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AN EXPERIMENTAL IMPLEMENTATION
. OF

~ "COMPUTER ASSISTED - .

ADMISSIBLE -PROBABILITY TESTING.

INTRODUCTION ' -

The work reported in this paper was conducted under the’,

Computer Technologles in Tra1n1ng Pro;ect of the ARPA-spon—
sored Manpower and Tra1n1ng Management Program of the Rand
Corporatlon.,‘As 1nd1cated by the project t1tle, we are in--
terested 1n ways computer technology can be used to enhancc
o the mllltary serV1ces tra1n1ng program as. well as to help -
o ) 7'i the selectlon and placement processes. In part1cular, we
;€77;;;7 have recently been 1nvest1gat1ng~the use of computers in
- testing. P L S T T
; ’,;: As reported in l969 by W. C. Gardner, Jr.r nd'E. H{”
Shuford Jr., there 1s cons1derable experlmental eV1dence

that test1ng systems that lncurporate adm1ss1ble probabllltyr

) : measurement have w1de appllcatlon 1n 1mportant areas of )
- - mllltary test1ng and evaluatlon [l, 2] The nature of Ad-‘
f? m1ss1ble Probablllty Testlug ‘and its extenslons 1nV1tes B

the use of computers 1n “their applicatlon as I shall try to

- make clear in what follows., R "—; :

7;{€}fi;r The remalnder of the dlSCUSSlOD is d1v1ded 1nto three
parts'—' N ' ' o

e A review of theimotivations and;theoretical’
foundatlons of Adm1ss1ble Probablllty Testlng
(e, ’ S

L) A descr1ptlon of the role of the computer in
Adm1ss1ble Probablllty Test1ng. ‘

° A,brlef7d1scussloniof,our;experrence'toydate
with the computer?based'system.v;: 7

A -

Presented at the l973 Mllltary ASSOClathD Conference,

] - San Antonlo, Texas, 28 October-2 November l973, Air Force
o .- Human Resources- Lab. SN - ]

-
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- MOTIVATIONS AND-FOUNDATIONS -~ -

o= - - . e - - - - - -
~ o - - . B

The pr1me mot1vat10n for Admlsslble Probab111ty Test1ng
is simple and stralghtforward', we need to measure better 77";; s %
the "state of knowledge" of tra1nees in a large var1ety of o
. ,_subject areas. An 1mproved measuring technlque would be of
—‘1— ;vfrriconslderable value not only in testing a tra1nee but also 1n

7 :;fr : evaluat1ng and planning curricula. As 1nd1cated by Gardner,
7 ’plannlng is especlally cr1t1cal for those courses of 1nstruc~ B 77
B 7 ,tron that are 1nd1V1dually ‘tailored to the tra1nee [n. i; ;;1,iii
S ai A A second and no less 1mportant, mot1vat10n 1s that the,;f R

7 ,;:{;:gestlmatlon of probabllltles is a critical Sklll=ln some en—’A 7
- 7 7’11deavors, for example, weather predlct-on, 1ntelllgence analy-—”i;:
;f,'{,*{¥,7f2515' etc. I believe that it will become appaz ent that Ad— :
o ;;S;i;ijimlsslble Probablllty Testlng is espec1ally app11cable 1n the -
7 ’1;'tra1n;ng of students to use effectlvely all of fhelr facts .,11;;

’f:'and reasons in. the est1matlon of prnbabllltles.fi o ,:;; R
- A corollary of the need foz 1ra1n1ng spec1allsts 1n SE L

> probab111ty est1mat10n is the 1dea that, in fact, we are all
7;A_engaged in probab111ty est1matlon. That is, there is a- need -
’;;for us all to .convey accurately and effect1vely our oplnlons:if;i
lf,ég;of the possibilities of various outcomes. If ‘that is the i{vi;:i:ff?i

”,,i,éf;f5 1case, we must 1earn to. speak the language of probab111t1es <
= ;if?_;fi"preclsely and with a common: understand1ng. S )

- E So what 1s Adm1ss1ble Probab111ty Testlng and how is- 1t
_ —applied? I shall talk about it in terms of our specxf1c7;;}j7'55

;jappllcatlon even though 1t has qreater generallty than may
i,be apparent from my d1scusslon.' T ‘777 7
) Consider the mult1ple choice test 1tem in- Flgure l.,,Wef;fj
©. . - = are generally required to respond to such a question with °
- - e . _ what amounts to a probability distribution as is 1llustrated o
7 - in Figure 2. However, it would be my personal tendency to o ;i;?:;f
'respond with the probability distribution illustrated in- -
hﬂFlgure,3., In fact, if confronted with the questlon in Flgure

-
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7{—§f:;,frf “QUESTION: The 1lth president of the Uniced States
PR . was: - - N

oo

st f;j;:: S C L 1. George Washington-
L J 2. James Fnlk - '

R 7{) . . 3. Franklir Pierce o - :";T:,',ij*i

Figure 1: Multiple Choice Test Item = --.- -

The 11lth presidént of therﬁniféd,stéﬁeg {:f, R
- was: - ST T T T T

1. Geoigef@éshinéfohi3iir éﬁ
- 7 - 2. James Polk - - e nEE
S Lo 3. Franklin'Pierce = 7 - T o
L - . Probability - - oo
""" - Distribution - - - - - A

e e Figure 2: A Standard Response . .. - e




The 1lth president of the United States -
was: . . - -

0 1. *George;Washington
1/2 2. James Polk 7
11/2] 3. Franklin Pierce
Revised - S
Probability
Distribution -

Figure 3: A Revised Response-

" - QUESTION: The 1lth president of the United States
ST T T T - _-.was: . - -l T z T T - -

1. John Tyler
2. James Polk -
3. Franklin Pierce -

A

Figuré 4: An "unable to distinggiéhfiRgqunsg i
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4, my response mlght very well be, "I can t d1st1ngu1sh amongi

|
'

" the ‘alternatives." “That is; as far as I can tell from my 7 . -

,’Jfacts and reasons, each alternatlve is equally llkely., L,r ) 7;_7‘;}

jAthJ_nk it is ev1dent that requ1r1ng a response of zeroes and

1

S a slngle one can mask a large var1ety of states of knowledge'

1

as .well as introduce guesslng on the part of the student.
~If such freedom of response is allowed, there rema1ns o
the problem of how to score,such a response. That is pre- B

1 c1sely the functlon of the "admlsslble," ori"proper," or ",'7;7~}'f

reproduclng" scoring system [3]. ’~Such a scoring SYStem R
encourages the strategy ‘of responding Wlth exactly what you ,;?
percelve the probab111ty dlstrlbutlon to be based on your S
~own facts and- reasons. ;*fz : IR

: i The adm1ss1ble scorlng system can be mot1vated 1n terms

;;—Of a gambllng example (a more complete d1scuss1on can be - ;ﬁf;ilg;fi;

found in [313. For the sake of s1mpllc1ty, suppose that a 7;;; e fii
student were faced W1th a true-false questlon. Then he may S
be V1ewed as a gambler faced w1th determ1n1ng the probablllty
of occurrence of the event "the correct response 1s 'true S

Suppose also that. ‘there were a gambllng house in-. wh1ch there ,t: 7 7
‘were’ ¢ (u)du wagers available at odds (l-u)/u (the "correct o ;jfrpf
odds" for -an event of probab111ty w). If the student belleves—,:f -
that the probablllty of the event taklng place were o7 he 7J_i:7
‘would take all wagers at odds better than (l-p)/p.f Slmllarly,

" he would take all wagers on the event not taklng place at odds i:rij

better than those appropr1ate for probablllty l-p. e 7
~ Figure 5 illustrates the mathemat1cs cof adm1ss1ble,if, 'f;¥'717225
scorlng systems. Line (1) corresponds to our true-or false': -
d1scusslon. Line (2) extends those notions to a n-f01l 7 3
mult1ple choice questlon. Line (3) adjusts the equatlons":

7 h; to ‘give a score of zero for the "unable to d1st1ngu1sh" re- -

sponse of p;= % for i=1,n. ‘What these integrals represent

§1s the net settlement made between the gamkbling house and

3,1It is the sum of settlements on an infinite number of

the student, after the correct alternat1ve has been revealed.

—
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1nf1n1tes1mal wagers, each of whlch appeared to the student 7,"

to ‘be favorable to him. . :
) Flgure 6 1llustrates the logar1thm1c adm1ss1ble scorlng 7
7 system which has the property of depend1ng on only the - 7
probab111ty ascrlbed to each f011 1ndependent of the proba— k,
b111t1es ascribed to the remaining folls.' Line (2) of - -
“Figure 6 1llustrates the partlcular version of the loga-
~rithmic system we use in Admissible Probablllty Testlng.
‘No. nrobablllty less than .Ol may be ass1gned to av01d 1n?
f1n1tely large penalt1es. . ’ ’

" The ‘gambling 1llustratlon shows that it is in the

f'student s best interest to gauge accurately his probablll- i

t1es and ‘thus to make no unnecessary bets. - That is,. the _rrrrg;

) scor1ng system does encourage h1m to reproduce h1s own

probabllltles accurately. S e ' —x':frrft,;—;—'——

However, how does the student learn to play the game }f;i}; R

and 1mprove the way he br1ngs h1s facts and. reasons to bear

on the determ1natlon of the probablllty he ascrlbes to each*ar L

© o alternat1ve° As Gardner p01nts out, "It - seems llkely that

the more exposure the students have to [probablrlty} tests, 7

the more reallstlcally they will evaluate test 1tems and

the1r own knowledge, thus prOV1d1ng a more valld 1nd1catlon

as to their actual level of achlevement" [11. ] We belleve
the answer to the questlon 11es in the computer system I

Wlll descrlbe next.
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U THE ROLE OF THE COMPUTER .

- As you Wlll see 1n the flgures that follow, the com-
‘7puter-based system we have developed requlres a computer )
77 term1nal with graphlcs capabilities and some means of allovi-

'ing the student to interact with it in elapsed times of at
;ﬁosé a few seconds. - The original system was developed on
:a hlghly interactive console connected to.a powerful IBM
B 370/155 computer. a newer system exists on a "smart terml-
‘nal, n the IMLAC PDS-ID, which supports the system 1ndepen-
’,dently of” any larger computer. My dlSCUSSlOH.Wlll relate
-_to the latter system. - - B
S Flgure 7 1llustrates the d1splay the student sees
’7whlle answer1ng a questlon.f He asslgns a probablllty to

:fion the boundary of thc equllateral tr1angle. In such a--
iftrlangle, the sum of the d1stances of the p01nt from each

~ side of the tr1angle is a constant and can be scaled to :ff;:?;j:
1. Thus each point determlnes a probablllty d1str1butlon ',7
1,§for the three alternatlves. The probabllltles appear at- the

’—vertlces of the tr1angle and the appropr1ate logarlthmlc 177

79v;§core appears close by., Flgure 7 shows the,results for .
the: 'unable to distinguish” case. The probabilities are

:hiconstralned to sum to one. Also, the probabllltles musti

’,; be greater than .Ol because of the behav1or of the logaf

*;rlthm near zero. ) ) - -
"~ The student may choose d1fferent p01nts in the tr1angle
'il untll he is satisfied with the indicated probablllty or
:;score d1str1butlon. The nearer he approaches a Vertex, the
nearer that probablllty approaches .93 and the other two

approach .01. When he is satisfied w1th the dlstrlbutlon ]

he selects the NEXT option and the term1nal d1spluys h1s '
cumulat1ve score as 1llustrated by Flgure 8.7 C

each alternatlve by chooslng a polnt in the 1nterlor or
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- QUESTION:
The 11th president of the United States was:

JOHN TYLER
You will GAIN 0 points
if this is the correct answer.
_NEXT )
T~ - You will GAIN 0 points if You wili GAIN 0 péintsiifj: o
e - this is the correct answer. this is the correct answer. -
JAMES POLK . : FRANKLIN PIERCE

Figure 7: Probability Assignment
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" QUESTION:
- The 11th president of the United States was:

JOHN TYLER
, ) You will GAIN 0 points if i
. o this is the correct answer. -
; L
- - - - e Em e - - e SCORE NE)}T -
" You will GAIN 0 points if " You will GAIN 0 points if s
- this is the correct answer. this'is the correct answer. -~ -~ - -
JAMES POLK FRANKLIN PIERCE

. Figure 8: Cumulative Score
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The cumulative scoxe is presented in the form of the -
‘maximum (or minimum) score attainable question by question.
In the case illustrated in Figure 8, noth1ng has been gained
or lost by the score assignments in Figure 7 (the final seag-
ment in the broken line in Figure 8). However, a probability
of .98 assigned to a correct answer would result in a gain 7
of 23 points while .98 assigned to an incorrect alternative
would result in a-loss of 76 points. Thus, the student has
question by'question feedback about the relationship of his

) probability assignments to his scorerand may adjust his
actions accordingly. That is, he may develop a "feel" for
7the scoring system. Under usual test administration pro-- T
_cedures, the delay from test1ng to report1ng the scores 1s -

‘so long as to orevent the development of a "feel" for the
scoring system. Moreover, the scores are usually not re-
.ported on an item by item basls. Th1s portion of the com-
77puter based system gives. the student a max1mum amount of’
' lexperlence w1th the scoring system.,r ) )

. Even though the student may learn to. ekpress his awn - -
:probabllltles accurately the questlon rema1ns as to ‘how T 7
those probabllltles relate to reallty._ That questlon can': f": S
be answered in part by his External Validity Graph [31. B '

7 The External Validity Graph can be used to determlnei

how well the student does as-an estimator of probablllty.‘ ]
‘It can be thought of as his "track record" as an est1mator.:'
- We may collect all those events which he claims to have a 7
~ probability of, say, .80 of occurring, and determine -what -
* percentage of them did, in fact, occur. If he were a
- perfect est1mator, we would expect roughly 80% of them to
‘occur. Figure 9 illustrates such a graph. The diagonal - ] 7
" AB represents a perfect estimator. If we collect, say for ‘i:;‘f .
,20 questions, all the probabllltles used by a student and
compute the relative frequency with which each part1cular
,probablllty is assoc1ated Wlth a correct foil, we may con-
struct an external valldlty graph for that student and that

B | 15 o
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All
'ESTIMATED PROBABILITY

Figure 9: External Validity Graph and
Realism Lines

16
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test material. . We then assume that the relationship between -

them is roughly linear and apply a simple linear regression.
We call the resulting line the student's realism line. The
lines A B! and A"B" in Figure 9 illustrate poss1ble results.
The line A'B' has the following interpretation: about 60%
of the events given a probability of 1.0 of occurring did
in fact occur.. We interpret this to mean that the student
tends to over-value his facts and reasons. ~Similarly, the

sk

line A"B" can be interpreted as: the events given a proba- o

bility of .60 (or greater) of occurring did in fact occur
lQO% of the time. The student tends to under-value his :
facts and reasons. We may further interpret the realism
line as: "when he estimated x he should have estimated  --

‘Ax+B" where Ax+B is the equation of his realism line. We

—7r,may then transform the student s orobabilities using his

—7realism line and recalculate his score on the . basis of the

- new ‘probability assignments. This "more realisLic scoreri
~can then be used to decompose his original score into the
fportion attributable to lack of information. The lower

;~portion of Figure 10 illustrates such a score decomposition.'

The scores are actuall, reported as the difference

. :between the student's scores and the maximum attainable , 7
_ for a given length tecst. The over-all gain is that maxi- -
’1Imum less the un-revised sco*e. The gain attainable from

‘more information is that maximum less the rev1sed score.
The gain from more "realistic" use of probabilitiesris -
"simply the revised score less the original score. ‘

7 -The upper portion of Figure 10 brings us to another
“interesting aspect of the logarithmic scoring system. We

“ call the square in the upper part of Figure 10 the student s
7information square. The. term "information" arises from a
very interesting relation between the logarithmic scoring
1system and the concept of "entropy" in information theory.

That relation is developed below.
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‘ Uf‘imH<t’JN

YOU CAN IMPROVE YOUR SCORE BY 261 POINTSr

OVERALL.

YOU CAN IMPROVE YOUR SCORE’BY’Q36 pofos BY
GAINING MORE INFORMATION ABOUT THE SUBJECT.

-~ YOU CAN IMPROVE YOUR SCORE BY 25 POINTS BY I
B MORE REALISTIC USE OF YOUR INFORMATION. ~ - .- - - -

FigureAIO:'

YOUu TEND TO OVER-VALUE YOUR INFORMATION.

’ INFOR&ATiONr : ;"””

Information Square and Score
Decomposition
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7 Figure 11 111ustrates the expected score for a given
questlon in our three foil system. The expresslon in the
parentheses is called in information theory the "entropy"

of the partition p . It represents the expected amount of-

1nformatlon which W111 be conveyed by the event itself;
or, in other words, the expected surpr1se content of. the
event. Equation (2) of Figure 11 is the expected score
'normalized to the range 0 to 1. Equation (2) can be in-

" terpreted as follows: if there is no surprise content in -

"~ the event then there is perfect information [ea(2) = 1];-
-if there- 1s maximum surprise content in the event then -
there is no 1nformatlon [eq(2) 0]. The upper part of
7,'F1gure 10 plots on the PERCEIVED ax1s the point corres-
pond1ng to ‘the relatlve 1nformatlon computed from the
7:student s or1g1na1 prooablllty dlstrlbutlons., The rela-'

't1ve 1nformatlon derived from ~the probab111t1es as- trans-

7 formed by the rea11sm 11ne (the regression 11ne in. the
~external va11d1ty graph) is plotted on ‘the REVISED axis
;and the -two points are- connected by a 11ne. Thls 1nfor-f

mation square has an 1nterest1ng 1nterpretatlon in terms o

'~ of an Arabian proverpiasfdeplcted in Figure 12.




, 3 , ’
(1) ‘Expected Score Z pi(SO log 3 pi)
’ i=1 .

o 3 T
= 50 [log 3 - (-Z P; 1og»p‘i)]
o TS
(@) Rel’aﬁive Information = 50 [;og 3 - (-,Z p; log pi)ilr
* o i=l
. 50 log 3 Do B

-
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"WISE

Un<HBOWMY
CHuH<ED

CHILD

who knows, and knows thatrhe knows,
He is wise, follow “him.. S
who knows and knows not that he knows,
He is asleep, awaken hlm.

who knows not, and knows not that he knows not, S

He is a fool, shun h1m. - "
who knows not, and knows that he knows not,

jHe is a child, teach hlm.,

Figure 12: An Arabian Proverb
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EXPERIENCE TO DATE o '

‘The few observations I would like to make here are
‘based largely on anecdotal evidence. We have used every
opportunity to test our approach before,eomﬁitting to for-
" mal experimentation. We have gleaned our test students
from among the Rand professlonal and secretarial staffs
(and their chlldren), high school and college ‘students,
casual visitors and attendees at various Rand-sponsored
meetlngs. It is gratlfylng to report that not one of our
o subjects has had dlffloulty with the mechanics of using
the system. 7 ' ) L
_Figure 13 illustrates the re1atlon between the actual 77'”
77and percelved 1nformatlon measures for the f1rst exposure ’
,of 66 subjects to the test system., Thls flgure supports
what we have observed: subJects tend to over-value thelr ]
*ifacts and reasons at the outset.i Our observatlon has been;
-that most subjects tend to choose the vertlces of the
,ftr1ang1e rather than try to dlfferentlate more flnely
7:among their probablllty ass1gnments. This seems to be a
___result of previous- tra1n1ng in answer1ng multlple cholce
7;1tems. - I o - - . )
7 Flgure 14 111ustrates the amount of 1mprovement in
_-realism experlenced by our subJects. Among the flfteen
71nd1V1dua1s who have taken a test on the computer two or 7
more times, the average loss in score due to lack of real- 737
~“ism on the first test was 108 points; the average loss in
',seore due to lack ofrrealism on the last test they took
was 15 points. - ‘

22
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PERCEIVED INFORMATIdN
.i .2 .3 ‘ ..4 .5 060 .7 .8 - .97

B L4 - v

Figure 13: Relative Information on First Exposurei
(66 Subjects) :
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" Tests No. of Cases No.rshoﬁing’lmg;ovement
i 1 8 N. A.
2 7 6
3~ : 4 ' 4 i
2 2
1 1
D B S 1
) 7:f:ﬁw$71¢ssrdue to lack of realism on first test: 108
- "’ uE " " (T " " last fll : 15

"~ Figure 14: Effect of Experience on Realism Score
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THE FUTURE

- The near term future of this work as we see it consists
of at least three parts:

® An on-going improvement of our test and inter-
pretation--ideas. ) ) -
e Several small-scale formal experiments to
verify our design. ) - .
° An implementation of our ideas on the Uni-
versity of IlLinois"PLATQ IV system.

7 This final point'indicates our desire to make Admissiblér
Pfqbability Measurementvavailablg to a large §ohmﬁnity of o
potential users. Witﬁin,that comﬁuniti'wefhbpé to encourage -
ekperimentétion on a larger scale than we ganisuppo;t with™
ouf present facilities. a

<5
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CONCLUDING REMARKS

At the beginning of the paper, I made reference to the
possible importance of Admissible Probability Testing for. .
selection and training in the military services. As a re-
sult of his experiment, Gardner [1] found the follow1ng
'hypotheses to be supported

® The scores attained on a [probébilitYJ test
will be. a more accurate assessment of student o
knowledge than will choice scores. 7

° IProbablllty] test results will be more - -
reliable than choice test results s1ncer o 'fffi':?’i

[ I ¢

"
il

“there 1s slgnlflcant reductlon ‘in guesslng.
) [Probablllty] tests y1eld more 1nformat1onr
that can be used in pollcy-maklng for a

mult1-tracked curriculum than do choice j, :?tﬁsi,;fjsi—irt
tests.

~ We have taken these results as an encouragement to,_f?f; -
T ‘continue to develop and extend Computer Assisted Admlsslble'rf';_;iffi
o :f'"Probablllty Testlng. 7 7 ,1,,if :
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