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The purpose of this project was to determine if the

method of subtraction of integers taught to seventh grade students
affected their mathematics achievement or retention. Computation,
concept, and problem-solving sections of the California Achievement
Test were given as pretests and posttests. An '
investigator-constructed test of the addition and subtraction of
integers was also used as a pretest, posttest, and as a retention
test one month after completion of the treatments. The project was
divided into two studies. The first study involved 140 students and
three teachers, and compared the Complement Method of subtraction to
the Related Facts Method. Results showed a statistical difference in
the area of concepts, favoring the group taught the Related Facts
Method. No statistical differences were found in the areas of
computation, problem-solving, or addition and subtraction of :
integers. The second study involved 90 students and two teachers, and
compared the Complement Method of subtraction to the Systems Method.
Statistical differerice on the retention of the subtraction of
integers favored the Systems Method. Statistical difference on the
retention of the addition of integers favored the Ccomplement Method.
No statistical differences were found in any areas of immediate
achievement in the second study. (Author/DT) -
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" ABSTRACT

The purpose of this study was to ﬂét3fmiﬁé if.thé method of
subtraction of iﬁtegers taught to seventh grade students affezteﬂ
their achievement nf‘retenﬁi@ﬁ in addition or subtraction of iﬁéegetéi
Their ability to work subtraction problems involving three integers
was also measureéi Their achievement in the areas of (1) computation,
(2) concepts, and (3) pr@hlem solving, as measured by the California
Achievement Test, level four, sections 3, 4 and 5, was also measured.

Two school Districts participated in the study. In District
One there were- three ;eéahers and 140 seventh grade students that
participated in the study. In District Two there were two teachers
and 90 seventh grade-students that participated in the study. Each
of the teachers taught an experimental group and arzénﬁral group to
control as much as possible the teacher variable and Each teacher
devoted an equal amount of time to the teaching of the unit in each
of their gfaugs;

A pretest énd a post-test were administered to each group
and their achievement was measured by the change in means on these
two tests., One month after the completion of the experiment, 4
retention test was administered and the graupé’ retention was
measured by the change in means from the post-test to the retention
test, The areas measured by these tests were addition of two

integers, subtraction of two integers, transfer of Complement Method

iv



to subtraction g% rational numbers, use of whole numbers in sub-
traction of whole numbers and subtraction of Ehreeriﬁtegers.

The California Achievement Test (1970 Edition) sections 3,

4 and 5, Form A was administered as a pretest and Form B of the
test was administered as a post-test. The areas measured by this
test were computation, concepts, and problem solving.

In District One the control group was taugﬁt the Related Facts
Hetbad_éf subtraction and the experimentai group was taught the
Complement Method of subtraction of integers. Tﬁere was a statistical
of concepts as measured by the California Achievement Test (1970
Edition) section 4. There were no statistical differénees between
groups in achievement or retention in the areas of addition of
integers or subtraction of integers. Thé?g wére no statistical
differences between groups in cemputation or problem Eclviﬁgi

In District Two the experimental group was taught the Complemwant
Method and the control group was taught the Systema Method of sub=
traction of integers. There was a statistical difference iﬁ favor of
the :aﬂtral group in retention in the area of subtraction of iﬁtegers,
and there was a statistical diffgreéce in favor of the experimental
group in retention in addition of integers. There were no statistical
differences between groups in azhievement\in addition or subtéactian

of integers, or in computation, concepts, or im problem solving.
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‘Chapter 1

THE PROBLEM AND DEFINITIONS OF TERMS

Textbooks presently used in the upper elementary grades use .
different methods of introducing integers and operations with integers.
Professional jQUtﬂElSVEQEEEEEEd with prcblems in teaching, regularly
contain articles about introducing integers and their operations to
students.

There has been a great deal of research imnto the subtraction
of Hhalé;numbérs but there gseems to he very few cases where cﬁére has
been research into thebsﬁbtfaetian of integers, In light afythe fact
that tﬁere has been very little research into éhe relative merits of
thevdiffe£3nt methods of subtraction of integérs it seems plausible

that such research should be forthcoming.
THE PROBLEM

! Szgtgggn;ugfgthefE;aﬁlém

It was the purpose of this study to:
1.  Compare the achievement of students taught to perform
different methods of subtracting two iﬁtegersg

‘ 2.. ~ Compare the retention of knowledge and skill possessed
by students taught to peéfa:m different methods éf subz:é;;ign of two
integers.

k) Determine 1f the methgd'gf subtraction learned affected



the students’ ability to work with subtraction problems involving
‘three integers.

4, Determine if students would transfer ﬁheruse of the
subéragtian method employed by the investigator to subtraction problems
:invalving positive rational numbers.

5. Determine if the method of subtraction employed by‘thé-

investigator would affect the students' achievement or retention in -

addition of integers.

Imggf;an:gﬂgfrt534$tu§y

There has been ieSearch in the area of subtraction of whole
numbers,l and ;here has been 5amé research into the question of whether.
or not a student can do subtraction of whole numbers by learning the
"negative number subﬁraeticn methad;fz The majority of the studies
dea;ing with subtraction involved subtrac;ian‘prcblems where the
minuend was larger than the subtrahend and both were whole numbers.
However, a study by Céltharps considered differeat;métﬁgds of subtractiﬁg
integérsi His study cﬂmpafed the use of ordered pairs with the use
of the number line as a model for the integers. In this study, however,

the students' overall achievement was measured and there was no mention

lﬂrawnell, W.A. and Moser, H.E., "Meaningful versus Mechanical
Learning: A Study in Grade III Subtraction." Duke University Research
Studies in Education, No. 8 Durham, N.C., Duke University Press, 1949,

EGfEﬁ; Eldon Edward, "A Study to Determine Whether the Negative
Number Subtraction Methed Can Be Learned and Used by Elementary Pupils,"
Doctoral Dissertation, Ann Arbor, 1967,

7 BCQLtharp, F.l.., "A Comparison of the Effectiveness of an
Abstract and a Concrete Approach in Teaching of Integers to Sixth
Grade Students," Doctoral Dissertation, Oklahoma State University, 1968,




3
of :hé students' achievement in a specifie area such as subtraction.
Since Coltharp's study did not investigate the method of subtra;tién
employed by this investigator and advacétés of particular methods
seem to have chosen theirApasiEian, relative to a method of subtraction
on the basis of conjecture or a confident feeling, fesear;g into this

area of elementary mathematics instruction was felt to be needed.
DEFINITIONS OF TERMS USED

1. Achievement, Gain in mean score between pretest and post-—

2.  Retentlon. Gain or loss in mean score between post-
test and retention test,

3. Complenent Method. Method of subtraction by adding the

same number to both the minuend and the subtrahend.

Example: '5 - "3 = (Y54 %3) o (T34 *3) = 5 4 3,

4.  Difference Method, Method of examining the difference
~between the subtrahend and the minuend.

Example;

\
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On the number line there is a difference of 8 to the right from ~3

to 's, Therefore, ts - "3 *s.,



5, Ordered Pair Method. A method of subtraction using

ordered pair representation of integers,
Example: To work the problem +5 - 73, the following ordered
pairs could be ;h@sen.and subttagted.;
(9,4) = (1,4) = (8,0).
Since (8,0) represents the integer +8, the answer to the problem

t5 L =3 = g,

6. Pattern Method. A methad of subtraction that invélvés
starting with a problem in which the answer is known and making use
Vaf a pattern to determind the unkgawn aéswéf to a more difficult,
problem, | ;

+

Example: '5 - "3, This problem could be worked in the

following manner,

wn
1

s
]
R

[}
oo

5 - "3

7. ' 'Related Number Facts Method, Method of subtraction

involving the relationship between subtraction and addition.

Example; ts - "3 = N if and only if N+ 3 = +5; therefore,



8. Systems Method. By examining a modular system the

stuﬂent learns that x -« y = x + iy, This is generalized to the integers,

Examplg: 7 -8 = 7 + :_S - !’l‘

9. IEEEEA@SY Eéthaig Method of subtraction involving
taking the subtrahend "away from". the minuend.

Example:

On the number line the last arrow ends above the 8, therefgrh

5-"3=tg,
PROPOSED’ METHOD

The Complement Hetﬁcé of subtraction of integers praégsei!by
the invest?gataf does not rely on the use of the number line, nor
does the student need to solve a:méthemazical sentence by.iﬂspeztian

- in order to solve the subﬁragtian prcblgm-

The Complement Method relies on a fae: that many elementary
students know from their work in subtraciton of whole numbers., Many
students learn that if 5 = 4 = 1, then E -5=1; that is, i1f they add
the same number to the subtrahend and minuend the remainder is
unchanged. This fact is used by many people when they work the problem
i97 - 99 = [ . They add 1 to both numbers and work the problem
198 ~ 100 = | ; .




6

Furthermore the idea of adding'the same amount to the subtra-
can be reinforcad by using models the students see every day, One
way is to draw their attention tai:hé odometers on a car speedameterQ
.Sage cars Eave an odometer that ipdiéétgs total mileage the ;at has
traveled and the other odometer indicates the distance traveled up
to 999 miles, and then returns to zero. It is pDSSible to examine the
difference of the numberé on théiﬁﬁﬂ odometers at certain timés; See
~ Appendix D for an example of this method of introduction to subtraction
of integers. Ihéfg are 6Eherriﬁst§nces that séudentg are péthaps_
more faiiliar with than the instance mentioned aba%ei Consider the
chﬂasing of teams for a game of football. Stuéents know that {f the
différeﬁge in the numbéf‘gf'studggté:nn the two teams is éne and if one
more student is added to each team the difference is still cné-

This idea can be extended ta'w3rk§sgbtraeti§n of integers,
such as 5 - +3 gii} « There are many numbers that could ;e added to
the minuend and Subtfaheﬁd in the praElem;,but ghe choice of ~3 will
produce the most profound change in the appearance of Ehe problem,
Note that by adding ~3 to both numbers the problem becomes ts + 73y -

(+3 + f3) =Jij or simply +S +73-0 =i[:} » Clearly if the student

[+

understands how to add he can now work the problem. He must also
understand, of course, that to subtract zero does not change the answer,

The steps of the problem are delimeated in the following:



!

DELIMITATION OF $TUDY

This study was conducted within the folipwing framework:
1. Only students enrolled in the seventh grade during the
1970-71 school year participated.

2, Only s;@dénts enrolled in the Central Valley or Mead

. School Districts participated in the study.

3. The study was confined to subtraction of integers,

although student achievement and retention in other operations was

also measured.

4, 7 Although the students in the experimental groups were
taught the Complement Method, it was not required that they write
all of the steps in the subtréﬁtinn problem after ﬁhgf had completed
the work in Appendix D,

5.  Only teachers tgaching at least-twa sections of seventh
grade mathematics were asked to participate in the study,

6, Tﬁe study was confined to schools that héd texts using
the systems method -or the related number facts method of subtraction

“of integers.



' EXPECTED CONTRIBUTIONS

1. Evaluation of a method in terms of its potential as
‘an initial intrcduction to subtraction of inﬁegers;
2, Evaluation of a method in térms of its appeal to
seventh grade teachers. |
3. . Evaluation of a method of subtraction of integers in
terms of its transfer Earsubtfaccian of rational numbers,
4, Evaluation of a method of subtraction of integers as 7
to its effects on the students' abiiiﬁyita perfafm-additian of integers.
3, | Listing of recammandaﬁiaﬁs relative to further research

indicated by the results of this study.
ORGANIZATION OF DISSERTATION

Chapter 2 of this paper includes a review of the literature
relative to the problem of Subtfaétiﬁg of integers, Chapter 3 deals
‘with thg procedures @frthe study including (i) descriptions of the

Vipapulatian, (2) method of training of Eaaéhers in the new method,
(3) development of the testing instrumené, and (4) the desgfiptign of
the treatment adminisﬁered to each éf the groups. Vchapter 4 dealé with
the statistical analyses of the data, and also inclﬁdes fEEpénSéS
of taachE§s that used the Complemeznt Method. Chapter 5 contains the
summary and conclusions reached in the study. The 'final sezéisn of

Chapter 5 includes suggestions for further research.




Chapter I1
- REVIEW OF THE LITERATURE

There are many different proposed methods of teaching integers
to children. While most of these proposed methods are logical and
- wmathematically sound there does seem to Bera'dEfiﬂite controversy
as te which method might be best._rinﬁeed, perhaps the methods are
all the same as far as Eherstudenﬁ ?eiﬁg able to undéfstand, use and
Tetain them.

3 ihe use of a model involving positive and negaéi#& particles
as an aid in understanding subtraction of integers was advocated by
ﬂ@@téril For a model of subtraction he zéﬂside:ed a field with zero
charge but having the same number of positive and negative particles;
1f two positive charges are removed from the field, the result is a

‘72 charge on the field. This {llustrates the subtraction problem

0-T2« ’2; For the problem +4 - 72, consider a field haviﬁg a
+§ ehafge with other neutrally charged particlés in the field. The
neutrally charged particles are considered to Ea made Qp Qf:GﬂE positive
charge and one negative charge. When two negative :hafges have been
.removed, the field'ghen has a +6 charge. The mathematical sentence f
would be T4 - T2 = Y,

A method employed by Entwhistleg used thelfallaﬁing EyPES“af e;égples

to 1llustrate subtraction:

12@223:, Stanley, "Charged Particles: ‘A Model for Integers,"
- The Arithmetic Teacher, XVI, (May 1969) 349-353.

, zﬁﬁtﬁhistléi Alice, "Subtractimg Signed Numbers," The Mathexzatics
Teacher, XLVIII, (March 1955) 175-176. i
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1. The teacher makes a $15 bet with a student in the class,
The teacher loses the bet and has only $10 to pay the student.

Mathematical s=ntence:

2, Jaﬁe;ﬁwas Mary $12.. She pays Mary $10, that is, Jane has
a debt of $12 and she subtracts a payment.of $10, Jane now owes a debt
of $2, Mathematical sentence:

12 - (C10) = “2

A method using concrete quects;was employed by F:emgnt:g who
used pipe cleaners to represent pcsitive and negative ﬁuﬁbérsi A
pipe cleaner bent in this manner . represents +1 and one opening the

other direction represents 1l. Suppose the problem is o - *3, 1f

subtraction is thought of as a take away process then the problem is

XX3>

?hére a slash has been drawn through three of the loops to indicate

worked as follows:

three have been taken away,

What about thelprablem +’z_. - +S? vaicuély we have ) ? 20 .
and we wish to take away +5. Adding zero will not change the value of
I+4 S0 zero is added in the form of £ and the problem becomes:

| 20203 DCDO
Now take away +5 as in the fallawing;

LRI

?’Fremant:, Dr. Herbert, "Pipecleaners and Loops--Discovering
How to Add and Subtract Directed Numbers," The Arithmetic Teacher,
XIII, (November 1966) 568-572. - - -
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leaving C or 1.
,Hen&ersanrusad a dLEEEfEﬁee.ﬁgdel on the number line. Hig:
jdeas are illustrated by the following:

" The technique as outlined by-W. E. Romig in the January
Mathematics Teacher for teaching subtraction of signed numbers
1s a graphical representation. of the mechanical process of .
changing the sign of the subtrahend and proceeding as in addition.
"I believe that pupils will find the following method more

.meaningful; my pupils prefer it to the mechanical method which
- they find outlined in our text. Too, many teachers that use this
plan never introduce the mechanical one at all.' ' '

In teaching subtraction of signed numbers, I first draw a -
number scale, Zero is shown to be the division point between
positive and negative numbers., There are only two directions in
which one may go upon this scale: The negative direction is
right to left from any point on the number scale., Let us first
study an example of subtraction in arithmetic: Subtract 4 from 9.

+s

L1 — | S I RN | | b
I N B R N R EE
0 1 2 3 4 5 6 7 8 9
Start at 4 and count the units between 4 and 9. In arithmetic
the positive direction is always from left to right, so it is
logical to picture as megative the direction from right to left,
* The above problem should be followed up by using 9 as the
subtrahend and 4 as the minuend. The absolute value remains the
same, but the sign is negative, In other words, when we subtract
two quantities, the absolute value of the difference equals
the number of units which separate the subtrahend from the minuend,
.the sign being determined by the direction traveled in going
from the subtrahend to the minuend.% : .
!
The technique advanced by Romig and referred to in the above

-
 —

1 . Lo

F

quote is illustrated by the following:

Suppose that the pupll has mastered the process of algebraic
addition so that he can add correctly such combinations as the
following: : '
+8 +8 -8 -8
*hoozh o ch

v traction of Signed Hﬁmbers," The Mathematics Teacher, KxxviiI
Q (November 1945), 331. o o
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Suppose further that he has learned to add these numbers graphically,
thus add

+8

The pupil has been taught to reason, "Starting at zero I count
eight units to the right (up) because the sign of 8 is plus, and
then four units to the left (down) because the sign of 4 is minus.
This places me four units to the right of (above) zero, therefore
the sum of +8 and -4 is +4."

When the pupil has mastered this process, he is ready to begin
subtraction. Explain that the operation of subtraction is the
opposite of the operation addition, and numbers to be subtracted
must be counted in the direction opposite to that in which they
would be counted for addition, thus: subtract

N S A O TSN UUN N M M T N
I I ] I I I i 1 I i | | i P

0 : 8 12

Startisg at zero I count 8 units to the right because the sign
of 8 is plus. If I were adding, I would count 4 units to the left
because the sign of 4 is minus, but since I am subtracting, I must 5
count 4 units to the right, opposite to the direction for addition.-

Caitharps'examiﬂed sixth grade students' ability to work with a

"'concrete approach" vs. an "abstract approach" working with integers.

m

‘Romig, W.E., "Technique for Teaching Subtraction of Signed
Numbers," The Mathematics Teacher, XXXVIII, (January 1945) 36.

ECcltharp, F.L., "A Comparison of the Effectiveness of an .
[ERJ!:( Abstract and a Concrete Approach in Teaching Integers to Sixth Grade

Students," Doctoral Dissertation, Oklahoma State University, 1968.
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Coltharp defined the concrete approach as working with the number line

ag in the Creater Cleveland Mathematics Program, Intermediate Series,

Book 7, 1964-65 edition, He cefined the abstract approach as the use
of ordered pairs. He made the following conclusion:

Sixth grade students. taught manipulation of signed numbers
from an abstract approach achieved as well as those taught by
means of a concrete, visual approach when students with equated
abilities were compared./

The use of patterns to enable the students to understand
subtraction of integers was proposed by Hagnusaﬁ_s This method starts
with a subtraction problem that the student is familiar with and proceeds
to problems that the student could not work before by means of using the

pattern,

Example:

wn w W W w
) "

[ ]

LY, B r [
|
i

= 0
At this point the pattern is discussed and then the problems proceed

as follous: -

= etc,

"1bid., p. S50.

, . Hagnﬁsan, Russell C., "Signed Numbers," The Arithmetic Teacher,
Q XIII, (November 1966) 573-575, o o
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Elementary texts use some of the methods described so far in
‘this paper but there are other methods, in addition to the ones mentioned,
that are incorporated into texts. A commonly used one is the miss£ng
addends method. This methad is illustrated by ﬁha following from

Elementary School Mathematics, Addison and Wesley, 1964, Sixth Grade

text. The section dealing with subtraction is started with the following

e;amples:g

When you find
this addend n+ 3=0 you find this
0-"3=n difference

After presenting several problems of the type illustrated above, that
is, where the sum is zero, the following examples are introduced.

The student is to find the missing addend A.

2 - 5= 4
If this were zero, the missing addend would be
5. Since this is two more than zero, the missing
addend is 2 + 5 or 7.

Another method used in a text series published by Holt,

gEickalz, O'Daffer, et. al., Elementary School Mathematics,
Book 6, Reading, Massachusetts: Addison Wesley Publishing Company,
Inc., (1964) 291.
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Rinehart and Winston™  is the system approach. The following illustrates
this approach.
When you studied clock arithmetic you learned about subtraction.
It is the opposite of addition. In clock arithmetic every element
has an additive inverse. We found we could subtract by adding an
inverse, For example, in the arithmetic of the five minute clock
2 =3 =2+ =3
In the system of integers all the numbers have additive inverses,
50 we can subtract this same way. In fact, we can define subtraction

to be the addition of the inverse.ll

The numerous articles dealing with subtraction of integers

indicate a diversity of opinion among teachers and other experts in

this area, The use of different methods of teaching subtraction
that occur in elementary arithmetic series also further indicates that
this fact is so. There seems to be no indication in the articles read

by the investigator that anyone has researched whether one of the

retention is used as a measure of the superiority of the method.

During his years of public school teaching the investigator
experiénced a great deal of difficulty when trying to teach the students
how to subtract integers. The investigator used many of the methads
i1llustrated so far but the students did not respond in a positive manner.

During the 1968-69 school year the investigator was involved

in a field test of a ixth grade text in a new arithmetic series.

=

ew

[V

This series used the Complement Method of subtraction. The students

resPandéd quite well to this approach and did not seem to experience

loKeedy, Jameson, Johnson, Exploring Modern Mathematics,
Book 2, New York: Holt, Rinehart and Winston, Inc., (1963).

Lypid., p. 23.

——
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many of the difficulties the investigator had observed in his earlier
teaching experiences. There are many models for explaining subtraction
of integers and many articles written as to the relative attributes
of using a particular model, There seems to be no agreement as to
which model is most easily used and retained by studen.s. There does
seem to be agrzement that subtraction of integers is a troublesome
area in mathewmatics as witnessed by the number gflargicles.writtgn
tn the subject. It seems that, because of the importance of sugtrazciah
of integers to the further study of mathematics and the concern of
people involved in the area, anlinvestigatian of the problem would be

very important to the field of mathematics education.

*



CHAPTER III

PROCEDURES OF THE STUDY

Four school districts were contacted and asked to participate
In the study., These éch@al districts were Spokane, Medical Lake,
Mead and Central Valley. One of the school districts did not wish to
participate and t?a of the three schaclgdistrictg used the same
seventh grade texts. Of the two-districts using the same text, one
was éliminated by the flip of a coin. The two districts remaining
to partigipaté.in the study were Central Valley, henceforth referred
to as District One, and Mead, henceforth veferred to as District Two.
Zhe approximate student enrollment of the two districts was 10,000
and 5,000 respectively,

District One used "Modern Mathematics Through Discovery",
published by Silver Burdett Company; 1966, and District Two used
- "Exploring Modern Mathematies", (Book 1) published by Holt Rinehart
and Winston: 1963.

In District One, %aur seventh grade teachers, teaching at
leasé two classes of mathematics, were asked if they would like to
participate in the study. Three of the teachers im District One
elected to participate. These three teachers had noc been teaching
concepts of integers previously Eeeause it wi- 1 section near the
end of the seventh grade textsand was not ordinarily included in-thg

curriculum at this level. A4ll three teachers graciously volunteered
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to change gheir teaching schedule so as to include the study of
integers as a special unit.

The two teachers contacted in District Two both agreed to
fpatticipate in the study, Néithei teacher had previously taught
concepts of fintegers in the seventh g-ade. The text used in the
seventh grade did natéinclude a study of integers but it did include
the study of clock arithmetic. The investigator pfeparéd ditto sheets,
" utilizing material from the HélthinaharE and Winston text (Book 2)
used by the eighth grade, that introduced the seventh grade Stﬂﬂiﬁ;%

to Integers and the operation of addition of integers.

THE POPULATION

The Teachers

The teachers who participated in this study were teachers
regularly employed by their school district to teaech seventh grade
mathematics. Their teaching background was varied, ranging from a
first year teacher to a teacher who had taught 20 years.

There was also a wide variety of academic backgrounds in terms
of years of study and degrees held. Since this is typlcal of seventh
grade teachers it was felt that the experiment would be conducted
under conditions similar to those in any school districts of comparable
‘ éige. One thing that did make thesééteazhers different than other
seventh grade teachers is that Ehéy wéf% teaching at 1eastltw§ classes

of mathematics. (See Table I).
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The Students

All of the students were seventh graders and none were repeating
the grade, There was no ability grouping by the districts and the
students were assigned to their mathematics ﬁlaéses in a random fashion.
The total number of students participating in the study was 290, Due
to the fact that some étudents missed examinations during the study and
others moved away 230 students' data were included in the study.

In District One there wéfér70 students in the control group
and 70 students in the experimental group. Of the students in the
control group there were 33 boys and 37 girls. The experimental
group was comprised of 30 boys and 40 girls.

In District Two the control group was made up of 21 boys and
24 girls making a total of 45 students., The experimental group in
this district also had 45 students of which 19 were boys and 26 were -
girls. |

The determination as to which class was the control group
and which was the experimental group, in each district, was made by
fourth and fifth period and it was determined by a flip of a coin that
his fourth period class would be a control group and ﬁis fifth period
class would be an experimental group. Since it was the intent of
~ the investigator to control the variable of time, it was then decided
that the fifth period class of Teacher Two would be a control group and
his sixth period claés would be an experimental grﬁup; This provided

both a control group and an experimental group at fifth period.
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Teacher Three taught Mathematies during third and fourth period, By

selecting his fourth period class as the experimental group, this

period., Due to the fact that class schedules were set by the district
tﬂere was no opportunity to praviée a sixth period control zroup to
balance with the sixth period experimental group, Aléa, there was no
third period experimental group to balance with the third pgriéd
control group. However, there was no time period larger than one
hour hétwaEﬁ a control group and an experimental group so the variable
of time of day should not be a significant factor in the study..

In District Two there were two teachers. Each teacher taught
a th;rd period class ana a fifth period class. It was determined
by a flip of a coin that Teacher One would teach a control group third
period and experimental group fifth period, To control the variable of
time, Teacher Two taught an experimental group third period and a
control group fifth period. Thus in District Two the variable of time
could not be considered significant,

Tables II and III show in tabular form the number of students

per group and the time of day that each group met. They also

the day.
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TEACHER PREPARATION AND TEACHING PROCEDURE

Preparation

The teachers who participated in the study were given the
materials to be taughﬁ at least two months in &dvance of the beginning
of the study. The investigator then worked with the teachers, on an
individual basis, explaining the Complement Method of subtraction of
integers. Each teacher was encouraged to ask questiaﬁs and work the
problems in the unit, éthet methods of subtracting the integers vwere also
discussed in these training sessions,  When the teacher was confident
that he could work effectively in the set of integers, the training
sessiaﬁ was discﬂntiﬁued; The average length of the training sessions
was about six héursi During the training session, the procedures of

the study were also explained to the teachers.

“Teaching Procedure

In District One the teachers started the unit on inteEErs with
an introduction to integers and proceeded through addition of integers
in both of their groups. See Appendix A for the material taught.

At this point Eubtfaetian was introduced to both groups. The
ﬁetha& the téaéhets taught to their control group was the reiaﬁed
number facts method. (See Appendix B.) The method of subtraction
tﬁey taught to their experimental group was thé>Camplemant Method
of subtraction. (See Afﬁendix D.) The final part of the unitzwas
Appendix C and this material was taught to both groups. Thus the

only difference between the material taught by the teachers to their




control group and their experimental group was the method of subtraction,
District Two teachers Stéztedxthe unit witﬁ modular arithmetic,
ﬁéing a five minute eclock as their model. (See Appendix E.) After
this the integers were introduced (Appendix F) by the teacher to both
their contrel graﬁp and their experimental group, Then they proceeded
through addition of integers (Appendix G) using the properties of
Mathematical systems that had been taught in Appendix E,
At this time the teachers taught their control group the
Systems Method of subtraction that is illustraﬁéd in Appendix H.
They taught their experimental group the Complement Hé;had of sub=
traétign and finished the unit bf teaching the material in Aﬁpendix
C to both of their groups, Thus the material taught to thé experimental

group was the same with the exception of the method of subtraction.
SELECTION AND DEVELOPMENT OF TESTING INSTRUMENTS

The Mathematics sectionm of the Califernia Achievement Test,

1970 Edition, level 4, grades 6, 7, 8, and 9 was selected to be one

Iy

of the tests administered., It consisted of three sections: section
one, computation; section two, concepts; and section three, problem
sgiving- Form A of this test was administered as a pretest March,
1971, and Form B was administered as a past—tesz-at the end of the
Eg£§31 year in June, 1971,

Because of the fact that the California A;higvemént Test did not
contain aﬂﬁ problems involving Eampueatiap in t?é set of Integers,
another test with two forms was devised by the investigator. Form

A of this test was administered on a pretest, post-test basis, to
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measure the students' achievement, and Form B was administered one

month after the post-test to measure the students' retention. It

was felt that two forms of the test were necessary to prevent the
students from becoming bored with;takiﬂg the same test three times
and also to avoid ;he passibili;y thét the students might memorize
the aﬁsyers to the’qﬁastiﬂns.

All tests were administered by the teachers participating in
the study. It was felt that if the tests were administered by a
specilal person that this would cause the students to become cognizant
of the fact that they were participating in a special study, It

was the desire of the investigator to avoid thé Hawthorne Effect as

much as possible,

* Development of Form A and Form B

Ihe test developed by the investigator contained three parts,

Part one contained addition problems invalviﬂg two integers. Part
two can:ained prabléms dealing with subtraction of two integers and part
three contained problems involving subtraction of rational numbers,
subtraction of whale numbers and subtraction of three intgéars;
The two forms af_this test are contained in Appendix I.

- To devel@p_pa?t one and pé:t two of the instrument, the
investigatar first conéidered the set of problems g * b s Where g
and b are 1 7 tegers and * stands for either the operation addition
or subtraction. Next this set of problems was separated into two

subsets; set X, where |af < ||, and set ¥, where lal > [b]. (Figure 1)
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{a * b: a and b are integers}

FIGURE 1

SUBSETS OF THE SET OF @ * b
WITH REGARD TO ABSOLUTE VALUE

It was known that the subsets shown in Figure 1 were not the

only subsets possible. There were also the subsets illustrated in

Figure 2, These subsets arose from the fact that if an'integér is

chosen at random it is either positive, negative, or zero. The

investigator felt that the inclusiun of the integer zero would not

be necessary so the subsets shown in Figure 2 resulted.

{a *’'b: a and b are integers}
a<o0 b<0
_Set A
a<p br0
SF; B
a0 pb<0
Set C
a>0 b>0
. Set D

FLGURE 2
SUBSETS OF THE SET OF @ * b
WITH REGARD TO POSITIVE OR NEGATIVE
VALUES OF a AND b
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When Figure 1 was placed over Figure 2 the result was the
identification of eight types of ﬁrablems to be placed on part 1 and
part 2 of the test to provide a name for each type of problem., It was
décided that the type of problem occurring in the intersection of
set A and set X would be called Type AX and for a problem occurring

in the intersection of set A and set Y would be called Type AY, etec,

{a * b: @ and b are integers}

| //gPé AY

Set X o Ser Y

FIGURE 3
TYPES OF PROBLEMS
Figufe 3 indicated there were eight types of problems with
properties described in Figures 1 and 2 to be placed in part A and
part E=gf the test. !Table IV contains examples of each type of

problem for the operation additionm,



EXAMPLES

TaEle iv

OF TYPES OF PROBLEMS

.29

Type of Problem Example
Grot Type AX "3+ 77
Group one Type AY -2 4+ ™3
' Type BX 78+ 712
Grnup two Type CY 412 + 3
<o srra.  TYPE CX *3 4 79
Group three Type BY -9 4+ +3
o o +, , +
" Group four  Lype DX '3+ 8
Group four Type DY +g + *3

It was noted that because of the commutative property of
addition, a problem of type BY can be thought of as a problem of type
Cx. ihisrvas determined by exanining sn example of type BY and
type CX and finding that they are thg same problem when the commutative
Pfégerty of addition is applfied to the problem, Exampie? M;E +=+3 =
+3 + "9. This fact lead to the définitian of four groups of problems

- as 1llustrated in Table IV. Thus there were four groups of pr@blemé
plaeéd in part one of the test, where each group contained one
problem of each type that made up the group. Refer to Table IV
far definition of EToups.

Since subtraction af!inzegers is mot commutative, it was not
possible to combine ;gées of problems into graués and the result

vas eight types of problems to be included in part two of the test.




It was determined that two problems of each group (addition)
or type (subtraction) should be included in the test because of the
possibility that a student might make a careless mistake on an item
rather than because of lack of knowledge éf how to work the problem.
The procedure of including two items of each category also provided
a means of testing the reliability of parts one and two of the test.

- The resulting test then contained- eight additién problems,
and eighteen subtfaéﬁian problems in parts one and two respectively.
Hitﬁ the additicnalrcaﬁditian that|a| < 40 and |b| ¢ 40 two forms'
of the test were constructed. | |

Part three of the test was constructed éo as to contain two
problems on subtraction Qf rational numbers, two problems dealing
with subtraction of whole numbers, and six problems deéling with
subtraction of three integers. The heading "show. your work" was
placed‘at the beginning of this part and thé intention of this part
was to deﬁétmine if students that had béen.taught ghe Complement
Hetﬂad of subtraction wcﬁld ugse it when wvorking with rational
numbers and with whole numbers. The purpose of the problems involving
three integers was to determine ifltgére was a difference, in achieve-
ment or retention, between the control iyroup and experimental group

when working this type of problem.

Validity and Rei%ahili;xﬁaiﬂthe Instrument

Ascertaining the degree to which an evaluation instrument
passes content validity is equivalent to demonstrating
the extent to which the content of the instrument adequately
samples certain types of situationgs or subject matter. )
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The instrument claiming content validity clearly attempts
to include a cross-sectional sample of a large universe.
of items representing the area in which the pup;ls
performance is being evaluated,
Because of the fact that the instrument contained problems
involving computations with integers and its intended purpose was
to measure the studentsicgmputatianal ability when wérking with
integers, the instrument was judged to satisfy that part of the above
stated criterion for validity., Secondly, the instrument included
a grass-secﬁianal sanple of a large universe because of the m;thad
of determining the types and groups gf problems to be included iﬁ it.
A measure of the reliability of the insttumEﬁt was determined
by computing the Phi Coefficient of correlation on the items in each
group or type classification. The formula used was:

BC é-AD

‘V (A+B) (C+D) (A+C.) (B+D)

Where A, B, C, and'D are the four cell frequencies defined as

follows:
Item 2
Fail ¢ Pass
Pass (A) (5)
Item 1
Fail (€) (D)

1,
R Ackman, Glock, et al. Evaluating Elementary School Pupils.
(Boston: Allyn and Bacon, inc., 1960) pp. 59.
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Because Xz = N@i, we can readily test the significance

of ¢ by referring to N&Z to a chi-square table with 1
degree of freedom, 2

Computing the Phi Coefficient gave a measure of whethet or
not the two items of a particular group or type were correlated or
not, That is a statistically significant correlation between the

two Lrins indicated they were measuring the same ability. See

Table V and Table VI for the Phi Coeefficients and their level of

- 8ignificance,
ORGANIZATION AND CONDUCT OF THE EXPERIMENT

At the beginning of the experimént each teacher administered

The California Achievement Test (?ﬁrm A) 1970 Edition, Mathematics
section to bﬂth.ﬂf their groups. They also administered Form A

of the test devised by the investigator, After these tests were
administered, the teachers started the teaching sequence which
lasted for approximately two weeks., The time devoted to the unit
vafied from teacher to teacher, within 2 days, but each teacher
devoted the same amount of time to his control and experimental
groups, At the end of the unit each group was éested, ésing Form

A again, and one month later all groups were tested using Form B

of the test devised by the investigator.

%;cpe and Sequence of Material Taught in District One

Each teacher in District One started both groups with the

zFe:gusan, Statistical Analysis in Psychology and Education,
(New York: McGraw Hill, 1966) P. 239.
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material in Appendix A. This material was the intf@duztian of
integers ané the explanation of addition of integers. After completing
Appendix A the teachers taught their control gréup subtraction of
integers using the Related Faéts Method (Appendi# B) and at the same
time they introduced the Campiemgﬁt Method of subtfactiéﬂ (Appendix
D) to their experimental group. At the termination of the study
of this material each of the tea;heré-taught properties of subtraction
and problem sglving (Appendix C) to bg;h of his groups., Thus the
only difference in the treatments for each teacher's gfgﬁﬁ was the

method of subtraction.

Scope_and Sequence of Material Taught in Dis;fi;t;qu

Each teacher in District Two started both of his groups
with clock arithmetig (Appendix E). Again, as in District One,
each teacher devoted the same amount of time to the material iﬁ each
group. After taacﬁing the material in Appendix E, the teacher
introduced the integers and addition of integers (Appéndi£ Fj to
both of his groups. Upon the gampleéieﬁ of Appendix F the teacher
introduced the Systems Method of subtzaétianlta-his control group
and the Complement Method of subtraction to his experimental group.
. The unit of study was terminated with a study of the properties of

subtraction and problem solving. (See Appendix C).



Chapter 1V

- ORGANIZATION AND RESULTS OF ANALYSES OF THE DATA

The first step in the ﬁ:ganizatian of the experiment céﬁsisted
of an égtempt to determine if differgnceé in the selected experimental
and control group existéd.. A one way analysis of variance (ANOVAR)
was conducted on each of sections 3; 4 and-s of the C. A. T. and

‘ : : |
also on part 1 and part 2 of the instrument devised by the experimenter
(Form A). All spalyses were conducted at the .05 level of signif-

icance. The specific areas tested were:

a, C. A. T. (section 3) - Mathematical computation
b. C. A. T. (section 4) - Mathematical concepts

c. .C. A, T. (section 5) - Problem salving

d. Form A (part 1) - Addition of two integers -

e, Form A (part 2) - Subtraction of two integers

Since District One and District Two differed in the types
of métetiél presented to the.cagﬁtal groups, separate analyses were
conducted for each district. The control group in District One was
taught the Related Facts Method of subtractiom while the control
group in District Two was taught the S%stéms'ﬁethqd of subtraction.
In both distﬁi:gs the experimezzai group was taught the Cémplément
Method of subtraction.

It wvas found that there were mo statistically significant
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differences between control and e¢xperimental groups in any of the

five analyses conducted for Eaéb of the two districts. The results

of the analySes for District One are found in Tables VII and VIII,
- and the results of the analyses for District Two are found in

Tables IX and X.

Table VII

PRETEST MEANS AND STANDARD DEVIATIONS
OF CONTROL AND EXPERIMEHTAI GROUP (DIST. ONE)

Test Group Number X s.d,
C. A. T. (section 3) Exp. 70 29,4714 - 8.7256
Cont, 70 29.1143 617535

C. A. T, (section 4) Exp. 70 19.8571 3.9131
Cont. 70 20.0286  4.4133

-C. A. T, (section 5) Exp. 70 7.6286 3.1446
Cont, 70 7.4143 3.1137

Form A (part 1) EXp. 70 - 4.0857 2,406
Cont. 70 3.7714  2.3133

Form A (part 2) Exp. 70 3.8143 1.7218
- Cont. 70 ~3.9000 2.0638
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Table VIII

PRETEST COMPARISONS FOR DISTRICT ONE (ANOVAR)

-

Test Source Mean Square D.F. F-Ratio

C.A,T. (sect 3) _ Total 60.4676 139 B
. ' Groups 4.4375 1 0,073 0.7839
Error 60.8736 138

C.A.T. (sect 4) Total 17.2773 139
Groups 1.0234 1 0,059 . 0.8040
Error 17,3951 138

C.A.T. (sect 5) Total 9,7334 139
: Groups 1,6055 o1 0.164 0.6890
Error 9,7923 138 .

Form A (part 1) Total . 5.4625 - 139 _ .
Groups 3.4570 1 0.631 0,5659
Error 5.4770 138

Form A (part 2) - Total 3,5046 139

Groups 0.2571 1 0.073 0.7840
Error 3.5282 138

Table IX
PRETEST MEANS AND STANDARD DEVIATIONS
OF CONTROL AND EXPERIMENTAL GROUP (DIST, TWO)

Test Group Number "X 8.d,
C. A, T. (section 3) Exp. 45 30.5555 7.3810
. Cont. 45 31.6000 8.6717

Ci A. T. (SEEEiGE é)g EKP; 45 20;7333 4;0536
Cont. 45 20.4000 5.0739

C. A, T. (section 5) Exp. 45 B8.3556 3.0907
: Gﬂﬂtg ' 45 3;&889 203173
Form A (part 1) . Exp. 45 3.9778  2.5449
. Cont. 45 4.2444 2,6211

Form A (part 2) Exp. 45 . 3.8000 1.6705
Cont. 45 3.6000 2.0845
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Table X
PRETEST COMPARISONS FOR DISTRICT TWO (ANOVAR)

Test Source Mean Square D.,F. F-Ratio P

C.A,T, (sect 3) Total 64,3876 89 7
Groups 24.5625 1 0.379 0.5469
Error 64,8402 - B3

C.A,T, (sect 4) Total 22,6753 89
Groups 2.5000 S | 0.109 0.7411
Error 22.9046 88

C.A.T, (sect 5) Total 8,
Groups 0.
Error 8.

6512 89
3984 1 0,046 0.8260
7450 88 ’
Form A (part 1) Total 6.6167 89
‘Groups 1.5999 1 0.240 0.6313
Error 6.6737 88

Form A (part 2) ) Total 3.5382 89 7
Groups . 0.8999 1 0,252 0.6228
Error 3.5682 88

,Rggul:sAgf A;hiEyemEﬁnggsting CFQrmWAi,partsfl and 2)

Achievement was defined as the gain in meaﬁ s:are:beEWEén
pretest and post-=test on Form A, parts 1 and 2. Achievement wés tés;ed by
means of a two factor analyses af‘variance, one factor being repeated
measures.,

Since the control groups of District One and District Two
were zaught'differént materials during the éxperimental period, it
was necessary that separate analyses be conducted for the two éistricts.

However, the analyses for the two districts were related to the same
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experimental factors.

District One Hypotheses and Results, The null hypotheses

for District One consisted of the following:
H,: There is no difference in achievement, in the area
- of addition of two integers, between the groups

taught the Complement Method of subtraction and the
group taught the Related Facts Method of subtraction.

Hy: There is no difference in achievement, in the area
of subtraction of two integers, betyeen the groups
taught the Complement Method of Subtraction and the
group taught the Related Facts Method of subtraction,

It was found that there was no significant difference in
relation to addition of two integers, The regults of the analysis

for Hypothesis- 1 are found in Tables XI and XII.

Tahle XI

MEANS AND STANDARD DEVIATIONS FOR EXPERIMENTAL GROUP
AND CONTROL GROUP; ACHIEVEMENT IN ADDITION (DIST. ONE)

Pretest ’ Post-test
Number  Group X s.d, X s.d,
70 Exp. 4.0857 2.4061 6.5857 2.1835

70 Cont. 3.7714 2.3133 6.5571 1.7414




Table XII

RESULTS OF ANALYSIS OF VARIANCE;
ACHIEVEMENT IN ADDITION (DIST. ONE)

41

Source Mean Square D,F. F=Ratio P

Total
Between
Groups
Error (G)
Within
Trials
Gby T

Error (T)

6.4032
5.8957
2,0547
5.9235
6.9071
488,9258
1.4297

3,4539

279

139

138

140

138

. 347

141,556

0,414

0.5640

0.0000

“0.5282

It was also found that there were no significant differences
relative to subtraction of two integers, The results of the analysis

for Hypothesis 2 are found in Tables XIII and XIV,

Table XIIT

MEANS AND STANDARD DEVIATIONS
FOR EXPERIMENTAL AND CONTROL GROUPS;
ACHIEVEMENT IN SUBTRACTION (DIST. ONE)

Pretest Post-test

gj&; x

paf

Number Group s.d.

70 Exp. 3,.8143 1.7218 - 10,0857 5.2633

70 Cont. 3.9000 2,0638 10,0571 4.3200
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RESULTS OF ANALYSIS oOF VARIANCE ;

ACHIEVEMENT IN SUBTRACTION (DIST, ONE)

Source Mean Square D,F. F-Ratio P

Total 22.9019 279
Between 15.1557 139

Groups | 0.0547 1 0;904- 0,9511
Error (G) . 15,2651 138

Within 30,5928 140

Trials 2703.2148 1 236,170 0.0000
Gby T 0.2266 1 0.020 0.8833

Error (T) - 11,4461 138

D;sgti;gmigngypngkgsgsmgﬁg Results. The null hypothesis

for District Two consisted of the following:

H,: There is no difference in arhievement in the area
3 = JEF oo o = - I — P = _ _
of addition of two integers, between the group
taught the Complement Method of subtraction and
the group taught the Systems Method of subtraction,

Hﬁs‘ There is no difference in achievement in the area
- of subtraction of two integers, between the group
- taught the Complement Method of subtraction and
the group taught the Systems Method of subtraction.
It was found that there was no significant difference relative

to addition of two integers. The results of the analysis for

hypothesis 3 are found in Tables XV and XVI.




43
Table XV
MEANS AND S5TANDARD DEVIATIONS

FOR EXPERIMENTAL AND CONTROL GROUPS;
ACHIEVEMENT IN ADDITION (DIST. TWO)

Pretest Post-test
Number Group X s.d. X s.d,
45 : .Exp. 3.9778 2.5449 5.6889 2,4201
45 ‘  Cont, 4.2444 2.6211 6.4222 12,2206
Table XVI
RESULTS OF ANALYSIS OF VARIANCE;
ACHIEVEMENT IN ADDITION (DIST. TWO)

Source Mean Square D.F, F-Ratio _ P

Total 6.9707 179

Between .8.1376 . 89

Groups 11,2500 1 1.388 ©0.2401
Error (G) 8,1023 as

Within 5.8167 90

Trials 170.1367 1 42,666 . 0.0000
Gby T 2,4492 0.614 0.5587

Error (T) 3,9877 _ 88
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It was also found that there were no significant differences
relative to subtraction of two integers. The results of the analyses

for hypothesis 4 are found in Tables XVII and XVIII.

Table XVII
MEANS AND STANDARD DEVIATIONS
FOR EXPERIMENTAL AND CONTROL GROUPS;
ACHIEVEMENT IN SUBTRACTION (DIST, TWO)-

Pretest Post=test

»4l

Number Graqp X g,.d. s5.d.

45 Exp. 3.8000 2.0845 11.5556 4,5979

45 Cont. 3,.6000  1.6705 10,0444 4,4921

RESULTS OF ANALYSIS OF VARIANCE;
ACHIEVEMENT IN SUBTRACTION (DIST, TWO)

- N

fSoufEe
Total
Between
Groups
Error (G)
Within
Trials
Gby T

Error (T)

Mean Square
24,4790
15,0028
32.9375
14.7990
33.8500

2268.4492
19,3320

8.6218

=t

88

90

e

88

]

F=Ratio

2.226 0,1354

263.106 0.0000

2,242 0.1340




" Results cf Achievement Testing (C A.T., Sections 3, 4 and 35)

Achievement was defined as the gain in mean score between
pretest and post-test on the C.A.T. section 3 (computation), section 4
(cuncepts) and section 5 (problem sclving) Achievement was tested
by means of a two factor analyses of variance, one factor being
repeated measures,

Since the control groups of District One and District Two
were taught different materials during the Experiméntal period,
it was necessary that separate analyses be conducted for the two
districts,

District One Hypotheses and Results, The null hypotheses

for District One consisted of the following:
H There is no difference in achievement, in the area
of computation, between the group taught the
Complement Method of subtraction and the grouvp
taught the Related Facts Method of subtracticn.

5t

Hﬁa There is no diffEfEncE in achievement, in the
‘area of concepts, between the group Laught the

Complement Method of subtraction and the group
taught the Related Facts Method of subtraction,

H?g There is no difference in achievement, in the area
of problem solving, between the group taught the
Complement Method of subtraction and the group
taught the Related Facts Method of subtraction,

It was found that there was no significant difference
{

rzlative to computation. The results of the apnalysis for hypothesis

5 are found in Tables XIX and XX.



Table XIX
MEANS AND STANDARD DEVIATIONS
FOR EXPERIMENTAL AND CONTPROL GROUPS;
COMPUTATION (DIST. ONE)

Pretest

|

Group X £.d,

EXp. | 29,4714 8.7256 30,

Cont. 29.1143 6.7535 30,

Ejd!
3571 9.3017

8286 8.6727

Table XX

RESULTS OF ANALYSIS OF VARIANCE;
ACHIEVEMENT IN COMPUTATION (DIST. ONE)

Source

Total
Eetweeg
Groups
Error (G)

Within

Gby T

Error (T).

Mean Square D.F.

70.5775 279

127.7635 139

0.1875 . 1 0.001
128.6879 138
13.8000 140

118,4375

[l

9.071
11.8125

=

0.905

13,0562 138

F-Ratio

0.9684

0.0034

0.6549
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It was found that there was a significant difference relative
to concepts, thus the null hypothesis was rejected. The results for
hypothesis 6 are found in Tables XXI and XXII.
Table XXI
MEANS AND STANDARD DEVIATIONS

FOR EXPERIMENTAL AND CONTROL GROUPS;
ACHIEVEMENT IN CONCEPTS (DIST. ONE)

Pretest ?Qstetest
Number Group X s.d, X s.d.

70 Exp. 19,8571  3.9131 19,9714  4.9518

70 - Cont. 20,0286 4.4133 21.5000 5.2688

Table XXII
RESULTS OF ANALYSIS OF VARIANCE;
ACHIEVEMENT IN CONCEPTS (DIST. ONE)

Source Mean Square D.F. F-Ratio P

Total 21.9886 279
Between 37,0022 139
Groups 50,5625 1 1.370 0.2421
Error (G) 36.9040 138

“Within 7.0821 140

Trials 44.0000 1 6.634  0.0107
Gby T 32,2500 1 4,863 0.0273%
Error (T) 6.6322 138 | :

*sigﬁifieant at .05 level
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It was found that there was no significant difference relative
to problem solving. The results of the analyses for hypothesis 7
are found in Tables XXIII and XXIV,
Table XXIII
MEANS AND STANDARD DEVIATIONS

. FOR EXPERIMENTAL AND CONTROL GROUPS;
ACHIEVEMENT IN PROBLEM SOLVING (DIST. ONE)

‘Pretest Post-test

Number Group X " s.d, X s.d.

70 Exp. 7.6286 3.1446 8.0429 3.2411

70 Cont. 7.4143 3.1137 . 7.8857 3.2904

Table XXIV
RESULTS OF ANALYSIS OF VARIANCE:
ACHIEVEMENT IN PROBLEM SOLVING (DIST. ONE)

Source Mean Square D.F. 'F-Ratio P
Total 10,1774 279
Between 16,2121 © 139
Groups ' 2,4141 1 5 0,143 0.7077
Error (G) 16.9063 138
Within : 3.6000 140
Trials 13,7305 1 - 3,865 0.0484
Gby T 0.0508 1 0,014 0.9008
Error (T) 3.5523 138
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District Two Hypotheses and Results. The null hypotheses

for District Two consisted of the following:

Hgs There is no difference in achievement in the area
) of computation, between the group taught the
Complement Method of subtraction and the group
taught the Systems Method of subtraction,

HQ: There is no difference in achlevement, in the area
of concepts, between the group taught the Complement
Method of subtraction and the group taught the
Systems Method of subtraction,
_ Hlas There 1s no difference in achievement in the area
" of problem solving, between the group taught the
Complement Method of subtraction and the group
taught the Systems Method of subtraction.
It was found that there was no significant difference relative

to computation, 'The resulis of the analyses for hypothesis 8 are

found in Tables XXV and XXVI.

Table XXV

MEANS AND STANDARD DEVIATIONS
FOR EXPERIMENTAL AND CONTROL GROUPS;

Pretest Post-test

Number Group X s.d. X s.d,
45 Exp, 30,5555 5.2633 34.0000 4.2116

45 Cont. 31.6000 4,3200 33.6889 3,8860




Table XXVI

RESULTS OF ANALYSIS OF VARIANCE;
ACHIEVEMENT IN COMPUTATION (DIST. TWO0)

- z — o — - —e e S,

Source Mean Square D.F, F-Ratio . P
Total 72,6299 179
Between 124,2050 89
Groups 6.0625 1 0.048 - 0.8215

Error (G) 125.5476 88
Within 21,6278 90
Trials 344.3125 1 19,159 0.0001
CbyT 20,7500 1 1,155 0.2854

Error (T) 17.9709 88

— _ —_— — _' — e
It was found that there was no significant difference relativex
to concepts, The results and analyses for hypothesis Q'ére found in
Tables XXVII aud XXVIII. |
| Table XXVII
MEANS AND STANDARD DEVIATIONS

FOR EXPERIMENTAL AND CONTROL GROUPS;
ACHIEVEMENT IN CONCEPTS (DIST. TWO)

i —————— e mr— S - e e W,

Pretest Post-test

sidi

|

Number Group X s.d.

4~
[

Exp. 20.7333  4.0530 22,4000  5.5028

45 Cont. 20.4000 5,0739 20.5333  6.2079

| == R e — ——— PR—— e —cre— =, S i
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Table XXVIII

RESULTS OF ANALYSIS OF VARIANCE;
ACHIEVEMENT IN CONCEPTS (DIST. TWO).

Source Mean Square D.F. F-Ratio R

Total 28.8436 179
Between 49,2303 89
Groups 54,4375 1 1.107 0.2958
Error (G) 49,1712 88
Within ' 8.6833 90

Trials 36,5000

-

4,470 0,0351
Gby T - 2644375 1 3.238 - 0.0718
-Error (T) 8.1655 88

It was found that there were no significant differences'
relative to problem solving., The results and analyses for hypothesis

10 are found in Tables KXIg and XXX,

Table ¥XIX

MEANS AND STANDARD DEVIATIONS
FOR EXPERIMENTAL AND CONTROL GROUPS;
ACHIEVEMENT IN PROBLEM SOLVING (DIST. TWO)

Pretest ‘ Post-test

Number Group X s.d. X g;d;

45 Exp. 8.4889 2.8173 8.8000 3.4351
45 " Cont,  8.3556 3.0907 9.2889 3,2656
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Table XXX

RESULTS OF ANALYSIS OF VARIANCE;
ACHIEVEMENT IN PROBLEM SOLVING (DIST, TWO)

Source Mean Square D.F. FERagiD P
Total 9.9509 179
Between 15,9573 . 89
Groups 1.4219 1 0,088 0.7647
Error (G) 16,1225 88 |
Within 4,0111 1 4,520 0.0341
Trials 17.4219 "1 1.130 | 0.2%07
Cby T , 4,3555 88
Error (T) '~ 3.8548

Results of Retention Testing CFQTQ,A_?S_Fﬁiﬁ B)

Retention was defined as the gain or loss in mean score heiween
the post-test and the retention test, The post-test was Form A of
the test devised by the investigator and administered at the end
of the unit on integers., The retention test was Form B of Ehé!tgst
devised by the inveétigatar_

Distric ct One Hyﬁgthgsgswand Results., The null hypotheses

for District One consisted of the fﬂlléwiﬁg:

Hliz There is no difference in retention, in the area
~  of addition of two integers, betwaen the group
taught the Complement Method and the group taught
the Related Facts Method of subtraction of integers.

|
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There is no difference in zétgntian, in the area

of subtraction of two integers, between the group
taught the Complement Method and the group taught
the Related Facts Method of subtracticn of integers.

It was found that there was no significant difference relative

to retention of addition.

The results

11 are found in Tables XXXI and XXXII.

Table XXXI

MEANS AND STANDARD DEVIATIONS
FOR EXPERIMENTAL AND CONTROL GROUPS;
RETENTION IN ADDITION (DIST. ONE)

Number

70
70

»l

Group

Exp.
Cont,

Pretest

VPBSt“EESE

6.5857
6.5571

s.d,

=

2.1835
1.7414

7.2000
6.7714

g.d.

1,3683
3,2512

Table XXXIT

RESULTS OF ANALYSIS OF VARIANCE;
RETENTION IN ADDITION (DIST. ONE)

‘Between
Groups
Errer (G)
Within
Trials

Gby T

Q - Error (T)

Mean Square
3.2626
4.7430
3.6563
4,7508
1,7929

12.0156
2.7969

1.7115

_D.Fi F-Ratio
279
139

1 0.770

138

0.6142

0.0089

0.2004
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It was found that there was no significant difference relative
‘to retention of subtraction., The results of the analyses for

hypothesis 12 are found in Tables XXXIII and XXXIV.

Table XXXIII
MEANS AND STANDARD DEVIATIONS
FOR EXPERIMENTAL AND CONTROL GROUPS;
RETENTION IN SUBTRACTION (DIST. ONE)

Pretest Post-test
Number . Grau? X ‘ s.d. X s.d,
70 Exp. 10.0857 5.2633 5.9429 4.2116
70 - Cont. 10,0571 4.3200  6.7571 3.8860

Table XXXIV

RESULTS OF ANALYSIS OF VARTANCE;
RETENTION IN SUBTRACTION (DIST. ONE)

— e . —— —

Sourée Mean Square D.F. F—Eatia P
Total 23.3712 279 |
Between 25,8638 139

Groups 10.8047 1 0.416 0.5272
Error (G) - 25,9729 138

* Within 20,8964 T 140

Trials 969,4336 1 68,830 0.0000
G by T 12,4219 1 0,882 0.6484
Error (T) 14,0844 138
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District Two Hypotheses and Results. The null hypotheses
for District. Two consisted of the fﬁllawingz
H13= There is no difference in retention, in the area
- of addition of two integers, between the groups
taught the Complement Method and the Systems
Method of subtraztinn.
31&2 There is no difference in retention, in the area
- of subtraction of two integers, between the groups

taught the Complement Hethnd and the Systewrs Method
of subtraction_

There was a significant diffgrence at the .05 level relative
to reﬁenticn of addition. The change in means for the experimental
group was +1;1333 and the changg was +0.1111'fgr the control group,
Thus hypothesis 13 was rejeéted_ The :gsulgsvgf ghe analysis for

hypothesis 13 are found in Tables XXXV and XXXVI.

Table XXXy

MEANS AND STANDARD DEVIATIDNS :
FOR EXPERIMENTAL AND CONTROL GROUPS;
RETENTION IN ADDITION (DIST. TWO)

Pretest . Post=test
Number Group X ©8.d, X 8.d,
45 Exp. 5.6889 2.4291 6.8222 1.9339
45 Cont., 6.4222 2.2206 6.5333 2.1489
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TableVXXXVI

RESULTS OF -ANALYSIS OF VARIANCE;
RETENTION IN ADDITION (DIST. TWO)

Source Mean Square ~ D.F. F=Ratio P

Total | . 4.8927 179

Between 6.4135 ‘89

Groups’ 2,2227 1 0,346 0.5661
Error (G) 6.4611 ! 88 '

Within 3.3889 90

Trials 17.4219 1 5.558 0.0195
G by T 11,7500 B 3.749 0.0530"
Error (T) 3.1344 . 88

.
significant at the ,05 level

It was found that there was a significant difference at
the .05 level relative to retention of subtraction. The change in
means was ~ 1.6445 for the experimental group and +1_4445 for the
control group. Thus the null hypothesis was rejected. The results

_of the analyses for hypothesis 14 are found in Tables XXXVII and
XXXVIII.
Table XXXVII
MEANS AND STANDARD DEVIATIONS
FOR EXPERIMENTAL AND CONTROL GROUPS;
RETENTION IN SUBTRACTION (DIST. TWO)
Post-test Retention test
Number Group X s.d. X s.d..
45 Exp. 11,5556 4.5979 9.9111 5.4295
45 Cont. 10,0444 4.4921 11,4889 4.7940




Table XXXVIII

RESULTS OF ANALYSIS OF VARIANCE;
RETENTION IN SUBTRACTION (DIST. TWO)

F-Ratio ‘ P

Source Mean Squéra D.F,
Total 23.1271 179
Batween 30a1376 89
Groups 0.0469 1 0.002 0.9677
Error (G) 30.4796 88
Within 16.1944 90
Trials 0.4492 1 0.029 0.8588
G by T 107.3359 6.998 0.0094"
Error (T) 15.3377 88

'*signifiaaﬁt at the .05 level

Regplgfréf,IestingWSuhpgaétiqn of Three Integers

Since all of the groups participating in tﬁe experiment
studied the prapertigé of subtraction (Appgndix C), the data from
the two control graupg were combined and the data from the two Experi%
mental gtnups were cambined;tagetbgr to form one caﬁ;ral group
" of 115 suﬁjects and an experimental group of 115 subjécts; The
experimental group consisted of the experimental group from District
One combined ﬁith the experimental group of District Two, while the
control group consisted of the control groups from District One
and District Tﬁé.

The following two null hypotheses were formed:
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There 1is no difference in achievement in the area
of subtraction of three integers, between the
group taught the Complement Method and the group
taught the Related Facts Method or the Systems
Method of subtraction.

Hlﬁg There is no difference in retention, in the area
of subtraction of three integers, between the
group taught the Complement Method and the group
taught the Related Facts Method or the Systens
Method of suhffactian-

It was found that there was no significant difference at
the .05 lavel &elative to achieiement of subtraction of three |
integers. The reéulti of the analyseé for hypothesis 15 are faund=
in Tables ﬁXﬁIX and XXX. |

Table XXXIX
__ MEANS AND STANDARD DEVIATIONS
FOR EXPERIMENTAL AND CONTROL GROUPS;

ACHIEVEMENT IN SUBTRACTION
OF THREE INTEGERS (COMBINED DISTRICTS)

Pretest Post-test
Number - ‘Group’ X 2 s.d. X s.d.
115 Exp. 0.1913 - 0.5443 2,1739  2,2370

115 Cont,  0,2174  -0,7347 2.3217  2,2466




Table xxx;

RESULTS OF ANALYSIS OF VARIANCE;
ACHIEVEMENT IN SUBTRACTION
OF THREE INTEGERS (COMBINED DISTRICTS)

Source
Total
Betweén
. Groups
;Efiar (G)
Within
Trials

Gby T

Error (T)

Mean Square  D.F, F-Ratio P

3.7309 459
2.9148 229
1 0.8694. | 1 0,297 0.5929
2.9238 228
4,5435 230
480,2173 1

194,008 .0.0000

0.4258 1 0.172 0.6821

2.4752 1228

It was found that there was no significant difference,

at the ,05 1evé1, relative to retention of subtraction of three

~ integers. The results of the analyses' for hypothesis 16 are found

in Tables XXXXI and XXXXII.

Table XXXXI

MEANS AND STANDARD DEVIATIONS
FOR EXPERIMENTAL AND CONTROL GROUPS;
RETENTION IN. SUBTRACTION
OF THREE INTEGERS (COMBINED DISTRICTS)

115
115

_ Pretest _ Retention test
Group . X - s.d. X 8.d,
2.2370°
2.2466

Exp. 2.1739
2,3217

1.5304
1.8174

2.2838
Cont, 2,2344




RESULTS OF ANALYSIS OF VARIANCE;
RETENTION IN SUBTRACTION }
OF THREE INTEGERS (COMBINED DISTRICTS)

Source ' Héan Square D.F, ’FsRatié P

Total . 5.1052 459

Between 7.1585 229

Groups - 5;43&6 1 7 -0.758 O;Ellzh
Error (G) 7.1661 228

Within 3,0609 230

Trials 37.8382 1 12,976 0.0007
Gby T o564 1 09l 0.6670

Error (T) - 2.,9191 228

ff?;ans,fgr éf___qupﬁle;ngnt; Method,

Problems 1 and 2 of part 3 were problems déali&g'with sub=~
' traction of rational numbers. The numbers were named by mixed
numerals and wére of the type that can be ﬁ@fke& quickly using the
Camplémegt Method of subtraction. As an example problem

1 of part 3 Form A could be worked in the following manner:

2 1/4 = 3/4 = (2 14 + 1/4) = (3/4 + 1/4)

22,4 -1

12/4
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Problems of this type were not worked during the:exﬁerimenti

The investigator wished tﬂ‘dEEEfminE_if étudencs would use the
"Campléﬁent Method of subtraction of their own volution.
| To determine if the students used the Complement Method,
their work on the past—teét.fgr,prablems 1 and 2, Fafm A;'paft 3,
was Examine&; In no single case was work shown that iﬁdiéated the
 students had used the Complement Hethéd as illustrated ab;ve.
There were four basic ways the subjects worked the problem,
‘ They are illustrated below.

15/8 = 25/8 - 13/8 = 12/8

- a. 31/8

b, 31/8-15/8=29/8-15/8=14/8

15/8

c. 31/8 (31/8+715/8) -(1L5/8+ "1 5/8)

31/8+ °15/8 -0

29/8+ 15/8

14/8
The example ¢ above is using the Complement Method éf subtraction
' but the warﬁ involved is essentially the same as thaf of example
N . .
One student had an iﬁtéfestiﬁg method of warkiﬂg-thé
problem, His work follows: |
de  31/8-15/8=2"4/8
His answer could be considered correct if it is interpreted

as 2.+ 4/8, but the form is not very conventional.
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Use gf;cgmplemént Method %n”Suhtractignrgf Whole Numbers

Erablems‘é and 4 of Form A, ﬁatt 3, vere (a} 325 -~ 99 and
.(b) 342 - 198, Problems of this type were worked by the experimental
groups a’ﬁd it was illustfated to them that the problem écﬁld be

17 worked using the Complement Method, An ExamplE*wéuld be as follows:
325 - 99 = (325 + 1) = (99 + 1)
| = 326 - 100
= 226;

Since prablems'af this type were worked during the eiperiment.
by the. experimental groups, they could naﬁ be considered transfer
typa probleums. But; it was deemed important to determine if
students would use.the Complement Method in ?arking p;abléms of
this type. The work asvall of the studen;é was checked and the

results are in Table XXXXIII,

) Table xxxxi:i'

' PERCENT OF STUDENTS USING COMPLEMENT METHOD
~ IN SUBTRACTION OF WHOLE NUMBERS

Number 1 Group Percent
15 Exp. i 47
15 Cont., ooz




‘Justification of Use of Anglysisiaquafiangé

To remove at least partially the confusion surrounding
this useful technique, it should be stated at. the- very outset
that analysis of variance, in its most basic form, is

" nothing more than a clever Statisti:al method of tasting
for significant differences between means of two or
more groups, - Typically, the performance of these groups
can be considered to represent results‘:of the treatment
by an independent variable whose possible relationship
to a dependent variable is being studied, 1

Early in this expgsitinn one impcrtamt point should
be clarified. When a researcher uses the analysis of
variance statistical model he is primarily interested in
mean differences rather than variance of differences, 2

In the Mathematical development of tha analysis of .
variance a number of assumptions are made, Questions may
be raised about these assumptions and the extent to which
the failure of the data to satisfy them 1eads to the
drawing of valid inferences.

One assumption is that the distributions of the
variables .in the populations from which the samples
are drawn are normal. For large samples the normality of
the distributions may be tested using a test of
goodness of fit although in practice this is rarely done.
When the samples are small, it is usually not possible to
rigorously demonstrate lack of normality of data.

-Unless these is reason to suspect a fairly extreme
departure from normality, it.is probable. that the
conclusions drawn from the data using an F test will
not be seriously affected . . .

A further assumption in the applieatiuﬁ of analysis
of variance is that the variances in the populations
from which the samples are drawn are equal. This is
known as homogeneity of variance , , .3

1Pﬂpham, Educational Statistics, Use and Interpretacinﬁ.
(New York: Hafpar and Row, Eublishezs, 1967) P. 164,

2

Ibid, p. 165.

3Ferguson, Statistical Analysis in Psychology and Education.
(New York: McGraw-Hill Book Company, 1966) P, 294,

.63
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Since it must ba assumed that the variances within
the subgroups of the analysis are not significantly
different, it is a good practice to check variance

’hnmagene;ty at the outset of the analysis, A simple
first test of homogeneity of variance may be made by
calculating the individual variances of the subgroups and
dividing the smallest S2 into the largest S2. The .
quotient. of .this division is an F value which is inter-
preted for statistical significance by. a Table of F..

! With crude normal distribution of homogeneous
variance the probability of Type I error is very close
to that associated with normal theory F-test. With
"samples of 11 cases or more, no adjustment appears
necessary in the tabled values of F needed for significance
at the 10%, 5%, and 1% levels,

When cgﬁsidering data with a limited number of score
values, analysis of variance techniques have an advantage
over the X2 test of independence when the sample size
is very small, when the study involves more than one
factor, or when the primary interest is ‘in the differences
among means rather than the variance of the population.

Box (1953 1954)pravad mathematically that the
distribution of mean square ratios 1s little affected
by the non-normality and heterogeneity of variance when
the samples are equal size, even when they are relatively
small say 5 to 10, ©

The data indicated that. the variances were within the
1imits specified by Papham. . |

Since,it was the desire of the in§§§§igatar to look &t
differences in means and the data indicated that the variaﬁces

e

were within the limits specified by PGpaem, the data were andlyzeq

‘using analysis of variance as indicated in the Tirst section Of

this chapter, All of the analysis of variance analyses were €On-

ducted on a UNIVAC SPECTRA 70/46 computer making use of programs

taken from Donald J. Veldman, Fortran Programming for the Beh2Vioral

41b;d, Popham, p, 181,

5Hsu Tse-Chi, Feldt, and Leonard, "The ‘Effects of Limltas
tions on the Number Ef Criterion Score Valués on the Significance
Level of the F-test", American Education Research Journal, VI
(November, 1969) P. 526,

o s L e .




65
' Sciences (pp. 246-80).

‘Responses of Teachers to Methods of Subtraction

One yeéf after the zémﬁlétian of the éxpefiment, the
investigator ;antacteé the teachers that participated in the
experiment and asked them if tﬁey were teaching about integers in
the seventh gradé; A1l but one of the teachefg was tegchiﬁg
ab@uf iﬁtegers.

_All of thESEAteachets were teaching the Camplemgnt Method
of gubtraction. One of the teachers indicated that he was also using
some ﬁthe:Vmgthadsi ﬁhen the investigator asked the teachers
why they géfe.using the Complement Methéd they said it was because
they felt they had more success with it, That is, they felt the
students responded better to the Complement Method and it seemed
easier to teach than the method they had ﬁsed wiéh their control.

groups.



Chapter V
SUMMARY AND CONCLUSIONS

It was the purpose of this study to:

1, Ecampsre the a;hievementrgf;students taught to perform
different methods of subtracting integers. .

2, Campére the fetentién of knowledge and skill possessed
by stgdents taught to perform different methods of subtraction of
two integers.

3. Determine if the method af subtraction learned
affected the students' ability to work subtraction problems involving
three integefs. | |

4, Determine if'sﬁudents would transfer the use of Ehé
subtraction ﬁéthad emplajed by the investigator to subtraction
problems invalving'pasiéive rational numbers.

5. Determine if the method of subtraction empléyed by
the investigator would affect the students' achievement or retention
in addition of integers.

SUMMARY

Since District One and District Two differed in the type
of material presented to the control groups, as pertaining to the
operations addition and subtraction of integers, separate analyses

in these areas were conducted for each district. In the area of
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subtfaéﬁianunf three iﬁEEgEES, éllfg;aups’hadVSEgéied the properties
of subtragtian; It was determiﬁed that the data from the two
districts’ graups wnuld be tambined resulting in ane ﬁantra; group
and one exﬁefimental group.
Since District One and District Two diffefed in the type
of material presented to the control groups, as pertainad to the
method of subt* ction of integers,'separate analyseg vere canduzted
for each dlstfiet - All groups studied pruperties of subtzagtian
thatris, the facts that subtraction is. not commutative gr'assgciative;
For this reason the data of the control groups for both distriats
wvas gruuped tugetner and the data from the exéerimental groups
for both distriets was grquped'fﬂgming one control group andrﬂne
experimental group for the.cambined districts, Anather arearthat
was investigated was the studeﬁts' ugse of the Cgmplement Methed
and it was deemed appropriate to cnnsider this data fnr the.
c@mbined diatricts rather than each individual district,
Therefgre, the summary sectinn :nntains five ;qbseétigns.
The fifst subsectian sumiiarizes the findings in Disﬁrigt One
relative to achievement and'retenﬁinn as measured by Form A and
Form B, This subsection alse contains a summa:y -of results relevant
to achievement in the areas measured by thé Califafnia Achievement
Test, The second subsection E@ntains the summaries in the same
areas as described above for District Two.
The third subsectiaﬁ sﬁmmafi225 the resuiés of subtraction
.af three integers, The fautﬁh subsection contains a summary of the

students' use of the Complement Method in subtraction gfvéhale
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numbers and the fifth subsection contains a summary of the

transfer of the Complemznt Method of subtraction of rational numbers,

Summaty_pigtri;tmﬂgg

In this district the control group was taught the Related
Facts Method of subtraction and-ghe experimental group was taught
the Complement Method. Iheré were no statistical differences
between the groupe in achievement (See Table XI, pp. 39) or in
retention of addition (Table XXXI, pp., 52) as measured by Form
A and Form B. There were no statistiéal differences between the
groups in achievement in the areas of computation (Table XX, pé.éS)v
and 5 of the California Achievement Test, form A and form B.
However, as can be determined from Table XXII, page 46, there was
a statistica' difference between groups in the area of concepts
as measured by sectianré of the California Aghievement'lestg form A
and form B, The changes in means for the experimental group was
+.1143(and +1_é?14 for the control group. Thus the control

groups',

Summary for District Two

In this district the control group was taught the Systems
Method and the experimental group was taught the Complement Method
of subtraction. There were no statistical differences between

the groups in achievement in the area of addition (Table XVI, pp.42)
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or subtraction (Table XVIII, pp. 43) as meésured by Form A of the
test devised by the investigator., There also was no statistical
difference between the groups in achievement in the areas of
computation (Table XXVI, ppi 49) or concepts (Table XXVIII, PP. 56)
or problem solving (fable XXX, pp. 51) as measured by sections 3,
4 and 5 of the California Achievement Test.

As can be seen from Table XXYVI, page 55, there was a
statistical difference in retention of addition between the two ETOUpPS.
The change in mean for the experimental group was + 1.1333 and the change

5 +D.1111 for the control group, indicating that the experimental
groups ' performance waé superior to the éontrai groups', Table XXXVIII
indicates that the control group did significantly better than
the experimental group in retention of subtraction. The change in

means was +l.4445 for the control group and ~1,6445 for the

experimental groups.

Subtraction of Three Integers

There were no szatistital differences between groups in
the area of subtraction Qf three integers, The performance of
the groups was quite poor as indicated d by the mean scores, There
were six prcblema that testad the ability to subtract three integafs
yet the highest mean score for the groups was just slightly higher

than 2, not even 50%, on the post-test, This fact indicated that
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Use of the Complement Method in Subtraction of Whole Numbers

The students that studied the Complement Method of subtractien
were introduced to the concept that 178 = 99 = 179 - 100, Problems
3 and 4 of part 3 of Form A and Form B asked students to work
problems of thié type and show their work, Dély 4% of the experi-
mental group used the Complement Methoed in the manner illustrated
above to work these problems. The remainder of the studEﬁtszused
the standard algorithm, of regrouping and taking away, to work the

problems.

Transfer of the Complement Method

The students were not introduced to the idea of subtfactiné
rational numbers using the Complement Method. An example of using
the Complement Method in subtraction of rational numbers would be
as follows:

13/8=~-7/8=(13/8+1/8) = (7/8 + 1/8)

(1 4/8) - (8/8)
=14/8 - 1 |
= 4/8
Problems 1 and 2 of Form A and Form B, part 3 were problems
of the type indicated abéve. When the students' work was e¥aﬁined
it was found that none of the séudents used the Complement Method
in a meaningful manner. Stuéents either used the stanﬁard algorithm
when working this prab;em or the method illustrated below:
31/8~15/8=(31/8+ "15/8) - (L5/8+"15/8)
=31/8+715/8-0
=29/8+715/8

=14/8
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This method differed’aﬁly slightly from the standard algarithm
illustrated below:

31/8-15/8=29/8-15/8=14/8

méaningful way.

It should be noted that ome studant‘workad the problem -
as fcllawéz

31/8 -15/8=2"4/8
This answer to the problem is correct gut not in é standard form.
CONCLUSIONS

Since there were no statistical differences in achievenment,
in the areas of subtraction and addition of integers, between the
groups taughﬁ the Related Facts Method and the Complement Method of
subtraction, it is felﬁ that either of thése methéds can be taught
to students. The fact that the gréﬁp.studyiﬂg the Related Facts Method
performed signifiéantly bettaf in the area of concepts than the ex-
perimental étoﬁp that studied the Ggmplemaﬁt Method, leads to the
conclusion that studying the relation between subtraction and addi-
tion causes an increase-in the student's knowledge of concepts as
measuréd by tﬁé Galifafnia Aghigvemént Test, section 4. The group

using the Related Facts Method studied the idea that in order to

work 4 - 10 ='N the problem N + 10 = 4 must be solved. Thus, they
studied the relation of addition to subtraction while the experi-
mental group did not study this céﬁcapti Since this was the only

difference in the treatment of the two groups, the difference
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in the groups must be attributed to this difference in treatment.

The statistical differences in the area of addition between
the groups taught the Systems Method and thgrﬁcmpleméﬂﬁ Method
might be attributed to the fact that the expgrimenéal group (Complement
Method) actually worked more additién problems that the control
group. That is, in working the problem 5 - 8 the experimental
group worked two addition problems (1) 5 + "8 and (2) 8 + 8
before arriving at the step of 5+ 8 while the control group merely
wéfked the problem as 5 -.8 = 5 + "8,

The group taught the Systems Method performed better in
the area of subtraction of integers than the group taught the
Complement Method. This is probably due to the fact that the
Systems Method was consistent with the material they studied in
the unit. That is, éhE'knawladge they learned about clock arithmetic
. was applied to addi;ien of integers and then to subtraction of
integers in a consistent manner. The experimental group, however,
did not have this consistent presentation. They uéad theif know=-
ledge af.;lock arithmgtiﬂ to work addition of integer problems but
 did not rely on this background té6 work subtraction of integers.

It was felt that the Complement Method might adversely

sffect a student's ability to Wﬂrk addition problems because in
pilot studies of use gf the Caﬁpiement Method students were
observed to use the Complement Mgtﬁaé in additian_prébléms_ This
of course leads to the incorrect answer to the addition problem.

The following problem illustrates a student's incorrect useage of



‘the Complement Method.
Tsetie Msen+ (343
=Ps+ 3 +0
=ty |

It was feared by the investigator that the Complement Method
of subtraction might be to addition of integers as "cancel® is
to reduction of fractions., However, an examination of the results
of the students' achievement and retention in the area of addition
reveals that the group taught the Camplement Method performed as
well as the control gfaup in Districﬁ Dﬁe and better than the
control group inm District Two. Thus the Complement Method had mno
adverse affect on the stﬁdents'rability to add integers,

Finally the facts that (i) the Related Facts group
performed better in the area of concepts than the Complement
Method group; (2) the Complement Method group's retention was
better than the Systems Method gféup‘s in the area of addition of
integers; and (3) the Systems Method group's retention was better
than the Complement Method group's, leads to the conclusion thé;
some mixture of the Héthﬁds might be the best solution té the

problem of subtraction of integers,
SUGGESTIONS FGR FURTHER RESEARCH

In light of the findings of this report the following

questions are asked and suggest areas of further reaearch,



(1) Is there a mixture of methods of Subtfactién that
will produce the best results?

(2) Tn light of the faect that no students used the
Complement Method in subtraction of whole numbers, would the
introductinn of the Complement Hgthad at the time subtraction of
whole numbers is introduced result in a better performance of a
group taught the Complement Method of subtraction of integers?

‘(3) Would the use of the Complement Method of sub-
traction of inéegers allow for the introduction of operations on
integers at a grade level lower than the seventh grade?

(4) Does the Complement Method lead to a better under-

standing of subtraction of integers than other methods of subtraction

of integers?
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THINKING AROUT THE NUMBER LINE

unit space

— s d
i =
P Y W N — e |
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1. Throughout this course, you have made use of a "number line."
' !
Often the drawing, or model, may have looked 1ike the model above.

To draw a number line, we first decide upon a unit seament, or unit

space. Then we lay off this unit space, or copy it, in succession

along a Tine, as indicated in the drawing. What number corresponds to
B? to C? to D?

2. Suppose we divide each unit space in half, as in the drawing below.

. What number corresponds to X? to Y? to 7?

et N IR N S T | LI LU N SR W S | 1 ] | A R
o X | 2 Y 3 H Z 5 ‘
3. Using 1 inch as the unit space, make 2 drawing of a number line.

Mark the points that correspbnd to the whole numbers 2,1,2, 3,4,
and 5. ‘tiow divide each unit space in ha1f and mark the points that cor-
respond to 1/2, 3/2, 5/2, 7/2, and ¢j2.

dithout using your vn1“r, indicate on the number Tine about where
the points that corresnond to 1/4, 7/4, 9/8, and 11/8 are,
4. Consider this set of numbeésé A,.2, .3, .4, .5, .6, .£5, .93 .
For each number, is the cafresp@nding point on the number line between
0 and 17 | -

Now study this set of numbers: 1.3, 2.7, 8.6, 1.01 i; Is the pa%nﬁ
corresponding to each of these numbers tﬂftﬁe-right of 1?

%hiﬁk of the Fract%cna] number TDDD1 Nould the point corresponding

to this number be to the right of 0? Would the pD1nt corresponding to

.100 000 be to the right of 9?
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5. Think back over your work in this book. Is EVEFy non-zero number
we have used associated with a point that is to the right of 07 In-
dicate on your number ]ine about where the point that corresponds to
7 15, ‘ |
6. Now Icék at your model of a number Tine. You know that a Tine
extends indefinitely in both directions. But so far, we have used only
the part of a line that begins at the point associated with 0 and that
extends indefinitely to the right. That is, we may say we have used a
number ray. Is it possible to invent numbers to associate with the points
to the left of 07 The ﬂrawing below shows one possible way of associating
New numbers with points to the left of 0.

N R o } I R i | — | S { .

T T
To make this drawing, we chose any point on a line and marked it

0, Then we decided on a unit space aﬁd marked off unit spaces to the
Teft and to the right of the 0 point. Ye have assigned L1 to the point
that is one unit space to the Teft of 0; L2 to the point that is two unit
Spaces to the left of 0, and so on.

Oraw a number line and lavel the point corresponding to each of the
following: 15 L1; 25 L2; 1/2; L1/2: L1 1/2; L7.
7. Usually, in mathematics, numbers such as -1, -2, -3, and -7 1/2 |
are associated with points to the left of 0.

-1 1 \ I 1 | T | I R

=4 -3 ;-:.1'77 a-) o | 2 3 Y 5 7
He read "-1" as negative one, "-2" as negative two, and so on. How

Would you read "-5"7 "2 1/2"7 “.1 1/4%7 The n-mbers associated with the

points to the Teft of 0 are called negative numbers. . The numbers to the

right of 0 are called positive numbers. Sometimes the positive numbers are

represented as "+1," “+2." "4h 1/2,“ and so on,
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THE SET OF DIRECTED NUMBERS

We have introduced positive and negative numbers, using a number
line. But such numbers are used in many situations.
1, Mary was given a share of stock for her birthday. At the end of a
week, her father handed her a slip of paper that had this listing on
it. Her father explained that the listing told how many dollars the stock
inereased in value or decreased in value each day. To indicate an in-

crease of one dollar in the value, a.+ 1 is used. What does =1 indicate?

+1 1/2?7 -1/2?7 -1 1/27
2, In the same situation where +1 indicates an increase of one dollar,
what would +4 indicate? -4? Do both -4 and +4 indicate a change in
?alue of four dollars? Do they also tell the direction in which the
change occurred? Are éhe changes in the same direction, or in @pﬁasite
directions?

The set of numbers cénsistiﬁg of zero, all positive ﬂumgers, and all

negative numbers is called the set of directed numbers.

3. Jim kept a record of his gain or loss in weight, month by month,
over a four-month period. To indicate a loss of three pounds in January,
he used a -3. What does -2 indicate for February? What does +1 indicate?
=17

Is the loss of one pound the opposite of a gain of one pound?
4. iHany things in life can be thought of as opposites. What is the
opposite of a gain of 2 1/2 yards in a football play? The opposite of

a withdrawal of $1UD from a bank account?
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5. Is a gain of $5 the opposite of a loss of $5? If we think of a
profit of $5 as +5, how.wauld we think of a loss of 557 We say the
directed number +5 is the opposite of -5, and -5 is the opposite of
+5, What is the opposite of =3? the oppeosite qf +37

What is the opposite of -2 1/27 the opposite of +11? the opposite

X

of + 1/4? the opposite of -1/3
6. Suppose in a football game we represeént a loss of three yvards on
a play as -3. How would we represent a loss of five ya?ds?‘ Néw
imagine that a team has a loss of three yards, and then a loss of five.
yards. Would the total loss be the sum of the two lcsses?r If we use
N te represent the total loss, we may write the equation below., In
this equation, parentheses are used to avoid confusion of the negative
sign of the numeral wicth the plus sign of addition.
-3 4+ (-5) = N
7. On first down, a team lost four yards. On the next down, the team
lost eleven yards. Does this equation tell about the problem?
=4 +-(=11) = N

What is the correct réplageméntxfér N? Uhat is the total loss on
the two plays?
8. As was mentioned earlier, positive numbers can be represented as
+1, +2, +3, and so on, or simply as 1,2,3. 1In Ehis illustration of the
net yardage gained or lost iﬁ a football game, what dﬂeé 155 indicate?
What does =29 indicate?

Boonevile Taft
Rushing yardage 155 =29

Passing yardage 182 -7
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Addition on the Number Line

1. As you know, we can use the number line to illustrate an addition

(¥

ente ce such as 5+ 4 = N, To shev the addtion of 5 and 4 on the numbar
~ine, we begin at 0 and drav an arrow that shows a move of five spaces

to the right. Then, from 5, ve drav ‘another arrow showing a move of

four spaces to the right. At wEaL numberal does the second move ond?

Vhat is the sum of 5 and 47

3

[ - .

| | D
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=l -6 - -

— . I 1
-7 =l =5 -4 =3 =3 o 2 3 Y h e 1 5 g T,

2.a. Draw a number line and represent the addition of 2 and 9.
b. Did you begin at 0 and draw an arrow that represented a move of
two spaces to the right, and then ancother arrow that represented a move

of nine spaces to the right?

3. Just as we draw arrows to the right to represent a sentence such
as 5 + 4 = 9, we draw arrows to the left to represent additio: involving
negative numbers. For instance, to represent the addition sentence

=5 + (-4) = N, we begin at 0 and draw an arrow to show a move of five

iy

spaces to the left. Then, from -5. we draw an arrow to show a move of four

spaces to the left.

i'{‘i'r N ———— —'t;f i raimsfsex.m;_-,f—s._.g,‘u'

i I T TS T SN SR N ¥

— A i - ; , .
"h 1T > Tk B TR T <4 =i =] & 1 K -4 < th F 5 K PR

At what numberal does the second move end? Then what is the correct

replacement of N?

b.a. Now draw a number line and zeﬁresent this addition sence:
-3 + (-6) = N,
b, Did you begin at 0 and repreéent a move of three spaces to the
1 left, and then, .from -3, represent a move of six spaces to thé left?
©

ERIC

Aruitoxt provided by Eic:



Then what is the correct replacement for MN?

5. Suppose we wish to find the correct replacement for the frame in

I

|/
=l | [ S Y U W O i
- B B e A e L R -

I

_‘];

L
3

this sentence: 4 + (=7) =[]

R TR GO VY U S
SR R B A

Starting at 0, we draw an arrow to show a move of four spaces to the
right; then, from 4. we represent a move of seven spaces to the left,
At vhat number does the second move end? Then what is the correct

Teplacement for the frame?

6. To represent the sentence =7 + 4 ={7], we start at 0 and drav an
arrow to represent a move of seven spaces to the left., Then, from
the point for =7, we represent a move of four spaces to the right,

What is the correct replacement for the frame?

i N R T

.l | - I S A
S I A Iy M Y S T

7. Does the drawing below represent this addition sentence:

“2 4+ 4 = What is the correct replacement for the frame?
L. - 3 i

—
S R i

L R o L
=l -1& ~p - . e S m% =R =3 i

8. What addition sentence does this drawing represent?
TN RO |

|

- : - RS W NN TN SNUN WU EEY T SR )
A ¢ ote 1

e
Represent each sentence on a number iine. Find the sum.

9.4, -14 3 =¥ ; b, 74 (=5) = N

10,a. Y 1/2 +1 =2 b. =11/2+ (~«1) = N
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Addition of Dig;ﬁgedgﬂgmbérs

In each of the following, a pair of positive ﬂﬁmbers is given.

Find the sum.
a b c
1, +8, +7 .12, 15 4.5, .3
2, 3, 11/4 +6, +1 +2,0, +.5
| Do you add positive numbé:s Jjust as you have always added numbers

in arithmetic? Does it matter whether we use the number +8 or 8 to
name ‘the pasiﬁiveénumbET eight?

Is the sum of any two positive numbers a positive number?

In each of the fcllaﬁing; a pair of negative numbers is
given. Find the sum,

3, -2, -6, -1/2 | -1/5, =2/5
4, =3, =11 | -21/2, -1/2 -3, =.6
Is the sum of any two negative numbers a negative number?

Without using a number line, teli what each nf-the following equals:
=3+ (=8); =1+ (-1 1/2); -4.1 + (-,3),
In each of the following, find the correct replacement for N,

Use a number line if necessary,

1]
A

5, 7+ (=2) = N =4+ 6 =N 3+ (-5) =

L]
P

6. 1+ (~9) = N , 9 + (~1) = N 7 + (=8)
In Exercises 5 and 6, you found sums of positive and negative

numbg:si Were the sums always positive? VA;ways negative? Was

every sum a directed number? Do you think the set of directed numbers

is closed under addition?



[e]
-t

7. Sentence by sentence (in Exercises 5 an 6), study the two numbers

that were éiven and the answer you obtained. D§ you see a pattern you
€an use to obtain the correct replacement for N in this sentence? If

not, use a number line to help you,

8. Now try this sentence. Without using a number line, predict which
of the following is the correct replacement for NN: iz, -12, 6. or -67
Use a number iine to check your ansver.

- For eaéh of the following, predict whiech of the replacenents ziven

is correct, Use a number line to clecl rour answer.

a b ) c

]
e
!
[
+
bt}
iy

. 4+ (=7) 1/2 + (-2) =%
[11, -11, 3, -3] 100 -10, 6, -6 (2 1/2, -2 1/2, 1 1/2, -1 1/2]

10, =4+ 7 =N 2 =N

eS|
+
-
o
o
I
\I‘
et
e
It
+

[11, -11, 3, -3] [10, -10, 6, -6] [2 1/2 -2 1/2, 1 1/2, -1 1/2]
Study tﬁe examples in 9a and 10a; in 9b and 10b: in 9e a;d 10c.

Then find the sum for each of the following., Try En-dé the work without

using a number line.

11. 6 + (-8) ' -7 + 12 9+ (=6)

12, =1/4 + 1 24 (-2 1/2) 11 + (-3)

13! 11/2 + (=1/2) 6+ (-8 1/4) -5+ 81/3

14, 1If you are!not sure of EE%AﬁaEEEEﬁ for adding a positive number

and a negative number witheout using a number line, nake up examples

of your own until you see the pattern,

15. Find the sum for each of the following examples.
a. -8 + (=4) _ b. -4 + (-8)

c. 14+ (=2) : d. =2 + 14

e. 4 1/2 + 1 3/4 : £. 1 3/4+41/2

g, =1/2 + (=2 1/2) 1. G N 2 T T T
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Study the results of the pairs of examples in a and b; in ¢
and d; in e and f; in g and h, Does it seem that the commutative prin;iplg
of addition is true for directed numbers?
16, Find the sum for each of the following examples. Perform the
operation indicated in brackets first.
a, {5+ (=1} + (-3) b, 5+ {~7 + (-3)}
c, . {59 + (-B)} + 6 d. =9 + {a8”+ 6}
e. {-11/4 + 3} + (-2) ' £, =11/4 + {3 + (12)}

Does it seem that the associative principle of addition is true
for directed numbers?
l.a, The arrows in the drawihg below represent the adéition SEﬁtEﬂEE

4 + (=4) = N. At what number does the second move end? Then what is

the correct replacement for N? e
cortect teplaceT nt for N7, — — 7:;

b. Using é number line, represent this addition sentence: =4 + 4 =[1.
What is Ehe ccrxect replacement for the frame? What is the sum of
b + =47 |
2. Find the sum for each of the following,
a. =9+9=2 b, "1l + (-11) = O
ce 1i/z+(—1 1/2) = & do =1/4 + 1/4 = A

Study the sentences in Exercises 1 and 2. In each case, were
ﬁe adding a number and its opposite? Is the sum O in each case?
3. In your work with the set of fractional numbers (ﬁ;n-negative
numbers of arithmetic), was 0 the identity element for addition? Now
think of the set of directed numbers. What does =2 + 0 equal?. 0 + 87

0+ (=6)7
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1/2 + 07 =6 1/2+ 07 0+ (-6 1/2)?

Is zero the identity elemen; for addition in the set of directed
numbers?

Usiﬁg what you know about the commutative and associative
principles of addition, the ideé of opposites, and the identity element
for addit#&n, find the sum for each of the following. Do the work
mentally, |
4,a, 13+ (=5) +5 b. =7.1/2+ 14 3/4 + 7 1/2
5.8, 7/8 + 0+ (~7/8) b. =51/5+ (-3 1/3) + 5 1/5
6.2, 2+ (=2 1/2) + 1/2 be =1/4 + 9/4 + (=2)

7. Now try this sentence: 2 1/3 + 1 1/3 + 1/6 + () = 0. what is the
correct replacement for the frame?

| Practice
-1, Draw a number line and mark points corresponding to the following
set of numbers: {D; 1, -1, 2, =2}, Then divide each unit space into
tenths? and mark the points corresponding to these numbers: .1, =.1,
«2, =+2, and so on, ﬁg 1.9 and ~1.9,
a, Where is tne point associated with —1/2?..—4/5? ~2/57 =11/107?
=7/5? Write the fraction beneath the decimal that names the same number.
b. On a number line, can each unit space be divided into hundredths
and can numbers be associated with these points to the left and to the
right of zero? Can a unit space be divided into thousandths or hundred
thousandths and numbers associated with these points?
2, Each of the sentences below asks you to find the sum of the same
six numbers, Using each sentence, .find the sum,

a, 11/2 4+ (=3 1/4) + 2+ (=8) + (=6 1/4) + 2 1/4 = N,

]
=
.

be {11/24 2+ 21/2}+ {=31/4+ (-8) + (=6 1/4)}

Did sentence b make the work easier?
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3. Find the sum in any way you think is convenient.
a, 9+ (=73) + (=56) + 17 + (-19) + 13
b. =1 3/4 43 1/8 4+(=2 1/2) + (=3 1/4) + 7 3/B + (-1 1/2)
ce 1.7 + (~.8) + (=1.1) + .9 + (=2.6) + (1.3)
4, Suppcse you are asked if this sentence is true. What is =9 + (=9)?
What is 5 + (-23)? Then are "=9 + (=9)" and "5 + (~23)" names for this
same number? We say that the simplest name for the number is -18, Is
the sentence true? |
For each of the following sentenées, write True or False.
—If the sentence is true, write the simplest name for the n;mber
-EEPEESEﬁEed by each expression on either side of the equal sign.
a, =3+ 13 = 31 + (-21) : b, =3.5+31/2 = <=1,25+ 5.4
c, 14+ (=5) =17 + (-9 d., =3 1/5+4 (=2 4/5) = =9,7 + 6.7
e, =4 3/8 + 35/8 = 5,6 + (=5,6) . f. =4 1/4 + 3 i/z =8 37&A+ =7
Problems
l. Over a five-day period, a certain stock had the following changes
in value (in dollars): +1 1/2, + 3/4, =2, =1/2, and - 7/8. To find
éhe total, or net, change in value for this period, could you use thé
following equation? _
+1 1/2 + (+3/4) + (=2) + (=1/2) + (ﬁ?lé) =N
What was the net change in the vaiue of the stock?
2. At the beginning of the five-day périad, the stock had a value of
71 1/8 dollars. What.was its value ét the end of the five~day period?
3. In a football game, Bob carried the ball six times. The chart at

the right lists the numbers that tell how many yards Bob gained or



lost each time. The numeral 7 indicates a gain of 7 yarﬁs;' What does
=3-1/2 indicate?

Find the net yardage gained or lost by Bob in these six times.
4. Helen said, "I am thinking of a number. If I add this number to
the sum of -2 and -5, I get O as’thérresult.“ To find the number that

Helen was thinking of, can you use this equation?
-2+ (-5)] +N =0

What is éhe number?
5. Betty said, "I am thinking of a number. It is equal to the sum of
=6 1/4, -2, and the opposite of -2." What is the number?
6. Don kept a record of his gain or loss in weight, month by month.
On.January 31, he wr@terar"z" in the record to indicate a gain of 2
pounds during January. What does the -1 1/4 for February indicate?
What was his net gain or loss in weight for the entirevyear?
Use a numeral for 3 positive number or a negative number EﬂlePrESEDE

the gain or loss.
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 SUBTRACTION
You know that s‘ubtzacting is the inverse of adding. For any
subtraction sentence such as 8-5= 3, we can ;fité a related addition
sentence S +3=8(r3+5 EIS); Similarly, for the subtraction senterce
in a, at the right, ée can write the addition sentence in b. 'Will
" the replacemeﬁt for N that makes b true also make a true? |
Suppose [, &, and N represent any numbers. In mathematics, we
can describe the felgtiéﬁgﬁfp between subtfaﬁtian‘énd addition as
follows:
C0-A =N if and only 4f A+ N = [}
1. Consider the sentence at the right. We read the senténc:e: "7 minus
negative 2 equals what number?" or simply, "7 minus negative 2 equals
N," ENGELEE that the first "-" is the symbol for subtraction, but the
second '"-" is part of the symbol for a negative number.
To find the correct replacement for N inrthe subtraction sentence,
we can use the related addition 5enﬁence,§hat is shown here.  Think:
What number must we add to -2 to obtain 77
. Then what is the éarrect replacement for N in the sentence
7= (=2) = N?
2. Read the subtraction sentence in a. To find the correct replacement
for N, we can use the related addition sentence in b. |
!
| What number must be added to -3 to obtain -8? Then what is the
correct replacement for N in the sentence in a?
Now read the subtraction sentence in ¢, To find the correct
replgcement for N, ecan we use the related addition sentence in d?
What number must be added to =1 to obtain 6? Then what is the

correct replacemenﬁgfaf N in the sentence in c¢?
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3. We can use a number line to help us find the difference between

two numbers. For instance, consider the subtraction sentence 4 - (-8) =
N. The related addition sentence is -8 + N = 4. On a number line, we
start at 0 and make a move afveight spaées to the left to represent.-8.
Now we have to make a move (of N spaggs) that will end at 4 on the

number line. Will we have to move to the right, or to-the left, to

=8 + 12 equals 4?7 Then is this sentence true: b4 - (-8) = 127
: N | :
-— 1

SEPISN N NN TSN TR N T A
DoJ AN N BN S R e s

| ]
[ 1 I
3 456 7 8

]
|
b

|
i
, 2

———+
“11 -9 -8 =7 =6 =5 -4 -3 -2 =1 0 1

4, To find what -2 minus 5 equals, we caﬁ write sentence b and use a
number line. Starting at 0, we make a move of five spaces to the right
to represent 5. Now we have to make a mova (of N spaces) that will end
at -2 on the number line. In whét direction must we move-=to tﬁé right

or to the left--to get to ~2? How many spaces must we move? Then have

we found that 5 + («7) = =272 If this is true, what does =2 = 5 equal?
N

" — e
g = ———

————
—— ——

PP RS TR NN NN NN RS Y R B M
| I I 1 I t ] | I

I N PR IO I B R
T T T
=11 -9 -8 -2 -6-5-4-3-2-1 01 2 3 4 5 6 7 8 910 11

-

For each of the following, write a related addition sentence

and find the correct replacement for N, Use a number line 1if necessary.

v

Eﬂﬂ

=]
l\

- (=3) =N be 5= (=6) = N e, -7T-1=N

(-2) = N b, =1 ' c. =3 - (-2) = N

o
;
B
[
I

-~ (-3) = N be 2= (-3) =N c. =5-=-5=aN

~J

.

w

"
1
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WORKING WITH SUBTRACTION

1. Below are six subtraction examples. Find the snswaré.

a. 6-1 t.. 6-0 ' c. 6= (-1)

d 6- (-2) e. 6 - (=3) | £, 6 - (-4)
Study the examples in l.a~f and their answérs. Do yau-see a

pattern? Then tell what 6 ~ (-5) equals; Egﬁ (-6); 6 - (-6 1/2).

2. Below are six subtfa;tiﬂn examples. Find the answers.

a. 2-1 b o2 2 c. 2-3

d. 2-4 | e. 2-5 £, 2-6

| ) Study the examples in 2,a-f and their answers. Then answeé these

questions. What does 2 - 7 equal? 2 -=8? 2-972 2 - 10 1/2?

2-11 121 |

3. Find the answer for each of the Eﬂllgging examples.,

a. -3-2 b, 3.1 c. =3-0

| (-2) : f. =3 - (-3)

(-8)

- d. =3 = (=1) e. -3

4 h. =3 = (-6) i. -3

o

Ll
1

F -
]

Look for a pattern in the answers for 3.a-i. Then tell what
=3 - (-10) equals; -3 = (-12); =3 = (-8 1/2).

4, Find the answer for each of the following examples.

1
i
1
1
Ly
L

(~6) b. =4 = (=5) e

]
I.

£
]

g =4 = 4 - he =-4-6 1. -4-38
What does =4 - 10 equal? -4 - 127 -4 - 12 1/27

Find the answer for each example.
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5.a. 3 -5 b 3= (-D) - co 3 - (-4)
6.a. 9 - 10 | b. 9 - 15 | c. 9 - 100
7.a. -1 -2 b. -1 -4 ' é, -1 =8

8.a. =4 - (=7) | bo -4 = (<4) .. =4 = (1)

A PATTERN FOR SUBTRACTING

1.  What nunber is named by "9 - (-5)"? What number is named by
"9 + (+5)"?7 Then is the following sentence true?
9 = (=5) = 9 + (+5)
How is +5 related to ~57 Are +5 and -5 opposites of each other?
2. Vhat number is named by "-1 - (+2)"§ “What number is named by
"~1 4+ (-2)"? Then is the following sentence true? |
-l - (#2) = -1 + (-2)
How is ~2 related to +22
In each of the fallawing, find the number named iﬁ a; then find
the number named in.b!
‘3.a. 8 - (-3) b. 8+ (+3)
b.a: 19 = (=5) b. 19 + (+5)
S.a. =2 - (+4) b. =2 + (=4)
6.a. 31 - (-1) b. 31 + (+1)
7.a. © 16 = 2 b, 16 + (-2)
What did you find? For each exercise, dces.the expression in
b name.the same number zﬁat the Exéte&sian in a names?
In each of the ééllu#ing sentences, find a replacement for the

frame that will make the sentence true.
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8. 17 =(=3) =17 + A
9. 10 - (-12) = 10 + I
10, -6 - (-4) = =6+ O
o 11. é?eﬁgl?ak@
12, 8-14 =8+

Study Exercises 1-12. Do you think that for any subtraction

example we can wrii;eén addition example that will give the same result?
Suppose you are given the subt;réc:tian example ] - N, Can you use the
'rélariahship stated below? |

U1 - N ={T] + Opposite of N
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PROPERTIES OF SUBTRACTION

1. If thé only numbers you could work with were positive numbers and
zero, could yéuifind the number named.by any of the following?
a. l-4 o b, 713 | c. 11/2-2
* Then, is the set of positive numbers and éera cla%ed under :
subtraction? But if you use the set af directed numbers-—the negative numbers,
zero, and the positive numbers--then is there a number that is named
by 1 - 4? 7 -13? 1 1/2 - 2?7 Tell what number is named in each case.

Do you think that by inventing the negative numbers we have
made subtraction always passiﬁle? Is the set of directed nuﬁbérs closed
under subtraction?
2. Find the number named by each of the following.
a. 9-12 b, 12-9 e.. 1-5 Code 51

Do the expressions ié a and b name the same number? Do the

expressions in ¢ and d name the same number? 1Is subtraction commutative?

3. Find the number represented by each of the following. Do the

a, [7-3]-¢(2 | T be 7 =3 = (-2)]
c.  [-10 = 4] -~ 9 | d. =10 - [4 = 9]

'Dn the expressions in a and b name the same number? ﬁa the
expressions in ¢ and d name the same number? Then is sﬁbttaetisﬁ
asgociative? 4

In the set of directed numbers, subtraction isialways possible.

But, unlike addition, subtraction is neither commutative nor associative.
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Subtract
4oa. 19 - 31 b. 4 - 8.7 : c. =6 1/2 « (=3 1/2)
5.a. 8- (~1.3) be 9 - (-11 1/5) c. =16 - 8 3/4
6.a. =3 3/5 -4 b, =8.4 - (-8.4) c. 31/2-91/

7.a.  -2.8 = (-3.5) bo  -1.2 - 3.4 eo 1.1 = (-7.1)

PROBLEM SOLVING

The altitude, or elevation of places on earth is measured in
ralation to sea level. An elevation listed as "1650" indicates that a
place is 1650 feet above sea level. When the elevation of a place

is listed as '"-15" what does it indicate?
What does a temperature stated as "-2°

F" indicate? What does
a temperature stated as "2° F" indicate?
1. This table lists the elevation of four different places. Suppose

you are asked to find the difference in elevation between Mt. Everest

and Death Valley. Could you use this equation?

29,028 - (-282) =N

Find the correct replacement for N. Elevation (in feet)
Mt. Everest ! = ' | 29,028
Mt. McKinley 20,320
Death Valley ~282
Qattara Depression (Egypt) _ ; ' ~436

What is the difference in elevation between Mt. Everest and Death
?alley?
2. What is the difference in elevation between Death Valley and the

Qattara Depression? ‘ : ,
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3. What is the différence inrélevatiaﬂ between Mt, McKinley and Death
Vélley? B
.4. A teﬁperatufg of -126.9° F in Antarctica was the lowest temperature
recorded anywhere in the_wafld. A temperature of 136° F in Libya
was the highest temperatufe ever recorded. Wﬁat is the difference
. between these two recorded temperatures? |
5; During a "cold spell,' an annaungét stated that cthe temperature had

risen 2.5 degrees and the temparatﬁre was now -4.5° F. What was the

temperature before the rise?
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SUBTRACTION

Bill and his parents are going on a vacation. 'Bill is interested
in the number of miles his family will travel during their trip. The
speedometer has two odometers on it. One ?ez@rﬁs the total number of
miies traveled and the other records distances up to 999 miles. When
Bill's family started on tﬁeir téip, the number on one odometer was

38138 and the number on the other was 74. See Figure I.

Oral Exercises:
1. What is the differeénce between the two readings on the odometers?
2. After Bill's fémi;y'has traveled 31 miles, what are the numbers

on the two odometers? What is the difference @f these two
' .

\

new numbers? \
8. When Bill's family has traveled 431 miles from home what
are the numbers on the odometers? What is the difference

of these numbers?
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4. What happens to the answer to a subtraction problem if you add

the same number to both of the numbers in the problem?

This new idea will be called the complement methed of subtraction, Let's

Written Exercises:
- Let's use this idea to work the following subtraction problems.
Example:

(1) 231 232 (2) 173 178 188

"19 "20 85 ~90 "100

e
=]
\p..,J;M
o

o3

Find the missing number.

-

a) 245 248 b} 157

78 T 48 Ts0

|
c) 231 233 253

é7§7 ;;;i -

2.  Subtract the following using the complement method of subtraction.

a) 291 b) 3ay c) 573

25 Y "199

d) 752 : e) 237 £f) 531
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SUBTRACTION OF DIRECTED NUMBERS

The complement method of subtraction helped us sometimes when we.
were subtracting whole numbers. Let's see how it can help us when we

and then we will be ready to subtract directed numbers.

Oral Exercises: Find the missing numbers.

1. §-3=(5+7)-(3+ )=

2. 19-8= (19 + ) - (8 +2) =

3. 23 -17 = (23 + ) - (20) =

o @ T T
4.012-5=Q7) - ()= _

o
L
=
1
~2
It
Hm
L
-
-+
]
=
~J
-+
o
H]

[a.4]

o
1

o]
1

[Us]
=z
I
o
L]

12, "B+8=
13. N+ N=

o o, ~ . . :
Let's use the ideas from the oral exercises to help us learn how
to work the following problem: 7 - "3, We know that the complement
method works for subtraction so we know 7 - 3 = (7 + Y+ (3 + ).

We also know it is easy to subtract zero from a number so let's put
t

3 in the blangi The problem now becomes 7 - "3 = (7 + :3) - (a4 ig)-
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. . . +
But this is just (7 + '3) = 0= 7 + T3 = 10 so the answer to the problem

7 - 73 is 10,

Exercise set':
1. Fill in the blanks so the following sentences will be true,
a) 9-(3)=(9+_)-(3+ )

= (9 + ) - (0)

b) 2-(2)=(2+ ) -2+ )

e) 5-(3)=(5+ ) -3+ )

(0)

u
W
w
-+
S

'

d 5-(6)=(5+ L G

=(5+___ )-(0)
e) 1-1=(C1+__ )-(1+ )

= ("1 + ) - (0)

"
—
Pad
-+
e

]
-~
Lo
s

n
!

o
n
o

h) 3

D=+ -+ __)

H
]
+
b

I
-
Lt
Mnmust

i) Ts-5=(__ o+ __)-( ot )

Il
—
+
Mt

I
]
[
—
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2, Work the following subtraction problems:
a) "3-2 b) "3 -1 e) 3-0
é) 3 - (1) e) "3-("2) £) T3 -(3)
g)  3-(Cu) h) 73 = (76) i) T3 - (78)
3. Find the answer for eaéh of the following:
a) 3-5 ’ b) 3 - (1) c) 3 - ()
d) 9-10 e) 9-15 £) 9 - 100
g) "1-2 ~h) 1=y i) "1 -8

Y Tw - (7)) k)  Tu - (Tw) 1) Tw - (1)
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WHERE DOES MATHEMATICS COME FROM?

Arithmetic is one kind of mathematics. You have studied it
for several years. How do you suppose mathematics is invented?
Sometimes we do it by getting ideas from the world around us. We
see how things fit together and figura out rules for working
problems. Afterward we can find out things about the world around
ué by working mathematics problems. Let's see how this is done.

We can make up mathematics of our own. Let's start with something

Simple.

ARITHMETIC OF A FIVE-MINUTE CLOCK

Perhaps you have never seen a five-minute clock, but it is
easy to imagine one. The hand takes 5 minutes to go around once.
Let's make up a new kind of arithmetic. It will be an arithmetic

to fit this kind of clock.
5.1 Let's Explore

Draw a picture of a five-minute clock
on your paper, and put the numerals '0', '1',
'2', '3", and '4' on it, like the picture at

the right.

Now answer these questians:'

1. If the hand starts at '0' and moves 3

places forward, where will it be?
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2. If the hand starts at '1' and moves 3 places forward, where
will it be?
3. If the hand starts at '3' and moves 2 places forward, where
will it be?
4, If the hand starts at '4' and moves 3 places forward, wﬁere
will it be?
3. If the hand starts at '2' and moves 0 places forward, where
v'11 it be?
6. If the hand starts at '3' and moves 6 places forward, where
" will it be?
7. If the hand starts at '2' and moves 8 places forward, where
will it be?
8. What is the difference if the hand goes 6 places afsl place?
Does the hand stop ét the same place?
9, Does the hand stop at the same place if thg hand goes 0
places, 5 plaées or 10 places?
10. Can you see that we will need only five numbers in our new

arithmetic?
ADDITION

Let's decide how to add in our new arithmetic. Let's agree
that '1 + 2" meaﬁs this: The hand starts at '0'., It goes 1 place,
and then 2 more places. The hand will be at '3'.1 We will say that
1+ 2=3, Let's take another example: '3 + 4' will mean that

the hand starts at '0', goes .3 places and then 4 more places.
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Where will it be? We see that 3 + 4 = 2.

5.2 Llet's Explore

1, Do these additions in our new arithmetic.
a. 1+ 3 f. 0+ 0
b. 2+ 3 g: 0+ 3
c. 4+ 4 h. 3+ 3
d. 4+ 1 : i. 4+ 3
e. 3+ 2
2, How many numbers are there in the arithmetic of the fiVEf
minute clock? What are they?
3. We can ﬁake an addition table to show how.to add any two numbers

in this arithmetic. Here is part of it, It shows

0 1 2 3 4 that 1 + 3 4

also 3 + 2

0

also 4+ 0 = 4,

n

0 ~ We always take the first number on the

B b = o
E.N

left and the second number along the top.

Copy the table and finish it,

Now that we have an addition table we do not need the clock any-
more. We can study the properties of addition from the table. Do
you suppose this kind of addition is something like additiom for

whole numbers of natural numbers?



5.3 Let's Explore

1. Use your addition table to do these additions. Look for a

pattern.

c. 2+ 73

d.

EI

fi

342
4+ 2

2+ 4

2, What property of addition does this seem to suggest?

3. Use your addition table to do these additions. Look for a

pattern.
Examples:
1+ (B3+2)=14+0=1
(A+3)+2=4+2=1
a. 3+ (1+4)
b. (3+1)+4
c. (24 3)+2

d. 2+ (3+2)

4, What property of addition does this seem to

b+ (2 + 4)
(4+2) +4
B+4)+1
3+ (4+1)

suggest?

5. Use your addition table to do these additions.

a. 0+ 2
- e. 1+0

e. 0+0

b.

d.

4+ 0

3+0

.6, What do you know about the number zero in this arithmetic?

You have probably seea that the order in adding makes no
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difference in our new arithmetic. This means that for any numbers
@ and b in the arithmetic, g + b = b % a. Do ycu remember that this
is called the commutative property of addition? This same property
holds for whole numbers. |

Did you see that grouping in addition makes no difference?
. This means that for any numbers @, b and ¢ in the arithmetic,
a+ (E te) = (a+Db) +ec. Do you remember that this is called the
assoctative property of addition? This property also holds for whole
numbers. Remember, since addition is associative we do not need
to write parentheses in these cases.

‘Do you remember that the set of whole numbers is closed
under addition? This means that when we add whole numbers we alwayé
get a number in the set of whole numbers. Is the set of numbers in
our new a?ithmétic closed under addition? Is the result of any
addition in the set? We see that it is, so the set of numbers in
this afithme;ic.is closed under addition.

Did you also see that wﬁen we add 0 to any number we get
that same number? In other wnrds? for any number a, a + 0 = q.
Do you remember that we call 0 the additive identity because it

has this property? Zero is also the additive identity for whole numbers.

1. Use your addition table to do these additions. Add the numbers
several times using a different order or grouping each time. Check

H



_your answers using the clock.

a. 3+4+1 c. 34+4+1+2+2+4
b, 2+ 4+3+1+4+2 d. ; +4+ 243+ 2
2 Make an addition table for an arithmetic of a four-minute clock,

3. What properties does additian have in the arithmetic of a four-

minute clock?

4, How does addition in the arithmetic of a four-minute clock
compare with addition in the arithmetic of a five~minute clock?
5. How can you tell an additive identity from a table?

6. How can you tell the commutative property from a table?
7. How can you tell the associative property from a table?

8. How can you tell closure from a table?

For whole numbers we said subtraction was the opposite of

addition. Let's make up subtraction for the clock in the same way.
5.4 Let's Explore

| If we want to do the subtraction 2 - 3, we will look for
some number which when added to 3 gives us 2. Use your table for
the five-minute clock. Find '3' on the left. Move your finger
across until you find '2'. ﬁaw look at the top heading. You find
'4', This means that 3 + 4 = 2, AThén wve know that 2 = 3 = 4,

1. Use your addition table'tg do these subtractions,




C. DEE ge 1’_4
de 1-3 h, 0 =4
2. How is this kind of subtraction different from subtraction
of whole numbers?
We made up subtraction without the clock. We used only our
table. What do you suppose subtraction can tell us about
the clock? ’
When we made up addition, we thought about moving the hand
clockwise., Subtraction is the opposite. . Perhaps it can tell
us what will happen if we move the hand the opposite way,
3. We found that 2 = 3 = 4, If the hand of the clock goes to '2'
and then backward 3 places where will it be? Check all your sub=
tractions in exercise 1 on the clock.

4, What does subtraction tell us about the clock?

We have learned something important about mathematics. We
made up addition using the clock. Then we made up subtraction
without using the clock. ¥We simply used our addition table and our
imagination. Yet subtraction also tells us something about the clock,

This is the way of mathématizs. We sometimes make it up
from the world around us. Then we can work problems in maﬁhematics,
without thinking of the world. But our answers may tell us something

about the world anyway.



EXERCISES

1, Make an addition table for a seven-minute clock.
2. Do these subtractions usiﬁg)yﬁuf table., Do not look at the
clock.
a. 6 -3 d. 4 -1 g 0 -6
b. 3-35 e, 2=15 h. 3 =26
c. 5-6 f. 3-0 | i. 4 -5
3. Think of subtraction as moving backwérd around the clock.
Check each of your subtractions of exercise 2, using the clock.
4, What properties does addition have for the seven-minute clock?
5. What properties of subtraction do you find in this mathematical

system?

HOW TO MAKE AND STUDY MATHEMATICAL SYSTEMS

We have studied arithmetic based on a cloeck. This tells
us something about how to make up mathematical systems. What do
we need?

1. Ve need a set. It might consist of numbers or perhaps
other things.

2. We need to make up one or more operations.

3. We need to find out the properties of the operations
(such as the commutative property and the associative property).

4, We-need to find special members of the set (such as

identities).
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WHAT IS AN OPERATION?

Do you remember what an ﬂperati@n.is? We studied operations
for whole numbers, When given two mémbars of our set we have a2 waj_
of finding at maét a third one, we say we have an operation.

Scmetiﬁés there may be no third member, but there is never more than
one if we have an operationm. ’

In whole nﬁmhérs subtraction is an operation. We can write
names of whole numbers using the subtraction symbol. These are
names of whole numbers:

'8 - 2", '10 - 3', '5 -1
These are not.names of whole numbers, because we cannot do the
subtractions and get whole numbers for the .answers:

% -5, '3-7', '8-11'

We cannot use a table to define subtraction for whole numbers.
The set is too larée_ ‘Instead, we have a rule to define the operation.
We say that 'q « b' 1s a name for the whole number ¢, when ¢ + b = a.-

Of course there may not be such a number ¢, Then 'a = b' is not the

5.5 Let's Explore

1. Study the five tables on the previous page. Tell which of

them are tables of an operation.

Here are some sets and some rules for combining their members,




We shall see that there are other things to look fcr_slsag

For small mathematical systems, like clock arithmetic, we
can make operation tables. We cannot study bigger systems very
well with tables., Here are some tables for small @athematical systems,
We shall use them to learn more about mathematical systems., The
letters are not variables here. They are names for members of the

systems.

Ly
3
-
0y
3

|
> o |
o
Ly
oy ~ &

ot
& o x| o
o
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i. [3, 4, 5, 6, 7, 8, 9] The symbol 'x * y' is
h another name for z
(the first one)
ii. [7, 14, 12, 19, &4, 29, 35, 21] The symbol 'z 0 y' is
another name for y
- (the second one)
iid. (1, 2, 3, 4, . . .] The symbol '[Jy' names
‘ the L, C. M. of x and y
iv. [o, 2, 4, 6, 8, 10, 12] - The symbol 'x A y' means
’ the same as '2 . = + y',
v. [1, 3,7, 8, 10, 16, 17, 24, 29, 31, 33] The symbol 'z A y' means
the same as 'z + 3 . y',
vi. [1, 2, 3,4,5,6,...] The symbol 'z I y¥"' means
the same as 'a¥',
For example, '2 | 3' means
23, or 8.
vii. [1, 2,3, 4,5,6, ...] The symbol 'x @ y' means
' either zx or iy .

2, Using rule 1, find: et
a, 4 *7 f. 6 %7
b, 9 %8 ' g. 7%3
c. 6%3 | | he 8 %4
d, 4 * 5 ' i. 5%9
e. 9 % 4
Is * an operation?
3. Is rule i{ an ﬂéerétinn? Do whatever exploring you wish,
4. Using rule iii, find: . :
a. 2773 d. 9[i12
bo 315 e. 15[ 5
c. 2714 £. 35( 115
Is this an operation?
5. using rule iv, find:
a. 206 £, 6/\2
b, 6L\ g. 184\




c. 67/.10 h., 8/.8

e. 4.6
Is this an apéfatian?
6. Using rule v, find:
a. 1403 do 1047
b, 84 3 | e. 34010
c. 10A3 | £, 16428
Is this an operation?
7. Using rule vi, find:
a, 31.2 d, 21 4
b, 31| 3 = o e. 215
c. 512 £. 4] 2
Is this an operation?
8. Using rule vii, find:
a, 2@3 e. 8@9
b. 4@16 4 62

Is this an operation?

You have no doubt discovered how easy it is to tell an
operation when it is described in a table, If there are no double
entrieé in a table, then it descfibes an operation. When a rule
for combining is not given by a table it is ﬁct quite so easy to
tell. Then we must somehow figure out whether there can be more
than one answer,

EXERCISES
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1. Make up two tables which deseribe an operation.

2, Make up two tables which dc not describe an oparation.

3. In the set of natural numbers, is O an operation if z 0 Yy is
the greatest common factor of z and y? |

4, In the set of whole numbers, is??’gn operation if 'x\/y' means
yo? | |

! . means

5. In the set of whole numbers is ! an Gpératian if 'z 1 y

2+ x- 2?

6. Make up two new operations in the set of natural numbers.

THE CLOSURE PROPERTY

We studied closure for whole numﬁerg- We said the set éf
whole numbers is elosed under addition. Thié means that for any
pair of wﬁale numbers, their sum is alsc in the set. The set of
whéle ﬁumbéfs is ﬁat closed under subtraction because we can find

whole numbers g and b such that ¢ - b is not a whole number,
5.6 Let's Explore

1. Study the tables on page 121,
a. Which of them describe operations?
b. Which of the sets are closed under the operation?

2. You have found that rules i tﬁraugh vi on page 122 are operations,

Which of the sets is closed under the operation?

EXERCISES
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1. Make up two tables of operations under which the given set
is clssed;
2, Make up two tables of operations under which the given set is
not closed, '
3. Glven the set, [1, 3, 5, 7, 9, 11, 13, RS
4. Make up an operation under which this set is closed.

b. Make up two operations under which this set is not closed.

THE_COMMUTATIVE PROPERTY

Perhaps you have aiready discovered how to tell from a
table whether an operation has the commutative property. If not,
you might think of it this way. Imagine a table for an operation *.
Now to find x * y you find 'z' on the left and 'y alnng the top.
To find ¥ * z you find 'y' on the left and 'z’ along the top, like this.

Can you see that a2 * y and Y * x are across the diagonal (datted line)

from each other? We say they are reflections of each ather; Ifx*y =

T “"x - Cx k y
~
~
~
\,
i ¥ x x\,
y ¥ N

¥ * =« then ve say that the table is aymmetric with respect to the
diagonal.
If an operation is commutative, then the upper right half

of the table must be just like the lower left half., If you folded
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the paper along the dotted line, the two havles would match. This

is an easy way to tell from a table whether an operation is commutative.

If a table of an operation ig symmetrie with respect to the
diagonal, thgn the operation deseribed is commutative.

Suppose an operation isn't given a table. Then how can we

tell if it is éémmutative?

5.7 Let's Explore

1. Look at rule i on p.1l22, It describes an operation. Find
a. 3k 4 e 5%5 " e. 6 %8
b, 8*6 d. 4 *3 f. 5 %5

Is this operation cﬂmmuta;ive?
2, Look at rule iii on p. 122. Find:
a. 20013 a. 3lds g oll1
b. 3002 e. 4«08 n 12009
e. sCl3 £, 8l ]a

Is this operation cammutative? How can you tell?

We see that if an operation isn't given by a tablé, it is
-sametimes hardgrgta tell whgthér-the apgraticn_is z@ﬁmuﬁative.
We must figure out some way to tell. If we can find one case
‘where the operation fails, then we know that the operation is not
commutative. If we can fiﬁd 10 million cases whéfe it does work,
we still may not be sure. In exercise 2 above we could tell, since
the operation is taking the L. C. M. of two numbers. ‘We know

the order doesn't affect the result, no matter which pair of numbers
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Which of

the tables on pp. 121

THE ASSOCIATIVE PROPERTY

shows a commutative operation?

3

.Which of the operations on p, 121 is commutative?
Make up a table for an operation which is commutative.

Make up a table for an operation which is not commutative,

We found an easy way to tell a commutative operation when

it was described by a table,
has the associative

looking at a table.

a-

(3 % 5) %4
3% (5*4)
(9 *4) * 8
9 % (4 * 8)

(3%5) %7

3*(5%7)

5.8 Let's Explore

Look at rule i on p. 122, Find

Is this operation associative?

2.

- Look at rule iv on p. 122. Find

How can we tell whether an operation
property? There is ﬂa'easy way to decide by

We must look for other ways to tell.

(4 % 3) * 4
4 % (3 * 4)
(5 *%5) %8
5% (5 % 8)
(= *y) *z

% (y * 2)
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aw 24 (44 2) | e. (4AA4) AL
b 2a&) b2 , £. 4 A (4 b 4)
c. (486) a2 g (84 6) A 10
d. 4 b (6 5 2) h., 84 (64 10)

Is this operation associative?

In exercise 2 you have found that the operation does not
have the associative property, There are examples which show this.
In parts a agd b we saw that 2 A (4 A 2) # (2 A 4) & 2.,Thié is
one examﬁlé_ One example like this is Enaugﬁ-t@;shaw that the
operation does’'not have the asséciative pfﬂpertyi

In exercise 1 we studieé several examples. None of them

 showed that the aperaticn is naé associative, . When'ygu did parts
k and 1 you found the answer to be x both times. What does this
mean? It means that no matter what numbers 'z', 'y' and 'z'
represent, the answer is-the'numbEf representcs by 'z'. Or we could
say: For any numbers x, y and z in_;hé set, £ ¥ (y ¥ g) = (z * y) * z.
This is the associative property. You have really proved it when
you used letters, because they are variables which can represent

any numbers in the set.

EXERCISES

1. In table 1, p.121, find




a. (b *g) *¢e e, (b *g) kg

b. b * (g * @) ’ f. D * (¢ * q)
c. (e*g) *e g. a* (g *b)
d. e* (g *ea) - h: (e *qg) #5b

Do your answers prove that the operation has the assccilative
Property?

2, In table 2, p.121, find

a, »0 (p Om d. 'm0 (g 0 p)
b. (rop)om : e. (r0g)onm
c. mMmog)op ‘ £. »0 (g O m

Is this operation associative? Why?

3. Using rule ii, p. 122, find

a. 70 (120 14) d. 29 0 (4 0 35)
b. (7012) 0 14 | e. (19 0 21) 0 14
e. (290 4) 0 35 f£. 19 0 (21 0 14)

Do your answers prove that the operation has thé assaciatlve
Property? Why?

4. See if you can prove that the operation of rule ii, p.122 is

agsociative, Hint: Use variables.

\H\

3. s the operation of rule {ii on p, 122 ‘associative? Can
you prove your énngr?'

) Is the operation of ‘rule v on p. 122 asséciative? Can you
prove your answer? .

7. Is the operation of rule vi on p. 122 associative? Can you

Prove your apnswer?

[



IDENTITY ELEMENTS

When we studied the whole numbers we talked about identity

elements, or "identities." We said that 0 is the additive identity,

because when we add it to any whole number we get that same number.
We said that 1 is the multiplicative identity, because when we
multiply any whole number by 1 we get that same number.

Other mathematical systems may have identities too.

5.9 Let's Explore

1. Léak at table 1 on p.121, Find

a, a*a é; a*e . e. ct*a

b. a*b d. b *a
2, What can you say about the element g?
3, Look in the table. Find the column headed 'a'. How does it
compare with the column of table headings?
b, Look in the table. Find the row headed 'a', How does it
compare with the top row of table headings?

5. Can you see a way to tell from a table whether an operation

has an identity?

| .Did yau'dis;aver how to find ag identity in a table?
You look for a column and a row which are thé same as the table
headings. If you find them, the heading for that row and column
names the idenﬁity for the operation.

If an operation table has a row and a columm exactly like
the table headings, then it has an idertity element.

130
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EXERCISES

;1i Look at table 2 on piizii is there an identity element for
the operation 0?7 If so, what is it?

2, Look at table 4 on p.12l. 1Ig there an identity element

for the operation||? If 56, what ié it? ‘

3. Look at table_ﬁ on p.121. Is there an identity element for
the gperatiaﬁ 0? If so, what is it?

4, Make up a table for an operation having an identity element.

5. Make up a table for an gperaﬁicnxngt having an identity element.

INVERSE ELENENTS

" The idea of inverse elements in a mathematical system is
probably new to you. If we perform an operation on two elements
and get the identity, we say those elements are inverses of each

other for that operation.
5.10 Let's Explore
1. Look at table 2, p.121, What is the identity for the operation
2.  Solve these equations for this syscém,
a. moll =g c. [10or=gq

3. Look at table 4, p.121., What is the identity for the operation EZ?
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4. Solve these.equations for this system. (x, y and z are the
vafiablesij
“a. gl

b. z0g

It
~

k d. yOy

1]

k | e. 0z

1]
oy

c.. WDy =k £, z2D7r =%
Iﬁzexefcise 4, you found that g and h were iﬂVEISESVQf

each other for the operation [, This means that g[J 4 = k and

h g =k, where k 1is the identity element.,

5. What is ;he inverse of m féf the operation 07

6. What is the inverse of % for the operation [ ]7?

7. What e inverse of f for the a?eratian[zj?

[
/4]
re
=
1w

For an cﬁeraﬁicn *, if performing that operation on two
eleﬁents glves us the identity then we say the elements are inverses
of each other. (0r: a and b are called inverses of ‘each other
with .Tespect to * if and only if g * b = 7 and b * ¢ = 1, where %

- is the identity for *.)

EXERCISES

For exercises 1-5 look at table 5 p. 121,
1, What 1s the identity element for the operation 07
i

2, Is there an inverse for the element [1? If so, what is it?

3. Is there an inverse for the element \? If so, what is 1it?

bty

4, Is there an inverse for the element X7 1f so, what is it?

5. Is there an inverse for the element wa If so, what 1s 1it?
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6. In the system of whole numbers, what-is the additivé identity?
7. Which whole numbers have additive inverses (inverses for the
operation of addition)?
8. In the systém of whole numbers, what is the multiplicative
identity (identity for multiplication)?
9. | Which whole numbers have multiplicative inverses (inverses
- for multiplication)?
10. In a table for an operation, how can you recognize when two

elements are inverses of each other?

INVERSES IN CLOCK ARITHMETIC

In the arithmetic of the five-minute clock, we can name
inverses like this:
The symbol '” 3' means the additive inverse of 3.
Then 3 + 3 = 0,
The symbol ' 1' means the additive inverse of 1.

Then 1 + 1 = 0,
5.11 Let's Explore

1. What numbers of the arithmetic of a five-minute clock do

these symbols represent?
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2. Add:
a, 2+ 2 d. 3+ 3
b, 2+ 2 e. 0+ 0
e, 4+ 4 £, 1+ 71
3. Add:
a, 3472 e 14 T4+ 3
b, 4+ 72 | o d. 0+ 24+ 73

In clock arithmetie, the additive inverse of a number x is namsd
“z!, (This is rgad "the additive inverse of x.")

EXERCISES

In the arithmetic of a five-minute clock,

1. Add:

a. 3+ 3 e. 3+ 1+ 2
b. "4+ 4 £. 4+34+ 72
c. 24 4 : | Be 3+ 4+ 71
d. 2+ 70 he 34 73+ 73
2, Solve these equations

a, 1+ 2= f. x =3

b, 3+ 4=g g 4=y

ce. + 2=1 - h, z+3=4
d. 44y =3 i, 34+ 0="3z

e. ~ 4+2=1 Jo b+ Tz e T2




Now that you know about additive inverses, you will need to

know more about symbols for them.
5.12 Let's Explore

In the arithmetic of the five-minute claék;
1i. What is the additive invefsa of 37
<. What is the additive inverse of the number you fgund-iﬂl
exercise l?
3. ,Tﬁé symbol '~ 3' is a name for 2. Write an equatiﬁn which
says this, |
4, The symbol '~ ("3)" meanslthe additive inverse of the additive
iﬂv&fsé of 3, Replace the name ' 3' here by the name '2',
5. What number is nsméd by ‘ngB)‘§,
6. What number is named by 'é(gé)‘é
7. What number is named by ' (" 1)'?
8. What is the éﬁditivé inverse of the additive igverse of 27
9, What is the additive inverse of the additive inverse of 07
10.  Copy aﬁﬁ'ecmpleté this statement,

For any number p in the arithmetic of the five~minute clock,

5.13 Let's Explore

In the arithmetic of the five-minute clock, the additive

inverse of 2 4+ 1 can be named as ' (2 + 1)', or '"3'.
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1. What numbers do each of these symbols represent?
a. (1+3) f. 1+ 4
b. "1+ 3 g. (0 +3)
e, (4 + 2) he 0+ 3
d. "4+ 72 _ i, =(4 + 3)
e, i(’i + 4) o T4+ 73

2, What do these answers suggest to you?

additive inverses in clock arithmetic. As you study other number
systems later you will find they also have these properties. Let's
remember them.
7 7 For any nuwmber p, “("p) = p. 7
(The additive inverse of the_additive inverse of p, is p.)

\ For any numbers p, q, (p+4q) = "p+ ¢
(The additive inverse of a swn is the sum of the additive inverses)

EXERCISES

All of these exércises refer to the arithmetic of the five-
minute clock.
1. Find the simplest namé for each of these numbers.
a. 4 : 1. “(3+ 72

b. "3 3. =2

c. 1 ke (14 74)
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d, 2 1. (1+ 3+ 4)

e. 0 A m. T34 (4+ 2)
f. 34 4 n. 1+ (1-"3)
g. (3 | 6. 2-"(4+"2)
(o) p. (1+73)-"1
2.  Which 'gf these sentences are true? |

a, (L+3)="1+"3 |

b, "2+ T4=T(2+4)

c. 3+ 1="(3+1)

do TG+ T24+3) = "4+ "(T2) + 73

e. (b+ 24+3)="4+24+73

f. T4+ 24 73="(4+ 724 3)

g 2+3+72="(24+3+2)

h. “(C2)+73="(2+3)
3. Find the solution set of each of these Equatians;

a, (2+3) =" +73

“be 14+ Tz="(1+3)
e. (Cz) =4

=1

[N
2]
e
2
[

£, 4+ y=2

g "2tz =24

h. 1+ 1="2+y

i, B+y)="3+2

3o TQ+T3+4) =14y + 4

ke 24 1l+zxz="(2+"4)




Appendix F

Introduction to Integers (Dist, Two)




Permission to reprint the material in this appendix has

been granted by the Holt, Rinehart, and Winston, Inc.

Keedy, Jameson, and Johnson, Exploring Modern
Mathematics, Book II, (pp. 20-24) (¢)1963 Holt,
Rinehart, and Winston, Inc.




INTRODUCTION TO INTEGERS (DIST., TWO)

To this point we have been working with a clock. Let's now
look at & system where the numbers are positioned on a line instead

of a circle.
Let's Explore

1, Dfawla line on your paper.

2. Fold your paper in half, Mark the point where the crease
crosses.your line. )

3. Label this point "0".

4, Use a unit this long ____ ." Label points for whole numbers
to the right of "0",

5. Where shall we label points for the additive inverses?

6.  One unit to the left of "0" make a dot. Label it ~1.

7. One unit to the left of fil' make a dot. Label it 2.

8. Continue té the edge of your paper. |

9. You now have arnumbér line for the integers. If your paper

were big enough, how far in each direction would it go?

POSITIVE AND NEGATIVE INTEGERS

Your number line should look like this

S04 T3 T2 01 o0 1 2 3 4 s
The point 0 divides this line, - The numbers to the right of"

0 are the natural numbers. Those on the left side of 0 are their
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additive inverses,

The numbers on the right are also called positive integers.
Those on the left are called negative integers. Sometimes we néme
the positive integers like this:

i+313 !+45i’ !+l78i’

we read 'T7' as "positive seven". Symbols like these name Natural
numbers. We name them this way sometimes for emﬁhagigj so that we

won't confuse them with negative integers.

EXERCISES

1. Name the additive inverse of each integer.
a, 2 7 f. 3
b, 4 g. 8

c. 17 h. 24

d. T35 1. “30

e, 0

2. Name the additive inverse of each of the following integers

o

in two ways. Example: The additive inverse of 4 18" (T4) or 4.

a. 5 d, 3
b 77 e. *36
c. T35 £ty
3. Find the followiag sums,

a, 5+5 d. 7+ 77
b. Y6+ 76 e. 25+ "25%

e. "5+ (s £. 736 + 36
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ADDING NEGATIVE INTEGERS

How shall we find the sum m and n, where m and n are
natural numﬁérg? We shall wish to do.it so that addition is
commutative and associative, if that is possible. From our work in
clock arithmetic we see the d,finiiién of mand “n - “(m + n).

When we work the problem s+ Yo 4 Ts 4+ 6 using the commutative

and associative property we have "5+ "5 4 16 4 76 = 0 + 0 =0,
Since we know that '5 +’+5,+ §(+5 + +6) also equals zero it is

seen that ~5 + 76 = ~(*s ++S). The ideas that we learn in our clock
arithmetic also work for this new set of numbers, |

EXERCISES

1, Name the additive inverse of each of the following sums of

integers in two ways.

Example: The additive inverse of +4A+ +7 is §(+é + +7) or
T4+ 77, i

The additive inverse of 4 + '8 is (T4 + 78) or
“C4) + "8,

c. 3+ 5 ‘ f. 7+ 10
2. Rename the following negative integers as the sum of two

negative integers in two ways.
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Example: Rename 7: 7 = 3 4+ 4 or 7 =

]
v
.,,_.,‘




Appendix G

Addition of Integers (Dist, Two)




ADDITION
How will we find the sum when one number is a negative
integer and the other is a positive integer? Let's use the ideas

we have so far and explore,
Let's Explore

1. Can you find the missing number?
a, 5+ 7302 + __ +3=24+40
b. 8+ 5=34+_ 4+ 5m340
ce 15+ 7=8+, + 7=8+0

d. “15+ %8 -7+ + T8 = "7+ 0

e. 11 + +§ = T4+ + +5 = 44+ 0

£, 8+M0="8+_ +taaga™
g. f7+T12=F1 4 + 75 w0+ 75

EXERCISES

1. Find the following sums.
Example: 6 + 8 =6+ (6 + 2)
=(6+ 6)+ 2
=0+ 2

=2

a. T7+%18 a. 147

o+

b. 5+ 2 _ e. 20+ "3

e. B3+T1z g 17478
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REVIEW EXERCISES

1, Find the sums of the fﬁllawing~iﬁteg2fsg
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d, 4 + h. 4 + 2

[

Did you find out that we can always subtract Ey aﬁdipg? If
we want to subtract a number we can do it by adding its invaﬁgei To
subtract 4 framrzi‘wa'can add 2 + 4, If we want to find 3-"2vywe
can add the inverse of 2. So the problem can be writﬁen '3+ -(52)‘
or '3+ 2'., This is an important pfaperty.y Let*s remember it.

In the arithmetic of a five-minute clock,
thé;subtfagtian x - y is the same as the
addition x + y. (To subtract, we may add
the additive inverse.) |

EXERCISES

1. Do these subtractions in five-minute clock arithmetic. Do them
by adding the additive inverse.

d. 3=4% ' i. 2- 3.

e, 2=2 . j. 3-"4

2. Which of Ehese;equa;iaﬂs in fivEEﬁinute clock arithmetic are true?
a. 3-2=3+"2 e. 3-(2-3)=3+ (2-3)

b. 2+4m 2-"4 f. 34+ (2-3)=3+"(+ 73)

o
L
b
1
K
L]

1+ 7C3) Be 34+ (24 73)m 34 "2+ 3

o
L]
.u‘
!
N
n

2=3+ (2 he 3=-(2-3)=3+"2+3
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3. Find the g@iucign sets of these equations in five-minute clock
arithmetic; | |

a. x=3=2473 4, 4-Tx=442

b. b4 "2 =4+ x e. X~ 3=x+3

. 3-4=3+"x |

x4, Is 2 - 3 the additive inverse of 3 - 27 (In other wards; is it

true that 2-3="(3- 2)17)
When you studied clock arithmetic you learned about subtraction.
It is the nppasiﬁe of addition. 1In clock arithmetic gvéff e¢lement has
an additive inverse. We found we could subtract by adding an inverse.
For example, in the arithmetic éf the five minute clock
2-3=24+73
In the: .system of integers all numbers hava additive inverses,
‘80 we can subtract this same way., In fa;: we can define subﬁractiun
to be the addition af the inverse.
| For any 1n§egeréAx, ¥ the subtraction
-y is defined to mean ﬁhe same as ;ha
addition x + _y_ (To subtract y from x,
we add the inverse of y to x.)

b -3= 4+ 3=
5-2="5+"2="7

7-"3=73+%210

8 =2




EXERCISES
- Subtfaﬁgt, wrﬁfitiﬁg the simplest name for your result,

1. 14 -7 8. T4 -9 15. 12 -3

o
[ ]
]
!
B
(=
L
»
H
[N
1
i
]
o
%
o
L
N
F
]
[
o




Appendix I

Form A and Form B of Evdluation Instrument
Developed by Investigator




Appehdix I
TEST. FORM A.
Part I. Addition.
, . *o - s 10 4
Lo S+7=_ 2 T54T8a__ 3, tio4 —_—

4 T3+ 78 5, taty . 6. Y84+ 72 =

Part II. Subtraction,

10, 723 - 2l=_ 11, T17 - 25 . 12, 736 - "8 =
13, 716 - ‘zarx . 14-‘ 27 - 719 = 15. "8 -"15 = .
16. 21 - T36 =
Paft III;- Show your work fa: each problem below,
1. 2°1/4 - 3/4 = - 2. 31/8-15/8 =

3., 325299 a | | by 342 - 198 =
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TEST. FORM B.
Part I, Addition.

l. 6+8=_ 2. Yo+ 77 3. 710 + Y6 =

R ———

4y "4+ 77 = 5. 14t . 6. e+ T4
7. 7+ M2 8. "li+ 3=

Part II, Subtraction.

l. 5-2= 2. 6=9=__ 3. 8-15-=

~4
L]
~d
L}
L9, ]
]
oo
L]
| o
~
]
ot
oo
1]
WLy
L]

10. "24 - T22= 11. 718 - T24 = 12, T32-T7 =

13,

=
o
1
]
ot
[
=
E-S
»
[
L=l
1
[
~J
]

15, "7 - "1 =

16, 722 - T35 a

Part I1I. Show your work for each problem below.

lo 31/5-4/5= 2..21/7 =1 4/7 =

3., 375-98 = . 4, 343 =199 =

5. 6= (1" 6. ('7-"8) - " =
gi +5 - ES - +7 - ’ 1D- ' EE = +4 - i?_ =




