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A BhISF WOTE
The booklet on measurement malkes no claims on rigzor. The

purpose is very simply to zcquailnt the student with 2o few of the

more familiar fisures he may someday be asled to know,

On the mathematical side, the booklet does attempt to uake
one concept very clear, namely that whenever possible mathe-

matics uses what is already known to advance to the next notlon.

Those who are "purists' will very likely find the anproach
here »pretty much intolerable, particularly'the slaughter of the
circle, Those who czn abandon rigor without blushing will hope~

fully find merit in this presentation.

COIT'ENTS ON STUDENT PREPARATION

Aefore attempting this unit the student should have a fair-
1y sood zrasp of the basic operations with fractions and decimels.
and it would be more vleasant if he had at least a passing
acquaintance with TJ°, nothing more subtle than knowing that the
circunference of a circle is T[T times the diameter., (For nurposes
of this booklet it is acceptable, perhaps advisable, to assign

1T the value 22/7.)

GENERAL COINMENTS ON IETHOD

The booklet was written with a particular student 1n mind,
the student whose experience with mathematics has fallen short
of pleasure, Assuming that the booklet 1s being used with these
students, reading assisnments should not be made. In the first

place, the vocabulary was not chosen for reading levels common
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Lo many students trith A orolonzed history of mathematics rejection.
Gecondly, assigning reading to these students is often eguivalont
to ommitting the reading. The written sections should be read in

class.,

If there 18 reasgson to helieve that student rezction to seeing
many nages at once would he adverse, the materials may be handed

out a "part® at a time or sometines a paze at a time.

The questions marked "CTASS DISCUSSION" are in no circumstances
meant to be assigned to individuals., In most cases their intention
is to create student involvement by which, hopefully, small points

=

aboit a concept may be clearsd by the students for themselves,

As is true of all texthooks, the teacher should not feel that
the nrocedure is hindinz. Convinced that iavrovenments can ve made
or that procedures can be substituted, a teacher should jJjoyfully

reject the text.

STUDENT EQUIPIENT

The equimment needs of each student will be determined larszely
by which parts of the hooklet are oamitted, which parts are dons
as demonstration, and by which parts asre declared to be self=-
evident truths. No matter what is done, it will be required that
each student have a ruler (a foot marked by inches) at his disposal,
If the boolklet is taken seriously in its entirety, the following
egquipment will be needed for each student:

1« A rTuler

2. 20 squares, esch exactly 1 inch by 1 inch

3, 10 rectangles, each exactly 1 inch by 2 inches

RIC :
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4o 12 ri~ht triansles, sides forainz the risht angle

measuring i1 inch and 2 inches

5. 5 eireles, each 1% inches in diameter

5. A one-inch ruler (a rectangle 1 ineh by ! inch)

Aisktin~g the threats of paner alilrwvnlanes and sp»it-balls, it may
becone desirable to have the students verform the demonstrations
outlined by the boclilet. In this case 2 palr of scissors snould
also e included.,

Fretractors and conpasses are optional, ﬂnless the students
have a fairly sound hackground With thegse instruments, 1t is

1
advised that they micht do more to eloud issues than to heln,

COI'TENTS OF INDIVIDUAL "PARTS"™

pases 1 = 9
Class level will make one of three anproaches approvriate:
(2) Have the students nerforn all erercises as gilven.
() Demonstrate the c@ncegts for the class.
(¢) DBriefly summarize for the class,
There are two purnoses here: to introduce what ~oes on in
finding area, and to make the point that the unit we choose

5

Sor findins area is one of convenlence, not necessity,

pages 10 - 18

Dnce azain, class level will determine one of the three
approaches aentioned above. Choosing one approach for one part
should not be binding for another part.

Two concents will be introduced: We can find arez of a
rectangle by neasuringz length, and the area of a rectangle turns

O
FRIC

Aruitoxt provided by Eic:

184
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Aruitoxt provided by Eic:

o
et

o2t to be len-th times -ridsh, In addition the importance of
Specifying units is brousht out.

Tt tould be advisable to worl an evample or tiro belfore
assirsning problems since very few examples are included in the

student's hooXleil.

nares 19 - 27
I paper cutting is to be tried, this part most likely
lends itself best to the effort, If bewilderment persists

foilowling the presentation on names 23 =nd 24, several demnon-

.4

strations wmisht be helwnful, -iging very tel. and thin parallelo-

] h

ITSES .
It might also be advisable to emphasize the fact that
knowled~e about rectanzles helped to conquer a worse figure.

Once =~ain, if there is any suspicion that some students
nay not e ready for the exercises after the reading, present

several examples bhefore assigning problems.

pazes 28 - 31

The procedure is different from that in pazes 19 = 27. IF
the students seem confident about pages 19 ~ 27, it is hessible
that tﬁe area of a tfi“ﬂrle could be ~iven as a project with~-
out =ivin~ the students PART D. FART D of the booklet could then
bhe handed to them later as a summary of what was done.

The comment about examples before assignments prevails.,

pases 32 = 34
The procedure 1ls identical to that in pages 23 - 31. If

it is desirable +to give a project without first seeins the book,

"7



t-5
this is the best spot. PART E employs exactly the same ‘'constructing
a twin'" method as was presented in PART D. Allowing the student a
victory at this point would be in order.

Once again, examples before assignments,

&

pages 35-39

PART F affords milestones in ''mathematical slushiness.” At the
same time, falling back on "the end Jjustifies the means," we believe
that the abuses are worthy ones. The length of the figure appearing
on the top of page 38 1is /7 v only i1f one follows the not-so-straight
line running along the bottom of the figure; and the height is o
only at selected points in the figure. If the students appear to be
skeptics, cutting 16 ‘pieces of pie" instead of just 8 will result in
amazingly close results. In addition, this will suggest the concept
of "limit," the only justification for the procedure of PART F.

Statement number 2 appearing at the bottom of page 37 may move
toe fast for the student. If looks of bewilderment occur on the first
reading of the statement, it is strongly suggested thail the reading
stop, and remain at a halt until every student is confident that,
following the not-so-straight base, the length is indeed [/r.

For the last time, with a hint of apology, remember examples

before assigning exercises.
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COV L0y LITD AYISTIRn TO EHIDNCTSID

(Ly oage and nasher of exercise)
2 () Toomits 10<1 50 zguare 1aclies
2= (1) ¢ units 15=2 2 sguare niles
~(c) 3 units 18-3 5/2 sauvare lnches
b (2) 0 units 18-4 15 rards
B () 6 units 15-5 5150 square feot
Le(e) 12 units 1356 2 square yards (or
13 sgnare feet
5=-(3) 3 units
13=7 00,000 sguare yards
5= (D) L anits
, ot no
6-(c) 12 units
26=1-(2) 2 sgunre inches
7-(a) 1 unit
26=1-(b) 4 square inches
7={M) too difficult
26=1=(c) 1 square inch
7=(c) too diffienlt
o 26-1-(c) 1 =san~re ineh
O=(2a) too diffieule
ot this point 25-1=(e) 3%/4 sq. inches
8- (1) too difficuls 27=2 25 square co.
a2t this point
27=3 18 square fathons
9-(2) 10 units |
27 -4 312 square inches (or)
Ca (M) 2 units 13/6 square Teet
9-(2) 11 units 27 =5 ¢ yards
10-{2a) 18, 3, 6 27-6 50 yards
11-(D) 21, 3, 7, no, #move & 27 =7 50 square feet,
squere or imagine a G sguare feet
sguare
, 27-8 no

12-(b) 10, 2, 5

R aeasure lengths

O

ERIC ’ 9

Aruitoxt provided by Eic:
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shele() 2 sgunTe inches 325 25 inches
el ) 577 syuarse lneaes 30wb SE/7 sguare iaches
20 { ~ 3 AT T e £ ey T H r - 4 oy PR T
30~1-(c) 1 sanare inch H0=1 8 s3quare inches
30-1~(4) 3 sguarc inches 4=2 & sgquare inches
30-1=(e) 15/4 square inches Lo-3 5/2 square inches
31--2 6 square inclhes Lo-4 4 square inches
31-3 15/2 square feet 4i-5 22/7 square inches
31-4 10 feet L1 -6 11 =square inches
31=5 inTinitely many Li-7 8 square inches
31-5% there are no "correct" %18 5 square inches
ansvers - students should 7 )
look for right ftriansles L2.9 14 sguare inches
and rezlize that once 2
base is selected, the L2-10 66/7 square inches
heizht is =lso determnined 7 7
B L3-11 5 square thumbs
31=7 LOO square miles
7 Lh3-12 284/7 sguare yards
34-1 L square inches 7 7
o , 43-13 Ls furlongs
3-2 Lo/U square feet ,
43-14  (a), (c)
34-3 7/2 square niles 7
) ) “3-15 (b), ()
3Ll 30 square inches

h3-16 8 square feet
b5 7 yards
L3-17 22 feet

346 0 links
347 no, not if you are willing

to call a triangle a
travezold with one of 1its
hzo.ses equal to "O"

39~1 352/7 square cm.
3%-2 2662/7 square yards

3¢=-3 divide "e¢" by 27 to get
"r"; then evaluate [T r2

{' 30=4 193/t square feet

4 N0
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PART A

Choosinn a unit of measurement

Je want te measure area., As we did with lenath, we must
choose a common unit of measure. Althouzgh some choices for the
unit wlll make measurement of area easier than other choices, it
is also important that everyone agrees to use the same unit. If
they didn't, "3 'nits" could mean different things to different
people. (Imagine for 2 moment what would happen if everyone
suddenly decided to make his own ruler exasctly as long 28 he
pleased - the shortest member in your class might claim that he
was ten feet tall by his ruler, and another aember of the class
1izht insist that the football field wa. only forty-six feet long

by his ruler,)

With the unit we choose, a little piece of area, we will cover
the area we want to measure. The rules for covering the area we
want to measure are similar to the rules we use for measuring
length:

1. All the area we want to measure must be covered.

2, None of the area units we use may overlap each other.

3+ The area we want wlill be the number of area units we

used., (That is, simply count the area units needed to

cover the ares being measured,)

Our first task will be to choose a unit of area, Clearly
there are many shapes we could choose from., We could choose

any of the following: rectangle, square, triansle, circle, etc..

12
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Aruitoxt provided by Eic:

I,
different little
2 shape Tor our unit

=

Usinz the little

area, find the

areas

de will begin this

"chunkags®

search Tor a unit of area vy trying

of area., vaturally, we will choose
area which makes measurement of area eacsiest..,

rectanyle (not the square) as a unit of

of each of the following larser areas:

o I
(2)

Jhat is the area of the fimure above? R
(B}

The area equals

rectangular units.

13



(c)

The area equals . rectangular units.

Perhaps you noticed that in our first examvle we could place

the rectanpgles in "wo different ways without any trouble fittinz

them into the area to be measured.

Can we place the rectancles different ways in example (b)?__

Can we place the rectangles different ways in exanple (c)? __

You very likely asree that in examples (c¢) and (b) we must
he somewhat careful about how we place the rectangles. It doesn't

work all ways. In the following examples we shall try different

possible units of area to determine i1f any seem better than the

rectanzle.

14
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« Using the small

follcwing areas:

(2.)

What is the area

Can we place the

N

square as the unit,

of figure (a)?

square any wWay wWe Dlease?

pom—

(b)

The area is

square units,

el
Q
—

‘That is the area?
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Aruitoxt provided by Eic:

ITY. On the last paze we noticed that there was very little
need to worry =bout hoir e nlaced the sguare. It ap»pears that
the sguare 1is a convenient unit of area to use, at least wore
convenient than the rectangle which is not =square.

However, bhefore we make any aquick decisions, e should in-=

vestigate several other wpossibilities.

Find the a2rea of the following figures using the nit area

which is = trianzie:

(a)

Ahat 18 the arez ¢ the figure? _

Do we need to be careful in placing the triangles?
(o)

The area is ______ triangles.




(c)

The area is __ _ e e

Iust we be careful as to how we begin placing the triangles

in exeamples (b) and (c)?

1%

()Y



IV, Ie sh=211l try one more »ossible shape for our unit of

P

the circle, Using the unit ziea in the shape of o cirecle, find

=l

each of the followin<® arens:

The area iz

unit(s).

(o)
The area is _____ unit(s).
Is the cirele inconvenient for any reason?
(e) ’ y

The area 1is ___ _____unit(s).,

Are there still difficulties? ___

O

ERIC |
| 18
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Aruitoxt provided by Eic:

Fe)

"olint you have preobabhly decided that the square is
tihe most convenient shane to use as = unit of area, It has two
very desirable feshbures:

1. Sdguares it very nicely next to each other.

2. It makes no difference how we place the squares since

they zare as long as they are wide,

The =quare 18 not without its problens. Loolk at the folloiw-

ing figures and try to find their areas using the square:

(1)

Although the square doesn't malke all area problems easy,
we'll decide to keep it as our unit just the sane. In later
sectlions of this booklet we'll try to think of clever ways to

find areas of shapes which can't be covered neatly by squares.

19



find the aresms of ezch of

3|
[..Al
ot
3
=y

]

3
o
)

S

0

i

.
i

VT . Tadnr the ¢ quare unij

- = )

the following fisures:

", O‘

Area = uanits,

L as s——— v m T e ——

(b)

Area _units.

(c)

O

ERIC 9
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area of a rectangle

So far we have chosen a shape for our unlt of area and have
galned a pretty good idea about what has to be done to find the
area of a figure.

e are new ready to begin lookingzg for faster methods for
finding areas of fisures of different shapes. Je will begin

our study by looking at rectangles.

dJith the square unit of area, find the areas of each of the
folleowing fisures and answer the gquestions which follow. (You

should have 20 squares to work with.)

(a)

The area = ] squares.

How many rows of squares are there? — _

dow many columns of squares are there?

o1
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(b)
Area = _ - units.
How many rows of squares? . i;; A —
How many columns of squares? I

Jere there enouzh squares with 20 to cover the entire area?

hat do you do to find the area when there are not

enough squares to cover the area? __ e

You have very likely concluded that we can move the squares
and remember what parts of the area we have covered. 1In fact,
you probably realize that if we could remember exactly what area
we had covered, we could get by with using only one square. It
certainly is more convenient not to carry huge boxes of small
squares whenever we have to work an area problem, Perhaps 1t
would be most convenient to use only one square, e could just

keep moving it until we had covered the entire figure. The area

22




would simply be the number of times we placed the unit area on

a different part of the figure to be measured.

Using just one square, find the areas of the following

fizures, (If a pencil would help you keep a record of which

parts of the fizgure have been covered, be sure to use one.,)

(a)

Area = squares,

How many rows of squares?

How many columns of squares? _____

(1)

Area = _. sguares.

How many rows of squares?

How many columng of squares? _

23




In each of the last examples we have done there have been

)y

three guestions to answer, The first was to state the area. The
second was to state the number of rows, and the third asked how
many squares were in each row (how many columns). Looking back
we see that 1f we multiply the number of rows times the number of
columns we get the same number as that we found for the area. 30
it appears that we can cut down on the ammount of work we need

to do. 'e don't have to cover the whole figure at all, '‘ie
simply need to find a convenient method for finding how many

rows and how many columns there would be. We have the following

formula: 7 7
AREA = (number of rows) times (number of columns)

Harlier we talked about the inconvenience of carrying a box
of squares along whenever we need to find area. laybe it isn't
even very handy to carry one square in a pocket. For one thing
it is very likely to br-ak whenever anyone sits down too hard,
and it isn't the most convenient thing to carry. We shall now
attempt to find area by using only a device to measure length,
We will have a short "ruler" which is exactly as long as an edge
of our unit square,

Try to find the area of the following figure using only the

short "ruler", (Remember the formuia we mentioned on this page.)

Area

squares,




CLASS DISCUS3ION wWhat did you do to find area?

“e now see that we can find the area ol a rectangle by
zeasuring length. 'Tith the very short ruler we used 1t was
necessary to Xeep flipping the ruler end over end, first along
the top to find the number of columns and :then along a side to
find the number of rows, Ilultiplying these two numbers toge“her

zave us the aresn,

Now take out a ruler (a foct marked off by inches) and find
the area of the same figure, You willl find th..t the ruler is
lonz enouzgh so that we don't have to keen f'lipwvwing our measuring
device end over end, If we had to measure very biz rectangles,
we would very likely use a tape measure 1lilie ones carpenters

use,

Je also notice that the number of colums is simpbly the
“length" of the rectangle, and the numbexr of rows is the "width"
of the rectangle. e can now restate our formula as follows:

AREA = Length times Width

If we wish to become still more brief, we can agree to let
the letter "1" stand for lenzth and the letter "w" stand for
width, Letting the letter "A" mean area, we now have:

A =1>xmw "x" means "times")

This formula allows us to measure length and width to find
out how many squares it would take to cover a rectangle. It makes

area much easier since rulers are easier to handle than squares.

29



Up to this point we have all been usinz the same si-e square.
‘le have expressed area as simply beinz a number of sguares., .Je
have used a square which is one inen long and one inch wide,
Zut our small square isn't always convenient. If you look in
an encyclopedia you will find that the area of a state is usually
Ziven as a number of '"sgquare miles". This means that the unit of
area belng thought of is a huge square a mile long and a mile wide.
On floor plans for houses and other buildings the floor area is
usv2lly ziven as a number of "square feet", This means that the
unit of area being used is a square a foot long and a foot wide,

Je have been working with the "sguare inch®.
s a

We measure length using many different units such as foot,
cercineter, yard, furlonz, or mile, Units of area have the same
variety such as square foot, square centimeter, square yard,

square furlong, or square mile,

Then telling someone about how much area we have it is very

important always to also tell what unit of area measurerent we

are using. If a floor is 10 feet lonsz and 13 feet wide, the area
is 130 square feet, not siamply 130. If a ranch is 5 miles long
and 6 miles wide, the area is 30 square miles, not simply 30.

ust to zive a silly example of what could happen Lf no one cared

Ly

about what unit was beinz used, a contractor might tell a customer
that he will build a house for 310,000 with 1,500 units of floor
space. After the contract is sirned the contractor mi~ht build

a beautiful doll house with 1,500 square inches of floor space.

26
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Lookinz back at the problems you worked so far you will notice
that the lenzth and width always came out very nicely. Using the
small unit square once azain (the square inch) try to find the

ares, of the following figure:

You will notice that it is impossible to cover the figure
conpletely without either cutting the figure and changing its
shape or cutting unit areas and placing the pieces in a way which
will cover the fimaire, Yo matter which of the methods you choose,

you will find that the area is 10 square inches.

1 1 1 1
1 1 1 1
% ‘ % % x

The happy thing about this example is that the area is still

length times width, (2% times 4 = 10)

O

27



SsUITARY  (area of a rectangle)

1. Finding area is really a matter of findin< how =many unit

areas will fit on the figure we wish to measure.

2, In the case of rectangles (squares are alsoc rectangles) we

can measure length and width and nultiply the two numbers to

obtain the area.

3. He must alwsys be careful to tell what nnit of area we are

usins,

Lk, Even thouzh the lensth and width are not whole numbers, our
i} 2

formula (A = 1 x w) still swrorks.

28

17



b=
e

LERCISES  (be very careful to watech which units you use)

1. Find the area of a rectanzle whose lenzth i1s 10 inches and

width is £ inches.,
2. Find the area of a square ranch which has a side 3 miles long.

3. Find the area of a rectangle whose length is 4 inches and

width is 5/8 of an inch,

h. 4 rectanmular field has an area of 450 square yards and a

length of 30 yards How wide is the field?

5. Jacl wanted to know the area of the grass he would have to
cut. The yard was 120 feet long and 60 feet alonz the street.

In the center of the lawm his mother had 60 square feet of flower
sarden. The house covered an area of 980 square feet, What was

the area of the lawm?

6. Pind the area of a slab of concrete which 1s 3 yards long

and 2 feet wide,

7. Find the area of the field pictured by the following diagram.
(Mote: You may wish to think of it as several rectangles placed

close together,)

e 200 yards - 200
T yards
100
yards
€— 600 vards —>
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Area of a bparallelozram

P to this point we can find the areas of rectansles and
sgquares. Je have also found an equation or formula that helwns

us find these areas by a very sinple procedure

out there are other rather common Tigures hose areas are

b=

often wanted. Closely related to a rectanzle, but not 2 rectangle
is the parallelogramn. If we rant to describe a parallelogran
carefully, we would have to say something like this: "4 paral-
lelogranm is a four-sided figure with two pairs of parallel sides,"

A poor definition, but one which may be helpful, misht define a

varallelozram as "a rectanzle which has had an accident

The followins are parallelograms:

/
%

ERIC

Aruitoxt provided by Eic:



It would be very convenient if we could simnly measure two
of the sides of a nmarallelogram and =multiply to find area as we
did with rectangles, but sadly this does not work with parallelo-
grams mhich ¢re not rectansles, The followinay pistures should
convince you that the arez of a parallelozran denends largely on
Just nhowr mueh it has been '"pushed dowm™ frow heing a rectangle.

All the followinz parallelograms use the same lencths for sides.

>

In the next pazes we will try to think of a sneaky way to
find the area of these fisures. If we can, we'll use what we

already know abouc rectansles,

ERIC !
31



first, we will list some of the thinzs 21l varallelosrais

seem to have in comuon:

A parallelogram i1s a four-sided figure which has:
1. opposite sides ey 2l and parallel
2., opposite angles equal

3. the sum of all anmles equal to 360 A~nrees

If we cut tThe parallelogran and move parte of it around we
will not change the area, only the shape. 'le bezin by drawing a
dotted line from one of the wider angles directly to the lonzest

slde that doesn't help wake that angle,

Next, we cut the warallelozram alon~ that dotted line,

(You will notice that if the dotted line is made as short as

possivle, cutting the triansgle away from the parallelogran leaves

32



benind soaethin; which looks very mmuch like the end of a2 rectantle,)

for our nexzt step we will move the triansgle to the other end

off the parallslograil.

Futting it in place, we see that e sinmnly have 2 rectanzle
wnose lencth is the bottom of the orisinal parallelosran and -rhose

width is the dotted line.

S0 far 1t appears that we have a formula for finding the
area of a varallelogram. If we decide to call the botton side
the "hase" and call the distance froa the base to its opnosite
side the "height," then ARBEA = Base times Heilght.

(Note: There is really no <ood reason to tallk about base and
heizht instead of calling the two measurements length and width,
Our only reason for doing this is that many mathematicse books do
it this way, If we wanted to tallr about the base and height

of a rectanzle, our formula would become ARIA = 3Base times Height.)




sefore declaring thei e have the correcct formila

look at a few somerthat stran-e parallelosrans,

have o very short base and are very tall:

In such cases it is not always
possible to draw a line per»endicular
©0o the hase which moes to the opposite
side. To gzet a zood idea as to that
the nhelzht shouwld he, we inagine an

]

exitension of the base tthich zoes

far enough to come beneath the hizhest shar» an~le of

The heisht is then the distance
from this anzle to our extended

»

base line.

Nezxt, we cut vertically throuzh
the parallelozram to make two fi-ares,
both parallelogsrams, which look

exactly alilke,

ERIC
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Je then nlace the trio Timires /
alon , side each other., e
noir have =2 netr oarallelocram,
L4
Its heizht is half the heisht |

of the one we be~an with 2nd its base is tilce a8 long as the
hase of the one we besan with. The important thing is that our

cutting and re-=shaping doesn't lose or paln ares.

our parallelogram now behaves nicely as the first parallelo:

gram we looked at. To find area

we siunply have to multiply base

times heizht.

'he base 1is 2 times "b",

/

znd the height is half of "h", P oy
Fult.plyinz, we zet AREA = 2b *x h whieh is just b x h, exactly

what we hoped Tor.

There are worse examples that we might have chosen. The
Parallelosram could have had such a short base and could have
been so tall that even after making two parallelograms and put-
ting them together the new parallelogram would still be too high
to handle like our first example., In that case we would then
cut again and do the whole thinz over; after the second cut we
would have a parallelogram with base 4b and height h/4, I that

one were still too tall and thin, we would do the same thing again,

CLAS3 DISCUSSION: Is it possible to have a parallelogram so tall
that it would be impossible to cut often enoush to make the re-
o ult look lilte the example on page 227
ERIC -



e haven't »roved that our foraula for a parallelosras is
correct, and we certrinly haven't looked at all possible shapes
and sizes of narallelo~rrams, but the evidence in favor of our
formula looks wvery strong. 3o, we shall declare that the rule
for finding the area of a parallelozram is the following:

AREA = Base times Heisht

A = b x h, if we »nrefer a statement that loocks brief.

Jefore going on to problems, we shounld look at one more fact
about our formula, It turns out that it doesn't make any differ-
ernnce which side one chooses to call the "base™. (If it did make

a difference it would e shocking indeed.)

The following two pictures

show different choices for h
"base" and "height", 3oth vi
choices ~ive the same answer. —>
(If you have doubts, you should i}
measure in both pictures =rith

your ruler and multiply to see ~ _

that the answers are the sane.
If the answers are a wee bit

different, yow may blame your ruler, not the formulail)

BEquz1ly important is to

renember that once yvou have

gelected a "base'" you have just Lo

<

one choice for "heirht", The person who worked the problem above

will come out with a rather sour result.
Q :
ERIC |
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ENERCISLES

find the areas of the following fisures,.

1. Using your rulers,
(If you know how to construct permendicular lines for the
“height" and if you have the necessary tools, you will perhaps
aget closer results., If not, you should consider your ansver
correct if it comes fairly close to what your teacher tells you,)

o B i



2. Find the arez .of 2 vnarallelocsram with base 35 centimeters

and hei-Nt 7 centimeters.

3., Find the arez of a »arallelozsrz1 with base 3 fathons and

height &6 fathoms.

Lk, Find the area of a parallelogram with base 2 feet and

helsht 13 inches.

5. A parallelosram has an area of 36 scuare yards and its base

is 4 yards., How hish is the parallelogram?

6. The city of Sandblast was staked out durinz a severe dust

storm by a2 city engineer whose equinnent had blown away. After
the city was bullt it wae noticed that all the streets were pearal-
lel with those =~ block over but that every block was in the shape
of a parallelogram. Zach block had an area of 5,000 square yards,
and each block was 100 yards lonz. How "deep" was a block in the

city of Sandblast?

7. CLA33 DI3CU3SION If four sides, two of them 10 feet long

and two of them 5 feet long, are used to make a parallelozranm,

what 18 the most area the parallelogram could have? __ —

what is the smallest area the parallelogram might have? ___

8. CLASS DISCUSSION If you Xnow how to find the area of a
parallelozram, is there any need to remeaber the formula for

finding the area of a rectangle?

a8
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PART D

Area of =& triansgle

Finding the area of a triangle 1111 L ~me surprisinzly

easy by usingz what we now abaut'parallelgxramsg Je will bezin
by defining "“base" and "height” for a trian~le., Once again, e
will allow complete freedom in picking any side as the base.

3ut once the hase has been chosen, the height will be the distance
from the anple not touched by the hase to the line on whilch the

base lies., The following pictures of the same triangle show

different choilces for '"base" and "heizht «

N

"

.
=
i

Sometimes it is convenlent to be a bit fussy about which side
is chosen as the base. This is especially true in the case of

a “"right triangle," one which has a right antle or sguare corner,

if harder ‘*ag\‘&k

ERIC b
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Je are now ready to ind
a Tormula for the area of a

trianzle, Lookx at the triangle

to the risht.

Instend of molesting

this triangle by cubtting ; A

| ‘-
it apart, we will malte an | s S
ernet duplicate of the triangle. E 5

loving the nevw triangle

into place forms a parallelosrau

with a hase the same as the base
of our orizinal triansle and a

height the same as the height of

our original triangle,

Jle already %Xnow how to find the area of a parallelogran,
‘le must multinly the bhase times the height, But the paral-
lelogran is exazctly twice too biz. Therefore, if we want the
area of the trisngle, we must divide the area of the parallelo-
aram by two. So it appears that the area of a triangle is
given by the formula:

AREA = Base times Heizht divided by two

b x h or ARIA = “bh

&
g
g
(!

48]
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1. Pind the z2rexs of the following triansles. (Use just a
ruler. If yor desire better answers by using tools to construet
lines pernpendicular to the base, you may do so., In most of the
ramnles your eyves will he accurate enoash, I your answver i3
very close to what the teacher xives, you nay consider your ai=
swer correct.)

"/ N\

(e)

(d)

ERIC
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2 The sides of a trisnsle are 3 inches, 4 iaches, and 5 inches,

F

Jhat is the area of the tiriansle? {(You will “ave to drair the

trian~lce first.)

3. A Ttrisngle is 5 Teet lonz and 3 feet high., ‘That is its area?

L, The area of a triangle is 25 square feet. The base is 5
feet, Hdow hizh is the triansgle?
5. CLA3S5 DISCUSSION dow many AdAifferent triangles are there

3

1Tith area 25 sguare feet @nd base 5 Teet?

If you had no tools foxr constructinzg

[}
O
]

&. CLA33 DI3CU33ION
nerpendicular lines to ziven lines, thich cholces would you
nake for bDase and heizht in each of the followring exanples?
foter If the entire class disazrees with you, don't let it

bother you, Ferhans your eyes work difrferently than theirs,)

/

5 ] Z

7. ind the area of T «~——20 miles —Ap>
the figure to the _ 1

N

\H_j‘
O‘

?i,—-l'
SN

Tricht, l<

— 50 miles - —

s
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The trapezoid is, 2t first glance, & somewhat peculiar-~looizing
Tfizure. It may he thousht of as a rectangle whichh has been in-
volved in an accident, this time in a rather terrifyinzg =ziccident.
To define what we mean by a trapezoid, we would probably say
sonething Jlike this: A trapezoid is a four-sided fisure with

two parallel sides.

As we did with the triangle, we 7ill begin by naming the
parts of the trapezoid. 'Je call the t=7o0 parallel sides the
Tfirst hase and the second hase, and we denote themn with letters
1 and bz, The heizht, h, lis the distance betireen the two bases.
(LooXkx at the followingy examples.)

A

b
1
hs we have been doinrg, Ve shall attenpt to make the problem
%
of findings the area of a trapezold look like something familiar.

RIC a4



je do very much the saue gori of thia: that we aid in the
le, Je be-in Hy wmelking an identical twin To

our lonely Ttrapezold,.
L [~ S

by o ' by

Yext, we flin our new trapezoid over, spin it ~round, and
push it next to our orisginal trapezoid.

b, P

_ : _ bl '”'"bg”

The result is absolutely delightful. Once again we have a

parallelozram. The lencth of its base is b1 + b ts

Hi

and

ixY]

heizht is simply h, the height of our original tirapezoid. e
know the area of the parallelogrsm, (b + bz) times h. This
area is twice too Dir since it is the area of two trapezoids
which look exactly alike. To zet the area of our trapezoid we
must divide by two. This gives us the formula we want:

AREA = (bq + bg) X h

e
(]

£

Once azain, we were able to use what we already knei.

ERIC
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I+ Find the area of parallelozran with bases wmeasuring 6

inches and 10 inches and vwith heizht 5 inches.,

2., Find the 2rez of a trianzle with a base of 37 feet and a

heli=ht of 7 feet,

Je Pinc the area of the trapezoid pictured by the Tollowins
scale drsitin-- VA T -~

1 mile —

Ly that is the area of 2 trianzle with a base of 10 inches and

a heilzht of & inches?

5. If the bases of a trazpezold are 5 yards and 15 yards and the
area of the trapezoid is 70 square yards, what is the heirht of

the trapezoid?

Q

5. If the area o: a travezoid is 48 sgquare links, its bpase(t! -
lower base) 1is 12 links, and its height is & links, what is
the lensth of the other hase?
NOTE: Don't feel gad if you can't make sense of this problem,
Soie of you may insist that we're not really talking ahout a
trapezolid at 211, and you are perhapds correct. The reason for
Ziving this problem is to make it easier for you to discuss

(Q

exercise 7,

7. CLA3S DIS3CU33I0H If ycu know how to find the area of a trapezoid

do you need to know any of the formulas which appeared before this?

ERIC |
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Aren of a circle

Findin~ the arez of 2 circle »Hresents a Tew wore vdroblens
tnen the fi-~nres re have studied so far. It is not very easy
to Tind the =2wve~ of a cilrcle »y coverinzg it -rith little sgurare

ongliderzhle amount of

3

units of =1rea. Ie <rould have to do a

cutting and prooably a sood deal of suessing.

3efore re try to cut the circle and mnize it look like some-
-1

thing f2ailiar, te shall name some of thie narts of the circle and

remind ourselves of a few relationships.

(2) The distance through the
center of = circle is called
the “diameter." ‘le usuwally
use the small letter "4d¥ to

nean "dianeter“,

(b) The distance froa the center -
of = circle to the edxe of the circle is called the "radius",

. q - .
znd we usually use a smell """ to mean "redius,

: )
(c) The discance around the circle-is called the "circumference

Je nrsuelly use a small "e¢¥ to mean the "elrcuaference

On the next page we will loolk at some important relationships
whnich exist between the parts of the cirecle which we have Jjust
named.,

of "e," "d,"” and "r," the longest line is __ and the
s@ortest is ] .

ERIC 45
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If you are net faallizr with one or more of the Tollowring

{

miles, nerhans you, o vour teacher, couvld perifor™ a Tewr neasira=

ments to convince yourself that the rules seen sond,

RULE (‘L) d = 21

In other wortls, the diameter is tuice as long as the radiuvc,

If you didn't alresdy know, T is =z number which 1s about 22

7
or, if you prefer decim2ls, [/ is about 3,14,

=

fule () szays that the distance around the circle is always

exactly [][ times d, This rule is =z ~ood one to now becauvse it

is usually easier to measure "dY than it 1s to measare "c".

RULE (C) ¢ = 2Wr

If you =~xree that rule (3) is true, then you can easily see

M

Au

that rule (C) is also true by siaply reploacing "d" by "z2r".

e will now begin to look for a method for finding the arez
of a circle, e will think of the circleras a pie. Our first
task will be to cut the pie, much .lke youiie used tc seeing a
pie cut. :

To make sure everyone does things th§ samne, we will start by
cutting the pile in half, aaking ,  -

sure that the lnife zoes straicht -/ffg

m

through the center of the »ie,

The Mnife cut looks just

like a dismeter for our circle.

O

LRIC 16



37

Vext, we 1will eut the »nie arezin, maling four pleces of

equal size. You wwill notice

A
of
[}

that eachh plece of nie has

sides equal to "r,"” the radius.

£

If we ant to, we can cut

o

ferr nore times o that each
of the nieces 11¢ just had -rill
be exactly cut in hwalf, This

will t-lte two nore disneters.

e are nour ready to take the pieces of »nie and try to put
them cozether in such a way that will make the ares of all the

pieces look like somethin~ familiar,

ou probably agree that the fizure above looks like a badly
bruised parallelozram, Ifo natter hou many times we would cut the
pie, e would never get & perfect parallelogrom, but cutting
-that seems to look like a par-llelogram. Several thinsgs would
always be true, no matter how often we cut:

1, The heisht of our damasged parallelogram is roushly "n "

2, The length of the top edge added to the length of the bottom
edme zives us [[d. BSo the length of the base is ITd or Tir.

O

ERIC .
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Je alxresdy lmow how to Tind the area of o porallelosrar,

JJe must vaze the lensgth of the bhase times the heisht., In this

case e must talre Tlr tizes r, ziving us T7r2.

e not have a foraula for the are=z of a circle,
. ,

ARDA = ﬁ r

You shouldn't feel surprised if you think that what was said

er

oout the area of the circle was sneaky and not at all accurate.

mven tnousn the plctures here are not very convineing, it does

turn out that we have the correct formula., If you wish, you mey
et 2 circle into many more than eizht pieces to see that the
more Nieces we mzke, the smoother the ton and botton edxges of the
parallelozram become, In fact, the more pieces we use the more
our parallelocram begins to look like a TéCtiﬁg%é with length
"TTx" and width "r." If you doubt this, you should take a ruler

end experiment with some circles. (You will very likely also want

to use some tools to help make the pieces accurately.)

ERIC ’
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STERCISES

S

-

Lo #ind the =2vea of a circle 1ith a radius of 4 centimete

Jhat i the arez of a circle with a diameter of 22 yards?

J

cle, hot would

H

3. If you are given the circumference of a ci

you Tind the area?

s

. Find th2 arez of a2 circle "71ich has 2 radius of three feet,

5. The area of a circular table is 516 square inches, That is

its diameter?

o

6. ‘hat is the area of the markedrezion in the followinz fi~sures?

O
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11, Find the area of a trianzle whose base 1s three thumbs lons

znd whose hel~ht ‘5 four thumnbs,

12, The cireumference of the outside of a circular race track is

Ll yrrds., The track is one yard wide. fhat is the are~ of the track?

13. The ares of a btrapezoild 1s 50 square furlonzs, one base 1is
g5 furlon~s, and its heizht is 2 furlonns. ‘hzt is the lenath of

the other bzasc?

14, “hieh of the followine parallelograms are rectangles?

(W)Y

(2) Tbase inches, side 4 inches, area 24 square inches
(1) Tbase 5 feet, side & feet, area 25 sguare feet

(c) hase 3 miles, side 5 miles, area 15 square miles

M

(d) ©base 2 feet, side 3 feet, area 6 square inches

15, 'hich of the following trapezoids are paralleiograms?

(a) first base 3 feei, height 2 feet, area 4 squaye feet
(b) first base = feet, heisht 2 feet, area 6 squeare feet
(e¢) irst base & inches, neizht 10 inches, area 10 square ft,

(1) first base 2 feet, heisght 6 inches, area 1 square Toot

1%, A square has L-foot sides. 3y Joining the mid-points of
each side with midpoints of sides not directly across the =guare
we form a smaller square inside. Whaco is the area of the smaller

square?

7. A house with all rectansular roomg has 1,000 squarz feet of

=

actual floor space. The Xitchen has 13@ sq. ft., both hedrooms

are 120 saq. ft., and the bathroox is .0 sq. It. The rather

larse livine room is 25 feet long. ch'wide is the living room?
Q . /
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HOl. TGO USE THIS BOOKLET

STUDENT BACKGROUND
e e et e ety as

Rach student should know how to plot (graph) points in a cocrdinate plane
in all quadrants. How well he is able to do this is not important, as it
is *the intent of this booklet to provide the student with a frash and
enjoyable approach to strengthen his understanding of graphing. It is also
suggested that the students be expcced to terms that apply to graphing
(e-9., abscissa, ordinate, quadrant, etc.) They should also be able to
reCognize orxdered pairs in table form orxr in the form (x,y).

FORMAT OF EOOKLET

Section A - contains five grid sheets (coordinate plane tsheets) for
graphing pictures. If the answer sheets are to be used
for checking purposes then these grids must be used.

Section B - containsg thirty directicon sheets (two per page) for graphing
pictures. It is suggested that the two sets of directicons
be separated by a dotted line so each set of dixections may
be used as an individual exercise. Direction sheets are
arranged in ordex of difficulty (easy to difficult).

SeCtion C - contains an answer sheet for all direction sheets. These
may be removed fxom booklet and thermofax overlays made
of each for ease in checking students' work.

AppITIONAL SUGGESTIONS

A. Teacher-selected directions may be pulled from the booklet before the
unit is started for the purpose of evaluation of students' progress.

B, After the first graph is completed, it may be desirable t» provide:
different students with different directions. This will aliow for
individual diffevwences and will provide a greater feeling of mystery
as each student discovers the picture his directions reveal.

C. A sufficient number of direction sheets have been included so that
the teacher may choose those exercises which best fit his or her
class, It i3 not intended that every student complete every graph.

D. As students develop skills in graphing, they should be encouraged to
make their own directions for a picture they have wmade. Thesz2 graphs
could then be added to the booklet for use with other classes or for
further extension of this booklet.

T. A child's coloring book is an excellent source for additional ideas
for pictures.

F, Necessary materials:
1. Plenty of graph papexr which has been made from the grid shzet in
the booklet,
2, A ruler for each student.
3. Direction sheets.
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CEY 10 PICTURES

] mmmmemmmmmmcmeeammea—meecmmn————— JET

2 mmmmmmmmemmmme e —cmmecmmeae BLOCKS

3 mmmmm e e—————— e PEACE
N LAMP

B wmmmmemmmmem—mmm—emmme—e e MICKEY MOUSE
6 mmmmmmmmmmmmmmmmmmmemmm—=mm—e—.— = TELEVISION SET
y 2O MASK

8 mmmmmmm e m— e — e CANDLE

Q mmccmmm e m—mm—cmcmm— e —m——————— SAILBOAT

10 ~memmemmm——cme————————— e A E MILK BOTTLE
SR LANTERN

12 =mmmmeemmmmm—mmmmmmm e CAT

13 wmmmsmmm e m e —m————— e e ————— COFFEE POT
. S — STOP SIGN

15 cmmmmmmcemc— - ——————————— WATERING PAIL
16 —cmemmmc e ceme——mm——me———m———— PIG

17 ~mmcmmmmmame—eeem—me—m—— e —— FLYING FISH
18 —cmmmmmc—m—emeeemmem—m————e——— TURTLE

19 wemccmmccmmm e —m———— e — e ————— GOLDFISH

20 ~mmemmmmmmm———m—m—————ammm e memen DUCK

2] mmecmm e e —m—mmm——tmm—————— WINDMILL

22 mmmmcmmm e ————————————a PARROT

23 mememmmccmm—mcmeeeemccm—me————— OWL.

204 mcmec e —m e e —————m—————— SEA HGRSE

5 mmemmmmmmemcem———m e ———————— WALRUS

26 memmmmmmmm———me—m—m——m———————————— SEAGULL

27 mcmmcmmmmmmmemmem—— e —————— ROOSTER

28 ~mmmmmmmmmemmmmmmmemm——mm———mmmae LION

29 —mmmmmmmem—mmmmmemmemmmmmmmmmem oo DOG

30 —mmmmmmmmmmmmmmmemmcm e e GIRL
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SECTION H

This section contains five grid sheets
{(coordinate plane sheets) for use 1in
graphing the pictures in this booklet.
These grids can be thermcfaxed on a
spirit master for reproduction of class-
room sets. The answer sheets in Section
C have been made from these grid sheets.
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SECLTIUN B

This section contains thirty direction
sheets (two per page) for uraphing
pictures. It is suggested that the two
sets of directions be separated for
individualized exercises. These directions
are arranged in order of difficulty (easy
to difficult).
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GRAPHING PICTURE #1 GRAPHING PICTURE #2

X Y X Y X Y Xi{ Y
1
ol 14 1| -8 -3{ 3 —2i 10
-1 il 3 -9 3 3 -2 3)
-1 6 3] -8 3t -3 1i#t pencil
~10 -2 1 -6 -3 -3 O’ 10
-10 -4 1 1 -6 0 Og 6
-1 1 10 -4 : ~5 6 1ift pencil
-i -6 10} -2 0 & 21 8
~3 -8 1 (3] 3 3 2. 4
-3 -9 1 ix 1lift pencil 1lift pencil
~1 -8 0] 14 ~6 © <} 8
-3 32 6 -1
-3 -3 3 -1
1ift pencil
-3 11
-2 10
0 ~0
2 g
6 8
3 1x
-3 11
-3 6

lift penril




GRAPHING PICTURE i3

Xj ¥
-10 -3
-10 3

-8 3

~7 2

-7 0

-8 -1
-10 -1
1ift pencil

10 3

7 3

7 -3

10 -3
1lift pencil

6 2

5 3

3% 3

2L 2

2% -2

3% -3

5 -3

6 -2

1ift pencil

WX W

1

pencil
-5
—*5

pencil
-4
-3

pencil

1

X

N\H i

GRAPHING PICTURE #4

-4 | -18

-15

MV WWO
i
oy

lift pencil

-4
-3
-2

i
O

b

1ift

-3
-2
-1

[e RN &1 I~ VL I \V

-2

-2
-3
-2
-3
-2
-3

-2
-3
-2
pencil
1)
-5
-6
-5
-6
~5
-6

-6
-5




GRAPHING PICTURE #5

X Y X Y
10 o] -3} -10
8 2 0] -9
7 2 3 -7
5 0 5 -5
5 1 7 -7
7 3 8 -7
7 7 10 -5
51 9 10, O
1 °) 1lift pencil
-1 7 -5 ]
-1 5 -5 1
-4 5 ~4% 2
-5 4 -3% 2
-6 2 -3 1
-6 —3% -3 -1
-7 -1 ~4 -1
~8 0] -4 0
-8 1 * -5 0
8% 2 -5 -1
9k 2 -4 -1
10 1
10 0
~9 -1
-9 -4 *SHADE IN
-8 -5 THIS AREA
=7 -6
-5 -6
-6 -7
-5 -9

68

GRAPHING PICTURE #6

X Y
-10 8
i2 8
12 -8
-10 -8
-10 8
1ift pencil
4 -6
-9 ~€
-9 6
4 6
4 -6
lift ‘pencil
-6 -8
-81 -11
-71 -10
-6 -8
lift pencil
8% -8
10} -11
9] -10
8 -8
1ift pencil
2 8
-1 8

* o o
1 9
2 8

lift pencil
~3 13
o 9

1ift pencil

*SHADE 1IN
THIS AREA
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=
novwvwoowoaLuA

[
(8
rh =
et

=
o

lift

lift

o]
.
t+h
PAd NON0N0Nd@ N

P

P

P

P

Y

-5
-6

6

5
-5
-5
-6

12)

5
-5
-6
-6

encil

5)

6

encil

5

5

encil



lift

GRAPHING

pencil

-5
pencil

PICTURE #7

- X Y

0 5]

1 7

2 7

* 2 8

3 8

3 7

4 7

5 6

4 5

3 5

3 4

2 4

2 5

1 5

0 6
1ift pencil

0 8

24 11

5 8

2% 10

0 5
l1ift pencil

0 6

-1 7

~2 7

-2 8

-3 8

-3 7

x -4 7

-5 6

-4 5

-3 5

=3 4

-2 4

-2 5

-1 5

0 G

*SHADE IN

THESE AREAS

GRAPHING PICTURE #8

X{ Y X| ¥
-1 8 51 -11
-2 i0 61 -9
-1 12 8 -9

* 0 10 81 -11
-1 8 51 -13
-3 8 1lift pencil
-31 ~11 41 -11
-8y ~11 5 -9
-7{ =13 7 -8

5] =13 9 -8
6} -11 9 |-11%
1) -11 5y ~13
1 8
-1 8

1lift pencil

*SHADE IN
THIS AREA



-6
-8
10

7
lift

-8

1ift
-7
-7
-8
-8
-7
1ift

-1
-1

-1
pencil

14

pencil

-1
-1

pencil

GRATHING PICTURE #9

X Y
1 2
1% 4

5 4
1] 13
1 14

1 14

1 13
1% 13
1} 4

1 4

0

Y XU

X Y
8 o
8 7
3 12
2 12
2 13
3 13
3 14
-3 14
-3 13
-2 13
-2 12
-3 12
-8 7
-81] -13
8} -13
8 0

1ift pen -~

lift per il

n = =
N VLG

1ift pencil

"U
X Y
1} 5%

41 5%
1lift pencil
-5 ~5
-5 -1
-3k -3
~2 -1
-2 -5
1lift pencil
-1 -1
-1 -5
1lift pencil
L -1
4 -5
2 -5
1ift pencil
3 -1
3 -5
1ift pencil
5 -1
3| -3%
1lift pencil
35 -3
5 -5
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7 APHIL L
X Y
4 7%
-4f 7%
~5 7
-6 8]
-6} -10
6] -10
8]
5 7
4 7%
3 9
1 9
1 10
-1 10
-1 9
~3 9
-4 74

1ift pencil
-5% 5
-6 6
-7 6
-9 4
-9 0]
-6 -4

1ift pencil

PICTURE #13

X Y
-5% 3
-6 | 4
~7 4
-8 3
-8 8]
-6 ~2
1lift pencil
5% 3%
6l 4
7% 6
9 7
10 7
10 5
9 5
8 2
7 0
6 -1

2

GRAFHING PICTURE #14

X Y
-1{ -3
-2k 1 -3
-5 ~1
-5 3
~2% 5
1% 5
4 3
al -1
i1 -3
ol -3
o} -11
* -11 -11
-1} -3
ol -3
1ift pencil
135 o}
251 1k
1k 3
i1 -1
1ift pencil
*SHADE IN
THIS AREA




GRAPHING

PICTURE #15

X Y A Y
3% 0 -9 7
9 5 -7 6%
11 5 lift pencil
9 8 -7 =2
8 6 -9 0
3% 4 -11 3
3%| -8 -10 5
-71 -8 -9 &
-7 8 -7 5%
3% 8 1ift pencil
3% 4 -3 8
1lift pencil -2 9
~71 -3 -1%1 10
-10% 0 -1111%
~-12 3 2} 10
-11 6 3% 8

GRAPHING PICTURE #16

-7

lift

~-8%

-5
~3%
-3%
-34

1
-3

-t

1ift
~bs
4%
4}
4%
7%
7%
1ift

)

4]
R R WD O

)

pencil

1

0
-3%
-3%
-2%
-5%
-5%
-2
pencil
-3%
-3%
~2%
...5%
-5

1
-2%

pencil

1lift
11
12
13
12%
11}
124




GRAPHING PICTURE #17
X Y b Y
-g | -1 -11 6
-6 0 -12 2
-4 3 -11} -1
-2 4 -10} -2
0 4 -9 -1
3 3 -8 1
5 0 -8 -1%
7 -5 1ift pencil
50 -6 -3} 3%
3} -8 ~1 1
2] -12 i 1
51 ~-11 3 1
71 -9 4 2
8| -11 1%] 3%
11 | -14 1ift pencil
10%{ -8 1% 13%
9| -5' 3 15
91 -4 6f 16
10% 2 8%) 15%
10% 5 7%) 15
9 8l 6 13
71 11 51 12
5 12 ~1ift pencil
1% | 13% -9 5%
-1 ] 13k ~9k 5
-4 13 * -9 ats
-7 1 11 -8k 5
-3t 9 { -9 5%
*SHADE IN
THIS AREA

/4

GRAPHING PICTURE #18

X Y X Y
gl -1 -8 1
7 ~2 -9 1
9 -2 =10 1
8 -1 -11 14
8 0 -13 0
4 4 -13 -1
31 4% 11§ -13
-51 4% -10 | ~1%
-6 4 -9 ~1
-8 2 -8%1 -1
-9 1% 1ift pencil
-8 0 -13 -1
-9 | -1k -115| -1
-8 -2 1ift pencil
6| -2 ~11% Y
=5 -1 *1 11 1
-4 -1 -10 L
-3 -2 ~11% is
-5 -4
-6%| -4
-7 -3
-6 -2
1lift pencil
7 -2
5 -2
4 -1 *SHADE 1IN
3 -1 THESE AREAS
1 -3
15 -4
3 -4
5 -2
1ift pencil
~3 -2
-3 -3
-4 1 -3%
-4} -3%
-3 -2
2 -2
1ift pencil
5 -2
5 -3
4] -3%
35| -3%
5 -2
lift pencil



-12
-11
-10%
~10%

GRAPHING

PICTURE %19

Y X{_ ¥
14 -6{ -4
1 -9 1%
-2 -11} 34
-4 -12 4
-7 lift 'percil
-11 71 4%
-8 5 o
-2 2] 12
0 ~-31 15
2 -6 15
4 -3} 12
5 -2%1 10
5 -2 4
a% -1} 3%
3 lift pencil
1 5{ -9
-1 3 -14
-2 0} -17
-2 -51{ -18
-1 -6} -18
-2 -4} -16
-2k -2%| -13
~3 -2% |~10%
-2 -3l -8
-5 =21 -7
-7 lift pencil
~-8% 8 0
-9 9 1
-9 % 10 0
-8% 9] ~1
-7 8 0
*SHADE IN
THIS AREA

(O

1ift

-8

GRAPHING PICTURE #20

X Y
-5 )
-4 ~7
-2 -6
0 -7
2 )
4) -7
6y -6
8 -7
10 -6
7| -6k
8 -7
91 -6l
10%| -7
lift '‘pencil
7| -6%
9 -5
11 -3
10| -2
11} -1%
9kl -2
10 o)
8l -1
4 2
o) 2
lift pencil
-2 -4
0] -5%
2 -5%
4 -5
4% -4
3 -4
41 -3%
3} -3%
3% 3
2% 3
lift pencil
-5 10
« -4 10
=5 10
*SHADE TN
THIS AREA



GRAPHING PICTURE #21 GRAPHING PICTURE #22
X{ Y XY Xy v Ky ¥
L 3 1} -3 -4 8 -1 5
L -3 251 -8 -3 7 0 4
1ift ‘pencil ~14{ -8 -3 3 3 2
2% 2! of{ -3 -3 1 61, 1
-1} -2 1{ -3 -2 0 1ift 'pencil
1lift ‘pencil lift 'pencil 0 -1 -6 10
-1k 2 -1 -2 2| -1% -71 94
251 -2 -1} -2% al -1y -8 9
1ift pencil =34 | -7 1) -17 -8 7
3% 0 -6 | -4 3} -16 -7 6
-2 0 -2 -1k 4 |-171, -6 6
-3 1 -1 -2 61 -1 ~61; 7
=12 i lift '‘pencil 6} 0 -6 8
-12| -3 -1 2 6l 1 -5{ 8y
~3| -1 -2 1% 10 ) -5, 1 7%
~24 0 -6 4 S| 1y -6 7
1ift pencil -3% 7 oL 2 -5 7
L 3 -1| 24 8| 2y -4 8
0 3 -1 2 8y 3 -5 9
~1% 8 lift pencil 7 4 -5, 1 10
2k 8 -1] -8 Ps | 4l -51] 11
1 3 -4 -16 51 54 -4 ! 11%
Y 3 1ift pencil 6 6 -3} 11
lift pencil 27 -8 %1 7% -3} 1o
221 e 5| -16 -1} 12 -34 9
2: lift pencil -31 13 -4| 8%
473 3] -10 ~41 13% 1ift pencil
7| 4k -21 -16 -5} 13 =45 | 10
3 2 lift '‘pencil -6 12 ~4 10
2% 24 31 -10 -6 | 11 -4 | 10%
1ift pencil 3j -16 -6} 10 -4 1 10
3% 0 1ift pencil -5 9 Tift pencil
3% Y -1} -14 -4} g4 -2 0
9 2 2i -14 -4 8 -2| -1
9 -2 lift pencil lift pencil -3 ~1
3y % “3i-12% 3{ 7% -3 -2
3% 0 1% }-12% 2 8 ~2! =3
lift pencil 0 T o] -3
2% -2 -1 6 1] -2
3f -1% of -1
7% | -3%
5] -6%
2| -2%
2%| -2
1ift pencil *#*SHADE IN
THIS AREA
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v . Y
-5 ]-14%
1§-14%
1lift pencil
1 -8
1%] -10
51 -14
2y -15
61-14%
9] -15
8{~-13%
51-12%
6}; -9
6| -7
%) ~5
1lift pencil
8 -14
gkl -14%
10% -9
i0 -5
7 1
1i7t pencil
573 -1
7 2%
6] 5%
lift pencil
5% 3%
6}l 5%
6 a8
4l 11
1| 12%
~11 12%
-4 11
-6 °
-7 6%
~7 5
1ift pencil
-7{ 6%
-84t 4%
-Gl 0
-9 =5
-8 -8
~51 <10

1ift pencil

GRAPHING PICTURE
Xy Y
=91 -2
-10 -5
-10 -8
-81 ~13
-11! -14
-121-14%
-9 |-14%
-61 -15
-4} -14
-6} ~12
-8 -8
iift pencil
-1y 3%
L 1
3] 1%
4% 3.
45l 5l
3t 7%
-2 9
-5 8
-6 3]
-5 3
~3% 2%
-1 3k
1ift pencil
-3%] 2%
-4 0]
~4 -4
-5% 1
-5 3
1lift pencil
5] 14
0] -1
-2 -4
1 -2
2% 1
lift pencil
3% 8
3] 8%
* 3% 9
4 8l
3% 8
lift pencil

#25

X Y
-3 °
-2k 9k
~3 10
# | -3} ok
-3 °
1lift rencil
-3 6k
~12 2%
1ift pencil
-3% 6
=12 A
1lift pencil
-3% 5
-12! -1}
lift pencil
2 6
10 0
l1ift'pencil
2 5%
10 -2
lift pencil
2 5
9%1 -3%
*SHADE IN

THESE AREAS

oy
/8

>

t

[

[\)
o

=
N N\H K's

= (o)}
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1ift
i0
12
11%

1ift

1ift

—<

wonoH

~J =
OO

~J

pencil

5%

-
-

2
pencil

AW ONUO

pencil
-1
-1
-2
-2

pencil

GRAPHING PICTURE #26

x| Y
-11 -2
-13 -3
-10% -3
1ift '‘pencil

4 4

6 3

7 2

7 0

4 -2
-1} ~3%
-5} =-3%
-8 ~3
-9 ~3
-9 -2

lift pencil

441 10
6% 10

1lift pencil

5 10

5 ]

) ]

6 10
lift pencil
-3 -5
-2 -6
-1 -6
0 -5
1 -6
2 -6
3 -5
lift pencil
X -6
1) -7%

L -8
3 -9
1] -9%

i)} -12
1 -13
51 -13
4 {-12%
2{-12%

2§ -9%
2% -9
2% -8
2] -7
2 -6

1ift pencil

-2
-2
-2%
-2
-2
-2
-2

lift

-6

-8
-9
-9,
-12
-13
-13
pencil
-6
-715
-9
-0l
-12%
-12%
pencil

FENR ) )]

w
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GRAPHING PICTURE #27 GRAPHING PICTURE #28
X Y X Y X Y X Y X Y X Y
-3 11 71 8% -51 =% -2 4 6 -1 -5%31 13
-1%| 10 5% 5 -6| =2 « =3 5 6| -2 -6 10%
-1%| 13 Al 1 ~4! -6 -4 4 5k | -1% 1lift pencil
0| 15 4l 5 o}l -8 -2 4 1lift pencil 5} 13
-3! 16 6] 9% 21 =74 -2t -2 -4 -1 6| 15
-4 1 11} 8% 5| -6 21 -2 ~5] -2 6| 13
-6 16 8 11% 3 -7 * 2 4 -5 -5 7 14
-8%| 10 51 12 1{ -5 3 5 -3} -7 71 i3
113 5 a7 11 4{ -4 4 4 -2 -7 10%| 15
-12 o] 3% L 1] -3% 2 4 -1 -8 9t 11
-10}{ -5 31 11 2] -2 litt pencil 1{ -8 12} 2
-8} -8 51 12% Ll -3 -2 -2 21 -7 11 9
-5 1 <10 10§ 11% 1ift pencil * 2 -2 31 =7 113 8%
-2} -13 6{ 14 -2} ~13 1) -3 5f{ -5 11 6
0 |-12% 4} 14 -1} -16 -1%f -3 5] =2 12 c
21 -13 2 13 01-16% ~21 -2 4 -1 11 4l
3% |-11% 1 11 1lift pencil lift pencil 1ift Ybencil 12 2
3! -10 3 L -1} -16 -4 -4 -5 -4 11 1
451 -8 0 0 -21 =17 -2%1 =5 -9 | -6 12| -2
4% | -54% -3 2 1ift pencil 21 -5 -7} -3 9} -2
5{ -8 -4 7 -1] -16 4} -4 -0t -4 11} -4
5l | -4k -31 14 -3} ~17 1ift pencil -9 | 2% 71 -3
6| -8 -4] 16 1lift pencil -5k} -1 -12] -2 91 -6
721 -5 -6 16 -1} -16 -6] =2 -11} 1% 5{ -4
71 -3 -7%] 18 -3% |-156% -] =% -12 2
8% | -6k -7 1 15% 1ift pencil -g8] -1 ~11) 4%
9: ~1 -8%| 14% 2% ~13 -6] 1% ~12 6
551 =2 -6% | 14% 31 -16 -8 2 -11 6
8 3 -10 13 4{-16% -6 3 -11% 8%
11) -1 -11} 11 1lift pencil -9 6 ~11 9
9 4 -10} 10 3| -16 -6 5 -12{ 12
5 L -8%1 10 2| =17 -6 6 -9] 11
71 5% lift pencil 1ift pencil -4 43 —10-151 15
11 5 -5 14} 3] -16 -5 8 ~71 13
o 7% -5%} 15 1y ~27 -2 6 -7} 14
*| 5] 15% 1ift pencil -21 10 -6 13
-41 15 3} -~16 0 6 -6{ 15
-5| 14% %1 ~16 21 10 -5{ 13
1ift "'penci 2 6 1lift pencil
5 8 6] 10%
4] 4% 5| 13
6 6 as | 12
6 5 a4l 15
*SHADE IN ] 6 21 13
THIS AREA 6 3 2] 14
8 2 L1 13
61 1% o} 13%
gl -1 -1 13
-21 14
-251 13
*SHADE IN -4 15
THESE AREAS -4 12
’.A
9




GRAPHING PICTURE #29 GRAPHING PICTURE #30

X Y X Y X Y X Y X Y X Y
-1} 12 -1} -2 -3} 10 -2 ~2 -71 -6

1{ 11 -2 =3 -2 11 -3 0 -5} -6% 3 0

31 12 -5 1 -1%{ 10 -34 2 -1%! =5 34 1

6l 11 1 1 1ift pencil =34 4 -3{ -5 % 3 2

9 8 5 2 LI -6 -3 5 -1| -4 2% 2

9 5 3 3 31 -9 -2 6 -21 ~4 2 1

7 2 2 4 5{ -9 0 7 ol -3 3 0

9 3 0 3 6] -8 1 7 -2] =2 1ift pencil
11 6 0 2 6j =7 3| 6% 1ift 'pencil 5 0
10 3 1 1 5y =7 5 5 -5| -6 6 1
11 3 0 2 5] -8 3 8 -4{ -8 71 1%

8 1 *| -5 2 sl -7 5] 6% 1ift pencil gl 1%

9| -1 -5 1 4l -6 3 9 -4Ll -7 8ls 1

9| -3 -5 3 al =7 4| 9% -a] -8 8 0
100 -3 -10 4 a4l -6 5f 10 -3] -9 71 ~1
11{ =5 -12 6 2| -6 51 10 ol -10 1ift pencil
10y -5 ~12 7 14| -4% 8 9 % 3| -9 5% 5%
11} -5 -9 9 1ift pencil 10 7 %) ~-11 5% 7
10{ -6 -7 9 -5 6 11 5 351-13% 6l 74

8tf -6 -5 11 -7| 6% 10% 8 -6} -9 7 73

8l -5 -5{ 10 -7% 7 91 10 -4 -7 75| 6%

gl -6 -5} 11 * -7 8 71 12 1ift pencil 1ift pencil
71 -5 -3] 12 -5 7 1ift pencil 8 9 8 2

71 -4 ~1; 12 -5 6 | 10 9| 5% 8% 3

6| -4 lift pencil 1lift pencil 11 8 gy 2% 8 4

6] -5 -9 9 -6 8 10} 1t 10] 2% x| 7% 4

4} -6 -9] 10 -6 9 s} 13 11| 1% 7 3

2|1 -6 -8l 12 * -5 9 54§ 14% 11% 0 8 2

2} -5 -6} 13 -5 8 o}l 15 11} -2 1ift pencil
al -4 -3] 12 -6 8 ~31 14% okl -4 2% -2%

3 -3 1lift pencil lift pencil -5 13 8 -5 3 -4

2l -3 1] 11 31 7% -5} 15% 6] -7 41 -5
-1! -9 3 8 * -3} 8% -6%1{ 13 551 -8 5%{ -5
-4] -9 2 9 ~2%1 8k -7 15 3% -9 8| -3%
-51 -8 2 5 21 75 -7 13 =* 5| -10 -9%1} -1
-6} -8 24 4 3| 7% -9l 15 6| -11 1ift pencil
5| =7 1ift pencil ~7% | 12% 71 -13 %] -2
-6} -8 3} -3 -10{ 13 751 ~11 2% | -24
-71 =7 -3 -8] 12 6l -7 21 -3
-6 -6 6] -4 =10} 10 1ift pencil lift pencil
-7 -7 lift pencil ~11% 6 0 3 9 -1
-8 -6 -11 7 -~12 3 -4 4 9| -1k
-8l -5 -9 7 -12 2 -1 5 9% -2
-71 -4 -10 7  *SHADE IN -11% | -2 3 6

-8 =5 -7 5 THESE AREAS -10| =4 2] 5% *SHADE IN

-9 -5 -2% 5 3 4  THESE AREAS

-9 -4 L 6% 1lift pencil

~71 -3 o] 7

-3 -6 1 6

-4 | -5% 1ift pencil

80




SECTION .

This section contains an answer sheet
for all of the direction sheets given
in this booklet. These can be thermo-
faxed on transparency overlays for ease
in checking the students' work.
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INTRODUCTION TO FLOW CHARTING

By David K. C'Neil

The following pages are devoted to the teaching of flow charting to the low~achiever
in mathematics. An outline of procedures for teaching flow charting together with
comments and recommendations has been inciuded. The basic structure of the lesson

plans is patterned after one developed by Terry Shoemaker of Alameda High School in
Lakewood, Colorado.

PURPOSES

It is our feeling that flow charting serves several extremely useful purposes

in the modern mathematics curriculum. A few of these purposes are listed
below:

1) Problem Solving

Undoubtedly flow charting has its greatest application in the area of .
problem solving. The technique of flow charting necessitates tne organizing
of one's thoughts in a logical and systematic manner. The development of
such a technique is of paramount importance in the solving of problems in
mathematics as well as in everyday life. A flow chart is an organizational
and visual aid teo the understanding of a concept.

2) Use with the Calculator¥®

Flow charting is characteristically included in the study and use of the
calculator. In order to make efficient use of the calculator, the student
must be able to organize the problem which he wishes to solve.

Students receive an immediate reinforcement from correct answers obtained
on the calculator. This reinforcement provides a strong motivation for
them to produce the correct chart since they are required to produce the
flow chart before being allowed to use the calculator. Hence, a circle of
success is established using the flow chart and calculator.

3) Following Directions

An important aspect of everyday life, and of school life in particular, is
the ability to follow directions. By learning to flow chart correctly, the
student learns how to give directions to someone else as well as how to
follow another's directiouns.

4) A Status Symbol

Flow charting for the low-achiever seems to give him a type of status which
he enjoys. Many times he is able to brag about his ability to a "bright"
peer who has not been exposed to the flow charting technique. The use of
the template in £low charti . also enhances the student's feeling of
importance since he knows tlxt professionals such as engineers and pro-
grammers use the template in their work.

*The calculator flow charts found in this booklet were designed to be used with
the Divisuma 24 calculator (Olivetti-Underwood). Only minor changes are necessary
to allow their use with other makes of calculators.
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It is possible to circumvent part of the student's reading problem via the
use of flow charting. The flow chart avoids lengthy verbal instructions
and is an alternative to word problems.

6) Subroutines

A valuable result of flow charting is the development of subroutines.

A subroutine is that portion of the routine used to solve a problem which
may be reused again in similar or related problems. A good example is the
subroutine of finding the average of two or more numbers.

Once the student has successfully flow charted the routine of how to find
the average of several numbers, he can use this routine over and over
again in subsequent problems inwvolving the finding of an average,

Several examples of possible subroutines follow:

(Per cent one number is of another; multiplying or dividing a number by a
multiple of 10; finding the L.C.D. of G.C.F. of two or more numbers; re-—
naming fractions as a per cent.)

'ESTED USES OF FLOW CHARTS

The following list of suggested uses of flow charts is by no means complete.
You undoubtedly could add several uses after only working with flow charts for
a short time. This list is intended only as a guide to help you get started.
1) To pre~plan L~ to do something

2) To reduce the complex to a simpler, more understandable form

3) To organize a problam so that it may be done in sectioas

4) To reduce a problem to a standard form so as to make discussion about it
easier among the peopl2 concerned.

5) To add variety to traditional problem experiences
6) To evaluate the student's comprehension

SIDERATIONS IN THE USE OF FLOW CHARTS

As a word of caution; DON'T overuse flow charting. It has been the experience
of those teachers who have forced too much flow charting upon their students
that the students soon become disenchanted with the procedure and cease to do
it. Use the flow charting techniques as a tool. This tool can be used to
obtain two main objectives. Namely, it provides for a high ratio of success

for all of the students and serves as a vehicle tc improve the logical reasoning
‘"of each student.

It has also been noted that students more readily recognize and accept flow
charts which they have prepared themselves. The preparation of these flow
charts may be either on an individual basis or as a class project (with
teacher preparation on the chalkboard or overhead projector). Immediate
use of a flow chart enhances its value and effectiveness.
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An additional technique which we deem desirable is the requirement of a

list of assumpticas by each student before he begins his flow chart. Thi§
list of assumptions should include all of the ideas, concep:s. ?nd operations
which the flow-charter assumes the reader to know and under:s:a:d. By
requiring such a list the stodents can readily see, by examining each

other's flow charts, that there may be many correct flow charts for a
specific problem,

These flow charts will necessarily differ because of the different assump-

tions., Study the two flow charts on the next pages. They both involve the
tuning of a radio to your favorite station. Note that both flow charts are
correct but differ because of the initial assumptions.
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SAMPLE FLOW CHARTS

Once yrur students have a knowledgcable working relationship with flow
charting techniques, it is suggested that you have them try flow charting
one of the four fundamental operations of arithmetic beginning with single-~
digit addition.

Sample flow chart(s) have been included for each of the four operations.
Note that a list of assumptions has also been included. Anyone interested
in pursuing ac<ditional uses of flow charts with the fundamental arithmetic
operations is urged to read Experimental 9th Grade Mathematics by Groenendyk
and Shoemaker. (See attached reference list)

You and/or your students may feel that some of the charts are either too
precise or not precise enough. 1In either case, you are encouraged to
discuss them and make any changes you deem necessary. One word of caution:
watch the assumptions. They will need refinement if you change the charts.

It is readily aéreed that yéu can simplify most of the charts by ..erely
brcadening the assumptions and combining some steps. In particuiar, the
last flow chart on division can be simplified in several ways:

1) Delete the decision, "Are there more digits to the right in the
dividend?" and the direction, "Division is impossible."” This change
would require an additional assumption that the divisor was never larger
then the dividend.

2) By adding the assumption that only the remainder after the last partial
quotient is to be recorded, you could eliminate several directions,
"Disregard any resulting remainder.'

3) By limniting the number of digits of the di idend, the length of the
flow rchart could be reduced.

It should prove worthwhile tc discuss with your students the possibility
of making another flow chart of the same operation (Tuning the Radio).
Look for questions or comments like, "What would happen if you know how to
fix the radio?" or '"Suppose you had no friends who had a radio which you
could borrow.” It is impecrtant to note that nearly all flow charts may

be put on a higher, more complex level by restricling the assumptions.
Restricting the assumptions usually requires additior.al subroutines.

Some advantages of requiring the listing of assumptions are indicated in
the recommendations prior to lesson three in the accompanying outline.
Listing the assumptions enables you to better understand the reasoning,
logical or not, of your students. It also allows for more than one correct
answer. This fact alone is a real boon to the low-achieve. For the first
time, in many cases, he is not under pressure to produce THE RICGHT ANSWER.

An integral part of flow charting is the impossibility of including all
eventualities in the chart. One must, out of necessity, make certain basic
assumptions before beginning work on a flow chart. It is these different
assumptions which lead to correct bufr Jdifferent flow charts for the same
problem.
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FLOV _CHARTS TOR USE WITH CALCULATORS

The following four pages contain examples of flow charts for performing
the fundamental operations with whole numbers on the calculator. In each
case, tre assumptions preceeding the use of the calculator have been listed.
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CALCULATOR ADLITION FLOVW CHART

Press T key

Clear
machine

e

added?
\\\\t

No

there o;;z?\\\\ \
addends to be Yes >

Press

key

Enter
addend
on keys

Press

bar

End

1. The student knows hew to turn on the

the keys.

ASSUMPTIC'NS

2. The student knows what an addend 1is.
3. All numbers used are integers.
4. No negative values are to be added.*

*Tf there is a need to add negative values, they must be entered on
the keys and followed by depressing the red - key. (Follow the

subtraction flow chart.)

calculator and the names of

1

2




CALCULATOR SUBTRACTION FLOW CHART .

K

(’_' ~ Clear Enter Press e

\.
‘Aw nachine minuend -S> + _3._{ A )
Press T key on keys bar ~

. +’ /////;r
wnter Press

N

N

(/* S there other o

A subtr«hend 5 - ) subtahends? B\)

\\ : on key S
keys

( IEnd }

key answer

| \
s Press Machine
Kli;)—-}““' T ———\ prints

ASSUMPTIONS

1. The student knows how to turn on the calculator and knows how
to operate the keys.
2, The student knows what a minuend and a subtrahend arc.
3. All numbers are integers.
4. No negative values arc to be gubtracted.*
5. The student recognizes the rostscrip '"C'" denctes a negative number.
*If a negative value is to be subtracted, add it to the previous
number. (See addition flow chart.)
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CALCULATOR MULTIPLICATION FLOW CHARTS

{two factors)

Starg»“j>—%~
~ Press T key

A - kecond factor
on keys

{ start }——

@
N

Clear Inter Press
machine > first factor — X >
on keys
key
Enter Press
3 ==
key
(morc than two factors)
r
Clear Enter Press
machine >~} first factor §— X
Press T key on keys
key
<
\\ g
Is
Enter next Press there
factor > TR —>r— another
on keys key factor?
Press Machine
= e prints
key product

ASSUMPTIONS

1. The student knows how to operate the calculator keys.
2. Students know what factc=s are.

3. All numbers used are integers.

4. No negative numbers are to be multiplied#®

#1f negative number is to be multiplied, depress red X key.

ENC
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CALCULATOR DIVISION FLOW CHART

Clear Enter Press e
<:EE££E::\>-9~ machine 3 Dividend S 4 _%}_<;§/)
Press T key on
keys key
Enter Press Machine
<E{:>——9——— Divisor 3 -~ > ( End \
on v )
keys key
ASSUMPTIONS

Students know how to operate the calculator keys.

Students know what dividend, divisor, guotient, and remainder are.
All values used are positive integers.

. Mo negative numbers are to bnr used.
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OPERATIONS FLOW CHARTS

The following six examples are of flow charts for the four fundamental
operations without the «id of a calculator. You will note that the charts
arc more complex because of the necessity of instructing the reader as to
physical placement of digits. This was unnecessary in the previous charts
since the machine automatically compensated for digit placemrnt. Again,
the assumptions have been listed for each chart.
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ADDITION FLOW CHART

(Singlce~Digit Addends)

Urite Add- Can
/'~‘—_7—\\\ ends in a Add first you kecp
Sta#ﬁ_’/f">— vertical > two s { A ) the sum in 5o
e column* addends your hecad?
v
4 Yes jk
~
S\
Kecep the Write the
sum sum on a
in your piece of
head scratch paper

© D

Are
there other
addends

Add the next

addend to the
previous par—_%y<z;:>

tial sum

Record the
Sum as
your answer

End

ASSUMPTIONS

1. Student knows what addend, vertical celumn, and partial sum are.
2. Only positive integers (whole numbers) arc to be added.

#You may desire to place addends horizontally.

Add from left to
right so left two addends are added first.
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ADDITION FLOW CHART

(Multiple-Digit Addends)

Write addends Add digits
in a column in the Yes
( Start > >lkeepine digitd 7 unics
in %?gpgroper column
” L/
<
J N
Record the

Place this
sum below digit above
the columm column to left
added of column jusi
added

N/ ~

Record units

- .
B ¢ digit of sum
below the

column added
N/ B

Are

there Add the Add the
more columns digits in :
Yeg | carried
to the left? this - digit to the
column column? partial sum

i

carried to this

ASSUMPTIONS
o Y 1. The reader understands the terms used
YN in this flow chart.
The recorded Record this 2. Only non-negative integers (whole
digits are , | digit to the numbersg) are to be added. )
the sum ~ | 1eft of last 3. The reader knows how to write multi-
gggggded digit numbers in a vertical column

so as to keep the place values in the

proper order before they are to be
added.
End
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SUBTRACTION FLOW CHART

15

(One~Digit from Two-Digit number)

( Start )‘—9“ﬂbelow units

digit of
minuend

lace one-dig-
it subtrahend

Is
difference

ten or
less?

Record
difference {/n\}
below the —> A

subtrahend

ré
\
subtrahen
. Record the
less that the Yes Subtract difference
units digit of thf// > the > below the
minuend? units unit digit
/////// digits subtrahend
.+No
Reduce-the ) Record the re-
tens digit ofl A duced tens digit
the minuend to the left of
by one the previously
recorded digit
Ny
Increcase the /;ils
units digit N (<é’/
of miriend 7
by ten
End
ASSUMPTIONS
1. The reader understands the terms used in this flow chart.
2. The subtrahend is not larger than the minuend which assures a

non-negative difference.
The reader is able to determine all differences between two
numbers that differ by ten or less,
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ONE~-DIGIT MULTIPLIER FLOW CEART

Place the Ig\\ Record a . -
. \ multiplier the 393 zero for A
( Start ,f“"}“" below the [ 7 multiplie your | /
multiplicand ™ zero answer
No
product below S multiplicand by
multiplier the multiplier
Place digit
above adjacent
column to left
in the multi-
plicang
£ 2
digit to left
of the oue just YSS Mulffnly
multiplied in the ) iig*’ by
9 e
multiplicand. multiplier
Is 1 | Record right
there a there a Add - s hﬁgd digit ofh
Xg digit carried digit carried } digit to the iefi g?mtﬁg e
) to this product just previously re-
colum obtained corded digit
4,
No %
Record this Record right=- (;EL/
digit to the hand of pro-
left of the ' %u%t tg the
eft of pre~
éiggtrecorded 4/ viously ge—
) co -
{ ,———~——\\ ASSUMPTIONS

End i
N

1. The reader understands the
terms used in this flow chart.

2. Only non-negative integers
(whole numbers) are to be

multiplied.
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- 20

OUTLINE OF LESSONS ON FLOW CHARTING

It should be poted that, although the following outline is divided into
lessons, this does not imply that the material outlined is necessarily to
be covered in one day. You may find that the students fail to understand
a concept and therefore need more time in which to grasp the idea, Con-
versely, you might observe a ready assimilation of the material to the
point that two lessons could be combined into one. You must be prepared
for either case.
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LESSON ONE

FLOY CHARTING

Introduction to Flow Charting

1. Definition and applications.

2, Illustration with concrets examples such as: Using the Telephcne; Filling
the Car with Gas; etc.

3. Discussion on the complexity of a flow chart.

4, Describe the six basic symbols used in flow charting.

Practice in Preparation of Flow Charts

1. Assign another situation encountered daily by all members of the class
such as: Coming to School; Getting Ready for Bed; etc.
2. Other assigned concrete problems on flow charting as time permits and

dependent on class comprehension.

Recommendations

Although flow chart templates are available they are not essential for the
beginning flow-charter to use in understanding the concept.
Sometime during the first class sessicn on flow charting the instructor should
point out the depth and complexity which any situation can provide, depending
upon the depth of knowledge and desires of the programme:.
The first flow chart (a concrete situation) should be a situation familiar
to all of the students.
Some examples of flow charts that could be assigned for the second class
session include:

Going to Work

Calling Long Distance {(Direct Distance Dialing)

Getting Up in the Morning

Opening a Door
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LESSON ONE (continded)

An example of each of the six basic :ymbols meuntioned previcusly are listed
below. Note that the final symbol (6) is us=2d in conjunction with calculator

printout.

1) Terminal (start oxr stop) <:\*itart )

2) Direction Arvows -

3) Connectors <1f;>

4) Instruction Record I

5) Decisicn 1s
the sum

’&osy

6) Printed Output \  Machine
prints

sum

e
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LESSON TWO
FLOW CHARTTYG

Review of Basic Symbols Used in Flcw Charting s

1. The uses and misconceptions of using the symbols.
2, Observation of flow charts from assignment ~- put on chalkboard ox
transparemncies.

3. Constructive criticism of the displayed flow charts.

Extension of the Flow Chart Concept =- Building Charts of Sewmi~Abstract Situations
1. Prepare, with the assistance of the students, a flow chart of a semi-abstract
situation such as:
a. Averaging a Culumn of Integers.
b. Adding Two Simple Fractions.
2. Explain the loop.

3. Assign the problem cf flow charting the multiplication of two numbers.

—

Recommendations

When criticizing the assigned work from the past sessiom,. be sure the students
do most of the discussing and thus show you where they have had difficulty
comprehending thc naterial previcusly presented. Be sure the criticism is
constructive.

In the discussion of the mutually coustructed flow chart, be sure the class
nnderstands there are a number of assumptions made and what they are, i.e. the
person is assuming whoever uses the flow chart knows how to add, subtract, etc.
In the assignment for lesson thrce; request the students te list their assump-
tions beforr beginning work om the flow chart. This will enabla you to observe
the student's ability to think logically. In addition, it forces the student to
preface his work with a form of intzcduction or explanation to the eventual
reader, telling the reader what he it expected to know before he can perform

IERJ!:« the task indicated by the flow chart.
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LESSON THREE

FLOW {HARTING

Peview of and Questions about Assignment Two

1. (uestion and answer session.

2. Other remarks.

Semi-Abstract Situations for Flow Charting in Depth

1, Assign each student the task of making a flow chart that could be used to
to show the commutative and associative properties in mathematics.
2. Assign a conversion problem of some type, i.e. minutes to hours, ounces to

pounds, etc.

Recommendations

Gtudents should continue to list all assumptions they make. In preparing the
flow chart for the associative and rommutative properties, the students will
have to have ar explanation as to the basic ideas behind the development of
such properties,

The conversion assign < .rom a situation in b 4ness and industry if

the instructor so desires. Howcvar, it should be practical,

A O™
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LESSON FOUR

FLOW CHARTING

Digscussion of the assigned work from previous session

1. Be sure the attitudes students develop will cnable them to buiid successful

flow charts.

2, They should realize what the conversion factor is in the last portion of
the previously assigned flow chart.

3. Reassign the same type of lesson again if there is still apprehansion

about the previnus assignment.

Preparing for Programming Flow Charting

1. Assign and allow time in the class to assist the students in preparing a
flow chart that includes a comparison. Perhaps two flow charts would be
even better with the first a more recognizable comparison situation. The
first cne might be, "Adding many several digit numbers" followed by "How

"

to Compute a Man's Pay." (Considering dependents, FICA, and State and
Federal Withholding Tax.)

2, Build a feeling of confidence in the student to logically illustrate his
thinking. This can be done if the problems he is asked to solve are not

too difficult for him, but at the same time, have meaning and appeal to

him.

Recommendations

The instructor may want to display the previous session's assignment on the
chalkboard or overhead projector and discuss the logical flow of those dis=-
played. A discussion of the conversion and comparison is not out of order at
the beginning of the session to build for future work.

Allow a considerable amount of time for students to work on the assignment for
the next session. Ample time will foster a lesser amount of confusion and

frustration.
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FLOW CHARTING

entire fifth session, if needed at all, would be to clear up any misgivings
lack of comprehension of what a flow chart is and the logical deduction

is taking place.

mmendations

v the flow charting done this session to mathematical situations where
Yy g

student prepares a chart as well as solving the problem.
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SUGGESTED DCS AN: DON'TS OF “Low ... .iING

A list of sugpested DOS and DON'TS has been included for your use and comments.

hgain, this list is not meant to be a complete compilation. It is merely a

collection of some ideas which the author feels should be important teo you as

a teacher. You are encouraged to comment on those items listed as well as add

to the existing list.

DOS

1)

2)

3)

4)

5)

6)

7)
8)

2

10)

Encourage students to re-use subroutines once they have been flow-charted.

Give students a choice of flow chart exercises by providing a list of
possibilities to choose from.

Make the problems as "real life" as possible.

As with any procedure involving low-achievers, attempt to choose problems
so each child may have success solving them,

Make sure the student understands th.z problem “e¢fore he attempts to flow
chart it.

Use the motivational factor of flow charting - v introduce new mathematical
terms.

Provide a place or means of storing student's ilow charts,

Have available for classroom use several transparencies of flow charts.
Allow students to put their work on the overhead.

Devote a bulletin board to flow charting sometime during the study of
flow charts.

Encourage students to write down assumptions before beginnirig any flow
chart.

DON'TS

1)
2)
3)

&)

Avoid re~doing the same chart over and over.
Avoid letting the flow chart problem become too complex.
Avoid over-use of the flow chart.

Avoid being over critical of students whose first efforts at flow charting
fail. Their loglc may be much different from yours.

Comments should be directed to: Mr. David O'Neil, Cooi. 21stoxr, Central Iowa
Low-Achiever Mathematics Prcject, 1164 26th Strzet, Des Moines, 50311,

ERIC

IToxt Provided by ERI
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FLOW CHARTING REFERENCES

Experimental 9th Grade Mathematics, Groenendyk and Shoemaker, Central University
of Iowa Press, Pella, Iowa -0219.

Both teacher's and student's manuals that employ flow charting and "real life"
problems.

Explanations Based on Structural Princivnles of Mathematics, Joe L, Lancaster,
Secondary Mathematics Consultant, Dallas Independent School District, Dallas,
Texas 715204,

Uses flow charting and printing calculator as basic teaching devices to
explain and illustrate structural principles of mathematics.

Flow Charting the Lopiical Processes of Mathematics, Joseph Lieberman,
Supervisor of Mathematics, Levittown Public Schiools, North Village Green,
Levittown, New York 11756.

A set of flow charts that teach general mathematics using the calculator.

Tuvolving Low-Achievers in Mathematics, Terry Shoemaker, Alameda High School,
1255 S. Wadsworth, Lakewood, Colorado 80226

Explains how to set up mathematics laboratory, use flow chartirg and experiments
in general mathematics classes.

Low-Achiever Motivational Program (LAMP), A, Wilson Goodwin, Supervisor of
Mathematics, Des Moines Public Schools, 1800 Grand Avenue, Des Moines, Iowa

50307
A booklet that contains examples of flow charting "real life" problems from
industry and commerce, enrichment projects, and other high involvement
materials for use in peneral mathematics classes.

Midland Schools, Iowa State Education Association, May, 1964, pp 10-15,18.

A serles of articles by Eldert A. Groenendyk including Lab approaches to
general math, calculators in mathematlcs, and flow charting.

Olivetti Underwood Divisumma 24 Flowcharting Manual, Olivetti Underwood Corp.,
One Park Avenue, New York, New York 10016. Cost $1.25

Explains how to use the Divisumma 24 Calculator. Templates may be obtained
from this company.
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T0 THE TEACHER

USING THE PROGRAM

The First Probability Program uses the Crowderian style of programed

learning which has proven to be of high interest to most readers.
This material is not so piecemeal as it is in regular programing.

The reader is challenged by the questions and his answers determine
what information he will receive. If he understands the material, he
gquickly completes the program. If he has difficulties, he is given
further explanation and assistance so that he will take longer to
complete the program.

Prc¢ pably, the most common use for this program is for review. (If

you are using the CILAMP Probability unit, this program is used to

review or introduce the first two chapters.) It contains most of
the fundamental ideas of probability suggested for junior high sche
students. Students can use the program independently or in small
Troups Use of this type of material in small homogenious groups has
proven to be quite effective.

The program may also serve as an excellent quick but clear overview
to introduce the initial study of probability to a class. It is
suggested that the presentation be to the whole class using trans-
parencies on the overhead projector.

Students will need a pencil to work the program. They should write
lightly and erase their work after they have completed the program.
Using scrap paper to work problems may be a better solution in some

cases.
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SOURCES OF BASIC MATERIALS
FOR TEACHING PROBABILITY TO LOW ACHIEVERS

The CILAMP Probability unit is, of course, one of the basic teaching

materials that this program can introduce or review (Chapters I and
II>. A second program is planned to be used with Chapters III-VI.

Unit 5: Arrangements and Selections of the National Council of

Teachers of Mathematics series Experiences in Mathematical Discovery

This fifty-page booklet also discusses Pascal's triangle and tree
diagrams which are not c¢overed in the Program. The Program should
still serve as a good review for the main idsas of this booklet
developed especially for low achievers.

Events and Chance is a booklet for low achievers written by Title II.

Mathematics Project (Building S8-503, 3323 Belvedere Road) West Palm
Beach, Florida (33401).

.he First Probability Program serves as an excellent introduction

or review for this unit. This unit may be followed by the West

Palm Beach unit., Arrangements and Combinations.

Mathematics in Action: The Role of Mathematics in Life Insurance,

is a short well written and appealing booklet sent free by the
Educational Divisicn of the Institute of Life Insurance (277 Park
Avenue, New York, New York 10017). This booklet may serve as a
supplement or the basic portion of a teacher-made unit on prcbabil-

ity. The First Probability Program serves best as a review since

the unit itself is rather brief.
A more detailed treatment using set notation can be found in the

Institute of Life Insurance's Sets, Probability and Statistics.
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E. Mathematics Ye Need, J 2, Chapter 7 of the Ginn and Comnany Basin

Series presents materials suitable to mixed classes containing
iow achievers. The Program can be used to review this section

before the more advanced students go on to the enrichment section.

O
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FIRST PROBABILITY PROGRAM

You are not to read this like a book by starting at the beginning
and reading each page all the way through. Instead, as you read you
will find questions and you will then select the answer “hat you feel
is the best. After that answer will be listed thz number of a frame
or a question. You should turn to that number and continue reading.

Many kinds of problems that we have worked in math have only one
answer and are very useful in solving problems we meet every day.
However, we sometimes run into problems where we cannot be certain of
the answer. A businessman faces the problems of planning production
for next year and says that sales will probably exceed $3,000,000. A
weatherman says that there is a 20% chance of rain tonight. A sports
writer predicts Valley will win the ball game next Friday. Problems
like these, where the answer is not certain, are called probability
problems.

Probability problems have little to do with most areas in our

complex society where answers must be exact.

I agree., (turn to #10) I disagree. (turn to #2)

#1. You goofed and are not following the directions. Read the
instructions again and when you answer a problems follow the
path you are directed to take.

#2. If you toss a coin, it can land either "heads up" or "tails up."
If we ignore the rare chance that a coiﬁ will land on its edge,
there are just 2 possibilities which can occur. If a coin is
tossad once the possibility of getting heads is 1 out of 2 or 1/2.
Sometimes a coin will be heavier on one side or worn so that one

side comes up more frequently than another side. Such a coin is
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said to be not "fair." Beb flips a coin that is "fair" 10 times
and it comes up tails 9 times. What is the probability that it
will be tails on the next toss?

§/10. (turn to #3) 1/10. (turn to #4) 1/2. (turn to #12)

#3. Go on to #Uu.

#4,. If the coin is "fair' the probability that it will come up tails
is always 1/2. If you put three marbles in a cup (2 red ones and
1 green one), what would be the probability of getting a green
one if you didn't look when you took one out?

1/3. (turn to #9) 1/2. (turn to #12) 1/4. (turn to #24)

#5. Oh! Oh! Y 1 aren't following directions again. Why not? "I
don't understand the directions.” Read them again and if you still
have questions, ask for help. "I was Jjust curious about what I
might be missing." Don't be nosey about all these questions and
follow the pattern designed for you.

#6. You must be kidding. It isn't fair not to be honest. Turn to #2
and follow the directions.

#7. You are correct. What relationship do you see between the
denominator (bottom number in the fraction) of the probability
fraction and the numher of possible outcomes for the problem?

None. (turn to #14) They are the same. (turn to #11)

#8. Wrong. The answer depends upon the number of each color of
marbles. (turn to #13)

#9. Correct. (turn to #12)

#10. Let's look at some of the uses of probability in our society.

They are more important then you thought.
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#10 continued--

#12.

INSUranNCe—r e e e e To determine insurance rates.

Major Industries—-—-—--——coecea—aeo- FTor production control and possible
sales.

Medical profession-——-=-=--~—ew- In research, treatment, and the

prescription of medicines.
Military---—=-=w~- e Strategies of battles.

Government-——--wee e e e Tax programs, spending, and many
other areas.

Large-scale farmers------—~-—-- To plan and harvest crops.

Educators——-—c—wmmmm e e To plan facilities, programs, and
advise students.

Cities--~-rommmm e e To plan building programs, civic
activities, police and fire pro-
tection, and many other areas.

Politicians—--~-m—mmmmcom e To plan election campaigns.

Advertising—we oo m o To develop effective advertising
plans.

Gambling establishments---~--~-Guess why.

Do you feel that probability is important in our lives?

Yes. (turn to #2) No. (turn to #6)

Correct. What relationship do you see batween the numerator

(top number in a fraction) of the wmrobability fraction and number
of ways the event you are talking about could happen?

None. (turn to #15) They are the same, (turn to #25)
You are correct. If you nad four marbles (3 red and cne green)
in & cup, what would be the probability of getting a red one
without looking as you took one out?

1/3. (turn to 13) 3/4. (turn to 7) 1/2., (turn to 8)
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#lu,

#15.

L

#13. If you had one red and one green marble, the chance of getting a

red one would be 1 vut of 2 or 1/2. If you had two red ones and

one green one, the chance of getting a red one would be two

chances out of three or 2/3. (turn to #7)
There are six sides on a die. Only one of those sides has two
dots on it. The chance of this side landing up is one in six or

1/6. There are 30 students in your class. If they each draw a
slip of paper from a hat containing 29 plain slips and 1 slip with
a special mark, the probability of your getting the slip with the
special mark is 1 out of 30 or 1/30. In each case the denominator
is the same as the number of possibilities. (turn to #11)

Two (2) students from your class of 30 may go on & special
expense-paid trip. No one wants to decide who the lucky ones

will be so you agree to put 28 plain slips of paper in a hat and

2 with a special mark, Each student draws out a slip. You will
have 2 chances out of 30 or 2/30 tc be one of the winners.

There are 4 aces in a deck of 52 cards. Your probability of draw-
ing out an ace at random would be 4 out of 52 or 4/52. In each
case, the numerator is the number of possibilities that you have
of drawing what you are lookinf for from the total possibilities.

(turn to #25)
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#16. Predict how many times 0, 1, 2, 3, 4, and 5 tails will show up
if you flip 4 coins at a time and do this for 100 tries. Plot

your prediction cn the following graph.

0 PREDICTED RESULTS
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Now try it yourself and plot - our results.

e
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Whet can you say about the comparison of actual results and pre-
dicted results when you use a small number of tries compared to
when you use a large number of tries?

There is no relationship. (turn to #21)

The large number of tries will always come closer to agreeing.
(turn to #22)

The large number of tries generally will come closer to agreeing.
{turn to #20)

Q I don't think mv graph of predicted results is correct so I'm
] Yy grap P -
ERiC not certain of any relationship. (turn to #28)
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#17. Use your predictions from number 23 to graph the results of

flipping 4 coins 32 times on the graph below.

PREDICTED RESULTS
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Now flip 4 coins 32 times and graph the aztual results below.
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(Go to #26)
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Suppose you flip three coins {(coin "a&.," coin "b." coin "c¢'").

What are the possible arrangements?
EXAMPLE
"a" could be heads (represented by

h) or it could be tails (represented a -

/ e by

by t). UWith "a" as heads there are h t
b, b,
two ways that coin "b" could land. J// ~ Z// N
h t ) t
This would give four possible ways c C o c
. / \' "/ \41' V/ \l / \!‘
that "a" and "b" could be put h t h t h t h ©

together. With each of these ways there are two ways that "¢
could land. This would mean that there are how many bnossible
different arrangements of the coins?

§. (turn to #17) 4. (turn to #27)
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. There are 16 possible arrange-

ments of the four coins.

One possible arrangement of 4 coinss=

Another possible arrangement =

A1

Another arrangement

1 1" -~

There is just as good a
possibility for the first one
to cccur as for any of the
others. We could expect to
have all tails 1 time out of
16 or 1/16 of the time. 1/16
is called the probability
fraction for 4 tails. Vhat is
the probability fraction for
3 tails? for 2 tails? for 1
tail? for 0 tails?

(turn to #23)
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#20.

#21.

£22 .

#23.

#24.

Very g . You ere nov :inished with this booklet.
You are right that you can't be certain of relationships t,
generalli--, the more times you try the closer your results -il1l
come to the ones you predicted.

(turn to #20)
In most cases the larger the number of tries the closer t¢ =ach
other will be the results and predictions but there iz alr vs
the possibility of a small number agreeing exactly and a _ rze
number being way off.

(turn to #20)

The cocrrect answer 1s as follows:

0 tails = 1/16 = 6 1/1%
1 tail = 4/16 = 1/4 = 25%

2 tails = 6/16 = 3/8 = 37 1/2%
3 tails = 4/16 = 1/4 = 25%

4 tails 1/16 = 6 1/4%

t

Do you see how the above answers were determined?

Yes. {turn to #17) No., (turn tc #18)

One cf the three marbles will give the results you are looking
for so the probability of getting the 1 green one would be 1/3.
The probability of getting a red one would be 2/3.

(turn to #12)
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#25.

-10

You have discovered the rules of probability. The denominator of

the probability fraction is the same as the number of possible

arrangements. The numerator is the same as the number of these

arrangements that give the results that you are looking for. Now

you are ready to try your rules. Teke four coins and put them in

a box to shake. Calculate the probability that 0 tails will show

up. Calculate the probability that 1 tail will show up; that 2

tails will show up; that 3 tails will show up; that 4 tails will

show up. Remember that there is

one way for all tails to show up

but 4 different ways for 3 tails to show up. Put a "T" on the

circles for coins that land tails up in the circles below and an

"H" on the circles for coins that land heads up in the circles

below. UVork out all the possible arrangements. Each row of i

coins represents a possible arrangement. Check your answer by

turning to #19.

+-one possible
arrangement

¢<~another arrange-
ment

+-another arrange-
3 ment

OO[ON0O]«

1
\
t

OO0

OICHOHONO)

~~. You should b z 0
™ (:}i agiestgufiguie &:) <:> (~)f
oy —=e-m——=-! out a different [
y”) (j} )| arrangement for (:) (:) <j>§
o - - 4 each box. . ——
T e e T T 7
OO OO o O O U
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#26. Your predicted results should have looked like this:
1/16 of the time you Lredicted 0 tails.
1/16 of 32 would be 2. (1/16 x 32 = 2)

You predicted 1/4% of the time 1 head

- would come up. (1/4 of 32 is 8)
PREDICTED RESULTS
4 12
o n
2.4 10
O &
ot
Q o~ 8
5
e 6
4y
09 L
0
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U 0 2
a o
58 i
A 0 [
Number of Coins Landing Heads Up g

(turn to #186)

#27. There are eight ways that 3 different coins could land.

1 2 3
l_ﬁ) H) (E)) 1 way
g(:) (E) &j 2 ways

3

@
©

©]
Q)
&

|

®
)

D @ @ 7
e (tarm 6§13
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#28. Your predicted results should have looked 1liks this.

PREDICTED RESULTS

50 ;

Number of times event
happened in 100 tosses

00 1 2 3 5
Number of Coins Landing Heads Up

(turn to #22)
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