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Foreword

This paper, Aggregation and Averaging, by Dr. Irving H. Siegel, of the
Washington ffice of the Upjohn_ Institute, inaygurates a new series On
Methods for Magipower Analysis. The series represenls an expansion

" of the scope of theInstitute’s research and publication program.

' The papers in tlie- series are intended to reflect the state of .art and to
have tutorial value, They will deal with methods applicable to manpower
analysis as well as to methods actually used. They will often take ad-
vantage of original research,’as Dr. Siegel’s paper does.

Harold C. Taylor
Director

Kalamazoo, Michigan oo -

V_May.1968 oo , -
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Preface

.- 7 : L3 : -0 .

The subject- of this paper, the first in the new series on_ Methods for
Manpower Anailysis, has been of Jong interest lo the author. It is funda-

mental -to all quantitative investigtions of employment, unemployment,
~ and related conwepts. ' . -

_An effort has been made to appedl to the interests and needs of read- | :
ers at different lewels of sophistication. A quotation from Alice’s Adven- Co
tures in ‘Wionderland that could have served as an-epigraph to this paper
guided the'selection and presentation of material and peferemo i

And what = igngiumt $i1 | gir) she'll thivik me foi asking! No, it'll
never doxto ask: perhaps 1 skall see it written up somewhere. ,
«Commenss from readers are invited so that the value of any subse- S T
quent version of this paper to makers and users of manpower measures. ! ,

_ msky be enhranced. B ; : . X

e . : . -
RO :

[rving H. Siegel-.

iWaishington, D.C.
Mezy 1968
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Aggreg;aiion and Averaging
I Scope of Pape}- )

Several reasons may be .cited for linking the arithmetic processes of
aggregation “and averaging. First of all, these processes are basic to
manpoweér measurement. They underlie other, more complex, sequences
of numerical operations and, accordingly, are encountered daily and
everywhere. They are close mathematical relatives, describe somewhat
simnilar algebraic structures, and yield numbers that are readily con-
vertibie into each. They provide complementary, though partial, quanti-
tative descriptions of an ensemble or population of discrete clements.
The descriptions are partial in that they focus on but one common prop-
erty or dimension of the eclements at a time. They are complementary
in that aggregation views the ensemble as a composite, a whole, while
averaging characterizes the ensemble in terms of a representative ‘éle-
ment, <

The goal of aggregatlon or of averaglng is the provision of a single
summary magnitude—an aggregate in the first case, an average (also
called a miean or mean value) in' the second. Both processes combine
measures for the elements. These measures refer to a common attribute,
the one originally selected for an assignment of element numbers or a

derived unit mtroduced by weighting. Measures derived. for the elements .

by welghtmg are- expresse.d in a_unit or dimension that is presumably
more appropnate for.-the- purpose «f comparison and combination. The
final result is a wetghted aggregate or a weighted average. Since ag-
gregates and- averages are - single figures, they no longer tell anything
about the d’spersxon of the numbersu correspondlng to the discrete ele-
ments. _ 7 . SR : - ‘

"When two or-morevpropertles .of each element are of slmulltaneous

‘interest, th’eirs.meaSUres, have to be reduced to a common‘fdenominator

' The usage of” aggregale in thns papcr differs from that sometimes encountered not only
in mathematical llteralure but also in statistical writings (c.g., in books by A. C. Aitken and
W. G. Cochran) In the early vocabulary of **set theory,’’ which ‘the standard treatises: of
Plerpont -and Hobson on:real-variable functions helped to propagate, “the word was com-
monly used instead: ol‘ ensemble’ Enough other synonyms are available, however,, for the
latter—e.g., class, group, population, set, and universe. The prefix sub is also nppli%:able to
these words for a dlsuncnon between the ensemble and a part (larger than a d:screte ele-

: ment) ) :

Whnle weare.
mate. (dlscrete) Elements of an ensemble may be called individuals, iternis, or members. The
common propérty in terms of> which the elements are’ quanutauvely cvaluated in the first in-

. SIANCE im_ty also-be desngnated an attribute, characteristic, concept, quality, variable, or var-
~101¢' “The msulnng rumbers ave figures, magntmdes. and measures. In their subsequent
mbers’ rcmam expressed on a common scale——-m a common denomi-

. Ty ' ’

cupned with matters of termmology, we should also note that the ulti-
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before aggregation or averaging can proceed. The required preliminary
step may entail weighting or-a more formal scalarization of vectors.
Ancther possibility is the derivation of conversion coefficients for the
several variables from a fitted multivariate regression (or response)
function. This method lies outside the domain of the present paper.

This exposition is also circumscribed by two voluntary assumptions—
that the elements are numerically describable without err6rs of observa-
tion and that sampling is not required. Other papers in this series will
deal explicitly with issues of_ statistical inference-—with the treatment or
interpretation of data as samples drawn from real or hypothetical popu-
lations. Thus, in modern jargon, the viewpoint adopted here is decer-
ministic rather than stochastic--or probabilistic. Since connectivas with
other provinces of analytical interest are too important to overlook, how-
ever, the reader of this_paper will be reminded later that the statistical
estimation of ‘aggregates is a familiar and important topic of sampling
theory and practice; and that the various kinds of averages may be viewed
as “‘most probable” values for cifferent *‘laws of error” or for different
least-squares models. _ -

Concentration on ‘100 percent samples’_or. on measurement without
observational error hardly leaves a ‘methoﬁﬂogy‘paper devoid of signi-
ficant issues. Matters of concept, definition, and.dimensional propriety,
for example, are always vital. They cannot be salutarily. ignored since
bad decisions or loose administration in datz gathering may introduce
biases for which subsequent compensation is” not easy if at all possible.
In this connection, it is pertinent to-cite the position.taken in the 1930’s
by a well-known. statistician on a’ proposed enumeration of the unem-
ployed; namely, that: ~ B " ' ’

':;\f_i*'r

...even a 100 percent sample ‘could not give S percent accuracy be-
cause of differing ideas regarding.definitions of unemployment and.
the interpretation of the questions. . . . Before it is profitable. to talk": \
of reducing sampling error to 5 percent, it would 'be necessary to re-
duce both the variability in response (by shamening the definition) )
and the error of enumeration to magnitudes comparable with 5 per-

_ cent accuracy.” - . o : -

" Long strides have since been taken in the design and use of official
manpower statistics, but impressive nonsampling difficulties persist,
Conspicuous gaps in’ industry coverage remain evident, Concepts .and .
measures that are not strictly compatible have to be used.frequently for .
want of better. Resort must often be had to indiredf -t&chniques for,”.
measuring concepts that are unclear in the first instance -orsthat.can be
approximated only crudely at best. Many of.these difficultie$- are "re:

(L g

* Autributed to Frederick F. Stephan by W. E. Deming, Some Théory of Sampling (New™
V{\rk: Dover reprint, 1966), p. 39.  \ _ : i 2 .

- -
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flected in hearings and prints of the Joint Economic Committee, in
Economic Reports of the President, and in numerous other authoritative
publlcatlons such as the report lssued in 1962 by a Presidential com-
mittee.’

Confusion may arlse occaslonally from the avalla"blllty of more than
one series fof the “‘same’”’ “manpower concept, but this semblance of
duplication is rare and is-not necessarily deplorable. The Presidential
committee dwelt at somie length, for example, on problems engendered

> by the existence of two" ~nonagricultural employment measures,, one de-

rived from a survey of firms and the other from a survey of households.
A‘multiplicity of manpower measures, however, is atyprcal,‘and besides,
it can serve well the: needs of discriminating analysis. If scarce Statistical

‘ fesources cannot Trealistically be redistributed in a clearly preferable
-manner, the remedy for apparent dupllcatlon is not the reduction of

" nuances of meaning. - / . .
paper is that alternatcire chonces of data unlts,

information but_the better lnstructlon of the publlc concerning -the

A basic idea of -this

“formula, and Welghts lead to measures for concepts that are cognate

rather than the “same.”” These measures may seem equally eligible if
no context or purpose is specrﬁed but they actually are distinct, members

of a family, have variant meanlngs, and can differ significantly ‘in mag-:

nltude ‘
Ideally,. the use to be made of a manpower measure and a knowledge

. of the other-variables to be measured jointly should govern our choices,

but the “prefabncated” data or series ‘that already exist are often -the

-only ones that are practlcably available. Limitations.in the supply -and

'qualrty,of data and of. series hahdicap analysis @nd should not. be ignored

'change Index numbers and ‘manpower pro_|ect|ons .are_principal sub- -
- jects, instead, for other pamphlets of the Upjohn Institute. The treatment

-n lnterpretatron In particular, the myth that existing statlstlcs are

“general-purpoSe” measures_should not be taken too literally by the user.
Although "this paper. makes reference to various manpower concepts for
which time serigs are ‘available, the. discussion.does not focus dn temporal

of aggregates ahd averages here'is intended to lay a basis for the exposi-
‘tions of these and other more complex methods for manpower analysns

Rl

CIT: A Prologue on Measurement

An observatlon made by John Locke in An Essay. Concermng Human
Understanding (1690) prov1des a fitting introduction to a paper-on basic

’f“lnumerleal rocesses Concernln “unlt or one, ** Locke remarked tnat
, me P y

3 See report of Presrdents Commlttee‘ to prpralse Employment and Unemplovment .
. Statlstlcs, Measurmg Employment and : Unemployment (Widshington: “1962), especially
Chapter 4 and Appendlx I; and Oskar Morgdnstern,oOn the Accuracy of Economic Statis- -

-tics (2nd'ed Pnnceton Pnnceton Umversnty Press, l963) Chapter 13. ) .

B ) .. ) ~ 5 .‘ .‘ . 3 v‘
e e i- "4(’-']
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‘it is the most intimate to our thoughts, as well as it is, in its
agreement to all other things, the most universal idea we have. For .
number. applies itself to men, angels, actlons thoughts —everythlng ‘_'
that-either doth exist or caxf be imagined.* :

~Of primary interest here is the appllcablllty of ‘number to ‘“‘men’ ——spe-- .
cifically, to the summary description of such manpower concepts as T
labor force, .employment, unemployment, payrolls, hourly earnings, - . ’
weekly hours, man-hour productivity, and unit labor cost. L,_

Varying degrees of comruitment may be. dlscemed in the appllcatlon

of number to manpower (and other) concepts.” The weakest degree is
the ‘use. of . number for mere identification and class1ﬁcatlon—-for the

/’ _ differentiation "of individuals .rom each other and for grouping them into
more or less homogeneous categories. Thus, distinct seridl numbers may
be assigned to the employees on a company payroll to' the membeérs of
.the military services, and to the registrants under the. Social Security | -
system. Coding digits, furthermore, -may distinguish workers in one de- :
partment from those in another, officers from enlisted personnel,, men
from women. A stronger use of number is to rank the members of an
ensemble according to magnitude with respect to a common observed:
‘or denve(‘l property. Thus, with respect to a selected property, we may. i
_say that “ is greater than (>), léss than (<), or equal fo (=) B; and’ B i
that, if A >B and B > C, then A4 > C. These’ relationships lnvolve '
symmetry and transitivity, according ‘to the terminology of logic.® A
« third variety of numerical application comes closer to true measurement:
It permits _the - comparison of magmtudes not as _absolute totals, but
with regard to differences. A unit that is fixed in meaning or nearly SO
has to'be availabléfor the determination of an excess or deficit.

True. measurement is stricter than any of the foregomg appl|catlons
of number, for it assumes a scale having both ‘an origin or zero and a rigid
unit. It assumes that the fundamental operations performable on pure
numbers have clearly lnterpretab’le or ‘manifestly plausible cqunterparts
in the treatment of our manpower COncepts The operatlons are addition, ~
subtraction, multiplication, and d1v1s10n (except by zero) In the languag
of mathematics. (especially of set and group theory) and. of logic, a
isomorphism, or. structural equwalence, is assumed between the domain

- of possible magnitudes. of a manpower concept and the co-domain of

* Book II, Chapter 16, Article 1, of Locke's classnc
® This’ paragraph and the next two take some account of ideas presented by S. S. Stevens, )
*“On the Theory of Scales of Measurement,” in Arthur Danto and Sidney Morgenbesser, -
eds., Philosophy of Science (New York Meridian Books, 1960). pp. 141-199; N. R. Camp-
bell, Foundations of Science: The Phrlosophy of Theory and Experiment (New ' York: Dover
. reprint, '1957); P. W. Bridgman;. The Way- Things Are. (Cambridge: Harvard Umversny

Press, 1959), pp 135~ 137; and 'M."R.’ Cohen and: Ernest Nagel, An Introdiction to Logxc- e :
l and Scrennﬁc Melhod (New York Harcourt Brace, 1934), (,hapter lS . r .
E T C - ¢ Cohen and Nagel (footnote 5), pp. 297—298 )

s
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*‘real’” (rational and lrratlonal) numbers. A ‘‘one-to-one mapping”’
g or ‘“‘injection” assocrates every manpower magnitude with the same
number in the co-domain.” =~
For manpower measurement, it is preferable to adopt this strict
scale in the first instance and subsequently to temper or to downgrade
“the ‘implications ‘of ‘numerical operations (if necessary) by appeal to ad-
ditional information and to common sense. The ratio scale, as it is some-
times called,’ "pPermits one to 'say not only that A4 is larger or smaller
than B by a given amount but also how -many units each one contains - 3
and what the relative magnitudes are. When crude data or techniques
of estimation have been used, however, or when computations are
subject to severe rounding, it is desirable not to ‘*‘squeeze the numbers
too hard.” Judgment is always in order even when it may be out of
fashion. The comment cited earlier on the rnanpower census of the
1930’s is also pertinent here. : o :
More than one ratio scale may be of interest in aggregatlon and aver- i :
aging. It was noted at the outset that numbers expressed in a conven- T ;
tional or natural unit are assigned to the members of a manpower en-
semble; that the orlglnal numbers may be converted, by the introduction
‘of welghts to a common denominator deemed more- rclevant or more
stable for the problem under consideration. Employment figures, for
‘example may be: stated originally as numbers of people, but the problem
may require translatlon of such figures into man-hour units. Within the
_definition . of workers or man-houss that is adopted, the-aggregation or. .
averaging process- strictly implies that any worker or man-hour is
equivalent to, and quantitatively exchangeable with, any other. A proper ‘ 3
discount.may have to be’ made, however, in interpretation. ST 3
Correspondmg to the measurement of totals .(from zero) and of '
differences between totals are the notions  of stock and flow. These
two terms, _occasronally encountered in writings on economic time series,’ .
are adaptable to the discussion . of manpower aggregates and averages. : ; oo
A stock refers to-a status or lnventory——to a total. quantity that is fixed : i e
at ‘a point in time or selected as -typical of a perlod An- example is the ’
number of workers reported by an esiablishment on Form 790 of the - - ; -
U S Bureau of Labor Statlstlcs for the pay period including the 12th ’ '

.

P L s

7 Ibrd pp. 137-141, on rsomorph?sm The term is also mentloned by Stevens and ‘Bridg-
mam(see footnote 5).. Important in advanced mathematncs the concept is treated in stand-
- ard works on higher algebra (e.g., by Blrkhoﬂ’ and MacLane), on sets and groups, and on
matrices. Among the wntrngs consulted in the preparation of this paper were J. A~ Green,.
Sets and Gmups (London: Routledge & Kegan Paul, 1965) and F.-E. Hohn, Elementary .
Matrix Algebra (New York: Macrhillan, 1958), especially - the appendlx on “The ‘General ‘
Concept of Isomorphlsm." PP. 288—290 : S ) . - ) ) . ) -
! Stevens (footnote ), pp- 147-148] \ ’ ) { : . ; ’ .
. Among: the few modern ‘works usnng the terms stock and flow are R. G. D. Allen, '
‘acro-Economic: Theory:' 4 Malhemaucal Trealmem (London: Macmlllan 1967), pp. 2-3.
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_ For example

day of a given calendar month. We may average such -stock figures for
12 consecutive mcunths to-obtain one stock estimate for characterization
of a whole year. A flow represents a (gross or “net) change that is re-
corded during an 1nterval im a real or lmaglnable stock. An example is
the number of man-hours worked during a month—a gross addition
to'a conceivablg initial {@ero wr- positive) -stock: Such flow- figures may,
unlike stock figures, reasmonabity. be combined into an aggregate for an
interval of time: thus, am anmaxl total of man-hours workedis a meaning-
ful measure. A change im the number of workers on comsecutive pay-
rolls is also a iflow—a met Jdifference between two stock figures. Not

.only are flow ﬁgures cumulzbde but they may also.plausibly be averaged

—for example, a “typmcat" monthly man-hour total may 'be derived for
a particular year.from 12 monthly figures.

Stock and flow figures of the same genus are connected by a formula.

!

Number of,workers reported = Number of workers reported
. for a given month - for precedmg month
/' o . + Gains"— Losses.

The two reported worker totals are status ﬁgures or stocks. The galns
represent the gross inflow of workers from™ one pay period to the next;

_the losses represent the gross worker outflow. The dlfference between

gains and losses/is the net flow’ (plus or minus).

It is a famlhlar plaint that afieasurement in the human dlsc1phnes lacks
the definitiveness apparently achrevable in the physical sciences and in
the- world of ob_]ects in general. Such employment units as the worker or
man- hour, 1ndeed lack the stability or h0mogenexty of the meter (a
unit of ™ length) the second (time), and the degree Kelvin (absolute
temperature). Another* way of. statlng thé situation is that manpower
measurement,/ however precisely accomphshed and however refined

. the unit we -¢hoose, . still fails (a) to /reﬂect cogently and comprehensively

the  essence of a multrdrmensronal social phenomenon or (b) to reflect’
what ‘measurement in terms of ome other important property might be
expected to show. .

In manpower. and other aggregatron and avefaging, it is desrrable to
distinguish | between - “literal” and “‘verbal” algebra.'” The détails of-

composmo/n and structun Q§ a summary measure are pot stnctly divorce-

' The dlstmcuon between’hteral and vcrbal algcbra has been made by 1. H. Siegel in
various plaoes—-—c g.,-in “Systems of Algebraically Consistent Index Numbers,” /965 Busi-
ness and Ect’momu: Slausucs Section Proceedings of the American Statistical Association,
pp. 369- 372 “On’ thc/DcS|gn of Consistent Output and Input Indexes for Productivity
Mcasuremcm in OQutput, Input, and Productivity Measurement ‘(Princetaon: Princeton

_ University" Press, 1961); pp. 23-41; ‘and Concepis ‘and -Meéasurement of Production and

ProducliurLL\(Washmglon ‘U.S. Bureau.of Labor Stausucs, 1952)
!’ ‘ .6
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able from the circumstances in which such a -mg&sure is to be .used.

. Different formulas and weighting schemes wi€¢ld rtesults - that mmy be

significantly dissimilar. Two sets of nunwsricali - assigiernents—im--the-

*same”” unit differemtly defined are not necessdarilyv ppropuwiional to each
other. Multiple plausible measures may be demise® Tor a fismily of related
concepts, but-they are not-casually. interchanggable. “These mecognized and
unrecognized dangers give importance to literal (tizebra, -which is con-
cerned with_the design of a measure to accord wifi: the pmurpose or con-
text of use. It is also concerned with correct int@7peetatican.’ It "‘pays due
regard, therefore, to the ingredients and wwanmef of womstruction of
whatever measure happens to be used for wamt.cof bettewm. *Verbal alge-
bra, on the other, hand, is content with nasmes ;zmd labeds. ‘““Any old”
aggregate or average that permiits a proper “tcamcellatiom of words™ is
uncritically accepted. Among the possible unsagisfactory consequences of
verbal algebra are dimensional eccentricity, ¢ which some attention
will later be given, and the-mistaking of noise four.message.

Since the assignment of numbers to- concepts is usually far from:

ideal, attention will alsd be devoted in this paper to algebraic tools for
analysis of the  relationship between alternative summary measures. As
already noted, concepts, units, formulas, and weights should preferably
be related to the purpose or context of measurement, which should also
dominate the choice of ad_)ustment procedures for overcoming limitations
of available data or sefies. Furthermore, common sense may dictate a
preference for one aggregate or average over anothér on mere dimen-
sional grounds. Since differences in content, form, and method may signi-
ficantly affect the numerical results, the maker or user of summary meas-
ures should consider the sources, magmtude, and direction of possible
divergence.’ . . :
I11. Aggregation
Definition

In brief, aggregation may be described as the derivation and sub-
sequent combination into a sum of commensurable numbers correspond-
ing to the elements of an ensemble. The summed numbérs are defined
on a ratio scale. They are commensurable in that they have a common
denominator; they do not literally have to be mtegers, exact multiples
of a prescribed unit. .

More explicitly, aggregation entaxls (a) the assxgnment of numbers
to a common property of the elements of an:emsemble; (b) the adjustment
of these numbers, Af necessary, 20" overcomme: ‘limitatisons of' the wunder-
lying data or to nifléct a refimement of comrapts: (c) thﬂhwelghtlmg «of the

. original or adJust::d numbers, if necessary,dﬁmwuﬂ‘mce thiem to a . common

denommator that is: deemed more - homognm:muss ;mom stable, or mare
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relevant to the aim of an exercise; and (d) the summation of the original.

adjusted, or weighted figures. The sum is the aggregate, 1"he final result

of the process. It measures the size of :an ensemble w;th"reference to a

pertinent observable or derived property. o
Aggregates differ according to the original choice of .a common at- g

tribute of ensemble-elements and. the subsequent modes: of refinement

and weighting. When no weights are_introduced, the nummbers originally

assigned to the elements are, in effect, equally weighted.” Sometimes, it

is analytically useful to rewrite a weighted or unwelghted aggregate in

an equivalent expanded form—that is, with *“telescoping™ weights.

Formulas

Counting is the simplest and most famlllar .variety of aggregation.'
Every element of any group has at least the attribute of discreteness,
of *“‘oneness.”” Thus, if a group has n elements the ‘-most obvious ag-
gregate is 1 4+ - Zl = n X l = n. (On summation symbols,
see Appendix.) :
- Although #n—or any  other aggregate measure—usually stands by
. - itself, without a designated unit; it is not really a pure or abstract num-
ber. Even in the simplest case, it has an implied unit—e.g., “‘clements”
or “‘things.”” It may  also represent a sum of pe0ple employees, , man- )
hours, unemployed persons, or payroll dollars—l e., 4 sum referring to a ]
- manpower characteristic. . o : _ :
- When the elements have been- grouped into - subclasses, a weighted
‘sum of subclass measures may be substltuted for a completely fresh
count. Each subclass is treatable as a complex element; it has a “‘oneness,’
but its content of ultimate elements provides’ the. _weighting factor, i,
needed for a much better determination of the size- of the ensemble. The
symbol for the sum of elements in the s subclasses ‘of unequal size is
. © ¥ %.1ni = n. Again, a common dimension is 1mphed~elements things,
. or some more explicit charactensnc such-as number of employees
* When employment is expressed initially in terms of. workers and the
preferred common unit is man-hours, a tran..formanon of 'the original
numbers is achievable with weights representing ‘hours per worker. Thus,
if ni employees in the i industry’ work, say, / hours per week and if
there are s. industries altogether, the corresponding weighted aggregate
is Z,_,n.h.. The subscripts may be dropped if no confusion would re-
sult: ‘Zhn. . : ' ;

. More comp!ex snuatlons are often encountered in manpower ag-

RTTTUPRUEE S
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1! Stevéns (foomole 5). p. 147, observes:. ) ' . : :
_Foremost among -the ratio scales is the scale of number itself—cardinal number—the
scale we use when we count . . This scale of the numerosny of aggregates is so basic - -

and so common that it is ordmarlly not even mentioned in discussions of measurement.
o : )
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gregation, mnd they are easy to handle. Thus, a need may arise to dis-
tinguish the different companies within an indlustry and the .different
occupations or departments within a company—especially because
of dissimilarities with respect to number of workers, hours of work, or
some other relevant characteristic, such as houwrly remuneration. More
summation  signs-—or more subscripts, at least—then have to lbe intro-
duced. , :

Let us consider a specnﬁc case involving a fixed numlber (s) of mdus-
tries, a variable number (/) of companies in each indwstry, a’ variable

number (g) *of departments in each company, and variable numbers

of workers (n#) and hours per worker (k) in each department of a com-
pany. The expression for total man-hours may then ‘be ‘written very ex-
plicitly 2.15_: .
> £fi Biy

L d .
h . -
._ll_l;nuh ijk .

The symbols direct that”we first sum  man-hours by department (sub-
script k) for each company (subscript j), then sum the company resuits’
within each mdustry (subscript i), and ﬁnally sum the mdustry ﬁgures
into a grand total. The proceduré ‘may be visualized simply in a “tre

- diagram (see Appendix).:
When there is no: ambnguxty, it is sufficient to write En.,khm. Thl’S‘

stripped version of the expression presented above focuses attention on
workers and hours in department *‘‘cells.”” The cells may be identified
exhaustively, unequnvoca“y, and without duplication by means of permu-

" tations of ‘the lndustry—company—department subscript numbers. Ac-

cordingly, aggregation may  be accomplished directly and completely
at the department level if we do not need also tc have company and
industry subtotals.

This is a good. place o underscom two points made’ ‘earlier about

‘alternative aggregate ’ measures ffor the same ensemble. Obviously,

the size of , a company as representeditby man-hours worked exceeds the
size in terms of the number of workers. Second, a percentage distribu-
tion of man-hours ‘by company department differs from a distribution
based on numbers -of workers if hours of work are not uniform.

The next observation provides a bridge to the discussion of averages;

" but: a determlned crossmg will not be made. just yet. If a company’s

hours of work are uniform from department to department, ‘the measure
z,_,mhk simplifies to AZm, where hois the constant companywnde
figure for  hours and. Zn, of course, is the company s -number of workers.
If subscnpts are. dropped and ‘the two expressions are ‘wtritten as an
1dgnt1ty, the result is . B
ot . ) ) h- = >nk . , ’ -
: : ’ =2n

w
1
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which has the form of a weighted average. The expression on the right,
of course, s mathematically otiose. .

An examination of alternative forms of a given aggrcgate (fixed i
dimension and magnitude) also yields valuable insights. It assists in titte
proper design of averages and of algebraically consistent aggregaties.
It protects against dimensional impropriety in the construction of sum-
mary measures. Consider the fact that at least six different multiplica-
tive verbal identities may be written for a payroll aggregate:

Payroll Workérs)( Hours per Worker X Hourly Earnings

Man-hours X Hourly Earnings
Output X Unit Labor Cost

Workers X Hours per Worker X . Hourly Productivity
-3 Unit Labor Cost . :

Man-hours X Hourly Productivity X Unit Labor Cost
Output X Unit Labor Requirements X Hourly Earnings

oW ow

0w

Accordingly, if sufficiently  detailed -information is available for the
commodity output, labor input, and worker remuneration of a company,
industry, or larger sector of the economy, it becomes possible to express

the correspondimg payrcll aggregate as a sum in at least.six different ways .
(subscripts omitted): '

Znhe : Lo
Zme

Zqc fs
=nhpc
Zmpc

Zqre

The meanings- of the italic letters become clear upon comparison of
verbal and algebraic equivalents. R

Can ‘'the payroll aggregate also be expressed in .different ways as a
product of aggregates and averages for the very same characteristics that
enter into the verbal identities? The answer is yes, provided that averages
and aggregates are weighted with care; they caunnot be of “‘any old™
variety. The problem demands meticulous literal. algebra; casual verbal
algebra will not do. Dimensional sense imposes an additional constraint.
This paper later shows how a payroll identity may be written in terms of
appropriate aggregates and averages. I

Although sums of unweighted and weighted logarithsns, have not been

discussed here; they are encountered, as well as -aggregates imvolving
ordinary numbers, in manpower analysis. "When logarithms are summed.,
the aggregate represents the logarithm of a product; and a weiglted summ

of .itogarithms corresponds to th‘e'glogari‘thm of the prodict of numbers

_‘that have been raised to powers (the powers are the weights). Logariths

- ’_~;,;19 1’7 e
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‘mic aggregates. as shown below. are pertinent to the discussion of

geometric averages.

Estimation Front Samples

Since population aggregates often have to be estimated from sample
information, someé illustrations are offered. The topic also belongs to the
province of survey -tecllniques and accordingly is eligible for treatment
in other contributions to this series on Methods for Manpower Analysis.

The usual objective in estimating an _ aggregate is to obtain a figure
that is unbiased and has a tolerably small, if not the least possible, sam-
pling variance. The procedure is unbiased if its “*expected’ result. in a

- . statistical sense, is the same as the population total. The sampling plan

and the estimation procedure have to be coordinated closely if bias is to
be avoided, restricted, or compensated, and if the variance is to be kept
within acceptable bounds.'* i

Suppose that F companies comprise an industry and that f of them are
to be sampled with a view to estimation of total employee man-hours. 153
all companies have equal probabilities of inslusion in the sample, and if
man-hour data are obtained and used for uill the workers in a selected
company (r21), then (F/j)Zf_,nn provides an unbiased estimate of total

industry man-hours. The **blowup factor,” 'E, is also called a *“*samplin
. V2 phng

ratio,”” a ‘*‘weighting factor,” or an ‘‘expansion ratio.” N

Other sampling schemes may also Vyield unbiased estimates. Suppose
that in each of:f companies selected with equal probability an employee is
picked at random. If his hours are A, and if his. company has n; em-
ployees altogether, an unbiased estimate of total industry man-hours is
given by (F/N 2 1_, nihi’. _ _ : o

If the F companies in the industry have unequal probabilities of selec-
tion (p:), and if f companies are dvawn 'at random, we may design an un-

" biased estimate of aggregate man-hours for this case also. The_estimate is.

- i e . .
(l/j')z:’ -, wherei na represents the man-hours of the it selected

=1 " 0
pi
company. It can be shown that, if only one company were to be sampled
G.e., / = 1), the variance of the estimated aggregate is reduced to zero

when the ) dre proportional te the »1.. Attempts accordingly are made in

practice to approximite such p; values—e.g.. on the basis of man-hour

figures derived from earlier surveys. . :
We - conclude this section with an tllustration from ‘‘multistage sam-

pling,”” a technique largely developed- for population surveys but easily

-adapted to- manpower studies in-general.. A monograph issued in 1947 by

the U.S. Bureau of _the Census shows the followin;g“ formula (original

- ¥ Concerning this, paragréph. and'the next-three; see, for example, Deming (footnote 2).
pp. 87-99. . B s ' S

e
IANS SRS 1= S

A e R e L -

BT LC THR S SR K Y v

T



Q

ERIC

Aruitoxt provided by Eic:

symmbols) for an unbiased estimate, x’, of **the population contained within
the [city] area covered by block-sampling™:

. R M & NG
X = D D) D TN
i=1 n; - 1 .

J=1

-

Here. the subscript ¢ refers to one of the R strata of the city., j to one of
the M city blocks, and & to one of the /N dwelling places in the city; the
m. and rn; refer to the sampléd blocks and sampled dwelling places, re-
spectively; and the sampling ratios, %’f—‘ and *i':f., , are assumed to be known,
. . 1 i -

The formula may obviously be adapted to the estimation, for example. of
employment in.an ensemble of R industries by means of a sample of
workers in 7, companies chosen within each of . particular industries.'”

IV. Averaging
Definition ‘ )

The process of averaging yields a number that is of the same order of
mugnitude and is expressed in the same unit as the numpbers for a com-

_mon property of the ensemble clements. The element humbers are the

ones originally assigned. or obtained by a subsequent |adjustment, but
they do not yet reflect weighting. The effect of-any weighting that is in-
troduced to make the element numbers i/most meaningfully additive for
aggregation has to be reversed, in a sense, in the course of averaging. .
An average (of positive numbers) is smalier than an aggregate; yet it,
too, characterizes an ensemble. Thus, its .derivation takes account of
every item in a group, although the original clement .numbers are not

retrievable. Furthermore, it is sensitive to the choice. of weights and to:

the structure of the combining formula. Most important is-the representa-
tiveness of an average from a mathematical standpoint: its substitutability
for the number corresponding to each elemegnt. o

The last point is usually reflected in definitions of averaging and aver-
ages. Cognizance is taken of it when averaging is defined as the process
of deriving. from an aggregate measure or fram the measures assigned to
the elements according to a selected. commnion atiribute, a single number
that is representative of the elements and is mathematically substitutable
for each. More simply, averaging is the «lerivation of a representative
number that leaves an aggregate unchanged when it is used in lieu of
the measures assigned to all the elements -swith respect to a selected com-
mon property. Other criteria have also beem employed in the definition of
averages, but the notion of substitutability serves our need adequately.

1 3n this pafagiaph, see A Chapiler in Population Sampling, by the Sampling Stafl of
the U.S. Bureau of the Census (Washington: 1947), pp. 16-20.
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Formulas

The criterion. of mathematical substitution may be stated formally: X
is an average of xi, ---, x» relative to a function, ¢, of these n measures

T (X1, -7y Xa) = &(X, ---, X)."* Thus, X = A, the arithmetic mean.
whenxi + -+ 4+ xn = 4 + --- 4+ A; for then, x = nAd, so that 4 =
Xx/n. The. geomnietric -mean corresponds to X = G when xi ... xp =
G - - -G; for then, Ilx; = G", so that G = ~/Tix. For the harmionic mean.
we have . o : -
;l-'+ +:t!; —lﬁ fl—l or "(l/r) n/H,so that

- ' = n/E(1/x) = n/=x"".

(The exponent — 1 signifies a reciprocal.) : .

The second definition of. averaging, the simpler statement that em-
phasizes the invariance of an aggregate to substitution, obvnously yields
equivalent results.. Thus, the replacement of every xi by 4 = Zx/n in the
aggregate -=x produces no change. If we start with the aggregate Xlogx
and substitute log G = (1/n) X log x, for-every log Xi, we return to >logx.
Similarly, Zx~' is invariant to the substitution of H# ' for every x;”"'.

A general formula is available that includes thcse three classical means
(and others too, such as the .root mean square) and that meets the sub-
stitution criterion. Thls formula is:

( Ex' )”" .

where r may take any value. Whén 1 = 1, this expression reduces to A,
when ¢ approacihes zero, the limiting value of X: is G: when r = —1, the
result is H. (The root mean square corresponds to ¢ = 2.) If every.x: is
rep}laced by A = Zx/n, the ‘generalized expression yields X: = A. The
expression yields X: = G and X: = H when G and H, respectively, are
substituted for every x:.'° ) ' . i

A famous inequality for aggregates, due to Holder, may be modified
slightly to refer explicitly to generalized unwelghted means. For two sets
of variates, x; and )4, the relation,

'* See E. L. Dodd, Lectures on Probabllln and S:ansnc.c (f\ubtln University of Tcxas
Press, 1945), pp 20, 29, and 40. o ™

'* The generalized formula is cited by E. V. Hummgton‘ Malhcmalical Memoranda,”’
in H. L. Rietz, ed., Handbook of Mathematical Sratistics (Boston: Houghton Mifflin, 1924),
p. 6. It is also shown by Milton Abramowitz and Irenc F. Stegun, eds,, Handbook of Mathe-
matical. Functions, Apphed Mathematical Series, No. 55 (Washington: Natjenal Bureau of
Standards. 1964), p. 10; and G. H. Hardy, J. E. Littlewood, and G. Polya. Inequalities
(Cambridge: Cambridge Unwer.fnty Press, 1934), pp. 12— 13.

7 - o .;.13 20

T e B |

>

P —



-~ -
~ - -t I -~ ot 1:e°
XV X - )
”n 7

\ n

when ¢ > 1, ' > 1, and these exponents satisfy the conjugacy condition,
1/t +°"17/1 = 1. The Cauchy-Schwarz ipequality is obtained when 7 = 7’ =
2. When ¢ = 1« = 1, the expression becomes .

Exy > Zx_ v
T < n n

— and the left member exceeds is- less than or equdls the nght member
according as the correlation between x; and )i is ;_)osnxve negative., or
zero. In particular, when the x: and the : are (nequal and similarly
ordered (i.e., correspond.- exactly -in rank), the Ieft member must exceed

the product of the two unweighted - arithmetic. means on the right

.- (Chebyshev‘s inequality)- Reference will be made again to H@dlder’s
inequality.'®
Several remarks on the famtllar unwenghted average are in order:
1. ANl are inrernal means; that is, each average: ‘lies between the least
and ‘the greatest of the xi;. Externality is a familiar hazard in work with
“index numbers, ‘as a later paper will show. Furthermore, as will be noted
_below; the possibility of externality is sometimes built into mathematical T
*production - functions,”” which usually attempt to relate output to the .
contributions of marnpower and cdpital.- Finally, when,aggregates and -
averages are improperly matched in multiplicative identities, an attempt
to adjust the averages (to assure identity) could also lead to externality.
. 2. It still does not seem to be generally.-kncwn that an unweighted
arithmetic mean may be written as a specnaily weighted harmonic mean;
and, conversely, that a harmonic mean rhay be viewed as a weighted
arithmetic mean. This fact is not only of pedagognc mterest but also has
analytical value. sl W
3. Since‘ancient times, it-has been knuwn that when the xi; are unequal
(and positive), the arithnietic mean exceeds the geometric mean, which
_in turn exceeds the harmonic mean. Instances in which this proposnlon
is applicable; however, are not always recogmzed : - _
4. 'When .the x;:" are equal, all the unwelghted means are equal to X
. This is an extre) e case of the substltuuon criterion.
* Before turning o weighted averages we note two other measures of
“‘central ‘tendency? or “Iocauon" that'are treated in the first chapters of
. an elementary statistics text° the rode and’ the n}e’dzan. The niode of a

v requency dlstnbutlon or “hlstogram is the value of the variate cor-

. — * - e '

- c . e Oq Hdl!aers and Chcbyshevs mequalltles. see; *for example, Hardy. Littlewood, and
Polya (pr-oeéing footnote). Pp. 24126, 43-44. The generahznblhty of Hdlder’s expression to
three or more variables i& noted by o R Rao Linear Srati.fncal .ln_ference and Its Apphca- .

»

Q n‘pns (New York- Wlley, 1965), p. 44, - et - o T.‘ -
) E lC ‘: - . - M T ‘.“ . _. . - . o -
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responding to maximum frequency. This measure. is most meaningful
when only one maximum clearly exists—a case often encountered in
manpower statistics..It is not meaningful when .distributions- exhibit no
bunching at all or when two or more major concentrations of frequency
are evident. Some authors would distinguish the ‘‘absolute mode™ from

“relative modes™ when a multimodal distribution literally has’one peak. v
The median divides the total’ frequency of a distribution into two equal
parts. When the number of values is even rather than odd. the deter-
—mination of the median_involves some arbitrariness. A mathematical
generallz nzls’mme that embraces the- medldn mode, and un-
weighted arithmetic mean.' : :

.The notion cf subsututabllltv applies to weighted, as well as un\velghtcd
averages; and the inequalities that hold for unweéighted means also hold
for positively weighted ones. The invariance of the weighted aqgregate
Xwx to a replacement of.every X, by Xwx/Zw, the- welghted arithmetic
mean, is immediately evidemt. Simifarly, the weighted geometric mean,
Ix*) =, may be introduced ‘in lieu of the x; into Ix* without any mathe-
- matical .effect. This replacement is equivalent to the use of Zwlogx/Zw
for every log x: in the aggregate Zwlogx The weighted harmomc average,
“w/Z(w/.x) likewise satisfies the substitution criterion. B

Even as one formula may be written to embrace the famlllar un-
weighted averages, a generallzatmn exists that .subsumes the common
weighted varletles and many others: : :

. . e wa’ 1/t -
L . va’ = - . .
. S \ Zw - -

- . - - >

"Again, the specialization of 7 is the key to the different means.'” This for-

mula is of interest in the study of production functions.

A short ‘accompanying table illustrates the' variation in mean values
achievable for, a simple array with different formulas and weights. The
numbers be1ng combined are 1, 2, 4, and 8. In one case, no weights (.e.;
equal weights) are used. In the second case, thé lowest number in t.he
array- receives double welght In theé. final case, the; highest -number is
doubly weighted. The order of the several means remams unchanged
- from case to.case. Although the table may, not reflect the variability to
which - manpower calculduons are actually subject, it does support our
view that users, as well as makers of statistics should glve due attention

-
“

"7 Bernard Ostle, Statistics in Revearch (an ed. Ame\ lowu Stafe Univershy Press.
1963), pp. 58-59. .

¥ Huntington (footnote 15), pp. 6- 7. cites Dunhdm Juckson's elcgdnl expression for the

* median and a genemhzauon due to Jdckson and-R. M, Foster,

' Hardy, Littlewood, and Polya, op. ‘cit.; pp. 13-18. This work cites other averages, such
as Mmrhcad s (pp. 44-45), and refers to the |mportant notion” of concexity, .whiclbillumi- '

nates the study of mequahues among dvemges
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to the choice of formulas and weights and to the analysns of intér-mean

differences.

Aliernative Means®

Mean Unweighted  Weighted: I°  Weighted: Ii¢
Harmonic, 1 = — 1 2.13 1.74 . 2.50
Geometric, 1 — 0 2.83 2.30 - - 3.48
Arithmetic, 1 = |- 3.75 ’ 3.20 4.60
Generalized, 1 = 2 4.61 4.15 - 5.46

=3 5.27 e 4.89 6.03

* The numbers being averaged-are 1, 2, 4, and 8. ~
* The weights assigned to the four numbers are 2, 1, 1, and 1, respec-
tively. - ' " . -
€ The weights are 1, 1, I, and 2. B ’ o

The progression exhlblted by the means for increasing values of ¢ in
each of the columns is not an accident of data selection. Higher vaiues
of ¢ do, indeed, correspozd ¢ higher weighted and unweighted means
(for posmve x;"and w;). Statisticians who recogmze this theorem ma}

F—

' tate it in.terms of expected values or moments.*® ’ H/_& .

Dimensional Propriety

In - manpower analysis, weighted arithme <uc'a\)erages are encountered
all .the time, and weighted harmonic means'are:often uséd without being
identified as such. If firms or industries have different hours of work, a
‘““logical” average of these hours is of the arlthmetlc variety  and incor-
porates employme eights.. The resultlng expressxon Znhj}Zn, is di-
mensionally very acceptable; ‘the numerator is expressed in man -hours,
a conventionally additive unit, and the denomlnator is expressed in em-
ployment, - another conventlonally additive pit.! Furthermore verbal
algebra, which features the cancellation of worlé‘s makes it clear that the

formula provides a measure of hours of work. Note that Znh/Zn may-dlso -

be written as Znh/Z(nh/h); it is a telescoped"‘versxon of a harmonic

mean of -hours” of work with man-hour weights. Hence, the harmonic’

mean is also ‘‘logical” for combining hourly ﬁgures‘fo'r different firms
or industries, but it has to incorporate suitable weights. -

Is it always easy to tell if an average is ‘‘logical” for combining the

measures of elements with respect to a certain attribute? Yes, two tests
are applicable, even though we cannot always implement our preferences.

First, unléss.a context prescribes otherwise, both the. numerator and

denominator ought to be expressed in addltlve units. The Jomt measure-

* Ibid., pp. "26- 27; and Mlchel Locve. Probability Theorl (3rd ed.; Prmceton D. Van

Nostrand, 1963); p. 156.
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‘ment of several variables within the context of a verbal identity. may
sometimes oblige acceptance of some curious aggregates, but eccen-
ll‘lCd“V weighted means should not be sought for their own sake. Second,
the ratio must, on performance of the indicated verbal algebra, disciose
the property selected for averaging. Suppose, for ean'lple that payroll
* ‘weights are used in an afithmetic mean of hours of work. The numerator
becomes a dlmenmonal mess (Enh’e) that no reasonable verbal identity
. would require; it is not expressed in a meaningful unit although the
denominator is. This awkwardness should be enough to . rule out the
average even though, according to the verbal algebra, it is a composite .
indicator of hours of work: and even though the operations of arithmetic -
are also correctly performed. - ‘
Do these remarks suggest that payrolls have no place in the measure-
ment-of average hours of work? Not at all, but the approach has to be

cautious. Let us revermhe\ﬁrst of the payroll identities shown in the
. dlscusslon of aggregation formulas namely:

Payroll = Workers X Hours per Wdrker X Hourly Edrnlngs

Wlthln this framework, all three characteristics may be measured com-
pattbly for the same ensemble. Muluple measures* may be devised for
each- characteristic, dnd at least one set makes good dimensional sense
for all three. . - '

’ ls ‘there any manpower Characterlstlc for which, payrolls constitute a
most “*natural” weight? Of course, for h0urly earnings, but a hiarmonic
formula has to ‘be used. Le{tlng Y represent the payroll-of the l“‘company
or industry of an ensemble, we write Zy/Z(yv/e). This harmonic expression
is transformable into a weighted arithmetic yjmean of hourly earnings

~——with-man- -hour welghts~—whlch association is hinted in the second of the
-~ six-identities presented earlier for pdyrolls The equwdlence is clear if we
first' rewrite the harmonic average as Eme/Z(me/e) and then simplify
to.obtain Zme/EZm. Clearly, the numerdtor lias the dimension of payrolls,
and the denominator refers' to man-hours. .Each of these units is conven-
tlonally ‘additive. Verbal algebra- verlﬁes that the quotient represents

. average hourly earnings.
Do weights-and the numbers belng averagéd have to be perfect dimen-
_sional ‘**mates™? Preferably, yes: and, when approximations to the

" logically desirable weights have to be used, the choice still ought to make
_tolerable dimensional sense. For example _ employment weights might
plausnbly substitute for man-hour weights in an’ rithmetic mean of hourly
earnings; but it would be foolish to weight by, :y, man- hour producuvny

. instead, -or by its reciprocal, unit labor requirements. A\Vdrenesb that a
A re]evantfdccoumlng identity should be satisfied provides a gunde to (a)
- good literal algebra (which is concerned with the content and structure of
measures) and- to (b) good dimensional sense while it also assures (<)

Q dusfacuon of the less stringent demands of verbal algebra.
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Production Functions

Since **labor’ is one of the two major inputs explicitly entering into the
production functions of econometrics, the role of averaging (and aggrega-
tion) in these formulas merits a few remarks. In the construction of such
functions, fine points of algebraic compatibility—both **within’> and *be-
tween” the measures of the madcrovariables—are typically overlooked.
But we wish to address another matter, not to evaluate the customary
treatment of output (Q), labor (L), and capltal (K) as simple homogene-

_ous propertie3 to which **any old” single numbers are supposedly as--

signable without a qualm regarding content and structure.

In the famous Cobb-Douglas production function with constant returns
to scale, the labor-capital core is a geometric mean; and the scale coeffi-
cient (d) too is an internal average, of labor productivity and capital

productivity. Inspection of

Q — dLbKl—b

shows at once that Labor and capital are being combined into a geometric
mean; the sum of the weights, the exponents, is one. Furthermore,

P e

that is, the scale coefficient is a geometric méan of labor productivity and
cupltal productivity and hence is ‘a measure of composite factor produc-
tivity.* By measuring L and K in proper “efficiency units,”** we may
recalibrate the production function and force d to become unity:

o= -[£]5

“When the notion of constant returns is abandoned (so that the sum of

the exponents may exceed or fall short of one),-d is no Ionger just a geo-

metric mean of labor’ and capital productlvny factors. It is then a geo-

metri. mean mulnphed by another term; and the extra term could be

suﬂicngntly large or small to cause‘externallty, to force d outside the.

. range of the two productivity factors. ‘““Increasing returns’ or “‘decreasing

returns” of such magmtude seem most unreasonable—especially for a

production function that is static, that incorporates no time trend.
From Holder’s inequality, we may derive a mathematical statement®
“that is useful in the comparison of a Cobb-Douglas function for an in-

.
- ’

#1HL Sic.gcl “Partitioning a Gross Changc. into Additive ‘Explanatory’ Componénts.

‘in 1966 Business and Econoniic Statistics Section I-‘roceedmgs of the American Statistical

Association, p. 407. .
“*2 On “‘efficiency units” (a concept invoked earliér by Marshall, Plgou, Joan Robmson

and Keynes), see Allen (footnote 9), espectally Chapter 13.
3 Hardy. Littlewood, and Polya, op. ¢it., p, 27.
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dustry as a whole with the aggregate of similar functions for individual
firms. According to this statement, :

TLPK' T < (ELYEK) T

that is, the core of the industry production function exceeds the sum of
the cores of the corresponding establishment functions.

The CES (constant elasticity-of-substitution) peaduction functivern, which
has recently come into prominence,’ also assigmsi:an important place to
an average. This average may ‘be harder to w=cmmize than the Cobb-
Douglas geometric mean, but it, too, is comprizhesnded in the generalized

.- weighted formula shown earlier. Thus, the CES famction has the form

Q = d[bL“f+ (l _ b)K—.“‘{‘ ~l e

i
oas v

and the éxpression im square bmokets is a wesgiited arithmetiic mean of
L~' and K~' that is itself raised ‘to the powsr —1/1. The empression
accordingly is an internal average of L and K.

If the exponent of the CES term in squane wmackets (but noti.of L or
K) is changed to —u/t, the function is permiuteall to reflect nonconstant
returns to scale. This change (i.e., the non-homogeneous introduction of
) could again lead to externality of the average of L and K—and of 4,

- the composite productivity ratio.

Probability Theory of Averages™

Gauss, Edgeworth, Keynes, and many other famous contributors to the
literature of probability have associated 'various kinds of averages with
laws of error. These averages, conceived as parameters of particular dis-
tributions, may be derived by the minimization of certain functions of the
deviations (or “error's”‘) in both directions. Nowadays, the different means
are more often regarded as linear. estimates of population parameters
that minimize the sum of squared deviations (i.e.) the ‘‘variance”) with-

_out reference to any specified error distribution. ..

L

__When the simplest linear model, with -only one constant, is fitted by
the method of least squares, the familiar averages are quickly derivable
as “best” mean values. Suppose that we have n observations on X of the
form x; = X -+ v, where the ‘vi are residuals. If we minimize the sum

2 Allen (footnote 9), -pp.' 52-55, Marc Nerlove, ‘“‘Recent Empiricai Studies of the CES
and Related Production Functions,”.in Murray Brown, ed., The Theory and Empirical

Analysis of Production (New York: National Bureau of Economic Research, 1967), pp. 55— .

122: and K. J. Arrow, H. B. Chenery, B. S. Minhas, and R, M. S_g)llow.’ “Capital-Labor Sub-
stitution and Economic Efficiency,” Review of Economics and Statistics, August 1961, es-
pecially pp. 228-231. . . ' -

% Gee Edmund Whittaker and G. Robinson, The Calculus.of Observations (New York:
Dover reprint, 1967), Chapter @; and any more recent ‘infermediate or advanced text in
statistics. (e.g., by Kendall and Stuart, Draper and Smith, or Plackett) or in econometrics
(e.g., by Goldberger, Christ, or Malinvaud). > ’
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of the squared deviations or residuals, we obtamc:i = Zx — X) =0,

/\Y
or X = x/n tHe arithmetic mean. lﬂ’ the observations have the weights
w., the result of minimization of Zwv’ is Zw(x — X) = 0, or
X = Zwx/Zw, ‘the weighted arithmetic mean. Setting w, = I/x, we

obtain =(1/x)(x — X) = 0, or X = n/Z(1/x), the lharmonic:mean. Wen

“&w, = w/x;, we obtain a weighted:-harmomnic mean; here, the weights-are

w.’. Additional means, including the unweighted and weighted jeometric
varieties, are obtainable from Z(x — X) = 0 and Ew(x -— X) = 0 by the
substitution of logarithmic and other expressions forx and X.

V. Consistent Aggregates and Awerages’
Identities Versus Economic Criteria

When aggregates and averages are designed or seclected foiruse in -con-
junction with each other, an effort should be nvade to satisfy the same
identities that constrain the corresponding measures for elements. These
identities, which are definitional, were illustrated for payrolls and re-
lated variables in the discussion of aggx;egatlon formulas. Among the
sets of ‘measures that are compatible in concept composition, and struc-
ture, we should ordinarily prefer those  that best avoid dimensional
eccentricity. '

The position -adopted here is much less stringent_than the one stated

-or implicit in occasional studies of the *‘aggregation problem” by eco-

Q

ERIC

Aruitoxt provided by Eic

nomic theorists or econometricians. The ambitious objectives sought by
them—and .not sngmﬁcantly achieved—do not necessarily subsume our

limited goal of algebralc or accounting consistency. A recent essay has-

stated well and succmctly a challenge that greatly exceeds our ‘modest
intentions:

§
The aggregation problem in economics is concerned with the rela-

__tionship between four kinds of things. These are micro-variables
(the varlables which impinge directly on the individual decision
maker), micro- -relationships (the results of individuals’ actions. with
respect to micro-variables), -macro-variables (variables which have
lost some of: the labeling, e.g., with respect to individual dedision
makers,’ ‘individual commodmes, or individual time periods that-char-
‘acterize micro-variables), and macro-relatlonshlps (relauonshlps
holdmg, bétween~ variables, at least one of which is a macro-vari-
able) The aggregation problem .arises because the macro-variables
are functionally related to the micro-variables, the micro- variables to
each other, and the ‘macro-variables to each other. There are more
relauonshnps than can be chosen independently and the problem
is that of consistency between them.

. 2 . . .
Thc same author observes that dlﬂ'yrmg circumstances will dictate dif-
ferent approaches: but, *‘if any conclusion is to be drawn at all, it is

-
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that problems ©f aggregation in economics mre usually swept under ‘the
rug.”*® Our silew is that :accounting comsistemcy should not. be neglected
and ought evien to be pursued in its own sight at both the microlevel
and the macrailevel. :

Hlustrations off Compatible Measures
H

Let us retwrn to the second of the ideniities shown ifor ‘payrolls. This
aggregate muw be writlen as the product «ff a term for man-hours amd!
another for hwurly earnings in twa distimct \warys:

Zme .

Snie = Se - S .
=
~,
o« . e |
= oMl o
zm

In the first of these two variarts, man-hours are averaged and howrly
earnings are aggregated: in the other, man-hours are aggregated and
hourly earnings are averaged. The latter variant makes more dimensional
sense than the first and, other things being equal, should be preferred;
the addition of man-hours of different workers is much more realistic tham
the addition of their earnings per hour. - ‘

Any aggregate may be written as the continued product of as many:

telescoping formulas as we please, but common sense and the nature of a

problem should guide our diligefice and our choice. Thus, even though
we start with-Zme for payrolls, we are at liberty to recognize more than

two" factors—for example, by ‘breaking man-hours (m) into employment?

(n) and hours per worker (h), as in the first of the identities shown earlier

in this paper. But the literal algebra for three factors points to six possible -

alternatives, not all of which are equally attractive:

; 4 <,  Znh Znhe : e
z = Snhe =3n. &—— « =——
me Zn Znh ' S
=7 Znhe  Zne
. Zne  Zn
‘=nh nhe
Zh_‘zh Znh
Snhe .« Zhe
She 20 Zh
f."' ‘ " E.?_n_‘:..___znhe.ze
Ze Zne
_ Znhe Zhe
= Xhe Te

i

Ze

26 Kelvin Lancaster, *Economic Aggregation and Additivity,” in Sherman R. Krupp.
ed., The ‘Structure of Economic Science (Englewood Cliffs: Prentice-Hall, 1966), pp. 202,
214. Sec also H. Theil, Linear Aggregation of Economic Relations (Amsterdam: North-
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Since the first ©of these six variants makes more dimensional sense than
the rest, it should be: prefesred in situattions allowing ¢hoice and as a
model for approximation, The second set of products is second best.

The :algebraic: possibifities :are obviously numerous, forieach one of the
six verbal idemtities shown earlier for payrolls (Sectiion Uy allows

variants. It should be concluded that the algebraic or accaunting criterion’

is flexible and accommodates .a wide variety of analytical:situations. Spe-

cifically, this criterion allows a reflection of the context wf measurement.

in the .content and structure of measures. The very chamacteristics that
have to be appraised jointly provide an important part afthe context. To
the extent feasible, furthermore, dimensional awkwardmess should be
avoided; and, if rigidly followed, this principle would drastically narrow
the range of acceptable formulations.

Speaking of flexibility invites another reminder that weighted arxthh
metic means are transformable into differently weighted harmonic means.
Only arithmetic versions of averages have been presemted here in the.two-
factor and three-factor displays, but translation into harmonic equivalents
occasionally helps us to take fuller advantage of the data’ aVaxlabIe for

" approximations.

An adjustment might be consrdered when avarlable tneasures for dif-
ferent characteristics are algebraically incompatible. Suppose that, for the
first of the six variant formuldtions shown above for Znke, an adequate
measure of Zn ex;sts but the compamon measures of average hours per
worker and average hourly earnings do not have appropriate weights.
The two available averages may be modified in various ways to elimindgte
the "difference between Znke .and the product* of all three factors, Thus,

a constant could be addéd to' the two averages, or, instead3a multlpher .

or exponent might be applied to each. One must be alert, however, t>
the danger of externahty, a substantxal adjustment can force an intended
average outside the range of the numbers assigned to the elements.
‘Another kind of adjustment would aim at harmonization of the mul-
uple measures yielded by vanants of the xdenﬁtxe Thus, -if adequate

7 . ’ N
. measures are available for the first two of the six sets of expressions

shown for Znhe, we may wish to compute geometric means of corre- -

sponding ‘pairs. It is also tempting to contemplate as in the theory of

index-number bias,”” the harmonization of all six variant expressions by -

the computation of the sixth roots of the products of corgésponding for-

mulas. Although the derxvatxon of such geometnc means of all the vari-

Holland Publishing Compuny, 1965); H. A. J. Green, Aggregation in Economic Analysis

_ (Priniceton: Princeton University Press, 1964); and A. A. Walters, “Produc ion and Cost

Functions: An Econometnc Survey,” Economemca. January-April 1963 especiaily pp. 5-
11, .

1 H. Slegel “The Gcnerahzed ‘ldeal’ Index-Number Formula," Joumal of the Amer-
ican Statistical Assocmuon. Deccmbcr |945 pp- 520-523.
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B s ants woulit elimimate structural bias, the cost is high. Thus, aggregates ’

and averages would be wonfounded for each characteristic, and all meas-
ures ~wouild: be rreated’' as cquhll)""aCCeptablcwdespitc»departures from
dimemwsiomall sense, (There is also the question, of course, of data availa-
bility.)

V1. Tools for Analyzing Alternative Measures

Some: tilgebraic devices useful in exploration of differences between al-

ternative aggregates amd alternative averages are now briefly examined.
: These wwols help reveal the consequences of choice. Awareness of them }
i should encourage discriminating approximation as well as careful selec-
tion among he alternative measures that are available or constructible.

PR YL SR

; Tools for Aggregates ' !
I A weighted aggregate is equivalent to the sum of two terms, one of b
which incorporates a Pearsonian correlation coefficient: L,
- IwZ ¥ . ;
: Zwx = n X ~+ NOuOre-x* - t ‘
. i

Only the correlation coefficient, ru.x, may assume zero or negative val-
" ues. When its value is zero, the weighted aggregate reduces to the prod- .
uct ‘of (a) the sum of weights apd (b) the unweighted averdge of the num-
bers assigned to the elements of the ensemble.- When its value is negative
. " (positive), the weighted aggregate is smaller (greater) than this product. .
' ) The same_ algebraic statement is readily adaptable to analysis of the S
_ difference between two dissimilarly weighted aggregates. If the differ- ’ 1 .
. - -enéc is first written as Tw'x — Zwx = S(w' = wix = Zwx, all-that is re- .
quired is the substitution "of wi for wi in the preceding paragraph. Some ’
of the .wi—and Zw too—may be negative. o - ‘
When the weighted aggregates involve three variables, as’in_some of
the payroll-identities shown earlier, a. weighted- correlation_coefficient
may advantageously be used. Writing su: «y for this coefficient,”® we have:

SwxZwy

Zwx) = —-'Z;L";;“f"""“ EWO’ZD_: Ow: y’lé’:x-.\(p - - j
o ' . The difference between bweighted aggregétcs in which both the weights . _ )

and element numbers . are dissimilar may. also be ‘analyzed readily.
Suppose, - for example, that we wish to study the - difference between

8 Thé weighted correlation coefficient is often associated with the name of L. von
Bortkiewicz. See two papers by, 1. H. Siegel in the Yournal of the American Statistical As- . |
sociation: *Note on a Common Statistical Inequality,” June 1943, pp. 218-219; and.*The .
Diffcrence Between the Paasche .and Laspeyres Index-Number Formulas,” September
1941, pp. 344-346. . ; s
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totals for man-hours worked by men and by women in the same group
of occupations. The hours of work presumably differ, and so do the two
occupational distributions. Writing Znk for men and =n'A’ for women,
we have:

Zn'h’ — Enh = En(k — h) + Eh(' — ny + S(h' — hy(n' — n).

The third term on the right may be distributed- equally between’ the
other two, 1o yield a familiar symmetrsical decomposition formula allegedly
showing the “‘contributions™ of the hours difference and employment
difference to the total disparity. A symmetrical decomposition formula,
however, has to be uscd with circumspection. Thus, it can yield bizarre
results when the A’ — A and the n’ — n, tend to have opposite signs.®
Besides, it has no organic significance and does not really show the inde-

‘pendent effects of these two sets of differences.

The same tool is adaptable to discussion of the difference between
;aggregates contdining three or more factors. When payrolls are expressed
tas products of three variables, the right-hand side has seven components.
'When four variables are used (e.g., workers, average hours, productivity,
and unjt labor cost), fifteen components emerge. Again, the sezond-order
and higher-order difference terms may be distributed symmetrically, but
the “contributions™ of the various factors to the total disparity are not

really separable and identifiable in this simple manner. The results, more- .

over, are spmetimes mischiévous; thc caveat expressed above for the
s‘mpler case of two factors still applies.™

T ools fur A verages

 The analytic devices presented for aggrcgatcs may .readily.-be.adapted.
“'to the study of dlﬂ'erences between averages. Addltxonal tools will also bé

noted below. .
The utility of the weighted correlation coefficient may bc |llustratcd
for the case in which two averages of x; have. the weights wiy: and w;,

‘respectively. The difference between thesc two means js reflected in the
following expression:

Znxy wa
E;}% Ew +m o‘wzxd’w:yrw:x-y.

The mean on the left exceeds the one on the nght when the welghtcd

correlation coefficient for x and y is positive; and it is smaller when the
«coefficient is negative. When the coefficient vanishes, wa)/gw-v =

Swx/Ew.
"l‘hc applncablhty of paruuon formulas may bc lllustrated for the most

¥ See paper by 1. H. Siegel cited in foomote 21, p. 405,
** Ibid., pp. 405-406. .
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general case, in which two means differ not only in the weights but also .-
in the characteristics being compared. Let us suppose that two distinct.
properties for an ensemble are measured by x: and .=, and thag the ap-
propriate corresponding weights ‘are w: and .. (We may. _for example,
wish to investigate the relationship between an average of weekly hours
with employment weights and an average of hourly earnings with man-
hour weights for the same ensemble of elements.) A compromise partition

formula may be written that formally preaks the difference between the
compared means into two identifiable parts:

Zwx Zyz

U ’ - " . T . 3 / ‘_’,
Zwx S _ g N P . N
S P o I

=w

The first term on the right is associated with dissimilarities bétween tha
two sets of .property measures; the second reflects dissimilarities of the E
two weighting structures. A reminder is needed, however, that these . ‘
components of a partition formula should not be interpreted in causal-
terms. An alternative compromise formula for the very same case'may be
written as: ' A :

Zwx

» zyz" _ M (x — Y\ -
- Ew | =y ;{zw(x z)] + z[‘(z»v 2_")]

The . mufltiplicity of compromise formulas should itself induce caution in

interpretation. : _ ‘
Related to expressions involving a correlation coefficient are many

others that reach into. matrix and vector algebra. Let us consider the sign’ .

of the difference’ bétween two averages of hourly earnings (e), one of

~which is weighted by mdn-hours (n:h) dnd the other, intended as an

.approximation, weighted by employees (/). The difference between these

‘means, A, is expressible as : ‘

- .

: : : lznhe =nh )
: A = Znhe - Zne _ 1 _Zne Zn .
Znh Zn ZEnh-Zn ’ : -t

and the sign of the difference is given by the sign of the determinant in
'the numerator. The matrix of this determinant . is the product of two

rectangular arrays: .
mhy, ---;mh| €1, ---.€) .
[ My, - M ] and ['l.---,l_l' )

The ‘rblc for matrix multipli.caiion (of the generalized Lagrange identity
of vector algebra) permits us to r

ewrite the.determinant as a double sum
(see Appendix): - ’ -

-;l

R |
: Joy . .. : . R L e—1 t.‘ )
Z Z nih: nh; l . Iel. ‘;’! =-z:| , lniﬂj(h.‘ - hi)(e:
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At a minimum, this double sum tells us that A must be (a) pasitive when : o .
the Spearman coefficient of rank correla'ti\on“'betweeri the A -and.the e
assumes the value +-1, (b) negative when. the coet’ﬁc:ent bas_the .va.lue . -
—1, and {c) zero when the coefficient vamshes- “This’ statement accords . .
with ChebysheV’s ‘inequality, cited. earlier. The cr:tlcal double- sum n{ay

also. be -mtroduced lnto expressions involving~ we:ghted correlation

it a3

- coefficients.* - - .
o The  tools mentloned above have been borrowed largely from mdex—
~number llterature This fact should not be surprising, for the ‘index .

formulas n’ormaily, used .are welghted anthmeuc, harmonic, or geometric .
« _ means of relatwes. L. v

- - .

. VI, Toward Berter Des:gn and Use of ,Manpower Measures -

- Our dlscussmn of aggregatlon and averagmg "has disclosed™ or e’onﬁrmed
various needs and opportunities for lmprovmg the quaniity; quallt_y, va- .
*  riety, relevancy, and understandlhg, of manpower measurés. {Challenges ¥ ..
are discernible for statistics producers and cohsumers—both puth and. -. ~
pnvate—at thé levelsof c0mp|lat|on, processmg, and mterpretatlon An -
effort is now made- to summarize potentials, for improvément under three -
_ ] - heads: (a) the scope, composmon, and structure of manpower measures. '
‘ <. (b) the d?ns%:cy of these fneasures with- each other and with-gonman=.
_~ power measuress jointly requ:red for ‘the same purpose or, context' and -
.(c). the difference between alternative measures, especially. the difference .
between preferred and practical ones. _Although' no- attempt is made to

take -account of matters niore pertinent, to" papers om; “say, samphng,- N ‘ . e
- ‘ . 7 E
" . index numbers, or time. series in.general,, the.needs and opportunities . }{; . T
that are noted beiow have fairly universa) import smce aggregatlon and / : .
a\(eragmg are fundamental quantltahve p&t‘:jsses s
1mportance of Measuremenl Delalls LT v o \““ . '

Wlth respect to the ﬁrst head (it seerr.s lmposs,lble to  overstate the L - -
case  for understanding what a: manpower measure ‘“‘really means.’ ' R
Attention should: accordingly be pand to the intended ‘and actual scope .
of a measure, the deﬁmtlon of .the attrlbute bemg measured the weights,
the unit of aggregatlon the combmmg formula, the ad_]ustments the sub-
stitutions and’ approxnmatlons, and so forth

In one way or another, at some tlme or ‘'some place, it does matter °
whether or not “hours of .work” rel‘er to normal schedules, .to actual
time, to paid time, or'to available time. Slmllarly, it matters whether.
or. not "employment” (a) .includes thls or that category or mdustry, (b){ g ’ .
- has been” ad_]usted to show full tlme equ:valents or to- reﬂect remunera- ’ <

-

3 On this paragraph see papers by 1. H Snegel dited in footnote 28 and lns monograph
on Concepts and Mea.mrement of Productlon and Productiviry (l‘oatnote 10).
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tion differences, (c) refers.to payroll records or to a given day, (d) has
been derived from -establishments or househiolds, (e) includes self-em-
ployed persons and family workers. We should care whether ‘or not
“unemployment” includes (a) underemployment and other “disguised
unemployment”, (b)_ discouraged workers no longer secking work, (c)
social dropouts who should be won back to the active labor force. We
ought to know whether or not “earnings” include (a) fringe benefits, (b)
payments in kind, (c) uripaid accruals, (d) withheld taxes. )

~For such reasons table titles, headnotes, feotnotes, other descriptive

small print, and technical manuals require scrutiny. They are no more -

dispensable than the sales contracts and warranties relating to tangible
products. Thus, greater use should be made of technical notes supplied
by the Bureau of Labor Statistics in Handbook of Meihods for Surveys
and Studies (Bulletin No. 1458) and in issues of Employment and Earn-
ings ahd Monthly ‘Report on the Labor- Force; by the Joint Economic

Committee in supplements to Econoniic Indicators; by the Office of

 Business Economics in’ supplements to ‘the Survey of Current Business,

and so forth.
v
. {
Matching of Measures -

The second point concerns compatibility beyond the requirements of
verbal algebra. ‘"Any old” aggregate or average having an agreeable
short title and permitting a proper cancellation- of words is not really
equivalent to any other measure that carries the same short designation.
Measures that. are used in conjunction should preferably be matched

for conceptual and structural consistency; and the ideal algebraic require-:

ments should be kept in view when attempts have to be made to sub-
stitute or approximate. - Explicit accounting .identities provide useful
guides for methodiczl exploration of the multiple alternatives and for
making orderly retrcats “rom -the preferred to the practical. Wheérever
possible, dimensional eccentricity should be avoided in the choice of
weights even though other-standards of literal algebra are satisfied.

Comparison of Measures

Finally, with the aid of algebraic tools and in cases favorable for test-

ing, it is worth while to investigate the direction, magnitude, and sources

of difference between alternative measures. When multiple measures are
available for the ‘‘same™ congept, variability in their reports is to be

.expected. Sensitivity to the difference .in their. meanings is demanded,

not frustration over the need.for informed choice. Besides, a\pproxima-
tions and substitutes should not routinely be assumed to serve as well

" .as “the -real things.”:In short, better design and use of manpower ag-

gregates. and averages are vital to any agenda for general improvement

of manpower statistics and of miethods for manpower analysis.

. R °

27

3




o

-

Q

ERIC

Aruitoxt provided by Eic:

Y
<

Appendix

Sunrnzanon Svmbols and Rules

This supplement deals with aspects of aggregatlon often accorded in-
sufficient attention in the statistical and mathematical literature. Authors
frequently do not pause to discuss surnmation symbols and operations at
all: and those who do tend to confine themselves to the simplest of cases.
The reader is apparently assumed to be familiar with whatever elliptical
"Oor compact notation is employed; or to be able" ‘to proceed with sureness
after minimal preliminary instruction.' . :

The foilowing remarks deal mostly w:th summatlon but they also have
implications for averaging. Although notiemployed-in this paper, the bar
symbol is: co-nmonly used for an average—e.g., x/n = X. Reference
will be made below to the combination of bar and dot notation for aver-
ages, as in the statistical technique called *‘analysis of variance.”’ :

Notration for Summation’. - -

Of thte alternative symbols used for summadtion, = is the most familiar.
‘Since Euler’s time, it has been identified with the process of dggregatlon
but it has also had challengers.

A rival of £ is S, which Laplace apparently preferred and which is still
used in some statistical ‘works for typographical convenience. Occasion-
ali=-, 'S its used in addition to E—say, to distinguish the aggregatlon of
sample data from aggregatlon for a population. ) -

Another alternative to- X is the square-—bracket notatnon emplqyed by

Gauss in his presentation of least- squares. ‘‘normal’ eqﬁatlons. His
. practice became standard among later writers on ciurve-fitting.” Like =,
. however, the ‘Gaussian symbol is. being displaced to some degree by still

more compact matrix notation in contemporary intermediate and ad-

vanced statistical literature!

In matrix algebra, tensor calculus,” and mathematlca] physnoQ/partlaht_y
_~is sometimes -shown for the surmmation conuentton which Einstein intro-

«duced in®a paper on relativity in 1916. Thus, we may write. n;/1; instead

of z,,. n:h; as the sum of Weekly man-hours for all s categories of n;

workers occupied “hi hours.per week. When the context does- not make
the ITmits of summation clear, explicit -information on the range (i.e.,
[-= 1, - ,-5§) may be added. The advantage of ‘the convention is re-
vealed more fully in instances requiring multiple subscripts and super-
scripts and multiple summation. The convention actually’ directs that

! For a‘pafient treatment of summation, see the appendix -on “*The Notations = and 11"

-in F. E. Hohn,. Elementary Matrix Algebra (New York: Macmillan Company, 1958), pp.
271--281. A more exhaustive review is presented by Jerome Cornfield and W. Duane Evans

" in their Theor\ of Samplmg Surveyvs: Part I, Fundamenlal Tools, processed, 1951, Section 3.
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summauon be performed only with respect to the repeated subscripts
or 5uperscr1pts in the prototype expressnon shown for an element. A
repeated symbol is called a dumniy or wumbral index or suffix: any re-
maining u\nrepeated or\free index may assume any value within its own
range (but one value at a time and without implying further aggregation).”
In the dot notation encountered in statistical and matrix literature. a
dot is substituted for the'index with respect to whith summation or aver-
agmg is mtended Other subscripts, if necessary, are retained. The system
. 1s applicable when the letters have more than one subscript. The range
need not be stated whén no ambiguity results; and the notation may be
combined with \ he summation convention tq dispense with X. Illustrative

of the dot notation for sums\ are the foilowing: > a; = a,; Z a, = a.;
: ¢ =1 J=1
s L r r
Z a; = Z: a; = D a.\ = a.; and 2_ Z’ agarnk = . ai.ax, for
l=lj=- =1 1=1

i # h. In the analysis ‘of variance, the symbol X, is often used for the
meanr of entries in the jt* column of 4 table.of measurements (i.e., the
summation takes place over the rows) X:. for the mean of the entries
in the it* row (summation occurs_across the columns); and X.. for the
grand mean of all the tabie entrle\s The notation is extensible to cases
irvolving more than twe subscripts.® =

- . . «

Scalar Mult‘ij)licalion as A ggregan'on or Averaging

The scalar -product (also called inner product and dot product) of two
vectors is a sum, and this f'a.ct fruitfully associates aggregation and aver-
aging with vector algebra—and with_matrix algebra too. Since scalar
multiplication is _a cornerstone of Grassman s calculus of “‘extension’ and
has more than a century of history, it is best regarded as an- mdependent
procedure adaptable to aggregation and averaging.

“The notation for a scalar product is reminiscent of Gaussian brackets.
Two letters, usually printed in boldface, are Juxtaposed and e€ach stands
for a vegtor. Punctuation—a dot or a comma—sometimes separates these

? On the summation convention, sce, for example, International Dictionary of Applied
Mathematics (Princeton: D. Van Noslrand 1960), p. 913; T. L. Wade, The Algebra of
Vectors and Matrices {Reading, Mass: Addison-Wesley, 1951), pp. 67-68: W. L. Ferrar;

~  Algebra (2nd ed.; London: Oxford University Press, 1957), pp. 41.-42; F. E. Satterthwaite,
' “Concise Analysis of Certain Algebraic Forms," Annals of Maztheraatical Statistics, March
1941, pp. 77-83; and D. F. Lawden, An Introduction to Tensor Calculus and Relativity

* (2nd'ed.; L.ondon: Science Paperbacks and Methuen, 1967), pp. 25- 26.

% On the dot notation fur sums, see S. R. Searle, Matrix Algebra for the qulog:cal Sci-
ences (New York: Wileya1966), pp. 10-11, 16-17. On the dot notation for averages in the
analysis of variarice; see urchill Eisenhart, “The Assumptions Underlymg the Analysxs
‘of Variance,” Biometrics, Nlarch 1947, pp. 1-21: P. R. Rider, An Introduction to Modern

tatistical Methods (New Y’ork Wiley, 1939), pp. 142-144; or any recent statistics manual.
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‘Double Summation

vectors. When a comma is used, parentheses may also enclose the multi-
plicands. When no punctuation is used to separate the vectors, the first
of the two is occasionally written with the superscript **7"° or with a stress
mark; these symbols denote ‘“transposition,” or the conversion of a col-
umn vector-into a row vector, a step strictly required for scalar multi-
plication. '

Let n be a vector specifying s different numbers of employees; and let h
be the corresponding vector for average hours worked by the s personnel

categories. The scalar product, nh = n-h = (n, h) = n"h = n'h, is
equivalent to 2 _i-1 n.Ai, the man-hours total. If n refers to n/=n instead
of mi(i = 1, --., s), it becomes a weight vector; and the scalar product

of this new n and the original h represents the weighted arithmetic
average of hours worked by employees in all s categories.*

-

The text contains :# double sum in which the limits are linked. Such
sums are more difficult to handle than those shown above to illustrate
the dot notztion. = ;

The i5rief discussion that follows should make thiree lessons clear. First,
the order »{ summation is procedurally important though mathematically
immaterial. Second, the designation of the Iimits of summation requires
care, for algebraic statements thaht seem similar may yield ‘dissimilar re-
sults. Finally, compensatory adjustments may be made in the instructions
for summation and in the choice of limits so that different expressions do
yield identical results. o :

The double sum shown in the text referred to the difference between
two means of s figures for hourly earnings (ei), one weighted by em-
ployees (1), and the other by man-hours (n:4). The sum was expressed

8 =1 s
in the form 3~ 3" : the lower limits of / and j are interdepcndent. The
f=1j=1i+1 ‘ ’ ’

sum has important connections, as_the text indicates, with weighted cor-
relation and with the algebra of vectors and rectangular matrices.

Our doubte 'sum has ‘C: terms. The preferred ‘order of summation-is to
fix i first; then, for each / taken in turn, we run through the range of ;.

Two other uxpressions involving interdependent limits may be sub-

. . 8 ~1 s s -1
stituted for our-double sum. They have the forms X_ .3 and 2 > .
. . J=1i=j+1 J=21=1

The first equivzﬂent indicates that / and j(-vmay be interchanged without

* See two papers by 1. H. Siégel in the Journal of the American Siatistical Association:
*“The Differennce Between the.Paasc,he and Laspeyres Index-Number Formulas,” Septem-
ber 1941, pp. 343-350; and 'Note 'on a Common Statistical Inequality,” June 1943, pp.
217-222. See als« R. A. Barnett and J. N.. Fujii, Vectors (New York: Wiley, 1963), Chapter
2; and F. B. Hildebrand; Methods of Applied ifarhematics (2nd ed.; Englewood Cliffs:
Prentice- Hall, 1965), p. 23. i R .
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mathematical effect: thus, we may fix j first and then, for each j taken in
turn, run through the range of / from j + 1 to s. The second alternative
indicates that the upper limits for i and j, rather than the lower ones,
may be mzade inierdependent: @nd, in this version, it is convenient to fix
j and then, for each j taken in turn, let i run through its ‘appropriate set
of values.

The double sum may be rewritien with inequalities for the lower limits

s—1 s

s —1

be converted into P_ 2. because oi the symmetry of the prototype

L I 4

of i and j. Thus, the sum muy be cast into the form > 57,1t may also
T < 7

"product term (i.e., invariance of the term to an interchange of i and )).

Both of these alternatives may be combined into 3> > ., a form that
. . Ve N 3 .
permits easy reversal of the order of summation and that takes cognizance

of the duplication of terms when summation proceeds independently with
respect to i and ;.

- s 5
The last expression is also equivalent to } > > . Again, the coefficient
t ’

} reflects the fact that, when summation is undertaken with respect to

i and j independently, the appropriate *C: terms are duplicated. We may
dispense with the inequality symbol for / and j since the terms correspond-
ing to i = j vanish. o :

. Expressions for double sums may sometimes be rendered more elegant
by the introduction of the Kronecker delta or its complement as a co-
efficient.® The Kronecker symbol, &, has the value 1 when i = j and
0 when ¢ 5= j. Accordingly, its.complement, 1 — ¢&;, has the value O when
i = j and | when i £ j. This complement could be introduced into vari-
ous expressions for our double sum, bl{t no gain in compactness would

~ be achieved. ‘

Finally, it should be acknowledged that a single symbol is often used
in instances strictly demanding a double Z. Carelessness, convenience, or
the assumption that a reader is already familiar with the operations in-
volved and that communication is assuizd may encourage. the use of, say,

>~ to indicate a sum of "C: terms. n\

i>J
A Tree for Three

Multiple summation (for samples as well as populations) may be visu-
alized readily with the aid of tree diagrams, which are tools commonly
used in the exploration of logical possibilities, decision sequences, branch-
ing probabilities,- game outcomes, and so forth in ‘““finite mathematics.”

" * Among the many books in which the Kronecker notation is mentioned and illustrated is
Hildebrand (footnote 4), pp. 15-16. :
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Illuslram.e Tree Diagram for a Triple Sum (3 Industries, 7 Companies.,
20 Departments)

Il
llzz gn = 3)

11 . 113

o
=
i
W

12 I 121}

——— 122f & 7

B 1
- ==4
133 &0 T
134

. \ 211}‘

221
222 :
223 g2 =4

224

311
312
313

g::= 3

321
322f

i ij ‘ ik

(The 20 ordered tripletsb corresp‘onding to the permissible valués of 1, j,
and k& represent man-hours in the 20 departments; the 7 ordered pairs

corresponding to the values of j and & represent man-hours in the 7 com-
panies.) '

All of these applications involve the nesting of subsets in sets, and of sets

in still’ larger sets; and the levels of aggregation may be as numerous as
we please.®

Usually, tree diagrams are thought to **start’ at a trunk at the lefl then

to “‘branch’ outward to the right, but the opposite direction is the natural

“On tree diagrams. sce J, G. Kemeny. Arthur Schileifer, Jr., J. L. Snell, and G. L.
Thompson,. Finite Mathematics with Business Applications (l:nglewood Cliffs: Prentice-
Hail. 1962). pp. 19-22 andparsun -
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one for depicting the aggregation process. It is not the filiation or prolifer-
ation of paths that is of interest in summation but their combinability.
their convergence. .

Let us return to the triple sum shown for man-hours in the text. The
jts company in indusiry / has & departments. The total number of com-
he same for every industry (i.e.. the upper‘limit of j s /i, a
variable with respect to industry): and the total numbcer of departments
is not the same for every company (i.e., the upper limit of A is g,. 1
variable with respect 1o company and industry).

The hierarchical structure of this triple sum is exhibited in the accom-
panying tre¢ diagram. The total number of industries, s. is taken as 3
for simplicity. Nested within the first industry are 3 -compauics (1),
while the second industry contains 2 companies (fz), and so does the third
(f3). Another branching shows, for the first industry,. 3 departments in
the first company (gi1i), 2 departmentis in the second (gi2), and 4 depart-
ments in the third (gis).” The varying numbers of departments in the

companies of the second industry and of the third industry are indicated

by the remaining third-order branches of the tree. .

'Sinc_:g_‘»; the' 20 departments in the diagram are distinctly identified by
their triple subscripts. or-ordered triplets, aggregation may be performed
directly é.\'s;,;»’ve'll__»_as by successive combinations. -Thus, we may combine
the man-hoiirs in the 20 departments at once; or ‘we may alternatively
obtain the* g;; company sums first, add these company figures to obtain
the /4 industry sums, and finally add the industry sums to obtain the
grand total for the s industries. ’
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