DOCUMENT RESUME

ED 070 275 EM 010 541
AUTHOR - Christoffersson, Nils-Olaf

TITLE The Economics of Time in Lwearning.

INSTITUTION School of Education, Malmo (Sweden) . Dept. of

. Educational and Psychological Researxch.
SPONS AGENCY Ford Foundation, New York, N.Y.

PUB DATE Nov 71

NOTE 194p.; Thesis submitted to the Comparative Education
Center of the University of chicago

EDRS PRICE MF-$0.65 HC-3$6.58 :

DESCRIPTORS *Cost Effectiveness; Decision Making; Decision Making

Skills; *Educational Econcmics; Grade 7; Human
Capital; *Mathematical Models; Measurement
Techniques; *Productivity; Program Effectiveness;
Resource Allocations; *Time Factors (Learning)

ABSTRACT

The use of a mathematical model supported by
empirical findings had developed a method of cost effectiveness that
can be used in evaluations between educational objectives and goals.
Educational time allocation can be studied and developed into a
micro-lavel economic theory of decision. Learning has been defined as
increments which can be quantified by successive criterion tests of
cognitive achievement. Using an input-output conrept of the
educational process, a marginal cost model was developed. A
programing model was devised based on a multistep aprroach of
learning, specifically using the Swedish IMU (Swedish acronym)
Mathematics System for 7th Grade. The most important contribution of
the programing model to an economic theory of education seems to be
the identification of marginal product of student time with learning
rate and a shadow pricing of this time resource that makes price
proportional to learning rate, hence inversely proportional to time
spent in learning. (MC)




DEPARTMENT
JEDUCATIONAL:
‘PSYCHOLOGIC

F '

AND-
AL.RESEA




. THE ECONOMICS OF TIME IN LEARNING

ED 070275

U.S. DEPARTMENT OF HEALTH,
EOUCATION & WELFARE
OFFICE OF EDUCATION
THIS OOCUMENT HAS BEEN REPRO-
OUCEO EXACTLY AS RECEIVED FROM
THE PERSON OR ORGANIZATION ORIG-
INATING IT POINTS OF VIEW OR OPIN-
IONS STATEO 00 NOT NECESSARILY
REPRESENT NFFICIAL OFFICE OF EDU-
CATION POSITION OR POLICY

Nils-Olof Christoffersson

In the economics of education a main concern is with the study of relation-
ships between educational objectives or goals and the scarce resources
used as means towards those ends. This study is focused on the cost side;
it treats student time in learning as one of those scarce resources and
relates costs to time in education. When all students, faced with a speci-
fied learning task, are given the same amount of time for learning they will
differ with respect to level of pei-formance attained. If, on the other hand,
time spent is allowed to vary and a specified criterion level of performance
is set, all or most students will eventually reach that level. In the present
study a model of time in learning has been developed and partially tested.
The empirical data were taken in a learning situation, using the IMU
system, a method of teaching mathematics, developed at the Malm& School
of Education. The study was undertaken and completed as a Ph, D. disser-

tation at the Comparative Education Center, University of Chicago.
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INTRODUCTION

Economic theory is concerned with human behavior as related to
choice between alternative uses of limited resources. MNeither the
resources nor the ends need to be "economic" in the narrow sense of
being quantifiable in money equivalents, although it is helpful in

the analysis if that can be done.

: In the economics of education we therefore study educational
objectives or goals as related to resources which have competing uses
outside the educational sector and also alternative potential uses-
within that sector itself. The main interest can be either in the
study of the optimizing behavior of individuals faced with the

problem of making decisions regarding. vheir own education, or in

finding an optimum over a set of feasible alternatives in the supplying
of educational services and the conditions of access thereto.
The present study will center around problems of resource alloca-
tion in educat.iole especially in schools or school systems. More
specifically the approach will be to examine the allocation of
students' and teachers' t'ime to the goal of skill learning.
The foundations of a theoretical analysis of investments by
individuals in t.hemselves' and human investment by private firms afe

laid out in Becker's Human Cagit.al.l Bowles' Planning Educaticnal

lGary S. Becker, Human Capital (New York: Cclumbia University
Press, 196L4).




[\

. 1 ‘ot . .
Systems for Economic Growth excmplifies a macro socictal optimization

approach to educational decision making, whercas Thomas in his The

2
Productive School™ provides a systematic framework for analysis of

resource allocation within a school or a school district relating both
to intra schocl and extra school measures of “output.”

The increasing interest of economists in the educational process
itself is often justified on the grounds that school administrators,
operating as they do in a largely non-markect context, have no economic
incentives to strive for efficiency in produc'c.ion3 in contrast to the
profit maximizing drives of business firms in the competitive pressures
to efficiency.

The usual assumption of a given technoloéy, using optimal available
techniques is thus not applicable to education. On the contrary it is
up to edi:iftors and educational researchers to compare different
techniqui ¢ education, established or experimental, not only by
applying learning psychology but also by using other tools of social
science as well, such as those of economics.

Although many of the productivity studies that have been under-
taken so far are useful in mapping out some general features of the

internal economics of educational systems, they have as a rule been

15amue1 Bowles, Planning Educational Systems for Economic Growth
(Cambridge, Mass.: Harvard University Press, 1969

2. Alan Thomas, The Productive School. A Systems Analysis
Approach to Educational idministration (Wew York: Jonn iiley and
Sons, Inc., 1971). :

3_See e.g., Jesse Burkhead, Inout and Ouinput ‘in Larre City High
Schools (Syracuse: Syracuse University Press, 1667), pp. 4-8.




3
somewhat less vnan satisfactory when it comes to infering policy
measures from tne findings. In part this is because the level of
analysis nas been semi-micro ratner than micro in most cases (apart
from cost-efficiency analysis of special projects, such as busing
plans, and school lunches)‘. Most productivity studies have been semi~
micro in that they look to particular segments of education but use a
fairly high level of aggregation in the categorization of inputs and
outputs; at the best tney consider, say, the high school as one single
activity or possibly a few activities, producing a few likewise highly
aggregated sorts of skills.

A procedure often used in this kind of study is to try to identify
some important inputs and optputs, to get some satisfactory measures of
those quantities, possilly validate the measures by statistical pro-
cedures, and then proceed to relate inputs to outputs.

Any possible intervening variables are then ignored on the
grounds that whatever happens within the system is too complex to te
analyzed, and also of less importance for the economic problem. It
will be argued that this neglect is at least parily to blame for the
shortcomings in the derivation of optimal procedures from the studies
so far. It will also be argued that time is a critically important
intervening variable among those frequently by-passed (relegated to
the "black box'" between observed inputs and outputs). Furthermore,
time is a very important econciic variable, both in general and in the
economics of education in particular. Indeed student time has been

shown to be one of the most significant of educational costs, measured

11
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as a rule as "students' foregone earnings."l A more general economic
theory of time was presented by Becker in nis érticle: "% Theory of
the Allocation of Ti.'ne."2 |

Efforts to secure productive efficiency in a business firm are
usually based on technical knowledge. 1In education the equivalent
"engineering know-how" must be largely built on learning theory, the
state of which, however, is such that a direct application of resource
allocation analysis, drawing on a relevant body of knowledge from
learning theory, seems at present hardly feasible.3

There are, however, attempts in the direction of developing such
a learning theory. Of particular interest for the econcaic analysis
of resource use and development of production fﬁnctions within the
school are recent studies by educational psycrologists who direct
special attention to examination of "time to criterion~performance.*
Bloom's Mastery Learning Theory is an outstanding example.

Time, deing an important variable in economic theory and lately
also in learning theory, should be worthy of an educational pro-
duétivity analysis, especially if that could bring us eny closer to

a relevant decision theory for education. It is the aim of the

Ythat this is truly a cost both for the individual and for the
society was first emphasized by Theodore ¥W. Schultz in The Economic
Value of Education (New York: Columbia University Press, 1563).

2Gary S. Becker, "A Theory of the Allocation of Time," Economic

Journal, LXXV, No. 299 (September, 1965) £93-517.

3For a discussion of input-output anhly51s in relation to
learning theory see Burkhead, Innut and Qutput in Large City Hish
Schools, pp. 21-23, and Tnomas, The Producvive School, pp. 13-21.

hBenjamin S. Bloom, "learning for kastery," Zvaluation Comment,
Vol. I, No. 2 (Los Angeles: Center for Study of Evaluation of Instruc-
tional Programs, University of California, 1%68).
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présent study to make an attempt to fill in some of the gaps mentioned

-above, by analyzing the use of time in educational processes, thereb, ,

hopefully, contributing to the development of a micro-level economic
theory of decision, pertinent to resource allocation within education.
The main thrust of the dissertation will be theoretical but included
is an empirical experiment applying part of the theoretical construct.
In the model that will be developzd the bencfits of education
will be taken as given; that is, it will be assumed that in one way or

another, there has been established a preference system with regard to

educational outcomes, both in relation to production outside the education-

al system and concerning interrelations among the different educational

"products." Most of the latter are :aken as given but will remain

. unspecified. The "outputs" studied will be defined as successful

performance on successive criterion tests of cognitive achievement.
“"Educational product' therefore, is defined as inérements in learning,
here called "steps." One step is determined by two successive, cgrefully
defined achievement levels, and the step itself is the distance that
the student has to cover in order to reach mastery of the learning task
thus defined. The output, produced by a system, can thus be quantified
by counting the number of students taking the step from one achievement
level to another. 1In éddition, resources are taken to be given from
outside the system, and the problem will hence become one of optimizing
subject to constraints;

Such a limited decision model is not unlike that of the business
firm trying to maximize production, given prices and internal resources.

In the case of education market prices play a much more limited role,

13
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since the "outputs" may not be priced in market terms. Inputs can and

will in this model be priced, which makes it possible, in principle at
least, to undertake a cost-oenefit analysis. In a programming model,
furthermore, even the "inputs" may be thought of as resources without

market prices. Such a model will be developed, and shadow prices will

be theoretically derived by solving for the dual variables in the
problem.

We will first discuss in some detail the meaning of input-output
in education and the problems of measurement. Learning theory as
related to the model will be considered next, whereupon we are ready
for the presentation of the model. To begin with we will, show a
one~step model of a very simple type énd discuss various aspects of it.
Then the model will be "dynamized" to sequences of steps, upon which a
programming input-output model will be developcd. Finally, some
empirical tests of the model wili be presented. ie will not attempt,

however, to make any actual evaluations of educational programs; the

"aim is rather to develop a method that can be used in such evaluations.

It is hoped that these explorations will yield theoretical
implications concerning efficient production and optimal resource
allocation within education, with practical applications in éctual
tests of the productive efficiency in aa educational system. The
approach presented here seems to be especially suited to the evaluation
of educational projects and experiments involving instruction individu-

alized by allowing learners to proceed at their own pace through a

program.




CHAPTER

t

OUTPUTS AND INPUTS IH A SCHOOL SYST&i

learnins as OQut.out

|24
o i

#"learning" is perhaps the most comprehensive description we can
find for school outputs, although it is not all inclusive. We infer
learning from cﬁanges in the behavior of the learner. According to
Gagné:

Learning is a change in human discosition or capability,
wnich can be reitainzd, anc unich is nsy simoly zseribzile
to the process of grouwth. The kind of change called
learning exhibits iiself as & change in benavior, and
the inference of learning is made cy comparing wnat
benavidr was possible before the individual was placed
in a 'learning situation' and what tehavior can be
exhivited after sucn treatment. Tis change nay oe,
and often is, an increased capability for some periormance.
It may also be an aliered disposition of the sort called
tattitude,' or !'interest,' or 'value.' The change must
have more than momentary rermanence; it must te capable
of being retained over some period of time. Finally, it
muSt be distinguishable from the kind of change that is
attributable to growth, such as a change in height or

_ the development of muscles through exercise.l

The products of learning include both cognitive and affective
behavioral changes. MNote that learning is defined as increments in
human characteristics! However, in order to remove eventual causes

of misunderstanding, we will sometimes speak of increments in

m”_}Robert M. Gagné, The Conditions of learning (New York: Holt,

Rinehart and Winston, 1967), p. 5.
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&
learning," or "incremental learning," although the expressions can be
seen 0 have riedundant elements.1
t should also be clear, from thc above, that social interactions
are learned behavior, and "socialization" is thus a product of

learning. 1In fact, all the outcomes that we usually associate with

education in schools can be thought of as products of learning. It is
also obvious that not all learning in schools is deliberately planned;
learning may be unintended, as is much of the learning from one's
peers. Although this latter kind of learning can be thought of as
sometimes adding to and sometimes diminishing the mass of learming
"desired" by society, it will not be considered here.

learning, of course, is not limited to schools - it is a lifelong
process. Students come to schools (even to nursery schools for thét
matter) with a long history of learning already covered; they continue
! out-of-school learning over the school years, and when they enter post-
school life they face a long succession of new learning experiencés
among which is on-the-job learning over the school years, and when
they enter postschool life they face a long succession of new learning

experiences among which on-the-job learning is of great importance in

:1Are there any outputs from education that cannot be labeled
learning? There are only a few, if we restri:i{ ourselves to the
immediate products of education (not taking into account outcomes
where learned sikills are necessarily mediating, such as future pro-
ductivity and earning ability of students, etc.). Kot directly
associated with learning, however, are such incidental byproducts of
schooling as quiet neighborhcods during school hours, schools' "paby-
sitting" and the like. Those elffects will not be considered in the
present study; we are entirely going to focus on learning as the output
of educatien. :

§\¢




¢
a dynamic society.l This study, however, will be concerned only with
learning in a school or a school system.
It is perhaps a less meaningful question to ask where "“riost

learning" is accumulated. However, following Henjamin Bloom among

others, one may point out the immense importance of early childhood,

up until perhaps some of the first few grades in elementary school,
for ihe acquisition of verbal skills, aptitudes and other character-
istics that will enhance le_a.rning.2

This suggests one of the difficultieslin measuring learning
increments due to schooling, since the students are already on
different points of their learning curves because of their respective
backgrounds, with perhaps large differences in the learning climate
of their home. Furthermcre, differential home environments continue
to play a role even after school entry, since the students spend a

signiticant amount of time also in their homes. In economic terms:

We have a "value added" problem and an “identification" proolem.

Abilities and Skills as Inouts and OQutputs

Before we proceed to discuss some measures of school learning
output we shall take up some conceptual issues. The traditional
approach in psychology to the study of learaing has been in terms of

the stimulus-response paradigm. One has typically focused on treatment

lBecker, Human Capital, pp. 8-29. Jacob lMincer, "On-the-Job
Training: Costs, Hetuins, and Some Implications," The Jcurnal of
Political Economy, LXX, No. 5, part 2 (Supplement, Gctooer, 1562),
9-49 and 50-79. '

2Benjamin S. Bloom, Stabilitv and Chanze in Human Chraracteristics
(New York: John ¥iley and Sons, Inc., 1504).

17
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variables and the resulting output dehavior of the learner without
paying much atteniion to intervening varizbles. Recently, however,
there has been an increasing intercsi in ihe “"mediators" beiween
stirmuli and response within the learner himself. Fleishman identifies
mediating proceéses with numan abilities, making a distinction between
basic ability and skill.® We shall use his definitions znd follow
closely his way of relating abi}ity and skill to learning. According
to Fleishman a basic ability is a general irait of an individual,
inferred from response consistencies in learning tasks. These traits
are fairly enduring, and difficult, if not impossible, to change in
adults. OSoiae of them are the&selveslproducts.of learning, whereas
others such as colorvision are dependent on genetic factors.

Basic abilities, in Fleishmans terminology, are general iraits
that the individual brings to a new learning task, influencing his
performance in a variety of huwman tasks. Skill, in contrasi, pertains
to performance on a specific task or a limited. group ol closely related
tasks. Basic abilities typically develop by what is called "over~
learning," that is they have been learned, relecernad, and practiced
a great many times and therefore become very stable and enduring
traits. Skill learning takes place thronghout life, but very little
if any improvement of abilities is believed to occur after the age of,

say, 17.°

bl

lEdwin A. Fleishman, "Individual Dif{erences and Motor Learning,"
in Learninj and Individual Diffsrences, edited by itobert M. Gagné
(Columbus, Onio: C. B. Merrill, 1967), pp. 165-191.

2Bloom, Stability and Change in Human Characteristics, pp. 52-94.

18
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 basic abilities as products of learning one might however, infer that

1

It seems likely then that basic abilities thus conceptualiiced
are important determinants of both the final level of skill reached
by any individual and his rate of learning. Easic abilities should
be good precdictors of individual performance. Verbal abilities are
considered to be especially important ror academic success in school.
Numerical, spatial, and quantitative abilities are important in
mathematics and engineering; physical abilities influence athletic

skill levels; and so on.

The students' resources in the form of vasic abilities are thus
important as determinants of school "products" relating both to a
stock concept of output - "mass of learning" acouirablc for given
students -~ znd to a flow concept -~ rate of learning; toth are central
to this study. School factors interact with abilities and other

student charaszteristics to "produce learning." From thc theory of

those abilities may also be a school output, especially since the
elementary school age covers a substantial part of the time in life
when such acilities are developed. We will now investigate any

eventual support of this suggestion.

Basic abilities are measured oy IQ-tests and aptitude tests. There
is considerable disagreement among learning psychologisis as to what
IQ-tests really measure, and as to their accuracy. 1Is there any
evidence that schooling makes a difference {0 IQ-scores? Ample evidence
shows that gnvironment does influence intelligence measured as IQ.
Bloom suggests that a conservative estimaie of possible IQ-differences

due to extreme environments would oc about 20_points.l That,

Ybid., p. 89.
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furthermore, these IQ-differences are stronzly related 4o envirecamont
as measured by educationzl advantage has also been shown.l

A discussion of the old naiure;naturc pronlem is not intended
here. Anne Anastasi poihts out thai a more fruitful question to
investigate would be: '"How do environmental faciors interact with
hereditary in behavior development?" As examples of that kind of
research she listed: effects of prenatal mutritional factors on IQ,
cultural differences in patterns of child rearing related to
intellectual and emotional development and influences of early
experiences.2

Conceptually there should not be mucﬁ objection to looking upon
basic abilities as in part outputs of the schools, provided of course,
that we realize that the school's contribution is marginal err
contributions from the home and other environments, znd prouadbly also
smaller. We should not, however, confuse what schools now de with what
they possibly could do. The large variability in IQ due to envirorment
seems to indicate the possibilities. -

It is, however, very difficult to measure growth in basic.
abilities due to schooling. The inadeqhacy of IQ-tests is alrcady
mentioned; they can at the best serve as an indication that "schooling
makes a difference." Aptitude tests measure a more limited range of
basic abilities, and are more predictive of school success in subjects

where they apply. Tests of verbal ability especially predict academic

1 . . . :
See e. 3., Anne Anastasi, Differential P

Group Diffeences in Bchavior (ilew fori: iac

cholory. Individual and
1llan, 1958), p» <39.

Sy
Sl

Anne; Anastasi, "lleredity,. Environment and the Question ‘How?! ,u
Psycholorical Review, LAXII (1958), 197-208.
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performance in most subjects more accurately than IQ-tests do. But,

again, it is not prediction that we want bul a measurc of output that
could be related to input. Aptitude tests zre less useful for tnat
purpose, since they seem to capture not only basic abiliiies but also

specific skills to some extent.

Learnine Steps as Inputs and Outouts

In the above section of this chapter development of "intelligence"
was discussed as an output of schools in a oroad sense. Important és

this aspect may be this study will be more concerned with outputs of

~ learning as defined in a more narrow way. What we want to do is to

look at the production process in some detail. The units we will use
are called steps and consist of incremental learning in going Irom one
performenc: level to the next. " The time reguired for that may be as
small as 2-3 hours. Ooviously over a single step the gain, if any, in
basic abilities must be infinitisemal. Those abilities wi]l, ‘herefore,
be taken as given, when we analyze learning in terms of the step measure.
In other words, basic abilities will be viewed as important, fixed

determinants of how far a student will be able to go in achieverent and

how fast. There are other determinants of learning and learning rate,

some of which are under control as "policy variaoles" in a school
system; those are the ones, that we can manipulate in a resource
allocation approach, when trying in some specified sense to “optimize"
learning. Organization of learning content, use of teacher time, and
use of instructional materials are examples of such variables that

could be changed by decision makers.

21
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The measurcment of basic abilities as school outputs is difficult,
to say the least. When it comes to performance, or £ask-specific
achievement, we are much more fortunate. There is general agreement
today in educational theory that the objectives of learning must be
defined in terms of observable change in béhavior. We must be able to
state the desired terminal behavior of ine learner and identify that
behavior once it has been realized. Furthermore, programmed instruc-
tion, regardless of models of presentation, presumes the possibility
of dividing up a learning sequence in very small steps and of
defining in much detail the composition of each step.® e will assume
that it is possible to use achievemeni scales to describe output as
steps, that is steps are increments in learning occuring between
chosen successive meaéures on the scale. |

Basic abilities could as mentioned, be viewed as t0 some degree
outputs resulting from learning as well as inputs in the acouisition
of skills. This quality of being both an output of learning and an
important input to ieaming is, nowever, eoually characteristic of
skill learning, where mastery oi"one unit may be crucial for learning
the next one. Learning, therefore, mey ve viewed as a dynamic -
sequential process, in which output at one point becomes input at
later stages. Educational theories, modern and old alike, have often
and strongiy stressed these interdependencies in learning. It is often
advocated, for example, that learning content should be hierarchically

organized in order to ensure that the necessary skills are present

tsee e.g., Michael Scriven, "The Case for and Use of Programmed

Texts," in Programmed Instruciion, -ed. by allen D. Calvin (EZloomington:
Indiana Universitiy rress, 1969), pp. 3-30.
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when needed. This points to the nzcecsity of ihvcsti_ga‘.,ing; cosis
asscciated with a succession of learning tasks,

Furthermore, research in learning theory by Fleishman (motor
skill leaming;)l and Gagne (intellectucl skill lcarm’.m;)2 among others
begins to suggest that in sequential learning basic abilitics, whil
very imporiant determinants of achievemeni and learning ratve ai early
stages, are less predictive as learning comtinues; they suggest in
contrast, habits and skills acquired in the learning scguence itself
will become progressively more predictive of' achievement and learning

rate.

sent

[d]

What all this seems to lead up to of rclevance for the pr
study, is the immense importance of the organization of learning over
time, or in terms of economics, the allocation of students' time in

‘ learning. It should not oe argued carelessly, as is sometimes done,

that school administrators and ieachers have neglested this prosiem.
In fact, one might argue that this oversight has tesn mainly zmong
the economists who only recently (and somewhat reluctantly) nave taken
up this approach to resource allocation. t secms reasonavls to argue,
however, that the problem of how to maks ihe oest use of student time is

a rather complex one, and, therefore, less likely to oe svlved satis-~

factorily by intuitive and "ad hoc" methods. In addition, ii seems to

1Fleishman, "Individual Differences in Motor learning," in
Learning and Inaividual Differences, ed. oy Gagné, pp. 165-191.

2Robert. M. Gagne and Noel E. Paradise, "Abilitics and Learning

i

t

3 Sets in Knowledge Acouisition," in Psychwolosical ine;raphs, Vol. LAV,
! No. 14 (Whole No. 518, 1961), and Robecru .. Gagn?, "Lasic Studiss of
Learning Hierarchies in Schcol Subjects,". Final #eport, Project lo. 6~
I 2949 Contract No. OEC-4--062946~3066 (Berxeley, Calif.: University of
‘ Calif. Berkeley, 1770).
§
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be very likely that most schools have been neglectins Lo some oxtent
individual differences among students wiien allocating their time in
learning.

When the desired changes in behavior are affective rather than

cognitive cr skill related, the problem of measuring output is
considerably more complicated, although not impossible. Such outcomes

of education will not be considered here.
Other Intubs

The student clearly, is himself coniributing nighly important
inputs in the production of learning; he is investing his own time,
something of major interest for this sf.udy, and he brings to each
learning task the whole history of his prior lszrning. Cutput at one
stage will become input at some later stage or stages. This seouential

fhenomenon will be teken into account in develoring the programming

nodel.

The student also brings his individual set of all the numerous
personal characteristics that facilitate or impair learning such as
motivation, perseverance, amniety, physical strength, and neural
functions. Such characteristics, including the whole history of
preschool learning, have to be taken as given when the students start
schonl. In the course of schooling some t'raits that foster or’impede
learning can be modified, more .or less, whereas others are essentially

‘ . fived, resisting change by any available trcatment.

: The problem of educational research iz to find the treatmenv or

jnstructional methods that are in some scinse optimal when interacting

ermenmpar

e
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with the individual characteristics in various learning siiuations.

The economic problem then is to test the methods against constraining
factors, especially various limitations of resources. When several
feasible methods are Jjudged to be equally good by educational standards,
¢learly the one should be chosen that minimizes cost in terms of
resource input.

To clarify the point: we can for example, very well imagine that
giving each student individual tutoring all “he time in school might
result in a large increase in learning compared to 6ther methods.
However, the resource limitations would no doubt be far exceeded by
such a solution, which of course does not mean that tutoring could not
be even justified economically if used on a more restricted basis.

Students differ so much in the characteristics of relevance for
their performance in learning situations, that the question of
improving instruction becomes in part one of finding methods adapted
to those differences. Cronbach suggested, for example, that one might
develop a special course of instruction in mathematics for students
who are comparatively'high in spatial ability, a second course for
those vho are higher on certain numerical or iogical measures, and maybe
a third course for students weak on both but high on a third aptitucie.‘l

It can be shown, using tests measuring Thurstone's seven different
aptitudes, that more than 50 per cent of the students are on the

highest decile in at least one aptitude, and that a finer division

]'Lee J. Cronbach, "How Can Instruction be Adapted to Individual
Differences," in Learning and Individual Differences, ed. by Gagne,
ppc 23-39.
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of aptitudes will give the same result for perhncps €5 per cent of
the students. We don't know yet how to utilize this fact, but it scems
likely that by offering a greater diversity of teaching methods we
should be able to economize on the students' human resources much
better t;lman ve now do,

However, the important point for the subsequent discussion to be
made here is that by "method" we do not necessarily mean same
instruction to all students. A method, as we use the term, can consist
of a whole bundle of differential treatments, with the instructional
objectives as unifying elements. We thereby take into account the
possibility that instruction may sometimes be. successful to the
degree that it provides for instructional diversity. In programmed
instruction, for example, there may be many different paths leading
to the same goal.

Various input measures have been adopted for input-output analysis
of education, such as “quality" indices; for example, student teacher
ratio, mumbter. of crowded classrooms, teacher education and experience,
per student expenditure for materials, equipment, and build;'.ng.l

It would not be necessary for this study to specify in detail
either the inputs or their measure, since we will assume on the one
hand that they can either be bought in necessary quantities on a market

or that they exist in known and limited quantities, and on the other

lAmong mumerous discussions of these measures we may refer to for

example Burkhead, Input and Cutout in Larze=City High Schools,
especially pp. 4-17. HMartin T. Katzman, "Distribution and Production
in a Big City Elementary School System," Yale Econcmic Dssays, Vol.
VIII, No. 1 (Spring, 1968). ierbert J. Kiesling, "iicasuring a Local
Covernment Service: A Study of School Districts in iiew York State,"
The Review of Economics and Statisties, ALIX, No. 3 (August, 1667),
350-358. Thomas, The Productive School, especially pp. 11-30.
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a new task, and the learning will be slowed down to the degree that
the prerequisites are missing. If on the otner hand aptitudes do in
fact include specific skills, we would for our purposes nevertheless
want to make the distinction and hence include "history of prior
learning" in the set of an individual learner's dispesition for
learning.

The important feature of the Carroll model for our purpbses is
that the learning parameters determine time and learning simultaneously;
in other words if learning, learner and method are given then time
will be uniguely determined, provided that time is not predetermined
by the system. Conversely, if time, learner and method are given,
then the amount of learning will be uniguely cetermined. Furthermore,
the time spent in learning by a given learner will also be time spent
in using education2l inputs, such as teacher time, school space time,
and obviously the learner's own time. The student is, therefore,
using up scarce resources, either having a market price or a potential
shadow price. This links learning with costs of education, and time,
as is obvious, plays a crucial role in this linkage, thus providing

a basis for the development of a cost model of timing in education.

Summary

In this chapter we have discussed frame and process variables
in education and especially the role of time in learning. It was
suggested that time is an important variable directly affecting
learning, and this assertion was illustrated oy Carroll's model of

school learning. The essential feature of this model is to postulate

40
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hand that there exist given technologies, using up inputs ss specified
by production functions. Broadly these inputs are students' and
teachers' time, school space and equipment, materials and books,

administrative and other personnel providing non teaching services.

Summary -

In this chapter outputs and inputs in education have been examined
against some background from learning theory. The learning output
was said to be specific testable skills; outputs in the form of
increases in basic abilities and those within the affective domain are
not to be investigated here.

Both skills and abilities acquired through prior learning are
mejor inputs, since learning tasks are often related to each other so
that certain steps will be reguired as prerequisites for other steps.

Both are treated as inputs in the present study.

'f‘)"l.?
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a functional relationship between degree of learning as dependent

and time spent and needed by the student as independent variables,

time actuall
Degree of learning = f |spent in learnin

time needed.

so that




CHAPT=R II

TIME AND LEARNING IN THZ ZDUCATIOMAL PROCESS

Frame Variables, Process Variables and Timing in Education

This is a study of the economics involved in the use of time in
education, especially students' and teachers' time but also the per-
time-unit services provided, for example, oy school space and equip~
ment. In this chapter inputs of student time will be related to‘
other inputs into education; student time clearly is a key process
variable taking part directly and without mediation in the educational
process.

Relationships in the social sciences are more often than not
such that they can be described as functionals, that is, functions of
an infinite mumber of variables. When we say that learning is de-
pendent on the results of prior learning, we are really saying that
learning is a functional, since it der=nds on the stzte at any
particular péint in time of the subject's learning history. From our
previous discussion it should be clear that rumerous other variables
also enter into this functional.

For this reason it is impossible to get anything like a complete
analysis. It is necessary to simplify drastically when developing
a model of learning by using a few variables only (thus getting

ordinary functions). The assumpticn is then that the variables chosen

20
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CHAPTER II1

A MARGINAL COST MODEL OF LEARNING: ANALYSIS OF OWE STEP

What Shall be Maxinized?

So far we have discussed the concepts of input and output as
related to learning, and in particular io learning in schools. We
have also indicated that this research will delineate a model for
resolution of an optimigation problem under constraints imposed from
outside the systiem.

What then shall be maximized? The goal is to maximize some sort

| of measure of skillllearning, taking other kinds cf outputs as given

or taken for granted. Unfortunately, in thus liaiting ourselves to
the investigation of efficient production of skill learning we may
introduce unidentified distortions in results more broadly conceived,
since “affective products" of education, such as tolerance, and willing-
ness to cooperate may be indirectly enhanced or discouraged as
oy~-products of ome or anotner pattern or method of inducing skill-
learning., 7ve will proceed, however, as if we could separate out
the production of skill and treat it in isolation. 1Indeed, every
investigation of human interaction processes inevitably entails some
distortion.

Even if the product in which we are interested is in the cognitive
or skill domain only, we still face a multi-product situation, since
the learning tasks are so numerous.

3L
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will give a good enough approximation of reality. The problem is how
to arrive at the best possible variables to use in the model. Without
attempting to answer that obviously very difficult qQuestion in general
it can be pointed out that the kind of variables most likely to do the
Job are dependent upon what kind of job we want the model to do.

If it is only prediction that we want to obtain from an investiga-
tion, then it may often be possible to use rather broadly defined
categories and th2 causal interrelations between variables need not
concern us very much. For decision making however, merely to be able
to predict is not. enough.

Thus when we want to organize the learning process in order to
improve results, it may not be very helpiful to know that school
success is highly correlated with social background variables, like
family income, parents' occupation and their education. One must know
how social backgrounds enter into school success or lack thereof.

What are the processes at work and in what sorts of interaction with
schooling variables? Furthermore, social background variables are only
approximately measuring inputs in the learning process, since there

is always a variance around what is typical of any social class, for
example in language habits and mumber of books in the home. We need

to know therefore, which those variables are that enter directly into

the learning process whether characteristics-of the learner himself or

of the learning environment.

Variables may conveniently be classified in two categories, as

frame variables and as interaction or process variables. A frame

variable specifies one or rore attributes of the pupils or their

29
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To illustrate: After the end of a ccurse the participating
students are given grades. Suppose, unrealistically, that tiae grades
are objectively correct measures of studcni performance. row do we

measure the "mass of learning" embodied in the stucents? Is the grade

A twice as much as a B? And is F (failing) the same as zero lsarning?

Against ibe last assumption one could argue that even the failing
student may have learned something, although not enough for passing.

It is all too clear that a grading scale normally possesses no
absolute zero point, nor are units on the scale equidistant from each
other. In other words, it gives nothing more than a rough orcering
of the students' performance. A good achievement test will give a more
reliable and finer ordering of students, tui the scale has the same

shortcomings as the grading scale, something that is occasionally

. forgotten in educational discussions.

Carroll's model provides a cardinal scale only by expressing
degree of learning in terms of time measures of inputs, which says
nothing independentiy about the outout vaive or extent or importance
of the degrees of skill acquired. Carroll's "degree of learning,"
conceived 2s a function of actual time spent divided by time needed
for learning is useful for some purposes cut cannot as such pe applied
to a production function model.

Instead we shall try to identify "products" at a stage where they
are more‘homogeneous,‘ahd then to assess the costs of such "products."

Bloom's mastery learning theory brings up as one of itvs most important

ideas, that the school product——student learning in a sense that will
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environment that measures inputs into learning only indirectly; such
7ariables may sometimes, therefore, be poor indicators. The process
variable, on the other hand, interacts directly with other variables
in a concrete process affecting outcome (dependent variable).l

Examples of frame variables with regard to school achievement are:
socio-economic status, school and class size, per-pupil expenditure,
teacher training and experience. Process variables are, for example,
students' broad learning capabilities whether acquired genetically or
through prior learning, their particular aptitudes and skills, the
expectations and motivations children bring to school, and the
personality prejudices and intellectualAcapabilities of the teachers.
It can be seen that home environment can influence achievement via
several of these process variables. Student time in learning is the
process variable that is of particular interest for this study.

A model aiming at prediction or at a mere description of the
present state of affairs may very well make use of frame variables
only. When one has in mind to construct a modul for decision making,
however, he must choose the variables such that they describe
interactions in an essential way. lcedless to say, the limit between
the two classes of variables is unclear, and the same variable may in
one context be a fram: variable and in another context a process

varizsble.

Mrhis way of classifying variables in education seems to have been
introduced by Dahlléf, who in a reevaluation of Swedish research con-
cerning aoility grouping argued thai tne time factor was a neglected
one in this research. Uroan S. Dahllbf, Skoldifferentiering och
undervisningsfirlopn. Komparativa mal och procussanalyccr av skolsystem
T. Gotcborg Studies in Zcucational Sciences 2 (Stocknolm: Amovist
och Wiksell, 1¢67). Also in English (condcnsed form): Ability
Groupins, Content Validitv and Curriculum Process Analysis (liew York:
Teachers College Press, 1971).
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be explained shortly-—can indeed be made more homogeneous.l The
present study may be looked upon as an eponomic analysis of the
implications of the mastery learning theory. It focuses on the cost
side in a comparative "cost-effectiveness" assessment of alternative
educatiénal programs operating within particular sets of constraints.
It exemplifies some of the "converging concerns of educators and

2

economists," to cite M. J. Bowman,

Iet us take a brief look at the mastery lzasning theory and see how

'it can be used in our own model. Mastery of &z specified learning task

is defined as a predetermined level of achievement that the student
should reach. BEloom estimates that perhaps over 90 per cent of the
students can reach sucii & standard even if it is set as high as what
is now expected of, say, 1/3 of the students only. It is the task of
educators to determine uiat should be meant by mastery and to'organize
instruction and find methods and materials such that the largest
possible proportion 6f the students will be able to perform at that
level.

Carroll's view that aptitudes are predictive of learning rates
is assumed to hold. It is important that students be given enough
time to reach the mastery level. Some students will need more time
than others. Furthermore some students may need more help and effort;

that is, the per time-unit cost for the slower students may be higher

lBloom, "Mastery Learning."

2Mary Jean Bowman, "Converging Concerns of Educators and Economists,"
in Comoarative =Zducation ucview, VI, io. 2 (October, 1962), .111-119.

44




23

A typical quality of a frame variable is that when stuting its
impact we must, explicitly or implicitly, insert some sori of mediaiion
between independent and dependent variatles. Socioeconomic status

tends to g0 together with school success because of somethinc else
g Secause £ 1

that is associated with SES and acts more directly on learning, such
as better opportunities for veropal development, healthier food, etc.
The use of process variables make it possible to go beyond existing
practices to some extent, in search of optimal solutions. To take

one example: most investigations of efiects of class size on achieve-
ment seem to agree that those effects are negligible, with correlation
close to zero, some have found a very small positive correlation, and
some report even a small negative association with the larger classes
doing better.l It would be a mistake, however, to derive from the
findings the policy implication that classes should be made larger or
be kept at their present size. It is conceivable, 2ven procvable, that
instructional methods could be found such that smaller (or for that
matter larger) classes would raise achievement, whetiher or not they
would also pay off economically. ilhat probably accounts for the
findings is that teachers tend to teach in the same way in all classes,

E regardless of class size. Theoretically then one would expect to find

| a U-shaped curve. That has indeed sometimes been the case. Harklund
found that classes of 26-~30 students tend to do somewhai beiter than

either classes of 21-25 or 31—25.2 One might suspect that teacning was

i lSixt.en Marklund, Skolklassens storlek och struktur (Stockholm:
: Almqvist och Wiksell, 1962).

21vid., p. 131.
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than for the fast learners. Variable time and variable per time-unit
cost will thgrefore be built into the present model.

We assume that the learning embodied in students who have
successfully completed a learning task to mastery will be the same for

each student, provided of course that only learning for that particular

task is considered. With respect to one single step, then, the learning

product becomes more homogeneous. Since we are allowing students to
progress at their own speed the fast learners will naturally be
accumulating more learning in the sense of taking more steps within
| any time period. The assumption of the same amount of learning for
i each student who has successfully completed the step will be only
approximately Jjustified in fact, since some students may achieve above
the standard. This however, is a problem that we will abstract from
% in the theoretical model; in practical applications it must somehow

be counted for. When discussing this point we shall refer to

achievement above the standard as "overperformance," which should be

carefully distinguished from the concept of "overlearning" as discussed

PR SRR

in Chapter I.
It would seem, at this point, that to maximize educational product

could mean, in view of the above discussion, either for maximize the

number of students reaching a given achievement level or to meximize
the number of successfully completed achievement levels for a given'
student.

We need a short, convenient term for the output thus to oe
maximized, and will, therefore, as we have already indicated, refer

to it as number of steps. One step, therefore, is the amount of learning,

{ or incremental learning, that tne learner accumulates wnen oprogressing




somehow adapted for that class size, and that divergences in either
direction would lead to somewhat lower achievement.

Another classification of variables would distinmuish between
policy variables under control by the decision maker, znd exogeneously
given variables that cannot be changed at will. Among the policy
variables are some frame variaﬁles, and that may create a problem,
because a change in such a variable will not necessarily have the
expected effect, due to the intervening process variables. In a
large mumber of studies it has, for example, been shown that ver-pupil
expenditure has no effect on output measured as achievement scores;l
..but no one has concluded from that finding that schools should be
given less, or at least not more, money. Sin?e the findings are

inconclusive because of missing information, such a policy recommen-

dation would certainly not be warranted.2

Time as a Process Variavle in Educaticnal Production

- This study will concentrate on tiring as an economic factor in
educational production. To justify this obtjective, we have to show
that time is involved in an essential way in educational production

activities and that it thereby has economic significance. Since we

lE.g. Burkhead, Intut and Outout in Larze~City Hizh Schools,
Martin T. Katzman, "Distributicn unc Produciion in a Lig City
Elementary School System." (unpublished Ph.D. dissertation, Yale
University, 1967), and Kiesling, "icasuring a Local Government Service.»

2A tentative explanation could be that schools in fact do not
operate on their efficiency surface; educavional technioues exist that
could produce more learning out of the given resources. e recall
here our earlier remark that there are no economic forces that push
schools towards maximum efficiency.
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crom one defined performance level to the naxt, say from level j to

level k. The required change in performance level, the kth step, may
be described as the shift between two successive measures at j and k
on an achievement scale. As an aggregative cross section measure of
output we can therefore use the number of students who have demonstrated
the prescribed performance change.

This measure of output is additive as long as we add students over
the same step, and we may treat the number of students having taken
the same step as a cardinél variable. Longitudinally, however, the
aggregate number of steps an individual takes'will Se shifts over a
series of sequential performance levels trat are specified by non-
comparable measures; the jth, the kth and the 1lth steps cannot always
oe expressed in ratio or additive terms vis-e-vis each other. Two
students may therefore have taken exactly the same numoer of steps
but if their starting points differ we cannot assert that they have
done the same amount of increméntal learning. Only if they have taken

én identical seduence of steps (say the jth and the kth) can we say

- that they have experienced or accomplished the same amount of new

learning. To os precise: output may be described by the vector
(591 830+ + < s,)s where s; is the numter of students taking step i.

We will assume that it is possible to subdivide a step i inato a

number of smaller steps to such an extent that it will justify the use

of differential calculus in the analysis. This is only approximately

possible of course, since steps certainly cannot be made infinitesimal,
put some types of_Programmed instruction demonstrate clearly how far

such a subdivision can be carried. It is consistent, finally, as a
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are talking about a production process, it would indeed be surprising
if time would not be an important factor.

Educational as well as other prcduciion takes time; if somehow
the reguired time for a specified output can be lowered, other things
-equal, costs will be cut. To say that time is important in economics
is true by definition almost. Most measures in economics are flows,
hence quantities per time unit.

In fact time is an indispensible ingredient in any process - as
is space - and other variables evaporate wnen abstracted from time.
In this sense time is not a variable at 211 but a "medium" in wh.ich
the process takes place. Time as an input variable, however, is
always someone's time, for example students' time in learning and
teachers' time in teaching, or the time of other services, such as
those provided by school space and equipment.

In education and learning psychology, however, time spent in
learning has very seldom been explicitly analyzed. In experimental
psychology typical procedure is rather to count number of "runs" or
number of ™rials," which is of course approximately equivalent to
time. FPuarthermore, the main purpose has been to explain typical or
average behavior; at the most, individual differences are reported
in the form of standard deviations. The present analysis requires,
however, examination of the whole shape of the time distribution
over individuals completing a specified task.

Numerous studies show that students do differ in the time they
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consequence to assume that any number of successive steps can be

aggregated to form a larger sten.

L R -t Wt A UL TN

Dependent and Indecsndznt Yariatles

We shall now take a look at the variables that we have adopted
and-~with Carroll's and Bloom's models in mind=—discuss these variaoles
in terms of dependence and independence. We will also consider how
they might be used as implemental variables and as target variables,
where in the usual manner the implemental variables are such that
they can be manipulated and the target variables are those we want to
influence by changing the values of the implemehtal variables.

| Since each variable can be either dependent or independent (witn
exceptions, in our case, to te mentioned shortly), we may convenientliy

picture the possibilities in tne followirg table:

Time |learning |Method ([Disposition of
Learner
Dependent 1) 1)
Independent | 2) 2) 2) 3)

Figure l.—Dependznt and Independent Variables.
lg target variables
2) implemental variables
3) given ai the start of each step

Method and disposition can only be independent variables. In the

long run the disposition of the learmer can be thouzht of as dependent

a7
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will use to complete a given learning i1ask to & cpecified critcrion.l
Nobody would of course, expect anytnin: else; tne extent of individual
differences in time, however, may seem unexgectediyv nizh, usually in
the neighborhood of one to five when comparing tie five per cent most
rapid with the five per cent slowést students. In economic terms,
there is a non-zero elasticity of substitution between time and
aptitude in the accuisition of a skill, so that lack of ability can,
within limits, be compensated by the use of more time in learning.

In "A Model of School Learning," Car:oll develops a theory
essentially centering around the use of time in learning.2 Since
that model is so closely related to the one used in this research,
we will discuss some of its cualities. Carroil defines a learner's
task as veing one of proceeding from ignorance to knowledge or under-
standing of some specified fact. He does not claim the model to be a
nlearning theory" but rather a description of the “economics of the
school learning process." Five factors are examined: Three of these
are said to determine time needed for learning, 1) a set of aptitudes,
2) ability to understand instruction, 3) quality of iﬁstruction.

The other two factors, L) time allowed for learning, and 5) the time
that the learner is willing to spend in learning ("pgrseverance"),

are assumed to be determinants of time actually spent in ..earning.

lSee e.g., Richard C. Atkinson, "Computer based Instruction in
Initial Reading," in Proceedinzs of the 1967 Invitational Confersnce
on Testinz Proobiems (Princeton: =ducational Tesiing Scrvice, 1507),
pp. 55-07. Block, ed., Mastery learainz Theory and Practics. Be 92
and 95. John 3. Carroll, "A lodel or School Learning," in Izzchers
Coller2 Record, LXiV (May, 1963), 723-33.

ZCarroll, #A Model of School Learning."
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on method in prior exposures to learning but we are here considering
a givgn learner at the homent, when he is entering a particular step.
Jt can be seen that there are four combinations, one of which

will be ruled out as impossible, however:

1) Time and learning are both dependent on method and learner.
This is the case in the Carroll model, as we have already
pointed out.

2) Time and learning are both independent. This possibility
must be ruled out, since that would mean the absence of
dependent variables.

3) Time is independent and learning is dependent. This
characteristic of a school, where‘time is completely rigid
for each particular task, and learning hence a variable
outcome of fixed time, a given method, and the learner's

disposition. Even in a traditional schooling one has,

however, usually allowed for some time flexibility by,
for example, use of homework and extra help to low
ability pupils outside the scheduled periods.
L) Time is dependent and learning independent. A special
case under this category is that of mastery learning
at a single step i, where learning becomes a constant
across all individuals and time is a resultant variable.
As indicated in Figure 1 all variables but learner's disposition
could be thought of as implemental variables. Time is an implemental

variable in case 3), learning in case L4). Method is of course an
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Aptitudes are defined in terms of the amount of time that the
learner would need under optimal conditions for learning specified
tasks to specified criteria of success. by definition, if each
learner vere allowed to proceed at his own rate, the high "aptitude"
learner would complete a given task faster than the one with less
aptitude. Given a fixed amount of time, learners with differgut.
aptitudes would enc up on different levels of achievement, which is
of course a more familiar picture.

It is notable that aptitudes according to this definition—that
ijs amounts of time needed in learning—vary not only with the
learners but also with the task involved. The aptitude-time measure
is thus not a unitary one. There are several relatively independent
learning rates, and an individual student may conceivably be a fast
learrer in one type of task and not in some other. Given enough
time (opportunity), and given that he is willing to engage in the
task as long as will be necessary (perseverance), then any learner
would eventually complete a learning task to a specified performance
level. Carroll d;aes, however, allow for the possibility that the task
is beyond the learmer's capacity altogether. Then his aptitude for
that particular task would approach zero as time approaches infinity.

Carroll formulated his model in the following way:

time actually
Degree of Learning =f speni,_in learning
time needed

where time actually spent is equal to the smallest of 1) time allowed,

2) perseverance as amount of time the learner is willing to spend on

o
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implemental variable in all three possible cases, whereas learner's
disposition is neither implemeﬁtal nor target variable in the short
run but is a target in the longer run. Case 4) is the one that will
be investigated here—with an eye occasionally to the others also. It
will be noted that in case 4) time is an outcome variable of the
process. Since learning is specified in advance and learner's
dispositions are given, the resulting average time for individuals
with given dispositional characteristics may be thought of as a
quality index of the method used in applicati\on to such individuals;

the less the time to mastery the more successful the instruction.

This circumstance will be used in later development of the model.

Rese.archers in the social sciences, especiall;‘r economists and
educators, have for the last decade increasingly paid attention to
interrelations between the production of learning, human ability and
subsequent income - individual as well as national.l In the present
study, however, we will be interested only in relating ability to
the immediate outcome of education, hence not to future income.

Ability differences as can be seen, are translated into time

]'An excellent overview of the field and a major contrioution to

it is Mary Jean Bowman and C. Arnold Anderson, "Relationships among
Schooling, Ability and Income in Industrialized Societies," in
Bildungsdkonomie—Eine Zwischenbilanz. Economics of Education in
Transition, ed. by Klaus Hufner and Jens iauman (Stuttgart: =Zrnst
Klett Verlag, 1970). Some of the major studies are: Becker, Fuman -
Capital. -Mary Jean Bowman, "Schultz, Denison and the Contritution
of "Eds" to National Income Growth," Journal of Political Zconomy,
IXXTI, No. 5 (October, 1964), L450-L4bk. Zdward F. Denison, The
Sources .of Economic Growth in the United States and the Alternatives
Before Us (ilew York: Committee for Economic Development, 1502

Edward F. Denison, Why Growth ilates Differ. Postwar Experience in
Nine Western Countries (Washingion, D.C.: Brookings Institution,
19567). Torsten Husén, Talent Coportunity and Career (Stockholm:
Almqvist och Wiksell, 1969).
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the task, and 3) time needed (i.e., aptitude), eventually increased -
by a time adjustment factor for poor quality of instruction.

As can be seen, amount of learning is nere gquantifiad as dezrees
of learning, a function with time units in coth numerator and
denominator. This quantification of "learning mass," however apt
it may be as a psychometric-—educational measure, is definitely not
very helpful when one tries to use it in economic analysis. 1llot
only will we have to somehow compare the outcome of often very
disparate learning tasks, but we must also be able to compare different
degrees of learning a given task, since there is no reason to believe
that the scale is a quotient scale, where, forj example, 2C degrees
of learning would be twice as much as C degrees. The latter short-
coming can be removed by applying mastery learning theory, as will be
seen; the first one (difficulty of cﬁmparing the outcomes of different
learning tasks) we will have to live with.

In a study based on Carroll's model Kim investigated the problem
of how to predict individual learning rates from relevant aptitude
measures.. Three learning tasks were constructed: 1) bezinning
German, 2) statistical concepts, and 3) logical reasoning. The
tasks were taught to 5th and 6th graders with no prior learning in the
fields. Kim related obtained learning rates, defined as time to mastery
of a specified task, to IQ and verbal ability (thought to be a close

approximation to Carroll's ability to understand instruction), several

lHogwon Kim, "Learning Rates, Aptitudes and Achievements"
(unpublished Ph.D. disse.tation, University of Chicago, 1668), pp.
53-5l+u
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differences, keeping learning constant over students, step by step,
regardless of their ability. In all probatility some students will
accunmulate more learning by taking more sieps, a prodblem that in this
study will be handled oy a secuence analysis.
We sum up the discussion in this section by stating what may be

called the "mastery learning assumptions," supposed to hold for the

theoretical models to oe develorped.

1) All the students in the target population are capable
of reaching the predetermined criteria of performaxice
on a defined step, sudject to a til;le constraint as
specified oelow.

2) Some students need more time tran others in completing
any specified step, that is, in going from one performance
level to the next. Time needed may approach infinity,
in which case the student's aptitude for that particuiar

step is approaching zero.

In addition we assume:
3) Time actually spent in learning is measurable in an -
unambiguous way, and
L) ¥hen students have reached criterion performance (no less,
no more) they go on to the next step.
A growing body of knowledge is accwmulating especially at the
University of Chicago, concerning the theory and application of mastery

learning strategies.” ile will at various points have reason to discuss

lSee "in Annotated Bitliography," in _astery Learning, ed. by
Block, pp. &5-147.

I
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aptitude factors, and schievement. He found correlations Irom about

-.3 to about -.6 as can be seen from the followins tables:

TABLE 1
SIMPLE /ND MULTIPLS CORRELATIONS BETWZEN TIME

NEEDED IN LFARNING AND APTITUDES?

——

rrimary Mental Abilities

Task Multiple
M F R SR PS M R
German =455 =.bB1  -.363 =.36L ~.448 -.526 .668
Statistics =321 =371 =414 -.300 -.318 ~,299 NN
Logic -334 =520 ~.500 ~.678 =.453 =.194 .739

ah’ogwon Kim; "Lcarning Rates, Aptiiudes and ichievements"
(unpublished Ph.D. dissertation, University of Chicago, 1%08), p. 4l.
The test used was "Primary ¥ental Abilities Test,” Grades 6-Y, 1962 ed.
V¥=Verbal Meaning, d{F=Number Facility, R-iicasonins, SR=Spatial Relations,
PS=Perceptual Speed. The coerficients are significantly different from
zero (p <.01). :

TABLE 2
INTERCORRELATIONS AMONG OTIS 1Q, PMA VERBAL MEANING, AND

TIME NESDED IN LEARNING®

German . Statistics Logic
Variable

Otis PMa:V¥ Ouis  PlA:VM Otis PMA:VM
Otis IQ
PMA: VM .779° .755° .775°

Needed time —.b17° -.155° —.302° -.320° -.457° -.334C

®Ibid., p. 45. Otis=Otis Guick-Scoring Fental Ability Test, PMA-
Primary dental Abilities Test.
bSign:i.fican'c.ly different from zero (p <.01).

CSignificantly different from zero (p £.05).
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these strategies. It should be noted however, that our main interest

in mastery learning is what has just been stated as assumptions 1)

and 2) above.

A Note on Cost—Benefit Analysis

After having examined cost~benefit analyses in the literature

Prest and Turvey suggested that the best general desi:ription of those

" studies would be: "the aim is i maximize the present wvalue of all

benefits less that of all costs, subject to specified constraints,"
and they went on to state the following as main problems in cost-
benefit analysis:

1) Which costs and which benefits are to be included?

2) How are they to be valued?

3) At what interest rate are they to be discounted?

L) What are the relevant constraints?’

The aim of this study of the use of time in education is to
develop methods that could be used in a cost-benefit evaluation of
educational production. . The purpose is not to present a complete
theory covering all the aspects of such an analysis but rather to
contribute towards this by presenting a theory of cost evaluation in
education with particular reference to the use of time as an input.

Benefits, therefore, will be taken as given in one form or another,

and when they are entered into the analysis we will assume that the

lA. R. Prest and R. Turvey, *"Cost-Cenefit Analjrsis: A Survey"

in Surveys of FEconomic Theory, Volume III, Resource Allocation,

American Economic Association, Royal Economic Society (London:
MacMillan and Company Limited, 1966), p. 158.
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Kim 2lso found t{rnat final achievement correlated hignly with

achievement at the end of each time period (usuelly above .75) and

concluded:

1) "The amount of tims needed in lsarning to pastery, in general,

can oe predicted significantly by relevent aptitude factors.®

2) vDifferent learning tasks require distinctively different

sets of aptitude factors in predicting the time needed in

learning.*

3) "The time needed in learning shnow high correlations with

final achievement levels."

L) “General intelligence or verbal ability is correlated

moderately with the iime necedecd in learning in all three

learning tasks used in ike present study. Tnhis is interpreted

as an indication that the abiliiy to understand instruction

(as measured by general intelligence or verbal ability) is

different from the spe¢ific aptitudes needed to master a

5
given task."™

learning rate can also be defined as achievement gain in a given

period of time. Using longitudinal achievement data Kim obtained

essentially the eouivalent result. This is a fact that will ce of

some importance later, as we will see.

Time needed in learning thus seems tc ve determined by some
characteristics within the learner himself. These characteristics
are aptitudes and ability to understand instriction. If they can be
improved, as we suggested in Chapter I, we would have a resuliing

decrease in time needed for learning. That time actually spent in

Mbid., p. 53.
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problem of how they should have been ordered or valued has already
been solved.

There are several reasons for thus limiting the problem: 1) By
taking an arbitrary given measure of benefits and concentrating on
the cost side we are breaking the problem down into manageable pieces.
2) As has .been stated, ours is a micro approach; decision's concerning
societal benefits are essentially made at the macro level and the
micro entities are expected to produce a given output at the least
possible cost or produce a maximum output out of given resources us a
means towards the broader goals. 3) A focus on analysis of the use
of time in education is necessarily cost oriented in any case, since
it centers on the input side.

Discounting will be explicitly carried out only when analyzing
step sequences, and the problem of what interest rate should be
applied will not be taken up. The relevant constraints, fineally,
will be our main concern, when developing the programming model.

Time of course is the constraining factor of most interest in this
study.

Before developing our cost model, we will need a somewhat more
precise statement of the "benefits given" assumption. ie may, for
example, assume that social benefits related to different possible
or conceivable levels of output are reflected in a social demand
§chedule for education. "Benefits given" may then be interpreted
as meaning that we know at least over a relevant range social demand
for the educational product as measured by number of students taking

a specified step. MNeedless to say this krowledge may indeed be

r"
o
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learning can be limited by school practices is self-evident. One of.
the important arguments in Bloom's mastery learning theory is that this
habit of limiting time in uniform ways for all learners may have a
detrimental effect on subsequent l.e.':u'm'.ng.l

Would it be possible finally to influence time spent in learning
by manipulating instruction as Carroll postulates? Unfortunately,
for our purposes, there are no studies that can give us a direct
alffirmative answer. Quality of instruction has been found to account
for a rather high proportion of the variance in achievement, however.2
It would seem then that for lass powerful instructional treatment to
produce the same achievement levels among students as a more powerful
one, students wou.ld have to spend a longer time learning.

It is not quite clear whether Carroll's aptitudes and ability to
understand instruction should be thought of as J.ncJ.ndJ.ng both basic
abilities and specific skills in Fleischman's terminology. If skills
are not included-—-and this was apparently Kim's interpretation—then
clearly one determinant of learning and time is missing. If learning
tasks are sequential, which is very often the case, students are.

required to possess one or several specific skills in order to learn

]'Bloom, nlearning for Mastery."

2See e.g., Bobbie C. M. Anthony, "The Identification and Measure-—

ment of Classroom Environmental Process Variables Related to Academic
Achievement" (unpublished Ph.D. dissertation, University of Chicago,
1967). Merlyn J. Behr, "A Study of Interactions between 'Structure—oi-
Intellect' Factors and Job Methods of Presenting Concepts of Modulus
Seven Arithmetic" (unpublished Ph.D. dicsertation, Florida State
University, 1967). Lee J. Cronbach and R. E. Snow, Individual
Differences in Learning Ability as a Function of Instruciional
Varizoles, Final Heport, USOZ, Contract Ho. OEC 4-6-001269-1217 (Stan-
ford, Calif.: Stanford Unmiversity, School of Zducation, 1569).
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expected only to give a rough approximation of a conceived "true"
relation. An optimum point would be determined by the intersectics
of a marginal cost curve and the demand curve.

Excluding the more unusual shapes of demand curves, such as
positively sloping and backward bending curves, there are two limiting
forms: 1) A horizontal curve, meaning that output should be expanded
as long as the cost of one additional unit of output does not exceed
a predetermined level. 2) A vertical demand curve, implying that a
predetermined output should be produced regardless of costs.

In the first case decision makers are of the opinion that the
increased benefit added by each additional unit is the same no matter
how much output would be increased; in the sescond case the associated
output is considered to be of such an importance that it should be
empodied in all students in a specified group, say, an age-cohort.
Intermediate forms include the downward sloping demand curves, giving
vhe hypothetical demand for given cost levels. In economic theory
these are supposed to be most common. In a micro model, however, such
a downward sloping demand curve is of less interest, since a micro
unit is usually assumed to have ruv influence on the value of benefits
within its possibilities of expé.nding or contracting output. A
business firm i‘acéd with a given price in a competitive market is
parallel.

The concept of demand for a single step, using our own output
measure avoids the confounding of demands with supply or costs since

output is defined independently of costs. 7The demand can further be

thought of as derived from the demand for a more complex entirety of

wnicn the step is a part.

OJ
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We may, finally, interpret benefit.s given as meaning that a budget
restriction is imposed from the macro level. The decision should
ideally be based on some notion of society's total reéources. An
optimal point in the production space of an economy (including goods
and services in the broadest sense) is generally conceived of as the
highest feasible puint of tangency between a production possibility
(or transformation) surface (or rather hypersurface) and a utility
(hyper~) surface, where feasibility is determined by the restrictions
imposed by the limited resources of the economy. This point need not
be unique.

The important thing to note here is that the budget restrictions
faced by.the production plants (schools) may or may not be compatible
with the "true" resource limitations of the society; the optimal
point of educational production may 6r may not be feasible within a
given budget. These relations could and should be investigated by
economists, but as seen from the micro level such an analysis is not
necessary, since in either case optimality conditions have to be met
also "from below." If the budget is more than necessarily restrictive
the "second best" point must be aimed at, and even when "enough" money
is granted, it does not necessarily follow that procedures will be

optimal at the micro level.

Finally it should be noted that at least one important resource,
namely student time, exists outside the conventional monetary budget
frame altogether. Clearly ignoring student time as a cost, or making
tco low an estimate of this cost, will tend to bring forth a less than

optimal organization of educational production. This fact alone would,

ey
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seemingly, justify a rigorous cost analysis of educational production,
especially if bearing on timing in education. To sum up then:
"benefits given" can be interpreted as meaning that a societal demand
curve is known or that budget restrictions and possibly also other forms
of restrictions are imposed. Both lines will be pursued in the following

analysise.
The Modal

In this section will be developed a simple one step marginal cost
model, where costs will be derived from students' time to completion.

Given factors are the group of individuals from which students are

recruited and those individuals' characteristics of importance for
learning, the step to be learned the method of teaching and finally
costs as specified below. The presunptive students may be thought of
as, for example, a particular age cohort in a school district.

The learning situat;‘.oh is assumed to be the one descrived under
paragraph 4, page 4O0. Learning is predetermined and time a resultant
variable. The students may start as well as finish at different

points in time; the important thing is that we know exactly the time

it will take for each student from entering to finishing the step.

let by be time needgd to complete the step by student i. Further-
more let the students be arrayed so that i gives a rank ordering of
time to completion, i = 1, *++, n, where 1 is the designation of the
fastest and n of the slowest student. If two or more students take
exactly the same time their ordering relative to each other is

immaterial. It follows that

990
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Costs are:
C = total costs of taking x of the studgnts through the
defined step. x =1, **+, n.
per student cost determined per time unit, including
such items as cost of teacher and student hours (or
whatever the time unit) but excluding all items entered
into S below.
per student cost of supplies (books, materials) for the
whole step from entering to completion; the supplies are
such that each student need a fixed amount per the defined
step. An example would be a textbook covering the
content of the step.
MC = marginal cost
AC = average cost
"Overhead costs" are assumed to be zero or negligible. If we
take students in order of achievement as measured by time to completion
of the specified step we may trace a total cost curve for x students

out of the whole population (age cohort) of n individuals.
(1) C=5sx+4A (t1 + by oeee tx)

X
i=1

By the ordering of the students we may, however, express ti as a

function of x
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(2) 8, = £(x)

:ti will then also be a function of x,
i

(3) ;t‘i = F(x)

which toéether with (1) will yield
(4) C = sx + A [F(x)]

(5) MC = S + A [F'(x)]
The F'(x) function in (5) can readily be identified with (2) since

4= §f (0 axe B(x) ana

(o}
S+ A[F(x)]dx=8x+4A.Fx)+K

where K is a constant equal to zero by our assumption of negligible
noverheads." This is consistent with the fact that C is by definition
a primitive function of MC, which is trivial. The significance,

however, of the present analysis lies in the fact that by construction

of an ordered array of students we have been able to derive MC from an
independent source, namely the function ty = £(x) distributing time

over students. From now on we shall write (5) as

(5') MC = S + A [£(x)]

S




50

We can also calculaté average cost by:

In Figure 2) the model is graphically exposed. The horizontal
axis measures ihe output as mumber of students brought through the
given step and the vertical axis measures both time units and cost
units which is possible by the implicit proportionality of costs and
time to completion. S is a constant function and the time scale has
its zero point not in origo but at the intersection of the vertical
axis with the S-curve. At each point in the range of x, total cost,
C is equal to the area (in cost units) under the MC~curve up to that

pOinto

Time/Cost MC/time to completion

X

Figure 2,~Marginal cost and time to completion of a learning
task. x = number of students out of an age cohort completing the
step.

So far we have assumed that marginal cost, as we defined it,

minus S,is.portional to time to completion, which is a rather special
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kind of relationship. Before we prqceed to a more general case we
may point out, though, that this proportionality prpbably is a good
approximation of today's practices in education. As we will see, there
may be reasons for wanting to change that. As it is now, however,
students in a particular school, taking the same course, will with
high probability use- up roughly eguivalent amount of teacher time,
occupy very nearly same amount of space, and use egually many books.
Indeed, the way we usually conceive of equality ‘61‘ opportunity, would
urge us to aim at such an equa]izatioﬁ of educational resources.
However, in the next chapter discuss a different approach to
nequalization" within the scope of this model will be discussed.

If marginal costs are not proportional to the amount of time used
by each student, then we will have to rewrite our equations in order
to get a more general model than the above.

We start with the following relation:
(N C=Sx+AY _ty+3 _ Hity
i i

where A has the same meaning as before. Ay _ t; is therefore to be
i :

interpreted as the part of the costs that is proportional to time.
Hi is the per time unit cost, not counted in S or A, of student i.
It is different from A in that it is variable over the students,
whereas A is equal for all students. Since it is nonproportional to
time it will change with x, number of studentsout of the age cohort.
Both H, end t, are functions of Xx. Therefore the product H t; must

also be a function of x, say g(x) = H, t;. Using finite differences,
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letting student j be the last one brought into the systemy, thus having

the cost of that student represent marginal cost, we get
(8) MC=5+At;+H t, i=0,¢n

Using differential calculus in "idealizing" (7) and (8) will yield

(7') C = Sx + A F(x) + G(x)
(8') MC = S + A £(x) + g(x)

where g(x) is a primitive function of G(x). It is evident that

A F(x) + G(x), as well as its derivative A f(x) + g(x) could be
represented as a single function of x. We will however use this
separation in a later development of the model and prefer for that

reason the present notation.

The Marginal Cost Model and Educational Decision Making

Before we analyze the relevance of the model for making decisions
in education we will discuss briefly some qualities of our model that
needs some clarification. The marginal cost curve was derived from a
time to completion curve which means that time is not uniform as we
move along the x~axis. This is not, as a rule, the case in an economic
analysis of this type, where the output axis usually measures quantity
per time unit. It is interesting to note, though, that not‘;il
elementary textbook; on economic theory explicitly state output to be
a flow. In fact some treatments are such that it is not at all clear,
whether a stock or a flow concept is being communicated to the reader.

We will have to admit that x in our case seems to be a measure of
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; a stock. This would not be totally damaging to the present study, however,
since many of the conclusions could be valid nevertheless. Still, a flow
measure is to be preferred.
Luckily there is one important quality of the step measure that

makes it possible to interpret x as a flow. Each individual student

will produce one and only one unit of a particular step. This means in
turn that out of an age cohort a certain mumoer of students will complete
that learning task, say x studenﬁs, and this x also measures our output.
The implication is that, since the production period of schools is one
year, this number x would measure output per year, being by virtue of
that a flow, as we desired. Shorter or longer production cycles would
of course not change anything in principle - semester, quarter or some
2 other time period could equally well serve as the production span.
It can now be seen that we actually deal with two time measures: 1)
% time units (in some specified use) per calendar time period, for examnle,
E mumber of student hours per week used in studying math, 2) elapsed or
: calendar time.

There are some qualifications to be sure.- If individualization of
instruction by allowing differences in time to completion is carried
to the extreme, students of an age cohort may actually take a particular
step in different academic years, such as would be the case in nongraded
§ schools. When one considers a situation where a system is operating

at a steady state of output,1 this could not essentially change the

t 1When using the model for comparing, for example, different methods
of teaching a step we are, of course, comparing different "steady
states."
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analysis, however. A number bf students of one age cohort may not
completé a specified task during the same year as would most of
their age mates, but their number would be off'set by the number of
étudents from the preceding age cohort, who are now completing the
task instead of doing so the year before when they missed it, and so
forth for the more complicated deviations from “normalcy."l

When a student has completed a task, he would normally be assigned
or choose & new one, and this new stép could of course also be
described by the model outlined above. However, what the student is
doing after completion is irrelevant for a one step analysis as long
as he is productive elsewhere, which could also be outside school.

These qualifications create problems normally considered to be
part of a dynamic analysis, which we do not claim to have undertaken,
however. i{lhat we want to do at this stage is to investigate a con-
strained or limii.d system at a steady state of output, disregarding
any eventual disfupting outside or inside shocks that could change the
steady states Furthermore, among all the different outputs the system
may produce, we are for the moment only considering number of students

completing one particular step.

Another way of looking at the flow-stock issue would be to
consider the total output of a school system as a set of all possible
steps: Then the output per production period could no longer be

represented by a single number, x, but would have to be a vector

-

1The steady state may be disrupted for many reasons; age cohorts
could differ in size; school districts may change their bounderies
used hence their populations; successive age cohorts may, although
probably within very narrow limits, embody different ability distri-
butions.
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X = (xl, Xyy veey xn) where n is the number of steps that could be

taken in the system, and iy mumbcr of students taking step i per

&

production period. There can be no doubt about x being a flow.

What we are doing, at this stage of course, is studying one_single

element of this output vector and we will not get the full advantage

of our approach until we find some way of analyzing simultaneously

a whole sequence oi steps, espeAcially if those steps are related

somehow, for example by some being preparatory to others.l

The model clearly assumes that costs may be assessed in a

straightforward way and in monetary units. Since in the programming

model to be developed we will treat some resources as existing in

given quantities and derive shadow oprices for those resources from

their availatilities in the system, we have no reason at this point
1

‘o try to go bteyond market oricing. e will assume, hence, that for

the marginal cost model costs can be derived from market prices and

that those prices in effect will give us, at least to a near enough

approximation, the social opportunity cost.
The mosi uvroblematic part in this procedure is to estimate the
cost of student time. An external measure would be estimated earnings

forezone, taking the value of a student's time as equal to the income

he could have obtained if gainfully employed. Empirically it is

]‘In the theoretical development of the model we will make the
assumption that costs are discounted, i.e., put in the form of constant
dollars at present values. In reality this discounting has to be
effected only if we are considering very large steps. Normally the
steps we are contemplating are small enough to justify an approxima-
tion by use of current dollars and momentary instead of present values:
benefits are ceing instantaneously paid for, as it were. This will
be the approach of our empirical investigation.

wy,
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common practice simply to use a mean value for a relevant age or age
group (adjusﬂed for unemployment), but this makes the vaiue of student
time the same for all students. That this procedure is unsatisfactory
will be argued from theoretical consicierat.ions of the programming
model in Chap.ter VI; it will be accepted for the time being, however.

From the point of view of educational decision making there are
mainly two problems that the presented marginal cost model relates to:
1) Cost-benefit analysis concerning the student flow through an
educational system. 2) Cost-benefit analysis of different methods of
teaching one or more steps to a given number of students.

In the first case we may either think in terms of a rather large
step, suchas a college education, or in terms of optional steps within
a larger framework. In either case it is cuite clear that students
should be admitied or encouraged to enter, whichever be the policy,
as long as the marginal cost is below the marginzl benefit, however
defined. It may, of course, so happen that we run out of students
before reaching that point, whether they are under compulsion to take
the step or applying for the opportunity to do so.

When evaluating different teaching methods, two instances are
distinguishable with distinctly different decision rules. First we
may be faced with an all or nothing situation; all students have to be
taught by one and only one of the methods under consideration. Then
the method should be chosen that yields the lowest &verage cost as
calculated by eauation (6). Secondly we may be in sucih a position that
we can offer more than one method to the students. Then a point by

point comparison of marginal cost curves would disclose how students
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should be divided among methods, provided that we don't run into

difficulties with "indivisibilities."
Summa

In this chapter we discussed educational production from an
economic point of view, that of maximizing in the case of the’
"educational firm," especially when related to the Carroll model
and mastery learning theory. We noticed that mastery leafning helped
us greatly in defining and measuring output as numoer of steps, or
increments in learning occurring oetween carefully c<efined performance
levels. The variables involved were discussed as dependent and inde-
pendent, and implemental, target and interaction variables.

The various possible configurations of the variables were
considered; for our purposes, and in mastery learning in general,
the most useful way of treating time and learning, seemingly, is to
deal with time as being dependent and learning as independent ie.,
the latter is predetermined, whereas the former is a resultant
variable.

Cost-bernefit analysis was reviewed and related to our model. By
assuming benefits to be given we could concentrate on the cost side,
either by minimizing costs of producing required output or maximizing
output under cost conditions, set by macro level decision makers.
Output was defined as numoer of siudents out of an age cohort taking

a given steb from one performance level to the next.

After these preliminaries the mathematical model was intreduced,

the basic characteristic of which is the time-cost relationship,

generating a marginal cost curve.
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The stock=flow difficulty was overcome by pointing to the fact
that students go on to something else after finishing one step, and
do not again reentér that step, so that our output measure could,
in fact, be interpreted as a flow, "so many students" taking a

particular step per academic year, or whatever may be the production

period.

66




CHAPTER IV
MASTERY AND NON-MASTERY LEARNING - EQUALIZATION
AS AN EDUCATIONAL POLICY GOAL

A basic idea behind this study is the use of what we have called
“"the mastery learning assumptions" in order to arrive at an unambiguous
output measure. Those assumptions stated that all students could
reach a specified criterion performance, given enough time to do so.

We also assumed that time needed to reach criterion could be accurately
measured, and that when criterion is reached students go on to the next
step. It will be possible therefore, to compare the learning of
different students, since each is assumed to embody similar amounts of
learning, given.that all have taken and reached mastery on the same

steps. 'The economic problem however, may very well be to compare mastery

. and non-mastery learning, a point that will be discussed briefly al-
though it is not a main concern of this study. It will not be possible
totally to avoid discussing benefits, but they will still be taken as
somehow given in value terms. One educational objective often con-
sidered to be non-economic will receive special attention, namely
equalization, and an attempt will be made to define it and to analyze

its costse.

Mastery and Mon-Mastery Learning

It is generally accepted among scholars in the field that mastery
learning strategies should be designed so that they remedy certain
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conceived deficiencies in today's practices in education. The assumption,
hence, is that methods could be developed to utilize students' humen
resources betier than schools do at present. Bloom suggests that schools
now provide successful learning experiences only for at the most one-
third of the students.l Mastery leaming is a theory of how to obtain
optimal learning conditions for the lower two-thirds of the students.

To the degree, therefore, that mastery learning strategies are
successful, the end product will be "better" than in traditional
schooling in the sense of being "finished" for, say, 90 per cent of the
students as compared to one-third or less. If its goals are met
mastery learning will produce a measurably larger output in stock terms,
measured as perceniage of successful students out of those entering a
given step. Uhether this will hold also when looking at flows (total
learning accumlated per time unit) will be discussed later.

Whether or not in a particular situation mastery learning would
bte worth intrcducing depends on the value we attach to this "upgrading"
of the product anc on the additional cost, if any, of doing so. If no

additional costs are associated with a change to mastery learning, as

Block suggests,2 (and if no one learns less in total, the mastery units

aside), then the conclusion must be that today's school practices are

indeed very inefficient. However, as yet there is very incomplete

J'Sloo:n, “"learning for Kastery," p. 2. 'A statement such as this
mst tuild on prior value judgements. To go into a discussion of those
is nowever, outside the scope of this study.
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evidence to show the cost effects of a change to mastery learning. Zven
if costs for teachers!' time, space and materials w:.ll remain largely the
same, vhich is an open oquestion, theie is alwayrs the possitility that
mastery learning will use more of student time as input, nence be more
expensive, proviried that student time is not considered a free good.
Since it exists in a limited -supply only it should, however, not be thus
treated. Block's study on the effects of performance le.els on
cognitive, affective, and time variablesl shows that in a dynamic setting,
that is, a sequence of steps where each step tuilds upon the preceding
one, the time needed by each individual for review and correction in
order to obtain mastery may, under certain conditions, tend to decrease
with each additional step taken. Therefore, tne cost in terms of student
time to completion may be considerable at early stages of a secuence
but decreasing as students proceed. ithen compzring mastery and non-
mastery learning great care must be taken in order to avoid an eventual
bias produced by a neglect of sequential effects. This applies also to
a comparison of situations where mastery is assumed‘; we will make an
attempt to formalize the sequential or "dynamic" effects later on.

If we find when comparing non-mastery and mastery learning that
costs are in fact not higher with mastery learning and that output is
larger (strategies are successful in the mastery learning situation)

then obviously it is to be preferred. The proolem will arise when both

lJames H. Block, "The Zffects of Various Levels of Performance on
Sclected Cognitive, Affective, and Time Variables" (unpublished Pn.D.
dissertation, University of Chicago, 1970), reviewed in iastery
Learnine, ed. by Block, pp. 104-106.
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costs and output increase; then cost minimization and output maximiza-
tion are conflicting, and we must decide how much we would be willing

Lo pay for the additional product.

Foualization and the Costs of Timinz in Education

Economics is concerned not only with the production of goods and
services, by means that are in some sense optimal, but also with the
distribution of this product. In an economic analysis education may be
viewed not only as a productive industry but also as a means to affect
income distribution or the allocation of occupational roles within a
society. In fact, the booming interest in education in most countries
today (whether developed or not) seems to be at least as much direcied
towards equality goals as towards national income maximization.’

In the U.S.A. one goal is for education to solve problems of
cultural deprivation.1 In Sweden and England, as in many other countries,
far reaching educational reforms are designed to replace an elitist,
selective schQol system with a comprenhensive one, the motives being more
on the equality side than the productive. Non-developed countries are
often disturbed by the fact that equity is expensive in terms of
a2lternative uses of the very limited resources. "Can we afford to
~ introduce universal elementary education?" is indeed a realistic question
in some couniries today.

Yhen the focus is on learning, as in this study, the question be-

comes: Who gets what learning and to what effect? Education can be

1For an overview of those problems and an annotated bibliography
see Benjamin S. Eloom, Allison pDavis and itobert Hess, Compsnsatory
Sducation for Cultural Deprivavion (iiew York: Holt, Rinenarti and Winstcn,
Inc., 1968).

0
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viewed as for immediate or future consumption, or as an intermediate
good (input into other processes). The consumer benefits of the
learning is captured by the recipient of education, tut also to some
extent by other people ("neighbornood effects"). In the investment case
the returns m."—.ty be captured, wholly or partially, by the individual

in the form of more income to higher educated people. In addition there

may be spill-over effects to the incomes cf others.l

Recently there has been much intergst in and controversy acout
the issue of the incidence of benefits and burdens with respect to
education. Windham investigated the system of financing higher education
in Florida by examining the net incidence of the costs and benei‘its.2
He calculated the net incidence of costs and benefits from estimated
distributions of tax payments by income class and percentages of students
at universitiss and junior colleges from each income class. Benefits
were measured as present expenditure per student in each type of
institution, wnich mey have biased the estimate of the net incidence
against the low income groups by ignoring a possible higher rate of
return on education at higher levels. All the more striking, therefore,
are the fincings <hat the net gain is negative for all income groups up

to $10,000 and positive thereafter. The syétem of financing higher

'l}fary Jean Zowman, "Social Returns to Education," in International
Social Science Jourmal, XIV, Ho. 4 (1962), 647-659.

2Douglas M. liiﬁdham, Zducztion, Fouality and Income Redistribution,
(lexington, ¥a: D. C. Eeatn and Company, 1970).




6L
education in Florida is such that it procduces a2 considerable redistri-
bution of income in favor of high income groups.1
The problem of how to equalize educational opportunity is a

question of now a society views ways and means of directing school eiforts

2
so as to compensate those who are considered to be disadvantaged.”™ It

may be argued, for example, that the most effective way of equalizing
educational opportunity is to improve pre-school and elementary education
for the poor. Even wnen the focus is limited to higner edﬁcation to
change the system of financing would'not suffice. The distribution of
students in higher education depends zlso on prior learning and effects
of earlier disadvantage on high school completion. Unquestionably there
are many students who lack adequate learning experiences due to dis-

advantazes pboth at nome and in school. The question is then one of how
1= rd

lyansen and Weisbrod presented findings similar to Windham's from
California, by using a different method. This investigation aroused a
lively debate in Tne Journal of Euman Resources trrough the year 1970.
The disagreements nave been consideraole toisn on the cuestions of whether
the system of higher education in California is in fact regressive or
progressive with respect to benefits and burcens and on questions of
what indeed are the appropriate ways to assess distributive effects in
one context versus another, and on policy implications. V. Lee Hansen
and Burton A. Weisbrod, "The Distribution of Costs and Direct Benefits
of Public Higher Zducation: The Case of California," Journal of iuman
Resources, IV, No. 4 (Spring, 1969), 176-191 and W. Lee Lansen and
Burton i. ileisbrod, Eenefits, Costs and Finznce of Public Higher Zduca-
tion (Chicago: Markham Publishing Co., 196G). "penefits and Cosis of
Higher Education and Income Redistribution: Three Comments. I. Elchanan
Cohn, II. Adam Gifford, III, Ira Sharkansky" in The Journal of tuman
Resources, V. No. 2 (Spring, 1970), 222-236. Joseph A. Fzchman, "The
Distriputional Effects of Public Higher Education in California," in
The Journal of Human Resources, V, No. 3 (Surmer, 1670), 361-370. Robert
. Hartman, "L Comment on the rechman-iiansen-ieisbrod Controversy" in
The Journal of Humen Resources, V, Ko. 4 (Fall, 1970), 51$-523.

2Mary Jean Bowman and C. Arnold Anderson, "Distributional Zifects
of Educational Programs," in Income Distritution Analvsis, report from
Conference on Income Distribution Anaiysis wivh Special deference to
Proolems of sural feople (Raleigh, li.C.: rhorth Carolina State University

June, 1966), pp. 177-2LL.
"2
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far these inadequacies, and the frequently associated nsgative attitudes
towards schooling could be remedied or prevented. It is this aspect
of economic egualization strategies, not manipulation of school
financing, thAt is of interest for the present study.

Equality in education usually is interpreted as meaning ecuality
of educational opportunity, since total egalitarianism in the use of
such opportunityis held to be nonfeasible znd maybe.not even desirable.
However, the concept of equality of opportunity'is itself ambiguous.

We may ask with Anderson and Bowman: Does ecuality of opportunity mean:
"a) An equal amount of education for everyone . . . b) Schooling
sufficient to bring every child to a given standard . . . ¢) Education
sufficient to permit each person to reach his potential . . . d) Con-

tinued opportunities for schooling so long as gains in learning per

input of teaching match some agreed norm . . ."1 Each interpretation

raises new questions.

Komisar and Coombs suggest that the principle of equality in
education is a secondary one, d%aningful only depandent upon prior
ethical judgement.2 That is consistent with, or at least not conflicting
with the idea that we are going to adopt here; equality could derive
its meaning from a social preference function. A society may want

equality of a specified kind, described by its context, its pragmatic

lC. Arnold Anderson and Mary Jean Bowmean, "Theoretical Considera-
tions in Educational Planning," in Economics of Zducation I, ed. by
Mark Blaug (Penguin Modern Economic Readings, Harmondswortn, England:
Penguin Books, 1968), pp. 359-360.

2B. Paul Komisar and Jerrold R. Coo.ibs, "The Concept of Equality
_in Edvcation," in Studies in Philosophy of Education, III, No. 3 (Fall,
1964), 223-24l. _
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applications to be guided by certain rules. This equality may not be
desired at any cost, and realization of specified goals may prove to
be more difficult than was anticipated; this will be the case when
there has been an overoptimistic assessment of feasibility, as a
result of disregarding resource constraints in the inevitable pulls and
tugs against other preferences and competing, even directly incompatible,
goals.

In this study a deliberately limited concept of equality is used;
we define it in terms of the specified goals of mastery learning. Since
we start with the answer, as it were, we have to search for the
questions. In other words: Could some other approach to the
specification of equality conceivably lead us to mastery léarning?

It would be helpful to start the search by investigating the possible
meaning of equalization in the mastery learning context.

What, if anything, is equalized in mastery learning? It is evident

that we are just about to ask Gardner's famous question. "Can we be
equal and excellent too?"l In the introduction to his book Excellence
Gardner tells us about an incident from the 1930's when he was a young
professor. On the day of a final exam one of his students had written
on the blackboard "Every Man an A-Student!" and '""Share the Grades:"2
Joking though he certainly was, this student almost stuhbled upon mastery
learning theory. If it were possible to teach every student up to an

wjp-level" of performance by giving him time and help this would

Mrhe quotation is the subtitle of John W. Gardner, Excellence
(New York: Harper and Row, 1961).

2Ibid., p. xi.
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certainly make students more, if not totally, equal with respect to
measures on an achievement scale constructed for this particular course.

On this or any other criterion level chosen it might, however,
be expected that some students overshoot the goal set for them (in
other words they show overperformance) and some may not reach the
criterion even with the time and help we are willing to supply. 'But
even so there seems to be turned out a more uniform product in a
mastery learning process than would be the case traditionally. There-
fore, the students constituting the product must, in a sense, be more
equal than those in the latter situation.

The proposition follows directly from the theory and does not
have to be shown empirically. Another question is whether it is
possible to create a mastery learning strategy and apply it in the
real world. That, however, has been reported in several studies.l
When focusing on one step only, and on students who complete this
particular step, we may conclude, therefore, that mastery learning
is equalizing. There are however, dimensions where mastery learning
seem to lead towards less equality and this makes the problem an
economic one; we have to pay a price for the obtained equality.

Time is in traditional schooling usually a dimension in which
students are equal. In mastery learning some students, however, may
take a longer time to completion than others, and thus become more
unequal in this particular respect. Similarly some students may need

more help from teachers than others or need more expensive materials.

lFor a review of relevant research sse Mastery learning, ed. by
Block, pp. 89-147.
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Therefore, mastery learning implies "t'mequal treatment" of students
(which may be for very good reasons of course).
It is easy to see that all this in economic terms may be des-

cribed as unequal distribution of costs. The fact that part of this

cost is born by the students themselves, since they invest their own
timé, -is jmmaterial in this context. The differential time to
completion is perhaps the most serious source of inequality involved
here, since it is accumilating with each step taken so that students
may end up with vastly different learning embodiment in terms of
number of st‘eps taken. With respect to any particular step each
student is “e.qua‘l to any other who has actually taken that step.
Gross inequalities could, however, easily arise in the form of
differentials in number of successive steps taken by different
students. Bloom suggests that "One basic problem for a mastery learning
strategy is to find ways of reducing the amount of time reguired for
the slower student to a point where it is no longer a prohipitively
long and difficult task for these less able st.udent.s."l

Our task is not, however, to investigate what equality could
mean in the context of mastery learning but rather to inguire whether
some societal value judgement could lead us in that direction. 1In
other words: Why would a society want to equalize by redistribution
of educational costs and especially why would it'want to do so by

influencing time-to-completion patterns?

lBloom, “"learning for Mastery," p. 2.
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There are, largely, two reasons for societal intervention in
order to counteract perceived inecualities:

1) By so doing it may be possible to avoid later economic
outlays, such as welfare payments; the object of equalizing
measures is considered to be capable of supporting himself
if certain remedial or preventive measures are taken. In
othér words, there is a pay-off involved where the direct
costs of action are estimated to be at the most equal to
the calculated opportunity cost of not interfering.l

2) In addition the society may have developed a philosophy of
equality, integrated to its value system, according to
which some inequalities are simply intolerable, whether or
not some action to counteract them will pay off.

" Both reasons may simultaneously apply in some cases, such as
educating seriously handicapped children; they may in the end be able
to take care of themselves to some degree, hence lowering societal
costs, but that does not have to be the major reason for providing
such an education, and the pay-off may be considerat;ly smaller than

the opportunity costs involved. Actions may be aimed at reducing or

totally overcoming certain existing inequalities, such as social

barriers to higher education, or they may be taken in order to

counterbalance those which cannot be removed, such as permanent

invalidity.

lThis could be argued also on other grounds, for example GNP

maximization, and is not exclusively a redistribution argument.
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It can now be seen that mastery lezrning may be adopted for the
following equalizing reasons:

1) Increase relative Iuture earni:;g capacity of the slow
learner by making his learning more adequate as an input
into other activities.

2) VWhen viewing education as a consumption good, increase of
quality and possitly quantity consumed immediately and in
the future by the slow learner.

3) In a dynamic setting possibly speeding up the learning of
the slow learner by making prior learning a more adequate
input in subsequent learning. (This, incidently, is
objective 1) with "subsequent learning" substituted for
wother activities.")

The lazst objective may be the most important one and we will have
to return to thi§ possibility later when discussing sequences of steps.
In pursuing these three purposes ve may or may not be able to capture
a societal pay-off depending upon whether the gain for the slow learners
minus a possible loss for the quick learners, is larger than or less
than the costs that can be atiributed solely to the upgrading.

We recall from equation (8') in the last chapter that
MC = S + A £(x) + g(x) was the general expression for marginal cost,
A £(x) being the proportional part of MC with A the proportionality
constant. In order for costs to be equally distributed over all
‘students per step g(x) must offset A £f(x) so that A f£(x) + g(x) = C,

a constant for all x. We may, therefore, define equity in cost

'8
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distribution in a mastery learning situation in such a way as to require
that A £(x) + g(x) is constant for all students.

Thus we have a marginal measure of the redistribution of costs.
Over ranges where A f(xl) + g(xl)>A f(xz) + g(xz) ,kxl < X5y the
costs are distributed in such a way as to favor the rapid learner and
vice versa.

If we want our decisions to be rational, then the relative value
of A £(x) + g(x) over ranges of x should reflect our willingness to

invest differentially in slow or rapid learners. Over ranges where

A f(xj_) + g(xi) <A f(xj) + g(xj), x; <xj, the implication must be
that society either expects a high enough pay-off on compensatory
education and/or undertakes this differential investment in order to
counteract perceived inequalities. If the rapid learner is favored
the implication is that society is expecting a higher pay-off on this
investment. |

This way of defining dividing points between equal and unequal
cost distribution is of course not the only one possible; it could

be argued that per time unit cost should be judged equal. That would

require g(x) + S to be zero for all x, and the cost distribution would
be considered in favor of those x where g(x) + S)0. In either case
a measure of unequaél.#cost distribution could be derived from the
expression-for marginal cost.
Another equalization objective may be added, given that mastery
learning is already introduced:
L) Minimize differentials in time to completion in order to

counteract the inequalities arising from mastery learning

itself.
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Objective 4) is indeterminate and must be pursued dependent upon
some other condition. If time differentials are measured as time
variance, minimization can occur around indefinitely many means of
time to completion. Zero variance corresponds to a horizontal time
to completion curve in our diagram (Figure 3, p. 73), bui indefinitely
many such horizontal lines exist. The necessary additional condition
could, for example, be given as an "ideal" time to completion around
which to minimize variance. We could require only positive time
differentials to be minimized, if we would not want to risk that
quick iearners actually slow down their pace;

Our student population has to be specified so that we will not
be able to minimize variance simply by selecting the students.

Suppose that we pick the time of the fastest student as "ideal" time
and ask ourselves: What would it cost to teach all students so that
they would obtain mastery in that time? We would then, no doubt,
arrive at a rising marginal cost curve, something like the one shown
in Figure 3.

Furthermore, the MC-curve may at some point be vertical, implying
that from hence on total equalization 01;.‘ time cannot be obtained at
any cost. Empirical derivations from educational experiments of such
marginal cost curves could be very useful in determining the limits
to following objective 4). One would expect that this objective
would not, usually, be pursued up to its extreme limit, except maybe
in cases of trivially easy learning tasks.

By allowing time to vary somewhat we would be able to lower the

MC-curve, but now we have two conflicting goals, one of minimizing —

80
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Figure 3.—Marginal cost for bringing students to
mastery in same time. :

costs and one of minimizing variance, and unless we can somehow attach
weights to time variance versus costs we will not be able to get an
unambiguous solution. If either costs or time variance could be put
in the form of restrictions, the problem could be formulated as one
of programming, that is, we would want %0 either minimize variance in
time to completion subject to a budget restriction or minimize costs
with the side condition that variance should not be allowed to surpass

a given value.

Summary

In this chapter we discussed the cosis of non-mastery versus
mastery learning, and ii1 the absence of any empirical evidence we

had to be rather speculative and tentative about the matter. We
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concluded that mastery learning, under certain stipt;lations of goals

and leariﬁ.ng results, could be used to speed up the learning process
by improving learning as an input into subsequent learning, and as a
means towards ec_ha]izn'.ng income and consumption of education by
improving learning as an input into other activities.

If, finally, mastery learning is adopted an important goal may
be the minimization of the variance among students in time for

completion.
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CHAPTER V
PRODUCTION FUNCTIONS IN EDUCATION

The economics of education is concerned with production functions

1) The purpose is to study how educa~
2) The

from at least two viewpoints.

tion enters as an input into physical production functions.
investigation is directed towards the production of education itself,
relating the various inputs needed to obtain a specified learning
ou_t_put. Both approaches are necessary if one wants to understand the
ecbnomics of the functioning of education in a society tut it is

somewhat impraciical to cover both in one study. For our purposes, of

e
course, the second approach is the interesting one.

Smoirical Estimates of Production Functions in Education

Only recently have attempts been made to estimate comprehensive
educational production functions. Basically, however, the same methods

have been used as in earlier work aiming at relating certain charac-

teristics of schools and students to achievement and to other measures
believed to capture the essential outputs of schooling. The standard
method, with rather small variations, has been multiple regression
techniques, using cross-sectional and occasionally longitudinal data.
Thomes related a large number of social background, community

and school variables to student performance using data from 206 high

5
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schools throughout the country.l Beginning teachers' salaries,
teachers' experience, and number of volumes in the school library
were found to influence students' test scores significantly when
controlling for home and community variables.

The best known of these "quasi" productivity studies is the
Coleman Report.2 In this investigation the independent variables
included per student expenditure on instruction, pupil-teacher ratio,
teacher experience and training, curriculum variables, facilities
(books in library, science laboratory facilities), school services ‘
like counseling, health, athletics, and social compositicn of the
student body. Dependéﬁt variables were achievement in basic skills,
general information, and verbal and non verbal ability tests. In |
general the report found that when social background was controlled,
school inputs accounted for very little o;_the achicvement variation.
The study thereby triggered understandably, a debate on the efficiency
of Americen schools. Bowles and levin in a reanalysis of the Coleman
data argued that conclusions regarding among other things "the
ineffectiveness of school resources" were not "substantiated by
evidence," but pointed out that they did not want to suggest the

opposite to be true.3

lJ. Alan Thomas, "Efficiency in EZducation: A Study of the
Relationship Between Selected Inputs and Mean Test Scores in a Sample
of Senior High Schools" (unpublished Ph.D. dissertation, Stanford
University: School of Education, 1962).

2James S. Coleman, et al., Eouality of Fducational Opportunity
(Washington: U.S. Office of Education, 1960).

3Samuel S. Bowles, and Henry M. Levin, "The Determinants of
Scholastic Achisvement: An Appraisal of Scme Recent Findings,"
Journal of Human Resources, I1II, Ho. 1 (Winter, 1968), 3-2.4.
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Burkhead's study of inputs and outputs in large city high school-
systems has already been mentioned.l The major conclusions were
that socio-cconomic factors, not per student expenditures as such,
explain most of the variation in output, and that age of school
buildings and teacher characteristics (experience, turnover rate,
and salary) are the most important in-school determinants of output.

Kiesling, in a study of school districts in New York, found the
relationship between per student expenditure and school district
performance kmean achievement scores) to be rather weak, except in
large urban school districts.2 A logarithmic function fitted the
data better than & linear one suggesting that there is a diminishing
marginal return on d&llar expenditure. He found no evidence of
economies of scale. In fact, the data seemed to imbly an overall‘
diseconomies of scale; small schools were performing better. This"
effect disappeared, however, vhen a geographical categorization into
rural, village, urban, and large city schools was introduced. 1In
sharp contrast to most other studies Kiesling found a statistically
significant negative relation between class size (measured by
average daily attendance) and achievement.

In a study of Boston elementary school studies Katzman used as
output measures, school attendance, schools' holding power, students'
reading achievement, and proportion of students a) taking and b)

passing.entrance examinations to the high status, elitist Latin High

lBurkhead, Input and Output in Larze City High Schools.

2Herbert Kiesling, "Measuring A Local Government Service: A
Study of School Districts in New York State," Review of Economics and
Statistics, Vol. IL, No. 3 (August, 1967), and (Unpublished Ph.D.
dissertation, Harvard University, 1905).
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Scheol institutions.l Pupils per classroom, ratio of students to staff,
size of district and teacher characteristics (employment status,
experience, degree level, turnover ratio) were significantly related
to one or more of the output measures. Scale economies were mixed;
large districts tended to do better in reading and to have greater
holding power, but to do less well on Latin High School entrance
examinations.

Production functions for black and white students were investigated
by H_anushek.2 Among in-school variables in his study especially those
relating to teacher qﬁality (teachers' verbal facility, experience,
and race) were shown to have a subsctantial impact on achievement.
Hanushek also found these variables to have different effects on white
and blzck students.

Bowles estimated production functions from data collected for the
Ecual Zducational Opportunity Survey (partly published in the Coleman

Report).3 Surrounding his findings with much caution about the

present state of the art, said to be typically characterized by

l'I"neodore Martin Katcman, "Distribution and Production in a Big
City Ziemenvary Scnool Sysiem," Yale Zconcmic Essays, VIII No. 1
(Spring, 1508), 201-256, and (unpuolished Ph.D. dissertation, Yale
University, 1507). ' o

2Eric Alan Hanushek, "The Education of Negroes and Whites"
(unputlished Pn.D. dissertation, Harvard University, 1968).

3Samuel Eowles, "Towards an Educational Production Function,"
in Fducation, Income, and Human Cabical, ed. oy W. Lee Hansen,
Studies in income and wealin, io. 35 (New York: Columbia University
Press, 1$70), pp. 11-61. Coleman, et al., Ecuality of Ecucational

Opporwunitv.
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crude measurement and presence of specification errors, as well as
by gross ignorance of the conditions for learning, he tentatively
concludes that a ten per cent uniform improvement in all school inputs
inclﬁded in his equation would raise achievement (test score) by
5.7 per cent. Because of the linear regression technique used this
would apply only in the neighborhood of the mean for the observed

inputs.

Empirical Production Functions and Policy Making in Education

A general expression for a production function is
(1) 0 = £ (x)

where O = output is a function of a number of inputs, x = (xl, ERIN xn).
Theoretically and conceptually there is no difference between such
production functions in education and in production for the market.
In practical appliéations, however, the measurement both of input and
output is usually considerably more complex for educational production
" and proxy measures have, therefore, been used to a large extent,
especially for inputs. Schools of course are multiproduct enterprises
as we have alfeady pointed out; most productivity analyses concentrate
on achievement as thevonly output, as we do in this study.

Even when output is defined in terms of measured achievement,
however, there is some doubt as to the accuracy of the measure, sinée
the tests used are often biased towards "general ability;" this may
leave little individual variability to be explained by differential

school inputs.l Equally serious, ‘perhaps, is the use of less than

lAccording to LCloom an individual has normally reached aiout 50
per cent of his potential IQ dcvelopment at the age of four and 80 per
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satisfactory input proxies. The student brings to the learning
situation his prior learning, his motivation, and his ability to learn.
When social backgrcund, community, and peer group influence are used
as inputs a measurement error is inevitably introduced. For instance,
not all high income families use their money to buy a lot of books,
and those who do may not allow their children to use them. On the
other hand even in a low income and low sociﬁl status family parents
may, for example, be *good" models of language for their children,
something that is thought to be very influential on school performance.
Similar examples of possible exceptions to the general picture are
simply too numerous to be lightly dismissed.v

When the input measures relate to school characteristics they can
be equally misleading. The number of bocks in'a school librery is

as such less important than the frequency and efficiency by which

those books are used, and teachers do not necessarily learn from
experience, just to mention a few of the measures of in-school
variables that have been used.

If the reason for establishing production functions is to get a
general picture of present relationships in education, they may still
be worth the effort, even though the term "production function" may
somewhat exaggerate what is in fact being dome. It is when policy
implications are drawn that one must bé especially aware of the
limitations. A student from a "low" social class background may be

highly motivated, high in verbal and other skills, and also have

cent at thec age of eight. Furthermore, 50 per cent of the variation
in intelligence is already accounted for at the age of four. Bloom:
Stability and Chenre in Human Characteristics, p. ©8. .
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adequate prior learning, when coming to school. If his school treat-
ment is automatically differentiated on the basis of his social
background it is almost oound to be inappropriate. Furthermore, the
expectation of his potential achievement will be low and may become
a self-fulfilling ﬁrophesy, producing sub-optimal learning.l

In "A New Model of School Effectiveness" Levin raises the
question of whether it is realistic to assume that the explanatory
variables are truly exogeneous, that is, determined outside the systém
as is implied by a one equation model of educational production.2
Instead of a one equation model Levin suggested a simultaneous
equation system.

To sum up, there seem to be at least two majdr measurement
problems involved in educational productivity research so far: 1)
Use of proxy variables that are blunted measures of the undé;lying
variables they are intended to0 represent. 2) Interrelations among
the explanatory variables are as a rule quite high, hence introducing
serious bias in the estimates and precluding observations of
separate effects or specified interaction terms. On both accounts
the variance "explained" by variables included in the equations
has been biased downward, giving very low coefficients of determination

(R2 often = .2 or less).

lExnerlments on the impact of teacher expectations arz reported
in Robert Rosenthal and Lenore Jacobscn, Fvzmalion in the Classroom
(New York: Holt, Rinehart and Winston, i%08).

2Henry M. Levin, "A NeW'}bdel of Scnool Effectiveness," in Do
Teachers !ake a Diffcrence? A Report cn Zecent ilesearch on Pupil
Achievement, U.S. D:partment of :ealth, Zducation and Melrare
{Washington, D.C.: US. Government Printing Office, 1970), pp. 55-78.
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Thei‘e are many other baffling problems to be overcome when
estimating production funétions in education. Thus, even setting
other problems of measuring output, aside, it is difficult to get
the crucial measures of schooling effects in value-added terms because
so much learning takes place nutside the s;:hool and prior to entering
school. And aggregation problems are difficult to surmount in the
absence of weights (prices) for the various products. The list
could be extended.

Assuming now that all these obstacles could by some ingeneous
statistical methods and refined measurement be surmounted, so that
we would have reasonably good estimates of our inputs and outputs,
and of the structural parameters by which they are linked, where
would that leave us? Some of the variables X4 i=1, ¢¢+, n, in
the production function 0 = fix) are policy variables that could be
changed by decision makers. Ideally we would want the following

conditions to hold

W,  J1/ox, P,

1

MPJ= 31‘/&x‘.j TPy

(2)

for all i and J.

MPi = marginal product of input and i and p; = social opportunity
cost of input i. This of course is the well-known conditions for
product optimization: the ratios of marginal products should be
equal to the ratios of their prices, if we want to make the best
possible use of scarce resources in production. In the case of a
mltiple or joint product the analysis will be more complicated.

We would need weights (prices) for the different outputs, but let us

P S .
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by-pass these complicat;'.ons, since we have enough trouble already,
as will be shown. The conditions (2) hold only under the assumption
that the production function from which they are derived describes
technically efficient points.l In other words: each input
combination is assumed to yield highest possiole output. If and only
if schools are at least close to producing efficiently (on the
efficiency.:;_rontier in the case of more than one output) it would
make sense empirically to derive a production function in order to
combine “inputs . by their social opportunity cost ratios. In all
fairness' it ‘must be admiited that researchers in the field seem to
be aware ._of -t.his fact and usually include it among the reasons for
using their fihdings with extreme care.

Even if technological efficiency is not present, estimates may,
however, have value as a sociological investigation into prevailing

relationships in educational production, but that is not our concern

in the present study.

When making policy recommendations from productivity studies
a very crucial question must be whether the observed production is
efficient or not. At present we don‘t know the answer, but it
seems fairly obvious that the evidence is against assuming technological
efficiency in today's educational practices. Schools do not sell
their products in a market and for both this and other reasons they

are not forced towards efficiency by an economic incentives.

lStrictly speaking they may hold even when efficient production
is not assumed but then only by a prone accidence and hence without
significance for decision making.

. A
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There exist pressures, to be sure, due to the fact that some inputs

have to be bought on the market, but any eventual resulting cost

minimization could be effected without regard to constraints in the
form of required outputs; that is, costs and outputs could be lowered

similtaneously without serious countereffects.

Production Functions and Cost Analysis

The problem of technical efficiency is a serious one in
education but by no means is it unique for this field of economic
application. The same is true in varying degrees for other public
sectors as well; for example, health, transportatibn, defence. In
fact, there can be raised some doubt as to whet_tzer efficiency in
production is at all a valid assumption for empirical research. The
value of this conéept as a basis for theoretical derivation of optimal
conditions on the other hand is beyond question. Operations research
is a set of methods used increasingly by big private concerns to
help identify technically available options and to price or cost
these to estimate the economically most advantageous input mix and
output level.

The equivalent in education would seem to be the application of
an experimental approach to determine substitutabilities among pedagogic
variables for given student populations,. assuming that schools cannot
determine the quality of student inputs. The concept of mastery offers
a possibility of experimentation by keeping output constant at
specified levels (number of students taking specified steps) while

varying school inputs over ranges thought to be relevant, hence
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arriving at iso-product curves (or rather hyper-surfaces). If the
social opportunity costs of the inputs are known it would be possible
to select the optimal strategies.

Starting with a budget the problem becomes one of output
maximization, and taking instead a given product we have to search
for the minimum cost of producing this output. But with given
resource constraints maximizing output would minimize costs per unit
of output. Hence a cost minimizing and an output maximizing procedure
under these constraints, are mirror images. More formally this can
be shown by stating the maximization problem as a programming one
and interpret its dual. This is the approach that we will use in the

next chapter where we will try to "put things together." In brief
(3) Max. 0 = £(x), x = (xi’ **y xn)

subject to g(x) £0, x )/0, i =1, *++, m where g~ functions express
the availability of the m resources used in producing O.

If X is the solution to (3) then there exist >\i; i=1, ¢, m,

such that the Lagrangian
m .
W LR M=t @) - Zl >‘1 g (%)
1=

is a minimum with respect to }\i’ where the dual variables }& are to
be interpreted as the shadow prices of the resources, implied by their

availabilities. Therefore, implicit in the production maximization

y
3S
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problem, is a cost minimization problem which is simultansously
solved.l

This, however, brings into the open the fact that the cost
minimization approach is plagued by the same limitation as production
function analysis; technological efficiency must be assumed. This is
because cost minimization, naturally, must be based on some explicit
or implicit formulation of productivity conditions and Hence,
jndirectly, on some assumption about technical efficiency. This,
incidently is consistent wit} the normal conception of a cost curve as
the minimum rand of possible costs of producing different output
levels. In é theoretical economic discussion it is customary to
assume efficiency in production; in practical application it becomes
crucial whether or not such an assumptidn is valid.

The cost funct_ion used in our model has a cuality, however, that
may be extremely important in that it is derived from a time-to-
completion curve. Productive efficiency would require that for all
combinations of inputs, and specified levels of output time to
completion should be a minirum (given the present technical
knowledge in education). This is consistent with Carroll's way of
defining optimal educational procedures.2 The time that a given

student will need under ideal conditions to attain mastery of a

J'See e.g., Kelvin Lancaster, Mathematical Sconomics (New York:
The MacMillan Company, 196&), pp. 0i~7o.

2Carroll, nA Model of School Learning and Problems of Measurement
Related to the Concept of Learning for Mastery" in lastery Learninz,
ed., by Block, pp. 31-32.
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learning task is a limit set by conditions within the learner himself.
This limit corresponds to the psycholugical concept of "aptitude."
School variables, such as curriculum and the organization of learning
situations, for example, in hierarchies, quality of instruction,
and opportunity to learn offered to the students, influence directly
or indirectly (in part by affecting student motivation) the amouni
of time that the student will actually need. ~Hence, given that we
know mastery to have been attained, time neceded will give us an index
of the technological efficiency of the learning situation. To assume
efficiency in production is equivalent, therefore, to assuming time
minimization in the educational procedures in the technical sense,
and an economic optimum could te described as the minimum of time to
completion that is_ obtainable under given rescurce limitations.

It is unfortunate for the purposes of this study that very little
is known about substitutabilities between inputs into the educational _
process. Traditionally schools seem to have been operating under the
assumption of rather fixed production coefficients with close to zero
elasticity of substitution. Examples of this are the policies of
fixed teacher-pupil ratio, rigid timing of learning processes and
very little variation in methods of teaching to allow for individual
differences among students. Zven the traditional school was not
totally inflexible, however. Grade repetition and homework allowed
for some substitutability of student time for other inputs and
t:2zachers could pay more attention to some pupils than to others,
thereby allocating inputs according to some notion of "learning

o4 imization."
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In traditional schools there were nevertheless, fairly strict

institutional limits to substitution of inputs. There is a trend in
modern pedagogy to break up those rigidities and the question then
becomes how and to what extent this is possible. A complicating
factor in education, as oppnsed to production for the market, is that
we have to deal with substitutability in the production function of
one individual, and in the aggregate production function of say, a
school, where substitution may occur across individual pupils.

| Of special interest for this study is the elasticity of sub-
stitution between students' time'and other inputs. Would it be
possible, for example, to decrease student time by using more
expensive materials, like programmed books, or by using more teacher
time, and would it pay ofs by lowering costs? Investigations into

educational production functions in order to determine elasticities

of substitution between inputs would seem to be a very desirable -

research project.

If we instead look at the related problem of marginal returns to
an isolated change in one ¢f the inputs, we are equally ignorant,
although common sense would lead us to believe that those returns
ére diminishing. It would, for example, seem to be plausible enough
that ultimately there is diminishing marginal returns to the student
time input for students of any given ability (or other initial traits).
It seems to be safe to assume that other kinds of inputs, lite
teacher time, space, equipment, and materials also show diminishing
returns with respect to individual students as well as in the

aggregate. In fact some of them, such, for example, as school space
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will very rapidly reach a limit where the marginal product in all

probability is zero if not negative.l

Summagx

In this chapter we reviewed briefly some attempts to arrive at
estimates of educational production functions. We discussed
measurement difficulties and in particular those caused by use of
proxies for inputs and problems of collinearities among variables.

A case was made against the assumption of technological efficiency
and it was concluded ihat policy aétions cannot be based on estimates
of educational production functions until we know this assumption

to be at least approximately valid.

We related production maximization to cost minimization and
found that by the underlying assumptions regarding production the
latter approach, in fact, also takes technological efficiency for
granted. However, we were able to push the analysis somewhat forward
by tying efficiency to time to completion, asserting that procedures
are efficiient to the extent that time to "mastery"™ is minimized
givén the learner and the state of technological knckledge; The
introduction of resource limitations makes thé problem an economic

one.

1For a thorough discussion of marginal returns to inputs into
education see Thomas, The Productive 3chool, pp. 63-78.




CHAP™ER V1
SEQUENCE ANALYSIS

If in a sequence the learning of one step affects the learning
of subsequent steps, and in particular if this changes time to

completion in later steps, it is evident that costs of steps thus

related must also be interrelated. In this chapter we will incorporate

into the theory the dynamic Glements introduced by a multi-step
analysis. This is all the more necessary since learning tasks in
schools are very seldom isolated from each other. In fact, the
"interrelations are often quite intricate, including both branching
and simple chains, sometimes crossing over subject boundaries not
to mention even more complicated patterns.

However, for simplicity we will discuss only simple chains of
steps, one and only one step at each level being dependent on prior
equally unique steps; in other words, no parallel steps exist within
the sequence. First we will introduce an additive cost model and

then a programming model will be presented.

The Cost of a Seouence of Steps

When for any given input mix the timelto completion of a
specified learning task is minimized for a particular student, we
have obtained efficiency in the technical sense, something which is
the concern of research in‘educational methodology. We will assume

90
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this obvious condition for an economic optimum to be satisfied; in
other words, all cost measures in the following analysis are supposed
to be minimum under given input conditions. There are a number of
questions that could be asked, and hopefully answered, by an economic
analysis. One such question is to determine the most economical
input combination. Another, vnich we have already discussed in
connection with the basic cost model, is the determination of how
much.output should be produced.

When the problem is to bring a given number of students through
a defined step sequence a new implemental variable is introduced,
since by influencing learning at one step we also have some control
over learning as an input into later steps. .

Assuming for simplicity that all students achieve on the same
level when entering the sequence, we may define output as mastery to
a spécified criterion on a test covering the whole sequence. We

are now interested in finding the least cost "treatment conditions"

that would lead us to the specified goal. There are many ways of
varying the inputs in order to achieve this such as organizing the
content of the steps and the order of sequencing, choosing among
different methods of teaching, and trying out different kinds of
equipment and materials. As long as students reach the specified
final performance level, even mastery levels for prior steps may be
thought of as variable. Variation in those mastery levels may be
of some importance; Block has shown that varying mastery level
requirements may influence time~to-completion patterns cumulatively

over a sequence of steps. Maintaining a high level of mastery, he
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found, could increase students' efficiency of learning, so that time
required in subsequent steps for feedback and correction procedures
would tend to go down as compared to time used for those purposes by
students who weré required to attain a lower mastery level.l

The sequencing of mastery level criteria should, therefore, be
treated as a policy variable, since it may have a signifiéant influence
on time=~to-completion patterns, and probably also on the cost of materials
that have to be used. Even though clear empirical evidence is lacking,
one certainly cannot exclude the possibility that imposing a very high
mastery level for certaih key steps in a sequence actually could lower
time to completion over the whole sequence for some or all students.

We assume now that a given student body has to be brought through
a given sequence of steps (n students and m sieps). Let the cost of

th

bringing the i”" student through m consecutive steps in a sequence be

m

SiJ = Cost of supplies (books, etc.) for student i in step J.
Aij = Per time-unit cost of student i for step J (not counted
in Sij)' This includes costs of teacher and student time, of school

space, and so on.

lBlock, "The Effects of Variouslevels of Performance on Selected
Cognitive, Affective, and Time Variables,"-pp. 69~75.

1
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tij'= Number of time units used by student i to complete step j.
Summing over n student yields:

n n m
(2) El C; = El %1 [sij + Ay tij]
Since sequences may take considerable time to complete it is no

longer satisfactory to ignore discounting, and we therefore introduce
a positive interest rate r by which costs can be discounted to present
values. For simplicity r is assumed to be constant for all time -
periods. The present value of Ci is taken as of the start of the
sequence.
We assume, as usual, complete knowledge of time distributions,
but knowing the ordering of the students is no longer necessary. This
knowledge may be thought of as arrived at from experience or by
educational experiments. In practical applications of the theory the
parameters will simply be ex post measures from teaching'methods to be
evaluated. Present value of C; as per the start of the sequence would be
m -qj
(3) ’6i = %1 (Sij + Ay tij) (L+r)

where q:j is elapsed time fron; the start of the sequance up til step

j is finished. This time measure should not be confused with t, which
refers to number of time periods actually spent at work in school. It
should also be noted, however, that q normally depends on t; that is,

q = f(t). If, for example a subject is taught in school 5 periods

each week and a particular student completes his task in t = 50 periods,
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then q = 10 weeks or %—g year. Therefore, if some ways are found by
which time to completion for some or all students.could be shortened
the returns would depend both on the decrease in t and the associated
decrease in g; there is a direct effect on outlays for time inputs
and an indirect one on their calculated present values.

We now sum over students to get

n 8 ‘ n m _qi:j

. = S. A, . t..) (1

(&) El i 2_1;1 %l (S5 + Ag5t35) (1+7)

where Qg J\obviously is elapsed calendar time from the start through

step jJ for student i.
A change in the input mix or in mastery requirements may result

in parameter changes Asij’ AAij' Atij and Aqij‘ After such a

change (or such changes) (4) may be written

n N n m
(5) El 'Ci + AC; ='Z.-.l jZ=l [Sij + AS;; +

-(qij + A qij)
+(Aij + AAiJ.) (ti;j + Atij)] (L+r)
For costs to be minimized over the sequence, mean:’.nglthat
n

/6 is a minimum, would require that
i=l

n .
6) Ac; > 0 for all possible changes in input mix or
i=1
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mastery level requirements given that the goal is to have all or a
specified fraction of the students pass the whole sequence and reach
the final méstéry performance level.

To exemplify the procedure: Take an increase in mastery require-
ments over one or more steps. Assuming no change in S (cost of books,
etc.) or in A (costs per unit of time), this change would pay off if
changes in t‘ij are such that

-qij
(Sij + Aij tij) (L+r) >

Ms
Ms

[N
[}

1 j=1

-(qij + Aqij)

Ms

m
1 Doy v gy Gy e Q) Gov )

P
[

There may, of course, be a cost increase AC and/or A A, associated
with a change in mastery level requirements, in which case a positive
pay off would be obtained if

4
(sij + Ays tys) (1 +7r) >

h T s
M=

1 =1

Ms
7a

[Sij + As;y+ (Aij + AAij) (t’ij + Atij)]

1 j=1

[N
[}

(14 1) —(qij + Ao‘ij)

In either case (6) is not satisfied; thefe exists a change

. n
(mastery level increase) that would make ) _ AﬁiZ 0, and the costs
i=1

summed up over the sequence could be lowered. Jf’"

13
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It would seem that the effect of decreasing costs by increasing
mastery standards, when at all possible, could most easily be secured
by imposing an amount of overperformance carly in the seéuence,
because then the pay off period will be longer. There may be some
negative side effects to watch out for unfortunately. Biock found in
his study that although maximal cognitive learning was produced (in
his sample) by demanding a 95 per cent mastery level, students required
to maintain an 85 per cent level scored somewhat higher on tests of
interest and attitude.l The possibility of requiring a higher level
of mastery on some key steps (most likely at the beginning of the
sequence rather than towards the end) is an interesting alternative
that has not yet been investigated. |

In Chapter I we discussed overlearrﬁng as a source of the
development, of basic ab:i.li’c.ies.2 What Block observed was not an
increase in learning originating from a gain in some of those abilities;
that possibility could be ‘safely excluded, since his data originated
from a three step sequence taught altogether during one week in
school. HNevertheless the amxiysis of an extended sequence, where
those abilities are indeed de.veloped, would be perfectly p_arallel.

When evalnating educational projects the above relatively simple

cost accounting shouid be quite easy to apply. It is important,

Ybid., pp. 80-86.

2Bas:'u: abilities, it will be recalled, were defined as genzral
traits of an individual, that are fairly enduring and relating to a
variety of human tasks, in contrast to skills that pertains to
performance on a specific task or a limited group of related tasks
(Chapter I, pp. 10-11).
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though, to note carefully the logic involved in condition (6). Knowing

n
)N A?:i to be negative (costs have been lowered) is sufficient for
i=1

concluding that an improvement Las been achieved .only if the benefits
from taking the sequence have not thereby been decrea#ed.

The mastery learning assumptions, however, make it possible for
us to determine direction, if not the size, of an eventual benefit
change. For any student whose time to completion over the sequence
has been diminished benefits have actvually been increased provided
that the gain in time could be utilized. The reason for this is
that he has made an oppo':rtunity gain; his accumulation of learning
is the same, which is the signification of the mastery learning
assumptions, at the same time as by finishing earlier he will have
the opportunity to increase his benefits either by being gainfully
employed at an earlier date or by being able to spend time on some
other school activity, such as another subject or entering a new
sequence in the same subject. If we are indifferent as to which
students decrease their time the same holds also in the aggregate—
in other words if time summed over students has gone down. Finally,
knowing that over the full sequence anA /612 O is not enough to

is .
conclude that we musi be worse off to incur the extra C, since we
could view this sequence as an early step in a still larger sequence—— '
and so on and on. Thus far, indeed, we have not specified the full

conditions for optimization.
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Sketch of a Procramming  Model

To develop a programming model of timing in education is a study
in its own right and quite an extensive one at that. Nevertheless we
will .in this section make an attempt to outline the major features of
such a model, since it wlll provide us with some additional information
of considerat_>le value. The development of a detailed programming
model of timing in education, in my opinion a desirable piece of
educational research,is not intended.

We have already pointed out the different reasons for wanting to
interfere with the distribution of costs over the students. The MC
mode). assumes time distributions to be given ‘and determines costs as
@& function of these distributions. A more general model would allow
gy +» have time implicitly determined.

There are, as we recali, two major pos_sible determinants of
distributing costs: 1) Higher investment in some students may be
preferable for economic reasons, because a larger pay off might be
expected from this investment. These students are not necessarily
those who show the most rapid learning. 2) Society may want to under-—
take compensatory education even if not economically profitable.

So far we have not described how optimal conditions could be found
when these two reouirements are entered. Only the first one will be
thorouzhly analyzed, since the necessary extensions for the second
are rather obvious.

In order to proceed in that direction we must make explicit

several of the implicit functional relationships in the MC model.
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The S parameter is a sunmmation of costs of books, supplies, and
similar cost figures. A and g(x)l include costs of time inputs, such
as teacher and student iime, space, equipment, administration. 1In
a programming model these guantities will be explicitly included in
a simultaneons equation system. The value of students' time in the
MC model has to be predetermined by using foregone earmings. This is
an approximation of a hypothetical market value of student time. It
is less satisfactory for several reasons; if a mean value is used,
which seems inescapeable, it‘ may grossly overstate some while under-
estimating other students' time. Maybe even more important: it could
be argued that the value of student time should reflect what the
students could do in school, not what they could possibly do outside
school. In the programming model student time will be formulated as
a constraint and thus evaluated at its shadow price.

One of the problems that the MC mod.el was said to be capable of
contributing towards solving, was the question of how many students
should be admitted into an educaticn at various steps. This may
however turn out to be of less importance in a situation where this
decision is largely left to the individuals. (The society may,
howéver,- still want to have some guidelines as to whether to encourage
students to take, or discourage them from taking a certain education.)
Often it seems to be more realistic to treat the number of students

and their entering characteristics, relevant for learning, as given

l1n equation (8'), p. 49.
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factors and "Optimizé"‘ l:arning over this student population. For
this a programming model would seem to be more appropriate.

The MC model assumes resources to be completely acquirable in
necessary and predetermined proportions. This may be less realistic
in education; the programming model will distinguish between purchased
inputs and inputs that exist in given amounts; in addition the amount
of money that couid be spent is restricted by a budget constraint.

The measure of MC is an ex post one; solely by assuming a special

kind of self-selection where students present themselves in the

proper order or by using instruments predictive of learning rates,

could one expect students to be introduced into the system approximately
by order of their time to completion of future learning tasks. At
present such prediction is not very accurate; moreover serious questions
could be raised against using such measures for selective admittance,
even if ‘the predictive power were very high.

The important time-cost relationship, is sufficient reason,
nevertheless, for developing such prediction instruments and of
investigating further the economic significance of timing in education.
In the following programming model time to completion is one among

many other inputs in the "production of learning," and thus independent

of the ordering of the students with respect to time to completion of
steps.

For the programming model we assume, as we did for the cost
accounting present value‘ model, that students have to be taken througn
a seqﬁence of ordered steps Qith no steps left out. The problem for

the educational "production plant" is to bring as many students as
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possible as far as possible in some specified sense. On a scale
appropriate to the macro point of view benefit; may depend on the

size of the output,.but it is assumed that the range of possible
outputs envisaged by thé micro unit will be too small perceptibly

to influence unit benefit values. Our earlier assumption that
benefits are given may, therefore, be interpreted to mean that weights
are given to each step in the sequence; in other words, there exist
“relative prices" telling the school what "as many as possible as

far as possible" would mean. The problem would then be to allocate
existing resources in such a way as to maximize "total revenue."

For example, the weights may.be signaling to the schools that
efforts should be directed towards bringing as many students as
possible through the lower steps, or they may imply that schools
should invest heavily in a few students, bringing them very far even
at some sacrifice for the slow learners.

It may, however, not be very realistic to assume that such an
evaluation of steps has been effected, and especially not if we are
dealing with rather small steps, as will usually be the case.
Benefits may be attached to larger units than we are cdhsidering, and
we will have to assume that steps within the sequence are homogeneous
with respect to benefits, meaning that we are indiffereni as to where
on the scale an increase takes place. We arrive at our benefit
measure by interpolation, as it were. In order to justify the pro-
cedure, however; we must make the steps equivalent in some sense,
so that they can be added and compared. What we need, in other words,

is a cardinal scale; by assigning benefit weights (prices) to the
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steps we had such a scale. If we do not have prices, it will be
critical how we measure the step units in terms of their learning
content.

Suppose that a benefit value is given to a sequence of n steps.
We then try to approximate thf unknown benefit measure for each step
by subdividing the value for the whole sequence in such a way that
to each step will be attached a value that is proportional to its
learning content, somehow measured. Unfortunately there seems to be
no proper yardstick for this measurement task. .We simply have to
assume that there exists such a thing as amount of learning, and that
this quantity can be subdivided in learning tasks of equal or
comparable length. .

Carroll points out that in the case of programmed.ihstruction
learning rate as measured by number of frames per {ime period,
covered by a particular student, is remarkably constant from lesson
to lesson, and that the same holds for increments in new vocabulary
and grammar points in foreign language learning'.l In some cases, then,
physical units seem, at least approximately, to be sufficient. Carroll
suggests also that the amount of learning measured in physical units
need not always be a linear function of time. The learning curve
for new words to be spelled increases at a decreasing rate, and
winsightful® learning curves may show sudden, sharp increases after
périods of very slow improvement.

The problem may, in fact, be more easy to solve in practice than

in theory in that we have the possiblity of making steps equal by

lCarroll, "Problems of licasurement," in Mastery Learning, ed. by

Y
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"construction," applying whatever mcasure of cquality seems best to fit
the situation at hand. teps are coual because we decide that they are.
It may even be possible to turn around Carroll's discussion of the
possible shapes of the function relating learning and time and ask.
what scale would make learning a linear function of time. Ve
construct in other words, a scale, such that the probability is
maximized that a given learner under the same learning conditions
will use the same amount of time for any two successive steps.

In the programming model to be developed, we assume that we have
a "learning content" scale so that steps-are either equal or measurable
in equivalent units, hence comparable and additive. We, furthermore,
assume that we are indifferent as to where on tihe scale an increase
takes place. The introduction of benefit weights (prices) applicable
directly to the step measure would not change anything in princiﬁle
with respect to optimal conditions or conclusions drawn, but it would
make the mathematical notation considerably more complex.

The objective function in the programming model to be developed
is assumsd to be continuous and differentiable. Otherwise no restric-
tions on its shape are assumed except the seemingly very reasonable '
ones that it shows diminishing or at the most constant returns with
respect to isolated changes in any one of the inputs and constant
returns to scale. The function, therefore, is assumed to be concave
over the set of values in which we are interested.

The characteristics of the learners are given. The schools, in
other words, have no way of selecting their student body and thereby

increasing output. Heasurc of 6utput will be the added number of
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student—-steps taken in a given sequence.l No steps can be skipped

but students may enter anywhere in the secuence, except that it is

assumed that there are always new steps to be taken, no matter how
fast or how advanced a particular student may be.

Outputs and inputs are flows, that is, amounts per production
period, for example, teacher hours or student hours per week. This
is, of course, the usual approach, but it seems worth pointing out
hevertheless since some of the inputs are time inputs, and therefore
to be interpreted as number of time units (e.g., nours) per production
period (e.g., semester) hence time units per time period, which may
be somewhat confusing if rot made explicit.

In the following, subscripts will te used to refer to individuals,
whereas superscripts will refer to inputs (resources). For example:
tg means the amount of time resource J used up by student i.

In the hope that the exposition will be easier to follow we
start with the hypothetical case in which we have only one student in
the system, or students of one type only, always taking the same
amount of time to complete a step. Even from this cversimplified
version of the inodel some implications mey be drawn, bui it is, ol
course, the generalization to n students that will yield the most

interesting conclusions.

Inputs are:
td = (tl, seey, tl) time inputs of wnich one, say tl, is student

time. ck = (cl, seo, cm) purchased inputs like books, and materials.

lIf steps are equal in learning coatent; otnerwise they have to
be weighted by learning content.
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Among time inputs are space, equipment, teacher time, and other
school services made available to the students in certain amounts per
time unit. They all exist in fixed amounts and cannot, be increased

in the short run. Depending upon existing conditions such as the

time span of the analysis and conditions in the labor markets
(especially for teachers) one or more of these inputs may be considered
in the c-vector, as being purchaseable. One input can never be
purchased, however, namely student time; the t-vector, therefore,
always includes at least the element tl. All ck, k=1, ¢¢s, m, are
subject to a budget contraintj a limited amount of money is made
available per production period.

Suppose now that as a starting point for the analysis, we make
the assumption that all school services, wnether purchaseaole or nov,
are made available to the students in the same amounts per production
period for each student. Suppose further that for a given siudent

the production function to be maximized is:

(7) Max O = £(t1, ooey 2y cTy coey &™) = £(8, ©)

Time inputs are available sucn that

(8) g(t) =td =%Igo =1, L

That is, used up resources of service t.‘j must te at the most equal
to the available amount .
Purchased inputs are restricted vy a pudget function such that

the costs for alil ck must not exceed /B, which gives us the constraint
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(9) h(c) = pc - <0

; 1 my . . : ; .
where p = (p~, ***, P') is the price vector for ihe purchased resources

c = (cl, e+, ¢™). 1In addition we have the non-negativity constraints

Necessary conditions for the problem to have a solution can be derived

from the Langrangian function:l
(10) L= £ (t, ¢) = N gd(t) = An(e)y 3=1y ooy 1

The general procedure is to take the partial derivative of L with
respect to one variable at a time and set the resulting expression
equal to zero. ie thereby arrive at a set of ecuations, giving us the
necessary conditions for 0 = f (ty c) to be a maximum under the

given constraints. In addition, some other conditions must be fulfilled
as spécified below. The following conditiotis are of interest here:

Either tJ = O or

du_ _Jf J'agj of J - .
() Jt =3t‘j->\ 9t atj-/\ 0 3= d

and either ck =0 or

lwe apply here the so called Kuhn~Tucker conditions. For an
exposition of the theory, sce, for example: G. iiadley, iionlinear
and Dvnamic Programming (Reading, Massachusetts: Addison-.esley
Puolishing Co., Inc., 1964), pp. 185-2ll.
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In addition the following must be true

(13) gdr)<o=N=0

(14) h(c)<0 = 4 =

Necessary conditions are, however, in this case also sufficient,

since the objective function (7) O = £(t, c¢) is concave and all the

constraints linear. By using the conditions

L

L
-A_->—\3=0,j=l, ,l,and =0

we can actually solve for all variables t and c, and the Lagrangian

‘ multiplyers >\ and 4 .

From (11) we derive }{j 3—-3 for all tjfo, j=1y *¢°y, 1, and
N .

interpret )\j as the marginal product (in steps per time unit) of time
\ S :
input j. Hence, /\l, which in some cases may Le the only ,\J, is the

marginal product of this particular student's time, in other words

his learning rate at the margin or simply learning rate if amount of

O L e P SO RPUE SE I

learning is a linear function of time.

) Kk
From (12) we have that for all oK #0, /4 = &k“; which is
p

Mo,
TS Mt 4 i T ¥ S T A AP 8 s e e ST ok ST 4y SR



198
the marginal product of purchased input k per money unit. We may -
call this the marginal product'of money, and it must evidently te
equal in all uses, that is, in all uses of the given budget T, It

is now possible to derive the wellknown condition

The ratio of the marginal products of any two inputs, i and j, should

be equal to their price ratios.

(13) & (1)< 0N =0
states that if an excess supply of time inputs exists they are used
up to the point where the marginal product is zero. if that happens
to the student's time input, the reasons may be that he is facing a
limit set by his ability. This, of course, indicates a social misuse
of student time. If some other time input turns out to have zero
marginal product, there is an excess supply of that resource, which
has to be removed in the long run in order to aveid a social misuse of
resources. Generally of course such a misuse will be presen){ long
before the marginal product is zero. In the long run one must move

in the direction of

et/ gt pt
It/ 33 T

where pl/pj is the ratio of social opportunity costs for the two

time,inputs i and j, and the easiest way of securing this is simply
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to move these inputs over to the c~vector, if one seeks a long run
solution. (This does not mean, however, that tj's are freely movable
once the problem is set up in one form or antoher. Also the budget

b will differ for each setup).

If money is supplied in excess so tha%ﬁr= 0, money will be used
up to the point where ‘the last dollar no longer yields any exira output.
Somehow this seems unlikely to occur in real life.

We may now ask, what would be the shadow price of the time inputs
implied by their availabilities, in other words, which prices would
make )

(15) dg/dt P
dt/ded

true also for the resources that have no market price? There exists,

~following the above analysis, at least one such resource, namely

student time.

Let pl be the shadow price of student time; from (15) we then have

gf/atl_ . 1/ ) P

P = = /4 ; for all

DTS A

ok f 0, K = 1, ***, m

(16) p*

which is the ratio of the MP of student time to MP of money. Similarly

some other time input tj would be shadow-priced

J 5

So far we have only one student in the system, and the implications

are quite straightforward; the optimal allocation of the available

. .A.. 11137
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resources can be read off from a system of ecuaticns and a2 shadow
price of student time may be calculated, but the results are of no
significance, other than maybe for descriptive purposes.

We are now going to generalize to n students, and also make
possible a differential use of resources by the students, that is,
it will be possible to let some students take more of the resources
than others, if th'at‘ should increase product. First of all the

objeciive function has to be rewritten

(17) MaxZn 0, = Zn £,(t, ) =F(t,c) i=1, eeoyn
i=1 i=1
where the summation is performed over n students. Note that the
subscripts, now to be introduced, refer to individuats.
Since student time is a resource that cannot ‘be distributed in
more than one way—each student is using up his own student time—we

have n constraints

(18) g (¢1) = t; - %}

We disregard here, obviously, the possibility of exchanging one
student's time for another's, which could be done by using some of
the students as teachers. Usually bty = tj for all i and j, implying
that-all students get the same amount of time per production period.
However, nothing will change in principle, if students are given

differing amounts of time at their disposal, that is, optimum

conditions could be arrived at also from individual "time budgets."

We wr’te the equivalent to (8) and (9) as

A 8
LN
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(19) 2_ Sl(ti)-_lt-‘@vJ-Z' ) 1
m n Kk k n k
(2005 T oEE -3 T & &ongo
k=1 i=1 =1 i-=1 N -

T is the vector of time resources (teacher time, space time, and so on)
for all n students (excepting tl, their own time) and B is the total

budget for purchaseable resources.

The procedurs we now have to follow is analogous to the one

described above. We have a lagrargian expression
S I LI S |
(21) L= F (¢, ¢) - \) & (¢)) 2P NEACATE RN

all partial derivates of which should be set equal to zero, except for
the possibility of a solution where one or more variables are zero.

Starting with the time of student i we get (for ti £ O)l

(22) gL 91’-‘ - /\i =0 i=1, «++,n

1 7.1
i Jy
and derive the marginal product or marginal learning rate of the ith
student
1 1

“that t7 in an optimal solution would come out as zero is highly
unlikely, hoWever, since it would be ecuivalent to saying that student
i cannot learn anything at 211, or, more precisely, cannot learn even

the first step in the sequence.
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We also have (for t§ 7 0)

j = 2, .‘oo, l

e s

i=l, se*. n

hence, marginal product of some time input used by student i other

than student time

N _
o A

similarly (for ¢f £ 0) .

Y,
(24) ;t“ ) 93{ _/4.ph

Marginal product of money, then, would be

/l,-a%F}:T k=‘l, sey m

i=1 eesyn
We also have the conditions, equivalent to (13) and (14) stating
that if there exists excess supply of any inputs, those will be used
up to the point where MP = O.
What do the optimal conditions tell us in this case? For the

purchaseable resources it must hold that (for all clj‘- / 0)
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(25)

for all h, k and i

The ratio of the marginal products in other words, of any two
purchaseable resources must be equal to the ratio of their prices,

and this must hold for each student in the program, assuming perfect

distributility among students of all inputs other than student time.

If h = k (25) reduces to

| I % de __ Jr .
, g TR

for any two students i and k; in other words, the MP of any purchaseable

input must be equal for all students.

If we consider two time “inputs (other than student time), say

time inputs h and k, we have

i where ph and pk are shadow prices that can be uniquely determined by
the optimal solution, hence by the availabilities of the resources.
If we are contemplating only one such time input, say teacher time,

it should be distributed so that

JF ¥

teach teach
o

for any two students j and k.

In other words the marginal productivity of teacher time should be

ey ¢t e

, equal in all uses, that is for all students.

121




e

O P R T A

T ea G er e aamber 4oy e oproos e mim

T A e ot e

Bt

Summing up, the MPi of any one resource, except student time
shci'ld be the same in all uses over all students in order to obtain
an optimal output for a given number of students. This ic what
might be intuitively expected, since given that for some resources
MP.j ) MPk for two students j and k, it should be posgsible to increase
product by reallocating the resource away from student k, thereby
increasing l-{Pk, and towards student j, with a resulting decrease in
MPj, a process which would be possible until MPj = MPk. We also
have that ratios of marginal products should be equal to the ratios
of their prices.

We finaily compute the shadow price of student time as follois:

1 1
(27)p§_=j§;§t§ -Pk=—7>\"—' i=1, ey n

k

]
(]
8

Since }\1 generally varies over the students, whereas /4‘ in an
optimal solution is the same for all students, it can be seen that the
shadow price implied by the availability »oi‘ resources could be
c;.xpect.ed to be son;ewhat different for each student. Furtheriore,

a student's MP with respect to his own time, as pointed out ezrlier,
may be identified as his learning rate at the margin, so that if one
students' merginal learning rate is & times another one's the shadow
price of his time will also be & times as high, or in terms of time
to completion, if one student takes -;.]-'— times as long to complete
his marginal task, his time will have to be chadowpriced at« times
that of the student with whom he is compared. Shadow price then is

proportional to learning rate at the margin and inversely proportional
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to time to completion of the marginal task. If learning is a
linear function of time as sugsested by Carroll, then learning rate
for a given student is the same ovar the whole sequence, and M is
simply equal to that rate of learning. -

Since time to completion of a learning task usually varies in
such a way that the top five per cent of the students learn about
five times as fast as the low five per cent, the shadow prices of
their time, assuming stable learning rates, should also have the
proportions of five to one, the fast student's time being five times

as valuable as the slow student's. This seems to make sense intuitively.

It must be pointed out that learning rate, however, is determined in

the system by the amount of resources devoted 1o each student. It

may very well turn out that an optimal solution to the programming
problem will either reduce or increase the range of time to completion.
The avé;age productivity of the fast learner is probably higher than
that of the slow learner with respect to any of the inputs, and
certainly with respect to his own time. It is, however, the marginal
productivities that determine resource illocation, and for that

reason it may very well turn out that an optimal solution to the

programming problem would allocate resources more in favor of slow

learners than is being done in schools today.

It may finally be pointed out that the solution presented above,
if all variables are different from zero and no excess supply exists,
simply is a "general equilibrium" solution, except that student time
is restricted to each particular student, thus allowing marginal

products of student time to vary over student.
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Summary

In this chapter the analysis was extended to incorporate
sequences of steps related in such a way that earlier steps are
required for later ones. Time to completion in later steps, it was
concluded, depends partly on the allocation of resources on earlier
steps. This was formalized in a present value cost model. A
programming model was developed next, the major features of which was

1) Derivation of optimal conditions for maximizing output
over a sequence when students and their entry characteristics
are given.

2) Identification of MP of student time with learning rate
at the margin.

3) Shadow pricing of resources that have no market price,
especially student time.

The relation between the shadow price of student time and learning
rate was examined, and the shadow wrice of a particular student's time

turned out to be proportional to his learniﬁg rate at the margin.

-0 AR4
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CHAPTER VII
A STUDY OF EMPIRICAL COST CURVES IN TIME DIFFERENTIATED EDUCATION

In this chapter some empirical findings will be reported using
time to completion data taken in a non-experimental learning sequence
in mathematics. The student were allowed to take the time they needed )
to complete a step before going on to the next level. Soderkullaskolan
in Malmd, Sweden, was chosen because this school has a comparatively
long experience in teaching of this kind. Schools in Sweden are
required to individualize instruction to meet the needs of the students;
time differentiation, however, has normally not been used for this
purpose until very recently. |

Data on time required for learning a sequence of mathematics
tasks, on mathematics ability, intelligence, marks in school subjects,
and family background were taken for all sbﬁdents in grade 7 (13 year
olds mostly), this is the first year of the upper department of the
Swedish comprehensive nine year elementary school.l

The purpose of the empirical study was twofold:

1) To estimate empirical MC curves in order to illustrate the

basic cost model developed in Chapter III.

2) To throw some light on the possible determinants of students’

time to completion.

lThe most radical change for the students in going from grade six
to grade seven is perhaps the alteration Irom class teachers to subject

matter teachers.
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‘the seventh, in a single school, and therefore is not a random sample,
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The first task is quite straightforward, involving nothing more
complicated than the plugging in of economic data concerning teacher
cost, costs of books and materials, and so on—even though, as might
be expected, there were some difficulties in arriving at accurate cost
figures for some of the ivems and especially for the opportunity
cost of students' time.

Some of the most powerful of the determinants of individual
variation in time spent in learning evidently were not captured by
the data collected, but such determination was not the main purpose
of this study. The time distributions are important in themselves,
regardless of what places indivicuals at various positions in those

distributions.

The Students and the Data

Since our sample consists-of all students on one grade level,

it will be necessary to consider the possibilities of bias in the
selection as compared to the population of all seventn graders in Sweden.
There were 171 students in the sample, divided up in six classes,

86 were boys and 85 girls. Most of them (155 or 90.6 per cent) were

13 years old in 1969; this is the normal zze in Sweden for 7th graders,
the school starting age being seven. Thirteen (7.6 per cent) were 12;
in exceptional cases students who by a test and on other grounds are
judge& to be mature enough may start school at the aze of six. The
three remaining students were over-aged one year, hence 1l years old in

1969, which may reflect either grade repetition or delayed school
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entry. Some students are permitted to start school at eight instead
of at seven, tecause of poor health or for some other reason. This
age mix is normal for tne grade level.

It is usually believed that schools in Sweden are quite similar
in terms of characteristics of their student bodies. Only recently
has this assumption of similarity between schools been challenged.

In a study (1969) of school segregation in the Malmd school system
Swedner and Edstrand found that because of a certain segregation

in residential areas, there does in fact also exist a social segregation
of schools to the effect that some school districts have disproportion-
ately large enrolments of students from either "high" or "low" social
background.1 The neighborhood rule is with rare exceptions a firmly
established enrolment principle for elementary schools in Sweden, so

it may be seen that some social imbalance in school enrolments could
easily result from residential segregation.

Swedner's and Edstrand's investigation is of interest for the
present study because Soderkullaskolan was among the schools investigated;
all elementary schools in Malmo were in fact included. Using four
categories of father's occupation, the same that hawe been gsed in this
study, they calculated a segregatign number for each elasmentary school

in Malmd. This index was computed by the formula:

A= La +3b+2c +d
a+b+c+d

Yarald Swedner and Gisela Edstrand, "Skolsegregation i Malmd,"
(School Segregation in kalm¥), mimeographed (lund: Department of
Sociology, University of Lund, 1969).
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where a is numher of pupils with father (or guardian) in the "highest"
social group, b is the number of pupils with father from the next
to the highest, and so on. Theoretically, therefore, the quotient

could vary from four (all in the highest category) to one (all in the

lowest category): actually the range goes from 3.05 to 1.30. With an
index of l.74 Sbderkullaskolan ranks in the middle of the elementary
schools in Malmd; 36 schools have a higher index and 24 have a lower.

By using the data of the present study an index of 1.85 was computed.l
The expected value for Malm$ compiated from Svedner's whole sample

would be 1.93,2 implying that Soderkullaskolan has some overrepresenta-

tion of students from "lower" social strata in the Swedner-Edstrand

sample; our samplé has even less of that bias. This would be expected
knowing the type of residential area from which the school recruits
its students, being a "mixed" one consisting of rather large multi
family dwelling blocks, interspersed with a few small blocks of one
family townhouses.

Since the social class grouping for the purpose of the present
study used the same classification, it is of interest to summarize
briefly the rules that were used. The Central Bureau of Statistics

1952 worked out a scale consisting of three groups: I, II and III.

lThe slightly higher value could - except for a possible year to
year variation -~ depend on the fact that so called special classes were
excluded from the present study. (Special classes are designed for low
ability students and students with other school problems, not likely
to benefit from the teaching in usual classes.)

2Ibid., p. 26.
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Gustafsson and Swedner at the Department of Sociology, University of
lund, 1962 developed a new scale, mainly by sutdividing group II into
IIA and IIB, and their scale has since then been frequently used for
sociological investigations. The following is a summary from
"Skolsegregation i Malmd" (translated into English by the present
author);l

To social zroup I belons:

1) Owners and leadars of large corporations

2) High ranking civil servants

3) University graduates employed by private enterprises

L) Self-employed university graduates (e.g., lawyers,
physicians)

5) Other university graduates

To social group IIA belong:

1) Civil servants of medium rank (e.g., elementary school
teachers, postal functionaries)

2) Bmployers of private enterprises on a medium level
(e.g., accountants, engineers)

3) Ownefs and leaders of small enterprises

To social group IIB belong:

1) Low ranking civil servants (e.g., petty and non-commissioned
officers, postal servants)
2) Low ranking employees of private enterprises (e.g., clerks,

traveling salesmen, shop assistents)

LYbid., p. 8.
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To social group III belonsz:

1) Low ranking government employees
2) Skilled workers
3) Non-skilled workers. !
The distribution of students with respect to father's occupation

is displayed in Figure 4 (p. 153). School records were used as a source

of information. The missing cases are those who could not be categorized,
either for lack of information or oecause titles were not included in

the list used. "Expected values" are the distribution from the

Swedner-Edstrand investigation.2

A comparison with these expected values gives us the same informa-
tion as the segregation index, and in addition also tells us that the
highest occupation group is underrepresenited and that the lowest is
slightly underrepresented. Figure 5 (p. 15) gives the distribution of
family income before tax for our sample, obtained from the local
tax authorities in Malmd regarding the parents' income. For several
reasons it does not give a totally accurate picture of a family's
disposable income; for example, taxes are included and government

transfers are excluded, which gives an underestimate of disposable

income towards the lower end of the distribution and overestimate of
it towards the higher. Income before tax is, however, the most

accurate measure obtainable, and is in Sweden accessible upon request.3

1) complete list of occupations, with the Swedish titles,
available from the Department of Sociology, University of Lund.

®Tbid., p. 26.

3"Offentlighetsprincipen," the publicity principle, is applicable

LRIC 430
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The bias towards the middle is here more obvious than in the
distribution of social groups. This is perhaps what might be
expected from the type of residential area we are dealinz with, since
the very low income people cannot afford the rents in these relatively
new houses and the very high income people are more likely to chose
their dwellings in other residential areas. It may be of some interest
also to note that family income correlates in the expected direction,
but not very highly, with occupation (r = -.32, significant with
p <.01).}

It is interesting and important to note that the bias towards the
middle is very slight indeed, if at all present, when it comes to a
measure of pupils' intelligence. Taole IV (p. 150) gives the distri-
bution and expected va,lues.:2 karks in Swedisn, English, and Mathematics,
and the mean of marks in the orientation subjects ‘also provide some
information on the nature of our sample. Teachers in the élementary
schools of Sweden use a five point scale (one being the lowest and

five the highest grade), and they are expected to distribute marks in

here, saying that no information, with explicitly stated exceptions,
could be hidden from the public by central and local government
officials.

lA higher correlation may have teen obtained by using logarithms
of income. There are also factors depressing income, .ot showing in
social status, for example illness, deceased fathers and divorces.

2HI'I' III was used, a group test of general intelligence, developed
by Per Anders Westrin at the Department of Ziucational Psychology,
University of Lund. It consists or four parts: Analogies, Contrasts,
Number Combinations, and Puzzle (geomevrical figures). The two first
parts together yield a measure of verbal intelligence and the tnird
and fourth non verbal intelligence. Split nslf reliability coefficients
for 13 year olds is .93 on total score, .Gl for verbal and .85 for non-
verbal intelligence. Test-retest reliability is .84. For this and
other information on the test sece .17 III !anual, (Stockholm:

Skandinaviska TesufOrlaget AB, 1969).
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such a way that for all students in the whole country at the same
level and taking the same courses an approximately normal distribution
will occur. To help teachers approach this goal, standardized tests

are given to the students' every third year. If this goal is achieved

for the students in SY¥derkullaskolan, the distribution of marks seems
to demonstrate that we are dealing with a sample that does not deviate
appreciably from a random one. (Tables 5 and 6, pp. 150-151).

For our purposes, then, using grade seven in one school rather
than a random sample of students seems to be preferable, since
random sampling would introduce an uncontrolled variation in the

t;‘eatment conditions of the learning situation. In mathematics the

six classes were taught in two large groups, consisting of three classes
each, by two teachers and one teaching assistant, the two large groups
both having the same teachers and teaching assistant. This fact also,
it seems, should contribute to ensuring that treatment conditions were
roughly the same for all students involved, at least as far as would
be possible in a non-experimental setting.

Summing up, then, the distribution of students with respect to
fathers' occupation and parents' income, to their own intelligence,

and to marks in school subjecis seem to indicate that some tentative

generalizations should be possible from our sample.

The Mathematics Materials Used

Having reported the characteristics of the learners, their
physical environment, and social background, we now turn to the learning

tasks involved.
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As mentioned no attempt was made experimentally to control the
learning situation; to the contrary, great care was taken not to
change in any significant way the teaching and learning situation from
what it would presumably have been were no data collected. Since the
teaching assistent's job to a large extent consists in keeping track
of students' progress through the course, it was natural to ask her
to make notes of time taken by every student for each task; only minor
charnges of her usual routines in class were in fact necessary. Net
time in each task could be reported since it is also the teacher
assistant's duty to register students' absence.

Very fortunate for our purposes was the fact that the "new math"

is now taught in grade seven in Swedish schools. Through the whole
sequence selected for our study, the subject was elementary set theory.
Therefore, it may be concluded with close to certainty that the
students in -t,aking the sequence vere confronted with something of
which they knew nothing beforehand, and that learning outside school
was kept to a minimum. For the first part of the sequence, during
which no homework was permitted, learning out:side of school was
virtually eliminated, since only in very exceptional cases would
parents be able to tutor their children in set theory.

The material that was used, called IMU (short for t;he Swedish

for individual mathematics instruction, "individuell matematik-

undervi sning") has been developed at the Department of Educational
and Psychological Research, School of Education, Malmo, commissioned

by the Central Board of Education in Sweden, and is being distributed
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by Hermods, a correspondence school and a producer of school
materials.l
Most important for our purposes is the fact that each student

is allowed to progress at his own individual speed. Teaching in the

form of lecturing is kept at a minimum level and mainly concerned
with instruction in the use of the materials; some group instruction
and also individual instruction, when called for, are provided by

the teachers. The material is partly differentiated with respect to
difficulty, so that the most able students can choose more advanced’
and the less able easier work. The same content is taught to all
students, however, although to differing degrees of depth. 1In
addition the students are brought back go the "zeﬁ level" at
different points of the program, where they learn exactly the same,
basic mathematics. The upper department - grade levels seven tarough
nine of the Swedish Comprehensive School - is covered by nine so called

modules, with no grade level labels. Should some of the students

finish all ‘nine modules before the end of the comprehensive school,

they will be provided with materials from the "gymnasium" (senior
high school, roughly).

Each module consists of three components: the A -component is

common for all students, and thus of special interest to us, the B and

C components are each divided up, into three versions of different

]'IMU HOrstadiet Ett undervisningssystem i matematik utarbetat av
skoldverstyrelsen. (IIU, Upper Department. A Teaching System in
Mathematics developed by the Central Board of Education; Malmd:
Hermods 1970.) The system consists of a number of booklets, tapes for
tape recoruers, materials for laboratory work (mot for the first
seouence, the one used in the present study), and transparents for
overhead projection.
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levels of difficulty. The students discuss with their teachers which
version should be chosen, after having taken a diagnostic test
following the A and B component respectively. Figure 6 (p. 155) shows
the student flow through a module. |

There is no reouired mastery level in the strict sense; rather,
the student is encouraged to reach the mastery level that corresponds
to his qualifications. A minimum level exists, however, for each
component - which the student must reach before being allowed to go on.
The amount of learning over and atove this will determine the choice of
B and C versions.

For each module there is one booklet for the A component, taken by
all students, .and one for each of the three B and three C versions. 1In
the first module, the one used in this study, there are, however, only
two B versions, Bl and B2-3. Each module also has additional review
and correction materials, assigned as needed after each diagnostic test;

when time was used on such materials it was added as appropriate to the

time used in the A, B and/or C components. Some students were also sent

back in the "'program," in which cases this time also was added. After
having proceeded through the whole module the student takes an evaluative
test and goes on to the next module. Hence we have data on time to

completion of the first module: time in component A for all the students,

and time in each of the two B versions and the three C versions according
to the students' assignments after the diagnostic tests.

During the time they studied the A component the students in our
sample were not allowed to take their mathematics materials home with

them, which contributes towards keeping outside learning for this
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component at a minimum. From the B component and on they were
required or perhaps rather permitted, to do sore homework. The time
was reported by the students for the purpose of this study - usuelly
they are not required to do that. Great care was taken in order to
make the students understand that this report was not intended for
the teachers and that whatever was reported should not be revealed.
This procedure, it was believed, should minimize the risk that
students usgd the report for the purpose of impressing their teachers.
It is probably best, nevertheless, to look upon these reports of time
used at home with some suspicion; there seems to exist no reliaople
éourcé._.of information for time spent in learning outside the school.
The teachers were not willing to extend the period during which homework

was prohibited beyond the A component.

Analysis of Pime to Completion Data and Derivation

of Bmpirical Marginal Cost Curves.

In this section we will attempt to describe the time curves and
add economic data in order to obtain MC curves. The exercise must be
seen as an example of how this can be done. No_ comparisons are made
with other teaching situations<-once again no controlled experiment
was intended—and the statistical analysis is only preliminary, mainly
consisting of curve plotting.

Table 7 (p. 152) gives the statistics for the time distributions
over the whole sequence. One student did not complete any of the steos,
and another one completed only step A. Looking at the distrioution of
time for the A sf.ep, which gives the ‘most reliable information as far

as the sum total of time used is concerned, we can see that there is a
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difference of about one to four between the slowest and the fastest
student. Not counting the top and bottom two per cent would still
make the difference one of about one to three. This is somewhat lower
than the difference of one to five or six that is usually reported.
As can be seen, however, the difference tends to increase somewhat on

the higher levels, in spite of the fact that those levels are

différentiated with respect to difficulty. (The slow student tends

to take the easy version.)

With the exception of Bl, with only ten students, and time in
school for C2, all distributions are bositively skewed, which means -
that there is a long tail to the right of the distribution; a small
mumber of students take a very long time for completion.

The cumulative frequency distributions of sum of time in school

- eand at home for all steps are shown in Figures 7 through 12 (pp. 156-

161). The positive skewness appears as a comparatively long and flat
upper part of the curves. The distribution of C2, however, seems to
be approximately normal. In Figure 13 (p. 162) this curve is plotted
on a normal probability paper, and comes ouf. as can be seen, rather
close to a straight line. The most probable reason for C2 being normal
and not skewed is that, by selection, the ex_treme students at both
ends of the total sample had been sorted out; they are in C1 or C3.

It would be premature to conclude from this study, using only one

curricular subject and just a few time distributions, that ability as

measured by time to completion is positively skewed. Motivational
factors may enter into this and will be taken up for discussion later

on. There is, however, something in the nature of time as an ability
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scale that makes this positive skewness highly plausible. As will
be seen, this has important economic implications. When using an
arithmetic time scale three hours, for example, is exactly three times

as much as one and six is three times two. But when used as a measure

of human ability arithmetic equidistance in the units of the scale
may be inappropriate. If, for example, one person could run the 100
yards dash in, say, ten seconds and another one in twenty, we would

affirm that the first one is twice as fast. We normally, however,

would not conclude that he is twice as atle an athlete; the difference,
intuitively, would seem to be much larger than that. Improving one's

capacity from 20 to 19 seconds would for most people be quite easy,

whereas improving the world record on the 100 yards dash by even one
tenth of a second is an extreme and rare achievement indeed.A

A difference of one arithmetic time unit at the upver end of the
scale, therefore, seems to carry less weight than a difference of one
time unit at the lower end of the scale. In other words when going
from the slowest pupiis, taking comparatively long times, to ever
shorter time, each arithmetic reduction in time entails a progressively
greater ggggfof decrease in physical time units. It is of some interest,
therefore, to examine what happens to the skewness of the time distri-

butions when those distributions are scaled logarithmically.

Human ability is often thought of as being normally distributed.
Some statistical-theoretical foundation for this can perhaps be found
in the "law of the large numbers." That measures of ability, such as
I¢ and aptitude scales, often do come out very nicely as approximate

normal curves, may on the other hand be a construct, since items not
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supporting normalcy are sorted out when tests are developed. If

We assume, nevértheless, that ability is normally distributed when

"correctly" measured, whatever that means, then ability as measured
by time to completion would be normally distributed in the logarithms,
if indeed the time scale as an ability measure is logarithmic.

To explbre this possibility the’ cumulative time to completion
distributions of two steps (A and B2-3 where most of the students
were included) were plotted on a semi-log paper (Figure 14, p. 163)
and logarithms of the same distribution were plotted on a normal
probability paper (Figure 15, p. 164). As can be seen, those log
distributions do in fact (by inspection) come close to normalcy in
the logarithms. The plots in Figure 11 (p. 160) have, approximately,
the shape of normal and non-skewed, cumulative distributions, moreover,
the same distributions on probability paper come out as almost straight
lines, showing the same thing.

The importance of the cumulative frequency distribution becomes
clear when we consider its relation to an MC-curve., Assume a case
where costs are perfectly proportional to time in learning. Then the
MC function is simply the inverse of the cumulative time frequency
distribution with the time scale converted to a cost scale by the
appropriate weight. The more complicated cases of MC curves will be
transformations of this inverse. Introducing costs of supplies,
equal for all students per step (S), would for example simply mean
adding a constant to the curve.

Cost curves, as plotted in Figure 16 through 21 (pp. 165-170), were

computed from the empirical data. Three different measures of student
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time were used: 1) student time valued at zero, 2) student time.
valued at 5.15 Swedish kronor (1969) and 3) student time valued at
3.00 Swedish kronor per hour. In the second case wage per hour befors
tax in the age group l4~19 was used, and in the third case the value
of student time was assumed to develop linearly, from age at school
entry when the value was assumed to be 2zero to the midpoint of earnings
in the age group lh-19.l This procedure is less satisfactory than
the shadow pricing of the programming model; it treats all siudents'
time as of equal value whereas the shadow price derived in a programming
model would be inversely related to the time the individual takes.
- Shadow prices thus tend to flatten the curve as compared to the use of
mean values of foregone earnings.

Other costs were derived from the (ex post) budget of the Halmy
school system. Since the breakdown of this budget is rather detailed
and the principle is to credit costs to "real" rather than merely

-"accountant" entries it is believed that figures are fairly accurate.
The method is not flawless i£ mast be admitted; school space costs
are especially difficult to estimate. The costs can be itemized as
follows:

Teachers and other school personnel

Free school materials (books, stationery, and so on)

Equipment

1Source: Svenska folkets inkomster. Betankande avgivet av
laginkomstutredninzen, S0U 1970:34 ZThe Swedish Income Distribution,
Report from the Low Income Committee, Publications from Government
Committees, 1970, No. 34), (Stockholm: Inrikcsdepartementet, 1970),
p. 1010
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School Space
Administration
School lunches

School health

Busing
AV materials
Experts (e.g., consultants, educational psychologists, curators)
"Other"
The per student cost was calculated to 3.90 Swedish kronor per
period in §chool and adjusted downwards by subtracting costs of books

: and supplies (to be replaced by the costs of the IMU material) and

the difference between the cost of using a te;cher assistant and the
; cost of a third teacher. The per student cost exclusive of materials
b | and student time thus arrived at was 3.35 Swedish kronor per period
in school. As can be seen, even the'lower-of the two estimates of

student time (excluding zero) is almost as nigh. The IMU material

VISR L SAe s L Y

has a market price from which the cost per step was calculated to be
5.00 Swedish kronor for each student.
It can be seen from the graphs that the skewness of the time

distribution, as may be expected, has resulted in a sharp rise of the

MC curve (approximately for the ten per cent slowest students in this

sample). Quite aside from the obvious "social" arguments that can be
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mobilized for finding ways and means of reducing time differentials

among students, there apparently are also purely economic reasons for
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! wanting to do so. Depending upon the costs of reducing the time

differentials, this may or may not, however, lower the MC curve. If
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the MC-curve is not lowered when time differentials are diminished,
then in turn any eventual benefit change has to be taken into account

when making decisions concerning measures aimed at reducing the time

to completion for the slowest learnérs.

Relationships among Variables

In order to explore somewhat how the variables in the sample
relate to each other, a correlation analysis was used. Table 3 (p. 149)

shows the zero order coefficients for time to completion of the first

step, IMU A, with final achievement on the whole module; ability in
math;l verbal, non-verbal and total intelligence;2 father's or
guardian's occupation;3 family income; marks in selected school
subjects in grade 6 (spring semester) and grade 7 (fall semester).
The table also displays interrelations among the "iﬁdependent"
vﬁriables.

As can be seen we have the usual correlation in the neighborhood
of .4 to .7 among measures of school achievement. Remarkable is the
absence of a significant correlation between either family income or

father's occupation and any of the'other measures (with two exceptions

where r is quite low and not significant, with p < .0l). There is a
correlation between the two family background variables but smaller

than perhaps might be expected.

las measured by an instrument developed for the evaluation of the
IMU project by the Departyent of Educational and Psychological Research,
School of Education, Malmo.

2as measured by WIT III.

3as measured by the scale described on pp. 120-122.
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Time to completion of IMU A correlates moderately and in the
expected direction (r {0) with intelligence and with ability and
achievement measures—which is what Kim also found. Again noteworthy
is the absence of correlation with social background variables. - When
time to completion of steps B2-3, Cl, C2, and C3 was related to the
other measures it turned out, however, that the correlations mostly
were near zero.l For all versions of the C-step r was never
significantly different from zero (p {.05) whereas time to completion
of B2-3 correlates in the neighborhood of =.2 with most of the other
variables, as can be seen from the correlation matrix.

The structure of the correlation matrix raises several questions.
Why is it that ability as measured by time to completion of a learning
task does not correlate more highly with other ability measures? And
why does this already moderate correlation go down as new steps are

added. This decline and finally disappearance of a significant

correlation may have several possible explanations:
| 1) measurement errors
2) when students choose between the versions of B and C
they are thereby divided up in ability groups to some
extent, thus becoming more homogeneous within the chosen
groups |
3) when homewofk is introducéd, r becomes lower (homework, as we

recall, being permitted from step B and on)

lBl was not included in thevcorrelation study since only 10
students chose this version,
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L) explanation offered by the economic theory of utility
. maximization in time allocation.

One obvious source of measurement error is the possibility, not
to say probability that some students over-perform relative to the
criterion; in other words, we were not able to measure exactly vhen
they reached criterion and no more. From the correlation between
time to completion of A with the final test (r = =.46, see Table 3,

p. 149) it seems plausible that the slow learner show the least
overperformance. That homework could reduce r may entail (partly at
least) an aggravated measurement error, since students' reports on
homework probably are quite unreliable. Only 117 out of 171 students
reported any homework at all, but this is not conspicuously low,

since the policy is to reduce homework to a minimum in Swedish
elementary schools. One cannot be sure, however, that none of the
other 59 students learned anything at home. Also it is very probable
that reports in some cases of time used at home in studying mathematics
were guesswork rather than accurate knowledge.

Time at home in both B and C has a low but significant positive
correlation with the result on the final test, which perhaps supports
the "overperformance" explanation. Time spent at home in C, but not in
B, is also (positively and significantly) correlated with marks.

With all these explanations, it is still true; however, that the
moderate measure of r for the first, and more controlled, step is in
very good agreement with what others have found. Kim's study, for

vexanmle, was a more carefully controlled experiment in educational

measurement (which this study was not intended to be), yet his

444




137
correlations are only slightly higher than those reported here for

step A. It would be satisfactory to get a more powerful explanation
than the above 1) to 3), and we will now turn to economic theory and

see if it can provide one.

In the theory of timing in education, as laid out especially in
Chapters II and VI of this study, we have treated learning in schools
as a production problem using either a cost-minimization or product-
maximization approach. Student time has been treated as a societal
resource, and we have completely ignored the fact that students may
want to use their time in a different way. Following Becker's time
allocativn theoryl we may instead treat thé students as utility
maximizer's, restricted by a time budget. fThis was the approach of
Adelsas and Parti when developing a theory of student motivation upon
vhich they based a study of student verbal achievement.2 They viewed

the students' use of time in school as directed towards maximizing

a stream of present and future rewards, among which may be parentai
and teacher approval, expected future earnings, peer acceptance, and
leisure. For the following analysis we also add out-of-school time

and rewards associated with activities for which such time is an input.

e

Students are assumed to maximize utility functions:

(1) Max U (t) subject to

ST S e sy

lBecker, “"A Theory of the Allocation of Time."

v gy

2Irma Adelman and Michael Parti, "The Determinants of Student
Achievement: A Sinultaneous Zquation Approach" (unpublished manuscript,
Chicago: Northwestern University, 1971), pp. 2-8.
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where t = Yy e t‘n is time spent in activities 1 to n, and % is

_available time. Ve assume for simpliecity that physical inputs in those

activities are either freely available or not necessary. The student's

utility, in other words, depends only on how he spends his time. If

free to divide his time between school and non-school activities tie

student would, therefore, choose the time input combination that gives

him maximum satisfaction in very much the same way as a consumer

maximizes utility by allocating his given budget on different market

goods and services.

Let 4 = 19 *oo b be school activities, and t, =t ., <*°t be

non school activities. Then a necessary condition for utility

maximization would be

(3) ?gi_ )‘=o i=1ceeen

where )\ is a Lagrange multiplyer. It follows that

>\= ﬂ; El = 3Ej all i and j (independently of whether they

belong to the t_ or the % vector). In other words, marginal utility

should be the same in all uses of time, whether in-school or out-of-
school time.

Usually, however, the student is not free thus to divide his
time. He is restricted to use a certain specified amount of time in

school, which introduces two new constraints instead of constraint 2)

above,
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leaving the rest of total time for non-school activities, which may

be eipressed:
(5) Z by
j=m+l )

where t‘h is time available for out of school activities. We have now

the new necessary conditions, introducing Lagrange multiplyers /1 and {fL:

(7) {2 [n_ =0 :j=m+1 eee

When these constraints are introduced, marginal utility may be
(probably is), different for time used as inputs in school activities

and in non-school activities. We can assert, however, that

Ju___ -2y

atsj_

will be equal in all uses of school time (and equivalently for marginal

for all i and J, in other words marginal utility

utilities of non-school time as inputs in non school activities).
School activities do, however, as was pointed out by Adelmai and

Part,il include also "non-approved" activities. Daydreaming, looking

Mbid., pp. 2k
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turn of marginal cost curves, lieasured time, in other words, would

140
out of the window, playing tricks on the teacher, and similar non-
academic uses of school time may not per se seem to be very rewarding
as we see it, but the proportion of time used by a student in non-
approved activities must be seen in relation to the alternatives open
to hini, which may for him not seem to be very rewarding either.

From this theory we would predict, or at ieast find very plausi:le,
that students do spend some time in school in pursuit of non-academic
goals and that this time proportion will vary among individuals. .The
empirical time ﬁeasure in the present study is, therefore, a sum of
time inputs used in academic pursuits and time inputs used in non-
approved activities. Suppose now that the "true" relation between
time to complete a learning task (excluding, that is, all time spent
in school in non academic actiﬁties) and intelligence is perfect and
linear, ihat is, the "true r" is unity. If proportion of time spent
in non academic activities is unrelated to intelligence, we would
expect the measured r to be lower than tne "true r" because of the
introduced spread around thz regression lJ.ne More likely, perhaps,
is the possibility that highly intelligent students, as result of the
prevalent reward system in schools, would tend to devote a higher
proportion of their time to academic activities. Then non-linearities
would depress the measured r, which therefore will tend to go down
also in this case. If the proportion of time spent in learning ("true
time") as compared to that spent in non-approved activities will tend
to be larger for high ability students, we may here have an explanation

also of the skewness of the time curves, hence of the sharp upward
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tend to depart from time actually used as input in learning in such
a way that it will tend to overestimate time spent in learning more
and more as we move from fast and able students towards slow low
ability students.

If we now introduce nomework, it can be seen from equations 6 and

7 that measured r in all probability will departure even more from a
"true" relation, the reason being that the time input to be used in

homework has to be taker out of a different "time budget" altogether.

Let -a-— be the MU of time from "study math in school" and U

U
t Jt
0’ ® math h math
MU of time spent studying math at home. 1In general we will have
,. Qv 4 _du
; 2 ts ath
,‘ math math

(with equality only by coincidence, in which case (4) would no longer

‘ constrain the student). It can be seen that the student would add
: time in studying math at home only as long as the MU of doing so is
less than the MU of the alternatives open to him. In "equilibrium"

one would expect

; 2 U < 9 U

2 ts 3 t
¢ math math

The alternatives open to the student, when out of school (teasing

sisters and brothers, playing softball, eating ice cream, and so on)

are much more powerful competitors for the use of his time than

alternatives to academic work within school (dajdream:i.ng, scribbiing in
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textbooks, and so forth). Again his decision as to what to do, may

or may not relate to his intelligence, but in either case the result
of introdicing homework probably would be to further depress the r.
This is so since time in studying reported by the student would include,
in the same way as time spent in school, some time used in non-academic
activities. Because of the.much more powerful "distractors" at home,
this proportion would probably be higher than in school for most students.
At this point one might well wonder whether this complicated
economic apparatus is at all necessary or useful in explaining students'
use -of time, in school or at home. Why not simply say that students
are more or less motivated, for example, to study mathematics. This
is, however, to overlook a very significant part of the economic
argument. Besides, there seems to be some research evidence to the
effect that student interest is only a weak determinant of leﬁrning.l
The economic point is that the amount of time a student is willing to
spend on mathematics is dependent not only on his subjective evaluation
of the rewards of doing so, but also on his simultaneous evaluation
of the alternatives open to him. According to this theory, a student
may well answer a questionnaire in such a way as to indicate a very
high interest in mathematics; yet he may not be willing to spend very
mch time studying it, since he has an even higher interest in getting
peer approval by trying to bring the teacher close to a nervous break-

down (or in less obvious and therefore less noticed ways).

10arroll, “Problems of Measurement," in Mastery Learning, ed. by
Block, p. 32.
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Summing up then, it would seem highly likely that a hypothesized
relation between time in learning as an ability measure and other
ability measures would be clouded as long as we cannot measure the
exact amount of time used as an input in learning. As can be seen
this is in accord v_::i.th Carroll's treatment of time as "time needed"
and "time spent" in learning, which in the above analysis would be

equivalent to time actually used as an input in learning and time spent

in school, regardless of its use. Hopefully, the economic analysis
could also contribute by throwing some light on what would be involved
in trying to make time spent in school more nearly like time needed
*under ideal conditions,"——ideal, that is, in maximizing the efficiency
of in-school time with respect to the production of learning. The
above mentioned study by Adelman and Parti was addressed to exactly

this problem.

Predictability of Time to Completion Patterns

For the purpose of educational decision making there are two
problems involved in predicting time tocompletion of learning tasks:
l) e wish to know whether observed data will be approximately
repeated under similar conditions, and
2) We wish to know, in addition to thg above, approximately
where on the MC curves a particular student (or perhaps
rather a particular type of students) will be located.
Knowing that time-to-completion patterns are largely repetitive
for successive age cohorts would be a sufficient basis for many

educational decisions. Economic evaluation of teaching methods, where
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we are faced with an "all-or-nothing" problem, is an example; in other
words when only one of the evaluated methods may be chosen, it will
not be necessary to predict individual students' learning rate.
Determining student flow through a system would also be an example, if
a "proper" self selection by the .students could be assﬁmed. If we
want to target. certain measures to a particular group of students
within the distribution, say the 10 per cent slowest, without being
especially interested in who those. students are, it would also be
enough to know that a particular time curve could be expected
approximately 1_'.0 repeat itself.

Although the characteristics of the student body in the present

investigation are such as to make it very plausible that tne time

patterns obtained are not merely coincidental, we of course have no

basis for concluding anything about the stability of the time pattern

.fro:n the present study alone. . The negative correlation ovetween time to

completion and ability (as well as achievement measures) has been
shown in several studies, however, and should be regarded as established,
together with the fact that this correlation is rather moderate.

Repeated studies are necessary in order to investigate further the shépe

" of the time distributions, to see, for example, if the skewness is a

characteristic typical of such distributions.

Turning now to the second prgdiction problem, queries involving
allocation of "marginal" students within a system or betwéen systems
would require an approximate knowledge of who those students are. From
the last section of this chapter and from other research it seems that

the basis for such predictions is not very good. To illustrate the

)
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- sequence. The.skewed time distribution was shown to result in

5
point a plot was made of the cumulative frequency distribution of
time in IMU A and of the means for different intelligence groups (Figure
22, p. 171). We can now compare what would have been the result of
"prediction" of the time to completion distribution by perfect
knowledge and of using intelligence as a prediction instrument. As

can be seen, the agreement is not overwhelming.

Summary

In this chapter some empirical findings were presented. A
sequence of learning tasks in mathematics, taken by students in the
upper department.(grade 7) of a Swedish elementary school, was
investigated with respect to time to completion and these measures

were used for constructing MC cost curves for different steps in the

sharply rising MC curves for the slowest ten per cent of the students.
Time in learning was related to intelligence, ability and

achievement measures and time in step A showed a moderate, negative

correlation with these, whereas the correlation for later steps got
closer to zero and finally disappeared. A tentative explanation was
offered by applying an Adelman-Parti specification in time allocation
theory. Students were said to maximize utility by allocating some
time to studying mathematics end some to non approved activities,
measured time in school being a sum of time in those different uses.
Predictability was said to be low as far as individual time to
completion goes. Not all decision making, however, requires such

predictability--only a reasonable assurance of approximate stability

153
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in time patterns from year to year for successive age cohorts would
be necessary. Research has yet to establish the existence of such

stability.




APPENDIX

A RPN I PP

ERSR RPN

-
-
=
m
(&
o
&
@
oy
o
-
&
]
&
muv
=
(o]
g2
-
g

Dt Far it Sl AL R R e ST

D T AR LI SO L L PP
Ll i 03l S AT T e e ol @t D LD A it

CPRIE Sy

AR s




TABLE 3

INTERCONRELATIONS AMONG VARIABRLES
(zero order corrclation matrix)

S S

: 1 2 % 5 6 1
1. Time to completion, IMJ A .28 (.07) (.03) - =53 ~.29
: K 159 17 ne 1y 1P 2
ﬁ 2. Time to completion, 1M/ B2-3 .26 21 S U <130 (-.02)
: Ne n7 N6 159 159 9
: 3. I B Tioc at bome .52 (.1) (.0u) (~.01)
' _ K- ' s 17 17 02
; L IMJ € Time ot bome 210 (.13) (.10)
Ba 16 ns 1
$. Final test, first modul 68 .6
: 'S . U9 162
: 6. Ability in math, IMD . «5h
1 . .. 162

‘9. Intelligence total

11, Fardly income ‘ .
[}

N e sa e e A

7. Intelligence verbal

8. Intelligence non-verbal

10. Father's occupation

Harks Grade level 6
12, Swedish

3. H.ﬂ:hcnuca Na

u,. mu sh

15. Average of orientation

subjects
K
Harks Grade lavel 7
16. Swedish
. Ba
17. Mathematics, genoral
course
B
18, Hathcmatics, special
course |
Na
19. English, general courszo "
20. English, specisl course o
2. Avorare of oriontation
subjocts . o

( ) Coefficients within parenthesis are mot significantly different from zero
with p <.05. S .

#Starred cocfficionts significantly differcat from zero with p < 05.
A} other coufficients arv significantly different fivm gero with p & .0
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8 9 10 1 12 13 1, 15 16 17 18 19 20 )1

=43 w0 (L11) (LOX) w37 «50 =3k =36 =35 =l =37 (=03) -39 -6
162 162 16, 3170 70 170 1P 170 1B 45 125 26 Uy YW

: (.03) (,02)(-.06) (.00) =.15 =.18 (=.05) -=. h¢ =,26% -,20% (-,07) ~.00t (-.03) (-.19)
; 154 154 155 %% 159 159 - 159 159 159 35 xy 20 139 1y
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(.13) .1es (.11) (-.06) (.10)  .29¢ .27 (.4) .29 (.18) .25+ .58 .180 .25
m m o2 16 16 16 16 16 16 36 80 19 97 16

58,07 (-.08) (-.05) .¢0 77 600 65 .89 TR 91 (.26) .60 .70
162 162 164 169 189 169 169 169 169 4y 125 27 u3 19

. +58 6L (-.08) (.09) .60 .68 .53 .5k .52 .39 «55 (.26) .50 .57
i 2 162 165 171 1M 1M 111 1M In 15 125 27 U3 169

43 .23 (-.07) (.07) .64 .52 62 .56 .58 (.25) 47 (.30) .58 .53
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82 (-.20) (.09) .38 .50 L .37 W36 W 480 (.20) ) .47
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; (-.09) (.20) .60 .58 6l .56 .54 A6 56 (.28) .60 .59
! 157 162 162 162 162 162 162 40 22 2, 138 1062

8 32 (-.06) -.14 (-.20) (~.10) (-.0€) (- 12) (~+03)(-.04) (-.05) (-.12)
s 165 165 165 165 165 121 26 139 165

(.11) (.02) .16+ (.05) (.06) (03) (;10)(-.04) (-Go) (.25)
m- 1M ;e an 25 27 m

){ , 59 M B . A8 47 (24) .75 .85
J M m 1M 1M 6 125 27 u3 In
c80 0 W5, .55 .78 (.16) .53 .67
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: m 1M s 12 27w In
¥
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TABLE L
PERCENTAGE OF STUDENTS IN EACH INTELLIGENCE GROUP
N=162
Stanine Fean
points 1 2 3 L 5 6.1 7 8 9 |[Total| stanine
Verbal Part
'Sample 6 14.9 13.6117.9(12.3}22.8 17.9 {6.8 3.1 100 5.3
Expected |4.0 {7.0{12.0/17.0|20.0|17.0{12.0 (7.0 | 4.0 | 100 5.0
Non Verbal
Part
Sample 6.2 |7.4|15.4}21.0{16.7|17.9]12.3 {2.5 | 0.6 100 Le5
Expected |4.0 {7.0{12.0|17.0{20.0|17.0{12.0 | 7.0 | 4.0 | 100 5.0
Total
Sample 3.1 [6.8(11.1{18.5]22,2{21.6|11.7 3.7 1.2 100 4.9
Expected 4.0 |7.0{12.0}17.0|22.0{17.0/12.0 {7.0 | 4.0 | 100 5.0

Source of expected values: WIT III Manual

TABLE 5
PERCZNTAGE DISTRIBUTION OF MARKS AT THE END OF THE SPRING SEMESTER, GRADE
. LEVEL 6
N=171
Marks 1 2 3 L 5 Total! Mean
Swedish 2.9 20.5 | 42.7 28.7 5.3 100 | 3.1
Mathematics 5.8 23.4 | 45.0 20.5 5.3 100 | 3.0
English 1.2 21.6 139.2 31.6 6.4 100 | 3.2
? Expected 7.0 24.0 | 38.0 24.0 7.0 100 | 3.0

Source for expected values: Ldroplan for grundskolan (Curriculum for
Comprehensive School), p. 90.

4158
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TABLE 6
PERCENTAGE DISTRIBUTION OF MARKS AT THE END OF THE FALL

SEMESTER, GRADE 7.

N=171

1| 2| 3| & | 5 | Total | Mean
Swedish 1.8 |26.9 | 45.6| 23.4 | 2.3 100 3.0
Math G (N=46) 28.3 [23.9 | 34.8]10.9 | 2.2 100 2.3
Math S (N=125) 7.2 |24.0 {37.6] 25.6 | 5.6 100 3.0
English G (N=27) | 7.4 [25.9|59.3] 7.4 o'| 100 2.7
English S (N=143) | 7.0 |21.0| 42.7] 23.8 | 5.6 100 3.0
Expected 7.0 |24.0 | 38.0] 24.0 | 7.0 100 3.0

In mathematics and in English students study either a "genecral"
course with a more practical orientation, G in the table, or a "special"
course, which is more theoretical, S in the table. (With the intro-
duction of the IMU material, see pp. 120-124, this division has in
math become a mere formality.) Source of expected values: LHroplan
f8r grundskolan (Curriculum for the Comprehensive School), p. 90.
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TABLE 7
DISTRIBUTION OF TIME FOR COMPLETION OF LEARNING TASKS Il
MATHEMATICS. TIME IN MINUTES.
N Minimum | Mean | Maximum | Standard Skewness
Deviation
Time in.
school
A 170 240 532 1040 o 7
Bl 10 320 62l 880 168 -3
B2-3 159 240 629 1,40 173 .9
Cl 16 320 672 2000 L49 1.8
c2 L7 160 374 640 118 .0
C3 106 240 L34 960 - 135 1.0
Time at '
| home
g B 117 g | 104 535 99 2.0
c 16 5 06 | 340 79 .9
Sum of
time
f B1 10 | 328 629 915 173 -.8
! B2-3 -159 - 375 701 1515 169 1.1
c1 16 320 712 2075 461 1.9
c2 L7 L2 722 109 109 .1
i ‘ c3 106 240 514 960 140 7




Ve
[
[
T
:
v
]
i
.
¥
?
I
‘f.’
I
¥
3

9

AT

Number of cases
80 1

70 |

60 1

50 1

‘ﬁ
Social Group 1 ITA 118 I1T lissing
Per cent 16.4 L1.5 3.5

Adjusted
Per Cent

1::;?5::: 16.3 26.7 | 15.5

17.0 43.0

Figure 4.—~—Number of pupils with fathers in occupation groups I
to ITI. Expected per cent from Swedner and Edstrand "Skolscgregation i
Malmd," p. 26, showing the distribution for their whole sample of all
elementary school children in Malm§ 1968 (grades 1 through 9).
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50
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30,
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Income in 0~ 22,500~ 33,500~ L44,500-
Swedish 22,500 33,500 L1, 500
kronor (1969) ,

Per cent 20 L0 ‘28 12

Expected 27 | 30 21.5 | 2L.5

Figure 5.—Family income distribution. Zxpected values
computed from a sample by “"Laginkomst-utredningen' (Low Income
Committee), "Svenska folkets inkomster," SOU 1970:3L4 (Thre
Swedish Income Distribution, Report from the Low Income
Committee, Publication from Government Comiittees, 1970 Ho. 34)
p. 221, Values in 1969 Swedish kronor.
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Figure 6.——Student flow through a module of the IMJ material.
DT = Diagnostic test. The whole module is completed by taking an

evalunative test.
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H=170
Median é
Vean 6.
Hode 7.
Min. 3

Max. 13.

' St. Dev. 1.
/ Scevmess 0.7
b § 2 3 4 5 6 7 8 9 10 1 12 13 L,
80 ‘minute periods

Figure 7.~—Cumlative frequency distribution of time to
completion, IMU A.




157

3 8 38

AV
(=}

HREHOTEY
(]

N=10
: Madian 9
) L " Mean e
: 30 Mode 8
i 20} - . Min. b
l‘axo 'll.
-0
8

&

St. Dev.
10 Skewnuss

{
2 P 2 : z —_ : 3 2 2

1 2 3 L 5 6 7 &€ 9 10 1 12 13 U
80 minute periods

Figure 8.—Cumulative frequency distribution of time to
completion, IMU Bl.

e e camee,

P,

oo e g

-

~.

-~ \k")_

G RITLID py o~
'&1~ T Oy g s 0Dt Moy Py e o




SBEEO MY

St. Dev.
Skevness 1,1
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80 minute periods

Figure 9.—Cumlative frequency distribution of time to
completion, IMU B2-3.
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L Figure 1l.—~Cumulative frequency distribution of time to
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Med. 6.3
Fean 6.5 .
Mode 5.0
Min. 5.0
Max. 12
St. Dev. 1.8
Skewness 0.7

8
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80 minute periods

Figure 12.—Cumlative freguency distribution of time
to completion, IMU C3.
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Figure 13.—Cumulative frequency distribution of time to
compledion, INU C2, on a normal probability scale.
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Figure l4.—~Cumulative frequency distribution of time
to completion, IMU A and IMJ B2-3, on a semilog scale.




164

MU B2-3

.
W
—

30

50

SHZEOom-
)

7

95

98

[ 1 1 2 1 (] Kl 1

ok 5 6 o7 8 9 1.0 1.1 1.2 1.3

Log of number of time periods (€0 minutes)

Figure 15.,=~Cumulative frequencjr distribution of time to -
completion, IMU A and IMU B2-3, on a normal probability scale.
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Figure 17.~Marginal cost of step IMU Bl, S = cost
of materials. ‘
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Figure 18.—Marginal cost of stsp IMU B2-3, S = cost
of materials.
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CHAPTER VIII
CONCLUSION

The major aim of this study was to develop cost-benefit methods.
relevant to timing in education and applicable to educational decision
making. Output to be maximized was defined as skill learning, although
it was fully acknowledged that schools are in fact expected to "produce"
other kinds of output as well.

After a review of relevant learning theory and a discussion of
input and output variables in education, a ma:rginal cost model was
developed (Chapter III),- tracing costs from differential time that
students need in order to reach mastery on a specified learning task.
Various aspects of this model were then discussed and related to
mastery learning theory. In particular we were trying to find out
what some broadly stated societal goals of "egualizing" would mean
within the Timits of the presented cost model.

A mltistep approach was then introduced (Chapter VI); by analyzirg
a simple sequeﬁce of steps, one step building upon the preceding ones, we
were able to draw some implications with respect to the costs of
successive steps. The amount of time spent in learning at one level,
it was assumed, could influence time needed at later levels. The
programming model, which was laid out in the same chapter, generalized

the idea of time allocation so that we could analyze conditions for

optimal allocation of not only student time, but also, and simultaneously,
| 173
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the optimal use of other recources as well, such as teacher and
school space time. The objective function was a learning-production
function expressed as number of students taking specified steps, that
were either constructed or weighted to be equivalent and hence
‘ comparable. Restrictions on p;oduction were resources at disposal,
expressed in terms of "time budgcts" and a monetary budget.
Finally the theoretical construct was put to a partial test.
The empirical analysis was based on time-to-completion data taken in
a non-experimental learhing sequence in mathematics. The students
were allowed to take the time they needed to complete é step before
going on to the next level. Data on time required for learning a
sequence of mathematics tasks, and on mathematics ability, intelligence,
marks in school subjects, and family background were ob%ained for all
students in grade 7 in one school (13 year olds mostly; grade 7 is
the first year of the upper department of the Swedish comprehensive
nine-year elementary school.) The purpose of the empirical study was
twofold:
1) to estimate empirical MC curves in order to illustrate
the basic cost model developed in Chapter III;
2) to throw some light on the possible determinants of
students' time to completion.

The first task is quite straightforward, involving nothing more
complicated than the plugging in of economic data concerning teacher
cost, co;ts of -books and materials, and so on, even though, as might
be expected, there were some difficulties in arriving at accurate
figures for some items, this being especially true for the opportunity

cost of students! time.

s
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Time to complete the first step (IMU A) was shown to correlate
mo@erately with other measures of school achievement and with
infelligence but not with family background (family income and
father's occupation). For the second step (IMJ B) the correlation
with measures of intelligence and achievement was low and for the
third step (IMU C) it had disappeared. Two factors may contribute
to this decline in correlations; first homework is introduced
with the second step, and second, students select among options
after the first step and those options differ in difficulty. Some of
the most powerful of the determinants of individual variation in time
spent in learning evidently were not captured by the data collected,
but such determination was not the main purpose of this study. The
time distributions are important in themselves, regardless of what.
places individuals at various positions in those distributions. A
major finding of the empirical research was the positive skewness
of time distributions, resulting in a sharp upturn of the MC-curves,
approximately for the ten per cent slowest students. Whether this is
a general trait or typical of this particular sample only, or maybe
typical of learning mathematics, one cannot tell.

This and other studies show clearly the dilemma when trying to
ﬁse the time variable in order to “equalize" learning, whatever
meaning we would like to attach to this equalization. If the
tentative conclusion of this research is correct, that typically
time distributions are positively skewed, this fact would seem to
aggravate the problem. The slow learner will be left more and more

behind, that is the important fact of the matter; and those students
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who are in the skewed part of the distribution will be especially
outstanding in this negative sense. Often it is asserted that in
learning situations where time individualization is provided for,
competition between students would be minimized and the students
would presumably "compete with themselves" or with a fixed standard.
Is it not possible, though, that the slow learner will feel "out-
competed" by being left behind, with the same detrimental effects as
are assumed from compétition in more traditional learning situations.

A possible consequence, therefore, of introducing mastery
learning or other types of instruction allowing students to take
differential time, might be that the society would want to minimize
time differences, and thus aim certain measures towards the slow
students. In an economic analysis of such measures the marginal cost
curve of this study should be of some value, since we here have to
compare two forces workinz on the margin and in opposite directions:
a downward push since time for the slow students will be lowered (if
measures are successful) and an upward pull by increased costs for
those students. If present day school practices are technologically
inefficient, as is often assumed, this cost increase might be damped,
but insofar as equalization is the goal increase in cost could
hardly'be avoided. The possibility of over-all increases in efficiency
(at all levels and for all, or most, students) is another matter,
which introduces the much larger question of how to use resources
wfreed" by increased efficiency.

As pointed out in Chapter I, learning is a lifelong process

beginning before the child enters school and extending beyond the end
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of formal schooling. Applying our concept of step sequences to this

broader context, we may speculate on possible out-~of-school determinants
of time-to-completion patterns in school subjects, and on any further
effects beyond school. By widening the scope of the analysis we do, in
effect, examine the efficient use of time over a whole lifecycle,
placing school learning in a context of what precedes, accombanies,

and comes after schooling. It is evident, then, that one possible
explanation of the large variability between individuals in their time
to complete a learning task in school may be that for some individuals
the learning of pre-school steps is inadequate as an input in later
steps, taken in school. This lack of preparation may, furthermore,
accumulate with each step taken, if no remedy is provided. In this
sense the present analysis ties in with the whole complex of problems
related to deprived living, and the costs of minimizing time differentials
may be looked upon as compensatory outlays.

Similarly we may extend the analysis forward and speculate about
the possible results of learning in school when this learning becomes
an input in post-school activities. The adequacy of this input will
no doubt have a significant influence not only directly on the
efficiency of an individual's use of time at work and his possibilities
of enjoying leisure, but also on further learning through experience,
whether informal or formalized on-the~job training. 350 once again we
touch upon the nroblem of deprivation. In this brocad context the
opportunity cost of not taking remedial measures; if they exisﬂ, could

be very high indeed.’

lFor a thorough discussion of the concept of opportunity costs in

o Sl e
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The programming model gives some clues as to how resources may
be reallocated in order to be used more effectively. A good teacher
may bchave as if maximizing output in a way that comes close to what
the programming modecl describes, allocating her time and other inputs
under her command so as t0 cqualicze marginal products. Other teachers
may have to be instructed to do so.

Intuitively it might seem that the able students, who arc in
most cases also the fast learners are the ones who would benefit
mostly from an additional unit of any input. Intﬁition may, however,
be very misleading; whereas the fast and able learners certainly show
higher averare learning producis with respe?t to inputs, this may not
be true for marginal products. Some of the slow learners are, no
doubt, limited by poor genetic eandcwment, others, however, may be
hindered by lack of reclevant srior learning, at home and/or in ecarlier
schooling. In economic terms: prior investment in the human capital
of this category of slow learners has tecn low relative to other
students. In this latter category we might get relatively’ﬁigh
marginal returns to additional investment, at least if measures to speed
up their learning are taken early enough during the course of their
schooling.

The programming modcl, although operational in the conceptual
sense was not empirically tested and is, furthermore, not even testable

as it is now formulated. This study seems to suggest that future

general and as related to investment in huwan capital in particular,
sce: Mary Jean Bowman, 1'The Costing of Human Resource Developuent,"
in The Economics of Education, ed. by E.A.G. Robincon and J.E. Vaizey
(lew York: St. Martin's Press, 1966), pp. 421-450.
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research te directed towards this problem. That would, incidentally,
relate very neatly to work, now being done in economics of education,
directad vowurds estimation of school production functions. t is
clear that among thc empirical problems associated with the programming
model is a probable, non-linearity of the objective function. The
constraints are linear and hence in a form that is easily applicatile

empirically. In crder for the objective function is to be estimated,

we must, in the prasent "state of the art," be avie to put it in a
linear or quadratic form.

The theoretical conclusions that were derived from the programming

model would, however, seem te justify its existence, even thougnh it

might not be rfually explored empirically. This, after all, is a
characteristic the model shares with other economic treory. The most
important contribution of‘tﬁe programming model to an economic theory
of education seem to be the identification of marginal product cof
student time with learning rat2 and a shadow pricing of this time
resource that makes price proportional to learning rate, hence
inversely proportional to time spent in lc¢arning.

The immediate practical value of the present study seems to be
that it offers a tool for economic evaluation of different teaching
methods by an analysis of the costs of time in learning. We have
already, during the course of exposition, pointed out some considera-
tions for educational decision making when applying the marginal‘cost
mode}, of which some of the most important can be summarized:

1) We must have a thorough knowledze of the distribution of
time-tc-completion for the target population of students,

who may or may not comprise a whole age cohort.
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2) In addition to knowing the time curve we must in
some applications of the model also be able to identify '
individual students, or rather types of students, along
this curve.
3) Some students will, inevitably, overperform with respect
to -a criterion. This must somehow be accounted for in - - .
a final analysié.
L) We also assume that we have accurate cost data.
Difficulties of measurement and the cost-benefit approach
were reviewed in Chapter III.
It is to bte expected that when going from this oversimplified
model of the world to reality itself, we will have to make some
adjustments. We assumed, for example, that all students would
eventually reach mastery on a given step. In real life we will have to
deal with some fajling students, no cioubt, and the costs of those
must also count in an econonic evaluation. They contribute to costs
but not to benefits.
V'The present~-value-model of the costs of sequential steps has the
double virtue of being directly applicable in a straightforward way
and of supplying the decision maker with a large amount of information.
Especially valuable is the possibility we have of using the model to
control long term effects. These are, of course, the ones we usually
strive for in education; yet all too often it {urns out that
spéctacular new teaching methods do not have long lasting effects.

When we are using education to counteract cultural deprivation, for

. 488
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example, such a neglect may be tragic and run counter to the long-
ranging gdals society has set for itself with respect to welfare.

An ever growing proport.ibn of the population in most countries,
technologically developed or not, are engaged in formal education—
whether as students, teachers, or other school personnel. The concern
~of the present study is not with the very complicated problem of
allocation in the large of societal resources to education. The
question is rather, put in one brief sentence: How do we make the
best use of those resources once they are entrusted to the educational
sector? It was in the spirit of perhaps being able to throw some
iight on some of the problems involved here, that this study was
undertaken.
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