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Abstract

TxpiCally, children. are introduced AO mathematics by
presenting them with an array of objects to be counted.
The method is pedagogically, if not mathematically wrong,
for the child 'will fail to gain a valid ConceRtion of num-
ber, and in' consequence, hs,understanding of unit-quantity
relations will be delayed;, A different introduction to
mathematics. is possible which may avoid the above diffi-
culties and, at the same,time, provide unique. learning

( opportunities. .'The child can be taught the physical opera-
tions of linear measurement so as to'includ,e- practice in
addition, subtraction,, the tens number system, and other
concepts withoutaeparting_from linear measurement activ-
ity and with little or no paper-pencil arithmetic., Such
measurement instructten was given to ,a sample df 161 chil-
,deen in the lastihalf.of kindergarten and in,the'first
'grade. A comparison group made up from two adjacent and
compaable middle-class6Schools was taughtathematis
without ibterventiOn into, the mathethatics content. Treat-
ment and comparison gropps did not differ in general con-
servation performance throughout the study. "However, an
ancillary study demonstrated that litiPar measurement cop-
petence is preliminary to linear conservation: After five
0 six months of treatment, the measurement group was
vastly superior in measuring competence. This group was
slightly inferior 'in "typical" first-grade mathematics.
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This research concerned the,content of matWpmatics
instruction for kindergarten alid first -grade children. The

-.rationale was complex, taking account of both what.ought,
and what ought not,,to,be a part of the. first, mathematics,.
,le&rned by the child. Exercises in linear meaurement fo'med
the basis of the 'treatment in order to establish ih the
learner basic quantitative concepts thought by the inveti-
gator:to have their origin in such practice. Unniting of
objects as 'an element Of didaCtic practi'ce,fails'to provide
the necessary quantitative experience.

The Probl6m

Immediate Goals

1. To accomplish in a treatment sample of subjects the
concept of unit as a power-, which requires that the learner
demonstrate unit-quantity irelations drawn from cdntinuous'
variables..

4

2. To avoid the conception en the part of the 'learner'
that numbers assign only to counted objects.

3. To teach thei treatment sample the operations of
addition and subtraction of measured linear quantities as .a
.genetalization of the rule A t- 1.

1. To accomplish the transfer of linear measurercnt
operations so that the learner' is able to, perform measur-
melts under a wide range of conditions.

S. To determine from tests Of conservation whether
Children trained as above are superior in conserving and
thereby give, eViAence o quantitatiVe judgments, as opposed
to qualitative ones in Cie solution of conservation problems.

'AiMore Distant Goal

1,y:continuous instruction over a period of nine to
,,twelve months in linear measurement operations; it was the-
A.nlerntion of the investigator to determine' the relative
-mathematics competencies of the treatment'Shmple and a com-
parison sample., This comparison was, made on two bases.
l'..fo measures were constructed with the intention that, one



measure would cover the subject matter taught to tilecompari-
son group aricl the other the subject matter taught to the
treatment'group.. Competence on both measures was determined
for both groups 'of subjects.

The content ..of instruction for the, comparison groin was
assumed to represent the range of subject matter commonly
taugh!:,to children. As such, achieyement..in these subject
mattyrs was meant to represent an estimate of;',typica knowl;
edge childrep acquire throu4h the study',oCsets and c6unting

operations.

The content of the treatment instruction wa.:-; limjtad to
linear distance measurement which will be given in greater'
detail in the method section of this report.

A Rationale for Making Meastt ement
the Basis of Introductou4k1 ematics

The adult has used intuition to guide him when intro.:
ducing matheMatics to the small' child,. and lie haA chosen to
teach the child to count. Numbers haVe hen 'assigned to com-
mon objects as the chiad was taught to count boxes, apples,
or pencils. The direct and easy way the child caii be brought
to use numbers in counting accounts for the almost universal
acceptance of counting as the introductory method.

Pedagogists and Mathematicians have not often paused to
consider what should be the content of the child's first
mathematical learnings. Recently, however, interest in the
content of mathematics has increased and extended backward
to early childllood as the well-known a.rithmetic gave way to
modern mathematics. That mathematics is difficult to learn
is" generally acknowledged and the mgra inclusive content of
the new mathematics As.increased the learner's difficulties.
This paper analyzes common practice and the difficulties
children encounter and outlines amentr6 to mathematics
learningiwhich may make the child's task easier:`

The Prime Concept

First consideration should be given to the concept of
unit, for all numbers can be generated from it by the formula.
n ± 1. The notion of unit can neither be explained to lho
child in relation to 'other numbers nor be based on other



matheMatical.ideas, or Such ideas'-do not pre-exist in the
child. Nonetheless;: the learner must correctly apprehend
the unit concept as his subsequent learning"will'be based'
on it. For some years, the Russian educational psychologist,

t P. Ya. Gal'perin and his.associates, 'have studied strategies'
to introduce neophyte learners to language, Mathematics, and
other subject matter (Reitman, 1962; Gal'perin,-1969;
Gal pdrin i, GeorgicV, 1D69). It is the contention af these'
workers that much in mathematics_education depends on what,
unit concept is learned at the verybeginning of instruction.
Gal'perin and Georgiev (1969) have called attention to the
agreement methoclologists unfortunately hold that unit '.is best
eXplained by presenting groups of objects of which the indi-
vidual object is designated"1.". Teachers have directed
their pupils. to a group. of things andrecoired the.learner
to "bring me one ball (pencil, block, ,,marble)." The practice
has alternated between the above form and one ,requiring the
designation of many as when the .teacher asked, "How many
hooks have I hero?" Of the several properties possessed.by
the objects, the child must ;:iStinfluish the property of "1."
Since "oneness" cannot be separately explained',tothe.learner,
he 'is expected to grasp from these demonstrations that the
separate object is one and that it gains that meaning from
its 'individuality or s'eparateness. ,Gal'perin and GeorgieV,
asked rhetorically, "What exactly are we doing when We call-
an' individual' object one,'. and replied: "We are replacing
one name with another." Then, too,,they realized that unit.
belongs to one object no more than it belongs to aggregates
that are given Other n9meral designations.- he. conceptual
fault is that the unit cannot correctly be' conceived in some
discrete object the child calls "one."

The individuality or uniqueness of the object "on"
refers to qualitative attributes and not to those that are
MatheMatiCal or quantitative. Momentarily accepting such _an
4terpretation, one can anticipate potential difficulties in
separating meanings fcr the child that' have the germane math-
ematical content front those that do not. As new information
is presented to the'learner, its meaning will depend to some
degree upon the idea of unit as the child understands it.
New learnings are likely to bear marks of distortion from
whatever mislearning the child already has 'acquired...

A Correct Conception of Unit

Unit 'is appropriately conceived as the power of a,set.
_It is an abstraction which applies to all members of the set
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but to none in particular. It can be avplied to' objects
that are counted, but "unit" also applies in: a more complete
way to measuring. Before taking up the role which measure-
ment plays in defining unit, °consider what is theoretically
necessaryokor a proper unit concept. Sinclair-(1971)'has
discussed what the unit concept requires when applied to
counting operations.\ Take the case of a finite assembly of
objects. If these objects are used ,in teaching ;he learner
an appropriate meaning for the concept "unit," lie must-divest
the objects (1,f all of their quyglities so that they become
identical and interchangeable. The objects .can then be
arranged so that bite is inclUded in the other in the serial
order, (1).< (1 1) < (1 t 1

In a practical sense, the objects muSt be distinguished'
so that a child can tell them apart and so they appear only
once but are not missed altogether. The only way to keep
theM.distinguishable is by their spatial or temporal order.
ilany adults i!ni:uitively Sense the concept of unit, but the
:1)stract ideas are explicitly understood by only the mathe-
matically sophisticated. There. is an obvious enigma in the
aboye for anyone who aspires to get the small child stq,.rted
.correctly in learning mathematics; namely, that the unit
conceptiis basic and:essential, but alsOlthatit is abstract
and h 'C'hot easyto onceive. How, then, can it be taught to tire
child entering school with .his limited, repertoire? A set of
'tactics different --fom those now used will be required. The
counting of objects is by no. means the direct and adequate'
method it appears, to he for starting the' child tow-ard mathe-
matical understandings.

. The difficulties.in separating
idiosyncratic qualities Tram the unit are apparent when
children are required to grasp the abstract concept of unit
from some concrete quantity, ' Sinclair (1971) has docUmented
the ifficUlties in children as they attempted to .solve cer-
tain problems. Among the studies is one in :which children
counted poker chips (Grieco, Inhelder, Matalon, Piaget,
1963). .trii this study, the child was seated next to the
experimenter: Before them-were two piles of chips, red and
blue, with'the blue pile being much larger than the red.%
The 'experimenter proceeded by taking a blue chip from the
1iirge pile in front of him at the _same time the'chi4d took a
red tone from the small pile. EXperdmenter and child repeated
the 'draw four or five times, always drawing simultanemisly.

Next, the experi4entdr asked, "Do.we both haVe pist as
. 'many counters? 1e each tookour counters at the same

reel' one, and I, a blue one.. Remember?' .The'child!s
response was not anticipated. A typical response was, ''You
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haVe more than 1 have.. tour pile is biggeY than mine.`' -The
child recognived thered and blue attributes and behavedms-
if.to say; 'T,Nlo matter what we do, there are more blues than
reds.lk, A di'fficulty'%is that the learner's attention As been
directed, toward the individuality df the objects (c:slor),
and he has not sensed the need for a ilnit common to both

1

The meanie v of quantity and the learner's dependence
upon Tt. QuantJty is best-understood. as a nuMbeibaSedTUPon
a given unit size; When a material representing the quantity
is transformbd, as it,is in spreadingout a small pile of
rice so as to cover more space, the transformation does not
disturb Vhd number Which represents the quantity. This is
tacit.' o saying that the quantity has not changed. An inter-
pretation of a Stable 'quantity is not generally true of chil-
drenbelow age six or seven. Young children do not ordinari15,
consider the quantity in rdi. Non to the unit. Equal amounts
of material covering unequal an ounts-of space are judged,by
the small child to be unequal, olIowing his visual inspection.
When a child. is able to recogn ze the constancy of a quantity
undergoing 'transformation,, we say that the child "cow)erVes"
the' quantity. Muck.attention has been- given to conservation
in.the literature of mathematics:4parning ,(Copeland, 1970;
Lovell, 1971; Rosskopf, Steffe, 6 Taback, 1971).

The failure in small children to conserve quanfitimay
represent the absence; .of certain prerequisite copCepts which
integrate more or less-rapidly at ages five and six,. provided
that 'the child hes undergone certain experiences. .Aryassump-

)tion underlying thiS'paper is that the child must-have at
least an .intjuitive grasp of the relation of unit to quantfity

'before he can conserve. By what other means can quantitative
determinations 'be rade? The more precise and complete is his
iladerstanding, the, mOrexentain that he will solve, problems
requiqngquantitative-ideas.' The developing le4rn,r,is not
consistent; one time he may conserve by using.th0 idea of
unit, and the next time visually compare quantities and con-
sequently fail to conserve. ,S0 it is in muchof human learn-
ing; varied experience with different forms of a -Concept is
required .before one will master it and. be depen'dab].y cons'is-
tent (ieeEllis,q965, on tra4fer, and Dienes, 1959, 1960 on

Aanalytic end constructive thinking). 'When the child always
/resorts,,to the .selection of a unit of measure and proceeds
to ;correctly Measure the.quantitY, whether the problem is
volume, weight, or distance, he has a basis for further
mathematics learning. 'Measuren&nthas a Special role in
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the rapid' formation of number' Concepts, .flow this measurement
differs from counti4g.will now be considered.

Measurement of.COntinuous Quantities

Measuroment operatiolls':vary according to the-dimension
one'has chosen 'to measure. Some di theSe,,dimensdohs,as
weight; or distance, are specially.avorable as .the sOjects
of didactic exercise. '.According to.Nagel (1960.); "measure-
'ment -15 the 'correlation wilt number's of entities' Which are
not'nuMbers."Without definition `calls

,.mindexpository advantages in measnrement.activity Which'
are not 'present in counting. --

Linear'distanse,mpasurement is .one 'form of measurement
which,can ideally rWrescnt the bsic'mathematica* concepts.
The advantage to the small child is that.ivtleasuring,' he
will manipulate a tangibleanalogue of the ideas we W'anthim.
to apprehend and, in time, the learner wilt massociate ath-
ematical abstractions with thq manipulanda. Then, too,'thd
physical ;operations will provide a support for memory. 'irhich
one erects 'from a symbolic model yell: suited: to the subject
'matter.. 4

e

.

At measurement es:wrcises are undertaken., 'the learner
should fir.t. ineasure wi:th some arbitrary but convenient unit,
-qi,1:ea pencil ot'his sh6e. The unit of measure should change
frequently to help. divest the physica measilring-obiec.t.of
unintendedmeanin that can. arisef17o41 attention td its
quality 4vo attributes. Further, the Operations at first
require 'hat the measuring object be positioned, a distance
marked, andjhe object transported forward for remarking .
while attention is given'to"accuracy of the measnement.
Accuracy is an important new concept for_Ahe childimportant
because he has unfounately practiced c;ress.visrual judgments
of quantity which are now prepdtent in i'lis.behavior,'and
because accuracy depends on the particular use that:is"made
of a unit of measure. lihen continuous rayher than discrete
variables pre expressed as quantities, acic.uracy,isays
an issue. One can count but not .,measure with compicte
accuracy. It is on th6point of 'accuracy that a rotation
may be'drawn between Imeasuring and conservation of quanti-
ties. Quantities must come to be recognized in teriiis of
unit. and number. ieasuring is a form of praci.ice which set:;
the relation of number to' quantity onA0Netry practice trial.
'/hen the unit-number,relation is Tecogi'liApd, the child shoul0



w. 4 * 4

. .._.

,

,
.

. e--.,

.

be capable of.cohservingand he should hold the rudiments '

necessary fol. lAnderStanding number systems,. .Linear disfance
,theasurement is .a more complete representation of quantAta-
tive concepts than counting, including; for'instancePthe .

.concept of dontindleus ,quantity, and ks pr5loabby cemprehendAd ,
by. theechild mode readily tharrother Ne,vutement dimensions.
There are a number of qdantitatlive'ideat'Ithit'the learner :
must integrate before he can male appropriate, use of subse-

__quenit mathematics instruction. COuhting operations. ftil
shorts of these requirements.,

.

.

The meankn of ua't ty in relation to. measure ent.. Not
all number consideration-,are-quantitative; N mb r May have
only a nominal use as_Weh data precessing cardslare putirboa
"1" Yo represent'':femare," aid ."2" ,to represent, "male.", to
this, case, ariihthetic operations cannot" lie carr.ied
between the classes, It-is correct to ,eount only withiAithe

Certain scales of'measauremeni embOdy*quantitative *N
attributes:- Stevens (1b60) has described four-scalesof

aSurehidnt: nominal, ordinal, interkral,.a'nd ratio. 4The,
portance of these scales to this discustion is that the

-scales are-progresSivb, wherein the ratio scale includes;
all of the quantitative OaracteOsticstof the other three,
mathematically less com ete, scales% 'Attribute;,of the
(ratio scale. of which. li ar distance is orle, inclUde
transitivity of the numb rs through a prOtressive 'order as
is 'the case when bne mea, res feom'unit to unit al4osS the '

distance: The units are e ual and'intercbangeable, There.
is a true zero point of .origti for the numberg. One,can
form ratios or-proportions ,within the scale, and-the-units
are infinitely divisible. :4

4

4

;Transfer of Learning and the
Iptegration of Mathematical Concepts

Not all of these ideas okf.quantay can be comprehended
by, the sOarrchild, and not even all the easier ones at once.
Wh&instruction four the neophyte lea7nei is centred on his
measuring activities and measurement continues to-be 'the.
basis cif 'teaching and le riling, there are repeated oppor-
tunities for the-teac er o point out conceptual relations.

The general form of instruction and the manipulanda of
`A instruction change only sliihtly from.concept to concept

when measuring is the i structional-med'um. The close rela-
tion bett4een one set of measurement opera io s and the next
is the basis for concept integration or transfe learning.

ti

7
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Addxtitn iji\vesurepent terms means' additi6 f licne seg-
ments, not paper-pencil 'oporations. Subtrastiod,'likewise,

1 means theiemoval of a line segment and'so with each addi-
tienal.mathematk'cal idea--the. referent isc the saille.te'Iapid

.' formation orcoMplex concepts is only possible when/the
in.divdual associations the iearner,will make'ate abstrac-
tions from salient clAes. Other. things being, octiml/, the cues

° _mill be streng ifthey are.no't continuously changed:but.
rather arc a part or a model'ofins.truction that 16 used.
continuously for a-lengthy period of time: There is reason
to think that.,success-in the Wiaely2referenced.Harlow.(1949)
'study,. "TW1Vormation'of LeainiN -Sets," mat have been.dne
tothe way the pt'obleTs organized around%thelsame set of
manipulanda qlhesd$ monkeys were cohfronted repeatpdly

- with.trie same geometric objects, -i.:e., a'cilbe,'a sphere, .

as variations were brought about-systematically among the
discriminanda. Tht learning wwhich ,took,place was orderly,
andprogressive.

,
,

. ,...

Often` the expository statements- in mathematics textbooks,_
are cryptic and the relations to other mathematiCal conceptS
Larp underdelieloped, er.for,that matter, not developed at
ail. Thentbo, teachers usually depend on these textlyooks
to determine the sequence of subject matter to be learned,
and often permit a book to govern the amount of practice

, particular concepts; il): get. These ,circumstances do not
favor mastery and consettuent,integration of subject matter.
Chances.are Aaf the teader'will-be able to recount fromhis,
own obserVationsT formal learning activities of children
'that were too brief and.toodevoid of related context pro-
Iiided by an immediately prior experience. The learning of
highly-:conceDtua-1 subject matter such as-mathematics or ,

language is dependent on a.familiar.contexi. .The Aiscrimi-
nations and generalizationstHese.subjects 'require are many
arA they sometimes arise dui of subtle sirAlarities-and
differences im the stimuli of instruction. B111 (1965)
analysis of the'research and theory on transfer ,a learning

/
proviAes-ev dence that: (a) the learner should have exten-
sive 'experience with aA original task if' that task trarisfers
to a next task;,(b) greater pupil effort early in a seiiiek
of tasks is bettef.than later.effoit; and '(c) a variety of\
examples shoulkbe giiren to the learner and practice should
continue until he haS mastered the governing. principles. i

)

)t.' ,-, /7
The Concrete $operations of linear measurement caribe maae,

the basis of original learning in mathematics so that the
learned elements associate togethein the formation of ,

/

8
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early-topics will bdnefit the later, ones anti that. some Opti-
mal sequenCe exists. A progression from less advanced sub-
jectiliatter to: more advanced.tcan, undet appropriate conditions,
fit what Gagn6 (1962, 1965, 196S has called "learnine ' '
hierarchie§" or "hierarchical learnint sets." To be hier-
archically ordered, two levels of information, X and'Y,lmust

the following relations: (a) knowing X and being giiren,
.61 response cue,..the learner mustbe.able to perform Y; and.
(b) any learner already able'tojperform Y must necessarily
be able,.without further training, to perform,X. Gagn6
(1962).has empirically validated a hierarchy iypothesis
where elemepts of mathematfcs learning were .the subject
matters. The Gagn6 validation scheme is laborious and for

numerous cpncepUs, each of which is.referenced td the same
concretia. A number of observers haVe recognizedmeasurement
as an important aspect of =mathematics learning and some have
.given it considerable emphasis (Dienes Golding, 1966;
Lovell,',1971; Woh will, 1964). That measurement can form
the ,sole basis mathematics learning for'a time, with
.unusual, transfe benefits to the learner, is the the.sis of
this paper..

a

Evidence that Le4rni4 to Measure Can Be the
Core of Mathematics Instruction and' that .

It Contributes to tie Learning of
Conservation of Quantities

Sequencing of' su4eci matter is done in the hope that
4

0

'

that reason Phillips and Kane (1972):have studied alternative
,bases for determini,ng,hierarchical knowledge. The'se inves-
tigators used test data to compare seven different validation
schemes for hierardhically ordered informatk6iltpresentqto.
children in gTades:four through six. One 61 these sevA
scheM0 for ordering information was Gagn6ks (1962) 6.priori-
task analysis, which requires that subtasks"be extrapolated',
from a descrrpt:ton oF the learnet's terminal behavior. This
task analysis is noeto ho confused with GagroVs method of- .

validating a hierarchy. Phillips and Kane concluded thilt.
Such a

.t .

careful task analysis of instrue:tiona.loobjectives
can be a powerful' tool in devising optimal
instructional seqw.nces. In fact, it may Mean

'that in terms of.evrall cost., that careful
anaiyses of instructional objectives to reveal

9
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the prerequisite '9ubtasks is an'adelquate pro-
cedke for d'ovefopin a valid hierarchy.-

1

Which,&mes fi,r1st, measurement or conservation? 'Nap:it,'
Inherder, and, Szeminska -(11607,and Sawada and 1elson (190)
have ,asserted fhat't4 child should conserve, before Ifarning
to measure,. To these obserirers,.ii is a...matter of tvl.f, way.
the ,child has come to view the problem. If the learner
thinks ..a quantity has changed when It is moved, as might,be**
the case when rods of varying lengths ,are used to measure
with, then he is not ready to learn. to.measure. Forc.ing
t1 linear' measurement task. early Will make of it ,a rate
and mechaAicA. eration. Qal'pqrin,and his cow*kers
(Reitman, 100 -,'Ga1'i;erin Georgipv, 969) quite.Obviously
have taken a contrary view. They have argued that.conserva-
tion aresults from. learning the u3iit-quantity
Gal'pein and,Geovgiev. 41969) .taught 50 kindergart,en 8hil-
drolt certain': measuring exercises and 'required them to perform.
15 different problems designed, to assess m4ste'ry of'the.
unit - quantity relatiOn. ThoughttiKse, investigatorS-did
no; use the term conservation, many of the ,problem will be' ;

recognipd,as conservation'problems- 'Following measurement
training, the children,,Atrained.by Gal!pOrin-and Georgiev
solved almost 100 pArcent of the probpms. .Comparison
children] who were taught by the common, means of counting
and making visual cemparisOns-,.solved conAsiderabiy fewer
than half tie problems.

.

10
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Procedures

1Subjects

The subjects were kindergarten,chiAdIen at three neigh-
boring schools ol comparable socio-econolp.ic status. The ,

treatment ,0704 consisted of tbe entire kindergarten class
at oneischoOl. Th© control Group ,consisted of sujects
from the other two schools who were matced,with the,treA-
mont sample on the I6sis. of, age and performance on ore of
the two entering measures,

Determination .off' Entering' and Leaving behavior

Prior to the heginning of the matherlytics instruction,
the Goldschmid and Bentler, Concept Asse sment-Conservo- 4

.tion; Forms A and C and th:,, MetropolifinReadineSs Tes_t--;
e s wd re administered treatment and coj-f Crel groups .

Forty-seven-.pairs of subjects we'e matched on the 'basis of
. agd'and the Onservation test; 51 pair's werematched on '_age
and, the MetroOolitah (

After three and one-half months .of instruction to 'the
treatment,, group, the same two measures' were administered
again. v
The Treatment

4

The regular classroom teachers arid their aides were sup-
plied' with the(instructional'material. The, lessons to be
presented were discussed with the tpy.chersin order to
insure that they understood the ohAttives of each.partic-
ular step `in the sequence of instruction. "'Suggestions made
by the teachers for more effective Presentation weee incor-
porated in the material, thus giving the'teachers an active
role in the developmen't of the mater 01 as*.,;'ell as capitali-
zing r their interactions with the subjects. ,

The instructional s4uence began with the development of.
the concept of a "unit- of measure" in the context of linear.
measurement. The children were given a variety of experi-
ences in comparing an 'assortment of everyday objects with
an arbitrary "unit of measure" such as a pencil or blackboard
eraser to determine if the object was longer than shorter
than, or thee same as the unit of measure.

4



..r
. .1

OncAtIl concept of ',uniot.,pf measUte as a ttandard of
tomparison ,t'a establi-s1 -,d; it (4as used as the basis of-
Measureimegt rcisels b which the ,Quantitative Concept of
number was' de e oiled., 'iaking utseef arbitrary. units such
as paper clips, llip p stickst.the subjects'.mefsured, -,

objects' such as to 14 book's, ..long rods, a4ct their ownobjects
to determine the, number 'of units contained. Tilis'was fj

done in one of to Ways--using,multiple copies of the Atilt.-
t,or transporting a.single unit across the distances' to be
measured. ,

The concept of n fte-to-one corresponnce was developed
,

t
r -

. at ,first by,matchin :units in two different objects and then.
by ,'representing unit measured with some irregUlar frag-
ment, as bits of styrofoam.or scrapi3.of paper to be ,counted
to representa total..distance. ,The nextnatural step :.n the
progression, then, was the sYmoluic representation by num.-
hers of the units measured.

t

Simple addi,tiOp of line segMents whose total' was five
or less was also introduced. ,

ti

.4

Ancillary Conservation-Measurement Study

In conjunction with the kindergarten program, an°'inves-'
tigation of the relatiott' between, linear Ane,Oure;aent and \-

ability to donserve was carried, out. 'dartin (1972) attempted
to'btablish which of two skills, linear Measurement or con-
serVation of length, is the higher order skill. She first
completed a task analysis of length'conservation through
which she identified six me(4ureMent skills which appeared
to tle constituent,subskill4 of conservation. 'For each sub-
tas of the hierarchy, crj,terionmaptery items were con-
structed 11(1 .administered in random ordqr to 42 kindergarten
children, half of whorl had recently had kfor61 inOtrur.tion
in linear measurement., To a particullir point. in ,(the hier-
,archy, 80 percent of the subjets passed all 'items and failed
all after that point. These preliy o'n,::vation_s gave
assurance, that a Systematic study v, )-_,_.1-ar,cWal order
of mcasufemeqt and conservation could be uh'Thrtakcii.

. In the next step, 55 chljdren WI° Could not conserve
length were randomly assigned t-.o thr:,.e-grcu-;.,s. One group

. first received'tvaining in POASU-feWl, in conservation;
a second group was Lrained the invec order, and a third
group had no training.

12



Several days after the training sessions, a,i5oSttest.' ..

that was primarilir,ar, assessmen of measuremeht Sk'illsi.was

studygwqljle discussedln'the next section.4)
administered to the groups, The results Qf this'

,

'Continued study, )the treatme t,sampleinto tA first)
)

rhde. As''te. S'ampieOf child-fen ntered first gr4c1e, the-
reatment group was expanded to include all the fi0t-grade

clasqs inrthe school where the, reatmentlwas iadmidhistered.
The treatment T,roup now includest 4Pproximately'120 children,-
The.same subjects as in kindergarten consVituted a compar1.7,
son groul).

A t

tf

The teaching staff involved in the:firs,t-gradeorogram'
eonsisted'of our regular classroom teacher, four?teacher''s
aides, and se'Ver0 student teachers. .

. .

The subject matter in the firsCgrade nsiStedofi theL -

follOwiTg topics:
. 1..

1. Review pf kindergarten program,
. : .

2,1 Expansion of the concept o.C. one-to-one.

3. - Addition and subtraction of line 'segmen

orrespondenCe-.=

s up to'10.
).

.,,,

4, Commutative and as9ciative properties-of.numbers.
I 1

1

,,,....i ; L.

S. Introduction of the Concept Of place value.

6. SiMple addition of 2 -place numbers.

All of the above'concepts were introduCed and,developed *
through measurement of line segments. Once the concepts
were established, 'their. representation was generalized to
the traditional format, such as 2 + 7 = 9'and 9 .4 = S.

) After three and one-half months of instruction, a'meas
urement test, ateSt based on the coliteqt of a standard '
text used by.th7 comparison group, and al conservation-test,
wore administered. This latter test vs the Goldschmid-

.
Bentler Conservation Test which had been gi'ven.to the origi-
nal kindergarten sample?

Sample lesson plans and pages from the meastirement test
and the test based on the instruction given to the compari-
son'group are included in the Appendix.

13
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Results

.1 '4'.,,.
.

Ancillary Conservation-Measurement Study
1

. . . I.

0 , The task analysis conducted by Martin (1972)*ientified
six measurement skills which appeared to be constituent sub-
skillS of codservatiOn,,' The sequencp of training was varied:

ti/6
.. .

onserva n, the traintngor/measurement,-'
, -hen c.onservatibai,n4i4: Subjects first learning thb-hen

task, 'an grdernot\favored by the task aila4.ysks,.
iiiveraged 19 trials, and seve?i training errors. to reach cti- 1

_../terion. Those.otrier. su.bjeCtfoilowing- the.sequence:favayed
byr,the task, analsis, meaSurement, then eonseTvation, 4

averages} lessythan eight strials and 'one -traiiiing c).1-co.,T
!(trials ,F, 9m, df 1/30, p < .0.4 and errors. F. 7A1,\
df 1130.4'.,61). .

.

I
H- -, Other ./ilenc6. was obtained 1y Martin *hich.alselavOrs
Ohl intervetation that the hierarchical grder of skills is
meagurementhen conservation -Signif4cantly more subjeCtsi'
failed.to meet t4 conserVatiA criterOn who hegan trairing
on rt topic Wv--'4.36, df 1; p < .05)., ,. .

i.,

.

Kindergarten Programs- +,

ys

Before beginni4,the, instruCtional program, the
Goldschmid-Beritler-ancept Assessment-Conservation test and
the Metropolitan,keadiness Test-S-t--NaBerk wereiveil to sub-
jecm ts in Ehe
atched on the basis, of age anl the Score on-61ther the

tredtment and control Trowds. , Pairs were

conservation or the readiness test
'J

'A

Conservation Test

Forty -seven pairs wer6 matched on the conservation tUSt
with a jean of 6.68 and s.d. of 7.86 for the treatment,group
and a mea. of 6.77 ;and s.d. of 7.90 for the control group.
After app oximately three and one-half months of instb.-uction,
a second conservation test was administered. The mean for.'
the treatment group was 10.85 with an s.d. of 8.199. The

,mean for the control group was 10.!4'with an s.d. of 8.23, .

An analysis of variance for 'the posttest revealed no signif-
icant difference between the two- groups.

14



An analysis of covatiance, using the,pietest as the
covariate, was also,done to determine i1.there was a. sig-
nifiCantrdifference in the amoOni of change in the two

i
1

groups. Again, no sigpificance,was, obtained.

A third adinistration of the conservation test was glIa n
, .

after the,subj&cts had been in the first .grade for 151-)14)xi-

mately four months. The size of the sample was reduced dtie
to subjects movingoutLof the district. The treatment group
(N = 39) abtained a mean of 14,15 with.an s.d. Of 8.3. The. ,

mean .for the control gropp, (N = 32).wds,13,78 with 'an s:d.
of 7.68. lloqever, there was a ceiling effect in these
results. with a number df subjects, scoring at or near a per-,
fect,' score of 24. TheAifferente.between the groups was
not significant. Thp means and s.dv's or all adminiStra-
tions appears in :fable 1 in the,App6Adix, page 40.

Metropolitan Readiness Test: Fifty-one paArs were
matched on 'the -basis of the NUmbers Aubtest of the Metro-
politanReadiness rest. The.means and s.d. for both groups

,were 12.37 and 4.00 ,respectively. On' the second administra-
tior,, the treatment group had,.a meat of 14.69 and an s.d. of
3.25, while the control group4a&a mean of 15.59 and an .s.d.'

' of 4:'52. There wa no= significant difference between 'the
_two...groups of 'the .posttest. 'AR analysis of ccAariance using
'the pretest as the covariate also showedno sign.ificance?
The results appeal-fin Table, 2 in the.4ppendix,,pate 40.

,
t

First-Grade Program

\After ipproxlimatny three and one-half months of instruc-
tion;\two measures2ofachievement were developed and admin-
istered. One tewds based on -mathematics concepts derived
from the .measurement instruction. It had 67 items. Another
test which hind 48 items Was t -ied closely to instruction
carried bout .in the comparison group, The content of the-
two tests was .governed. by what the teachers indicated as
material given the most practice. and emphasis in instruction.
The two measures were adminis\tered.to .both the treatment and
coml)arison,groups, but any onb subject had instruction, appro-
'-priate for only one of the tests and riot the other. The
means, standard deviations, and t-values are given in Table
3 in the Appendix, page 41. On the measurement-based test,
the treatment grpup had a mean of 48.82, as compared to a
mean of 14.41 cd`r the comparison group (p < .001).. On the,
comparison-based test, the control group had a mean of 36.36
while the treatment group had a van of 32.54 (p < .001).

15



Omega square values were computed. These values revealed
that 71 percent of the variance was accounted for by the
treatment, effect on the measurement -based test but only 6
Percent of the variance was accounted for by the treatinent-
effect,oh the comparison-based test'.-



4

Conqusions

The Martin (1972) study has provided evidence that AA
ratiOnaIe is correct which claims that measurement knowt
cage aids the.conservaticin of line,ar,quaptities. The evi-:
dence'is contrary to Piaget's .contention that a child must
conserve before learning to measure. The reader should
bear An Mind that both the measurement task anal the cOnser,
vation task 'wero limited to linear distance quantities. '\
The significance of that real_ization is this) the Aartin
evidence cannot be used to support general transfer effects
from linear measurement practice'to other forms /of cong-Orva-
tion such as area, volume, or mass. The Coldschmid-Bentler
measure of conservation includes items to cover consexvation
of number, area, volume, linear distance, etc. That test
as repeatedly administered'to't4e measurement-treatment and

comparison groups without reliable differences, appearing
between the roues on conservation ability. if pra.cticcOn
linea distance 'measurement was to have- a general, largeT
step transfer effect, such an effect would have been evi'-
denced in a progressive separation between the groups in
Goldschmid-Bentler conservation which favored the measure-
ment'-practice group.

Such transfer is, absent An research literatUre... Transfer
of training studies as far back as those by,Tnorndlke have
shown that transfer occur in small steps across :Closely.
related tasks. The present, study sheds no light on the
belief, some times expressed, that large quantum jumps in
concept formation do occur:: However, it was the hope of the
investigators thdt long-term treatment would eventually
result in rapid integration- of mathematical ideas. 'Such an
effect, if realized, could be called large-step transfer.
No evidence was acquired which demonstrat9d such transfer.
All that can be said is that perhaps after mote treatment,
some Leasure might be capable of showing unusually large
transfer'effects, namely those which show that a child can
make broad application of one or more principles.

Concerning the achievement of treatment and comparison
groups on the SJ.lbject matter S to which, they were daily
exposed, namely a standard mathematics content (Kelly,
Dwight, Nelson, Schluet, E Anderson, 1970) and the
measurement-based instruction, the following analysis seems
reasonable. The superior performance on a measurement test
of measurement-trained subjects is to ,be expected and the .

inferiority of this group on a standard subject matter test

17
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is-ilso reasonable to expect. hat. the pmega square values
show'these. relative differences to be unequal, that is .

strongly favor the treatment grouQ, is important 'Perfoirm-
` ance'On measurernerit part way intq the first grade
favpred the treatment by more than three to one and .73 of
the variance was la,treatment'effect. On the comparison
mathematics, the treatment group was about 10 percent inferior
and. only ,06 of the variance was a treatment effect Because
ofthe uniqueness of the measurement treatment, one is'il io
anticipate that itseffect:will endure for some time, and if
continued, Tv-haps have long -term consequences in accord.
with.the rationaile of this study.

,

In the fall of 1973, a standardized achievement teSst will
be administered to entering second-grade children: :A com-
parison of the performances of the two groups will be made
at ,that time.--Stnce the content of standardized achievement,,
teses_tend to relate 'Iosely'to what is usually taught. in
claSsrooms; one shoud expect the comparison grouf) to' do. .

better. The investi ators anticipate, on the contrary, that
if there is a difference,, it will favor the treatment group
for reasons related to.the,rationale of the study reported
.here and because there are every day opportunities for tile
'treatment sample to. learn Oormally, some of what' is tau0t,,,
in the typical first-grade -mathematics. .t ,,

13
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Introduction of Concept of Unit of Me sure
(Single Copy)

OBJECTIVES

The child understands the concept of a single unit of measure
when he:

(a) applies the principles of precise meas ent;
(b) compares lengths of 'objects using varying sizes of

single copies
(c) measures lengths using diffe'ent sizes of single copies.
(d) manipulates a single unit to deMonstrate the rules

of precise measurement;
(e) solves problems/using the files of measurement.

VOW,UL4RY.

measurement
rules of measurement

INTRODUCTION

Initia1ly the teacher stresses the importance of precise meas-
urement. The following rules of precise mea:.urement,may be
introduced as the steps to measuring with single copies.

Rules of Precise Measurement

1. Place the copy directly on,pne end ,of the object to
be measured.

2., Put a finger on the copy and mark the point-at the
end of the Dopy.

3. Pick up the copy and place it next to the mark . and
continue marking and measuring. (--

The teacher may demonstrate the rules of precise measurement/
on some classroom examples. It is important to avoid any
reference to standard units of measure, such as inch, foot,
etc. Instead, emphasis should be placed on the idea of the
,unit and how it is used in measurement, The children will
,learn that they can use a single copy of the article that
represents the unit of measure to determine the lengths of '

objects that are longer than the unit itself. During the
measuring, the .children need not be encouraged to count the
units as they mark them off. It is essential that the chil-
dren understand that the measured item may contain more than
one unit of measure, yet it will remain a single item itself.
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ACTIVITIES

croup
0

X. The teacher demonstrates the use of a single copy by
. drawing a line on the blackboard and asks how to measure

it with.only one unit. Children volunteer answers. The
teacher then demonstrates the careful placeant of the
unit each time it is moved.

Review domparisons ,using, the "greater than or longer than,-
shorter than or less than and same as concepts." Use review
exercises and dittos.

B. Using a.stick that'is about a foot in length, make com-
parisons between'i,t'and several items in the classroom.
Alternate'asking which.of the'two is shorter,- longer,
and have the children express the comparison. To intro-
duce the day's'lesson, place the stick (1') on 'the narrow
end of the piano bench, as shown,4so that the behch
exceeds the length- ofthe stick by just a few inches.
A small tablecan be, used in place of a piano bench.
When the children have answered that the bench is longer,
place the stick on thebench as shown and ask again
which is loliger.

#2

C. Then say "let's see how many sticks we'll nee to go to
the end of the bench:" Place the stick on t bench and
mark the end with a ringer and pick up the stick and
place it,at the finger under the length of the bench
that has been measured.

D. Place a piece of tape" on each table and have the chil-
dren measure using:

a. single copies ,

b. various size units

[lave one child measure and one child,mark the end-of
each unit--with a pencil mark and with a finger.

24
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E. For 2 flannelboard

A

The children can tell that this shoe (the,unit) iS as
_long as the boy's step is. How many steps will it take

to go home? (The teacher can add other figures and
ask who's closer to home, etc.)

,

F. Give ,c141-dren a large unit, a small unit and a Piece of
paper. 'Ask the childreri, 'would you rather have a piece
of candy'as long s four of these (small Unit) or one as
long as three of these {longer unit)." Let the children
m4asure and mark on the paper and decide.

INDIVIDUAL

A. On the "map," the child is asked if the figure is closer'
to Store, A or'Store B. He is provided with a unit for

'measuring.

B. The child is given the clown and is told to color three
units red: two units. blue, and one unit yellow.

c
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INSTRUCTION SHUT )15

One-to-One Correspondence

On the following worksheet:

1. Measure and mark each rectangle with the unit'.

2. Next match the units by connecting them' with a line.

3. 'Then circle'tfie longest rectangle.

4. Use the 11/2 inch measures.

28
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a
INSTRUCTION SHEET 04A

One-to-One Correspondence

On the following worksheet:

'1. Measure and mark each object, in-problems 1 and 2.,

2. latch the marked units by cothiecting them with a line.

3. For 1)robleM number 1, circle the shortest object.
P

4. For problem number 2, circle the two objects that
are the same.

5. Use the 3/4. inch measures,

30
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INSTRUCTION SHEET

Combination of Numbers

On the following worksheet:

1. Use yellow 3/4 inch units.

2. i1easure each length.

3. Write the correct number under each unit.

.

4. .Draw attention to the'equation iormed under each box.
'Use the term equation' without any'direct teaching of,
theterm. 44-

S. Point out that we are adding one more in each step.
'Try to bring out the relation that 2 is more tnan 1,
3 is i more than 2, etc.
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SAMPLE OF TEST ITEMS BASED ON
MEASUREMENT INSTRUCTION

Materials: Worksheet with thee pairs of rectangles,
crayon; and 3/4 inch yellow unit.

Instructioris: After materials are handed out, have the
children measure the first pair of sticks
saying: "Look at the two sticks in the box
with the ball (demonstrate). Please measure
each of these with the yellow unit. For
each unit you measure draw a dot in tilt
space below each stick Now, next to the
dots, write the number

t

that tells how many
dots- you drew under each stick."

"Now look at the little lin& between the
sticks. If the stixks are the same length
put an equal sign bn the line. If the first
stick is longer put the sign that means.
'greater than' on the little line."

Repeat these instructions for the p.ir
below these (star) and tlitn with the pair
at the right (ice cream cone). Note on,'
this last pair, the symbol is written between
the fragment

1
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SAMPLE OP iliST ITEMS BASED ON
COMPARISON INSTRUCTION

Instruction

Look at the !Ish in the corner of the paper. Please
/hatch each fish (apple, tree, butterfly) in this set with
-a boat (banana, candy cane, flower) from this set by
drawing lines between them.

Now write the number in the square that tells how any
fish' (apple's, trees, butterflies) are in that ,set.

'

In the circle write the number that tells how many boats
(bananas, candy canes, flowers) are in that set.

If one set has more members, draw a circle, around that
set. If they are the same, do not draw any circles.
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TABLE 1

Perfbormance of Two Groups at Three Successive

Administrations of the Goldschmid-Bentier

Test: Concept Assessment--Conservation

Administration
Treatment

Measurement Comparison
M SD g M SD N

1-Pretreatment 6.68 7.86 47 6.77 7.90 47

2-During treatment 10.85 8.99 47 10.34 8.23 47

3-During treatment ° 14.15 8.33 39 13.78 7.68 32

TABLE 2

Performance of Two Groups at Two Successive

Administrations of the Metropolitan

Readiness Test--Numbers

Administration
Treatment

Measurement Comparison
M SD M SJ

1-Pretreatment 12.37 4.00 51 12.37 4.00 51

2-Posttreatment 14.69 3.25 51 15.59 4.00 51

40



'TABLE 3

Mean Achievement in Mathematicetermine6

from Tests of Measurement Related

Concepts and Concepts Derived

from Comparison Hathematics

"VC-

Tests

Treatments

Competence
.

Measurement
Comparison
Mathematics

Ii . SD --St SD

Measurement
Instruction 48.82 10.55 32.54 6.34
N = 115

Comparison
Instruction 14.41 5.41 36.36 7.02

N = 46

t-tests 21.14** 3.47**

Omega Square
Comparisons .73 .06

*Ap < .001

1
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