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About Mathematice Laboratories
, william M, Fitzgerald
Associate Professor of Mathematios
Michigan State Universzity
The concept of a mathematics laboratory has becoms vary
popular in recent years. The phase has blogzsomed inte popularity
so faat that the variety Of meanings wihich have been attributed
to it all are struggling to co-exist. This paper will attempt
tc describe in detail some of the meanings of ﬁhe phra=e, summarize
the results of research related to mathematice laboratories, and
list some of the receni develorm:cs which have ocecurred and
are relative to the paper.
It should be mentioned that the writer has apent the past
fev, years promoting the concept of mathematics laboratories when
working with both pre-and-in-se¢ rige teachers. While we have
attempted to remain objective, it is natural thaf the selection of

content which we deem pertinent will be affected. At times our

" bimses will show through in a bilatent r.nex.

various Meanings of Mathematics Laboratories

From the literature one can gather many diféferent interpretations

of the meaning of a mathematics laboratory. One of the more

{nfluential bookz 4o be publishsd in the recent years is Freedomn to

Leayrn by Biggs and MacLean (1l). In theizr Zorward they otater
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“The phrases active learning. dimcovery aesthoc
and laboxrstory approach have become pzxrt of ourx
educational jargon the pzst few yeays. What do these
phrases mean?

For children., these phrases mean an approach to
learning that presents a wide variety of opportunities:
an approach that sgncourages them to ask guestions and
£find tie answers; an approach that foaters the use oOf
physical matcrials; an approach that gives the exparience
degigned to help them analizeé and abstrxact:; and an
approach that provides a chance to develop theix
indivicua) potential.

Por teschars. these phrases mean an opportunity
to explore and discover new and better ways of
teaching mathematics; an opportunity to develop an
awaraness of mathematical possibilities; ana an
opportunity te use a highly motivated approach for
more afficient aducation™.

Another interpretation of what is meant by a mathematics
laboratory is provided by the Nuffield Projesci booklet =ntitled

. How to Build a Popd (2). The booklet is an account of how ohie

class of 9 and 10 yvear old children built a duck pond for a dozen
tiny ducklings that'wnre-éivan to them. In thé procass of building
the pond the children zfudied the various mathematical aspecté
inherent in the project, including measursment, giapbing., drawing
to scale, concepts of area and volums, and all of the érithmatic
aabociated with these zactivities.

Still anothexr example is provided by the Nuffield Project

£ilm and booklet entitled I Do and I Understand (3). The film
desexibes thé procedura for another mathematics clagsraom of 9
and 10 year olds in England. T children work in'small groupa
of two or three on epoci flec projects which are described or
asgignment cards in tha classrocm. All of the projects appeaved

to begyin by manipulating physical materials and abstracting
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_mathématinal concept frum the panupulation.  The tasks include
mpasuring on Waps and globes, welghing hinye, maasuring distances,
making aruphs, making eatimates, cutdonr wark, and a .varieiy of
other activities. '

| Still another example of a mathematiaal iaboratory is portrayad
in the Cuisenaire Company #iim, "Numbers iwn Color“, in which
- aleb Gattegno is:wnrkiné wiéﬁ-an entire class of children. rach
of the childrea has a set of culsenaire Ruds to work with individually,
but all of the children in ;he clazsproom are working on the same
mathamatical task at the aamehiime‘

It's gonceivahle that a child aitting at a typewritax terminal
whieh is hooked to & computér apzisted instructional progran could be
thowght ©f as working in a magyematics laboratory.

Anoiher example of a mathematics laporatory would he kinds
of cutdoo medsuring activities such as surveyina and map mék;ng.
“Thies Kingd of activity has peen used by teacherxs L£Oor many YELES .

The Natjoral COunaellof Teachers of Mathematics publizbrd a vedrkeok
aealing with the topic in 1947 (4) . |
- ”In 1254 the ﬁc*fh published ar.other yesrboc entitled ¥ AR
'in-ugthematics gggéation {5). fOne Gf the mator sections of this
yeaﬁbboﬁ'wasfeﬁtttled npaboratory Teachiny in Mathematics”. 1In
the first section, we find the. s tatement:
nt.aboratory Techniques has long bren used i; public.
schools in such areas as science, drarutics, home economics,
and shop. Teachers have long been urged to uge labcratory
techniques in the teaching of mathematl.c3. Enouch teachers
ara doing ¢hat, so thav we Ray well #oisider laborattry

teaching as one of the amerging practines in te=aching
mathematice™. ‘
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Iin 2 latex section, Myaxrs snggéated saveral activities
ipvolving both physical &nd etatistical meagurgnents, repressnting
data gragnicslly, and making goometric madels., Beyond that the
chapter strays into a discogsion of the use ©f radio, televieion,
and glide presentations. and the use Gf simple models such as
painted spools and flannel boayds 2s demonstration devices. The
rationale for the use of such materials is given by Grossnickle:

“gt ig mot the manipulztion of materials as such,
but the uge of the material which vitalizes instruction
in arithmetic. If a child is able to make discoveries

- and generalizations in quantitative situations by use

of synbols, he should not use manipulative materials.

on the other hand, if he cannot deal understandingly

with quantitative situations by use of symlols, he

should use objactive materials to discover relationghipa

among quantities. The pupil shouid be encouraged at

all times to operate at the highest level of abstraction

2% which he understands the work"“.

| still another example ©f 3 mathematica laboratory would be
the Encyclopedia Brittanica Workshop- (6) These materialsg
presen’. paper aﬂd pancil experiences for children in which the

children are prescnted patterns. Discovering patterns is also

the cbject of the work ~re~=nted by %..ar 5 _sg Bt Anas
~and other Thinge (7). In this book, wWalter dascribes how she

praeented ihe ideas. to dhildren in slemsntary clesses. Tie work
éontéinavé cambination'of ranipulation of physiczl mat:= uls with
abstractinc and geﬁexalizing.'-?or exanple, the chi;&rzr are
anked 0 visualgze what a milk carton Hnu1&~&aék like :f they
cut '+ along the edgns and fl&ttened-it out. Then, thte actually

cut the cartom and v.rifled the results.




cause of the popularity of the phrase, the commercial
companies are jumping onto the band wagon. A blatently obvious
example of this is the "mathematics laboratory® pvblished by
McCormick-Mathers Publighing Compapy. This "mathematics
laboratory” consists of a cardboard dlock which contains 573
cards with each card presenting from & to 40 exercises intended
for children from grades 3~6. These cards are intended;

nto provide adequate practice for the development

of speed and accuracy in mathematical computation for

all students. It ia aimed at tracking down and eliminating

some of the students major difficulties with arithmetical

operations®.

Most mathematics laboratories esmploy scme elevent of self-
selection by the student. The effects of gself-selection on
learning mathematics were studied over a 3-year period by
Ebeid, Fitzgerald and Snyder ai the University of Michigan La: -~
school from 1962-136% (8,9,:9). At that time many of the concxete
wanipulative materials which are now available were not yvet
developad. At the conclusion of the three years of study, Snyder
drew the following conclusions:

vseudents and teschers who have been involved in
self-selection programs agree that scme degree of student
choice should be provided. while not all students arxe
capable of. full~time independent work, all students

could work independently to varying degrees and, when

self-selection was practiced to a limited extent,

students achievement did not stop when measured by
traditional cbjectives.

While materials suitable for independent study
are becoming available, there is a great need for more.
careful planning, preparation, and material selection
will be necessary if the aslf~-selection principle is to
be given a thorough test”.
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grigins of and Motivations £OX Mathematicg Laporatories

current writezs g@méﬁally'atﬁxibute the foxrcas Dehind the
development of nathenztice laboratories to the work of Piaget,
Bruner., Gattegid, etc. waile it ig txue that this relatively
recent work has done mach to stimulate devaelcpments that axe
aow taking place, wi can find the seeds of the ideas in the
literature of severﬁl decades 290.

one of the wore influential proponents of mathematics
jsboratories was E.H. moore (11). In his presidentisl address
before the American Wethematical Society in 1902, he discuazed
the state of abstract and applied mathematics, then went on to
discuss the state of the teaching of mathematica., In discussing
elementary mathematics he said.

“The fundamental problem is that of the unification
of pure and applied mathematice. If we recognize the
branching implied by the very terms ‘pure’, 'appiied’,
wa have to do with a2 special case of the correlation of
differant subjects of the curriculum, a central problem
in the domain of pedagogy from the time of Herbaxt on.
In this casa, however, *he fundamental solution ig to
be found rather by way of -indirection~~by axrranging

the cuzrriculum g0 that throughout the domain of
elemantary mathenatics the branching will mot be
recogniged. . R :

 would it not be possible for the children in

the grades to be trained in poves of chbsarvation and
experiment,and‘roﬂlﬁction and deducticn so that always
their mathematics'waulé'be-directly connected with
matters of thoroughly concrete sharactex? The
rasponse is ivmediate that this is being done l~day
in the kindegartens and the betier elamentary schools.
I understand that serious difficulties arise with
children of nine to twelva years «f a3je, who arxe no
jonger contentsd with the simple, concrete methed of
earlier years and 0, neverthelcss, are unahle to
appreciate the rore abstract methods of the latey
years. hese difficulties only implicicly in

connection witch the other subjecta of the currisulum.
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But rather the materials and wmethods of the mathematics
should be enriched and vitalizad. In particulay, a
grade teachers must make wiser use of the foundations
furnished by the kindergarten. The drawing and the
paper folding must lead on directly to a systematic
study of intuitional geometry, includimg the
construction of models and the elementz o©f mechaniecal
drawing with simple exercises in geometrical reasoning.
The geometry muat be closely connected with the
numerical and literal arithmetic. The cross-grcoved
tables of the kindegartan furnish an especially
important type of coanection, viz , a conventional
graphical depiction of any phenomena in which one
magnitude depends upon anothex. Thess tables and

the similar croes-section blackboarde and paper must
enter largely inte all the mathematics cf the grades.
The children are to be taught toc represent, according
to the usual conventions, various familiar and
interesting phenomena and to study the properties

of the phenomena in the pictures: to know, for example,
what concrete meaning attaches to the fact that a
graph curve at a certain point is going down or

going up or is horizomtal. Thus, the problem of
percentage-interest, etc.--nave their depiction in
straight or broken line graphs*.

It is interesting to compare the degcription of the program

as Moore would like to geas it with some of the work represented hy

the Muffield Foundation booklet entitled Pictorial Representations.

Moore alsc referred to activities taking place at that time

in England when he quotes:

'~_ methods of sclence”.

"Percy is quite right in insisting that :t is
scientifically legitirmate in the pedagogy of ele-
mentary mathematics to take a large body of basal
principles instead of a small body and to build the
edifice upon the larger body for the earlier years,
reserving for the later years the philosophic criticism

- of the haqts itaélﬁ and the reduction of the basal

system®.
Moore went on to describe his proposed program in more detail:

This program of reform calls for the development
of a thorough-going laboratory system of instruction
in mathematics and physics, a principle purpose being
as far as possible to develop on the part of every
student the true apivit of research, and an appreciation
practical as well as theoretic, of the fundamental

? .



v*Ap thes world of phencmana received atiention
by the individual, the phenomsna are described both
graphically and in texrms of aunder and maagure: the
nomber and measure ralations of the phonomena ahter
fundarentally inte the graphical depictien. and
furthermore the graphical deplcotion of the phenomena
servea powerfully to illuminate relationz of nurbey
and measura. This is the fundamental scientific point
of view, Here under the terms of graphical depiction
I include zepresentations by models.

"In the developwment of the in® vidual in bis relation
to the worid there ie no initial separation 2f science
into constitueni parts, while thexe is ultimately a
branching into the many distinct sciences. The trouble-
some problem of the cloger relation of pure mathematics
to its applicatiocns can it not be solved by indirection,
in that through the whole course of elementary
mathematics, including the intreduction to the caleculus,
there be recognized in the orxganization of the
curriculum no distinction between the variocus bianches
of purec mathemstics, and likswise no iistinction
between pure mathematics and principle applications?
rurther, from the standpoint of pure mathematics: will
not the twentieth cemtury Ffind it posgsiblie toO give to
young students duriny their impressionable years. in
thoroughly concrete and captivating forui, the wonderful
new notions of the ssventeenth century? :

"By way. of suggsstion these questions have been

answered in the affirmative, on condition that theare

be established a therough-going laboratory system cf

instruction in primary schools, secondary scheols,

and junior collieges-~a laboratory system involving a

syt:thesis and development of the hest pedagcgic

methods at present in use in sathematics and the

phaysical scisnces®,

Seven years before Moore delivered his remarkable address, we
find a d@acriptioﬂ of the balance between the manipulation of
concrete objects and the syrnbolization of concepts which is necessary
for effeeti#o‘leatning provided for us by Mc&ennan.anﬂ Dewey (12}.
It would be difficult to find a more contemporary description of
the psychologi@al.ﬁa@is of a mathemntics laboratory so we guote

at length:
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"THE TWO METHEODS: T%ings, Symbols.~-The principle
corresponding with tha psychological law~~%he translation
of the paycholegidal theoxry into educational pra-cice~-
may be most clewrly bzrought out by contragting it with
two methods Of teaching, opposed to each other, and vet
both «t variance with normal psychological growth. These
twe methods consist, the cne in teaching nunbar merely
as a gat of symbols: the othexr in 4treating it a&as a

direct gtcgg%tx of objiecis. The former method, that of
syrmols, is illustrated in the old-fashioned ways--not

vet quite cobsolete--of teaching add4ition, subtraction, etc.,
as something te be done with "figures”, and giving
claborate zrulgs which might guide the dogyp to certain
results called "answers®.

It ia little more than a blind manipulation of number
gymbolzs. The child simply takes, for example, the fiyures
.3 and 12, and perfosms certain "operations”" with them,
which are dignified by the names addition, subtraction.
multiplication, etc.:; he knows very little of what the
figurer signify, and leas of the meaning of the operations.
The secund method, the simple perception ox observation
method, depends almost wholly upon physical operations
with things. Objects of various kinds--beansa, shoe-pegs,
splints, chaira, blocks--~are separated and combined in
various ways, and true ideas of number and of numerical
cperations are supposed necessarily to arise.

Both of these methods are vitiated by the same
fundamental psychalogical errors they do not take account
of the fact that aumber arises in and through the activity
of mind in dealing with obiecte. The first method leaves
out the Jects entirely, or at leasi makes nc reflective
and gystematic use of them; it lays the emphasis on
gymbols, never showing c¢learly what they eymbolize. but
leaving it to the chances of future exparisnce to put
some meaning into eémpty abstractions. The second method
brings in the cbizcts, but so far as it emphasizes the
- objects to the neglect of the mental activity which uses
them, it also makes number meaningless; it subordinates
thought (i.e., mathematical abastraction) to things.
Practically it may be considered an improvement on the
firast method, because it is not possible to suppress
entirely the activity which uses the things for the
realization of some end; but whenesver this activity is
made incidental and not important, the methcod comes
far chore of the intelligence and skill that shoeuld be
had from ingtruction based on psychological principles.

@




| censtxuct;ve way.
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While the method of symbolsg is still far too

- v

' widely used in praetice, no educationist defends 1é: all

condemn it. It is mot, then. necessazy o Swell upon
it longer than to point out in the light of %he
previous discuession ¥%§jit should be condeamed. It
treats number as an independent entity-—--as somathing
apart from the mental activity which proeduces it: the
natural genesis and use of numbder are ignored, and

as a result, the method is mechanical and artificial.
It subordinatas sense to symbol.

The of s8~-0f obgerving objects and
taking vague percepts for definite numerical concepts---
treats number as if it were an inherent gropaxty of
things in themselves, simply waiting for the mind to
grasp it, to "abstract® it from the things. But we
have seen that nuiber is in reality a e _of measuring
value, and that it does not belony to things in then-
sélves, but arises in the economical adaptation of things
to some use or purpose. Nurber is pnot (psychologically)
got from things, it is put into them.

It is then almost equally absurd to attempt to
teach numerical ideas and process withour things, and
to teach them simply by things. Numerical ideas can
be normally acquired, and numerical operations fully
mastered only by arrangements of things--that is, by
certain acts of mental construction, which are aided,
of course, by acts of physical construction: it is
not the mare perception of the things which gives us
the idea, but the employing of the things in a

The method of symbsls supposes that nuwber arises

' wholly as a matter of abstract reasoning; the method of

objects supposes that it arigses from mere observation

by the senses-~that it is a property of things, an

external energy just waiting for a chance to seize :
upon consciousness. In reality, it arises from constructive
(physical) activity, from the actunal use of certain

things in reaching a certain end. ‘thia method of
conetructive use unites in itself the principles of

both abstract reasoning and of definite sense observation.”

One can move back even further into the past to find the

the beginnings of the idea of a mathematics laboratory. In the

May, 1270 issue of The Arithmetic Teacher, Kristina Leeb-Lundbera

describes the original kindergartens as they developed under the

influence of Froebel in Germany in the early 1800's (13). The
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kxindergarten she described incluces agrids @ﬁ*th@-%ahlea and
chalkboards as Moore asked for, studies of shupat. papnd fox
measuring volume, early versions of attribute blocks, maltibase
arithmetic blocks, patterm blocks, linkesgess, and even lattxce
becards which could be usasd as geoaoarda are today.

Another item from the past illustrates that some teachers
have felt a reaction to the highly rlgid curx‘culum. In his papex
of 1927, Austin proposed a 1ahoratory approach +0 high school
geometry. He stated:

“The keynote of the laboratory idea is discovery

by means of experimentation. Pupils should be permitted

+to observe the laws of geometry coperating in concrete

foxrm before they are required to do logical thinking".

Thus, it appears that at times through the years, there have
been collections of voices asking for a more intuitive and less
. deductive approach tb the teaching of mathematics at all levels.
We feoirthe‘emphasin upon.mhthematics laboratories represents

one of those crescendoes in response to the recent emphasgis upon
rigox and-logic'and the aéewold emphasis upon meaningless

manipulation.

Prgsent Daz voi g Eor Mathggg ics Laboratories

The lxterature of mathamatxcs educatzon at the presevf time
in lxtetally packed with discussion about mathematics labcratories.
TwWO Lssues of The Ar;thmet;e Teachar (Oct., 1968 and Jan., 1970)
have had the topic as its central theme. In addition, nearly every
issne of that journal as well as the English journal, Mathematics

©eaching, contains pextinent articles.
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1n the newly published fifth edition of the Teachinyg _Of

Seconuary Mathematics (15) we finds

«ps the name implies, the underlying idea of
the mathematics laboratory is that students will
develop new concepts and underatandings particularly
well through experimental activities dealing with
concrete situations guch as measuring and drawing:?
counting, weighing, averaging, and estimating:
taking reading froa {nstruments; recording, comparing,
analyzing, classifying, seeking patterns, and checking
data; and that interest will be stimmlated and
understanding will be clarified through obtaining
original data or impresai.nas from concrete physical
gituations and worizing «'>,. guch data. MNost work
of this nature will in 4ive uase of the varios
kinds of physical equij.sni and will entail such
activ ties as thoseg list ¢ here. Some of th.e WGTK
can be done im the slasocTosm that is suitabl:’
arranged and equipped: soime can take the form of
clementary fielid work, guchk as determination of
angl«as and distances and the mapping of small areas.
Mort students find such work highly interesting,
and it is doubtless true that through it they carn
develop many mathematical concepts and insights with
an interest and clarity often not obtained through
a strictly iptelilectual approach. 1t is also likelv
that these concepts and principles become more
~nAuring aad more functional and meaning ful when thev
are seen an relacion €O actual application®.

much of the preasure to crezate laborstories comes f{rom attempts
‘to provide successful prograns for unsuccessful and unmotivated
studehts. For example, the L.A.M.P. (Low Achievement Motivational

Projacc) in the Des Moines Public Schools deecribes its intentions

A

in this way {18},

wprimarily, a mathematics laboratory is a state of
mind. It is characterized by a guestioning atmosphere and
a continucus involverent with problem solving aituations.
Emphasis is placed upon discovary regulting from student
experimentation. A teacher zcts as a catalyst in the
activity between students and knowledge.

Secondarily, & mathematics laboratory is a physical
plant equipped with such material objects as caiculators,
overhead and opaque projectors, fFilmstrips, movies,
tape recorder, nessuring devices, geoboards, sclids,
graphboaxds, tachistoscope, conatruction devices, etc.

32
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- 8ince a studant'iaarn@ by doing, the lad is deslgned 0
give him the objdots with which he can do and leazrn.

The primary goal of the lab approach iz tw chenga tho
student’s attitude toward mathematics. Host students have
become po embittered by habitual failure that they hate
mathematics and everything connected with i¢. Thers is
little possibility of this student " -»eping mathematics
until an attitude change can be afx. 1. It is because
of this goal that cur approach {s di S_cent. Some would
label our approach as °fun and games vz I om sure
that close examination will brina wea.ize:ior that
sverything in the program is oriented “owzrd "ne twimn
goals of attitude change and mathemat:.c “mpr vemsnt.

In an article written foxr high schoo. p ‘neir:ls, Euffrman
examined several programs being developed * 3l leaxnsgs (17) .
She observed:

rfhe directions hat prcjects for the s.ow leainer
in mathematics share can be reiated ¢o two aspects ¢f the
go~called ‘modern mathematics' movement: (1) the uie
of mathematics laboratories, with all its ramificatious
including the calculators, remote terminals for compiters,
and flow~charting for problem analyaie.. (2) Empha:cis
on the structure of the nusber system and the beauty
and interest of patterns in mathematics, and inclusicn
of selected topics of number theory, intuitive geomeiry,
and informal topology".

'She found most programs for ilow laarnaxs sharcd the following
‘characteristics:

1) a mathematics laboratory--whether it is a
center for the school, a formal laboratory for the use oi a
few selective classes, or a classroom laboratory.

2) the wese of calculators to help the st:adent
find his pattern of error in computation and to enable’
him to get past simpla computational hHlocks to bagic
‘mathematical understanding.

: 3) A regulated program, with a pattern of
activities for security but with a change of activities
to accoumodats the shoxrt attention span of the slow learner:
and the unit-a-da{ pattern for the satisfmction of a task
campleted and evalunted ou the spot. ‘

| 13
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&) -“Beovieion for reinforcemant of aarly
basic conceptéerwhich may be weak, wtiliging the methods
and techniqmes Of the more modsexn Programs in mathematice~-
the exploration of structure of the nueber 8ys® M,
experimentation and discovery of patternz and iy
uiilization.

5) The use of many manipulative dev 78,
guch as the abacus, cuisenaire rods, gecbozrdu, 3%C.

) The proper and contrxolled use of « ames,
puzzles, and other motivational techniques.

7} Use, where possible, Of remote terminais
tied into computexrs for computer aided ingtxuction units.

In & more genczal view, the question of the relative emphaais
on the mathematies and its structure ag opﬁo‘ss@ to the intellectual
characteristic of the childrem is discuased by Travers (18) .

HBe feels that some Oof our recent efforts ars misguided.

 wanother observation to be made about the mathematics
laboratory movement, concerns tha influencs of Piaget.
This famoug psychologist's esmphasis on studying the
child's patterns of thought and the development of
ability as the child grows, has given rise to attempts
to devise learning experiences in mathematics (such
as the use of physical mndels) which will bast
account for the child's pattern of thoughts at his
- particulay devélopmental level. But the curriculum
raform moveseat on this side of the Atlantic seems
to have gone in quite the opposite direction~-
locking first at the wathematics that 1ig¢ to bde
taught, and then dsvieiny learning experiencegs that
are dictated by the subject matter at hand with
iittle regard for the learning patterns of the child.

The success of the curriculum reform ‘movement

in bringing about the needad isprovement depends upon
the extent o which the new materiala ars implemented
in every clavercom. If it aver was tiue that °'eimply
anyong' could te the old-fashiened arithmetic,
this ocertainly doss not hold for the new nathematics.
e teaching profession has come of age, snd Has met
in the new progral & challamge which damenis its
best efforts, Tue offect of teachar of tiie neow
mathematics is iwdeed ® professional.

Q.. . - 14
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Morris Kline %éa'long been a criti: of develogxants in
the mathematics curricuiﬁmn In hie paper entitled 'lLagic vs.
Pedagogy', he maker a strong plea for tie approach to mathemztics
‘which is more intuitive and less rigorxous (19). It is interesti-g
to compare his statement with those of Z.H. Moore.

"It ig the contention of this paper thst under-
standing is achieved intuitively and that the logical
presentation is at beat a subordinate and supplse-~
mentary aid to learning and at woxst a decided obstacle.
Intuition should f£ly the student to the concluslion,
make a landing, and then perhaps call upon plodding
logic tc show the ecverlznd route to the same goal. If
this contention s correct, them thas intuitive approach
ghould & the primary one in introducing new subject
matter at all levels®.

Donald Cohen, who i{s the Madison Project representative to
the New York City public schools, has written & book entitled

. t : ard {20). In response to
the question. 'Why uee the Geo-board’? Cohen states:

"Chiléren enjoy learning when they ars actively
involved, vhen they are not always Deing lectured to
or told how to do something. Working with the Geo-
board enables them to do things and discuss their
work with their classmates: they learn from aach
other this way. '

During free play ihe children zee puatterns
which they will uge in prodlem aolving sitvations
later on. A strong intuitive grasp of what area is
ehould certainly precede the lzazning or develiopment
of formulas for finding the avea within different
guadrilaterals, £ur example.

They enjoy the challenging problems which, when
possible, are presented in such a wvay as to allow them
to decide, without resourse %o the teacher, whather their
angwer works, The childran should ke encouraged to
£ind differant ways of zolving a problem, not necessarily
‘the teacher’s wethod'. %hey should be encouraged to
ask queations and to mzke up new problems and
variations on other mroblsma. Thelr discoveries, questions
and results shoald be praised and displayed. Perchaps
o a'bullqgin.boarﬁ srould be _get up for the discovery of
[RIC ~ the wesk.® . W% vz
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It is irteraesting to cbserve that many of “hae phveleczl ¢ wrisls
that have been developed for teaching methematice in a iad ova Ly
setting during the last few years having come fro @ curriculum  udy
groups who wefe developing elementary science programs. 1 2
- Elementary Science sStudy for example, has produced mathema _icr
laboratory materizis which include geoblocks, mapping, patier
blocks, attribute games and problems, and tangrams. Apparentls,
they felt a need to develop basic mathematical concept before
studeﬁts could be successful with the science comcapts in the
elementary school.

All of the voices regarding mathematics laboratories are not
in full favor of them. Wilkinson ig now in the process of completing
a doctoral dissertation relating to the effects of laboratories in
sixth grade classes (21). In hia discussion he relates the
gource of some of the opposition to the use of laboratory techniques.

"Two distinct points of view seam apparent
regarding activity programs and laboratory metheds of
teaching mathematics.

The Piaget-Bruner point of view plaﬂem primavy
emphasis on the pgegess of laarning, the importance
of discovery, and the need for laboratory exparxence
in the concrete operations.

The Cagne-Ausubel position is that the duct
of learning are of high importance, learnirg eEoui
be devaloped mental and highly structured, amd the
teacher-textbook method is a better tsaching strateqgy
than the use of labhoratory type experisnces when the
objective iz to have the learner becoms Ynorledgeabls
about the conteat in mnthamatics.

Re then quotes Ausubel as saying,

*Students wasts many valuable houre in the
laboratory collecting and menipulating emperical data
which, at the v best helps them rediscover or

ERikfex‘mplify principles that the inifructor could present
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verbally and damongtrate visually in a mattex of minutes.
Hence, although laboratory work can be invaluable in
giving students some appreciation of the gpivit and
methods of scientific inquiry. apd of promoting problem
solving, analytic, and generalizing ability, it is a
very time conguming and inefficient practice for

routine purposes Of teaching subject matter contant

for illustrating principles when didactic exposition

or simple demonstration are perfoetly adeguate”.

wWhile we find many people in many places promoting the concept
of mathematics laboratoyies, there are at this poinc very few
research results which are available to guide in making decisions.

Kieren provides the most sxtensive review of the res2arch
literature dealing with both discovery laarning. and manipuiative
learning in mathematics during the period 1964-1968 in the Review
of Educatiunul icesearch, October 1969 (22). Kieren says:

“"The quality of the actual research and its attention

to the questions raised above are questionable. Many of the

studies ware pilot agtudies ih some sense, and questions

were often asked that were not sufficiently complex to deal

with the theoretical and practical issues. caraful defini-

tion of the problem was frequently lacking. Nevertheless,

the research cited in the foliowing pages represents

an effort to astablish the contripution of more play-like

approaches to mathematics learning.”

Most of the raesearch activity has been zuimed at determining
the effectiveness of the use Of specific materials on the achieve-
ment of children. The use of the culsenaizre rods hzs been studled
in several studies with mixed result2. Callahan (23), Crowder (24},
Bollis (25), Locow (26), 2nd NasCa (27) all repoxt that the use
of tha rods promoted mOre learning by childxen while srownell (28),
redon (29), and Haynes {30) report either mixed results or no signi~
ficant differences. Passy (31) repoxts a negative effect from
O e rods. ‘jf?
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on the basig éf such confusing results, one could not at
this time subaﬁantiaté éhe advantages 0T disadvantages of uaing
Cuigenaire Rods in teaching mathematics if the objective of
instruction is to be maasured by gtandardized tests.

Another popular sat of materials which were developed by
ﬁhe Elementary Science study and also by Z.P. Dienes are the
attribute blocks. These are woodern blocks which vary in colox,
ghape and size and are intended to give children experience in
clagsifying and categorizing. In what appears O be a careful
study, Lucas (32) found that children in grade one who were
given ten weeks of attribute block'training conserve cardinality
and conceptualize addition and subtraction better then children
without training. Howeve:. they were not soO good at computation.

In' another research report BEllis and corum tried to measure
the effects of the use of & desk calculator on the arithmetic
achievément. the attitude toward mathenatics, and the motivation
toward school of children who were already in the mathematics
laboratory (33). The studentg in this study were low achieving
high school studenta in Miami Springs Ssr. High School. No
advantages to usging the calculator were apparent from the test
results but the use of the calculatox was 5a~cmmended in mathematics
classes in spite of the lack of results. Both the experimental
and the contrel groups recorded gains in attitude toward
mathematics during the experiment. 3ut, both groups also recorded

a loss in academic motivation duxing the experiment which the

18
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writers attributed to negative factors ouitside the mathermaticos
laboratory.

In an extensive proaect of teaching of mathematics through
scignce by SMSG more than 12,000 {seventh, eighth, and ninth)
grade children studied special materiale written by a teun of
mathematicians, scientists, and teachers. Careful study wis
made’ by Higging of the students bf 22 eighth grade mathematics
teachers from juniocr high schools in Santa Clava County,
california, as they taught a unit entitled '‘Graphing, Equations,
and Line&r Punctioms' (34).

The fiveoweek pexriod immediately preceding spring vacation
wag used for the experimental teaching. An extensive battery
of tests was given to the students before and after the exearimental
work. Therc were 853 students;in the experiment. At the
conclusion of the experiment the students were grouped in B
'‘natural’ attitude groups zuch that all of the children in a given
group‘has similar aititudes toward mathematics. It was found that
differences in attitude patterns among groups are not veflected
in significant differences in either ability or'achievemént. it
was concluded that attitudes change clusterings are not a3 major
‘consideration if one is concerned With mathematics achievement
during & unit taught via physical approaches. The study found
about 6% ©of the children developing rather strong cohesive
unfavorable attitude toward the contemt. At the other end they
founa 8%, of the children developing attitudes 3hifts favorable
toward mathematics but in general, most shudar 3 changed attitudes

very little., Some liked the unit: aome lxked it, but found it
13
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harder; others found it ezgiexr, hut less interesting; and a
few disliked it quite strongly. None of these Youps are
large encugh to represent a majcyr fraction.

In Wilkinaon's careful study he measured the effect of
laberatory experisnces on both ths geometry achievement and
the attitude of children in 6th grade when :ompared with
children who ware in a regular teachar-textbook classroom
setting (21). He was able to control the teacher variable
by having each of three teachers in the mtﬁdy teaching one
control class and two experimental clagsrooms the ohildren
were assigned o work the geometry material contained in 18
shoe boxes; one each day for 18 days. ihey coild werk either
-alone or in groups of three or four, as they preferred. In
the other experimental .claserooms the children had, in azddition
to the ghoe boxes, casssettes tapes which gave varbal directions
and poged verbal questions to the children. The teachers in
each of the expétimontal classes were asked té use nondirgctive
techniques and to serve as a resourced parson asking and
answering questions and providing direction when called upon
to do so. 'Wilkinson found no.difforencéa in the grometry
achievement of children from the varicus croups, but found thaf
childreﬁ from riddie and slow IQ levels in the laboratory
treatment had a greatar gain in attitude toward mathematics
than the high IQ group. The laboratory setting semﬁed to bave
a positive effect upon the average and gitwer children, while
the brighter children seemed to be “turned off” by the laboratory
method.

0
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Woodby report@d‘fh@ development of tha sachenatics laboratory
in Cleveland in the annual zeport fxcﬁ Mmook in Bapt. of 1967 {35) .
The basic purpose of the laboratory in Claveland was to provide
ap intensive inservice training for two junior high school teachers
in a laboratory for low achieving students in mathematics and to
study the results of this tr&ihing, A secund objective was toO
develop instructional materials for use in the mathematical
laboratory that are effective with low achievers. In the report
are listed ten desireable bshaviors one might expect of @ teacher
in a laboratory:

(1) The teachexs asks questiong that cause
expl 'ration and inguiry by the student.

(2) The teacher devises and nses tasks that
relate to fundamental mathematical concepts and
techniques. A good exanple is Rosenbloowm's simualated
computer in which the student digcovers +he distributive
principle.

(3) The teacher uses matertale other than
the textbook.

{4) The teacher provides tndividual and small
group activities of an exploratory mature that results
in the student trying something, gathering data,
analyzing data, and testing conclusions.

(5) The teacher uses cues that come from the
gtudent in making teacher decisions about guestions
asked or tasks assigned.

(6) The teacher plans for and uses the basic
gtrateqgy of student discovery.

(7), The teacher enploys the stuategy of asking
the student to make decigions on the baaiz of obsexrvation
_ ef evente. '

(8) The tescher provides sitvations for the

student to play an active role in learning, rather than
a pasaive one.

21 -
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(9} The teacher creates = naw probliem or
task that is easier.or more familiar %o the student
when difficulty ocecurs, then allows the sindant to
return to their original yrobleom.

(10) The teacher providas the abtodentc with
a means foxr determining whether an answey is rignt
oxr wrong, independently of the teacher ov the textbook.

The mathematics laboratory was sstablished iwn Devid Jy. High
school in Cleveland in 1966-67 gcheol yeaxr. Two groups of 20

seventh-grade students met in the iaboratory for a 9C-minute

period each day.

"The teachers received notice of their participation
in the project only a short time bafore the prciject
began. They were selected in late January by the
administration of the Cleveland school system as
capable teachers who were willing to try and experiment
in laboratory~type teaching. It should be noticed
that neither teacher was teaching mathematics in the
manner in which she had beern. One was sufficiently
disenchantad to be conaidering seriously withdrawal
from the teaching profession. Although both teachers
had previcusly heard of laboratory teaching the methods
~ourses, each stated the technigue had only bheen
rarely used in their classrooms. ‘Thus, the teachers
were ag unfamiliar with laboratory teachinyg techniues
as the students were with laboratory learning technigues.
Few guidelines for teacher behavior were established.

In short, initially the teachers were in a positicn of
learning laboratory teaching by the laboratory methed".

The teachers remaining teaching lcad were reduced considerakly
'and they were given a great deal of cutside expert advice from a
variety cf consultants. At the end of the year the project director
listed these summary statements.
(1) Organization for small group instruction
or individualized instruction is dAifficult. Discipiina

was a major concerrm.

' (2) fThe goals of mathematics instruction often
get lost in the mechanics of the laboratory activity.
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(3) Belief of the teachey in = discovery
approach is not sufficient to accomplizih the zvpropriate
behavior. Teachexgs will revert to telling, explaining,
and showing students. There is a wids gap batween
teacher belief and teacher behavior.

(4) The teachers expected too much of the
materials; it was assumed that the material wcujl provide
the motivation.

(5) Rewards for the teacherxrs were different from
their expectationsa. They had anticipated grecat increases
in the achievement by the group as a whole. The rewards
turned out to be unuaual accomplishmentz b»y individuals
and these were infregquent andi unpredictable.

(6) The teachers became more conceriieé with how
studenta learned than with the achievement: questions
asked by students became more impogtant te the teacher
-later in the gemeater than thevy were at the beginning.

(7) The teachers worked longer and more intensively
than they did before the project. PBven if they had much
nore time for preparation they stayed late and usually
took work home {0 (a) organize for instruction, (b) devise
activities and write inastructions, and (c) evaluate results.

(9) Teachexs in this learning situation need
someone to talk to. Supervisors and consultants are
important to the teacher in this situation.

(9) From tie teacher point of view, the learning
was more nearly guided discovery than true discovery.

(10) The teachers heéamm better teachers bacause of
what they learned about students learning. For example, they
talked less and listened more at the end then they had at
the beginning.

During the summer following the project the two participating

-

teachers reviews by the Clsveland Public Scheols to train fourteen
additional Cleveland teachers. Ten children were brought in each

day for an hour and a half to serve as a demonstration class working

in a laboratory setting. After the children left, the fourteen teachers
worked with the materials in the laboratory and discussed their

Tk}ble use in the classgoom.
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Mathematics Laboxatory Pataexials

Throughout the papex we have &i@cnséwd varietics of matevials
asz though the reader wag famiiiar with ths raterials. In aay
mathematics laboratory one is llkely to find sowe of the more
popular ¢of the materials which are currently awvzilable and seeningly
effective.

Two excellent bibliographies have appeared recently which
serve as a guida to these whe are interested in obtaining materials.
The bibliographieas are by Davidaon (36) and EBillman (37).

While it ahould be clear that many of the materials which
can be used in & laboratory are inexpensive and are readily
available, mora concern generally arises over those that are
commercially available and sometimes expensive. Many items are
available from gseveral different zources.

As an illustration of some of the materials cns might find
in a labofatory,-b@low ig a basic listing of materials which was
purchased recently at one major univexsity which was Jdeveloping a
new lab.

20 Geoboaxrds (a geoboard is 2a wooden board with
nails driven in a lattice points usnally in a 5x5
array. There are also circular gecboaxrds! .

4 spinners (common spinners with multicolorad areas
underneath to use for studying probabiiity).

2 Sets of Madison Project Shoebox kits (& shoekbox
contains & manipulative device and a sequence oI
task cards leading the student to & concept) .

1 Set of Multi-Base Arithemtic RBlocks init oubes
ocne dimensional stringz of cubic (longs), bwd
dimensional axrays of cubes {£flats), and thyze
dimensional cubes of cubes (blocksa). They come
in basis 2.3,4,5.6, and 10, and are used To sruly
numeration systems).

ERIC 28
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20 Sets of gelored rods (Cuigenairve Rods are unit
centimeter lengtha f£rom one to ten and sach length
a different color. Used for a wide varlaelty of
concepts) .

7 bquati{)ﬂ&‘i gameas (A gama by’ WErE-MN-REOOE
ekperience with the system of real nuudus

2?2 Sets Of Mirror cards (Plane mirrors and <ands
to place the miryrors on to reprocuce po tterag—--
provides experience with symmetry). '

3 Sets of Attribute Games and Problams (Attribut

blocke, color cubes, p2ople piaces and areature uardsmn
designed to give experienc: in patierns, classification
and categorisation).

5 Sets of tangrams (traditional tangram Ppisces which
are triangles, squares and parallelogram: whicli, ~hen
put together, mwake diffevent ccrfigurati o 3),

Davidson and Fair provide a good disaription ©f the sszablishmoenc
of a laboratory in Qakhill Elementary Scrol in Neion, Magsaohbsenis
(38). Among the materials they descrilie : - & numser ©f othed
commercial games and items such as paper sencils. czk fag,
construction paper, scissors, string, torite depressors, wgag
cartons, beans, sticks, etc. On one table under the heading
“Guess How Many® were jars of peas, beans, macaroni and rice.

2 few study carxels were constructed out of Tri-w:ll which ie

2 thick cardboard which is easy to work with.

4 1 g
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The Training of Tezchers
Many who have Deen active in the devoelisysmint ¢ laboratories
feel the greatest problem in promoting the ldeas iz treining

teachers to woxk in a2 laboratory swaotting.

For the second congsecutive summer; the Depavooent of Matheratic

Education of Teachers Coliege, Cciumbiz iz holdine & spureisy siudy
program on laboratory teaching of matheratineg imtended for teachsr
training personnel amd for the third consecutive summer, Michlgan
State University is conducting a three-wael confersnce for leadens
in elementary mathematics. A majicr emphagis in this proaram fs tha
-.8e of mathematics laboratory.

Several institutions have built experiangs in a methematios
! aboratory into the undérgraduata teacher-trainins progran, in
some schools as part of a mathematics <ouvrse and in otherras
part of Q methods course. Among the institutiong which ailvready
bave such programs are Michigan State, Eagtern Carclilina, Grcrzia,
Purdue (Calumet),‘and Oregon State.

Therz is considerable agreement that a teacher needs ' have
the e :rience of learning in a laboratory setting i1f she 18 going
to be effective in directing a laboratory. The ideas 1s exprassed
by Johnson and Kipps in the introduction of their bock, Geometry

for Teachers (39).

“Can teachers capture for themselvaes the excited
enthusiasm shown by children in classes sponsored by such
curriculum grocups as the Madison Projent or the Nuffield
Proiject? Can a t@acher raised ovn lectured-drill-homework
classes feel and show the drama inherent in 'l do and I
understand’ activities, in peer group discussions. and in
concept such as the concrete~iconic foundation of abstraction?

. This text focuses on these dynanic factors so that & teacher
ey learn their value from his own personal experiences and

feelings®, s
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"I¢ spprars that {nforwal geom:s :ry is baelt learned
through experience with physical ob: scts, walr g gresdes;
trial and 2rror comparisons and fitsingu, ¢Aploratony
discussion of observationsa, and ten—ative conclungions

made with seers who are aimilariy svazehing. AR aotive
learning approach of this %ind emprosizes asy and more
rewarding type ©f teacher behavior. Small grouss

(four seems t0 be an cptional size) are gearcning and
digecovering togethexr. ha the teachicr moves Jrom gooul

to group, listening to the dialogue. he must considex

when to ask a queszion, when to be zilent, and wher. o
withdraw altogethsx. The tezcher rzoognizes that

pupil asks guestions as ataps in de veloping his thinking.
Henne, only rare.y wil) the teacher answer a pupil ‘s guestion.
Inatead, he will encsurage the pupil's effort or he will

ask another ques:=ion 1f some direction ig nsedad”.

One laboratory =:nual has been publ ished which is designed
to give teachexs expecience with many - - the commercialiy availey . e

meterials (40). Ir the preface of ths Laboratuyy Manua. to

Elementary Mathematicsg by Fitsgerald et. al. ias stated:
sThe esssnce of the laboratory concept in lLearning
mathematics is the fostering of inquiry and internzl
motivation to seek answers to ‘questions. It is & fTaivw
generalization that teachersa. at all levels, talk too

much. A laboratery instructor muat be waxy of the

temptations to provide excessive direction fer the

student, and thus rob the egtudent of the expariences

of finding answars for themselves. And asome students

will demand excessive direction, which may ke evidence

of the lack of the use of laboratory rechnigques in

schools in the past®.

Boonstra attempted to study the effects aof lanoratory
experiences on the behavior of perspective elementary teachera in
the classroom (41). Unfortunately he was workily with student
teachers and was only able to give them two iaboyratory sxperiences
and obaarve their teaching once. iHe had the students working
with laboratory materials related to the cancepts of function
and mathematical relations, then asked student Leachers to present

a lesson dealing with function in their elemantary clasgroon.
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poonstra concluded that . two jaboratory axpericneces were nd o
gufficient %o zauge student ceachers to ador . a studsni- 2o hered
approach to = aching NOZ were they suf€l ~ler . £O0 <ause reudent
teachers to cdopt a teaching technique ia wi.ch childre~ Lzarn

through the use of manipulative material.

summary

Schools as institutions tend to develo . systems and soutines
for carrying out their assigned tasks. Through €ime these create
rigidity and stdxility in the curriculum. The teaching o2
mathematiés has ohown many signs of these c..azxacterist.-zz 1in
the past. More than im most other subjects. the mathema .78
curriculum is thought of (heedlessly) as being necessar: v highly
gegquenced and lock-step.

‘some fresh air was obtained by the curriculum reform movemants
of the past decade when working scientists and mathematicians
provided an infusion of new and more appropriate content. Un-
fortunétely, the moda of instruction was not changed sufficiently
to eliminate the persistant probiems which plague mathemratics
instruction.

The widgspread efforts to teach mathematics in a more
activity-oriented approach represent an attempt to provide
experience for individual children to enhance curios%ty and
inquiry, to provide meaning to mathematical concaepts, to make
reasonable theixr applications, t© buiice the intuitions which
make abstractione possible, and %o murture the healthy natural

development of intellect in childyren.
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Thers 13 a= thiz point no ermpériral evidence which will
convince the uavonvinced that mathematics laboratavies acre the
begt way to zcomplish theae aims. Hany have found tnrough
axperience Tt e school as a systein makes the implimentationr
of a laboratir a diffioult task to accomplish.

This writer, however, has never seen a teachar wha, after

shifting from a teacher-dominated, total-clans approach to an

individualized, activity-oriented approach, has caocsen to shift

Dack aygain.

=8




v

!H !m
]

-
3.

lO' .

il1.

Refsrancoes

T - B. BE. and J. R. Maclson. Fresdom o I12aim.
‘ ;ﬁing, Maass., Addison-Wezley [(Cenzdn) Lod. L963%.

Bu;;d a Pond, Nulfield Mathanmatilce sroject,
tributed by John Wiley and Sons, Hew York, 1967,

4.3

Fﬂ

znd I Undexstand, The Huffield Projeci, published
.z the Ruffield Foundatlion by Jobn Wiley and Sons,
ey YOXK, 1967.

Kiz.~ Bdmond R. §g£ggxing Instggpants'n Thely Hietory
zzz Classroom Usg, NMineteenth Yoarbook, N.C.T.M., 1647.

Ciz-~, John R. (Ed.) ZEperging Practices cf Mathematlcs
cmmcation. Twenty-second Yearbook. Washington:
T oziomal Council of Peachers of Mathematics, 1954,

Wirzzb R;w.. et.al Math Workshop. Bncyclopediz Britannica
Fducational Corporation, Chicage.

Walter, Warion I. 'ngggi Sguarea and Qithex Things, NCOTH,
Wezhington, 1970. »

Bbeicd, William Tawadros. "An RBuperimental Study of
Schednled Clasaroom Use ¢f Student Self-Selected
Materials in Teaching Junior High School Mathematicse,
untpublished, University of Michigan, 1963.

Fitzgarald, William M. Seif-Falected Mathematics Learning
Aczivities. United States O0ifice of Education Cooperative
Research Project Ho. 2047, The University of Michigan,

Ann Arbor, 1965.

Sny=exr, Henry Duans Jr. “A cgmyarative Study of Two Self-
Zelection--Pacing Approachas to Indi vi&ual:axng
~mstruction in Junioxr High 8chool Mathemetics, ®
unpublished Doctoral dissertation, The Unmversxty oF
Michigan, 1966.

Moore, Eliakim H. "The PFoundations of Mathematics® A
General Survey of the Proaoresz in the Last Twanty-five

Years. Ficst Yearboo. of the Fztiennl Coungil of
Te ches; at hems %amhinqh@ng D.C.: The Council,

D26, PP, 32~37. % o reprinted in The Mathematics

Lrasheg, april, 1967) .




12.

13.

14.

15.

16.

17.

21.

22.

23.

24.

McLellan, J.A. and John Dewey, The rPavcholoqy of
Numbers, Hew York, D. Appleten and Co., 1895,
(Chapter 4 veprinted in Readings in_the Ristory
of HMathamatics Eoucatiop, M.C.T.M., L870) .

Leaeb-Lundberg, Krictima, "Kindaxrgarten mathamatics
laboratory - nineteenth-century fashion.* The
Arithmetic Teacher, vol. 17, MNo. 5 {(May, 1970)
pp. 3712-386.

pustin, C.A., "“The Laboratory Method in Teaching

Geocmetry."” The Hathematics Teacher, XX (1927)
286-94.

putler, C.H., Wran, L.F., and Banks,. J.H., The
Peaching of §gggndar1;nath§mgti§g, McoGraw~Hill
Book Co., Wew York, 1970, pp. 150-1.

Low Achievemant ﬁofivational project, 1164 26th Street
Des Moines, Iowa 50311.

Hoffman, Ruth I., "The slow learner -~ changing hig visw
of math." The Continuing Revolution in Mathematics
nm, 1968, pp- 8 "97 >

Travers, Kenneth J. vComputation: Low Achievers'
Stumbling Block or Stepping Stone?* The Arithmetic
Teacher, XVI (November 1969), 523-528.

Kline, Morris, "Logic Versus Pedagogy,* Tha American
Mathematical ¥onthly March, 1970, pp. 264-82,

cohen, Donald, Inguiry in Mathematica Via The Geo-
Board, Walker, New York, 1967, p. 8.

wilkinson, Jacﬁ (Doctoral dissertation in process of
being completed), Iowa State University, Ames.

Kieren, T. E., “Activity learxning.” Review of
Educational Reseprch, V. 39, Ho. 4, October, 1969, pp-.
509-532.

callszhan, John J., and Jacobson. Ruth S. "An Experiment
with Retarded Children and Cuisenaire Roda," The
tic Teacher, XIV {(January 1967), 10~13.

crowder, Alex Belcher Jr. “A Comparative Study of Two
Methods of Teaching Arithmetic in the First Grade,”
Digme;tg&igg.ggggggcte, X¥XVI (Jenvary 1966), 3778.

34



25.

25.

27.

28.

9.

30.

31.

32.

33.

34.

35.

Hollis, Love Y. YA Study ¢ Compaxe the Bffect ol
Teaching Pirst and Second Grade Yathewnztics by the
cuisenalre-Gattegro Method with a PTraditionel
Method, ® Schocl Sqlence snd Mathbemutics . ISV
(Hovember 1965), 683~€87.

Luccw, ®illiam H. *An Experiment with the
cuisenaire Method in Grade Three,” Asier ican
Educational Research Jouxnal. T {May 318G4), 159~167.

Masca, Donald. YComparative Merivs of a Manipulative
Approach to Second-Grade Arithmetic,* The Acrithmetic
Teachery, XIIX (March 1966, 221-26.

Brownell, William A. 'Conceptual Materity in Arithmetic
inder Differing Systems of Instruction,® Elanentary
school Journal, IXVIII (December 1968) , 151-~63.

Pedon, John Peter. "A Study pf Cuigenaire-Gattegno
Method as Opposed to an Eclectic Approach foIr
Promoting Growth iu Operational Technigue and Concept
Maturity with First Grade Children, " Dissertation
Abstracts, XXVII (May-June 1967), 3771A--72A.

Haynes, JErry Oscar. “Cuisenaire Rods and the Teaching
of Multiplication to Third-Grade Children,”
Dispertation Abstracts, NIV (May 1964), 4545.

Passy, Robert A. "The Effect of Cuisanaire Materials
on Reasoning and Computation,” The Arithmnetic Teachex,
X (Rovember 1963), 439-240.

Lucas, Jamea Stanley. "The Effect of Attribute-Block
Training on Children‘s Development of Arithmetic
Concepts, * Dissertation Abstracts, XXVi1 (Janvary-
February 1967), 2400A-1A.

Fllis, June and Corum, Al. Functions of the Calculatox
the Mathematics rato for Low Achievers,
Research Report, Miam ‘Springs. Senioy tilgh School,
Dade C.unty. Florida, 1969. )

Higgins, Jon L. “The mathematica through science atudys
attitude changes in a mathematics laboratory, " SMSG
Reports No. 8, Stanford Univexrsity, 1969.

woodby, Lauren, Mathematics Ldﬁozatogz; MOREL Anrual
Report, Vol. VI., Michigan-Ohio Regional Educational
Laboratory, Detroit, 19%67. '

pavidson, Patricia A. "An annotated bibliography of
suggested manipulative evices, ® The Arithm.tic
Teacl.ex, October, 1968.

-

o9 £9%



370

38.

39,

41.

-~

Hiliman, Thowmas P.: YA current 1isting of mzthematics
jaboratery materiala,” Schowi Science aag
Mathematics, 68(1968) 482-20.

pavidson, P.J. and A.W. Fair. A mathamatics laboratary-
from dream to reality. The Avithretic Taacher
17:105~11. 1970

Johnson, P.B. and Kipps, C.H., Geomeliry for Teachers.
Brooks /Cole, Belmont, Calif., 1270.

Fitzgerald, W.; Pellamy, D.;Boonatxa p.; Qosse, W.; and
Jones, J. Labegratory Manuval fox Elementary Teachecs.
Boston: Prindles, Weker snd Schmidt, Incorporated,
1969.

Boonstra, P.H. "A Pilot froizct for the Investigation
of the Effects of & Mathematics Laboratory Experience:
A Case Study" unpublished doctorail diszaxrtation,
Michigan 5tate University, 1970.

33



