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*Torgerson Multidimensional Scaling Model

When Torgerson's multidimensional scaling model is

used in conjunction with the method of tetrads, derived coordinates
are based on data which is assumed to be distributed normally. The
object of this study was to determine the amount of error ccntained
in derived coordinates when the normality assumption is violated.

Torgerson coordinates were derived from various cases of ncnncrmally
distributed data. Derived coordinates were then compared for accuracy

to true coordinate values, which were known in each case., The
Torgerson model produced highly accurate coordinates in all cases.
Since a wide range of distributions was considered, the results
appear to be quite generalizable. (Author)
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Given measures of dissimilarity between each pair of n objects

o

1,02,. .o ,On, Torgerson's multidimensional scaling model determines:

(a) the number of dimensions r needed to account for dissimilarities

among the n objects and (b) the projection of each object on each

dimension. The dimensions obtained may be identified with properties

of the objects which account for input Jissimilarities among objects.

Also, the recovered coordinates can be used to construct an

r-dimensional representation or picture which shows the relations

anong the objects in a more visualizable form than that provided by

the complex set of dissimilarity neasures. For example, Torgerson

(1958, pp. 280-290) used perceived dissimilarities among n = 9 objects
to recover an r = 2 diiensional picture which showed quite clearly
dissimilarities among the objects. The two dimensions corresponded to
color brightness and color saturation of the objects.

The method of tetrads (Torgerson, 1958, pp. 261-262) is a _
technique emplnyed to obtain the dissimilarity measures used as input
to Torgerson's multidimensional scaling model. The method of tetrads
assumes that perceived dissimilarity between a pair of objects is
normally distributed across a population of subjects. To the extent
that this assumption is violated with real data, error is introduced

into resulting dissimilarity values (Subkoviak, in press). These




erroneous input dissimilarities in turn affect the accuracy of the
nunerical coordinates output by the Torgerson model. Finally,
inaccurate coordinates lead to fallacious conclusions regarding the
relationships among the objects. Since nonnormal distributions of
perceived differences between objects do ocar in practice (Jones

& Thurstone, 1955; “losier, 1941; Rambo, 1963), the purpose of the study
was to determine the amount of error introduced into derived coordinates

when the normality assumption of the method of tetrads is violated.

The Mathematical Model
The Torgerson rultidimensional scaling nodel is a two stage
procedure (Torgerson, 1958, pp. 247-280). In the first stage a
unidimensional scaling method such as the metliod of tetrads is used to

obtain the perceived dissimilarity s., between each pair of objects

jk
(Oj ,Ok). A constant is then added taJ) convert each dissimilarity s ik
to a distance djk between psair (Oj ’Ok) (lessick § Abelson, 1956). In
the second stage, distances d ik are converted to a matrix of scalar
products b 5 between objects OJ. and Ok’ and the matrix is “decomposed
by factor analysis to obtain coordinates (ajl,aj 2"“’ajr) for each
object OJ. (G =1,2,...,n). Violations of the nomality assumption
in the first stage introduces error into the coordinates generated
in the second stage. The sequence of steps involved in the two stages

is outlined below,




First Stage

(1) In the nethod of tetrads all possible pairs of object-pairs

{(O;,'Oi)’ (Oj,Ok)} are presented to a population of subjects who report
which object-pair is more dissimilar. Symbol phi, jk represents the
proportion of times (Oj ’Ok) is reported more dissimilar than (ql,oi);
pjk,hi =1 - P i,k is the proportion of times (Oh’oi) is reported
more dissimilar than (Oj ,Ok).

(2) ‘when pair {(Oh’oi)’ (‘“)j ,Ok)} is presented to a subject he
perceives the dissimilarity between Oh and 0i to have some magnitude
Shi; the perceived dissimilarity between Oj and 0k has magnicude Sjk'
If Sjk - shi > 0, the subject reports pair (OJ. ,Ok) to be more
dissimilar than pair (O ,Oi); if Sjk - Shi < 0, he reports pair
(Oh’oi) to be more dissimilar. Ties Sjk - Shi = 0 are not allowed.

(3) The process in (2) gives rise to unseen distributions across
the entire population of subjects: (a) a distribution of Sjk values
with mean s ik for each pair (Oj ,Ok) and (b) a distribution of Sjk - Shi
values with mean s ik ° Shi for each pair of object-pairs

{(Oh’oi)’ (Oj ,0,)}. Furthemmore, reported proportions phi,jk and




pjk,hi equal the areas to the right and left of zero (0) under the
density function of Sjk - Shi‘

(4) The density of Sjk - S}u is assumed to be nomal for each
pair of object-pairs.

(5) In the most popular case, all Sjk - Shi distributions are
also assumed to have the saiie variance 02 = Var (Sj}; - Shi)‘

(6) Under the assumptions of (4) and (3), the dissimilarity sjk

of pair (0j ,Ok) is given by:

sjk = }X)i xhi,jk/[n(n-l)lzl 1)

where Xhi ik is the normal deviate at the phi;jkﬂl percentile of the

standardized normal distribution and Phi, ik is the reported proportion
associated with {(Oh,Oi), (Oj ,Ok)}. The summation in Equation 1 is
across the n(n-1)/2 values Xhi ik corresponding to all {(oh,oi), (Oj ,Ok)}
which involve (0j ,Ok).

(7) Finally values sjk given by Equation 1 are used to compute a
constant c¢ which is added to each sjk to obtain a distance djk = sjk +c

between Oj and Ok (ilessick § Abelson, 1956).

Second Stage

(8) The distances djk obtained in (7) are used to compute an
n X n nmatrix of scalar products bjk between each pair (0 ; ,Ok)

G,k = 1,2,...,n).

(9) The scalar product matrix in (8) is decomposed by factor
methods to obtain an n x r matrix of factor loadings. The jth TOW
of the factor loading nmatrix gives the desired coordinates
(ajl’ajZ"“ ’ajr) of object Oj‘ The accuracy of these coordinates is
a function of the validity of the nomality assumption in Step (4)

of the first stage.




.lethod

The procedure used in the study was as follows:

(1) Coordinates were randomly specified for n = 8 hypothetical
objects in r - 2 dimensional Luclidean space. The coordinates and their
locations in Euclidean space are shown in Figure 1. The object of the
study was to determine the extent to which this known (true) configuration
of coordinates could be recovered by Torgerson multidimensional scaling.

(2) The 8(8-1)/2 = 28 true Euclidean distances djk between pairs
of coordinate points in (1) were computed.

(3) The (28)(28-1)/2 = 378 differences djk - dhi between pairs
of distances in (2) were computed. These differences djk - dhi =
(sjk+c) - (shi+c) = sjk - Sp4 are the means of the distributions
Sjk - s’ni which are assumed to be normal by the method of tetrads.

(4) A specific fom of density function was specified for cach
Sjk - S; distribution with the mean S5k~ Shi computed in (3). In
sorme cases the 378 specified densities were normal as assumed by the
method of tetrads, and in other cases the densities were nonnommal.
Some of the nonnormal densities used in the study are compared to the
assumed normal in Figures 2-5, All densities specified had the same
variance o% = Var (Sji - Sp) = (115)%. The rationale for choosing
this value of o is indicated in (5) below.

"(5) The density f‘unctions Sjk - Shi specified in (4) were
integrated to the right and left of zero (0) to obtair coportions
phi, ik and pjk,hi (areas under the density curves) which are required

)
(115)2 avoided the occurrence of extreme proportions Phi ik =lor0
]

to compute sjk in Equation 1. The choice of 02 = Var (S.k - Shi) =

which result in normal deviates Xpi,jk =t in Equation 1. then
N




such proportions arise in actual practice they are ignored, and sjk
values are obtained in another way.

(6) The proportions Phi, jk from (5) were used in conjunction
with Equation 1 to obtain n(n-1)/2 dissimilarities s ik* Since the
computational method assumes that all proportions phi,j_k arise from
normal Sjk - shi densities, error was introduced into s ik values which
is propagated in all subsequent computations to the coordinates derived
by the model.

(7) The sjk values from (6) were used to compute constant c
(lessick § Abeison) which was added to each s ik value to obtain

distances d jk = s tc The distances were converted to scalar products

S.
bjk’ and the matrfi]x of scalar products was factored to obtain
coordinates which contained error intorduced by the nomnormal densities
specified in (5).

(8) Finally, the derived coordinates (ajl’ajz) G =1,2,...8)
from (7) were compared for accuracy to the known true coordinates of
Figure 1. Accuracy was measured by correlating the 28 glistances ajk

between derived coondinates with the corresponding true distances

djk between coordinates in Figure 1,

Results and Discussion

Thirty-six different cases were considered by specifying different
density functions in Step (4) of the lethod Section. The densities
varied in skewness and kurtosis and ranged in shape from normal to
extrenely nomnomal. Coordinates (ajl’aj 2) g =.1,2,...,n) were
derived in each of the thirty-six cases, and a correlation coefficient

was computed as described in Step (8) of the Method Section. The
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obtained correlation:coefficients are shown in Table 1. Each coefticient
in Table 1 is a measure of the accuracy of the coordinates derived

for that case. In Cases 1-22 of Table 1, the 378 Sjk - Shl densities
specified in Step (4) were identical in shape, although the shape
differed in each case. In Cases 23-36 the 376 densities specified in
Step (4) were not identical in shape, i.e. a variety of shapes was
considered simultaneously.

The primary result was that the Torgerson model produced highly
accurate coordinates for all thirty-six cases. In no instance did
the measure of correlation in Table 1 fall below .999. Considering
the variety of densities employed in the study, it appears that the
Torgerson model is quite robust with respect to violations of the
nomality assumption inherent to the method of tetrads. The following
results of theoretical interest were also noted: (a) the accuracy
of coordinates tended to decrease slightly as densities departed from
normality and (b) the accuracy of coordinates tended to be greater
when densities were identical in shape as in Cases 1-22 thar when
densities varied in shape as in Cases 23-36.

These results are consistent with other findings. Specifically,
it has been demonstrated that Thurstone's comparative judgment method,
of which the method of .tetrads is a derivative, produces reasonably
accurate estimates'sjk as defined by Equation 1 regardless of the
density functions from which proportions phi,jk arise (Subkoviak,
in press). Thus, given reasonably accurate s ik values it is not
surprising that accurate coordinates result. Furthermore, increasing
error is introduced into sjk values as densities depart from assumed

normality or become more heterogeneous in shape (Subkoviak, in press).




Thus, results (a) and (b) noted above can also be accounted for.

thile it appears that the researcher need not be overly concerned
about violations of the normality assumption in the Torgerson model,
certain limitations of the study should be born in mind. First, only
a single randon arrangement of eight points in two dimensional space
was considered. Different configurations of points or different
mumbers of dinensions might produce other results. Second, the effect
of extreme proportions such as phi,jk = 1 or 0 on resulting coordinates
was not considered, Finally, all Sjk - shi densities considered had
the same variance as assumed by the model. Violations of this
assunption could result in less accurate coordinates than those derived
in the present study. For further details regarding violation of this

homogeneity of variance assumption consult Mosteller (1951).
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True Configuration of Eight Points in Two-Space
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Sik ~ Shi
Figure 3
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ik ~ Shi
Figure 4

Nonnormal Density
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Correlation of True Distances djk With Derived Distances d.jk

TASLE 1

Case Correlation
1 .999999
2 .999999

3 .999999
4 .999998
S .999989
6 .999984
7 .999982
8 .999980
9 .999976

10 .999972

11 .999970

12 .999967

13 .999966

14 .999962

15 .999960

16 .999959

17 .999954

18 .999954

19 .999950

20 .999948

21 .990938

22 .999124

23 .999979

24 .9994977

25 .999976

26 .999974

27 .999974

28 .999974

29 . 999962

30 .999962

jj@: .999962

32 .999957

33 .999957

34 .999929

35 .999805

36 . 999465
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