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ABSTRACT
The major purpose of this study was 1) to investigate

the development of the concept of a unit of measure and the
coordination of unit size and the number of units 2) to relate this
development to the development of conservation and 3) to determine

the role of equivalence and nonequivalence relations in certain
conservation and measurement problems. 218 subjects (grades K-2) were
individually tested on items selected from a set of conservation and
measurement problems. In one set of measurement problems, quantities

were measured with different size units of measure. Centering on

either unit size or the number of units alone lead to errors similar
to those found in conservation problems. In a se.'Iond set of
measurement problems, quantities in different shaped containers were
measured with the same unit. Each type of problem was administered in
three situations employing different combinations of equivalence and
nonequivalence relations. Results are discussed in detail.
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STATEMENT OF FOCUS

The Wisconsin Research and Development Center for Cognitive Learning
focuses on contributing to a better understanding of cognitive learning by
children and youth and to the improvement of related educational practices.
The strategy for research and development is comprehensive. It includes

basic research to generate new knawledge about the conditions and proces-
ses of learning and about the processes of instruction, and the subsequent
development of research-based instructional materials, many of which are
designed for use by teachers and others for use by students. These mate-

rials are tested and refined in school settings. Throughout these opera-

tions behavioral scientists, curriculum experts, academic scholars, and
school people interact, insuring that the results of Center activities
are based soundly on knowledge of subject matter and cognitive learning
and that they are applied to the improvement of educational practice.

This Technical Report is from Phase 2 of the Project on Prototypic
Instructional Systems in Elementary Mathematics in Program 2. General

objectives of the Program are to establish rationale and strategy for
developing instructional systems, to identify sequences of concepts and
cognitive skills, to develop assessment procedures for those concepts
and skills, to identify or develop instructional materials associated
with the concepts and cognitive skills, and to generate new knawledge
about instructional procedures. Contributing to the Program objectives,
the Mathematics Project, Phase 1, is developing and testing a televised
course in ariehmetic for Grades 1-6 which provides not only a complete
program of instruction for the pupils but also incervice training for
teachers. Phase 2 has a long-term goal of providing an individually
guided instructional program in elementary mathematics. Preliminary

activities include identifying instructional objectives, student activi-
ties, teacher activities materials, and assessment procedures for inte-
gration into a total mathematics curriculum. The third phase focuses on
the development of a computer system for managing individually guided in-
struction in mathematics and on a later extension of the system's appli-
cability.
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ABSTRACT

This study was designed to investigate the development of certain

measurement concepts, to relate this development to the development

of conservation, and to determine the role of equivalence and non-

equivalence relations in conservation and measurement problems.

218 Ss in grades K--2 were individually tested on 4 to 9 items

selected from a set of 18 conservation and measurement problems.

The conservation problems were the classical continuous quantity and

discrete object problems. In one set of measurement problems, quan-

tities were measured with different size units of measure. Lontering

on either unit size or the number of units alone lead to errors similar

to those found in conservation problems. In a second set of measure-

ment problems, quantities in different shaped containers were measured

with the same unit. Each type of problem was administered in three

situations employing different combinations of equivalence and non-

equivalence relations.

The results of this study indicate that: 1) There is no signifi-

cant difference in difficulty between conservation and measurement

problems due to different combinations of equivalence and nonequivalence

relations. 2) Measurement processes are meaningful to most first and

second grade students and can be used to compare quantities; however,

a significant number of young children readily abandon measurement

choices if they are followed by conflicting visual cues; and the major-

ity of first and second grade students do not recognize the importance

xi
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of a constant unit of measure and incorrectly apply measurement process-

es that involve more than one unit of measure. 3) Numerical conflict

produced by measuring with different units of measure results in the

same degree of errors as the visual conflict produced by pouring liquids

into different shaped containers in the classical conservation prob-

lems. 4) Most conservation and measurement errors result from chil-

dren centering on an immediate dominant dimension; consequently,

problems in which the correct cues appear last ate Significantly-easier

than problems in which they are followed by distracting cues. Order,

however, is not the only significant variable. Problems in which

correct cues are numerical are significantly easier than similar

problons in which correct cues are visual.

xii
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Chapter I

INTRODUCTION

Statement of the Problem

The major purpose of ts study was 1) to investigate the

development of the concept of a unit of measure and the coordination

of unit size and the number of units 2) to relate this development to

the development of conservation and 3) to determine the role of

equivalence and nonequivalence relations in certain conservation

and measurement problems.

To accomplish these objectives, the study explored the Tatterns

of young children's responses to a collection of different problems

in which they were asked to compare two quantities. In each of the

problems the Ss were faced with conflicting sets of cues regarding

the relationship between the quantities. Several of the problems

involved the classical conservation tasks in which two quantities

in a comparable state, discrete objects in one-to-one correspondence

or quantities of liquid in identical containers, were transformed so

that the relation between the quantities was no longer evident; one of

the sets of discrete objects was spread out or one of the quantities

of liquid was poured into a taller, narrower container. Thus, Ss

were faced with conflicting sets of cues as to the relative quantities

of objects or liquid. Ss could determine the correct relation by

focusing on the original state or by recognizing the compensating



relations between the length and density of the discontinuous objects

or height and width of the liquid. If they centered on a single dimen-

sion in the final state, however, they perceived a different relation

between the quantities.

In a second set of similar items the distracting cue was numerical

rather than visual. Two quantities of liquid in identical containers

were measured using different size units of measure so that to deter-

mine the correct relation between the quantities it was necessary to

focus on the original state or to recognize the compensating relation

between the unit size and number of units. Centering on either unit

size or number of units alone lead to the incorrect relation. In a

third set of problems the two quantities were measured with the same

unit. In one case they were measured into different shaped containers

and in another case they started out in different shaped containers and

then were measured.

Each type of problem was administered in three situations involving

different relations between the stimulus pairs:

1) Equivalence: The quantities were equal and transformed to
appear unequal.

2) Nonequivalence I: The quantities were unequal and trans-
formed so that the dominant dimension in both quantities
(length or height in conservation, number in measurement)
was equal.

3) Nonequivalence II: The two quantities were unequal and
transformed so that the direction of the inequality
appeared to be reversed.

Differences between items and between individual patterns of

responses were examined in an attempt to determine what factors are

315
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involved in recognizing the necessity of a constant unit of measure

and whether difficulties in coordinating unit size and number of

units are specific to the measurement process or are simply an

instance of the more general problems of not recognizing the invar-

iance of quantities under various transformations. The following

specific questions pertaining to the development of measurement con-

cepts were considered:

1) What differences in young children's responses to items

involving quantitative comparisons can be attributed to the

type of cue they are confronted with regarding the quantities?

a) Do distracting visual cues and distracting measurement

cues generally lead to the same errors? i.e. What are

the differences in responses to the problems in which

the quantitative relations are distorted by pouring the

liquids into different shaped matainers and the

problems in which the quantities are measured with

different size units of measure?

b) If there is conflicting evidence on which to base a

quantitative judgement, does it matter whether the

correct cue is a visual or a measurement cue? i.e.

What are the differences in responses to problems in

which the quantities ,:an be correctly visually compared

but are measured with different units of measure and

problems in which the quantities cannot be visually

compared but are measured with the same unit of measure?

2) Do young children tend to focus on the type of cue, responding

strictly on the basis of either yisual or numerical cues; or

is the order of the cues the determining factor; or is there

an interaction between the two? i.e. Do young children's

quantitative errors simply result from responding to the last

cue given, or does the r.ype of cue also affect their response?

3) What is the role of coordinating unit size and the number of

units in quantitative judgements? When quantities are

measured with different units, does the inverse relationship

between unit size and the number of units contribute to the

correct respons ; or do those who answer correctly simply

ignore the measurement cues and respond on the basis of other

sets of cues? Would there be any difference between problems
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in which it was possible to distinguish the difference in the
size of the units and those in which it was not?

The second major purpose of the study was to determine any differ-

ences in the way young children respond to equivalence and nonequival-

ence relations. Specifically;

1) Are young children's responses to conservation and measure-
ment problems a function of the relation between the quantities
being compared? Are Equivalence, Nonequivalence I, and Non-
equivalence II problems of equal difficulty?

2) Does assigning a number to quantities differentially reinforce
equivalence and nonequivalence relations? For example, does
counting the elements of sets in the classical conservation
problems identified above have a different effect when the
sets have the same number of elements than when they have a
different number of elements?

3) If Nonequivalence I is easier than the other relations, is
this due to equivalence cues being weaker distractors than
nonequivalence cues; or is it due to the fact that in most
Nonequivalence I cases the correct relation between quantities
can accurately be determined from the distractor cues? Is
Nonequivalence I easier in situations where this is not the
case, for example, in measurement problems where it is not
possible to determine the differences in the size of the
units.

A third purpose of the study was to assess the degree to which

failure on conservation type tasks can be attributed to experimental

procedures.

1) Do Ss tend to respond to the last choice given to diem in
the protocols? If asked, "Is there more of one quantity or
are they the same?", do they respond "same" because that was
the last choice given to them?

2) Does inducing a numerical set by having Ss count dm elements
in the array being compared improve performance on conserva-
tion problems?

3) To what extent are conservation failures due to Ss attempting
to second guess E and responding to the operation performed
on the sets? In other words, if an S is asked to compare two

17
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quantities and asked to compare them again after thay have

been transformed, does he respond that the relation has

changed simply because the transformation calls attention to

the dimension that has changed and the subject assumes that

dimension is what he is being asked to compare? When a

liquid is poured from identical containers into different

shaped containers, the procedures emphasize the change in

shape. Would the same errors occur if the liquid was

measured into different shaped containers? In this case the

emphasis would be on the measurement rather than on the

change in shape.

Mathematical Background

In order to understand how this study relates to the measurement

process and to other measurement studies, it is necessary to consider

exactly what constitutes the process of measurement.

Measurement can be defined as "the assignment of particular

mathematical characteristics to conceptual entities in such a way

as to permit (1) an unambiguous mathematical description of every

situation involving the entity and (2) the arrangement of all occur-

rences of it in a quasi-serial order." (Caws, 1959, p.5). Mathematic-

ally the process of measurement can be discussed in terms of functions

mapping the elements of a domain into some mathematical structure,

(usually a subset of the real numbers) in such a way as to preserve

the essential characteristics of the domain. (For a more complete

treatment of a functional approach to measurement and for the

definitions of the mathematical terms used in this discussion, see

Blakers, 1967.)

The first requirement for the establishment of a measurement

function is to recognize a domain D of elements which possess a given



attribute. (The term "elements" is used loosely and can include such

things as quantities of a liquid that can be partitioned in an infinite

number of ways into distinct elements.) By empirical procedures the

domain is given a structure, usually involving the establishment of

operations and relations on the objects of the domain. In most common

measurement functions this structure is imposed by first establishing

a procedure for comparing elements of D on the basis of the given attri-

bute and using this procedure to define an equivalence relation q, on

the elements of D. This equivalence relation is used to partition D

-
into equivalence classes 2, thereby creating a set D of the equivalence

classes of D. The procedure for comparing elements of D also allows one

to define an order relation < on D, which turns out to be a strict

total order relation on D. i.e. For every two elements d1 and d2 of

D, exactly one of the following holds: d1 d2, d1 < d2, or d2 < dl.

This order relation < yields a corresponding order relation < on D

defined as follows: Given a and e in D, d < e if d < e for any d in
1 1 1

a and any e
1

in e. Next an operation, *, which is both commutative

and associative is defined on the set D and extended in a natural way

to the set D. Thus, (D, *, <) assumes the structure of an ordered

abelian semigroup. i.e. For every al, a2, a3 in D, al < a2 implies

a1*a3 < a2*a3 and a3*a1 < a3*a2.

Once D has been given a recognizable structure, the next step is

to attempt to define a function p that maps D into a subset of the

real numbers and preserves the essential characteristics of the
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structure of D. i.e. Given d d
2'

d
3

in D:

(1) p(d1) = p(d2) if and only if d1 rt, d2

(2) d d
1
*d

2
implies p(d3) = p(d1) + p(d2) assuming that

d
1

and d
2

do not intersect.

Many common measurement functions which measure domains with

dense order relations can be defined by arbitrarily selecting a

member 43 of D as a unit. (An order relation is dense if: given

d d
2
in D such that d

1
< d

2'
there exists d

3
in D such that

d1 < d3 < d2. The length, area, volume, and weight measurement

functions measure domains with dense order relations while the

counting measure does not.) Then any other element d of D is compared

with successive multiples of do until a multiple ndo is found such

that nd
o

d < (n+l)d . means < or q") Next an element d
1

is

chosen such that 10d1 rt, do, and a multiple of d1 is joined to ndo

such that nden1d1 d < nde(n1+1)d1. Similarly d2 and n2 are

chosen such that nd
0
*n

1
d
1
*n

2
d
2

d < nd
0
*n

1
d
1
*(n

2
+1)d

2'
Continuing

in this manner a decimal number r= n.n
1
n
2
n
3
... is built up and used

to define the function

:D÷Rouy p(d) = r.

It is generally possible to define more than one measurement

function from D into the real numbers. In the case where the function

p is defined by arbitrarily selecting a member d
0

of D as a unit, a

different function p
1

can be defined by selecting another element d
1

of D that is not equivalent to d
0

and using it to generate p A
1.

natural question to ask is how do the different functions that one
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might define on D relate to one another? In other words, if p and

pi are measurement functions from *, <) to (R
+

, +, ), what is

the nature of the automorphism K on (0", +, <) such that p = Kpi?

The measurement functions used in this study are similarity-invariant

measures, which means that the function K is of the form

K:x kx kER
+

If do < di, then k > 1; and if do > di, then 0 < k < 1. In other words,

given two different choices of units do and di and their corresponding

measurement functions po and pl, there is an inverse relationship

between the relation d
0

and d
1
and the numbers to which any element

of D is mapped by po and pi respectively. In less formal terms,

there is an inverse relationship between the unit size and the number

of units.

It should be noted that a basic assumption has been made in attri-

buting a structure to D and defining a measurement function from D to

R-1-. It has been assumed that the attribute that is being measured re-

mains constant under certain transformations and is not affected by

the empirical procedures used to define the operations on D. This

assumption pervades the entire measurement process, and without it

measurement has no meaning. One of the esssential characteristics of

a measurement function is that it preserves the relation between the

elements of the domain that it measures. If the empirical procedures

used to define the function change the relation between the elements of

the domain, then the measureuent function has no meaning. In fact it

makes no sense even to compare elements of D if the process of'comparing

2 1
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changes the relation between the elements.

Thus, it would appear that in order to have any meaningful concept

of the measurement process it would be necessary to recognize the in-

variance of certain properties under various transformations, a process

that the Swiss psychologist Jean Piaget has termed "conservation." A

major goal of this study was to determine how young children's ability

to conserve affects certain aspects of their understanding of the

measurement process.

A second aspect of the measurement process considered in this

study WAS the order preserving property of the measurement function.

The study attempted to assess the degree to which young children recog-

nize that p(di) = p(d2) if and only if di rA, d2.

A third aspect of the measurement process considered in this

study was the role of the choice of the unit in defining the measure-

ment function, the fact that different units define different functions

and the nature of the relation between the functions defined by dif-

ferent units. Ss were tested to determine whether they recognized

that quantities measured by different functions (i.e. with different

units) cannot be compared directly and whether they could find the

relation between different measurement functions (i.e. whether they

could determine the relative size of the units given the number of

each unit in a given quantity).

Significance

Abstract mathematical systems have no necessary logical

connection with,the real world. The measurement process provides

ZZ rt
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a link of the empirical structures of the real world to the formal

structures of mathematics in such a way that empirical properties

are carried over into the corresponding mathematical system.

In recognition of the fundamental nature of the measurement process

in mathematics, the study of measurement is becoming an established

part of the mathematics curriculum of the early primary grades. In

a survey of 39 completed or partially completed elementary mathematics

series, Paige and Jennings (1967) found that by the end of the first

grade about half of the texts had introduced linear and liquid measure-

ment.

Some current proposals advocate an even more extensive treatment

of measurement concepts. The Cambridge Conference on School Mathematics

(1963) and the K--13 Geometry Committee (1967), have advocated teach-

ing measurement of length, area, and volume using both arbitrary and

standard units in the early primary grades.

The mathematics program Developing Mathematical Processes (DMP),

being developed at the University of Wisconsin Research and Development

Center for Cognitive Learning, has made measurement processes the basis

for developing fundamental number concepts (Romberg, Fletcher, & Scott,

1968). In grade I the arithmetic units include activities in which

children choose arbitrary units of length and weight and use them to

measure specified objects (Romberg & Harvey, 1969, 1970).

The proposed Geometry unit for grades K--2 is to include

measuring and comparing length, area, volume, weight, and time using

both arbitrary and standard units of measure (Harvey, Meyer, Romberg, &
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Fletcher, 1969).

The conservation and measurement research of Piaget (1952, 1960)

seems to raise serious questions as to the advisability of expecting

students in the early primary grades to master these measurement

concepts. Huntington (1970) applied Piagees (1960) studies and Beilin

(1971) and Lovell's (1971b) hypothesis that mathematical ideas which

depend on a level of logical thought beyond a child's capacity are only

partially or very tenuously learned to the SMSG program for grades

1-3 and concluded that "Piaget's studies indicate that the instruc-

tion on linear measurement is placed too early and is instructed too

narrowly." (p. 232) This conclusion is not unreasonable in light of

Piaget's findings that 8-81/2 years is the age that a significant pro-

portion (75%) of children first master the easiest measurement process

(length).

Other mathematicians and psychologists (The Cambridge Conference,

1963 and Sullivan, 1967) have challenged the direct application of

Piaget's conclusions to determine the sequence of subject matter in

the curriculum. Sullivan (1967) states:

The Piagetian contribution to the structure and sequencing

of subject matter is more apparent than real. This is

clearly not the fault of Piaget, but rather of his educational

followers. Uncritical extrapolation of Piaget's observations

and his methodological considerations (e.g., logico-mathematical

model) is, in the opinion of the present author, harmful to

the advancement of educational knowledge. The use of Piaget's

stages as indicators of "learning readiness" seems most

premature and needs more careful consideration on both the

research and theoretical levels. (p. 33)

ff!
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Even those who question the validity of using Piaget's conclusions

as the final arbitrator in determining the scope and sequence of

materials in the curriculum concede that his studies have definite

implications for curriculum development and the assessment of learning

outcomes. This point of view is clearly expressed by Lovell (1971a):

These results [the studies of Piaget and his followers]
do not, of course, imply that all work on measurenent of
length [Dr any other measuremant] should be postponed until
the child fully understands what he is doing. Rather the

experiences derived from activities involving measurement,
which the child carries out at the teacher's suggestion, provide
the basis out of which understanding arises with the grawth
of thinking skills. The important point for the teacher is to
realize to what extent a child is carrying out measurement
operationally--that is, with full understanding--or to what
extent it is being carried out in rote fashion. (pp. 104-105)

Measurement concepts are going to be taught. The goal of this

study was to attain a clearer picture of some aspects of young

children's intuitive understanding of measurement concepts so that..

activities can be constructed to help children overcome basic miscon-

ceptions, and evaluation items can be designed to assess the success

in dealing with these misconceptions.

Just as measurement processes are a basic component of the DMP

mathematics program, so too are order and equivalence relations.

Equivalence relations have traditionally played a much greater role

than order relations in the mathematics curriculum of the primary

grades. Following the recommendations of The Cambridge Conference

(1963), DMP has integrated equivalence and order relations fram the

first. A major goal of the proposed study was to determine if any diff-

erences exist in young children's ability to deal with equivalence
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and order relations in conservation and measurement problems.

For the psychologist and educator, the crucial problem...

1.
is to secure an adequate picture of the transitions that

occur in the sequence [of die development of.conservation],
and eventually to specify the factors involved in them.
(Almy, 1966, p. 19).

...little is known thus far about the specific ways in
which the transition from lack of conservation [or meas-
urement] to the presence of conservation [or measurement]
takes place. It is apparent, however, that an adequate
explanation of this problem ultimately requires a clearer
understanding of the psychological processes at work in
this transition stage a more detailed examination of
the interrelationship among different tasks involving
conservation and closely related concepts should likewise
extend our understanding of this problem.
(Wohlwill & Lowe, 1962, p. 153)

This study examined the interrelationship among a number of

different tasks involving conservation and measurement concepts and

different combinations of equivalence and order relations. It attempt-

ed to generalize the development of conservation to include problems

involving numerical as well as visual distractors and to determine

the role of equivalence and order relations in the transition from

lack of conservation to conservation.

2 6
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Chapter II

RELATED RESEARCH

The motivation for this study was derived primarily from the work

of two groups of researchers, the Swiss psychologist Jean Piaget and

his followers and the Soviet educator-psychologists P. Ya.Gal'perin

and L.S. Georgiev. In fact, the current study can be viewed in part

as an attempt to resolve.their conflicting views.

Litres Conservation and Measurement Studies

Piaget has extensively studied yourg children's conception of

quantity and measurement in a variety of situations. For Piaget

the central idea "underlying all measurement is the notion that an

object remains constant in size throughout any change in position."

(Piaget, Inhelder, & Szeminska 1960, p.90) In his now classic

conservation studies Piaget demonstrated that young children do not

realize the invariance of most quantitative properties under various

transformations.

Piaget (1952) proposed three stages that a child passes through

in the attainment of conservation. In stage I "quantification

is restricted to the immediate perceptual (unidimensional) relation-

ships." (Piaget, 1952, p.11) For example, given two equivalent

containers (Al, A2) containing the same quantity of liquid, if A2

is poured into a taller, narrower container (B2), a child in this

stage asserts that there is more liquid in the taller container,

14
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focusing strictly on the height and ignoring the transformation from

the containers in which he agreed the quantities were equal. If the

quantities are such that the height in Al and B2 is the same,

the child asserts that the quantities are equal, even though B2 is

narrower.

In stage II the child is capable of assuming the quantity is not

changed when it is transformed, as long as the transformation is not

too great. Children at this stage begin to coordinate different

dimensions; and although they are not entirely successful, they are

not wedded to a single dimension and will not, for example, assert

that there are equal quantities of liquid in different containers

just because the liquids are the same height.

In stage III the child successfully conserves irrespective of

the nature of the transformations.

The significance of the conservation concept comes from the

diversity of situations to which it applies. Piaget (1952) exposed

young children to a number of different tasks involving quantitative

comparisons and found stages of development paralleling those described

above. Several of these tasks are worth mentioning here because they

are similar to items in the current investigation.

In one problem Ss were shown a row of objects and asked to pick

out a number of objects equal to it. First stage Ss made rows of the

same length but of different density. Second stage Sa placed the

objects in one-to-one correspondence, but thought the equivalence

28
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ceased to exist when one of the rows was spread out. In the third

stage, equivalence persisted under distortion.

In another problem Ss dropped beads one by one into a container

at the same time E dropped them into a different width container.

Thus, SS were faced with conflicting cues in terms of the one-to-one

correspondence of the beads and the different levels of the beads in

the containers. Piaget found the development for this task parallels

the development of conservation of liquids.

Based on studies of length, area, and volume Piaget et al.(1960)

proposed a similar stagewise development of measurement, which is

interrelated with the development of conservation. Piaget's measure-

ment problems can be divided into two broad classes which correspond

to the two major divisions within the mathematical definition of

measurement described above. In the first class of problems, objects

of the domain D were compared directly on the basis of a given attri-

bute without assigning a number to the attribute. The conservation

studies described above fall into this class. In the second class

of problems, measurement functions were applied and attributes were

measured with different units of measure.

In.studying the child's concept of length, Piaget found the same

stages of development that he identified for conservation; however, he

also found that distinct substages, A and B, exist in stages II and

III. In the earliest stages, I and IIA, length is primarily a function

of endpoints. Children in these stages of development generally ignore

undulations or angles in objects being compared and base their judge-

29
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ments on the positions of the endpoints. In one task Ss were

asked to assure themselves that two strips of cardboard were of the

same length. Then one of the strips of cardboard was cut into

several pieces and arranged in various configurations. Ss at this

stage of development generally asserted that the uncut strip was longer.

Occasionally Ss in this stage focused on the number of angles, espec-

ially in cases where this factor was exaggerated by having a large

number of angles. Similarly Ss who had agreed that two segments were

the same length when their endpoints were aligned thought the segments

no longer were the same length if they were moved to a staggered

position or were moved so that they were at an angle.

In Stage IIB children oscillate between conservation and noncon-

servation responses or arrive at conservation through a lengthy process

of trial and error. In stage III conservation is immediate.

In studying the development of the measurement functions, Piaget

asked Ss to judge the relative lengths of strips of paper mounted on

cardboard sheets in a variety of linear arrangements involving right

angles, acute angles, etc. After the S had replied, he was given a

number of movable strips and asked to verify his judgement. Later he

was given short strips of cardboard--3 cm., 6cm., and 9 cm. long--and

asked to measure the mounted strips.

The earliest stages, I and IIA are characterized by a "wide variety

of responses which have only negative characteristics in common."

(Piaget et al., 1960, p.117) Children do not conserve length and are

30
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totally incapable of using a unit of measure. They generally rely

on visual comparisons and have no confidence in measurement. When

asked to measure, some children simply run the unit along the line,

making no subdivisions into equal units. Others only.cover part of

the line or partition it into unequal sections. No child in this

stage realizes the importance of a constant size for the unit of

measure.

In substage IIB conservation is dimly perceived, and children

begin to understand the use of a unit in measuring. By trial and

error children gradually discover that if it takes more units to cover

A than to cover B then A is longer than B; however, children fail to

recognize the importance of the size of the unit and often count a

fraction of a unit as a whole or equate two lines that measure the

same number of units with different size units of measure.

In substage IIIA, conservation and the use of a common unit are

both immediate; but children continue to ignore the size and complete-

ness of units of measure. In substage IIIB children successfully

conserve and measure. They recognize the importance of the size of

different units of measure and understand the inverse relationship be-

tween unit size and number of units.

Piaget found similar stages of development for area and volume.

In studying the development of the concept of area, Piaget asked Ss to

compare the size of two identical rectangles made up of six squares

each, arranged in a two by three configuration. After an S agreed that
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the two rectangles were the same size, the squares in one of the

rectangles were moved around to create a different shaped region; and

the S was asked to compare the size of this region with the size of the

undistorted rectangle.

Two techniques were used to study the development of area measure-

ment functions. Both involved comparing different shaped figures by

measuring with different units. In the first type of problem Ss were

given enough units to caver the figures, but the units were of different

sizes and shapes. Some were squares, some were rectangles (two squares),

and some were triangles (squares cut diagonally in half). In the second

type of problem Ss were given a limited number of square unit cards,

which they had to move by successive iteration from one part of the

region being measured to the next. Some regions were'shaped in such

a way that it was impossible to cover them with the given units without

intersecting the exterior of the region. Thus, it was necessary for

Ss to consider fractions of units.

Based on these and several other related studies, Piaget et al.

(1960) concluded that the development of the concept of area "is iden-

tical with that found to govern the conservation and measurement of

lengths in one or two dimensions." (p. 274)

Even at level IIA (as at level I) children confine them-

selves to perceptual judgements and the areas are not conserved

when their appearance is modified. Again, they cannot measure

areas because they lack .conservation of the moving middle term

so that there is no transitivity. Children at level IIB grad-

ually come to make a number of true judgements, but their success

is the product of intuitive adjustments and so is lacking in

generality. Likewise we now find some degree of transitivity,

so that measurement as such begins to be seen at level IIB, but
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to this there are many limitations. At level IIIA there is
operational conservation of areas when their shape is altered
(although the conservation is limited to the area enclosed by
a given perimeter, and does not extend to the complementary area

outside). Middle terms now serve as common measures because
congruence is recognized as a transitive relation. But children
still fail to understand the concept of a unit so that when
calculating the total extent of an area they count all its
parts as equivalent regardless of their size. Finally, at level
IIIB conservation is generalized to cover complementary areas
and this level marks the beginning of true measurement, involving
unit iteration. (Piaget et al., 1960, pp. 274-275)

In Piaget's volume studies Ss were shown a solid block 4 cm. high

with a square base 3 cm. x 3 cm. and told that this block was a house

built on an island 3 cm. x 3 cm. Using 1 cm. blocks, Ss were asked

to build houses that had "as much room" as the original house on

other islands of different shape and area. In another problem Ss

were asked if the height of water in a container would change if the

configuration of a set of metal cubes that was submerged in the water

was altered.

Stage I children are unable to relate to these problems. By stage

IIA children can understand the problems but cannot conserve volume and

cannot make any comparisons between solids beyond one-dimensional rela-

tions. Therefore they ignore the change in the base and construct

their house the same height as the model. In stage IIB children attempt

to compensate for the smaller base by increasing the height of their

house, but they do not use any common measures and generally do not

increase the height sufficiently to compensate for the decrease in

volume. In stage IIIA children conserve interior volume but not dis-
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placed volume. In other words they recognize that the volume of a solid

does not change when its shape is altered but do not recognize that if

the solid is submerged in water the height of the water is the same

before and after the change in shape. Children continue to inadequately

compensate for the decrease in the area of the base of their house.

Responses in stage IIIB are similar to those in IIIA. Children begin

to correctly measure the dimensions of the solids but are unable to

establish the relation between lengths and volumes. Finally in stage

IV, children discover that volumes are equal if and only if the pro-

duct of their respective dimensions are equal. In this stage children

also begin to conserve displaced volume.

71us, it is Piaget's view that the development of measurement and

conservation concepts are integrally related and that the same general

pattern of development persists across all types of measurement oper-

ations. In general, the earliest stages in the development of measure-

ment concepts, I and IIA, are characterized by a dependence on one-

dimensional perceptual judgements. Transformations from prior states

are completely ignored, and quantities are compared on the basis of a

single dominant dimension. In stage IIB children begin to make a

number of true judgements as long as distortions in quantities being

compared are not too great. Correct judgements in this stage are large-

ly a result of trial and error, and at best, children in this stage

have a dim concept of conservation and some notion that greater quan-

tities measure more units. In stage IIIA children begin to conserve
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and measure using a common unit; however, they fail to recognize

the importance of a constant unit of measure. In stage IIIB children

successfully conserve and measure. They recognize the importance of

different units of measure and understand the inverse relationship

between unit size and number of units. It is not until stage IV,

however, that children finally discover the mathematical relation

between area and volume and their respective dimensions.

Piaget's conservation research has been a popular target for

further investigation. A number of studies--e.g. Dodwell (1960, 1961),

Wohlwill (1960), and Hyde (1959)--have been conducted replicating

Piaget's procedures and have, on the whole, supported his description

of the development of conservation. Research on measurement concepts

has not been so popular. A syiitematic search of the literature

uncovered, only four studies that attempted to verify Piaget's proposed

stagewise development of mRasurement. Studies by Lovell, Healey, and

Rowland (1962), Lovell and Ogilvie (1961), and Lunzer (1960) gen-

erally supported Piaget's conclusions, whereas Beilin and Franklin

(1961) found evidence that conservation of one-, two-, and three-dimen-

sional entities are achieved in that order, rather than developing

simultaneously as Piaget had suggested.

Wereas Piaget takes the view that conservation precedes measure-

ment, Bearison (1969) used measurement operations to teach children

to conserve. Nonconservers were provided with experiences in which

they compared two quantities of liquid in terms of the number of
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identical beakers containing the two quantities. As soon as the Ss

mastered the numerical comparisons, first one set then both sets of

beakers were transferred to larger beakers; and the Ss were again

asked to compare the quantities of liquid. The final phase of train-

ing simply involved the standard liquid conservation task. Bearison

concluded that:

The effects of training facilitated the conservation of

continuous quantity and transferred to the conservation of

area, mass, quantity, number, and length. The explanations

offered for conservation by the trained conservers were
identical to those elicited from a group of "natural" con-

servers, and the effects of training were maintained over

a 7-month period. (p. 653)

Gal'Rerin and Georsiev's Study

Whereas Piaget's research has covered the entire range of the

measurement process, focusing to some degree on the basic assumption

that the properties being measured remain invariant under transfor-

mation--two Soviet researchers P. Ya. Gal'perin & L. S. Georgiev

(1969) have concentrated their efforts on the definition of the

measurement function, especially on the role of the unit. They

administered a series of measurement problems to 60 students from

the "upper group" of a Soviet kindergarten (6 yrs., 6 mos. to 7 yrs.,

2 mos.) from which they concluded that young children taught by

traditional methods lack a basic understanding of a unit of measure,

that they are indifferent to the size and fullness of a unit of measure

and have more faith in direct visual comparison of quantities than in

measurement by a given unit. Thesa conclusion were based on the
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following items:

A) Indifference to the size of the unit of measure: Ss were

given two identical cups filled with rice and asked to measure the

rice in one of the cups into separate piles using a teaspoon, and

then using a tablespoon, to measure the rice in the other cup into

another group of piles. Ss were then asked which group of piles

contained more rice. Fifty Ss responded that there was more rice

in the teaspoon group where there were more piles.

B) Indifference to the fullness of the unit of measure:

Having put five spoonfuls of rice on the table and taken four away,

Ss were asked how many spoonfuls were left. Thirty-two Ss responded

incorrectly due to the fact that they had not checked the fullness of

the spoons. Eighteen indicated that there was some number greater

that one left, and 10 indicated that there was one spoonful left even

though there was a great deal more left.

C) Visual comparison vs. measurement: Ss were asked whether there

was more rice in a pile where the Ss had just placed four spoonfuls of

rice (pile I) or in a pile in which they had just placed two spoon-

fuls of rice which had been spread out by E (pile II). They were then

asked whether there was more rice in pile II or in a third pile which

also contained two spoonfuls but which had not been spread out. Twenty-

eight Ss chose pile II as the largest of the three. Seventeen recog-

nized that pile I was larger than pile II but did not realize that pile

II and pile III contained the same amount of rice.
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On the basis of this study Gal'perin and Georgiev (1969) devised

a program of 68 lessons that specifically dealt with measurement con-

cepts and systematically differentiated between units of measure and

separate entities. During the 1959-1960 school year, this program was

administered to 50 children from the "upper group" of the same kinder-

garten used in the first investigation. Pretest scores were similar

to those reported above; however, on the posttest at least 96% of the

Ss correctly responded to each of the above questions.

Carpenter (in press) administered the measurement test items to

a group of 20 American first graders and obtained results similar to

those obtained for Soviet kindergarten children who had not studied

the Gal'perin and Georgiev program. Eighteen of the 20 Ss missed Item

A, in which they were asked to measure equal quantities with different

size spoons. Sixteen said there was more rice where there were more

spoonfuls and two thought there was more rice where the piles were

larger.

Eighteen Ss missed Item B, in which they were asked to measure

out five spoonfuls of rice and then measure back four. Twelve indi-

cated that there was more than one spoonful left. Five of these said

that there were more than five spoonfuls. Six Ss responded that there

was only one spoonful left even though there was actually much more

than one spoonful. None of these six could explain why they could not

get all the remaining rice in the spoon.

Fourteen Ss missed Item 0, in which they were asked to compare
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the three piles of rice. Only 6 missed the first part, but 14 insist-

ed that there was more rice in the second pile than in the third. Of

the 8 Ss who answered part one correctly but missed part two, 6 said

there was more in pile II than in pile III because pile II was spread

out; but there was more in pile I than in pile II because there

were four spoonfuls in pile I and only two in pile II. On the same

question these Ss changed thebasis for their responses, one time

responding on the basis of how the piles looked and one time responding

on the number of spoonfuls of rice in the piles.

Carpenter also administered some additional items in an attempt

to discover the basis for the errors in the Gal'perin and Georgiev

problems. In order to gain further insight as to the basis for the

responses in the item comparing three piles of rice, part of it was

run backwards. (Item D) Four spoonfuls of rice were poured on the

table from a cup. Next to this pile two spoonfuls of rice were pour-

ed and spread out. Ss were asked which pile contained more rice. If

S responded Chat the spread out pile contained more rice, the rice in

both piles wals measured into two identical opaque cups; and the S was

asked which cup contained more rice. All but one S who correctly

compared the piles containing two and four spoonfuls when they were

measured out could visually distinguish the larger pile even when they

were not measured, and two Ss who could not correctly compare the two

piles when they were measured could when they were not measured. All

of the five Ss who could not visually distinguish which pile was larger
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said there was more rice in the cup containing four spoonfuls after

the rice was measured. Thus, although many Ss relied on visual com-

parison when the visual, stimuli followed the measurement stimuli,

pone did when the order was reversed.

In another item (Item E) Ss measured equal quantities of rice with

different size spoons. It differed from Item A in that the rice was

measured into opaque cups rather than into individual piles. Item E

was almost as difficult as Item A. Of the 18 Ss who missed Item A,

16 also missed Item E and no S got Item E and not Item A. Whereas

only 2 Ss chose the quantity of rice measured with the larger spoon as

having more rice in Item A, 7 did in Item E. AnOther item (Item F)

was administered that was similar to Item E except that the original

quantities of rice were not equal but measured the same number of

spoonfnls when measured with different spoons. Only 3 of the 20 Ss

missed this item. Of the 17 who answered correctly, 8 explained their

answer in terms of the size of the spoons, 7 gave conservation type

explanations, and 2 were not able to explain their response.

Although American children's performance on the Soviet items was

similar to the performance of Soviet children found by Gal'perin and

Georgiev, the results on the new items and a different interpretation

of the results on the Soviet items yielded a different set of con-

clusions:

1) Young children are not indifferent to the size of units of

measure; but just as in Piaget's conservation problems, they are only
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capable of making one-dimensional comparisons. Thus, in Items A

and E most Ss centered on a dominant dimension, generally the number of

units; but in Item F they correctly noted the significance of the

different units.

2) Young children do not rely pl.Lmarily on the visual comparisons

as Gal'perin and Georgiev concluded, but rather they respc.ud on the

basis of the last stimulus available, be it numerical or visual. In

Items A and E, in which equal quantities were measured with different

size spoons, most Ss completely ignored the correct visual cues and

responded on the basis of numerical distractors; and in Item D, Ss

correctly responded on the basis of numerical cues when the numerical

cues came last.

3) The research by Piaget (1952, 1960) cited above also tends to

make less credible Gal'perin and Georgiev's hypothesis that improper

application of the unit of measure is the source of measurement errors.

As demonstrated above in conclusions 1 and 2, the Soviet results are

perfectly consistent with Piaget's theories; however, it is difficult

to see how most conservation errors could be attributed to errors in

young children's concept of a unit of measure.

4) There is tentative evidence that the type of relation between

quantities being compared may affect the results in some measurement

and conservation problems. Item F, in which Ss started with unequal

quantities which measured the same number of spoonfuls, was signifi-

cantly easier than Item E, in which Ss started with equal quantities

which measured different numbers of spoonfuls. Both CArpenter and

41



29

Gal'perin and Georgiev found that in Item C the task comparing two

spoonfuls of rice with four spoonfuls of rice was easier than the task

comparing the two piles of two spoonfuls each. The results of this

last item are somewhat mitigated by the fact that in Item D it was

discovered that most Ss could visually distinguish the difference be-

tween the pile containing four spoonfuls and the spread out pile con-

taining two spoonfuls; however, six of the eight Ss who correctly

answered the inequality part of Item C but missed the equality part

based their correct responses on the number of spoonfuls of rice and

not the visual difference in piles.

The Role of Relations in Conservatio Problems

Piaget has not been concerned with differences in the relations

between sets in his conservation and measurement studies. He has

been attempting to assess the child's conception of number, length,

weight, etc. of a single quantity and has simply used equivalent sets

as an experimental convenience. Elkind (1967), Van Engen (1971), and

Wohlwill and Lowe (1962) have questioned Piaget's procedure of using

what Elkind (1967) calls "conservation of equivalence" tasks to assess

conservation of number, length, weight, etc. For example, Elkind

(1967) hypothesized that "identity conservation" (invariance of a

quantitative attributee.g. numerousness, weight, volume--under

a reversible transformation) precedes equivalence conservation. This

hypothesis has been supported in studies by Hooper (1969) and

Mclunnis (1969) while a study by Northman and Gruen (1970) found no
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differences between the two types of conservation. Almy (1966) and Greco,

Grize, Papert, and Piaget (1960) found that "conservation of number" (in-

variance of the number assigned to a set of discontinuous elements under a

reversible transformation) also precedes conservation of equivalence.

In a study involving 98 first grade boys, Zimiles (1966) found

no difference in difficulty between conservation tasks using equiva-

lent sets of discrete objects and conservation tasks using nonequiva-

lent sets of discrete objects (Nonequivalence II). Each S was indi-

vidually tested on eight items that varied on the following constraints:

1) Relation between sets: Equivalence or Nonequivalence II.

2) Significance of conservation materials: Toy trucks or blocks.

3) Homogeneity of conservation materials: All the trucks or
blocks were the same or they varied in size and color.

4) Size of arrays: Small, three objects in each row in the
Equivalence condition and rows of three and five objects in
the Nonequivalence II condition; or large, seven objects in
each row in the equivalence condition and rows of seven and
nine objects in the Nonequivalence II condition.

Each Equivalence item was paired with a corresponding Nonequivalence

II item that was identical on the other three constraints. The order

of items was varied between Ss to offset any order effect.

There was no significant difference in difficulty between the Equi-

valence and Nonequivalence II tasks for either the large or small array

problems. Over all tasks the per cent of correct responses for Equi-

valence and Nonequivalence II conditions was 64% and 59% respectively

for the small condition and 56% and 54% respectively for the large

condition.
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Since different Ss received different first problems, it was

possible to analyze Equivalence and Nonequivalence II differences by

examining Ss' responses to the first items they received. This analy-

sis, which eliminated any possibility of item interaction, also yield-

ed no significant differences in difficulty between Equivalence and

Nonequivalence II tasks.

Although the Equivalence and Nonequivalence II items appeared to

be of equal difficulty, there was evidence that a substantial amount of

individual Ss' inconsistency of performance between items could be att-

ributed to differences in Equivalence and Nonequivalence II conditions.

Several other studies have administered both equivalence and non-

equivalence items; and although these studies were not designed to

test for differences between the two types of tasks, their results

can be examined to determine whether differences did in fact exist.

Analysis of individual items in studies by Carey and Steffe (1968)

and Rarper and Steffe (1968) indicated no clear cut differences in

difficulty between Equivalence and Nonequivalence II items. On the

other hand, in a study of conservation of discontinuous quantity with

children age 2 yrs., 3 mos. to 3 yrs., 10 mos., Piaget (1968) found

a significantly greater number of correct answers in nonequivalence

situations. Benin (1968) and Rothenberg (1969) also reported signi-

ficantly more correct answers to problems in which the relations be-

tween sets was nonequivalence; however, their tasks were not tradition-

al conservation problems, and experimental variables appeared to favor

the nonequivalence situations.
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There is other research which, although it did not directly

involve conservation problems, supports the contention that young

children respond differently to equivalence and nonequivalence rela-

tions. Halford (1968, 1969, 1970) found that even nonconservers

could use the information from the standard liquid equivalence conser-

vation task to compare the untransformed container of liquid to contain-

ers the same diameter but of different height than the container

into which the equivalent quantity of liquid was poured. He concluded

that children learn to classify equal containers by first learning to

classify unequal coutainers.

In a study in which 76 Ss ranging from age 5 yrs., 5 mos. to

adults were asked to judge whether different pictures were of the

same person or were of different people, Saltz and Sigel (1967)

found that young children tend to overdiscriminate and find differ-

ences where differences do not exist and that this tendency decreases

with increasing age.

Griffiths, Shantz, and Sigel (1967) found that preschoolers

have more difficulty using the word "same" than the words "more" or

"less" when comparing the length and weight of objects, but there was

virtually no difference in their use of these words when'comparing

objects on the basis of number.

In a study of 316 children in grades K--4 in which Ss were asked

to compare the area of different regions made up of identical small

squares, Beilin (1964) found that problems that required judgements

1'4

tr(



33

of equality were more difficult than problems that required judgements

of inequality. Similar differences in young children's ability to

compare objects on the basis of length were found by Carey and Steffe

(1968).

Smedslund (1966) found that young children fail to maintain

choices of equality. Forty per cent of kindergarteners and 21% of

the first graders tested abandoned a decision that two squares were

equal in area immediately after they chose them to be equal. Similar

results were found by Fleishmann, Gilmore, and Ginsberg (1966).

Three of 15 Ss (20%), whose ages ranged from 5 yrs., 5 mos. to 6 yrs.,

4 mos., failed a conservation of equivalence task in which beads well

poured from one of two identical glasses into a third identical glass.

As in the Smedslund study, these Ss failed to maintain their equality

judgement even though there was no visual conflict introduced by the

transformation.

In a study of 32 preschoolers, Uprichard (1970) found that

treatments in which Ss learned to classify sets on the basis of

equivalence were mastered more quickly than treatments in which Ss

classified sets on the basis of "greater than" or "less than," and

learning sequences that began with equivalence were more effective

than sequences that began with either "greater than" or "less than."

Discussion

Thus, the results of past research indicate that differences in

the relation between the sets being compared in conservation problems
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do not produce differences in responses that are consist2nt across all

conservation problems. In the most systematic study of the role of

equivalence and nonequivalence relations in conservation problems,

Zimiles (1966) found no differences for tasks using discrete objects.

Carpenter (in press) on the other hand found clear differences in

difficulty between tasks comparing equivalent quantities and tasks

comparing nonequivalent quantities. Several factors could have

accounted for the different results of the two studies:

1) The problems in the Carpenter study utilized continuous

quantities whereas Zimiles used discrete objects. Comparisons of

discrete objects arranged in one-to-one correspondence are relatively

straightforward and precise while equalizing liquid quantities in

identical containers is much more difficult and involves a degree

of estimation. Smedslund (1966) and Fleishmann et al.(1966) demon-

strated that young dhildren readily abandon choices of equivalence.

Perhaps some failures in liquid conservation of Equivalence problems

are the result of Ss being unsure of their original choices of equi-

valence and therefore abandoning them. In the liquid nonequivalence

problems and all discrete object problems, Ss are not faced with the

same difficulty and, therefore, do not so readily abandon their judge-

ments of the relation between the quantities.

Continuous quantity-discrete object differences could also be

accounted for in terms of Festingerts (1957) theory of cognitive dis-

sonance. If in the liquid Equivalence task Ss are unsure of the ini-

4 7.
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tial equivalence but required to make judgements of equivalence, dis

sonance is created. When the liquids are poured into different shaped

containers, thereby creating the illusion of nonequivalence, Ss attempt

to reduce dissonance by abandoning their equivalence choice. In the

liquid nonequivalence problems and all discrete object problems, the

original choice is straightforward and therefore creates no dissonan^e.

Thus, there is no dissonance to reduce; and Ss do not so readily aban

don their original judgements.

2) In the Zimiles study the nonequivalence task was of the Non

equivalence II type while in the Carpenter study one of the nonequiva

lence tasks was Nonequivalence I, and the results of the other are

suspect due to Ss' ability to visually distinguish the differences.

Logically one would expect Nonequivalence I tasks to be easier than

the other two since accurate judgements can be made from the final state

of the quantities by simply comparing them on the dimension that differs.

To make similar judgements in Equivalence and Nonequivalence II tasks,

it is necessary to know the degree of change in one dimension required

to offset the inverse change in the other dimension. Even adults cannot

accurately evaluate the final states of Equivalence and Nonequivalence

II problems without seeing the transformation. Thus, it may be that the

relation between sets does not affect the difficulty of conservation

and measurement problems; but Nonequivalence I problems are easier

simply because they do not require true conservation.

3) In the Zimiles study all comparisons were visual whereas in the
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Carpenter study measurement operations entered in. Possibly equiva-

lence-nonequivalence differences resulted from differences in Ss' ability

to handle equality and inequality relations with numbers.

Finally, Zimiles' study should not be taken as conclusive proof

that there are no differences in the development of Equivalence and

Nonequivalence II, even for discrete objects. The studies of Griffiths

et al.(1967), Piaget (1960, and Saltz and Sigel (1967) indicated that

equivalence-nonequivalence differences may be more pronounced for

younger children.



Chapter III

PURPOSE AND PROCEDURES

Purpose,

The purpose of this study was to systematically investigate and

extend some of the hypotheses generated by the Carpenter (in press)

study regarding the development of measurement concepts. Carpenter

reached a set of tentative conclusions contrasting the theories of

Jean Piaget and P. Ya. Gal'perin and L.S. Georgiev on the development

of measurement concepts. These conclusions were based on a limited set

of problems and a small sample of Ss and are best called hypotheses

rather than conclusions. The current investigation systematically

tested these hypotheses by methodically varying the constraints upon

which they were based. Some of the questions regarding the development

of measurement concepts that the Carpenter study and other measurement

and conservation studies have left unanswered or only partially answered

are:

1) Haw closely do the measurement errors like those in the.

Carpenter study correspond to classical conservation errors?

Do measurement problems where the distracting cues are

numerical produce the same degree of errors as the corres-

ponding conservation problems in which the distracting cues

are visual? How do the errors on both of these types of

problems relate to responses on measurement problems in

which the correct cues are numerical and the distracting

cues are visual?

2) What role does assigning numbers play in any possible diff-

erences between measurement and classical conservation

problems? Bearison (1969) and Zimiles (1963) have both

suggested that assigning numbers to quantities in conser-

vation would improve conservation performance. If there

37
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are differences between measurement and conservation prob-
lems, do they simply result from inducing a numerical set
as Zimiles and Bearison have suggested? What effect would
assigning numbers to quantities have if the numbers were just
supplementary information and were neither necessary to
determine the correct relation between quantities nor dominant
distracting cues? For example, how would counting the elements
in the standard conservation of discontinuous quantity prob-
lem affect responses?

3) Is the order of cues the only significant factor in conserva-
tion and measurement errors, or does the type of cue, numer-
ical or visual, affect responses?

4) Carpenter found that in measurement problems using different
units of measure some Ss centered on the unit size and others
centered on the number of units. How would not being able to
distinguish the correct relation between units affect responses
to measurement problems? Haw important is it to be able to
perceive the inverse relation between unit size and number of
units in order to conserve the correct quantitative relation
between quantities?

Carpenter also -found that variations in the relations between

quantities being measured and compared provided different insights

into the development of measurement concepts. He found significant

differences between measurement problems that involved equivalence

relations and similar problems that involved nonequivalence relations.

Over four times as many Ss correctly answered the problem in -which

nonequivalent quantities of rice measured the same number of spoon-

fuls as correctly answered the corresponding problem in which equi-

valent quantities measured different numbers of spoonfuls. Were

these differences due to distinct abilities to conserve equivalence

and nonequivalence relations, or were they simply due to the fact

that in the nonequivalence problem the correct relation between quan-

tities was discernible from the tinal state of the quantities and true
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conservation WAS not required? This later hypothesis would imply

that young children actually understand the effect of variations in

unit size but are unable to coordinate these variations with the

inverse variations in the nuMber of units in equivalence problems.

Would the same differences exist between equivalence problems and

nonequivalence problems in which it was not possible to simply dis-

tinguish these differences? i.e. Would the same differences exist

between Equivalence and Nonequivalence II problems or between Equi-

valence and Nonequivalence I problems in which the correct relation

between units was not discernible?

If there are differences between problems due to equivalence

and nonequivalence relations, how general are they and what causes

them? Do the same differences exist across all conservation and

measurement problems, or do they just occur in specific instances?

What role do number and measurement concepts play in any possible

variations?

Specific Items

In order to investigate these questions the follcwing items

were administered to young children in grades

I. Conservation of Discontinuous Quantity

A. Equivalence: The S was shown two rows of seven blocks each
arranged in one-to-one correspondence and asked to compare
the number of blocks in the two rows. Then one of the rows
was spread out so that it was about twice as long as the other

row, and the S was again asked to compare the number of blockb

in the two rows. (See Figure 1)
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B. 1,1cl:equivalence I: The S was shown two rows of blocks. One row

contained seven blocks; and the other contained nine blocks,
seven of which were in one-to-one correspondence with the seven
in the other row. The S was asked to compare the number of

blocks in the two rows. Then the row containing seven blocks
was spread out so that it was as long as the row containing
nine blocks, and the S was again asked to compare the number of
blocks in the two rows. (See Figure 1)

C. Nonequivalence II: The S was shown two rows of blocks. One

row contained seven blocks; and the other contained nine blocks,
seven of which were in one-to-one correspondence with the seven
in dhe other row. The S was asked to compare the number of
blocks in the two rows. Then the raw with seven blocks was
spread out so that it was about twice as long as the raw con-
taining nine blocks, and the S was again asked to compare the
number of blocks in the two rows. (See Figure 1)

Problem type

Before
transformation

After
transformation

Equivalence

wee..

Nonequivalence I

Imams

Nonequivalence II

6

.
.

Fig. 1. Conservation of Discontinuous Quantity
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II. Conservation of Discontinuous Quantity with Counting

A. Equivalence: The same task as in Item IA above except that
the S was asked to determine the number of blocks in each row

before the transformation. E pointed to one row and asked the

S to count it and tell him how many blocks there were in that

row. After the S did this, he was aaked how many blocks there

were in the other raw. He was not told to count the blocks in

the second raw, but he was not prevented from counting them.

After the blocks were spread out and the S had judged the rela-

tion between the number of blocks in the two rows, he was again

asked how-many blocks there were in each row.

B. Nonequivalence II: The same task as in Item IC above except
just as in Item IIA, the S was asked to determine the number of

blocks in the two rows. The procedures were the same as in Item

IIA and the raw with seven blocks was always the first one

counted.

III. Conservation of Continuous Quantity

A. Equivalence: The S WAS shown two identical glasses containing

equal amounts of water and was asked to compare the amount of

water in the two glasses. If he said that there was more water

in one of the glasses, some water was poured from this glass

into the other glass; and this process was repeated until the

S agreed that there WAS the same amount of water in the two

glasses. Then one of the glasses of water was poured into a

taller, narrower glass, and the S was again asked to compare

the amounts of water.

Nonequivalence I: The S was shawn two identical glasses con-
taining unequal amounts of water and was asked to compare the

amounts of water in the rwo glasses. Then the glass containing

the smaller amount of water was poured into a taller, narrower

glass such that the height of the water was the same as the

height of water in the glass containing more water, and the S

was again asked to compare the two amounts of water.

C. Nonequivalence II: The S was shawn two identical glasses
containing unequal amounts of water and was asked to compare

the amount of water in the two glasses. Then the glass con-

taining the smaller amount of water WAS poured into a taller,

narrower glass such that the height of the water was higher than

the height in the glass containing more water, and the S was

again asked to compare the two amounts of water.
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IV. Measurement with Visibly Different Units

A. Equivalence: The S was shown two glasses containing equal
amounts of water and was asked to compare the amounts of water
in the rwo glasses. If he said that there was more water in
one of the glasses, some water was poured from this glass into
the other glass; and this process was repeated until the S
agreed that there was the same amount of water in the two
glasses. Then the water in each glass was measured into two
opaque containers using visibly different units of measure so
that one glass of water measured three units and the other
measured five. Then the S was again asked to compars the
two amounts of water.

B. Nonequivalence I: The S was shown two glasses containing
unequal amounts of water and WAS asked to compare the amount of
water in the two glasses. Then the water in each glass was
measured into two opaque containers using visibly different
units of measure such that both glasses measured three units.
Then the S was again asked to compare the two amounts of water.

C. Nonequivalence II: The S was shown two glasses containing
unequal amounts of water and was asked to compare the amount
of water in the two glasses. Then the water in each glass was
measured into two opaque containers using visibly different
units of measure so that the greater quantity of water measured
three units and the other measured four. Then the S was again
asked to compare the two amounts of water.

V. Measurement with Indistinguishably Different Units

A. Equivalence: The same task as in Item IVA except the smaller
unit appeared larger. One glass measured five units and the other
measured four.

B. Nonequivalence I: The sane task as in Item IVB except the smaller
unit appeared larger. Both glasses measured four units.

C. Nonequivalence II: The same task as in Item IVC except the
smaller unit appeared larger. The greater quantity of water mea
sured six units and the other measured seven.

VI. Measurement of Unequal Appearing Quantities with the Same Unit

A. Equivalence: The S was asked to compare two equal quantities
of water in two different shaped containers, one tall and
narrow and the other short and wide (i.e. the final state in
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Item IIIA above). Then the water in each glass was measured
into two opaque containers using the sane unit (each glass
measured four units), and the S was again asked to compare the
two amounts of water.

C. Nonequivalence II: The S was asked to compare two unequal
amounts of water in the two different shaped containers (the

final state in Item IIIC above). Then the water in each contain-

er was measured into two opaque containers using the same unit
(the glass that appeared to have more water measured four units
and the other measured five), and the S was again asked to
compare the two amounts of water.

VII. Measurement with the Same Unit into Apparent Inequality

A. Equivalence: Using the same unit of measure, four units of
water were measured into two different shaped containers; and

the S was asked to compare the two quantities of water.

C. Nonequivalence II: Using the same unit of measure, five units
of water ',fere measured into a short, wide contalner and four
units were measured into a tall, narrow container; And the S
was asked to compare the two quantities of water.

Note: The tasks in Item VII were simply the tasks in
Item VI with the stimuli appearing in a different order.

Design

The tasks were administered in two distinct studies each of which

was divided into two parts. This accomplished three purposes. 1) The

results of the first study could be used in planning the second study.

2) Tasks could be administered aL appropriate grade levels. 3) The

number of tasks administered to each S was iapt at a reasonable number.

In Study I all the conservation tasks were administered to a

group of kindergarteners. Sixty-five Ss in Part A received both sets

of discrete object conservation problems with Equivalence and Nonequiva-

lence II relations. Twenty-four in Part B received conservation of



44

Table 1

Studies in which Specific Items Appeared

Type of Problem

Relation

Equivalence
Non-

Equivalence
I

Non-
Equivalence

II

:onservation

Discrete
Objects

IA, IB IB IA

Discrete objects
counted before
transformation

IA IA

Liquid
quantity

IB, IIA IIA IB, IIA

Wasurement
with

afferent
units

Distinguishably
different
units

IIA, IIB IIA IIA, IIB

Indistinguishably
different
units .

IIA, IIB IIA IIA, IIB

feasurement

with

Into different
shaped
containers

IIB IIB

same
unit From different

shaped
containers

IIB IIB
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continuous quantity problems with Equivalence and Nonequivalence II

relations and discrete object conservation problems with Equivalence

and Nonequivalence I relations.

In Study II the conservation of continuous quantity problems and

all the measurement problems were administered to a group of 129

first and second graders. Sixty-one Ss in Part A received all con-

servation of continuous quantity problems and both sets of problems in

which quantities were measured with two different units. All three

sets of problems were administered with each of the three relations.

Sixty-eight Ss in Part B received all the measurement problems with

Equivalence and Nonequivalence II relations.

Study I

Part A

Part A of Study I was a 2 X 2 repeated measures design. The factors

were type of problem (conservation of discrete objects with counting

and without counting) and relation (Equivalence and Nonequivalence II).

Main effect comparisons were designed to test the effect of supplemen-

tary numerical information in conservaEion problems and differences

between Equivalence and Nonequivalence II in discrete object conser-

vation problems, and the interaction was designed to test whether

assigning numbers differentially reinforces equivalence and nonequiva-

lence relations.

Part B

Part B of Study I was designed to test for differences 1) between

58



46

Equivalence and Nonequivalence II with conservation of continuous

quantity problems and 2) between Equivalence and Nonequivalence I with

conservation of discrete objects. This part of the study was explor

atory in nature. Based on the results of previous studies and a pilot

study, it was predicted that continuous quantity conservation problems

would be too difficult for most kindergarteners. Second, based on the

results of the Carpenter (in press) study and the fact that in the final

state of Nonequivalence I problems the row containing more elements

actually looks like it has more because the elements are closer toget

her, it was predicted that the NOnequivalence I problems would be very

easy and therefore differences between Equivalence and Nonequivalence I

problems would be very pronounced. For these reasons relatively few

Ss were assigned to this group.

Sub ects

Study I was run between February 12 and March 5, 1971 in Stoughton,

Wisconsin, a rural community near Madison, Wisconsin, with a population

of about 6,000. The Ss for the study were selected from the four kin

dergarten classes in one of the eight elementary schools serving

Stoughton and the surrounding areas. The sample, which included all

kindergarten students in the school except six who were absent on the

testing days, consisted of 89 Ss whose ages ranged from 5 yrs., 6 mos.

to 6 yrs., 11 mos., with mean age 6 yrs., 1 mos.

Ss were randomly assigned to WO groups, 65 Ss to Part A and 24
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to Part B. Each S within each group received the same basic set of

problems; however, the order of the problems and the protocols, pro-

cedures, and materials used were systematically varied; and Ss within

each group were randomly assigned to one of the variations.

Part A Procedures.

One difficulty in administering a series of problems to the same

S is that there may be some sort of interaction between the problems,

and problens given earlier may affect the results of subsequent prob-

lems. The results of a pilot study also indicated that Ss may respond

to all subsequent items on the same basis as their original response.

In order to reduce any possible order effect, problems in Part A

were administered in four different sequences. (See Table 2) Each of

the four problems in Part A of Study I was the first problem in one

of the sequences. The second problem in each sequence was the same

problem type (discrete object conservation counting or not counting)

with the opposite relation. The third problem in each sequence was

identical to the first. This provided a test of the reliability of

each item. The fourth problem in each sequence was the opposite prob-

lem type as the first three problems with the same relation as the

second problem in the sequence. The fifth item in each sequence was

the same problem type as the fourth but the opposite relation. Thus,

all Ss received the same set of original problems. In each sequence the

first problem administered was repeated; therefore, each item in dhe

60
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Table 2

Sequences of Items in Study IA

Order
of

Item

Sequence Groups

1

I

2 3 4

Day 1 1 Equivalence
not counted

Nonequiv.

II

not counted
Equivalence
counted

Nonequiv.
II

counted

Day 2

2

Nonequiv.

II

not counted

Equivalence

ilot counted

Nonequiv.
II

counted

,

Equivalence

counted

3

Equivalence
not counted

Nonequiv.

II

not counted

Equivalence
counted

Nonequiv.

II

counted

4

-

Nonequiv.

II

counted

Equivalence
counted

Nonequiv.
II

not counted

Equivalence
not counted

5 Equivalence
counted

Nonequiv.
II

counted

Equivalence
not counted

Nonequiv.
II

not counted

study was repeated in one of the sequences. In each sequence the odd

problems employed one relation and the even the other relation. The

first three problems in the sequence were of one problem type and the

last two the other type. In this way, Ss starting with the noncounting

problems completed them before counting was introduced, as it was pre-

dicted that once counting was introduced it would affect all subse-

quent problems.
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The first problem in each sequence was administered to all Ss on

February 15, 1971. The next four problems were administered over two

weeks later on March 3, 4, and 5. It was assumed that this break in

time would minimize any interaction between items and thereby provide

a more sensitive test of the differences between the relations used

in the first and second problems.

All items were administered in a small room apart from the class

room by one E, who was a stranger to the Ss. The S sat at a table

opposite the E. Procedures and protocols were kept as consistent as

possible between items; however, certain procedures were systematically

varied between Ss in order to control for responses based on experi--

mental variables,

Piaget (1968) and Siegel & Goldstein (1969) found that young children

tend to respond to the last choice available to them in a conservation

problem. Thus, if the E says "Are there the same number of blocks in

the two rows or does one have more?", tha S responds that one has more,

because "more" was the last choice given to him.

Therefore, h, 'f of the Ss in each sequence were asked, "Are there the

same number of blocks in each row or does one row have more?" and the

other half asked, "Does one row have more blocks in it or are there

the same number of blocks in each row?". For each S the "same-more"

order was the same for all problems.

Similarly, the positions of the blocks in rows was systematically

altered between Ss. The blocks were always in parallel rows between
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the E and the S; however, for half of the Ss in each of the eight

groups (four sequences X two more-same protocol variations), the row

toward the S was always the one to be transformed; and for the other

half the row toward the E was always the one to be moved.

A third procedural variation between Ss was in the materials used.

The materials were small colored blocks. In any given problem the

blocks were all the same color; however, there were three colors--

red, blue, and brown; and different colored blocks were used for diff-

erent problems. The colors of the blocks appeared in two orders in

each of the 16 groups (four sequences X two more-same protocol vari-

ations X two row positions). One order was: red, blue, brown, red,

blue; and the other was: blue, red, brown, blue, red. It was not

predicted that color would have any effect on responses, but it was

very easy to control.

All other procedures were kept constant between Ss and between

items. The blocks were arranged before the S; he made his original

judgement; the blocks were transformed; an1 after he again judged the

relative number of blocks, he was asked, "Why do you think they are

the same?" or "Why do you think there are more there?"; and his response

was recorded. For statistical purposes responses were scored as corr-

ect if the S chose the correct relation, even though he was not able

to verbalize his reason.

There was one exception to this procedure. If the S chose the

shorter row as having more blocks in'both Equivalence and Nonequivalence

II problems, he was correct in the Nonequivalence II problem and wrong

6 3
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in the Equivalence problem. Therefore, Ss who always chose the shorter

row as more were given a sixth item which was identical to the Non-

equivalence II item except that the more numerous row was spread out.

For these Ss their Nonequivalence II responses were not scored as

correct unless they also correctly answered this sixth question.

Part B Procedures

Procedures for Part B of Study I were similar to those employed in

Part A. The same E administered the items under the same conditions as

in Part A. Basically the same protocols and variations were used.

The order of "more" and "same" was varied between Ss. In the discrete

object problems the positions of the rows and the colors of the blocks

were systematically varied between Ss. The same criteria of evaluating

correct responses without regard to explanations was employed.

The same blocks used in Part A were used in the discrete object

problems. Clear plastic glasses, whose capacity was about a cup, were

used in tffé continuous quantity problems. They were filled about two-

thirds full in the Equivalence problem, and in the Nonequivalence II

problem the\less full glass was also about two-thirds full and the other

glass was filled about three-fourths of an inch higher. The tall,

narrow container that one of the quantities was poured into had a dia-

meter about one-half that of the glasses and was about three times as

tall. Thus, when the water was poured into this container, its level

was raised by about a factor of four.

Each S responded to four problems, one on February 15, 1971 and the

64
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other three over two weeks later on March 3, 4, or 5. As in Part A,

items appeared in four orders. In all cases the first and third items

were continuous quantity conservation items, with half the Ss receiving

Equivalence first and the other half receiving Nonequivalence II first.

In each of these groups half the Ss received the discrete object Equi-

valence problem as the second item and the Nonequivalence I item as'

the fourth and the other half received the Nonequivalence I item as

the second item and the Equivalence item as the fourth.

Table 3

Sequences of Items in Study IB

Order
of

Items

Sequence Groups

1 2

.

3

Day 1
1

Continuous
quantity
Equivalence

Continuous
quantity
Nonequiv.. II

Continuous
quantity
Equivalence

Continuous
quantity
Nonequiv. II-.

Day 2

Discrete
objects
Equivalence

Discrete
objects
Equivalence

Discrete
objects
Nonequiv. I

Discrete
objects
Nonequiv. I

DO1i

Continuous
quantity
Nonequiv. II

Continuous
quantity
Equivalence

Continuous
quantity
Nonequiv. II

Continuous
quantity
Equivalence

Discrete
objects
Nonequiv. I

Discrete Discrete Discrete
objects objects objects
Nonequiv. IlEquivalence lEquivalence

ut)
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Study II

Part A

Part A of Study II was a 3 X 3 repeated measures design. The

factors were problem type (continuous quantity conservation and the

two measurement problems with different units) and relation (Equivalence

and Nonequivalence I and II).

Based on past research and the results of Study I (reported below)

it was predicted that:

1) There are no significant differences between performance on
Equivalence and Nonequivalence II problems.

2) Nonequivalence I problems are easier than both Equivalence
and Nonequivalence II problems in all cases except the case in
which different quantities are measured with different units,
and the correct relation between the units is not visibly
distinguishable.

3) Problems in which quantities are measured with different
units are easier if the correct relation between the units
is visually obvious than if the correct relation is not
obvious.

4) It is not clear what the relation between continuous quantity
conservation and measurement problems is.

Based upon these predictions the model represented in Table 4 was

hypothesized.

The hypotheses tested in terms of this model with error components

added (Table 5) are:

1) Al = A2 = A3 = A4 = 0. There are no significant differences
between Equivalence and Nonequivalence II problems or between
any of the three relations in which the, larger unit is not
distinguishable.

2) 0 = 0. (Null) There is no significant difference between
measurement problems in which it is possible to visually
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Table 4

Hypothesized Item Means for Items in Study IIA

4.

Relation
Problem
type

Equivalence Nonequiv. I Nonequiv. II

Conservation
continuous
quantity

,

p+O+a 1.40+al-y+a p+0+a

Measurement with
distinguishably
different units

11+0

.

P+O+Y P+e

Measurement with
indistinguishably
different units

P P P

distinguish the correct relation between different units
and those in which it is not.

3) a = 0. There is no significant difference between conservation
and corresponding measurement problems.

4) Y = 0. (Null) There is no significant difference between
problems involving Nonequivalence I relations and correspond
ing problems involving Equivalence or Nonequivalence II rela
tions.

5) = 0. Any differences between conservation and measurement
problems for Nonequivalence I are of the same magnitude as those

that exist for other relations.
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Table 5

Hypothesis Test Model for Item Means in Study IIA

Problem type

Relation

Equivalence Nonequiv. I Nonequiv. II

Conservation
continuous
quantity

11+0+a-A4 wit+ey+$ p+erfa+A4

Measurement with
distinguishably
different units 114-0-A

3
p+efy 11+0+A3

Measurement with

indistinguishably
different units 11-1-Al+A2

P-Al+A2
u-2A
. 2

Part B

Part B of Study II was a 2 X 4 repeated measures design. The

factors were problem type (all four measurement problems) and relation

(Equivalence and Nonequivalence II).

The following predictions were added to those already noted above

in Part A:

1) Problems in which quantities are measured with the same
unit are easier than those in which two different units are

used.-

2) Problems in which the correct cues appear last are easier than
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problems in which incorrect cues appear after the correct ones.

Based on these predictions and those in Part A, the model represent-

ed in Table 6 was hypothesized.

The hypotheses tested in terms of this model with error componcnts

added (Table 7) are:

1) Al = A2 = A3 = A4 = 0. There is no significant difference
between Equivalence and Nonequivalence II problems.

2) 0 = o. (Null) There is no significant difference between
measurement problems in which it is possible to visually

Table 6

Hypothesized Item Means for Items in Study IIB

Problem type

Relation

Equivalence Nonequiv. II

Measurement with
distinguishably
different units

p + 0 p + 0

Measurement with
indistinguishably
different units

p p

Measurement into
different shaped
containers

p + 0 + y p + 0 + y

Measurement from
different shaped
containers

p + 0 + y + a p + 0 + y + a

69
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distinguish the correct relation between different units
and those in which it is not.

3) y = 0. (Null) There is no significant difference between
measurement problems in which the correct cues are numerical
and those in which the correct cues are visual.

4) a = 0. (Null) There is no significant difference between
measurement problems in which the correct measurement cues
appear before distracting visual cues and those in which
they appear after the distracting visual cues.

Table 7

Hypothesis Test Model for Item Means in Study IIB

Problem type

,

Relation

Equivalence Nonequiv. II

Measurement with
distinguishably
different units

p+0,-A2 p+0+A
2

,

Measurement with
indistinguishably
different units

1i-A1
p+A

l

Measurement into
different shaped
containers

11+04-y-A3 11+40+y4 A3

Measurement from
different shaped
containers

11+0+y+a-A4 11+04-y+a+A4

7 0
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Sub ects

Study II was run over a nine day period between April 20 and

April 30, 1971 in Edgerton, Wisconsin, a predominantly rural community

about 20 miles from Madison, Wisconsin, with a population of about

4,000. The Ss for the study were selected from three of the five

first grade classes and two of the five second grade classes in one

of the two elementary schools serving the community. The sample, which

included all students in the five classes except three who were absent

on the testing days, consisted of 75 first graders and 54 second

graders. The age range of the first graders was 6 yrs., 5 mos. to

9 yrs., 8 mos. with mean age 7 yrs., 5 mos., and the range of the

second graders was 7 yrs., 7 mos. to 9 yrs., 5 mos. with mean age 8

yrs., 4 mos.

Procedures

Ss we:re randomly assigned to two groups, 61 Ss to Part A and 68

to Part B. Each S within each group received the same basic set of

problems; however, the order of the problems was randomized for each S.

In addition Ss were randomly assigned protocol and procedural vari-

ations. There was the same "more-same" variation described in Study I,

and for some Ss the smaller quantity was always measured first in

nonequivalence problems, and for others the larger quantity was always

measured first. Both of these variations were randomly assigned to Ss.

Problems were administered in two sittings. Ss in Part A received

five problems the first day and four several days later, and Ss in

11

71
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Part B had four problems the first day and four the second. As in Study

I answers were judged correct or incorrect without regard to the

explanations given.

The materials used in the conservation problems were the same

as those used in Study I. In the measurement problems the same two

glasses were used as were used in the conservation problem. The

distinguishably different unit wss a small plastic glass that held

about an ounce and a half of water. The bigger unit was another plastic

glass about the same diameter but taller that held one and two-thirds

as much water. The smaller plastic glass also served as the larger

of the indistinguishably different units. The other was a glass shot

glass, which appeared quite a bit larger, but actually only held about

four-fifths as much water. One of the two standard glasses and the

tall, narrow glass from the conservation problem and the smaller

plastic unit were used in the problems in which quantities were measured

with the same unit.

Analysis

Item totals, reasons for responses, and types of errors were re-

corded for each item. The following categories were used to classify

reasons for correct responses:

1) Reversibility: If the quantities were transformed back to
their former state, they would again appear in the correct
relation (equal or unequal).

2) Statement of operation performed: The blocks were just
spread out or the water was just poured into a different
container and this did not change the relation between the
quantities.
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3) Addition--subtraction: Nothing was added or taken away.

4) Compensation, proportionality: The row of blocks was longer
but the blocks were farther apart. The liquid was higher but
the container was narrower. One measured more units but the
units were smaller.

5) Sameness of quantity: They're the same blocks. It's the
same water. Also, there are still seven in both rows.

6) Reference to previous state: They were the same before when
the blocks were in one-to-one correspondence or the water was
in identical glasses.

7) No reason, unclassifiable: No reason was given or an incom-
prehensible reason was given.

Incorrect responses were sorted into two broad categories:

1) Dominant dimension: Ss incorrectly chose a)the longer row
of blocks b)the taller container of water c)the quantity
that measured the greater number of units.

2) Secondary dimension: Ss incorrectly chose a)the more dense
row of blocks b)the wider container c)the quantity measured
with the larger unit.

Confidence intervals were plotted for individual items and for the

contrasts tested in the analysis. This allows one to determine the

probable per cent of correct responses for items and probable magnitude

of the difference in performance between items for the population.

The hypotheses were tested using a multivariate analysis of

variance program due to Finn (1967). Although the nominal data of

this study do not fit all the assumptions required for parametric

statistics, Cochran (1950) has found that parametric statistics can

generally be applied to nominal data if one is cautious about attach-

ing importance to marginally significant results. Since for several

of the contrasts it was most interesting to show that significiAnt

7 j
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differences did not exist, nonparametric statistics were undesirable

in that failure to find significance could have resulted from lack of

power of the statistical test.

In addition to the fundamental test for significance, each of the

hypotheses was tested to determine whether it was significantly influ

enced by sex, grade, or order of the items. If any of these variables

were found to be significant, the hypothesis was retested with the

levels of the factors being balanced with respect to the significant

variables.

For both parts of Study I, items appeared in only four orders;

consequently, there was no difficulty in identifying and testing for

order effects. Since the order of items in Study II was randomized,

every S received a different order of items, thereby eliminating the

feasibility of partitioning into each distinct order. Therefore, the

order groups for Study II were determined by a procedure proposed by

Zimiles (1966). He found that the first item administered often sig

nificantly influenced performance on all subsequent items. Ss admini

stered easier first items performed better on all subsequent'items

than Ss administered a more difficult first item. No differences were

found, however, due to variations in the second item administered.

Thus, in Study II Ss were partitioned into order groups based on the

first item they received. Note that this procedure also identifies the

four order groups in Study I.



Chapter IV

RESULTS

Study LA.

The results of individual items in Study IA, the reasons given

for responses, and the types of errors are summarized in Table 8.

On the counting Equivalence problem, 44 of the 65 Ss counted both

rows of blocks even though the rows were arranged in one-to-one corres-

pondence and the Ss were not specifically asked to count the second

row. Only 2 Ss were able to determine that there were nine blocks in

the more numerous row in the Nonequivalence II problem without counting

the entire row. About half the Ss (33 in the Equivalence problem and

37 in the Nonequivalence II problem) recounted at least one of the rows

in order to determine the number of blocks in the two rows after the

transformation.

The means for individual items surrounded by 95% confidence inter-

vals have been plotted in Figure 2. Since individual items are scored

on a 0,1 basis, the mean can be interpreted as representing the frac-

tion of Ss correctly responding to the item. Similarly the confidence

intervals can be interpreted in terms of per cents. For example, there

is a 95% probability that between 37% and 56% of the population would

respond correctly to Item 1 of Study IA.

Table 8 and Figure 2 indicate that mean performance on each of

the four items was similar. Furthermore, Ss were extremely consistent

In their responses to the set of items. Eighty-five per cent of the Ss
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Table 8

NuMber of Subjects in the Major Response Categories in Study IA

63

Item

Not count
Equiv.

Not count
Nonequiv.

Count
Equiv.

Count
Nonequiv.

Total correct 31 35 35
,

37

Reason for correct
response

Reversibility 0 0 0 0

itatement of operatior
)erformed

7 6 9 8

Wdition-subtraction 5 6 8 8

3ompensation,
)roportionality 8 8 6 9

;ameness of quantity

teference to previous

0 1 1

;tate 7 7 6 5

To reason given or
inclassifiable reason 4 7 5 6
;iven

...-

:otal incorrect 34 30 30 28
..

!ype of error

ponger row 28 26 26 26

bre dense row 6 4 4 2

1

1

7
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.65

.60

.55

.5

.45

. 40

. 35

.30

S2

SE

NE

N2

S = Conservation of discrete objects without counting
N = Conservation of discrete objects with counting
E = Equivalence
2 = Nonequivalence II

Fig. 2. Confidence Intervals for Items in Study IA
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tested gave the same response to all four items with 30 Ss correctly

answering all four and 25 Ss missing all four. Three Ss missed both

non-counting items but responded correctly to both the items in Which

the blocks were counted.

Ss were even more consistent in their responses to problems of

the same type but different relations. In both the counting and non-

counting situations, 94% of the Ss gave the same response to the Equiva-

lence and Nonequivalence II problems. This was even slightly better

than performance on the repeated items. Ninety-one per cent of the Ss

gave the same response on both administrations of the item that was

repeated for them, three Ss missed the item the first time it was admini-

stered and answered it correctly on the second administration, and

three Ss answered correctly the first but were wrong the second.

Analysis of variance summarized in Table 9 indicates there exists

Table 9

MANOVA--Relations, Problem Type, and Interaction
in Study IA

Source df MS F P<

Multivariate 3,55 1.9896 .1263

Relation 1 .0036 .2697 .6056

Problem Type 1 .0346 4.6985 .0344

Interaction 1 .0036 .5221 .4730

Degrees of freedom for error = 57
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a significant difference between counting and non-counting problems
1

but no significant difference between the Equivalence and Nonequivalence

II relations and no significant interaction between counting and the

type of relation.

The 95% confidence interval for the difference between counting and

non-counting problems plotted in Figure 3 reveals that, although sig-

nificant, the difference between performance on counting and non-counting

problems is extremely small, occurring in less than 5% of the population.

Similarly the confidence interval for the difference between Equiv-

alence and Nonequivalence II reveals that not only is the hypothesis of

no difference between Equivalence and Nonequivalence II problems not

rejected, but the hypothesis that the difference occurs in less than 4%

of the population can be accepted with 95% confidence.

The analysis summarized in Table 10 indicates that the results

summarized in Table 9 were consistent across sex and order of items.

Zimiles' (1966) procedure of looking for significant differences in

conservation problems by considering differences in performance between

groups receiving different first items is summarized in Table 11 along

with contrasts between sexes. This analysis indicates that there are

no significant differences in mean performance on the set of items

between boys and girls or between Ss receiving the problems in different

orders.

1Throughout this investigation "significant difference between

problems A and B" should be interpreted as "significant difference
between the mean number of correct responses to problems A and B."
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Table 10

MANOVA--Combined Analysis of Sex, Order of
Items, and Sex-Order Interaction for Relation,

Problem Type, and Relation-Problem Type Interaction
Contrasts in Study IA

Source df MS F p<

Multivariate 21,158.4804 1.291? .1180

Relation 7 .0065 .8812 .5272

Problem Type 7 .0262 1.8369 .0977

Interaction 7 .0109 1.4778 .1937

Degrees of freedom for error = 57

Table 11

ANOVA--Mean Score of Four Items Combined in Study IA

Source df MS F p<

Sex (A) 1 .7028 3.2374 .0773

Relation Order (B) 1 .7559 3.4819 .0672

Problem Type Order (C) 1 .0140 .0643 .8008

AB, AC, BC, ABC 4 .0853 .3927 .8131

Within Cells 57 .2171
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A third analysis contrasts performance on the first item adminis-

tered between groups of Ss receiving different first items. This ana-

lysis, which has the advantage of completely eliminating any possible

interaction between items is summarized in Table 12 and also indicates

no significant differences between relations or between problem types.

Table 12

ANOVA--First Item Received in Study IA

Source df MS

Relation 1 .855 3.35
Problem Type 1 .171 l<
Interaction 1 .171 l<
Within Cell 66 .254

F.951,66 = 3.99

Study IB

The results of individual items in Study IB, the reasons given for

responses and the types of errors are sunmarized in Table 13; and the

means for individual items surrounded by 90% confidence intervals have

been plotted in Figure 4.

Only one S.correctly answered all four items while 12 Ss missed all

four. Four Ss missed both contfnuous quantity items b t correctly

8 2

,
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Table 13

Number ot subjects in the Major Response Categories in Study IB

Item

Continuous
Equiv.

Continuous
Nonequiv. II

Discrete
Equiv. .

Discrete
Nonequiv.I

, .

Total correct 4 4 8 10
,

Reason for correct
response

Reversibility 0 0 0 0

3tatement of operation
performed

kdditionsubtraction

0

0

0

0

2

3

3

2

'3ompensation,

proportionality 0 0 1 1

3ameness of quantity 0 0 0 0

Reference to previous 1 2 2 1

3 t a t e

qo reason given or
inclassif iable

reason given
3 2 0 3

total incorrect 20 20 16 14

Cype of error

Jength of row or
-might of water 20 20 12 13

4ore dense raw or
gider container 0 0 4 1

1

rZ

t,



1.

.9 _

.8

.7 _

.6

.5

.4

.3 C2

SE

.2

.1_

S = Conservation of discrete objects
C = Conservation of continuous quantity
E = Equivalence
1 = Nonequivalence I
2 = Nonequivalence II

S1

Fig. 4. Confidence Intervals for Items in Study IB



72

anowered both discrete object items, and 2 Ss only answered the discrete

object Nonequivalence II item correctly.

The analysis summarized in Table 14 indicates there is a significant

difference between continuous quantity Equivalenc e and discrete object

Equivalence problems but no significant difference

and Nonequivalence II with continuous quantity or b

and Nonequivalence I with discrete objects.

Table 14

between Equivalence

tween Equivalence

MANOVA--Equivalence-Nonequivalence I Contrasts
for Discrete Objects Problems (A), Equivalence-

Nonequivalence II Contrasts for Continuous
Quantity (B), and Discrete Object-Continuous

Quantity Contrasts for Equivalence (C)

Source df MS F P
Multivariate 3,14 2.6539 .0892

A 1 .1667 1.8187 .1964
B 1 .0417 .2381 .6323
C 1 1.0417 5.9524 .0268

Degrees of freedom for error = 16

The confidence intervals in Figure 5 indicate, however, that

there is a 10% chance that differences between relations may occur

in as much as 19% of the population. Thus, although the hypotheses
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of no differences between relations cannot be rejected, it should not

be concluded from these results that differences do not exist.

The analysis summarized in Table 15 and Table 16 indicates that

Table 15

MANOVA--Combined Analysis of Sex, Order
of Items, and Sex-Order Interaction for

Hypotheses in Table 14

Source df MS F P<

Multivariate 21,40.7506 .9799 .5049

A 7 .0524 .5714 .7688
B 7 .3083 1.7619 .1647
C 7 .1655 .9456 .5002

Degrees of freedom for error = 16

Table 16

ANOVA--Mean Score of Four Items Combined in Study IB

Source df MS F P<

Sex (A) 1 .0234 .1915 .6676
Order (B) 3 .1050 .8582 .4828
AB 3 .0043 .0354 .9908
Within Cells 16 .1224
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the results in Table 14 are consistent across sex and order of items, and

that there are no significant differences in mean performance between

boys and girls or between Ss receiving problems in different orders.

Study IIA

The results of individual items in Study IIA, the reasons given

for responses, and the types of errors are summarized in Table 17; and

the means for individual items surrounded by 95% confidence intervals

have been plotted in Figure 6.

There was much less diversity in the reasons for correct responses

than there was in Study IA. Practically all the Ss either referred to

the previous state of the quantities or noted the compensating relation-

ship between unit size and the number of units or between height and

width. Comparisons between reasons given by Ss who were successful on

the items in which it was possible to distinguish the compensating rela-

tionship between unit size and number of units but were unsuccessful on

problems in which it was not are enlightening. Seven of the eight Ss who

either 1)correctly answered at least two of the measurement problems in

which the larger unit was distinguishable but none of the problems in which

it was not or 2)correctly answered all three of the problems in which

the larger unit was distinguishable and at most one of the problems in

which it was not gave compensation as the reason for at least one of

their correct responses.

Between 79% and 87% of the Ss gave the same response to correspond-

88
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Table 17

Number of Subjects in the Ma or Res onse Cate ories in Study I

Item

I.

CE Cl C2 DE D1 D2 IE Il 12

Total correct 25 34 24 26 36 25 20 21 20

Reason for 'correct
response

.

.

,

Reversibility

Statement of operation
performed

Addition-subtraction

Compensation,
proportionality

Sameness of quantity

Reference to previous
state

No reason given or
unclassifiable reason
given

0

1

0

10

0

14

0

r

0

0

0

13

0

16

5

0

0

0

5

0

18

1

I.

0

0

0

9

1

14

2

0

0

0

10

0

20

6

0

0

0

8

0

16

1

.

0

0

0

0

0

18

2

0

0

0

0

0

17

4

.

0

0

0

1

0

17

2

Total incorrect 36

1

27 37 35 25 36 41 40 41

Type of error

I

Taller container or
greater number of units

Wider container or
larger unit

36

0

25

2

35

2

.

33

2

23

2

32

4

40

1

,

36

4

39

2

C = Conservation of continuous quantity
D = Measurement with visibly different units
I = Measurement with indistinguishably different units
E = Equivalence
1 = Nonequivalence I
2 = Nonequivalence II
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C = Conservation of continuous quantity
D = Measurement with visibly different units
I = Measurement with indistinguishably different units
E = Equivalence
1 = Nonequivalence I
2 = Nonequivalence II

Fig. 6. Confidence Intervals for Items in Study IIA
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ing Equivalence and Nonequivalence II problems; and in the problem :

which the larger unit was not distinguishable, 77% gave the same re

to all three items. Between 70% and 79% of the Ss gave the same re

to the conservation problems and the corresponding problems in whid

quantities were measured with distinguishably different units. One

who had difficulty counting ignored the measurement cues and correc

answered the measurement problems but was unable to conserve.

On the measurement problem with indistinguishably different un

only five of the Ss were able to use the information from the measu

operation to correctly identify the larger unit. The rest were una

apply the inverse relationship between unit size and number of unit

this problem and simply responded incorrectly on the basis of the u

that looked larger.

The test of the proposed model (See Table 5) is summarized in

Table 18. These results indicate that there are no significant dif

ences between Equivalence and Nonequivalence II relations for any o.

the problems tested or between any of the three relations for measu

ment problems with indistinguishably different units. NinetyfAve

per cent confidence intervals for the As have been plotted in Figuri

Analysis for the parameters of the model is summarized in Tabll

These results indicate that there are significant differences betwel

Nonequivalence I and the other two relations for the conservation p:

lem and for the measurement problems with distinguishably different

units, but no significant differences were found between either of



A:;-

79

Table 18

MANOVA--Lack of Fit of Model for Study IIA

Source df MS F la<

Multivariate 4,24 .0769 .9887

Al 1 .0164 .0984 .7563

A2 1 .0164 .0450 .8336

A3 1 .0164 .1021 .7518

A4 1 .0164 .0830 .7755

Degrees of freedom for error = 27

Table 19

MANOVA--Parameters of Model for Study IIA

Source df MS F la<

Multivariate 5,23 30.5264 .0001

P 1 6.7776 67.1332 .0001

e 1 .4376 3.6255 .0677

Y 1 1.8074 11.6189 .0021

ii. 1 .0164 .0608 .8072

a 1 .0164 .1180 .7339

Degrees of freedom for error = 27

types of measurement problems for Equivalence and Nonequivalence II

relations or between the measurement problems with distinguishably

different units and the conservation problems for any of the three

92
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relations. Confidence intervals for the parameters are plotted in

Figure 8.

The analysis summarized in Tables 20 and 21 indicates that there

Table 20

MANOVA--Combined Analysis of Sex, Grade, Order
of Items, and Interactions for Parameters of

the Model for Study IIA

Source df MS F P

Multivariate 55,110.0488 1.4481 .0511

P 11 .3689 3.6539 .0030

0 11 .1018 .8437 .6009

Y 11 .0914 .5877 .8220

f3
11 .4223 1.5655 .1611

a 11 .1321 .9508 .5105

Degrees of freedom for error = 27

Table 21

MANOVA--Combined Analysis of,Sex, Grade, Order
of Items, and Interactions for Deltas in Study IIA

Source df MS P

Multivariate 48,94.4892 1.0477 .4157

Al 12 .2933 1.7597 .1085

A2 12 .2393 .6570 .7754

A3 12 .0448 .2793 .9881

A4 12 .3924 1.9863 .0678

Degrees of freedom for error = 27

94
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are significant differences for p due either to grade level, sex, order

of the items or some interaction between these variables. There are

no significant differences due to these variables for any of the para

meters that provide contrasts between problems. Further analysis

(Table 22) indicates that the differences for p are due to grade level.

Table 22

MANOVA--Grade for Parameters of the Model for Study IIA

Source df MS F P

Multivariate 5,23 4.9790 .0032

11 1 2.2930 22.7121 .0001

0 1 .0007 .6055 .9414

Y 1 .1058 .6800 .4169

(3 1 .0861 .3193 .5768

a 1 .0045 .0322 .8590

Degrees of freedom for error = 27

Study IIB

The results of individual items in Study IIB, the reasons given for

responses, and the types of errors are summarized in Table 23; and the

means for individual items surrounded by 95% confidence intervals have

been plotted in Figure 9.
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Table 23

Number of Subjects in the Major Response Categories in Study IIB

Item DE D2 IE 12 ME M2 VE V2

Total correct 22 26 11 13 47
_
48 64 58

Reason for correct
response

Reversibility

itatement of operation

0 0 0 0 0 0 0 0

)erformed 0 0 0 0 0 0 0 0

Viditionsubtraction 0 0 0 0 0 0 0 0

3ompensation,
)roportionality 5 10 0 0 0. 0 0 0

iameness of quantity 0 0 1 0 0 0 0 0

Reference to previous
;tate 14 11 6 8 45 46 59 55

4o reason given or
inclassifiable
reason given

,

3 5 4 5 2 2 5 3

,

Cotal incorrect 46 42 57 55 21 20 4 10 ,
Cype of error

Caller container or
;reater number of 46 40 57 53 21 17 4 7
;nits

Jider container or
Larger unit 0 2 0 2 3 0 3

D = Measurement with visibly different units
I = Measurement with indistinguishably different units
M = Measurement with the same unit into apparent inequality
V = Measurement of unequal appearing quantities with the same unit
E = Equivalence
2 = Nonequivalence II

:.1
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As in Study IIA virtually all of the reasons for correct responses

fall into two categories; and except for the problems in which quan-

tities were measured with distinguishably different units, virtually

all the correct responses were based on reference to the previous state.

Two of the five Ss who correctly answered both of the problems in which

the larger unit was distinguishable but neither of the problems in which

it was not gave compensation as the reason for their correct responses.

Only one S missed every item. Another S completely ignored the

number cues, even though he successfully counted the number of units;

consequently, he missed all the problems in which quantities were

measured with the same unit but answered correctly the items in which

quantities were measured with different units. A third S who was in

the "more-same" protocol group responded "sane" to every item. On the

measurement problem with indistinguishably different units, only two of

the Ss were able to use the information from the measurement operation

to correctly'identify the larger unit. The rest were unable to apply

the inverse relationship between unit size and number of units to this

problem and simply responded incorrectly on the basis of the unit that

looked larger. Between 85% and 89% of the Ss gave the same response to

corresponding Equivalence and Nonequivalence II problems.

The test of the proposed model (See Table 7) is summarized in Tables

24 and 25. The multivariate analysis indicates that the model is approp-

riate; however, the univariate analysis indicates that there is a signif-

icant difference between Equivalence and Nonequivalence II for the
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Table 24

ANOVA--Lack of Fit of Model for Study IIB

Source df MS F P<

Between 1 .0000 .0000 1.0000

Within Cells 40 .0742

Table 25

MANOVA- -Lack of Fit of Model for Study IIB

Source df MS F P<

Multivariate 3,38 1.6369 .1970

A2 1 .2353 1.9335 .1721

A3 0 1 .0000 .0000 1.0000

A4 1 .5294 4.6109 .0379

Degrees of freedom for error = 40

problems in which unequal appearing quantities are measured with the

same unit of measure. Ninety-five per cent confidence intervals for

the As have been plotted in Figure 10.

Analysis for the parameters of the model is summarized in Table 26,
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Table 26

MANOVA--Parameters of Model for Study IIB

Source df MS F p<

Multivariate 3,38 70.8403 .0001

0 1 2.1176 20.3702 .0001

Y 1 8.4706 33.6859 .0001

a 1 2.4853 19.5404 .0001

Degrees of freedom for error = 40

and confidence intervals for the parameters are plotted in Figure 11.

These results indicate that there are significant differences between

each of the four types of measurement problems in Study IIB.

The analysis summarized in Tables 27, 28, 29, 30, 31, and 32 indi-

cates that there are significant differences for y due to sex and order

of the items. Reanalysis of the parameters with sex and order effects

removed (Table 33) indicates that y is significantly different from zero

irrespective of sex and order effects.

Study II: A and B Comparisons

Four items were given in both parts of Study II. The 95% confi-

dence intervals for corresponding items do intersect (Figure 12); however,

comparison of corresponding item means indicates that the fact that diff-

erences between measurement problems using visibly different units and

102
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Table 27

ANOVACombined Analysis of Grade, Sex, and Order
of Items for Delta 1 in Study IIB

Source df MS F p<

Between 11 .0429 .5783 .8348

Within Cell 40 .0742

Table 28

MANOVACombined Analysis of Grade, Sex, and Order

of Items for Deltas in Study IIB

Source df MS F P<

Multivariate 33,112.6590 .8303 .7255

A2 11 .1749 1.4372 .1946

A3 11 .0778 .5921 .8238

A4 11 .1231 1.0723 .0467

Degrees of freedom for error = 40
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Table 29

ANOVA--Combined Analysis of Grade, Sex, and Order
of Items for Mu in Study IIB

Source df

Between 10

Within Cells 40

MS F P<

.1491 1.3696 .2293

.1089

Table 30

MANOVA--Combined Analysis of Grade, Sex, and Order
of Items for Parameters in Study IIB

Source df MS F p<

Multivariate 30,112.2153 1.5930 .0427

0 10 .1348 1.2963 .2655

Y 10 .7260 2.8872 .0083

a 10 .2093 1.6440 .1293

Degrees of freedom for error = 40



Table 31

MANOVA--Sex for Parameters in Study IIB

93

Source df MS F P<

Multivariate 3,38 2.2291 .1006

0 1 .2001 1.9340 .1721

Y 1 1.4830 5.8976 .0198

a 1 .0001 .0004 .9841

Degrees of freedom for error = 40

Table 32

MANOVA--Order of Items for Parameters in Study IIB

Source df M3 F P<

Multivariate 21,109.6656 1.5664 .0710

0 7 .0958 .9215 .5004

7 .7302 2.9039 .0150

a 7 .2239 1.7608 .1226

Degrees of freedom for error = 40
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Table 33

MANOVA--Parameters of Model for Study IIB with
Sex and Order Effects Removed

Source df MS F P<

Multivariate 3,38 45.0230 .0001

0 1 1.1946 11.4910 .0016

Y 1 5.6515 22.4748 .0001
a 1 1.6393 12.8892 .0009

Degrees of freedom for error = 40

those using indistinguishably different units are significant in Part

B but fail to reach significance in Part A can be attributed entirely to

between study differences in performance on the problems employing indis-

tinguishably different units.

Analysis of variance for contrasts between conservation of continu-

ous quantity and measurement problems in which quantities were measured

with the same unit into apparent inequality (i.e. the final state of the

conservation problems) is summarized in Table 34 indicating significant

differences favoring the measurement problems. Ibese results should be

interpreted somewhat cautiously in that the two types of problens were

administered in different sets of problens in the series. The results

in Figure 12, however, indicate that for the four problems that were

administered in both studies, performance was generally higher in the

1_07
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Table 34

ANOVA-Conservation of Continuous Quantity-Measurement
into Apparent Inequality Contrast

Source df MS

Between 1 11 14.6**'

Within Cells 127 .76

**p < .01

study containing the conservation problems; so the danger of interaction

with other problems favoring the measurement problems is probably not

too great.

Furthermore, in Study IIA no significant difference was found

between conservation problems and corresponding problems in which quan-

tities are measured with different units. In Study IIB problems in which

quantities are measured with the same unit were found to be significantly

easier than corresponding problems in which two units are employed. The

combination Of these results confirms that problems in which quantities

are measured with the same unit are easier than corresponding conservation

problems.

.1 9



Chapter V

DISCUSSION

Summary and Conclusions

This study was designed to investigate the development of

certain measurement concepts, to relate this development to the

development of conservation, and to determine the role of equivalence

and nonequivalence relations in conservation and measurement problems.

Two hundred eighteen Ss in grades K--2 were individually tested

in two studies each of which was divided into two parts. A total of

eighteen conservation and measurement items were administered in the

complete investigation. The conservation problems were the classical

continuous quantity and discrete object problems. In one set of

measurement problems, quantities were measured with different size

units of measure. Centering on either unit size or the number of

units alone lead to errors similar to those found in conservation

problems. In a second set of measurement problems, quantities in

different shaped containers were measured with the same unit. Each

type of problem was administered in three situations employing

different combinations of equivalence and nonequivalence relations.

The results of the complete investigation are summarized and

interpreted below. The symbols in parentheses refer to the specific

study in which the results appeared.

Equivalence and nonequivalence relations in conservation and

measurement problems. 1) In general there does not appear to be any
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significant difference between conservation and measurement problems

employing Equivalence relations and corresponding problems employing

Nonequivalence II relations (IA, IB, IIA, IIB).

Significant differences favoring Equivalence were found, however,

in the problems in which unequal appearing quantities were measured

with the same unit of measure (IIB). Since the correct cues appeared

last, the correct answer was the most natural; and it is curious

that there was even a significant number of incorrect responses much

less a significant difference between relations. These results should

be regarded with some caution since Equivalence-Nonequivalence II con-

trasts did not even approach significance for any of the other types

of problems. The probability of a Type I error on one of the nine

Equivalence-Nonequivalence II contrasts may be as high as .45.

2) Nonequivalence I problems are significantly easier than

corresponding problems employing Equivalence or Nonequivalence II

relations except in problems in which it is not possible to identify

the larger unit (IIB). These results imply that the relation between

quantities being.compared does not affect performance, and the Nonequi-

valence I are easier simply because they do not viquire genuine conser-

vation since accurate comparisons can be made from the final states

of the quantities.

Development of measurement concepts. 1) Measurement operations

are meaningful for the vast majority of students in the first and

second grades. By the end of the first grade, virtually all students

111



99

realize that the quantity that measures the most units must be greatest.

Only 3 of the 129 Ss tested did not respond to any questions on the

basis of measurement cues; and only 2 of the 3 definitely ignored the

measurement cues. The other S simply responded "same" to all problems

(HA, IIB).

This does not mean, however, that first and second grade students

have accurate measurement concepts or are able to accurately apply

measurement processes. Only 70% of the Ss tested were able to use

measurement results if they were followed by conflicting visual cues

(IIB). Only 59% of the Ss tested demonstrated any knowledge that vari-

ations in unit size affected measurement results (IIA), and as few as

40% of the Ss were able to apply this knowledge to problems in which

quantities were measured with different units (IIA, IIB). This figure

dropped to 25% of the Ss when the larger unit was not visibly distinguish-

able, and only 6% of the Ss were able to use results of measurement

operations to determine the larger unit when it was not visually apparent.

The conclusion that by the end of first grade virtually all

children, even those in.stages I and IIA, have some concept of measure-

ment appears to contradict Piaget's (1960) conclusion that measurement

concepts do not begin to appear until stage IIB. This apparent conflict

is due to the fact that Piaget employed less structured measurement

tasks. In order to have any measurement cues to respond to, Ss had to

measure themselves. In the current investigation the measurement cues

were forced upon the Ss; therefore, even Ss in the earliest stages had

112



,

100

number cues to guide or distract their response.

2) There is no significant difference between conservation problems

and corresponding measurement problems in which the distracting cues are

numerical (IIA). Piaget (1952, 1960) as well as most of those replicating

and extending his studies have investigated conservation using tasks that

involved visual distortion and have described the earliest stages in the

development of conservation and measurement as being dominated by percep-

tual judgements. Bruner has taken the most extreme position in this re-

gard. He asserts that young children are highly dependent on perceptual

properties of events. Conservation errors occur because the immediate

perceptual properties of the conservation problems override the logical

properties that imply conservation. Thus, for Bruner conservation fail-

ures occur because of the "perceptual seduction" (Bruner, Olver, & Green-

field, 1966, p. 192) inherent in the conservation problems. The results

of the current investigation, however, demonstrate that misleading numer-

ical cues produce the same errors as misleading visual cues. Thus, it

appears that it is not simply the perceptual properties of the stimuli

that produce errors in conservation problems.

3) The failure of young children to respond primarily on the basis

of visual cues is even more striking in the contrast between conservation

problems and the problems in which quantities are Measured into apparent

inequality and the contrast between the problems in which quantities

are measured with distinguishably different units and the problems in

which quantities are measured into apparent inequality. The problems

measuring quantities into apparent inequality, in which correct measure-

113
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ment cues are followed by misleading perceptual cues, are significant-

ly easier than either corresponding conservation problems, in which both

sets of cues are visual, or corresponding problems in which quantities

are measured with different units, where correct visual cues are followed

by incorrect numerical cues (IIA, IIB).

These results, which could be interpreted to imply that numer-

ical modes dominate visual modes, should be regarded with some caution.

Zimiles (1963) has suggested that conservation failures may result

from Ss basing their judgements on the E's manipulations of the quantities

being compared. For example, if two rows of blocks which the S has

judged equivalent when they are arranged in one-to-one correspondence

are spread out, the S says that the longer row has more because the act

ofspreading the blocks out implies to him that the length of the rows

is the dimewdon he is being asked to compare.

In the current investigation, the experimental procedures emphasize

the measurement cues, which means that the correct choice is emphasized

in the problems employing a single unit of measure but the incorrect

choice is emphasized in the problems employing different units of

measure and the conservation problems.

4) Problems in which correct cues appear last are significantly

easier than corresponding problems in which correct cues are followed

by misleading cues (IIB). As noted in (3) above, however, the order of

the cues was not the only factor that was found to affect responses.

5) The contrasts between measurement problems in which it is

possible to distinguish the large unit and those in which it is not
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are ambiguous. Significant differences between the two problems were

found in Study IIB but not in Study IIA. In Study IIA, however, about

7% of the Ss tested did find the problems in which the larger unit was

distinguishable easier dhan the problems in which it was not. Consider-

ation of this fact and examination of the confidence intervals for the

parameter 0 indicates that probably at least 10% of the population

sampled require that the distracting cues contain compensating rela-

tions in order to conserve.

6) Although comparisons between different investigations must be

regarded with caution due to different populations, different experi-

mental procedures, etc., several comparisons between the Carpenter

(in press) study and the current investigation are worth mentioning.

In the earlier study 7 of the 16 Ss (44%) who missed Item E, in which

quantities were measured with different spoons, chose the quantity

measured by the larger spoon as having more rice whereas in the current

investigation only 2 of the 71 incorrect responses to the corresponding

item were due to Ss' choosing the larger unit.

Second, the magnitude of the difference between Equivalence and

Nonequivalence I problems is much greater in the earlier study, in

which 65% of the Ss correctly answered the Nonequivalence I problem

but missed the Equivalence problem as opposed to a difference of only

16% in the current investigation. These differences seem to imply

that variations in units are more apparent to young children for spoons

measuring rice than for glasses measuring water.
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Contrasts between different conservation situations. 1) Signifi-

cant differences exist between conservation of continuous quantity

problems and conservation problems with discrete objects (IB).

2) Conservation problems in wlhich discrete objects were counted

were significantly easier than corresponding problems in which the

objects were not counted; however, the magnitude of the difference was

surprisingly small, with less than 5% of the population performing

better on the problems in which the objects were counted (IA). These

results confirm the findings of Wohlutill and Lowe (1962), who found that

only 4 of 23 nonconservers changed to conservation responses when

asked to count the arrays of objects being compared after making non-

conservation responses, but at best provide weak support for Zimiles'

(1963) hypothesis that inducing a nunerical set would significantly

improve conservation performance.

Experimental and population variables. 1) By the end of kinder-

garten and the first grade few children still respond to conservation

problems on the basis of the last alternative offered to them. Only

one S in the entire investigation consistently responded either "more"

or "same" to all problems (IA, IB, IIA, IIB).

2) Significant differences due to sex and order of items were

found for the parameter contrasting the problems in which quantities

are measured with distinguishably different units and the problems in

which quantities are measured with the same unit into apparent non-

equivalence (IIB). It is difficult to explain why these variables are

significant for this parameter but not for any of the others in the
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investigation.

Implications for Instruction

This study has been conducted in connection with the mathematics

development project Developing Mathematical Processes (DMP). A pro-

fessed goal of this project is "to explain fundamental learning pro-

cesses associated with [the topics in the mathematics program]."

(Harvey, Romberg, & Fletcher, 1969) This study provides a detail-

ed description of young children's understanding of certain concepts

basic to the measurement process. If the curriculum is to be geared

to the abilities of the learner and build on the knowledge that he

already possesses, this study should provide valuable guidelines for

teachers and curriculum developers who, like the DMP mathematics program,

are attempting to introduce measurement in the early grades.

Caution must be exercised in applying the results of this study or

any other status study to the curriculum. Status studies investigate

what children have learned in a given environment. They do not demon-

strate what children are capable of learning if a different set of

experiences are provided. On the other hand performance on Piagetan

type tasks has not proved to be susceptible to change by variations

in instruction.

Second, the current investigation and related studies do not

dictate specific programs of instruction. They simply provide guide-

lines within which instruction should fall. Instruction should agree

with the results of these studies but there is not necessarily just
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one kind of instruction that would so agree.

For example, the fact that no differences were found between the

way students respond to equivalence and nonequivalence relations

supports the procedure employed by DMP of integrating their instruc

tion; however, these results do not dictate this as the only logical

sequence. On the other hand this knowledge that the relations develop

concurrently and that one does not depend on the other should prove

valuable in structuring activities and also should allow for more

flexibility in assessment.

Measurement processes are meaningful for the majority of students

in the first and second grades. By the end of the first grade, virtually

all students realize that numbers can be assigned to quantities and

can be used to compare the quantities with the greater quantity measur

ing the greater number of units. Certainly a number of the most elemen

tary measurement concepts can be taught meaningfully to young children;

however, several basic measurement misconceptions have been identified

that appear to be linked to basic logical structures of the child.

It appears that in order to overcome some of the measurement mis

conceptions that have been identified it-is not sufficient to simply

provide more practice with measurement processes. Many measurement

experiences, especially those dealing with different units of measure,

do not have the same meaning for young children that they have for adults.

Many young children do not recognize that a conflict exists when quan

tities that were equal measure different numbers of units. Unless this
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tendency to focus on immediate dominant dimensions is overcome, it

would appear to be very difficult to convince a child of the need for

a constant unit of measure.

These results do not imply that experiences with different units

of measure should not be included in measurement topics. Such experi-

ences may help young children to expand their logical framework. They

do imply, however, that many young children will not master all the im-

plications of different units by concentrating on measurement processes.

If one is really concerned with mastery of measurement concepts with

different units of measure, it would seem necessary to provide a wide

range of experiences that help a child to focus on more than one immed

iate dominant dimension. It is important for teachers and curriculum

developers to know when they are providing experiences that can be mas-

tered, when they are providing experiences that may be learned superfic-

ially, and when they are providing experiences that may be beyond the

capabilities of many of the children.

It is clear from the results of this study that a wide range of

task; are necessary to adequately assess the development of measure-

ment concepts. The tasks in this study provide models for types of

tasks that assess some of the misconceptions identified in this study.

Implications for Future Research

1) Thio study seems to have adequately answered in the negative

whether differences in relations involved in conservation and measure-

ment problems affect performance. A wide range of tasks were given to

a reasonably large sample of Ss, and in general no significant differ-

U. 9'
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ences were found that could be attributed to the relations. It might

be worthwhile, however, to replicate the contrast between relations in

problems in which apparently unequal quantities are measured with the

same unit in order to determine whether the significant differences

found for these problems really do represent spurious significance.

2) The problems from this study should be administered to differ-

ent samples from different populations in order to test the general-

izability of the results and the extent to which they are dependent

on instruction. It would be informative to determine whether students

in the DMP program, who have studied an integrated approach to number

and measurement concepts, would make the same errors as the students

tested in this investigation, who studied a more traditional mathemat-

ics program. Does the apparent predisposition to favor numerical cues

result from the emphasis on number in the traditional curriculum?

3) The generalizability of the results to length and area

concepts might also be tested. The comparison of the results of the

current investigation with the earlier Carpenter (in press) study

indicates that interesting differences may even exist within volume

comparisons in which different materials and measuring instruments

are used.

4) A longitudinal study with repeated measures on the same Ss

should also be conducted in order to determine whether the differences

found represent developmental stages or are simply caused by differences

in difficulty of the problems.
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5) An extension of the current investigation should be conducted

in which Ss are asked to prediCt the number of units the second quantity

measured will measure. In the Equivalence problem a number of Ss who

subsequently missed the problem predicted that the quantity measured

with the larger unit would measure fewer units. Items in which Ss

are asked to predict may demonstrate that a greater number of young

children actually understand the inverse relationship between unit

size and number of units than would be predicted from the results of

this study.
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Appendix I

SUBJECT DATA FOR STUDY I
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Subject Data for Study I

Codes: Subj. char.PQR: P n Teacher: 1 or 2
Q n Morning or Afternoon
R n Male or Female

Expt. var.--STU: S .2 Order group (Tables 2 and 3)
T .= Protocol order:"More-same" or "Same-more"
U n Array Toward S oF Away from S is moved

Subj.
Subj.
char.

Expt.
var.

Age in
mos. Subj.

Subj.
char.

Expt. Age in
var. mos.

Part A

63 2MM 2MA 68 32 1AF 1ST 71
36 1A14 2MA 68 18 1MM 1ST 77
59 2MM 2MA 74 76 2AF 1ST 71
13 1MM 2MA 70 88 2AF 1ST 77
87 2MF 2MA, 74 93 2AM 1ST 70
51 2MF 25T 74 48 1AF 1SA 67
69 2MM 25T 77 28 lAM 1SA 73
29 lAM 25T 68 49 lAM 1SA 69

2 1MM 25T 69 81 2AM 1SA 75
73 2124 25A 72 85 2AF 1SA 70
12 IMF 25A 70 38 1AF 2MT 66
61 2124 25A 73 35 lAM 2MT 70
55 2MM 25A 67 5 1MM 2MT 77
94 2AF 2SA 74 82 2AM 214T 78
84 2AM 3MT 71 37 1AM 2MT 77
79 2AM 3MT 74 62 2MF 35A 76
40 1AF 3MT 74 6 1MF 35A 74
60 2MF 3MT 70 68 2MF 4MT 67
70 2MF 3MA 69 47 lAM 4MT 73
20 1MM 3MA 71 17 1MM 4MT 71
23 1124 35T 73 53 2MM 4MT 75
95 2AM 35T 72 64 2MF 4MA 72
58 2MM 35T 69 77 2AM 4MA 76
75 2MM 35T 73 31 1AF 4MA 77
90 2MA 1MT 71 78 2A11 4MA 77

4 1MF 1MT 72 56 2MF 45T 71
86 2AF 1MT 74 1 1MF 45T 74
43 lAM IMT 74 26 1AF 45T 71

9 1MF 1MT 74 25 1MM 4SA 68
54 2MF 1MA 78 27 1AM 45A 68
15 1MM IMA 74 14 1MF 3SA 75
33 1AF 1MA 70 3 1M14 1MA 72
11 1MM 1MA 70
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Subj.

Subject Data for Study I (continued)

Subj. Expt. Age in
char. var. mos. Subj.

Subj. Expt. Age in
char. var. mos.

Part B

71 2MM 3MT 74 41 LAM 4MT 68

57 2MM IMT 74 19 1MF 2MA 76

65 2MF 1MA 76 34 IAF 4MA 69

52 2MM 3MA 75 21 1MM 2MA 71

39 1AF 3MA 75 83 2AM 2MA 77

46 1AF 3MA 71 16 1KM 25T 78

96 2AF 35T 73 10 1KM 45T 78

80 2AF 1ST 74 30 IkM 25T 77

74 2MF 1SA 71 22 1MF 45T 77

92 2AM 2MT 75 45 IAM 45A 68

89 2AF 2MT 76 91 2AF 25A 76

8 IMM 4MT 78 44 1AF 4SA 83
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Table II-1

Table 11-2

Code:

Appendix II

CLASSIFICATION OF RESPONSES FOR STUDY IA

Subject Performance on Items in Study IA

Subjects' Reasons for Correct Responses and Types
of Errors in Study IA

S = Conservation of discontinuous quantity
N = Conservation of discontinuous quantity with counting
E = Equivalence
2 = Nonequivalence II



Table II-1

Subject Performance on Items in Study IA

Code:

Subj.

+ Correct
0 Incorrect

SE S2 NE N2 SER 52R NER
Total

N2R cprrect

63 0 0 + + 0 2

36 0 0 0 0 0 0

59 0 0 + + 0 2

13 0 0 0 0 0 0

87 0 0 0 0 0 0

51 0 + 0 0 0 1

69 + + + + + 5

29 0 0 0 0 0 0

2 0 0 0 + 0 1

73 + + + + + 5

12 0 0 0 0 0 0

61 + + + + + 5

55 + + + + + 5

94 0 0 0 0 0 0

84 + + + + + 5

79 + + + + + 5

40 + + + + + 5

60 + + 0 + + 4

70 0 0 0 0 0 0

20 + + + + + 5

23 + + + + + 5

95 0 0 0 0 0 0

58 0 0 0 0 0 0

75 + + + + + 5

90 + + + + + 5

4 + + + + + 5

86 + + + + + 5

43 + + + . + 5

9 + + + + 5

54 + + + + + 5

15 0 0 0 0 0 0

33 0 0 0 0 0 0

11 + + + + + 5

3 + + + + + 5

32 0 0 0 0 0 0

18 + + + + + 5

76 + + + + + 5
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Table II-1 (continued)

Total
Subj. SE S2 NE N2 SER S2R NER N2R correct

88 0 0 0 0 0 0
93 0 0 0 0 0 0
48 0 0 0 0 0 0
28 + + + + + 5
49 + + + + + 5
81 0 0 0 0 0 0
85 0 + + + + 4
38 0 + 0 0 0 1

35 0 0 0 0 0 0
5 + + + + + 5
82 + + + + + 5
37 + + + + + 5
62 0 0 0 0 0 0
6 + + + + + 5

68 0 0 0 0 0 0
47 0 + 0 0 0 1

17 + + + + + 5
53 0 0 0 0 0 0
64 0 0 0 + 0 1

77 + + + + + 5
31 0 0 0 0 0 0
78 + + + + + 5
56 + + + 0 + 4
1 0 0 0 0 0 0
26 + + + + + 5
25 0 0 0 0 0 0
27 0 0 0 0 0 0
14 0 0 0 0 0 0



Table 11-2

Subjects' Reasons for Correct Responses and Types of
Errors in Study IA

tode: 1 Reversibility
2 Statement of operation performed
3 Addition-subtraction
4 Compensation, proportionality
5 Sameness of quantity
6 Reference to previous state
7 No reason given or unclassifiable reason given
8 Longer row
9 Blocks closer together

SE S2 NE N2 SER 52R NER N2R

62 8 8 8 8 8

6 3 3 3 3 3

68 8 8 8 8 8

47 9 3 8 8 9

17 4 4 2 4 4

53 8 8 8 8 8

64 9 9 9 7 9

77 7 7 7 4 7

31 8 8 8 8 8

78 2 2 2 2 2

56 3 3 6 8 3
1 9 9 9 8 9

26 3 3 3 4 3

25 8 8 8 8 8
27 8 8 8 8 8

63 8 8 4 7 8

36 8 8 8 8 8

59 8 8 3 3 8

13 8 8 8 8 8

87 8 8 8 8 8

51 8 6 8 8 8

69 2 2 2 2 2

29 8 8 8 8 8

2 9 8 8 3 8

73 6 6 6 6 6

82 2 7 2 2 2

37 6 6 6 6 6

12 8 8 8 8

61 4 4 4 4 4

55 4 4 4 4 4

94 8 8 8 8 8

84 2 2 2 2 2

79 4 4 3 2
4,

2 8
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Table 11-2 (continued)

Subj. SE S2 NE N2 SER S2R NER N2R

40 4 4 4 4 4

69 4 4 8 4 4

70 8 8 8 8 8

20 2 2 2 2 2

23 3 3 3 3 3

95 8 8 8 8 8

58 8 8 8 8 8

75 6 6 6 6 6

90 2 5 5 5 5

4 7 7 7 7 7

86 4 4 4 4 4

43 7 7 7 7 7

9 7 7 7 7 7

54 6 7 2 7 7

15 9 9 9 9 9

33 9 9 9 9 9

11 1 3 3 3 6
3 3 3 3 3 3

32 8 8 8 8 8

18 6 2 2 2 2

76 6 6 6 6 6

88 8 8 8 8 8

93 8 8 8 8 8

48 8 8 8 8 8
28 4 4 4 4 4

49 6 6 3 3 6

81 8 8 8 8 8
85 8 6 6 6 4

38 8 7 8 8 8

35 8 8 8 8 8
5 2 2 2 2 2
14 8 8 8 8 8
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Appendix III

CLASSIFICATION OF RESPONSES FOR STUDY IB

Table III-1 Subject Performance on Items in Study IB

Table 111-2 Subjects' Reasons for Correct Responses and Types
of Errors in Study IB

Code: C = Conservation of continuous quantity
S = Conservation of discontinuous quantity
E = Equivalence
1 = Nonequivalence I
2 = Nonequivalence II
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Table III-1

Subject Performance on Items in Study IB

Code: + Correct
0 Incorrect

Total
Subj. CE C2 SE S1 correct

71 0 0 0 0 0
57 0 0 0 0 0
65 + + + + 4
52 0 0 0 0 0
39 0 0 0 0 0
46 0 0 0 + 1

96 0 0 0 0 0
80 0 + + + 3
74 0 0 0 + 1

92 0 0 0 0 0
89 0 0 0 0 0
8 0 0 + + 2

41 0 0 0 0 0
19 0 0 0 0 0
3/: 0 + 0 0 1

21 0 0 0 0 0
83 + 0 + + 3
16 0 0 + + 2

10 0 0 0 0 0
30 + 0 + + 3
22 0 0 + + 2

45 0 + 0 0 1

91 0 0 + + 2

44 0 0 0 0 0
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Table 111-2

Subjects' Reasons for Correct Responses and
Types of Errors in Study IB

Code: 1 Reversibility
2 Statement of operation performed

3 Addition-subtraction
4 Compensation, proportionality
5 Sameness of quantity
6 Reference to previous state

7 No reason given or unclassifiable reason given
8 Length of row or height of water
9 Density of row or width of container

Subj. CE C2 SE S1

89 8 8 L
.. 8

8 8 8 2 7

41 8 8 8 8

19 8 8 8 8

34 8 7 8 8

21 8 8 9 8

83 7 8 4 7

16 8 8 2 2

10 8 8 8 8

30 7 8 3 2

22 8 8 3 3

45 8 6 8 8

91 8 8 3 3

44 8 8 9 9

71 7 7 8 8

57 7 7 8 8

65 6 6 6 6

52 8 7 8 8

39 8 8 8 8

46 8 8 8 4

96 8 8 8 8

80 8 7 6 2

74 8 8 9 7

92 7 7 9 8
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Appendix IV

SUBJECT DATA FOR STUDY II

13 3



Subject Data for Study II

Codes: Subj. char.--PQR: P = Grade
Q = Teacher: 1, 2, 3, 4, or 5
R = Male or Female

Expt. var.--ST

121

S = Protocol Order: "More-same" or "Same-more"
T = Large unit measured first, Small- unit

measured first

Subj.
Subj.
char.

Expt.
var.

Age in
mos. Subj.

Subj.

char.

Expt. Age in
var. mos.

Part A

4 11M ML 93 75 13F ML 85
5 11F SL 96 76 13F ML 107
6 ,11M MS 81 77 24M SS 91
7 11M SS 84 78 24M Is 107

14 11M ML 83 80 24M mi, 107

16 11M ML 86 82 24F MS 111

19 11F MS 85 86 24F SS 92
21 11F SS 89 87 24M SS 100
22 11M SS 87 88 24M SL 97
45 11F ML 79 90 24F mi, 102
46 11F SS 85 91 24F ML 102
47 11M MS 86 92 24M SL 104

25

27

12M
12F

ML

ML
81
85

93
94

24F
24F

SLs 110052

35 12F SS 86 98 24F SS 99
40 12F MS 92 100 24F MS 101

38 12M SL 106 101 24M ML 95
42 12M SL 92 107 25M SS 102

50 13F SL 85 104 25M ML 103

52 13M ML 85 108 25M MS 92
53 13F n 80 110 25F SL 100

54 13M SL 89 111 25F MS 102

55 13F MS 86 113 25F MS 103

56 13M SS 91 116 25F MS 98
58 13M SS 91 121 25F SS 96
61 13F MS 90 122 25M SL 104

64 13M MS 84 126 25M mi, 102
65 13F ML 86 127 25M SL 103
71 13F SS 92 128 25M SL 97
72 13F MS 89 130 25M SL 104
74 13M SS 82
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Subject Data for Study II (continued)

Subj. Expt. Age in Subj. Expt. Age in

Subj. char. var. mos. Subj. char. var. mos.

Part B

1 11M ML 94 62 13M SL 92

2 11M SS 82 63 13M SL 94

3 11M ML 91 66 13M SS 90

8 11M SS 81 67 13M SS 90

9 11M SS 86 68 13M ML 93

10 11M SS 79 69 13F MS 81

11 11M SL 91 70 13F SL 82

12 11F SL 87 73 13F SS 83

13 11F SL 80 79 24F SS 98

15 11F SS 91 81 24F MS 104

17 11F SS 85 84 24M SS 105
18 11F SS 92 85 24M MS 104
20 11F ML 83 89 24F ML 101
23 11M MS 79 95 24M SS 96

24 11M ML 82 96 24F SS 94

48 11M MS 88 97 24M SL 102

26 12M SL 107 99 24M SS 93

28 -12M SL 93 102 24M ML 105

29 12M MS 116 103 24F SL 100

30 12M ML 115 106 25M SL 102
31 12M ML 89 105 25F SS 105

32 12F MS 94 112 25F SS 95

33 12M MS 89 114 2514 SL 104
34 12M SS 105 115 25M MS 101
37 12F SL 97 117 234 ML 101

39 12M SL 83 118 25F MS 98
41 12M MS 90 119 234 SL 95

43 12M MS 92 120 25F SL 102

44 12M MS 94 123 25F MS 95

49 13F ML 82 124 234 ML 101

51 13M SS 90 125 25F SL 97

57 13F MS 82 129 25M MS, 113
59 13M MS 80 131 25M SS 97

60 13F SL 77
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Appendix V

CLASSIFICATION OF RESPONSES FOR STUDY IIA

Table V-1 Subject Performance on Items in Study IIA

Table V-2 Subjects' Reasons for Correct Responses and Types
of Errors in Study IIA

Table V-3 Order in which Items Were Given to Each Subject in Study IIA

Code: C = Conservation of continuous quantity
D = Measurement with distinguishably different units
I = Measurement with indistinguishably different units
E = Equivalence
1 = Nonequivalence I
2 = Nonequivalence II
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Table V-1

Subject Performance on Items in Study IIA

Code: + Correct
0 Incorrect

Total
Sub . CE Cl C2 DE D1 D2 IE Il 12 correct

4 + + + + + + 0 + 0 7
5 0 0 0 0 0 0 0 0 0 0
6 0 0 + 0 0 0 0 0 0 1
7 0 0 0 0 0 0 0 0 0 0

14 0 0 0 0 + + 0 0 0 2
16 0 0 0 0 0 0 0 0 0 0
19 0 + 0 0 + 0 0 + + 4
21 0 + 0 0 0 0 0 0 0 1
22 + + 0 + 0 0 0 0 0 3
45 0 + 0 0 0 0 0 0 0 1
46 0 + + 0 0 0 0 0 0 2
47 0 0 0 0 + 0 + 0 + 3
25 + 0 + 0 0 0 0 0 0 2
27 0 + 0 + 0 0 + 0 0 3
35 0 0 0 0 0 0 0 0 0 0
40 0 0 0 0 0 0 0 0 0 0
38 + + 0 + + 0 0 0 0 4
42 0 0 0 0 + 0 0 0 0 1
50 0 + 0 0 + 0 0 0 0 2
52 0 + .0 + + 0 0 0 0 3
53 + + + + + + 0 + 0 7
54 0 0 0 0 + 0 0 0 0 1
55 + + 0 0 + + 0 0 0 4
56 0 0 + 1- 0 0 0 0 0 2
58 0 0 0 0 0 0 0 0 0 0
61 0 0 0 0 0 0 0 0 0 0
64 0 + 0 0 0 0 0 0 0 1
65 0 0 0 0 0 0 0 0 0 0
71 0 0 0 0 0 + 0 0 + 3
72 0 0 0 0 + + + + + 5
74 0 0 0 0 0 0 0 0 0 0
75 + + + + + + + + + 9
76 0 + 0 + 0 0 0 + 0 3

77 + + + + + + + + + 9

78 + + + + + + + + + 9

80 0 0 0 0 + + 0 0 0 2

82 0 + 0 0 + + 0 0 + 4

86 + 0 + + 0 0 + 0 0 4
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Table V-1 (continued)

Subj. CE Cl C2 DE D1 D2 IE Il 12

Total
correct

87 + + + + + + + + + 9

88 0 + 0 + + 0 0 + + 5

90 0 0 0 0 0 0 0 0 0 0

91 + + + + + + + + + 9

92 0 0 0 0 0 0 0 0 0 0

93 + + + + + + + + + o
..

94 + + + + + + 0 0 0 6

98
100

+
4-

+
+

0

+
0
0

0
+

0

0

0
+

0
0

0

0

2

5

101 + + + + + 0 + 0 0 6

107 + 0 + 0 0 0 0 0 0 2

104 0 0 0 0 0 0 0 0 0 0

108 4- + + + + + 0 + + 8

110 + + + + + + + + + 9

111 + + + + + + + + + 9

113 0 + 0 0 + 0 0 + + 4

116 0 0 0 + + + + 0 0 4

121 + + + + + + + + + 9

122 + + + + + + + + + 9

126 4. + + 0 + + 4. + + 8

127 0 0 0 0 + + 0 0 0 2

128 0 0 0 + + + + + + 6

130 4. + + + + + + + + 9

.4
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Table V-2

Subjects' Reasons for Correct Response and Types of Errors
in Study IIA

Code: 1 Reversibility
2 Statement of operation performed
3 Addition-subtraction
4 Compensation, proportionality
5 Sameness of quantity
6 Reference to previous state
7 No reason given or unclassifiable reason given
8 Height of water or greater number of units
9 Wider container or larger unit

Sub

4

5

7

14
16

19
21
22
45
46

47
25
27
35

40
38
42
50
52
53
54
55
56
58
61
64
65
71

72

CE Cl C2 DE D1 D2 IE

4 6 6 7 6 6 8

8 8 8 8 8 8 8

8 8 4 8 8 8 8

8 8 8 8 8 8 8

8 8 8 8 6 4 8

8 8 8 8 8 8 8

8 7 8 8 7 8 8

8 7 8 8 8 8 8

6 6 8 6 9 8 8

8 6 8 8 8 8 8

8 7 7 8 8 8 8

8 8 8 8 6 8 6

4 8 6 8 8 8 8

8 6 8 6 8 8 6

8 8 8 8 8 8 8

8 8 8 8 8 8 8

4 6 8 4 4 8 8

8 8 8 8 7 8 8

8 6 8 8 7 8 8

8 4 8 4 4 8 8

4 4 6 6 6 § 8

8 8 8 8 8 8 8

6 6 8 8 4 6 8

8 8 4 7 8 8 8

8 8 8 8 8 8 8

8 8 8 8 8 8 8

8 7 8 8 8 8 8

8 8 8 8 8 8 8

8 8 8 8 4 4 8

8 9 8 8 7 4 7

139

11 12

6 8

8 8

8 8
8 8

8 8

8 8

7 7

8 8

9 8

8 8

8 8

8 6

8 8

8 8

8 8

8 8

8 8

8 8

8 8

8 8

6 8

8 8

8 8

8 8

8 8

8 8

8 8

8 8

8 4

7 6



Table V-2 (continued)

Subj. CE Cl C2 DE D1 D2 1E Il 12

74 8 8 8 8 8 8 8 8 8

75 6 6 6 4 6 6 6 6 6

76 8 7 9 4 8 9 8 7 9

77 4 4 4 6 6 6 6 6 6

78 4 4 6 4 4 4 6 6 6

80 8 8 8 8 6 4 9 8 8

82 8 6 8 8 6 6 8 9 6

86 4 8 4 4 9 9 7 9 8

87 2 6 6 6 6 6 6 6 6

88 8 4 8 6 6 9 8 6 6

90 8 8 8 8 8 8 8 8 8

91 6 4 6 6 6 6 6 6 6

92 8 8 8 8 8 8 8 8 8

93 6 4 6 6 4 6 6 6 8

94 4 4 4 4 4 4 8 9 8

98 4 4 9 9 8 8 8 8 8

100 6 4 6 9 4 8 6 8 8

101 4 4 6 4 6 9 6 8 9

107 6 8 6 8 8 8 8 8 8

104 8 9 8 8 8 8 8 8 8

108 6 4 6 4 4 4 8 6 6

110 6 6 6 6 6 6 6 6 6

111 6 6 6 6 6 6 6 6 6

113 8 4 8 8 6 8 8 7 7

116 8 8 8 6 7 7 6 8 8

121 6 6 6 6 6 6 6 6 6

122 6 6 6 6 6 6 6 6 6
126 6 6 6 6 6 6 6 6 6

127 8 8 8 8 4 4 8 8 8

128 8 8 8 5 7 6 6 6 6

130 6 6 6 6 6 6 6 6 6
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Table V-3

Order in which Items Were Given to Each Subject in Study IIA

Subj. CE Cl C2 DE D1 D2 IE Il 12

4 4 6 1 2 8 7 5 9 3
5 8 7 3 5 2 1 6 9 4
6 2 8 3 7 5 4 1 9 6
7 9 6 1 3 7 2 5 4 8

14 3 4 9 1 7 8 1 2 5
16 9 1 4 8 7 2 3 6 5
19 7 8 3 2 1 9 6 5 4
21 5 9 7 1 6 4 2 8 3
22 6 9 5 7 3 4 2 1 8
45 1 2 4 8 3 5 9 7 6
46 9 7 2 5 8 4 3 6 1
47 2 7 1 3 6 8 9 4 5
25 8 7 2 3 7 1 4 5 9
27 7 6 5 3 2 8 4 1 9
35 3 6 1 5 4 2 9 8 7
40 7 8 1 5 2 9 4 3 6
38 8 7 5 6 9 4 3 2 1

42 9 5 8 6 3 1 4 1 7

50 5 2 9 4 7 6 1 3 8
52 1 6 4 5 8 2 9 3 7

53 2 4 7 9 1 6 3 8 5
54 3 9 1 7 6 8 5 2 4
55 5 9 2 3 1 8 7 6 4
56 8 4 6 5 9 7 2 1 3
58 4 3 1 6 7 9 8 5 2
61 9 5 3 8 6 1 7 4 2
64 2 3 7 4 8 5 6 9, 1
65 4 5 6 9 3 7 2 8 1
71 9 1 3 7 8 5 6 4 2
72 7 3 2 2 5 8 6 4 9
74 4 3 8 6 2 1 9 5 7

75 6 9 8 1 3 4 7 5 2
76 8 5 9 6 4 7 1 2 3
77 4 9 1 2 7 3 6 5 8
78 1 3 4 5 9 6 2 7 8
80 5 1 8 2 6 7 9 4 3
82 5 6 7 1 4 8 3 1 9

86 3 5 6 2 4 7 8 9 1
87 4 3 5 9 6 1 7 8 2

88 1 4 7 8 5 6 2 9 3

90 8 6 4 9 5 3 1 2 7

91 4 3 5 7 2 1 8 9 7
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Table V-3 (continued)

Subj.2 CE Cl C2 DE D1 D2 IE Il 12

92 4 1 8 3 9 5 6 2 7

. 93 5 7 9 3 1 6 8 4 2

94 3 4 8 2 7 6 9 5 1

98 3 4 6 2 5 8 7 9 1

100 5 2 6 1 8 9 7 4 3

101 8 5 3 2 6 4 7 1 9

107 5 1 7 6 3 8 4 2 8

104 1 6 2 5 8 9 4 3 7-

108 3 2 4 9 8 5 1 6 7

110 4 1 7 2 3 5 6 9 8

111 3 5 7 2 9 1 4 9 6

113 1 6 3 7 2 9 8 5 4

116 6 5 7 8 4 1 9 3 2

121 4 2 1 7 3 5 6 8 9

122 9 2 1 5 6 8 7 3 4

126 7 8 2 1 3 6 4 5 9

127 4 6 5 9 3 1 7 8 2

128 3 4 7 6 1 2 9 5 8

: 130 6 4 5 3 1 8 9 8 2
i
i

it
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Appendix VI

CLASSIFICATION OF RESPONSES FOR STUDY IIB

Table VI-1 Subjec; Performance on Items in Study IIB

Table VI-2 Subjects' Reasons for Correct Responses and
lypes of Errors in Study IIB

Table vI-3 Order in which Items Were Given to Each Subject in Study IIB

Code: D = Measurement with distinguishably different units
I = Measurement with indistinguishably different units
M = Measurement with the same unit into apparent inequality
V = Measurement of unequal appearing quantities with the same unit
E = Equivalence
2 = Nonequivalence II
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Table VI-1

Subject Performance on Items in Study IIB

Code:

Subj.

+ Correct
0 Incorrect

DE D1 IE Il ME M1 VE V1

Total

correct

1 + + + + + + 0 + 7

2 0 0 0 0 0 0 0 + 2

3 0 0 0 0 0 0 + + 3

8 0 0 0 0 0 0 0 + 2

9 0 0 0 0 0 0 0 + 2

10 0 0 0 0 + + + + 4

11 + + 0 0 + + + + 6

12 0 0 0 0 + + + + 4

13 0 0 0 0 + + + + 4

15 0 0 0 0 + + + + 4

17 0 0 0 0 + + + + 4

18 0 0 0 0 0 + 0 + 2

20 0 0 0 0 0 0 + + 2

23 + + 0 0 + + + + 6

24 0 0 0 0 + + + + 4

48 + + + + + + + + 8

26 0 0 0 0 + + + + 4

28 0 + 0 + + 0 + + 5

29 0 0 0 0 + + + + 4

30 + + + + + + + + 8

31 + 0 + 0 + 0 + 0 4

32 0 0 0 0 + + + + 4

33 0 + 0 + 0 0 + 0 3

34 0 + 0 + + + + + 6

36 + + + 0 + 0 + 0 5

37 0 0 + 0 + + + + 5

39 0 0 0 0 + + + + 4

41 0 0 0 0 + + + + 4

43 0 0 0 0 0 + + + 3

44 0 0 0 0 0 + + + 3

49 0 0 0 0 + + + + 4

51 0 0 0 0 + + + + 4

57 + + 0 + 0 0 + + 5

59 0 + 0 0 '0 0 + + 3

60 0 0 0 0 + + + + 4

62 + 0 0 0 + + + + 5

63 + 0 0 0 + + + + 5

66 0 0 0 0 0 0 0 0 0
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Subi. DE D1 IE

Table VI-1

Il ME

(continued)

M1 VE V1
Total
correct

67 + + + + 0 0 0 0 4
68 0 0 0 0 0 0 0 + 1
69 0 0 0 0 + + + + 4
70 0 0 0 0 + 0 + + 3
73 0 + 0 0 0 0 + + 3
79 0 0 0 0 + + + + 4
81 0 0 0 0 + + + + 4
84 + + + + + + + + 8
85 + + + + + + + + 8
89 + + 0 0 + + + + 6
95 + 0 0 0 + + + 0 4
99 0 0 0 0 + + + + 4

102 0 0 0 0 0 + + + 3
103 0 0 0 0 0 + + 0 2
106 + + 0 + 0 + + + 6
105 0 0 0 0 + + + 0 3
112 0 0 0 0 0 0 + + 2
114 0 0 0 0 + + + + 4
115 + + + + + + + + 8
117 + + 0 0 0 0 + + 4
118 + + 0 4. 4. + + + 7
119 + + + 0 + + + + 7
120 0 + 0 0 + + + + 6
123 0 0 0 0 + + + + 4
124 0 0 0 0 + + + + 4



Table VI-2

Subjects' Reasons for Correct Responses and Types of
Errors in Study IIB

Code: 1 Reversibility
2 Statement of operation performed
3 Addition-subtraction
4 Compensation, proportionality

5 Sameness of quantity

6 Reference to previous state

7 No reason given or unclassifiable reason given
8 Height of water or greater number of units

9 Wider container, larger unit or same

Subj. DE D2 Il 12 ME M2 VE V2

1 6 6 6 6 6 8 6 6

2 8 8 8 8 8 8 6 6

3 8 8 8 8 8 6 6 6

8 8 8 8 8 8 8 6 6

9 8 8 8 8 8 8 6 6

10 8 8 8 8 6 6 6 6

11 4 4 8 8 6 6 6 6

12 8 8 8 8 6 6 6 6

13 8 8 8 8 6 6 2 2

15 8 8 8 8 6 6 6 6

17 8 8 8 8 6 6 6 6

18 8 8 8 8 8 7 8 7

20 8 8 8 8 8 8 6 6

23 7 7 8 8 6 6 6 6

24 8 8 8 9 7 4 7 6

48 7 7 7 7 7 7 7 7

26 8 8 8 8 6 6 6 6

28 8 6 8 7 6 7 6 6

29 8 8 8 8 6 6 6 6

30 6 7 7 7 6 6 6 6

31 7 9 4 9 6 9 6 9

32 8 8 8 8 6 6 6 6

33 9 7 8 7 8 8 6 8

34 8 6 8 6 6 6 6 6

36 6 6 6 9 6 9 6 9

37 8 8 7 8 6 6 6 6

39 8 8 8 8 6 6 6 6

41 8 9 8 8 6 6 6 6

43 8 8 8 8 8 6 6 6

44 8 8 8 8 8 6 6 6

49 8 8 8 8 6 6 6 6

51 8 9 8 8 6 6 6 6

146
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SAj. DE D2

Table VI-2 (continued)

IE 12 ME M2 VE V2

57 6 6 8 6 8 8 6 6

59 8 4 8 8 8 8 6 6

60 8 8 8 8 6 6 6 6

62 6 8 8 8 6 6 6 6

63 4 8 8 8 6 6 6 6

66 8 7 8 8 8 8 8 8
67 6 7 6 6 8 8 8 8

68 8 8 8 8 8 8 8 6

69 8 8 8 8 6 6 6 6

70 8 8 8 8 6 8 6 8

73 8 4 8 8 8 8 6 6

79 8 8 8 8 6 6 6 6

81 8 8 8 8 6 6 6 6

84 6 4 6 7 6 6 6 6

85 6 6 6 6 6 6 6 6

89 6 6 8 8 6 6 6 6

95 4 9 8 8 6 4 4 9

96 9 7 8 8 6 6 6 7

97 9 9 8 9 6 8 6 9

99 9 8 8 8 6 6 6 6

102 8 8 8 8 8 6 6 6

103 8 9 8 8 8 6 6 8
106 6 4 8 6 8 6 6 6

105 8 8 8 8 6 6 6 6
112 8 8 8 8 8 8 6 6
114 9 9 8 8 7 4 6 6

115 6 6 6 6 6 6 6 6

117 6 6 8 9 8 9 6 6
118 6 6 8 6 6 6 6 6
119 4 4 7 8 6 6 6 6
120 8 4 8 8 6 6 6 6
123 8 8 8 8 6 6 6 6
124 8 8 8 8 6 6 6 6

125 9 8 8 8 6 8 6 8
129 6 6 8 8 6 6 6 6
131 4 4 8 8 6 6 6 6

LI
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Table VI-3

Order in which Items Were Given to Each Subject in Study IIB

Subj. DE D2 IE 12 ME M2 VE V2

1 1 7 6 2 4 3 8 5

2 3 6 2 7 1 5 4 8

3 1 8 7 4 5 6 3 2

8 4 5 3 7 6 1 2 8

9 4 7 3 5 1 2 6 8

10 8 7 5 2 3 4 6 1

11 7 8 4 1 6 2 5 3

12 6 4 7 2 1 8 3 5

13 5 7 6 4 3 8 2 1

15 6 5 3 4 8 1 1 7

17 3 8 3 4 8 5 1 2

18 5 2 1 8 7 6 4 6

20 7 6 1 4 3 2 5 8

23 8 5 6 8 1 3 2 4

24 3 6 4 1 8 2 7 5

48 7 5 2 3 8 1 6 4

26 2 3 7 8 6 4 5 1

28 5 6 2 7 4 1 8 1

30 8 3 2 4 1 7 1 6

31 6 7 3 4 1 5 1 8

32 5 6 7 4 2 8 3 1

33 8 4 1 7 3 2 6 5

34 6 7 2 8 3 4 5 1

36 6 7 3 2 1 5 4 8

37 6 3 7 4 2 8 5 1

39 8 7 6 2 5 1 4 3

41 5 4 8 6 3 2 1 7

43 4 6 7 8 3 1 2 5

44 1 7 2 8 6 5 4 3

49 7 2 4 3 6 8 1 5

51 3 8 1 2 7 6 5 4

57 6 5 1 7 3 4 8 2

59 5 7 1 8 3 4 6 2

60 8 6 4 1 3 2 5 7

62 5 3 1 8 6 2 7 5

63 3 5 1 4 6 7 2 8

66 8 4 7 6 1 3 5 2

67 2 1 8 5 3 6 4 7

68 3 6 1 8 2 4 5 7

69 2 3 1 4 7 6 8 5

70 8 3 4 6 7 1 2 5

73 8 1 6 2 3 5 6 4
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Subj. DE D2

Table V1-3 (continued)

IE 12 ME M2 VE V2

79 8 7 6 1 3 5 2 4
81 8 6 4 2 5 7. 3 1
84 3 2 6 1 7 8 4 5
85 3 5 6 2 1 8 4 7
89 4 6 3 7 5 8 1 2
95 5 4 2 1 6 3 6 8
96 6 7 4 3 5 8 2 1
97 1 8 5 6 3 7 2 4
99 1 8 2 5 4 3 6 7

102 5 8 1 6 2 3 4 7
103 8 7 6 5 3 4 1 2
106 7 3 6 5 1 8 2 4
105 6 8 2 5 7 3 4 1
112 8 7 1 5 2 6 4 3
114 3 8 6 1 7 4 5 2
115 5 1 7 8 4 6 3 2

117 7 8 4 5 2 3 6 1
118 8 6 1 7 3 4 2 5
119 4 8 6 5 1 3 7 2

120 8 2 5 4 1 7 3 6
123 7 3 8 2 5 1 4 6
124 8 4 7 5 1 2 3 6
125 5 7 2 1 8 3 6 4
129 6 3 8 1 2 5 7 4
131 7 5 1 2 6 3 4 8
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