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ABSTRACT

In this research a technique for identifying and study-
ing presentation variables in mathematics text was developed
and investigated. These presentation variables concern the
manner in which mathematics text is communicated in printed
form. From a developmental point of view the purpose of the
research was to develop a technique of studying presentation
variables in mathematics text. From an empirical point of
view the purpose of the research was to investigate the
validity and reliability of the technique.

The developed technique has three basic components.

The first component comsists of a two dimensional system of
categories. called the CMMT category system, for classifying
messages in mathematics text. Dimension 1 of the system
classifies messages in mathematvics text in terms of mathe-
matical content and processes. Dimension 2 of the system
classifies messages in terms of mode of representation. The
second component of the developed technique concerns pro-
cedures for applying the category system to classify messages
in mathematics text. The third componenf, called CMMT

analysis, is a method of analyzing the information collected
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by applying the CMMT categories to mathematics passages.
CMMT analysis utilizes a computer program to provide informa-
tion about an analyzed passage in the form of a sequential
list of messages in the passage, interaction matrices Showing
the relationships among types of messages, and various pro-
portions reflecting the frequency with which types of mes-
sages appear. The union of the three components is called
the CMMT technique.

The purpose of the validi*y study was to investigate
the validity of the CMMT technique as a means of studying
presentation variables in mathematics text. Validity was
studied in a descriptive and statistical manner. Sections
of twelve textbooks ranging from grade levels four thrcugh
twelve as well as six pairs of contrived passages ~ere sub-
mitted to CMMT analysis. The results of the validity stud
indicate *' ¢ (1) CM T analysis can be used to describe the
nature of the presentation in mathematics text passages, (2)
passages sampled at random from textbook sections tend to
correlate high’: with the entire sections from which they are
sampled, (3) passages sampled from the same texthook tend to
correlate more hiéhly than passages sampled from different
textbooks, and (4) CMMT analysis provides data on variables
which statistically differentiate among textbooks.

The purpose of the reliability study was to determine
within- and between-rater reliability estimates for subjects
using the CMMT technique. Three groups of subjects consist-

ing of mathematics education specialists, secondary




xiii

mathematics teachers, and student teachers of secondary
mathematics were trained in the use of the CMMT technique.

On two occasions these subjects coded six criterion passages.
The results of the reliability study were (1) there were no
statistical differences between groups of raters, (2) some
passages were statistically more difficult to code than
others, (3) between-rater reliability coefficients for
dimension 1 categories ranged from approximately .50 to .80
while for dimension 2 they ranged from about .75 to 1.00,

(4) within-rater reliability coefficients for dimension 1
categories janged from about .60 to .90 while for dimension 2
they ranged from about .75 to 1.00, and (5) investigator
reliability measured in terms of the codings of subjects
averaged .77 for dimension 1 categories and .99 for dimen-
sion 2 categories.

The conclusion which may be drawn from the validity and
reliability studies is that the CMMT technique has potential
for becoming a useful technique for investigating presenta-
tion variables in mathematics text. Future research will

have to determine if this potential will be realized.
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CHAPTER 1
INTRODUCTION

Need for the Study

A major component of mathematics instruction is neces-
sarily the instructional materials used. Usually these
materials are in the form of printed text. The past fifteen
years has seen the production of vast amounts of various
mathematical text materials produced by publicly supported
writing groups as well as by many independent authors and
publishing firms.

Aside from the actual mathematical subject matter,
which is essentially common to all recent mathematics text-
books, different writing groups and authors hold differing
views on how mathematics should be presented. Advertisements
for new textbooks would have the reader believe that each set
of mathematics materials offers a unique (and superior)
approach to the presentation of mathematics in printe<d form.
While the advertising claims no doubt overemphasize the point,
casual comparisons of modern mathematics textbooks reveal
that while content seems indeed tc be similar, approaches to
presenting this content appear varied.

Unfortunately, research concerned with the investigation

of presentation variables in mathematics text is practically

PR e T,



non-existent. In fact, it is very difficult to even estab-
lish what constitutes a given approach to presenting mathe-
matics text, much less to compare various approaches. There
have been great numbers of descriptive and comparative
studies of "modern" and "traditional' approaches to mathema-
tics instruction and most of these studies include written
materials. However, these studies typically confound presen-
tation variables with content and teacher variables making
the results, when there are any, uninterpretable in terms of
presentation approaches.

There has been some research relating more specifically
to written materials than the broad descriptive and compara-
tive studies referred to above. Research has been conducted
in the sequencing of mathematical instructional materials and
work is continuing in this area (Hei~- -.89). Others have
studied the relationship between reading ability and mathe-
matics text. Progress has been made toward adapting ordinary
English readability techniques for use on the language of
mathematics (Kane, 1970).

Research which effectively studies printed mathematics
materials is indeed sparse. Other than in the areas of
sequence theory and readability there appears to be no
research designed to systematically study mathematics text.
Additional significant variables in mathematics text need to
be identified and methodologies for investigating these vari-

ables need to be developed.




Introduction to the CMMT Technique

In this research a technique for identifying and study-
ing presentation variables in mathematics text was developed.
These presentation variables, which concern the manner in
which authors attempt to communicate mathematics in printed
form, were investigated in terms of various content and
representational structures in mathematics text.

The structure of any object may be defined by its ele-
ments and by the interrelationships among these elements.
These interrelationships concern the sequencing or ordering
of the elements and the frequency with which the various
clements occur. When considering the presentation structure
of mathematics text, the elements may be thought of as
messages. The interrelationships among the messages deter-

mine the organization of the material.

A mathematics text passage can be thought of as consist-
ing of a series of messages. In terms of formal mathematical
content, the basic message types can be con-zeived of as
undefined terms, definitions, axioms, and theorems. Defini-
tions require examples and theorems require proofs. For
mathematics to be meaningful, applications are required. To
help the student learn the mathematics, exercises and prob-
lems are usually provided. In terms of representation of
the content, the basic messages can be conceived of as con-
sisting of words, special mathematical symbols, or various

types of illustrations.




These considerations of mathematical content and mode

of representation along with extensive examination of exist-
ing mathematics textbooks led to the development of a two
dimensional category system for classifying messages in

mathematics text. This system of categories is given next.

Classification of Messages in Mathematics Text
(CMMT Categories)

Dimension 1l: Content Mode

0. Blank Space

I 1. Definition (Meaning of words and symbols.)
2. Generalizations (Rules, axioms, theorems,
Reception formulas, etc.)
(Exposition) 3. Specific Explanation (Concrete examples,
specific discussion.)
J 4. General Explanation (Proofs, general
discussion.)

5. Procedural Instruction (Directions.)

6. Developing Content (Questions in exposi-
tion, developmental activities, guided
discovery exercises, etc.)

Messages 7. Understanding Developed Content (Exer-
requiring cises involving routine computation,
responses. practice, identification, etc.)
(Exercises, 8. Applying Developed Content (Real world
problems, problems, applications of generaliza-

etc.) tions in concrete situations, etc.)

9. Analyzing and Synthesizing Developed
Content (Proving propositions, finding
new relationships, unguided discovery,
etc.)

10. Other Material (Headings, non-mathemati-
cal materials, etc.)




Dimension 2: Representation Mode

0. Blank Space

Wri:ten 1. Words
‘ 2. Mathematical Symbols
t 3. Representations of Abstract Ideas (Venn
diagrams, geometric diagrams, mapping ’
pictures, etc.)
4. Graphs (Number lines, coordinate graphs,
Illustrations bar graphs, etc.)

5. Representations of Physical Objects of
Situations (Plans, maps, cross sec-
tional drawings, photographs, etc.)

6. Non-mathematical Illustrations (Motiva-

L tional photographs, cartoons, etc.)

7. Combinations of Illustrations with
Written Text (Flow charts, mathemati-
cal tables, tree diagrams, etc.)

The CMMT category system is applied to mathematics text
passages in much the same way that many other observation
scales are applied to the phenomena they measure. The basic
unit of measure used is one-fourth of a line of print. An
area unit is used so that quantitative aspects of the
organization of passages can be described in terms of the
space devoted to the various types of messages. To apply
the category system, a page of text is partitioned into
sections conforming to the format of the page. A category
number for each dimension of the CMMT system is recorded
for each section of this partition.

When classification of all messages in a passage is

complcted the information may be analyzed in ways which




rcflect both sequential and quantitative aspects of the
organization of the passage. Sequential aspects are repre-
sented by making an ordered list of the classifications
following the natural flow of the printed material. Matrices,
similar to those used in interaction analysis (Flanders,

1970, pp 77 - 86) are used to analyze the nature of the
interactions amorig the CMMT categories in each dimension.
Quantitative aspects of a passage are described by determin-
ing the proportions of messages of various types and logical

combinations of types. All of the descriptive information

for a given passage is called the CMMT analysis for that
passage. A computer program is used’to derive the CMMT
analysis of a passage from a rater's codings.

Thorough descriptions of the CMMT categories and specific
procedural rules are used by raters applying the CMMT category
system to mathematics text passages. The procedural rules
describe general procedures for raters to follow and give
specific decision rules for dealing with such problems as

the classification of units containing more than one type of

message and what to do when in doubt about the classifica-

tion of a message. A method of estimating rater reliability
adapted from interaction analysis (Flanders, 1960) is used
to estimate the reliability of CMMT raters.

In summary, this study cqncerned the development of a
technique for studying presentation variables in mathematics

text. The basic components of the technique are the CMMT




category system, the procedures for using the CMMT categories,
and CMMT aralysis. The union of these components is called

the CMMT technique.

Overview of the Study

This study had purposes which were both developmental
and empirically oriented. From a developmental point of
view, the purpose of the study wzs to develop and refine the
CMMT technique. From an empirical research point of view,
the purpose of the study was to investigate the reliability
and validity of the CMMT technique as a measurement instru-
ment.

The development of the CMMT technique was an evolution-
ary process. The germinal idea was developed from classroom
interaction analysis studied by Flanders (397J), Amidon
(1967) and others. The idea was to use a technique similar
to interaction analysis to study mathematics text. The
first step in the development of such a technique was to
cxamine existing mathematics textbooks and to begin forming
a classification system. Successive tentative category
systems were developed, tried out on mathematics textbooks,
submitted to critical discussion, and revised. As the
category system was being developed a theoretical rationale
for the choice of the categories also began to evolve. Thus,
the final form of the CMMT Category system was based on both

practical experience and theoretical considerations.
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Procedures for using the system to code text materials

were also developed. Procedural matters which were dealt
with included the choice of the unit of observation,
decision rules, sampling procedure, and the scope or range
of application. ‘Simultaneous with the development of the
CMMT category system and procedures, the method of CMMT
analysis and a method of estimating rater reliability were
developed. Computer programs were written for deriving the
CMMT analysis of a passage from a rater's codings and for
determining rater reliability estimates. Chapter 3 is
devoted to a detailed discussion of the development of the
CMMT technique.

The specific purposes of the empirical part of the
séudy were:

1. To investigate the validity of the CMMT technique
as a means of studying the organization of
mathematics text.

2. To investigate the reliability of raters trained
in the use of the CMMT technique.

To carry out these purposes, twelve textbooks ranging
from grade four through grade twelve were studied. A total
of 99 passages from the twelve textbooks plus twelve con-
trived passages were submitted to CMMT analysis in the
validity portion of the study. Certain focus passages were
used to demonstrate that CMMT analysis can be used to

describe the organization of mathematics text. The contrived




passages, which were written in pairs following opposing

organizational plans, were used to show that CMMT analysis
reflected these plans. Successive correlations were made
between entire sections of the textbooks and increasing
samples of passages chosen randomly from these sections
using data from the CMMT analyses. These correlations were
used to determine what constituted an adequate sample of
passages from the textbooks. Passages within textbooks were
also correlated using data from the CMMT analyses. These |,
correlations were compared to correlations between passages
from different textbooks to determine if passages within
cextbooks correlated more highly than passages between text-
books. Finally, an analysis of var.ance model was used to
identify differences between the twelve textbooks on a
number of CMMT organizational variables.

Three groups of subjects including un’versity seniors
studying to become secondary mathematics teachers, practicing
secondary mathematics teachers, and professional mathematics
education experts were used to study rater reliability. The
subjects in each group studied a training booklet to learn
the CMMT technique and then rated six criterion passages on
two occasions separated by a minimum four week period of
time. Repeated measures analyses of variance were performed
to determine if within- and between-rater differences existed
between the groups of subjects and to determine if differ-

ences existed in the rating difficulty of the criterion

L R




10

passages. Within- and between-rater reliability coefficients
were determined for the subjects in each group who obtained
proficiency in the application of the CMMT technique. Chap-
ters 4 and 5 are devoted to a discussion of the reliability

and validity studies.

Significance of the Study

The CMMT technique has import for both practical appli-
cation and research. Since CMMT analysis provides a means
of describing the presentation of mathematics text in a
specific concrete manner, it could be used to provide valu-
able information about existing textbook materials. Pub-
lishers may wish to use CMMT analysis to help describe the
nature of their textbooks. Authors and editors of mathe-
matics textbooks may wish to use CMMT analysis to assist
them in the writing and revision of text material. Textbook
selection committees may wish to use CMMT analysis to help
them gain more information about the textbooks they are
considering. CMMT analysis could be utilized in mathematics
teacher education programs as an aid in the study of mathe-
matics materials. Thus, CMMT analysis could become a valu-
able practical tool for helping publishers, authors, text-
book selection committees, and students of mathematics
education gather information about mathematics instructional
materials.

From a research point of view, the CMMT technique

offers a way of manipulating and controlling variables in
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comparative studies of written mathematics text materials.
Researchers could contrive materials which systematically
vary on a number of CMMT qrganizational variables. The
relationships between these variables and learner outcomes
could then be investigated. Since the CMMT technique can
be applied to any mathematics text materials, it is possible
that results of completed comparative studies could be more
meaningfully interpreted by submitting the materials used in
these studies to CMMT analysis. Researchers may wish to use
CMMT analysis to search for organizational differences among
existing mathematics textbooks. Thus, CMMT analysis could
prove useful in research for both identifying and systema-
tically studying organizational variables in mathematics

text.
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CHAPTER 11

BACKGROUND OF THE STUDY

The first thrust of the revolution that swept mathematics
education in the post-Sputnik era had to do with changing the
content of school mathematics. A comparison of the tables of
contents of textbooks used today with those used in the 1950's
reveals the success of this part of the revolution.

A second thrust of the school mathematics revolution
dealt with how mathematics should be presented to students.
Romberg (1969) states that while there is now considerable
agreement about what mathematics should be taught there is
not agreement about how it should be taught. Clearly, how
mathematics should be taught is'closely related to how it
should be presented to students in written form. This chapter
discusses presentation approaches employed by authors of
mathematics textbooks, research on mathematics text which has
been carried out, and research methodologies related to those

used in this study.

Approaches to Presenting Mathematics in Text Form

Different writing groups and authors hold differing
views on how mathematics should be presented in written form.

Beberman (1958) described the Presentation approach utilized
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by the University of Illincis Committee on School Mathematics
(UICSM). This approach which has come to be known loosely

as 'guided discovery'" used problems and exercises to develop
concepts and skills. The UICSM approach was based on the
belief that the student will come to understznd mathematics
if he plays an active part in developing mathematical ideas
and procedures. According to Beberman, UICSM materials
stressed precision in the use of mathematical language with
the final verbalization of concepts being delayed until after
the student has worked with the concepts and come to under-
stand them.

Wooten (1965) described the more traditional expository
presentation approach taken in materials written by the School
Mathematics Study Group (SMSG). Typically SMSG materials
consisted of an exposition of a mathematical concept followed
by exercises and problems over the developed content. Interest-
ing applications and extensions of the developed content were
included periodically as problems; however, subsequent content
development was not usually dependent on these problems.

Like UICSM materials, SMSG materials stressed the precise
use of mathematical language but no attempt was made to pro-
vide extensive experience with concepts hefore verbalization.

The differences of presentation exemplified by UICSM and
SMSG materials are typical of the types of differences in
presentation which can be found in other mathematics text

materials. An examination of existing mathematics textbooks
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reveals a number of apparent presentation variables in
mathematics text. These apparent variables include quanti-
tative variables such as the amounts of verbal material,
symbolic material, illustrative material, blank space,
expository material, exercises, problems, etc. They also
include sequential variables such as the degree of integra-
tion of exercises with exposition, the placement of illus-
trations, the order of presentation of examples and general-
izations, etc. Finally, these variables include certain
qualitative variables such as the levels of abstraction,
concreteness, generality, application, etc.

The advertisements of textbook publishers also indicate
the existence of a number of approaches to the presentation
of mathematics in text form. The advertisements claim that
various books utilize the discovery approach, the manipulative
approach, the structural approach, the axiomatic approach,
the informal approach, the inductive approach, the workbook
approach, the application approach, the spiral approach, the
programed text evwproach, etc. While it is not always clear
exactly what all of these terms mean, the advertisements
support the contention that there are a variety of approaches
to presenting mathematics in printed form.

In summary, there are apparent identifiable presentation
variables in mathematics text. Some of these variables have
been describea by authors su:zh as Beberman and Wooten.

Others can be inferred from the examination of existing
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textbooks and from advertisements for new mathematics text-
books. Unfortunately, research relating specifically to
p}esentation variables in mathematics text is practically
nonexistent. There has been some research relating to
other specific variables in mathematics text and to mathe-
matics text in general. This research is discussed in the

following sections.

Descriptive and Comparative Studies of Mathematics Text

Romberg (1969) reviewing current research in mathematics
education reported little research specifically concerned
with mathematics text. He reported a number of descriptive
studies related to the effectiveness of instructional pro-
grams and many of these studies included written materials.
However, the main emphasis of these studies appeared to
concern the mathematical content—i.e., could a certain topic
be taught to a given group of students. No control or com-
parison groups were present in these studies and instructionai
variables other than written text weré present to confound any
results. Hence, these descriptive studies only remotely
relate to the study of mathematics text and no generalizations
about variables in mathematics text can be made from then.

Romberg (1969) also reported that numerous studies have
been conducted comparing "modern" and "conventional' mathe-
matics instruction and most of these studies included written
materials. However, he found it difficult to make any

generalizations about the effectiveness of written materials
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from these studies. Most of the studies were small "one
shot" affairs in which no significant differences were found.
When differences were found it was usually not clear how
treatments actually differed and confounding variables such
as teacher influence and between student interactions were
usually present. Thus, the results of these comparative
studies were uninterpretable in terms of the learning mate-
rials used.

Kieren (1969) reviewed the research in discovery learn-
ing in mathematics and found that published research in the
area was large in volume and generally poor in quality.
There have been a great number of studies comparing '"dis-
covery'" and '"traditional" approaches to mathematics teaching
which have utilized written materials. Kieren noted, how-
ever, that each researcher seemed to have a different con-
ception of what constituted a "discovery'" and a "traditional"
treatment. In addition to this lack of operational defini-
tion of treatments, he suggested that discovery research
generally suffers from a bias of having the development
effort expanded on the discovery treatment. Hence, it is
very difficult to make many conclusions about mathematics
text from the research reported in Kieren's review.

By far the most comprehensive study comparing mathe-
matical text materials is the National Longitudinal Study
of Mathematical Abilities carried out by the research group

of the School Mathematics Study Group (Wilson, et al., 1969).
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In that study the relative effects of a number of mathemat-
ics textbook series were studied over a period of several
years. A vast amount of data concerning achievement and
attitude was collected and submitted to intense and sophisti-
cated analysis. While the study avoided many of the problems
inherent in smaller comparative studies the results do not
shed much light on the question of what constitute effective
approaches to presenting mathematics in written form.
Apparently, all that can be said about written materials

from the results of the study is that book A appeared to be
superior to book B in some aspect of student achievement or
attitude. It is impossible to identify what variables made
the approach of book A superior to that of book B.

Thus, in the past there have been great numbers of
descriptive and comparative studies involving mathematics
text. These studies have ranged from small "one shot"
studies to the extensive National Longitudinal Study of
Mathematical Abilities. A search of research since the time
of Romberg's and Kieren's reviews in 1969 reveals that little
has changed. Descriptive and comparative studies involving
mathematics text continue to be done. The recent studies
appear to suffer from the same deficiencies described by
Romberg and Kieren and the differences, when there are any,
do little to identify specific meaningful variables in
mathematics text.

Both Romberg and Kieren in their reviews infer a need

for long range systematic research of mathematics text.

Bl & T
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Important variables in mathematics text need to be identi-
fied and methodologies for studying them need to be developed.
Descriptive and comparative studies involving mathematics

text have done little to meet this need. Fortunately, there
has been some research relating more specifically to mathe-
matics text than these broad types of studies. This research

is discussed in the next section.

Systematic Research of Mathematics Text

Two areas where some systematic research of mathematics
text has been carried out are the areas of sequence theory
and the readability of the language of mathematics. These

areas of research will now be discussed in turn.

Sequence Theory

Heimer (1969) described the research and development
efforts toward producing an adequate sequence theory in
mathematics instruction. He defined instructional sequence
to mean the order in which the learner interacts with the
units of content. Heimer claimed that every effort to
construct mathematical materials demands decisions about
structuring the content and designing and ordering instruc-_
tional tasks. Thus, sequence theory has important implica-
tions for the study of variables in mathematics text.

A major theoretical formulation of sequence theory
which has implications for the sequencing of mathematics

text concerns Gagne's learning hierarchies. Accordin to
g
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Gagne (1968) a subject mey be organized into hierarchical
structure with a terminal task at the top and prerequisite
tasks below. To learn the subject a learner starts at the
bottom of the hierarchy and wofks his way up through the
prerequisite tasks to reach the terminal task at the top.
This theoretical formulation has been particularly appealing
for the design of sequences in mathematics text since mathe-
matics has a logical structure which is hierarchical in
nature.

Heimer (1969) claimed that a critical analysis of the
nature and role of learning hierarchies gives rise to a
number of issues which need exploring. These include:

1. How is a learning hierarchy constructed?

2. How is the validity of a learning hierarchy to be

determined?

3. What is the relationship between an hypothesized
learning hierarchy and the associated presentation
sequence for instruction?

4. What is the connection between the logical structure
of the content and the associated learning hierarchy?

Heimer in his review indicates that a number of studies
(e.g., Gagne § Paradise, 1961; Gagne, 1962; Gagne et al.,
1962; Merrill, 1965; and Briggs, 1968) have explored these
questions and he called for continued systematic research in
the area. Such studies have obvious implications for the

design of sequences in mathematics text.
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The position of Ausubel (1963) on learning hierarchies
and sequencing is not unlike Gagne's. Ausubel claims that
most tasks can be analyzed into a hierarchy of learning
units. He stated that the sequential organization of subject
matter can be useful with each new increment of knowledge
serving as an anchor for subsequent learning. Ausubel's
conceptualization of advance organizers, which appear to
consist of general non-technical overviews or outlines of
the content to be learned, also has implications to the
construction of sequences in mathematics text. Several
studies by Ausubel and others (e.g., Merrill § Stolurow,
1965; Ausubel, Robbins § Blake, 1957; Woodward, 1966; and
Scandura § Wells, 1967) concerning advance organizers have
been conducted, but the results are inconclusive. A major
problem with these studies seems to be that no generally
accepted operational definition of advance organizers has
been established.

Suppes (1967) has been another contributor to the theory
of sequencing in mathematics instruction. Suppes subscribes
to the idea of the importance of content structure in the
study of learning sequences. He has theorized about the
connection that exists‘between the psychological processes
of acquisition and the logical structure of mathematical
concepts. He has made only a few tentative hypotheses
regarding this and systematic long-range research is needed
in the area. Tle implications such research would have for

the design of mathematics text are clearly important.
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There have been many studies concerning sequence theory
other than those closely related to the theories of Gagne,
Ausubel, and Suppes. Some researchers (e.g., Roe, Case, §
Roe, 1962; Roe, 1962; Payne, Krathwohl § Gordon, 1967; and
Pyatte, 1969) have studied the effects of "logically ordered"
versus ''scrambled'" sequences in programed text, but the over-
all results have been inconclusive. Heimer (1969) indicated
that the effect of scrambling may be dependent of the size
of the learning unit which was scrambled, on the logical
interrelatedness of the content being presented, and on the
validity of the order of the ''logical" sequence which was
scrambled. Heimer questioned the purpose of studies of
scrambled order sequences and inferred that the results of
such studies add little to the knowledge of how to construct
effective sequences.

A number of studies reported in Heimer's review concerned
the cvaluation and/or contrasting of sequence strategies in
mathematics materials. These studies involved the tree-graph
structuring of content into concepts and subconcepts (Newton
and Hickey, 1965), the effect of structurally related classes
of previous learning on problem solving (Scandura; 1966a,
1966b, 1966¢c), multiple concept versus single concept
sequences (Short and Haughey, 1967), and variables of repeti-
tion and spaced review (Reynolds et al., 1964). Hickey and
Newton (1964) also set forth a set of eight hypotheses for

the study of structure and sequence.

[ R
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In concluding his review of the research in sequence
theory, Heimer stated that knowledge about the construction
of efficient instructional sequences in mathematics materials
was desperately sparse. He indicated that while a number of
researchers are working in the area there is a need for
systematic long-range programs of research of the sequencing
of instructional materials in mathematics.

The research in sequence theory briefly described here
is only tangentially related to the type of presentation
variables in mathematics text investigated in this study.
lience, the research in sequence theory was not reviewed in
depth. An area of research more closely related to this
study is the area of the readability of mathematical language

discussed in the next section.

Readability Studies

Readability formulas have been widely used to assess
the easeé with which written material can be comprehended by
readers. A readability formula is a predicticn equation.
The predictor variables typically include such variables as
average sentence length, the number of difficult words
according to some standardized vocabulary list, the number
of personal pronouns, and others. These predictor variables
depend only on the reading materials and not on the reader.
The criterion measure, on which a readability formula is
validated, is some measure of the comprehensibility of the
material such as readers' comprehension test scores, expert

judgement, or other validated readability formulas.
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Thus, a readability formula can be applied to written
text independent of the reader to assess the readability of
the material. Care should be taken, however, when applying
readability formulas to written material. Any measurement
instrument is valid for a given purpose, for specific sub-
jects, and specific content. Therefore, a given readability
formula should only be applied to measure the readability of
material similar to the material which was used in its
validation and for subjects comparable to the subjects on
which it was validated.

Most readability formulas were validated using materials
of a general reading nature. Kane (1968, 1970) described
some of the differences between ordinary English and mathe-
matical English. For example, he pointed out that mathemati-
cal English has a specialized vocabulary and contains special
symbols not found in ordinary English. He discussed the
inappropriateness of applying existing readability formulas
to mathematical writing. Chall (1958, p. 125) noted that
it is questionable whether existing readability formulas
are valid for estimating reading difficult; of mathematics
textbooks.

Nevertheless, a number of researchers (Heddens § Smith,
1964a, 1964b; Wiegand, 1967; Smith, 1969; Cramer § Dorsey,
1969) have used standard readability formulas in an attempt
to measure the readability of mathematics textbooks. In

these studies mathematical words were usually classified as
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A}

difricult words and mathematical symbols were ignored in
applying the formulas. For reasons described above the
results of thesc studies are highly suspect.

A few researchers have made progress toward adapting
regular readability techniques to the language of mathematics.
The cloze procedure has been used by researchers as a measure
of the readability of ordinary English. C(loze tests are con-
structed by deleting words or symbols from passages and
replacing them with blanks which subjects attempt to fill-in
with the correct word. Hater (1969) validated the cloze
procedure as a measure of reading comprehension on the
language of mathematics at grade levels 7 through 10.

Most readability formulas utilize some measure of
vocabulary difficulty. Because of the specialized nature
of mathematical vocabulary and mathematical symbolism, word
familiarity lists constructed for ordinary English are
inadequate for measuring the familiarity of mathematical
language. Byrne (1970) established a measure of the famili-
arity of mathematical terms and symbols to seventh and
eighth grade students in the United States.

Building on Hater's and Byrne's research Kane, Hater,
and Byrne (1970) constructed a readability formula for the
language of mathematics. This formula predicts mean cloze
scores for seventh through tenth grade students on mathe-
matics passages. The Predictor variables in this formula

were the number of mathematics words not on the list of
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mathematics words judged known by 80 percent of the seventh
and eighth graders in the United States and the number of
different words with three or more syllables. These vari-
ables accouﬁted for 60 percent of the variation in mean
cloze scores for the criterion passages. These researchers
are continuing work toward the construction of a second
formula based on a broader sample of materials than the
initial formula.

Kulm (1971) studied the readability of elementary algebra
textbooks. He used multiple regression analysis with criterion
measures of mean cloze scores to search for predictors of
readability. He found that the percentage of mathematical
symbols, the percentage of mathematical vocabulary words,
average sentence length, and the percentage of questions
were the best four predictors accounting for approximately
40 percent of the variation.

While the research in the readability of the language of
mathematics is not directly related to the technique of study-
ing presentation variables in mathematics text developed in
this study, one major aspect of the readability research is
similar. Readability formulas provide a means of obtaining
specific information about mathematics text. This study
represents an extension of readability studies in the sense
that its purpose was to develop a technique for obtaining
other useful information about mathematics text. On the

other hand, the methodology of constructing prediction

FRY. SNV
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equations is not employed in this study. Methodological
techniques and other research directly utilized in this

study are described next.

Methodological Techniques and Other Related Research

The germinal idea for the technique of investigating
presentation variables in mathematics text which was developed
in this study came from the systems of classroom interaction
analysis developed by Flanders (1970), Amidon (1967) and
others. These systems of interaction analysis utilize sets
of categories for classifying types of student and teacher
classroom behaviors. The classifications of the behavior in
classrooms are then analyzed to describe the nature of the
interaction which has taken place.

An observer utilizing an interaction analysis system
classifies the type of behavior occurring in a classroom at
time intervals of say every three seconds. The sequznce of
these classifications is then listed to describe the sequence
of behaviors which occurred in the classroom. The percentage
of observations in each category or logical combinations of
categories are computed to describe the amount of time devoted
to various behaviors. Interac .ons which exist between the
classified behaviors are analyzed with the use of a matrix.
For an n category system, an n x n matrix is constructed with
the ijth entry representing the frequency with which category
i was followed by category j in the observer's sequence.

Various interactions between the classified behaviors can be




27

described in terms of the entries in certain regions of the

matrix.

The technique of interaction analysis has led to a
great deal of fruitful research in analyzing teaching
behavior. Application of interaction analysis has been made
to problems of improving teacher behavior and to the training
of teachers. While interaction analysis research and its
applications are interesting, :t is the technique of inter-
action analysis which is important to the study presented
here. The idea of this study was to develop a system of
categories for classifying material in mathematics text and
to use a technique similar to interaction analysis to
analyze the inte.relationships among classifications.

The first major problem to be fac:d was the construction
of a category system for classifying the material in mathe-
matics text. As a theoretical starting point three estab-
lished classification systems were drawn upon. Bloom (1956)
presented a system for classifying educational objectives.
This hierarchial system is summarized below.

1. Knowledge - involves the recall of specifics,

methods, or processes.

2. Comprehension - involves the understanding and use

of material without relating it to
other material or seeing its full

implications,
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Application - involves the use of abstractions in
particular and concrete situations.
Analysis - involves the breakdown of material into
its constituent elements so relations
between ideas are made explicit.
Synthesis - involves the putting together of
elements so as to form a whole.
Evaluation - involves judgments about the value

of material.

The National Longitudinal Study of Mathematical Abilities

(Wiison, et al., 1969, pp. 39-40) developed 2 system not

unlike the Bloom system to classify materials for testing

mathematical abilities. These categories are summarized

below.

1.

Computation - straight forward manipulation accord-
ing to rules.

Comprehension - emphasis on demonstrating under-
standing of concepts and relation-
ships.

Application - requiring recall of knowledge, selec-
tion of operations, and performance
of operations.

Analysis - requiring a non-routine application of

concepts.

Finally, Bruner (1967) described a system of represen-

tation which had implications for the category system
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developed in this study. He theorized that the representa-
tion of material may be symbolic, iconic, or enactive.
Symbolic representation is exemplified by languages and
systems of mathematical symbols. Iconic representation
concerns pictures, illustrations, and physical models.
Enactive representation involves the manipulation of real

objects.

Summarz

There are apparent variables in the presentation of
mathematics text. These variables have been described by
mathematics textbook authors and can be inferred from
observations of textbooks. Research related to mathematics
text consists of descriptive studies, comparative studies,
sequencing studies, and readability studies. Little is
known from the research about presentation variables in
mathematics text.

In this study the technique of classroom interaction
analysis served as a model for the development of a technique
for studying presentation variables in mathematics text.
Classification systems of Bloom, the National Longitudinal
Study, and Bruner served as a theoretical starting point
for establishing a system of categories for classifying
material in mathematics text. The category system and
technique which were developed are described in the follow-

ing ghapter.




CHAPTER III

DEVELOPMENT OF THE CMMT TECHNIQUE

. One of the main purposes of this study was to develop a
technique for identifying and studying presentation variables
in mathematics text. These presentation variables concern
the manner in which authors attempt to communicate mathemat-
ical content in printed form.

Presentation variables in mathematics text were studied
in terms of both content and representational structures
within mathematics materials. The structure of any object
is determined by its elements and by the interrelationships
among its elements. In considering presentation structures
of mathematics text, the elements are called messages. The
interrelationships among the messages in mathematics text

determine the organization of the material.

As a first step in the development of this technique
for studying the presentation of mathematics text, a means
of identifying the basic elements or messages had to be
developed. To accomplish this, a system of categories for
classifying messages in mathematics text was devised. The
categories in this system define the message types investi-
gated in this study. The classification system is called
the CMMT category system. The letters CMMT stand for

""Classification of Messages in Mathematics Text."
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The second step in the development of this technique
was to devise a method of describing and analyzing the
t interrelationships among the messages in mathematics text.
| These interrelationships, which determine the organization
l of mathematics text, concern the ordering or sequencing of
} the messages and the frequencies with which the messages
occur. The method which was developed for analyzing the

organization of the messages is called CMMT analysis. The

CMMT category system and method of analysis along with the
procedures for using the category system are the basic com-

ponents of the CMMT technique.

The specific developmental objectives of the study were:

1. To develop a system of categories for classifying
the messages in mathematics text.

2. To develop complete, usable descriptions of these
categories.

3. To develop procedures for using the category system
to classify messages in mathematics text.

4. To develop a method of analyzing the organization
of mathematics text from the classification system.

5. To develop a method of estimating reliability for
raters using the category system.

This chapter is devoted to describing how each of these

developmental objectives was attained.

PN
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Development of the CMMT Category System

The CMMT category system grew out of considerations
which were both theoretical and practical in nature.
Theoretical considerations concerned the structure of mathe-
matical systems, cognitive processes used in learning mathe-
matics, and systems of representation of learning material.
Practical considerations concerned the nature of existing
mathematics textbooks—i.e., the. types of things which are
possible to classify in mathematics text. The CMMT category
system which was included in Chapter 1 is repeated here for
convenience. It is followed by a description of its develop-
ment.

Classification of Messages in Mathematics Text
(CMMT Categories)

Dimensigg 1l: Content Mode

0. Blank Space

1. Definition (Meanings of )
words or symbols.)
2. Generalizations (Important

rules, axioms, theorems,
fgsﬁifﬁﬁ formulas, etc.) .
gnly g 3. Specific Explanation + Exposition

(Concrete examples and
discussion in specific
terms.)

4. General Explanation
(Proofs of propositions,
general discussion, etc.) |

reception.




5. Procedural Instructions
(Directions.)

6. Developing Content
(Questions in exposition,
developmental activities,
guided discovery exercises,
etc.

7. Understanding Developed

?:ii?ges Content (Exercises involv- ggggigzig'
for g ing routine computation, of ques-
responses piac;ice, identification, ! tiogs,
etc. 2
:ﬁgﬁr 8. Applying Developed Content g?ggi;;gs’
reception (Real world problenms, activitiés
P ) applications of generaliza- ete ’

tions in concrete situa-
tions, etc.)

9. Analyzing and Synthesizing
Developed Content (Proving
propositions, finding new
relationships in developed
content, unguided discovery,

\d etc. J

10. Other Material (Headings, non-mathematical
materials, etc.)

Dimension 2: Representation Mode

0. Blank Space

+
Written 1. Words
teft. 2. Mathematical Symbols
I 3. Representations of Abstract Ideas (Venn
diagrams, geometric diagrams, mapping
pictures, etc.)
4. Graphs (Number lines, coordinate graphs,
Illustration bar graphs, etc.)

5. Representations of Physical Objects or
Situations (Plans, maps, cross
sectional drawings, photographs, etc.)

6. Non-mathematical Illustrations (Motiva-

¥ tional photographs, cartoons, etc.)

7. Combinations of Illustrations with
Written Text (Flow charts, mathematical
tables, tree diagrams, etc.)

SR RT .
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The development of the CMMT category system began with
the examination of a number of existing mathematics text-
books. From the beginning the broad division between exposi-
tion and exercises or problems was apparent. It was obvious
that books differed in the amount of space devoted to exposi-
tion versus exercises and problems. From these initial
observations the broad categories of messages requiring only
reception versus messages calling for responses beyond
reception were abstracted.

Another major distinction ﬁade clear by the examination
of existing textbooks concerned the mode of presentation of
mathematics text. Materials appeared to vary with respect
to the amounts of words, mathematical symbols, and illustra-
tions which were present. It was clear that there were
interactions between these modes of representation and
classifications concerning content. Thus, it was decided
to construct a two dimensional system of categories with
dimension 1 classifying mathematical content and dimension 2
classifying the type of representation used.

As the category system began to evolve, a theoretical
rationale for the choice of categories took shape. The
subclassifications of exposition in the content mode are
based on considerations of the structure of mathematical
systems. The elements of the structure of a mathematical
system may be thought of as undefined words, definitions,

axioms, and theorems. Theorems are statements requiring
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verifications which are called proofs. Many times general
mathematical concepts arc explained in terms of specific
instances which are called examples. It was decided to
Classify messages requiring only reception on the part of
the learner in terms of these elements of the structure of
mathematical systems.

In order for mathematics to become meaningful to a
learner, he must interact with it. To help meet this need
most textbooks provide exercises and problems. Some text-
books contain other interrogative material woven into the
exposition. The problems and questions in mathematics
textbooks play various roles in helping students learn
mathcmatics. Some exercises serve to make the learner
participate in the development of content. Others aid the
learner in understanding concepts of skills. Some problems
require the student to extend developed content through
application, analysis, and synthesis. Thus, it was decided
to classify messages in the content mode requiring responses
beyond reception in terms of the cognitive processes required
of the learner.

Bloom (1956) provided the hierarchical classification
of cogniti&e processes listed below.

1. Knowledge

2. Comprehension

3. Application

4. Analysis
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5. Synthesis

6. Evaluation
The National Longitudinal Study of Mathematical Abilities
(NLSMA) utilized a system of classifications similar to the
Bloom classifications (Wilson, et al., 1969, pp. 39-40).

The NLSMA system is listed next.

1. Computation

2. Comprehension

3. Application

4. Analysis
The subclassifications of problems and exercises used in the
content mode of the CMMT category system are similar to the
two classification systems given above. The relationship
between dimension 1 of the CMMT system and these other two
systems is summarized in Figure 1.

Dimension 2 of the CMMT category system deals with how
mathematical content is represented. The rationale for the
subclassifications of this dimension is derived from Bruner's
system of representation (Bruner, 1967, pp. 10-14), from the
literature on the readability of the language of mathematics,
and from the level of abstraction present in mathematics text
illustrations. Brunner theorizes that the representation of
material may be symbolic (language), iconic (pictorial), or
cnactive (manipulative). Although mathematics text by nature
is not enactive the symbolic-iconic distinction is an

apparent representational variable in mathematics text. This
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Strucpure of a Classifications
Mathematical System CMMT Bloom NLSMA
Undefined Words 1
Definitions
Axioms 5
Theorems 16 2 Not
Applicable

Examples 3
Proofs 4

Processes Used in Studying
Mathematics Text

Developing Content 6

1§ 2 1§ 2
Understanding Developed Content 7
Applying Developed Content 8 3 3
Analyzing and Synthesizing 9 465 4

Developed Content

Note: Blank Space (0), Procedural Instructions (6), and
Other Materials (10) are essentially non-mathematical
in nature and are excluded from the above table.
However, these types of messages occur frequently in
mathematics textbooks and therefore are included in
the CMMT system.

Figure 1

Rational for Dimension 1 CMMT Categories

I S I,
¥ w2
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distinction provides the rationale for the broad classifica-
ticns of written text and illustration.

Readability literature indicates that the distinction
between words and mathematical symbols may be an important
variable related to the readability of the language of
mathematics (Kane, 1970). This distinction serves as the
rationale for the subclassification of written text into
words and mathematical symbols. The subclassifications cf
illustration are based on the level of abstraction of the
illustration. Categories (3) through (5) of dimension 2 of
the CMMT system represent a range in levels of abstraction
with (3) representing the most abstract and (5) the least
abstract type of illustration.

In summary, the rationale for the choice of the CMMT
categories is based on both practical and theoretical con-
siderations. As the system evolved decisions as to what
classifications would be theoretically meaningful had to be
made in the light of the practicality of using the system to
classify messages in existing mathematics text. Several
tentative classification systems were developed, tried out
on existing materials, submitted to critical discussion, and
revised. The classification system which in the end was
developed is not the only possible system. Further research
will have to determine if it is a system which is usable and

meaningful.
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Description of the CMMT Categories

As the final form of the CMMT category system began to

take shape, tentative descriptions of the categories were

Thesc descriptions were used in the classification

of messages in existing text. Problems in applying these
descriptions were noted and on the basis of this experience
the descriptions were revised and refined. The resulting

complete descriptions follow.

Description of Dimension 1 Categories

Blank Space: Any unit which is completely blank.

Definition (Meanings of words or symbols.):

Messages whose primary purpose is to give the mathe-
matical meanings of words, symbols, or phrases.

Any statement of a definition or any description of
a mathematical term. May be integrated into the
written text or set off as a formal definition.

Generalization (Important rules, axioms, theorems,

formulas, etc.): Messages whose primary purpose is
to give important general mathematical concepts,
ideas, or procedures. Any statement of an axiom or
theorem. May be integrated into the written text or
formally set off as a rule, formula, principle, etc.

Specific Explanation (Concrete examples and discus-

sion in specific terms.): Messages whose primary
purpose is to give specific or concrete instances of

general definitions, axioms, or theorems. Any
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discussion or explanation of concretec examples.
May be integrated into written text or specifically
set off as formal examples.

General Explanation (Proofs of propositions, general

discussion, etc.): Messages whose primary purpose
is to explain or discuss general concepts, ideas or
procedures. Any proof of a formal proposition.
General statements which seek to clarify, justify,
show how or why, etc. May be used to introduce,
relate, or summarize aspects of a passage. Exposi-
tory statements with mathematical content which are
not clearly classifiable as 1 through 3.

Procedural Instructions (Directions.): Procedural

directions appearing anywhere in a text passage.

May indicate to the reader what he is to do with a

set of cxercises or problems. May be stated in

the form of a question. Does not apply to directive

statements containing substantial mathematical

information.

Typical examples:

a. Solve the following equations.

b. Complete.

c. Look at Figure 7.

d. What are the solution sets for the open sen-
tences below?

Developing Content (Questions in exposition, develop-

mental activities, guided discovery exercises, etc.):
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Questions, activities, or exercises designed to
help develop content. May call for verbal discus-
sion, physical activity, or thought or written
responses. May be designed to guide the student
to discover some mathematical concept. Exercises
or proilemns whose orimary purpose is to develep or
present new content. Questions, activities, or
exercises integrated into the exposition which are
designed to make the reader participate in the
development of the content.

Understanding Developed Content (Exercises involving

routine computation, practice, identification, etc.):
Exercises which are clearly on the knowledge or
comprehension level of Bloom's Taxonomy. May involve
lowest level of application where a generarization

is used in a situation essentially identical to the
situation in which the generalization was presented
in the text. The emphasis here is on understanding
the content which was presented in the text. May
involve the recall of specific information and pro-
cedures or the understanding of presented content
with only routine alterations of material. May
involve the use of material without relating it to
other ma*erials or situations or seeing its broader

implications.
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Typical examples:

a. Exercises of a purely computational nature.

b. Exercises intended to give practice in a skill
or procedure.

C. Exercises which are essentially the same as
examples given in the text. That is, exercises
whose solutions depend ¢n the imitation of
examples worked out in the text.

d. Problems which require only a direct routine
application of a definition or generalization.
Such as finding the circumference of a circle
with a given radius. (Where the emphasis is
on understanding the gener .lization rather than
on using it to find solutions to problems.)

Applying Developed Content (Real world problems,

applications of generalizations in concrete situa-
tions, etc.): Exercises or problems which are on
the application level of Bloom's Taxonomy. The
emphasis here is on using the content nresented in
the text in a new or different situation. The new
situation may be mathematical or a real life or
physical situation. May involve the use of an
abstraction in a concrete situation which +he
student has not seen before. Involves the recall
and understanding of information and in addition
the utilization of the content in a non-routine

manner to find the answer to a problem.
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Typical examples:

a. Using general formulas or procedurés to solve
mathematical problems.

b. Using general mathematical principles developed
in the text to find solutions to real life
problems. (Word problems.)

c. Applying general definitions, axioms, and
theorems in concrete situations or to specific
mathematical models.

d. Interpreting concrete examples in terms of
general structures.

Analyzing and Synthesizing Developed Content

(Proving propositions, finding new relationships

in developed content, unguided discovery, etc.):

Problems which are on the analysis or synthesis

level of Bloom's Taxonomy. May involve the break-

down of content into its basic elements so that

relationships between ideas are made more explicit.

Typical examples:

a. Problems requiring the proof or disproof of a
proposition.

b. Problems requiring the discovery of new r~lation-
ships between elements of developed content.

Other Material (Headings, non-mathematical materials,

etc.): Messages not fitting categories 0 through 9.

May be headings of secticns, exercises, etc. May be
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motivational or historical material. Messages

which are non-mathematical in character.

Description of Dimension 2 Categories

Blank Space: Any unit which is completely blank.

Words: Messages which are made up predominately of
ordinary English words.

Mathematical Symbols: Messages which are made up

predominately of mathematical symbols.

Representations of Abstract Ideas: May be drawings

to illustrate abstract sets, Venn diagrams, mapping
pictures, geometric diagrams, etc.

Graphs: May be bar graphs, line graphs, circle
graphs, etc. Or, may be number lines or various
types of coordinate system graphs.

Representations of Physical Objects or Situations:

Must have some mathematical content. May be drawings

or photographs of real objects or living things which

illustrate mathematical content. Could be cross
sectional diagrams, maps, plans, charts, etc.

Non-mathematical Illustrations: Non-mathematical

in nature and not illustrating any mathematical
content being considered. May be motivational or
historical cartoons, photographs, or drawings.

Combinations of Illustrations with Written Text:

May be some sort of diagram which contains substan-

tial mathematical information in the form of words
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or symbols. Includes all mathematical tables,

flow charts, tree diagrams, etc.

Procedures for Using the CMMT System

As the definitions of the CMMT categories were being
developed a number of procedural matters dealing with how to
use the system in classifying messages in mathematics text
had to be considered. These procedural matters concerned
the unit of observation, the method of subdividing material
for classification, coding procedures, specific decision
rules to use when deciding between conflicting classifica-
tions, general approaches to classifying passages, the scope
or range of application of the system, and the sample size

to use when analyzing material in existing textbooks.

Unit of Measure

It was decided that an area unit of measure would be
used so that the material in a passage could be represented
quantitatively in terms of the space devoted to various
categories and to logical combinations of categories. From
experience rating textbook passages it was learned that,
except for the symbol-word classifications, messages as
classified by the CMMT system usually took up more area
than one-fourth of a line of print. It was also found that
units smaller than one-fourth of a line of print tended to
make the task of classifying the messages in a passage too

tedious. Thus, the area of one-fourth of a line of print
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on a given pagec was choscn as the basic unit of measure for
that page. A 'greatest part rule” was made for classifying

units containing more than onc type of message.

Partitioning Passages into Messages

Initially it was thought that to code a page of text
all that was needed was to arbitrarily partition the page
into units and then proceed to code each unit. To do this
a uniform rectangular grid was drawn with each section irn
the grid having an area of one-fourth of a line of print.
Such a subdivision of a page of text is shown in Figure 2.

Experience showed that the uniform grid method of par-
titioning a page of text had a number of drawbacks. Typically
the format of a page of mathematics text did not conform well
to the grid. Much of the time the natural divisions between
types of messages on a page did not fit the arbitrary divisions
imposed by the grid. The grid produced many subdivisions con-
taining parts of two different types of messages and this
made classification difficult.  The grid also tended to divide
single messages into a number of units and this made the task
of coding the units unnecessarily repetitive.

Because of the problems inherent with the uniform grid,
it was decided to use a method of subdivision which would
more closely conform to the natural divisions between types
of messages. This subdivision of a page of text is determined
by first drawing boxes around each illustration, sentence,

exercise, section heading, and blank space which appears on a
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page. Sentences arc then further subdivided by separating
the words from thce mathematical symbols. lixperience showed
that this more natural mcthod of subdivision produces a
partition of a page which is easier to work with than the
partition determined by the uniform grid. An example of a
partitioned passage is given in Figure 3. This partition
can be compared with the partitioning by the rectangular

grid given in Figurec 2.

Weighting Messages

Lven though the uniform rectangular subdivision was
rcjected, a basic area unit was retained in the sense that
when a CMMT analysis is made of a passage each subdivision
is weighted in terms of its area. This unit of area is the
arca occupied by one-fourth of a line of print in the passage
being analyzed. Its length is determined by one-fourth of
the distance between the right and left margins of a full
linc of expository print. Its height is the distance between
the lower edges of two successive lines of expository print.

Lach subdivision in a coded passage is weighted to the
nearest number of units which it occupies. Thus, if a sub-
division covers the area of approximately two and one-fourth
lines of print it receives a weight of nine. If it takes up
the area of two-thirds of a line of print it receives a
weight of three. Subdivisions taking up less than one-

eighth of a line of print receive a weight of one.
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In CMMT analysis, thesc wecights arc used to determine
arcas devoted to the various types of messages in a passage.
The weighting ol subdivisions in terms of area allows the
mcthod of subdividing a passage to bc somewhat arbitrary
with the weighting system correcting for any differences in

subdivisions determined by different users.

Coding Passages
After a passage has been subdivided the messages in
cach subdivision are classified on both dimensions of the
CMMT category system. This is done by recording a symbol
of the form m-n in each subdivision, where m is the classi-
fication on dimension 1 and n is the classification on
dimension 2 of the CMMT category system. Figure 4 is an

cxample of a coded page of text.

General Coding Procedures
Lxperience coding passages using the CMMT system led to
the discovery of some general procedures and decision rules
which proved useful. These are presented below in outline
form as notes on using the CMMT technique.

Notes on Using Dimension 1 Categories.

A. Begin by mentally delineating between the blank spaces
(0), exposition (1 - 4), messages requiring responses
(5 - 9), and other material (10). This will make the

task of making finer distinctions easier.
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B. To rate exposition (1 - 4):

1. First identify definitions (1) and generaliza-
tions (2).

2. Of the remaining exposition, classify all messages
giving specific instances of more general content
as specific exvlanation (3).

3. Classify the remaining exposition as general
explanation (4).

C. To rate messages reqdiring responses (5 - 9):

I. First identify procedural instructions (5).

2. Base decisions involving exercises and problems
(6 - 9) on the processes involved. Do not base
these decisions on the difficulty of the problem
or exercise.

D. Illustrations as well as written messages must be
classified on dimension 1. The classification of an
illustrative message is determined by the same rules
us the classification of written messages. If a
diagram illustrates a definition it is classified as
a definition, if it illustrates a proof it is classi-
fied as general explanation, etc.

E. When in doubt about how to classify a message reread
the descriptions of the appropriate categories.

Notes on Using Dimension 2 Categories.

A. To decide if a written message in a unit is predominantly

words or symbols, count the words necessary to say the
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message. If the symbols account for more than or the
same number of these words as the ordinary English
then classify the message as symbols (2). Otherwisec,
classify the message as words (1).

B. When classifying messages (3 - 7) identify the non-
mathematical illustrations (6) first. Then make the
remaining classifications. When in doubt reread the

appropriate category descriptions.

Range of Application and the Sampling of Passages

The range of applicability for the CMMT technique was
conjectured to be grade levels 4 through 12. This range was
chosen since children in grades K through 3 seldom study
mathematics through reading text materials and since most
college mathematics textbooks are formal in nature and
written for specialized audiences.

Typically mathematics textbooks are divided into large
scctions which cover a single broad topic or set of related
topics. In turn, these sections are usually divided into
short lessons. In each lesson a set of related concepts
arc presentced. When sampling text passages for CMMT analysis
entire lessons should be sampled. Only in this way can the
organization of the material in a text be adequately

described.
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Description of CMMT Analysis

When a passage of text has been coded using the CMMT
system, the information obtained may be displayed and analyzed

in the following ways.

Listing

The sequence of messages in a passage may be displayed
by listing them in the order in which they appear in the
text. This order is determined by following the natural
flow of the material through the subdivisions of the parti-
tion used in the classification process. The natural flow
of the material is basically a left-to-right and top-to-bottom
ordering with modifications to accommodate the format of the
passage. In the list, the classifications for each dimension
of the category <vstem and the associated weight are recorded
for cach subdivision of the partition. The manner in which
the list may be used to analyze the sequential nature of a
passage is illustrated in Figure 5 which is the list for the

illustrative passage coded in Figure 4.

Matrices
Matrices are used to analyze the interactions between
categories in each dimension and the interaction between
dimensions of the CMMT system. For interactions between
categories within dimensions a matrix of the frequency with
which a given message is followed by another given message

is used. This yiélds a 10 x 10 matrix for dimension 1 and
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Dim 1 Dim 2 Weight
Heading —— 10 1 1
[ Intro. Statement— 4 1 Z
C 0 2
[ 3 1 ] Word 4
Example followed_| g g é{igzi g
o «irio | by definition. )
lixposition— 0 0  Sequence. 2
1 2
— 0 0 Word 1
3 1 4
. 3 3 I1lus. 4
Example followed | 3 2 | Symbol 1
by definition. 0 o~ Sequencc.
| 1 1 2
0 0 5
Heading ————— 10 1 1
B 0 0 7
. ) 7 1 | Word 7
Exercise ——————--{: 7 2_| Symbol. 1
0 0 6
: ) 7 1 ] Word 5
Exercise —————-——{: 7 2_] Symbol. 1
0 0 6
Directions————— § 1 2
0 0_ 2
: ) 7 3 | Illus. 5
Exercise |7 2_| Symbol. 1
' . 0 0 1
Exercises — ~ )
_ ) 7 3 |_I1lus. 5
Exercise 7 2_] Symbol. 1
Directions ———— 5 i 2
. . 7 1 | Word 2
Exercise 7 2_| Symbol. 1
) I 7 1 ;, Word 2
Exercise 7 2_| Symbol. 1
0 0 1

(The weight indicates the number of area units of approxi-
mateiy one-fourth of a line of print devoted to each message
recorded in the list.)

Figure 5

CMMT List for Illustrative Passage
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a 7 x 7 matrix for dimension 2. The manner in which thesc
within dimension matrices are used to analyze passages 1is
illustrated below by the matrices for the illustrative

passage coded in Figure 4.

Dimension 1

Categories

1 2 3 4 5 6 7 8 9 10

1 0 1 oo o 0 o0 0|1

2 0 0 0 0 0 0 0 0 0

A : - - )

312 o0 ojo o0 90 0 0-f¢

410 0 1 0 0.0 o0 0o

Dimension 1 : i

Categories > °c 9 0 0 0 2 0 0 Fg
6 0 0 0 0 0 0 0 0 |.B-

. B -
7 0 0 0 0 2 0 0 0 0.
8’0 0 o6 0}0 6 O 0 [0:
9|9 0 o ofo0o 0 0 o0 0.
wfo o 0o 1[0 % F 0o o[

Figure 6

Dimension 1 Interaction Matrix for Illustrative Passage

The notes which follow describe the dimension 1 inter-
action matrix given in Figure 6.

a. kEntries in the matrix are in terms of units of one-
fourth of a 1line of print. Entry n in row i and
column j indicates units of type i were followed by
units of vype j, n imes in the passage. Blank

space is ignored.
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The sum of the entries in the shaded area represents
the aumber of shifts between messages requiring
only reception and messages requiring responses.
in the passage analyzed in the above matrix there
was only one such shift, from category 10 to
category 7.

Entries on the diagonal of the mat:ix represcnt
numbers of successive repetitions of categnaries.
The 16 in position (3,3) and the 35 in pc¢sition
(7,7) indicate that the passage analiyzed in the
above matrix consisted mainly of examples (category
3) and comprehension exercises (category 7).

Off diagonal entries in area A represent shifts
between expository categories. There were four
such shifts in the passage analyzed in the above
matrix.

Off diagonal entries in area B represent shifts
between categories requiring responses. In the
passage analyzed there were four such shifts, all
between directions (category 5) and comprehensicn
type exercises (category 7).

Rows 2, 6, 8, and 9 contain all zeros, indicating
that in the passage analyzed no generalizations
were made, there were no developmental eXercises,
and no exercises or problems requiring applicgtion

or higher mathematical processes.
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Dimension 2

Catcgories
1 2 3 4 5 6 7
1\2\9\430090
A .
2 6 2 0 0 0 ¢
Dimension 2 3 0 ‘ ;ﬁﬂk 0 0 0 0
Categories 4 0 0 B

Figure 7

Dimension 2 Interaction Matrix for Illustrative Passage

The notes which follow describe the dimension 2 inter-
action matrix given in Figure 7.

a. Entries in this matrix are in terms of weights.
Entry n in row i and column j indicates units of
type i were followed by units of type j, n times
in the passage. Blank space is ignored.

b. The sum of the entries in the shaded area of the
matrix represents the number of shifts between
written materials and illustration. In the passage
analyzed in the above matrix there were 10 such
shifts.

c. Entries on the diagonals represent numbers of

successive repetitions of categories. The 29 in
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position (1,1) and the 18 in position (3,3)

indicate that the majority of the material con-
sisted of word messages (category 1) and illustra-
tive represcntations of abstract ideas (category 3).

d. Off-diagonal entries in area A ~epresent shifts
between symbols and words within the written
message. There were 10 such shifts in the passage
analyzed above.

e. Off-diagon#l entries in area B represent shifts
between types of illustrations. There were no
such shifts in the passage analyzed above.

To analyze interactions between dimensions of the CMMT
category system, a 10 x 7 matrix is used. The between
dimension interaction matrix for the passage coded on page
21 is given below.

Dimension 1
Categories

>

O 0O © © © O | © © ©|&

Dimension 2
Categories

Pt
O O O © & o 00 © & |k
o

Pt
o o O v O O I 0 o o |\

o0 O N ©O O | v © o v
OO ©O © o oo o ©|un
o0 O O O | © o oo
O 0 © © © O © © O|w

O W 00 NN O N BN e

Pt

Figure 8

Between Dimension Interaction Matrix for Illustrative Passage
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The following notes describe the between dimension

interaction matrix given in Figurc 8.

d.

Lntries in this matrix are made in terms of weights.
Entry n in row i and column J indicates units of
type i on dimension 1 were of type j on dimension
2, n times in the passage.

Entries in arca A show the presentation mode used
for the exposition. The matrix above shows that
the exposition in the passage analyzed consisted

of four units of definition presented in words

(row 1), 18 units of specific explanation presented
in words, symbols, and illustrations (row 3) and
two units of general explanation in words (row 4).
Entries in area B show the presentation mode used
for exercises and problems. The matrix shows that
in the passage analyzed four units were word direc-
tions (row 5) and 38 units were comprehension
exercises presented in words, symbols, and illus-

trations (row 7).

Proportions

The 1list and the matrices are used to describe sequen-

tial aspects of mathematics bpassages. Proportions computed

in terms of the weights of the various messageé are used to

describe quantitative aspects of the organization of

passages.

The defining formulas for the proportions are
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n,i = the number of

units devoted to category i on dimension n.

Proportion of blank spacc in total passage.

Proportion

sion 1.

Proportion

sion 2.

Proportion

Proportion

Proportion

Proportion

of

of

of

of

of

of

10
o c. .
1,0 g 1,1

category j in non-blank material dimen-

10
Cc . Cc .
1,] g 1,1

category j in non-blank material dimen-

7
c. . c. .
2,3//§ 2,1

exposition in non-blank material.

4 10
g cl,i ; cl,i

content development in non-blank material.
4 10
.+ .
[g €1,i cl,s] g €1,i

exercises in content development.

4
C cC . +cC
1,6//[§ 1,1 1,6]

exposition in content development.

Y Y
g cl,i//[g cl,i * cl,G]




62

Proportion requiring responses in non-blank material.
] 10
c. . c. .
g 1,1 ; 1,1

Proportion of mathematics illustration in non-blank

material.

Proportion of illustration in non-blank material.

7 7
§ cz,i/g cz,i

The proportions computed for the illustrative passage
coded on page 21 are given in Table 1.

The proportions in Table 1 indicate that in the passage
analyzed the non-blank material consisted mainly of specific
cxplanation or examples (category 3 of dimension 1) and com-
prehension exercises (category 7 of dimension 1). Slightly
over one-half of the material consisted of word messages
(category 1 of dimension 2), about one-third consisted of
abstract illustrations (category 3 of dimension 2), and the
remainder consisted of mathematical symbols (category 2 of
dimension 2). The passage can be characterized as consist-
ing of about one-third exposition and about two-thirds
cxercises uand problems. All of the content development
material was presented in an expository manner.

A computer program was written to do the work of deriving

the CMMT analysis for a passage from a rater's codings. The




Table 1

CMMT Proportions for Illustrative Passage.

Proportion of blank space in total passage .409
Proportion of each category in non-blank material.
Category Dimension 1 Dimension 2

1 .060 .537

2 .000 .119

3 .269 .343

4 .030 .000

5 .030 .000

6 .000 .000

7 .552 .000

8 .000 ----

9 .000 ----

10 .030 ----
Proportion of exposition in non-blank material .358
Proportion of content development in 358
non-blank material ’
Proportion of exercises in content development .000
Proportion of exposition in content development 1.000
Proportion requiring responses in non-blank 612
material ’
Proportion of mathematics illustration in 343
non-blank material ’
Proportion of illustration in non-blank material .343
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output of this program includes the list, the matrices, and
the proportions for the analyzed passages. The Fortran
statements for the program and data set up for u-ing it are

included in Appendix E.

A Method of Estimating Rater Reliability

A method of estimating the reliability of raters using
the CMMT technique has been adapted from a method of estima-
tion used in interaction analysis (Flanders, 1960, p 161).
This method first proposed by 3cott (1955), is based on an
adjusted proportion of agreement between raters. The estimate
can bc made whenever two or more raters code the same passage.
It is relatively easy to compute and interpret. Thus, the
cstimate is more practical than other possible reliability
cocfficients based on analysis of variance or on correla-
tional procedures.

Scott's coefficient is called "pi'" and is determined by

the formula

Po is the proportion of agreement between two raters. Pe is
the proportion of agreement between two raters expected by
chance which is found by squaring the proportion of classifi-
cations made by the raters in each category and summing

these over all categories. That is,
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where Pi is the proportion classified as category i out of k
categories. The coefficient m can be expressed in words as
the amount that two observers exceeded chance agreement
divided by the amount that perfect agreement exceeds chance.
When determining a between-rater reliability estimate
for more than two raters, the Scott coefficient is determined
for each pair of raters and the average of all such pairs is
taken as the reliability estimate. When investigating the
rcliability of raters using the CMMT technique, an estimate
is made for each dimension of the category system. The com-

putational formulas are given in Figure 9.

Reliability Estimate Po - Py
for Two Raters on TS TP
limension n. e

(Number of agreements on
. _dimension n)
) (Total number of messages)

Proportion of Agree-
ment between Two p
Raters on Dimension n,

Proportion of Agree- P, = P; where
ment Lxpected by
Chance between Two (Number of dimension messages
Raters on Dimension n. classed as i by first rater
plus the number classed as i
p. = by second)

i = Z (total number of messages)

a. Blank space (category 0) is ignored in reliability
computations.

b. For more than two raters compute all pairs of coeffici-
ents and average.

Figure 9

Method of Computing between-rater Reliabilitv Estimates.
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The Scott coefficient for cstimating reliability may be
used to determine a within-rater reliability coefficient by
computing the proportion of the time a rater agrees with
himsclf on two trials separated by a period of time. A Scott
coefficient of .85 or above is considered to be a reasonable
level of performance for raters using interaction analysis
(Flanders, 1960, p 166). Acceptable levels of performance
using the CMMT technique will have to be determined by
rescarch. The computer program found in Appendix F is used

to compute Scott coefficients from the ratings of observers.




CHAPTER IV
PROCEDURES FOR THE EMPIRICAL STUDIES

The main purposes of the empirical studies were
1. To investigate the validity of the CMMT technique

as a means of studying the organization of mathe-

matics text.
2. To investigate the reliability of raters trained
in the use of the CMMT technique.
This chapter is devoted to describing the procedures which

were used to ‘achieve each of these purposes.

The Validity Study

Validity was studied in both a descriptive and a statis-
tical manner. A number of passages were chosen from mathe-
matics textbooks and submitted to CMMT analysis by the inves-
tigator. These passages were used to demonstrate how CMMT
analysis may be used to describe the organization of mathe-
matics text. The data from the CMMT analyses were also
submitted to correlational analysis and to analysis of vari-
ance in order to show further evidence of validity of the
CMMT technique.

The specific validity objectives were

1. To demonstrate that CMMT analysis can be used to
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describe the organization of existing mathematics
text passages.

2. 7o demonstrate that CMMT analysis reflects similari-
ties and differences between passages * .th known
organizational similarities and differences.

3. To determine if CMMT analyses of entire sections of
textbooks can be closely approximated by sampling a
small number of CMMT sample passages.

4. To determine if the CMMT analyses of passages
sampled within the same textbook are more closely
related than the CMMT analyses of passages sampled
from different textbooks.

5. To determine if the data obtained from CMMT analysis

may be used to identify significant differences in

organization between different mathematics textbooks.

The Materials Studied

The CMMT technique was designed to be applied to mathe-
matics materials at approximately grade levels 4 through 12.
Hence, questions of validity needed to be studied at a range
of grade levels using various mathematical topics. The
materials used in the study were grouped into three sets.
The lcvels and corresponding topics for each set were

Set 1. Upper Elementary Materials (grades 4 - 6)

Arithmetic, Geometry, Introductory Algebra.
Set 2. Junior High School Materials (grades 7 - 9)

Arithmetic, Algebra, Geometry, Probability.
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Set 3. Senior High School Materials (grades 10 - 12)
Algebra, Geometry, Trigonometry, Algebraic
Structure.

Twelve textbooks were chosen on a rational basis to
ohtain samples of all the topics and levels indicated above.
Eight of the twelve textbooks were published by eight differ-
cnt commercial publishers. The other four books were written
by fcur different mathematics curriculum groups. This
sclection procedure was used to insure coverage of a variety
of topics, levels, and text types. No attempt was made to
generalize about a particular publisher's or study groun's
textbooks in this study.

The textbooks studied were:

Set 1: Bl. Elementary School Mathematics, Book Four,

by Eicholz and O'Daffer, C 1968 by
Addison-Wesley Publishing Company.
(Grade level 4)

B2. Learning Mathématics, by Deans, et al., C

1368 by the American Book Company.
(Grade 1level 5)

B3. Exploring Elementary Mathematics, Five,

by Keedy, et al., C 1970 by Holt,
Rinehart and Winston, Inc.
(Grade 1level 5)

B4. Six, Modern School Mathematics, by Duncan,

et al., C 1967 by Houghton Mifflin Company.

(Grade 1level 6)




Set 2:

Set 3:

BS.

B6.

B7.

B8.

B9.

B10.
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Secing Tnrough Mathematics, Book One,

by Van Engen, et al., C 1962 by Scott,
Foresman and Company.
(Grade level 7)

Mathematics for Junior High, Volume 2,

Part II, by the School Mathematics Study
Group, € 1961 by Yale University Press.
(Grade level 8)

Unified Modern Mathematics, Couise II,

Part I, from the Secondary School Mathe-
matics Curriculum Improvement Studv, C

1966 by Teachers College, Columbia University.
(Grade level approximately 8)

Contemporary Algebra, Book One, by Smith,

et al., C 1962 by Harcourt, Brace and
World, Inc.
(Grade level 9)

Book Six, Relations, from the Comprehensive

School Mathematics Program, C 1971 by
CEMREL, Inc.
(Grade level approximately 10)

High School Mathematics, Unit 6, Geometry,

by the University of Illinois Committee on

School Mathematics, € 1960 by University

of Illinois Press.
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Contemporary Algebra, Sccond Course, by

Mayor and Wilcox, C 1965 by Prentice-
Hall, Inc.
(Grade 1level 11)

Algebra with Trigonometry, by Fehr, et al.,

C 1963 by D. C. Heath and Company.
(Grade 1level 12)

From cach of these twelve textbooks cne experimental

scction was selected on a ratiosnal basis to cover the topics

listed above for the various sets of material. The experi-

mental sections, including 99 passages covering 310 pages,

scrved as data sources for the study of the validity objec-

tives.

below.

EGY.

ES3.

ES4.

-

The sections and corresponding topics are listed

Arithmetic

(Chapter 3 of Bl: Multiplication and Division,
14 passages, pages 72-87)

Geome try

(Chapter 7 of B2: Geometry, 9 passages, pages
229-242)

Arithmetic

(Chapter 2 of B3: Addition and Subtraction,

13 passages, pages 31-51)

Introductory Algebra

(Chapter 5 of B4: Statements, 11 passages, pages

130-141)




ES5. Arithmetic
(Unit 7 of B5: The Rational Numbers of Arithme-
tic, 9 passages, pages 308-327)
ES6. Probability
(Chapter 8 of B6: Probability, 6 passages,
pages 311-345)
ES7. Geometry
(Chapter 3 of B7: An Introduction to Axiomatic
Affine Geometry, 6 passages, pages 120-173)
¥S8. Algebra
(Chapter 4 of 058: Operations with Algebraic
Expressions, 11 passages, pages 119-135)
ES9. Algebrzic Structure
(Chapter Z of B9: Ordered Pairs and Relations,
4 passages, pages 27-69)
ES10. Geometry
(Section 6.07 of B10: Similarity, 5 passages,
pages 6-179 to 6-218)
ES11. Algebra
(Chapter 7 of Bll: Exponents and Radicals,
10 passages, pages 201-216)
ES1Z2. Trigonometry
(Chapter 12 of B12: Trigonometric Functions,

7 passages, pages 427-448)
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A focus passage representing a specific instance of the
topics and levels to be studied was chosen on a rational
basis from ecach of the twelve experimental sections. Some
of these passages served as data sources for studying how
CMMT analysis could be used to describe the organization of
existing text. Others provided the mathematical material
from which pairs of passages were contrived for studying

how CMMT analysis can be used to compare similar passages.

The focus passages were also used as practice and criterion

passages in the reliukility study discussed in the next
section. The various focus passages and corresponding topics
arc listed below.
FP1. Division and Sets
(Page 73 of Bl1)
FP2. Circumference
(Pages 231-233 of B2)
FP3. Commutative Property of Addition
(Page 32 of B3)
FP4. Using Equations and Inequalities
(Page> 136-137 of B4)
FPS. Multiplication of Rational Numbars
(Pages 324-325 of BS)
FP6. Probability of A or B
(Pages 328-332 of B6)
FP7. Some Logical Consequences of the Affine Axioms

(Pages 128-135 of B7)
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FP8. [Lxpressions with Grouping Symbols
(Page 132 of BS)
FP9. Cartesian Products and Relations
(Pages 47-53 of B9)
FP10. Mean Proportional and the Pythagorean Theorem
(Pages 6-203 to 6-207 of B10)
FP11. Fractional Exponents
(Pages 210-211 of BI11)
FP12. Extending the Abs and Ord Functions
(Pages 431-432 of B12)

From cach of six focus passages a pair of contrived
passages wds written. Each contrived passage covered the
samc mathematical material as the focus passage on which it
was based. The passages in a contrived pair were written
following different organizational plans and were approxi-
mately the same length. The twelve contrived passages were
used to study how CMMT analysis reflects similarities and
differences be“ween passages with known organizational
similarities and diiferences. The organizational plans
followed i constructing the contrived passages are listed

next.
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1. Plans of the contrived passages based on FP2.

High proportion of develop-
mental exercises.

Low proportion of explanation.

Integration of exercises with
expository.

CpP2a: Other aspects constant with CP2b.

Dimension 1:

Dimension 2: Constant with CP2b.

—

No developmental exercises
High proportion of explanation.
Dimension 1: Exposition separated from
exercises.
CP2b: Other aspects constant with CP2a.

Dimension 2: Constant with CP2a.
2. Plans >f the contrived passages derived from FP4.

High proportion of examples.

,

Dimension 1: Low proportion of general
explanation.
CP4a: { . . . i i i .
Dimension 2: Use of motivational illustration.
{ Other aspects constant with CP4b.
I N> examples.
~ [ Dimension 1: High proportion of general

explanation.

A

CP4b: Dimension 2: { Use of mathematica™ illustra-

tions.

Other aspects constant with CP4a.

\

3. Flans of contrived passages derived from FP6.

[ Dimension 1: Constant with CP6b.
CP6a: High propotrtinn of symbols and
{ Dimension 2: illustrations.

l.ow proportion of words.

( Dimension 1: Constant with CP6a.
CPob: Low proportion of symbols and
Dimension 2: illustrations.

High proportion of words.
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4. Plans of contrived passages based on FP7.

General explanation followed

([ Dimension'1: by generalization sequences.
s CP7a: 4 Other aspects constant.
| Dimension 2: Constant with CP7a.
Generalization followed by
[ Dimension 1: general cxplanation sequences.
CP7b: | Other aspects constant.
\ Dimension 2: Constant with CP7a.

5. Plans of contrived passages based on FP9.

[ Low proportion of definition,
generalization, and general
explanation.

High proportion of examples.

Exercises integrated with

CP9a: | exposition.

Dimension 1: {

Dimension 2: Constant with CP9a.

High proportion of definition,
generalization, and general

J explanation.

Low proportion of examples.

Exposition separated from

CP9b: exercises.

Dimension 1:

Dimension 2: Constant with CP9b.
6. Plans of contrived passages based on FI'0.

High proportion of exposition.
[ Dimension 1: Low proportion of exercises
and problems.
CPl0a: |
I'lustrations grouped separate

Dimension 2: { f:om written text.

{ Other aspects constant with (PiOb. <
) ] Low proportion of exposition.
Dimension 1: High proportion of exercises
{ and problems.
CP10b: 1
Illustrations integrated with

Dimension 2: { written text.

Other aspects constant with CP10a.
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The choice of the organizational plans followed in the
prepavation of a given contrived pair of passages was made
on a rational basis depending on the related focus passage.
For cxample, if the focus passage cont .ned mostly manipula-
tive algebraic material no attempt was made to contrive
passages with differing illustrative material. Thus, the
material in the focus passages limited to some extent the
organizational variables which could be manipulated in the
contrived passages. No attempt was made in this study to
cxhaust or even adequately sample all possible organizational
variables which could be investigat-4d. The contrived
passages scrved only to demonstrate the feasibility.of using
CMMT analysis to describe the organization of passages.

The chart in Figure 10 summarizes the selection and
preparation of the materials used in the validity portion
of the study. The labeling scheme used here for materials
will be used throughout the remaining chapters to refer to

materials. Y

Method of Studying the Materials
All of the materials described in the previous section
were submitted to CMMT analysis by the investigator. These
analyses were used to attain the validity objectives given
on page 2.
The focus passages IPl, FP3, FP5, FP8, FP1ll, and FP12
were used to demonstrate that CMMT analysis can be used to

describe the organization of mathematics pzssages. These




Ixisting Textbooks

(Twelve books of various types selected with
four books corresponding to each set level.)

y

Twelve Textbooks

Set 1 (grades 4-6): Bl - B4
Set 2 (grades 7-9): BS - BS
Set 3 (grades 10-12): B9 - B1l2

(One section from each textbook selected to
correspond to various topics.)

Twelve Experimental Sections
Set 1: ESI - ES4
Set 2: ESS5 - ES8
Set 3: ES9 - ES12

(One focus passage selected Sfrom each
experimental section.)

Twelve Focus Passages
Set 1: FP1 - FP4
Set 2: FPS - FP8
Set 3: FP9 - F.12

(Pairs of ccntrived passages corresponding
to FpP2, FP4, FP6, FP7, FP9, and FP10 prepared
following opposing plans of organization.)

Twelve Contrived Passages
Set 1: CP2a, CP2b, CP4a, CP4b
Set 2: (CP6a, CP6b, CP7a, CP7b

Set 3: (CP9a, CP9b, CP10a, CP10b

— P gt et

Figure 10

Materials Used in the Validity Study.
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passages arc included in Appendix C. The CMMT analyses of
these passages were studied in detail. The manner in which
the analyses rcflected the organization of the passages is
discussed in Chapter 5.

The CMMT analyscs of the contrived passages were com-
parcd and contrasted to sce how they reflected the organiza-
tional plans of the passages. The manner in wvhich the CMMT
analyscs described the planned similarities and differences
between the contrived passages in each pair is discussed in
detail in the next chapter. The contrived passages are
included in Appendix D.

To determine if CMMT analysés of entire sections of
tcxtbooks can be closely approximated by sampling a small
number of CMMT samplc passages, successive cerrelations were
made between each cntire experimental section and increas-
ingly larger random samples of passages from the same section.
For these correlations, 25 items of data readily available
from the CMMT analyses of the entire sections and the samples
were vsed. These items of data are listed below.

1. The average number of non-zero entries in the

dimension 1 interaction matrices.

2. The percentage of off-diagonal entries in the

dimension 1 interaction matrix.

3. The percentage of shifts between exposition and

exercises in the dimension 1 interaction matrix.




18.
19.

25.

J

N
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The average number of non-zero entries in the
dimension 2 interaction matrices.

The percentage of off-diagonal entries in the
dimension 2 interaction matrix.

The percentage of shifts between written and
illustration in the dimension 2 interaction matrix.
The average number of non-zero entries in the
between-dimension interaction matrices.

The percentage of blank space.

The percentage in each category (1 - 10) on

S .
dimension 1.

The percentage in each category (1 - 7) on
(dimension 2.

J

The following procedure was used in making these

successive correlativas. A passage was selected at random

from a given section and the above data from the CMMT analysis

of the entire section was correlated with the corresponding

data for the passage. Then another passage was randomly

selected
with the

lational

from the remaining passages in the section, combined
first passage for CMMT analysis and the same corre-

Procedure was repeated. The process was continued

until all passages in the section were sampled. It was

determined how many passages it was necessary to sample in

order to reach and maintain correlations of .90 and .95
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between the samplc and the entire section. The entire
proccdure was repeatcd for each of the twelve experimental
scctions.

To determine how closely the CMMT analyses of passages
sampled within the same textbook are related, each passage
in an experimental section was correlated with each other
passage in the scction using the 25 items of CMMT data listed
above. The avcrage of these within-textbook correlations
wias computed for cach experimental section. A A2 test sug-
gested by Ostle (1963, p. 227) was used to test for signifi-
cant differences among the twelve average within-textbook
corrclations.

In addition, the average correlation between all possi-
ble pairs of twelve passages, one chosen at random from each
cxpcerimental section, was computed using the 25 items of
CMMT data. This average between-textbook correlation was
comparcd with each of the twelve within-textbook average
corrclations to determine if the within-textbook passages
corrclated significantly higher than the betwcen-textbook
passages. The A? test mentioned above was also used for
making these comparisons.

To determine if the data obtained from CMMT analysis
could be used to identify significant differences in
organization between different textbcoks, an analysis;of
variance model was used. The vsriables investigated in

this manner were variables whicl could be readily obtained
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from the CMMT analyses of the passages. These variables

were chosen to represcnt the types of CMMT variables it is

possible to study. They do not exhaust all possible CMMT

variables which could be investigated. The sixteen variables

which were investigated are listed next.

ll

2.

9.
10.
11.
12,

13.

Total units per passage.

Number of non-zero entries in the dimension 1
interaction matrix per passage.

Percentage of off-diagonal entries in the dimension
1 interaction matrix per passage.

Percentage of shifts between exposition and exer-
cises per passage.

Number of non-zero entries in the dimension 2
interaction matrix per passage.

Percentage of off-diagonal entries in the dimension
2 interaction matrix per passage.

Percentage of shifts between written and illustra-
tion per passage.

Number of non-zero entries in the between dimension
interaction malrix pey passage.

Percentage of g;aﬁf/:iace per passage.

Percentage of exposition per passage.

Percentage of content development per passage.
Percentage of activities in content development

per passage.

Percentage of exposition in content development

per passage.
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14. Percentage requiring responscs per passage.

15. Percentage of mathematical illustration per pussage.

16. Percentage of illustration per passage.

Each of the above variables was submitted to a one-way
uncqual cell analysis of variance as illustrated in Figure
11 (Winer, 1962, pp. 96-104). In this design, passages
within textbooks are used in place of the more typical
subjects within treatments. Thus, in the analysis of

variance MS is interpreted as

between treatment

and MS is intevpreted

MSbetween textbooks within treatments

as MS When significant ¢ €ferences were

within textbooks’
found between the expcrimental textbooks on a given vari-
able, the Numan-Keuls Sequential Range Test (Winer, 1962,
p. 80) was used to cobtain an ordering of the textbooks on

the variable.

Bl B2 . . . B12
X X X
1,1 1,2 1,12
Variable m X. X. X.
i,1 i,2 i,12
X X X
13,1 9,2 7,12
xi ; = variable m CMMT score on
H

passage i of textbook Bj.

Fignre 11
Analysis of Variance Design for Identifying Differences

between Textbooks.
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The Reliability Study

To study the reliability of raters trained in the usc
of the CMMT technique, a rater training booklet and a booklet
of criterion passages were prepared. The materials for these
booklets were drawn from the validity materials described in
a previous scction. Three groups of subjects studied the
training booklet individually and on two occasions coded the
passages 1in the criterion booklet. These passages were
scorcd in terms of the preportion of ugreement of each sub-
ject with the most frequent ratings of the meassages. A

rcpeated measures analysis of variance model was used to

analyze the differences between groups and between the

rating difficulties of the criterion passages. The five
subjects in each group who rcceived the highest scores were
considered proficient in applying the CMMT technique and
were defined as experts in their groups. Within- and
between-rater reliability coefficients were determined for
th: experts in cach group.

} The specific reliability objectives were:

E 1. To determine if there are significant differences

} between groups of raters with cdiffering academic

[ vackground and experience.

| 2. To determine if there arc significant diffevrences

|

in the level of rating difficulty betwecen different

types of passages.
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5. To dctermine between-rater reliability coefficients
toruraters who obtained proficiency in the CMMT
technique.

1. To determine within-rater reliability coefficients
for raters who obtained proficiency in the CMMT
technique.,

5. To determine a recliability estinate for ratings
made by the investigator in the vaiidity portion

of the study.

Materials

A training booklect was written for subjects to use in
trainirg themsclves in the use of the CMMT technique. The
booklet consisted of an introduction to the CMMT categories,
thorough descriptions of the categories, procedural sugges-
tions for applying the CMMT systcm, and many-keyed practice
passages. Descriptive material in the training booklet was
based on the developmenta! work discussed in Chapter 3. The
practice passages included werc selected from the textbooks
studica in the validity portion of the study and represcntec
a range of subject matter and grade levels. Each practice
passage was followed by a coded version of the passage so
that subjects could ohtain some fcedback as they learned the
system. A copy of the training booklet is included in
Appendix A.

The booklet of criterion passages, included in Appendix

B, consisted of si. partitioned passages to be coded by the
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subjects. Three of the six criterion passages were focus
passages FP1, FP8, and FP12 of the validity study. The
other threec criterion passages were contrived passages
¢PZb, CP6ba, and CP10b. One focus passage and one criterion
passage corresponded to cach of the thrce levels of materi-
als studied in the validity study. The criterion passages
ranged In subject matter over arithmetic, algebra, gcometry,
probability, and trigonometry. None of the criterion
passages was taken {rom the same experimental section as
practice passages used in the training booklet. The oider
in which the criterion passages appeared was randomized for
cach booklet. This was done to avoid any possible crder

cffect in the analysis of passage rating difficulty.

Subjects
Three groups of subjects {rom different populaticns
were used as CMMT raters in the reliability study. The
groups were
Group 1. Doctoral students and faculty members in
mathematics education.
Group 2. Expericnced secondary mathematics teachers
with or near a Master's degree.
Group 3. University seniors preparing to become
tcachers of sccondary mathematics.
Subjects in group 1 consisted of people working in
wathematics education or recent graduates in mathematics

ceducation from Purdue University, the University of Georgia,
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and California State Polytechnic College. Subjects in

group 2 consisted of members of Purdue University's 1971
N.S.F. Summer Institute for secondary mathematics teachers.
Subjects in group 3 consisted of Purdue students in Educa-
ttoa 304S which is a course in the metho.s of teaching
sccondary school mathematics offered during the professional
semester of the senior yecar. All subjects participated on

an invited basis. There were 15 subjects in each group.

Design of the Reliability Study

Each group of subjects used the training booklet to
learn the use of the CMMT techniquas. Subjects were directed
to train themseclves by studying the booklet. After this
sclf-training, subjects were directed to code the criterion
passages on two different occasions separa“ed by an interval
of at least four weeks. Subjects worked individually and
were instructed to spend a maximum of four ho.rs on the
training booklet and one hour on each rating of the criterion
passages. Subjects were allowed the use of the training
booklet for reference during the rating of the criterion
passages. The experimental procedure is illustrated in

Figure 12.

Method of Analyzing the Reliability Data
To obtain between-rater scores, each subject's criterion
passages for trial 1 were scored in terms of the proportion
of a_reement with criterion scores based on the most frequent

classifications of the messages in these passages. To




88

Subjects Trial 1: Four Trial 2:
individually }{ Subjects week Subjeccts
cub i oc trained rated waiting | rated
subjects using the criterion | period. | criterion
training passages. passages
booklet. again.
= 7
Group 1 )
15~ //////
= / /
Group 2 :
15~
1+ ///
Group 3 . ‘
15+ /

Figure 12

Lxperimental Procedure for the Reliability Study.

obtain within-rater scores each subject's criterion passages
were also scored in terms of the propor+ion of messages
rated the samec on both trials. In addition tc an overall
scorec of each type, a between- and within-rater score on
cach CMMT dimension was obtained for each subject on each
passage. A computer program was written to score the cri-
terion passages and to computc the KR20 reliability coeffi-
cient for each CMMT dimension of each passage. This progran

is included in Appendix G.
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To assess differcences between groups and between the
rating difficulty of passages on cach of the CMMT dimensions
in terms of cach scoring procedure, four repecated measures
analyses of variance were performed. The design for these
analyses of variance which is given in Winer (1962, pp. 302-
318) Is illustrated in Figurc 13. Appropriate a postecriori

tests were made when differences among mecans were found.

Passages
Level 1 Level 2 Level 3
Subjects FP1 CP2b FP8 CP6a FP12 CP10b
g
Group 1
15~
g
Group 2
15~
1+
Group 3
15~

Level 1 (grades 4 - 6).

Level 2 (grades 7 - 9).

Level 3 (grades 10 - 12).

Analysis 1: Dimension 1 between-rater scores.
Analysis 2: Dimension 2 between-ratar scores.
Analysis 3: Dimension 1 within-rater scores.
Analvsis 4: Dimension 2 within-rater scores.

Figure 13

Analysis of Variance Design for Assessing Passage Rating
Difficulty and Differences between Groups.
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For a number of reasons, high levels of performance
were not expected of all subjects. Subjects could not be
expected to be highly motivated in this situation. They
were not required to spead a4 great deal of time training
considering the complexity of the task. Further they had
no opportunity to ask questions or wo reccive any other
type of live fecedback. Hence, it was not cxpected that
all subjects would become proficient in the technique with
the training they received. Ir order to estimate reliabil-
ity, subjects obtaining proficiency were needed. In an
attempt to obtain such subjects, the top five subjects in
cach group were selected on the basis of average overall
first trial scores. These experts from the respective
groups were used to determine rcliability estimates.

Between- and within-rater reliability coefficients for
cach group of cxperts were determined for cach criterion
passage on cach dimension of the CMMT system. This was done
by computing the average Scott reliability coefficients
described in Chapter 3 for each group of experts and each
passage. A summary of all reliability coefficients computed
for cach group of experts on each passage is given in
Figurc 14.

To complete the reliability study a check was made of
the reliability of the investigator. This was done by
computing the proportion of agreement between the investiga-

tor and the between-rater criterion ratings on each criterion
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Betwcen-rater|{Within-rater
5
.Z. TT113 Z "1k
DimenSion 1 _lﬂjo_— k-1—10———
Scott
. .. 5
Cocfficients T } oo
Lo T2 & 2K
Dimension 2 1<) k=1
10 10

= between-rater Scott coefficient for dimencion © and

T
1) expert pair (i,j).

L within-rater Scott coefficient for dimension m and
expert k.
Figure 14
Summary of Reliability Coefficients Computer for Each Group

of Experts on Each Criterion Passage.

passcsc. A Scott reliability coefficient was also computed
between the investigator and the criterion ratings on each
criterion passage. These coefficients vzre used to infer
the recliability of the ratings made by the investigator in

the validity study.
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CHAPTER V

RESULTS OF THE EMPIRICAL STUDIES

This research concerned the development of the CMMT
technique for studying presentation variables in mathematics
text. The purpose of the empirical studies was to investi-
gate the validity and reliability of the CMMT technique.

The results of these studies are presented in this chapter.

Results of the Validity Study

The validity results are both descriptive and statisti-
cal in nature. The descriptive results illustrate how CMMT
analysis may be used to describe and comparc mataematics
text passages. The statistical results concern the number
of passages which provide an adequate sample from a textbook
scction for CMMT analysis, corrclational comparisons of the
CMMT analyses of passages within and between textbooks, and
the identification by CMMT analysis of presentation variables

on which textbooks can be differentiated.

Descriptive Results for the Focus Passages
In order to illustrate how CMMT analysis may be used to
describe mathematics text passages, focus passages FPl, FP3,
FP5, FP8, FP11l, and FP12 are presented in detail. These

passages arc included in Appendix C. 1In this section, a
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short description of the level and content of each of the
passages is given. Each description is followed by the CMMT
analysis of the passage described, which in turn is followed
., a brief discussion of what the analysis shows.

Focus Passage FPl. This passage dealt with the rela-

tionship between sets and division at the Fourth grade level.
It was a one page passzge consisting of two simple examples
of how division may be interpreted i. terms of sets, followed
by a set of exercises quite similar to the examples. The

CMM  analysis of focus passage FP1l is given in Table 2.

Table 2

CMMT Analysis of Focus Passage FPl.

List.

Dim.1 Dim. 2 Weight

p—

OCOOHOWWHULHWOMFHOWWHWOREROO

Heading
[ Intro. Statement

Word,
- illustration,

Example followed | symbol sequence.

by definition.
Expositioun A

Word,
- illustration,
symbol sequence.

Example followed |
by definition.

p—

Heading

OO MFOMNWHOFONDWMEHEOD O M-
N TN S &SN S SN N W
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Table 2. cont.

L 2 [ 7 1 | Word, 7
Exercisce 1 7 ) symbo! .
0 0 6
Lxercise { / 1 ]_Word, 5
’ ‘ 7 2 | symbol. 1
0 0 6
Directions 5 1 7

G 0
Exercise j'7 3 } Illustration, S
l.xercises - L S 3 symbcl. 1
Exorcise { 7 3 } I1lustration, 5
y 7 2 | symbol. 1
Dircctions 5 1 7
Excrcise { / 1 }_Word, 2
7 2 | symbol. 1
0 0 1
Excrcise { 7 1 1 Word, 2
LT 7 2 f symbol. 1
0 0 1

Dimension 1 interaction matrix.
Dimension 1 Categories
1 2 3 4 ) 6 7 8 9 10

1 \Q\ 0 1 0 0 0 0 0 0 0

2 O\A 0 0 0 0 0 0 0 0
3 2 0 0 0 0 0 0 0 0
4 0 0 i e ¢ 0 0 0 0
Dimension 1 5 0 0 0 0 0 0 0
(atcgories 6 0 0 0 0 0 0 0
7 0 0 0 0 0 0 0
8 0 0 0 0 0 0 0 0 0
9 0 0 0 0 0 0 0 0 0

10 0 0 0 1 0 0 1 0 0 | "8
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Table 2. cont.

Dimension 2 intcrac:.ion matrix.

Dimension 2 Catcgories
1 2 3 4 S 6 7

~ 0 X
i A 4 3 0 0 0
2 6 2 . 0 0 0
Dimension 2 3 0 5 0 0 0 0
Categories 4 0 0 0

Between dimension interaction matrix.

Dimension 2 Categories
1 2 3 4 5 6 7

1 4 0 0 0 0 0 0

2 0 0 0 0 0 0 0

Dimension 1

Categories B

10 y/ 0 0 0 0 0 0
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Table 2. cont.

CMMT proportions.

Proportion of blank space in total passage .41
Proportion c¢f cach category in non-blank material.
Category Dimension 1 Dimension 2

1 .06 .54

2 .00 .12

3 .26 .34

4 .03 .00

5 .03 .00

6 .00 .00

7 .55 .00

8 .00 —

9 .00 —

10 .03 —
Proportion of exposition in non-blank material .36
Proportion of content development in ncn-blank
material .36
Proportion of exercises in content development .00
Proportion of exposition in content development .00
Proportion requiring responses in non-blank
material .61
Proportion of mathematics illustration in
non-blank material .34
Proportion of illustration in non-blank material .34
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The CMMT 1list for passage FPLl recvealed that the
passagce consisted of two cxample-definition sequences
followed by 1 set of exercises. The interaction matrices
showed that there was some interaction among categories on
dimension 1 (10 off-diagonal entries) while there was rela-
tively more interaction between categories 1, 2, and 3 of
dimension 2 (20 off-diagonal entries). The most numerous
messages were cxamples (3) and exercises (7) and these two
types of messages were represented in all of the three
bas ¢ modes (rows 3 and 7 of the between-dimension matrix).
The CMMT proportions indicated that the content developient
was cntirely expository and acceunted for a little more
than one-third of the passage while the exercises accounted
for a little less than two-thirds of the passage.

Focus Passage FP3. This fifth grade passage concerned

the Commutative Property of addition. It consisted of a
short sequence of deveclopmental questions culminating in a
statement of the Commutative Property. This developmental
material was followed by a set of simple exercises. The

CMMT analysis of focus passage FP3 is given in Table 3.
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Table 3

CMMT Analysis of Focus

Passage FP3.

Heading ——— 10 1

0 0

6 1

0 0

6 )

Developmental 6 1
Exercises 7] 6 2
6 1

0 0

6 2

0 0

Directions § 1

0 0

6 2

Generalization — 2 1

0 0

Developmental | 6 1
Exercises 6 2
0 0

Heading ——— 10 1
Directions 5 1

0 0

Exercises - 7 2
Directions 5§ 1

7 2

List.

Dim.1 Dim.

2

Representational
Illustration

| Symbol Word
Combinations

Weight

2

PN ONANOOOWMFMFWNWEND SN S S
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Table 3. cont.

Dimension 1 interaction matrix.
Dimension 1 Categories

1 2 3 4 5 6 7 8 9 10

1 0 0 0 0 0 0
2 0 1 0 0 0 0
3 0 0 0 0 0 0
4 0 0 0 0 0 0

Dimension 1 5 0 0 0 0 1 2 0 0 0

Categories 6 0 1 0 0 1 ’ 0 0 0 1
7 0 0 0 0 1 0 0 U 0
8 0 0 0 0 0 0 0 0 0
9 0 0 0 0 0 0 0 0 0
10 0 0 0 0 1 1 0 0 0

Dimension 2 interaction matrix.
Dimension 2 Categories

1 2 3 4 5 6 7

1 6 0 0 1 0 0

Dimension 2 3 0 0

Categorics 4 0 0
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Table 3. cont.

Between dimension interaction matrix.
Dimension 2 Categories

1 2 3 4 5 6 7

1 0 0 0 0 0 0 0

Dimension 1
6 |17 14 0 0 24 0 0
Categorics B
7 0 16 0 0 0 0 0

10 5 0 0 0 0 0 0

CMMT Proportions.

Proportion of blank space in total passage .21
Proportion of each category in non-blank material.
Category Dimension 1 Dimension 2

1 .00 .42

2 .11 .32

3 .00 .00

4 .00 .00

5 .07 .26

6 .60 .00

7 .16 .00

8 .00 —

9 .00 —

10 .05 —
Proportion of exposition in non-blank material .11

Proportion of content development in non-blank material .71
Proportion of ecxercises in content development .85

Proportion of exposition in content development .15
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Table 3. cont.

Proportion requiring responses 1in non-blank material .83
Proportion of mathematics illustration in non-blank

material .26
Proportion of illustration 1n non-blank material . 26

The CMMT list for passage FP3 indicated that the basic
scquencing of this passage consisted of developmental exer-
cises, generalization, developmental exercises, and compre-
hension level exercises. The matrix for dimension 1 revealed
a number of interactions (10 off-diagonal entries) all
involving categories 5, 6, and 7. While there was little

interaction between illustration and written material shown

in the dimension 2 matrix, there were a number of interac-
tions between word and symbol entries (11 off-diagonal
entries in region A)., The between dimension matrix showed
that more than one representational mode was used only in
the case of developmental exercises (row 6). The CMMT pro-
portions demonstrated that the passage consisted of about
15 percent exposition with about 83 percent of the messages
requiring responses. While about 20 percent of the passage
was 1in the illustrative mode this consisted of a single
illustration.

Focus Passage FP5. In this junior high school level

passage multiplication for ratioral nunbers was defined.
The passage consiste’ of a series of developmental exercises

interwoven with exposition. Most of the passage was

|
|
1
»
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developmental with only a few practice exercises included

at the end. The CMMT analysis of the passage is given in

Table 4.
Table 4
CMMT Analysis of Focus Passage FP5.
List.
Dim. 1 Dim. 2 Weight

0 0 12
Heading ————— 10 177 3
0 0 2
4 1 14
Directions 5 1 1
6 1 S
General 4 1 - 2
Lxplanation 6 1 |-Words 2
and — Directions 5 1 1
Developmental 4 1 6
l:xercises 6 1 4
4 1 6
0 0 1
4 1 4
6 1 2
Definition 1 1 10
Explanation — — 4 1 6
0 0~ 1
Example 3 2 — Symbols 60
0 0 2
.. 1 1 — Words 5
Definition — 1 2 — Symbols >
0 0 5
General Directions 5 17] 1
Explanation 6 1 5
and — Directions 5 1 [—-Words 2
Developmental 4 1 5
Exercises 6 1 5
0 0: 1
. 1 1 7
Definition —p 1 ) 1
Directions 5 1 1
6 1 2
6 2 Word 1
pevclopmenta) o1 -Symbol |
’ 6 1 Combinations 2
6 2 1
6 1 5
Directions 5 1 5
0 0 1
Exercises 7 2 | 4




Table 4. Cont.

Dimension 1 interaction matrix.
Dimension 1 Categories

1 2 3 4 5 6 7 8 9 10

1 0 0 1 2 0 0 0 0 0
2 0 A 0 0 |0 0 O 0 0 |0
3 1 0 0|0 0 0 0 0 |0
4 0 0 1 1 4 0 o0 O 0

Dimension 1 5 0 0 0 24‘ 301 0 0 0

Categorics 6 2 0 0 2 3 0 0 0 0
7 0 0 0 0 0 0 ® 0 0 |0
8 0 0 0 040 0 0 0 |0
9 0o 0 0 010 0 0 0 0
10 0 0 0 1 o 0 0 0 0

Dimension 2 interaction matrix.
Dimension 2 Categories

1 2 3 4 5 6 7

1 9 A6 0 0 0 0 0
2 5 0 0 0 0 0
Dimension 2 3 } 0 0
Categories 4 0 0
5 0 0
6 0 0
7 0 v
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Table 4. cont.

Between dimension interaction matrix.

Dimension 2 Categorics
1 2 3 4 5 6 7

1122 3 0 0 0 0 0
2 0 0 0 0 0 0 0
3 0 60 0 0 0 0 0
4143 0 0 0 0 0 0

5111 0 0 0 0 0 0
Dimension 1

6| 36 2 0 0 0 0 0
Categories B

10 3 0 0 0 0 0 0

CMMT Proportions.

Proportion of blank space in total passage .12
Proportion of cach category in non-blank material.
Category Dimension 1 Dimension 2

1 .14 .63

2 .00 .37

3 .33 .00

4 .23 .00

5 .06 .00

6 .21 .00

7 .02 .00

8 .00 —

9 .00 —

10 .02 — <
Proportion of exposition in non-blank material .70

Proportion of content development in non-blank material .91
Proportion of excrcises in content development .23

Proportion of exposition in content development 77
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Table 4. cont.

Proportion requiring responses in non-blank material .28
Proportion ol mathematics illustration in non-blank

material .00
Proportion of illustration in non-blank materiol .00

The CMMT list for passage FPS5 showed a varied sequence
of developmental cxercises interwoven with general explana-
tion, examples, and definitions. The dimension 1 matrix
showed 2 number of interactions among seven categories of
the system (24 off-diagonal entries). There were 13 inter-
actions between exposition and messages requiring responses
in this passage (13 entries in the shaded region). The
dimension 2 matrix revealed interactions only between words
and symbols (11 entries in region A). The between dimension
matrix showed that except for the examples which were entirely
symbols the passage was predominantly words. The CMMT pro-
portions showed that the passage consisted of 90 percent
content development of which about 80 percent was exposition.
About 30 percent of the messages required responses. There
were no illustrations.

The CMMT analysis of passage FP5 may be somewhat mis-
leading in one respect. In the passage the examples were
physically isolated from the rest of the passage as shown in
the analysis. IHowever, the reader was referred to the various
examples throughout the developmental material. Thus, there

was really more interaction between examples and other




100

categories than indicated by the analysis.

Focus Passage FFP8. This passage concerned the use of

grouping symbols in beginning algebra. The passage consisted
of an cxpository section, in which general explanation and
cxamples were interwoven, followed by numerous exercises on
removing parentheses from expressions. The CMMI' analysis for

the passage is given in Table 5.

Table §

CMMT Analysis of Focus Passage FP8.

List.

Dim.1 Dim. 2

" Heading 10

Exposition -

Exercises —

0
Explanation — 4
Example 3
Explanation - 4
Heading 10

Example ———{:

Explanation —

Example ———{:

[ Heading

—

Direcctions

Practice -——-{:

O NONUNO OO WO BOoOWWO

1

0

1 — Words

2 — Symbols
1 — Words

1

0

%:}-WOrd, Symbol

0
1 - Words
0

%:}-Word, Symbol

0
1
0
1 — Words

2
0 Symbols
2
0

BN NN
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Table 5. cont.

Dimension 1 interaction matrix.

Dimension 1 Catecgorics

1 2 3 4 5 6 7 8 10
1 < 0 0 0 0 0 0 0 0
A

2 0 0 0 0 0 0 0 0

3 0 0 2 0 0 0 0 1

4 0 0 2 0 0 0 0 1

Dimension 1 5 0 0 0 0 0
Categories 6 0 0 0 0 0
7 0 0 0 0 0

8 0 0 0 0 0

9 0 0 0 0 0

10 0 0 1 1

Dimension 2 interaction matrix.
Dimension 2 Categories

1 2 3 4 5 6

1 A4 0 0 0 0

2 3 0 0 0 0
Dimension 2 3 0 0 0 0 0
Categories 4 0 0 0
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Table 5.

cont.

Between dimension interaction matrix.

Dimension 1!

Categorices

10

Dimension 2 Categorices

1 2 3 4 5 6
0 0 0 0 0 0
0 0 0 0 0 0
9 30 0 0 0 0
35 0 0 0 0 0
4 0 0 0 0 0
0 0 0 0 0 0
0 30 0 0 0 0
0 0 0 0 0 0
0 0 0 0 0 0
4 0 0 0 0 0

‘.

Proportion of blank space 1in total passage

CMMT Proportions.

Proportion of cach category 1n non-blank material.

yutegorx

[Sa B SR US I (V1

6
7
8
9
10
Proportion
Proportion
Proportion
Proportion
Proportion
Proportion
material
Proportion

of exposition in non-blank material

Dimension 1

.00
.00
.35
.31
.04
.00
.26
.00
.00
.04

.41

Dimension 2

.47
.53
.00
.00
.00
.00
.00

of content development in non-blank material

of exercises in content development
of exposition in content development

requiring responses in non-blank material
of mathematics 1llustration in non-blank

of 1llustration in non-blank material

.67

.67
.00

.00
.30

.00
.00
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The list for passage FP8 revealed an cxposition-foliowed-
by-exercises sequence. The exposition consisted of general
cxplanation and examples. The dimension 1 matrix shows the
passage contained little interaction between mathematical
messages (enly 5 off-diagonal entries for Categories 1 - 9).
The dimension 2 matrix showed some interaction between words
and symbols (7 off-diagonal entries in regior A). The
between dimension matrix showed only four of the nine mathe-
matical content categories were present with the explanation
consisting cntirely of words and the exercises consisting
entirely of symbols. The CMMT proportions indicated about
two-thirds of the passage was exposition and about one-third
was comprehension leve. exercises. The passage was about 47
percent words and about 53 percent symbols with no illustra-
tion.

ocus Passage FP1l. This passage from second year alge-

bra dcveloped the definition of fractional exponents. The
passage began with general and specific explanation leading

to the definition. This was followed by some practice exer-
Cises with answers which served to complete the deve lopment

of the concept of fractional cxponents. The passage concluded
with numerous exercises dealing with changing back and forth
between fractional exponent and radical notation and with
cvaluating nui.erical expressions containing fractional expon-

ents.  The CMMT analysis for the passage is given in Table 6.
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Table 6

CMMT Analysis of Focus Passage FP1l.

List.

Pim.1 Dim. ?

Heading ————10 ]
*‘ 3
3
0
Examples — 3
Lxposition —— g
0
Definition i
L- Explancation 4
licading 10
- 0
Direct:ons - 5
Developmental | 6
IExercises 0
L_Directjons- 5
8 Word
] — Symbol
Heading —10 Combinations
Specific  _
Explanation
Heading 1

— Directions
Practice
Directions
Practice
Lxercises —— Directions

Practice
Directions

Practice

Directions

Practice

OO HONOMMNOMEMONOMONOMMFONOMFONMFONMFOMMFNHONO KON M

ONOUMONOUMJOUNMONOUNMMONNOUVMOOWO

l

Weight

b=

e L LA O NN AR NN D NN R NNNWROUWUHUWWNHW WD OIO O WL 0O

p—




111

Table 6. cont.

limension 1 interaction matrix.
Dimension 1 Categories

1 2 3 4 5 6 7 8 9 10

1 0 0 0 0 0 0
2 0
3 1
4 1
Dimens:ion 1 5 0
Categories 6 1
7 0
8 0
9 0
10 0 0 2 0 2 0 0 0 0

Dimension 2 interaction matrix.
Dimension 2 Categories

1 2 3 4 5 6 7

1 A11 0 0 0 0 0

Dimension 2 3 0 0

Categories 4 0 0
5 0 0
6 0 ¢
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Table 6.

cont.

Between dimension interaction matrix.

, Dimension ! §

Categories 6

10

Dimension Z Categories

1 2 3 4 5 6
3 1 0 0 0 0
0 0 0 0 0 0
18 26 0 0 0 0
8 0 0 0 0 0
15 0 0 0 0 0
0 6 0 0 0 0
0 56 0 0 0 0
0 0 0 0 0 0
0 0 0 0 0 0
7 0 0 0 0 0

Proportion of blank space in total passage
Proportion of each category in non-blank material

Category

WMo HLam—

10

Proportion of exposition in non-blank material

CMMT Proportions.

Dimension 1

.03
.00
.32
.06
.11
.04
.40
.00
.00
.05

.28

Dimension 2

.37
.63
.00
.00
.00
.00
.00

Proportion of content development in non-blank material

Proportion of excrcises in content development
Proportion of exposition in content development

Proportion requiring responses in non-blank material
Proportion of mathematics illustration in non-blank

material

Proportion of illiustration in non-blank material

.40
.45
.10
.90
.55

.00
.00
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The CMMT list for passage FP1ll reflected a sequence
consisting of exposition, developmental exercises, and com-
prehension level exercises. The dimension 1 interaction
matrix showed there was some interaction among categories
(21 off-diagonal entries) of which twelve were interactions
between categories 5, 6, and 7 (12 off-diagonal entries in
segion B). The dimension 2 matrix showed some interaction
between words and symbols (21 off-diagonal entries). The
between dimension matrix showed that only in the case of
examples were both words and symbols used (row 3). The CMMT
proportions indicated that the messages were about 45 percent
content development of which about 90 percent was exposition
and about 10 percent developmental exercises. About 54 per-
cent of the messages required responses. About 37 percent of
the messages were words and 63 percent were symbols. There
were no illustrations.

Focus Passage FP12. This passage from trigonometry

concerned the development of functions relating the time a
particle moves along a square at a constant rate to the
first and second coordinates of the particles. The passage
consisted of expositicn followed by exercises and applica-
tions demanding modifications of the developed functions.

The CMMT analysis of the passage is given in Table 7.
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Table 7

CMMT Analysis of Focus Passage FP12.

List.
Dim.1 Dim. 2 Weight
__Heading 10 1 2
0 0 2
Explanation — 4 1 — Words 28
3 1 ]
3 4 12
g %-4 Words, i
Exposition - Examples — 3 4 |-Illustration, 12
3 2 Symbols 4
3 1 ] seduence 1
3 4 12
L3 2 | 4
Explanation — 4 1 — Words 19
L 0 0 1
Heading 10 1 1
_ 0 0 7
Directions — 5 1 — Words 1
0 0 3
7 2 — Symbols 6
Exercises Exercises — 0 0 2
and — | 7 1 — Words 4
Problems 0 0 4
8 1 — Words 33
Applications - g g Illustration 2%
- | 8 1 — Words 6
0 0 2
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Table 7. cont.

Dimension 1 interaction matrix.

Dimension 1 Categories

1 0 0 0 0 0 0 0 0 0
2 e A 0 0 0 0 0 0 0 0
3 0 0 1 0 0 0 0 0 0
4 0 0 1 0 0 0 0 0 1
Dimension 1 5 0 0 0 0 0 1 0 0 0
Categories 6 0 0 0 0 0 0 0 0 0
7 0 0 0 0 0 0 ’ 1 0 0
8 0 0 0 0 0 0 0 0 0
9 0 0 0 0 0 0 0 0 0
10 0 0 0 1 1 0 0 0 0

Dimension 2 interaction matrix.
Dimension 2 Categories

1 2 3 4 s 6 7

1 Al 0 4 0 0 0
2 4 0 0 0 0 0
Dimension 2 3 P 0 0
Categories 4 1 3
5 0 0
6 0 0
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Table 7. cont.

Between dimension interaction matrix.
Dimension 2 Categories
1 2 3 4 5 6 7

1 0 0 0 0 0 0 0

2 0 0 0 0 0 0 0
A
3 0 12 0 36 0 0 0

Dimension 1 S 1 0 0 0 0 0 0

Categories 6 0 0 0 0 0 0 0
B
7 4 6 9 0 0 0 0
8 |39 0 0 22 0 0 0
9 0 0 0 0 0 0 0
10 6 0 0 0 0 0 0
CMMT Proportions.
Proportion of blank space in total passage .11
Proportion of each category in non-blank material
Category Dimension 1 Dimension 2
1 .00 .56
2 .00 .11
3 .28 .00
4 .27 .34
5 .01 .00
6 .00 .00
7 .06 .00
8 .35 —
9 .00 —

10 .03 —
Proportion of exposition in non-blank material .56
Proportion of content development in non-blank material .56
Proportion of exercices in content development .00
Preportion of exposition in content development 1.00
Proportion requiring responses in non-blank material .41
Proportion of mathematics illustration in non-blank
material .34

Proportion of illustration in non-blank material .34

]
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The CMMT 1ist for passage FPlZ demonstrated an exposi-
tion-followed-by-cxercises scquencing. The exposition con-
sisted of general explanation which was followed by some
cxamples which were followed by more explanation. The
cxercises consisted of comprehension level exercises fol-
lowed by some application level exercises. The dimension 1
interaction matrix showed that there were few interactions
(only 7 off-diagonal interactions). There were relatively
more interactions on dimension 2 (13 off-diagonal entries)
with eight interactions between written material and illus-
tration (8 entries in the shaded regions). The between
dimension interaction matrix showed that the examples con-
sisted of symbols and illustration (row 3) while the general
cxplanation consisted of words. Exercises and problems
were presented in all three representational modes. The
CMMT proportions demonstrated that the passage was about 55
percent exposition and 41 percent exercises. The represen-
tation was 56 percent words, 10 percent symbols, and 34

percent illustration.

Descriptive Results for the Contrived Passages
To illustrate how CMMT analysis can be used to compare
and contrast text passages, six pairs of contrived passages
were written following contrasting organizational plans.

These passages are included in Appendix D. 1In this section,
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a description of each pair of contrived passages is given.
Lach of these descriptions is followed by the CMMT analyses
of the passages in the pair described. The manner in which
these CMMT analyses reflect the planned organization of the
passages in the pair is discussed.

Contrived Passages CP2a and CP2b. These contrived

passages were based on focus passage FP2, which was a grade
five treatment of circu~nference. Contrived passage CPZa
was constructed to contain a high proportion of develop-
mental exercises and a low proportion of explanation.
ixercises were integrated with expository material. Con-
trived passage CP2b was constructed to contain a high
proportion of explanation, no developmental exercises, and
secparation of exposition from exercises. An attempt was
made to hold dimension 2 constant over both passages.

The CMMT analyses of these passages are given in Table 8.
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Table 8
CMMT Analyscs of Contrlved PaSSageq CP2a and CP2b.
Fist for (PJy, Fist tor (P2b.

i Inn.._._’ Weapht lb_n}x. 1 I)“E,__g !.'il.b'ﬂ,t
He adany 10 i 1 Heading - 10 1 1
o 0 3 0 0 3
[ 1 3 oo 1 3
{ i} 3 4 0 3
¢ 3 n 1 3 5
0 ] 1 0 0 i
1 1 3 1 1 3
t 1 15 !l 1 11
0 {} M 3 1 4]
( 0 1 0 )] i
O 5 3 3 5 3
0 0 2 0 0 2
(7 ') “ 5 S "
0 0] 2 U 0 2
L 5 3 3 5 3
Fepesation 0 0 o 0 0 6
and b (l) :]] 3 ! 3

V] 0

el ommental o 7 19 txposition 3 7 13
fevelopment. 0 0 3 0 0 o
Lvetoases b 1 H 3 ! 15
0 0 2 0 0 1
N 1 4 2 1 9
i i ] 1 1 4
1 2 1 1 2 1
0 1 B} 3 1 5
0 0 2 0 0 1
0 1 S 2 1 S
0 J 4 2 2 4
0 0 11 0 0 11
{] 1 13 ] 1 13
0 0 3 0 0 3
Heading 10 1 1 Heading - 10 1 1
0 0 3 r s 1 2
ros l 3 0 0 12
0 i 1 7 7 18
7 3 § 0 0 7
U 0 3 5 1 3
" 3 3 0 0 1
0 [§] 3 7 3
7 N 1 0 0 3
0 u 1 7 3 3
7 2 1 0 0 3
0 ] 1 7 3 3
8 ! 4 0 0 3
[t} 0 ! ! 3 3
8§ 3 4 0 0 3
Pacrcrses 0 0 B fxercrses 7 2 1
R 1 7 0 0 1
ind B [ Y 1 and 7 2 1
8 1 9 U 0 1
Problems 0 0 3 Problems 7 2 1
8 1 11 0 0 1
0 0 0 7 2 1
K v 0O 0 0 1
U v 5 8 1 4
9 1 2 0 0 4
V] i J 8 3 4
9 ! Yy 0 0 4
. i} 1} 5 8 1 7
9 3 1 0 0 i
0 1 1 8 1 0
9 ) 12 0 0 2
K 2 N & 1 1]
Lo i 0 0 0 6
8 5 7
LU 0 8

T
I

Qo
Rl

m

«

= ||m Provided
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Table 8. cont.
brmenston 1oanteraction matiix for CP2a. Dinrension 1 interaction matrix for (P2b
Dumension 1 tategortes Dimension 1 Categories
P2 3 a4 5 6 7 8 910 1 2 3 4 5 6 7 8 910
1 | 0 1 110 0 0 0 oOf0O
2 211 OAI 0 0 0 0 0]0
3 Tlo 2 0lo o o o olo
F) 141 0 1} 0 0 0 0 011
Damension | Dimension 1
5 st0 0 0 0 0 2 0 o]o
Catogotie, Categotlaes
[ 610 0 0 00 OBU (U]
7 710 0 0 O] o 1 0|0
8 840 0 0 0[O0 0 o 6{o
9 910 0 0 0flo 0 0 v 0
10 1010 0 0 1] 0 0 0 0NN
Mitensaion £ anteraction matiax for Crla Pimension 2 1nteraction matrix for C.2b
Pamension ! (ategories Dimension 2 Categories
I 2 3 4 5 [ 7 1 2 3 4 5 [} 7
IJA;AT-d 0 .’AQO l'— 101
20 4 0 0 0 o 0 2 3
343 1 (I8 0 0 0o o 3 2
binension 2 N Dimension 2
4 0 0 [V L'N 0 0 ¢ 4 ]
tateguries N, B (ategores
S 2 0 0 [V NG [1} S 1
¢lo oo 0w 0 6
0 \\ 0
7 1 0 0 1} 0 [V N 7 2
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The organizations of contrived passages CP2a and CP2b
were reflected by the CMMT analyses of the passages. The
CMMT lists indicated that essentially the same sequence
was used for both passages except that developmental exer-
cises were used 1n passage CP2a wherc explanation was used
in passage CP2b. The lists also revealed that similar
scquences of dimension 2 categories are found in both
passages.

The dimension 1 interaction matrices revealed that
passage CP2a contained seven interactions between exposition
and cxercises and only one interaction between exposition
categories, whilc passage CP2b contained one interaction
between exposition and cxercises and cight interactions
among exposition categories. These interaction differences
recflected the planned degrce of integration of exposition
and cxercises in the two passages. The dimension 2 inter-
action matrices showed a high degree of similarity between
the two passages in the interaction of categories in the
represcntational mode as planned.

The CMMT proportions reflected the planned differences
in quantity of explanation and excrcises between the two
passages. Passage CP2a contained less than 10 percent
exposition while passage CP2b contained about 60 pecrcent
exposition. About 90 percent of the messages in passage

CP2a required responscs while only about 40 percent of
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passage CPZb requared responses.  The dimension 2 propor

tions were approximatcly the same for both passages.

Contrived Passages CPda and (P4b. These passages were

based on focus passage FP4 which was a sixth grade passage
on the usec of cquations and incqualities to solve verbal
problems. Contrived rassage CP4a was constructed to
contain a high proportion of cxamples and a low proportion
of general cexplanation while contrived passage CP4b was
constructed to contasn no examples and a high proportion
of general explanation. Passage CPda utilized non-
mathematical motivational illustrations and passage CPdb
utilized illustrations with mathematical content. The

CMMT analyses of thesc passages are given in Table 9.
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Table 9

CMMT Analyses of Contrived Passages CP4a and CP4b.

List for (Paa.

List for CP4b.

Dim. 1 Dim. 2 Weight bim.1 Dim. 2 Weight
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r i |
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cont.

Dimepsron 1

bimension |

Lategorres

Dimension 2

Dimension 2

Latepories

mmteractivn matrix tor CPan

Prmension 1 Categories

L2 3 4 5§ 6 72 8 9 10

; 0 0 0flo 0 6 0 oo
2o 0 0{0 0 0 0 y
A
3lo o olo 0 0 o
310 0 o2lo 0 0 0 of1
s{o 0 0 0 00 1 ulo
6lo 0o 0 ojlo™ 0 v oo
\_ B
710 0 0 ofo ow\o o]0
$10 0 0 ofo 0 o Nk
910 0 0 070 0 0 oo
1600 0 0 1{1 0 0 0 oy

interaction matrix for CP4b.

Dimension 2 (ategories

T2 3 4 s s 7
1 \o A 5_*0 0 4 0 1
\\
205 N 10 0 0 o0 o0
310 ¢ 0 0 0 0
4] 06 0140 \Q 0 0 0
N. B
S 4 0 0 0 N 0 [
61 0 00 o ¢ \9\ 0
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Table 9.
Between brmension interaction matrix for (Pda.
Dirmension 2 Categories
1 2 3 4 5 [ 7
1 0 0 [ 0 0 0 0
2 0 0 0 0 v 0 0
A

3127 4 0 0 0 0 0

4 0 0 0 0 0 0 0
bimension 1 -

5 4 C 0 0 0 0 0
Categories

[3 0 0 0 0 0 [ 0

B

7 0 0 0 0 0 0 0

8140 2 0 [ 0 0 0

9 0 0 0 0 0 0 0

10 3 0 0 0 0 57 0

cont.

e —mm— et e eemm

Between Dimension interaction matrix for

Dimension 1

(ategorices

CP4b.
Dimension 2 Catcgories
1 2 4q 5 6 7
0 0 0 0 0 0
0 0 0 0 0 0
A
0 0 0 9 0 0
27 3 0 0 0 0
4 0 0 0 0 0
0 0 0 0 0 0
B
0 0 0 0 0 0
40 2 0 45 0 12
0 0 0 0 0 0
3 0 0 0 0 0

Proportion
Proportion
Proportion
Proportion
Pruportion
Proportion

Proportion

CMMI Proportions Passage CP4a Fassage (P4t
Proportion of blunk space 1o totdal passage .33 .33
Proportion of edach category in non-blank material, Dim Dim Dim. 1 Dim. 2
1 .00 54 .00 55
2 .00 .04 .00 .04
3 .23 .00 .00 .00
4 co .00 .22 .00
. 5 .03 ]} .03 .33
Lategory 6 .00 .41 .00 .00
7 .00 .00 .00 .08
8 .31 -— .73 —
9 .00 — .00 -
10 .43 - G2 -—
of exposition 1n non-blank material .23 .22
of content development 1n non-blank material .23 .22
of exercises fn content development .00 .00
of exposition 1n content development 1.00 1.00
requiring responses 1n non-blank material .34 .76
of mathematics 1llustration 1n non-blank material .00 .42
of 1llustration 1n non-blank material .41 .42
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The CMMT lists for contrived passages CPda and CP4b
revealed the similar sequential naturc of the two passages.
These lists were almost identical with dimension 1 cate-
gories 3 and 10 and dimension 2 category 6 in passage CP4a
replaced by dimension 1 catcgories 4 and 8 and dimension 2
categories 5 and 7 in passage CP4b. The interaction
matrices revealed little difference between the two passages
on cither dimension with the exception of nine interactions
between the excrcises and motivational illustrations on
dimension 1 in passage CPda.

The major differences between these passages werc
reflected by the CMMT proportions. Passage CPd4a contained
about 22 percent examples and no general explanation,
whilc passage CP4b contained no examples and about 22
percent general cxplanation. The dimension 1 proportions
also showed that in passage CP4a about 33 percent of the
messages required responses, while in passage CP4b about
75 percent of the messages required responses. This
difference was a result of the fact that the illustrations
were of a non-mathematical nature in passage CP4a, but
contained mathematical information which could be used in
the solution of the problems in passage CP4b. The dimen-
sion 2 proportions revealed that word and symbol content
were ncarly the same for both passages. Both passages

consisted of about 40 percent illustration, but in
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passage CP4a these illustrations werc motivational while
in passage CP4b 33 percent were illustrations of physical
situations and about 8 percent were tables.

lontrived Passages CP6ba and CP6b. These passages

were based on focus passage FP6 which was a junior high
trcatment of the probability of the event A or B where
cvents A and B have given probabilities. Dimension 1
categories werc held constant in the construction of
these passages. Passage CP6a was constructed to contailn
high proportions of symbols and 1llustrations and low
proportions of words. Passage CP6b was constructed to
contain high proportions of woids and few symbols or
illustrations. The CMMT analyses for these contrived

passages 1s given in Table 10.
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Table 10

CMMT Analyscs of Contrived Passages CP6a and CP6b.

List for (POa List for CPo6b.
bim ) D 2 Weilpht Dim 1 bim 2 weapht
He sdvag -- 1o 1 1 Heading - 10 1] 1
0 0 hords 3 [} 0 F Words 3
r 3 1 2 i le 3 1 12
v 0 4 Admple 3 2 - Symbols 1
3 % Illustration 5 Question i 1] K
Fviple 1 0 (U 2 3 1 SN
3 4 5 Pxamples 0 1] 2
0 V] 6 3 i 9
| 3 N 1 Defrmition -~ 1 1 4
Cuustion .. [3 2 1 0 0 1
o0 0 [} xample .- 3 1 48
3 1 1 Explanation -~ 4 1 5
3 2 F Words, Symbols 3 0 0 3
aample 3 ! 3 Generalization 2 1 8
o 3 2 2 Faplanation - - 4 1 5
0 [ 2 0 0 3
L 3 1 8 Generalizat:ion 2 1 3
Detanmition - - 1 1 o betimition --— 1 1 )
0 0 2 (eneralization 2 1 9
3 1 ) Heading - — 10 1 1
L 1l 3 5 [Mlustration 5 .0 0 3
0 0 8 8 1 24
3 N 2 0 0 16
0 0 5 8 1 13
e taon - [ 2 1 0 0 11
" 0 3 8 1k Words 11
3 1 5 0 0 9
3 M 3 8 1 6
- 13 1 1 0 0 2
banpic 3 2 2 8 ) 0
0 0 2 0 0 2
3 i 8 8 1 15
Lxplanation ——— 4 1 o Applications 4 0 !
0 0 3 B 1 3
)
Goncralization { } i F Words, Symbols g g (; i
0 1} 3 0 0 3
faplanation — ) 1 5 8 1 3
0 0 3 0 0 1
. R M M 1 8 1 3
(.(ll(lull~dlltl{ 2 1 3 0 0 1
1 2 1 8 1 3
NCtainstion [ 1 1 2 0 0 1
1 M 1 8 1 4
2 1 1 )
Generdlrzation { N 3
He ading - 1] 1
0 1] 3
3 M Illustration 1o
8 N 8
t ‘; hords, Symbols ?
8 N 5
8 5 Ilustration 4
0 0 14
Apolications 8 1 2
[§] 0 2
8 2 1
3 LoF words, Symbols 3
8 ? 3
8 1, 8
0 0 19
8 B Ilustration 14
0 0 )
8 2 10
Y 0 Words, Symbols 10
L 8 1 4
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Table 10. cont.
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Damenston 1 anteraction matrix for (Péa. Dimension 1 interaction matrix for CPOb.

Dimension 1 Categories

Dimension 1 Categories

12 3y 4 5 6 7 8 910 1 2 3 4 8 9 10
1 1 1 1 0 0 00
2 211 0 1 0 011
A

3 311 0 1 0 0f0
3 410 2 0 0 0}0

Dimension |} Dimension 1
S 510 0 0 O 0 00

Categores Categories
6|0 0 2 0|0 0 0 0]0 0 0 1 o0 0 v}o
B B

710 0 0 o]0 0 0 0}0 7{0 0 0 0 0 01}0
810 0 1 o0l0 o0 0 0! o 80 0 0 o 010
910 0 0 0[O0 v 0 0 0 910 0 0 O 0 0
1040 0 1 0oy0 0 0 1 0 100 0 1 0 1 0 \k

Dimension 2 anteraction matrix for CPoOa

Dimension ¢ Categories

Dimension 2 1nteraction matrix for CP6b.

Dimension 2 Categories

12 3y 4 s 6 7 1 2 3 4 5 o

1'%Q11 0 0 4 0 o 1Pa1]0 o o o

2415 0 0 1 0 o 211 0 0 0 o0

3o ofq ¢ o o o 30 o 0 0 o
Mimension 2 AN bimension 2

ar 0 ol o " 0 0 0 41 0 0] o0 0 0
Categuries . [ Categories

s 1 ale 0™ 0 o s| o ofo o 0
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(Poa

Dimension & (ategories

8 {1 27 0 0 34 0 Y

(MMI Froportions

1 totdl passage

of blunk space

ot cach category an non-blank material

Category

T I —

o<

!

ot expositton 1n non blank material
of content Jdevelopment an non-blank material
of exercises tnocontent development
of txposition an content development
rejoiring responses 1n non blunk matestal
of mathemitices fllustration
ot tllustyation tu non blank material

cont.

1n non-blank material

Between Dimension

Dimension 1

Lategortes

mteraction metrix tor Lhod
Dimension 2 Cateegories

1 2 3 4 ¢ [0 7

1110 0 0 0 0 Y 0

2120 0 0 0 0 0 0
A

3|9l 1 0 0 0 0 0

1110 0 0 0 0 0 0

5 0 0 0 0 0 0 0

[ 3 c 0 0 0 0 0
B

7 0 0 0 0 0 [ 0

8 198 0 [} 0 0 0 0

9 0 0 [\ 0 0 0 4}

10 2 0 0 1] 0 0 0

Pussage LPoa

Passage CPo6b

T B SR AR
.39 30
bim 1 bam, 2 |Dum, 1 Dam, 2

06 .44 .04 W98
07 31 08 Ul
36 .00 .39 J0
66 .00 .04 0o
00 .25 .09 .00
0l .00 .01 00
00 .00 00 .00
.41 - .41 -
00 — .00 -
.01 - .01 -~
.55 .50

.56 .58

02 .02

.98 .98

.44 A3

25 .00

.25 .00
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The CMMT lists for contrived passages CP6a and CP6b
demonstrated that the two passages followed almost iden-
tical sequences on dimension 1. The lists showed that
passage CP6a consisted of combinations of words, symbols,
and illustrations on dimension 2, while passage CP6b was
almost entirely words.

The interaction matrices for the two passages supported
the contention that the passages are similar sequentially
on dimension 1. The larger entries on the diagonal of the
dimension 1 matrix for passage CP6b indicatcd that the
passage with high word representation took up more arca
than the passage in which symbols were used. The dimension
Z interaction matrices demonstrated the differences
between the representational natures of the two passages.
In passage CP6b there werc only two interactions between
words and symbols. The between dimension interaction
matrices also showed these representational differences
between the two passages.

The CMMT proportions for the two passages demonstrated
that the passages arec very similar on dimension 1. On
dimension 2, passage CP6ba was about 44 percent words,

31 percent symbols, and 25 percent illustration. Passage

CP6b was over 99 percent words.
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Contrived Passages CP7a and CP7b. In thesc passagces

an attempt was made to vary the dimernsilon 1 scquence and
hold all other aspects of the CMMT analyses constant.
The passages were based on focus passage FP7 which was
concerned with the development of some consequences of
the axioms of affine geometry. In passage CP7a proofs
precceded statements of the theorems, resulting in a
sceries of 4,2 scquences. In passage CP7b statcments of
the thcorems precceded the proofs, resulting in a serics
of 2,4 sequences. The CMMT analyses of these passages

arc given in Table 11.
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Table 11
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Table 11. cont.

imension 1 ointeraction matrix for (P7a.

Dimension 1 Lategories

D3y 4 % o 7 8 910

1
1 \“\ ¢ 0 U] vy 0 0 O 61 0
210 o 0 0f1
3 0 0o 00
4 0 0 0fO
bimensyon 1 - e e g =
-] 0o 0 110
Categorices
[ 0o 0 0}t 0
B
710 o0 o 0}0 O 0 040
glo o 0 0jo0o 0 0 o) o0
910 0 0 O0f0 0 0O 0O 0
iofo o o 1|1 o 0 0 O©

Dimension 2 interdaction matrix tor CP7a,

Dimension 2 CLategories

1 13 3 4 S [ 7

i Ngarle o o 0 0
2l 7 >xjo o o 0 0

..._._..__-.‘.,.}--_ — o —

3 4 0 ’4 0 0 0 0
biminsion & N

afo olo w 0 0 0
Citegories B

sl o oo uvu w 0 0

Dimension 1 anteraction matrax for CP7L.

Dimension 1 Categories

1 2 3 4 5 6 7 8 910
1 o o 0o{0o 0 0 O OfO
2101 0o 4/0 0 0 0 O0]0O
A
3o o0 o{o0 o 0 o 00
s10 3 oNJoO 0 0 0 Of1
Dimension 1
0 0 0 O 0 0 0 1}o0
(utegories
6{0 0 0 0}0 0 0 0]0
B
710 0 0 0{0 O 0 0]0
glo 0o o o0 0 O o] o0
9]0 0 0 030 0 0 O < 0
i0jo ¥ o 0{ 0 O 0 O

Dimension 2 1nteraction matrix for CP7b.

Dimension 2 Categories

1 2 3 4 5 6 7

1 9AS 4 0 0 0 0
2 5 X 0 0 0 0 0
3 4 0 0 0 0 0
Dimension 2
4 0 0 0
(ategories
S 0 0 0
[ 0 0 0
? 0 0 0
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Table 11. cont.

interaction maliia tor (P Betwoeon Dimension intoidctzon matoix tor L P70,
plmens ton St atogorios Dimctision 2 Catoguries

1 M 3 1 5 6 7 1 2 3 4 9 7

| U 0 U [} U il v i 0 0 0 0 U 0

2f1s 1] U v v u [’} 2|18 v v 0 0 0

A A

It ¥ 1] v u v [y 3 v 0 u [ 0 v

A6y v o \ 0 1 v 4] o8 7 40 0 ¢ v

.- e - - - Dimension 1 o e i e e o

5 H 1] v v U 0 0 5 2 v 0 0 0 0

Categorioes
v v O i U u Y v U v v 0 0 0 v
B B

7 U Y] 1] 1] U u U 7 0 0 [¢] 0 v 0

8 v 1] ] 1] v 1 0 8 v ¢ 0 0 0 v

912y 4 ! 0 v v u 9 |28 0 [ ] 90 v

v 3 0 Y] u 0 v U v 3 0 U [ 0 v

(MM Proportiuns Passage P74 Passage LP7b

ot blank spacc tn total passaye 14 14

ol cach category 1t non blank miterial bawm 1 Dim 2| Daw 1} Dam 2

i [UY] 68 Lo S0y

2 10 .06 10 .04

3 vo 20 .00 27

4 .71 0] .71 .00

5 Ul uu .0l .00

Lategoty v U ou .00 .00

7 00 Uy Y .00

8 Vo — ou —

Y 15 -- o —_

v 2 - .02 —
ot capusition in non blank matersol 82 .81
ol content Jdevelopment 3n non blank material .84 81
O eXCILISes Ihoconteat develupnent o 00
ol expusition in content development 1.00 1.00
requitling responses 1n onon-blank wmatetial 17 .12
of mathematics gldustration an non-blank materaul .20 .27
of 1llustratjon s non-blank materral L0 27
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Fhe CMMT lists for contrived passages CP7a and CP7b
showed the sequential nature of the two passages was as
planncd. The matrices and the CMMT proportions for both
passages were very similar in cach case. This demon-
strates that the sequential natures of these passages were
different but other aspects of the presentation were the
sanme.

Contrived Passages CP9a and CP9b. These passages

were contrived from focus passage FP9 which concerned the
development of the definitions of cartesian products and
rclations at the high school level. Passage CP9a was
const "ucted to contain high proportions of definition,
generalization, and general cxplanation and a low propor-
tion of examples. Passage CP9b was constructed to contain
low proportions of definition, generallization, and general
cxplanation and a High proportion of examples. In passage
CPYa, cxercises were integrated with exposition. In
passage CP9b, all excrcises followed the cxposition.
Dimension 2 was held constant over both passages. ‘The

CMMT analyses for these passages is given in Table 12.
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Table 12
CMMT Analyses of Contrived Passages CP9a and CP9b.
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Table 12.

Prwensjon bornteraction matoix for (P%a

Dimens:on 1 Lategornies

L2033 05 6 7 8 91
1h\oscooloo
2o B, 0 0f0 0 0 0 O

N A
394 08% 01 11 0 0

0
Y
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470 v v wl0o 0o 0 o olo
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baovension 2 anteraction matraix tor CPYa
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cont.

Dimension 1 oanteraction matrix for CPyb

Dimens ton 1

Categories

10

5

Uimension 1 Categories

12 3 4 5 6 7 8 910

0 0 0 0 0jo0
0 0 0 0 ofo
00 0 ¢ o0lo
0 2 0 0 0f1
0 0 0 0 0 2 0 0to
0 0 0 0jOIg 2 0 010
0 0 0 01 Y1\\% ofo
00 0 00 0 0 0o
00 0 0j0 0 © ‘0\ 0
L SR
0 0 0 192 0 0 0 O\

Pimension 2 1nteraction matrix for CPYb

vimension 2

Categorices

Dimensien 2 Categories

! 2 3 4 s 6 7
12 0 0 0 0 0
A
12 0 0 o o0 0
0 0 0 0 0 0
0 0 0 0 0 0
N~ B
0 0 0 0 W 0 4}
0 oo o o \B\ 0
~
0 0}0 0 0 0 %
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Table 12.

cont.

Be tween Dimension interaction matrix for (PYa Between Dimension interaction matrix for CP9b
Dimension 2 Categories Dimension 2 Categories
1 2 304 5 6 7 1 2 4 5 6 7
1112 0 0 0 0 0 0 b2 3 0 0 0 ¢]
2 0 0 0 0 0 0 0 2 0 3 0 0 0 0
A
3149 a4t 0 0 0 0o 0 31 0 0 0 0 0o v
4 0 0 0 0 0 0 0 4151 14 0 0 0 0
Dimension 1 - - - Dhimension 1 - -
5110 0 0 0 0 0 0 S110 0 0 0 0 0
(ategories Categories
6|10 2 0 0 0 0 0 6 | 14 2 0 0 0 0
B B
7422 19 0 0 0 0 0 7122019 0 0 0o 0
8 0 0 0 0 0 0 0 8 0 0 0 0 0 0
9 0 o0 ¢ 0o ¢ 0o 0 9 0 0 0 0 0o 0
10 2 0 O 0 0 0 0 10 3 0 0 0 0 0
CMMI Proportions Passage CP9a Passage CP%b
Proportion ot blank space 1n toual pPassage .33 .28
Proportion of each catcgory 1n non-blank material. im, 1 Dim. 2 |Dim. 1 Dim, 2
i 07 .63 .10 73
2 00 .37 .02 W27
3 54 .00 .00 00
4 00 .00 .43 .00
X 5 06 00 .07 00
tategory 6 07 .00 1l .00
7 24 .00 .26 .00
8 00 —_ .00 —
3 00 —— .00 —
to 0l — .02 -
Proportion of exposition in non-blank matcerial .61 .58
Proportion of content development 1n non-blank material 69 .65
Proportion ot exercises 1n content development 10 1o
Proportion of exposition i1n content development .90 .84
Proportion requiring responses 1n non-blank material .37 .43
Proportion of mathematics 1llustrution i1n non-blank material .00 .00
Proportion of 1l1lustratiocn in non-blank material .00 .00

p - ~
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The CMMT lists for contrived passages CP9a and CP9b
revealed that exercises were interspersed throughout passage
(CP9a while they all camc at the end of passage CP9b. The
lists showed that passage CP9a was high in example content
while passage CP9b was high in other types of exposition.
The CMMT lists for both passages showed a mixture of word
and symbol represcntation with no illustration.

The dimension 1 interaction matrices showed that
passage CP9a contained seven interactions between exposition
and exercises while passage CP9b contained only one such
interaction. This reflected the plan to integrate cxercises
with cxposition in passage CP9b. The dimension 2 interaction
matrices showed the passages were somewhat similar on dimen-
sion 2. Only regions A in these two matrices contained
entries. Passage CP9a appeared to have more ‘nteractions
between words and symbols than passage CP9b. This resulted
from the integration of the exercises with the exposition
in passage CP9a. Regions A of the between dimension
matrices also revealed the planned differences in types of
cxposition between the two passages.

The CMMT proportions sheved that passage CP9a contained
about 61 percent cxposition while passage CP9b contained
about 55 percent exposition. Passage CP9a was over 50
percent examples while the exposition in passage CPéb

contained no examples. Passage CP9b had 43 percent of its
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messages recquiring responsces while passage CP9a had 37
percent of its messages requiring responsces. This slight
difference resulted from the fact that there was more space
devoted to exposition in passage CP9b and not to an absolute
difference in the quantities of exercises.

Contrived Passages CP10a and CP10b. These passages

were based on focus passage FP10 which was a development

of the concept of the mean proportional and the Pythagorean
Theorem. Contrived passage CP10a was constructed to contain
a high proportion of exposition and a low proportion of
cxercises and problems. In this passage illustrations were
grouped separatc from the written text. Contrived passage
CP10b was constructed to contain a low proportion of exposi-
tion and a high proportion of exercises and problems.
Il1lustrations were integrated with written text. Other
aspects were held constant between the two passages. The

CMMT analyses of these passages is given in Table 13.

..
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Table 13

CMMT Analyses of Contrived Passages CP10a and CP10b.

Dim. 1 !
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Table 13.

Dimension ©oanteraction matiax tor ¢ P10g

bimension 1 Categories
2 3 4 5 6 7 8 910
i F\T‘O 0 :_ 0 0 0 0 0 0—
U

N\
)

[

/a
<
r~
[=3
(=
[=3
o
[=3
[=3

bomension 1

categories

<o
[=3
[=3
[=3
[=]
[=3
o
<
[=]
[=3

Drwension 2 oantoeraction matrix tor CPi0a.

Dimension 2 Categories

1 2 3 4 5 6 7

11\“191000‘0
2018 2|1 0 0 0 o

3 1 [N ] 0 0

al o o u\\u\uB

(=
<

Dimension 2

<
(=3

Lategories
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himension 1 interaction matrix for CE1gh

Dimension 1 Categories

1 2 3 4 5 6 7 8 91y
1 1 0 0jo.0 0 0 0]ag
2101 0 21 0 0 0 o]0
A
3i0 0 0]0 0 0 0 ;0
410 1 © 0 0 0 0 0f1
Dimension 1
Sfo 0 0 ¢ 00 0 00
Categories
610 0 0 00 Y 0 0f0
B
710 0 0 ofo0 0 1 0{0
N\
810 0 0 0j0 o0 03({ 170
N\
90 0 1 8jo0o 0 0 0 54\ 0

1041 0 0 0{0 0 1 0 o

Bimension 2 interaction matrix for CP10b.

Dimension 2 Categorie

1 2 3 4 S 6 ?

1 AT 6 0 0 0 0

2 8 4 0 0 0 0

3 2 0 0 0 0
Pimension 2

4 0 0 0 0 0 0
Categories B

S 0 0 0 0 0 0

6 0 [ 0 0 0 0

7 0 0 0 0 0 0
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Table 13.

Between Dumension interactzon matrix for (Plua

Dimension ¢ Lategortes

cont.

Between Dimension anteraction matrix tor (P1Ob.

Dimeasion 2 (ategories

Dinston 1

Lategortes

Proportion

Proportion

1 Pl 3 4 S 0 7
1 1 - T . 7() 0 0 0 OA
P 0 0 v 0 0 0
311e 14 0 0 0 0 v

4|83 22 84 0 0 1] 0
Uimension 1

Categories

1 2 3

1 5 3 0

e~
—
o
(=]
(=]

9|35 1 20

i S 0 7

¢ 0 v 0

Proportion
Proportion
Proportion
Proportion
froportion
Proportion
Proportion

(MM Proportioas Passage CP10a Passage CP106L
of blank space 1n total puassage .17 37
of cach category tn non-blank material, Uim 1 Dim. 2 |Dim. 1 Dim, 2
1 .02 45 04 .49
2 .05 14 .09 .12
3 .09 .41 04 39
4 .65 .00 25 .00
. 5 .00 .00 00 .00
Category 6 .00 L0 00 .00
7 .18 .00 0S .00
8 .00 — 20 —
9 .09 —_ 30 -
10 01 —_ 02 -—
of exposttion in non-blank material .81 .42
of content development in non-blank material 81 .42
of exercises in content development .00 .00
of exposition 1n content development 1.00 1.00
requiring responses in non-blank matertal .18 55
of mathematics 1llustration in non-blank material .41 39
of rllustration in non-blank material .41 .39
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The CMMT lists for contrived passages CPl0a and CP10b
demonstrated that passage CPl0a contained more exposition
than CP10b and that CPl0a containcd fewer cxercises and
problems than CP10b. The lists also rcvecaled that illus-
trations werc scgregated from the written material in
passage CPl0a while they were interspersed throughout the
written material in passage CP10b.

The dimension 1 interaction matrices also showed the
planned differences in quantities of exposition and exer-
ciscs between the two passages. Region A of the passage
CP10a matrix contained 233 entries while region A of the
passage CP10b matrix contained 76 entries. Region B of
the passage CP10a matrix contained 53 entries all for
category 7 while region B of the passage CP10b matrix
contained 111 entrics of types 7, 8 and 9. The differcnce
between the passages in the placement of the illustrations
was shown by the dimension 2 matrices. Passage CPl0a con-
tained three interactions between written material and
illustration while passage CP10b contained 20 such inter-
actions. The between dimension matrices also showed that
passage CP10a contained much more explanation than passage
CP10b whilec passage CP10b contained more and various types
of cxercises and problems.

The CMMT proportions showed that passage CPl0a con-
sisted of 80 percent cxposition while passage CP10b con-

sisted of 42 percent exposition. Passage CP10a contained
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about 18 percent messages requiring responses while passage
CP10b contained about 55 percent of such messages. [Lach

passage contained about 40 percent illustration.

Statistical Results
The statistical results of the validity study concern
the problem of the number of passages to sample from a
secction of a textbook, correlational comparisons of passages
within and between textbooks, and the identification of
presentation variables on which textbooks differ. These
results are discussed in this section.

The Sampling Problem. In order to determine if CMMT

analyses of entire sections of textbooks can be closely
approximated by sampling a small number of CMMT sample
passages, successive correlations were made between each
cntirc experimental section and increasingly larger random
samples of passages from the section. For thesc correla-
tions 25 items of data readily available from the CMMT
analyses of the passages were used. The items of data and
sampling procedure used were detailed in Chapter 4.

Purdue Statistical Program BMD3D (Dixon, 1970) was
uscd to compute the corrclations for the sampling problem.

These correlations arc given in Table 14.
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The corrciations given in Table 14 revealed that for
all cxperimental sections high correlations were obtained
by sampling only one, two, or thrce passages.  The number
of passages it was necessary to sample in order to reach
and maintain correlations of .90 and .95 between the samples

and their sections is given in Table 15.

Table 15
Number of Passages Necessary to Sample to Reach and Maintain

Correlations of .90 and .95 with Entire Sections.

Total Number Sample Size Samplec Size

Experimental of Passages Required for Required for
Section in Scction Correlations Correlations
> .90 > .95

ES1 13 3 3
ES2 9 3 4
ES3 11 1 1
LS4 11 2 4
LSS 9 1 2
156 0 1 1
ES7 6 1 2
LS8 11 1 2
I.S9 4 2 3
ES10 5 1 2
£S11 10 1 1
£S12 7 1 ?
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The results given in Table 15 showed that fairly high
stable correlations werc obtained between the CMMT analyses
of entire scections and a sample of only onc or two passages.
In order to determine more preciscly what thesc corrclations
mcan, further corrclational analysis was carried out. The
results of this analysis arc discussed next.

Correlational Comparisons of Passages. Correlational

analysis was used to detcrmine if the CMMT analyses of
passages sampled within the same textbook were more closely
rclated than passages sampled from different textbooks.

An average within-textbook correlation for each textbook
studicd was determined by computing the average correlation
of all pairs of passages from cach experimental section
using the same 25 items of CMMT data used in the sampling
problem. The average between-textbook correlation was
computed by randomly selecting one passage from each of

the twelve experimental sections and computing the average
correlation between all possible pairs of these passages.
The correlations were computed using Purdue Statistical
Program BMD3D (Dixon, 1970). Each average correlation was
determined by taking the Z transformations of the correla-
tions, computing tne mcan of these transformed scores, and
then taking the inverse Z transformation of the mean (Hays,
1963, p. 608). These average correlations are given in

Table 16.
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Table 16

Average Correlation of Passages within and between Textbooks. ‘

i Average within-Book Correlaticas «
Lxperimental Section  Average Correlations (ry) |

1iS1 .60

12S2 .01

ES3 .04

ES4 .71

ESS .88

LS6 .95

ES7 .90

ES8 .85

ES9 .78

LES10 .09

ES1i .93

1512 .75

Average vetween-Book Correlation .53 (?b)

The results given in Table 16 indicated that for pas-
sages sampled within textbooks, averas; correlations were
consistently higher than for passages sampled from dif{ferent
textbooks. To investigate the significance of this apparent

difference a number of statistical tests were performed.

First, a A% test suggested by Ostle (1963, p. 227) was used
to test for differences among the twelve average within- l
textbook correlations. The result of this test is given in
the first line of Table 17. Next, the test was also used to

determine if each average within-textbook correlation differed
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significantly from the average between-textbook correlation.

The results of thesc tests arc also given in Table 17.

Table 17
Results of 22 Tests for Comparing Average Correlations

between Textbooks.

Hypotheses af Observed A2 Prozztiiity
Nt Ty =--=Tp 11 83.89 p < .01
He: 1y = Fg 1 2.07 p < .25
lig: 1, = ?g 1 65 p > .25
le: T, = Ty 1 1.56 p < .25
He: T, = Tp 1 4.14 p < .05
He: Ts = Tp 1 28.79 p < .001
Hy,: Te = Tp 1 70.72 p < .001
hy: Ty = Tp 1 35.62 p < .001
Hy: To = Ty 1 20.76 p < .001
Hg: rg = ﬁ 1 9.86 p < .01
He: Tro= Tp 1 3.32 p < .25
i Ty, Ty 1 52.66 p < .001
Ho: Typ= Ty R 7.17 p < .01

?; = average within-book correlation for book i, i = 1, 12.

?; = average between-book correlation.

Af’om(ll) = 31.264

k?zc (1) =1.32330 )?05 (1) = 3.84146

2 (1) = 6.63490 A2 (1) = 10.828




Table 17 indicates that the average within-textbook
correlations differed at the 01 probability level. This
suggests that some textbooks i1nv:stigated contained more
highly similar passages as measured by CMMT analysis than
other textbooks. For seven of tie textbooks investigated
the average within-textbook correlation was significantly
different from the between-textbook correlation at the .01
probability level. For the remaining experimental sections
the within-textbook correlation did not differ significantly
from the between-textbook correlation at the .01 probability

level.

Identifying Presentaticn Variables. In crder to deter-

mine if the data obtained from CMMT analysis could be used
to identify significant differences among the experimental
sections, analysis of variance was used. The sixteen vari-
ables investigated in this manner were variables which could
be readily obtained from the CMMT analyses of the passages
in the sections. These variables and the analysis of vari-
ance design were detailed in Chapter 4.

For each of the sixteen presentation variables investi-
gated, three statistical tests were performed. First,
Bartlett's A% test was used to test for hcmogeneity of vari-
ance (Winer, 1962, p. 95). The test was performed using
Purdue Statistical Program DATASUM {Dixon, 197G). The

results for each variable are summarized in Table 18.

+
“
"

v
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Table 18

Homogeneity of Variance Tests for Presentation Variables.

%, Variable Observed A? Probability Level
p 1 67.5753 p < .001
2 12.5753 p > .25
3 20.8815 p < .05
4 15.5859 p < .25
5 35.5128 p < .00l
6 37.6567 p < .001
7 135.6895 p < .001
8 11.1110 p < .25
9 21.1336 p > .05
10 18.0601 p > .1
11 21.4017 p > .05
12 80.5406 p > .001
13 112.83€0 p > .001
14 19.5321 p > .1
15 81.2449 p > .001
16 56.8875 p > .001

df = 11 for each variable.

A2.25(11)

13.7007 Az.l (11) 17.2750 A205(11)= 19.6751

21.9200 24.7250 A% (11) = 31.264

.001

27 025(11)

>
N
=
—
~
P—l
—
~—
1}
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The results summarized in Table 18 indicate that on a
number of the presentation variables, homogeneity of variance
can not be assumed. 1If the arbitrary significance level of
.05 1s used then homogencity of variance can be assumed for
only five of thec sixteen variables. If the .01 level is
used then homogeneity of variance can be assumed for cight
of the variables. These results merely show that on a
number of the variables investigated there was greater
variation among the passages within some bcoks than in others.

The second test performed on each presentation variable
was analysis of variance. Even though homogeneity of vari-
ance was not found for all of the variables, Winer {1962,

p. 920) and Hays (1963, p. 381) indicate that analysis of
variance can be performed under these conditions. To per-
form the analyses, Purdue EDSTAT program ANOVAR (Veldman,
1967) was used. The results for each variable are summarized
in Table 19.

The analyses of variance summarized in Table 19 showed
that for all of the variables investigated there were sig-
nificant differences among the means for the twelve books.
These results showed that CMMT analysis statistically differ-
entiated among the textbooks on each of the sixteen variables.

In order to determine the extent of the differences
among the textbooks, a third test was performed on each
variable. The Newman-Keuls Sequential Range Test (Winer,
1962, p. 80) was used to obtain an ordering of the textbooks

on each variable and to find how many pairs of means differed
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Table 19

Analysis of Variance Tests for Presentation Variables

Variable

MS

MS

between within F-ratio Probability
1 602375.3920 13315.3501 45.24 .0001
2 260.9897 31.8325 8.20 .0001
3 47.8005 4.3781 10.92 .0001
4 19.3675 1.4032 13.80 .0001
5 24.0855 6.9682 3.46 .0001
6 157.6088 15.7752 9.99 .0001
7 54.4608 5.9115 9.21 .0001
8 73.7919 7.4488 9.77 .0001
9 428.9311 34.1462 12.56 .0001
10 2799.2132 238.8240 11.72 .0001
11 3105.0151 286.4841 10.84 .0001
12 2408.5381 219.7256 10.96 .0001
13 3234.0415 409.7675 7.89 .0001
14 2289.6925 236.2882 9.69 .0001
15 1099.0162 126.0162 8.72 .0001
16 1216.9134 171.9584 7.08 .0001
dfbetween = 11 for ecach variable.

fvithin

= 90 for each variable.
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statistically. For these tests Purdue Statistical Program
NKTEST (Dixon, 1970) was used. The results of these tests

are summarized in Table 20.

Table 20

Summary of Newman-Keuls Tests for Presentation Variables.

Number of Pairs Number of Pairs
Variable Dige??igsat Diggegeieﬁrglsat
.05 Level. .01 Level.
1 44 40
2 23 20
3 28 26
4 24 20
5 4 2
6 28 20
7 14 11
8 28 18
9 29 24
10 31 25
11 22 18
12 19 18
13 11 11
14 25 20
15 13 11
16 17 10
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The Newman-Keuls tests summarized in Table 20 show
that on most variables differences were found between many
pairs of the twelve books. These results indicate that
CMMT analysis could be a powerful tool for differentiating

among a number of textbooks on a number of variables.

Results of the Reliability Study

Both betwecen- and within-rater reliability of subjects
trained in the use of the CMMT technique were investigated
in this study. Threc groups of subjects were trained
individually and on two occasions coded a set of six CMMT
criterion passages. These data were analyzed to determinc
between- and within-rater differences among the groups and
rating difficulties of the criterion passages. The five
highest scoring subjects in each group were defined as
cxperts for which between- and within-rater reliability
coefficients were determined. The between- and within-

rater results are presented below.

Between-Rater Results
Criterion ratings for each message of each passage were
determined by computing the most frequent coding of each
message by a1l subjects. The computer program which was
used for determining these scores is included in Apperdix IHi.
Between-rater scores for each subject on each passage were
then computed using the program given in Appendix G. Thesec

scores were bascd on the proportion of agreement between a
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subject and the criterion ratings of the messages in cach
pPassage. Scores for cach CMMT dimension were determined in
this way. Thesec betwcen-rater scores were used in all
analyses of variance presented in this section.

Since the criterion passage scores were used as test
scorcs for analysis of variance it was appropriate to
investigate the internal consistency reliability for these
scorcs. To obtain these estimates, Kuder-Richardson Formula
20 coefficients (Nunnally, 1967, pp. 196-197) were computed
for cach passage on each CMMT dimension. The computer
program given in Appendix G was used to compute these
coefficients in addition to scoring the passages. These
reliability estimates of the between-rater scores are

given in Table 21.

Table 21

Internal Consistency Estimates for between-Rater Scores.

Passage Déginsion 1 Dimension 2
imate Estimate
FP1 91 29
CP2b .83 73
FP8 .84 82
CP6a .79 81
FP12 71 6
CP10b .88 89
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Before performing repcated mecasurcs analysis of vari-
ance on the two scts of betwecen-rater scores, two checks of
hom~genecity of variance suggested by Winer (1962, pp. 304-
305) were made. First, homogeneity of variance of subjects
within the three groups was checked. Second, homogeneity
of variance of trecatment by subjects within groups was

checked. The results of these tests are given in Table 22.

Table 22

Homogeneity of Variance Tests for between-Rater Scores.

Homogeneity of variance of subjects within groups.

Dimension 1 Dimension 2

Observed F 1.58217 6.90149
max

Probability > .05 < .07

Homogeneity of variance of treatment
by subjects within groups.

Dimension 1 Dimension 2

Observed F 1.37293 1.22812
max

Probability > .05 > .05

Frax (. o1) (3:14) = 5.3
Frax (Los) (3:14) = 3.71
Frax(.o1) (3:70) = 2.1
Frax (Los) (3:70) = 1.78
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The tests summarized in Table 20 showed that cxcept
for subjects within groups on dimension 2 homogeneity of
variance could be assumed. Winer (1962, p. 305) indicates
that minor violations of the assumptions of homogecneity of
variance will not have a grcat effect on analysis of vari-
ance in any event. Thus, it was appropriate to perform the
planned analyses of variance. Purdue EDSTAT computer pro-
gram ANOVAR (Veldman, 1967) was used to perform thece
analyses on the two sets of between-rater scores. The

results of the dimension 1 analysis are given in Table 23.

Table 23

Between-Rater Analysis of Variance for Dimension 1

Mean Square df F-Ratio Probability

Between Subjects .0634 44
Groups .0076 2 .12 .89
Error (G) .0660 42

Within Subjects .0208 225
Passages .1850 5 10.60 .0001
Groups by Passages .0098 10 .56 .84
Error (P) L0175 210

T T T T T T T T T T T T I 2- T T T T T
Group Means .7140 707 6957

FP1 CP2b FP8 CPba FP12 CP10b
Passage Mcans .6635 .6889 .8279 .6704 .6605 .7222
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The between-rater analysis of variance summarized in

Table 23 shows that on dimension 1 therec wcre no significant
differences between groups of raters and no significant
interactions between groups and passages. Therc were, how-
cver, significant differences between rating difficulties

of the passages. In order to determine which passages
differed, the Newman-Keculs procedure suggested by Winer
(1962, p. 309) was used. The results of this test arc

summarized in Table 24.

Table 24

Between-Rater Differences among Passages on Dimension 1.

FP12  FPl CP6a  CP2b  CP10b FP8 Ranked

Passages

.0030 .0099 .0284 .0617% .1674%% FP12

.0069 .0254 .0587 .1644%% FP1
.0185 .0518 L1575%% CPba
.0333 .1390%* CP2b

.1057%* CP10b

FP8

** Significant at .01 level.

* Significant at .05 level.
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The results of the Newman-Keculs test summarized in
Table 24 show that criterion passage FP8 was easier to code
on dimension 1 than any other passage at the .01 level of
significance. Criterion passage CP10b was easier to ratc
on dimension 1 than passage FP12 at the .05 level of sig-
nificance. No other significant differences between the
rating difficulties of the passages was shown. The results
of the dimension 2 between-rater analysis of variance are

summarized in Table 25.

Table 25

Between-Rater Analysis of Variance for Dimension 2.

Mean Square df F-Ratio Probability
Between Subjects .0153 44
Groups .0003 2 .02 .98
Error (G) .0161 42
Within Subjects .0056 225
Passages .0327 5 6.66 <.0001
,; Groups by Passages .0058 10 1.19 .30
Error (P) .0049 210
T 1 2 3
Group Medns: L9175 9175 9142
""""""""" FP1  CP2b  FPS  CP6a FP1Z  CPLOb
Passage Means: .9000 .8822 .9623 .9107 .9206 .9226
Q
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1he between-rater analysis of variance summarized in
table 25 shows that on dimension 2 there were no significant
differences between groups of raters and no significant
interactions between groups and passages. There werc, how-
ever, significant Jiffercnces in rating difficulty among
the passages. The results of the Newman-Keuls test (Winer,
1962, p. 309) to detcermine which passages differed are

given in Table 20.

Table 26

Between-Rater Differences among Passages on Dimension 2.

‘Rankcdg—W

Cr2b FP1 cpP6a  FP12 CP10b FP8 Passages |
0178  .0285  .0384%% . 04C4** ,0801%* | CP2b
0107  .0200 .0226 .0623%*% | FP1
.0099 .0119 .0516** | CP6a
L0920 .0417 FP12
L0397 CP10b
FP8

L

x% Sjgnificant at .01 level.
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The results of the Newman-Keuls test summarized in
Table 26 show that criterion passage FP8 was casier to rate
on dimension 2 than passages CP2b, FP1, and CP6a at the
.01 level of significance. The resvlts also show that
passages FP12 and CP10b were easier to rate on dimension 2
than passage CP2b at the .01 significance level.

Tle five subjects in each group who received the
highest overall average between-rater scores were defined
to be experts. The data from the experts were used to
determine between-rater reliability coefficients. These
rcliability coefficients are based on the average Scott
rcliability coefficient for all pairs of experts in cach
group on each passage. The Scott coefficient which was
described in Chapter 3 can be interpreted as the proportion
of agreement between subjects with an adjustment for chance
agrcement. The computer program included in Appendix F was
used to compute the between-rater reliabilities which are
given in Table 27.

Table 27 revealed somewhat higher between-rater
reliabilities on dimension 2 than on dimension 1 of the
CMMT system. The table also showed that there was some
variation between passages on both dimensions. This
variability roughly reflects the results of the analyses

of variance.
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Table 27

Between-Rater Reliability Coefficients.

Passage Dimension 1 Dimension 2
FP1 .42 .76
CP2b .63 . 89
FP8 .84 .68
Group 1
CPb6a .55 .86
FP12 40 85
CP10b 72 94
FP1 .58 73
CP2b 52 77
FPR .78 93
Group 2
CPé6a 57 74
FP12 .55 96
CP10b 45 91
= v e e e mm e e e —m e e . e e e e v e e ta e e amem e e — o
FP1 .55 93
CPZ2b 63 74
FP8 .81 1.00
Group 3
CP6a .56 .74
FP12 .52 .83
CP10b .60 .81
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Within-Riter Results

Since only thirtcen of the vriginal fiftcen subjects
in groups 1 and 2 completed the sccond coding of the
criterion passages, within-rater results are based on
groups of size thirtcen. In order to make group 5 of
<ize thirteen, two of the original subjccts in group 3
were sclected at random and dropped from the within-rater
aralysis.

Within-rater scores werc detcermined for each subject
by computing the proportion of agreement between each
subiect's first and seccnd codings of the criterion passages.
The computer program included in Appendix 5 was used to
determine within-rater scores. The internal consistency
estimates for the within-rater scores, which were also com-

puted by the program 'n Appencix G, are given in Table 2§.

Table 28

Internal Consistenc, Lstimates for Within-Rater Sccres.

Passage Lﬁmepsion 1 Dimepsion 2
cstinate Estimate
FP1 .87 .80
CP2b .88 .72
FP8 .90 .83
CPba .84 .78
FP12 .91 .84
CP1lob .0 .83
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The two checks of homogeneity of variance which werc
made for the between-rater scores were also made for the
within-rater scores before the analyses of variance were
performed. The results of these tests are given in

Table 29.

Table 29

Homogeneity of Variance Tests for within-Rater Scores.

Homogeneity of variance of subjects within groups.

Dimension 1 Dimension 2
Observed F 1.4945 5.1818 :
max
Probability > .05 > .01

Homogeneity of variance of treatment
by subjects within groups. |

Dimension 1 Dimension 2 ,
Observed F 1.1946 1.6207
max

I Probability > .05 > .05 ;
Fmax(.,m) (3,12) = 6.1
Fmax(.os) (3,12) = 4.16
f:max(.‘m) (3,60) = 2.2
F 0s) (3,60) = 1.85

max (.
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|

The tests summarized in Table 29 indicated that
homogeneity of variance was a safe assumption in this case.
Thus, as in the case of the between-rat:r data, it was

appropriate to perform the planned analyses of variance.

was used to perform these analyses. Results of the dimen-

sion 1 analysis are summarized in Tahle 30.

Table 30

' Again, Purdue EDSTAT computer program ANOVAR (Veldman, 1967)
‘ Within-Rater Analysis of Variance for Dimension 1.
i

i Mean Square df F-Ratio Probabilitw
1 | Between Subjects .0889 28
Groups .0561 2 .62 .55
j : ! Error (G) .0907 36
| Within Subiects .0290 193
Passages L1377 5 5.29 .0003 N
) Groups by Pa sages 0271 10 1.04 41
Error (P) ..260 180
T T Tt T o ;- _____ 2 ;._ o
Group Means: 6971 6811 6447
__________ FPL  CP2b  FP8  CPsa  FP1Z  CPlop
Passage Means: .6636 .6550 -7913  .6338 .6315 .6706 ,
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The analysis of variance summarized in Table 30 for
within-rater scores was quite similar to the dimension 1
between-rater analysis of variance. Again, no significant
differences were found between groups of raters and there
were no significant interactions between grcups and
passages. As in the case of the between-rater results
there were significant differences between passages. To
determine which passages differed significantly in -ating
difficulty, the Newman-Keuls test suggested by Winer
(1962, p. 309) was used. The results of this test are

sumn.2rized in Table 31.

Tablie 31

Within-Rater Differences among Passages on Dimension 1.

' iR
: . anked
« FP12 CP6a CP2b FPi CP10b FP§ Passages
.0023 .0735 2221 .0391 .1508%% FP12

1212 .0238 .0368 .1575*%* CP6a

.0086 .0156 .1363%%* CP2b

Youd
(XS]
~
~I
*
*

.0070 FP1
.1207%= C?10b

FP8

** Significant at .01 level.
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As with the between-rater scores, the within-rater

results givea in Table 31 showed that focus passage FP8 l
was significantly easie:r to code on dimension 1 than the

other passages. The results of the dimension 2 within-

rater analysis of variance which also parallel the between-

rater results are given in Table 32.

Tablie 32

Within-Rater Analysis of Variance for Dimension 2.

Mean Square df F-Ratio Probability
Between Subjects .0226 38
’ Groups .0015 2 .06 .94
| Error 70) L0237 36
Within Subjects .0071 195
Passages .0481 5 7.96 < .0001
Groups by Passages .0957 10 .94 .50
Error (P) .0060 130
1 2 3
Group Means: 8940 8903 8989
FP1 CP?b FP8 CPb6a FP12  CP10b
Passage Means: .87%1 .8467 .9415 .8713 .9224 .9054
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The within-rater analysis of variance summarized in
Table 32 showed that on dimension 2 there were no signifi-
cant differences between groups and no significant inter-
actions. There were differences in the rating difficulty
of the passages. The results cf the Newman-Keuls test
(Winer, 1962, p. 309) to determine which passages differed

are given in Table 33.

Table 33

Within-Rater Differences among Passages on Dimension 2.

- Ranked
, E
CP2b CPo6a FP1 CF10b FP1zZ FP8 Passages

! .0246 .0324% .0587** ,0757*%* _0948%% | CP2b

.0078 .0311% .0511*%* ,0702*% i CPéa
.0263 .0433% .0624%% FP1
.0107 .G361 CPlwo
.0191 FPi2
=P8

** Significant at .01 level.

|
|
ﬁ * Significant at .05 level.
|
|
\
|
|
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The results of the test summarized in Ta 'e 33 are
similar to the corresponding between-rater res .lts. Again,
passage FP8 appeared to be the easiest passage to code.
Passages CP1G6b and FP12 were easier to code on dimension 2
than passages CP2b, CP6a, and FP1l.

Within-rater reliability estimates were determined for
the experts in cach group using the computer program included
in Appendix F. These within-rater coefficients are given
in Table 34.

As ir the case of the between-rater reliabili:y esti-
mates, the within-rater coefficients tended to be higher
on dimension 2 than on dimension 1. Also, a comparison of
the between-rater coefficients given in Table 27 with the
within-rater coefficients in Table 34 reveals that the
within-rater coefficients tended to be slightly higher.

Of the eighteen dimension 1 coefficients, fifteen of the
within-rater estimates were higher than their correspond-
ing between-rater estimates. On dimension 2 the within-
rater and betwcen-rater coefficients appeared to be quite
similar. The within-rater coefficients in Table 34
reflected the variation among passages shown in the

analyses of variance.




Table 34

Within-Rater Reliability Coefficients.

Passage Dimension 1 Dimension 2
FP1 .62 .87
CP2b .75 .79
FP8 .90 .95
Croup 1
CPba .67 .88
FP12 .77 .96
CP10b .71 91
FP1 .68 .81
CP2b .79 83
FP8 83 .90
Group 2
CPba .69 .82
FP12 .61 .88
CP10b 78 .88
FP1 .66 .99
CP2b .58 .72
FP8 . €9 .99
Grour 3

CPb6a .61 .81
FP12 .78 .89
Criob .61 .84
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Investigator Reliability

To complete the study of reliability a check was made
of the reliability of the investigator. This was done by
computing the proportion of agreement between the investi-
gator and the betwcen-rater criterion ratings on each
Criterion passage. In addition a Scott reliability coeffi-
cient was computed between the investigator and the criterion
ratings on each criterion passages. These proportions and
cocfficients which were computed using the program in

Appendix F are given in Tablc 35.

Table 35

Investigator Reliabilities.

Proportion of Reliebility
) Agreement Coefficients
Passage
Dimension 1 Dimension 2|Dimension 1l Dimension 2
FP1 .74 1.00 .61 1.00
CPb2b .90 1.00 .88 1.00
Fp8 .92 1.00 .88 1.00
CpPba .70 .56 .61 .93
FP12 .85 1.60 .81 1.00
CP1Cb .87 1.00 .83 1.00
Averages .83 .99 .77 .99




CHAPTER VI

SUMMARY, CONCLUSIONS, AND DISCUSSION

Summary of the Research

In this rescarch a technique for identifying and study-
ing presentation variables in mathematics text was developed
and investigated. These presentation variables concern the
manner in which authors attempt to communicate mathematics
in printed form. The variables were studied in terms of
content and representational structures in mathematics text.

The research had purposes which were both developmentally
and cmpirically oriented. T“rom a developmental point of view
the purpose of the research was to develop a technique of
studying presentation variables in mathematics text. From an
empirical point cf view the purpise of the research was to
investigate the validity and reliability of the technique.

The developed technique has three basic components.

The first component consists of a two dimensional system of
categories for classifying messages in mathematics text.
This category system is called the CMMT category system.
Dimension 1 of the CMMT catcgory system which is used to
classify messages in terms of mathematical content and
process provides subclassifications of the cxposition and

cxercises or problems appearing in mathematics text.
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Dimension 2 of the CMMT category system provides a mcans of
classiiying the modce of representation used in mathematics
text in terms of word, symbol, and illustration classifica-
tions.

The sccond component of the developed technique has to
do with procedures for applying the CMMT category system to
actual text passages. The basic unit of mecasurc used is
onc-tfourth of a line of print. To apply the category systen,
a4 page of text is partitioned into sections conforming to
the format of the page. A catcgory number for cach dimension
of the CMMT system i: recorded for each scction of this par-
tition and each section is weighted in terms of the unit of
mecasurc. Category numbers arc rccordeccd following a set of
precise detinitions and procedures which have been developed.

The third component of the technique developed in this
study concerns a method of analyzing the information collected
by applying the CMMT catecgories to mathemavics passages.

This method of analysis which is called CMMT analysis con-
sists of a scquential listing of categories, a set of ma“rices
for analyving interactions among categories, and a number of
proportions based on the unit of measure. A computer program
is used to determine the CMMT analysi: of a passage of
mathematics text from a rater's codirgs.

The¢ union of the three tasic conponents of the technique
developzd in the study is called the CMMT technique. The

development of the CMMT technique was an evolutionary process
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based on practical experience and theorctical considerations.
A number of existing mathematics textbooks was examined and
tentative category systems were developed, tested, submitted
to critical discussion, and revised. As the CMMT technique
was being developed & theorctical rationale for the choice
of the categories and procedures evolved

The empirical research consisted of two related _tudiecs.
The valid.ty study was undertaken tc gather evidence of the
validity of the CMMI technique as a means of studying prescn-
tation variables in mathematics text. The reliability study
was undertaken to detcermine if raters could use the CMMT
technique in a consistent and recliable manner.

In the validity study twelve mathematics textbooxs f{rem
grade four through twelve were investigated. The passages
in onc scction of each of these books were submitted to CMMT
analysis. A focus passage was chosen from each section for
1n depth study. Certain focus passages were used to provide
hcscriptive evidence of the validity of CMMT analysis ror
describing ¢ sages. Other fccus passages were used to
construct pairs of contrived passages with common content
but contrasting forms of organization or presentation.
These contrived passages were used to provide further
descriptive evidence of the validity of CMMT analysis.

Validity was also studicd in a statistical manner.
Corrclational analysis was used to determine what constituted

an adequatce sample of passages from textbook sections.
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Corrclations of passages within textbooks werc compared

with corrclations between passages taken from different
textbooks.  For all corrclations made in the study a sect of
25 items of data rcadily available from the CMMT analyses of
investigated passages wdas used.

To determine if CMMT analysis has validity for identify-
ing presentation variables on which textbooks differ, an
analysis ot variancce model was used. The twelve texttcoks
tnvestigated wérc comparcd on 16 variables readily available
from CMMT analyscs.

In the reliability study three groups of subjects were
investigaited. These groups consisted of nathematics educa-
tion specialists, secondary mathematics tcachers, and student
teachers of secondary mathematics. The subjects in each
yroup studied a training booklet to learn the CMMT techniuue
and then rated six criterion passages on two obcasions
scparated by a period of a minimum of four wecks. “epeated
mcasures analysis of variance was used to detevmine if
within- and between-rater differences existed between groups
of subjects and to determine if diftfecrences existed in the
rating difficulty of the criterion passages.

To complete the reliability study a number of relia-
bility coefficients werc computed. These included within-
and between-rater coefficients for each CMMT dimension and
cach group as well as reliability es.imates for the investi-

gator.
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Conclusions and Discussion

In this section conclusions and discussi.n concerning
the developmental, validity, and reliability aspects of

the research are given.

Developmental Aspects

The development of the CMMT technique must be viewed
with two limitations in mind. First, the technique is
cssentially new. Although similar instruments have been
used to study classroom interaction, no other researcher
has attempted to use such a technique in a setting similar
to this study. Thus, the CMMT technique is not directly a
part of any existing theory or body of research. Second,
the technique is largely the work of a single researcter.
While the investigatcer did discuss the technique with a
number cf researchers as it was being developed, the tech-
nique does not represent the combined efforts of several
equally contributing and involved researchers. To overcome
these limitations, a number of other researchers will have
to become involved in studying and further developing the
technique. A solid theoretical rationale on which to base
the technique will have to be established.

Before the CMMT technique can be regarded as a practi-
cal and usable technique, researchers must deal with several
devclopmental issues. These issues concern the CMMT category

system itseli, the procedures for applying the sysiem to text

matcrials, and CMMT analysis. Developmental issues 1elated
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to the category system concern the problems of the frequency
with which the CMMT categories appear in actual text matec-
ria.s, the continuous nature of some of the classifications,
and the mutual exclusiveness of the categories.

The problem of the frequency with which classifications
appear in actual mathematics textbéoks 1s itlustrated by
dimension 1 of the CMMT system. By far the most numerous
categorizations of the text materials investigated consisted
of specific ard general esplanation (categories 3 and 4) and
cxercises (category 7). The other categories tended to
appear relatively infrequently. The possibility of combin-
ing some of the rarely occurring categories such as defini-
ticen (category 1) and generalization (category 2) needs to
be investigated. Perhaps come of the most frequently
occurring categories need to be further subdivided. This
may be particularly true of general explanation (category 4)
which seemed to become a catchall for expository material.

The continuous nature of the dichotomy between some of
the pairs of categories presents another problem on which
more developmental effort is needed. The categories of
specific and general explanation (categonries 3 and 4 of
dimension 1) illustrate this problem. It is difficult to
determine at what point something is no longer specific and
becomes general. Other categories presenting this problem
include the exercise and problem classifications on dimension

1 and the illustration classifications on dimension 2.
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Effort is necded in the development of more precise defini-
tions of the catcgories to overcome this problem.

Mutual cxclusiveness also appears as a possible problem
in the exercise and problem categories on dimension 1. [Lor
cxample real world problems can be of a rote or practice
naturc and thus classifiable as both excrcises (category 7)
and application (category 8). Such problems could also play
o role in the development of the material and thus be
classified in cacegory 6. Further developmental effort is
nceded to insure the mutual exclusiveness of the categories.

A developmental issue related to the procedures used in
applying the category system to actual text materials concerns
the time required to code a page. The investigator found the
task of subdividing a page, weighting the partitions, coding
the material, and transferring the data to computer cards for
analysis to be an extremely time consuming process. Although
rcsearchers may be willing to spend such amounts of time, it
1s doubtful that anyone else would. Thus, the technique as
1t now stands is limited in this respect. Further develop-
mental effort could be directed toward reducing the time
requirement.

- CMMT analysis also needs further developmental attention.
The meaningfulness of the area unit is questionable. Some

types of messages such as problems may pack much more into

A

a unit of measurc than other messages such as general .

14

cxplanation. A symbolically written messagz ordinarily uses
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Icss space than the same message written out in words.
Iilustrations tend to take up large areas. The same illus -
tration could exist in two passages but be of vastly differ-
ent sizes thus yielding different CMMT proportions. In
light of this the sequential and interaction aspects of CMMT
analysis appear to be more meaningful than the CMMT propor-
tions. In any event, future resezrch may lead to the
development of some other unit of measure.

There is much developmental work still to be done if
the CMMT technique is to become widely used. Whether or not
this work should be done will depend on researchers' judge-
ments of the potential of the technique. These judgements
should be made in terms of the empirical evidence supplied
by the validity and reliability studies. The conclusions
which can be drawn from these studies are discussed in the

following sections.

The Validity Study

The following conclusions may be drawn from the results

of the validity study.

1. CMMT analysis can be used to describe the organiza-
tien of mathematics text passages.

Z. CMMT analysis reflects similarities and differences
between pairs of passages with known organizational
makeups.

3. CMMT analyses of entire sections of mathematics

textbooks correlate highly with the CMMT analyses
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of random samples of two or threce passages {rom the
sections.

4. CMMT analyses of passages sampled within textbooks
tend to correlate slightly higher than CMMT analyses
of passages sampled from different textbooks.

5. CMMT analyses of textbooks measure variables which
statistically differentiate among textbooks.

The above conclusions should be viewed within the
bounds of certain limitations. Conclusions 1 and 2 are
based only on descriptive information. It is the investi-
gator's opinion that the descriptive results given in
Chapter 5 support these conclusions.

It is not entirely clear what the correlational conclu-
sions drawn in 3 means in terms of sampling passages from
textbook sections for CMMT analysis. While the correlations
of sections with two o three sampled passages tend to be
above .90 it is difficult to say if this is high enough.
Conclusion 4 indicates that caution should be exercised in
using a small sample of passages to represent sections of
textbooks. While correlations among passages within text-
books tend to be fairly high in some cases, these correla-
tions do not seem to be a great deal higher than correlations
among passages from different textbooks.

Certain types of passages within some of the textbooks
investigated tended to correlate lowly with other passages

in the same book. For example, review passages or passages
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consisting only of verbal problems had very low or cven
negative correlations with the majority of passages within
somc texts. Perhaps the average within-textbook correlations
for the different textbooks serve only to give an indication
of the consistency of prescntation in the books. Whether
this level consistency is important must be determined by
further research.

Conclusion 5 may be the most important conclusion drawn
from the validity study. Any valid measurement instrument
must bec able to differentiate among the things it measures,
if it is to have any use. CMMT analysis did differentiate
among the textbooks in this study on all sixteen variables
investigated. It remains for further research to detesrmine
if these differences have meaning in terms of any learner
variables.

In view of the limitations discussed above it is the
opinion of the investigator that- the conclusions of the
validity study suppert the contention that the CMMT technique
has potential for becoming a valid means of studying mathe-

matics text.

The Reliability Study
Tte following conciusions may be drawn from the results
of the reliability study.
1. In terms of both between- and within-rater scores,
groups were statistically equivalent on both

dimensions of the CMMT category system.
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2. In terms of both between- and within-rater scores,
some passages were sigrnificantly more difficult
to code than other passages on both CMMT dimensions.

3. Most between-rater reliability coefficients on
dimension 1 ranged between .50 and .80.

4. Most between-rater reliability coefficients on
dimension 2 ranged between .75 and 1.00.

5. Most within-rater reliability coefficients on
dimension 1 ranged between .60 and .90.

6. Most within-rater reliability coefficients on
dimension 2 ranged between .75 and 1.00.

7. Tnvestigator reliability measured in terms of
codings of the subjects averaged about .77 on
dimension 1 and .99 on dimension 2.

These conclusions must also be viewed within the limita-
tions of the reliability study. It should be kept in mind
that subjects in this study trained themselves in the use of
the CMMT technique and were not requested to spend large
amounts of time on the project. With improved training
techniques it would not be unreasonable to expect raters to
achieve higher levels of reliability. The slightly higher
within-rater reliabilities achieved on dimension 1 seem to
support this.

The lack of differences between groups may also be a

reflection of the individualized training and the short

training period. Possibly no group of subjects was trained
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long cnough for the differcnces in expericnce and education
among the groups to have any cffect. It is also a possibil-
1ty that a lack of motivation on the part of all subjccts to
spend five or six hours on the required task had a leveling
cffect on the results.

The reliability cocfficicnts of the investigator's
codings must be interpreted cautiously. It is the feeling
of the investigator that the dimension 1 average estimate
of .77 is low. This coefficient was computed in terms of
the most frequent ratings made by the subjects in the experi-
ment. Some of these ratings were not tased on an overwhelnm-
ing concensus of the subjects. In fact, many were based on
a minority opinion. It is the opinion of the investigator
that in most cases where he disagreed with the most frequent
ratings he was right and the subjects were wrong.

It remains for further research to determine what
levels of reliability can be obtained by subjects with
inproved and prolonged training. It also remains for
research to determine what levels of reliability are neces-
sary for the technique to be of practical value. It is the
opinior of the investigator that the conclusions drawn frcm
the results of the reliability study indicate that the CMMT
technique has potential for becnming a reliable technique

for studying mathematics text.
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Recommendations for Further Rescarch

There is a clecar necd for research which systematically
studics mathemat.cs text. Techniques for doing this in a
meaningful way are not pleniiful. The CMMT technique repre-
scnts an attempt to develop one technique for studying
presentation variables in mathematics text. The poicential
of the technique as a useful means for studying mathematics
text is the crucial factor. Further reserach will have to
determine if its potential will be realized. Recommendations
for the directions such research should take arc given in
this section.

Before the CMMT technique can be used to undertake
studies of mathematics text, the developmental and reliability
problems discussed in the previous section should be resolved.
Studics investigating these problems should involve a number
of researchers and subjects over a period of time. In these
studics developmental problems could be inves.igated in con-

junction with investigaticns of reliability. Researchers

should work directly with subjects to determine where coding
difficulties are encountered. Training procedures should be
investigated in terms of what levels of reliability can be
obtained in given time intervals.

After the developmental and reliability issues have 1
been satisfactorily settled, researchers will bé able to

undertake actual <tudies of mathematics text. These studies

could take a number of forms. Descriptive studies could be
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carried out in which the nature of the presentation in vari-
ous textbooks is merely described in terms of CMMT analysis.
Comparative studies of the presentaticn in various textbooks
in terms of CMMT analysis could also be carried out. Thesec
descriptive and comparative studies, while providing informa-
tion about the presentation in particular textbooks, could
also scek to operationalize in terms of CMMT analysis the
meaning of such terms as "discovery" or "conventional
approaches to presenting mathematics text.

Studies in which connections between learner variables
and CMMT analysis patterns are investigated will need to be
undertaken. Such studies could attempt to explain some of
the results of existing comparative studies of mathematics
text, such as the National Longitudinal Study, in terms of
CMMT analysis. A regression analysis model could be used in
an attempt to identify certain CMMT patterns which produced
supcrior achievement or attitudinal resulits in existing
studies.

Experimental studies could compare learner outcomes on
text passages which are constructed to have given CMMT
analysis patterns. These studies could search for patterns
of presentation which produce specific learner outcomes such
as superior performance of basic skills, superior problem
solving, positive attitudes toward studying mathematics
textbooks, etc. The patterns investigated in these studies

will have to be chosen on some theoretical basis and/or in
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terms of the outcomes of the types of studies described in
the previeus two paragraphs.

Finally, educators may wish to put a fully developed
CMMT technique to practical use. Textbook authors may wish
to use CMMT analysis as a teool in the construction of
mathematics text materials. Publishers may wish to use
CMMT analysis information to help in describing their text-
books to educators. Textbook selection committees may wish
to use the CMMT analyses of the textbooks they are consider-
ing to aid them in their decisions. Teacher education
programs in mathematics may wish to make use of the CMMT
technique in training teachers in the evaluation of mathe-
matics text materials. These practical applications should
bc made only after positive results of further research on

the CMMT technique have been received.
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[. Introduction to the CMMT Categories

The CMMT category system is a system of categories for

Classifying messages which appear in mathematics text.

CMMT

stands for "Classification of Messages in Mathematics Text."

The CMMT category system which is two dimensional is given

below.

Dimension 1:

CMMT Category System

Conteng Mode

Blank Space

Messages

requiring
only

reception.

Messages
calling
for
responses
other
than
reception.

Definition (Meanings of
words or symbols.)

Generalizations (Important
rules, axioms, theorems,
formulas, etc.)

Specific Explanation
(Concrete examples and
discussion in specific
terms.)

General Explanation
(Proofs of propositions,
general discussion, etc.) |

Procedura! Instructions
(Directions.)

Developing Content
(Questions in exposition,
developmental activities,
guided discovery exer-
cises, etc.)

Understanding Developed
Content {Exercises involv-
ing routine computations,
practice, identification,
etc.)

Applying Developed Content
(Real world problems,
applications of generaliza-
tions in concrete situa-
tions, etc.)

Analyzing and Synthesizing
Developed Content (Proving
propositions, finding new
relationships in developed

Exposition

Subclassi-
fications
of questions,
rexercises,
problems,
activities,
etc.

content, unguided dis-

Other Material (Headings, non-mathematical

materials, etc.)
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Dimension g: Presentation Mode

0. Blank Space
Written 1. Words
text. 2. Mathematical Symbols

3. Representations of Abstract Udeas (Venn
diagrams, geometric diagrams, mapping
pictures, etc.)

4. Graphs (Number lines, coordinate graphs,
bar graphs, etc.)

5. Represcntations of Physical Objects or
Situations (Plans, maps, cross
sectional drawings, photographs, etc.)

6. Non-mathematical Illustrations
(Motivational photographs, cartoons,
etc.)

7. Combinations of Illustrations with
Written Text (Flow charts, mathematical
tables, tree diagrams, etc.)

lilustration

The CMMT category system is used to classify messages in
mathematical passages. To do this, the passage is parti-
tioned into units determined by a set of rules and the format
of the passage. Each unit is then classified with respect
to both dimensions of the CMMT category system. The follow-
ing page is an example of a page of text which has been
rated using the CMMT technique. The symbol m-n reccrded in
a given unit indicates that the message in that unit is

classified as category m on dimension 1 and category n on

dimension 2.
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When the CMMT classification of all messages in a
passage is completed the information may be analyzed in wayvs
which reflect both sequential and quantitative aspects of
the organization of the passage. Sequential aspects arc
represented by making an ordered list of the classifications
following the natural flow of the printed material. A
matrix similar to those used in Flanders' interaction
analysis 1s uscd to analyze the nature of the interactions
among CMMT categories. Quantitative aspects of a passage
are drscribed by determining the proportion of messages in
the various categories and in logical combinations of
categories. All of the descriptive information for a given
passage is called the CMMT analysis for that passage. The

CMMT analysis for the passage on page 3 follows.




List of Messages in Order of Occurrence

Dim.

10
5

0
4
0
6
6
6
6
6
6
6
6
6
0
2
0
0
0
4
5
0
3
3
7
0
7
7
7
7
0
5
7
7
0
5
0
7

1
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Dim. 2 Weight

p—
N(ﬂ)—‘NN@A&%N&N(\)ANC\AHLNMHA-&(NHH(NH(\)HNHFJKJIMNF‘M

1
0
1
1
0
2
1
2
1
2
1
2
1
2
0
1
0
1
0
1
1
0
3
2
1
6
1
5
1
5
0
1
2
1
0
1
0
2

p—

End

(The weight indicates
the number of area
units of approximately
1/4 of a linc of print
devoted to each
message recorded in
the list.)
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I'requency Matrix for Dimension 1

0 0 0 0 0 0 0 0 0 0 (The entry n in
row i and column

0 3 0 0 0 0 0 0 0 1 j indicates
message type i

0 0 7 0 0 0 i 0 0 0 was followed by
message type j,

0 0 0 4 1 1 0 0 0 0 n times in the
passage. Blank

0 0 1 1 4 0 2 0 0 0 space is ignored

in this matrix.)

Proportion in Each Category for Dimension 1

Category Proportion
0 .225
1 0
2 .043
3 .087
4 . 065
S .087
6 .141
7 .402
8 0
9 0

10 .174

Proportion Exposition .196

Proportion Content Development (1 thru 4 plus 6) .337
Proportion Requiring Responses in Content Development .419
Proportion of Exposition in Content Development .581

Proportion Requiring Responses .630
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Frequency Matrix for Dimension 2
25 7 1 0 2 ] 0
7 23 0 0 0 0 0

1 0 0 Q 0 11 0
0 0 0 0 0 0 0

Proportion in Each Category for Dimension 2

Categorz Proportion

0 .225
1 .391
2 .326
3 .065
4 0

5 .087
6 .130
7 0

Proportion Mathematics Illustration .152
Proportion Illustration .283

Interaction Matrix Dimension 1 and 2

0 0 0 0 0 0 0 (The entry n in row i and
column j indicates message

4 0 0 0 0 0 0 type 1 on dimension 1 was
of type j on dimension 2,

0 2 6 0 0 0 0 n times in the passage.)

6 0 0 0 0 0 0

8 0 0 0 0 0 0

4 9 0 0 0 0 0

10 20 0 0 8 0 0

0 0 0 0 0 0 0

0 0 ¢ 0 0 0 0

4 0 0 0 0 12 0
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The information about a mathematics passage which is
provided by CMMT analysis could be used fcr a number of
purposes inv.lving both practical application and research
in mathematics cducation.

1. CMMT provides a means for describing mathematics

text in specific terms. Such information could be
uscful to textbook authors, publishers, and text-

book sclection committces.

o

CMMT provides a means of manipulating and control-
'"ng textual variables in experimental studies
using printed mathematics material. Thus it could
be a useful instrument for researchers studying
mathematics text materials.

The purposc of subsequent sections of this booklet is
to provide the reader training in the use of the CMMT tech-
nique for classifying messages in mathematics text. Complete
descriptions of all of the categories with examples and
general procedural techniques are given in the following
scctions of the booklet. The final section includes numerous
keyed practice passages which the reader may use in training

himself in the use of the CMMT technique.
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Description of Dimension 1 Cuategories

Blank Space:  Any unit which is completely blank,
Definition (Mcanings of words or symbols.): Messages
whose primary purposc is to give the mathematical
meanings of words, symbols, or phrascs. Any statcment
of a definition or any description of a mathematical
term.  May be integrated into the written text or set
off as a formal definition,

Generalization (Important rules, axioms, theorems,

formulas, ctc.): Messages whose primary purposc is tc
give important general mathematical concepts, idecas, or
procedures. Any statement of an axiom or theorem. May
be integrated into the written text or formally set off
as a rule, formula, principle, etc.

specific Explanation (Concrete examples and discussion

in specific terms.): Messages whose primary purpose is
to give specific or concrete Instances of general
concepts, ideas, or procedures. Specific examples of
gencral definitions, axioms, or theorems. Any discus-
sion or explanation of concrete examples. May be
integrated into written text or specifically set cfy

as formal examples.

General Explanation (Proofs of propositions, general

discussion, etc.): Messages whose primary purpose is
to explain or discuss general concepts, ideas or pro-

Cedures. Any proof of a formal proposition. General
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statements which seek to clarify, justify, show how or
why, etc. May be used to introduc.:, relate, or sum-
marize aspects of a passage. Expository statements
with mathematical content which 2re not clearly classi-
fiable as 1 through 3.

Procedural Instructions (Directions.): Procedural

directions appearing anywhere in a text passage. May
indicate to the reader what he is to do with a set of
exercises or problems. May be stated in the form of a
question. Does not apply to directive statements con-
taining substantial mathematical information.
Typical examples:

a. Solve the following equations.

b. Complete.

c. Look at Figure 7.

d. What are the solution sets for the open sentences

below?

Developing Content (Questions in exposition, develop-

mental activities, guided discovery exercises, etc.):
Questions, activities, or exercises designed to help
develop content. May call for verbal discussion,
physical activity, or thought or written responses.
May be designed to guide the student to dis.over some
mathematical concept. Exercises or problems whose
primary purpose is to develop or present new content.

Questions, activities, or exercises integrated into the




exposition which are designed to make the reader

participate in the development of the content.

Understanding Developed Content (Excrcises involving

routine computation, practice, identification, ctc.):
Exercises which are clearly on the knowledg> or compre-
hension level of Bloom's Taxonomy. May involve lowest
level of application where a generalization is used in
a4 situation essentially identical to the situation in
which the generalization was presented in the text.

The emphasis here is on understanding the content which
was presented in the text. May involve the recall of
specific information and procedures or the understanding
of presented content with only rcutine alterations of
material. May involve the use of material without
relating it to other materials or situations or seeing
its broader implications.

Typical examples:

a. Exercises of a purely computational nature.

b. Exercises intended to give practice in a skill or
procedure.

c. Exercises which are essentially the same as
examples given in the text. That is, exercises
whose solutions depend on the imitation of
cxamples worked out in the text.

d. Problems which require only a direct routine

application of a definition or generalization.
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Such as finding the circumference of a circle

with a given radius. (Where the emphasis is on
understanding the generalization rather than on
using it to find solutions to problems.)

Applying Developed Content (Real world problems, appli-

cations of generalizations in concrete situations, etc.):
Exercises or problems which are on the application level
of Bloom's Taxonomy. The emphasis here is on using the
content presented in the text in a new or different
situation. The new situation may be mathematical or a
rcal life or physical situation. May involve the use

of an abstraction in a concrete situation which the
student has not seen befcre. Involves the recall and
uirderstanding of information and in addition the
utilization of the content in a non-routine manner to
find the answer to a problem.

Typical examples:

a. Using general formulas or procedures to solve
mathematical problems.

b. Using general mathematical principles developed
in the text to find solutions to real life
problems. (Word problems.)

C. Applying general definitions, axioms, and theorems
in concrete situations or to specific mathematical
models .

d. Interpreting concrete examples in terms of general

structures.
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Analyzing and Synthesizing Developed Content (Proving
propositions, finding new relationships in developed
content, unguided discovery, etc.): Problems which are
on the analysis or synthesis level of Bloom's Taxonomy .
May involve the breakdown of content into its basic
elements so that relationships between ideas are made
more explicit.
Typical eXamples:
a. Problems requiring the proof or disproof of a
proposition.
b. Problems requiring the discovery of new relation-
ships between elements of developed content.

Other Material (Headings, non-mathematical materials,

e€tc.): Messages not fitting categories 0 through 9.
May be headings of sections, exercises, etc. May be
motivational or historical material. Messages which

are non-mathematical in character.
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Notes on Using Dim2nsion 1 Categories

Begin by ment ' .y delineating between the blank space

(0), exposition (1 - 4), messages requiring responses

(5 - 9), and other material (10). This will make the

task of making finer distinctions easier.

To rate exposition (1 - 4):

1. First eliminate definitions (1) and generaliza-
tions (2).

2. Of the remaining exposition, classify all messages
giving specific instances of more general content
as specific explanation (3).

3. Classify the remaining exposition as general
explanation (4).

To rate messages requiring responses (5 - 9):

1. First eliminate procedural instructions (5).

2. Base decisions involving exercises and problems
(6 - 9) on the processes involved. Do not base
these decisions on the difficulty of the problem
or exercise.

Illustrations as well as written messages must be

classified on dimension 1. The classification of an

illustrative message is determined by the same rules

as the classification of written messages. If a

diagram illustrates a definition it is classified as

a definition, if it illustrates a proof it is classi-

fied as general explanation, etc.
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L. When in doubt about how to classify a message reread

the descriptions of the appropriate categories.
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IV. Description of Dimension 2 Categorics

0. Blank Space: Any unit which is completely blank.

1. Words: Messages which are made up predominately of
ordinary English words.

2. Mathematical Symbols: Messages which are made up

predominately of mathematical symbols.

3. Representations of Abstract Ideas: May be drawings to

illustrate abstract sets, Venn diagrams, mapping pic-
tures, geometric diagrams, etc.

4. Graphs: May be bar graphs, line graphs, circle graphs,
etc. Or, may be number lines or various types of
coordinate system graphs.

5. Representations of Physical Objects or Situations:

Must have some mathematical content. May be drawings
or photographs of real objects or living things which
illustrate mathematical content. Could be cross sec-
tional diagrams, maps, plans, charts, etc.

6. Non-mathematical Illustrations: Non-mathematical in

nature and not illustrating any mathematical content
being considered. May be motivational or historical
cartoons, photographs, or drawings.

7. Combinations of Illustrations with Written Text: May

be some sort of diagram which contains substantial
mathematical information in the form of words or
symbols. Includes all mathematical tables, flow charts,

tree diagrams, etc.
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Notes on Using Dimension 2 Categories

To decide if a written message in a unit is predominatcly
words or symbols, count the words necessary to say the
message. If the symbols account for-more than or the
same number of these words as the ordinary English then
classify the message as symbols (2). Otherwise, classify
the message as words (1).

When classifying messages (3 - 7) eliminate the non-
mathematical illustrations (6) first. Then make the
remaining classifications. When in doubt reread the

appropriate category descriptions.
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Procedural Suggestions for Rating Passages

Before beginning to rate a passage get a broad idea of
1ts general nature. Read through the passage once to
get an understanding of the content.

When learning how to rate materials it may be helpful
to make all ratings for dimension 1 first and then go
through the passage again for dimension 2 classifica-
tions.

When making decisions consider the context in which the
message appears. Decide what purpose the message is
playing in the passage. If a unit appears to fit more
than one category of a dimension decide which category
is predominate. Do not change from one unit to the
next when in doubt whether or not the classification
should be changed.

Refer back to the appropriate descriptions of categories
and notes in sections II through V when in doubt. Use
the rules given to make all decisions. Do not invent

new rules of your own to follow.
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VIT. Practice Passages and Keys

Instructions for Using Practice Passages

A. Rate each practice passage in this section by classify-
ing each unit with respect to toth dimensions of the
CMMT category system as in the example passage in
section I. Record the appropriate symbol of the form
m-n in each unit. Refer back to any materials in this
booklet as needed.

B. When you have completed rating a practice passage

. check your ratings against the keyed passage on the
page following the practice passage.

C. Rate practice passages until you feel you have mastered
the CMMT technique. If you agree with the key more
than 90% of the time you should feel fairly comfort-
able. Rate practice passages until you have achieved
the 90% level.

D.  When you have mastered the CMMT technique rate the

passages in the CMMT Technique: Experimental Passage

Booklet.




Practice Passage 1

{Jsing the order and grouping principles

.

order.
Change the®*” \;
~grouping

and the product is the same.

| These examples help show how order and grouping changes

affect the producti2 % 10X 3 X 10.

li We could group these:

Wa could group these:

s T T
[, 2X10x3x10 2xX10x3x10 2X10x3x10
i 20x3x10 30XxX2x10 30x2x10
60 X 10 60x 10
« 600 600

V/e could group these:

We could group the’se:

—

Y] 74 X v
2X10x3x10 2x10x3X10 2X10x3x10
6X10x 10 100x2x3 20 10% 3
6 % 100 160X 6
600 - 600

Because of the order and grouping principles, you can
multiply any two factors first and get the same product.

Study this example.

S

“JISCUSSION EXERCISES

f. Explain step 1.

2. Which two factors were chosen to |.
multiply first in step 2? '

3. Explain steps 3 and 4.

s s 1> O e,

4, Solve: 20 X 30 =n]

TXCRCISES

‘1. Sclve the equations.

'*' [#] 40X E60=4%X 10X 6% 10=1"

(€] 80 X90=8X 10X 9 X 10=n!

i I8)50X60=5%x10x6X%X 10=1n)

[F130X50=3X10X5X 10=In| _

v 1e] 69X 70=255 10X 7 X 10=1i] §[¢] 90 X 600 =

{

t (2] 70X80=7 X 10X 8 X 10== ]

(Reprinted by permission.
Elementary School Mathematics, Book 4
Eicholz and O'Daffcr, Addison-Wesloy
Publishing Company, 1968.)

We could group tF\ega:

We could group th
\v_

(2 % 10)3¢ (33 10)
(2% 3) X {10 10)

6600

¥ 103 =1

AT B | SIS 1y ¢ 3 WS e SO

[ [i] 800 X €0="05 100 X 8 X 10 :={n

1 1032 4
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hey to Practice Passage 1

siny the order®and grouping principles =
i~ ordler. 2=/
Change t m( \; and the product is the same. o
-prouping

These examples help show how order and grouping changes | o
affect the productl-zgx?l.o X 3X10. '

)
'| wﬂ could grouo “hiso We could grodjidijese: | We could groufz:lesa:
N R4 H i
2:(10><3><10 2X10x3X10 2x10x3x10
20x3x10 30x2x10 30x2x10
60X 10 =% 60X 10 §-1 60X 10 3-2
.« 600 600 600
Ty ”\/“ could grouj?*iiess: | We could groufy#ese: | We cou|d {’rour”I)ese
Tl g ¥ —*
2><10><3><10 2X10x3X10 2x10><3x10
6X 10X 10 100X 2X3 20x10x%x3
6% 100 32, 100x6 3L 200x3 3-2
600 600 600
.y ’
Because of the order and grouping principles, you can 0
multiply any two factors first and get the same product.
Study this example.t.) o
NISCUSSION EXER..SLS : .
' txplam ste(s o 20%30° 3-2
2. Which two fecters were chosen to M (2x10)3(3%10)
multiply firs. in'step 27 @ (2%3)X (10X 10)
3. Explain steps 3{:1?1'@1 4. @ 6 X 100;
1. Soive: 20 X 30 =jny6-2 @ 600;

\ 1
——rr
FRERC jﬂi

(o]

g Solve the cqui {tths. _
{1210 x60=4 10X 6% 2177 |[2] 80X 90=8X 10X '10
l

wm »O>/60~:>><10><6>\ lm 'mjmsoxqo 3X103 .. Jo—-w

(e e e

XTI T A0 T e G i6] 90X 609 =9 105 -, 100=1N

cenanz
P e e e L X s ey, L

i [uj/O,(LU 7 10‘ 8,« , Luj[H)BOO)(&U-8\\IO‘ (\~,10 :in

e e e i s wand

L s L el e mEm R R e e SR — LA T W e AR e S

(KLP[JHLLd by pecrmission,.

Llementary Schouvi Mathematics, Book 4,
Eicholz and O'Daffer, Addison-Wcesiey
Pubiishing Company, 1908.)




Practice l"lss(xw‘ 2

[

g P St = ot G\ A obmew & . iy

MU G f

- - -

< Try ding ding: I o ‘ﬂ\"h v lthrmt r ‘nul end paper.

oaaxso 0% § e 9 x 30

a. 4 X 50 i b3 X 800
d. 3 X 40 [ e 7 %600 f. 8 X 7,000

g4 X 3,000 | h 5 ¥ 80000 | i 4 % 60,000

L----v-...n- e A S mm WD e st v P

2. How does tire oldributive pronerty help us find a

RN

product ]il-:-.'. e 1 Ji w,vow and complete.

O X 4,083 = O X% (H 06 600 4- S0 + 3)

= (5 X 4,000) -+ (5 X 600) + (b X —_)

+ (5 X 3)
= 20,000 - -+ -+
3. a. Explain how C'd(:l) partial prod- 6,204
uct was fouad. {
e
b, Add to thel ibe product, 39
5 ¢. l'ind flg:_" viial producty ia 720
6 % 42,584 1,600
0
d. Add to fin. !(he product 48,000

4. In tho ‘hovt f W ad: lv)nlvql preduets as we multi-

plyjbonv rm : .‘. n xni:otgltlf:;}ojz}o?x ;...,..._J
13 41
42,.;83 tz,ooJ 12 8). 42583
X 6 X6 X6 X6,
8 .§ 98 198 5,498
; Rs 1S40
Multiply.
1. 3,651 5,040 3, 65,497 4, 9,502
Ko . _x7 X8
5. 34,000 | w. 53,102 Y, 65,371 8, 40,608
\./A _____\‘_6: ?::2 x']

\-—--.M...--. R T v S .% —ar

(Rgprlntod by permission.

Ixploring Elementary Mathematics, Five,
’ - ————

hocdy, Tt oal. , Holt, Rinchart and

Winston, Inc., 1970.)




Fev o to Practice Pass

age 2

MULTIPLICAT. 0id

o

. ot ) N ' &
1. Try finding these products without pencil andJ pa{)er.

a. 4 X 50 &~2.

b. 3 X 800 (-2

¢. 9 X 30 &-2

d. 3 x 40 4-%

e. 7 X 600 =2

f.. 8 X 7,0006~2]

g. 4 X 3,0004-1

h. 5 X 80,0004~

i. 4 X 60,0005~

2. How does the distributive property help us find a

&% product likeji »¢11,6837 [Copy and complete. f=
—

0.
= 20,00

——

5 X 4,683 =5 X (4,000 4+ 600 + 80 + 3)
= (6 X 4,000) + (5 X 60%). + B X )
éf'

+ (6 X 3)

0+ ___ +__ +

%

uct was found.

3. a. Explain how each partial prod- 6=/

{ L)

b. Add to find the prodt’k’fl o

. ¢. Find the partia

| products in 6={

6 X 42,580 £p.

o

d. Add to find the prgiu t. 0

-1
6,3294 0
X8

32

720
1,600
48,000

4. In the short form we add partial m‘od}g’ﬂas we multi-

ply §Copy and complete the short formb=f] ©
1 41 S 41 13 41
412583, 42583¢a] 425834, 42583,
X 6 X 6 %6 &f
8 . 98 198 | 5498
10~¢
o EXERCISES °
Multiply. 9=/ o

1. 3,591 5| 2. 7,029
X6 X3

72| 3 6497

5. 34,0007.2] 6. 69,
x4

10,0 7. 95374,

X6 X9

| 49,902
_x7TY 72 xs
8. 40,608

17-2 %7

(Reprinted by permission.

faplorine bLlementary Mathematics, live,

Keedy, et al.,
Winston, Inc.,

1670.)

flol'c, Rinehart and




Practice Passage 3

Dl Randbeons t Ine jaclities

A 12 foob Loord i3 ent into 3 »ieces of equal lenythe, | To find

the length of ecach piece, consider tha cquation

30)(:12.

Solving this equationiwe find, x = 4, | Hence, each piece is 4 feet

long.

Five girls wunt to chire 23 apples evenly.] To fird the greatest

number of whole anples each girl cen get, consider the irequality

n'5<23-

Using the replaceient set of whole numbers, the solution sst isg

{o,1,2 3 4} .

can et is 4

So the preatcest number of apples each girl

bxorcizes

Write and solve ejuationsg or inequalities to answer the problems.

1. In 3 dvys the liner on which Carol was travaeling steamed 1536

miles.{ If it stoamed the same distance each day then how far

did it go cach day?

A PN
( o gt e
e . T g, T—— PEPRRPEST ’ R B W"”'
g" :..';.‘:«':-yz,._:::‘d 2y -
s —— { N —. e o .,.,g::' {(’_‘
— Satit LmAonirenes. ?.::‘.::s... e s
’k\ T N—— }rﬂ"‘n- CM.T,W ————
Lt -y
A ———— \- ———— nind
— b S
N

le How many tilc would it take to cover the fl.oor of 2 rectangular

room with Jength 20 feet and width 13 feet if the tile are

squara vith 12 inch sideg? |

|~ g 1
\://
i : T /) oot - o
B 1 "; i . ; i i' i \
‘./," Sid = e - 3
— ¥ - L~
e SLLW e I
¥ 7 " YR )
’ e ! ' ’ ~
! e - / 7 /
v . - -t
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RKey to Practice Passage 3

- B I .

Jsiag wouations Lo |-L.:J‘_l.‘»)l:_':/'3 ( 0

A 12 fool boud ig awleinto 3 wicces of equal length. | To find

L ; . S
Lhy length oL':_}cif:l-‘x ploco, coasidie the equation 0
0 o A 0

T : ctiendie it e = 7 ) T . .
Solving thl::&q«;nut.xu.x el X = 4, Herce, ;3?.15:'1 piece is 4 feet

1 or;;g'l { 0

Five girls wunt tod:bfe 23 apples evenly.| To find the greatest

nuaber of whole appley each givl can get, congider the inequal ¥
YN o
O ne.s5«<23, @

Using the replaccuent sot of whole numbers, the solution set is $-1

o
{ 0, 1, 2, 3, 1,3' | So the greatest number of apples each girl 3__,

cnn ,13[3_119 be 0

Lxerciaag '
l“{) - l O

Writa and solve c¢rnationa or inequalities to answer the problens, 5'-/

1« In 3 deys the liner on vhich Garol was traveling stecamed 1536

8~' miles. | If it stoamed the same distance each day then how fau

| ve————

8- 3id it go cach day?

10 - l’ A — . ittty
o —rteve - .
'—“‘N.\ - ﬁ.‘.

—
2. How many tile wwld it take to cover the floor of a rectangular

)
] idom with Lenpbh 20 feol and vidth 13 feet if the tile are

Lquare vith 12 inch sides? 3 i0-¢
- i - ; , . i
-0 ri/‘,’ f;f:) - {
ol
2’/‘ /N
. . - - \\ A}
!

‘ T I - il P
’ ::,r"-”_‘/“‘ﬂ 1%, /«- ~
!v" - i 53 % ‘fﬂf‘l} o
.- . ! Ve d

S e s vy e bmn A camem ) - e s Aves  wrm o yae e . e e ewearae Gra




Practice passage 3 (cont.)

3. How awny 5 foot boards can be made out of 17 boards of length
12 feot?
IA. If you bought 25 hotdogs for a cook~out and each person at the

cook-out has to have 3 hotdogs, what is the greatest number of

people you could have at the cook-out?

5e

In a dart game Sam scored25, 10, 25, and 35. Penny scored 25,

25, 15, and 0. | ¥ho won the game and by how much?

.

_ IV —
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Key to Practice Passage 2 (cont.)

3. How many 5 fool Loards cen bs mads out of 17 boards of length

D-1 12 feot?

0

4o If you bourht 25 hotdogs for a cook-out and each person at the

8’( cook-out h:s to have 3 hotdogs, what is the greatest number of

people you conld have at the cooleout? 0O

106 Y : Z

o N $Ex

5:@-1In a dart game Sam scorcd|25,mid 25, and 35. Penny floqgred 25,

gL 25, 15, and 20. | who won ihe g{'}xfc/and by how much? [ O

lo-6




Practice Passave 4

Ustng baquations sad Inequalities

Equations snd fnequilities con be used to solve real world prouleis.

To do this follow the stcps outlincd below.

1. Ex»ross the unlmown quantity or what you want to find as

some syabol, say X. B

2, Using the information piven write an equation such as

avyx=2>b

or sn inequality such es

Xeckd

relating x to known quaentitiesla, b, ¢, and d.

3. Solve the equation or inequality to find the values of x

and thus the answer to the problen.

Exercises

Write and solve cquations or inequalities to answer the problems.

R 1. In 3 days the liner on which Carol was traveling stea.ed 1536

milosg. | If iv steamed the same distance each day how far did

it go cech dey?

v ?
\/ day 2 Ay

X

v
o
<

2., llow meny tile would it iako to cover the floor of a rectangular

room with length 20 feet and width 13 feet if tho tilo are

square with 12 inch sidag? 2.0

E

O |




Key to P stltC Pissapc 4

atnge hentionn ol [ne i/(',).illox; 0

e e e

bountiong o 1rlf"}'w!llt.lnfi con bo@,ﬁ;&d to solve rewl world protlens.

To do thig follow the steps outlt’;.f:f/ below.

)

1. Express the un&nown quantity or what you want to find as
some synbel, s ;,{x. O
2. Using the infjinfation given write an equation wach as
o R X GPDZ o
or #n inc«;un?/@kf such as
. x o ¢ <d¥Y
relating x Trbmown quantities|a, bﬁ‘&',zand de
3, Solve the equation or inequrlity to find the values of x
and thuu'uéfzéswer to the problen. o)
Exerclons! 0

Write and solve eqﬁ;’f.{ons or inequalities to answer the problems.

8‘( miles.

1. In 3 days tac liner on vhich Carol was traveling stea. ied 1536

If it steamed the same distance each day how far did

g-5

5

‘S‘“‘

A

B-l it go cach dry? 0
'?. ‘“‘g\?\
//do.yl -
'Jayl

ANy 2

2. How many tite would il aske to cover the floor of

a rectangular

/ room with length .0 feet and width 13 fcet if thns tile are

gpare vith 12 inch usides? | 2.0

0

AN T T T T T T T T
k/‘mf‘ .j

|
Fad

o
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Practice Passage 4 (cont.)

3. liowmny 5 Tool (oorvls e be wade oul of 17 boirds of length
o = e e
14 fect? N N v v |
v L
v | ) \ |
. ' '
a ' * '
t ®
® . \
. )
i ' o }
\M"NWT\.——W—JL—VJ
s ’ s ? L’

4o If you bought 25 hotdogs for a cook-cut and ecch person a% the

cook-out hus to have 3 hotdogs, what is thc greatest numbers of !

nconle you could have ot the cook-out?

' ¢ o ] o

o o (] o

Q@ © (] o

(4] Q o -] (]
(; °©) o o o

5. Ina dart guie Sun scorcdl25, 10, 25, - nd 35. | Penny scorcd 25,

25, 15, 'nd «0. | .0 ron tiuc geae fuid oy how :wuch?

Zam ol
2 s
10 25
19 15
35 20
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ey to Practice Passage 4 (cont.)

| 3. Hou unny 5 foou vo.vds ¢ be .ade out of 17 bo.rds of length

81 12 fectt]| :
[ : : ] 0
L . |
0 ; —
O £ ,
" '
17 { ' ’ ]
\’V’WL—-—V\J—W
sl S.O 1’

4o If you bought 25 hotdogs for a cook-out and e:ch verson at the

g’_[ cook-out hus to have 3 hotdogs, what is thc greatest number of

neonle you condd have : L the cook~out? 0
0 9 ] (/] ] [ 4 0
' olMle ® o [
3 D
3 © o © o
(s
&5

5.9-JIn a dart ¢..c Sen scora]25, 10,9%% nd 35. | Penny %adred s,

8—1,35, 15, 0. JWo rvon Loy ;) ae - ‘u’/uy nov uch? 0o
O Sovmg P:I.U\hy 0
Ly LS
10 15
15 5
3§ 20
-7




ERIC

Aruitoxt provided by Eic:

Practice Passage §

(

t

30 Exploring idcas

Ordered pairs

CAMITAL CTILS couNInrnus

E:r some time now vou have been studying

sets and conditions [ln this lesson and in scv-

. \
cral of the lessons that follow, you will apply
what you have learned to sets and conditions
that differ in some ways trom those you have

Paris Norway
: Otlawa France
Madrid Spain
l Canada
o)
j :c:zxﬂ
[_m is the capital of n.” |
02

Y

alrendy studied.

{ Paris is the capital ofn.1

A _Look at pl. JThink of the capitals whose

names are listed in nl oas a <et of aitics{Name

i >

this set of cities set /\jl'nhululc /\.I

|

B Think of the countrics whose names are

[ m1 s the capital of Spain. |

Listed as a set of countries IName this set of

countnes sct llll‘uhul:nc B.

fi o4

(-

C Is it possible to decide whether the idea ex-
2 . .
+ pressed by the sentence in D2 is truc or

{ Paris is the capital of Spain. |

false ?lf;‘xpl:\inlour :ms'wcr.l

0 How many different vanables are there in

o5

the condition cx.pressed in p2 7 How many dif-
p y

ferent variables were there in the conrlitions
that vou studied in previous lessons?

H When you replace n by Spain, you obtai,
the condition expressed in D4.hs it possible to

perareme

E You will use the members of sct A as re-
placements for m in the condition expressed

J decide whether the idea expressed by the sen-

tence in D4 is true or false? lExplain your

inn) ]\Vhy can you us: Pure, as a replacement

answer. |

for m?lWhy should wou not use Spain as a

replacement for m?

¥ When you replace m by Parnis, vou obtain

I When a condition contains twe variables,
must you make a replacement for cach vari-
able in order to obtain a statement?

: o -
the ¢ondition expressed in 03§ Why is 1t not
pressed i v

possible to deude whether the idea expressed

J Now replace m by Parts and » by Spain.]Do

you obtain the statement expressed in pS? s

by the sentence in 3 s tue or fal.e? r

the statenient true? [

S You will use the miembers of set B as re-
phicements for nin the condition expressed in

L3
DYy can you use Hpiua as a replacement

You used Paris as a repiacement for s and
Spain as a replacement for 4 in the condition

“mois o capital ot“n.“}s\'on:c that you used a

for /r"! Why should vou not use Paris as a re-

} A Yo

Lpl::«:«:!ncnl for n? [

pair of objects to obtain the statement ex-

pressed in 1)5.[

(Reprinted by permission.
sceing Through Mathematics, Book 1,

Vankngen ¢t al. [ SCott,

Forsman and

Company, 1962.)




ERIC

Aruitoxt provided by Eic:

Key to Practice Passage 5

O

0 30 i?-—fxplmim) idcas

Ordle%[d pairs

CAPITAL CITILS COUNTRILS
Paris Norway
Ottawa -7 France
Madrid Spaun

1 Canada

o

ol

I(..I ,
2 or some tihe now vou have been studying

<ets and conditions fIn (his lesson and in seve
cral of the l?)xons that follow, you will apply
what you hawd fearned (o sets and conditions
that duffer in some ways from those you have

[ m is the capital d?ﬂ
()

alteady studied.] ()

mris is the caﬁ?ﬂ/ofnj

A LoGefat nl. [Think pfrhe.gapitals whose

. oo -
names are hsted in nl 2, . +0t407 Cities yName

o3 0

Uus set of @id set Ay -idic A T

AN

8 Think of thestountnes whose names are

{ mis the capitai §&gpain. |

hsted as a set of Counties {Name 16!\’i’xcl of

; 4
countries sct B Talbe B, °
¢ Is it possible to decide whether the idea ex-
S A M - . :
Y pressed by the senteffee’ v D2 is true or [Pans is the capxl:&ﬁ@Spmn,‘{
false '.’l Laplim you'{m@‘wcr.} (0]
o5

o How many dlﬂ'crt'n( variables arc there in

the condition expresstd i 132'?ﬁ fow muany dif-
ferent variables werg there in the coaditions
that vou studied in n?cwous lessons? ] O

H When you r aceyn by Spam, you obtain
the condition exjfy cssid in p41s it possible to

E You will usc lhc-an;nbcrs of set A as rc-
placements for m ir? Ui condition expressed

decide whether thg,g.;ca cxpressed by the sen-
tence in D« is truc or fa\lsc?iEx;gai[l your

m 02 IWhy can you usetXris as a replacement

answer, | o)

for_m? ] Why should - =4 not usc Spuin as a
0

replicement for m? r

1 When a condiéion contains two variables,
must you make ‘nglaccmcnt for cach vari-

able in order to obtain a sl:\lcmcnl?l 0

F When you repla & by Paris, you oblain
the condition expre ,'scc(in D_3.jWhy is it not
possible 1o decidi2 whether the idea expressed

2 Now replace m by P@:ﬁ\d n by Sp:\in.TDo

you obtain the sta@mint expressed in p5?] Iy

by the sentence in 1318 true or false? r(ﬁ

the statemenf eihic? | O

G You wiil use theymembers of set B s re-
N Ll e .
placenients for pomthe Londition expressed in

|)2.[Wi:v can you 1 i as iareplacement

You used Paris as a replacement for m and
Spain as a rcplac@rﬂcﬁl for n in the condition

| for a"f Why shoule ve.i not use Paris as a re-

placement for n? L 4

“m s a capital of n.“lNo 1cC ihul you uscd a
pair of objects to obtun” tht statement cx-
pressed in 03, | 0




Practice Passage 5 (cont.)

“The ordeicd pair

K the st obreet w llh pur, Paris, s the

) [y .
first comporent ol e (lhc fust compo-

, ( Pans, Spain )

- emam et erm——— - e~ —— = = ~ma————

pont iy U menider of whaoset? I

o Fhe second objeet ol the par, Spamn, s the

whosc first compcaent

wecond component of the pair § T he second com-

v is Panis and

poneat s i member of wha ‘L(?J

whosc sccond component

|

In e exeicises abuove, you used a city for
the first component and
second component of & pr nt'ol)lccls.p\ par

ot objects whose compon iy occur in a special

country for the

' né
:-mummm

order iy an ordered Jair. l

Paris 1s the capital of Norway.

m_Look at p6.)Notice tat the names of the
componcents of the ordesed pair Paris, Spain

Paris is the capital of France.
Paris is the capital of Spain.

[are waitten within parentheses {6 also shows
how to read and write the name of this ordered

Paris is the capital of Canada.
Ottawa is the capital of Norway,

p.xi-’. [ T

Outawa is the capital of France.

N Thizk about the condition “ar 1s the ¢ capital

Ouawa is the capital of Spain.

of n. lWlu.n you replace s by a member of
{Paris, Outawa, Madiid} and # by o member

of {Norway, France, Spamn, Cauzdal, do you

obtam a statemwent? | Do the seatences in D7
express all the statemaents you can obtain?

T Mm@ o w

Ottawa is the capital of Canada,
Madrid is the capital of Norway.
Madrid is the capiwal of France.

K Madrid is the capital of Spain.

L Madrid is the capital of Canada.

PRR—

0 For cach statement evprossed in D7, write
the name of the ordered pair that was vised 1o

make replucements {Which o you wriie first,
L

Y4
REEARS AL ﬂ
I . 0

of the replaceinent fw nl

truc? f

the namc of the replaccaent form or the naine_« | x<y.
¥
g A=(l, 2, 3, 4).
b Winch of the statum wab eapressed in p7are . B={2, 4, 6}.
; . 03
a What ordered paira vere used to obtain true
= "X

statements? |

ordered pair (Or/d id pind L A pair of ob-

R Read the symhn!. (P.ms, Norway) and

.
]
[ Jects apwhnn the omets occur in a special

U {Puns, Norway).| [ tlow do the idcas ox-

order { o obpeet that aecers iest s the fiest
componcrt thamt nat) of the ordered parr,

i ‘--.c\! by these svinbels ditfe 2

]ov you wxll .lm.y some_conditions that

i The objut that ocuury waond is the second
¢ componant of the oiderdd pair

5 USSR OISR XT OIS Y. o VL IANTAD WL

|

d ru. DEITS Vi 1050 Concenent , are numbus

8 Also read tic tabulations of vets A dnd Bin
DY. ]Yon will use the e mbf'n of set A as re

aomsnnnd o ne

AL e .x LChi cein m l“/h it are the

R L S AU A S

Vdlaldos B LS £OG. 1) € Jlkk’uuhd by the

i St Gt # A e o

o Y

ERIC

Aruitoxt provided by Eic:

e ae s e meee

e s

'

')l..(‘LmChl‘ forfx i < < xJ Yau Wul usc thy

menibers of set B ay replacemacnts for y i
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ERIC

Aruitoxt provided by Eic:

231

hey to Practice Passage 5 {cont.)

o

“ihe ordered pair 0o

K The hirst nn.ul,nz the par, Pais, s the

( Paris, Spain )

fir sl cotnpeny i or “the par [‘l he tust conipo-

C

nonlas amember of LLir f set? [

i

ooy §

3-

¢ The second h)zcl of the paur, Spam, is the
wecond componcnt 8f the pmr.I The second com-

poncat s a member o' wlat .scl?J ¢4

In the eacreises above, you used a city for
the first (.OIHPO”M.IH’ mi’a country for the
second component ¢

. uir Or(ﬁbtlﬂl/\ pair | .

¥

i whosc fisst component

’; _is Paris and o
{

3 whose sccond component

i' 1s Spmn ’

0

T

ol abjects whose uin APORCALS OCCUT 1N A spectal ¢! 0

order s an andere (//)m/ [ D ‘é A Paris s the capital of Norway,
M Loo-w! p6fNotice that the names of the l‘ ¢ Paris s the capital of France.
components of the o?;i .‘.d pair Paris, Spain f ¢ Paris iy the capital of Spain,

are written within parentheses 06 alsp shows ¥ 0 Puris is the capital of Canada,
how to read and write the name oﬁh::%?c{crcd § e Otawa is thegeapijtal of Norway.
p ur. | 0 ﬂ F Ouuwa is lhﬁ.\;( al of France,

‘think about the cor, ’r"’m ‘mas thecapial  J§ 6 Ouawans the capital of Spain.,

ur n. I\thn you erl.nw m by a member of ", H Ouawa is the capital of Canada.
-t_l'.ms, Ottawa, M.ul:..fJ-n;:d n by a member H I Madnd is the capital of Norway.
of {Norway, France, Spain, Canadal, do you t: 3 Madnid 1s the capital of France.
obtam a statement”? [ Do ghe gentences in p7 ;{ K Madnid is the capital of Spain,
avpress all the statements, yhu g:m obtain? i L Madrid is the capital of Canada.
0 Iror cach statement expi ngd in D7, write 4

the name of the ordered pair that was used 1o

o7 O

make replacements. I\Vlmh d yg)u wrile first,

ST S S A N X SR S, S M

the name of the replacement £t 7 or the naime_«
of the replacement for .’l [0) }“ = (l § 3, 4},
P Which of the state. 21 s expressed in p7 are ! =(2, 4, 6).
truc? ‘ 0 i
a Wiatordered pairl¢ <o used to obtain true f o8 %
. - NSER S m
satements ?L ) b o dered patr (?,rm,,(g i‘.‘li‘_J A p,{'ro( ol

R Read  the .vm,buls (Pars, Norway) and

| jeots i v hncn the obiedis ovour in a spectal

YA Pars, Norx».nf} [ Hoy do the ideas ex-

| prossed by theee symb nl"(nm("r 0
l

t order l'l Lie object that ovcurs st gy guc first
component (ham panont) o the odielld pair

Now you will study somedliditions that

nd . %
T Phe 0ojoc That ouurs Gioond s gsiel second
—_—l
H component of the ordered pair, ! O
- ] ..
I\ - -]':mmmvxnnmmm - 34

O

concein pumbers rou will .uu(\:lu 7m about or-
tered pars whmc comuonents aré puinhcers.

Yy
8 Also read the tabuaSions of sets A and By

D3, IYou- will use the membery of set A as re
L4

varwe

A Read the orene.t Thee i D_J \What are the

plac rmm 100N diamng 70y {You » 1l use the

variables in the condition. L‘! res:ed by the

memters of set B oas ru.placum ats for Vi

sentence? [ N |

‘gw.y_! n ]

.o -
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f-c To obrun a statement from 2 condition m

o sarables vou mn tmale replacements for

—— . r———— -————

A1, 2, 3, 4).

i ‘ x <y

B={2, 4, 6).

| ow many variables? l
0 Do the sentences in 09 express all the state-
ments that you can obtain from x <y when
you use the members of set A and set B, tabu-
Lited 1n 08, as replacements for v and »?

|
‘" b8

! .x'mmm:mmwmms
N ) 2<2. 3<2, 42,

What ordered pairs were used to obtain true

€ Think of the statement cxpressed by the first !g 1 <4. 24, 3<4. 4 <4,
sentence n D9, (1, D) was used in making re- I <6. 2<6. 3<6. 4 <6.
phacements 1o obtain this stitement Ip10 shows
. h

Ashortand convenient way to read and write 1 °°

REBEL ANy b ol A ey Y
the name of tis ordered par. Y '

[
Foscleet Tour of the statements expressed in ! [“Thc ordered pair
1) [l ot cach statement, namie the ordered pair ‘ (1,2)
that was used i making replacements for x l

' iAd
and v | { one, two
G Winch statements expressed m b9 are true? ¢ °'°

SRR TA LXK >

stirements ?

Four conditions are expressed in exercises 6

H The >cnlcnccx[.\' 1 v=4q4and xf y=4d4 cx-

through 9.rUsc the members of set C, tabu-

*bress wo conditions [ How many different

lated below, as replacements for x{ Use the

vasiabies are there in eech condition [ How do

members of set D, tabulated belew, as repliace-

the two conditions ¢ fler?

ments for ! For cach excreise write sentences

In this lesson you have learned that ordered
pairs are used to make replacements for two

to express ail the siatements that you can ob-
tain from the condiuonJThcn write “T" after
cach sentence that expresses a true statement.

vanables, ]

C=A2, 4, 6. D ={s, 10, I5).

On your ownl

6 64 x =y, 8x-td=y,

Write a name for cach of the ordered pairs

7 <+ 5< . 9 y>x+ 1,

desenibed in exercises | through 5.4

vo In cacl ordered puir expressed below, the

1 The ordered pair whose first component js
Mark Twain and whoee sceond component is

second component is 3 umes the first compo-
lond . , LIPS
acntjOne of the components is missig {Copy

Tom Sawyer |

cach synmbol and supply the name of the miss-

2 The ordered pair whosc first component is
Mury and whose seeonrd component i puitian

g component. l

() @) ,9 2, (,2

3 The ordered pane whose first component is
FS” and whose second component is 8 1.,

——

4 The ordered pair whoue first componcent i
Lariy and whose second component is 141
5 Tie ordered pair wehowe first component is

Fand whose second component is 13
..

1 each ordered pair expressed below, the

Jinsteoanponent is 3 more than ' wecond com-

Ipenentd One of the COMPONC* 15 NMissine,

‘(_'opy cach symbol and supply the name of the

fniissine compenent, I_

S—

(8, ) (.18 Uuz,) (.29 ,n

T
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key to Practice Passage 5 (cont.)
y g

C Toohann g -.l.x!cm.;l‘: Eory a condition in
wosables vou i oo e renheenients for

n(\.\ LISTRFREN \Ily.. ]\-"I ' (‘-

e p— . e e e . - - ——— e . - rmmorm

a1 vmma et v r———— -

.t <."" t: -,
A=), 205309,
13 "-\.., '3, ol

O Do the ettt nees ) press all the state-
ment that you can ot trom v < p when

.-

you use the memhers o eA and set B, tabuy-

'Hu! TIEANG x\uv”uu“ Aoy and p?

, e e
.
' [ B} ’)
" ¢
AT IR AUNAMXD, W 8 ARADUr MR ,rr.c.x-k*mb-
y
.

CoI<n 200 <2 a<a

.

€ Tl of the viteen o \pn wed by the fust

sentemce 1 DO D e e - G makmy re-

;l amentsto obtam eme n(fl)l‘) Shows

B ———————

AOshoreand convenent e o fL.lll and write

9 0

. 1 <a, 24,0 '.’4..1. 4 <4,
I <o. 2<0. 3 <0. 4 <.

ot ¥

SR <|| l.nx(irwl\d'. o 3]
. - et

PN Lo of the by evpressed i

- e em———— et e -

Poreadh \!.nux.u\(, i ¢ the ondered pair
that was used momatane f p..lum"nls for v
ond v ‘

— e s

AR WALDI ¢ EIRIA L Nl L B o
| I3

1 St

; t) e ordese) pair

o e s wacie S e e s # S———— ——— ottt 3 s % |

- (1,2) | 0
{ -~ l"«;!'u‘, two”’ 3‘1

6 Wiieh statenments aapr. .>~‘(1 m n9 are true?
What ordered pairs ., S 21 to obtam true

4 p1o L
‘e
AEMOCATT sV TOReY S0 1" [N F S V.4 S, T Y

)

stitements? l ) . 3

Thet Uncnccxr\' ot TR e d e
Sopress e conditions l 1 Imv,m any diferent

tem e e e me e - s a——

e & s . e a6 e ae o ————— a3 = i e+

I Aur, connh(mn‘ dl\.t apressed in exercises 6
1hrdml‘ K. ]U ¢ nn.nlus of set C, tabu-
.Alul below L u;“.' ments for x) Use the

Tt . i st S P e o

variabde, are thae i o

SO e "‘\,4_};,-.:'4 .
the v o )ndm‘,“p_lz 1) l O

] .
" _(\.mlllnn ’l How do

[ thes Lasson you ll',‘

L amed that ordered
paes e used fo il N clacements for two
vars:bles
Ontiue s wn

Wine an, A1c for o bai th ondired panrs

dencribed e 111\., P i ou(-h .).Q O

.

(
Vthe ordeged pair e La-t m.npo.u Lt s

t .
Mgl I‘\."nné."m i sold comnonens iy

Tony Saw ver [

e e .. B el SIS SRR I T SN Peememl 0 mmes e

e o A P " e e ot ¢ w s 4 mim

sy b B ¢ s o

Omrwe s ma mise b me s m—— el vt ——

Tiembers of s D, oa red below, as replace-

,...-..__.. -

ments {or \'! N ATEH \ulsc write sentences

—

(o express cll the st ,\ nts that you can ob-
tuin hom t: lOlIdll‘l‘ll’ then “? eI ak

Canisenienie e g .-': o statement,

IS A TN DI S T T M )

bod vy -7l t x4y, Padl
7 ES st >l wan,
10 In cuch ur.:."l) D c\{)rcemd below, the
seeand compon 13 "~ m ¢s the first compo-

(e e e mrew .

nens e cp o e, W um‘..mgitopy

.y e Ccm e -

cach syn ' Hlant wupply (. ¢ name of the miss-

2 Ihe order By Lhee ust cotaponent s
Marviad wile Ceecun t oo oneat o sudtar

b ord ol a2t coomporent (s

157 and ","m‘.c'.,u el S Y

The ordere Ui o0 et comporent s

TSN (l \"‘. T BEBOLLET v, IS

S A L (X TT AR ‘.k.\).h woncnl s
{ 3

- 4

P wiess v sl et s 13

e e b omn s oo - n - PAmem e 4ot on e e e

b o Smemmmtm s tsel et i m s sremeaeman e cim——amen o rver ~ea

g e Illw'i.lf nt. I Q

A (.,, CC00) ()

Vb cach ovd o pan expresed below, the

fiest conponend i ixm-v\ than v <econd com-

v = v mas rmn - -

Poncr C10Re of s avoses iy miwing,

ot o -

¢ ‘)‘), ~acivs i | b mlu the tame of the

s

[}
Coo Ol 42,0 (L2 (D

. Bt 2 8 e 08 @ s s somrnn

I';l' '|"\lll- Voo
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Passage 6
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Graphing Lincar Incqualities J

‘the raph oi]Be = dy < 19]is the set of points whose coordinz.tes |
satrefy the mmequahty.] Be!ow is a_ method for graphing anineq.afity.

EXAMPLE | o i ! nsfj:_i-‘—z_‘.e"“,-é-
; ! | e
AR R

Graph 3r — 4y < 12} o _{_j:_J 14
B L A BN

-
> Graph the cguntiont3r — Ay = 12.

——te -_L.._.H i.

¢} 1 {,/( X

, EARAC A AU

z' 014] —4 (=451 et TTAT S
' 58 S ——— el SR '

N —l—— E— ST T 9T

y| -310) -6 R PR (5.:4?-

: i T T T

T fl i

Use a dashed line to represent the
grap™ of the line, as shown at the

| right. |

-> Points on one side of the line have coordinates ™at satisfy 3z
— 4 < 12. | Choose a point on one side of the line and sce if ils
coordinates salisfy the inequality. {Do the coordinates of A satisfy
Br—dy <127 | Is3(6) —4(—4) <127 | Is 18 + 16 < 127
Then A is pot on the aravh of 3z — 41 < 12, | Do the coordinates
of B satisfyisr — 1y < 122 1Is3(— 4 — (=1 < 127]Is — 12
+ 4 < 122 1'Then B is on the graph of[3z — 4y < 12.]

> All points on the same side of the line as B have coordinates

that satisfv{3r = 1y < 12. 1 Shade
this sidr of the line, as shown at the Y
| __richt.{ (Iiots are too dulicult to do 6
by h:mfl_J'i"'\c portion shown shaded 4 p
represents “he half-plane that is the 2 ‘/1
eraph uf: b =y < 12,1 1L extends 0 //3"')(
indefinitely upward o the left. [ The [8-6-4-2 2GR AN
dashed line is not part of the graph J:/-/- ool
of the incquality. } Why? | ‘h{_é_ EREEE
i Jr — Ay <& !‘!.lis a lincar ineqguadity I dan 'f{‘ - el
because the boundary of ils graphtis a
straight line ™

(Reprinted by permission.
Contcinorary Alacbra, Book i,
smith et al., Harcourt,, Yrace and
World, 1962.)
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Gro

phing Linec;‘.;lx.,'—;;—crlifies l )

¥

%=1 ‘T he graph of } Yoy ¢ 12115 the set of pimds whose coorainates

Ny

<atisfv_the ineanzity d Below is a method fodgmiphing an mequalicy.

21
; HRIFE T
A TR G i B e
g pegpLe O |
i N
G 3~ 4y < 12] - —:-—%-:’f-?-{—f't j:‘ -in --4;
B B i i ¥
J'> GrapB-the couation}3r — 4y = 1232 : R e ")l('
L4 e P L. VAN
- e el e
T e 314 ~ 4 0 (r—'4;f""‘)‘L(f' ].f: -
- .‘F"'d“"'—o-- r R4 10 -
y = - {4 s
— J thg (g’]—[‘l N
NdERNNN ! RN
Use a dashcd;!ig(* to represent the
0 graph of the ‘I’mJj as shown at the

right. [ 0

v =5 EUNES N . . .
2> Points on oni™ ‘ide of the line have coordinates that satisly 3z

Tl Gy < 12. a(noosz a motnl on one side of the line and sec if s

coordinales w’zcl'/ tiie uu’mmlzlu {Do the coordirztes of A satisfy

3z Bhoe 177 | 15 3(6) Berpee 4) < 127 | Is 18 +4r6e< 127

Then A s rot on (e ranh of[3r — 452112 [ Do the&eardinates

of B bethivir — 44=3127 |15 3(= 4) 63(@= 1) < 12”]13 - 12

[ ]”1 Phen B is oot shd graph of|3x —dm2 12.]

O
> All points on the same sAThf the line as B have coordinates
that satishv I8r % a0z 12, T Shade o
this side of 'he linc .n.,hown at the Y
O , richt.] ().~ are " n-aitlicult to do 6
by hand, it portn shownshaded | J=% 4 y
represents the E‘xn_L arte that is the 2 et
5 )

praph of}3r e 12. {1t extends
indefinitely upvre' 4 the left. [ The 8 —=6-4-2 . %

A}
5N
><

b

of the ineqgo

dashed lin- + ynot part of the graph

"=

-_Zr'n,y. STIYTT 0

U

’r—-:u/l

}W-A.

Leeause the bo

Shroieht dine [

SR h:/u';u' inequality
vl u‘;/’?ﬁ its graph s a

§
™
1
[
Pl
[y
[
um

i
1

Py

4]
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aowe wopded Cuanogueices o0 LLe wuems

Theoren 71s

If 1o a line in plane TF then there 1s a porat in §¥

vhich is not in m.

£ 2 S ammnmmty $ae ccipaney

%7t Suppose in is a li-e in plane 7.

By &xior 1(a) there it a2 line n in sy

within # m.

i _—

distinet noints A 2 4 3 in line n,

By Axios 1(b) there ure

ﬂ“

Now if both A and B were in m then

ve vould nave|: = nfvhich is 0ot <¢ne case. | llence, at least one of Lhe

normnts A or

8 is not in m. | Thug, we hove the atove theorea.

Theore  2;

there are at lcast three non-collinear points in a given pnlane.

— By Axdom 1(a) there exists a line m

in a plane W .| 8y Axioa 1(b) there

are distinct points A »snd 8 on m,

By Theorem 1 there exists a point C

in plane W bui not in line m. | Hence,

- A

we have our second theoran.

Lheorea 3

4w distinct lines can not have tore than one point in co.mon.,

e’
(]

a plane Wo

f Let m ond n be two distinet li..es :in

We know such li.es exdct

by Adom 1(a). | Assume there are two

distinet poinvsfA a d 3 so that 40mA n

-~

and B€ m fin. {Then n and n are tw

distinet lines each convrinmang roints & and B

But, this is-impossivle o)

nescen j.l

axjor 2, ‘chcu, thie above agssuantion is iapossible o°.d we hove »roven

P AME B e a4 an m e M 1 o AGma kA 0B e s o AR A ATERS SR 54 EN b asd s i eras s pe

et

- et pmnns & ronrd
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Loe Loy

ool Gonls

. 6
g negs, 8 ety
i R

Y

21005 4

7’

.-

oG
fhicozen 1:

1]

o T
If addlh line 1n plang

viteh 15 not in m. [

»

T8 then there is a porat in 17

0

o I R ﬁ-‘:m . - St S . &
o « -~ Y s 3 . ~ A
'{\M\.\ifag 504 Suppose m 15 a litde in plane v . Chef
v
‘ o 1 8y éxion 1(a) there ic - !if%=f in o7
—~>) ¢
NEIREA
5 with|n 72 40 | By Axaow 1(b) there rre
. A Dy T A
" distinet points A o d 5 in line n,
i liow it both A and B were in m then $4-/
e S— mn—"' -
Bl oL e
ue oulcf‘nve D= rnjvalch 15 .0t Yae cdase.

Hence, at lcusl one of ‘iie g""i

noints A or B ‘?ar.';_;gf; in m,

Thus, we have the above “'ﬁ:ﬁﬁre e O

Theove.u 2

There are al least ihrec non-collinear points in a

Z"!

given plane,

.=l
|

q& .
\ﬁ‘\-...

in a plane§y .
e

By Axiom 1(a) there exists a line m

!

8y Axioa 1(b) there

;|
i

&=/

aro distinct points A nnd B on m,

By Thecoren 1 there exists a point C
ey

in plene ¥t bui not .n line m.

Hencefi#-;

6‘3- i
we have our sccond thedren. O

Thepres 3;
e

L et

fwo distinet lineg can

.us;i

not have sore than .ae point in common.

we

. 2 Let w and n bae two distinct li.es :n
(“Nm%b\ T o, ) ﬂ,;,g ’4 L 5"2_, 5d C
N v v € ey
’ \\ b g a plane ¥7. | We know suat l‘é.ncs exict
) “““~{\"“‘7’° -
{5 R b . [
M\ ¢ % by Axiom 1(a). | Ascuue there'ﬂnae Lwo
- H‘W__,u.-'? i ’ ”, ;
e i dig Ln Lt poinesfA a d 2 s0 YAl A8 ma n
éh m \l}. E_ 5':‘—*
b 2_' 2% :',_) . 0"
- Jand By omi?n, {Thet m and n are tvo ¢
’_11.1{,.? 'c/'m{?

distinet lines caci contsiriag points

A cnu By Bat, tlds {5 impossiocle by

=L
L)
Theoren 78, l

m———on s

Axion 2, , Hence, tie above s uryustion is iwpogsible o:.

we hive sroven

esne . v - sww, s = 8L emimrsin wevewa




Practice Passage 7 (cont.)

Choorea 4y 1L &

vi.ich does not contiin 4.

6GLab Lu u plane ¥ Jhen there is i Lise in &

3y adom 1(a)

Let A ve an; point in @,

there cre two distinct lines m e d n

in W .} If either m or n does not

—

AN

contain A then the theorem 1s true,

Suppose 1 and n both contain A.| Jhen

there exist points|l ond C with B in m,

Cinn, 3#4, and C # AJb, hxaom 1(0v).

there is a line 1

Furthernore,] B # C[by Theorem 3. liow,

containing B and C b. Axiom 2.

This line 1 can not

contain -

since if it did we would neve

4,8, and Cldionl aedl= ,=n

willch 9s iapossibple,

thus, we have established the gbove theore:n.

Exercoses

srove the following theorens.

1. Theore. 5:

linaes in W each contai ing point A.

If A is a point in plane T then there are at least ‘wo

2. Theoren 6

there are at least Lhree non-concurrent lines in plane I,

pui ts in ¥¥ vhich are ‘ot in linc m,

3. Theorem 7: If each of two lines in.f” is parallel Lo the sa'e linc in
then they are narallel to each other.
4. Theorem 8: f 2 is auy line in plsae W then there are at leaci <o

5. Theoren 9;

lines in T which do not contain A,

If A i5 any point in plane fF then there are at least :wo
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{cont.)

whcorea Av o [f DLl Looa nlane T kel Lhore i, . 1ac W
.. D ~f - m
I WUl docn und contein O
. - | S
4 Let A e e go;ét i <7, !.x vk T,
b« > D e
2] 7 ot
T} there cre wwo distinet lines . . 4 n

If eitner o or n doas not
{}m;

theoren 28 i,

contain A tien the

!
——
'
«*1!

Suprose 1 and n voth cont.an 4. Jhen ¢
Swa
Ve g " (E3 e
there exactpoints|s sud ¢tk 8 it a,

o~

Cinn, B # A,‘*?,m}

TG 4 ,‘«jo:, Axlo’?n“’q(o).

B ¥~

”heoreg"ﬁ.

1
how,

T3
Furtf§§£ore,§ﬁj#~b by

L

vhere 1s a line 1 containing B and € by Axaom

to

+f This 1u

¢ 1 can not &=

since il it digWnf would navel4, 3B,

v 280, .
andC:uLoj¢ axdl = =

I

Oé‘-: Lole,

H

t‘hus, we have esiablished the zbove theore.. %Py

-
Sxercd et O

Prove tie fOlLOUluFJ iporems.

&

1. Theores 5:

@t

If A is a noint in olaxuz?? then there are at least two

o lites in ¥F ecach contai 'ing point A4, O

<+ Theoren 63

There are atﬁh@ﬂst three non-concurreat lines in plane °,

3. Theoren 7:

If each of two lines in.fy* ig parallel to the sa'e linc in 57

o -
O then they are nirallel to each other, o
4o Theorem 85 f 1 1g aty line 12 pleae T then there are at leart N
ot
& P01 s In T3 vhich are ou in line m, e
Y. Thecorem 9: 15 A s ony noLnt in plane 4% then there are at teact two ;
e S e & 7m 5 ;
& lines fn % which do not contain A, ) f
i




Fracticee Passage 8

!
{

e et e e -

Do e T Sund ddiiees 61 Lhe AXLO g l

¢

v JUHDOLE L L5 Lanc An nlane 4

.

R

Cmm L i .
\\) B, Axwon 1{a) there 15 ¢ “ine » in T

i

|

{ with n # m, By Axdom 1(b) .here ore
!

|

<« alstinet voinis 4 and 3 in line n.

— . 4 Hou if voth 4 and 3 were 1 g then i

seonad bavela = oatuiich 15 nob the croe. | Henca, at leact one of wne

) .

Pruite aor g ic oL oin m, Thus, we huve the following theorenm,

Joan e a——

Theoraw 1) I8 m us a line in plane 7% .hen ihere is a noint n%y’ ;
I_‘—_‘—-._‘-.-..
» . j
vilich 15 nol in m, |
-
Yoen v e ey -, s, . . “
P Bow, by Axiom 1(&) there exists & line
. A A |
. ) - ‘ . -
i moin plane ¥ .| sy Ado. 1(b) there !
> are distinct noinis 4 and 3 on m.
L
C By “heorem 1 there exists a po* ., C
e e i 1n plare Y out not in line m.| ienee,
we hoove our secend theoroi,
Vheoren ‘ There nce at least three von-collinear points in a given plane.
IR o : . —
LA Let m 2.4 n be two distinet lines in
‘-’ nd '~
NJ\ , - T ) ,
o~ a poene T, | We know such lines exdst
,',‘\-:bh..»—"‘:’ i
4 Loy . »
z\\ ! L, Afxion 1(&). ascume there are two
' ~ ""“‘{T--s-.-»o-.::n. o mnn . i "
; “'\ Y1 drsiincy nolnes b oand B so Limt,A T an =~
: >
| ¢ and 2T mfn.| Then . and a are two
bt O oean eo U dng ooinug AL d Bl Bub, thuis s i..0. 510k
; ‘ T e e e —— —
L, i::«:n;n, WLOC autve sonumnlion is Lipossiole and we have sroven
;. . N e mmemm v et —— et b e nd
. , ' [
B
' T e e e e e ]
( e L v aenonel YL oen coa not have ore Lhan oce ssint in oo oon. |
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o

e, e RS ST S o -"_"'""‘““"""""“"b‘-""':" 1 Ny . - v, V4 \—_:‘—.‘“ E
CCop o SI0LE 1o o Lune wnoolanag 5y . 6 ‘
- (. ' -
N ‘“’""\ = 4 Vi 1 ] H ?
— e 3 Beaxion (a) tlere icogofine .onTe jed .
— !
o A =
\ wbn CF# ol By dodem (L) Jhere re z
N b .
o et e <) L . -3
(S oy alsiinet noin.g A e 4oan line n,
" ; \
% lownaf

vovh A v.d o overe in g then ip )

i

- hotiioes - !
, | 1 } -

=0 tptnnrver onbtach e noythe cange. | Hence, at Lo : of Uk '
- sl i :5','-_] s 8 ¢y b lews! one of he gay ‘

[N ‘o, " . : . + ~ L - M Fad 3
Lo daor s oo o4, x"iij"" fhus, we bave the followang ‘.heo.,w;u:n. ‘e
D - {w

. g} .-_‘ . . n .
theore. ] if m e a line in plane W olhen there is o point iny o
- 71—

) vhiieh v g

ol in om,

E
!
|
|
4

Now, by Axiom 1(a) there exists o line

iy ,
3 noin plene .| sy Axio 1{b) therc
~a_ )

-

are distinct noinvs 4 -9 3 on m,

— oo,

- 3y “Pheorea 1 there exists a point € i

] "'-"4"/ 24 I
b (4 in plane TY¥ wut vou in line n.l Lence, 7

".-"./

;‘.«: Love our secend tieora.,

Shors g | i.ers given nlane,

=/

{ . .
Ve ot deanh three oneedlltnear moinvg in a

. —— et s e o
——

Let m o d nbe Ltuw dislinet

lines in

m—— q.\-\:\ ’.-/,,5 (”—!

1
]
(-’, N ~— " -
T 3 a pote ¥, e know cach lines exict
i Ui 4{@7,
— b, Axceld f(a).] aAsmure there are two
e Sea  csreran r—

: =)
0l A oA L

Sl
nfin

co LhatiA €

|
. ;
! .

Then . and n oare two &y

S B L pp— .-
: pal Nl EX S Yot AU i dion g enm . - -
T ol voen oeo PRI N A iy i 1 . - il iR |
{ HERPRY S0 LI SN L"L) L s, UL, hlb’ PR IS S T M S :)l.‘ll(- l"‘j H
. B el UM SR S -
. PR I ~ P -k H [ '
’ foe pHuevo o U sy woowrpiaen Ly cbpecdlble ool vwe have proven i
! ; | ey :
| el BN A A : .
T A f A I ‘) d
' i
' ' | 3 L oW B . H g
P Ce Pactor e n el ok Tove oxa Sl e aoinh tn oo Lo, )
L . b em— mrm e - - - - S————— - - o~ 1

ERIC

Aruitoxt provided by Eic:




Practice Passage § (cont.)

.
‘

| ( - How let & be o jo.uny an ;ldnCTFJ
By Axiom 1(a) thore arc twe cistince
lines t o ¢ n in W .| (£ voth m and
w
n contuin A then we have points & -nd C
T~
_ ¢ o] wWithBinn, Cunm A4 2 anda £
by Adom 1(b).| Furtheraore,|d # C
because of Theorea 3. Therefore, there
- B‘F\\5> 1s a liie 1 contai ing B and C by
axion <, 1 fhis 11 e 1 can not contein 4 since 1f it ¢id we would have
Ao B v G 1 0 b acd 1= m = nlwhioh in i wosnile, | Thus we have

oW LIILG Ll aoe

«T uwhn|then thers .s « Line L ¥¢ wiln A not on |,

Clearly, if /i § nN n| then cither a or n does not contain 4, | Thus we

nave cstaulished the following theoren.

Theoren 4 If

——

.

vhich does not contain A.

A is o point in a plane §¥then there is 5 line in

nXurcises

v

Prove the followving heorems.

1. “hcoren 5

If A i5 5 point in plane ™ then there are at least two

lires in T each coataining point 4, |
i’

2. Theorem 63

There are at least throe non~concurrent lines in olane 7},

3¢ heoren T

{
If cacn of two lines in ¥ is parallel to ihe saze line 1y Ti%

then they are parellel to each ocher.

+
1
:
'

. Uheorem 8

If @ is au; line in plane FJ then there arce abt least tuo

]

noincs 14 W which are not in line m.

- ' Swvs - A
Z . B A

L e 8 A i e s g

.

et = TSI L S TR . . P O NP
Lo il aay poinl Lo plane T Lien iere are of el S

lines in 97 wiich do not contain 4,

ERIC
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hev to Practice Passape § (cont.)

LOow Lol 4 be  n poune 1n .lance ?;‘.gt;,/ ?

Pt

By Adom 1(a) there are two dictincugp

——

lines m a d n in ¥ .| If voth m and

-{
n contain A then we have coints ifand C

WithBinn, C TG4 # 4, and A# C | ‘

vy Axdf5l1(b). Furtnggpre,| 3 A C g

o M
n because of ThAodren 3.} Therefore, there
b-1
_ Q‘N’ is 2 1li e 1 contai ing B and C by

Axrem w2, P lhis 3L e 1 can noFC‘ contain A cince if it cid we would have

S e

Ay 8, md C 1LYl Aod 1 = = nlwhich is Mssible. Thus we hﬂ\'r'é

feit Ut cose|a® mfAnithen there (s a 1ing 1 in ¥¥ with A not on 1.
l(‘:‘ L[" 4 - #’F

Gleariy, [}‘,'f}-‘: ; n/im}| then eithe~ n orn ;ng‘gr not contain 4, | Thus we?=/

Ave esuaulished tip, following theorem. o
{

Jheorem 43 If A ic 5 point in a plane ¥¥thea there is o Line in &

R
O viich does not contain A, O
R,
Lt g 9,
drove e foly m'j..:::.—-i(xcarc':us. O

1. theorem 58 [f A 1s 4 ooint in nlane % then there are at least two
L d
0 lwnes in 97 each containing point A, o

e it -

. . Iz . .
2. theorea Bt There arc at least threfién-concurrent lines in plane W .

. . ® . . +
3. Theorem 7 If euch of two lines in W is parcllel to the sa:e line in VT

-

£) V} ih-.n Jhuey ure paresilel to each obhor.,r & !

| [ T 4 ;

. . 8 . . ey . . '
5.’,. diocten 88 [0 woas an, Line i pvila:.e ;8 then .here cre at least Luo
i {. "
i {; E ~o1eng b.osf weden ere net in line . o ’
o Thoove O [F W ccoony soink i nlane $T then there ore oh lesst tuo
. ) Ry et e o et e wnn
N » . 3 ¥ " A »
' {} i v 57 viich do not contoin A, 9

Q

ERIC

Aruitoxt provided by Eic:




.

E

O

RIC

Aruitoxt provided by Eic:

to
-~
s

Piactice Passapge 9

Lo Craph u[ a Funetion. J The graph of w function s the
cotol poinds eae h st ol which D as ity firsg coordinate an clement

|
odtne domain n.(l as s second coordinaie the ¢ OeTes: waadne clement
t ihe e, ] According to the defimtion of o fund o n, an cloment
I

o the caoin e consdinnte of one and only one point of the graph.
AL
]

Coven i eenph, we masy d
ks of o funetion, f HWoaly the graph is ](l\'( L We Wonld assutae

esite 1o know wheihes 1t could he the

Cd the graph dedines the donsan and wge] We wouid need Lo

cheek 1o see whether the praph conla e used as the rule for a
i fnction. {

Abso, given adomam and range, we may desiie to know whether
tegmaph could be vsed as the mibe for a function. I One such check
e by i use ol avertiend Tned [ I5 the mumber Tis an clement
o the danin and cicinents of the domain are re prose nted on the

N -as, place o vertical line throuah T oon the Naivis, { 1 this hie
I cta T e U i one poias of the graph, the craph is not the rule
for a function. [T s wouc Tor uny cleinent of the domain,

An aiternate of .tw oty be used if the number of points on the
Lenaph i finite WO coordinates of T LOIES on the graph,
it any bist coordmite 13 used for two dilferent poiats, the rm\ 13

«ob the tule for a fune t.x(,n.l

I:‘.u.x:plcsl vyl R J:._é- SRS
] i
. SO0 I i
. Dotain: {1, 2, 3, 4} . CL T
I\nnl’rl': {I, 7] «{} II. ‘ 0 : ,l-_...‘w---'
+ vy . . e ] 1 i ' . H "
Couldt the graph in Ig. 4.4 b(ﬂ " go eme
. . . 00O, - -
therule fora function using this _! S
X b e : x .
dmn1u1andxan~cfl PR IR O A
s Figed4.a i b il Lt

(Reprinted by permission.
Contemporary Algebra, Sccond Course,
Mayor and Wilcox, Prenticc ifall, 1965.)




ney to Practice Passage 9

! Lo Crapl of t ), 1 diction.| The uri l)h of a fuaction is the

betof poinds cack ot of which has as its ﬁ',“,, sordina an clement
of tne domam and as s second eoordinate the correspondin,s element

e e, [NCCondmg to tie (l\,hml,xon,nl' g Ttdabion, wn clement

e Aninian e cooddinate of one and (m.\ e pori of the erasin
(hven o giwpin we may desire Lo kit dwhethee it conld e the
craph of o funetion, Y [ caly the o ‘l’l‘lb!‘ WVen, we would assunue

Vot the giaph delines the domadn and .ur"(-] We would need to

cneel o see whettior the graph could &a~fised o the rule for a
Letion, | &

Al ven wodomaun and rangg, we gnay desive 1o know whegher

e aaph conld he toed as the rale for 2 lui( ton. | One Gyl cheek

] srande by theuse ofdenetieal line, | I the number 1is ao clement

t

vl bhe doinanand clements ol the dorffug e represented on the
N, place avertieal Tine thirough 1oon (he .\'-:l\xn.] ll",}l;_n\ line
piCE DS mre than one point of the praph, the -'r.xph N N0ty -.?: rule
tora fuietion, [lln\ s true for any element of “Jmddomain,

AN diternae chees oy W be vsed if Udfndimber of points on the
} g RHEED nnxwt\ e the courdinates of ‘.:.n‘J;)omln on the :1:1})]1.
L aad st coordiit e s used for two di€dmAit points, the araph ic

w04 the rule for o function. Fo)

s - \ . T
PR ATH _.YA _1-. B S
- O R L_m_*,.
1. l)u.x“;n"—il, 2,3, 4} i . 3..'2
. ff\.'"t'-' LI,..’,-” - o . ! ;- -

Couid the graph in Fig. 4.4 be R AR porn

e . -+ {ovoo .-
nbu» s toy, L funclion using this .

4 il [— v I
downin .Lr.uxm"o(l 4.0 Ty X
S PR B S S R
. Fig. 4 [l v i
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Fractice Passage 9 (cont.)

[ The answer is no. b\ vertical ime througii T on the N-axis passes

| theonei oore thisy one noint on the miaph E Since there ae a
Heite number of points on (lw graph, we coutd wrife \iw coordi-
Hates of Lhese points i\l 1), (1,2) (1,3), (2.1),(2.2),(3,1), (4,1). (lh"
munbers Uand 2 wre used as fiest coordinates of more than one
noint, |

2o Graph the foilowing function, : ’Y? | { ' : ‘ri:‘
Domain: {eir ¢ 1,0 < 2 <4} ; f C1 | - " .
Range:  {yly ¢ I} ' . N l""f' ;—"
Rule:  [0<2<1,y=1 [ NI

|1<1:<2_/ 2 | 0 0 i) :’;‘
2<z<3,y=1 . 0 ‘;.;';-;L:_x-i
3<e<dy=2 . iu! R

$. Graph the following function,
Domain: R
Range: I
Rula: vy =22 .
[ne comnplete graph cannot De

shown. [

CXCrecises

L} TN UYL T I W T IV TSR Y IR

 ——

Wineh of tie grophisin lixercises 1 throuah 12 could be the rule
- forafunction? § In lixercices 1 through 6 the dom:un ix{{1,2, 3, 4
and the range is|{ —1, 0, 1, 2},

o &
; R ; T T a I T

vl N IE'YA;EH'}“'& Ly i!:(A}-]'.;-ﬂ—l-:
! . PR N G .- . et - S I T
EERNERRES N !'Ezg?“"'!l ARNNEE

A P ;?tg |E_¢,‘., ;l_..lf}
SRR i%i{.!djl!v N

! Co [ H AR D

oo : i1 toowo !t |-t Il‘oooo,:

o o o oooj'i-!::;il‘? o
e ot ramee o e \r)“ N> ' >-,| .} R
o ‘ Lol Qo iy ax O
e R L S B TR B B RO

L S R RN U AN APUTEN M O U ST S A

[} L o ¢ AN i o

. I I U TR LR S R Pt

b IR SRS B TN EARE R
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acy to Practice Pfassage 9 (cont.)

e ———— = — = —_———— - s $ ~ e e

.r Ll el (o IS 1o, ; 1\ \v*hmh n ‘ihxou"n Ton e N-nas passes

i ol e Tl o w».n. onthe « x')n P ~1L,u —{here are o
)--—-—-——-— - - —— T —— — ———— k
Gt mnoes o pom’on the ey b, we el d W the coordi-

P aten of e 1{\1'\3-(11\.(1 (1._;_),(~ N LG5, (4,1). The

sumbeos 1oand DTare U oed an .lr.wt,: L naies ol mor¢ “morc than one
m\iwt r X {1

2. Graph the folle ..“x function,
Jhmnmu{ M‘ AJ)<‘t\1ﬂ

Range: (Y o )
(21 Y = G

2

Rule: “) < @

<

2

il

<2,y
x <3,y
<t y=

il

"
194

1
2
1
2

INIA l/‘\

(3. Griph the foillowy, 2 {unction.
Domain: I

wy
Range: R ;’al’?n O
ule: 1y = 3t .
The corhiplete peap wweinot be

~hown. I '

L
Vs el
Ko S ‘

P ®TTOS © S5O O FENCY T MO WA,

)
Whisk 0f Uhe meaphs in oxerci oy 1 throuyn 12 conld be he rule
for :Hx?x,n-lmn"[ Tn inxereive: 1 thrémed 6 the domain st 1, R
and Cherhnge is { =130, 2). O

-

3.
[B O - ) Vo .
T N ] B ! .
iY[\, Co '.1-i'Y/\"i'!ii'*":H.YZ.\}':’!-'I"':
' o . PR 4 .- S [ RSP PR
SEM e 2 : b .
N e R I E Al ER R R R
, [ 4 o Yoyt bl 25 [ L L '
.‘-'t‘*"!tl?.i.eg!fI!'ssitl.::.
v, Vo v i i" ' ' Vot ' -
o ol 1 C ooooli-if':El';zoooo!:
o ‘) . ' 00 : \ % ": N v
S S e o SRR I I
0 .o ¢ ] B I % Oob i
' AR TS SR O (U B S
T O L E-—-f'!
Lo Pt i 0N O A T T SO S T B
‘ L o ! R RN NN ‘
Lm0 0 ol Sk B i S A 0 Aot h b W ey . -

O
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} Practice Pussuge 10

[ [AULTIPLICATION OF REAL

tersen—n

TN
DA TRV IR |

P e

Now,letstoc Lo eall s endtaton on the real nueahein, throocnanon multi-

cridered D7

NN ‘-H“ﬂ.l Stge URDCHion s o OPCrRLOH, 10 o\, Lo el
S S

1

ol 1eal mamberns 2 uniave res! namber, Lﬁll\‘ third real nuanber is called e

i prod e ol e v cn ar o real numbersd A study of some of G.c speciiic facis

ol multpicaton mdicates Gt multiplication is commutative and ass

indy
Ciauve

} md Dt there iwoadentiiv clement for multiplication.| We record these dis-
L

cuveims in the tolioving posiuiates:]

{(CrN) VY, ap o x| (APM) VY V.(xp)z = A(yz) J(PMID) V.xl = v

(Recall that we can mdizate a produet by judtaposiiion as well e Dy e usc of

2naeeed dot or g Uies <t ] B abbreviation “CPM™ reiers 10 Ui conmmtlalive

Loncgie Jor niuinplication, 1 What do the abbreviitions “APM ™ and “PMILT

ClCr to? I

PRACTICE LXTRCISES I

{

! Piove the multiplication theorems in Exerciscs 7—4?]

~

1. v ,V,/V : (.\'_I')I o (.\':)_',’ i _2°_vxvuv: (-\'}'): = (:y ).‘C 1

PV N0 o Gd(ey) AT N

X

b3 Repeat Exerene T on pase 22 but for multplication instead of addition.

6. Stuie and prove a muitiplication theorem analosous to the one on addition

i in Excreise 2 oa page 23. {

(Reprinted by permission.
nlgebra with Trigonometry

3

Fehr et al., Heath, 1963.)
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ey be Practice Passage 10

O TUunioaTioN s NT O nl O

i
-

=3

Now et o e x'm. oncratie e 'Iu sead nuabeis the operation mult-

o=

et nJ T IT RPN TALOR 1 a0 6 el 0rde e paie

— -
[

ol it o vnra” ey n::n‘n- The thied re7edn bor s called e

-

—— et e e —

ot n"t i mnr el n e nbes ) Asug by })l' sonie o the spearfie faets
— . di . .
o BallPHCLos Ladioales h.. ( nitphcation i cdmmutitive and assedalive,

s at theie e rlentity clemen for multiplication.] We recora? G e dis-

coverics I Lae flEMe7 T posiiates: ) fe)
(CPNY) Yooy TOaPM) VYV = A(y2) [ (PM]) /e = x
' )
{ecanr diat L ERdcie @ product by juxtasosition as well s by tite use of

HUSNTU {1 e abbreviaton “C 1‘\' " rewss To the conmnntative

.
b
‘
H

e for pa sdtipiicction, 1 Wiat do the abbrevi iewn "z\PM" and “PMI1"”

HAHU R TV l

. n/\\.HCCf ¢ IISES

Prove the mu!- N iion theorems in Exercises 7—4.L

‘:’ o
PR AT ..‘.’_.(.{",;’ o (x2)y ‘L D 2.7V )‘;’éﬂ?,; = (zp)x ] o
' = {uxy{vy) 4V Pala | ¢

ﬁ g 22424 Rrleniplvpionnwed ofageiina €

ation theorem analocous to the one on addition

O




ractice Passage 10 (cont.)

s w
Porvpges sy 1Y oM
".' [ TSI A Cla)l.s. T

vJ

~ > ~
A?Juﬂ.\:v O

The postulaies and dicorems on addition we have coliecicd so fur deal with
those properties of audition that concern the oider in whneh aduition iy per-
formed (l Bere v another pionciiy of addition wiico s guite diliczent,

et

Revali that aadition is ai opeiation wineli waaas o uiigie rad nuanber 6
cwh ondered paii of el numoeis I Now, there are o tain ortered pasis of .o !
dabers Lo willelt additton assieans e fiest number of the ordered pastor
c\mpic, addition :..ss:;:n:.]l-,‘ 0 (3,0), 79 10 (7Y,0), and = 10 {w, 0). | {a faci,
a0 matier what real number you piek, you can always find a sccond real num-
oer to add 1o it so that the sum is identical with the first real number chosen —

that is, [

Vegyx 4y = ,\-1

Marcover, there is a second real number which will work for all cases | ..

ather Wordy, [
3V X+ y = x,

This iast gencralization s a short wa O:‘ a Enz that the 0'>cr.1:ion addition
o I 3
s ¥

bty aa ddentity element. | Anrd, as we know, 0 is such an ideatity clement for
aadiiion, § We eapress this pooperty of addition 1a the posxulatc:[

3

[CAD) Vix + 0= x

which is called the principle for adding 0.

PRACTICE EXERCISES |

Prove ccch of tha foliowing theorems.

h'd
l.V;’)~:-.\'uxi
2V + O+ 0+ )= xty

ERIC
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aey to Practice Passage 10 {cont.)

& T P;::.\‘c:.g_ic,rh\ iNG 0 )

The postulates and theorems on addmon we hinys c;,!.umd so fur deal with

those properties of addiion that concern the 0r¢fr it vvhich adaition s per-

foriwd [x here is anothier proncty ol additon whe dfadcuite dille .g“(

l'.Lg‘lh that addition ‘p"l 0)\.u1u(‘nl which assiuts MGIGUC TS L ramber 1o
cieh ovdered pair of real 4 .).o:r.\J Now, there agycenpain oidered patis 01 /Cl

SIS {0 \\Hi\.l\ acdition asaeas the 1 rst Inllﬂ%hr () the O"(u.u..u pﬂ HER ‘OA

cnampie, enifon assiam{s 1o (8.0), 79811, 0), and @ to i, 0). ] in fact,

no matler what real number you pick, you cax}’,ﬂi‘.v ys ind a seeond real num-
. . . o B om

ber 10 add 1o it so that the sum 1s identical withqhé first real number chosen —

that is, i
Vi3, gk = X

Morcover, there is a second real number which wiliéolk for all cascs W

othdrlwprds, |
3,V: x“’ittu X.

Tius Jast generalization is a short way of fioid o that the operation addition
s an dentity element TAnd, as we know, 0 is su ;e 1¢entty element for
scdition. | We eapress this property of Azeddion in the postulate: |

[(PR0) Vipwg = *| o
which s called e pimfp/'e Jor adding 0.

o

3

PRAC T EeFERRCISES |

<

Pro; Teufh of tha following ?hoorcinq Q

v oo .
1V, u 42 ¢n= x| 0

2.V, )+ O+ y) = x+y
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Practice Passage 11

NS . A Y + . » H -
corveswan rrodue L o Aol wviong l

et A =01, %, 2% and b= fa, b3 .

forring the set of all ordered

nzirs whose fir.t rcononent ig from a aud whose secon’” cemnonent 1s from

ct

the cortesien nrafuct of & 'nd 3.§ lo

ice tnet in thir

2 le -ro ordered

¢ / ~ '
g ve naveld (1,6),(2,0),(3,a),(1,b),(2,0),(2,b)3. | This set is denoted
, b} ¢ e . H .
{1, <, 3}}( {&,Lj or A 3 B.1 AR 3ij1s read " & cross BY and is called |
§

sarr () € §1, 4, K §a, bY

if and only if

xa§1,

. 3-73 a-d y&'ia, b} .

n=fe,8%

and X = § &,%, 03

we nave,

(+5), (3,8), (44), (89), (a9).

Fotice that in t.

£

But, if the example avove

AXBE=0 .

# #

#*

1. Give the roster nane for ecach of tne following cesriesian products.
, -
a. {4’ 3’ ]‘fs x {O’ (-; 3) 5) 63
e 83 x Z-r;
c. {x;xg W oand X & 4} X{z2}zeW and 2z + 5«511’8
do A A vhere A= §x|x2 w, x is even, and x € 9}
3t 4 #*
Let A= §1, 2, 33 0d B ={fa, 0}.
- -
Let & = §(1,a), (2,b), (3,8)¥ . :
Then RC 43 ., |hae sa; the set R 1s o rel=tion fron 4 to u.
‘ Sutmase S E(,0), (3,0)% . §S.rce S< &% Ei,athen S is also.a.relatiocn
i from A to . i
¢ # 3

P~ o+ e
'

to the second set in each purct

- np——

1ocewotion from ne Lecond set un tne 1irst set in cach parct

Yo, . - . ' AN « - SRS .
2, LoMC UD G XL, Zroe Lo Lirst set
. ;
of excr woe 1, |
’ - ot
P Lalle vy
R f
0 — - L - A GO et NS FOAT ok SRR 8 s S ym | Y s GPUNN © O N O O 2l o

ERI
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B T R R VR

to Practice Passayve 1i

Radel L L L 1)

noviose Diech cornonont iy rom A and whog

a
secon. Xhonent

v

"V"'g :, ( i)'l) ) (",u) :(3':&)\:(”1‘;;) :(2y b) ’(B:b)‘}-

Thig setiisdienoted

- —

)

]

]

i

]

!

oy RETI R
: 5:_1: 2 AL
:

¥

1

!

N \ [ SRS ) . . . .
NPT - S S»..,..".sfls read " 4dicests BY ad is called
R , o i
oo o84 end 3.3 Lotice Lhat in =ni= %1 =lc -.. orderea ;
{* ﬁ zTﬂc ¥ 15 P - e TSI ~,"3
ooy 335038, bohuf alitclily iffxg 3,1, ey 3% Vmnd gn., bl
v 4 LYY
: . e . S, g . w»
U LU AT B N '?",(«*?‘} SN = ‘2 A;‘f}, E}} we n:weﬁ"
o ) "(.; ), (450, (3,5, (84), &,8), (& ) v p?e}ﬂpﬁt ' thisa
g tooge »'--‘,! )y sy \.,'.1 ) » » » ) e AJObl‘,Q",a;,l mn n.s
; . 1‘7““ .. —-:-u-. H gv € A ' & ¢y
S R s DA B 1 jout, 1f the€iile abovelA 3 B = ) , e &
3 # # 9]
f;tu v A N ad
3 . N .
{ 1. Glve  Wr=!~ster nuune for each of thne following csrtesiaen products,

7 PR 4 . 2
i<y 3, 73 i .0, 2, 3, 5, 63

©

. .
P VI A | QR A
g»_- v g s @
i .
. ha) A
- - . 1 & . i
Vot e Sxdar g ye 45882y zu andz*Sfﬂﬂg 5 f
§ o e - ]\ L]
¢ mg b N B | . - -
EoULdl AR A e as 5_:{3 X% W, x1s cven, and x € 9 i

tH H# ¥

4
H .
. U ¢ . b . 13 = { )
j" _oket b= g, %A= a, b}.
RS
PRRY L o 4 s
] - ) B
, Let It~ 00,4}, {<,b), (3,8)} . .
; L I i n . )
oo then AT &, 5 L fde oy tissiet R 1s o rel-tion £rom A to u.
} s =% - N
? — ! a ~ .’1’ — 2 age -y - 2
v s 2 - — i
A TN 2 T DA Y S a ) . i
U eSSl A s L s aelaS < AW B, jthen § 1¢ e S relation ;
a . H - M
L n e et e e e s e s ' . > S -
) VLo j. H (;# E
Aed RS . T L U R T4 RS R gL A - "L "W ;
;
p 2 £ .
e b ke ian e . memem o me v e s oo
.o - N T e fipst oset w0 tae gceonl sl o3n each et :
. ae  ramanee . +— ——_ - :
[N A § . ;
i L e e e e e
' Ve ‘ L. v e s, s [F I GL A < . N P
, . e i wrrons e 2 e vt
. 1 . -
' . } iy q
, e m e et e . - S
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Practice Passage 11 (cont.)

-l RIS TIA, WL NSy r - -
Let A = {& ix 1.+ ae human betng§
Let B = f;,' ! .. . f¢ o human being}

11
ey

et R (:.,‘,"f b?ns the daughter of a &2 d a is the [airer ot bff;,

[y -

3 v o L ' H ‘. ] v
Then R& 4.1 [end hence R 1s a relation from A to B. i We might call

:

—

rer-daughter relation,

) [
<. .

this relation tre [t
: v
Let U - fxl:fis « hunen being’

5

Let S =§_"-:,h) 5:1.,!13 the brother of b}

i ;
Then S€ U 3" {-nd S is a relation from ¥ to . | Notice that the
i

set U Ls used «s woih the first a:d second set i. the cartesian product

in uhis exerple. | In such a case we say S 1s a relation on Us

it ® *

4. List two ele.ents of the father-daughter relation.

5. List two elc cnls of .ne brother relstionghio.

6. which of the following sets are reletiong? jGive the roster naues

of those w.ici #r2 relations.

: a. {2x+3;,\xﬁw,yaw,x<5,a:ldy¢:3'§
Qﬁ b Zy K 2y

c. {(x-v 5, Bx)i x§ Wand x <€ 33

!
, LTS .
d. §1) Sy, by, <4, 3, ")’}
e @
% # i

! L.
i Let W @ 71 tel of whole nuroers.
- T
i Let Lo=yi0, )i c@li such thet x ¢ ¢ = y}

Since L& . ;. d’ehen L is - relation on W, L 1s cuch an imnorta.t

.

g re tatren or 4 tout we pive it a special nam(,.(L 15 cuiied u.e "less tnon¥

.

.
o e dadY GULOLE L owy % Lied mamcn, o, L ta o~ L ,;|.o indrass-

\ e e roem - , ——— e}

bl O e any of the statenentsi’) LG ona (9,9)4% Lineon the ra .

M A T N N P P

1
P R -~ - e

o PR e mm s e

ERIC L e
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Ney to Practice Passage 11 (cont.)

Y
b e 3

¢l et A= {;( Px 1n oo .ale bumnn bcl:.t';%
O

3-2 Lot b = {y §7 15 a feale hunan being'g

7.9 et R ={(a,b) f bic the daug‘mtoimﬁ aa dais the fulher of L’

b - ‘:, e ] ’ o -
3-2.Then RE A X 5 § and hence R 18 agpefation {rom A to B. fWwe :nl;giéixul

this relation the f“?e:qr—dvu nter relatiion.
B

3
0

Y-2.Let U = f}:'i:-:“s hunsn Lemg'S Sl

LD Let S ;—.5(3,‘0) fa 1s the brother of b}?’@

el ihen SC UK U jand Sas a Srefion from & to ¥ NoticeJtrit the

set U 1s used as toth the first and second sBL“'w the cortesian product

ﬂ A
in Lkg;?gmnple. In such a cascga(j say S is a relstion on U. £
# #* #* 0
4. List tuo el;{ami’s of the father-daughter relation. o
5. List two el cm:ﬁ’c: ithe brother relstionship. 0

6. aurch of lumnllowmg sets are reletions? }Give the fﬁaé’er nases

of those w.';@vf]re relations. (4]
“e 8. {2x+ 3y xsW, yed, x<5 e:kdy<3§ O
PRV NN S O 0

| Peec. §lx+ 5, 3] x§ Wand x< 3} (v)
-
Jeas §1, 2, Gy uda, -4, 3, 23 O
~T.e. O o
% # # @
g"- wd Leb W rihe cet ofl uhole numoers &
| 7o Lot “he set off whole nunmoers.
Z PP A :(\/)i:j ¢g Nl such that x + ¢ = y} @

et oA A Pt s o e ot ——

4 4
TLtiownes LE Lol Wken Lois - r: *’(’on on W, 1L 18 suck < K ’1.“,

ol

I resotzon n9wW Laael we puve 1t oa special nunc.;b 1S qu ¢ "less tnan

- o~ o e - e m e SR Awre mEA S MAAr T amAs NS MRAMvR e e 4 Sm S0 S el A RS O0R( TMnmee ey

PRI SOt Ll G L by S ang writis 4&./}“0 wl Ay 3yl . v T Lu
Y ] 10

¢ §
] ’ ¥ ! 4
s — — -
1 ] ; T N
/ A e e . 3y .
,J, . i o O .,.; “’ LLuindy A". 5 T () G (:') :‘ (.!.‘.CJ.!‘. L.h_‘ T
v . V '. .
N - R L - - — e —— - r———— - r——
Q , v ,
I & s P i
ERIC 2 , o ;
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Fractice Passage 11 (cont.)

[ ’ " # m

-,

7. 4. Define toe relacion on W in terms of ordered mairs.
- !

0. List five ordered rairs in the relation > on W,

c. Rewrite (e,b)2% as a blfor each of your answers

To Db.

3. Rewrite yo.r answeres to exercises 4 and 5 in the fora

X R yju

R represents tne relation civen in euscn proolen.

# & 3
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toy o to Practice Passage 11 (cont.)

&
3 # »* ,\'}

sarms s aEAR -

oo - s
7.5 7 Defiue Lo rels 1on > on W in terus of ordered neirs.

~

7~ b ~ . . - .
o List five ordered pairs in the relation 3 on W,

e

(e Rovrite (n,0)2% as a bgfor each Q@'}’T;‘?lr answers to b,

T ) I Rt
d. RowrlT your sunsverd to exercises 4 and 5 in the fonnix R f vhere

. ’

5 KT ),
’

‘ R reprecents tie relation given in each provlem.

£
{

GRS AT i L AR e R AR

. » » o
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Practice assage 12

o Aaile gt o

arte:ian Prodacue o Jd delctiong

Consider zru.trry sets 4 and B and the :et of all ordered vairs who.c

rirci co ponent 1o an ele .ent of A and wnose second co ponrent ls 2. eleant

58 o, Such setrs of ordered vaire are imporiant in sen)y uranches of .athe-

ma.ics. | we now ke tne following fornal definition,

——esa e

Jefiattion 13 For 2ll rets A and B,

A o =5(xy)lxs4aandy QB}.

bed B;LS read " A cross B " aid is called the egia j

qroduct of A and B.

et

an 1 .medis te conseruence of this definition is the following theorem.

Jeorem 13 (a,b)€ AX & af€A:ndbg 8.

rroofs (=) Let (n,b)s A¥ 5. § Then (a,b) Ef(x,y)ﬂ x £ Aand y¢ B}.

5 5, a & A~nd b g i, J

(&z) Let af Aand b € B. {Then (a,b)ﬂg(x,y)‘ x §Aond y e B}: A K.

1
; Definiticn 2: Let A and B be arbitary sets.
Let RC 4 X B.
Then R is celled a relation from A to B.
‘his defiaition tells us thal an, subset of » cariesian product of two
oot 1o relation fron the first set wo the second set. JWhen R€C A XA
¥ g 2 o
w2 have o relation fro1 A to A, }In this case we say R is a relation on A.
Lar 1den L relation 1c na important mathe.ati. el concepi. § Men, relaiions
'/-—un-—uw-m-v -
(v =, Twnd a d are uced in everyds, life. EAmon;’; these ere all the

L e et ]

- e,

¥

ol sl relationching wetween pecale, !
pari Aansts s - 5 — b
‘ - . . - -,
| Let Bz poionion. g8, A6 L, B !for sose cets L and B we k ow
N i i
H i T i
I e ele ante ol & fust e ordered peirs. | Thus we can wmte;(a B)% R :

.

- - - - . mmmrm v 0w T mmmcer - e WA s imane i A iVRASes 4O OM WA R e e el e r e W w e oo S

)
o ' \ !
Voo the ordured poir (&,%) ks in the retation d. ey LLues we wWrlle i
]
[ - o i . ...,f
~ I3 " i o) .
: by e v ERgth of the e state onts can exac.l) ‘
o e et e et e et ey - - - o ———
. e Te
o v r mter v e e W ¥ emaw A s omm we Rl !




Key to Practice Passage

12

Cortesian Products f/ykMelations

o

Concicder arbitery sets A and B and the

~et of all ordered pairs wnose

first cow.poncnt is an. ele .cnt of A and whose second co ponent is a:u elewvent

of ». | Such sets §P=okdered pairs are importent in @meny uranches of .athe-

natics. |we now ke %reffolloving foraal definition. } = o
Definition 13 For sji=fets A and B, 0
AX A< (x,y) | xg A endy € B}.
o fn|is rd ) A cross B ! and is called tie cartesicn
QLQ(_’\_)_QE of A end B.

An 1medis te coies “"(’uence of this definition is the followlng theorem,

Theorem 13 (a,b) f’li‘fv&}@

afAaxdb§€ 3. (w]

proof: (=) Let (Hrofe aX 8.

Then (o€ f(x,y)i %« £ A and y € BS.

o S0, a&=Rnc b € 8.

o

0 | (&) Let a fatmd b £ B.

Then (afﬁ)‘ﬁ(x,y)l x §Aond y€ BY= & X C.

Definition 23 Let ﬂﬁﬂld B be arvitary sets.

Let bt X B.

(o

O

Then RI®s feclled a relaiion from & to B.

ol |

’

this definition tells us thst any subset of a cartesian product of two

sets is a relation froa t.e first set o tre second set. |When RC A XA Y-

we have a re‘l’e&i’on froa A to 4.

In this case wq-«fy R is a relation on A.

The idea of a(g'd,?&lon is an important mathe satical concept. | Men; {ghltions

ca: be found a-d are uscd'-‘!.npveryda_, life.,

Among these sre all &y

niological relaniﬁ&djips vetween pcople.

o

Lot R be ~Setltion. |sinee ¥ty 3

for so.ae se‘qﬁd.[and B we k ow

the elc .ents of R must be%rc‘ﬁred peirs.‘ Thus wif.c{x writel(a,b) ¢ R Y=

t,0 s5aow the ordered nair (a,b) is ‘:ﬁ‘f]{c relation K. ir;an;, tires we wm‘(e/

'7...‘-- 'l- ! € o
o R blhe 1naf (l et (w,D) @ R, § Both of these ?’"/ Chnis ~een exac.ly
che sasc €xlr.. | ) i
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Practice Passage 12 (cont.)
“xcrelges
*1. Give Lhe roster nmace for each of the following enrtesiun products,
a. {<, 3, }x{o, 2, 3, 5, 63
b, sz ig

c. {x‘xi.«iandx(l&)&iz'ztwand z+ 511}

d. AXh were A=§x| x % W, x is even, aid x € 9}

<+ keke up a relction from the first to the second se: ih each part

of exercise 1.

3. l.ake u» a relation from the second sel to the firsi set in each part

of exercise 1.

4o Lict tvo clements of the father~daughter relation,

5. List two elenents of the brother relnpion.

6. Which of ihe following sets are relations? |Bive the roster nanes

of thogs Wwhich are relations.

a. {axen]| xgW, yEW, x<5, ad y €38

b. 24X Z¢g

c. H(x+ s, 3x)f x& W andxﬁBT

d. §1, <, 3Yyx§-1, -4, 3, 2}

. &

7. a. Define the relation "less than" on W in ter:s of ordered pairs.

b, List five ordered »airs in the relation "less than" og W,

c. Hewrite(a,b) € "less than" as a € blfor each of your answers to b.

8. Repeat. exercise 7 for the relation "greater than": on W.

9. Rewrite ;our answers to excrcises 4 and 5 in the form{x R ¥ |where

R revresents tne relation fiven in each nro.len.
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| Key to Practice Passage 12 (cont.)

¢ ok o
| 1. Guve the roster Gaftor each of Lhe following enrtesian products.
218 1<, 3, 7 %x{0, <, 3, 5, 6% O
7~ 13X ig O
| 7-Le. fx|xgwandx<¢4yXfz)2¢€ vandz+5¢nl o
| 7-W. aXhwerc a=§x]|xg ¥ ;-18 even, ad x € 93 0

<, loke up a relziion from the first to the second set ih each part

i)

3. i.axe up a relation from the second sei to the firsu sel in each part

7-1

of exercise 1. o

of cxercise 1. (s
T
2'." Lict two clcments of the father-daughter relation.-L. o)
ﬂ"!List two eleaents of the brother relaticn. o

6. ;Qilh of the following sets are relations? |[8ive the {p‘ +fT nanes’

§1:.,hoee which ars relatjions. o)

7.2 {a+n] x€H, yeu, x<5 ad yg 33

72-1b 43X 2g
7-te. f(x+5 3| xtWendxS3}
7~2.d. §1, ¢, ¥y x{-1, -4, 3, 23

~Te. d}

7. 4-#fine the relation "less than" on W in teras of ordered peirs.

Q[O[d Q|0

G &fst five ordered airs in the relation "less than" og W,

éc,,}{ewrite (a,b) € “leéy@mn" as a € blfor each o%ﬂf’ answers to b.
8. é‘;&pfdt exercise 7 for the relation “greater than':on W.

9. '}’lefrite sour answers to excrcises 4 and 5 in the form h% uhere7"/

7ﬂ~{'coresents the rel .tion given in each prouolem, O

.
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APPENDIX B

CRITERION PASSAGE B30OKLET

Instructions

1.

o

Use the CMMT technique to rate each cf the following
passages. bBe sure to record a rating of the form m-n
in each non-blank unit. Record 0 in each complietely
blank unit.

Rate the passages in the order presented. However,
you may go back and change classifications in rated
pPassages if you change vour mind.

Refer to the Rater Training Booklet whenever ycu wish

while rating the experimental passages.

Return this booklet to me in the envelope provided when

you have cempleted the rating of all passages.




Division and se’fs

Here is a way to think about uvision.

| &

LI
,f

&)
Think: (oo o o o ‘Think: ﬂmp ,'/\
There are 3 sets There are 5 setsi! oo lat’e ,
of Sinasetol t ———0) of 3 1n a set of i !
15. —— ) .= \J\Juuu

- 3.

Write: 15+-5=3 Write: 15+-3=5

515 the divisor . | L 3is the d'visor.
3 is the quotient . 5 is the quotient.

i. Draw a set of 18 dots on your paper.
ing as many sets ¢f 6 as you can.
[4} How many did you nind? (8] Solve the equation, 18+ 6 i

:
i
|
i
;
'
i
L
1
L

2. Lraw a set -7 24 gots on your paper.{Ring as many |

v

.1 Solve the equation,: 24 = 4 =ip..

g gmm—g =

2 dois on vour paper.{iRing as many
can. }Su ve the equation 13"— 8=qu.

4, Study the sets. Then soive the equatson

[8]*******

* X k& kX * Kk *x

* & & * * X* *

21 7=

. et
WIS I LA, BUTOETS. ?j

e 1 T _
S0 3301 ity Thercare  soveans i 28.
. SRR |

g- D Ve TN IR Y 2 A4 = -

23+ 7=,

.y 1

. .t
1 A HE RN S AN

/ N >
RO TR Cel, AwuamoatBes ey PuoLl ity
LO0S .
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thntrived Passave CP2hH

A circiec ii.ie & ploy,on is a plane closed figura.

() >yl

m. T

ine distince »ruilid = cLe is c:lled iBs cirew:. 'renvs.i Srreii. rg..é

— e

1
1s Lo a circlz e: »eri.cier is to a polygon.i You could use & ruler to

find the length of cach sice of a pdlygon and then add these lengths

to finé the seri .cter of the polygor.i You could uss a tape .easure to

fird ~he .ircunlerances end disaeter lengths of the osjects below,

T ™

whaeel can nlate

rhe taule celow gives e circumference, diameter leangtk, add

quotient of circumference divided by diameter length of each of theas

. 4
oujectg, ¢
Dinaeter Circiafercnce
L 1. uwsferernco L,ength Digoster Lengih ]
dnoel 88 inches 28 inches 31/7
Can 33 inches 12 inches 31/é
1. n )
i Plate 31%; i.ches 10 inches 37/
r—u L
. :
! 3
; j
floticn th- vhile the circuaferencss aiffer and the din eter lengihs |
2
| ufer, tho Guo.oteats WF crrcwsference divided by craietar leagth do i
. S AV R Oily w3 (BU O bClUdialy OF e LAy cnith ;
0o Lhe nwabers cnowhe Jest cobunin diffor at alll )
e e e e e . - }

= |m-‘ Provided by ERIC




D S AP i B &I

[t "5 true ot viien Lhe circuiferencs of any circic s divided
3
by, tha lenglh cf o div.cter of that cirele, the quotient is . lwys i
ths sane nuaber.{ Thig nuzber is nemed by the Greek letter 77 (pi). X
™ 1 . : . i N '
j The number W o:s ~bout 3:?~ o} liotice now close o 3‘:;‘ ench of the
{ - y .
] »nuavers wn the finzl colurn of ths above lLable is. ,
| S— °
I2 C stands for ithe circuaference of a circle wnd d stznds for 1
the diamngter then
G
a —- =
d
b. C = d e
fxnd Ce d = -
£ -
’ . g . [ . ~
You c-n use foraula (b) with 3;;- for 1% to find the circuzferenc -
cf - circle when ynu know the length of a diaseter.{ You car usc formula
{c} to f1ad e lengin of a4 cinaeter of a circle when you k.ow the 1
L
§ : caf - i
i CLI Jtierence. H
i
zzercises !
1. $c sleie the widle, j
Circu .fercacs Diasater Readius
5 incaes
4 fact
3) inche: H
1 i
d 'e
r 8
[ g
} i i

ERIC

Aruitoxt provided by Eic:




-00

Find the circu “erence of esch civcle in < through 9, i

J, | 3.

5.

cardg 7. r

o, d = 17

3. d=7/11 inch 19. r=3/4nile

10. a. Hhat i the distance :lons the circle from A to B?

s

ry ’& &*. - 8
A v

D
Le Want ts the disiance 2long the circie iros 4 to D Lif you

traver . the dirsction of the arrow?

c. wnat ic Lhe distance from 4 to D if you travel in the

o wosite directl.n?

. A rerry=po-gownd . xes 3 conplete iurns. ilow i:n; feet will

Ronald - . rt.a each travel if lMarthas horse is o» the inner

)

ring :xd Rorald's is ». Lhe outer ring?

B R R T s

ERIC

Aruitoxt provided by Eic:




Focus Passige P8

Frnressions vit Grougineg Symbols J

T

:4 1}

I ln (he precedng cw.us:- You ustid e (i hrice Joav to et a g

b, R : Rl > s

; 5\'”‘.:‘.'.'1-..- hrude expe dop” Lo ey, - S 7 D) er v — By }

S T s D eenienin: O o ey aag o vad 4o )

. . - . ;

i ,_Mﬂ_"_— A NOLE L e 1 By MV OEOST L 00 nO 00t e e 2| 1
L "- SN e e e gl )ou can CLANGE AN eXOHIEs-ion Wiln
ELOTenlnenes WO Gne vataiit & -wn b usin,s the distnbutive ‘aw.

] Das

[P .
woagr
Fas 13§
S ol B et

¢t Pewrite without pareatheses and combine like terms g
D \
Pl 6 —-4@2r -5 =6 -8 +2 =26~ 8
22 8 — (3x - 5) Think: 8 — 1{82 — 5)
2
i 8 —{% -5 =8 ~¥x+5=13 -3z
3
P
3 64+ (9 -T2 Think: 6+ 1(9 — 72)
64-(9—77‘.=.-6—.*-9—':'3:~1 - Iz
1
Brackets | are ued st ae parentue o3 to froun numbers and
ot
i Lebraic ovr[;ro WS v I AN EXDresiIon GES LW OF more pairs of
¢ Jorouping syneonat s u nx'\"* “eicr to becin by removine the inner-
; 'Ll;"_ nair, §rie 1ohowing o -npie shovs hois Lo remove grouping
. isvmiel and then wo combine like terms. !
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o0 Meurtte the follswiug vithowt groupnm symbols and comiine lik2 terms:
P
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. ‘ 3. 4--{-—Ta - ) i Ld. U - (lg — -3)
T - ) : 6. Ta — (-k2a - 5
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. A s 10, T ' {= 05 40 !
RO i bir. 2= (=3 4+20
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Proova

Bty of 4 o0r 8

Sun the sointer un the dial bslow,

R = red
b = olue
G = ¢green

Y = yellow

i
- ]
H \.}) = !
- ;
1’(_} = i
i
Phe evert (R or ¢) can occz  twice out of 5 equally likel: outcor.cs.1
1 s
§ Jo P{Ror G) = /5. { .ocice what P(R) = 1/5 -ud P(3) = 1/5. |50 in this '
« ze, P(Ror G) = P(R) + P(u). 5
In the oo ve ex »gle .:e pointer can noi stop on voth R and G. :
- . ) '
el ors, tic eveavs R onl G ¢ norot both occur at (ke sace tle. .
3
Lvraln a -nd B oere coiled ooadiy exclusive if and only if they
cootot wolth oneur 2t tha sase tiove,
: ~Dnse YU opin ile poialer on the dial pictured oelow,
§
1
j ey = P(1or 2 or oy = 35,
Voo s
§ , ~
} R N P S A I TR N TR O rtee v of Tive Lo bLie
| - !
, - A}
. /; L4 - 4 ~("‘/"'/:- )
; . - T 7 :
. i ’ -
;J Cobis o i) £ p{s) e x((:‘/-‘:‘.).}
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in the ox COouthe CobridaTed e Nt i slop gt Lo
. . T Lo

d noeven nlev,) So Lhie evenus B nnd even

se nob ol bty exclucivae, !

$

sowve tllis.rate the follawing 1 .por.cnt srincialie i
¢

!

; Aand ST WL LY eldUive Voo Jf snd enly uf

4 Piz'n or i i {2) P(ij)y ;

favg result ¢ o2 cener lized to jore then tun events ns in the

o~ st
.

Sy ,83, , 6060 ,quinre p-irwise .autually exclusive evenis

(toce 35+ d 23 jrveratu-lly ecclusi.e Sorii # i)

PRV S

Yy

15 an

e e p s S,

nni PIP{ 0, or Ba or aes En ) = P(5:) + P(Ea) +

+ (2

4.

B b rens vamemy

N
L raLses

]|
1

te _ a., P(2) =%
o \ b. (7, =2

4
ey \\ c. P(even) = 7
H 2

; s a. #(odd)

L & e. 2(L3) -
(\\ 3

v YA

5 f. P :90

3¢ ‘t! ( )

\ 4,4‘/ :
" o —~ 2 —
5 - b ‘P ( Y 1 } -

he P(bstween ¢ .. 73) =2

l

?

|
-~

R VP

e 2 1) =7

o e e et m——— s e e o ot i e e e}

1o Plod)
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3.

Seapdne Cornl %

ool bvlea,

e e e e e Y

pP(io) = .

{
i (11t = head 1st toss, tail <nd toss.)

A M e

of ewanltg in o

through J

ie
B Ce P("L_E.’) =7
| c. P(m) =7
| o P(TD) =%
e. Are ILv - o T mutlually exclusive events?
£, Are 1Di . WD zutuodly exclusive svents?
g P(al lea 1 omo head) = 2 i
b h., P(at leacnt one tail) = 2
Jie a. P(R) =2
/9; /4}«\\&0 b. P(B) = 7
c. P(Y) =272
Ve \ (% i _
3/ » B \\ a. B(5) =
- : 5% e. Preven) =12
o ;/ ! £, P(ocd) = ?
R
s,\\; ?./ g. P(R or add) = 2
\"-m\-;wf h. P(2 or even) =2
| i op(boor G 3) =7
E “ jo P(Y or & 6) =2
|

are .utuzlly exclusive?
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{0 Nobee that sinee UL bae o moton of the patile alony the square is
P bypoae s o neh ot e ofal cndood s the setof non-
o :‘r'n.__:;m.}:-._\ VoG edead b .M:’“u”\ o it et donians wel
¢l Ui v T e pren b e e v el ounn of the

\’_ PRID LT PustVE Reanieol T fneatre e bine 0ot when the particle

iotes nn the eoveniercio. wy e dr cciien, and w,e nze hive numbers to measure
s e of motion when the naracle picves in the clockwise direction.

counterciochwise cluckwise clockwise

abs (1 - 4v/Z) = z_ﬂ

ord(1-4\/“)~l/—i

3 Pl 3
nbs(z \/2>= 5 uos<~ 5 2>=—= -
: 3\

ord<2v2> 3 lor<l<—-2

rwn—

il

L%
N
N’
-
|
DO e [ BO} e

1 To find the value of wbs for ordl for a given argument &, let the particlo
otart aiibe point (1,0 aad aove alune the scuare at the rate of 1 unit per
¢ AN I
o orond s oseconds vy nyoireetiaa of motion s counterclest wiss if the argu-
sl Ui @ Tuneat s nevadive T511e value of ars
" oswe Sty o = kw-.—.—.prq—v- - -«—-——\_—-1

wjcv NTX 314 M UA lnl s dhal roflll()'l. 2

1. (@ omeale, l .
1 e e e e y—

@y s (=v2) (%) ore (VD) I (o) abs(=~1)

T Ty T ey abs (-5V2)

[ d —

4o () oid (~6V2)

2. Sk heraphs of 2 o bord ter the arpnmeat-interval fiom —10 to 10, (Reprinted by
= meee - permission.

S . ‘ Algebra with
3, Phearepnlar heaagon witinadius c B T 100n()mc,try ,
on a ceordhinate plone insuch a way ! I chr , et al. s
Ut s center by eocadinates (0, 0) \ D. C. lecath
b el vert :..x.:-z-x.s;-:(.h;,_ W and Conpuny,
SRR L A aer ety Ioanove P 0 A4 1963.)
boet HeLeon A atel T !w,.,i(mn A 0.0) (1L,0)
ParaatoeLenntocn dhve oor elocke
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SO0

Praoportion L

v the P.tharorean Theoren

Dofabion. 1

Given sepcents

oy Rl
A8, @D, and iT.

~hen CD 18 the

1f and orldy if

nean properivional wetween Al and B
M _ _CD .
)] F

Theoren 1t
ooy

The altitude to the hypotenuse of & right triangle ig a

menn proportional between the segments into which the foot

of tne aliitude div@des the hypotenuse,

¢ Proof: Since|ADC &= CD3jis a si-ilarity it

follows by definition of similarity

AD DG .
b = = -
h a tha C B and the proof is
\ complete,
X Y
A 5 B
¢ cC >

Thecrem 2t The sum of the squares of the mecsures of the legs of a right

trizngle is the ¢ are of the measure of the hyootenuge.
¢ Proof: SincejACD €= ABC{is a sisilarity we
LD AC X b
have = or = .
AC AB b c
b a So, b= xec.} Similarly, }CBD 4 ABC
h
is a similarity end{-BB. = —-(;JE- or
% by ] ce 53
A D ——;f—- = --%—. ] So, b = yec . | Thus,
l\ ¢ > {
' ”~ o ¢ b® = xee +yee=(x+ yec= .,
-
i Thesren 2 05 an imporlact theoroa in geometry.§ It is called the |
fa v e e (]
Jythocutonn Thcoren,

]
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~1
(o2

[F% o,

<., E 3//, o7 .

B ‘~/33 Co=~ :/ -.

¢ a=3, bofa .

- ———

P

Mind BCG, &D, and oD,

2
Al

I

find BC 1ad D, J

A 4 [7 X C

o

“ind AG, 30, and D, Id

R
A 2 .

(€

——

Find the altitnde of an equalateral triangie in terms of the side

Length g,

L0,
i

Internrat the Pytivrooraqa Tneoran in teres of arca.

- A——— e — v

/ ™~ Cowd &rs the area. of the cquaves?

L7 . )
r s s ame be arene of the smquoces relateds

VAR Bk

- i e a—]

i

- e m amnmn ~d




7.

Use the figure to give an area proof of the Pythagorsan Theorem.

Fa
]

~ .

lg2 the figure to give an area proof of the Pythagorean Theorem.

o
~ b o~
[4 b b ¢
N b K
<

1

Let W be the pownt of intersection

of the Giugonals of the square. | Let

X4 be parallel to the hypotenuse of (¢)

the right tricngle.fLet w4 XZ.

a. How can sguare (6) be disccted into

(5)

(1)
QU

2

@
W

(2)

%

five regions four of which are congruent to (1), (2), ¢3), :nd

(4) and one which is congruenv to (5). | (You can cut regions

congruent to (1) through (5) out of some paper and try to fit

them intc region {6) if you have trouble) [-

’ 7
b. wwlain how this proves the Pythagoiean Theorem,
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Division and sets

Here is a way to think about division.

— @ )
Think: I Think: OIDIOIOIO.
There are 3 scts There are 5 sets UU' oile '; ot ]
of5inasetof 00— of 3 in a set of RN
15. 15. , L U
Write: 15+ 5=3 Write: 15+3=5 '

5 is the divisor. 3 is the divisor.
3 is the quotient . 5 is the quotient.

EXERCISES -

1. Draw a st of 18 dots on your paper.
Ring as many sets of 6 as you can.
[(A] How many did you find? (8] Soive the equation, 18 -6=n,

2. Draw a set of 24 dots on your paper. Ring as many
sets of 4 as you can. Solve the equation, 24 -4 =1

3. Draw a set of 32 dots on your paper. Ring as many
sets of 8 as you can. Solve the equation, 32 =3 =T.

4. Study the scts. Then soive the equation.

[A-]@JDDU[J@ [B]******* [C]O 0’0 s o
(coooo 3D Ak ok koo w 6 0 6 ¢
@ oo - ¢ 6 0 ¢
@ oooon TR (A

24 +-6= 21+7="1n' 20+-4=n

5. Give the missing numbars.
[}

[A] There are .| ixes in 36. [8] Therc are ;| sevens in 28.
36+6=1 28-+7=n
(Reprinted by pernission.  Bloerentary School “Mathematics,
sook », Licholz and O'baif>r, .valson-wesley Yublisining
Q ('\)h;‘ i1y, 1903.,)
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THE COMMUTATIVE PROPERTY OF ADDITION

l. a. How many fingers are shown in A? How many
fingers are shown in B?

AR\l

LN A

b. A number sentence for A is 2 4+ 5 = 7. Write a
number sentence for B.

c. Is2 +5 =5+ 2a true sentence?

2. Solve. .
a.3+6=n b. 64+3=n c.3+6=n+3
d.12+17=n e 17412 =n fo.n+17 =17 412

Twe whole numbers may be added in either order
without affecting the sum. This is the commutative .
property of addition.

3. Add. Why are these sums the 34 25

same? We check by adding in the +25 +34
opposite direction.

EXERCISES
Solve.

L7+9=94+[] 2 47+3=n+47 3. [J+10=1048
4. n+94=944-38 5. 86+48=n+86 6. 13-+n=29413

Add. Check by adding in the opposite direction.

7. 41 8. 126 9. 34 10. 493
+28 +63 +52 +5

(Reprinted by permission. Five, Exploring Elementary

“mthewatics, Keedy, et al., Tolt, Rinchart and Winston, Inc.

Yo/

b
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A}

-
} 74 Exploring ideas

Multiplication of
rational numbers

In unit 6 yeu learned that multiplication of
natural numbers is a mapping of the set of or-
dered pairs of natural numbers onto the set of
natural numbers. You also learned that the
product of two natural numbers is a natural
number. In this lesson you will learn how to
find the product of two rational numbers.
A Look at pl. What arc the first and sccond
components of cach ordered pair of rational
numbers named in the display?
B8 (3, 3) is mapped onto the product § X 3. De-
scribe the other mappings represented in pi.
¢ Read sentence A in 02. Sentence A ex-
presses a true statement about the product of
the rattional numbers § and 3. The number # is
the produci of § and 3. Is 6 the product of the
numerators of $ and 3? s 12 the product of
the denominators of § and 3?7 Remember that
when we mention numerators and denomina-
tors, we are refernng to the fractions that indi-
cate the rationad numbers,
0 Sentence B also expiesses a true statenent
about the product of twe rational numbers,
What arc these numbers? s {§ their product?
The product of 1wo ratione! monbers 1s
rational number indicated by a fract.on. The
numerator of the fraction is the product of the
two numerators, and the denominator is the
product of the two denominators. The work
that follows will help you use variables to de-
velop the definition of the product of two ra-
tensl numbers,

Produrt of 1abinnal nunbs < closure property of muitiplication;
veull Julined property o multiphicalion
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Universe for aand ¢ = N.
Universe for b and d = C. .

o ¢ —_— '_,S
5 Xd = e

Syl 5% Tyl 22 I3X1
Fx/‘s"xxs' H lx4 1% 4

Tae2 2 7X2 Yaed =384
Glyxj‘“oxr '4x1 4%
n4g

product of two rational numbers. The uni-

verse for @ and ¢ 1s N, The unmiverse for b and

d 15 C For each replacement of @, b, ¢, and d,
[3

a0 ac
8§ X3 5

€ Look at p3. Doces sentence C express a true
seiternent? Docs sentence T express a true
statement? Explain your answers.

i Now look at sentence £ in 03, Think of §
aua §as any two ratonal numbers. The uni-

_vase tor a and ¢ s N, The universe for b and

s Ol tie numaator of g the piodudt of

738

aand «? Is the denonunator of 5 the product
of hand d?
Now we can define the product, > 5, of
\lhc rational numbers § and 5. The umiverse for
a and ¢1s N. The universe for hand i< . For
cach replacement of @, b, ¢, and o, § X § = §5.
G Kcad sentence F in 4. What replacements
were made for the variables in § X § = §5to ob-
tain the statement expressed by sentence F?
Is the statement truc? How do you know?
H Whai replacements were made for the vari-
ables in § X § = £5 to obtain the statement cx-
pressed by sentence G? By sentence H? By
sentence [? Is cach of the statements true?
Decide whether each of the following sen-
tences expresses a true statement or a false
statement.
tixis=d k¥-4=8 mi.
1ih=% L ixt=§ w~i

(Reprinted by permission.
Seeing Through Mathematics,
Book One, Van Engen, et al.,
Scott, Toresman and Company.)
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Expressions with Grouping Symbols

In the preceding exercises you used the distributive law to yet a
simpler algebraic expression.  For example, 2x ~ 3(2¢ + 5) = 2z — 6x
— 15 = — 4x — 15. The expression 2¢ ~ 3(2x + 5) was changed to
— 4r — 15. Note that the new expression no longer contains paren-
theses as grouping symbols. You can change an expression with
parentheses to one without thern by using the distributive law.

EXAMPLES
Rewrite without parentheses and combine likc terms.
1: 6 —4Q2r—5) =6 —8c+20 =26 — 8
2: 8 — 3z —5H) Think: 8 — 18z — 5)
8~ Bc—-5)=8-3x+5=13 -3
3. 6+ (9 —Tx) Think: o + 1(9 — Tx)
64+(9—~T2) =6+9—-Tx =15 "z
Brackets [ 7] are used just as parentheses to group numbers and
algebraic expressions.  When an expression has two or more pairs of
grouping symbols, it is usually easier to begin by removing the inner-

most pair. The following example shows how to remove grouping
symbols and then to combine like terms.

4: 3z —d4[2x — 5(xz — 2)] = 3¢ — 42z ~ 5r+ 10] Removing ( )
=3z — 4[— 3z + 10] Combining

terms in [ ]
= 3:+ 122 — 40 Removing [ ]
= 15z — 40 Combining

terms

Rewrite the following without grouping symbols and combine like terms:

. 1.9 — (Ta — 3) 2. 9—- (T2 +3)

’ 3. 9 - (—Ta —3) 4. 9+ (7a — 3)
s. Ta + (24 — 3) 6. Ta — (+ 2a — 3)
7. Ta - (2a¢ - 3 8. 7a — (2a + 3)
9. Ta — (— 2a -+ 3) 10. Ta 4 (= 2¢ - 3)
1.z — (3 -+ 22) 12, £~ (— 3 + 2x)

132 Chupter 4
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13. 2 — (=3~ 21 14. (a +b) —b

15. —(a—=b +b 16, — (a—b) —

17. b+ (2x — 3) 18. 2a +(a—="T) + 9

19. 27 ++ 2[x + 3(z — 5)] 20. 5[z — 8(x — 2)] + 10z

21 Ty — 40y + 2(y — 8)] 22. — 6[Tm — 2(6m — 9)] — 8m
23. 8(3z — 2(z — 6)] 24. {3z — T(z — 9)] — 12z

(Reprinted by permission. Contemporary Algebra, Book One,
Smith, et al., llarcourt, Brace and World, Irc., 1962.)
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7.6. Fraction:l Pxponents. Tet x he a positive number.

To take the V2%, we should think, “What is one of the two equal
factors having a product of 262"

Since 2228 = af, Vit = g3,
Also g = g Vi = g2
Lor = 2 Vit =g

M. = g V3 = g0,

To indicate Vz using an exponent we must find an exponent such

that when it is added to itsclf, the sum equais one. This exponent
15 k.

dat =z Vz = o

ot =2 Vr =gt
xboxtopdigt = ¢ vz =2t
gl = 2 Vit = o}
abatalglgt = p V7 = gt

H] 4 :
We sec from these cxamples that we may define b as Ve, if b = 0.
Consider the domain of cach of the variables in the following
examples and exerciles as the set of positive real numbers,

Examples

1. Write the following radicals by the use of fractional exponents:
(8) vy  (b) 2vVyE  (c) ©¥Vz
2. Write with radicals in simplest for