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FOREWORD

Textbooks and workbooks do not, in and of themselves, provide a
total program in mathematics for elementary school children. What the
teacher and children do with all available instructional materials is
what really counts., A complete mathematics program for children makes
use of selected instructional devices, to complement and supplement the
textbook and workbook.

The key word above 1s the word selected. The authors of this
activity book have exercised careful consideration of many possible
activities. The ones they have chosen to include in the book are
child-tested. Few other activity books available can make this claim.

One of the major outcomes of a modern mathematics program is the
development of a positive attitude toward the material being studied,
The wise use of these selected activities to supplement the concepts,
under study, has been shown to increase interest and enhance favorable
attitudes,

There is nothing wrong with the idea of fun and games in mathe-
matics, As indicated they serve a most useful purpose. However, if
~activities can serve more than one purpose they can complement the
program {n wultiple ways. As the reader looks at these selected
activities, I am sure that the authors' attention to the development of
rational thought on the part of children is readily apparent,

Every teacher wants to develop a program where children are
challenged, in a positive way, and interest is high. There i3 no
" doubt that the materials in this book will go a long way toward
- bringing such a program into reality.

Ronald C, Welch
Professor of Mathematics Education
Indiana University, 1974
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PREFACE

There are two major purposes of this booklet. First of all,
teachers of elementary school children are con;tantiy looking for
meaningful activities they can use to supplement tﬁeir ongoing programs,
Secondly, children need experiences in which they become actively
involved in their learning, enjoy it, and experience success. The
materials in this booklet are suggested as activities in mathematics
which will agsist the elementary teacher in meeting these.objectives,

The authors have chosen not to organize the activitiés in the
booklet in the traditional chapter form, It was felt that this would
tend to isolate an activity and imply that it was appropriate only for
that section (i.e,, place value, drill for addition, egc.)‘ Many of
the activities can, with minor modification, be used in more than one
aspect of elemeﬁtary school mathematics,

All of the activities contained in this booklet have been used
by the authors in elementary classrooms with children, The children
have responded with enthusiasm. The authors feel that the teacher
who enriches her elementary mathematics program with these activities
will have similar results,

William J. Linville
Associate Professor of

Elementary Education
James E, Higgins

Assoclate Professor of
Elementary Education
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INTRODUCTION

More than a decade has elapsed since elementary schools in the

-United States first experienced the revolution in ''modern’ mathematics
_-? ~ 5
instruction. During that time, major changes have been made fin text-

- book series, thus having an effect on the teachers using them and, hope-
fully, the children being instructed by those teachers.

While the majority of concepts and skills stressed today are the
‘same as those in earlier times, 1t is trud that additional topics can be
found in the present curriculum. The modern program is based upon Sets
and the various properties (commutative, assoclative, etc.), More
;- emphasis is placed upon geometry than was previously the case. GImerging
’itrends indicate that there will soon be additional work in probability,
-:statistics, &nd the metric system.

Todayfs mathematics curriculum is not without its critics, During
its infancy the movement was attacked for numerous reasons, most notably
a "fear" of doing something different, therefore breaking away trom
’tradition. More recently, however, criticisms have been based upon the
belief that children are not achieving in mathematics as they should be.

It is true that children need to be able to compute the answers to
‘mathematical problems with accuracy, but other things are of importance
also, Rational thirnking is a desirable attribute, True mathematical
understa@ding is a logical expectation. It is not enocugh for a child

¥
to kuow that 18 -~ 9 = 9, He must be able to understand why this is so.

1
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As well as understanding how to subtré:t, for example, the child mu!t >kf
kﬁOw vhen to su§tract. |
| Assume th#t many of tha criticisms of newer mathematics progtams , :
fgf the elementary school are justified. Where does the responsiﬁiiity:f
;f res£? Not 1n‘the‘content of the progiam! the manVth drives his‘ggg ,tf
’thfouéh the back of his garage usually has himself to blame, Thé auﬁb?”i
Hmobile has only responded to what the driver directed {t to do. f
Does this mean that teachers are not of the quality that they oncex"if
were? Not at atll 1Is 1t possible that the newer programs have been
‘dgalt with using traditional methods? Possibly, but not to a great
"degree. Have children of the present generation evolved into a new N
cbnglomeraﬁe, far diffefent from those of twenty years ago? To some
degree, perhaps, but not in suchka degree that one would notice signifi-g
cant differences, ; -
There can be no denying the fact that the newer programs in elé- 
mentary school mathematics resulted in part from a belief on the part
of many educétors in the United States that a real weakness existed 1hfkf
our school systems. Sputnik I was indeed a shock to this country'sjy
central nervous system, better known as the public schools, However; |
the treatment consisted generally of attacking the cognitive domain by"
increasing the content to be offered, in addition to making some changeé
in the content already included,
Could it be that more emphasis in the affective domain could
strengthen the programs now iu existence? The authors of thié booklet
feel that the answer is emphatically 'yes,” and that one method is

through enrichment.

wll Toxt Provided by ERIC
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~Enrichment 1is basically what its name implies. It consists of
*learning experiences outside the realm of the norﬁalycurriculum. )
‘designed to broaden the child academically, either vertically or hor=
_izontally. Such activities are for the purpose of pupil involvement,
_without fear of failure on the part of the pupil who does not grasp the
iéconcept(s) involved.  The activities are not deaigned necessarily for

-Lmastery. In short, children can enjoy what they are doing without

;feeling pressures from without to do well
’  When children experience success, attitudes toward learning are o
’;enhanced. Hhen children want to learn, the teacher 8 goals for instruc-'
htlon are more easily attained, ;

;-b' The’teAchers who generally use a textbook with their elementary |
fchildten, whethet they groubythe students or teach them as a total
~u§£5up, will find that occasional use of selected enrichment>activities
7bfovldeé a pleasant break in routine, thereby giving everyone involved
:o 'second vind." Total group enrichment activities can also provide a
‘eneeded "breather" to those teachers and children involved in the various"
‘individualized programs presently in existence,

‘ Although not a panacea, enrichment can help provide children with
ietimulation vhile learning and stimulation to learn in other settingo.
lThé activities that can be used are limited only by the teacher's
fcteativity and imagination. The rest of this book is devoted to pre--

senting specific activities that teachers may use with elemeatary school

" students,




PROBABILITY

The topic of probability is emerglng as a necessary component in
today's elementary mathematics cgrriculum. Until recently, it was
regarded as beiﬁg resérved for upper elementary and beyond. Such is
nbtkthe case. Probability has its applications beginning as earlyfas“ : 

_kindergarten. Following ére brief descriptions of some activities one B
: might use with children. No attempt has been made to designate spécifié';

: ~grade levels; leaving that decision to the teacher.

Activity A

Place 5 red and 5 white poker chips in a shoebox. Shake the box
and then have one child blindly select five chips. Make a recoxd of
the selection and then place the chips back 16 the shoebox, Repeaf the 7
activity nine times, alléwing a different child to make the selectiohs
;h each occasion. Then discuss the following:

’ a) How many different outcomes?

b) What are the most likely outcomes? (3R « 2W or 3W - 2R)

¢) What are the least likely outcomes? (5R or 5W)

d) How many chips would have to be drawn from the box to

guarantee five of the same coler? (9)




Ef;Activitz B
) Take 15 red poker chips and 5 white <;es.‘\P1ace them in a shoebox,
Have one child blindly select four of them, Record the selection and
feplace the chips in the box. Have five other children make similar
samples and record those. Tell the pupils tﬁat the shoebox contains 20
chips and then discuss the following:
a) The meaning of "taking a sample."
b) What the students feel the ratio of red to white is in
the box. (Hopefully, they'll say 3:1.)
¢) The total number of red and white chips in the box.
d) The rafio if 10 more red chips were added; the ratio 1f
10 white rather than 10 red Qere added., (One might want
to verify this by taking additional samples after

placing more chips in the box.)
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Activity C ( | ) (2)

White | Plue

Red Green

Given two spinners colored as indicated above, discuss the
foliowing:

a) On spinner 1, what is the probability of getting a white?

{1 chance in 2.) A red? (1 chance in 2.) Thé same for
blue and green on spinner 2? (Yes.)

b) Using both spinners simultaneously, what are the chances
of getting a wﬂite-blue? {1 in 4.) A red-blue, white~
green, or a red-green? (1 in 4.) A blue-green? (Zevro,
since they are on the same spinner,)

‘Given a third spinnex (page 7), Qhat are the chances of getting any
one of the colors? (1 in 4.) Using spinners 1 and 3, what are the |
chances of getting a white and a yellow? (1 in 8,) Using all three
spinners, what ciitances exist of getting a red-green-black combina:ion?;,

(1 in 16,)




(3
Black

Orange yel{ow | N~

: Brown

~ffAct1vitz b

Take two containers, In the first, place 10 black marbles and 5

whité ocnes. In the secqnd container, placé 20 black and 5 white. Aék

ffthe following questious?

a)

b)
c)

d)

e)

£)

1f I wanted a black ﬁarble, from which container should
I draw?

Cou}é 1 get a black marble from either one?

Is it possible to get.a white marble from either one?
Which container would give me the best chance of drawing
a white marble?

If I drew Six merbles from container one, how many black
and how many white should there be? (4 and 2.)

1f I took five marbles from container two, how many

should be black? (4.)
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Activity E

Give each of the children one die (singular for dice). Have them

roll twelve times and record their results on a table as below,

;FACE [ ¢ ° .:‘ ®

OCCURRENCES

*e O

L The chances of each face appearing is one in six, so 1t would be
péojected that in twelve rolls, each face would appear two times.
However, ‘since the sample {s small, this may not be the case. This can
be’allowed for by compiling the results of all the children, thus
increasing the sample and therefore the chances of getting a more

normal distribution.




ODDS AND EVENS

The teacher might decide to let pupils experiment with all or a
part of the following activity, depending upon the grade level and
mathematical maturity of the children involved., It will be readily
‘@ parent that some interesting generalizations can be derived by ele=
. mentary pupils based upon these activities,

For each of the following, let O = odd; E = even:

E+E=[]
E+0=A 3.

+E+E=A
+0+0=]

+E+[J+0=E

o O m O O O m
+
o
L]
>

E+E+E+E+E+O+E+E+E+E=/)
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CLOCK ARITHMETIC

A good way to begin this type of activity is to tell the pupils
- that some number sentences are going to be placed upon the chalkboard, ,
~all of which are true sentences, Let the sentences be of the following v
type:’ o

+++++
B B I OB H B R
s bt ) p—

OMND L= OO

Cr e \D W QO N
s

[

Little reaction will be given by members of the class to the first
. three sentences, but they immediately will become very suspect 6f the
remaining five. When asked if they could think of a number system in
which the eight sentences could all be true, the responses will surely be
varied,. If none are able to figure out the system, the following types

of leading questions might be used: . ‘

YAt 3 hours after 3:00 o'clock, what time is ft?"
YAt 5 hours after 4:00 o'clock, what time is it?"
At 4 hours after 7:00 o'clock, what time is {t?"
"At 5 hours after 8:00 o'clock, what time is it?"
"At 9 hours after 7:00 o'clock, what time 1is {t?"
YAt 9 hours after 9:00 ofclock, what time is 1t?"
YAt 1 hour after 11:00 o'clock, what time fs {t?"
'"At 11 hours after 11:00 o'clock, what time is it?"

; Many other problems of this type can then be used. While it is not
essential to either the understanding or the enjoyment of the activity,
the teacher may decide to inform the class that this is called "modular
arithmetic," and that these problems would be the result of working in

a modulo 12,

The pupils may wish to build an addition table for modulo-12 and
use it to solve simple addition and subtraction problems, While multi=
" plication and division can also be fun in modular arithmetic, the
teacher may decide that the level of maturity of the class does not
warrant such an exploration. The completed addition table would appear
as:




11
12
1
2
3
4
5
6
7
8
9
10
11
12

= N o N M T NN O N0 N O
pv - e
Cf i N ™ N ™M & N W N O© O O
i ed e —

11

11

11
12
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ASTRONAUT MATH

When the "modern' programs in elementary school mathematics were

" introduced to the classrodms, one of the more obvious components that

‘was "new" was the inclusion of nondecimal numeration--number bases other -

than base ten, 1t was generally believed that exposing children to
these bases would result in their having a more thdrough understanding R
of base ten. Research has not substantiated such claims, however,

Should one assume that nondecimal numeration lacks importance'in

~the elementary wathematics curriculum? Not at alll There is need,

x

though, to put such activities in proper perspective, Number bases can g
provide é stimulating and enjoyable experience for children when handled -
as enrichment. The following activity can be applied, with minor mo&i-
ficatfons, to any grade level following grade one.

* * * * * *

The year 1s 2000 A.D. A team of six astronéuig has just landed on
the planet Mathos, a plaﬁet inhabited by beings who look much like those ;
on Earth, except for their hands, each having but a thumb and one finger,f
The astronauts>introduce themselves and are made welcpmg.

During their stay, they learn many things aboutklife on Mathos and
find that it differs from Earth in only one significant way, that being
the Mathos number system. Whereas Earth has ten digits (0,1,2,3,4,5,6,
7,8,9), Mathos has only four (OQ,V,[1,A).

After a lengthy discussion, the astronauts are able to construct a
chart illustrating the meaning of each digit and how cach one is »

pronounced:

O
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Number ' Written
Represented Digit Pronunciation
O @) "Bong"
, ’ .
O v ztph
@ D "Crash!"
(‘ ok k) A "Fizzle";

. One must remember that the Mathos system has only four digité and

_ that all other numbers are represented by combinations of thoseidigits.fk

Oon Earéh, numbers are repzesented by combinations of our ten digits.

Counting on Mathos

Since Earthlings, wien asked to count, begin with “one",iather
;han Yzero," it should be noticed that counting in Mathosian would
begin with "zip." The set below represents "fizzle" objecté.

G5

If one more object was placed in the set, there would be '"zip=

" bong" of them. Do you see why? Mathos operates in a base four system
'¥6f numeration, probably because they only have a total of four fingers - _
fand thumbs. By adding one more to the set as we did, that number repree
sented one of the base with nothing remaining, therefore “éip-bong."
A deeper understanding should result {f Mathosian is compared to base

four as it is written on Earth.

£
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The reason this activity is liked by children is that once they

have mastered the pattern, counting with the words ("zip = bong - crash,"

‘été;) s both fun to do and funny to hear. Generally, the counting
 'act1v1ty is sufficient, There may be times when the teacher will want
'the pupils to do some computation, e.g. D A+v OA= 7, but this
ffshould be reserved for only the above average students.

B For a variatfon to the Mathosian counttng, allow the children to
"V§ﬁpp1y their own words and symbols and work in bases other than base

;fOur. For a real switch, work in base twenty-six, using all the letters

 ,0£ the alphabet,




FACTORS, MULTIPLES, AND RELATED PATTERNS

Fac;ot

when two numbers are multiplied each of those numbere ie a faetot

of the product. In the number sentence 3 X 8 - 24 3 and 8 are factors |

- of 24‘ If the equation read 24 $+8m=3, 3 and 8 are still considered
"k,faetora. ‘ k | - |

Using this underatandins of the term "factor," one can develop

 some "divisibility rules" for most of tha whole numbers 2 - 9. One ;‘ '
ﬁnumber. N. s divieible by another number, P, if P 1s a factor of N.;v
Thue 12 is divieible by 2. 3, 4. and 6 because eech of those numbere ie

,3etﬁa factor of 12,

e Divieibilitz _i 2 | |
Divisibility by 2 1s generally learned quickly by elementary

“-”‘pupils, because they realize that 2 {s a factor of every even number. ‘ieef

| Thua, any number ending in 0, 2, 4, 6, or 8 is divisible by 2,.

' Divistbility by 3

Examina the numerals in sets A and B below. All in set A are

divisible by 3, None in set B is, Can you see why? 'ff
Set A Set B - |
3813 2413 -
2430 4310
9012 5302
3201 2941

2139 ' ‘ 1259
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Examining set A more closely, one will realize that 3 is a factor.
_of the sum of the digits in each numeral,
o 3813 —> 3+ 8+1+3 =15
230 —>» 2 +4+3+0mw 9
9012 —39 + 0+ 1+ 2= 12
301 —»3 +2+0+1= 6
2139 —»2 +1+3+9=15
; In set B, summins the digits of each numeral will result in a
1inumber not divisible by 3; therefore the number itself is not divisible
iiyy 3, 88 1n 241%.. 24+ 4 + 1 +3 = 10, 3 is not & factor of 10,
"Ihéféfore. 2413 is‘nbt divisible by 3.

? 21v1s1b111tx by 6 6
2 and 3 are factors of 6. A number is divisible by 6 if it is

of 1ts digits must be divisible by 3. Which of the following numerals
1s divisible by 67

. (8) 4,323 (d) 9,876
() 4,824 (&) 5,550
(c) 2.468

1f you chose (b), (d), and (e), you'ré correct. 3 is a factor of

(a), but 2 i{s not., 2 is a factor of (c¢), but 3 is not.

~ Divisibility by 9
In determining divisibility by 3, the digits of the numeral were
- ‘added to see if 3 was a factor of that sum. The same process applies

to divisibility by 9, except the sum has to have 9 as a factor, The

O

*idtvisible by 2 and 3. Therefore, it must be an even number and the’sum' ~ '
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"three numerals below ate all divisible by 9.
24111—>2+4+1;|-1+1-> 9
89172 —>» 8 + 9+ 1 + 7 + 2 = 27
200—>2+0+729

Divisibility by 3

 This rule, as with divisibility by 2, is quickly grasped by
children. Any number ending in 0 or 5 has 5 as a factor, thus is divi-
sible by 5. |

Multiples
A multiple of a number is the product of any whole number and

‘that number. For example, 0, 4, 8, 12, 16, etc., are all multiples of
4, because they are the products of 4 X 0, 4 X1, 4 X 2, 4X3, 4Xx4,

ete,

Multiples of 9

o
>
wr

= 45

8 = 72

> X X X
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Through eg§m1nation of the multiples for 9 above, a number of
batterns should emerge:
B (a) beginning at the top of the one's column and
proceeding dowmward, the digits decrease by
one each time,
(b) - beginvning at the bottom of the ten's place and
going up has the same result of decreasing by
one,
(c) the sum of the digits in each product is equal

to 9.

=

' Multiples of 2
: :
14
21
28
35
42
49
56
63
70
77
etc.

There are three patterns resulting from the multiples of 7. The

f{rst involves only the one's digit. One will notice that each of the
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‘ten digits (0-9) appears only once in the first ten multiples shown

 and then the same order of those digits will repeat, Also, the order

of the successive one's digits has a unique pattern--

=3, «3, +7, =3, =3, +7, etc, as ia:

7 (-3) =

4

4 («3) = 1

1 (#7) =
8 (-3) =

8
5

5 (=3) = 2

2 (+7) = 9

ete,

The other pattorn involves the sum of the digits, continuing to

sum until the result is a single digit:

7 —;> 7
146 —> 1
21— 2
28 —> 2
35 —> 3
42 —> 4
49 —> 4
56 —> 5
63 —> 6
70 —> 7

717 —> 1

+

<4

7

L}

13
11
9
7
14

1+0

1+3

1+1

1+4

5

The resulting sums, in order, illustrate a pattern of =2, =2, =2,

+7, =2, =2, <2, 47, =2, =2, =2, 41, etc.

ERIC
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PASCAL'S TRIANGLE

The 17th century French mathematician, Blaise Pascal, is given
credit for this multi«faceted pattern, although many believe the Chinese
were using it hundreds of years earlier. Examine the arrows (V) for
agsistance in determining how the triangle is constructed,

1 level 1 (sumw=l)
1 1 level 2 (sum=2)
\Y
1 2 1 level 3 (sum=4)
Vv
1 3 3 1 level 4 {sum=8)
Y
, 6 4 1 level 5 (sum=l6)
vV VvV YV
1 5 10 10 5 1 level 6. (sum=32)

1 level 7 (sum=64)
ete,

1f the triangle were extended through levels 8 and 9, what would
the sums of the digits be? ’

Pascal's Triangle also has some application to probability for the
elementary school mathematics curriculum, specifically as it relates to
the flip of one or more coins, where each coin yields either a "head"
or a "tail."

1f one flips one coin, he has only two possibilities--a head or a
tail, as illustrated below:

® @

With Pascal's Triangle, this is shown in level 2.

-,
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Given two coins, the possibilities are increased from two to four,

Coin #1 Coin #2

OJONONO
ORCRONO

Notice there is one chance in €four that two heads will result, two

chances of a head-tail combination, and one chance of getting two tails, -

This is demonstrated in level 3 as a l-2-1 situation.

Level 4 indicates a 1-3-3-1 probability situation, meaning that
when three coins are used, only one chance exists for thtree heads, or
. three tails, in every eight flips of the coins. Also, there are three
" chances for each situation yielding either 2 heads and 1 tail or 1
"head and 2 tails. To verify this, we need only to diagram the possible
outcomes.




@

Coin #1

9 0 ® ® ® ®

Coln #2

@ ©

® © @ &

@®

Coin #3

() > 3 heads
@

® 4’2::7&5}
®

@ ,
® it
®

@ ~> 3 tails

The energetic teacher is encouraged to work with her pupils in
~diagramming the possibilities involving four or more coins., At the

time of this writing, the authors were tired and decided
respective homes for some sleep,

to go to their
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WHAT COMES NEXT?

, It is & rare teacher who plans lessons to such a degree that the

* class period is over at precisely the time it should be. When too much
is planned, the activity is carried over into the next period. When
too little is planned, or the children work and learn at a faster than
usual rate, the teacher is faced with a minor crisis--what to do with
those few extra minutes, .

Total group activities 1nvolving patterns will,be an enjoyable
activity for all children and at the same time can”solve the teacher's
problem,

The following series of patterns will span the eatire elementary

grades. The ingenious teacher can adapt them to any level of develop-
mentl -

L AOAOAO . ..

e. O CC0OC3T . . .
cAOOOAODO . ..
.+ Dl &t > . . .
e IOV Lo L
F.O, 2,4 6 8 . . .

6. a,ba,ca,da, . ..
He 0,1,3,6,/0, /5. . .
L. /,1,2,35 8 /3 .

e 0,2, 1,3, 2,4,3 . . .
Rty 2,5, 14, 1, . . .
L1, 2,4 8 /6. .

M 2,367 0013, 17 19 23, . .
Nee, T, T, F FsS . .

oI, FMA MY T A
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.. _UN" and "0" above are based on the number names (one, two, three,
' four, ete,) and the months of the calendar year (January, February,

‘ March, etc.) rather than a specific mathematical progression. There~
fore, these should be used after the others. If not, the children will
start looking for '"tricks" in the patterns and the true benefit of the
activity will be lost,

In addition to the type of patterns 1llustrated above, nume:ous
other number relationships will prove interesting to children,
Examine the following:

1X9+2a1ll

12X9+3 =111
123 X 9 + 4 = 1,111

1234 X9 + 5

11,111
etc.

If you see the pattern, determine {f {t continues. If so, how

 far?

Now, try another one.
1X8+1-=
12 X8+ 2

123 X8 +3
\“
1235 X 8 + 4
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ALL ABOUT ELEVEN
.

1t would certainly be possible to use these activities with
elevens as types of drill. The teacher will, however, probably choose
to let the pupils work through them as "just for fun" problems,

1. Look at the following number sentences,

1 X1l =11
2 X1l = 22
3X11 =33
4 X 11 = 44

Is there a pattern evident in the above which could be used to
predict the product of 5 and 11; 6 and 11; 7 and 11; 8 and 11; and
9 and 117

2, 1s it poseible to find a pattern for the product of 11 and
another two-digit number? ‘

23 X 11 = 253
45 X 11 = 495
36 X 11 = 396
52 X 11 = 572
42 X 11 ?
27 x 11 ?

[}

Pupils (an often quite readily observe that in each of the first
. four numbar sentences above that the digit in ten's place of the
- product is the sum of the digits of the factor other than 11, In other
words:

2+3 =5 (5 1s the ten's digit of the product)
4 +5+=9 (9 1s the ten's digit of the product)
346=9 (9 is the ten's digit of the product) .
5+ 2=7 (7 1s the ten's digit of the product) ’
Since 4 + 2 = 6, 42 X 11 = 462,
Since 2 + 7 = 9, 27 X 11 = 297,

Note that in the case of examples such as 67 X 11, when the sum of
the digits of the factor other than 11 is ten or more, it is necessary
to regroup from ten's to hundred's place, Therefore:

67 X 11 =737 (6 + 7 = 13, The ten's digit of the product
becomes 3; the 10 tens are renamed as 1
hundred.)
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THE TANGRAM

, Some children will enjoy examining this classic puzzle of Chinese
origin, realizing many of its mathematical propertles

While there are many ways in which a square may be dissected into
the seven pieces, called tans, the following is thought to be the
original tangram.

Pupils may find it {nteresting to cut carefully along the lines
and then investigate some of the ways in whlch the pieces are related,
For example:

1.
2.
3.

4-‘

What could be said about the relationship of the two
small triangular shapes (a) to the square shape (4)?
How are the shapes marked '"a" and the shape marked
"e'" related?

How are the "a" shapes and the "b'" shapes related?
How are the "b" shapes and the '¢" shape related?
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Another extension could include considering the small triangular
shapes (a) as units, What, then, would be the area of:

1. shape "¢''?
2. shape "b'"?
3. shape "d"?
4. shape "e'?
5. the entive tangram?

Tangrams have mainly been used by taking the tans and arranging
them in interesting shapes, It is important that when building the
shapes that all seven tans be used for each shape and that no tans

ctovrerlap., While the more classic shapes derived from tangrams are
Mpeople figures," the shapes may take the form of animals or whatever
.*the ingenuity of the creator of the puzzle permits, staying within the
guidelines listed above. The following are but a few of the shapes
‘which may be constructed, Elementary pupils will enjoy making their
own puzzle shapes and letting other members of the class try to solve
them..

5

FISH




CAT




MAN

It should be noted that the figures shown here are not constructed
. to the same scale as the original square, so the solutions cannot be
found by fitting the tans over the figures exactly, It is, rather, a
. matching of the shape that should be done in;solving each puzzle. '

: On tﬁe following page an {llustration oé the solution to the "cat! 7
‘puzzle is given, with dotted lines used to illustrate the placement of

. the tans, The reader is encouraged to solve the other puzzles as well

as develop other puzzles,




A T I

7t

N\

CAT (Solution)

e
|
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JUST FOR FUN

2

The following problems may be best suited as enrichment activities
- for better pupils. It may be found, however, that all of the pupils
. will enjoy attempting the problems, even though the solutions may come
‘from only a few pupils., Often, less able pupils can profit from an
- arrangement in which they are a part of a team to solve the problems,
©.even though their contributions may be less than that of the more able
ipupils, ' .

1. A hunter walks due south 8 miles from a given point. After
then walking due east for another 8 miles, he shoots a bear. He drags
. the bear 8 miles due north from the spot where he shot it and finds
that he is back to his original starting point. What color is the bear? .

. © © 2, A man walked into Atkins' Appliance Store and purchased a

' '$24 radio, paying for it w’th two $20 bills, Mr. Atkins did not have
- ‘enough change, so he went next door to Rogers' Poultry Shop to get

. .change for one of the bills, , :

- the store and angrily announced that the bill he had thanged was counters
feit, Atkins reluctantly gave Rogers the other $20 bill, which was not
- counterfeit, How much did each man lose? o

- ‘Soon after the customer left with his change, Mr& Rogers ran into

|

22w 30 Three hikers, Able, Baker, and Carter met onﬁa mountain trail, - ¢

. They decided to divide their supplies equally among themselves and hike .
- “together. Each man had $10. t :

'
i

: Able and Baker each has 3 loaves of bread, whileyCarter had none.
.- Baker and Carter each had 3 pounds of meat, while Able had none. The
. men agreed that each would pay for what he received.

If 2 loaves of bread and aspound of meat together cost $1, and if
a loaf of bread costs half as much as a pound of meat, how much money
did each man have after the supplies were divided?

4. 1In Fairland, Indiana, 5 policemen can write; 5 parking tickets
In 5 minutes. The entire police force can write 100 tickets in one hour
and 40 minutes. How many men are there on the police force?

5. A man has 10 pafirs of blue socks, 6 pairs of| green:socks, and
one pair of yeliow socks. The socks are placed in a drawer unpaired,
If the man had to find a pair of socks in the dark, hﬁw many socks would
he have to take from the drawer to be certain of havitg & matching pair?
}
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~ 6, Marbles come in 10 different colors. There are 15 marbles in
.. & package, How many packages must you, buy to be sure of having at
. least 10 of one color? ‘

% * * * * *

Solutions: Just for Fun a

1. The bear was white, since the conditions of the probled
indicate that the hunter tas at the North Pole.

2. This puzzle can be solved by observing how the money and the
goods changed hands, Mr. Rogers neither gained nor lost, since he paid
~ out $20 and received a good $20 bill, Because the counterfeit bill had
" no: value, the customer came to the appliance stovs with $20 and left
with a radio costing $24 and $16 in change. Therefore, he gained $20. -
< Since Mr. Rogers neither gained noxr lost, the money gained by the L
" ‘customer must have been lost by Mr., Atkins. He lost $20.

: s ‘3, 1f a loaf of bread costs half as much as a pound of meat, and " :
" since two loaves of bread and a pound of meat costs $1, a loaf of bread -
. must cost 25¢ and a pound of meat 50¢. Baker gave Carter a loaf of = . .
 bread and gave Able a pound of meat, so he received 75¢. Carter gave = =
Able a pound of meat and received a loaf of bread from each of the . S -
others, Therefore, he received 50¢ and then paid out 50¢. Able
received a pound of meat from Carter and a pound from Baker, He gave
“Carter a loaf of bread. Therefore, he received 25¢ and paid out $1,
Able had $9.25; Baker had $10.75; Carter had $10,00.

4, 1f 5 men can write 5 tickets in 5 minutes, one man can write
1 ticket in 5 minutes, and he can write 20 tickets in 100 minutes, ;
~ ‘Since 100 tickets are written in 100 minutes, 5 men are needed, There= -
fore, there are 5 men on the force.

5. 4 socks., After 3 socks have been drawn, the man may have a
pair of the same color, but he may have only one of each color. The
fourth sock that is drawn is certain to be a mate of one of the first
3 drawn. Therefore, at least 4 socks must be drawn to be certain of
having a pair.

6. 7 packages. It is possible to have as many as 90 marbles
without having 10 or any one color, for the 90 may be made up of 9 of -
each of the 10 colors, The ninety-first marble, then, would have to be
the tenth of one color. Six packages contain 90 marbles, so it would
take at least 7 packages to have 91 marbles and be certain of having 10
of one color,
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COMPUTER PUNCH CARDS

©-  When other forms of drill concerning the basic facts for adcition
. -have become a bore, elementary pupils may enjoy an activity in whish
> they are pretending that they are constructing punch cards which aie to
 be fed into a computer, o

. The teacher may choose to copy the "cards" to be used on the
~ chalkboard, hand them out as dittoed sheets, or actually write them on
. file cards, A sample card could take the following form: '

,64’ 3z 16 8 4 2 1
: ¢ ' X X x | 7‘ |
x _ X ' N » SOE‘i‘
X X X . X X ",118?‘;‘;i
: . . . | ki ';'3ii

_~_ There are, obviously, many possibilities for this activity., In
~each case, the student's attention 1s directed to the fact that the o
nuneral appearing at the far right represents a sum. - The studént's -
. task then becomes one of using the numerals which appear at the top of
- ‘the columns as addends in such a way that they may be added to get the
. specified sum, Each addend may be used only once for each sum given.
In the first case shown above, the student needs to punch out the

~ spaces corresponding to the numerals &, 2, and 1, since 4 + 2 + 1 = 7,

. Like many activities of this type, this one is open=ended with

. respect to pogsible uses, The teacher may, for example, like to in=~

~vestigate the possibility of converting the punch cards in a way for
use with subtraction, multiplication, or division.
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BASIC FACT PRACTICE

; As a review, or simply as addftional practice periodically, the

- teacher may choose to use the following activity which can involve the:
practicing of the basic facts for addition and multiplication. In-
spection of the activity will reveal the need for applying subtraction
and division also,

Construct a partially éompleted table like the following:

Sum Y HERY 20 | 2

k,Addend/Factor ) 7 s
”’;,Addend/Factor - 6 . , 7 7

 Broguet el se |22 | 36 | 140

" The nature of the solution is dependent upon what 1nformatlon {8
glven within each column, In the first column, since the numerals 7
. .and 6 are supplied, the child is asked to think of the two as (1)
" ‘addends,.so the sum to be filled in is 134 and (2) factors, so the
product to be filled in is 56,

e Since the sccond column supplies a sum and an addend, the student'
.will need to subtract to find the missing addend; then multi)ly the
two factors to arrlve at the product,

The possibilities for an activity such as this are limited only
by the teacher's desire with respect to the kind of practice necessary
at a given point in time.
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MINI~-TABLES FOR ADDITION

; As a good practice for addition facts, the mini~table can be used
_ for addition. Note in the following example that the number placed
within the circle should represent a sum,

O

: Once a particular sum has been chosen, as with the 9 in this case,
 let the pupils choose two addends of 9, These addends should then be
“"placed within the boxes as:

]

3 3]

- After the two addends have been renamed (in this case,

6 =4+ 2and 3«1 + 2), let the pupils carry out the indicated
~additions so that the inside of the table has been completed. These
. operations have been completed in the following.

E]

e
E S )
B -

; Did the pupils notice that the sum of either of the diagonals
- (5t 4 or 6 + 3) is equal to the original sum?

As with the mini-tables for multiplication, the teacher may wish
to vary the format of the mini-tables for addition according to the
amount of information which is supplied at the beginning., The pupils
may also wish to begin with a completely empty table and buiid their own.

The teachor may decide to let some of the more able upper-grade
pupils, following work with the integers, rename the sum of 9, for
example, as 12 and -3, 14 and -5, etc. and then complete the remainder
of the table,
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MINI-TABLES FOR MULTIPLICATION

»

As an activity that can be used with individuals, small groups,
or with the entire class, the teacher might wish to consider these
"mini~tables." Note the following example:

O

In this case, if 18 is considered to be a product, the pupils
should decide upon two factors of 18 which could be placed in the two

“  boxes in the following manner:

©

3]

.~ The table may now be completed, using the distributive property.
The 6, for example, may be renamed as 4 + 2 and the 3 renamed as 2 + 1,

142
814 ]2
a2 |1

3]

Note that the numerals inside the table are derived by performing
the usual multiplications., That i{s, 4 X 2 =8; 4 X1 =4; 2 X 2 = 4;
and 2 X1 = 2,

Check to see if the pupils noticed that the sum of the numerals
found within the table (8, 4, 4, and 2) is equal to the product (18),

The teacher will nute many possibilities for varying this activity,
according to the information supplied originally in the table, which
two factors are chosen, etc. It may be decided, for example, that an
interesting variation would be to supply some of the numerals within
the table and let the pupils use those to find the factors and the
product, Examples of this type would include:




wl 6o

1 | L

For the first example above, the product would be 18 and the

- factors 9 (renamed as 6 + 3) and 2 (renamed as 1 + 1). 1In the second
example, the product would be 24 and the factors 6 (renamed as 5 + 1)
- and 4 (renamed as 2 + 2},

The teacher may decide to use thesc¢ table purely for purposes of
enrichment., They do, however, provide a rather novel means for
practicing the facts,
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MINI-TABLES FOR SUBTRACTION

Whele the mini-tables do not lend themselves very readily to
subtraction, a variation of them can be used 1f the teacher feels
that the difference will not lead to confusion when using the tables
‘for addition and multiplication, and {f the numbers to be used are
chosen carefully, WNote in the following example that the sum is still
to be placed within the circle, but the circle {s positioned in a '
different place than was true for the addition or multiplication example. i

@

0
S The sum can now be separated into two addends (in this case,
= 8 and 4).

€] A

After 12 has been renamed as 8 + 4 and 4 has been renamed as
3 + 1, the indicated subtractions can be carried out,

@84
5[] 3
7131

8] T4

Since the sum of the diagonals 1s equal to the one addend which
was not renamed (8), the teacher may wish to leave the box for that
addend empty until the table has been completed,

Mention was made above that the numnbers to be used must be chosen
" carefully. Consider the mini-table below fn which the position of the
two addends, 8 and 4, have been reversed,

s 4
7]-3 6
[ 2

L K
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o Note what can now happen after the renaming and the carrying out
‘of the indicated subtractions, Obviously, if the pupils have not had
- full exposure to the integers, this table, with thé use of signed
" numbers, will cause problenms.

IT'S YOUR MOVE

I’ " For this activity, it may be hélpful for the pupils to actually - .
- cut the shapes out of comstruction paper so that they may be easily
- moved back and forth. ‘ ,

L Here are three rettangles, each one containing three numerals.

= Move one numeral from one of the rectangles to one of the other

- rectangles so that the sum of the numerals in each rectangle {s equal
“to the sum of the numerals in each of the other rectangles,

[TO ® | [ ®
l@ el © 0 | o

- Is it possible to construct other examples similar to this?
Could the pupils develop some? )
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WHAT'S THE SIGN?

L&

This will prove to be an {anteresting "think and drill" activity
for many elementaty pupils. The teacher may want to ditto the
. exerciseés or let the children copy -them after they have been written
on the chalkboard, Be sure that the pupils understand that in each L
. activity there are number sentences written horizontally and vertically,

In each of the following, some of the numerals are arranged like

a number sentence to produce a given result. The arithmetical signs .

- of operations are missing, however. The task is to try to f£ill in the

‘correct signs. It is possible that some of the numerals are a part of
the set of negative integers,

Using frames like the empty one above, the teacher and pupils
will probably want to develop other examples of this type of activity.
Are there ways to structure this activity to use numbers other than
‘whole numbers?
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PALINDROMIC NUMERALS

The termm palindrome is usually thought of with respect to words
-or phrases which are the same whether thay are read forward or backe
. ward, "Mom," "toot," and 'noon" would, therefore, be examples of
. palindromes. Numerals may also be palindromic in nature. Examples
-could include 11, 232, 6776, etc.

For pupils who might enjoy a means for producing palindromic
- numerals, the following procedure is recommended,

Given a numeral such as 43. Reverse the digits and add:

3

-+~

+

(%]
o

|

~
~J

7. Other easy examples could include:

‘52 56
125 465
77 121

; In many instances, the reversing of the digits and adding does
‘not produce a palindromic numeral immediately, The procedure may need
- to be repeated as:

387 1170

+783 + 711

1170 1881

37 110

+73 + 11

110 121

79 176 847 1595 7546 14003
497 +671 +748 +5951 +6457 +30041
176 847 1595 7546 14003 A

Through their own experiences, children can discover some
‘interesting patterns in constructing palindraxsic numerals, As with
the last example, it can also serve as a purposeful practice for
addition facts,




TABULAR PATTERNS

‘ When there are pupils in the clementary classroom who really need
add{tional drill, but are being "turned off" by flash cards and similar
davices, the teacher can often find a different way to accomplish the
purpose. A number of activities like the following can often provide
Just the kind of variety needed,

1.¢ Look at the following seriea of numerals, Is there a
pattern between the numerals i{n Column A and those {n Column B?

ALB
) 5
3 6
4 7
5 8

What would the next A& and B numerals be?

2, Complete the B column in the following serfes:

A B

2 7 A
5 16

4

10

, What 1s the pattern? If the table was extended, what would the
next A and B numerals he? '

* . * * * * *
Solutions

1. The pattern can be continued by adding 3 to each numeral ta
thc A column (A + 2= R).

2. The pattern ¢an be continued by multiplying each numeral in

< the A column by 3 aand then adding 1 (3A + 1 = B),

- Activities like this can bring about & welcome change as a drill
activity. Obvlously, the variety of exercises such as this {3 limfted

© . -.only by the teacher's imagination and the level of maturity of the

: pupils
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FIND THE MISSING DIGITS

For this activity the pupils should be encouraged to find as many"
solutions as they can, They may then enjoy comparing solution sets
~ with each other,

Let the children copy the problems onto another sheet of paper.
Help them to understand that each dot (») represents a missing single-
digit number within the set of whole numbers, The task is to figure
. out vhat the missing numbers are, FEach dot may represent a different
number, but the substitution must in each case be a single~digit number,

1. » 2. »

+6 +.

- 5 -
3. [ ] 4. L]

+7 +8

- 5

.. Could the pupils think of other examples of this type? Could the
‘problems be adapted for use with subtraction?

i The pupils will find this a novel and interesting way to practice ', f£}
“the facts. , - ~ S

%
*

* * * *
Solution
. 1 1 2 2.1 1 1 2 2 3
+H 6 46 Ho12 #3 4+ 2 H
42 4l 42 o+ 2 4+l
: g "9 9 5 5 5 5 "5 73
.1 2 4.5 6 1 8 9
741 41 41 41 47 41 4
2 #1499 48 1 6 5 H
10 20 20 20 20 20

NEse

Nitto



CASTING OUT NINES

As an interesting enrichment activity, the idea of casting out
nines can be an affective means for checking computations. While the -
explanations may appear lengthy and detailed; working through a few

. examples reveals the real simplicity of the fdea:

For Addition. Consider the work completed on the followlng example:

The accuracy of this computation can be checked by casting out
nines f{n the following manner:

352 (3454210, Subtracting all nines poss;ble,leAVesfl;)

794 (749+4=20, Subtracting all nines possible leaves 2,)
+214 (24144= 7. Subtracting all nines possible leaves 7,)
1360 (143+640=10. Subtracting all nines possible leaves 1. )

Note in this example that after nines have been cast out of'the
three addends the numerals remaining are 1, 2, and 7,  Compute: 7. ¢
142+ 7=10, If all the nines possible are then subtracted from this
“wvalue (10), a 1 remains. Comparison reveals that 1 was also left when
all nines possible were cast out of the sum, The answer checks, =

o g__ Subtraction. While not as straightforward, examination of theff;
following will reveal the check for subtraction by casting out nines::

386 (The sum of 3, 8, and 6 is 17,) o
- =195 (1+9¥§—T5. Subtracting all nines possidle leaves 6.)

191 (149+1=11, Subtracting all nines possible leaves 2 )

o Note that 17 = b = L1, If all of the nines possiole are subtractedj
ifrom i1, the remaining 2 is the same as the remainder when all nines.
- possible were removed from the answer of the computation., The answer
: ~checks.«k: ; A

For Multiglieation.

357 (3+547=15. Subtracting all nines poSSible leaves 6. )
X 48 . (4+8=12. Subtraeting all nines possible leaves 3 )
6 ’ o :

(1+7+1+3+6-18 Subtracting a11 nines possible leaves 0 )

:;(6fopd,3). The product of these 1s 18. If a11 of the'n nes
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possible are subtracted from 18, the result is 0; the same result as
obtained when all nines were cast out of the product. The answer checks,

gg; Division,

1 (14223; 1+7=8. 3 X 8 = 24)
17) 204 (2+0+4=6)

- After summing the digits of the divisor and the quotient, find
. the product of the two numbers obtained (2 X 8 = 24). 1If all of the

- nines possible are then subtracted from 24, 6 is left. This corresponds
to the result of casting out nines from the dividend (2 + 0 + 4 = Gg

, The answer checks,’
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INTUITIVE HEASUREHENT

The following activities might be used as preliminary discussions
prior to & more formal study of various aspects of measurement,

1. Suppose you had two sticks, Ome stick is one centimeter
long; one is one meter long. Which stick would you use to medsure:

a, the width of your hand? Why?
b the width of the clasarnom? Why?

2, Suppose you had a balance scale, & set of hectogram weishts,’
of:

a, tenksmall candies? Why?
b, ten large applez? Why?

3. VWhat is the best answer for each of the following?

‘a, How long 1s a sheet of notebook paper?
1. about 3 centimeters long.
2, -about 3 dekametexs long.

- -3, about 3 meters long.

b. How high is the door of the classroom?
1. about 3 centimeters high.
2. about 3 dekameters high.
3. about 3 meters high,

4. Choose the best answer for each of the following.

a. How much might an apple weigh?
" 1. ’‘about 170 grams,
- 2, about 170 kilograms.
b. How much might a cat weigh?
1. about 3 grams.
2, about 3 kilograms.
¢. A third-grade boy might weigh how much?
© 1. . about 30 grams. o
2, - about 30 kilograms,

and a set of gram weights. Which would you use to balance the weight o
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TIC~TAC-TOE

‘ «yf",:.‘ .
' This is a game that can be played and enjoyed by the entire class.
“After the fundamentals of the game are mastered, pairs of students will
~enjoy playing it. on a one-against-one basis, ;

- After the class has been divided into two teams (one team can be
- the X" team; the other the "0" team), explain that the object of the
~game is for either team to place four :'s or 0's in a row, either
~horizontally, vertically, or diagonally on the game board. The game .
board can be constructed by the teacher on the chalkboard or on a
transparency for use with an overhead projector.

Z& -

LY
Ty Ce

o

. The first player of the team chosen to go first makes a move by
~ supplying an ordered pair of numbers, 1f the player chooses (2,3), =
1}fqt~Efample, note that the first numeral always denotes movement along
~the LJ 1ine, while the second numeral always denotes movement along: =~ -
~the £\ line. Such a move would be placed on the game board ast - i

N

LY

N

A =

o7 The first player on the opposing team may then decide toymoQ¢  LT
 (3,2).  The board would then appear as: ‘ . Tl
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. " To keep pupils from selecting ordered pairs which have already
. been used, a table of moves such as the following may be kept, ’ :
‘ Following further experience with the game, such a table will probably
- not be necessary.

01 A

St ————

o . e = LN
« o o o N

The game 1is continued, alternating between teams, until one team it
" h¥s "four in a row."

There are two difficulties which are usually noticed with pupils =
in early use of. ire game, Some pupils would count the first "X move, .
‘above, as (3,4)." These children are, of course, beginning their el
counting at the ?ase tine, not yet understanding that that 18 zero,

C In a similar mannce, the pupil who wants to make a move for the i 5{
"X team to win the game may have difficulty with the following: ‘

Atrroee

Practice will tell the child that the move he 1s seeking is (2 0),;;
‘which says, "Go out 2 along the box 1ine; go up nome at’all on the i
triangle line "

~ A similar problem would occur with the following:

A
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In this case, the best "X" move is (0,2), which says, "Go across
‘none at all on the box line; go up 2 on the triangle line,"

To structure the game in a way which will force the use of zero,
use a game board of the type:

at

5
7

N

v 0O
Now, of course, the zero must be used at some point in the game .

in order to.get "four in a row."

As the game is used, students become quite proficient with regard
“to planning ahead to score or to block an opponent from scoring, The
"blocking skill, in fact, becomes 8o good that the size of the game
,board may need to be increased., It may take the form-

A

A

L%
rd

O

 The Loard can, of course,'be made larger,

o WInteresting and instructive variations or extensions of the game
‘can include: :

AJ.

,L?»i‘v vy '
'The otdered pair which is associated with this move would be
(-2,2), or, "Go 2 spaces left of zero on the box linej go up 2 spaces"
the triangle line," The order pair could be read "negative two,
sitive two," ory "negative two, two." ; . Lo ;




The game could be further extended to include:

Al\

+ N

D)

\

In this case, the ordered pair for this move would be (-2,=1),

JAY

)

*- 0

v

A

ﬁere; the ordered pair would be (1,-1),

Try it! The children will like it
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BOX: TIMES BOX

: Ihis {s an activity that can be used for enrichment for
“individuals, small groups, or the entire class, Since the children
;. are searching for two "secrets'' which will enable them to complete
i"the sentences properly, the teacher will probably want to caution

: those "early discoverers" not to give the secrats away,

Consider the following -open sentence:
(OX)-G6xO)+6=0
: The task here {s to complete the sentence in such a way as to make o
“the sentence true., -Help the children remember that when a number 8.

-qubstituted for the-box, each other box nust be repIaced by the same
number. A solution will take the form:

(@x@)-(sx@)+6-o .

P +5-o
~ 0=0
. , OR
(@x13) - 6 x@) +s-o

\ A < 10 +6=0 )
6 +6=0
0=0

e Note that the truth set £or the open. sentence contains two
elements. In the above cage, for example; both 3 and 2 could be - o
substituted for the box and cause the sentence to be a true sentence,
Remembering that: there will always be two elements in the truth set S
,6£ sentences - of this type; observe the following addltional examples~

DXD) - xc])+12=o '
- The truth set is {5 4}

(LJxD) - (8 xD) + 12

The.tﬂth set is {2 6}

(Dx!‘l)- (13XE])+12=-0 :
‘ The -truth set is {1 12]

Rather quickly children discover that the two. elementa of the s
h aet satisfy the following conditions' Ll ; ;

The two elements are addends of the first numerallfﬂ‘
~in the open Sentence.f, :
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