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SMEAC NEWSLETTER AN ERIC CENTER

Research on Elementary School Mathematics, 1972 

Among the research studies reported each year, there are 
attempts to provide answers to some of the questions which 
both classroom teachers and other mathematics educators 
have about the teaching of elementary school mathematics. 
Suydam and Weaver (1970, 1971 ) and Suydam (1972) 
have summarized previous research: this newsletter pre-
sents sonic of the findings from research published during 
1972. The focus is on research that the teacher might find 
useful: that is, research whose findings might be applied in 
the classroom. Other studies, of more specific information 
to researchers, are not included.* As this bulletin was pre-
pared, the variability in the quality of research was taken 
into consideration, as well as its applicability. 

Addition and Subtraction Sentences What Needs Emphasis?

In the previous bulletin in this series (Suydam. 1972), 
three research studies on addition and subtraction sentences 
were reported. Engle and Lerch (1971) found that first 
graders who had studied in programs without emphasis on 
closed number sentences could make decisions about basic 
addition facts stated as either true or false number sentences 
with a high degree of accuracy. Weaver (1971) reported 
that sentences of the form — b = c or c b were 
significantly more difficult than were sentences of the form 

-1- b c or c = + h for children in grades 1 through 
3. Steffe and Johnson (1971 ) found that problems of the 
form a + b = L) were easier than problems of the form 
a — b = 0, a + 0 = c, and 0 + b = c. 

Additional exploration on mathematical sentences was 
reported in 1972. Grouws gave an oral test in which 32 
third graders were each asked to solve 16 open sentences of 
the form N -1- a = b, a + N = b, a — N = b, and N a 
= b. Open sentences of the N— a = b type (e.g., N — 19 

46) were significantly more difficult than the other three 
types. Sentences using basic facts with sums between 10 and 
18 were significantly easier for third graders than similar 
open sentences using addends and sums between 20 and 
100. There were no significant differences when sonic open 
sentences were presented in a verbal problem. Children 
used an average of five different solution methods, such as 

. tallying, recall, counting, inverse relationship, and substitu-

tion, but high performance was associated with direct ad-
dition or subtraction. 

It seems apparent that teachers need to give more atten-
tion to sentences of the form N a - h. And more atten-
tion should he given to open sentences of all four forms 
where larger whole numbers are involved. 

Mathematics programs for young children commonly 
provide experiences with open addition and subtraction 
sentences which have a solution within the set of whole 
numbers. Rarely, however, is explicit attention given to 
sentences such as 9 6 or 7 I I, each of 
which has no solution within the set of the whole numbers. 
Weaver collected some evidence on how well first-, second-, 
and third-grade pupils recognize such "no solution" situ-
ations. Test data from 23 classes were presented. 

Mean correct responses for open "no solution" addition 
sentences ranged from 40.8 per cent in grade I to 53.6 per 
cent in grade 2 to 61.3 per cent in grade 3. Performance 
levels at each grade were not the same for all open-sentence 
forms, but there was progressively less difference among 
these performance levels as grade level increased. 

For open "no solution" subtraction sentences, the mean 
per cent of correct responses was essentially the same from 
grade to grade: 41.6 per cent for grade I, 41.7 per cent for 
grade 2, and 41.9 per cent for grade 3. For both open addi-
tion and open subtraction sentences, the mean per cent of 
incorrect use of the "no solution" response decreased from 
grade to grade, reflecting the progressive• imprmement in 
performance. 

Thus pupils were not at a complete loss in responding to 
open addition and subtraction sentences involving the un-
taught condition of no solution within the set of whole 
numbers. The ability to identify the "no solution" response 
was a variable phenomenon associated with such factors as 
grade level and sentence form. Weaver pointed out that 
some pupils erroneously assume that subtraction of whole 
numbers is commutative, and that teachers need to call 
attention to the non-commutativity of subtraction. Empha-
sis also needs to be given to reading number sentences in 
left-to-right order. And, rather obviously, instruction on 
open addition and subtraction sentences which have no 
solution in the set of whole numbers is needed. 

Prepared by Marilyn N. Suydam, Faculty Research Associate, ERIC/SMEAC 



Division Which Algorithm Is Advantageous?
Previous research (Suydam and Weaver, 1970) has 

identified instructional advantages for various division 
algorithms. The method of teaching, rather than the al-
gorithm itself, seems to be the key: the division algorithm 
which is taught with the greatest degree of meaning has 
tended to lead to higher achievement. 

Kratzer prepared two instructional units, both involving 
meaningful instruction. One used the distributive algorithm 
and the other used the subtractive algorithm, each as a 
method of keeping records of manipulating bundles of 
sticks. Three fourth-grade classes were each taught one of 
the division approaches. No significant differences in the 
approaches was found on achievement of familiar problems 
on immediate or retention tests. There was, however, a 
significant difference between the approaches on achieve-
ment of unfamiliar problems on both types of test: the 
distributive approach group displayed a better understand-
ing of the process. 

Rousseau undertook an experiment with twelve fourth-
grade classes to determine whether or not the foundations 
on which a division algorithm could be built affect child-
ren's ability to retain and transfer on tasks involving the 
algorithm. Four algorithms were developed on these 
foundations: (I) mathematical, based on the distributive 
property of division over addition; (2) real-world, based 
on the physical act of "quotitioning;" ( 3 ) real-world, based 
on the physical act of partitioning: and (4) rote, based on 
the memorization of routines. No significant differences 
in retention of algorithms were found. For extensions to 
cases of slightly greater difficulty, the rote algorithm was 
superior. For problems of greater difficulty, however, the 
quotitive and distributive algorithms were better than the 
rote and partitive algorithms. 

Problems What Approach Helps?
Verbal problem-solving continues to draw the attention 

of researchers. In one study compaeng the effects of three 
approaches, Jerman reported no significant differences 
between fifth-grade groups using a general-problem-solving 
program, a wanted-given program, or the regular textbook. 
Some effect on strategies, especially for the wanted-given 
approach, was noted. Jerman pointed out the dependence 
of problem-solving skill on computational ability. Perhaps 
we cannot expect students to solve more problems correctly 
unless we place emphasis on the required computational 
skills along with the problem-solving strategies. 

Materials  What Helps Whom? 
Research on the use of materials continues to indicate 

that the use of materials is very important, but that we need 
to consider carefully what, when, how, and by whom they 
are used. What outcomes are to be expected must also be 
considered. 

McLaughlin found that pupils in grades 2 and 4 were able 
to reproduce behavior on a multiple-classification block 
task which they had seen demonstrated; only sixth graders. 
however, could transfer the information to a different but 
structurally similar task. Both "model" and "trial-and-error 
practice" conditions produced similar performance, but the 
"model" condition had a greater effect on pupils' knowledge 
about ,he relationships of the objects involved in the classi-
fication. 

In a study in which various types of materials were used,
Wheeler analyzed the relationship of the child's perform-
ance in sok ing two-digit addition and subtraction examples 
on tour concrete embodiments and two-digit and multi-digit 
addition and subtraction examples in the symbolic mode 
He tested the performance of 144 second graders on the 
use of the abacus. bundling sticks. the place value chart, 
and multi-base arithmetic blocks, and then gave them two-
digit and multi-digit addition and subtraction examples in 
written form. (here were no significant differences between 
the means of the children, at any of three levels of abstrac-
tion for regrouping. in wis ing two-digit examples in the 
symbolic mode. However. children proficient in regrouping 
two-digit examples on three or tour embodiments scored 
significantly higher on the multi-digit written tests than 
children vv ho acre not proficient using the concrete ma-
terials. across all 10 levels. Significant correlations were 
found between the number of embodiments children acre 
able to regroup for two-digit examples and achievement on 
the multi-digit tests. 

It was concluded that children proficient in regrouping 
two-digit addition and subtraction examples on three or 
more concrete embodiments possess a significantly higher 
level of understanding of the regrouping concept than 
children without this proficiency vv lilt the concrete aids. 
This supports the multiple embodiment hypothesis that 
concept formation is facilitated through the use of a variety 
of materials. 

As has also been found in some previous research, 
Clausen reported that kindergarten and first grade pupils 
exposed to a multi-sensory approach achieved higher than 
pupils using a worksheet-textbook approach. 

Many recent studies have explored the type and quality 
of various classroom behaviors. Meckes studied teacher-
pupil interaction and teachers' questioning patterns for 
mathematics classes in grade 6. A tape recording was made 
of one class session conducted by each of 100 teachers, 
and ten-minute segments of the tape were analyzed. All 
teacher-questions were also transcribed and categorized. 
Results indicated that the role of the mathematics teacher 
has not changed front that of giving information to that of 
guiding learning experiences. This conclusion was sup-
ported by the following evidence: The teacher spent 61.5 
per cent of the time talking. Direct influence accounted for 
50.2 per cent of the teacher talk. Although indirect in-
fluence amounted to 49.8 per cent of the teacher talk, the 
largest portion of this was in the questioning category. And 
since most of these questions were very narrow, they pro-
vided little opportunity for students to express their own 
ideas. 

The intent of the new mathematics programs and present 
classroom practices were also shown to he inconsistent. 
Although one of the primary objectives of the new mathe-
matics is to foster a spirit of inquiry and to develop crea-
tivity, only .5 per cent of the total questions were placed 
in the synthesis category. The two low cognitive level 
categories accounted for 79.5 per cent of the questions 
asked. 

The need for teachers to develop questioning at the high 
cognitive levels is evident. 

The use of questions was also found in connection with 
an experimental study. Nichols found that first-grade child-



ren who had to respond orally to three questions about why 
they answered correctly took fewer trials to reach criterion 
on number conservation tasks than did children who did 
not answer questions following correct responses. Her three 
questions: "Why? How do you know? Can you tell me 
more?" Teachers can readily apply these in many classroom 
situations. 

Burron examined the assumption that all children of 
various abilities can profit front instruction at a variety Of 
cognitive levels. Five process exercises were developed. 
comprised of mathematical tasks designed to elicit re-
sponses at a variety of levels. Data were then collected 
front two groups of approximately 40 sixth-grade pupils 
each, who had been selected as liming high or low success-
potential. Significant differences favored the high group for 
every cognitive level except "data-generation." The pro-
portion of pupils functioning successfully within each group 
increased as cognitive level ascended, but ability to function 
successfully at a given cognitive level was neither discrete 
or consistent with group membership. At least half of the 
low group attained "a respectable measure of success" at 
every cognitive level. 

Burron concluded that differences in the ability to func-
tion successfully at a variety of cognitive levels seemed 
more related to the level of complexity of a task than to 
cognitive level. Challenging all pupils to stretch their modes 
of thinking on a variety of cognitive levels seems to be a 
valid educational objective. Differences in individual cog-
nitive styles imply tasks structured to include a large domain 
of possibilities, alternatives, and opportunities to achieve 
goals in a multiplicity of ways. 

In the study, a marked difference in behavior related to 
self-confidence was also noted. Pupils in the low group 
seemed hesitant, threatened, or reluctant to respond to 
divergent questions, while high-group pupils displayed little 
of this behavior. Pupils in both groups showed preference 
for manipulatory activities; non-manipulatory tasks evoked 
a drop in interest and enthusiasm among the low-group 
pupils, while high-group pupils were able to sustain activity. 

In another study dealing with cognitive levels, Callahan 
and Passi examined three series of elementary-school 
mathematics textbooks, two contemporary and one "pre-
modern," for grades 3-6. Instances were noted of the oc-
currence of seven cognitive levels: knowing, translating. 
manipulating, choosing, analyzing, synthesizi,ig, and evalu-
ation. More than half of the cognitive activities found in 
the series were classified at the "manipulating" level. Few 
activities were classified as "translating." Newer series had 
more "knowing" items than the older series did. Little was 
done at the three high cognitive levels. It would appear that 
much supplementing of the textbook by the teacher needs 
to be done, so that children are asked questions and given 
activities at all cognitive levels. 

Instructional Sequences         How Should They Be

Buchanan examined instructional sequences to determine 
how prior experience with subordinate tasks aff.xted mas-
tery of a superordinate task, and the efficiency of perform-
ance within a sequence. In Experiment I, 72 fifth-graders 
used paired-associate-type cards for problems in modulo 
12. In Experiment II, 120 sixth graders used an instruc-
tional program on set-union. The amount of prior exper-

lowe slut the introductory task had a significant effect on 
mastery ot the supeordinate task. 

In Experiment I, the number of errors and learning trials 
on the task increased significantly with increasing amount 
of prior experience. not entirely independent of presentation 
order. the transfer task in Experiment II indicated that 
prior experience with the introductory task inhibited the 
performance of low-aptitude students 

Phillips developed and evaluated procedures for validat-
ing a learning hierarchy fiom test data. .A test to assess 
mastery at each of I I levels of a hierarchy for computa-
tional skills of adding ration tl numbers sstb like denomin-
ators was administered and seven hielarchical ordetings ot 
the I I subtasks were generated. One programmed instruc-
tion lesson was deseloped for each subtask. fourth-grade 
pupils were assigned to seven groups defined by the 
hierarchical orderings. Results indicated that sequence. 
es en if random. seemed to base little effect on immediate 
achievement and transfer to a similar task. How eser. longer 
term retention seemed quits susceptable to sequence 
manipulation. 

In one of a set of studies, Sawada studied a strategy for 
organizing a curriculum into a mathematically-cast system 
with explicit structural mediators of positise transfer Irons 
lower- to higher-order objectives. Three axioms were speci-
fied in mathematical form such that the system was char-
acterized by composition and resersibility. Flesen instruc-
tional sequences were presented via computer-assisted 
instruction. It was found that performance on an objective 
had little relationship with performance on the inverse ob-
jective. Pupils on their own apparently did not pick up the 
strategy of forming composites. In other words, pupils did 
not seem aware of reversibility inherent in the materials. 
nor of composition objectives. I hr need for explicit teach-
ing, rather than expecting transfer to occur as a by-product, 
is indicated. 

Rea and French reported on a small-scale research study 
with a class of sixth graders. One group used mental com-
putation exercises; the other was given enrichment activi-
ties using the same content. Tests were gis en on the first 
and twenty-lifth days, with 24 instructional periods inter-
vening in which both groups Necked their regular mathe-
matics period plus 15 minutes daily of the special actis hies. 

As the authors point out, in both groups were individuals 
whose scores increased only slightly, and scores even de-
creased for a few. However, in both groups, the majority 
of the students gained rather dramatically; the aserage gain 
for the enrichment group on the achievement test was one 
full year, and for the mental computation group was eight 
months. 

While the study is subject to many limitations. the in-
crease in achievement scores seems to be worth pursuing. 
both in more rigorously designed experiments and in class-
room situations where a similar set of experiences may be 
desirable. There can be little doubt that the results were 
influenced by factors such as the halo effect, which often 
accompanies enthusiastic experimentation. But why not 
capitalize on this in the classroom? Children do like sariety 
—and children enjoy experimenting and being part of an 
experiment. Research is a way of motivating children. 

Schultz studied some factors related to motivation: the 
combined influence of teacher facilitative behavior and the 



effect of interpersonal compatibility between teacher and 
student. Each of 20 tutors was assigned one student who 
appeared most compatible and one student least compatible 
to him, determined by responses to a test on interpersonal 
relationships. Student increases in achievement and in self-
concept of arithmetic ability after nine tutoring sessions 
did not appear to be related to tutor predisposition of fa-
cilitative behavior and/or degree of interpersonal com-
patibility between tutor and student. However, when com-
patibility was present. students rated their relationships 
with tutors as more facilitative. 

Sheppard studied one aspect of the development of con-
cept learning: the concept was a two-attribute, conjunctive, 
non-verbal one about right triangles. Two groups of 40 
fifth graders were tested individually. Each saw one exam-
ple and three non-examples. Giving divergent examples 
was found to be better than giving convergent examples; 
giving matched non-examples was better than giving non-
matched non-examples. The combination of divergent 
examples and matched non-examples yielded predominant-

ly correct classification behav ior. Other combinations 
resulted in either over- or under-generalization-or con-
fusion. 

Fetzer gave 27 logic problems differing in content and 
validity to 206 students aged 8 through 15. Problems in-
volving conflict were found to be more difficult than cor-
responding agreement and neutral forms. Those involving 
invalid assumptions were found to be more difficult than 
those having validity. In general, younger children appeared 
to base their judgments on the empirical conditions and 
did well on problems where the logical and empirical cues 
agreed, whereas older children were able to disregard the 
empirical content and base their judgments on the logical 
structure of the problem. Thus young children may appear 
to be responding to the logical structure of a problem when 
in fact:they are responding merely to the truth of the empiri-
cal content. 

* A complete annotated listing of studies published during 
1972 is available from ERIC/SMEAC. The listing will 
also appear in the November 1973 issue of the Journal 
for Research in Mathematics Education. 
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News Notes

Listing of Journals 
The External Affairs Committee of the National Council 

of Teachers of Mathematics has compiled a "Listing of 
Foreign and Domestic Journals in Mathematics Educa-
tion." The "Listing" gives titles and addresses for various 
foreign and domestic journals as well as, where possible, 
an indication of education level(s) dealt with in journal 
articles. The journals are concerned with topics in math-
ematical education. as opposed to pure mathematics and 
as opposed to general education. Persons interested in hav-
ing a copy of the "Listing" should request one (postcard 
or letter I by writing to: Listing Request, National Council 
of Teachers of Mathematics, 1906 Association Drive, 
Reston, Virginia 22091. 

Correction ... 
The single copy price for Current Index to Journals in 

Education is $3.70 (not $3.50 as listed in the last News-
letter). 

Emphasis: Metrication 

A metric conference and exhibit, "Going Metric: Meet-
ing the Conversion Challenge." is scheduled for September 
7-8, 1973, on the UCLA campus. The conference is de-
signed to aid industry in its plans for making the metric 
conversion and to speed up the public's understanding and 
acceptance of the metric system. A highlight for teachers 
will be a credit-giving metric workshop. For further infor-
mation on the conference, contact: Mrs. Valerie Antoine, 
10245 Anda.sol Avenue, Northridge, California 91324. 

The Toll Gate Metrication Project is an educational ex-
periment for elementary through junior college students, 
aimed at implementing change toward adoption of the 
metric system. The project is financed by an F.SEA Title III 
Minigrant through the Rhode Island State Department of 
Education. Project findings and recommendations will be 
made available in the summer of 1973. Anyone wishing to 
receive information should send a self-addressed and 
stamped envelope to: John Izri, Director, Toll Gate Metri-
cation Project, Toll Gate Education Complex, Warwick. 
Rhode Island 02886. 
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