an average of about 32 minutes
(25-60 min; range) and the gimilar figures training, 31 minutes (20-65 min. range).

When the training came second, the corresponding times. were 21 ‘minutes (15-45 min.
range) and 28 minutes (18-60 min. range).- “The third training session on path two of
similar figures higher order rule required only about 18 minutes (10-30 min. range),
even though the relatively large number of failures on the corresponding Pretest I}
problem suggests that this path was more difficult than the others. Overall, then,
ignoring the particular training involved, first_training took an average of 32 minutes;
second trgining, 25 minutes; and third°training, 18 minutes. Differences among these
means were highly reliable (F 47 = 34.70, p < .005). 1Individual comparisons of first
and second training and'secong’ana third were also reliable (tzs- 4.85, P<.001 and
tys= 4.14, P <,001, respectively). : S / )

Rather surprisingly, performance on the auxiliary figures problem, which ould rot
be solved using any of the thiree trained higher order rules, depended on the' sequence
in which the higher order rpléé were- learned (X* = 7,58, df =al, p < .01). Eleven of
the 13 TS subjects solved it while only three of the 13 ST subjects succeeded, No R
other relation was observed between the results on this problem:and on any of the
- previouqaones. : . ) . ‘

T It is impossible to say'with any certainty the source of this rather striking -
sequence effect. Onk possibility is that,'ia attarking the problem, subjects may have
tended to select the first higherfg;der rule on which they were trained. 1In this case,
the TS subjects could have had aé advantage because the auxiliary figures probiem may
be solved by repeated application of a*vaqjant of the two loci rule. Equivalently, it
is possible that the subjects combined the higher order rules into more encompassing -
.rules (see the combined two loci-similar figures rule in Scandura et al., 1974)- as they
were learned. If éo, those subjects who tried the two loci path of the combined rule
first, most likely the TS subjects, would again have an advantage, especially if the
effects of limited memory are taken into account (cf. Voorhies~& Scandura, 1973).

Both of these explanations, unfortunately, “imply differential solution type
preferences on the .choice test problem. Since no such effect occurred, some %lterna-
tive accounting seems necessary. One plausible explanation stems from the fact that
the similar figures and auxiliary figures ﬁigubr order rules may be régardeg as pro-
gressive generalizations of' the two loci rule. That is,'all of the higher order rules |
begin by, identifying constructable ‘alementary figures upon which further operations may
act to generate a goal figure. 1In ‘the two loci rule, the ' elementary figure is 'the °
missing point X." 1In the similar figures rule, the elementary figure is more general;
it is no longer a "degenerate™ point, but is still constrained by similarity. -Finally,
in the auxiliary figures rule, the elementaty figure is arbitrary. (For details, see °
Scandurd et al., 1974.) v " ] i .

Because the TS subjects were taught the procedures in a "natural" order of gen-
€ralization, while the ST subjects wére not, the former may have been more likely to
have "induced" a generalization procedure, More specifically, the TS subjects may have
learned a "higher, higher order - rule" for making generalizations. Such.a rule could
have been used to derive some form of auxiliary figurés higher order rule,-which in
turn would have allowed deriwation of an adequate solution rule.-

cA: tgb' ’A




CONCLUSIONS AND IMPLICATIONS FOR MATHEMATICS EDUGATION

. In view of the clarity of these results, it would appear that the identified
higher order rules can be used effectively and efficiently both to diagnose difficulties "
. subjects are having %ith geometry construction problems and to provide instruction in \
. how to solve such problems. Furthermore, training on prior higher order rules seemed
" 10 fecilitate the learning of lat@r ones. .
L - ThHis ls not the first time that beneficial effects have been found for instruction :
in heuristics. Ennis et al (1969), for example, found that training subjects ip
general heuristics such as means-equ analysis and planning improved mathematical
‘problem solving. At the present sime’ Hatfield* also has a study.under way in which
Hétis trying to facilitate p&rfo ance in mathematical problem solving by the 1nformal
(clinical) introduction of heuristjics.
Although the present study is based on more rigorous and exacting analyses of
Weuristics in-terms of higher® order rules (as well as lower order ones), it must not .,
be thoupght that these varying kinds of studies are incompatible. The present research
*  is ‘completely neutral as rega#lls how information is to be imparted. Motivating the
’ chdld to learn and the actual mode of presentation in the classroom is up to the teacher's
judgement. However, because our higher order rules‘have been so explicitly characterized,
instruction in whatever form (including diagnosis of individual sources of difficulty)
is potentially more efficient and feasible than with loosely fdrzulated heuristics.
Although a considerable degree of transfer was evident from training on one higher
order rule to another, it is still an open question as to whether ‘explicit instruction
in higher order rules (by whatever means) also helps the learner develop new "heuristics'
on his own., Earlier, of course, Roughead and Scandura (1968) found that "“what is
learned" in making simple discoveries can be presented in expository form with equivalent
results. In the present case, however, the task of identifying 'what is (to be) learned"‘
is far from trivial and, initially, may require more informal, inductive methods
(cf. Lowerre and Scandura, 1974). Whatever the answer, there is certainly no reason
why the teacher might not encourage discovery (of higher order rules) in additiom to
whatever explicit training is provided. Indeed, one good teaching strategy would appear
to be to!present a variety of situations where learners are required to discover higher
order-rules. Even in the present study, the higher order rules were not taught
‘explicitly as formal (some would say '"rote") procedures. Representation of the rules
as flow diagrams simply made the experimenters more aware of exactly what it was that
was to be taught, :
-In spite of the positive nature of these results, it should not be forgotten that
they deal primarily with the question. of how subjects perform in particular problem
solving situationg given what (rules) they know on eritering into the situation. Any
complete prescr; Jon for problem solving instruction must deal in|detail with-theé .
course of solving wholé classes of problems, r findings concerning the sequential
effects of instruction on higher order rules hag demonstrated the importance of such
study, and is one step in this direction, but it is a small one indeed. Consider thé
complications introduced in considering a continually changing set of lower order
rules (as learning progresses), not to mention the difficulties in attempting to
explicate-precisely the source of the sequential effects we observed®with the’ higher
order rules. Nonetheless, we are optimistic concerning she progress that might be
made in this direction, and congidering the obvious implications for mathematics educa-
tion, to use a time-worn, phrase, "we had better begin,"
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