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EDITOR'S PREFACE

The custom of publishing yearbooks is rather generally estab-
lished in several national organizations. The first three vearbooks
of the Nutional Council * Teachers of Mathematics have been
well received. The first dealt with .\ Survey of Progress in the
Past Twenty-five Years,” the second was deveted to a considera-
tion of “Cucrieulum Problems in Teaching Mathematies,” and the
third dealt with “Sclected Topics in the Teaching of Mathemalics.”

The fourth yearbook was mrde possible by the financial as-
sistance of the American Commissioners of the first International
Commission on the Teaching of Mathematics (1908-1922), Pro-
fossors W. F. Osgood of Harvard University, David Fugene Smith
of Teachers College, Columbin University, and J. W. A. Young of
the University of Chicago. T wish to take this opportunity to cx-
press my awn personal appreciation to these men for their assist-
anee, without which the material for this yearbook could not have
heen sceured.

I also wish to thank all my students at Teachers College who
have helped in one way or another in the preparation of the last
part of the yearbook reluting to the United States. Especial credit
ix due Dr. Yera Sanford for translating the articles relating to
Austrin, Germany, Ttaly, Russia, and Switzerland, and to Dr. R, Lu-
kavska-Stuerm for translating the article on Czechoslovakia,

It is hoped that the thovghtful consideration of the changes and
trends in the teaching of mathematies in the leading countries of
the world as herein presented will help to improve the teaching of
muathenaties wherever the yearbook is read.

W. D. Reeve
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AUSTRIA
By DR. KONRAD FALK

Pddagogisches Institut, Vienna

Introduction. The following report is in two sections: the
first deals with the mathemnaties of the Volksschule, the Haupt-
schule, and the continuation schools; the sccond, with that of the
secondary schools.

The Austrinn Volksschulen have courses of two, three, four, five,
or six years. In the small towns in the lowlands and in the moun-
tains, the pupils attend these schools from their sixth to their
fourtcenth years.! In the cities, the pupils attend the Volksschule
from the sixth through the tenth year, going then to the Hauptschule
from the ages of eleven to fourteen or else spendirg their tenth
to their eighteenth years in one of the secondary schools where they
are prepared for the university, Boys and girls who are obliged
to go to work at the end of their fourteenth year are required 'to
attend a continuation school for a peviod of from two to four years
according to their traae. For example, a mechanice is obliged to take
a three-year course, o hairdresser must train for four years, and a
worker in the clothing trade two years., These continuation schools
ere in session from eight to vwelve hours a week.

I. Vorksscuunk, Haveiscuvnk, AND CONTINUATION SCHOOLS

Arithmetic Curriculum. DPrior to 1920 when the first plan of
reform went into cfieet, the curricultun in arithmetic in the Volks-
schule was based on a very systematic plan. The following sum-
mary shows the general plan of the work:

Fsr YEaR Numbers to 20  Four fundamental operationa
SECoND YEAR Numbers to 100  Four fundamental operations and the
simplest common fruetions
THIRD YEAR Numbers from  Computation with integers, common fruc-
0.001 to 1,000 tions, and decimals
FoukTH YEAR Numbers to Computation with integers, common frac-
1,000,000 tions, and deeinls

Vlhe perlud of compulsory cducntlon in Austrin.  Editor,
1
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Introductory work in numbers wax constuntly  stressed umd the
four fundamental operations were studied and practiced.

Applied problems were given in each school year, The leading
text wax a four-book seriex by Krauss and Habernal ® revised from
the Rechenbueh of Mocnik. In the days of the old Austrian
Empire, thiz was translated into Italian, Czech, and Polish. Further
details of the content and method of the work may be found in this
text.

Geometry. The study of geometry began in the third schoul
year in connection with the number work, and the subject was
devcloped syxtematically, passing from lines to angles and surfaces
and finally to solids. It was culled the study of geometrie form
(gecometrische Formenlehre),

Reform in Teaching Arithmetic. The reform in the teaching
of arithmetic profited by the knowledge of the teaching of children
gained about the turn of the last century. This reform calls for
a thorough consideration of computation from many points of view,
the linking of this with things within the child's experience or with
things that may be brought into his experienee; henee the use of
the environment in the child's earliest number work and of materinly
drawn from his surroundings, his home, and his country in his later
study. The actual fulfillment of these aims is made possible by
the introduction of unified instruction in the Volksschule, that is,
a plan of instruction which is a cross-section of the child's life
and which shall develop many activities in combination with each
other: speaking, counting, reading, expression in drawing and in
writing, the meaning of number and space, developing these skills
and practicing them in their natural sequence. Accordingly, there
is no definite time schedule for these subjects of instruction in the
first four years., This unified program requires the teacher to pay
more attention to the needs of the ehild than was the cuse under
the former curriculum, and the teacher is expected to seleet
materials for work in arithmetic which shall be related to the en-
vironmeat of the childrea in the class, This type of instruetion with
its manifold pictures of life offers real situntions of many types
with which the work in arithmetie may be utilized without marring
the unity of the projects themselves, Examiples of the various classes
can be scenin the following:

Vihese are the Erestes, Zwcites, Dedtex, und Viertes Kechenbgeh fur aligemeine
Volkaavhuten, K. KRrause nand M. Haveraal, Ostheenachiseber Bundesveelngg, Vielnn
wul lelpelg.
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Seconp Crass
Topic: The First Snow
Reading—The White Street
Study of Form—Bull, xphere
Counting—sunowball fight
Multiplication tubles for & and 10

Trinp Crass
Topic: The Shy and the Weather
The view from the window in the lute cvening
Window panes. Squure decimeters
Cutting squure decimeters from pupor
Mewsurement of surfiucrs such as u desk or table by applying squures of
puper to them, thus giving an introduction to the measurenient of ree-
tungular surfaces

Fovrrit Crass
Topic: A Trip into the Wachan (the most beautiful seetion of the Danube
vulley)

Arithmetic—Rending the map of Austrix, computing milenge, contputing

the nutber of vines (the Waehan is o wine-producing district)

Theoveticul work—Multiplication with two-place numbers
These illustrations give an inzight into the mode and manner of
the instruction in avithrctie iu the Volksschule,

The work differs in certain respeets from that given formerly.
Fractions and the writing of fractions are now first introduced in
the third class and the work is hmited to the unit fractions o, Y,
Vs, and byy. In the fourth class the following fractions are intro-
duced: Yy and 55 Y4y and Yigg; ¢ and by, The order of opera-
tions (integral numbers) ix division, multiplieation, addition, and
subtraction. These operations are illustrated by eutting and com-
bining sectors from cireles made of puper. Drawings are made later.
Decimal fractions are introduced in the fourth claxs in conneetion
with problems taken from the field of business, ‘The first ones used
are the hundredths ax 3.25m, 4.25m*, 4.27¢, 3.36s, 4.12hl. Later
tenths and thousundths are introduced. In ull of this work, the
teachers are expected to bring the subject matter close to the
children's interests through the use of real materials, and they are
also expected to develop the work in arithmetic from these same
materials,

Upper Classes, In the upper classes of the Volksschule (ages
10 to 14) and the Hauptschule (ages 10 to 14), the subject muatter
1s presented in a fushion that is more and more systematic but
nevertheless reluted to the child's Life. For exwmple, the study of
the Dunube as a means of transportation brings with it the ideas

RIC
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4 THE FOURTIH YEARBOOK

of kiloneters, of addition and subtraction of three-place numbers
and of higher numbers,

The plan of study for the introductory lessons is given in the
syllabus published in 1928.

Instruction in Geometry. Instruction in geometry begins in
the first school year, for at this time the aspects of space are clearer
to the child »nd richer and more permanent than are his concepts
of numbers, The work of the first schiool year is called the cultiva-
tion of space pereeption (Pflege dor Rawmanschauwung). Certain
concepts from geometry fundaniental in the work which begins in
the child's eleventh year are presented in his fourth school year
(that is, when he is 9 to 10 years old) ¢

Instruction in Arithmetic, In the continuation schools, in-
struction in arithmetic and in the study of space is entirely de-
pendent upon the student's trade, for the work is based on the
mathematical experiences needed for the trade. Accordingly, those
working in electrieal trades learn how to reckon with eleetrical
quantitics. Their lessons include caleulations of the strength of a
current, plans for installing lights, laying eubles, and the like. In
addition to this, they are instrueted in simple bookkeeping. Before
1907 thix in=truction, which is now entirely devoted to practieal
things, bore the nanie of the trade for which the students were
preparing, namely, shopkeeping course (gewerblichhaufmannischer
Unterricht). As a general mile, special collections of problems deal-
ing with the different erafts were given to the pupils in the form
of a business story. Sinee 1920, the needs of the student's environ-
ment have been considered also—the apprentice at home (budgets),
the cost of illness; aleohol ax a poison, and other problems,

In all types of schools, it is required that rules and theorems
be developed by the class ax a joint piece of work and that these
be expressed in the pupils’ own words, For this reason, the newest
textbooks in arithmetic give either few rules or else none at all.

[I. SECONDARY SCHOOLS AND TRAINING COLLEGES

Secondary Schools in 1910, Iu 1910, the sccondary schools
in Austrin were humanistic Gymnasicn with an cight-year course,
Realschulen with a seven-y car conrse, or Realgymnasion with an

8 Lecheplan fur die erste bis finfte scaulstufe der allyemeinen Volkaachulen nebat

den dasugeharigen Erlauterungen, Vienna and Lelpzig, 1028,
¢ sve Konrad l'alk, Die Phcge der Kaumanachauung in der lrundachule, Vienna,

1022,
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eignt-vear course. In general, the children were admitted to these
school= at the age of ten on the basis of a comipetitive examination,
and on completine the course they went on to the university, or to
an ins<ttute f teehnology,

Mathematics Curriculum Since 1910, Since 1910, the muthe-
matics currictium in these schools has had to comply with the
government cegulations of 1909 and it has sought to reulize the
aimx that are there set forth. It ix vequired thut the foundations
of the function idea be laid in the sccond class with the considera-
tion of simple cuses of functional thinking as illustrated in the
understanding of the changes in the shape und size of geometric
figures with changes in their dimensions, In connection with fune-
tional thinking in the fourth class comes the study of the variation
in the result of computation with the chunges in the numbers
involved us applied especially to the handling of equutions.
Associated with this also is the graphic representation of linear
functions and its applieations to the solution of equations of the
first degree. In the higher elasses, quadratie, exponential, and
logarithmic functions, as well as trigonometrie functions, are inves-
tigated graphieally. The preliminary work ix =0 wrranged that the
elements of the differential and integral cualeulus may be intro-
duced into the curriculum and o arranged also that certain work
11 sections of mathematics and physies may be discussed more
comprehensively than heretofore,

In its details, the plan of study indicates an ordered sequence
suited to the mntellectual development of the student. It secks to
concentrate the pupil’s interest in arithmetic and geometry and to
establish closer bonds between this work and other branches of
study than was the case before, The student i= alzo to be especially
informed through manual witivity of the great role played by
spatial perceptions,

Thus, the method of instruction had to be changed, both in the
exposition by the teachers on the one hand, and in the practice and
experience of the student on the other. The amount of formal
instruction by the teacher had to give way before the dizeussion
of the students in which they share in question and answer. Formal
tests are used only when the teacuer lacks a clear picture of the
pupil's performance or when that picture is unfavorable.

The School Reform of 1918. The school reform of 1918 was
begun while we were in the midst of bringing certain changes to
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pass. Most notable of the changes is the orgunization of the first
four Jears of the secondary schools known as the Deutsche Mittel-
schule. Following this comes a four-year Oberschule, This niay be
of four types: classical, modern languages, mathematies-science,
or the Deutsche Obersc ' ule with English as the one forcign lan-
guage. At the same times the Vienna investizators thought it of
importance to introduce the plan of study of the Deutsche Mittel-
schule into the numerous schools which are compulsory for children
from the ages of eieven to fourtcen—an important step in the
unification of the gencral school progran.

Bath the plan of study and the method « f instruction in mathe-
mutics have undergone further improvements, These have been in
the direction of a more thorough working out of the aims established
in 1909. The development of special concepts has been even more
strongly emphasized, and the teachers are directed to make close
connections between arithmetie and geometry. Funetional thinking
has become more important. Above all else, the instruction in the
secondary schools has been influenced by the reforms in teaching
now taking place in the Volksschule. Vocational instruction is being
introduced for the first time. ‘The teacher is not permitted to supply
the pupil with information which he can gain for himself by the
use of his own hunds or his own mind. The teacher may stand
beside the pupil only to guide him. It has actuvally been shown
that students are able to work out alimost the v:hole content of
the syllabus independently and that it is only necessary for the
teacher to suggest certain fundamental ideas. Among these concepts
are the idea of a system of coérdinates, the idea of a goniometrie
function, the idea of difference quotients—discoveries which man-
kind itself has had handed down in a long period of time from its
greatest men of genius,

It has proved necessary ulso to avoid following a standard
procedure in the solution of problems, since each method discovere !
by the pupil is of value for him, and the more methods he discovers
the better. A comparison of these methods with regard to their
simplicity, suitability, and economy nf tine gives deeper under-
standing and leads to more cfticient procedure in the solving of
problems. Wuarning is given against two early introduction of the
abstract, against mechanical drill ~n rules, and against the use of
definitions in set form. The student a.s° be given concrete problems
as long as possible, he must zee with his own cyes, measure, cut,
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fold, construct, and draw; he will then himself develop the rules
and find terms to express them; he will have o tirmer grasp of these
rules, and he will make more edicient use of them.

Consequently, colleetions of problems oceupy the chief place in
the more recent books intended for mathematical instruction.
Number material, and representations of objects from daily life
are introduced and the customary material of the formal textbook
is included only in an appeadix, called Lettfaden. In some cases
the formulation and transeribing of principles is entirely the work
of the class or of the individual student.

The Mathematical-Scientific Oberschule, The curriculum
of the mathematical-seientific Oberschule employs in mathematics
the materials used in the former Oberrealschule, but the course is
divided into four years instead of three. In the other types of
Oberschulen spherical trigonometry is omitted and the amount of
analytical geometry and calculus is somewhat reduced. Premature
development of a scientific system is avoided; a compreliensive
survey and review is reserved for the final work of the highest
class where axioms may be considered and where a sound seientifie
structure may be built up.

The experiments mentioned above were made between 1920 and
1927, working up from the lower elasses. The results promise further
steps in advance. The school law of 1927 assured the centralized
administration of all the Untermittelschulen with the Hauptschulen,
the four classes of the (fymnasicn being a notable exeeption; and the
Realschule was developed into an eight-year type. The pluans of
study published in 1928 by the Minister of Education have us the
chief foundation in mathematics the experiniental plang of the
Decutsche Mittelschulen which have been eited, and the above-
mentioned Oberschulen. Notes on method to accompany the plan
of study are announced but have not yet appeared,

Teacher Training., The training sehiools for teachers in the
Volksschwlen provided a four-year course culminating in a final ex-
amination for their pupils from ¢bout 15 to 18 vears of age. Prior
to 1923 these had a mathematies currieulum ccmposed of the subjeet
matter of the Untermittelschulcn. Rince that time, at the instigation
of the institutions themselves, the course hias been extended, so that
now the subject matter of the Obergymnasium is required for study.
The prineiples in method are naturally like those of the Mittel-
schulen and are in this case of even greater importanece, as the
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pupil in these schools is following out. for himself the fundumental
principies which he is bater to applye A Pddag wisches Institut
catublisned in Vicn is available for teachers in Volls- wnd Haupt -
schulen Tor their training and further advaneement. The course in
matherdes in the Institut offers a review and a more thorough
stdy of the material already known, o further insight into the
study of the properties of number equations, higher equaiions,
methads of approxinedion, funetions, and series, The ealeulus is
taken up more thoroughly and in greater detail, and seminar exer-
cises offer discussion of =eientific questioning and practical teaching
problems.
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CZECIIOSLOVAKIA

By DR. QUIDO VETTER
Prague

Intruduction. In order not to extend the length to which this
article is limited, we <hall confine ourselves to the mathematical
subjeets, arithmetic, geonetry, and deseriptive geometry, as taught
in the sccondary =chools proper, Gymnasicr wnd Realsehulen, be-
cause these schools determine also the character of instruction in
the professional schools whose partirular specialization results from
their narrower aim, Mathematical instruction in the universities
will be dealt with only so far as these prepare the future professors
of the secondary schools.

Two Periods under Discussion. For the past twenty years,
Czechoslovakian life, as well as the development of the Czecho-
slovakian schools, has been divided into two basically different
periods. The dividing line was the twenty-eichth of October, 1918,
when the independence of our state was regained. The first period
was Austrian and falls again into two parts, one before the war and
the other during the war, after 1914, The part before the war is
characterized by the Austrian reform of secondary sehools in 1909,
with the collaboration of the university professor. Dr. Fr. Drtina,
who later organized the Czechoslovakian Ministry of Edueation,
This reform brought relief to the overtaxed pupils of the sccondary
schools, an intensificd school activity, and a preparation for an
“active” school, introducing, for example, =o-called examining for
orientation. A marked change was then introduced into the teaching
of mathematics; in response to (he reformm movement under the
leadership of Professor Felix Klein, the conception of the function
was made {he center of the teaching of mathematies, and the
infinitesimal ealeulus was introduced.

In Austria and also in Czechoslovakin almost all the secondary
schools are state schools, The private =chools are bound hy the
same rules as the state schools, expeeially as to the eurriculum and
qualifications of the teachers, and a¢ to textbooks which the
Ministry of Education has to approve. Therefore, the outside coun-

9
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ditions of teaching mathematics within the boundaries of the
present-day Czechoslovakian Republie did not differ up to the year
1918 from those of the other lands of the old monarchy. For that
reason the report of Dr. K. Vorovka, Dr. L. Cervenka, and
Dr. V. Posejpal in the year 1914 * limited itself only to the Czech
mathemuatical textbooks and those of related fields, because they
represented the main sphere in whieh the Czech characteristies
could express themselves, It would be superfluous to discuss here
that period, which will certainly be deseribed more thoroughly in
other similar reports.

The New Movements of Prewar Times. I shall, therefore,
only point out that prewar times were characterized by Cze~h
teachers of muathematical subjects working themselves into the new
methods and the 1ew teaching materinl prescribed by the new
curricula, gathering experience in their use, and beginning to
criticize the situation. using these new curricula as a basis. The
teaching of mathematies in Czechoslovakia was helped by the fact
that simultancously with the Austrian reform of 1909 the generation
born around 1880 came into action. TLis generation ineluded several
intelligent persons full of ideas concerning the reform movement
already mentioned. Their leaders ineluded those mentioned above.
They arc Dr. B. Bydzovsky, professor in the Charles University at
Prague; L. Cervenka. govermment counselor and lund school in-
spector in Praguc: Dr, J, Jenista, ministerial counselor and chier
of the pedagogicul department of the Ministry of Education, lately
deceased; Professor Dr. B. Masek, vice-director of the state
observatory; J. Muk, Gymnasial ? professor in Prague; J. Pithart,
Realsehule director in Prague: Dr. V. Posejpal, professor in Charles
University in Prague; K. Rasin. Realschule professor in Prague:
Dr. J. Seyfert, professor of Masarvk University in Brne; Dr. M.
Valouch, former section chief of the Ministry of Education; and
Dr. K. Vorovka, professor in Charles University at Prague.

Results of the Great War, The war brought stagnation to all
publie life, and so to the schools. Lack of teachers resulting from
the draft, fear for the future of the nation, cconomic hardships,
and lack of food exhausted the teachers left at home, so that there

Vhie Lehrbiicker fior Matematik, Darastetle nde Geometyie und Phyaik an den
Mittetachulen mit hohmischer Untervichisprache, Berichte iber den matematisehon
Unterricht in Ocsterreich, Heft, 13,

PThe Gumnaxinm is the classieal high <chool and the Realzchule 18 the more
tnodern type,
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was, at first, no chanee for more spirited action. But when they
readized in 1917 that the Austrian government was preparing &
reform of the sccondary schools directed against the oppressed
nations, the official Czech representatives formed a committee for
the reform of the scconduary schools. Its officizl character Leld their
discussions to the general features and made theta consider the
current conditions.

Union of Czech Mathematicians and Physicists. DBesides
this official commission there was the “Union of Czech mathema-
ticians and physicists,” in which are organized all the Czech teachers
of mathematies and physics of the secondary schools as well as the
universities, and which is one of the first professional Czech
associations to prepare and work out a detailed proposal for a new
Czech sccondary school.

In the summer of 1917 the board of the Union selected a com-
mittee for reforming the scdondary school which divided itself
into committees for mathematies, deseriptive geometry, and physics.
The first two authors of the above-mentioned report and textbooks
were joined by Dr. B, Hostinsky., professor in Muasarvk University
at Broe: Dr. J. Kounovsky. professir in the Institute of Technology
at Prague; Dr. B. Salomon, professor in Charles University at
Prague; and the writer. At the outset, they decided as a result of
a motion made by Professor Vorovka to discuss the free Czech
school as they conceived it, regardless of existing conditions,
which meant, of course, the school in the future (‘zechoslovakian
State.

The Proposal of the Union. Woe still have on the one hand
the classical Gymnasium with Latin and Greek, and on the other
the Realschule with modern languages and more thorough instrue-
tion in mathematics and the natural sciences, while the two types
of the Realgymnasium with Latin, modern languages, and descrip-
tive geometry, together with the so-called Decin type Gymnasium,
stand between. The proposal of the Union aims at postponing the
decision about the direction of the studies as far as possible until
the pupil is at « more mature age. It suggests a common four-year
basis on the native language and civies, during which period all pu-
pils would learn the fundamentals of drafting, In the two following
years Lutin in one division would alternate with descriptive
geometry and drawing in the other. The seventh form would split
into two depurtments: those of Gymnasium and of the Realschule,
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while the eighth form would have two divisions: philological-
historical and mathematical-technical.

Curricula for Mathematics and Descriptive Geometry. The
committees worked out detailed curricula for mathematics and
descriptive geometry, For the first form four instead of the cus-
tomary three hours a week of mathematies are suggested; in
geometry is added the remainder ot the work on axes and planes.
For forms 2 to 6 the Union offers, with the exception of minor
changes, the earlier curriculum of the Gymnasium up to the work
with four-place logarithmice tables, and compound interest caleula-
tions, as well as the fundamentals of plane trigonometry. The neces-
sary double level of teaching is intended to be interpreted in =uch a
way that material taught in the lower grades may be summarized
and deepened in the higher ones, so that the detailed teaching of the
whole field will not be repeated. In the seventh form of the Gym-
nastum, combinations, the binomial theorem for positive integral
powers, the fundamentals of probability, and insurance mathe-
matics, as well as the additional plane trigonometry, are included.
With these the teaching of mathematics is to end, and from the
present offering analytical geometry is to be dropped. The latter
would, however, figure in the Realschule division, where it would
be taught up to the work on the circle. For the eighth form of the
natural science division binomial equations, gecometrical representa-
tion of complex numbers, De Moivre's formula, and the fundamen-
tals of infinitesimal calculus are suggested. For the eighth form of
the mathematical-technical division numerical and graphic =olutions
of higher equations, analytical geometry of conic seetions, and the
completion of planimetry are added. In descriptive geometry the
present material of the Realschule is to be tanght up to the seventh
form; in the eighth form of the mathematical-technical “division the
fundamentals of projective geametry and conic s=ections, and the
theorems of Pascal and Brianchon are to be taught, while the mate-
rial completed in the lower grades it to he deepened with the
alternative use of suitable types of projection, and with the expla-
nations of the methads of representation in constant view.

Aim of the Secondary Schocl, At the same time the Union
took a decisive negative stand against the attitude of the pro-
fessors of the university technical schools who suggested the shifting
of a part of the theoretical teaching material of their schools,
especially that of mathematics, deseriptive geometry, and physics,
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to the secondary school. The Union held the opinion that the aim
of the sccondary school is mainly tuat of general education and not
that of professional preparation.

I have dealt with these reform proposals in detail, because they
have influenced deeply the development of this question in our
country and will undoubtedly continue to do so.

Work of the Ministry of Education. Soon after the bloodless
revolution of the twenty-cighth of October, 1918, the Union came
out with its proposuls. Thiz stimulated further dizcusxsion in the
committee of the Ministry of Education, whose chairman is Pro-
fessor Dr. Byvdzovsky. This committee brought forward another
proposal which in certain respects is similir to that of the Union
and which now forms the basis for a study by able speeialists and
will doubtlesx become a foundation for fuwure changes. For the
present the belief has become prevalent that a sudden change would
not be hencficial to the secondary school; a slow development with
a gradual realization of the reforms to he sought is considered much
healthier.

In accordance with this proposal and under the influence of
the proposal of the Union, as early as the vear 1919 the number
of periods of religion and classical languages was somewhat limited
in the schedule, the hours of the native language were increased,
and in the first form of all the secondary schools the teaching of
mathematies was increased from three to four hours a week; in
Realschwlen and Realgiomnasic n the teaching of deseriptive geom-
etry was inereased by one period a week. and in Realgymnasion the
latter was shifted into the last two or three grades of that type
of school.

Only in Slovakia, where under the Hungarian rule there were
no Slovak secondary schools whatever and the primary schools
were allowed only as private schools with <chedules overtaxed by
the teaching of the Hungarian language at the expense of all the
other subjects, was it impossible to change the schedule in favor
of the subjeets of mathematics and the natural seiences, These
differences were at last annulled by the deeree of the Ministry of
Education of June 7, 1927, by which, with small variations resulting
from local conditions (differences in the number of periods of
religion and modern languages), the division of the schedule for
the individual subjects ix equal for all the parts of the Czecho-
slovakian Republic.
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Weel:ly Mathematics Schedule. Even in the schools with
different languages of instruction (Czechoslovakian, German, Hun-
garian. Polish, or Russian), the schedule is practicallv the s e,
For the teaching of mathematies the following weekly schedule is
in force at present;

Relnal U u [ v [y v v v e
Gumnustum ... . ... ’ 4 ’ 3 3 3 3 3 3 2 21
Lrealgymnasium . . ... 1 3 3 3 3 1 3 3 2 : 21
Reformed Realgymna-i |

UM o] 4 3 3 4 ] 3 : 2 0
Lealschule Py t 3 3 4 1 4 5 | an
1

For deseriptive geometry and elementary drafting, the following
schedule is in force;

Kelonl ] 1 11 ] ur | v | v , VI | Vi vl [rotal
Realgymnasium ... .. . .. .. .. .. 2 2 l 4
L formed Realgymna- .'

MU L 2 2 3 2 3 . .. I 12
Rralschule .. ...... . 2 2 3 3 3 , 2 o 15
!

Alro the Decin type Gumnasion, 1o, higher Realgymnasion wit).
three divisions of its higher studies on top of the identical four-y.a.
basis with Latin, was rearranged as follows:

Kvhool I I 11 IAY \3 VI Vit , \'lIl. "I‘nll‘ll‘
Mathematics
Gymnasium  ...... 4 3 3 3 3 3 3 2 21
Realgymnasium . 4 3 3 3 3 3 3 2 21
Realschule ....,...| 4 3 3 3 4 4 4 4 249

Descriptive Geometry
and Drafting

Realgymnasium .. .| .. - 2

Realschule ..,....,

[ %]
[

. 2 8
3 2 3 1t

o
[ %]
[~

Shortage of Teachers. The activity of the teachers of ihe
sccondary schools of all the departments was being exhausted, in
the first ten years after the formation of the republie, by the in-
creased tasks of actual instruction. A shortage of teachers resulted
from the appointment of uany to the newly organized Ministry,
and into the newly established schools in Slovakia and Sub-
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carpathian Ruthenin. As has been said, under the Hungariun
rule there were no seheols in Slovakin and Rubearpathian Ruthenis
(which have together 3,603,148 inhabitants) with Czechoslovakian
or Russian language of instruction, though the great majority of
the population is Czechosglovakinn (2,018,550, according to the
census of 1921) and Russian (458,145). Within a few years after
1918, fifty-four Czechoslovakian and sixteen Russian seconduary
and normal schools were established there. It is not nccessary to
add that this lack of teaching personnel, which iz only now being
relieved, affected also the teaching of mathematical subjects.

oxibooks Published by the Unioa. The changes in the
teaching material show best in the changes of the most widely used
textbooks, published by the Union. The first cdition ix deseribied
in detail in the report of 1912, In an arithmetic by Cervenka, the
examples were adjusted to the new conditions, the present unit of
currency (the Czechoslovakian crown) being taken everywhere imto
consideration, and sometimes even the prices in the examples were
changed according to current prices. It is certainly to be recow-
mended that similar changes be made in all the examples in the next
editions. The parts on political economy were simplified. Although
in the first edition they were very good, they sometimes overtaxed
the interest and comprehension of eleven- and twelve-year-ald
children, On the other hand, {here was included ratio and propor-
tion, as prescribed by the changed cutricula, and also devices for
convenient and quick calculation (addition, multiplication, and
squares). There is, also, an instructive chapter on the differences
between our svinbols and those used in foreign, especially Anglo-
Saxon, countries, The geometry by Valouch remained almost
untouched.

The arithmetic by Bydzovsky, however, underwent a much
greater change. It was criticized for having overstressed graphic
delineation. In the last edition some parts of the graphic delineation
were omitted, for example, a very instructive explanation based on
a graph when in an equation of the second degree one root hecomes
infinitely large; also, the graphic drawings, which in the first edition
permeated the whole texthook from the very beginning of the first
form, were omitted in about the first quarter of the book, and
rombined into a special chapter fuliing between the materials for
the fourth and fifth forms. These changes will not be generally
pleasing to the friends of graphic representation in our instruction.
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Finally, everything which was unnecessary was omitted or the
important material was simplified in order to prevent overtuxing
of the pupils.

Beeause of financial reasons, examples whieh are not part of
the explanation were veferred into a separate Summary of Problems.
The order of the teaching material was also slightly changed.

A similar situation exists with reference to Vojteeh's geometry
for higher forms, There inversion was omitted, the parts on the
higher curves were somewhat simplified, as well ax the graphie
solutions of numerical cquatiors, and the infinitesimal caleulus;
in the edition, however, for Gymnasion there was added some work
on projection, The style is more coneise and the problems wipe | o
ferred for financial reasons to the Sunmary of Prohlems,

The deseriptive geomery by Cithart and Sevfert remained un-
touched. As to the other texthooks dealt with in the above-
mentioned report, we have onls v add that the textbook by Klira
and Rasin was worked over in the yeor 1925 by B, Matas and that
there ix o new textbook in arithnietie for the higher formne hy
J. Muk. all of which are popular. Tn Muk's textbook, where proper
attention is paid to geaphie delineston, post-war conditions are
expressed in-the part on compounl interest by explanations of
inflation, deflation, and cevaluation ot curreney,

German secondary schools of the € aechoslovakian Republie use
almost entirely the old Austrian texthooks for mathematics which
were only reectly submitted to the Czechoslovakian Ministry of
Education for & new approval. The only new texthbook ix the
descriptive geometry in fonr volumes by A Schwefel, Dontsche
Realyymnasium professor at Prague, i differs from the Crech
texthooks by a larger quantity of material, Fispecially in the fourth
volume, there ave parts which are not ineladed in the ewerienho
for exsumple, shadows of rotation planes, steaight-line angles, angles
of planes in central projection, and the treatment of surfaces in
prrspective,

Methods of Teaching. The method of teaching in the see-
ondary schoals of old-time Austria was determined by the Instrue-
tions of 1899, and the deeree of the Ministiy of Edueation of 1909,
partly in amendments to the currieuls, parthy in the rules about
examinations and elassification, These decrees stressed the heuristic
method, already in use, as well as the codperation of the whole class
during instruction.
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Dr. Cervenka's Lecture at Prague. As to the teaching of
mathematies and deseriptive geometry in the Czeeh sehools of the
Czechoslovakian Republice and especially those in its largest see-
tion, Bohemia, the leeture of Land Inspeetor Lad., Cervenka at
Prague is instructive. The lecture was delivered on April 4, 1925,
ut the conference of Prague professors of mathematics and descrip-
tive geometry, We cannot go into the details which set up for the
teaching of vur subjeets well worked-out wmodern aims, frequently
dealing with detailed problems. We shall mention only a few of
the leading ideus.

Dr. Cervenka, the chief of the teaching of mathematies in the
secondary schools of Bohemia, considers the aim in teaching mathe-
matics to be the acquiring of positive knowledge, as well as general
formal edueation. He stresses the development not only of the
intelleet, but alzo of the educational clements in the ethieal sense,
in the development of the emotions and will. Beeause in our subject
more than in others the pupl's achievement depends on his having
mastered the materiad, the didactie responsibility of the teachers
of mathematies is <o mueh the greater. Consequently, Dre. Cor-
venka demands from the teacher, to whom o considerable freedom
in methods is left, a thorough didactie and methodical preparation,
not only on the whole year's material, but also on eaeh teaching
period, during which there is, of course, also necessary an emphasis
upon the detailed situations in the clussroom. He, therefore, calls
for a thorough university preparation in the special didacties of
mathemuatical subjects on the part of future professors of the
secondary schools and, emphasizing the present wrrangements, he
demands a further possibility of education for the teacher and
insists that he be not overtaxed by too many hours of instruction.
He also recommends mutual elassroum visits,

FEven Dr. Cervenka considers the beuristie method best and
the ouly possible one in the lower grades, with the constant
cobperation of the whole class. However, he warns against its
extremies. He advises the teacher in the higher grades to introduce
from time to time an uninterrupted model explanation, proof, or
solution. He recommends that the pupils themselves be given oppor-
tunity for such uninterrupted work, perhaps even to a coherent
explunation of the material, prepared on the basis of the references
furnished by the teacher. In all the gades he thinks that the inde-
penderee of the pupil should be considered. This, he says, is casily
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ruined by the formal question method, He believes that the pupil’s
activity should be encouraged by abundant practical measuring,
weighing, and the like, as well as by the pupil's choice of the
examples, as in the cuse of subjeets for drafting. e stressed also
the importance of making the instruction interesting, especially by
the introduetion of historical comments, and pointed out the educa-
tional value of the biographical element, from the lives of the great
mathematicians. He emphasized the need of sharpening the judg-
ment by oral exampies tuken from the practical life of the pupil's
environment.

From the details I mention only the demand for an exact and
untform terminology, for uniform arrangement of solutions and
proofx, for a certain minimal canon of formulas to be memarized, for
an abundant practice of numerical caleulution in all the grades to
be =ubsequently memorized, and for a consideration of the speed
of a pupil™ work in the various topics in the field of mathe-
maties in connection with which the American tests were called to
attention.

The Activity School. The teachers of the secondary schouls
stress lutely, also, the methods of the activity school. The reports of
the pedagogical section of the sixth convention of the Czecho-
slovakian natural scientists, physicians, and engineers, in whieh also
the mathematicians are taking part, deal with this problem, and
we hope that they will give impetus to the further development
of these methods of teaching in our subjects.

Problems of Teaching Mathematics. For a clear discussion of
the problems of teaching mathematics the “Didactic-methodieal
Appendix™ of the Jowrnal for the Practice of Mathematics and
Physics is also important, It is published by the Union and appeuars
for the third year in 1927-28 under the editorship of J. Fridrich.
Roalschule professor at Prague.

In their individual study of mathematical and physical seiences
outside of school, the pupils of the secondary schools are stimulated
by the Outlook of Mathematics and Natural Science, cdited by
Professor Dr. V. Rysavy. An approximate picture of present-day
teaching of mathematical subjects is offered by the statisties of
classification of twenty-nine Prague sccondary schools which were
worked out for the convention by Professor J. Muk. The final
results in percentages are given in the table on the following
page:
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RECOLD
SUBJECT -
Very Good l (iood l Passoq | U ";il‘{‘d“i' Failure
Muathematies ......... 134 31.0 49.9 0.3 54
Descriptive  Geometry, 179 352 436 0.4 2.9

The study of future Czech professors of the sccondary schools is
better provided for in our state than in old Austria-Hungary. At
Masaryk University in Brne there was established two chairs
of mathematics; lectures on analyties were given by the well-known
Dr. M. Lerch, and after his death by Professor Dr, E. Cech; lectures
on geometry are given by Professor Dr. L. Seyfert of Charles
University at Prague and the Czech Institute of Technology at
Prugue. where the future professors of deseriptive geometry spend
two years before their university studies. As a result all are much
better equipped than before. In the Czeeh Institute of Technology
there are six professors of mathematies, Dr. V. Hruska, Dr. J.
Kloboucek, Dr. F. Radl, Dr. K. Rychlik, Dr. J. Svoboda, and Dr.
J. Vojtech, and three ussociate professors, Dr. K. Dusl, Dr, V.
Hlavaty, Dr. B. Machytka. Three professors, Dr. F, Kaderavek, Dr.,
J. Kounovsky, and Dr. V., Hruska. and one associate professor,
Eng. B. Chalupnicek, teach descriptive geometry. Lectures are given
to candidates of the teaching profession on the review of the history
of mathematics by the writer of this article.

In Charles University, under Austrian rule, there were only
three professors of mathematics, Dr. J. Sobotka for geometry, Dr,
V. I aska for applied mathematics, and Dr. K. Peter for analytics.
Now they have been joined by Dr. K. Bydzovsky for geometry,
Dr. M. Koessler for analytics, Dr. E. Schoenbaum for insurance
mathematics; and by four assistant professors, Dr. K. Rychlik for
algebra, Dr. V. Jarnik for analytics, Dr. B. Machytka for geometry,
and the writer.

In addition, Dr. K. Vurovka gives lectures on the philosenhy of
mathematics, The writer, as assistant professor with the title of
university professor, lectures on the history of mathematics. He
also has a lectureship on didactics and methods of matheinatics:
one year he lectures on the general didacties of mathematics, in
another year on #pecial methods of one of the branches-—uarithmetic,
geometry, or descriptive geometry, The students themselves report
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on new methods or perform some experiment with the teaching
material of the sceondary schools. Dr. Cervenka strongly favors this
arrangement, and with his help and advice, as well as the permission
of the Ministry, the writer organized the classroom visits of the
students and their practice in the didactics of mathematics at three
of the Prague Realschulen, After cach visit the students report und
discuss their experiences. The classroom visits have proved very
successful and they should be continued and developed further.
Except for the M nistry’s approval, the organization has a pri-
vate character. and should be taken care of by the Ministry itself,
after an agreement with the directors in question and individual
well-known  professors of the secondary schools, The original
permission of the Ministry should hold for eclassroom visits in
all the secondary schools of the university town, out of which
certain exceptionally good teachers should be ehosen, according
to the suggestion ol the land inspector, in order to tuke cherge
of this difficult and responsible task. Of course, they would have
to be recompensed for their special work. In addition, the possibility
of visiting should be afforded to a larger number of the students
at the same time; they should observe several successive periods
of mathematics and descriptive geometry in the same class, and
after visiting is over the teaching professor himself, ordinarily in
the presence of the university instructor of didacties and methods of
mathematicg, should hold a longer discussion with the students
about the performed teaching which they witnessed and on whieh
they have to hand in a report. Further, it would be necessary to
establish, aside from the two hours a week of the lecturing on
didaceties of mathematies, another two hours of seminar work. It
would be advisable to inelude the didactics and methods of mathe-
matie: and descriptive geometry among the subjects of the state
teachers’ examination for the candidates of the professorship of
these subjects. Finally, the university should offer alszo regular
lectures on elementary mathematies from a higher point of view,
These arrangements could be brought about sooner and more
easily than the materialization of the proposal of the committee on
the reform of the secondary school, in the Ministry of Edueation,
which suggests an establishment of special model secondary schools,
to which the candidates would be assigned after the completion of
their university studies, and where their ‘“‘inethodical-didactic”
preparation would be centered. This proposal is still under debate.
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Br G. ST. L. CARSON*

Introduction. Many of the changes in England since 1910
are due to or are connected with the increasing systematization of
public education. To give a comprehensive account of what has
happened it is necessary, tierefore, to state, in outline at least,
those main features of this systematization which have affected
the teaching of mathematics. Up to the present time they have
been almost entirely concerned with the state-aided secondary
schools, that is, schools which receive their pupils at 11 or 12 years
of age and retain them until 16 at least;? but, as will be seen later, a
problem of a different type has arisen and is rapidly becoming an
urgent matter.

We shall discuss these changes in turn, pointing out as many
of the details as possible before giving problems that confront us
at the present time.

I. FirsT MARKED CHANGE

Admission of Pupils. The first marked change in these
secondary schools is in the method of admission of the pupils. The
demand for places having become much greater than the supply,
the schools have been able to impose their own terms for admission,
and these, broadly speaking. have been two in number. The first is
that the pupil on entry shall not exceed a certain age which at first
was often 13 years but is now rapidly tending to become 12 years;
the second, that he must possess some reasonable minimum equip-
ment in English and arithmetic. In consequence, the classes are
more homogeneous as regards both the ages and the minimum
attainments of the pupils, and there is a definite minimum course
of mathematical instruction which can be planned for the school
as a whole, a condition of things by no means common formerly and
not always found even now.

*This report hag been written with the conkent of the Board of Edueation, by
Mr. G. St. L. Carxon, ML.A. ILM. Inspector of Schools and Staff Inspector in Mathe-
matics. It should be clearly understuod that the opinjons expressed are his own,
and that they do not commit the Board in any way.—Editor.

3 Approximately Grades 7-11 of the schools of the United States.——Editor.
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II. SEcoND DEVELOPMENT

Length and Extent of the Course. In considering the length
of this course, and the extent to which it is completed by all pupils,
we come to the second development in secondary schools. It is now
generally recognized that education of this type will inevitably fail
to be effective unless continued for four or five years, and in conse-
quence pupils have tended, in increasing numbers, to stay at school
until they have actually or neurly attained the age of 16 years,
It is true that this stay is not always voluntary in that parents are
often required, when children enter a sccondury school, to sign a
corresponding undertaking; but it is finding acceptance as a
cardinal feature of sccondary education and the schools are bene-
fiting correspondingly. The type of pupil, formerly very common,
who goes to such a school for a year or two “to finish” is now almost
unknown.

Apart from the abler pupils who stay longer for more advanced
work and who will be considered later in this Report, a secondary
school can, therefore, be regarded as receiving its pupils, under a
minimum qualification, at the age of 11 or 12 and retaining them
for four or five years. In consequence, classes are much less often
subdivided into groups of which the worst is regarded as practically
hopcless, and teachers have been faced, more than ever before, with
the problem of instructing a whole school, class by class, in a com-
mon mathematical syllabus. The effect on the quality of the
instruction itself has been striking, for the teachers have been led
to attempt many more methods of presentation instead of keeping
to those which were traditional and passing over pupils to whom
these particular methods did not appeal; and to find these new
mcthods the teachers have used their own ingenuity and have turned
for help and inspiration in striking numbers to meetings of the
Mathematical Association and to courses on the teaching of mathe-
matics. For this a very large amount of credit is due to the teachers
them=elves; but to view the matter aright it must be remembered
that what these teachers have in fact done is not so much to initiate
a change as to respond—admirably, as has just been said—to a need
brought about by legislative and administrative action.

III. ANOTHER DEVELOPMENT

First Examination. Illustrations of this general statement are
of course necessary, but they must be preceded by an account «f
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another development; namely, the institution of an examination,
called the “First Examination,” appropriate to the termination of a
normal secondary school course. All that necd be said here is that
certain existing examinations, which were more or less suited to
this purpose, have, by concerted action, been shaped so as better to
suit it and are now taken, not by sclected pupils, but by whole
classes. In its general aspects this change is still a matter of con-
troversy; but in regard to mathematics the Examining Bodies, with
the aid of teachers, have devised tests which meet with fairly gen-
cral approval except for the residue of pupils, mostly girls, who are
suid to be incapable of learning the subject. This fact is important
because the syllabi and papers supply a statement of what is at
present found to be possible for most of the pupils; and, as will
shortly be seen, in certain respects the contents of these syllabi
provide conclusive evidence of progress.

Normal Minimum Curriculum. Turning now to the normal
minimum curriculum; it includes arithmetic, algebra, geometry, and
in almost all cases trigonometry of a simple numerical kind; and
these are the subjects found in the First Examination syllabi,
trigonometry being sometimes optional and sometimes absent. Arith-
metic now includes logarithms; algebra includes graphs but goes 1o
further than the traditional quadratics and progressions. Geometry
usually includes Euelid's first six books; and trigonometry includes
only the simplest formulas and identities, This being the present
usual minimum syllabus, there remains to be considered to what
extent teaching and achievement have progressed. The several
branches of the subjeet wi be considered in turn.

The Arithmetic Syllabus. The only marked change in the
arithmetic syllabus is the introduction of logarithms, usually in the
sccond or third year of the courre, for practically all pupils instead
of a chosen few. In purt, this was due to the needs of teachers of
science; but it would probably have happened, sooner or luter, in
any case, on account of the desire of the mathematics teachers to
give their pupils more command over problems of varied types.
However that may be, the work is good and has given the pupils
an added source of power, and therefore an increased interest,

Technique of Teaching. In the technique of arithmetic
teaching there is no such marked change: probably none ix to be
expeeted. But there is a markedly more criticul attitude among the
teachers themselves, as is well illustrated by their treatment of the
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multiplication and division of decimals. For some years the method
known as standardization was powerfully advocated and widely
used in virtue merely of that fact; but there is now a growing
disposition to judge this and other such matters at first hand and
in the light of experience—that is, the corporate body is finding a
mind of its own.

Achievement in Arithmetic. As to achievement in arithmetic,
the efforts of the teachers have undoubtedly led to increased power
and interest, Problems which would formerly have been considered
hard are now found easy, and this is due to better teaching. But it is
widely felt by teachers themselves, as by others, that standards of
speed and accuracy in simple computations are not what they
should be, and methods for raising these standards are being more
and more considered.

The Algebra Syllabus. In the algebra syllabus, there has been
little change: it has still the traditional content, as has already been
said. It is of interest, however, to observe that the attempt, initiated
some twenty-five years ago for example, to limit the scope of the
formal operations to fractions having single terms for their denom-
inators, has failed, apparently through the tacit opposition of
teackors themselves. Rightly or wrongly, it seems to be felt that
something like the present syllabus is the least that is worth having
at all. Many of the more progressive teachers have not always taken
this view; and, no doubt, some do not now; but on the other hand,
there are now many who have been convinced by experience that
anything less than the present syllabus would provide a tool of
little use.

Technique of Teaching and Achievement. In the technique of
teaching and in the attainment of pupils there seems to have been
little change beyond that which has followed from the efforts
already described of the teachers themselves. In short, apart from
the tacit assertion of the minimum syllabus and the gencral im-
provement in teaching, algebra appears to have progressed but
little. The truth is probably that it needs an outlet such as
logarithms provided for the work in arithmetic. Compared with
the size of the tool, the pupils have made, as yet, but little use of it.

Geometry. In geonetry, on the other hand. there have been
substantial changes, ot in the syllabi. but in teaching and attain-
ment. These changes are shown, indirectly but conclusively, by
their results. Thirty years ago large numbers of pupils found this
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subject utterly and completely beyond them; fifteen years ago
the population had lessened much, but was still substantial; now
it is relatively small; that ix, there are compuratively fow pupils
who have no mastery of any part of this subject. To state these
facts is easier than to assign their causes. The now almost universal
treatment of all the congruence and parallel propositions as axio-
matic in a first reading of the subject is one cause, and the
introduction of preliminary courses involving thought in addition
to mere drawing and measurement is another; but it may well be
that they have counted for little when compared with the improve-
ment in actual teaching, which seems to be greater in geometry than
in the other subjects, The truth is that the teaching of geometry has
received more attention than the teaching of the other branches:
and since there is no lessening of this close study and experiment,
it may be inferred that teachers themselves are not vet content,
A recent publication of the Mathematical Association?® has sug-
gested very drastic changes in the treatment of the subject, in-
cluding a new treatment and use of the congruence and parallel
axioms. Whatever the merits of the suggestions, the interest and
discussion which they have aroused are all to the good.

Signs of the Times. It is somewhat remarkable thut, though
the geometrical unrest in this country has now persisted for at least
thirty vears, there has heen no change in the maximum content of
the standard syllabus and, at any rate until recentlv, no suggestion
of any change. To ohtain a proper treatinent of the earlier work
took a long time. it is true; indeed, there may still he room for
improvement in this respeet. But broad and large, the effects of
thi= change can now be seen; and though they are all to the good,
the teachers show, hy their actions and discussions, that they think
there is more to be done. Complaint is often heurd. for example,
that ton few boys can attempt easy riders ¢ wifh fair hope of success,
Signs are not wanting that the next general movement may be in
the direction of an enlarged syllabus or range of studyv, on the
ground that the present content is too small to give an adequate
hackground of geometrical experience. The teaching of deseriptive
geometry is certainly spreading, if slowlyv: and the study of one or
two simple curves other than the circle is not now regarded as
utterly impossible, as it would have been fifteen vears ago. In

* The Tracking of Geametry in Schanis, 8 Report of the British Assoelation, 1926,
CIn the Uuted Xtates we waould say oricinads,”  Bditor,
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short, teachers may be deciding unconseiously that further study
of the axioms, is, for the present, the flogging of a dead horse; and
that the next line of experiment must be in a wider study of the
=ubject.

Numerical Trigonometry. The work in numerical trigo-
nometry has already been sufficiently described. It must be added,
however, that this subject is not regarded as a luxury for the abler
pupils only; on the contrary, it is studied by all or nearly all, and
hax in practice been found to be a solvent whereby many boys and
girls have found a first interest in, and power over, their mathe-
matical work. Had the subject been treated on the traditional
abstract line, with the usual crop of identities and equatiuns, the
experiment would undoubtedly have failed, for it would not have
provided that link between number and space which appeals to the
pupils in question.

Reasons for Progress. In the ordinary work of the secondary
school, then, the period under review has been one of quiet study
and substantial progress as regards methods of teaching, and has
heen signalized by three outstanding features: the spread of log-
arithms. the spread of trigconometry, and the tacit refusal of
teachers to limit the syllabus in algebra. It might easily be thought,
and no doubt sometimes is thought, that these three features were
due to ordinances imposed from above, as, for example, by Ex-
an:ining Bodies. Nothing could be further from the truth. As a
matter of sheer history the fact is that logarithms and trigonometry
found their way into many schools before they appeared in exam-
ination syllabi, and only appeared in these syllabi at all hecause
schools told the Kxamining Bodies that they were doing the
work and wished it to be represented in the Examinations; and
had these schools desired a reduction of the algebra syllabms
there is no reason to think that they would have been less enter-
prising in this respect. It may fairlv be concluded, therefore, that
during this period the teachers of mathematies have taken the first
steps towards becoming a corporate body with a mind of its own, a
change of even more importance than the particular events which
signalize it, and largely due, no doubt, to the efforts of the Mathe-
matical Association and its branches.

The Calculus. As to the future, the continued unrest as re-
gards geometry has already been mentioned, but the phenomenon
of most immediate significance concerns the calculus. This subject
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now stands where simple trigonometry stood fifteen years ago. It is
“in the air" for quite ordinary boys. and a small but increasing
number of schools are actually attempting it with success. quite
independently of any examination requirements, the work including
differentiation and integration for rational algebraic expressions
tor polynomials) at least. That history will repeat itself can hardly
be doubted: the end must surely be—years hence, perhaps—that in
some simple form these subjects will find a place in the First
Examinations for all ordinary pupils. In a very limited senee this
has indeec already happened. In most of these Examinations there
I8 a subject (taken by very few candidates) ecalled “Additional
Mathematics,” which by tradition consisted of further algebra,
abstract trigonometry, and perhaps a little analvtical geometry ;
by the act of the schools themselves, simple caleulus now appears
in substitution for. or as an alternative to. the bulk of thiz syllabus.

It is in caleulus, if at all, that the formal algebra now taught
will find its proper aim. as the few schools which now attempt the
subject with ordinary boys have already found. In fact, it already
seems likely that ealeulus will fuse with algebra in secondary
schools. as it has in modern analysis; at least, that is what experi-
ence in this country (small, of course, as yet) suggests as the
outcome.

IV. DEVELOPMENT OF ADVANCED WORK

Second Examination. Returning now to the secondary schools
themselves, one more development must be mentioned. In 1917, the
Board of Fducation initinted a systematic encouragement of
advanced work for more able pupils who remained at school for at
least two years after the Fii-t Exaunination or Matriculation stage.
Many schoals had for a long time attempted such work. the pupils
usually proceeding to a university; but for rcasons usually financial
in nature, many others could nof do so, though cqually willing and
able for it. The ~neouragement has heen effective: in mathematies
as in most other subjects there iz now a largely inereased amount
of this higher work. Normally two or three main subjects are taken,
mathematies heing continued most often, of course. with physies
or chemiztry or both; and a corresponding Examinstion ealled the
“Second Examination” has been sct up.

In mathematics. the conditions as reaards the svllabus are still
somewhat confused. as is perhaps only natviral considering the short
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lapse of time since higher work on this larger scale began. Schools
had to begin by doing what they could, and often therefore took
pure mathematics but no mechanics, a separation probably due to
the fact that many English universities regard pure and applied
mathematics as two subjects and allow the former to be taken
without the latter. Where the Second Examination conditions allow
it—there are eight independent Examining Bodies, each having its
own regulations—this condition has tended to persist, despite a pos-
sibility of taking in combination, as one subject, lesser amounts of
pure and of applied mathematics respectively. Such a combination
would be ecasier if mechanies were a part of the normal minimum
course in mathematics, but that is as yet rare; and so far as can
now be judged the caleulus is likely to precede it. The syllabi for
higher work are therefore likely to develop independently as teach-
ing at this level matures.

To describe the syllabi of this higher work is perhaps unneces-
sary. Thev represent, more or less, what able pupils can achieve in
two years when reading mathematics as one of two or three prin-
cipal subjects to which they devote the bulk of their time and
include, of course, substantial amounts of all the main branches
of mathematics. For this Report, the one fact of leading importance
is that there is now a large number of pupils reading in this way
and undoubtedly with profit; it is vet too soon to sce the full result.

V. Last DEVELOPMENT OF IMPORTANCE

More Intensive Work for Gifted Students. One more de-
velopment, small in size but important in nature, remains to be
noticed. Pupils of outstanding mathematical ability—comparatively
rare, of course—are not well suited by a course in which mathe-
maties is treated as one of two or three subjects; they need and
deserve u more intensive training. This has come to be recognized,
and provision has been made to meet the need. There is no fear,
therefore, that this outstanding ability will be overlooked in the
organization of higher education which has just been described;
and the existence of the safeguard is one more evidence of activity
of mathematics teachers,

VI. StMMARY

Progress Has Been General. It remasins to be said that the
limitation of this report, so far as concerns secondary education,
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to the conditions in tle state-aided schools must not be taken as
suggesting that in other secondary schools, which include of course
the public schools, there has been no corresponding progress. The
exact opposite is the case; but the progress has been alike in the
two cases and has heen more easily described in the way chosen,
since, as was said at the outset, it has been so largely conditioned
and even prompted by the public organization of education as a
whole.

Central Schools. niil recent years, at the school stage little
mathematics has been taught in this country outside the secondary
schools, the term secondary connoting any school which normally
keeps its pupils until they are 16 years of age at least. There have
been, however, a number of boys and girls in the public elementary
schools—which are state-supported and have no fee—who were
unable or unwilling to proceed to a secondary school but had, by
law, to remain at school until 14 yvears of age at least. More or less
formally according to their number, many of them have received
instruction in subjects such as French, mathematics, and science;
in some of the larger areas they have been gathered into “Central
Schools” for a course of three or four years ending at 15 years of
age.

There has thus emerged a new problem. that of providing from
11 vears of age for boys and girls who are not lacking in kinowledge
and capacity but who do not proceed to a secondary school, perhaps
because they fail to gain admission, perhaps because their parents
arc uhwilling that they should stay at sehool until over 16 years
of age to reccive an education thought not to lead directly to good
employment. Tt inust not be thought that these children are necos-
sarily less able than those who enter secondary schools; no doubt
many of them are, bu* on the other hand, in large towns the parents
of really able childrea not infrequently make this choice.

Modern Schools. It is proposed to make provision for these
cases by a new type of school for which the term “Modern Scheol”
has been suggested. Those in charge of these schools will be faced
with the need of evolving a new eurriculum, and here, for teachers
of mathematics, is a new and pressing problem. What ean and
should be taught to children in a course of three or four years end-
ing at 15 years of age and followed by employment?

Not unnaturally, mar.y or most of those who Lave already faced
this problem, for example in the Central Schools, have resorted to
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*he ubvious expedient of proceeding as far as possible on the lines
customary in sccondary gchools, But that must lead to intellectual
fatlure, for the pupils and staff are handling a subject whieh is
truncated, not complete,

Effect of Advanced Work in Mathematics. The word “com-
plete™ hias here beensnsed not vaguely, but in a very definite sense,
The growth of advanced work in secondary schools has already been
deseribed. but mention of one of the most important effeets of this
growth hins deliberately been postponed, The reaction on the work
and teaching throughout the schools, not merely in the higher clusses,
has been very meat. In mathematies at least, the teacher eannot
he thorowshly effeetive unless he knows 0 great dead more of the
subjeet than is contained in the svllabus under which he is working;
for example. an understanding of functionality and the ideas of
the ealeulus are essential to a conmplete treatment of graphs, how-
ever elementary the stage. In most sccondary schools, the mathe-
matical work is now controlled by ‘eachers who are themselves,
with perhaps some of their colleagues, handling day by dayv ad-
vanerd work of various Kinds, The elementary teaching has thus
been more fully informed. and to this is due mueh of the improve-
ment in teaching which has already been deseribed mathematically
at least. A secondary school not having this advanceed work can no
longer be regarded as complete, nor can its mathematies be fully
productive,

Present Problems. A Central School or a Modern School ean
have no sueh stimulus and inspiration, for school life terminates
"o xpon. It is for mathematicians themselves to find a proper alter-
native, which must almost inevitably lie in a elose linkage of the
leading ideas and process of mathematies with matters artsing in
seienee, industry, commeree, and gocial life. There seems to be no
reason why boys and girls at this age should not acquire the power
aned Juhit of thinking mathematically on any oceasion that may
be appropriate. aml xome teachers are, indeed, conscious that this
i the main need in Modern Rehools and they are attempting to
meet it The subject tor method) known as practieal mathematies,
which thirty yvears ago did =0 much for teaching in this country, is
in mind in this connection; hut for ehildren of the age in question
svstematization and the introduetion of a Lorger amount of specifie
training would be regarded as neeessary by many or most of those
who are concerned at first hand with the actual teaching,
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Obviously, the problem is not easy of solution, if only because
a fairly complete break with tradition is necessary. The present
generation of teachers may, indeed, fail to find even the heginning
of a proper solution, owing to the handicap of their traditions; but
they are certainly conscious of the need, and the discussions and
trials of the next few years are likely to make an interesting con-
tribution to the history of mathematical education.
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By MONSIEUR A. CHATELET
Recteur de I'Académie des Sciences, Lille

Organization of Education in France. As is well known, edu-
cation in France is organized almost entirely on the linos of the
official prog:am of studies: on the one hand, public or state educa-
tion absorb: the large majority of children and young people; on
the other, the independent educational organizations are obliged
to adapt themselves to the official curriculum in spirit, if not to
the official time-tables, in order to prepare their pupils for examina-
tions and competitions which are the same for all ¢andidates of
whatever origin and which are passed before state examination
boards.

Therefore an indication of the changes in the curriculum, with
the addition, if necessary, of certain tendencies expressed in periodi-
cals or recent books, should, in my opinion, suffice to constitute a
short survey of the evolution in the teaching of mathematics in
France during the last eighteen years. I shal! begin by recalling
briefly the main branches of education in our country.

Infant Schools. Instruction for children of from 2 to 6 years
is given in infant classes, or in “kindergartens,” either public and
free, or annexed to the secondary schools for girls (and, but more
rarely, for boys), or private and paying.

Elementary Education. For children from 6 to 11 years of
age, elementary education is divided into a preparatory course (one
year), an elementary course (two years), and an intermediate
course (two years). It is compulsory, and is free in the “public
schools,” of which there is at least one in each commune. For those
children not intending to continue their studies, these courses are
completed by two years of higher courses preparing for the Cer-
tificate of Elementary Studies (Certificat d'Etud~s Primaires) the
examination for which takes place in every district (canton).

Interraediate Education. For young boys and girls intermadiate

educatioil comprises three main branches:
32
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1. Technical education, from 11 to 15 vears of age, com-
prising one year of higher studies and three years of instruetion in
manual and intellectual subjects. This is giver in Schools of Prac-
tical Commerce and Industry (Ecoles pratiques de Commerce et
d’Industrie), and also in a eertain number of Trade Schools (Ecoles
de Métiers) and National Technical Colleges (Ecoles nationales
Profcssionnelles). Such schools prepare for a certificate in practical
commercial or industrial studies.

2. Higher elementary education (Enseignement Primaire Supé-
rieur) also comprises one year of higher studies and three years of
general studies to which are added, whenever possible, a few hours
of manual work per week. This instruction is givendn the Higher
Primary Schools, or in the Cours complémentaires!
for a Certificate of Higher Elementary Studies (Brev
ment Primaire Supérieur), with several optional subjects®agricul-
ture, industry, housekeeping, and the like, the “Brevet Simple”;
the examinations take place in each county (department).

3. Secondary school course of seven vears (from the sixth to the
first form, plus one class in philosophy or mathematics) in colléges
and lycées, preparing for the Baccalauréat, an ex~minatiyn which
is passed in two successive years before entering the University.

Other Phases of Intermediate Education. Courses also exist
for young boys and girls who are occupied during the day and who
cannot attend the schools mentioned above. These are “Adult
Courses” and “Trade Classes.” The Adult Courses have no deter-
mined curricula and provide a coutinuation of the general instruc-
tion in the elementary scheol. The Trade Classes, which the author-
ities are trying to make compulsory, have much the same object in
view as that of tlie Adult Courses, but they aim more distinctly
at practical and tecimical preparation for a given profession.

Courses for Completing Intermediate Education. Certain
courses of instruction with a view to compleung the intermediate
education are offered as follows:

1. Technical Instruction is continued in the Schools of Arts and
Crafts (Ecoles d'Arts et Métiers, scven national schools and similar
independent establishments). Admission is by a difficult competitive
examination; the instruction is partly theoretical, partly manual;
and after three years’ attendance, the students graduate as engineers.

2. Higher Elementary Instruction is continued in the Training
Colleges (Ecoles Normales Primaires, one to each county): admis-
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sion is by competition and the object is to train teachers in three
vears of general studies and practical pedagogy.

3. Higher Ilementary Instruction and Technical Instruction are
continued in various special schools of commerce, electricity, ete.,
buoth public and private.

4. Secondary Education is completed by two courses of prepara-
tion for the Grandes Ecoles or by pre-university studies: the
Premiere Supéricure for arts and Mathématiques Spéciales for
sciences. Similar instruction is also given in the Facultivs of Sciences
in preparation for the certificates of P.C.N. (physies, chemistry,
natural history), M.P.C. (mathematics, physics, and chemistry),
and general mathematies,

Higher Education. (University Instruction.) This is given
principally in the Facultics of Arts and Science preparing for the
various licenses and doctorates, and also for the competitions for
secondary school teachers (certificats d’aptitude, agrégations). It
exists also in certain Grandes Ecoles, such as the Ecole Normale
Supérieure, Ecole Polytechnique, Ecole des Mines, Ecole des Ponts,
Ecole Centrale, and so on.

The Place of Mathematics in Each Division. In this rapid
summary I have made no distinction between boys and girls; the
curricula and competitive examinations, although still differing on
some points, tend to become identical. In going over these main
divisions, my object will be to show the place given to mathematics
and to explain their development.

Infant Schools. There is, strictly speaking, no offticial curricu-
lum for these schools, but numerous tendencies are noticeable in the
curriculum of the certificate for teachers in infant classes (attached
to Girls' Secondary Sehools) in the teachers’ congresses, and also in
pedagogical magazines.

The first teachii'g of, or more exactly, the first instruction in
mathematics, comprises, above all, a concrete conception of numbers
obtained by comparing different groups of objects. The child acquires
a notion of addition and multiplication also by experimental study
of the various partitions (or divisions into sums) of simple num-
bers. Certain definitions, forms, and even geometric principles are
learned by sense training and suitable apparatus. I wish to note
particulurly M. Terquem's very ingenious apparatus; it consists of
pieces of cardboard of several colors, of very simple figures, equi-
lateral triangles, rhombuses, regular hexagons, squares, and half-
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squares; their ontside dimensions arrang d in the ratio v2 permit
of their being put together or superimposed in an almost unlimited
munber of wauys,

Elementary Schools. A revision of the eurriculum mude in 1923
(Decision of February 23, Instruetions of June 20) modified the
mathematieal section only slightly, and is warked chiefly by a few
simplifications and o tendeney to more conerete tenching. The adop-
tion of the metric system, which i now general in Franee, has made
it possible to do away with the study of general fractions and limit
instructions entirely to decimal numbers, dedueed from the con-
sideration of multiples and submultiples of legal mensures. Geom-
ctry remuing, ws herctofore, a study puratlel to drawing, which is
nevertheless supplemented by the numerieal application in rles for
surface and simple volumes. But it is not unlikely that the use of
the Terquem apparatus, or something similar, nay create a closer
link between the teaching of geametry in infant classes and ele-
mentary schools, thus giving to intuitive and visual geometry
farger and mwore iportant place in the methodieal development of
observation, reasoning, and intelligen-e in ehildren.

Lastly, in the higher elasses (11 to 13 years) the study of frac-
tions is continued, and the ns¢ of letters for the solution of prob-
lems of the first degree has been somewhat tentatively introdueed.
This leads, of course, to the Bmmediate stating of the conditions
of Jhe problenin the form of an equation or a system of equations
and the =olving of 1t by successive simplifieations of the equation
or systeut thus obtained. On the contrary, the so-called arithmetic
method must substitute for the enuneintion an equivalent enunciz -
ton Gaore or less eastly obtained without the help of ealeulations)
which leads to an cquation or asysten which enn be solved imme-
dintely and which eonsequently need not he written ont in full.

It st be bhorne inowmind ar this enreientum, bavine been in
force for five vears only, has not been universally applicd as vet,
citter in betler orin >])il'i!, and cortain of the nodifientions mdiented
can beoput into effect only =lowly. A first inquiry to be made
throughout Franee regarding the application of these modifientions
was planned for the pedagogical eonserenees of elementary school
tenchers, which meets in October and November in ench distriet
feantonr, The questions they were to altempt to answer comprise

1. The use of the addition table, memorized, or biesed on sinple
remarks on the partition of wanlers,
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2. The possibility of a brief theoretical teaching of the rules
of multiplication and division.

3 and 4. The study of decimal fractions along with that of
ordinary fractions based on exmultaneous or previous knowledge of
the metric system.

5. The solution of problems (typical problems, analytic meth-
ods, trials, use of lettars, ete.).

6. Curriculum for geometry in the higher forms.

Technical Education. The programs have not been modified
since 1909 and may be compared, in letter and spirit, to those of
the higher elementary education of which I shall speak later. Never-
theless, there is a growing tendeney, in all quarters, towards tech-
nical instruction with a view to a trade and by means of that trade
(La pédagogie de I'Enseignement Technique, L. Eyrolles, ed., 1927),
Besides these programs there are the Instructions for 1909: “The
object of algebraic calculus is to enable the student to understand
and apply the formulas he will meet with in courses in mechanics,
technology, and electricity, and, later, in the formularies.” In so
far as I can judge from the books in use, #hd certain classes and
results that 1 have seen, there is still room for improvement in
the closer linking up of theory and current practice, in order not
to separate descriptive geometry from the drawings of machines,
geometry from the workshop problems, algebra from commercial
questions, mechanics from physics, or even from everyday expe-
rience. But this effort is not beyond the capacity of the great
majority of teachers.

Higher Elementary Education. This branch was originally
merely a continuation of elementary education and therefore com-
prised only arithmetic, or what was called theoretical arithmetic,
divisibility, prime numbers, and the theory of the working of opera-
tions. The exercises consisted of problems of the first algebraic
degree, to be solved arithmetically; that is, without the use of
letters, as I have indicated above for the higher courses, As early
as 1909 (Décret and Arrété of July 26) the curriculum comprised
algebra (systems of equations of the first degree, numeral equa-
tions of the second degree) and the study of plane and solid
geometry limited to the essential definitions, to angular and metric
relations, and to a few demonstrations of the formulas for areas and
volumes. But arithmetic maintained, of course, part of its former
importance and the instructions indicated that: “problems in arith-
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metie, the educative influence of which is not unimportant, shall
occupy the chief place in the Higher Elementary Schools.” This
first indication wis, us womatter of faet, corveeted by a second one
(which has not been uniuilingly observed) that: “questions of a
purely speenlative order must be done away with, and that there
must be substituted for certain ‘absurd’ problems on mixtures and
alligation, excereises on the rations necessary for the feeding of
cattle,” und so on. The exereise of mental arithmetic was also
devised as “excellent traimng towards suppleness and quickness of
mind in dealing with mathematical questions.” (I highly approve
of mental arithmetic, but for other reasons.)

Release from Arithmetic Tradition. In 1920 another effort
wus muade to release the curriculum from arithmetic tradition. It
was clearly specitied, us in elementary education, that the study
of decimal numbers, based upon the use of the metric system, should
precede that of general fructions. A handbook, the author of which,
M. Millet, formerly a teacher in the higher elementary schools is
now agrdyd teacher in a lyeée, furnishes a characteristie example
of this method (Hachette, 1923). The method of abbreviated and
symbolical notation is advised in the working out of questions, and
the following is added to the Instructions of 1920, which are still
in force: “From the beginning the student shall be excouraged to
use the letter notation and be initiated to simple numerical algebra;
the utility of this will have its influence on the study of questions
which up until now have been worked out by arithmetic.” (I may
be permitted to express some doubt as to this subtle distinction
between reasoning by algebra and by arithmetic.) Above all, the
use of graphs is advised, and ‘n the third year there is imroduceu

. . . 1 . .
tentatively the study of funetions 2% and i It is possible that

such studies, carried out in & sufficiently corercte and intuitive way,
might precede, or at least elucidate the study of square root, equa-
tions of the second degree, and inversely proportional quantities.

Geometry Curriculum. The geometry curriculum has remained
practically unchanged; it should not be separated from observation
and practice, or from drawing and manual work. Unfortunately, no
indications ure given regarding excreises; the necessity of preparing
their pupils for examinations has kept the teachers to the “specula-
tive” problems, and has perhaps prevented the strict application of
the Instructions.
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¢ rcondary Education, The programs for 1900, ¢ven with the
modifications for 1805 and 1909, had drawn a marked distinetion
between the “literature elasses™ (6th to 3rd A; st aud 2nd A
and B) and the “science classes” (6th to 3rd B; 1st and 2nd
C and D). The program for 1925 is characterized, among other
things, by a program of mathematics and =ciences common to all
candidates for the tirst part of the baccalawréat, The oflicial instruce-
tions take into account the difliculties of this organization: *“Stu-
dents of frequently varying standards will be for a period of six
years under the sume instruction, For the teaching to be as fruitful
as is hoped, it is indispensable that the classes remain as homo-
geneous as possible. Such a condition is only possible if the great
majority of students are interested: therefore, the teaching must
be understundable to that majority. Simplicity and clearness are
neeessary.” This wmalyam has found ardent opponents as well
#s ardent partisans; it was apparently proposed by those whose
competence rested on no scientific foundation. However that may
be, the results of the experience will not clearly appear for several
vears to come, and it will ne. be until July, 1929, that the candi-
dates to the various baccalaurcats (first part) will come up for a
comimon scientific test.

As to pedagogical details, the Instructions emphasize the neces-
sity for work in common in the classroom, of an association between
pupils and teacher for the working out (or, to use an accepted term,
the “rediscovery”) of problems; they also emphasize the necessity
for obtaining an “understanding’ of mathematics, and of shorten-
ing as much as possible the period of blind submission t¢ imposed
rules, thus facilitating an “awakening of the critical sense.”

This would seem to be in opposition to the doctrine of technical
and higher elementary education. The opposition is perhaps greater
in theory than in reality. The teachers of varions grades are now
pussing in increasing numbers through the universities; the licence
mathématique* (certificate of differential and integral caleculus,
rational mechanics, general physics) is the degree which 1s most
generally sought. While striving to adapt themsclves, all the more

VPeachers in Prench secondary schools (Iye s and collégear are either agriégés
whe are sebeetiad seholars who Lave puased @ vere ahitheult cowgnctitive examination
htewn s the wgrcgation, or Leenciés wao have ooitmeal the 6enee whiclh corre.
spotids to the dogoee of Master of Arts, The s xzzanation tor the ayregation is uiors
severe than that Tor the degree of Doctor of Philusoplly in the United States.-—
Edltor,
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successfully for their being more learned, to the special objects
their pupils have in view, the teachers maintain and communicate
to their classes the clear logical spirit, the desire for proof, and
even that slight skepticiem which is typical of French mathemati-
cians. In all grades of teaching, demonstration is the rule; hard and
fast truths, unexplained forinulas are nearly always forbidden;
exceptions are studied with as much interest as general cases.

The Class of Mathematics, which is parallel to the Class of
Philosophy, and brings secondary studies to an end, is still on the
lines of the old curriculum, although trigonometry and descriptive
geometry- have been added, having been eliminated from the pre-
ceding class; dynamics alone has been done away with.

Supplementary Education. There is a tendency to raise the
level of mathematical studies in the entrance examinations and in
the curricula of the schools of arts aud crafts, In the training col-
leges (Ecoles Normales Primaires), the Arrété of 1920 demands
above all the development of mathematical knowledge acquired in
the higher elementary schools. Its interpretation varies greatly in
different districts, howcver, especiclly for the third year, in which
surveying, cosmography, and descriptive geometry are not officially
recognized,

In the Class of Special Matnematies and in the certificates of
general mathematics of the various universities, analysis (deriva-
tives, integrals, series, differeuual equati~as, equations in real vari-
ables) has been devcloped at the expense of pure algebra (theory
of equations) and especially of analytic geometry and modern
geometry. Vectorial calculus has been introduced tentatively into
the official currieulum, but certain recent books and a general tend-
ency of thought will doubtless bring about their more comrion use.

University Education. Candidates for the Licence are always
at liberty to piopare for the separate Certificats d'Etudes Supé-
ricures of differentiul and integral ealeulus, the currieulum including
the theory of analytic functions and differential equations; of
rational mnechanics, kinetics and dynamics of solids and systems of
sulids; and of general physics. To these the students may add, if
they wish, special certificates in advanced analysiz, advanced geom-
etry, appucd mechanics, astronomy, mathematical astronomy
(mécanique céleste), and so on, the curriculua and teaching of
which vary with the different professors and lecturers,

I can <ee no important modi‘ication here, any more than in the
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doctorate, which remains a deg'ee of a high order given for per-
sonal work of value.

I have already pointed out that the preparation of teachers of
mathematics in practical schools, higher elementary schools, and
in colléges (secondary schools in small towns) tends to become
uniform through the Licence, which is, be it said, more strictly
regulated than in the past, specified certificates being required. But
there are still special teachers’ certificates for teaching in the prac-
tical schools on the one hand, and ia the higher elementary schools
on the other. Lastly, the supply of lycée teachers (though their
teaching is ihe same as that of teachers in colléges) is assured
amongst licenciés by the difficult competitive examination of the
agrégation, where the percentage of “passes” is only 25 per cent,
In this connection the increasingly higher level of the agrégation
for women is noteworthy; chis now consists of three papers—in
elementary mathematics, in algebra and analysis, and in geometry
and mechanies. Nevertheless, it is hardly possible as yet to foresee
the complete assimilution of this examination with that for men.
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By DR. W, LIETZMANN
Géttingen

I. GENERAL ScH0OL ORGANIZATION

Important Changes. A knowledge of the changes in the struc-
ture of the German school system since the time of the IMUK !
report is a necessary prerequisite to an understanding of the present
condition of the teaching of mathematics. Discussions regarding
the school curriculum which had begun before the close of the
World War and which led to stormy controversies during the Revo-
lution, reached a more peaceful stage after a Reichsschulkonferenz
in 1920. At this educational parliament, with its more than six
hundred members, certain fundamental principles were agreed upon.
The discussions centered about the questions of the training of
teachers, the organization of the schools, and the method of instruc-
tion called the Arbeitsunterrichts.? The national government took
the initiative in legislation by founding a four-year Grundschule
which was to be compulsory for all children, but the further regi-
lation of education was soon surrendered to the states. We shall
have time to describe only the situation in the greatest of the states,
l.e., in Prussia, and to note a few variations from it.

General Structure. The following diagram indicates the general
structure of the Prussian school system:

Chronological Age

78 9 10 11 12 13 14 15 16 17 18 19
}'ullr.x-.\-rhulr
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» *
/ Aufbausehyly
/ \* f * *

* .
. Final examina-
ndsehule ] <chule 7 \ .
*Gru:d\{*l { l‘ lht(ei\c/m[; . . . tmn, umverslt_v
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\t . e * * = H * «| school

t The Internationale Mathematische Untervichts-Kommisgion, known aa the
IMUK, is the German name for the International Commisgion on the Teaching af
Mathematics whose work terminated in 1922 with the publication of its last report
under Professor Fehr of Geneva,— Editor,

The Arbeitsunterrichts 18 explalned and discussed on page 43.-—-Editor,
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The Grundschule. All children are required to attend the
Grundschule, which has a four-year course. Following this, the
pupils may enter a four-year Volksschule, which is intimately con-
nected with the Grundschule in its admiristration, or they.may
attend a six-year Mittelschule, or lastly, they may go to a
grundstindige Hohere Schule, which has a nine-vear course. The
Mittelschule prepares for all sorts of vocations; it requires one for-
eign language, offers nearly as much mathematics as the first six
classes of the Hohere Schule, and someiimes allows the better pupils
the opportunity of transfer to them. The higher schools prepare for
the examination which is required for entrance to the universities,
the technical schools and the other advanced institutions. Counting
from the beginning of the Grundschule, this course is thirteen years
long. CiL

The Aufbauschule. Giifted students in the Volksschule may be
able to reach this same goal in a six-year course in the so-called
Aufbauschule taken after .heir seventh school year.

The Mittelschule. The Mittelschule is found only in Prussia
and in a few cities in north Germany, and Aufbauschiden have
not yet been established in cenain of the south German states, as
for example, in Bavaria.

Types Before the War, Before the War, there were three types
of secondary =chools in Germany: (1) Gymnasien, with Latin.
Greek, and ont madern foreign language. (2) Realgymnasien, with
Latin and two modern foreign languages. (3) Oberrealschulen, with
two modern foreign languages.

Variants of these were found in the Reformgymnasium and
Reformrealgymnasium, in which that purpose was the same as that
of the Gymnasium and the Realgymnasium but in which Latin was
replaced by a modern foreign language as the first foreign tongue
to be studied. Shortly after the War, a fourth tyvpe of school was
organized in Prussia and in a few other states. This was the German
Oberschule. Tt resembled the Oberrealschule, but differed from it
in subordinating the second foreign language to German and history
rather than to mathematics and science. The six-year Aufbauschule
corresponds to the German Oberschule but not {0 the Gymnasium
and the Fealgymnasium. Coeducation dses not exist in Germany.
With some slight variants, secondaty schools for girls follow the
same form types as those for boys, but girls’ schools corresponding
to the Gymnasien are rare,
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Training of Secondary Teachers. The training of teachers for
the secondary schools continues as before; an examination (Reife-
prifung), at least four vears’ study at a university (for the
mathematician this may be at a technical school), a state examina-
tion, one or two years of practical, general pedagogy and methods
of teaching in a normal school (Seminar) usually attached to a
secondary school, and lastly an examination in pedagogy. The
preparation is adjusted according to sapply and demand. In former
times, teachers of the Volksschule and Mittelschule completed the
Volksschule and then attended a normal schaol for six vears, These
normal schools have now been given up in Prussia and in a few
other states, but they are still to be found in Bavaria. Prospeetive
teachers of the Volksschule are now required to pass the Reife-
priifung and to take two vears of training in a Pddagogischen
Akademie, of which Prussia has four: or in Inst/tuten, as in Saxony;
or in the university itself, as in Thuringia and in Hesse.

I1. Tue CurricvLunM 1x MATHEMATICS

Unified Sketch Impossible. Cince the determination of the
curricula 18 the business of the individual states. it is impossible
to give any unified ¢ketch of the work in mathematies. The variety
is too great, particularly if one considers the minor differences in
schools of the same type. An additional difficulty lies in the faet
that instead of having a detailed plan of study which shall he
obligatory in all schools, Prussia has recently adopted the scheme
of issuing a standard Richtlinien upon which the individual insti-
tutions are to hase their own plan of work. The differences in the
work in mathematics hetween schools, however, are not so large 1s
to prevent the discussion of certain general objectives. For example,
the time devoted to the subjeet varies from three to six hourz a
week, these hours heing of 45 minutes each. the total number in u
week ranging from 30 to 36.

Contents. The purpose of the work in mathematies in the
Grundschule is the verbal and written mastery of the four funda-
mental operations with whole numbers,

In the Volksschule, fractions are studied together with their
applications to practical problems based on the mathematies of
the home, the factory, and the state (for example. the Rule of Three
and percentage). Tl wost inportant concepts of hoth plane and
solid geometry are studied and those useful in daily life and in the
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simplest industries are represented elearly and an opportunity is
given for measuring wrens and volumes, and for drawing grousd
plans and clevations,

The Mittelschule generally offers the sume work in muthe-
matics as that given in the first six classes of the higher schools,
The higher schools are divided on the 3-3-3 plan: the Untorstufe,
the Mittelstufe, and the Oberstufe. In the first of these divisions,
the work in arithmetic is plunned to show the uses of the funda-
mental operations with whole numbers and fractions as they oceur
in civil and in mercantile affuirs, In the Mittclstufe, the operations
of raising to powers, finding roots, and finding logarithms nre
developed in connection with numerieal work in the study of equa-
tions of the first and second degree, where at the present time, the
ideas of functional dependence and graphic representution play
leading rdles. In the last three vears of the course, the number con-
cept is extended to include complex numbers and sometimes also
De Moivre's Theorem, a= * (he study of arithmetie and geometric
progressions is taken up  connection with the reckoning of inter-
est. annuities, and sometimes also with insurance. Combinutions
and probability are given much less attention than was formuorly
the case. The idea of funetional dependencs ix strongly emphusized
and it is studied by the methods of the culeulus, In the Realschude,®
the differential calculus (rationa) integral functions and trigono-
metric functions) is introduccd in the third year from the last,
because of its value in the study of mechanies. Rometimes the
integral calculus is taught at this time alvo. The study of cquations
consists entirely of the investigation of the zero value of integral
functions, and solutions by Cardan’s Method are being replaced to
an increasing extent by methods of approximation sueh as the Rule
of False and Newton’s Method. This is followed by the discussion
of rational integral, rational fractional, and algebraie functions,
and the most important transcendental functions (trigonometrie,
cyclometrie, exponential, and logarithmicr. In the integral ealeuls,
attention ix concentrated on the simplest infegrations, althongh in
the Oberrcalsehude in southern Germany thiz work is earried con-
siderably farther, In the Realsehule, the simplest power series are
studied as being the most useful method for the nunierieal mastery
of algebraie and transecendental functions,

The clements of plane and =olid geometry and of plane trigo-

' lhe modern sehoal s dlistingnished foom the elgeslen] e, ~leditop,
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nometry have already been studied in the Mittelstufe. In the
Oberstufe, spherieal trigonometry is introduced together with its
simplest upplications to geodesy and astronomy. Plane analytic
geometry is studied also, but solid analytic geometry is seldom
offered. In the Oberrealschu'e the synthetic geometry of conic see-
tions includes the methods of Apollonius (properdes of the fuens,
Dandelian spheres) and Desargues (methods of perspective, Pas-
cal's Theorem). From the Mittelstufe on. map-making and the
representation of solids both in orthogonal projeetion and in central
perspective form a part of the instruction in geometry,

IIT. GENERAL CoMMENT oN METi10Ds OF INSTRUCTION

Various Plans. The plans of study in the German schools have
always laid great stress on the making of “methodical notes” and
the Prussian Richtlinien of 1925 considers these as being of prime
importance. The present slogan iz Arbeitsaunterrvickt, This term is
differently interpreted. The essenee of the matter is that the pupil
shall make the subject matter his own by his own independent
work. Thus. the idea includes intelleetual ereativeness, Some would
add spontancity also. In accordance with these ideas, the teacher
is forbidden to use a dogmatic exposition of hi= subject, and the
question and answer method is being thrust into the background
since it depends on strongly suggestive guidance on the part of
the teacher. The more common form of instruction is an interchange
of discussion between pupils and teacher. Fanaties urge discussion
on the part of the pupils with the teacher almost entirely excluded.
Teachers of mathenaties are in violent disagreement in the argu-
ments for and against this Arbeitsunterricht. They are expeeted to
conform to it, but there are marked differences in its applications,

Problem Solving. The requirement thut the pupil be intellee-
tually independent results in a eonsiderably inereased emphasis o,
problem =olving in muthematies. In former times, the collections
of problems were limited to traditional materials sueh as numerical
equations and problems involving equations, In geometry, they
were constructions, Now emphasis iz laid on examples which develop
the subject matter and which teach its applications. Great progress
is to be noted in the variety of examples, It ix of course neeessary
that such a method should pay the greatest attention to the mental
development of the pupils. Consequently, the student progresses
from visual work and the wore or less empirical handling of mate-
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rial as in drawings and models to methods that are preéminently
logical and deductive, In short, the material must be as real as
possible in its applications; it must not use artificial settings for
its problems but must take them from the usual surroundings of
students of the age concerned.

Correlation. An important and constantly reiterated purpose
of the Richtlinien ix connected with coneentration, The strain of a
-ariety of studies pulling the student in many directions must he
lessened by correlations hetween these subjects whenever possible,
Not only shall mathematical problems borrow their material from
physies, from geodesy, and the like, but a connection must also be
made between such different subjects as mathematies and languages.
In the Gymnasium, excerpts from Enelid and Arehimedes, for ex-
ample, are to be used as onrees: in the Relgymnasium Deseartes i<
a possibility. Instruction in the mother tongue should give attention
to mathematical works, and in return classes in mathematies must
pay due heed to expression in German.

Cultural Values. The Richtlinien lays particular emphasis on
the stressing of enltural values. Tn the case of mathematies, this
implies greater attention to historieal development and also a con-
sideration of the relation of mathematies to philozophy. Not only
can logie and the general philoophie studies be utilized to this end.
but also psychology and. in the investigation of the fundumentals
of mathematies, the theory of knowledge. The strong emphuasis laid
on the history of mathematics is a tendeney in the same direction.
Here, the mere citation of names and dates is not sufficient, but
the history of a problem 13 investigated and traced to its source
wherever possible,

Elective Courses. The question may be raised as to how the
limited hours of study can permit the attainment of such wide-
spread aims. The general intention of this report is that a limited
number of problems be considered in great detail. enough topies
being omitted to make this possible. Such a procedure would he
difficnlt in mathematies where one 1anst lay a foundation for yll
the work which is to follow. Anether solution has been offered,
however, Several decades ago, a movement begnan which permitted
the students in the upper classes to choose between several alter-
natives in their studies. This method as it 1= ased in Lubeek makoes
only about two-thirds of the weekly hours eomipulsory for all
students, the rest of the time being given to clectives. The group
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system is in use in Saxony. Here the pupils of the Oberstufe are
divided into two sections: the language-history group and the
mathematics-science group. Even before the appearance of the
Richtlinien, parts of the work were elective in Prussia. The
Richtlinten itself provided that from six to twelve hours a week
be set aside for free work groups, the time varying according to the
size of the institution. Choice of these work groups is made every
half-year. Naturally, the students who are particularly interested
in mathematics choose this subject if group work in mathematies
is provided. Thus, much of the work that wuas mentioned above
as desirable may be handled here, and in addition the work groups
may treat various other topics of mathematical importance. Among
these may be mentioned nomography, mathematical statistics,
mathematics in relation to art. mathematical fallacies, and mathe-
matical recreations.

IV. A FEw SpPECIAL PROBLEMS OF THE TEACHING OF MATHEMATICS

Illustrative Examples. Since it is impossible to give a full dis-
cussion of the individual problems that are met in the various parts
of the work in mathematics, a few cxamples must serve here.

Arithmetic. In the work in arithmetic in the lower classcs,
preparation is made as soon as is possible for the later use of literal
symbols in reckoning, as, for example, in general arithmetic prob-
lems (commutative law of addition and multiplication, fractions
and per cent). On the other hand, the later instruction in arithmetic
carries the drill in numerical caleulation into the highest class.
Abridged reckoning is used on all possible occasions. An appearance
of accuracy out of all proportion to the result is taboo. Four-place
logarithms are used. The slide rule is used throughout, beirg espe-
cially essential for practical instruction in physies. Hankel's per-
maneney of mathematical laws is constantly followed in the de-
velopment of the idea of number and only in the highest classes
or in the mathematical work groups is there any use made of the
simplest coneepts of the Menge nle bre, The use of Ded-Kind's “ents”
ix al=o very infrequent and it ix limited to the upper classes. On
the other hand, more and more people are urging an earlier prepara-
tion for the idea of a series and of a limit as in square root, @,
and geometric progressions.

The Function Concept. The function concept and graphie
representation are used from the very beginning. The work in
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arithmetic provides geometric illustrations and a fow general prop-
erties of functions are worked out on the busis of empirical fune-
tions. The study of proportions is based on the work with the linear
function y = ar. Rational integral functions, rational fractional
functions, and simple algebraic functions are discussed, and among
the transcendental functions, the logarithmic, cyclometrie, exponen-
tial, and logarithmic functions are treated numerically and graphic-
ally.

The Calculus. In recent years, mathematicians both of the
universities and of the secondary schools have taken part in dis-
cussions in regard to the teaching of the calculus. A considerable
accuracy in introductory analysis is gained if one begins with the
consideration of functions, treating them from the point of view of
geometry and of physics. Informal discussions are utilized where
the rigorous treatment is beyond the capacity of the upper elasses,
as for instance in the differentiation of a power series and in the
development of the Restglieddiskussion. This expedient is not a new
one for it was formerly the regular custom to use the fundamental
principles of algebra in high school classes without explanation,

Complex Variable. A novel feature of the Prussian Richtlinien
lies in the suggested use of the functions of a complex wvariable.
Where this suggestion is followed, it is sufficient to consider the
linear integral and the linear fractional functions of a complex
variable (incidentally introducing the concept of Riemann’s sur-
faces). This opportunity is utilized to give an outlook into the realm
of the simplest transformations. Gther teachers give the concept of
transformations by means of Klein's Erlanger program, omitting
the complex variable.

Propadeutic Methods. The propadeutic introduction to -
ometry has already proved its value and accordingly it has been
retained. Practical mensuration is utilized to lay a foundation for
the determination of eapacitics and volumes. In the guise of field
surveying, it accompanies the study of areas and similarity. And
in the measurement of heights and surfuces. it is used in trigonometry
and in analytie geometry. Spherical trigonometry is taught everv-
where, although in the Gymnasium it is limited to the simplest
theorems nceded for the mathematical study of the carth and the
heavens,—a study whi~h the student may muake with a theodolite,

Measurements. The measurements of plane surfaces and of
volumes are combined under the heading of proportions in some-
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what the same way as the computation of volumes has previously
been combined with the study of similarity.,

Fusion. The “fusion” of subject matter is also aided by the
graphic representation of solids. Even in the Mittelstufe, the Prus-
sinn Richtlinien suggests that simple solids be studied according
to the Eintafc method discovered by Scheffer, a teacher of math-
ematies in Technische Hochschule. By his method, the numeri-
cal values of dimensions are represented by lines placed side by
side. The course continues to orthogonal and oblique projection and
to the making of ground plans and elevations. So far as possible
this s accompanied by central perspective and map-mak ag. In
the applications of spherical trigonometry to mathematical astron-
omy, it is now customary to use the methods of constructive
geometry in parallel with the methods of pure coinputation.

Use of Geometric Methods. The use of geometric methods has
a valuable application to the study of conic sections in the Real-
schule at least. The conncction betwceen planimetric and sterco-
metric definitions of conics given in the concepts of Apollonius and
the union of the two coneepts in work with the Dandelian spheres,
permits the old Euclidean methods of deductive reasoning to prove
their value in the study of the properties of *he focus. The contribu-
tions of Desargues are of use here also and a connection is made
with descriptive geometry as well. In exceptional cases, analytic
geometry is used to give u third and novel method of treatment.
The study of conics tirough the method of projections has prae-
tically disappeared from the sccondary schools, although it formerly
had the support of a few cnthusiasts among German teachers of
mathematics. :

Scope. The outsider may perhaps be surprised at the scope of
the curriculum in mathematics. But he should realize that this
course should not be compared with that of the ordinary high school
but that it practically includes the first two years of the traditional
college course us well. Furthermore, not all of this subject matter
is compulrory. In one place one topic is omitted; in another, some-
thing different. In schools of the Gymnasial type more is omitted:
in schools of the Real type, less. In addition to this, the tendency
to bring the individual parts of mathematics out of their fornier
isolation and to force them into a single whole gives each part the
support of the rest—a thing that does not follow when these topics
are treated either in parallel or in successive eourses.
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Result of Klein's Influence. Let me add one point in conelu-
sion: The present condition of the teaching of mathematies in
Germany is a direct outcome of the reform begun under the leader-
ghip of Felix Klein in 1905 under the name of the Meraner
Vorschlagen. The German subcommittee of the IMUK provided
the necessary impetus. The revision of this curriculum, begun in
1917 at the request of the Prussian Minister of Education and
published in 1922, summarized the reforms proposed in the inter-
vening years. The Prussian Richtlinien and the syllabi of the other
German states have been based on the recommendations of this
plan and with a few additions they have been made generally
compulsory.

V. BiBLioGRAPHY

Selected References. I am obliged to confine this bibliography
to but few works., The periodieals devoted to the mathematics of
the secondary schools are:

Zeitschrift. far den mathematischen und naturwissenschaftlichen Unterricht,
printed by B. G. Teubner, Leipzig, and :dited by H. Schotten, W, Lictz-

mann, and W. Hillers,
Unterrichtcblitter fir Mathematik und Naturwissenschaften, printed by O.

Salle, Berlin, and edited by G. Wollf,
The literature dealing with the organization of the curriculum
in mathematics, the course of study, and the methods of instruction
includes:

W. Lierzsmans, Mcthodik des mathematischen Unterrichts, Yol. I, second edi-
tion 1926, Quelle and Meyer, Leipzig,
Tle following articles also give a brief survey:
W. Ligrzmasy, “New Types of Schools in Germany and Their Curriculs in
Mauthematies,” Mathematies Teacher, XVII (1924), pp. 148 4.
F. Mauscit, “The Teaching of Mathennties in Germany Since the War”
Mathematics Teacher, XX (1927), pp. 35511,
Mathematical subject matter and its method of presentation
will be found in:
W. Ligrzsmass, Mothodik des mathe matischen Unterrickts, Vol. 11, 1923, and
Vol. 111, 1924, Quelle and Meyer, Leipzig,

From the long array of works on the mwodern curriculum in
mathematics, many of which are in several volumes and which
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often are in several editions for the different types of schools, but
which deal with tie entire course of the secondary schools, I will
name:

LieTzMaANN Teubner Leipzig
GirriNa-Benrenpsen-Haxavk  Teubner Leipzig
SeHCLKRE-]DREETZ Teubner Leipzig

Hrixrien MULLer Teubner Leipzig

MAN N HEIMER-ZEISBERG Divsterweg Frankfort am Main
ZACHARIES-1 BNER Diesterweg Frankfort am Muin
MavLacn Quelle and Meyer Lelpzig
Rewr-WoLrr-Kerst Grote Berlin

In conclusion, I shall cite a few publications dealing with par-
ticular problems of instruction. Sepurate topics, some giving the
historical point of view and others emphasizing content, are dis-
cussed in the little volumes of the JMathematisch-physikalischen
Bibliothel. These books, about seventy in number. are very popular
in the schools. They are edited by W. Lictzmann and A. Witting
and are published by Teubner (Luipzig). Another series is the new
Mathomatisch-natrwisse nsehaftlich-tc chnischen Biicherdi, Sixteen
volumes of this have appeared to date. The editors are G. Wolff
and k. Wasserloos. The publisher is Sulle in Beilin,

For the enrichment of mathuinatical instruction offered by
philosophy, I list:

W. LietzyasN, Erkenntwislehre in mathe matischen Unterricht der Oberklas-
sen, Mundus-Verlag, Charlottenbuag, 021,

W. Lierayasy, Aufbau und Grundlege der Mathematik, Teubner, Leipziy,
1927.

The many volumes of the two collections mentioned above are
useful for their Listorical content and recently published textbooks
include historical notes and introduce problems of varied types
taken from the original sources. In this connection, sce also:

W. Lierzsass, Ueberlich dber die Geschichte der Elomentarmathematik, 2nd
edition. Teubner, Leipzig, 1928.

For the teacher's use, the best help is the sccond edition of the
seven volume Geschichte der Elementarmathematik by J. Tropfke
(Vereinigung wissenschaftlicher Vevieger, Berlin, 1921),

I shall name but two special monogtaphs, ‘The most useful work
for the study of Eintafel projection is:
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Cr. Seurrrers axn W, Kramer, Leitfaden der darstellenden und riumlichen
Geomelric, Vol 1, 1024; Vol, 11, 1423, Quelle and Meyer, Leipzig, Sce alxo
the volumes by Balser und Kramer in the Mathematisch-physik liselen
Bibliothek.

For technical applications, see;

M. Havermans, Technische Aufyaben 2ur Malhematik. Teubner, Leipzip.

See also Rothe's volume in the Mathematisch-physikalischen
Bibliother.
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By DR. D. J. E. SCHREK
Utrecht

Introduction. There uare reasons that make a survey of
the changes and trends in the teaching of mathematies since 1910
desirable. The report, issued in 1911 by the Dutch Branch of the
International Commission,' is now quite out of date, and so are
more or less of the communications about Holland in various later
American reports.? The latest article on this subject is, as far as I
know, a contribution by the author of this paper to the Mathematics
Teacher,® which the reader may consult for further information. A
list of current Dutch mathematical textbooks will be found in the
first part of Dr. Lictzmann's well-known work on the teaching of
mathematics.*

I. Epvcation 1N (GENERAL
1Ny HorLrLaxp

Dutch Organization of Education. First of all it is neces-
sary to make some introductory remarks on the Dutch organization
of education in general. Elementary instruction is given to children
of ubout 6 to 12 years of age, the schools including six or seven
forms=. These are the =o-called Lagere Scholen (lower schools), the
wark being compulsory. Sometinies an clementury school is con-
nected with three or four additional forms, supplying Meer witge-
breid lager onderwijs (M.U.L.O.), i.e., more advanced instruction,
including mathematies and foreign languages, but in such a case

Rapport sur URnacignement mathématique dans les Pays-Rar, publié par la
Nous.Comomisaion  nationale de g Commixsion Intsraationale de Enscignement
Muthématique, Delft, Waltimaa, 19110 (151 pp.)

2E. g J U Brown, Cuerivele in Mathematies (U, S, Bureau of Educatlon, Bul.
Ietin, 1914, Noo 45) aml B ¢, Arcbitmld, The Training of Teachers of Mathematics
(U, N, Bureau of Fdueation, Bulletin, 1917, No. 27),

sh 0 ML Selireke “The Tenching of Secondary  Mathematics in Holland.*
Mathematios Toacher, Vol, XIN, 1926, pp. 3u9-42,

¢W. Lietzmanua, Methoadik des mathematisehen Unterrichta, Val, 11, pt 1, pp.
334-30. Leipalg, Quelle and Meyer, 1924,
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the school is still considered as elementary. This advanced work is
not compulsory.

The sceondary schools are the Gymnasium (with a six-year
course, the ages of the pupils ranging from 12 to 17, 18, or 19) and
the Hoogere Burgher Schole (Higher Burgher School), usually
denoted as LB, In the former the elassical languages (both
Luatin and Green) predominate, whereas the latter is nonclassical.
A school like the German Realgymnasium with Latin but without
Greek does not exist as yet in Holland.

Incthe tivst four years dformsy of the Gymnasivm the instruetion
1s the same for all pupils, but the fifth and sixth forms are divided
into two sections, A and B. In these sections many lessons are given
in conumnon, but while in section A the elussical studies predomninate
the pupils in section B apply themselves cspecially to mathematics
and science. The H.B.X. has usually a five-year course, although
some have only the first three elasses. In all these schools mathe-
maties and the seienees are emphasized, While the Gymnasium is
primarily & preparatory school for the universities, the ,H.B.S.
aims rather to supply an all-round education; and to prepare for
the higher technical and medics! schools, and for various other
special lines of work. As a rule v schools in Holland, secondary
as well as elementary, are cocducational; that is, the schools for
boys are open to girls; but there are also schools for girls only. In
Holland there ure also many other secondary schools known as
Ivecums tyeca).

A lyeeum s not, as in Germany, a sehool for girls; it is only
& combination of a ILB.X, and a Gymnasaom, The first two years
are the same for all pupils, a bifurcation tuking place at the begin-
ning of the third school year. As a change in the distribution of
the lessons over the dillerent years is permitted by law, this comnbi-
nation is possible. It is evident, therefore, that the Dutch lyceums
are comparable with the Reform-Anstalten in Germany. It should
also be understood that the lyceum is not required by law; at present
such a school is merely permitted, although it is probable that
before long the legality of the Iyvecum will be established,

Holland has three state universities tat Leyden, Utrecht, and
Groningen), one municipal university ¢in Amsterdam) and two
denominational universities (one protestant in Amsterdam and one
catholic at Nimeguen). As a rule u university has five faculties
(departments): theology, law, philology, medicine, and mathe-
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matics-seience. Besides these five, some universities have a sixth
department (veterinary surgery in Utrecht, and commereial studies
in the municipal university of Amsterdam), while in others (the
two denominational ones) there are no medical and seientific de-
partments. In addition to the universities there are four academies
—a technical one at Delft, a commercial one at Rotterdam, an agri-
cultural one at Wageningen, and a recently founded catholic com-
mereial academy at Tilburg,

II. DEVELOPMENT OF MATHEMATICAL TEACHING IN Horvraxp
SINCE 1910

Various Phases of Report. Proceeding to the proper subject
of this report, this discussion will consider: (1) the mathematical
teaching in elementary education, (2) the mathematical work in
secondary schools, (3) certain special topres and methods, and (4)
mathematies in the universities and academies.

Elementary Education. As to the teaching of mathemuties
tarithmetic) in elementary schools there have been no important
changes. Both subject matter and methods are still the same us they
were about the year 1810, and this is al=o true for the more ad-
vanced (M.UL.Q.) instruction, which inecludes geometry and
algebra, apart from a =light change in the final ex:unination.

Secondary Education. Of much more importance are the
changes that have taken place in secondary mathematies, espeeially
in that of the Gymnasion, the pupils being from 12 to 17, 18, or 19
vears of age. Up to 1919 the subject matter was preseribed for these
schools in the Royul Deeree of June 21, 1887 in a new Royual Deeree
of June 7, 1919, however, changes of relatively great Consequenc
took place. For « clearer understanding of these chunges the stand-
ard courses of 1887 and 1919 are here arranged in parallel columns:

RIC

OLD COURSE

Arithmetic and algebru in the first
fonr forms. The elementary opera-
t.ons with integral and  fractional
sumbers and  algebraic  expressions,
divisibility  of numbers, the metrie
vetem, proportions, Hnear ecquations
with  one  unknown, simultancous
hnear equations, surds, fractional and
wentive exponents; in the fifth and
sixth forms, quadratics and recapitu-

PRESENT COURSE

Arithmetic and alge b in the first
four forms. The ehmentary Opers
tions  with integral and fraetional
numbers and  alecbraie exprossions,
divisibility  of numbers, proportions,
linear cquations with one unknown,
sinultancous lnear equations, surds,
fractionsl  and  negtive exXponents,
ey quadrities, congnding with loga-
rithms, graphs; in the fifth awud sixth
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OLD COURSE (continued)

lation of surds, fractional and nega-
tive exponents,

Geometry in the first four forms,
plane geometry. In addition to the
above, in the fifth form and in the
sixth formt of the B section three
lessous a week are required in arith-
metie serics, logarithms, in determi-
nate linear equations, plane and
spherical trigonometry, elements of
the theory of coiirdinates in a plane,
recapitulation  and  applieation  to
problems.

PRESENT COURSE (continued)

forms, more detailed treatment of
quadraties, recamiulation of algebra.

Geometry in the first four forms,
plane geometry, first elements of
trigonometry with application to the
right triangle; in the fifth and sixth
formis solid geometry and a recapitu-
lation of plane geometry. In addition
to the above, in the fifth and sixth
forms of the B section lessons are
required in arithmetic and geometric
series, logarithms, plane trigonomeltry,
plane analytic geometry including
conie scetions, elements of the cal-
culus, recapitulation and application
to problems.

It must be said, however, that some teachers go much farther

(particularly in the B section) than is required here, their work
including an introduction to the binomial theorem, the solution of
cubic equations, and Gauss's geometric representation of complex
numbers in relation to De Moivre's theorem and the solution of
binomial equations.

In the case of the H.B.S, the statement is different. Strange
as it may seem, the subject matter for these schools was not legally
decreed at all; it was only custom and the final examination requir»-
ments that determined what should be taught. The Royal Deere
June 16, 1920, gave the first oflicial direetions in this respeet, as
follows:

Fory I

Arithmcetie: Propertics of elementary operations. Divisibility, highest com-
mon factor and lowest commen nultiple, commmon and decimal fractions, prob-
lenis, proportions,

Algebra: Elementary operations with integral algebriic expressions. Special
products and quotients, factoring, linear equations with one unknown.

Gieemetry: Elements up to proportionality of segnients of lines,

Fory 11

Arithmetie: Proportions continued, square root, clementary notions on
approxtnutions,

Agedra: Easy eases of HCTL and L.CDM., fractions, linear equations con-
tinued, the same with more nukoowns, surds (ouly those reductions that are
applisd 1 geometry),

Geometry: Elements continued up to sud including the cirele,
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Fony 111

Arithmetic and Algrbra: Fractional and negative exponents, logarithms,
series, compound interest, quadraties, and related equations of a higher degree
with one or more unknowns, graphs.

Trigonometry: Functions with applications involving the cases of o single
angle.

Geometry: Elements following the cirele, plune grometry being completed,
Form 1V

Algebra: Logarihniie an+! exponential equations, recapitulation.

Triganametry continued,

Geometry: Solid geometry up to solids of revolution, Infroduction to
descriptive geometry,
Fory V

Algebra: Reeapitulation.

Trigonometry continued: EFasy trigonometric equations. Receupitulation,

Geametry: Solid geometry continued. Descriptive geometry up to the
sphere. Recapitulation.

The chief featurcs of the changes are as follows: Plane geometry
is neither reviewed nor taught at all in the fourth and fifth forms,
it is not included in the final examination requirements. In algebra
indeterminate equations have been dropped, and so have been more
intricate trigonometric equations. Graphs are now included, but it
is not said to what extent they should be taught,

. Naturally in the 11.B.S. the same options are offered as in the
Gymnasicn; there are progressive teachers who go farther than is
officially required.

Special Topics, Methods, and Tendencies. It is & remark-
able fact that the development of mathematical teaching has been
so little influenced by tendencies in foreign countries. The changes
that have taken place in Holland have often been introduced
independently of other countries and have come many years later
than in Germany and France, where the so-called Reform move-
ment began about 1900. The work of Professor Felix Klein and his
collaborators in Germany, the Meran curricula drafted in 1905. the
International Commission on the Teaching of Mathematies founded
at Rome in 1908 at. the suggestion of Professor David Eugene Smith,
all these events of so great moment were known only to a few
Dutel teachers. Gradually the new ideas began to influence the
practice of tenching; espeeially the new standurd course for the
Gymnastum, of which we spoke above. was a stimulus, We shall
now consider some cardinal problems which have been of great
importance in recorganization in every country.
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The Function Concept and Graphs. These features which, so
far a2 T know, were not found in our teaching in 1910, have gradu-
ally been introduced. At first only the linear and quadratic functions
were treated; in after years this study was extended to others,

e ar+ b _ar+br+c
such as y Tx, V=on Y=y = o y o= e and
y _:Z;; ic).:j——;’ as well as the exponential and logarithmic fune-

tions. That these subjects are studied to a greater or less extent in
the Gymnasicn at preseat appears elearly from the final examina-
tion papers now in use. In the H.B., this development is at present
in its initial stage. The first texthooks in which the function concept
imbued the entire teaching of algebra, were those of P. Wijdenes.?
There has recently appeared another work by three authors, which
differs considerably from current textbooks of algebra.®

The Calewlus. The German reformers ir the beginning of this
century laid stress upon the elements of the ealeulus being a neces-
sary complement to the function concept. They pointed out that
matheniaties is not rendered more difficult by the introduction of
the elements of the <o-called “higher mathematios.” As carly ns 1903
two Duteh teachers, F. J. Vaes and C. A. Cikot, demanded insis-
tently but in wvain the introduction of the caleulus in secondary
mathematies. During many vears the resistance, even of prominent
teachers, was strong; nobody seemed to know what had happened
abroad.” In 1919, however, a change took place, the Royal Decrce
of that vear ordering this <ubject for the Gymnasion. As 1 vesult,
clementary caleulus is now taught in the highest classes of these
schools throughout the country, although not alwavs to the same
extent. Tn all eases, however, polynomials, fractions, square roots,
sines. and cosines are differentiated and the process of differentin-
tion is applied to cases of maxima and minima. Less general are
the derivatives of the exponential and e arithmice { setions, higher
differential coefficients, and Tavlor's and Maclaurin's series. In
most cases the course is completed by the elements of integrating

¢ His nnmerous wark< ave puhlished hy 1Y Nanrdhof st Greningen,

ST Yntemas AL Drawer, and Th, B Biaten, Algrhra roar Vaoorbereidend Hoayer
en Middelhaar Opdeyicije, Parts 11V, J. B, Waltres, Gironingen,

Tin the Congress of Paris 11914 of the Duternational Commiss)on on the Teaeh
itne of Mathematies, Urofossor 15 Beke of Bidapeest mve an estensive divenssion of
this question (Pubtivations du Comite Cenlral, 27 aeyie, fuxe, THD -0l 538122, In
many countries the elanents of the calenhis haed already been ntroduiesd,
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(application on finding areas and volumes).® In the H.B.S. the
caleulus has not been introduced; some teachers, however, apply
its principles in treating the notions of rate and acceleration in
mechanics.

Intuitive Geometry. With the exception of a few schools
demonstrative geometry is taught without a prei.minary intuitive
course, Such a “propwdeutie” introduction, as it is called in Ger-
many, still meets with muel opposition. Tt has been strongly
advocated by W. Reindersima, who has written a textbook ® in
which demonstrative geometry is preceded by an intuitive course.

History of Mathematics. In many countries the cliim has been
made that the historical development of mathematies and biog-
raphies of great mathematicians should have a place in our teaching.
As early as 1912 a treatise on this subject was written by M. Geb-
hardt for the German Branch of the International Commiszion on
the Teaching of Mathematics. In Holland an interest in the subject
is gradually awakening; texthooks with historieal and biographical
notes, survevs of the history of a certain branch, and portraits of
mathematicians have come to be quite cc unon.

Applicd Mathematics. 1t is remarkable that practical applica-
tions of elementary mathematies have been entirely neglected in
Holland. In many other countries not only the dizeiplinary but
also the practical aims are in evidence. a= in Germany and the
United States, but not so in Holland." Neither measuring and
estimating in the classraom nor geodetic measurements and survey-
ing are known Lereo Inoonly one school, =0 fur as T know. =
theodolite found, Singlarle, there are po anele mivrerss mensurines
rods, and the like. T1e slide rule is also unknown in our m:uthe-
matical teaching. All t'is explains the different ajpearance of a
Duteh textbook on mathematics from that, for example, of an
American textbook.

Universities and Academics. The range of instruction in the
universities is determined by law, and each professor is appointed

¢y penmrkable Ltthe hook en functbes and elomentary ealenlus, of which T
Popey Nunn's Truching af Glychra has evidently beent thee prototype, is Funetica, by
J. Drocte amd W, I de Croot, Two volnmes, pntdished by L0 B Waolters, Groningen.

oW, Deindersmn. Inleiding oot de Vielle Mocthunds, and Bekaapt Leerback der
Viiakke Mothunde, Jo B W tter . Groningen,

Wy aurvey o f whit had been dene in this respect in differ nt countrica way
precnted by Prefessar bavid Lhagene Wnith to the Coepfess of Cambridae (1012,
velng a report of the International Combiission o tee Teaching of Miutlbmaes
(Irublications du Comité Ceatral, 2™ 8cric, L I o 7 U4),
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for a special branch. No changes have taken place recently in this
respect, Within certain bounds, however, the professor is . - to
select his subject matter, and so a change in the topies is poss, "o
whenever a professor’s chair is taken by his successor. Such new
topies have heen, for instunce. the theory of numbers in general.
of irrational numbers, and of assemblages, and the history of
mathematies. In the Technical Academy at Delit some changes
should be mentioned. The requirements for muthematies at the first
examination of the future engineers (the so-culled propwdeutie
examination) have been considerably reduced, especially with re-
speet to analytic and deseriptive geometry. Although exereises in
descriptive geometry have been given for many vears, this has not
been the case in analyvsis and analytic eometry, and only recently
has this omission been remedicd, The Awrienltaral Aeadomy at
Wageningen has recently (in 1918) heen developed from the State
High School for Agriculture, Horticulture, and Forestry, although
even before that yvear mathematics had abtadY secured a signifi-
cant place in teaching. Even in 1913 a separate chair for pure
mathematies was instituted. All students now have a compulsory
course in the elements of plane analytic geometry (including conie
sections) and the caleulus. Those who have the degree of candidate
may follow lectures on the theory nf probability and mathematical
statisties. Special courses for surveyors, including solid analytic
geometry, descriptive geometry, spherical trigonometry, method of
least squares, etc., have been established in this academy.

[TI. REcENT EFFORTS FOR IMPTOVING MATITEMATICAL TEACHING
v Horraxp

Efforts to Improve Teachers and Teaching. Our report
would be incomnlete without mentioning the efforts that have heen
made to improve aur secondary mathematies and the preparation
of teachers. Tt has already been pointed out that the teaching in
the Gumnasion is more in gecord with medern tenedencies than
that in the H.B.2., although it is diffieult to tsert that this iz the
case in general. the results depending for a great part upon the
personal ideus of the teacher, One thine, however, is certain, the
examination papers of the H.B.X, e still old-fiushioned, 0 mutter
of regret to many prominent teachers. That the want of improve-
ment has been felt appears from the fact that a =emiofhieinl conm-
mittee was organized towards the close of 1925, the purpese being
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to undertake a comprelensive study of the teaching of secondary
matheraaties and related branches, and to =uggest improvements
in the HB.S. teaching. The committee consixtz of four members:
Dr. H. J. E. Beth, chairman; Dr. E. J. Dijksterhuis, seeretary;
P. Cramer; and J. van Andel. It is usually denoted as “Committee-
Beth.” Tt has published a report* in which it proposes a new
standard course. Evidently the bounds that have heen set to this
survey do not allow even a succinet review of it being given here;
the reader may eonsult a paper on the report by the present writer.'
Only some typical features may be mentioned. In general the pro-
posals correspond to the claims that are heard in Germany, the
United States, and other foreign countries; algehra teaching ought
in the first place to promote functional thinking and graphs should
be studied as well as the elements of the caleulus. Complicated
numerical computations are condemned, and so are the still rather
frequent intricate exponential and logarithmic equations, In plane
geometry an elementary synthetie treatment of the ellipse, parabola,
and hyperbola ix de=zired, and in solid geometry their genesis in
relation with Dandelin’s theorem. As to the desirability of an intui-
tive course preceding demonstrative geometry the eommittee takes
no definite stand. It recommends as vet “the moderate Fuclidean
method.” A striking fact is that the committee rejects applied
mathematies altogether—a remarkable difference with modern tend-
eneies abroad. The report has Leen followed by two others, in which
the training of teachers is dizeussed'® The level of selentifie studies
in the Duteh universities ought to be a high one, as has wlwayvs
been the case. But the universities should pay more attention to
the student’s future field of activity as a teacher in a secondary
school; therefore “elementary mathematies from a higher point of
view," as Professor Felix Klein has called it. should be taught. In
certain other respects there are alsn lacunw; the philosophical as
well as the historical aspect of mathematies is neglected in nearly

Benntwerp van cen leerplan oy het omderctice inowiskunde, mechinnica op Fos
mugraphie op de 1, B, Scholen met vijtiarigen ouregs, Riivocged ran het Vi i
Tivdvehrift rour Wiskunde, Vol 11, 1u25 20, pp. 113039, Sobl alea as g SPpIraTe
pamphbet, Po Neardhoff, Greningen.

BD,J0 K Selirek. 2R formhestrohungen im omathematise hen I'ntevrvicht an den
Hollowdise hen Beadanstolte 0, Zoits hrift fr math, w, naluricis», Lup. 36l-64, Unter.

vk, ST Jahre, 102,
W ewe by tngen weer de wnteersitaive oplevding tot lecronr in wizeen ntuur
kunde™ Bijearged van het Nieww PUdsehritt voor Widkunde, Vol 11, 192500, .
NL-OSL 0 cdere hescehowweingen ooy e cpederdinzg tgt lerranry in wisen natuurkundige
varlon. Qbidy, pp. 146:07, Pulidished separately by 1 Noordhoff, tLirnnihgen,
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all our universities. It is Dr. Dijksterhuis, a historian of note him-
self, who advanees a clidm here, and undoubtedly le is right.

In conclusion I wish to thank all those who have made my task
easy in giving me information and providing me with data.
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By PROFESSOR CHARLES GOLDZIHER
Budapest

General Considerations. Since the close of the World War,
Hungary has hoped to counteract the effect of her material im-
poverishment and territorial losses by the raising of her intellectual
and cultural standards. Accordingly, far-reaching changes in public
education have taken place, these being particularlgeoncerned with
the enlargement of the curriculum and with tlic envichment of the
progriuu of schools of every type. These changes are of great impor-
tance in the consideration of the reform in the teaching of mathe-
matics since the adoption of the new syllabi and the instructions
to the teachers, together with the reorganization aml development
of certain types of schools, presented a favorable opportunity for
the consideration of the recommendations of the International Com-
mission on the Teaching of Mathematics, The reform in the teach-
ing of mathematies had begun in Hungary before the War! and
it is a significant consequence of the sound practice of the Hungarian
Committee which has been at work since 1906 that the new objec-
tives could be realized by a continuous transition from the former
situation.

Before entering into the details, let us consider certain char-
acteristic traits of the teaching of mathematics in Hungary:

1. The principal issues of the Hungarian reform movement have
been listed on page 25 of our report in the Abhandlungen, which

1 S8ee Abhandiungen fiber die Reform des mathematischen Unterrichis in Ungarn,
Leipzig und Berlin, edited by Beke and Niknla, Tenbner, 1911,

For the former xituation in the teaching of mathematies, gee the eight speciul
reports of the Hungarinn Kuabeammiseion,

See alwo the Hungarian titles In the Bibliography of the Teaching of Mathematics
1900-12 by David Fugene Smith and Chas, Goeldziher (U, 8. Bureau of Edueation,
Bulletin, 1912, No. 29,

Far the situntion in 1912-14, the reader is referred to “Mathematieal Curricila
In Forelgn Countries” hy J. ¢, Brown in the Loport of the National Commailtce un
Mathematical Requirementa, 1923, in which the reports sent by the varfous coun.
tries to the Internationul Commission in {ts Cambridge congress, 1912, are sum-
marized.
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has been mentioned previously. These questions conform irpeneral
to the principal dexiderata of the IMUK report. The fact must be
eniphusized, however, that we laid especial stress on the improve-
ment of the elementary grades, the lower classes of the high school,
and the xecondary school so that the new ideas might permeate the
entire course as soon as possible.z An important result of this effort.
for example, is to be found in the new and detailed Instructions
(1927) which supplement the usual syllabus for the secondary
schools. The mathematical part of this sets up a standard for the
teacher, telling how the reform program may be put into effect in
the lower grades.

2. A monthly journal has had great influence on the proficieney
of school work in mathematies in Hungary. Ever since 1893, it
has inspired the pupils in all the high schools of the country to
common work in mathematics.® In 1924, the journal was reorganized
under the title: Kozépiskolad Mathematilai Es Physikal Lapol:
(High School Papers in Mathematies and Physies) and it is inter-
esting to note that problems which concern the geometrical theory
of functions, graphic work, applications of the elements of the
caleulus, and descriptive geometry have the greatest appeal to the
students. A special section of this journal is devoted to pupils of
the middle grade; this is headed “Fxercise' 1n it are publizhed
the original drafts of the hest solutions to problems, together with
the names of other contestants. The numbers of the journal also
contain articles on historical and other special topics. The best
university and technical :ckool students grow up in the workshop
of thi= maeazine, which i< an influential lewder in the modern WiV,

3. Nince 1896, the Hungarian Mathematical and Physical Socicty
has set annual written examinations in mathematies for the grad-

—e uates of the high schools, Since 1919 there have been separate
examinations in physies alxo.) And since 1924, similar examinations
in all subjeets have been =et by the Ministry of Fdueation for pupils
selected from the high schools of the entire country.

4. The system of summer schools for teachers (vacation lee-
tures) has been cultivated in Hungary * and in 1912 the high school
teachers held a congress at which reports were presented and in

SPor thin see one study do thee Zedtecheift e math und neturcigs, Unterricht,
Poes, ppe 28t 3ou, This periodical Wil later b e tereed toas the 2, MoN T

PRec ZOMOND UL Tl py S,

CRee ZoMONO L 19140 Nod B, on beetates treating the practiead relations of the
teaching of wmatheuttics,
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which discussions concerning the reform movement in mathematics
were held.®

Significant Changes Since 1910. In the next part of this report,
we shall enumerate only those types of schools in which the teach-
ing of mathemuties hus undergone significant changes since 1910.
We shall mention only the following types:

1. Elementary or primary sehools (Volksschule), pupils aged
6 to 12 or 6 to 10 if they continue their work in a high or in a
sceondary school. These schools have greatly inercased in numbers,
especially in rural distriets. The arithmetic and geometry taught
here has developed in a medern way but these changes have been
independent of the reforms in other schools.

2. Agricultural, industrial, and commniercial schools and training
courses with many ramifications. These show some improvements
in their organization and in the adaptation of the teaching of mathe-
matics to special practical requirements.

3. A Business College (Eeconomical University) organized in
1920 in Budapest. The work in mathematics is of modest propor-
tHons, but in the Faculties of Commerce and Insuranee advanced
coursex are given in the mathematies of economies, insurance, and
statistics, and in the theory of probability. Advanced courses in the
mathematics of business and insurance are also given under the
Faculty of Feonomies at the Polytcchniciom in Budapest which was
established in 1914.

Details of Organization. The discussion of the more detailed
part of the curriculum may be grouped under four heads as fol-
lows: I. New Curricula for the Reorganized Schoo's; II. New
Currieula for Schools of the Old Type, III. New Curricula for
Augmented School Courses, and IV. Preparation of Teachers.

I. New Curricula for the Reorganized Schools. Mention
should be made of the reorganized high schools for students of ages
10 to 18. The high schools for boys which formerly offered two
courses have offered three since 1924, These courses are the fol-
luwing:

1. The Gymnasium, emphasis on a humanistic edueation. Greek
studied in classes ubove the fifth.

2. The Realgymnasiwum, emphasiz on Latin and modern lun-
guages (French, English, or Ttalian s

AReo Z0M NDT A0S e ST sl Padagaggirehes Arehes, 112, pp. 84591,
 Huopgarian and Gerlnat ibe Giugat s sve by Ligh ~choal,
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3. The Realschule, emphasis on modern language, mathematics
and the natural sciences.

These three sehools are on a par in regard to admission to the
university or to the polytechnic institutes.

Since 1926, the high schools for girls have the following threefold
urganization:

1. The Gymnasium, emphasis on humanistic education, Latin
being offered from the third elass instead of Greek and French.

2. The Lyceum, emphasis on modern languages and ssthetics.

3. The Collegium, emphasis on the economic and industrial
brancles that are of importance for girls,

Like the boys' sclools, the tirst two of these schools prepare stu-
dents for advanced work. The third, however, prepares candidates
for special professional or training colleges only.

The Reform Movement in Mathematics. The reform move-
ment inomathematios had the high schools s its main objective,
and accordingly the syllabi refleet its influence. The details that
follow are based on the work of the high schools for boys, these
changes having been made by reducing, transposing, and fusing
the old subject matter:

1. The introduction of graphic elements in the beginning work
in arithmetic, and the introduction of the function coneept in the
beginning of algebra in the third class, the evolutional development
of these elements in all subsequent classes.

2. The enriching of the formal work of every class by the prac-
tical elements of real weasuring and numerieal computations,
approximate computations being given in the Gymnasium from the
fifth class only.

3. The introduction of the clements of analytic geometry and
caleulus in the seventh class in a modest measure but one which is
necessary for a general education.

4. The enlargement of solid Leometry, building the work of the
higher classes on its deseriptive elements and emphasizing the de-
velopment of “spatial intuition’ throughout.

5. The methods of applicd matliemuties are studied and the uses
of mathematics in physies, engineering. and cconomics are made the
core of practice exercises.

6. The fusion of algebra and geometry in their empirical (or
experimental) aspects in the lower grades and in their more formal
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aspects in the higher ones. Geometry was formerly a separate sub-
Jeet in the first four elas=cs, bheing given in its empirical or pro-
predentic form, but to-day it appears as a separate subject only in
the Realschule.

The further extension of this process in the future is likely to
be in the direction of the fusing of plane and solid geometry to-
gether with the wider development of the “laboratory method.” ?

The amount of mathematics offered is naturally the greatest in
the Realschule where the geometry of all classes is more detailed
and where in the fifth through the eighth grades a separate course
in descriptive geometry is given. The analytic geometry of this
school i more comprehensive, and at the close of the course work
one the theory of comiplex numbers is also given.

No culeulus is offered in the high schools for girls. The practical
clements of machematics are emphasized and the formal side of
the teaching i= simplified.

The following statement of the hours per week allotted to mathe-
maties gives an idea of the extent of the work in the different types
of schools,

Boys' Sehands 'l Girls' Schooks
lass . I Loalscloule . .
- | lealom- |- | BRI eum YCottegium
Mith, Cienn,
S Loy 6 1 3 1 4 3
... P 4 5 2 § 4 3
1nr ... D 4 3 2 3 3 3
A S Lo 4 1 2 : 3 2
Vo, ol 3 1 2 3 3 2
VI 3 3 4 2 3 3 2
VIT ..., 3 3 3 2 ;03 3 2
VI [ 3 2 ‘| 2 3 2
Troral o 0 | w0 | a7 —éi’—za IEERREE

II. New Curricula for Schools of the Old Type. To this
group of schools belong the four-year secondary sehools for pupils
e 10 1o T These sehools, whose name o Hungnvian s polydr
tskolu ceitizen schools1. were institured in 1868, They ordinarily
prepare tor professional or training schools, and they have an impor-
tunt role beeause of their emphasis on vractical things. They are

TRe our paper {n Nehaol Seicnee and Mathematios, 190, pp. 7Ta3 57,
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chiefly found in towns where there are no high schools and they are
of great national importance. Such schools are urgently needed for
girls who go no further in their school work. The new syllabus of
1918 shows valuable improvements in mathematical studies, these
being in harmony with the practical character of the school. In
this syllabus, unnecessary and formal details are omitted together
with antiquated subjeet matter, Instewd, the Sachuntoricht with
a luboratory method has been introduced. Empirical and intuitive
methods appear in geometry; numerical and graphical computation
is a leading factor in arithmetic; and applications to statisties,
business. industry, and agriculture are given in the very beginning
of the work in algebra. A significant item is the fusion of all mathe-
matics in one =ubject; even cominereial arithmetic and bookkeeping
are not excepted. The time allotment is 4, 4. 4, 2, or 14 hours for
the boys, and 4, 3, 2, 2, or 11 hours for the girls. But the exccution
of these plans depends in the first instance on an adequate and
specialized preparation of the teachers for these particular types
of schools.

III. New Curricula for Augmented School Courses, Since
1920, the higher commercial schools which formerly had a three-
vear course, have had a four-yveur course for students from the
ages of 14 to 18. The syllabus of 1927 gives a better distribution
of the work and enlarges the content of the commercial arithmetic.
It also gives practieal suggestions for the teaching of mathematics
but the time allotted to formul work in algebra and geometry is
too short, and political arithinetic (i.e., the mathematicul principles
of finuncet 1z not scparated from algebra, The new ideas have
provided certuin ornaments for the course without affecting the
method of teaching. The time allowanee for mathematies and politi-
cal arithmetic is 3, 2, 2, or 7 hours, and for commereial arithmetic
4, 2,3, 3, or 12 hours.

The normal school course for elementary school teachers was
increased from four to five years in 1923, the students being from
14 to 19 years old. These institutions are equipped with elementary
schoolg for demonstration work and practice teaching. The syllabus
of 1925 offers some improvement over the carlier, very scanty cotirse
in mathematics by the introduction of many practical applications,
the concept of a function and the use of graphs but the formal
extension of the course, which docs not inelude trigonometry and
logarithms, is not satisfactory. Gireat sfress is laid on the details



O

ERIC

Aruitoxt provided by Eic:

HUNGARY 69

of the pedagogy of the elementary schools subjeets in the fifth cluss.
The time allotted to mathematics is 3, 3, 2, 2, 2, or 12 hours.

IV. The Preparation of Teachers, ‘T'he preparation of teachers
shows no great change in its mathematical content since 1910, but
it should be stated that all training institutions conform to the
changes in the organization of special schools. The courses for the
tewchers of the clementary schools have been mentioned above.
Teachers of the commercial schools are given speeial preparation
in the Business College at Budapest. There are no institutions
devoted specifically to the preparation of teachers for the other
professional schools.

The teachers of secondary schools receive their special training
at the two government teachers colleges, one for men and one for
wonen, The course is for three years, and students are admitted at
the age of 18. These colleges huve excellent practice schools. Since
1920 there has been a separate faculty for mathem:tics, physies,
and chenistry, with two professorships in mathematics, one of them
being in applied and business mathematies. The treatment of
pedugegical questions is emphasized, and formal training in mathe-
matics conforms to that of the first two years in the university.
These coticges, with their precious traditions of SINGY vears” stand-
g, have an autonomous organization and u well-differentinted
course of studies adequate to the needs of o limited vational ex-
traction. It is expected that these colleges will be annexed to one of
the universities ws w four-year college, w thing which netually was
done i Ociober, 1928, at the 1 niversity of Tzeged,

High =chool teachers reccive their theoretical training in the
universities simultancously with their pedagogical training in the
rormad conrses, They then do thoir praetice teachine in tdepen-
dert high seboolss The tradnine of Fieh school tesebers i< thns
in the closest relation to the seientitic work at the university,
In most Furopean eountries it is an open question whether the
professional training of teweliers should be given in autonomous
colleges or in a normal course in a university, The old normal 2chool
svatem in Hungary dating from 1870 had negligible results in the
training of high school teachers, for the only one of effeetive worth
was the Chungsgymnasium in Budapest founded as a model
school by the great educator, M. Kiirmain, in 1872.% It is to be hoped

PRee the roport of PUoSzndevs Ner Uaterricht dey Mathematik am ! hunyagymna-
stem, Hunzarinn Suvcoinsson of the IMUK eniCere e, 19712,
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that the current reorganization of the normal eourses mentioned
above will bring greater results in the future.

In the Abhandlungen, pp. 126-41, there appeared a paper by’
. Beke in whieh the defects in the modern training of high school
teachers of mathematies ure explicitly formuluated. Certain of these
demands have already been realized, but it is desiruble that applied
mathematics with its special branches be inciuded in the mathe-
matical course in the universities and that this should be allotted
a separate section of the examinations. This luck affects the mathe-
maticul leetures at the Polytechnivun: wlso, where Liboratory work
in applicd mathematies should be made an important part of the
studies in mathematies, Institutions in Ameriea, Ingland, and
Germany have been investigated in these particular details. It is
only by the establishing of such institutions that the preparation
of high school teachers of mathematies can be improved in any
considerable degree.
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By PROFESSOR FEDERIGO ENRIQUES
University of Rome

Gentile's Reform. The great factor which has dominated the
recent changes in education in Ituly is Gentile's Reform of 1923
Gentile, the idealistic philosopher, who was appointed minister of
education by the Fascist government, has accomplished far-reaching
changes in schools of all types. The general scaring of his Reform
as it affects the secondary schools is as follows:

1. Both public and private schools, notably the parochial ones,
are put on a common footing in regard to the newly instituted state
examination for admission to the universities,

2. The schools are expected to build attitudes rather than to
furnish facts whose justification is utility or else specific prepara-
tion for more advanced studies. ~.

3. The organization of the curriculum is based upon a literary,
historie, and philosophic point of view. Lutin appears in the courses
given in ull types of schools; thut is to say, not only in the ginnasio
and in the classical liceo,! but also in the newly created scientific
liceo which prepares for the scientific course in the universitios and
which replaces the teehniceai institute and the modern liceo.

4. The syllubus and the directions given to the teachers are
planned to foster a method of instruetion which shall appeal to the
initiative and the interests of the pupil to the greatest degree pos-
sible. Accordingly, the syllabi for the state examinations allow a
certain amount of chvice. For example, in preparation for the exum-
ination in philosophy, the student ix asked to discuss the thought
of classical authors chosen from an extensive list, and so on.

PAecording to J, ¢ Browu's fnvestigation as given in the Keport of the National
Committer on Mathematical Reguirements (1024, the compulsory schoul age ln
[taly ix from the <ixth to the twelith yYears and oo sIxeYear elementary school g
provided to einre for enild on wiwse schoal tratning i~ to la.t o longer, Lutrance
sNitinntions jur the secomlary sehon} nre Bivenl ut the eml «f the fourth schoul
year, This adwits the stwlent to the five-year ginnasio from w hich, after another
examination, he enters the threcyoar lireo.—Editar,

FThene sebools formeriv parsteled the gimaasee and the fieen, No Latin was

taught and the course wias g year shorter than the clagsleal one,
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5. There is u tendency ‘o lessen the number of instructors teach-
ing cach class. Thus in the liceo, one teacher is given the work in
history and philusuphy, another has mathematies and physics, aud
30 On.

Results of the Reform. The Reform hus led to a reduction in
the number of hours allotted to the sciences. This hus caused con-
siderable difliculty in the cuse of the teachers of mathematics und
physies who, for the most puart, are new to the teaching of one or
other of the two subjects. Furthermore, as a result of the syli-Hi
for the state exmnminations, the scope of the subject matter to be
taught hus not been diminished, nor can it probably be diminished.

Preparation for the University. The :wrrangement of the cur-
riculum retleets the =pirit of the Reforn. Accordingly, we will pause
a moment to consider the course whiel leads to the diploma of the
classical licco which is the usual way of preparing for the university.

There are two different sections of this course. Section A is
concerned with algebra and trigonometry  tequations of the first
and sccond degrees, exponentiul equations and logarithms, periodic
funetions, and applications). The purpose of the seetion is to test
the student's ability to use fundamental foriaulas and the examina-
tion consists of several simple exereises to be solved under the diree-
tiun of the examiner.

Seetion B, which is concerned espeeially with geometry, is quite
different. The purpose of this sectivn is the testing of the intelli-
gence of the candidate and ot his ability to comprehend the rigorous,
deductive systematizing of u theorem. The propositions which it
contuins eorre=pond in the main to Luclid's Llements: proportion
and similar plane figures, irrational numbers, the measurement of
the cirele, and the clements of the geometry of space. The candidates
are allowed o choice from three topies of sterometry: equivalence
and congruence of polyhiedra, surfaces and volunmes of enrved solids,
and similarity i ospace with its special eases, 1The elements of
algebra and of plune geonetry, that o= the congrueney and equiv-
alence of polygous, forur a part of the entrance exiuination of the
licco. This examinution iz of the same type us the state examination
and follows the same regnlations,)

The mathematies exuminations of the other schools are in two
seetions also, but in the cuse of the seientific {eco, the mathematios
program is more extensive, It ineludes anudy ties aud the clementary
concepts of the infinitesial caleulus, that is, the work which wus
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formerly given in the modern liceo. Thiz has been outlined by
Castelnuovo.?

General Spirit of the Teaching of Mathematics in Italy. It
is evident that the general spirit of the teaching of mathematices
in Italy is in accord with the spirit of classical education. Tt is still
under the influenee ovarte¢ by Betti and Briosehi who, upwards of
a lialf cencury ago, restoreld the Elements of Fuelid te our schools.
which prios to that tine had b-en using books en the order of
Legendre. It mugnt have been expected that there would have been
a more practical development of algebra, with less attention paid
to theory and snore attention to problems drawn from phyvsies. A
movement in this direetion may result from this Reform eventually,
hut at present this is not evident in our texthooks. exeept in those
de<igned for the seientific licco. Here the innovation was to be
noted before the Reform both in the Nozioni by Amaldi-Enriques.
noted above, and in the Algebra of M. Marcolongo.

New Books. Reveral new hooks on clementary mathematies
have appeare:. recently in addition to the books on algebra and on
geometry * Litten by Pincherle ard Fnriques respectively, printed
by Z:aiehellt and Bolomna, and other we'l-known worke, sueh ns
the eimentary geometry by De Fronchis printed by Sandron in
Palermo.

[ will mention two of these series in particular. re first is
edited by Marcolongy of the University of Naples and Niceolotti
of the University of Pisa. Tlheir work is printed by Perrelli in
Nuples. The ceeond series is elited by Severi of the University of
Rome and is printed by Valeool  in Florenee. The first series.
beenn before the Reform and <o wii «sine the modifieatien or the
suppression of the institutest o o ineludes several vohmmes:
the Algebra of Marcolonzo metiven ¥ above, another g bra by
Sansone, a Trigonometry and o Greometry base  on veetors by
Marcolongo anad Burali-Yorti, and the Gromi fry written by Rosati
and Benetti, The second series ineludes an g fra by Bagnera and
aclieoradry by Severl, Almost all of the authors now belone to the
universities, although they have in general taunsht in ¢he seeondary
schoois at one time or another. This is an indieation of the interest
now curreat in questions of edueantioi.

PRve Nosvory dy Watomatiede by Amacdi inet jos <, peinterd by Zantehelll, Bologna

SThese ware the qostetula feo o ad the daetitauf- nans oo offering four- and
THEREA e colBars Fespo etiv el amd piviter the Dist v~ of 190 e Lt secolafoery
svheol vourse,

’1
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The Teaching of Geometry. I must not pause to discuss the
criteria on which these books are arranged in detail, lest this dis-
cusston =<hould become burdensome. [ shall, however, say a few
words on the most diseussed questions in the teaching of geometry.
The methods of teaching this subject and, wbove all. the introduc-
tion of its concepts have heen the subject of a number of studies,
some from the pedagogical point of view, others from that of logieal
criticism. The influence of the latter is especially evident in the
Italian textbooks. Thix is apparent at the vo ¢ beginning in the
care with which the prineipal properties of the peometry of position
are explained. the arrangement of points on a line, segments, and
=0 on. I shall not say more of the method by which the exigencies
of intuition and rigor are combined, Tor this has been trented oo
detail by Furiques and Amaldi.

One of the most important differcnces 15 that which pertains
to the definition of equal or similar figures. Euelid's method is
well ‘nown. He considers the concept of congrnent figures n= o
postuite. Fquality is always recognized as equality of size—-cqual-
ity of =egments or of angles, of surfaces or of solids. There ix no
weneral detinitien of cquality of form, bat equality of form of
two trinngics ix expressed by saying that they have equal sides and
angles (Book [0 802500 Later Foelid (Book T defines e
cireles s eiveles that have cqnal diameters. A general definition of
similar figures appears at the beginning of Book VI, where ucelid
says that two reetilinear tigures are similar it they have equal
angles and ' the sides enclosing those angles are in proportion. In
testing the equality of two trinngles, Fuelid twice uses superposition
by motion (Book 1. 4, wnd & which he employs in no other place
and which he has not ineluded in his postulates, This uze of motion

of triangles having two sides and the included angle equal is estab-
fished. A propesition =0 establizhed resembles a postulate rather
than a theorem. Hilbert's eriticism of thix point has made the
Fuelidean aetbod the niore vicorons, and it i< this rivorons method
which Enrigues sl Analdi adopted and developed in their treat-
went, elarifving it by intuitive considerations in which motion is
ciiployed to a great extent.

Other authors prefer to intro-dies metion, recomnized in all s
generahitys to detine the cquatity or the congrmence of two given
igures, This is done wlibly in the Freneh texts with no coneern
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about the annlysiz of the significance of motion, In Italy the same
plan is followed in the secomlary schools of a lower grade, as
appears in the abridged edition of Enriques and Amaldi. for exam-
ple. Although due attention ix given to the elementary work in the
licco-ginnasio, a need is felt for an analysis which shall consider
motion as the correspondence between planes or between two solids
and by which one may also attempt to der the equality of angles
from that of segments. Veronese and Ineruni were pionecers in this
direetion. but their work wuas too abstract. Several authors have
followed their lead. De Franchis « eng the number. and more
reeently Rosati and Benedetti, snd . Cveri. In the books written by
De Franchis and by Reveri, the iscussion is limited to the logical
justifieation of the terminoloey of motion.

At the same time, this dizeussion may lead to the general con-
cept of simitar figures in the manner of projective geometry: simi-
farity is defined as a relation in which to every segment there
corresponds another segment and in which the size of anules is
izvariant, Naturally, it is neecessary that the teacher direct the
attention of his studentz to the implieations of this definition;
otherwise some one will say that two rectangles are always similar
since their angles are equal,

Preparation of Teachers for Secondary Schools. A few words
should be added on the subject of the preparation of teachers for
the secondary schools. Gentile's reform of the universities estab-
lished certain principles for their development. Among these were:
frec clection of studies, the state examination, and the independence
of the university,

The state examinations for teaelers of secondary schools are
conzpetitive, These exuminations are also a neeessary prerequisite
for teaching in the private sehools, The svllabus for the examina-
tions, at least for the candidates for positions in the lie, n-ginnasio,
combines mathematies and physies. In mathematies, the cutline
corresponds for the mest rart to that eiven in the Qustiond -
guardanti Lo Mate n:atiche lomontars compiled by F. Enriques, of
which only the part relating to geomietry has been transtated into
German printed by Teubners, the translation being made from the
seeond Disdian edition,

Preparation for these examinations is ofered by a course given
by the seienee faculties called “Complementaey Mathonaties,”
This is taken by the candidate for a certifieate in mathematies and
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physies combined, an innovation introduced by the Minister of Edu-
catlon, Corbino. prior to the reform made by Gentile. It is likely
that the sutonomy of the universities will allow the preparation of
prospective teachers to develop in many ways. For example, the
publ ~ation of a series of elassies has been hegun by the University
Nehool of the History of Seience, which is associated with the new
National Institute of the History of Science, and which is near the
University of Rome. These classies ure transluted into Italian with
eritical historical notes. The first volumes were printed by Stock
i Rome, but the publication is now being made by Zanichelli in
Bologna. The volumes of thix colleetion already issued are:
Euclid and His Areiond arad Modern Crities (Vol. 1, Bouks I-1V), by several
collaborators under the editorship of F. Enriques,
Newlon's “Prineipia” with Notos on the History of Mechanics, by Enrigues
amd Forti,
The Mcthad of Archimedos and the Origin of Ddinitesimal Calenlns i
Antiquity, by Foo Rutini (This is especially intended for the training of
teachers.)

Dedeliind's Momairs on the Arioms of Arithmetic, with Historical and
Critical Notes, by Oscar Zariski.

Several of these works have already been made the texts of a
course at the University of Rome especially designed for future
teachers.

Conclusion. I do not know whether these comments are a sufli-
cient answer to the question at hand. It must be realized that
these recent reforms may result in changes which are not even
dreamed of as yet,
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By PROFESSOR YAYOTARO ABE
Tokyo Higher Normal School

Introduction. As the Report on tie Teuching of M:athematics
in Japan, which was prepared in 1912 by the Japanese Sub-Com-
mission of the International Commission on the Teaching of Mathe-
maties, set forth in detadl the cenditions and methods of teaching
mathematies covering all kinds and grades of schools in the Empire
at that time, the present report will deal only with important
changes of mathematical instruction which have since developed.
On account of the limited space those concerning chiefly primary
and secondary education will be treated.

I. Tue FLEMENTARY SclooL

Nature, The elementary schools are divided into an ordinary
clementary school course which ix #ix veurs in length and a higher
elementary school which requires two or three yeurs, Since the
ordinury elementary school course is compulsory, a child who hus
reached school age (six vears) must be sent to an ordinary ele-
mentary school to complete the course. After completing the course,
some children may go into actual life. while others may enter o
higher elementary school or a secondary school for more advanced
edueation.

As the regulations provide, the teaching of arithmetic in the
elementary school aims at making children properly versed in
ordinary computations and in the nceessary knowledge for actunl
life and in rendering their thinking sound and accurate. The weekly
arrangement of its teaching hours for each year is as follows:

Ordinary Elementary School ' “lxhﬂi‘l’-f’i:-‘r:i--xntur,v
Subject ——— e T haa , e
Year , Yeur | Year , Your  Year [ Year o Year | Yoor | Year
I 1 e | 1y | v T 1
| pu— e e e
Arithmetic ..... 5 | 5 1 & 6 . 4 1 ¢ ' 4 |’ 4 ‘ 4
"
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In selection and arrangement of the subject mutter of arith-
metieal instruetion in the elementary school, a great deal of at-
tention was viven to it logical development in former days; but
the recent and general trend in terhing is to consider it more
important to look after the natura development of the mental
ability of children by emphasizing ti ¢ interest and the practicul
benefits,

The arrangement of the teaching materials of arithmetie for eacl
year of the elementary schoal is as follows:

L ORDINARY FLEMENTARY Sciioor

1. First year—Numeration and notation of numbers up to 100; simple
computations; applicd prollems,

2. Second yoar—Nunuration and notation of nubers up to 1,000; sim-
ple computations: monetary unirs (yen, xend; leneth (metre, centi-
meter, nullimetery s time Glay, houY s applied problems.,

TR e - Comp rtions of iteders s onpe TRNRE (I L SR IS (GRS T TR
lenuth (ki me em., mm) ; eapaeity (L, dlY: weight (g, ke tine
(day. hour, minnte, week, vear, monthd appdied problems,

4. Fourth yoar--Compreatiens of intesers; numoeration and notation of
decinad fractions; simple computations: length: area (square meter,
square centimeter, are, hectared; volame  (enhbie meter, cubie conti-
meter, enbie deeiieeter) ) weight (ermmnie, kilosramme, ton): tine
(year, month, diy, hour, minate, second, week) seapre; reetanglo;
cube s roetimgulie parallelopaped s angle; directions; various kinds of
applicd problomes.

S Fifth pear Comwrputations of intewers, common el de eimal fractions;
supplement of units of metrie system (naatieal mileY; onthine of
Shaku-kan systenn; particelae peopertios and areas of reetansle, squiare,
trianele,  polyeon, partlelesson, tapezoid and ciree prrticular
propertics and volunues of reetangular poeallelopiped, cube, parallelo-
piped, prism, eiveula evhnder and sphere: carteneies: computations of
angles wnd - time; applied jrobloms. (Sovolan-ealeulations mway he
added)

6 Nixth gor Proporiieny persontase: sincar foovess bl dea i
eray e applicd probleess cSorobaneealenlations mayv beoadded )

IL Hicuer FLEMENT Wy Senoor
LoFist poar—Intesors; deeinad frctiens: alecheaie contpttations  of
numbersy geceretriead Boerco; mess of weishis snel e ranpes Gnieronr,
nellifire, vallimsaueee, caro) ) sendon-caleulations: aptdicd problems
2 N et Progornion; pereentaze s ale beee cong ations of nume-
bers et eeal faeires s sl e delations s apphcd problems,
Solhind pear Sapplone nenny treatia gt of those sl s drendy piven
mopreeedie Soars c A et of vt beadlhs Pota gy he oo
aonder o e et e foead Bttt
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Materials of Instruction. The materials of arithmetical in-
struction in the elementary school have gone through several
changes. the most outstanding one being that which was brought
out by the revision of standards of weights and measures, The
Japanese stundards of wetghts and measines consisted of the Shaku-
kan system, the metrie svstem and the vard-pound svstem which
were all in joint use. buc after thoroueh investigation of many vears
these conipound systems were wholished and the metrie system was
nade the only legal svstem after it was enacted in April of 1921
and put in foree on July 1019240 with o reservation for the use
of the old svstems for a certain period of time.

Owing to such a change of =tandards, the subject matter of
arithmetical instruction in the elementary school iz now based on
the metric system, and in consequence it has heen meude possible
to appropriate for many other useful subjeets such time and labor
a< was wasted heretofore for treating compound numbers: additions
of numerous subjeets concerning algebraie camputations of miun-
hers, graphical representation. and geometrie fieures being the
notable benefits thereof,

The formulation of arithmetieal faets and the solution of prob-
lems by using letters are treated even in the elementary =chool; in
the higher elenientary school are tanght linear equations with one
anknown quantity, negative numbers, integral expressions. linear
simultancous equations and fractions in the first vear, and quadratice
equations in the second yvear, the equations treated here heing ehiotly
those with numerieal cocflieients, Graphs are treated mainly for
inturtive representation of statistieal data and funetional relations
which are simple and practieal. The teaching of geometrieal figures
1= hmited to those which are neecssury to common life and in
general it i tmight in an intuitive way, A prevailing tendeney is to
apply simple cireular functions to certain computations concerning
angles,

Roroban-calenlation i< the peenliar computation by reans of a
soroban which can be numipnlated with considerable amonnt of
sinphetty ol geResss U ek st o e enlentation
i that it fvs down the foundation reee<sary for mental arvithmetie,
In many ordinary elementary selioo!s coroban-ealenlation is taugelin,
and 101 o congnilsory course in hicher chanentary schools hecanse
it was experimentadly aseertained that chibdren of hicker clementary
schoal grade can make the best nee of it
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The Textbooks. The textbooks are compiled and published by
the Department of Edueation and are in general use in the Empire;
but as they merely show the standard of subjeet matter and required
progress, selection and treatment of the materials are left to the
judgment of teachers so as to adapt the actual teaching to the
natural development of children and the local eircumstances to the
most desirable extent.

Since 1909 the textbenks have been revised three times, the last
revision heing started in 1025, This is mainly due to the change in
the standards of weights and measures. Of the last revision these
of the ordinary elementary sehool and of the first vear of higher ele-
mentary school have already been finished and the rest will he
comnleted shortly.

Method of Teaching. Several improvements have been made
in the method of teaching as follows:

1. In the hope that children can be made to take an active
attitude in learning arithmetie, much attention is given in the be-
ginning to their amusement and interest. and careful eonsideration
i given lafer to the treatment of those praoblems, the solutions of
which children would obtain spontancously. In recent vears much
cimphasis and attention have been given to the econstruction of
prohlems by the children themselves.

2. In actual teaching the mental ability of each ehild is taken
into full consideration and althongh the fundamental subjeets are
given in common. applied problems are advanced in proportion to
the individual ecapacity of the children. Tn some sehools the Dalton
plan is tried for experimental purposes. but some prefer the Win-
netka plan to the Dalton plan.

3. Tt is acknowledged to he more profitable for children to find
and construet by themselves the fundamental rules and methods
of arithmetic than for teschers to explain and teach them to the
children from the start: consequently, it ix deemed very mmportant
to develop the subjeet matter by treating such problems as suit the
natural development of the children,

4. Tt has long been the practice in Jupan to make use of experi-
mental work in teaehine soithinetio of - prelinenary nature, aped
this practice has been mueh enconraced since Perry's movement
made n wide impression. Many schools qre equipped with all kinds
of <eales, rules o " mcasnres, e v wb b an aritbietien! Tibors-
tory like the o lvocated by Professor F. H. Moore of the Uni-
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versity of Cliienso, Teaching by experimental nicthods has alrendy
produced good results in promoting the metrie systenn, and many
cages are reported wherein sehool children arve guiding their parents
in adupting themsclves to the new system. The construction of geo-
metrieal Torms and graplie drawing are popular additions to teach-
ing materiats in all the schools,

II. THE SECONDARY SCHOOL

The Mathematical Conference of 1918. This conicrence played
a very significant rale in recent progres=s in the teaching of mathe-
matics in the =econdary sehoul. Under the auspices of the “ociety
for the Study of Secondury Edueation torganized for the purpose
of investigating general subjects concerning secondary education)
and through the efforts of Professor M. Kuniyveda, chairman of the
calnitice of wrrad emends, and those gesistive Lim, this conforenee
was held in Tokyo for tive days beginning on December 20, 1918,
It wus presided over by Mr. J. Kanoe, president of the Socicty, and
was attended by about two hundred fifty mathematies teachers
from wil parts of Jupan, At this conference, enthusiastic discussions
aued study were given on hinmerous subjeets which were then at issue
i connection with mathematical education in secondary schools,
and proposals were prepared in response to vhe questions submitted
by the Department of Edueation pertaining co iimprovements in the
teaching of mathematies in complinnee with the aims of edueation
of normal schools, middle schools, and girls’ high schools, Further-
more, important deliberations were made at this conference as here-
uder enunerated, and resolutions were passed accordingly:

Lo What are the projpe e measureos to take in g romotng nthematioal ide s
ateny the peogde?

2 What s ahee g e el wrad s el Ges for 6oching sabjeeis relat-
it to the funesi n ol to the gragh?

3 What e chee proper consadorions for aebling an introductory congse
geometnesd toacking and for using practical methods cven on other oven-
sons?

toWhat s the poatieudar considberation neede L in making a close atlilistion
of the branehe < o moohoioaties e teachome?

5 What s the projer arvume meut of cach brineh of mathematios and the
allotme nt of teachine hours thy reot?

6. What will e the meeessary cgmpnient Tor teaching mathemstios?

T Is 1t onecessary to pmote maeh wilir s ! soroban-ealealation? [This
questien was answered atlirtnatuvely)]
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The Mathematical Association of Japan for Secondary Edu-
cation. At the conference it was proposed, at the instance of Pro-
fessors T, Hayashic, M. Kuniyeda, the late Professors 1. Mori, K.
Hukii, and M. Kaba, to found an association for the study of mathe-
matics and mathematies teuching in secondary cedueation. This
proposal was unanitmousiy endorsed by those present and the asso-
clation has since come into existence under the title given above.
At the time of its foundation its oflicers were Professor T, Hayashi,
president, Professors M. Mimort, M. Kuniveda, viee-presidents, and
the lute Professor M. Raba. chicf editor. This association publishes
an offieial organ, Vol I, No. 1 having been issued in April, 1919.
At present it has o membership of more than 2,300, and is very
proumising in its success and influence.

By muking references to the resolutions passed by the con-
ferenee in 1918, the assoeiation prepuared teaching syvllubi of mathe-
maties for such sccondary schools a2 middle schools, girls’ high
schouls, girls® real-high schools, teehnical schools, commereial
schools. :d normal schools, and is constantly working to furtier
the advancement or mathemuties teaching in secondary schools by
organizing it in etfeetive ways,

Middle Schools. The middle school education aims at affordi- 4
higher common education to boys who have completed the course
of the ordinary clementary school. The course covers five years. Its
erwlinates may mnncdiately go oont into the world, while some of
them may enter various professional schools of higher grade or
higher middle school to prepare for the university. (Completion of
the fourth year qualities one for admission to the higher middle
school.)

Accordineg to the reculation, the ehief wim of mathenties
teaching in the middle =chool is to give the pupils necessary knowl-
edge of mathematical quantities, to make them very skillful in
computations, to render them eflicient in applications as well as
to train them for aceurate thinking, The 1911 syllabus gives the
teaching Lhours and arringenent of subjeets az foiiows;

. o P . L

dubiece Year ¢ Year Year Your Your

Subjret , R S ¢ U B V¥ ' v , v
Arithinetie oo i e i i e 4 .. : .. 1 oo ..

. . A

.'\h.‘,’l‘hl':l......................: .. , 4 i (5 ; }1 ‘ 1
Cleothn I8N e : .. , .. l J ) ! l\{
Traonometry oo oo Lo P I .. i J
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Of late a general tendeney has been noted toward teaching
algebra from the first year and gec wietry with its prepy ll.ttOI‘} course
trom the =econd year. A new syllabus of mathematics in the middle
school more adequately framed to confonn with the demands of
the times Bas been under contemplation by the Department of Edu-
cation. At present adratdt for remodeling the eductional system
of the nalddle school is pending with mueh diseussion aud it I3 ©X-
pected that some signiticant clemges will be r e on the tos iwching
sylabus which covers mathematios when the ultimate decision is
devae o the dests T followine ie o extract from the detailed
sylinbus compiled in Junuary, 1928, by the middle school attached
ta the Tokyo Higher Normed Sebool and nay serve to indieate the
reeent tendeney in actual teachiag,

FATRACT FROM THE DETAILED SYLLALSS OF MATHEMATICN
OF THLE MIDDLE SCHOOL ATTACHE]L To THIS TUKkYu
HIGHER NORMAL =CHOOL

Your Torin A Uanesfe ol N b Civagye try 'l'ri;.'uuum-'try

e e s e aa—s —

CF boes o week)
Iitewers, Jocinn NS RIUH
_; ! tiens |
’ Wy b~ wnd e nulu
: Thur ralos |
Are voltime !
b Lol g ereentage, ins!
! {e est
i ;\1 ‘(lllll\\'ll\ 1l|'l)-
| N s in fonr rules
1
]

ractions
Mulugde, mea-ure
Four vuli = of fractions’
. Comg lex Trctions
I Direei rojartion, in-. .
: Verse preponien | :
! Miseellugios s ]I\'h-' |
o= m fractions !
luroducinn 1o alges’
LI '
(;I'-l; lz.\'
Four rule s of posaitive
awd nregative 1

‘ Poolegers .
' Mlbinos el subtrac-
3 ron of ndegnt] ox-

p Pessiols \

Copdinates
Gir b of aleebmiea
CA} Fessions
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EXTRACT FROM THE DETAILED SYLLABUS OF MATHEMATICS
Ol TH MIDDLE SCHOOL ATTACHED T0O THE TOKYO
HIGHER NORMAL SCHOUL~—~Cuntinued

\'n-.ur;'l‘.-rn.f Arithmetie and Algebra

Gootnetry

‘Trigononletry

II

[ ]

(2 hours per week)

Lincar equations with
vne unknown quan-
tty

~imultaneous linear
evquations with twu
unknown quantities

Apyhied problems

(2 hours per week)
Preparatory course

Multiplic:stion and di-
vision of integral
vxpressions

Fuaetoring

Triangle
Polygon
Parailel lines

Reduction to lowest
terms )
Fractional equations

Reduction to the com-
mon denonnnator
Four rules of  frac-
tional expressions
Iiquations with literal

cottlicients
Rutin, projortion
Apyhed problons

Parsllelogram

Perpendicular, oblique

line

Circular are, angle ut

the ceuter

I

(3 hours yer week)
Square root
[rrations] numbers
Quadrstic equations
with one unknown
quantity
Fqantions
degree
Irrationa} equations

of higher

(2 hours per week)

Secunt, tangent
Segment

Inseribed  circle,

cumscribed cirele

Two circles

cir-

| 23

Exponents and  loga-
rithma
(‘ompound interest

Loeci

(‘onstruction problems
Algebruic  exjressions
and grometriesl con-

siruction
Area

Varistion of functions
and thir graphs
tgundratic  fune-
tons,  quadratic
soalions)

HYrewet variation

Maxion and min a

"I qanditiea

Area (continued)
Ratio, projorun
Proportional hines

O
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JAPAN

8

DETAILED SYLLABUS OF MATHEMATICS

OF THIX MIDDLE SCHOOL ATTACHED TO THE TOKYO

HIGHER

NURMAL SCHOUL—Continued

Year 'l'vrm: Arithmetic and Algebra

Geometry

Trigonometry

,' (2 hours per week)
Variation of functions
I and their graphs
(continued)

(2 hours per week)
Similar polygons
Rativ of areas

(1 hour per week)

Introduction to trigo-

nometry

Circular functions of

RIC

: 1 Inverse variation acute angles
i Smultaneous equa-
tions of the second
degree
i Nimultaneous  equa-|Regular polygons and|Circular functions of
tions of the second| ecireles acute angles (con-
degree (continued) {Circumiference and & | tinued)
v Arithmetical progres- Fundanental  proper-{Circular functions of
9 sion ties of straight lines| obtuse angles
€ and plancs Properties of triungles
Parallel  planes and
straight lines
Perpendicular planes
und straight lines
Geowmetrical  progres-| Dihedral angle Solution of triangles
sion Principles of projec-{Logarithms of circular
3 [Anuuities tive und perspective| functions
drawings Simple surveying
Polyhedron, prism,
pyramid
! (2 hours per week) | (2 hours per week) | (1 hour per week)
‘Permutation and com-{Volumes of prism and Circular functions of
bination pyramid any angle
Binomial theoren Regular polyvhedron
Elesnentary  coneepts! Cireular evlinder, cir-
1 of probability cular cone
Functions and graphs{Volumes of circular
including  elenien-]  cylinder and cone
tary concepts of the
V i caleulus
i
! Reviews and supple-{Sphere Circular functions of
b2 nents Reviews and supple-!  compound angles
i , ments Solution of triangles
i Riviews and supple-'Reviews and supple- Reviews and supple-
. ! ments ments i ments
.\'U(l'.\ .

(1) Iieh sehool year of this nuddle sehool i2 divided into three Aemestoers,
viz, the tirst fram Ayl 9 to July 10, the second from September 1 to Decems-
ber 24, aned the thid from January 8 to Mareh 25.

(2) As the tuble shows, the teanching schedule of this school allots just
one more hour for the fonrth and the fifth vear than is provided by the
Department of Fdueation.
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The Present Phases of Mathematics Teaching in Middle
Schools. Althiough the study of theary in teaching mathematies is
a matter of much importance, it has becume un essentinl aim to
supply practical knowledge for the purpose of cultivating the pupils’
ability to think mathematically. In selecting materials, specific
precautions ave taken to give materiuls suitable to the mental
development of the pupils and applicable or interesting to them,
Those which are too theoretical or abstruse for their understanding
are to be avoided. In order to lighten the hardship which pupils
encounter in learning the rudiments of algebra and geometry,
preparatory courses wre given in these subjects =0 as fiest to secure
their interest in the new subjeets,

In former days arithmetic, algebra, geometry, and trigonometry
were taught quite independently of one another, but now efforts
are being made to make elose connection between these branches
with the view of giving well-organized knowledge of mathematies
to the pupils. Some diseussions have been made on the disciplinary
valie of anathenstios toeebivar the opibons of Neriean pay-
chologists have been introduced, and this matter has attracted much
attention on the part of our teachers,

The following points dealing with the more detailed phases of
the course give further information us to the actual teaching at
present.

L Numerieal computations are deemed very jmportant; therefors deill is
given in connection with numerical problems not only an the arithmetic of
the earlivr grades but also in the alebry and geometry of the higher grades,
Stress is ladd on approximate caleuloion, reatinent of oy proximate vadues,
computations by use of tables of logarthis and componnd interest and also
on the exereise of suroban-ealeulation. In addivion, some teaclprs are inelined
to teach the use of the slide rule,

2. Suwe nuterinls which were formerly trenend in anthweric are now given
with algebra as they can be wore conveniently explaned, and everyday com-
putations which require weh of worldly exgo ricnes e miven o the higher
erades to more advintiae, and eansogently the arithue tical teaching in the
lawer clssexs is lessened, but it s genevally B leved not <o advisable to exelude
artthmetie from the lower el s ondor 1o soart early with the teaching of
algebra and geonietry,

3. Expernments, aetusd survevine, and othorosrcetied meccthods are used in
teaching weights and measures o try. anl echer cuhjeets Tt i< the general
destre of sehools to adopt the modorm ce; veeut wlhineh e neeessaey Tor mathe-
moaties teaching: and some schoos e ot with maside matieal labaortories
aned speet] classrooms or good eodb et of teedels and sy eeamens, though
ureny are still insutliciently equigged.

t
’
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4. Livery teacher te very enteful in tenching the functiona! relativn between
variable quantitics and graphs, but there in still wueh to be desired in the
sty of the praetival methuds of their treatinent,

8. Bermututions, combinations, and the binomiul thearem have been exe
cluded from the syllabus of the Departivent of Eduention, but n some schouls
their outlines are taught, together with probubility, sinee they are necessary
for netual life problems. The opinton that it s necessary o teach the primury
coneepts of the ealeulus in the mididle sehool hus been supported by some but
it in xeldota tried,

0. As o eerult of adding new teaching wnterinls to meot the requirements
of the times, some of the ol muterials have boen erased completely or are
wow teeated very brietly, At the tenth annual meeting of the Mathematival
Assovintion held this year, it was proposed o exelwde fmaginaey nwnbe
from mathenatios in the secondary schaols, The idea was seconded by many
but the final cdecision was against sueh o proposal.

T The greatest obstucle 1o the complote realigation of ddeal jmproves
wents of wathematical teaching is the enteaner examitintions to higher inatis
tutionx. The fact that such eSaminations often involve dithenlt guestions with
utter distegard of what is taght in zocondary sehosls has natueally compelled
the teachees in the middle sehool o cover hand problems of algebra and
geometey for preparation tor these entenee eximminations, Suneh o condition is,
of course, far from the oviginal nims of secomdary wdueation, The Departnent
of Fdueation thevefore gave out o general instruction requesting that the
matricalation of higher middle sehools be deeided by tiking into cousiderne
tion the werits wmade in the middle sehool by the eandidates and that the
chtranee examinations be mede muel easiey,

8. Altheugh in former days the lecture method wis cmploved in teachine
muthemation in the secondury sehouols regardless of whether the pupils really
undeestosd or not, muny teachers are now using the heuristic method in
teaching, Progress is being nale with the individual mode of instruetion by
considering the individual necds and the development of the ability of eaele
pupil, and in xome schoola the teaching s done by resortine partly 1o the
lubortory method,

The present condition of the mathemtieal teaching in the other sevondary
schools is almost the sume as that given above for the middle school.

Girls' High School. The girls' high schoal aima at providing
higher general education for givls who have comploted the ordinary
clementary school, The course covers four or five years, According
to the syllabus issued in 1911 by the Department of Edueation,
cach year of the course must have two hours o week for mathe-
tuaties, mostly arithmetie, but in the upper elasses simple algebraie
expressions, equutions, simple plane and solid flgures may be taught
in addition. It is maintained by many that in order to arouse
cnough pupil interest in mathematicos and at the same time wmeet the
demand of the times, more time must be given to the teaching of

ERIC
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algebra and geometry and that three hours tmust accordingly bu
allotted to cach year for mathematies.

In 1020 the Department of Edueation revised the teaching
schedule of mathematics of girls' high schools as given below, but
no arrangement of the subject matter for this schedule has as yet
bieen given out,

Courde \'v'ur \'"r “nir \'Nr \'gxr

5',\'('“’ AR 3 3 3 3 3
l-,\'t?:ll' IR 2 2 3 3 3

The tenth annual meeting of the Mathematical Association held
lnst year passed o resolution as follows for recotnmendation to the
Department of Edueation:

It is believed proper to ullot three hours u week each year for mathematies,
disregnrding the longth of the eourses of the girls' high schools; and the

statidand of schedule of eweh branch of mathemuatics should be as heroundvr
given:

Rubject “tilll \‘iul\r "llinll' ‘i‘\‘!r Yg’nr
Arvithmetio .vooviiiiann 3 1
AI“)brn [ N ] 2 2 ‘
Geometry vovvviiin 1 2 2
Reviews voooiviiniin 1

(The sehedule hours for geometry in the fifth year ure to cover solid geowmotry
and trigonometry wlsa.)

It may be well to quote herc a part of the resolution passed by
the third annual meeting of the Mathematieal Association held in
1921, which refers to the details of teaching mathematics in girls'
high schouls for the five-year course:

First year—three hours weekly—total 120 hours.
Arithmetie (120 hows) ¢ integers amd decimal fractions; compound nu, 1bers
(weights and measures, money, time, ungles) ; propertica of integers; frace
tiohs; rtio and proportion (simple propartion, compound proportion),

Sceond year—three hours weekly—total 120 hours,
Arithmetie (30 hours): ratio and proportion continued “proportional purts;*
alligation) ; percentage: intoevest.
Algebra (90 hours) ¢ introduction; positive und negative numbers; four rules
of integral expressions; lincar equations with one unkuown guuutity;
linear simultancous equations,

® Rubjeets marked with * are to be treated briefy,
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Third yearthree hors weekly=<total 120 houra,

Algebra (70 hours): factora; greatest common measire; least common
multiple; feactional expressfona; fractional equationa; square root; quads
rtie equutivns with one unknown quantity; fractional equations,

Geometry (30 haurs): proparatory course; triangle; polygon (side, anglo,
eongruchice, arca),

Fourth year~three hours weekly=total 120 hours,

Algebra (60 hours): epimultancous equations containing quadratie equa.
tions; ratio and proportion; arithmetical and geometrical prograssions;
miscellanoous,

Gromotry (60 hours) : cirele (are, chord, angle at the eenter, inseribed angle,
scgitient, seeant and tangent, two cireles, inscribed and elreuniseribed figs
ures, circumference and uren of eivele) ; proportion (proportianal lines).

Fijth yrar<three hours weekly—total 120 hours.

Geotetry (70 hours): proportion continued (similar figures, ratio of nreas,
circulor functions of ueute angles); straight line and plane; privm amd
pyramid; eirculur evlinder and cone; sphere,

Arithmetie, algebra, and geometry (80 houes) : everyday computations (ine
suranee, taxes, accuritivs, anauitics, installments, daily purchases, churges
and fees, domestic accounts); reviews and supplements of proceding
yenr's course,

Nutea:

1. Soroban-caleulution is to be exereised in each year by a timely arrangos
ment of houra,

2. The graph is to be piven by the proper arrangement and discretion of
teachers in charge,

d. Simple geometricul construction and laci are to bo given on all proper
occasions.

4. In teaching arithmetic and grometry, efforts must be made to let pupils
do experimental work aad actuul measuring.

8. Pupila must be made familiar with the wse of lotters while arithmetic
or intraductory lossons of algebra are taught.

The syllabus for the teaching of mathematics prepared by the
same Association for girls’ high schools of four-year courses is similar
to that referred to above except that some of the subject matter
of algebra and circular functions is reduced or omitted. In 1023
the Association prepared the syllabi on the teaching of mathematics
for the postgraduate course of girla’ high schools and the girls’
real-high schools, and they will he disenssed here.

It may be said that mathematics edueation in the girls’ schools
has made remarkable progress during the last decade, but while we
hear much con plaint concerning the ditheulty experienced in tench-
ing mathemat s to girls we cannot deny that there is o tendency
to teaeh in sels' high schools having exeellent pupils the swme

* Subjects wmarked with * are to be treated bricty,

S Yy
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gracde of muthematios that i taught in the middle schools, Above
all, however, it Is wore desivable that girls be educated to qualify
for what is required of them in real life, beecanse even though the
number of girls desiving to enter the postgraduate course of glele!
high schiools or other higher institutions is ever incrensing, it 1w still
relatively small when compared with the number of boys who are
candidates for higher edueation,

Normal Schools. The normal reliool ia the institution for traine
ing the teachers of the elementary school, the elass organization
and the syllabus of which were revised in 1025 by the Department
of Education in order to meet the requirements of modern times,
This institution divides itself into two divicions: the flest division
extends over five years and admiits thoke who have completed the
firste or the xecondeyear course of the higher clementary sehool:
the second division for wen is for the geraduates of the middle
school and its course covers one year, while the second division
far women admits the praduates of givls' high schools and the
course extends from one to two years, A postgraduate course was
recently attached to those courses in order to provide the graduates
more advanced education on selected subjeets for the purpose of
training superior teachers for the elementary school,

The sylabus of mathematies for the normal school for men is
given below:

Fmsy Diviston

First year—four hours weekly,
Arithmetic and algebem
Integers, decimal fractions, (ractions; proportion, pereentage; noegative
numboers; integral expressions (addition, subtraction, multiplieation, divi-
sion); linear cquations (linear equations with one unknown quantity,
simultancous eruations, variation of values of linear expressions and their
graphs).
Grometry
Construetion of simple plane figures; making of models of gimple <olid
hadies; measuration of length, angle, wren, and volume; straight lines
Cingle, parallel lines) 5 rectilinear figures (rinegle, parallelogram),
Seeond yearsfour hours woeokly,
Avithm otie nnd algebrn
Fractional vxpresvions (factors, greatest ¢common nuessute, least cammon
multiple, reduction to the lowest ters, reduction to the common denomie
nator, addition, subteaction, multiplication, division, fractional equations) ;
gquadratic equations (square root, irmtional munbers, cquations with one
unknown quantity, fractional equations, ireational vguations, simultaneous
cquitions, variation of values of quadeatic expressions and their graphs).
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Geometry
Cirelo (are, chord, angle st the esnter, inseribed angle, soginent, tangent,
two circles, inseribed and elrenmseribed figures); locoi; eonstruction probe
loms,

Third year—four houra weekly,

Arithmoetie and algebra
Propartion (ratls, preportion, direet variation, inverse varintion, graphieal
illuerationd; progression  Grithmetical progression, geometical progrose
sion); logarithws; pereontoge (- aentage, interest, nutitios).

Geometry
Areal proportion Cproportional lives, similar Ogures) ;| eirenmferener and
aren of civele; viventae funetions, rolution of trinngles; simple surveying.

Fourth pear-three howrs weekly,

Alzehra
Permutations nnd combinations; binomial theorem; probability,

Geametey
Plane and steaight line Golanes and - straight' lines, two planes, dibedral
nnele, solid aneled 3 polyhedrons Corisin, peramid) ;. round bodics Cefreulur
evlinuer, eireular eone, sphere),

Avithinetie
Various solutions of applied problems; methold of eonstmeting of probe
femey eversday computations: practive of sorohansealeulation.

Method of teaching avithmetie in clementary sehools
Aimy seleetion sl arvangement of subjeet matter; methods of natrnee
ton: instnnnents and useful advievs for setnal teaching; atidy of toxts
buoks of elementary achools,

Fifth yearethree hours weekly,
Reviews and supplementa
Relation hetweon numbar aqud quantity : wumbers, algehenien| expressionR;
equationy, ineguaditiesy funetions and theie geaphs; maxima and minima
genern] method of fAnding the gregtest common measure ; evolution (sqqunre
root, eube root) prineiples of pro/vetive and peespective drawings; conie
sections; ellipsoid,

Sueoxd Diviston

First yoareetwo houre weekly,
Arithmeotie
Various so'ution= of applicd problems; metbod of eonsteneting probloms;
eversdny compmtations; practhiee of sorobanscalenlation.
Method of tenehing avithmetie in elementary sehools
Sinvlar ta those Baght in the first division.

Dostyraduate conrse—foar hours weekly,
Alpebec and geometry
Perntaaon combination; probuhility ;. progressions; Togarithms; theory
of equations; Joei; problems in geometrical construcetion,
Trigonometry
Civeular functions, trigonomettieal cquations, spherical triangle,

O
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The outline of analytical geometry
The outline of caleulus
Btudy of the teaching arithmetio in clomentary schools

Note: Among tho reruarke attached to this ayllabus it is stated that cnough
exevelre in the computation of numbers shouid bo given in every year course
and that pupile must become well versed in approximate caleulation and
treatment of approximate values and familiar with the use of the alide-rule
and tables of logurithma and compound interest, and that teaching of lovi, cons
struction, and aren siould be given also in othor school years thau those pro-
vided in tho syllabus by proper arraugement.

Tho teaching subjects for the first division of the normal school
for women in the revised syllabus are the same as those of the
nornal school for men except that the teaching hours of mathe-
matics in the third year are one hour less,

Under the old system, the teachers and the pupils in the normal
schools were considerably overburdened beeause general knowledge
of mathematies had to be treated within a comparatively fow hours.
Moreover, the study of the teaching of arithractic in the elomentary
school had to be taken as well, but the revised syllabus increased
the teaching hours and made the instruction far more substantial.
Such amendment of the syllabus was, of course, made by compari-
son with the proposed syllabus prepared in 1824 by the Mathe-
matioal Association, Since no detailed subject matter for the post-
graduate course was contained in the syllabus, the details have been
o subject of discussion and study of some members of the Associa-
tion at cvery annual meeting for the last fow years.

I11. Hicuier MibbLE ScHooL

Course of Study. The whole course of the higher middle school
extends nver seven years. The first four years are for the ordinary
course, the schedula of which is same as that of the first four years
of the middle school; and the higher course covers the remaining
three years, Although some higher middle schools of seven-year
courses have been established in recent years, most of the higher
middle schools have the higher course only.

The higher course is subdivided into a literary course and a
science course. In the first year of the literary course three hours
per week are allotted to mathematies, and aceording to the syllabus
of 1923 of the Depurtment of Education supplements of geometry
(solid) and algebra and the outlines of trigonometry, plane analy-
tical geometry, and calculus are to be taught.
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In the solence course four hours per week are allotted to mathe-
matics in each year, and the syllabus of 1026 of the Department of
Fdueation provides solid geometry (about 20 hours), trigonometry
(about 40 hours®, analytical geomotry (plane und solid, about 70
hours), algebra (about 60 hours), and caleulus {about 170 houre) ;
in addition, dynamics (2 hours per week) can be taught to those
who may desire it.

I have given a summary of the main changes recontly made in
the teaching of mathematics in the various schools for ordinary
education. In conclusion I wish to express my warm thanks to my
colleagues, Professors T. Ando, R. Kurokawa, and others for their
generous help in preparing this report.



RUSSIA

By PROFENSUR D, 8INTZOF
Undversity of Rharkov

‘T'he Reform Project of 1918, Matcrials relating to the teaching
of mathematies in Russin were assembled by the Russian delegates
to the IMUK Conference and were published in 1809-1612. Since
that date, the teaching of muathemuties hax reen favereaching
changes, of which T shall attempt to give an aceount.

In the first place, mention should be made of the chief innova-
tion made by the Russiun delegation in the period under discussion.
This was the addition of a specinl course in the seventh class of
the Realschule,' consisting of the ideas of analytie geometry and
the infinitezsimal caleulus. Syllabi of this work are given in the
memoir by K. Vogt? and al:o in my rejort in L'Enscignement
mathématique* Teachers were dizided in their opinions as to the
result of these innovations. The conservatists found that higher
mathematics was too difficult for the students of the secondary
schools. The advocates of the reform, on the other hand, considered
parts of the course de, ‘orably simple and urged that they be in-
cluded in elementary mathematics. Some of the professors in the
higher technical school: suw an appreciable gain from this innova-
tion: others, on the contrary, felt that the firsteyenr students had
lost the interest which always attaches to a totaly new subject
without obtaining the solid foundation necessary to their later
studies. Sometimes, also, there was the additional difficulty of hav-
ing to learn again things which might or might not have been taught.
in the secondury schools,* Be thix ax it muy. the innovation pro-

Ve Reale hygde corverponds to the Gymaesinm In Germang with the diferencee
that wmodern ugunges veplaead the clossies, e course followis) the first three
yours of ‘he primury sehool and it even or kometimes sight elaxses neluded pupils
from the uge of ten to clghteon, TPhe course 10 e Acal: chule was paenlleled by the
elght years of the wmodern ur of the elassieal Gpmaartum, - Hditor,

CBevicht tber d, mathematischen Unterricht an do ruseischen Kealachulen,
S youl, XTOLunth, pp, 3344,
oM. 5 Popruginko sotes in his teport on the tenching of matheaintios that the
tenchlng of onalytle geometry o the endot corps had had to notleeable vesults
(resulbuts pusitifs).
04
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duced a leavening in the stagnant form of the teaching of mathes
matles awl it was by no chanee eoineilence that the ealliag of o
congress of teachers of mathematics was proposed at the same timo
to consider the teaching of the subject, This conference touk place
in 8t Petersbirg,® January 916, 1012, ‘I'wo years later, this was
followed by o sccond conference at Mozcow, January 8-16, 1914,
During the interim, the Thirteenth Congress of Russian Sclentists
and Physicians took place at Tiflia, This differed from their pre-
cocing weetings by the addition of o very active scction on the
teaching of mathematies, The lively futevest in the subjeet resulted
in the founding of a journal whieh appenred at Moscow under the
editorship of J. J. Tehistinkov,

It ix not without significance that the matter of the reform of
the secondary schools was mentioned in the general orders given
by the Minister of Publie Instruction, and that in April, 1015, a
special conferenee on this subject convened under the presidency
of M. N. P, Ignatieff, The general plan adopted by this conference
was as foliows:

1. Behools to be statessupported,

2. A liberal edueation to be given, not one having preparation for the

higher schools as its imndiate objective,

3. The school comrse to he of seven yeurs, divided into two eveles of three
and of four years each, the teaching in the fitst evele to conform to that
of the existing higher prinuey schools so that there would be but one
syllubus for this eyele; specializntion to hegin in the second eyele.

In ench year of the first eyele, four hours a week were assigned
to mathematies, making a total of twelve hours. Four courses were
planned for the second eyele in imitation of the French system.
These with their time-allotiwent in mathematics were as follows:

Lo Neochumanitweian, one modern foreign unguage, cuphasis on literary
studies, mathematies 4, 4, 4, and 3 hours 0 woek respectively in the four
years, Total 15 hours,

2. Classical-hutanitarian, one modern foreign languaee and one ancient
lomgueage, preference given 1o literary suhjeets tather than 1o mathe-
maties and seicnee, Mathematies b 3, 3, and 2 hours. Total 12 houra.

3. Realselle, specializing in natural seience, mathematios 4 4, 4, and 3§
hours, Total 17,

4. Realsehnle, specializing in nmthenatical seivnees, mathematies 4, 6, 6,
and 8 hours, Total 22 hours.

P Neo my repolt of thix meeting in L' Foasecipiement mathdmutigee, NIV (1012),
P QUS-UN,

SNee Zeltaechetft fir mathdmat.schen wod  nahoavissenaehinftlichen Unterricht,
XLY (1014, ph. 800-304,
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Thus, tho total timo assigned to mathematies for the entire
course was (1) 27 hours, (2) 24, (3) 20, and (4) 34. In comparison
with tho distribution of hours in the Gymnasium as it then existed,
where 32 howis were allotted to mathematies in the cight classcs,
or 30 in those schools which had no cighth class (a class which was
given over principally to reviow), and in contrast to the Realschule
with 35 hours devoted to mathematics,” it is evident that the reform
proposed in 1015 favored tho classics rather than mathematies,
reducing the latter almost to tho standard of the six-year com.
merclal courses in the Realschule in the case of the neo-humanita-
rian courge, and in the sclentific course diminishing the time until
it was comparable to that of the former classical Gymnasium (29
as compared with 32). It was only in the mathematics section of
the Realschule that the proposed plan preserved practically the
same number of hours as that in the former schools (34 as agoinst
35).

The materials collected by the commission were published by
the Ministry (Department) of Fdueation in 1915.* These ineluded
eyllabi in mathematics with explanatory notes written by a spe-
cially appointed subcommittec. In this report there appeared an
expression of opinion from K. Lebedintseff, who thought it might
be possible to introduce the clements of higher mathematics into
the neo-humanitarian course and who drafted a program of studies
on this plan including the theory of combinations, the binomial
theorem, continued fractions, and indeterminate equations, There
also was a memoir from Professor D. A, Grave, who protested
against the further lessening of the mathematics taught in the
classical course which ineluded two ancient langunges® Another
of the contributors was W. W, Kondratieff, director of the eighth
Gymnasium at St. Petershurg, who considered it indispensable to
teach e seventh class the theoretical foundations (theoretische
Begrindung) of the four operations with whole numbers and frac-
tions. Framed on a schedule of hours that the subcommittes on
mathematics found insufficient, these syllabi were in the naty-e of
compromises and they met with lively criticism at the hands of

' Commercinl couses extended only through the alxth year and tho mathematies
of the fifth nud sixth years was reduced to 2 and 3 hourd respectively, Jeving a
tutul of 23 hours.

¢ Muterialy po reforme sredney shkoly, Erimernye programmy ¥ ubjuanenia,

*A number of such schools were proposed which were not included in the four
divisions llsted above.—Ilidltor.
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the methudologists at Moseow espeetadlv,' Phese innovations were
xeareely it into peactiee, however; for o year later the revolution
took place, everything waa overturned, and the system of publie
cducation wae radieatly cianged. It is hardly worth while to con-
sider the work of the Ignatieff Commission at groater length. T have
described it only beeause it shows that cven at that time there was
a tendency to minimize the place given to mathematies in the cur-
riculum—a tentucy that has characterized the post-revolutionary
period, although naturally people have given it o ditferent theoe
retical explanation.

In the USSR, there exist two principal systems of publie
instruction: that of the RNEFSRR.M (Russin) und that of the
Ukraine, The other republics of the union have imitated one or
the other of these, generally choosing that of the RS.FS.R. Ace
cordingly, I ehall deseribe these two systems only.

Public Education and the Teaching of Mathematics in the
R.S.F.S.R, The history of public education in Russia after the
rovolution of 1917 falls into three periods:

1. The period of the provizional government when publie educa-
tion had not been affected by radical reforms,

2. The period following the Communist party's coming into power,
the perlod of the communistic government or of the “SEP,” 13
the period of the destruction of the old institutions and of the
cager and [everish construction of the new. Universities and
technicul colleges were thrown open to the entire proletariat.
Each town founded & un'versity of its own. It was not long.
however, before the greater part of these ephemeral creations
died a natural death, but even so the number of universitics
and higher technical schools was considerably increased, pro-
viding o sufliclent number for the third period referred to
below,

3. The period of the consolidation und construction, called the

CNED e

18 Ree the Russlan Journal, The Peacking of Mathematics, tor 10105,

W Udlon of Soclallst Soviet Republles, the new lege] pame for “Russin, eon.
wigting of six republicss the SRR (Russtn propery, White Russla, Ukralte,
Transenuensus Pedoeration, Usazbek, and ‘Farkoman.. - Bditore,

1 Russlon Soclallat Fedepated Sovlet Qepublie,  Wdlter,

®The old economle polley, thewe words [n ohl Russlan belug “Staray Eeonoe

miteheakaya Polgtike.”
Wlhe new ecottomide polley, “Noraye Eeonumiteheakaya Politika.”
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It should be noted that eertoin of the schools had moved bes
cause of tho cvacuation of institutions in rogiona held by the
cnemy, Thua, the University of Jurielf was trunsforred to Voroue),
il that of Varsuvie to Rustov on the Dont, Sinee nevrtain pies
liminary preparation seems indispensable for students admitted to
the higher achouls, this emergeney ealled into being o preparutory
vourse for the higher institutions, This was at flest ealled the
“O=xemester”; later it was ealled the elass for workers (facultds
crrricees ) I seemed probable that these elasses would he tome
porury, lasting only until the veorganized secondary sehools would
put a limit on the number of new students, At the preseat time,
however, no reduction in their numbers is poreeptible, On the con-
trary, they show signs of further development and their twosyear
course in being extended to theee years,

The primary and secondary sehools have undergone radical
reorganization, In the RRESK a0 unilled setivity sehool ¥ has
been organiged, This has w aine-year course, the first fowr vears
of Which forn the fisst division or eyele, In the fiest eyele, the
eurvicuium is built on wosehewne of compleses,' that is, the teaching
of w el in the hads of wosingle master, The subject matter to he
taught, however, is not divided according to the trwditional rubries
of language, natural awd physicnl seienees, mathematies, ote., but
s grouped aecording to certain topies,

The First Cycle. It ix excewdingly difficult to stute the time
given to the teaching of muthematios in the priney schaols (that
is i the flest four years) beeause of the eompleses about which
the work conters, und one can ouly give a few conelusions hased
e the general introduction that appears in the sylabos  ad then
give the progeain in mathemnties,

What pluce, then, is assigned to the teaching of wealing, writing,
aned arithimetie? Providing the ehill with the knowledge of read-
ing, weriting, and commputation ix one of the most important of the
sehool’s probles, IF this knowledge is not provided, it is impossible

N sehal dx also enlbad a0 Conlied nbor sehoed” from the eimheittiche A pbetts
aohgde wWhiel s the nonme given 4t o disensshans wrltien in thernsn, Fhis ter,
Pawovery Is aedsdonding to Nimerlean venders axc 10 caunbotes soctallsn rather than a
weethin] g waluention, Fdltoy,

P terme rampder Ik soeewhtt equivalest to the funit of wurk' fden how
caludi pogadurity An cleneatery whoods e Nnerbea, (0§ the conter of [nterest
nhuat which are elhusterod all of the netivities af o elass,  Bditer,

T rrograma and Methods of the Uantfid 3 ity Sehoule, Vol 1, 1088, (1 shall
Rive o brief expusition of the parts whibeh boar e madhematies, )
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to speak serviously of the socinlistie clueation of the mase of the
children, The vital aspeet of the work of the schoolr, that is to
say, the careying out of its unifled progeum which consists both in
raising the level of the development of the child and in inereasing
his value to the country, all enhanees the importance of the knowl-
edge of reading, writing, and computation. The main reasons for
the lowering of the standards of instruction nre the poverty of the
school and a badly organize.! school year, But in addition there is
the dearth of information on method on the purt of the teachers;
many of them know the traditions of the former schools but have
only u sonerficial acquaintance with the newer mothods, The new
syllabi in languages and in wathematics give precise specifications
on the extent of knowledge und the corresponding teehniques to
be acquired in the different years of instruction. The explanations
of the methods to be used aid in the understanding of the intimate
connection between work in lunguages and mathematies and the
general work of the compleses and the general life of the pupil
comuunity, It is iwpossible to indicate the pereentage of thue
which should be devated to aequiving the essentinl knowledge of
language and mathematies vutside of the compleses, for it varies
from oue school to another,
SYLLABUS IN MATHEMATICN
Finsr Yean

Nutubers bhelonging to the fiest deeae, Counting forwards and backwards.
Addition amd subtraction of numbers less than 10,

Nuinhers of the seeond decade, Counting, Four rules with numbers loss
thun 20 (e, wddition, subtraction, multiplication, and division),

Coneept of purts of u unit, hali, tourth, Writing of %3 and %.

Counting by tens, Numbers to 100,

Meter and eentiinerer, kilogeam, litve, Uses of these measires,

Telling the hours on aclock, diys of the week, Counting of specie, puper
motey,

Geonwetrie coneepts: sgpine, trianghe, civele, Drawing these figures,

Pusition of an objeet with respeet to anodcher: Lt mpht, above, below, cte,

Solviug uf problems of one or two guestions vach.

Seconp YEAR

Counting huckwards and forwards to 100, Addition and subtraction of nume
bers within the limit of 100,

Multiplieation and division by tables,

Compuarison of numbers by difference and gquotient, greater, less, too much,
too little, how wuch and how many times.

Counting by hundreds, Four operations with 100, 200, vte. Numbers to 1,000.
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Adddition and subteaction of nuwbers in this domain. Unit fractions, 3, Y,
W 3in. ‘Transformation of fractions. Addition and subtraction of fractions.

Measuren of bngth (eter), weight (gram), time (day, month, year).

Staking out straight lines on the ground und wcasuring them.

Making change.

Addition nnd subtraction of denominate numbers of two denominativns,
an ruble and copek, meter and contimeter.

Telling time to minutes. To tell the time clapsed botwoen two events
within a month.

Equality of sides and of angles in a square. Units of measure of arcas
(square meter, decimeter, und centimeter), Measuring the area of a rectangle,
us for instance the classroom.

Problems containing two or three questions.

Trird YeAR

Four operations with nutibers less thun 1000. Numbers to 1,000,000 Sepa-
rating nutbers into orders and clusses. Addition und subtraction of numbers
to 1,000,000. Division of numibers us far us 1,000,000 by nubers with 1, 2, or
3 decimal places. Divizion by u number of several figures when the quotient
ia 0 onesfigure number, Use of d'choty ' (tables & calenle [russe)) for the addi-
tiun and subtraction of numbers of several figures, Multiplieation and division
uf compound aud denuminate numbers.

Begiuning of decimuul fractions. Orul wnd written naming of decimals.
Trunsformation and comparison of decimnls. Addition and subtraction of
decitnuls not smaller than hundiadths, Writing compound denominute num-
bera as deeimal fractions.

Finding the time elapsing between two events within a year of ench other.

Equality of sidea nnd angles of & rectungle. Drawing parallels and perpen-
diculars on paper or luying them out on the ground. Measuring the area of
a rectungular ficld. Units of land measure (are, hectare, arpent). Muking a
map of a field. Drawing straight line disgraans (not more than three or four).
Iden of seale deawing, Equality of fuces of & cube.

Mecusures of volume (cubie weter, decimeter, centimeter), Measuring
volume of rectangular box,

Problets containing three or four questions,

FourrH Yrar

Decimal fraction: wultiplieation und division of a fraction by a whole
number, of a whole number by a fraction, of a fraction by a fraction. Multi-
plication nad division by 10, 100, 1.000.

Idea of per cent. Simple interest.

Common fractions: changing one fraction iuto another. Comparison of
fractions, reduction of fractions. Addition and subtraction of fractions by
inspection (denominators leas than 100). Finding part of a given number or
finding a number, knowing u given part. Chauging common fractions to decie
mals, Approximation to within 0.1, 0.01, 0.001.

Arithmetic mean. Knowledge of the terminology of arithmetic operations
aud of the relation between terms,

W'The Russlan ahacus.
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Clanging Russian measures into wetvie units, Use of conversion tables.

Determination of the interval between two dates within century,

Keeping aceaunts of meeeipts and expenditures of money and of goods.

Drawing viveles, Relation of radiug, dinweter, and eirewmfercnce. Units of
angle measure. Measuvement of angles, Diawing angles with a protractor.
Simple dingratus with a cirele divided into 2, 3, 4, 6, 8 parts.

Propertios of sides wind angles ol rectangles, isosvelea triangles, cquilateral
trinngles. Area of w triangle. Muking a sitple contour map, Use of sculos in
weasuring distaiees between poiuts on o wap or a plan.

Rught prisin, volwme of a prisi, cubical contents of o room, of u house,

This syllabus is followed by o diseussion of the connection of
mataematical skill in practical affuirs which we will abridge as
follows;

To =show the children how to use computation and measures
ment to interpret the life about us, it is necessary to build habits
of accurate caleulution and mensurement, to stimulate their ideas
and to add to their cconomic value by the ability to keep expense
accounts and to compute discount, ®kill in computation is acquired
by the solution of a sequence of problems (with numbers in the
first deeade to begin with, then numbers from the second, cte.),
these problems dealing with material that is varied systematically,
The method of analogies is used to a great extent. The study of
operatior. with numbers in the thousands begins with simple ex-
amples, The recognition of the commutative properties of a product
and of a sum are helpful in this work, Ench type of computation
excrcise is carried out in three ways: mental problems, columns or
parcntheses, written problems.® The content of the mental and
verbal problems is drawn from the units of work given in the school,
although the actual experience of the pupils may not include this
work. Too much time should not be given to drill exercises. Several
years ago the work with compound denominate numbers was greatly
abridged for this reason, At present it hus been proposed that opera-
tions with numbers of several figures and with fractions may be
lessened without fear of harm either to the child’s mental develop-
ment or to his usefulness. In the first cycle, it is generally sufficient
that the pupils can multiply two three-figure numbers or divide
by a three-tigure number. With the introduction of the metric sys-~
tem, the schools should give more attention to decimal fructions,
As for common fractions, it is sufficicnt that the students acquire

W We xhould perhiaps sny vorbal problems solved mentally, abstract practice
exercises, and verbal problems solved with a pencll.—Editor.



102 THE FOURTH YEARBOOK

skill in adding and subtracting fractions by inspection without the
use of the least common multiple.

The rolving of a given problem affords an opportunity for acquir-
ing knowledge of making an waalysis. Life demands another skill
—that of discovering the given duta and of stating the rclations
between them. Accordingly, the activities are organized as seems
suitable. For the first group, the activities are not so long as a half
vear. In the second group, the accounts of the fodder for n cow are
kept; in the third, the accounts of a harvest from which several
problems may be deduced: to caleulate the period of vegetation,
the harvest per arpent, and like problems. It is necessary to empha-
size the relation of these results to mathematies itself (as in the
properties of operations). In the third year, the examples are written
as exercises in arithmetic; in the fourth, the pupils are alrcady
constructing practical formulas. The elements of geometry are
tought in connection with arithmetie. The course also includes the
recognition of geometric forms and the study of solids. The proper-
ties of these figures are studied by measurement, as, for example,
finding the sum of the angles of a triangle by using a protractor.
With the older children the concepts of geometry are developed
us & basis for work in that subject. It is absolutely necessary to
learn the making of the simplest surveys, to know how to use the
pace scale in measuring distances, to have practice in gauging
distunces by the eye. During the first three grades, lengths are
meusured by the pace. In the fourth year, simple surveying instru-
ments are used. Geometry should be connceted with arithmetie.
Graphiec methods are highly commended. One should be somewhat
conservative in the making of graphs. Curved line graphs are made
only in the case of temperatures. Struight line graphs are to be
used, this work being enlivened by the making of geometric designs.
The drawing should be neat and exact but the number of draw-
ings should not be large. Arithmetic problems may be solved by
this method, but it should not be greatly stressed, in view of the
fact that the development of skill in computation is one of the
major problems of the school. At the end of the report is a dis-

cussion f models and instruments, the abacus, multiplication table,
slide rule (rcgle & calewd). Finally, the svll: hus is an: alyzed by years,
giving the topics which may be omitted.

The Second Cycle. After four years’ study in the primary
gchool, the pupil enters the secondary school, which is divided
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into two parts, The first division of three years (fifth, sixth, and
seventh) forms the second part of the seven-year schools found
both in the towns and in the country, In reality, however, the
country schools consist of but the first three clusses (first to third).
The eighth and ninth years, which are the sccond subdivision of
the secondary schools, are expected to give an average education
to the majority (75 per cen®) of the pupils, only 25 per cent of the
students going to the higher schools, (This i according to data
from the Commissuriat of Public Instruction.) Thus, in the plan
of study and in the orgunization of the curriculum the predominant
problem is the continuation of the general cducation which the
seven-year school gives, The second objective is to complete within
the period of nine yeurs of acudemic work a general education and
to lay a foundation for a materinlistic concept of the world,
“Since the first objective depends on the second, the second cnd
of school is thus made clear.” At the same time the sum total of
the knowledge gained by the pupil in the second should be entirely
sufticient for the continuance of his studies in oue or another of the
advanced schools.

In regard to the purpose of the sccond division, as is the
case in the first, there is a change in the idea of o general eduea-
tion, regardless of the precedent of the pre-revolutionary schools,
and u shift of the emphasis to the social seiences on the one sde
and to the natural sciences in the larger sense of the word on the
other. It would be more correet to suy that this tendeney is apparent
in such studics us physics, chemistry, natural science, und mathe-
maties, which occupy less than a third of the student’s weekly
program,

The requirements of the higher schools, however, have pro-
voked certain tendencies toward lessening the number of hours given
to chemistry and to the natural sciences in favor of mathematies,
but it would be unjust to consider this tendeney as an out-
growth of the desire to complete un average edueation in a nine-
vear course,

The data in the first table below concerning the program of
studies of a seven-year town school are from the official record of
& mathematies teacher in o school which Luas not attained the level
necessary for the pupils to enter the highes school. The reader can
get xome idea of the nature of the work done in this type of school
by making a more or less detailed study of the table.
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ProcraM OF STUDIES OF A SEVEN-YEar Town Scuool

Total
Course 6th Year tth Yoar Tth Year | Numbet of
Losxonn *
1. Sociul Scicuces ...\, 4 4 4 408
2 Languuge .........000 5 ) 4 476
3. Mathematies ....vvvvis 4 4 5 442
4. Natural Sciences o, 3 4 4 3t
8. Chemistry ........0000, 1 2 2 170 ¢
6. Physies . oovovviiiii, 4 4 4 408
7. Geography ......... 00, 2 2 2 204
8. Foreign Lunguages ..., 3 3 3 304
9. Shopwork (Lravai) ... 3 3 3 300
10. Graphic Arts ......... . 2 2 2 204
11. Singing )
Musie b . 2 1% 1% 170
Rhythm
12. Physical Fducation ... 2 1 15 170

¢ ‘Plhe laxt column s enleututed on the basis of 84 weeks a year, of which one
Is devoted to argunlzation and one to fingl wark.
+ Prlor to the Sth schovl year, these subjeets are taught by  de same lastructor,

Prooiam or STUDIES OF A SECONDARY ScH00I—SEcuNd CyoLE
‘A, STUDIES COMMON TO ALL COURSES

Course sth Year Lt Year 'l‘l(l»tl!ll].:'\; ‘;l'l‘l'll*"'
1. Social Seicnees ... 5 | 4 300
2, Language and Literature. .. ... 4 4 272
3. Mathematies .o.ovvviiin. . 4 4 272
4. Nutural Sciences ..o, 3 3 204
5. Chemistry oo, 2 2 136
6. Physies oo, e 3 3 204
7. Modern Foreign Lunguages... 2 2 136
8. Graphic Arts ........ovviin 2 1 102
9. Singing
Music et eiabeeeeie s 2 1 102
Rhythm j
10. Physical Edueation .......... 2 1% 102
Total cvvvin i iiiiiiinn . 29 25 1836

® ‘I'wo hours in the course in pedagogy,
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B. ATUDIES BELONOGING 70 PARTICULAR COURREN

e e I g

Pedagogy

A Academic oo 9 12 4

b. Proegchool ... c00viiiens, 8 12 080

¢, Politien! Iustruction ........ L] 12 14
Coiiperative Course

a. Rural (Codperativeagricole) 9 13 748

b, Comsumer o.ovvvvvviiiiinns 9 13 8
Administration Course

a. Duties and Finanee.......... v 13 680

b, Insuranee ..o, 7 13 @so

e. Credit oo oovvviiciiiiiin 7 13 680

SYLLABUS IN MATHEMATICS FOR THE FIRST PART OF THE
SECOND DIVISION OF THE SECONDARY SCHOOL

Firra Ymar

Review and generalization of the pupil's knowledge of decimal notation,
on arithmetic operations with integers of considerable size and with decimal
fructions. Parts of a number expressed in per cents.

Relation between the given quantities and the results of operations. Cheeks
for computation. Sctution of simple equations by the relations thus established.
Effeet on results of changes in numbers themselves.

The straight lire, segments, measurement, Metric measures of length. Use
of ruler. Construction of straight line dingrams and graphs of empirieal data.
Estimating errors of measurement. Rounding o the results of operations on
approximate numbers,

Common fractions. Reducing fractions to lowest terms. Prime and com-
posite numbers. Conditions of divisibility by 2. 4. 5, 3. 9. Factoring. Least
common multiple. Operations on common fractions, Changing fractions to
decimals equivalent within an assigned degree of accuracy. Drill in computa-
tion with common fractions and decimals combined.

Right angle and its parts ag a measure of angles. Circumference, mensure-
ment of ares in degrees, menzurement of angles by their ares, use of the pro-
tractor. Construction of an angle equal to a given angle by ruler and compass.
Addition and subtraction of angles, Multiplication and division of angles by
a given number (by construction). Construction of designs using cireles, Adja-
cent aneles, Fqual adjacent angles, Perpendiculurs and obliques, Supplemen-
tary angles. Sum of adjacent angles. Sum of angles about a point. Vertical
angles,

Rectungle, square, parallelogram, triangle, trapezoid. Principal properties
of these figures, Their construetion with ruler and square. Metrie units of
area. Area formulax for the figures mentioned above. Area of polygon by
breaking it into triangles and trapezoids.

Use of letters to indicate operations on the numbers represented by the
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lettera. Iden of & power. Side of a square (of given area) given by trial and
by tables (of equare routs), Formulas for the rolution of problems. Order of
vperations, Use of parentheses, Evaluation of formulus for integral and frac-
tional values of the letters, Cube and rectangular prism. Metrie units of
volume, Volume formulas for cube and rectangular prism. Formula for com-
puting the volume from the weight. Metrie units of weight. Area and volume
of a trinngular prism.

Ratio. Ratio of scgments, arcus, volumes, weights, ete. Seales and the cons
version of linear scales into number seales. Ratio expressed as per cent. Relae
tive error expressed in per cent, Direct varintion. Properties of mean propor.
tions and the determination of the unknown term, Inverse varintion. Division
of a magnitude into parts having a given ratio. Problems on dividing 1 mage
nitude proportionally.

Solution of simple cquations in one unknoawn having numerieal cocfticients.

Circle and eylinder, Experimental determination of the ratic of a ecircum-
ference to its dinmeter, The numboer 3.14. Formula for the length of a circume
ference. Experimental detemmination of the area of a circle. Formula for the
area of a cirele. Study of o eylinder. Formalus for area and volume,

Construction of a triangle having three sides given. Knowledge of convene
tional notation.

Geodetie work:

(1) Survey of a field with simple contour by measuring lengths alone
(by breaking the aren into triangles).

(2) Sarvey by aid of the square,

(3) Muapping a field with simple contour or a footpath by use of a plane
table, compass, and trinngle.

() Muking a profile with a triangle and a surveyot's rod, a spirit levol
or i mason’s level,

SixTir Yrar

Axis of numbers. Gruphic representation of quantities whose direction is
opposite to ench other. Signed nambers. Absolute value. Addition and sub-
traction of signed nambers, Maltiplication and division of signed numbers
Solution of equations by transposing terms.

Parallel lines. Constraction with ruler and square. Equality of correspond-
ing angles and of alternate interior angles. Theorem of angles whose sides are
parallel. Properties of angles whose sides are perpendicular.

Power of a number. Finding integral or fractional powers. Powers of nam-
hers expressed by letters, Ralex for multiplieation and division of positive
powers of numbers having the same basze. Commatative law of multiplieation
(b == ba). Assceiative law (ab)e = (ae)h = a(be). Multiplication of mono-
mialx, Changing fractions having monomial numerators and denominators to
equivalent fractions. Solution of first-degree equations with two terms and
with literal coeflicients, Addition and subtraction of monomials. Four rules
for dealing with algebrie fractions with monomial numerators and denonii-
nitors,

Position of a straight line with reference to a circle. Position of line with
reference to two circles. The conditions under which a triangle is determined.
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Construction of a triungle, having its three sidea given. Construction of an
angle cqual tu u given angle by means of a ruler und compass. Construction
of a trinngle from other elements. Conditions that govern the cquality of
triangles. Theorem of the sum of the angles of u triangle. Clussification of
triangles according to their angles, Isosceles trinngle. Concept of symmetry.
Theorem of the bisector of the angle of un isosceles trinngle. Construetion of
axis of symuietry and of the bisector of an angle. Perpendiculars, obliques
and their projections. Distanee from a point to a line. Ereeting and dropping
perpendiculars. Division of a segment into two equal purts,

A polynomial as an algebraic sum, Commuiative law of addition ¢ + b =
b + a. Associntive law of addition a4+ (b—e 4+ ) = (a + b—¢) + d. Addi-
tion and subtraction of polynominls. Solution of equations. Distributive law
for multiplication. Multiplication of a polynomial by a monomial, geometric
illustrationa. Division of a polynomial by a monomial. Tuking out a common
factor. Simplification of algebraie fractions with polynominl numerators and
denominators by the removal of a monomial factor. Solution of equations of
the first degree with literal coefficients. Multiplication of one polynemial by
another. Geometric illustrations. Factoring a polynominl by grouping. Special
products (2 + b), (a—b)", (a+ b)(a—b). The use of special produets in
the multiplieation of two numbers, Factoviag by means of the formulas for
speeinl products. Computation of the difierence of two squares by factoring.
Simplifiention of algebraic formulas by combining fractions. Multiplication and
division of fractions having polynominl numerators »nd denominutors. Solu-
tion of fractional equations,

Qundrilaterals. Theorem for the sum of the angles, Axis of symmetry of
isoseeles trapezoid. Parallelograms. Theorems regarding sides, angles, diagonals.
A rectangle ax a special ease of a parallelogram, axis of symmetry, theorem
regarding dingonals of a parallelogram. Rhombus as a special case of a pural-
lelogram, axes of symmetry, properties of dingonals. Square as a speeinl case
of rectangle or rhombus. Axes of symmetry, Construction of quadrilaterals of
different types according to certain given conditions. Theorem regarding the
line which bisects two sides of a triangle. Division of a segment into equal
parts. Problems in computing linear elements and areas of quadrilaterals by
means of equations. Graph of functions y =ar, y = ar + b, and of equations
in the form y==ar+ b. Tranforming equations in the form ar+ by +
¢=0 into the form y=ar+ b. Simuitancous linear equations of the first
degree. Graphic solution of equations. Solutions by substitution and by com-
parizon. Solution of three simultancous linear equations in three unknowns.
Solution of problems by means of equations.

Circle and circumference. Axial und central svmmetry of a cirele. Theorem
concerning the diameter that is perpendicular to a chord. Relation between
the length of a chord and its distanee from the center of the cirele. Propertios
of the radius to the point of contact of a tangent. Construction of a line
tangent to u circle at a given point on the circumferrnee. Measurement of
angles and ares. Central angles, Measure of angles inseribed in a eirele. Angle
inscribed in a semicircle. Construction of a line tangent to a cirele and passing
through u given external point. Angle made by a tungent und a chord passing
through the point of contuct. Problems dealing with the mewsurement of the
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circumference and arcs of a circle, also with areas and scotors. Making of
designs on different seales. Concept of similarity.
Geodetic work (optional) :
(1) Measure of angles in a field with the simplest goniometer and the
application of this work to mapping a ficld with a simple outline.
(2) Making a profile by using a simple level.
(3) Finding the height of an object hy similur figures.

SevenT YEAR

Determination of the ratio hetween two line scgments. Construction of
similar triangles. Center of similitide. Properties of parallel lines which eut
the sides of an angle. Construction of a fourth proportional. Construction of
similar quadrilaterals. Conditions of similaritv. Ratio of the areax of similar
triangles and polygons. Coneept of sine. cosine, and tangent. of an neute angle.
Variation of trigonometrie functions with chunges in the angle. Three-place
tables of trizgonometric functions, Solution of right and isosceles trinnglos by
trigonometrie functions. Formula for the area of a triungle in terms of two
sides and the included angle.

Simple methods of ealeulation with rounded numbers.

Caleulation of the side of u square having a given area. Square roots of
whole numbers and decimals carrving the result to n unic of given order.

Pythagorean Theorem. Mean proportional. Relation between the height
of a right triangle and the projections of its sides. Algebmie relations hetween
the sides of a right triangle. Relation between the perpendicular dropped from
& point on a circumference to a dinmeter and the projeetions of the chords
on the same diameter. Relation between the lengths of a tangent. a seeant,
and the external part of the secant. Construction and caleulation of a mean
proportional.

Relations between the trigonometrie functions of an acute angle:

sin'z + cos3r =1 tan r= -

Incomplete equations of the second degree and their solution. Taking fac-
tors from under the radical sign. Inserting factors beneath a radical sign.
Extracting square roots of a fruction whose numerators and denomis.ators are
monomials or the perfect squares of hinomiuls, Graphie study of the function

y =ar=x b. The meaning of the cnn\mts a and b. Graph of y= % for dif-

ferent values of a. Coneept of function'y == ar® as un expression of the varia-
tion of a quantity p oportional to the square of another quantity. Graph of
this function for different values of a.

Construction and solution of equations of the second omder: two roots of
the equation, solution by completing the square. Formula for the solution.

Concept of inscribed and circumseribed polvgons, Construction of cirele
circumseribed or inscribed in a triangle, Properties of the angles of un inseribed
quadrilateral. Regular polygons, Construction of the following inseribed regu-
lur polygons: triangle, quadilateral, hexagon. Finding the value of the side
of each in terms of the radins of the circumseribed cirele.
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Computation of trigonometric functions of auglea of 30°, 45°, and 60°.
Construction of regulur octagon and dodecagon by doubling the sides of a
square or of a regular hexagon inseribed in a circle. Axial and central sym-
motry of regulur polygons. Size of their angles. Trigonotnetric formulas for
the sides and area of a regular polygon in terms of the radius of the inscribed
or circutnseribed cireles.

Caleulation from formulas of the area and volume of the following solids:
right prism, eylinder, cone, sphere. Applieation of these formulas for the area
and voluine to the solution of problems calling for the use of app.oximate
computation, Idea of ropresenting these solids by their orthc Zonal projections.

Geadetie work: Determination of inaccessible heights and distances by
finding the angles with a goniometer and by computing the results graphically
or hy means of trigonometric functions.

PROGRAM OF STUDIES OF THE SECONDARY SCHOOL
SECOND CYCLE
(8th and 9th years)
Emure Year

Summary of work with fundamental operations on algebraic polynomials.
Proof of the identity
(axbP=0n"%3a 4+ 3ab'x b!
Derivation of formulas for

=P g ol
a b n + b

Simple transformations and operations with expressions which contain the
racical sign. Bringing numbers under the radical sign, reduction to like roots,
multiplication, division of radicals, raising them to powers and extracting
roots. The simplest cases of clearing the denominator of a fraction of radicals:

a ____a_ @
V= Ve mvVbhxanve A/ b7

Generalization of the concept of an exponent, zero, fractional, and negative.
Irrational exponents,

Construction and discussion of the graphs of the funetions

y=af and y = loga z.

Logarithms and the principal properties. Operations with logarithms and
antilogarithms. Logarithms on the base 10. Tables of logarithms and their use.

Graphing and discussion of the quadratie funetions y =1 and y = aa’
Graphs and discussion of the functions

y=rxec, y=((rxb y=arr+br+e¢
where a is not equal to zero and where b* —4ar 5 0.

Study of the roots of an equation of the second degree. Geometric inter-
pretation. Decomposition of a trinomial of the sccond degree into linear
factors. Applieation to geometry,

Theoretns on the proportions conhected with s cirele——properties of the
tangent und secant properties of chords which cut within a cirele, The bisector
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of nu interior angle of & triangle. Numerical relations between the sides of a
triangle. Aren of a triangle us u function of its sides. Geometric construntion
of the expressions:
S — ab q' —
zm\AED zm T rEL = v/ ab

Solution of equations containing fractions involving the unknowns. Pos.
sibility of extrancous roots, Equivalent equations.

Solution of equations in which the unknown is under n radicn! sign and
in which the equation reduces to one of the first or second degree. Possihility
of extrancous roots,

Biquudratie equations.

Simplest cases of simu'tuncous equations of the sceond degree in two
unknowns. Solutions of the types:

() axy=aq, ry=0>.
@) P—pf=a, st y=)
@) X+ yP=a,ry=0b.

Position of lines and planes in spaces, perpendicularity, parallelism, angle
of inclinntion between a line and a plane, the theorem of the three perpene
diculars.

Relations between planes, parallolism, perpendiculavity, dihedral angles.

Angle made by two lines in space.

Polyhedral angles.

Principal properties of parallelepipeds and pyramids, their arens.

Trigonometric funetions of an obtuse angle and their relations to those
of an angle less than 90° and more than 45°.

Variation and gph of the trigonometric functions of angles between 0°
nnd 180°. Law of sines and of cosines, Their use in the solution of triangles.

Logarithmic tables of trigonometric quantities,

Use of logarithme in ali questions studied in geometry, trigononietry, and
in algebraie technique.

NiNTH YEAR

Arithmetic and geonietric progressions. formulas for the nth term and for
the sum. Use of these formulas in solving problems,

Concept of variation, constant and variable quantities,

Concept of infinitely large and infinitely small magnitudes ar d their limits.

Principal theorems concerning limits.

Increasing and decreasing geomotric progressions of an infinite number of
terms. Limit of the sum of a decreasing geometrie progression.

Irrational numbers defined hy two series of rational numbes. IMNustration
by a graph. Equality and inequality of rational numbers. Operations with
irrational numbers. Ratio of incommensurable line segments,

Regular polygons, length of the circumference of o virele, uren of a cirele.

Cavalieri's Thearem applied to volumes of prisms and pyramids.

Volume of eurved solide—eylinder. cone, sphere,

Generalization of the concepts of angle and are. Angle measurement in
radiang and in degrees.

Trigononietrie functions of the general angle. Graphs of these functions,
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their periodicity. Inverse trigonometric functions. Formulas for changing trigos
nometric functions to simpler form. Functione of the gum and difference of
two anglex, of 1 double ungle, of a half angle. Formulae with logarithims.

Formulas fur the solution of =ealene trinngles, Computation of the area of
a pulygon by decomposing it into trinnglos,

Solution of exceedingly simple eauntions of higher degree.

Solution of simple exponentinl and logurithinie equations, Concept of the
solution of inequulitivs of the first dogree. mo .

Permutations, anrrangen.ents, combinations. Theorem Cw == Cpn. Nowton's
Binomial Formula (x 4+ @) for n u positive integer wd the prineipal propers
tiea of the terms of the expansion.

To realir eomprehend the bearving of this syllubus, it iz neees-
sary to dizeuxs again the spirit in which it was made and the pur-
poses which it serves in the teaching of mathemutics, The general
statements which appear in the Syllabus and Edvecational Methorls
in the Unified Activity School (Moscow, 1027) give n detailed re-
capitulation of these purposes. Only the main ideas will be pre-
sented,

It beging with the statement that it upholds the same point of
view in regard to mathematies and its place in the curriculum as is
given in the preliminary memoir of 1925, It then states that mathe-
matics, like seience, has no value intrinsie to itself but that it is
rather a method of thought, But, it savs, if mathematies is not
taught for itself and if it does not play cven a subsidiary part
elsewhere, that does not imply that there is no place for it in
the schools, The question has been raised in heated arguments to
combat the old idea that mathematies is taught exelusively for one
end and that it hag a role independent of the general system, The
place of mathematies in the enrriculum may be suceinetly formu-
lated as follows: Mathematies is a discipline, practical and neces-
sary for the pupil: an instrument with which he should become
familiar for the sake of its uses hoth in sehool and in his life outside
the school, whatever his ealling may be. The utilitarian value in
mathematier and the necessity for training in mathematies consti-
tute its justifiention, Prior to the revolution, the purpose of mathe-
muatics, especially geometry, wax held to be the training of the mind
in logical thinking. Although thix idea is recognized to-day, it is not
predominant. This negleet of the value of method ought to make
itself felt and one nmst wait for future developments, not denying
the utilitarian purposes of the teaching of mathematies but making
use of them, as indeed was the eaxe with the proponents of mathe-
matics as traininge in rigorous thinking,
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By PROFESSOR PAUL UEEGAARD
G:lo

Period of Consolidation. Concerning the teaching of mathe-
matics in Scandinavin the years after 1910 may be charucterized
a8 forming a period of consolic 248 1 in which the great cduentional -
reforms of the close of the Nieteenth and the beginning of the
Twentioth Century have been vortized and tried in practice, and
where material for new proposals have been colleeted, In the year
1028 the preparatory work for sucv proposak. is far advanced in
Denmark and Norway; in Sweden they have resulied in the Act
of 1827, The changes in the teaching of mathematics, however, will
probably not be very significant.

Concerning this period, the interest ix chiefly centered in sce-
ondary cducation, Though the three Seandinavian countries as
states are mutually independent, they are still connected by rtrong
ties, The causes are partly historieal and geographical and partly
founded on the aftinity of languages. The conformity in the course
of development regarding the educotional reform is obvions,

Types of Schools. In ull the three countries there existed in
the nincteenth century three ditforent types of schools without
any organic conneetion: (1) Latinskolan (the classical sehool), pre-
paring for the oflicial carcer. (2) Borgerskolan (the middle-cluss
school), (3) Folkskolun (the public schpol), On account of the re-
forms reforred to above, the first, two types were in Denmark and
Norway attached to a secondary school, with two suceessive pars
titions—the Middelskolan and the (Fymnasiet (the middle xchool
and the Gymnasium), The reform was the result of the political
growth of the democracy, The final examination of the (Gymnasium
Clrtiumey was mainly meant as a test of the completion of o higher
education. But the passing cortificate entitles the holder to study
at the university, The number profiting by this right is increasing
in & surprising manner,

The work of the secondary sehool in Norway is mainly deter-
mined by the uet of 1896, further developed by departimental regula-
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tions and by supplementary acts of 1897, 1802, 1910. and 1019, (See
liov om hocjere Almenskoler (1) Middelskolen, :2) Gymnasict,
Kristinnia, 1911.)

In Denmark the new orientation was created by the Act of
1903. (Sce Lov om hocjere Almenskoler mm., Copenhagen, 1807;
and the continuations, Retsregler (2) 1908, (3) 1912, (4) 1017, (5)
1923.)

In Sweden the peform began with the Aet of 1003, (Sce
Firfattnings-handbok angaa:nde rikets allminna ldroverk, utgiven
av BoJisen Bergquist ock Alfred Nordielt, Foerra delen, Stockholn,
1910.)

It will not be necessury to enter into detuils concerning Den-
nmark and Sweden with respect to the time before 1010 It will
suflice to refer to the following books;

Der mathematisehe Untervicht in Sehwedon, herausg, von Dr,
H. von Koch und D, E, Géransson. Der Mathematihunterricht in
Ddnemark, Bevieht erstattet von Poul Heegaard, Copenhagen, 1912,
Rohrberg, Der mathematische Untervicht in Ddinemark, Leipaig,
1815. Fr. Fubricius Bjerve, Matematikhens Stilling & den hocjere
Skole, Mathematisk Tidskrift A, Copenhagen, 1927,

For Norway there does not exist any suel helpful literature,
and go it is desirable to give a short swnmary, A reform in 1869
in Norway expecially joined the middle school and the Gymnasium,
But entrance to the former was sueh as to provide for a natural
transition from the public xchool. The tendency in the evolution
was to make the complete publie school the only prerequisite for
the middle =chool, In the year 1920 this plan was completely real-
ized, In this way the instruction in practical arithmetic in the public
school forms a preparation for the raching of arithmetic and
algel.a in the middle school,

The organization of the public school ix theoreticully  still
based on the Aet of 1889, and the training of its teachers on the
Act of 1902, but of course many alterations have been made meqn-
while. The Minister of Eeclesiastical Affuirs and Public Instruction
is ut the head of this work, as of the other types of schools. The
department has to sunction every new schoolbook. This serves to
control the evolution of the school work ard at the same time
affords u certuin latitude for private initiative.

Textbooks in Arithmetic. The three most common arith-
metics are those of J. Nicolaysen, Ole Johannesen, and Olay Schul-
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stad. They treat the following topies: The four fundumental opera-
tions with integers, simple fractions and decimals, upplications to
daily lite, interest, dizseount; areas of  parallelograms, tudangles,
trapezoids, and vireles; volumes of solids of corresponding hmpor-
tance; and some work in houschold accounts and simple book-
keeping.

The oldest book of the three—that of J. Nicoluysen—tended
to mnke the teaching much more elear und intelhigible than before.
That of Ole Johunnesen luys stress on condensed and plain reason-
ing. The one by Olav Schulstad ehooses the problems from the
gphiere of interest of the children and only such us have practical
applications, The book iz suppletnented by instructions for the
teacher. Great stress is laid on the thorough treatmment of the cle-
ments of arithmetie.

The result of all this movement has been o deeided tendency
to remove much unnecessary material, including caleulations of
unused fractions and the finding of curious but useless volumes.
The results of the modern investigations into the psychology of
the teuching of arithmetic have not yet attracted sufticient atten-
tion. However much the ancient methods may be criticized, it still
must be conceded that the results in the skill of reckoning were,
in general, very satisfactory.

According to the Act of 1896 the middle school had four clusses
at most, and generally there were only three, admission presup-
posing familiarity with the number system and with the common
units of value, weight, measure, and time, the four operations with
integers and deeimal fractions, simple practieal applications, and
skill in mental caleulation. Since 1920 there have been generally only
three classes.

Objectives. The following teaching objectives are set up:

1. 8kill in practical reckoning and its application to the prob-
lems of daily life, including the finding of square root, the caleula-
tion of arcas and volumes, and simple bookkeeping.

2. Arithmetic and algebra, to the theory of exponents, with
rational numbers only; the clements of radicals and easy equations
of the first uegree.

3. Geometry, ineluding the theory of sindlar triangles, problems
in the construction and measure of plane figures, including casier
problems about polygons and cireles.

The Act of 1902 limits the elasses in the Gymonosivm to tnee.
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and allows pupils to follow any onc of several different lines:
ta) Reallinjen, mainly of a0 mathematicnl and physical charieien
and (b) linguistic and historical lines with or without Latin,

As objectives for the teaching in mathematies of all kinds there
are set up in the Aet of 1910 the clements of arithimetie, algebra,
and plane geometry in eontinuing whai has been taught in the
middle school; the elements of trigonometry ; problems in construc-
tion and caleulation, In Reallinjen in addition: advanced algebra;
trigonometry continued; the elements of solid geowmetry; and conic
sections analytically treated; the elements of deseriptive geometry,
with exercises in drawing, For certain harts of the above schedule
it is allowed, when desirable, to substitute clementary caleulus and
its applications,

Two Types of Schools for Teachers. Although the above-
mentioned reform of 1896 has to some extent closed the breach
between the different types of school, which was the result of former
social conditions, the line of demureation still shows itself between
the two types of schools for teachers; namely, the *seminaristic”
(for public schools) and the “‘academic.” The systematic peda-
gogical training of the first of these is the older, At present it is
wainly governed by the Act of 1902.

Before the reform of the secondary school, a theoretical uni-
versity educution was regarded as suflicient preparation for the
teachers in the Gymnasivm; but since the reform more and niore
stress has been laid on the pedagogical side of the university train-
ing of teachers. To the aeademie work in the university (in Oslo)
for a degree there hus been added g pedagogical seminar with both
theoretical instruction and practice teaching, (See Reglement for
den sproglighistoriske oy den matematisk-naturvidenskabelige
embedseksamen og den pacdagogiske eksamen, 1903, and Reglement
for det paedagogiske seminar og pacldagogisk cksamen, 1908.) Since
1910 this plan of training has been still further developed, The
departinent of public instruction has controfled the development
of the plan of training just referred to above partly by regulations,
partly by authorization of new textbooks, und partly through the
council of education, which im=pects the teaching and the exami-
nations,

The plan of education for the secondary =chool, issued by the
departiient in 1911, reconmended the following time =chedule for
the week:
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Hour-Perlods
Subject
1 11 111 1v
1. For a middle-school with 4 classes:
All subjects (singing and gymnas-
ties not ineluded) ........ovvuuees 36 36 36 36
Mathematies, including arithmetic. 6 a 5 I 5
2. For the Keallinje of the Gymna- -
sium:
All subjects (as above)....covvvens 30 3t 31 !
Mathematies «..ovvvvivieiineneen, 5 6 6 |
Descriptive geometry ......ovveen 1 1
3. For the linguistic line of the Gymna-
stum:
All (as above).....ovvvevniennens,s 30 30 30
Mathematies .....v0vven. o RN 5 3 0

The nature of the work tends to discourage the practice of
mere memorizing and purposeless formality such as charac-
terized too manifestly the instruction of the past, and to develop
a real understanding, self-activity, clearness of expression, and con-
tact with practical life.

This endeavor to form the whole subject of mathematics into
a harmonious unit has already led to a more perfect coherence,
not only in relation to its different parts, but also in relation to
practical life and to the progress of civilization, For example, the
teaching of arithmetic in the Class I of the middle school has been
go remodeled as to form a more natural preparation for the later
work both in arithmetic and in geometry. By object lessons the
teucher leads the pupils to an understanding of the fundamental
mathematical ideas much more clearly than was formerly the case.
This i+ done by uppealing more successfully to the intuition of the
learners. In this way the transition to theoretical mathematics with
its scientific deductions is rendered more natural and more simple.
It has also been found that the way to a liberal education is made
more interesting through a moderate use of historical details.

Examinations. The examinations are partly written and
partly oral. In the written examinations at the middle school four
problems are given, two being in arithmetic (3 hours) and two in
mathematics (3 hours), and at the Gymnasium three or four prob-
lems, partly based upon textbook propositions. It is permitted to
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use tables of logarithms, squares, cubes, square roots, cube roots,
and the function (1 + “f(:)c()‘)n' The written problems are proposed

to all the schools at the same time by a departmental Examination
Board.

The Gymnasium. In the year 1919 certain changes were made
in the organization of the Gymnasium, but these were not of vital
importance in the teaching in mathematics. Formerly the division
into special courses did not begin until Class 1I. At present, how-
ever, it begins in Class I, where a language course including Greek
is introdueed. The following is the time schedule:

1 | 11 | 11
ITours Weekly
For the Reallinje:
Mathemuties .......... Ceees e 6 5 6
For the linguistie lines:
Mathematies ..o, e 5 3 0

For the language courses the amount of mathematics has been
somewhat lessened. In the examinations it is permissible to use
four-place tables of logarithms of numbers and of trigonometric
functions using decimals of a degree instead of minutes and seconds,

Textbooks. As to textbooks, the arithmeties by Ole Johan-
nesen and Fyn-Juel are used in the secondary school. The greater
part of the mathematical textbooks (by Bonnevie, Sorensen,
Eliassen, Alexander, C. M. Guldberg, Platou and Ole Johannesen)
are of the older type; but the textbooks by M. Alfsen (Plangeometri
for middelskolan, Algebra 1 & 2, Plan trigonometr, Elementaer
stcreometri, Analytisk plangcometri) are greatly influenced by the
modern ideas. They exhibit the development from an abstract
formalism to u conerete perspicuity, away from the Euclidean form.
It is not sufficient to know that a mathematical theorem is right;
the pupil should alsu, as far ax possible, know why it is so. In order
to develop the eye for geometry, the author uses motion as a
means of proof (symmetry, rotation). In the work on conic sections
a similar plan is followed. The elementary algebra emphasizes the
applicability of the subjeet to practical life and its importance
for thie economy of thought.

Modern ideas are also seen in a scries of textbooks for self-
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instruetion by Almar Naess, Stress has been laid on clearness of
expression. The reader often prepares himself unconsciously for the
general theorems, being led inductively by a series of numerical
examples.

Asx already mentioned, the tendeney in the development of the
teaching of mathemnaties has been the same in the Scandinavian
countries, Nevertheless, the ideas have been more rapidly accepted
in Denmark and Sweden than in Norway.

For example, in all three countries the schools are permitted
to introduce the elements of ealeulus, but this permission has been
used only in Denmurk and Sweden. In these two countries the
introduction i now complete and has been well received.

In Denmark the scholarly but somewlat heavy textbooks of
Niels Nielsen, Kragh, and Kruger separate strictly the different
branches of the subject, materially and methodically. The books
of T. Bonnesen issucd 1904-09 were the first to embody modern
ideas and especially those of Felix Klein, bringing in fusion, early
introduction of the concept of functions by graphic representations,
und clearer distinctions between axioms and theorems (see Rohr-
berg, Der mathematische Unterricht in Dédnemark, pp. 29-32).
Muany of these ideas are also found in the books of Pihl and Sv.
Kristensen (1926-27)., The theory of irrational numbers is there
given with reference to ;. Cantor.

In the upper classes the interest and discussion is coneentrated
on the books of J. Hjelmslev, Elementaer geometri (1) 1916; (2)
1919; (3) 1921; (4) 1923; his Elementacr aritmetick (1) 1925;
{2) 1926; and his Den lille gcometi (1) 1925, Copenhagen. His
system is based on his distinetion between the “geometry of reality”
(Virkelighedsgeometrty and the “geometry of abstraction.” (Nee,
for «xample, Dic Geometri der Wircklichkeit, Acta mat., Vol.
40.) The first is a science of things—edges of rulers, table tops,
ete.—considered empiricully and inductively, its theorems being
only partly proved. The second is a formal science of defined con-
cepts, deductive and preeise. Pedagogically the geometry of reality
has the advantage of treating of real things, but its theorems lack
the simpleness of the abstract geometry. The modern teaching of
geometry, with the emphasizing of intuition as a basis, is, properly
speaking, a union of the two, A= with all textbooks of a revolution-
ary character, those of Hjelmslev have had difficulties in obtaining
access to the schools.
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The teaching of mathematics in the language courses has been
much discussed in Denmark in recent years. (See De hoejere
Almenskolers Laererforenings Beretning, 1913, pp. 96-120, and
Fr. Fabricius-Bjerre in the Matem. Tidskrift A., 1927, pp. 90-94.)
Certain teachers would retain the theoretical mathematics now in
uxe with its exercise in rigorous thinking, while others demand more
practical mathematics with exercise in applications to real life.
Still others would have no mathematies at all. C. Hansen, who has
remodeled the well-known books of Jul. Petersen has, in his book
Anvendt Mathematik (Copenhagen, 1924), applied mathematics to
mechanics and spherical astronomy. The book has been used for
several years with good results in the “\Ietmpolltan School.” To
obtain further experience the department of education in 1924 per-
mitted the schools to substitute for the theoretical mathematics a
more practical treatment of the subject.

As in Denmark, the new ideas are already scen in the textbooks
of Sweden. This shows itself in the introduction of the function
coneept in graphical methods, and of tablex of logarithms with four
figures, and in the effort to secure less heaviness of style. Accor ding
to information which Dr. Alander has been so kind as to give nie,
the function idea has been accepted with general =atisfaction. The
most commonly used books are those of Josephson, Mattson, and
Wallgren. The introduction of graphical methods in algebru has,
on the contrary, met with great opposition and partly for this
reason books of Wahlgren, Mattson, and Hedstrém-Rendahl have
not been able to supersede the on'or but excellent work of Moller.

The most widely used textbooks on conic sections are those of
Collin and Hedstrom-Rendahl; and in trigonometry the work of the
last two authors is the favorite. In thix book the number of formulas
has been reduced and the examples are simpler.

In the technical schools in Seandinavia since 1910 there has not
been any significant chunge in the teaching of mathematies except
to adapt the organization to the uewer features.

One important new development is the training of actuaries.
Formerly this work was done by insurance companies themselves,
but in 1917 there was introduced an examination of actuaries at
the universities of Oslo and Copenhuagen, and the same change is
proposed in Sweden. The teaching includes besides pure mathe-
matics, theory of probabilities, adjustment, interpolation, s statistics,
mathematies of insurance, and political cconomy.
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By PROFESSOR 8, GAGNEBIN
Gymnase Cantonal, Neuchétel

Uniformity of Instruction. In the report on the teaching of
mathematics in Switzerland presented at the International Congress
in Rome in April, 1908, Professor Fehr stated that the most note-
worthy characteristic of the organization of the Swiss schools lay
in the academic autonomy of the twenty-five states (cantons and
half-cantons !) which make up the Swiss Confederation. One can
easily imagine the difficulties that had to be met in establishing
a real uniformity among the varied programs of the gymnases of
the cantons and communes. The struggle to achieve this result lasted
for nearly sixty years, the deeisive years falling within the deeades
with which we are principally concerned. Two factors have made
major contributions to the establishing of uniformity of instruction.
The first of these was the founding of the Ecole polytechnique
fédérale in 1855.2 The second vas the adopting of the Federal Con-
stitution of 1874, which gave the Fedcral government authority to
regulate the conditions which must be satisfied by those who wished
to practice medicine in Switzerland. At the same time, the Consti-
tution empowered the state to intervene in the training of medical
students.

The Final Step. The final step in the centralization of control
was an aet called “A Law on the Recognition of Graduation Cer-
tificates by the Federal Board” (January 20, 1925).3 (These
graduation certificates are the degree of baccalauréat to whieh later
reference will be made. This degree is granted at the completion
of the thirteenth school year.) Prior to the passing of this bill, two
independent authorities were concerned with the examinations: the

tThree of the twenty.wo cantons or statex of Switzerland are divided into
half-cantong whoxe power In local affalrs is ~quivalent to that of a whole eanton
but whose share In federsl matters is half that of a eanton,.—Editor,

3Thix school, located at Zilirich, is an Its name Indleates a federal Institute of
technology offering advanced work in many tields.

! Yrdennance sur la reconndissance des certificates de maturité par le Conseils
Jédé-al suisse,

’ 120
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Federal Council of the Ecole polytechnique fédérale and the Federal
Commiission on Baccalauréats.

Regulations of 1908. The most recent regulations concerning
admission to the Ecole polytechnique fédérale is of the date Novem-
ber 7, 1908. It contains an examination syllabus and provides for
an agreement between the Council of the Ecole polytechnique and
the schools which granted the baccalauréat.

Regulations for Medical Examination. The regulations for
admission to the state examinations for the medical professions may
be summarized as follows: a decree of the Federal Board dated
March 10, 1891, ereating a Federal Commiigsion on the Baccalauréat
(Commission fédérale de maturité). The last ruling of this com-
mission was dated July 6, 1906. It contained an examination
syllabus, but the Commission could not issue certificates except to
candidates who satisfied the necessary conditions for passing the
examinations for the baccalauréat in a Swiss gymnase. On the
other hand, it listed schools whose graduation certificate was recog-
nized as a certificat de maturité, and the commission was under
obligation to assure itself from time to time that the schools here
listed were continuing to offer the various courses required by the
regulations,

Three Types of Certificat de Maturité, By the Act of
January 20, 1925, the Federal Board recognized three types of
certificats de maturité: (A) the Greek-Latin type, (B) the Latin-
modern language type, and (C) the mathematics-natural science
type.

These three types of diplomas carried with them the privilege
of admission to the state examinations for analytical chemists and
of admission as a regular student without other examination to
the first semester of the various divisions of the Ecole polytechnique
fé¢dérale. Candidates not possessing one of these three diplomas were
required to pass an entrance examination. From the point of view
in which we are interested, this syllabus is almost identical with
that which leads to the diploma of type C (mathematics-science).
Diplomas of types A and B carry the right of admission to the state
examinations for the medical profession. The same is true of the
diploma of type C when the applicant has passed an additional
examination in Latin before the Commission fédérale de maturité.

This Commis:ion proposed that the Federal Board recognize the
aegree of bacealauréat granted by a canton, provided that the re-
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quirements for this degree should satisfy the conditions imposed
in the Ordinance and provided that the canton should guarantee
that the school issuing the degree continued to satisfy the stipulated
conditions,

Thus the admission to the government examinations rested
in the hands of two authorities. Now there is but one. The import-
ance of this is self-evident as a step in the unifying of the curricula
of the gymnases and as a possible consequence, in unifying that of
the Swiss universities,

The recapitulation of the issues involved and of the debates
which resulted in the publication of this ordinance by the Federal
Board would exceed the limits of this report.t I will merely say
that the syllabi that accompany the ordinance may be considered
as the result of a compromise concerning three things: the demands
of the Ecole polytechnique fédérale; the demands of the Comité
directeur des examens de médecine and the whole medical staff; and
the desires of the school authorities who were defending the
autonomy of the institutions granting the baccalauréat. This sylla-
bus is also the result of the general spirit which manifested itself °
among us during the World War and which is characterized by
a tendency to set a high value on what is customarily ealled
personality or general culture rather than on a great mass of
special knowledge. Article 15 of the Ordinance is a pledge of this.
It deals with the maturity of attitudr required by the higher schools
and it closes with these words: “The development of the qualities
of the mind, the training of the will and of the character quite as
much as physical education should keep step with the development
of intellectual maturity.”

This tendency is very evident also if one compares the two
examination syllabi for admission to the Ecole polytechnique
fédérale. Although the ruling of November 7, 1908, provided for
but one written examination—for general background, an essay in
French, German, Italian, or English—the ruling of July 23, 1927,
requires two; that is to say, an es=ay in the mother tongue and a
question in a foreign language. Furthermore, the part of the syllabus
relating to general culture occupics one page in the first of these
regulations and but two in the second; whereas the sections relating

¢ For this, eonsult Lex Colléges et lex Gymnasea de . Nuizse, by Dr. A, Barth,
Dean of the Ercole de jewunes filles at Basle, French wditiva by Ch, Gillard, Director
of the Gymnase cluarigue in Lausanue,
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to special subjects have kept the same dimensions as before. In
other respiects, the examination for admission is practically equiva-
lent to the certificat de maturité of type C (mathematies-natural
science course),

Before concluding this topie, it should be repeated that the two
other courses (Greek-Latin and Latin-modern language) also pre-
pare students to enter the Ecole polytechnique.

Effect on the Teaching of Mathematics. Let us now con-
sider the bearing of this general movement on the teaching of
mathematics. From this point of view, let us make a brief com-
parison of the syllabus for admission to the Ecole polytechnique
as it appeared in 1908 and again in 1927. The principal difference
is that the function idea is now greatly stressed. Its introduction is
prepared for by a study of the graphic solution of equations of the
tirst and second degree. Later, the student considers the graphic
representation of the functional relation of two quantities chosen
from the field of mechanics or of physics. He then goes on to the
derivatives of rational and simple transcendental functions, and
finally he applies these concepts to the study of the variation of
functions (I’étude des wvariations des fonctions). Another innova-
tion is the application of the study of eombinations to simple prob-
lems in probability and in life insurance in the same way as spheri-
cal trigonometry is applied to mathematical geography.

Geometry. (Geometry is presented as the study of the proper-
ties of space: coincidence by displacement, similarity, symmetry,
geometry of position (relation de position), and geometric construc-
tions. The new program also includes the study of poles and polars,
and it requires practice in geometric design in pencil and in water
colors.

Algebra. On the other hand, the course in algebra no longer
includes the algebraic and trigonometric solutions of equations of
the third degree, nor does it include the study of the properties of
regular polygons from the point of view of the division of an arc.
Morcover, it lessens the work in the elementary coneepts of a series.

These changes may be deseribed as a concentration of the
svllabus about the fundamental principles: practice in computation
which is of paramount importance, knowledge of the geometric
properties of space, and the acquisition of the analytic and graphic
tools that permit the pupil to study the functions and to represent
them.
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We should remember that in modifying the curriculum of the
French lycées, the regulations of 1902 and of 1905 showed the
influence of this objective. Professor Fehr sponsored the same aim
in an address before the Swiss Society of the Teachers of Mathe-
matics in 1904. In this address, he called attention to the fact that
Felix Klein had presented the same views in the vacation lectures
at Gottingen at Easter in the same year.

Similar remarks might have been made in regard to the syllabus
in mathematics in the Réglement des les cxamens de maturité pour
les candidats aux professions mldicales (July 6, 1906), and in the
Réglement pour les examens du type A et B of 1925. The sccond of
these is built about the function idea, but the study of functions
is not carried so far as it is for the certificate of type C which
we are about to consider.

On the other hand, the new program omits both the solution
of equations of the second degree in several unknowns and the whole
topie of combinations (analyse combinatoire). Descriptive geometry
does not appear in the curriculum leading to the certificates of
types A and B.

The Syllabus in Mathematics and Physics. The syllabus in
mathematics and physics is as follows:

MATHEMATICS

Theory of numbers (arithmetique), algebra, and unalysis: Concepts of rationul
and irrational numbers, Algebruie computation. Logarithms. Fquations of
the first degree in one or more unknowns. Equations of the second degree
in one unknown, algebraic and graphic solutions. Arithmetic and gennietric
progressions. Compound interest and annuities. Ratio of dependence and
the graphic representation of functions,

Geometry: Simple geometric forms. Relative position and constructions in a
plane and in space. Coincidence, similarity and symmetry. Simple methods
of drawing. Computation of areas and volunies.

Trigonometry: Right triangle. Law of sines and law of cosines, for the general
triangle. Solution of triungles. Trigonometric functions of various angles and
the addition theorems of these angles,

Analytic Geometry: Study of the pomt, straight line, and cirele by rectangular
cobrdinates, Simplest equations of conie seetions, Prineipal propertics of
these curves.

ADDITION AL REQUIREMENTS FOR COURSE ©

Complex numbers and operations with these mumbers. Second degree equa-
tions in two unknowns. Approxiniate solution of cquations. Elements of the
theory of combinations. Simple problems in the ealculation of probabilities
and life insurance. Derivatives of rational functions and of the simuplest
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transcendental functions. Approximations to the length of arcs and to sur-
faces and volumes.

Goniometry. The general plane triangle. Right spherical triangles. Law of
sines and of cosines for the general spherical triangle. Applications taken
from mathematical geography and astronomy. The study of conic sections
by means of poles and polars.

DESCRIPTIVE GROMETRY (TYTR ©)

Representation in u plane and in elevation of o point, line, and plane, and
the constructions relating to them. Plane figures drawn in projection and
isometrically. Drawing of polyhedra, plune sections and intersections. Draw-
ing of cylinders and of right cones. Study of their points, gencratrices, tan-
gent planes, and cross sections, Representation of a sphere. Geomotrie
design. Constructions with ruler and compass. Use of pencil and water colors.

Puvysics

Fundamental concepts of mechanics. Equilibrium of golids. Wave theory.
Production and propagation of sound. Fundamental ideas of acoustics as
applied to music. Heat. Expansion due to heat. Measurement of heat.
Elements of thermodynamics. Change of state due to heat. Optics. Straight
line propagation of light, rcflection and refraction. Measurement of light.
Dispersion. Optical instruments. Spectrum analysis,

Magnetism. Electrostatics. Electric currents. Magnetization of solids, liquids,
and gases. Practical methods of measuring electricity. Heating effect of an
eleetric current. Current through a circuit. Induction. Additional require-
ment for type C: dynamics, elements of physical optics.

Newer Developments. It is evident that the syllabus of 1925
showed a reductiou in the required subject matter, but this reduc-
tion was in harony with the remaking of the syllabus on a new
plan; namely, in centering it about fundamental concepts, which
was the desire of those who had been occupied with the teaching
of mathematics in the preceding years. In debates such as those
raised by the issue of federal certificates, from which polities
has not always been absent, the type of instruction such as that
with which we are conecerned is put on the defensive; and on the
whole, we have cause to congratulate ourselves on the outcome, The
Swiss Socicty of the Teachers of Mathematics founded in 1901
certainly played its part. It was able to keep constantly in touch
with the representatives of the Conseil de PEcole polytechnique.
At the same time, the members of this board always displayed great
interest in questions regarding instruction in the secondary schools.
They were present at the meetings of the Society and even presented
important papers at them. It is there that Professor Meissner read
his Report on the Teaching of Mechanics in Secondary Schools ®

Rupport sur UEnseignement de ln méeanique @ U'deole moyenne,” Kerue générale
des Sviences purce e appliqudes, December 31, 1927, p. 680,
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which was so valued by his hearers, and which received so much
attention in France, In conneetion with the new regulations for
admission to the Ecole polytechnique, Professor J. Franel presented
a work which was published in his Annaive and which has un-
doubtedly contributed to the establishing oif new bonds between
this sehool and the teachers of the secondary institutions,

Influence of the Swiss Society. The Nwiss Noeciety  of
Teachers of Mathematies s constantly stinnlated work on divers
points of the program of instiuction in the gymnases, Finally, in o
conference at Zoug (1922 it fixed upon claboration of the plan of
study which werits particular attention from the point of view of
the question raised ut the beginning of this report, We should eall
to mind the important publications undertuken by the Swiss ¥yh-
committee of the International Commission on the Teaching of
Mathematies (1008201, These formed complete picture of the
work in Bwitzerland in ol levels of instruetion. Of the nine seetions
of this report which appeared under the diveetion of Professor I,
Fehr, one was devoted to the Swiss gymnases, olassic as well ax
seientifie, This was written by Professor K. Brandenberger of Zinvich,
whose memaory is greatly revered by the mathematics teachors of
Switzerland.® The author uses very ingenious anl complete tubles
to <how first that there is no uniforite of eurvienls in GUNnases;
second, that the syllabus for admisdon to the Eeole polytechnique
(1908) and that of the matwrite fCdcrale in preparation for the
medieal professions (1806) have always been considered as minimal
requitenients and that these requirements have been sreatly ox-
cecded in the secondary sehoals: and third, that the materinls
treated i these sehools are exceedingly diverse and in the mujority
of caxes are mueh more numerons than those which appear in the
fedvral svllabns,

Plan of Study. Scveral times in the meetings of the Socioty
of the Teachers of Mathematies a desire was expressed of framing
a plan of study which might be consulted on the oecasion of changes
in the eurticalum in the gymnases, This was onoe of the theses with
which the late Professor Otti of Aaran coneluded a menoir pre-
sented at Baden in October, 1015, on the subjeet: “What topies may
be omitted in the program of instrnetion in mathematies? * This

CThix I an wetavo buakbeg of 157 ttzes qndhilislpad by Gearg, Baste aiud Genaevy,
w11,

Teuele chaptties pourrnitoon subpriper des programmes densefgnement deg
mathcmatigues?™ 1 Ensvignrme nt mathemeatinvy Vol I (110, o s,
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also is Conclusion 8 of the report which the Federal Department of
the Interior asked of Dean Barth of Basle and which appeared
in 1910%

This plan of study in mathematies wns developed by a com-
mission under the piesidency of Dr, H. Stohler of Basle, the edi-
torial work being cntrusted to Dean Amberg for types A and B,
and to Professor Schilepp for type C. This plan of study was sub-
mitted to the members of the Socicty in January, 1926, It remains
substantially within the limits set by the Ordonnance of 1925,
searcely exceeding these bounduries, but it is much more detailed,
the topics for instruction are arranged with great eare, and it is
accompanied by suggestions of teuching methods and by explicit
statements of the point of view which fueilitates the student’s learn-
ing, The plan indientes the number of hours that should normally
be devoted to the study of mathematies in each class, antl\, it
includes o tuble compiled by Professor Flilkiger of Berne, giving
the average number of hours devoted to the various branches of
mathematics on each level of instruetion in December, 1925,

Publication of Teaching Manuals. I should also add that the
Society of Teachers of Mathematics and the Swiss Mathematieal
Society had a special joint meeting at Berne on May 20, 1928, It
was decided at this meeting to publish teaching manuals +-hich
should conform to this plan of study. An editor was chosen aud an
editorial committee was selected for each part of this work. Each
section is in two volumes—one dealing with theory, the other con-
sisting of exereises, applications, and problems,

These works are written in German, The writer may perhaps
be permitted to express the wish that the teachers of mathematies
undertake a similar publication in French, This iz primarily a
question of finanees, but it <hould be noted that a representative
of French Switzerland, Professor Charles Jaccotet of Lausanne,
was a member of the committee that worked on the German
manuals.

New State of Affairs, It is cvident that this statement of
Professor Brandenberger, which applied <o perfeetly to our sitnation
in 1911, is no longer preciscly true, The march of events and the
energy of certain members of the Rwiss Society of the Teachers
of Mathematics have brought us to u new state of affuire, By a
concerted effort, the teaching of mathematies has been unified, it

$ See the French edition by Gillard reforred ta on p, 122,
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has been better adupted to new needs, and it has been given a
guiding thread due to thie experiences of numerous teachers in
Switzerland. We certainly owe n great debt of gratitude in this
regard to the International Commission on the Teaching of Mathe-
matics, through whom we have learned so much of what is going
on in the different countries in Europe, in the two Americas, in
Australia, and in Asia, I should cite here the name of Dre, 11 Fehr,
professor at the University of Geneva, secretary-general of the
International Commission on the Teaching of Mathematics, now
dissolved, president of the Swiss subcommittee, and dircctor of
L’Enscignement mathématique, the official organ of the Inter-
national Commission. By his works, his publications, and his
correspondence, he has made a great contribution, the results of
which we enjoy to-day.

Examination Problems. In order that this report on the
teaching of mathematies shall not be purely a historical summary,
and in order that the reader may form his own opiuion of the level
of the studies in ene of our secondary schools, T shall quote the
problems set by Professor L. Gaberel for the candidates for the
bacealauréat in sciences in the Gymnase cantonal of Neuchitel
in July, 1928. These problems cover the knowledge of the require-
ment in gecometry, analytic geometry, algebra including the solution
of equations of the third degree, and the caleulus including the
idea of a partial derivative.

1. Let A be a given point on the axiz of a parabola, required to draw a
chord ("D which shall be perpendicular to the axis at n point B which shall
lie between A and the vertex ), such that the volume of the cone generated
by the trinngle ABC in its rotation about the axis shall be a maximum.

2. A right circular cone iz inseribed in a sphere of vadius r. What shall be
the ratio of the height of the cone to the radius of the sphere in order that
the ratio of the volume of the cone to the volume of the sphere shall be as

lis to n? What is the value of the ratio if » is _28” 2
3. Chanee the equation of the conie 20 =30y - 32 0 - Ty + 12019
canonical form.

Several candidates gave solutions for all three problems. Be-
sidex thexe, they were required to make a deseriptive geometryv
diagram and to solve three problems from mechanies deuling with
statics of solid hodies, and the kinematics and dyvnamies of a point.

Preparation of Teachers. The question of the preparation of
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teachers of mathematics in the secondary schools, which has been o
widely diseussed in all countries in the last twenty years, has eome
up for consideration in Switzerland also. As early as 1906, the Swiss
Society of Teachers of Mathematies expressed the desire to study
the question. The important report of Gutzmer and Klein given at
the conference in Dresden appeared in L’Enscignement mathé-
matique (1908, pp. 1-40). In 1915, the same review published the
International Commission’s questionnaire on thi= subject in four
languages and Professor Fehr presented this questionnaire to the
Society of Teachers of Mathematies, Finally in 1917, the Socicty
approved @ work of Professor K, Matter, as a result of which it
proposed a vote recommending the formation of university courses
dealing with (1) questions of elementary mathematies considered
from the point of view of higher mathematies and (2) the his-
tory of mathematies and the study of this seicnee from the point
of view of the theory of knowledge. It also asked for the creation
of specinl institutes for the theoreticnl and practical study of the
teaching of mathematies.

In response to these needs, universities such as those of Busle,
Geneva, Ziirich, Berne, and the Ecole polytechnique several years
ago organized courses dealing with the teaching of mathematics.
The University of Lusanne, that of Neuchiitel, and others besides,
offer courses in the history of science. For some time the Canton
of Yaud has required a teaching certificate from candidates for
positions in the secondary schools and several other cantons have
followed their exumple. All the universities now issue teachers’
diplomas (ecrtificats pédagogiques) to those who qualify on the
baxis of praetical work.

An effort i being made in several of the Swiss universities
toward a greater concentration of the eurriculumi. I will cite only
the example of the Facultics of Science of the Universities of
Lausanne and of Neuehiite] where, severul yeurs ago, courses were
organized leading to tenchers’ diplonas somewhat after the example
of those in France. The university degree is required for admission
to teaching in cecondary sehools in French Switzerland. Heretofore,
the examination for the degree was very comprehensive. The new
requirements allow the candidate to coneentrate his attention on
the most important branches of mathemuatics and on its allied
sciences. It also allows him a wide choice among a great number of
combinations of topics which are o arrunged. however, as to insure
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that the mathematical training of the candidate shall be well
organized,

New Swiss Journal. Lastly, if it is true that a good teacher
should always keep in touch with the part of his science that is
in the making, a report on the teaching of mathemetics should not
fuil to mention the Swiss periodical devoted to mathematics. The
Mathematical Socicty of Switzerland decided to found such a
journal at its joint meeting with the Swiss Association of Teachers
of Mathematics on the twentieth of May, 1928. The editorial work
will be in the hands of Professor Fiieter of Ziirich assisted by an
advisory board, and matters concerning articles in French will be
entrusted to Professor Juvet of Neuchéitel. The first number of this
journal is that of November, 1928, less than a year after the appear-
ance of the first number of the Helvetica physica acta. The
mathematies journal will bear the name Comentarii Mathematici
helvetici, I could not close my report with mention of an event
more full of promise for my country,



UNITED STATES

By PROFESSOR WILLIAM DAVID REEVE
Teachers College, Columbia University

I. INTRODUCTION

In Retrospect. From 1910 up to the present time everyone
interested in mathematics in the United States has been trying to
discover better methods of organizing and teaching the subject.
This has been clearly shown by such movements as that initiated
by John Perry in England, commonly known as the Perry Move-
ment or The Laboratory Method. The influence of this great pioneer
on our thinking should not be overlooked.

Causal Conditions, In order, therefore, t « understand fully the
significance of the changes that have taken place in the teaching of
mathematics in this country since 1910 and the trends that now
exist, it will be helpful to consider some of the causal conditions
existing baex ax carly ux 1910, even though we cannot. take the time
here to discuss each fully. As pointed out by Professor Smith? in
discussing these general conditions:

At the beginning of the present century the syllabi in mathematies in the
American high schools were determined largely by the requirements for entering
our colleges. As a rule exiuninations wore sot by each college for it< own cundi-
dates, the requirements being dictated by the department of mathematies.

College Entrance Examination Board. The College Entrance
Examination Board was organized in 1900, and while this was a
forward step the. influence of tradition still forced ihe retention in
mathematics courses of a great deal of material which we now con-
sider obsolete and which has actually been removed from the present
College Entrance Examination Board Syllubi, .

Committee of the American Mathematical Society. A com-
mittee of the American Mathematical Society in 1902 also formu-
lated a report on ‘“definitions of college entrance requirenients,”

t Smith, David Eugene, A General Survey of the Progress of Mathematies {n

-ur High Schools in the Last Twenty-five Years,” First Ycarbook of the National
Council of Tcachers of Mathematics, 1928, p. 1.
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making certain specific recommendations with reference to the con-
tent of algebra, plane and solid geometry, and trigonometry. Speak-
ing of this report, Professor Smith ? sars:

This report was evidently ruther inclusive through its very luck of pre-
cision. It kept open the way for every eccentric examiner to propose alimost
any question he wished and yet it served fuirly well as a starting point for

reform. At any rate, it was the expression of a national instead of a local
opinion.

While the work of the College Entrance Examination Board
“sought to unify the examinations and prepare them with much
greater care than was usually the case with local efforts, it also gave
an opportunity for the schools to be consulted and become a part
of a central organization, thus heing represented in the preparation
of the papers.” Although the work of this board influenced by the
committee of the American Mathematical Society has been con-
sidered by many an improvement over the situation before 1900,
there are still some objections to the system as such in certain
quarters,

Limitations of Examinations. College entrance examinations
grew out of a desire to standardize the muathematical product of the
schools. The result of leaving each school to determine what a pupil
should know in order to enter any higher institution of learning was
often chaotic. However, the results have sometimes been detri-
mental to the best imerests of mathematics. Teachers should be en-
couraged to have a philosophy of their own and to teach the subject
as it ought to be taught rather than to try to prepare their pupils
for one final examination. This they will not do so long as they are
forced to follow a course of study which they have had no hand in
making or with which they are not in sympathy. No matter how
desirable a curriculum may be, we cannot expect it to succeed if the
classroom teachers are not given a chance to help in its construction.
That is why curriculum construction should be dynamic—a training
of teachers in service.

Tradition has been a hard factor to overcome in modernizing
the curriculum in mathematics, the difficulty being largely a matter
of clinging to the hazy and invalid objeetives used in teaching the
mathematics of many generations ngo. We shall discuss this more
fullr later.

In all fairness to the College Entrance Exumination Board it

1 Smith, David Eugene, op. cit, p. 2.
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must be said that their attempts to improve the situation have
resulted in syllabi in mathematics more desirable than those in
use in many schools,

Other Examinations, Certain other examinations have influ-
enced the offering in mathematics, particularly those of the New
York Regents system which, until recently, has been more con-
servative than those of the College Entrance Examination Board.
In 1910 extra-mural examinations were cited as the reason why
more progress could not be made. Similar reasons for lack of prog-
ress are being given to-day in such schools as are able to offer little
to their students except what is considered proper teaching material
by extra-niural examining boards.

Effect of Examinations. In many places throughout the coun-
try teachers of mathematics have argued that their teaching has
not been influenced by the standards set up by extra-mural boards.
However, when onc stops to reflect that most of the textbooks are
written to meet the demands of certain syllabi, and that in most
schools the textbook is the course of study, it is certain that such
syllabi still exert great influence on the content of our courses in
mathematics. As a result, extra-mural examinations still tend to
reduce the initiative of the teacher and in other ways leave condi-
tions far from satisfactory in many schools. The trouble is not that
the extra-mural syllabi are obsolete—it is that too many teachers
become slaves to the system in vogue.

Mathematics Report of the N.C.A. Let us consider especially
the Report of the Committee on Mathematics of the North Central
Association of Colleges and Secondary Schools ® (hereafter referred
to as the N.C.A.).

One is inclined to look upon this report as chiefly the work of
its Chairman, Professor E. H. Moore, of the University of Chicago,
because of its similarity to his famous presidential address of De-
cember, 1902.* In this report emphasis is given to many advanced
puints of view, among which are the following:

1. Algebra should be taught as generalized arithmetic.

2. Geometric forms should be taught with arithmetic.

3. Intuitive geometry should be introduced.

4. Literal representation of numbers should be gradually introduced.
5. One should go from the concrete to the abstract.

? See Proceedinge of the N, C. A., 1903, pp. 13R.30.
¢ Moore, E. H., "On the Foundation of M:athematies,” First Yearbook of the
National Council of Teachers of Mathcmatics, pp. 32-57.
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6. Pupils should be trained (a) to think and observe accurately; (b) to de-
scribe things accurately in language, in picture, and by means of the
equation; (¢) to infer correctly and to act on inference; (d) to formulate
clear statements of what they have done.

7. The pupil should be an active worker, not a passive listener.

A report of the N.C.A. was given in 1908, but it was largely a
repetition and reinforcement of the report of 1903; we shall not
discuss it here,

It is interesting to compare the 1908 report with the 1910 report
of the N.C.A.* The latter contains the following suggestions:

L. Omit complicated forms of purentheses, fractions, factoring, and equa-
tions.

2. Algebra should be truining in thinking rather than manipulation of
complicated expressions.

3. The truth of many geometric theorems should be accepted without prouof.

4. Originals are of utmost importance.

5. Exercises in geometry involving algebra and numerical applications
should be encouraged.

6. Confidence in one’s own power of correct reasoning, and the ability
to discover geometric relations are of more importance than the ability
to rceall the demonstration of a large number of theorems.

7. Ouiit the theory of limits.

8. The aim is to develop and strengthen the ability to perceive exact rela-
tions und to make inferences correctly.

9. “The teacher’s constant aim should be to train the pupil to think, and
to formulute clearly the results of his thinking.”

Influence of College Professors in the N.C.A. Prior to 1903
and even later the situation in mathematics was controlled largely
by the college professors of pure mathematics, and their opinions
were law and gospel for all concerned. The following table shows
the numbers of each group in the N.C.A. from 1906 to 1910:

MuEMBERSIID IN Tue N. C. A, 1906 1908 1910

Colicge Professors of Mathetaties............. 10 10 11

College Adininistrators oo evenenernnnenennnn, 1 2 2

High School Principals....ocvvveiiiinennnnn.. 3 4 5
Heads of Mathematies Depuartments in High

Schools v viven i i, 2 2 1

High School Muathematics Teuchers............ 2 1 3

Total oo i e 18 19 22

¢ Proceedings of the N.C.A., 1910, pp. &4.87.
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It was generally agreed that English and mathematics should
be constants in the curriculum, and at ore time in the N.C.A. a
resolution was made and defeated that six years of mathematics
should be required.

In spite of the faet that the college professors of pure mathe-
matics held the balance of power in these early days, they were
interested in method and in general improvement.

Practical Mathematics, In 1910 agitation for courses in prac-
tical mathematics was a common thing. The final report of the
National Committee of Fifteen'on a geometry syllabus ¢ gave strong
cmphasis to the need for problems in architecture, design, physies,
aund mechanics, and made various other attempts to introduce
genuine problems. Vocational and utilitarian r.athematics we:;}(
their “peak” during the next few years. In 1929 the same kind of
agitation as that of 1910 is quite prevalent.

II. INFLUENCES SincE 1910

Types of Influence. The actual treuds in the teaching of
mathematics to-day can best be discovered by a statistical study
of the present practices in books and methods. Time and expense
make a study of these practices questionable, and what is more
vital, the significance of such a tabuiation is in itself unimportant.
We do not care in particular what is being done in general, but
we are whole-heartedly interested in the indicated or future trends
as we see them functioning in progressive communities, or as re-
corded in articles by frontier thinkers.

We shall consider three types of influence that are important
for this discussion; namely, depleting influences, enriching and
widening influences, and organizing influences,

The last two especially are more or less direct outcomes of the
shift in emphasis in education from subject matter to children’s
interests, capacities, and needs.

I. DEPLETING INFLUENCES

The Power of Tr.dition. In addition to the depleting influ-
ence of extra-mural examining boards already discussed, let us
examine some of the other factors that still hamper progress. Un-
doubtedly the influence of tradition or the fecling of satisfaction

¢ *Final Report of the Natinnul Commitiee of Fliteen on Geometry Syllabus,” The
YMathematics Teacher, 5:46-131.
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with the status quo has retarded improvement in our courses in
mathematics more than anything else. As one writer puts it,
“Tradition has become a serious and deadly opponent to progress
in mathematics.”

Age to Be Respected. What has been said above is no a priori
argument aguainst any of the time-honored content material or
methods of presentation that can be justified on any rational basis,
The fact that any topic or method has stood the test for ages is
some reason for respecting it, but it does not mean that age alone
gives one precedence over the other, or that it should become
sacred. Professor Nutt says: ?

Teachers and supervisors are inclined to think in terms of the subject
instead of in terms of the student. Subject matter has been stundurdized
instead of stages of mental maturitvy of students. The teacher and the super-
visor have been dealing with the subject so long that it has become a familiar
acquaintance; hence it has become more or less a sacred thing. The subject
has become a habit with them; it is regarded as something permanent and
1biding; hence to leave out any of the sacred facts seems almost sacrilegious
and criminal. On the other hand, the student is transient. Students come and
students go; hence to leave the student out is justifiable. In fact, leaving
the student out may be getting rid of an unappreciative butcher who haggles
and mangles the sacred subjcct most horribly in his attempts to find food
for mental maturing. The relief that is usually manifested by teachers and
supervisors when a stud~nt, who is not getting on, drops out is a definite
indication that the subject is more important to them than is the student.
Whenever teachers and supervisors begin talking about education by means
of the subject “getting on” in the student instead of the student “getting on"
in the subject, then a radical change will come about in the teaching in
secondary schools.

Domination of the College. Closely allied to the influence of
tradition in retarding growth is the influence of the liberal arts
college, at least in many parts of the country, Speaking recently
of this situation Professor Frasier ® said:

The present domination of the colleges over the high schools would be
u good thing for the high schools if these colleges had a conception of educa-
tion us something to do with modern life. But the average college of this
group still clings to its medieval curriculum.

If one is to judge from college entrance requirements, the liberal arts
colleges believe thut to be a real “Liberal” one must be a worshiper of the
past. The greater he is in the circle the lower he kneels before the shrine of
things old.

TNutt, H. W, The Supervision of Instruction. p. 53. Houghton Miffiin, 1920,

8 I'rasler, (G, W., “The Responsibility of Higher Institutions of Learning for the
Development of American Education,” Teachers (ollege Itecord, 30, p. 115.
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The Theory of Mental Discipline. Another influence which
affected the aims of instruction a generation ago was the theory
of mental discipline. As Professor Thorndike points out, the theory
was “rhetorically attractive.” While this theory held sway one kind
of algebra, for example, was thought to be as good as another in
the education of youths. As Mr. Dooley would probably say, “The
only thing we need to do is to make mathematics hard 80 that
children will hate it. The more they hate it the better it will be for
them.” With the decline of what has now come to be regarded as
the mistaken elaims and interpretations of this theory on the part
of overzealous mathematicians there has come a more careful con-
sideration of the practical and cultural opportunities afforded by
certain subjects. Thus, the general aim has shifted from the mental
discipline point of view to that of giving the learner something
that can be interpreted readily as a contribution to a broader,
more useful, and richer life. Still more significant is the plan of
stimulating and securing the interest of the pupil in his own activi-
ties and welfare.

Not only the psychologists and laymen but teachers of mathe-
matics as well have realized that this reason for "teaching
mathematics has been carried too far and has led to unfortunate
conditions with reference both to content material and to methods
of teaching.?

Transfer Value of Mathematics It was formerly believed that
mathematics should be studied because the habits of logical think-
ing, of precise and accurate work, thus engendered, would aid the
pupil in other subjects studied as well as establish certain valu-
able life habits. Teachers have failed to see that except for the more
gifted pupils transfer will not take place unless the work s properly
developed. Moreover, we shall see that a very decided movement,
has been set on foot looking toward the simplification of subject.
matter. This has been particularly true where intuitive georetry
has been introduced into the seventh and eighth grades of the junior
high school. It is also true where algebra has been entirely reor-
ganized so as to modify radically the traditional method of approach
without losing the transfer value.:°

* Betz. W, "The Teaching of Geometry In Relation to the Present Educeational
Trend,” School Science and Math.matics, 8 : 625-33. See also 9, pp. 494 and TNy,

1 Millis, J. F., “Some Modern Notlons {n the Rational Teaching of Elementary
Algebra.” 8chool Science and Mathematics, 7:176-52. See alxo TIT0-T2 aud pp. G4,
110, 517,
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Minimum Essentials, The practice of preparing a list of so-
called “minimum essentials” has proved to be worth while in
schools, provided these essentials have not become the standard
for all—a standard of mediocrity actually existing to-day in many
places and resulting in making our gifted pupils the most retarded
of all. Fortunately, we are coming to see that lists of objectives must
include for the brilliant pupils those which go far beyond the needs
of the modal child. It may be all right to start with what the modal
child can be expected to do successfully, but we should consider
the needs of the slower and of the more gifted children as well.

Mathematics as a “Tool Subject.” We have been hampered in
our attempt to provide a fuller and more complete education for
the American citizen by the attitude of those who look upon sub-
jects as “tool subjects.” Take arithmetic,'* for example. Professor
Judd says: 12

I can hardly expect to stem the tid2 of common opinion by anything that
I can ray in a single paper, but I am here to urge that the term “tool subject”
be carefully reconsidered. For my own part, I reject it absolutely. The experi-
ences which have come into modern life from the study of number are
not the trivial rules of addition and subtraction and the rest; they are
experiences of a wholly different order. The curriculum maker who thinks
that he has exhausted the catalogue of uses of number when he has listed
the examples which ordinary men solve in a day or a week is superficial to
such an extreme degree that he is an unsafe guide in arranging the plians
of the school. The man who calls arithmetic a “tool subject” and with this
name dismisses it as something less worthy than subject.matter courses is
guilty of criminal neglect of true values.

Emotionalized Attitudes in Learning. We need to give more
attention to the influence of emotionalized attitudes in learning.
Professor Briggs ** has given a very interesting discussion of this
important question. We should know more about how such attitudes
are developed and how they may reinforce our teaching. At the
present time too many people dislike the study of mathematics.
I believe that this is unnatural. Perhaps the trouble goes as far
back as the arithmetic of the elementary school. Certainly the
teacher at this point in the pupil’s mathematical development has
a great responsibility because of the importance of first impressions.
There is some doubt whether all pupils should be encouraged

# Wilson, G, M., What Arithmetic Shall We Teach? p. 1. Houghton Mifilin, 192¢.

2 Judd, ¢ H. “The Faliney of Treating School Subjecty as ‘Tool Subjects,'*
Third Yearbook of the National Council of Teachers of Mathematica, pp. 3-4.

18 Briggs. T. H.. Curriculum Problema. Macuillan, 1926,
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and stimulated to continue the study of mathematics beyond the
junior high school. But whether they continue or not, they should
not be taught to hate the subject.

Failures, We have toc many failures in ninth-grade algebra
and the pupils spend too much time failing.!* We cannot justify
fuilures of from twenty to forty per cent in & normal group in any
school. Are there any pupils in such a group “who simply can’t
learn anything in algebra,” or who, unable to learn a certain kind
of algelaa, fail simply beeause the teacher does not know what
else to do? Or is it possible that some of our seemingly dull pupils
may do creditable work if they can only be properly aroused?
Many failures are due to the lack of recognition of individual
differences in ability and large numbers of deserving pupils have
to pay the penalty. It is clear that our entire system of marking
needs further investigation, and that we need a new method of
marking which will do justice to those pupils who ought to pay hig
returns on the capital invested. In attempting to help the duller
pupils we can learn a great deal about the difficulties which pupils
generally encounter. In this way instruction even for the gifted
pupils may be improved.

Standardized Tests. In contrast to the old essay-type of ex-
amination, a standardized test is an example of one kind of new-
type test in which some standard performance of so many questions
correctly unswered in a certain number of minutes has been worked
out.

No one who has followed the testing movement will question
the fact that standardized tests have made certain contributions to
education.’® On the other hand, careful students of education are
aware of three points of attack upon these newer instruments of
measurement. I refer to the careless construction of many of the
tests, their misuse in many classrooms. and the faulty interpreta-
tions often made as a result of their use.!®

A steamboat should not be condemned beecause it i= not a
Packard or even a Ford. It was not so intended. In like manner,
standardized tests are not to be condemned if they serve adequately
the purposes for which they are constructed. Where standardized

* Mlexner, Abraham, The Mudern Sehaol, Oceasional Papers, No. 3, tieneral Edu.
eation Board,

1 Reeve, W. D, “Educational Tests—To Standardize or Not to Standardlze,” The

Mathematics Teacher, 213 368-70.
$ 1bid., pp. 370-77.
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tests are valid, objective, and reliable instruments they may be
used profitably for purposes of “general survey diagnosis,” and even
in some cases for class and individual diagnosis; but this work must
he bused more and more upon the coiiperation of all coneerned,
from the superintendent of schools down to the pupils themselves.

In all fnirness to these tests, it should be gaid that they have
gone beyond what Professor Woody oalls the “curiosity” stage and
“the stage in which the predominant idea was the use of tests for
determining existing levels of achievement,” and, in some respeets
at lenst, have approached the third stage, “in which the predominant
idea is the utilization of tests as a means for the improvement of
instruction.”

The purpose of this discussion is, therefore, not to condemn
standardized tests utterly, but rather to point out and emphasize
the need for more care in their construction, in their use, and in the
interpretation of results. The matter of norms and the time element,
and the place of so-called “aut’.++ s norms” in published tests par-
ticularly neced attention.

Misuse of Norms. When definite normns are establisned there
is a temptation for a teacher or a school to be too well satisfied
when a class or group of pupils reaches the standard norm of per-
formance. I heard a prominent school official recently congratu-
lating his group upon the fact that they were one above the stand-
ard norm in arithmetic. As a matter of fact, pupils of the ability
of those in his school should have been considerably above the
norm. Such attitudes lead to standardization of mediocrity and
cause cven otherwise good teachers to overlook the fact that the
standard norms may be raised by lifting the gencral level of
achicvement through better methods of teaching, Someone has said,
“The good is enemy of the best.” The real value of a pupil's test
seare as pointed out by Dr. Kelley ' in so far as a given town is
concerned lies not in making comparizons with other towns, “state,
or national norms, but in knowledge of differences in accomplish-
ment found within the school system” of the particular town in
question. He says further that “Ordinarily, extensive grade norms
are of no importance in an edueational test program. and the lack
of published norms. if the test is otherwise suitable, i= no hindrance
to its complete serviecability in meeting the six major purposes”

1t Kelley, T. L.. Interpretation of Educational Measurementa, p, 37, World Dook
o, 1027,



UNITED STATES 141

which he lists for echool examination programs.!® The greatest use
of standardized tests in mathematics has been made in arithmetic.
This has been due to the fact that the material lends itself readily
to standardization. It is only fair to say that even here the tendency
to-day is away from gencral national standardization and toward
practice exercises and diagnosis of individual cases. This has grown
out of the realization of the importance of giving to the pupils their
standing based upon some definite scale of performance related to
their own class rather than trying to place them with reference to
& norm based on the performance of some outside group—a practice
due entirely to the influence of the recent testing movement.

The Time Fetish, Next comes the matter of the time clemont,
As Dr. Thorndike has often pointed out, the speed with which a
child makes errors is of no importance. We need more careful
thought with reference to the purpose and place of the so-called
“speed” or "time-limit"” tests and “power” or “work-limit” tests,
Dr. Kelley says, “Our knowledge as to the educational and social
situations in which speed is of prime importance and those in which
power is especially demanded is quite limited. This question is not
to be settled by speculation, and relatively few experimental corre-
lation studies comparing the merits of these two functions have been
made.” The tests we need to use do not presume that every pupil
must do a certain amount of work in a given time; they recognize
individu.! differences and needs. If standards are desired in a given
class or school, the teacher or teachers in question should set the
standard. For all these reasons standardized tests should be used
more sparingly and carefully in the future.

Poorly Prepared Teachers. One thing that has impeded
progress is the fact that many teachers of mathematics are not
properly prepared. This is due to many causes, but two may be
mentioned here as fundamental. (1) The rapid growth of secondary
schools has demanded more well-trained teachers than can be sup-
plied. (2) As a result, there has been a lack of confidence on the
part of the teachers themselves as to their own fitness and ad-
vancement.

Requirements for Teachers. I heard recently of a professor
in one of our prominent schools of education who told a group of
prospective teachers of mathematics that the only knowledge of
subject matter they needed could be obtained by taking high schooi

 Kelley, T, L., op. eft., pp. 28-20,
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algebra and geometry, Such advice as this is not only stupid, but
dangerous. One of the most vital questions to be settled is that of
the necessary qualifications for a successful teacher of mathematics.
In this respect our standards are far behind those of FKuropean
countries. Almost anyone can teach mathematics in the United
States, We now have teachers in some schools trying to teach
trigonometry in the ninth year who have never studied the subject
previously, The result is obvious. It is an old story that the athletic
coach is often given a class in mathematics to justify his employ-
ment in the school.

We ought to be able presently to require the calculus of all
prospective mathematies teachers in the secondary schools. This
subject is already required of prospective teachers of mathematics
in some of our American institutions, notably at the University of
Minnesota, At Teachers College, Columbia University, no one is
given a diploma as “Teacher of Mathematics” or “Supervisor of
Mathematics” who has not had a course in the calculus.

The matter of the importance of a teacher’s personality and his
chance of success needs further study. Why do teachers fail? Can
we, by some scheme or other, decrease considerably the number
who seern unable to succeed? Doubtless fewer teachers would fail
if they knew more subject matter, but knowledge of subject matter
alone will not insure success in the case of a teacher who lacks
personality and the ability to understand pupils sympathetically.
However, it is not always safe to conclude that a teacher is an
artist merely because he obtains good results on achievement tests.
Some of the best drill masters in the world have been anything but
inspiring in the classroom. Teachers may be born rather than made,
but surely there is something in training.

II. ENRICHING AND WIDENING INFLUENCES

The International Commission. This commission was ap-
pointed by the Fourth International Congress of Mathematicians
in Rome in 1908 to study the teaching of m:themutics in the several
countries, Mo=t of the reports were published about 1912, On ne-
count of the World War the influence of thix commission was not
nearly so great as it should have been, but that it was far-reaching
may be seen by the preceding reports and by the reforms in our
curricula in this country.

The publications of the United States Bureau of Education from



UNITED STATES 143

1911 to 1918 which dealt with the work of the International Com-
mission were widely circulated. These reports showed that in regard
to cortent, at least, we are far behind the practice in European
Schools, The effect of the establishing of . new International Com-
misgion by the Bologna Congress in 1928 will be awaited with great
interest.

We see by studying the work done in the other countries repre-
sented in this Yearbook that relatively unsatisfactory conditions
still exist in most of our schools, although the effect of the progres-
sive work done in Europe is having its influence upon our thinking.
This has been notably true of Professors Perry ** and Nunn,2?® and
of Mr. Carson,!

Correlated Mathematics. I'ollowing an address by Professor
E. H. Moore, before the American Mathematical Society in 1902,
Professor Myers began a course in the University of Chicago High
School in correlated mathematics. This course placed great emphasis
upon the correlation and unification of mathematics in the high
school. The attempt was made to eliminate the divisions between the
high school mathematics subjects, He was followed by Professor
Breslich, who seems to regard the work before 1916 as the experi-
mental part of the program leading to a well-cstablished course,

The attempt to break down the teaching of mathematics in
“water-tight” compartments resulted also in an attempt to corre-
late the work in mathematics with that of other allied subjects,
where these subjects required that mathematics be applied. This
was particularly true with the physical sciences.?? The movement
in the direction of correlation seems to have become very early .
matter of taking problems from other fields rather than a fusion
with other subjects.?® The tendency to correlate various subjects
like mathematics and physics has thus resulted in an attempt to
bring about pure correlation within the subject of mathematics
itself.

¥ Perry, Juhn, The Teaching of Mathematica, A Report of the British Assoc.dation
meeting at Glasgow in 1801, Macmillan,

e Nunn, T. Perey, The Teaching of Algebra (including Trigonometry), Longmans.
Green, and Co. 1914,

N (‘arvon, G, St L., Mathematical Education, inn and Co., 19138,
12 Myers, (5, W, "\ Clagayf Content Problems for High School Algebra,” School

Nedence and Mathomatice, 7:19-33. See also nute, School Science and Mathematics,
11:747.
# Preliminary Heport of the Comuwmittee of the Mathematics Section of the

Central Assoclation on the Unifylng of Secondary Mathemitics,” School Scéence and

Mathematics, 8 : 635-44. P
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General Mathematics. The movement for general mathematics
of which inventional, observational, intuitive, or informal geometry
is a prominent feature, dates back to John Perry’s address in 1901,
However, owing to the static condition of mathematics in the high
school, its progress was rather discouraging until the advent of the
junior high school. With the growing popularity of this institution,
general mathematics in Grades 7, 8, and 9 has gained rapidly in
certain quarters.

The change, however, has not been uniformly satisfactory even
in the schools which go by the name of junior high schools. In
mathematics, for example, we still find arithmetic occupying all
the time of the pupils in the seventh and eighth grades, with a
sharp line of demarcation there and then a year of traditional
algebra. A corresponding situation exists in other subjects, as Pro-
fessor Koos has pointed out.?*

As early as 1917, C. B. Walsh 2® proposed a course of study
having arithmetic and intuitive geometry in the seventh grade;
algebra in the eighth; demonstrative geometry, partially informal,
in the ninth; with elective work consisting of solid geometry, trigo-
nometry, analytics, and the calculus in the remaining three years.
It was about six years after this that the National Committee made
recommendations similar in many respects. Dr. Charles W. Eliot
once said, “Arithmetic, algebra, and geometry should be taught to-
gether from beginning to end, each subject illustrating and illu-
minating the other two.”

During the period from 1900 to 1913 little seems to have been
accomplished generally, but thought was turning in a direction that
later took the form of general mathematics. Historical and psycho-
logical evidence were offered to justify the rearrangement of
materials of instruction.2¢

The era of scientific attempts to combine the topics of mathe-
matics for teaching purposes was preceded by experimentation with
a plan of alternating the teaching of algebra and geometry. The

¥ Koos. L. V., The Junior High School (enlarged edition), pp. 168.76 and 244-45.
Ginn and Company, 1928,

# Walsh, C. B., "'A Tentative Prograin of Junlor High School Mathematics,” The
Mathematics Teacher, 10 : 85.93,

# Bass, Willard 8., *The Historleal \Argument for Teaching Arithmetie, Geometry
and Algebra Together in the First Year of the High Rehool” Sechool Seience and
Mathematica, 5i:712.16, See alro 6:485.500; alzo a report, &:70.74, and Myers,
G. W, "Two Years Progress {n Mathematics I{n the University Iligh School,”
11 : 64.72,
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first was taught for two or three days of the week and the remainder
of the time was devoted to the latter.*’

The vicious attacks on the “water-tight” compartments has
been much mure effective than seems apparent at first sight. Most
of the currently published mathematics texts call themselves
algebras or geometries and thereby seein to retain the “water-tight”
system. However, a careful examination of the content will show
many places where algebra has found a place in the work in geom-
etry or the reverse. Some authurs indicate a half-way attitude by
their titles “Modern Algebra,” “Modern Geometry,” “Essentials of
Algebra,” or “The New Geometry.”

The National Committee on Mathematical Requirements.
This committee was appointed by the Mathematical Association of
America in 1916 and was financially assisted by the General
Education Board. The report ® of tiie committee, The Reorganiza-
tion of Mathematics in Secondary Education, was published in 1923.
Professor Smith has summarized this important work as follows:

This report was prepared in close codperation with bodies of teachers
throughout the country. It set forth very clearly the aims of mathematical
instruction in the several years of the junior high school, the senior high
school, and the older type of four-year high school. It presented the model
courses for these several types of school and made suggestions for carrying out
the work. It considered the question of college entrance requirements, the
basal propositions of geometry, the rdle of the function concept, and the
terms and symbols which might properly have place in the schools. It fostered
various other investigations, including the present status of the theory of
disciplinary values, the theory of correlation applied to school grades, a com-
parison of our curricula with those in use abroad, experimental courses in
mathematics, standurdized tests, and the training of teachers. It is not too
much to say that the advance in the last decade has been due in large part
to the work of this committee.

These recommendations have had a very great effect upon the
curriculum in both junior and senior high schools, but they have
been more gencrally accepted in the junior high school. The report
was being formulated at the time the course of study for the junior
high school was being planned and for this reason probably influ-
enced the curriculum at the most plastic time in its history. The

? Myers, G. W., loc. cit. See algo “Provisional Report of the Natlonal Committes
of Fifteen on Gieometry Syllabus,” School Science and Mathematics, 11: 509.31; and
Myers, G. W., “Report on Unificution of Mathematlies in the University ligh School.'
&chool Science and Mathematics, 11 :767-90,

# The original report is out of print, but & revised edition containing most of
the importapt features can now be obtained from Houghton MiMin Co., New York.
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first junior high school textbooks appeared about 1917 at the time
that the comniittee was at work on its report.

The advertisements of publishers of ceain modern textbooks,
stating that such and such a book follows the recommendations of
the National Committee, even though referring to a plane geometry
text, show the real thoughts of teachers in the field and that
the committee’s report is beginning to be felt.

The Junior High School. The junior high school movement
began to be an important factor in American education about 1915.
"This movement created a situation in the seventh, eighth, and ninth
grades which was largely independent of the school situation as
these grades were commonly organized. Here was a chance for
progress, and we find a considerable change made in the curriculum
in many schools. Many textbook writers on junior high school math-
cmaties organized the work in units and introduced considerable
intuitive geometry and some algebra in the seventh and eighth
grades. Most of them have introduced trigonometry in the ninth
grade, and some a unit of demonstrative georaetry. This junior high
school course at its best is a revealing and exploring experience for
the children, opening up large vistas in materials and situations
which are helpful and meaningful. Thus we see that the movement
for general mathematics, while it has not been accepted in most
of the four-year high schools, has been adopted by many junior
high schools and made a part of their program.

In the junior high school the course in mathematics has been
better organized than that of any other subject, but it has been prin-
cipally a shoving down of the traditional material from the senior
high school field. One needs only to examine a few of the many
series of mathematics texts to see that this is true. As a result the
senior high school teachers generally object to the teaching of cer-
tain topics, like demonstrative geometry, in the junior high school
because they feel that such teaching will unfit the pupils for later
work in the same subject in the senior high school.

Effect upon the Senior High School. This junior high school
course of study is having its effect upon the senior high school.
Certainly, if such a course is good for the children in the ninth
grade in a junior high school, it should be good for the children
in the ninth grade in a four-year high school. The tendency now
in the tenth grade is to modify the idea that every proposition in
geometry must be proved rigorously. Teachers now accept more
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facts intuitively and build upon these. There is less tendency in
the tenth year to offer a general course, although there is & trend
toward this in some schools.

Effect upon the Elementary School. The new course of study
for the junior high school is also having its effect upon the seventh
and eighth grades in the eight-year elementary school There is a
tendency to introduce more intuitive geometry and perhaps a little
more algebra into these two grades. We also find more work in
statistical graphs. For the most part, the work is quite different
from that in the average junior high school, as far as the mathe-
matics curriculum is concerned.

Experimental Schools. The growth of experiment.] schools
and the frequent reports in the Mathematics Teacher, in the
National Council Ycarbooks, and elsewhere, of experimental work
that is being carried on by teachers in public schools indicate the
great interest in better presentation, better teaching, and better
learning of mathematical material whether old or new. Experiments
with individual instruction, homogeneous grouping, laboratory in-
struction, large versus small classes, and the like, indicate a pro-
fessional interest on the part of teacheiz everywhere that is
stimulating and suggestive of an evolving trend.

The mathematics department of the University High School at
Chicago. that of the Horace Mann School, and that of the Iincoln
>chool of Teachers College, Columbia University, for example,
have shown conclusively that it is possible to give their pupils an
interesting and modern covrse in mathematies and at the same tinie
preparc them to pass college entrance examinations.

Contribution of Psy.hology. The development of psychology
from a speculative philosophy to an empirical science has affected
both the content material and methods of instruction in our schools.
The pupil, his capacities, and his needs have come in for an amount
of attention never before accorded to them. In other words we are
attempting to get the pupil's point of view.?® Although the greatest
contribution has been made in the elementary field, the influence
of advanced thinkers like Professor E. I.. Thorndike has been folt
all along the line. To be sure, the psychologisis have shown us how
to teach better some things which would better go untaught. but
they have also helped us to organize our fundamental material along

*® Smith, David Kugene, "Teaching of Mathematics in the Secondary Schoola of
the United Stater,” School Neicnee and Mathematics, Y: 209, See also 9: 90.
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lines that are psychological rather than logical. Thus, treatment of
subject matter has been made more concrete, content material has
been organized in terms of the learner instead of the subject, and
the entire atmosphere of the learning situation has been improved.
Drill, which was once looked upon as drudgery, can now be intro-
duced as a sort of game in which a pupil's competition against his
own previous score or record may become the motive for self-
improvement. The psychologists have discovered many useful facts
and laws about how children learn most easily and most economi-
cally, how habits are formed, how abilities are developed and how
they may be retained.

Influence of the Educational Philosophers. A few philosoph-
ical writers like Professor Dewey * have had great influence on
classroom teaching in America. They have recognized the Anerican
child, have emphasized his possibilities and his rights, and have
encouraged the modification of the course of study with these things
in mind.

Due in part to the emphasis placed by Dewey and others on
the importance of interest and purposeful activity in connection
with school work, efforts have been made to “vitalize and motivate”
the work in mathematics. The project method has been used con-
siderably, especially in the lower grades. It has not found favor,
however, in the secondary schools; and its use in clementary schools
is condemned by some authorities. Other thinkers also interested in
the welfare of children nevertheless remind us that subject matter
itself has certain rights and that the possibility of a more careful
consideration of content material in curriculum construction must
not be overlooked.

Influence of the Educational Sociologists. The educational
sociologist has also influenced the curriculwn, bringing the social
needs of the pupil more prominently before the teachers. As a
result, the tendeny has been not only to place the pupil and hix
development at the center of educationa! interest but also to modify
and reorganize all subject matter on ihe basis of its learning
difficulty.

Social Utility as a Basis for Curriculum Construction. The
recent syllabus® of the State Dcpartment of Education in New

¥ Dewey, John, Intcreat and Effort in Education. Houghton Mifflin, 1918.
"4 Tentative Syliabus in Junior High School Mathematics. The Unliversity o
the State of New York. 1827.
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York states, “Particular attention should be dirceted to the danger
of emphasizing ‘social utility’ as the sole basis of the curriculum.”
The syllabus then quotes this passage from the Twenty-sizth
Yearbook of the National Society for the Study of IKducation:

It is exaetly that tendeney of individual human judgment to lose its
bearings und fail to sce the woods for the trees, that has led the more scien-
titically minded students of education to take the basis of curriculum making
out of the realn of individual judgment. They have been experimenting of
late with the criterion of soeial utility and especially with objective bases
of scleetion. It was natural in the first rush of the inovement, with the initial
impulse to play with the new idea, that its disciples should be carried to
extremes, It cannot be doubted that many of our workers to-day are domi-
nated by the belief that only those facts, prineiples, and motives shall be
taught in the school which can be utilized immediately and generally by a
considerable proportion of our people. If perpetuated, this attitude will result
in a mechanistic eurniculum of the rankest sort. This view is already serving
to rake uncritical workers overemphusize the skills and the factuyl knowl-
edge of the curriculum,

Another quotation from the same Yearbook will bring this point
into relief, It reads:

Now, it is of great importance for the cwriculum muker to sce that the
deterination of goals for a given social order will be most soundly made
when he hus at hand adequate knowledge and o deep und broad perspective
of that sucial order. The task of stuting the gouls of educution, therefore, is
not to be consummated by an analysis of sociul activitics alone. It will be
aided by the latter, but must not be dominated by it. It will be achieved
only by hard thinking and by the most prolonged consideration of facts by
the decpest seers of hunan life, For the great bulk of our curriculuin, there-
fore, the analysis of soviul aetivities will influence the judgment of the scer
based upon the screntifie study of sovicty—not the mere factusl resulty of
suclul atalysi>—that will deternine the more intangible, but directing materiuls
ol our curriculun,

Soctal anulysis wcrely gives us the techniques and knowledges we should
Lave, For the baste msizhts and attitudes we mnst rely, aus we do for the
statement> of the goals of education, upon human judguent, It s unperative,
however, that we ahe wac of ouly the most vadid judgments. The forecast-
ing of trends of social moverent, the perecption of the loeal problems and
issues, and the connections underlying them, duuand erudition and maturity
of reflection that eventuates ouly from prolonged and scientific study of
society. To the frontir of creative thought and of decpest feelings we go
for guidanee as to what to teach,

Widening Influences, We ~xce o widening influence, first in
mathematics in the gradual dropping down into the lower grades of
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algebra, trigonometry, intuitive and demonstrative geometry,
spherical trigonometry, and finally calculus. None of these is taught
as a complete topic, but cach as an element of more vital and
significant material. The old material which it replaced was taught
according to the theory that more of a topic was needed to prepare
for more of the same topic and all for its own sake.

In the second place, we find a widening of thie whole ficl] to
include pertinent and significant parts of other fields. The Third
Yearbook * of the National Council indicates the present reaching
out into the fields of physical measurements, surveying, use of the
¢lide rule, and the like, This, after all, is merely a continuation of
the progressive attempt to put life into the formal subject matter
begun three decades ago. The introduction of the elements of the
caleulus will facilitate the forming of closer bonds with the sciencvs,
sinee a compicte understanding of the calenlus in elementury
fields must come in its big field of applications. In the past we have
criticized the college texts as narrowing, pedantic influences, but in
such books as Griflin’s Introduction to Mathematical Analysis,
Lennes's Survey Course o0 Mathenoat:es, aund Mullins and Smith's
Freshman Mathematics, there is this wicning in two directions.

III. ORGANIZING INFLUENCES

Four Steps in Curriculum Building. Thus far we have con-
sidered some of the general aims of Amcrican education and sonie
of the large outlines of our muin problem. but they by no means
equip us with the details for elussroom procedure. The educational
problems of most interest at the present time relate to the curricu-
lum. They extend from the National Iiducation Association through
its various divisions down to the smuallest eduecational unit, This is
evidenced by the various yearbooks that have recently appeared
from such organizations as the Departiient of Superintendence of
the NILAM the National Soeicie for the Stwdy of Fdueation®
and the National Council of Teachers of Mathematies.

In determining a curriculum suitable for our schools we are
conceried with four large features; nwmely, the objectives to be

VW The Third Yearbuok of the National Covueil of Teackers nf Mathematics.
Bureau of Publications, Teachers Cotlege, Cabnbin University, 1007,

8 Third, Faurth, Fifth, and Sieth Yearbgoks of the Nutional Bidueatlon Asso
cation, Department of Superintendenee,

M Firgt to Twenty-xosonth Yoarhooks of the Natienal Socicty for the Study of
12 Lieation,
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attained, the content material best suited to aceomplish these ob-
jectives, the best methods of teaching and learning, and a testing
program. We shall discuss each of these briefly here and later give
a more complete treatment of the details of each.

Speaking of the traditional subjects of the curriculum Professor
Briggs *° says:

The truditional subjects of the curriculum have for some time been vigor-
ously attacked by those dissatisfied with results and skeptical of improve-
ment. Curriculum makers are proposing new subjects and new phases of sub-
jects, which still further put on the defensive the traditional program, I very
much doubt if we are going to depart materially for some years to come
from the science, the mathematics, the languages, the social studies that have
been the pabulum of generations. But if thcy wish to survive, they must
adopt the basic doctrine of interest. This will necessitate a new attitude on

the part of teachers and constantly new plans of organization rather thun a
revolution in content.

1. Aims. In the first place we cannot expect to realize our aims
unless they are precise and are clearly defined at the outset. These
aims should not be imposed upon the schools by some higher
authority; on the contrary, they should be the result of much dis-
cussion on the part of those who will be actually responsible for
their realization, who know the work of the classroom, and who
themselves are the authority as to what can be expected of children.
It is evident that no satisfactory list of objectives can be set up
merely by consulting existing courses of study. While they may be
used as evidence of what is being taught throughout the countyy,
they do not often give much help in suggesting what ought to be
taught. Moreover, it is well known that some of these courses, if
not all, tend to perpetuate certain obsolete processes and antiquated
business methods.

It is equally true that the best objectives cannot be secured
by making an inventory of the current textbooks in mathematics.
In most sehools they are the courses of study. They, too, are fre-
quently guilty of overemphasizing unimportant or the obsolete
material. It is also true that not all textbook writers are able to
suggest newer and better things. Often their books are made to
conform to certain state syllabi or other cowrses of study.

The standardized-test makers of recent years have erred in

 Briggs, T. H., "Ioterests as Llberal Fducation,” Tea: i, ra Colicye’ Record,
30: 674,
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including exercises and problems that thoughtful teachers every-
where have no desire to see perpetuated in our schools. In fact, many
of these undesirable elements were obtained by the makers of tests
from existing courses of study and textbooks. Thus, it is obvious
that such tests cannot be used as the sole basis for determining a
list of desirable objectives.

We also know that it is not safe to try to determine what mathe-
matics ought to be taught by counting the frequency with which
certain mathematical terms are used in a few current editions of
newspapers and magazines, although some writers seem to believe
that such procedure is valid.

Finally, it is fair to say that we cunnot determine our objectives
by going out in the world and asking different individuals what
mathematics is useful to them. The fact is that not one of them
ever kmows just what use he has made of mathematics. Moreover,
they probubly Lave given no thought to the question of determining
how they might have used mathematics prfitably if they had
known more about it.

Any and all of the above criteria may be of service to us in
making up a list of desirable objectives, but they will not suffice,
If the objectives set up are to meet modern needs, we must have
at least one other criterion that is supported by vision, though it
should not be visionary. This last criterion is the opinion of expert
teachers of mathematics—those who aie able not only to tell how
mathematics is used, but also to show how it may be used in the
present and in the future for the betterment of mankind.

People consult with experts in order to get the opinion of the
best they can afford or find. Such a group of experts recently
cooperated in sctting up o list ol objeetives =% i mathematies for
the junior high school, but the list is too long to include here. Pro-
fessor Bode said *7 recently:

Eduention must provide an escape from the bondage of tradition by fusters
ing u realizing sense that human history is the rocord of a great adventure
in which mun continually reereates his social und moral stuslds, On this
level his criteria of values beecome mundane and experitnental, not trans
cendental and final, and man's aspirtions and efforts we dirceted more and
more to the realization of a new and growing social ideal.

»emith, David Kugene, and Reeve, W. 1), T'he Teaching of Junioy IHigh School
Muthematies, Chap, 111 Ginn and Co, 19005,
2 Rode, I 10, The Most Outstanding Neat Steps {or Currieulum Makers in the

United Ntates,'” Teachers College Record, 30 0 INT,
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In setting up objectives we must go beyond the mere device of
the scientist who collects and interprets his data, especially when
“the situation calls for a recreating or reinterpreting of old ideals.”
To quote Professor Bode ** again:

The problem of ultimate objectives is not a scientific problem at all.
The function of science is to reveal what agencies can or might be employed
to realize ultimate objectives; it does not undertake to determine the objec-
tives themselves,

The implication is that we must depend upon a broad and inclusive
philosophy of education, the business of which is to find out what
ought to be the best education in mathematics for every person in
the community,

2. Content. Having selected a valid list of objectives to which
all concerned agree, we are confronted next with the task of select-
ing that content material wuich will best enable us to realize these
objectives. This will be elaborated later.

3. Methods. The third step in curriculum building relates to
method. Usually the use of the word “method”’ suggests “method of
teaching,” but as we view the situation to-day we usually consider
another side; namely, “method of learning” most easily and most
economically.

We know a great deal about the former, but practically nothing
about the latter. To-day we do not know how long it takes to teach
anything. Granted that the objectives chosen are valid, that the
content material selected is best suited to realize these aims, and
that our methods of teaching are satisfactory, we still need to find
out what part of the content material can be learned by a pupil at
a given age. It is probable that in some cases we are trying to teach
too much, or that we are attempting to teach things that are too
difficult, or both,

At the beginning of the Twenticth Century, classroom procedure
was well standardized. The teacher assigned the lesson, sometimes
with little or no attention to the development in class of the main
points, and frequently by assigning a certain number of pages. The
pupil then went about the learning of the lesson as best he could
and the next day recited what he had learned. This resulted in
memoriter methods where often reasoning was desired, especially
in a subject like geometry. In a subject like algebra such teaching

8 1bid., p. 190,
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resulted in the development of a facility in dealing with formal
symbols and abstract idens without ability to apply them, and all
too often with no tangible appreciation of their real significance.

4. The Testing Progran. Suppose that we are - hle to set up a
list of desirable objectives, that we have mastered :he best known
metliods of teaching, and that we are well informed in the psy-
chology of learning, how can we expect our work to be successful
without an elaborate testing program? Some of the objectives which
we set up may be too difficult for a child at a given age to attain;
others may be too easy. Wo know now that the mustery of most.
of our topics in rome of the fundamentals is pitiful. We should have
known that a long time ago, had we tested more. Suffice it to say
that the testing movement is now in need of serious study. The
emphasis at the present time needs to be put upon the use of tests
for the improvement of instruction, The present abuses connected
with the use of norms and standards need to be corrected, and it is
our duty to make the testing a vital and integral part of the entire
program of curriculum construction,

Problems in Teaching Mathematics. The problems that con-
cern us here relate to the pupil, to the teacher, and to the materials
of instruction. We shall take up each of these in our subsequent
discussion.

Aims of Instruction. The term “aims of instruction” takes its
literal significance and lience needs no further explanation. It is
now generally recognized that the big problems in American
education “are problems of aim.” No one will deny that these aims
have changed greatly in the last thirty years. We shall see why
this has been s0. No cfforts to discuss aiims or methods were actually
made in the N. C. A, until about 1903 when Professor Moore’s com-
mittee made its report. This was one of the influences that helped
to develop our modern practice of stating objectives.

The Secondary School. The secondary school grew up in the
United States naturally with the curriculum so organized as to
mect the needs of those pupils who intended later to go to college
or at least to follow intellectual pursuits, This is why the college
professors determined pretty largely the suhjeet matter to be pre-
sented in the schools. Beeause of the enormous inerease in attend-
ance in the high school and the wider interest in public eduecation.

8 Porry, John, *The Preliminary BEdueation of the Buglneer,” Nehool Science and
Mathematice, 2 264.92,
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attention has been given recently to the needs of those students who
do not intend to earry their forinal education bevond the seeondary
school. Thus, the senior high school has become the “people’s
college.” Naturally, this has resulted in a considerable modification
of our traditional courses of study,* and has presented us with
many problems difficult to solve,

Where the aim was formerly to develop scholars, the aim now
is to develop well-edueated citizens. In many schools to-day we
are developing neither, principally beeause we are making a fetish
of education. We believe that this is justifiable for social reasons
and for the safety of the nation.

Modern Aims. By the year 1910 psyehologists for the most
part had rejeeted the faculty idea of psvehology, and mathema-
ticinns, as well as other educators, were looking for the best wyy
out of the dilemma. We find twe different views of the value of
mathematics emphasized by those interested in the subject, They
may be stated bricfiy as follows: (1) To emphasize the enltural
value of mathematies and to regard it as fundament <l in the train-
ing of the power to think clearly and logically, (2) To supply
pupiis with information which they ean use in the ordinary pur-
suits of daily life, The trend now i back to an emphasis upon the
transfer value of training, Rueh leaders as Professors Judd, Numm.,
and Hedriek are emphasizing the faet that mathematies has con-
siderable value other than wor the information it imparts.

Increase in School Population. According to Professor Thorn-
dike,** not only has the increase in the high school population been
=0 great that to-day “almost one in three of the children reaching
their teens in the United Sigtes ooters hich sehool™ aeninst (1o
eorresponding figures of one in ten in 1890, but the pupils of to-day
Care diferent from those of twente-five veurs wgo, not only in their
experienees and interests, but also in their inborn abilities.” More-
over, “the number of high =chool pupils in 1918 wax six times that
in 1890. while the number of children of high school age in 1918
was less than one and two-thirds times that in 1890. The number
graduated, which is in some respeets a better measure, was eight
times as large in 1918 as in 1890.”

Professor Thorrdike further points out that “We lack measures

e Misconr! Rociety of Teachers of Matoematios and Selenes,” Sehonl Soopee aml
Mathe matiea, S 3o,
“CThorudike, B L, The Psgelodogun of Slgehra, p. 2.0 Mactabilan, 1927,
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of the inborn capacities of the one in ten or eleven of a gencration
ago and have only very scanty mecasures of the capacities of the
one in three to-day. We have, however, excellent reasons for believ-
ing that the one in ten had greater capacities for algebra and for
intellectual tasks generally than the one in three of to-day.” Such
a situation presents other problems that are difficult to solve.

In spite of all that has been said above, the facts show that
“the pupils in our academic high schools are, in fact, a limited
group which covers just about half, the upper half, of the total
distribution of American intelligenee.” Why, then, the enormous
number of failures that we find over the country in the first year of
the ordinary four-year high school? These failures constitute a
problem the solution of which is going to challenge the best thinking
of the leaders in education.

The change in objectives that has come about in the last decade
may be expressed by quoting the aim of mathematies formulated
by the National Committee on Mathematical Requirements as
follows:

The primary purpose of the teaching of mathematics should be to develop
those powers of understanding and analyzing relations of quantity and of
space which are necessary to a better appreciation of the progress of civiliza-
tion and a better understunding of life und of the universe about us, and to
develop those hubits of thiuking which will make these powers effective in
the life of the individual.

Materials of Instruction. This tern, refers to topics and sources
generally that are usually drawn upon to furnish the subject matter
for the course in mathematics.

The problems relating to content are so numerous and compli-
cated that we can take time to discuss only a few. First, there is
the question as to whether the traditional course in arithmetic,
followed by algebra in the ninth grade. geometry in the tenth, and
so on, is the best one to perpetuate. Perhaps we shall not want to
perpetuate any plan, The widespread failures already referred to
are evidence cnough to show that the traditional organization is not
satisfactory.

There are many who feel that a general mathemnaties course
beginning in the seventh year and extending through the high school
with the ealeulus as the last objective wonld e the best way of
organizing the subject matter. The course in the regulas’y organized
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junior high school is a general one, but this is not true in most
seventh and eighth grades not organized on the junior high school
plan. This is certainly most unfortunate. What is good for the pupil
in one school in the seventh grade should be good in another.
Moreover, we are not agreed upon some of the main issues. For
example, we are not agreed as to whether the course should begin
with arithmetic, which in many cases is a review, or with intuitive
geometry. Some of us think that it would be psychologically more
sound to begin with the latter. Certainly we shall err if our seventh
grade work in arithmetic consists mostly of drills on the funda-
mental skills taught in the earlier grades.

Attempts have been made to set up an acceptable list of objec-
tives 42 which represent what is actually being done in junior high
schools. We should remember, however, that merely setting up a
list is not suflicient, Such objectives should be more widely dis-
cussed and understood.

In building a curriculum we have had to consider whether we
should have a unit of demonstrative gcometry in the ninth year,
whether algebra would not be better understood if it were begun
in the seventh year and then scattered through the eighth and ninth
yeurs, and other similar problems.

Progress in the senior high school has been slower. While
teachers in the elementary school mav still question whether
the course in arithmetic is entirely satisfactory, they have im-
proved the course greatly. We have seen how the teachers in the
junior high school have built up a progressive course.*® On the
other hand, the teachers in the senior high school have been more
or less content to let things stand as they are. The course in algebra
has been improved in content, numerical trigonometry has heen
taught in some ninth grades, but generally speaking the situation
is static.

Changes in the Course of Study. Traditionally materials have
been organized in “logical” units—putting together subject matter
which logically belongs together. Then in studying the material.
the pupil concentrates intensely on one topic at a time without
giving thought to its relation to other topics or to the course as a
whole. To att..'n lasting results to-day, it must be clearly under-

@ Nehorling, Raleigh, 4 Peatative List of Objectives in Junior High School
Mathematies, Gearge Wahr, Ann Arbor, Michlean, a2y,

@ Kimith, David Engene, and Deeve, W, 1y, The Teaching of Juntor High Schaol
Mathematica, Chap, 111, Ginn and Co., 1627,
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stood that the organization must be made in “pedagogical” units,
rather than “logical” units, This organization of mathematies is best
exemplified in the new mathematies course of the junior high school.
Giving the pupil a wide experience with the fundamentals of mathe-
matics makes possible a gradual and casy approach to the parts
of the subject taught in the senior high school, whether or not the
material there is a general course,

Omissions and Additions. With the eclimination of ohsolete
material inserted when it was considered that everything mathe-
matical was useful, Liag come the bringing down of the most uscful
and interesting concepts from higher mathematics into the junior
and senior high schools.

Partly as a consequence of the greater importance attached to
the child and his interests, and partly as a natural growth of pro-
fessional interest in the subject itself and a desire to exhibit its
maximum value, there has been a very decided tendency to elim-
inzte much that was commonly found in our textbooks in 1910 and
substitute more valuable material.

In place of these dreaded topics we have substituted work in
informal geometry, meaningful formulas, graphs, numerical trigo-
nometry in the ninth grade, and so on. Early introduction of
codrdinate geometry has made possible the introduction of the
caleulus in the eleventh or twelfth year in many schools. The idea
of functional relationship between variables is creeping into all
fexts n.ore or less conspicuously as the unifying clement, We shall
now discuss some of these omissions in more detail,

Modified View of the Theory of Mental Discipline. With
our modified view we do not look upon all topies in a given subject
as having equal value, We no longer require pupils to study mathe-
maties because they find it hard or beeause they dislike it, but
beeaus» we can find parts of the subject essential to the education
of every American citizen. The elimination of certain complicated,
diffienlt, and unreasonable exercizes and problems can be traced
immediately to the fact that nothing but a mystieal dizciplinary
value could possibly justify their retention. This is seen in the
special fields of arithmetie, algebra, and geometry where the trends
have been peculiar to these fields.

Arithmetic. The arithmetic of special and unusual oceupations
has been replaced by the arithmetic of the daily life of the people:
obsolete methods and processes have been eliminated. In place of
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giving all topics equal importance those obviously most essential
to life problems are stressed.

In the following table some types of material that were set forth
in one arithmetic approximately ten years ago are contrasted with
the modern offering:

THEN Now

Arithmetic of special and unusual Arithmetic for daily life. For exam-
occupations. For example, problems ple, problems involving
involving

1. Fartial payments. 1. The home.

2. Marine insurance. 2. Banking,

3. Measurements of hogsheads. 3. Daily purchases.

4. Long and unusual fractions, 4. The farm.

5. Tax collector’s commissions. 5. Fractions used in everyday life.
6. Hard additions and subtractions. 6. Business.

7. Partnership including the ques- 7. Industry,

tion of time.

Simplification of Algebra. Among the first topies to be elimi-
nated from elementary algebra were the highest common factor by
division, cube root by the formula, the general theory of the quad-
ratic, complicated brackets, complex fractions of a difficult type,
simultancous equations in more than three unknowns, the binomial
theorem, and complicated radicals. The old idea that “we must
scientifically define all terms before they can safely be used” and de-
velop the subjgct logieally has been replaced by a psvchological de-
velopment. Ore might here raise the question why the study of
quadratic equations beyond the pure type such as 2* = 4 should any
longer be required of everybody in the ninth grade. Those who con-
tinue the study of mathematics will have to consider the topic any-
way and those who do not will never have any use for the kind of
work that ix traditionally given. Tt is artificial and ought to be
omitted.

Graphs. The graph, of great and growing importance, began to
reccive the attention of mathematies teachers during the first decade
of the present century.+®

Teachers are seeing that the best approach to algebra is not
made by means of the equation or through the fundanmental opera-

s See Nmfth, David Eugene, e Progrezz of Arvithmetio, Ginn and Co,, 1023
Sfee also Thorndike, E. L., The Psychologn of Arithmetic, Macmillan, 1922 and The
New Methods in Arithmetie, Rand MceNally, 1021,

@ Patmier, Emily G, “Higtory of the tiraph in Elementary Mlgebra In the Uuited
States, School 8cience and Mathematic:s | 12 1 0302.03,

N
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tions but through the study of the formula. The study of the graph
is a major trend to-day in algebra because with the formula it helps
to clarify the idea of functionality. We now emphasize the meaning
of graphs rather than the making of them.!

The graph appeared somewhat prior to 1908 and, although used
to excess for a time, has held its position about as long and as
suecessfully as any proposed reform. Owing to the prominence of
the statistical graph, and the increased interest in educational
statistics, graphic work is assured a permanent place in our courses
in mathematics.

Functional Thinking. A significant trend in the teaching of
algebra, not fully realized but well under way, is to put meaning
into the subject by replacing the emphasis upon formal symbolism
by the function concept. The slowness with which this idea has
been adopted in teaching probably accounts for the despair with
which an occasional educator regards algebra.$” The more pro-
gressive courses are now planned so as to bring out the dependence
of variable quantities on each other at every possible opportunity.
In some schools trigonometry, analytic geometry, and the calculus
are introduced at this point to help bring this about. Professor Nunn
says:

As soon as the symhols of trigonometrical ratios are recognized as capable
of entering into formulas and of being manipulated, they should be reg:rded
as belonging to the vocabulary of algebra. There is, indeed, no principle
except the invalid prineiple of formal segregation, upon which we can include
the study of x or a in the algebra course and exclude sin z or tan z. All alike
are pieces of symbolism invented for the description and interpretation of
facts of the external world. Each represents a typical kind of function. To
each corresponds u specific form of curve which may be regarded as the
graphic symbol of the function. Both algebra and trigonometry would gain by
fusion—the former through an added variety and richness in the illustration

of its muin themes, the latter by the removal of the excessive formalism
which at present obscures its value and interest for the beginner,

Old and New Syllabi. Additions and omissions may be best
illustrated by reference to the New York State Syllabus of 1910,
and to the new syllabus which will go into effect next year:

“ Hedrick, E. R.. “The Reality of Mathematical Processes.” Third Yearhool: of
the National Councit uf Peachers of Malhematios, Bureau uf Publications, Teachers
College, Colutibla University, 102w,

“ Hedrlek, E. R.. "0On the Selectlon of Toples for Elementary Algelien,” Sehand
Neience and Muthematics, 11: 5160,

# Nuan, ‘I, Percey, loc. cft., pp. 10-20,
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SYLLABUS oF 1810

. The ability to formulate necessary

definitions in clear concise lan-
guage.

. Removal of symbols of aggrega-

tion, and insertion of termns with-
in such symbols,

. Factoring of expressions of four

terms and of those with literal
exponents.

. Application of the principles of

factoring in finding HC.UF. and
L.CM.

. Fractions ineluding complex frac-

tions of the “apartinent house”
type.

. Rutio taught us u sopurate topic

and all definitions given,
Inversion, alterna-
tion, comyosition, and division
were taught,

. Rudicals: Definitions. Rationaliza-

tion when denominator is a bino-
mial surd. Radical equations. No
mention of fructionul exponents.

. Quuadratic cquations: Solution of

pure quadratics and  complete
quadratics, by factoring, by com-
pleting the square, and by for-
mula,

Rudical  equations  resulting  in
quadratics,
Bmomial Theorem for positive

integral exponents,
Graphs omitted,

. Graphie representation of directed

numbers omitted.

. Function coneept omiitted.

. Numerical trigonumetry oniitted.

&

10.

11.

1.

. Study  of

161

NEW SYLLABUS

. No mention of definitions as such,

but algebraic languuge and repre-
sentation substituted instead.

. Removal of one set and at the

maost two sets of symbols of aggre-
gation,

Tuking out a common monomial
fuctor and factoring the difference
of two squares. Factoring tri-
nomials optional,

. The terms HCF. and L.C.M. as

such not taught.

Fractions no harder than those
neeced in the most difficult for-
mula tauzht,

. Rutio treated us a fraction.

. Proportion treated us a fractivnal

equatiun,

. From the beginning pupils are to

be familiar with the use of the
fructivnal exponent.

quadratics  optional,
Tendency to teach only the for-
mula wethod of solution.

Rudieal equations omitted.

Binomial theorcn omitted.

. Graphs. Simple statistical graphs.

Representation of the formula by
the graph. Interpretation of the
graph.

. Grraphic representation of directed

numbers.

. Function concept.,

Nunerics] trigonowetry,

Algebra. Arising very lLugely as o reaction to the over-
emphasis on manipulative skills in mathematics, auention has been
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called to the importance of teaching the pupil not merely to obtain
the correct answer but to think about and understand the meaning
of the operations he performs. In a recent study Professor Vverett 4
points out the need for a more careful analysis of the objectives in
algebra and a more intelligent teaching program.

Geometry. Geometry, the oldest and most logical structure, has
naturally resisted change more than any other part of mathematics,
and the changes are mostly on the surface. The texts are better,
the amount of memory work has been diminished, and there has
been more emphasis on original work. The fundamental change has
been the introduction of the intuitive geometry in the seventh and
eighth grades, and a short unit of demonstrative gecometry in the
ninth grade. This preliminary work has been one of the main
factors in reducing the time spent on the subject, so that one year
of planc and solid geometry combined in the tenth grade is now
thought by come authorities to be sufticient.®®

Fusion of Plane and Solid Geometry. Az curly us 1905 there
was upparent not only the idea of a greater emphasis upon intuitive
geometry and “original exercises,” but also upon “he fusion of
plane and =olid geometry. At least there scems to be no very good
reason why the combination of these two parts of geometry intwo o
one-year course for the tenth grade should not be made, and the
present tendeney is in this direetion. No one can teach ol of
geametry in a lifetime anyway and the huportant part of solid
geometry for the well-educated citizen should not require a half-
veuwr of study. Moreover, why should we live in a world of three
dimensions and teach the geometry of Flatland?

Intuitive Geometry. When the doctrine of formal discipline
came into question certain adherents of the doctrine hegan to
assume a defensive attitude. Some people tried to justify the reten-
tion of traditional geometry in the curriculum by calling attention
to its applications, quite overlooking the fact that the science of
Euclid's day as universally taught had apparently developed in
the direction of pure logic. The unmarked straight edge and the
compasses, the instruments to which the pupil is limited in studying
aeometry, make it impossible to give practical applications of pure
Fuclidean geometry to the physical world.

® Lverett, J. .. The Fundamental Sklls of Algebra, Bureau of Publleations,
Teachers College, Columbin Unlversity, 100\,

# Allen, Gertrude, A Modifled Program for School Geometry,” Unfversity High
~chouol Journal, 4 : 269-78, Uakland, Cal.
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In order to dissipate the confusion into which the subject and
those who taught it had been thrown by the overzealous and logical
geometriciang, a movement was started which resulted in the separa-
tion of geometry into what are now known as intuitive and demon-
strative geometry. The term “informal” would doubtless be better
than “intuitive” beeause the former might then be used in connec-
tion with the so-called “informal proofs’” (in contrast to “formal
proofs”) which would include proofs by “intuition” and by ‘“experi-
ment.” Thus, “informal” would be the broader term. The trend in
this direetion, embracing a practical effort toward making the
introduetion to demonstrative geometry more gradual and natural
can be discerned early in the present century® It is interesung to
note that at that time the adjectives “inventional,” “concrete,” and
“observational” were commonly used to convey the ideas now ex-
pressed by the word “intuitive” or “intuitional.”

It is probuble that the development of this idea of a definite
course in informal geometry of the kind indicated above will stand
as one of the notubie sdvances of the last quarter of o century in
the teaching of elementary mathematics.

Postulates. Closcly paralleling the trend in the simplification
of arithmetic and algebra by omissions and reorganization of
materials came the suggestion that in geometry theorems whose
meaning was already perfectly clear and obvious to the pupil should
be postulated. The feeling is growing in owr schools that the rigoron-
demonstration of such theorems should either be omitted entirely,
or be deferred until the pupil's knowledge of geometry hus advanced
to a point where the logical implications of a proof have some sig-
nificance for him. Teachers are beginning to sce the confliet between
the adult logic of pure science and the laws of learning by which
their pupils ure governed. In such cases learning for the pupil ceascs
to be a burden.

Limits. Within the last few vears the theory of limits has been
omitted in the elementary courses, Even though the topic is en-
tirely omitted from most of the recent textbooks. it wus commonly
taught twenty years ugo in most schools, In spite of very strenuon-
apposition. it occupies to-duy a subordinate position in medern
courses of study.

® Hart, Chira A\, The Teaching of Geometry,” Sehaol Seienee gnd Mathiematies,
" ‘5};.1:1‘;1')|'>. N J.o vThe Treatment of Limits in Eltentary Geometry,” Nehuool
scunee and Mathematics, 0:32-08, Sce also Detz, W, *“I'he T aching of Geone
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Applied Problems. There is at the present time an apparent
desire to introduce a reasonable number of applied problems rather
than to depend upon abstract propositions alone, and to arouse the
interest of thie pupil by an appeal to situations within his compre-
hension. It is even asserted by some that culture itself can be prae-
tical and taught in conjunction with things that are practical. In
other words, it is not believed to-day that mathematics must be
taught altogether as a pure science,”s

Numerical Trigonometry. The introduction of simple numeri-
cal trigonometry in conneetion with the work in ninth-grade algebra
is one of the important additions of the last few years. Professor
Smith says that it is the most notable step forward in the last
quarter of a century in the progress of algebra.

Calculus in the High School. A suggestion of the possibility
of teaching caleulus in the high school was offered as early as 1910,%
but the idea had not then been given the authority of actual trial.
At intervals since 1910 there has been a great deal of agitation,
especially noticeable at present. for teaching the fundamental
elements of differential and integral calculus. Moreover, in not a
few high schools in this country, the more progressive teachers have
been experimenting in various ways trying to improve the tradi-
tional organization. Such work iz done in the Horace Mann School
and the Lincoln School of Teachers College. Columbia University;
in the University High Schools at Minneapolis and at Oakland, Cal-
iforniw.®® Mr. John Swenson ® iz doing a notable piece of work in
teaching the calculus to young girls in Wadleigh High School, New
York City. The reader should consult other articles on the senior
high school program in mathematics for a mone ecomplete and sug-
gestive outline of proposed work in grades ten, eleven and twelve.’
ctry (o Its Belatlon to the Present Edueatfonal Trend,” $:4625-33; and Lytle, Lr-
pest B. cLimits in Elementary Geometry” 10: 053032,

8 Report of a Cotapittee on Real and Applled Problems In Algebra and Geom-
etry,”" &chool Neivnce und MNathemutics, 9 ITNNAON,

st 4nith, David Eugens, *Teaching of Mathematies {n the Secondury Schools of

the United States.” School Neienee and Mathematics, $:2u3-19, Kee also Colllus, Jos,
V., *“I'he Dvrry ldea In the Mathemrties Currlculum.” Nchool Selenece and Mathe-

matics, 12298,
© Durst, Fthel H,, “Calentus for High School,”™ University Iigh School Juurnal,

Oakland, Californin, 6:135-47.

w Swenson, John, “Selected Toples {n Caleulus for the High 8chool™ Third Year-
buok nf the Nutional Cuuneil of I'cachers of Muthematics, Bureau of Publieations,
Tegebers College, Columbia University, 1028, pages 102.34. See also Nordgaard,
M. A, “lntreductary Caleulus as s High Scehoul Subject,” pages 6§-101,

o Leove, W, Do, The Mathematics of the Senlar High School,” Teachers Cullege
Kecord, 27:374-56, See also Miricek, ti. R aud Sanford, Vera, “An Iilective Course
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Elementary Statistics, Tlic prospeets are that we shall soon
give more attention in the mathemuties program to clementary
statistics. A few schools are already doing this, although the text-
books & generally do not treat it. The demand in several fields like
education and economics makes a knowledge of the most elementary
notions of the statistics of variables a part of the necessary equip-
ment of every Ameriean citizen,

The Textbook. The makers of textbooks have codperated in
the movement to aid the progress of mathematics. The large
majority of textbooks have been prepared solely with a view to as-
sist in the improvement of instruetion in our elementary and second-
arv schools. Mueh attention ix puid to the needs and interests of the
children especially in matters of type, pruper spacing, and the like.
In this respect our books excel those of foreign countries, but theirs
are generally more scholarly.

Professor David Eugene Smith's work in the history and back-
ground of mathematics has been one of the important factors in
improving the general form of the texts. This is seen in the use of
pictures, in better diagrams, in historical information, and in repro-
ductions of pages from interesting old books.

Junior high school textbooks show more progress in their willing-
ness to surrender the logical divisions for the sake of a better
learning order than do those of the senior high school. The former
are free to benefit by thix more psychological development and
the traditional barriers of arithmetie, algebra, trigonometry, and
intuitive geometry are not so impenctrable as those between demon-
strative geometry and the other subjects. However that may be,
the fact remains that several series of books have been labeled
merely Muthematies I, IT, and III, and have attempted with some
degree of success to organize the material on the basis of learning
difficulty rather than on the nature of the material, and have largely
disregarded the former compartment method of learning.

Proposed Course in Junior High School Mathematics, The
result of the combined efforts of all those interested in the teaching
of junior high school mathematies has hud a salutary effeci. We
have to-day a rather wide agreement as to the general features of
In Mathematics for the Eieventh and Twelfth School Years,” The Malhematics
Teacher, 19 1.8,

8 See Kehorling and Reeve, General Mathematica, Baok 1, Chap, 10, Ginn and

Co., 1010, See also Roe, F10 I, Smith, David Eugene, and Reeve, W, 1., Mathema-
tics for Agriculture and Elementary Science, Chap, 6, Ginn and Co.. 1825,
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the course in junior high school mathematics, even though the order
of treatment of topics is not standardized as is the case in the
senior high school. Thus, it is quite generally agreed now that the
course in mathematies in the junior high school should be deter-
mined by the general purpose in teaching any subjcct, namely, to
develop well-educated citizens,

This difference in purpose makes a difference in content possible.
It permits us to open the door of mathematics to every boy and
girl so as to give a broad view of the subject in order that each
one can choose according to his ability and preference, having seen
the general nature of the subjeet and what the science means. If
his taste and needs require it, the pupil should be permitted and
encouraged to go on. If not, he should not be forced to continue
the study too long.

Because of the wide range of individual differences in native
ability, experience, and interests we nced to keep in mind the
guiding principle in the selection of subject matter for each grade.
This principle states that the subject matter selected should be that
matcrial whicl will be most valuable to the pupil, provided he loar s
school at the end of that year.

Seventh Grade. In accordance with tlis principle the aim in
the seventh grade should be to keep up a proper use of the funda-
mental skills in arithmetic which the pupil has learned in the first
six grades. This is done by giving such applications in the arith-
metic of the home, of the store, of the bank, of thrift, and the like
as the well-edueated citizen is likely to need. In addition, the pupil
is introduced to the study of intuitive geometry, a subject in which
he looks at a figure and draws certuin coveliusions. For example,
he looks at an isosceles triangle and says “the base angles are
equal” because he cannot conceive of their being otherwise, In other
words, “he feels it in his bones.”

There are three questions in geometry which may be asked
about an object. First, “Where ix it?"" Second, “What is its shape?”
Third, “What is its size?” The answers to these questions give rise
to the geometry of position, form, and size. These topies should be
treated in such a way as to give the pupil some idea of geometric
forms in nature. avehiteeture, desien, wnd the like. Under the hewd
of the geometry of size the pupil is introduced to simple problems
of direct measurement and thus i= led to understand simple algebraic
formulas like C = ad, A = 2, d = rt, and the like. The need for



UNITED STATES 167

a knowledge of evaluation of these simple formulas leads to such
equations as 3! =12, n 4+ 4 =20, C — 5 =14, and b = 6, whose
solutions can easily be presented in the seventh grade.

Eighth Grade. In the eighth grade a little more than one-half
of the pupil's time should be given to a further consideration of
intuitive geometry and to the fundamental applications of arith-
metie, such as problems of trade, banking, insurance, corporations,
and the like. The remainder of the year should be given over to a
study of algebra. It is better to continue the study of algebra which
was begun in the seventh grade and to finish it in the ninth year
than to condense all the treatment in the ninth grade.

If a pupil ever uses algebra at all, his greatest need will be a
knowledge of the formula. Here is where he gets his idea of what
algebra means. Even if he doesn’t use formulas, he must read thermn.
And so it is with the statistical and the mathematical graph. More-
over, if the pupil uses formulas at all, he will need to know how
to solve the simpler types of equations. To these three important
ideas we may add dirceted numbers as the fourth thing in algebra
which the well-educated citizen should know.

Ninth Grade. In the ninth grade the course in elementary
algebra should be completed and a unit of numerical trigonometry
given. There is no question that intuitive geometry correlates well
with both algebra and trigonometry. This can easily be done be-
cause the trigonometry is based on intuitive geometry and the
pupil's previous knowledge of algebra. Morcover, there is to-day a
clearer conception than formerly of the nature of trigonometry and
its relation to modern life. It gives the pupil a knowledge of indirect
measurement in contrast to direct measurement where the measut-
ing instrument is laid directly on the distance to be mensured, It
ix much eusicr than many of the traditional algebraic topics, is fur
more importunt, and is more interesting to the pupils.

A short course in demonstrative geometry should be given in the
ninth grade so that the pupil will have a chance to find out what
it means to prove something. This can be done with a few axioms,
postulates, and theorems reinforced by sume carefully planned work
on original exercises It is my belief that it is better to spread thix
work out over the year, but in any case opinion scems to be in-
creasingly in favor of the idea of some kind of geometry course in
the ninth grade for those who will not continue in sehool,

It is clear that the junior Ligh school course briefly described
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above is general mathematics in the best sense. With this busis it
is possible in the tenth, eleventh, and twelfth years to give a more
enriched course to those pupils who are able and interested cnough
to study further.

Proposed Course in Senior High School Mathematics. The
purpose of the mathematies course in the senior high school is to
mect the needs of the following four groups of pupils:

1. Those who intend to go on to colleges and technical schools.

2. Those who are going to specialize in commercial work that re-
quires mathematics, especiaily algebra,

3. Those who expect to specialize in science.

4, Those who desire to study mathematics further because they
like it.

Because of the purpose outlined above it would scem that the
senior high school course in mathematics should be made elective,

Probable Alternative Courses. In addition to the probable
foundution courses in algebra, plane and solid geometry, and plane
and spherical trigonometry traditionally given in the ordinury four-
year high school, certain other alternative courses may be men-
tioned.

1. College Algebra. In an increasing number of schools there is
offered in the senior year a half-year course in college algebra. This
would be one profitable way to spend the time if such a eourse in-
cluded what is cssentially college algebra. In too many places,
however, sucli a course is college algebra only in name, being mostly
reviews of the more difficult parts of elementary and intermediate
algebra with only an oceasional glimpse at new material on the
college level. Oue =olution for such a situation is the complete adop-
tion of the generul mathematics program all through the senior high
school—a plan which will presently be direussed.

2. Courses for Future Mathematicians. For the future mathe-
maticians there will probably be offered certain half-year courses
that will be largely informational and basic. Chief among these are
college algebra, analytic geometry, projective geometry, the caleulus,
and possibly o course in what we might call college geonmetry--
geometry to correspord with the course called college algebra.

The decision as to which of these conrses 1= to be offered will
doubtless be left to the particular wishes of the iustructor who will
have to teach the subject.
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3. Courses for Vocations. There will also be offered in some of
our schools courses for those who are preparing to enter voeations.
Thus, we may find a course in mechanies for those so inelined, a
course in commereial arithmctic or algebra, and possibly a course
in machine shop mathematies.

Work of the Tenth Grade. Tle central feature of this vear is
the fundamental elements of plane and sol.d geometry, If a pupil
has had the general mathematics course of the ninth grade deseribed
abve, he s familinr with a large number of definitions wd concepts
that will form an excellent basis for the work of the tenth grade.
Algebra and trigonometry should be used wherever they help to
clarify the proofs. Trigonometry correlates well with intuitive
geometry and with algebra, but not with demonstrative geonmetry.,
To the extent to which it is permissible to introduce mensuration,
just so far is it feasible to introduce trigonometry into demonstrative
geometry. Both men uration and trigonometry may have a place
at this time for the purpose of changing the emphasis and of pro-
viding the pupils with a iental rest from the pursuit of logica’
demonstration.

Work of the Eleventh Grade. For those who continne the
study of general mathematies through the eleventh grade the
course should be built up around algebra, trigonometry, and the
simpler clements of analytic geomerry us tue central features. Some
teachers may prefer to introduce *he ealeulus at this time or even
carlier. There is no reason why this should not be done in certain
schools. The following outline for the work « this grade is meant
to be merely suggestive of the general field ari nut of the order of
presentation:

I. Dependence,

1. Meaning of dependence,—funetional relutionship,
2. Review and extension of the earlier work on alerbraic functions,
- Trigenometric funetions as examples of transe ndental functions,
. Funetion:] notation,
. Evaluation of functions.
. Determination of functions,
a. From empivieal data and tables.
b, Fauparieal ea, soebiierey funetion«
Clssttivation of slecbrie function-
- Graphs of algebiate funetions.
a. Variation of function,
b. Graphieal introduction to it asd s,

[
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9. Fundumentals of statistical method.
a. Theory of nmieasurerient.
b. Fundamental idcas.
¢. Applications.

Trigonometriec Functions of Any Angle.
1. Review and estension of the earlier work.
a. Ruatio definitions, including secant, cosecant, and cotangent,
b. The right triangle where the acute angle iz 30°, 45°. or 60°.
¢. Similarity of triungles, No trigonometric function ol a given acute
angle lus more than one value,
d. Given the value of a trigonometric function of an acute angle A,
to construct 4 and determine the other trigonometric funetions.
2. Changes in the functions of 4 as 4 increases from 0° to 360°. Gruphi-
cal introduction.
3. Pusitive and negative angles of any size.
a. Angles whose initial sides and radius vectors are respectively
identical.
b.T. signs (quality) of the functions of angles in the various quad-
rants,
4. Functions of (—A4) in terms of A.

5. Functions of n X 90° %= 4, n X 180° & 4, and n X 360° % A.
6. Line definitions of the trigonometric functions.
a. Graphical representation.
b. Application to wave motion, electricity, and the like,
7. Toble of natural functions.
8. Applied problems.
9. Fundamental trigonometric relations like
sin z = and tan r = S0L
cse x cos x

a. Proving identities.
b. Applications to physies, 1avigation, and surveving.

Log:rithms and Applications.

. Solution of Triangles.

1. Rirht triangles.
2. Oblique triangles.
3. Applications.

Identities.
1. In elementary operations.
a. Work on functions extended.
b. Use of analytic methad, especially in proportion.
¢. Factoring.
(1) Review and extension of earlier tvies.
(2) Factor theoremn,
(3) Factors of x = yn,
(4) Mathematical induction.
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2. In formulas.
a. Review and extension of earlier work.
b. Addition and subtruiction theerems of trigonometry.
. . . A
¢. Trigonometrie functions of 2.4 and —=-,

d. Applieations of b and ¢ abuve,
(1) In evaluating certain funetions,
For example, sin 75° == sin (15° -} 307) == ©

(2) In proving certain identities,
V1. Straight-Line Formulas.
. Distance formula.
. Mid-point formula.
- Slope of a line, parallel lines, a porpendicular,
. Point-slope forn:.
. Slope-intercept form,
. Two-point form.
Two-intercept form.
. Distance from a point to a line.

VII. Equations,
1. Lincar.
2. Quadratie,
a. In one unknown,
(1) Maxima and minima.
(2) Radieal equations,
b. In two unknowns.
c¢. Theory of quadratic cquations.
3. Trigonometrie.

a. Radian messure.

b. Two acutr angles are eqnal if any trigonometric funetion of the
one is rqual to the sume function of the other. Explanation of
how the value of an angle is obtained and thus how to solve a
triconometrie equation,

c. Solution of trigonons-tric equations,

VIII. Series.
L As an example of an identity,
2. Gieneral nature,
3. Classes to be consitlired,
a. Binomial Theorem.
b. Arithmetic,
¢. Geomnetric,
4. Applications.

00 ~FT OO N =

IN. General Number System.
. Integors,

. Fractions,

. Negative.

Surd.

. Simple imaginaris

e O KD —
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Work of the Twelfth Grade. There is no reason why pupils
who wish to elect general mathematics in the twelfth grade should
not be provided with a suitable course. There is probably no best
course, and o great deal of experimental investigation should be
carried on. The following outline is offercd as a suggestion for
such a course:

I. Variation of Functions.

1. Graphical representation of functions, to bring out variation of dif-
ferent kinds.
a. Mechanical graphs like Weather Bureau records.
b. Review of details in graphic work, scales, and the like.

1o

. Muthematical method of studying {unctions.
a. Who makes such study? Illustration.
b. Why such study is not made of all existing functions.

3. Review of functional notation.

4. Directed lines. Rectangular codrdinates.

a. Intercepts.
b. Infinitely large or infinitely small functions.

. What is meant by a rate.
a. Rate of change of a function.
b. Uniform rate of change of a linear {unction.
(1) Slope of the straight line y = mr + b,
(2) Uniform uecceleration,
(3) Applications.
Avergge rate of change of 3 function.
. Instantinceous vate of change of a funetion,
Graphic methods involving a, b, ¢, and .
. Small intervals.
g. Interpolation by proportional pars,

(31

-~ Ao

6. Toiportant probletns,
a. Mean-value,
(1) Averaee vilue throughout a certain interval,
(2) Appheations,
(n) To find the distance tiaveled.
(h) In physics.
() In geometry,
h. Fxtreme-value.
(1y Review and eatension of masima and minima,
() Applications.
c. Zoro-value,
(D Review o earlier equuation work with emiphasis on the idea
of variation,
(2) Review of graphic methods of solving simple equanions and
extension to the solution of lugher equations.
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(3) Theory of equations.
(a) Number of roots.
(b) Location principle.
7. Deriving formulas.

II. The Notion of a Limit.
1. Elementary notion.
a. Numerieal.
b. Geumetrie.
2. Relatien to instantancous veloeity,
3. Instantaneous direction.
a. What a tangent line is.
b. Slope.
4. Explanation of limit.
5. Explunation of notation used.

III. Differentiation and Its Applications.
\1. The idea of a derivative of a function
i
dx
3. Differentiation of simple funetions, formul:7

2, Meuning of

4. Maxima and minima.

IV, Integration and Its Applications.

. Integration explained.

. Formula for integration.

. Notation.

. Applications to areas, sarface, volumes.
Other applications,

Ov e GO DD re

V. Commercinl Algebra,
1. Review,
a. Exponential and logarithmic funections,
b. Cirowth curves,
¢. Compound interest,
d. Annuities,
¢. Business depreciation.
f. Differentiation and integration.
2, Serics.
a. Evaluation of funetions.
b. Mathematies of investment,
(1) Accumulation,
(2) Life jusarance.

VI Permutations, Combinations, and Probabilitios.
1. Permutations.
2. Combinations,
3. Chanee explained.
4. Nimple and compound probahility,
5. Normal distributions, surfaess, mnl curves.
6. Errors of measurcuent,

-y
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7. Applications.
a. Life insurance problems,
b. Mendelian theory of inheritance.

YI". The Number System Extended,
1. Review and extension of the real number system.
2. Similarly for imaginary numbers,
3. What a complex number is.
4. Polar form of a complex number. Polar codrdinates.
5. Applieations.

III. Meriiops oF INSTRUCTION

Administrative Trends. By administrative trends we mean
the external schemes of organization whereby teaching and learning
are accomplished. It will be worthwhile to consider some of the
most outstanding of these trends and see if we can discover what
progress has been made.

The Laboratory Method. Among the remedies suggested is
the laboratory method already referred to, where the instructor
is supposed to follow something of the order of procedure commonly
emploved in the physical sciences. The teacher meets his pupils
part. of the time for purposes of discussion or “recitation” und
devotes the other periods to study and investigation.®

Individual Differences and Needs. We are now giving serious
consideration to the variation in the abilities and needs of indi-
vidual pupils. This factor alone probably constitutes the greatest
problem in the American secondary school to-da¥. Through tests
of one kind or another we are now able to classifv children into
ability groups; and yet in many sehools we go on with our teaching
as though no differences exist. To continue such a practice is un-
wise. In a democracy, if anywhere, leadership it essential and we
arc not developing our leaders, Morcover, we are not doing much
to develop intelligent fallowership in those who eannot lead, The
study of needs brought more definitely to light by a program of
testing has introduced into the teaching of mathematies grouping
according to ability, enriched curricula. and apportunity elasses.

Homogeneous Classification. Perhaps one of the bhigaest
changes is the practice of grouping by ability or homogencous
cinssification. This practice enables u= to let ench elass advance at

® Newhall, Charles W, "I'he Teaching of Algehea by the Laboratory Meothod,'
Nehool Netence and Mathematicr, 5240400 See also lanes, Feanklin T., ~Somn IXE

perirnees in Laboratory Mathomaties and Theiv Results,” School Science and Mathe.
mutics, 5. 408-10,
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its own rate and allows us to enrich the course bevond its minimum
essentials for those of high ability. This is possible because only
those who desire and who have the ability to continue mathematies
are urged to do so. The modern twelfth-yvear group in mathematies
is even more selected than that of the traditional type, where there
was little preparatory work to muke for real understanding of the
mathematical processes involved. In conncetion with ability group-
ing we use prognostic and diagnostic tests which help us to classify
the pupils, and practice or drill tests which enable us to tell where
the individual pupil is having difficulty.

Fads in Teaching, It was in 1913 that Professor Dewey's
Interest and Effort in Education made its appearance. By 1915
“motivation” was the watchword in education. “YVitalizing” the cur-
riculum was the key to success at this time.

Thus, a number of fads in teaching have passed over the coun-
try from time to time. There was the laboratory method referred
to above. especially in geometry, where the pupil discovered for
himself the various truths to be learned. Then eame the socialized
recitation, supervised study, the project method of introducing and
developing subjects.® the Dalton system. and the Winnetka plan,
each with its own advantages but no one of them meeting s:atis-
factorily all situations. Rupervised study. for example. is either
study or it is not study. If the pupil does the studying. it may he
helpful; if the teacher does it, the time is wasted. If one had contral
over the fourth dimension. and could travel fast enough, so thut he
could see into ten thousand classrooms to-morrow, he would 1ind
in the vast majority of them no unique plan of teaching in use, No
doubt he would find each teacher doing the thing most evidently
suited to the situation--sometimes a lecture, other times hourd
work, again seat v-ork or perhaps class diseussion with an ocensional
period given over to diagnostic testing, and the like. Often to-day
the pupils select the procedure by whish they will learn most
easily and most economically. The best teachers do not con-
fine themselves to one method at any time, If they did, the
monotony would be unendurable. They try all of these schemes
sooner or later and in the end retain what is good in each.

New Spirit in Presenting Subject Matter. In the past twelve
years a new <pirit has characterized the presentation of subject mat-

S Jublonower, Josepl, “The Profect M thad and the Soclalized Reeltation,” 7re
Mathematics Tracher, 21 431.41,




O

ERIC

Aruitoxt provided by Eic:

176 THE FOURTH YEARBOOK

ter, permitting & pupil to live hix life naturally, with a minimum of
restraint and without tasks that are unduly irksome. Thus he
ix allowed to develop hix interest in mathematies largely by his own
spirit of curiosity. Moreover, he is directed as in a game;—not
driven, not even led, but stimulated by the teacher to discover
truths, Professor Dewey once said, “It is pretty generally con-
ceded that the proper method f teaching is to present the facts and
let them be worked up according to the eapacity of the minds that
work upon them,”

Accordingly, the emphasis has been shifted from subject matter
which puzzles the pupils to the pupils himself. As a result of the
breaking down of lines of cleavage, of the bringing down of new
muaterial, and of the shift of major consideration from the subject
to the child, there has followed a more vital, teachable, and learn-
able organization of subject matter, both in general courses and
in those having traditional labels.

The Testing Program. The testing movement, which has swept
the country since the World War is at the present time probably
having a greater influence upon the teaching of mathematies than
anything else. Attention to individual needs and differences has
made homogeneous grouping possible. Scientific construction of
curricula in mathematics has been in the foreground during the
past two years. Diagnostic testing at the present time promises
to revolutionize the teaching of mathematies. Psychological analy-
sis of methods and abilities is doing much to elear up questions
of procedure. However, these latter developments are {oo near at
hand for us to get the proper perspective in order to evaluate them.

Uses of Tests. About the year 1910 an attempt was made on
large scale to measure the degree of s<kill attained by pupils in
studying the fundamental processes in arithmetie. Tests were soon
used as a basis of compurison of achicvement of elasses and of
schools, o practice which has not met with general approval. Later
tests were used as a means of determining whether the material
taught was too difficult for the majority of the pupils. They were
also used to deteet wenknesses in teacking so that errors in the use
of principlex could he corrected,

In an effort to secure more successtul work in mathematies,
edurators have analyze 1 the major operations and difliculties into
those of a minor natte ~ he teacher, inorder to be sueeessful, must
be aware of all the diflienlties that will confront the pupil and
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prepare him for them, Tests have been prepared which reveal not
only ability as a whole in a given operation but detailed abilitics
as well,

Other New-Type Tests. Nobody will claim, of course, that the
new-tvpe tests which are not standardized will be a panacea for
all of our testing ills. They also have their shortcomings, as we
shall sce. As Professor Iorn points out, we need to emphasize the
method of testing instead of any one test itself. He lists ¢ the
important purposes of educational tests to which I have made
certain additions and amplifications as follows:

1. To give in a brief period of time a rapid survey of all the
skills or abilities to be tested. Pupils’ difficulties with given topics
are often due to neglect of the teacher to provide instruction in
certain small details. What is mathematically to the teacher a
single skill may be psychologically to the pupil a complex of skills.

The new-type test on the quadratic formula on page 178 will
bring out this point in a practical way.

The old exsay-type of examination tested only a few skills, and
it took a long time to do even that. The standardized test in mathe-
maties has progressed little in this dircetion, although it has made
a start.

2. To remove the personal equation in marking papers; in
other words, to make the scoring of tests objective. The marking
of examination papers in the past has been highly subjective. This
procedure is human. Every teacher is prejudiced with respeet to his
pupils, Objective tests can be marked in only one way and the
record i impersonal.

Asin the preceding ecase, the test on page 179 referring to
optional  historical information that might bLe given in certain
classes, can be scored in only one way,

3. T show the pupil how cflicient he has been. The old essay-
type of examination did not do this. It was too narrow in scope to
show mueh of the pupil's mastery of the field.

4. Tou show the teacher how efficient he has been. The essay-
type of examination ean reveal how well the teacher has taught
only a few things. The modern edueational tests through their
dizgnostic features set forth elearly the strengths and weaknesses
of pupils so that the teacher can do remedial work if necessary.

Mollorn, Drenest,  ceneral Prefnce o Tmpravement of the Written ramination,
by ML Rueh, Beorr, Forestuan and Co, 1024
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— b x4/ b'—dac
2a

Taking ex’ + bx + ¢ = 0 as the type form of the general quadratic equation
which has the two roots 1. and m, insert the proper values in the Jollowing
table, using the numbered columns which correspond with the eight given
tquations, as shoun for the first five in Ex. 1:
L 243:4+2=20, 3. 2*+9r—306==0. 5. '—8r==—15. 7. '—10x=11,
2. P—3r+2=0. 4 r*—13r—40=0. 6, F+10r=—24. 8 2'+14r=32.

1.2 3. 4 5 6. 7. 8

The Quadratic Formula x =

a= 1
b= 3
o=

—p = -3
b= 9
dac =

— dae =

2=

b — dac =

+ b —dac =

— Vb —dac =

—b+ Vb —dac=

—b— Vb —dac=
b+ b‘-—--lan_
£y = 20 -
—bh— N b—due
Iz == -

2a
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Optional Historical Information

In the left-hand colomn is the name of snme person, place, time, phrase,
or people corresponding to some item in the right-hand column. Insert on
the dotted lines the letter of that item which corresponds to tF - numbered
entry in the left-hand column:

1. Thales. vove @ Square on the hypotenuse.
2, Pythagoras. ... b, First printed edition of Euclid’s geometry.
3. Euclid. veeo ¢ QGreat Egyptinn surveyor. Formula

A=1"3(z—aqa) (s—b) (s—¢),

4. Greeks. .. d. Laid the foundation for geometric proofs,

5. Romans, .. 6. Foundations of demonstrative gcometry,

6. Plato. .. f. Euclid lived about this time at Alexandria.

7. Heron. .. g. About 1600 B. C. copied an earlier manuscript
on Egyptinn mathematies,

8. Archimedes, . h. Wrote the groatest of the Greek textbooks on
geometry,

9. Alexandria, . t. To them is due the best work in geometry in
early tinles,

10. Ahnies. vvoeo o Plato lived in Athens about this time.

11. Arabs, «oes ko A Greek eity at the mouth of the Nile. Fuelid
lived there,

12. 300 B. C. vooe Lo Applied mathematics to practical uses, as in

* great engineering works,

13. 500 B, C. eore my Trmelited Greek works on geometry, whence
they  reached Enrope again through the
Latin,

14. 400 B. C, .+. n. Pythagoras lived in Croton, Italy, about this
timoe,

15. 1482, voeo 0. Lived in Syracuse, Sicily, Computed a fairly

good value of .

16. Pons asinorum. .... p. First English translation of Euclid's great
gpeometry,

I7. Golden seetion.  .... . Badge of the Pythagorean brotherhood.

18, Pentagonal star, .... r.  The best known of the early translations of
Fuelid into Iatin, about 1260.

19, Ciumpminus, cevn 80 Anzles opposite the equal sides of an isoceles
triungle,
2U 1570, .... t. Dividing a line into extreme and miean ratio.
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This i= the strongest feature of such tests. When properly pre-
pared, they reveal the pupil's knowledge and abilities with respect
to every essential feature of the work.

5. To measure the value of a given text or method of teaching,
The tendency to-day is to build up a course of study and then
provide tests to determine how well the objectives are being realized.

6. To find out how long it takes to teach a topic. To-day we do
not know how long it takes to teach anything. We know that we
are getting mastery on only a few things. With proper testing, for
example, we could find out how long it taaes to teach a normal
group of ninth-grade pupils to factor the difference of two squares
to uny desired degree of mastery.

7. To serve as teaching devices. No textbook ecan contain all
the exercise muterial required by modern courses of study, pur-
ticularly in the fields of oral and of rapid written work. The tests
supplement the text and relieve the teacher of the necessity of
supplying the additional material.

8. To find out what is a desirable content. No matter how
desirable some of our objectives are. it may be that some of
them are not within the reach of the pupils we are teaching. It is
only by intellicent testing that we can properly decide finally which
objectives are valid.

9. To enable a pupi] to rate himself on his performance in
relation to his former record or that of his fellows. The first of the
two schemes iz probably the better to use. Just as a muan is eager
to beat his previous score in golf. s0 a pupil is usually eager to
mprove his score in mathematies.

10. To survey the status of teaching in a school system. These
tests are designed to afford a comprehensive survey of the work
of a semester or a year. They are often given by some one who
is surveving the school =vstem and. although general, are useful
in indicating the status of teaching in the sy=tem.

Present Weakness of New-Type Tests. We should not con-
chide without pointing out some of the weaknesses of new-type
tosts,

1. Muny of these tests contain obsolete material of no possible
imiportance.

2. Some of the tests are poorly arranced and badly printed.

3. Same testz, especially those made by busy teachers, have had
all sarts of mmpracticable features, sueh as loose detached sheets,



UNITED STATES 181

transparent paper, and the like, that make them unfitted for class-
room use.

4. Certain speed tests tend to glorify the machinery of mathe-
matics. Habits on this mechanical part of algebra may be over-
done. Skill in algebra must not be obtained at the expense of
understanding. There is no value in finding out how fast errors
can be made.

5. Only of late has anything been done to test the field of
algebra, and only recently has anything of importance been done
in geometry, although a good start has now been made.

6. The tests do not measure attitudes, appreciation, and the like.
This need not remain true, and at the present time steps are being
taken to remedy this defect.

Conclusion. Finally, it is not contended that the new-type tests
should replace the more traditional types, but it is suggested that a
broader and wiser use be made of these newer instruments of
measurement in suppivimenting the older ones. There is little doubt
that the pupils themselves like the new tvpes much better than
the older ones. We know from actual use that larger areas of sub-
ject matter may be tested in less time by the new-tvpe tests and
that the drudgery of scoring is greatly reduced by their use. We
have reason to believe that we obtain more information about the
extent and quality of a pupil's learning through the use of the
newer tests and that our remedial instruction is more intelligent
and worthwhile.

In spite of the frequent inadequacy and inaccuracy of teachers’
judgments both in setting good examinations and in marking them
fairly, it should be more generally recognized that these same
teachers are in the long run the ones hest situated to do the task.
Teachers ennnot only learn how to make objective te<ts that will
have both measuring and diagnostie value, but they can also learn
to use them intelligently. This ability to use the tests will inerease
in proportion to the progress that teachers make in understanding
more scientific methods of measurement.

IV. PresENT INDICATIONS 0F FUTURE PROGRESS
Increasing Prestige and Value of Mathematics. Professor
Hedrick says that the mathematics developed since 1900 is more
important and far-reaching than all that was developed prior to
that time. Einstein’s Theory, which is reallv more mathematical

-
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than physical, is as important as the development of the caloulus.
A vast amount of new mathematics has developed during the
Twenticth Century, Fighty per cent more of such material appeared
in the journals of mathematics in the United States in 1927 than

in 1920.

During the period from 1923 to 1927, mathematicians were
awarded important prizes for the most outstanding papers in the
entire field of pure seienee. The winners were Professor Birkhoff
of Harvard and Professor Dick=on of Chieago. The awards are all
the more significant when one .ealizes that no mathematicians were
on the award committee,

Many other instances could be pointed out to illustrate the
dvnamic nature of mathematical research. Professor Slaught in an
article on “Mathematies and Sunshine ” 82 says:

It iz well known tha one of the major intere ts of the Rockefeller Foun-
dation is the promotion of public health through secientifie rescarch in the
fields underlying medicine. Their procedure ix to delegute to the National
Rescarch Couneil the seleetion of highly trained men whose powers of research
in these fichls have already been tested and to award them ecash fellowships
as an ineentive to still further proseewta their fuvestigations. The biologieal
seiences, of course, were chosen initially for these followship awards, then
chemistry as underlying biology, and physies as underlying chetistry, and
finally mathematios s underlying all the rest,

The following quotation ® from an editorial in the Saturday
Evening Post is apropos here:

Maoy o bright snd promising college man drops his studies along with
his athleties, Alter a few years he takes on weight and becomes heavy on
hix feet. His intimates make teasing renuirks abont bay windows; but none
will have the hardiheod to hint that he has likewise develoged a bay window
of the mind or has allowed his nental machinery to rust and jan through
sheer negleet and shiftlessuess, Faithinl are the wounds of a friend, but
friendship is the price of inflicting them.

Hopeless cases of fine minds gone soft and flabby are so cuommon that
it is not too mueh to say that arrested intelleets U development ig the great
national discaze of our edueationally privileged elusses. Sheer lack of will
power and mental staming makes it difficult or impo:s’ble for us to forego
cage and rest and attack irksome tisks sueh as reading the books that harden
the bram, but which are so new and steange that they must be studied as a
child studies geometry-~pevinfully and doegedly. Sinee mete now in their fifties
went to college the whole universe bas beon taken down and reassembled in a

o Rlueht, 11, E. cMathematies and Sunshine,” The Mathematics Teacher,
21024,

o Mathemation News Letter, 3: 4-8.
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aew and unfatuilise foun, Literature, relatively speakiug, has been marking
titne, Netohwer hian been going shvad by vunning beapa, Unfurtunately for the
enstinl amd easily daunted seador, madern seivties 8 weitten in the language
of munthematies and in the dinleet of ealenlus; not only physies, chotlstey,
and clectrivity but physivlogy and the other life scivhiees, Lack of cany
Catnilinvity with higher tmathetiativs i0 o formikible obstaele between oue
ignoraiice and any eeal geasp of the madern coneeptions of the universe we
livo fn; and that ubstacle will contitiie to bar our paths until the estraondis
uuty ftapurtaiicy of thuthelnatival studivs tecvives full sud practical recoge
nition,

Unrest a Sign of Progress. Since 1010 n spirit of unrest has
permeated the ticld of muthematios, As u vule, this is an indication
of progress. The great changes in industry, muodes of travel, transs
portation, and the complex govial life in which we live eall for o
new application of mathematies to meet the problems of everyday
life, In Taet, ux we breeome better acquainted with the worlid about
us we are foreed to think more and more in wathanatical tenos,
All real progress in economies, in business, in industry, in the
seiences, and in many other felds depends upon the understanding
which the leaders of those fields have of mathematies.

Organizations of Teachers of Mathematics, The united clfort
of a homogencous group ol any sort has always proved to be one
of the best methods of accomplishing great tasks. Many organiga-
tions of mathematies teachers have been formed sinee 1910 not only
to advance group interests but to advance as well those of the
individual teacher, Witness the report of the National Connuitters
o The Reorganization of Mathcmatics & Secondary Evdueation,
The membership of tonchers in mathematies clubs * and vrganiane
tions, the wmagazines, pamphlets, und yearbooks are sutlicient evis
daence that mathematies teachers are awake to existing couditions,
Present indications are that mathematies is still to remin a major
subject in the seeondury schools of the United States,

However, we need to have wore frequent meetings of teachers
in the vurious mathematies departients in this countey to talk over
their common problems. ‘Teachers located in cities should  form
clubs like those in Buftalo, Chicugo, Cleveland, Culumbus (Ohio),
Dotroit, Minncapolis, Philudelphin, New York, St. Louis, and
St. Paul, These clubs have regular meetings, and some of them have

¢ gen Gugie, Marle, “llew Mathenmtenl Clubs il Assoclatbins May Hecome

Alitinted with the Natdonns Ceutiell of Penchioes of Muthewatien,” The Mathematics
Toacher, 8148300
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alvendy beeome branchos of the National Couneil of ‘Penchers of
Mathematies, ‘Phe various state organteations should also be
aflilinted with the Natlonal Counell xo that the work of improving
instruetion in mathematios may be done more intelligently.

Professional Advancement, Some teuchers of mathematies,
liko those of other subjeets, *get In o rut.” "They do not read the
curvent educational and mathematieal journals, Nevertheless, they
are coming nmore and more to renew thelr interest in thelr subjeet by
attendance at =unvmer sessions or at vegulur sessions during the
academic year in reputuble institutions of learning. Evory teacher
of mathematies in this country should be o member of the National
Couneil of Teachers of Mathematies and should read vegularly its
officiul organ, the Mathemativs Teacher, This magugine is the only
one in the country devoted entirely to mathematices in the ele-
mentary and secondary flelds,

The National Council of Teachers of Mathematics. The
arganization of the National Council of Teachiers of Mathematics *
at Cleveland in 1020 inaugurated a nation=wide program for
iaproving mathematies. Prior to this, us Professor Slaughs puinted
out ut the uinth annual meeting of the Council in Boston in Feb-
ruary, 1028, we lacked three essential eharacteristics for suceess as
o national orgunization; namely, group consciousness, group pride,
and group enthusinsm, With our rapidly inereasing membership
(from 3,000 in 1927 to more than 8,000 ut the present time), with
the awakened interest in the yearbooks und the formation of
branches of the Council * all over the country, wu shall soon acquire
the three important chuaracteristics referred to above. As Mr.
Austin o7 put it at the Poston mecting:

Counting the meeting fur organization, cight antual mectings have been
held--two ut Cleveland, two ut Chieago, one eaclt at Athintie City, Whaahing.
ton, Cincinnati, and Dallas Considering the great distanees to travel, the
attendaner has been exsevptionally loge—averging about one nundred and
seventysfive persons, Ten to twenty states weee represented at ench mecting.
These nation meehings have been valuable not only for careving on the work
of the Nutional Couneil, but also heeause they have been a great inspiration
to the loeal teuchers of the commnity. The weeting at Dallas, Texus, in 1937

s Nee st O M, CHHstorleal Aecount of OFigin aud Geawth of the National
Cortieil af Teaelior. of Muthomatwes' Mathematior Teaehor, 21 20418,

A CGagele, Marie How Slathenutien]l Chiles nnd Axsoelations May Becomoe A
atwd with the Natlonal Conaeli of Teachers ol Muthematles, Mathematics Tvacher,
I B NI
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well illusteates the point, Two huteed tenelives from fourteen stutes attended,
Uklahoma amd Tesae furnished the figgext auintier, No o meeting like thin had
ever ene to that pat of the eountey, Phe Pesas teachety, with one accord,
testitiod to the wonderful aupetus nind ivspitation given to their work by the
Nutivaal Coanetd meeting.

While nll the things deited have nut yet vane to pass, while auly 4 small
wtber of the tenchers of nthewatis in the United States have been
wearhed atad intlueneed by v aganization wl its publications, yet the writer
of this aceount feels that the many things already seeomplisted amply justify
the faith of twee who founded the National Goutiell and who ate still worke
ing W give it a laeger place e the edueational world.

Realization of the Nced for Research. Most of the changes
that have tuken place in the earrleulum are due to “external soclal
forevs” which have exerted an influence on the schools, Little ochange
hast been effeeted through reseaceh, The threee or four outstanding
exaiples of recent reforms accomplished as w result of reseurch
are given by Professor Judd.*® He says:

Avres cludied at a single stroke the content of the course in spolling.
Laburatory investigations wee divetly wesponsible for the present emphasie
on sileut ending. Certain stidies of the aoeind demands Tur mathetatics

have beet influentinl e woditying the winoutt wnd Rind of  wathematios
taught it the schouls.

Again, Professor Judd says, “If one were disposed to by possi-
mistic, one would be tewpted to use the terns that have frequontly
been used by critien and would suy that fad after fad has been
injectedd intu the school program without adequate reason or
justificution.”

More Adequate Preparation of Teachers. Concerning the
teacher and his qualitieations, the Report of the Nutivnal Come
mittee states:

While the greater part of thic report coneerns itself with the eontent of
courses in athenation, theie aggamzgation amd the point of view which should
govern the insteaetion atd mvestigations relating thereto, the National Cotne
tittee must ctaphiasty - strongly that BVEN Mons FUNDAMENTAL 8 the problem
of the tenchers his gudifications wed teaining, his peesonality, skill wd enthie
stastin, “The greter port of the Guluee of mathematios is due 1o poor tenching.
Goub TEACITERS WAVE LN TIHE PART SUCCEEDED, AND WILL CUNTINUE TO SUCCRED
IN ACHHIEVING HIGHLY RATISEACTORY RERULTS WITH THE TRADITIONAL MATERIAL]
POOR THAVHENS WILL NOT SUCCEED BVEN WITH THE NEWER AND BRUTHR MATERIAL.

@ Juhl, Gl Ly #The Place of Heseatell Inoa Program of Cuerleuluts Develop:
went,” Juwrnul of Edueational Reseqreh, 17030088,
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Schools of eduention throughout the country ave furnishing to
ambitious teachers the oppurtunity to learn more about the solution
of thelr problems by providing summer sessions, extrasmural
courses, purtstime study, and corvespundence courses. A genuine
attempt Is made to glve teachers what they want and need. A
significant statement in this councetion was made by Professor
W, O, Bagley recently when he suied that the groatest ehange in
elducation at Teachers College, Columbia University, during the
past ten years has been the increasing emphasls on subjeet matter,

Outlook for Mathematics, The outlook for mathematics is
bright. If the organization of mathematics along better lines s
necessary, and improvement in instruction is possible, those best
fitted to make the greatest conteibution are the mathematies
teachers. We should begin by remedying the present defeets, ‘The
ultimate suecess of our effurts will be due to the optimism awd in-
telligenee we show in whinbiting the faets and in reorganizing the
course accordingly.



