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ABSTRACT

A PILOT STUDY ON THE USE OF SMALL-GROUP DISCUSSION

IN A MATHEMATICS COURSE FOR PRESERVICE
ELEMENTARY SCHOOL TEACHERS

h ry Howard Thoyre

Under the supervision of Professor John Grover Harvey

The Problem

The besic question considered in this study was "Can a

mathematics class of preservice elementary teachers working in small

groups examine all of the course content:normally included in a class

taught by lecture-class discussion technique without sacrificing over-

all course achievement?" Three related questions also considered

dealt with computational skills, attitude toward mathematics, and the

ability to read unfamiliar mathematical material independently pos-

sessed by participants in the two classes.

The Procedure

Two classes of preservice elementary school teachers enrolled,

during the spring semeeter of 1969, in the four-credit mathematics

course required of all elementary education majors at Wisconsin State

:UniversiV Steyene:Point particl:pated in the,studY. There were

-23 students:inl one Sectionand 27 in the other. Both clasaes wete

'taught by the same instructorand studied from the same set.of

instructor-prepared notes.



Aoproximately 30% of the 50 minute class period in the

lecture-class discussion (LCD) section was devoted to instructor-

dominated activities including review of previously discussed

material and introduction of new topics. The remainder of the

class period was an instructor-led class discussion of topics

introduced in the lecture and development of new. concepts.

In the lecture-small group discussion (LSGD) section, the

initial time segment of ten minutes was an instructor-dominated

lecture period. The following 30 minutes was devoted to small-group

discussion of concepts related to the lecture and new material. The

students were given.no direct assistance by the inetructor. The last

ten minutes of the period was spent in a class discussion of topics

and problems encountered by the individual discussion groups.

The sizes of the diBcussion groups alternated weekly between

three and four students. Group composition was randomly determined.

Group leadership was on a rotating basis daily.

on the following art-dr_Lon meL.Enres were analyzed

by an analysis of covariance: (1) computational skins, (2) achieve-

ment on examinations of independent reading abilt7y fin mathematics,

(3) attitude toward mathematics, and (4) overall:7Jourse achievement.

A t-test was used to compare withim-group-mt,an scores on pre-

and posttest -omputational skills and attitude toward mathematics.

17101Ilia-19.112:_l_a21141E1222

The following are among the results and,12.clUsions reported

in the dissertation. ConclUsions are based on aFta collected analysis



of the data, and an analysis of a questionnaire on the student's

opinion of the course.

1. There was a significant difference, at the .05 level,

between pretest and posttest scores of the LSGD section

on the computational skills criterion measure.

2. Although posttest mean score exceeded pretest mean

score on the attitude scale in both sections, neither

was significantly greater at the .05 level of confidence.

3. Differences between mean scores of the two groups on

each of the criterion measures failed to be significant

at the .05 level, although in each case the mean score

of the LSGD section was greater than that of the LCD

group.

4. The mean score of the upper one-half abi'll ,1 of

the L9aD section-was significantly greater, at the .01

level of confidence, than the mean score of the upper

one-half ability level of the LCD section on the criterion

meastn2e "achievement on tests of independent reading

ability in mathematics.°

The LSGD group examined the same amount of mathematical

material as the LCD section without sacrificing course

achievement.

StUdents in the rasp section were more inclined to

:believe their attitude toward mathematics had been

enhanced .over the semester than did students Of the

:LCD group-.



7. A group size of three and a group size of four with

random pairing within the group were equally favored

by students of the LSGD section.
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CHAPTER I

THE PROBLEM

The two basic questio,.., o be explored in this study are:

1. In a mathematics crlirrse for preservi.ce elementary school

teachers, can as mumb madherMical material be covered by

a class in which th udents read and discuss almost all

of the course content Tejthin mall work-groups as is

covered by a class taught by a conventional lecture-

class discussion techr-e?

2. In terms of overall czourse achievement, will the small-

group discussion class compare favorably- with a class

taught by a lecture-class discussion technique?

In essence, the two basic questions

for

ask whether a mathematics class

preservice elementary teachers can be taught using a small-group

discussion approach without sacrificing

basic concepts.

content or understanding of

In anticipation of affirmative answers to the two basic ques-

tions, three secondary questions will be considered:

1. Will the students in the small-group discussion class

perform as well as the students in the lecture-class

discussion group on a test of arithmetic computational

Will participation in the small-group discussion class

a xore:favarrable effect on:.the stUdentsir attitude,
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toward mathematics than participation in the lecture-

alass discussion group?

3. Will the participants of the small-group discussion

class perform significantly better than the students of

the leature-class disaussion group on examinations re-

quiring the ability to read unfand lar mathematical

material independently?

The relevance of secondary question (1) to the undergraduate

preparation of elementary school teachers of mathematics is obvious

and the significance of a positive attitude toward mathematics will be

discussed in Chapter II. The importance of the ability of elementary

teachers to read unfamiliar mathematical material indepondently and

with understanding can be argued by considering the recommendations

of the Committee on the Undergraduate Program in Mathematics; the

recommendations and projections of the Cambridge Conference on School

MatheMatics; the recommendations of theCaMbridge Conference on Teacher

Training an& then-Iookingatthesuadess achieved in the Implementation

of these recommendations.

The work of SMSG and UICSM in the latter part of the 19501s

andearly.1960 5 has had a profoUnd.effect on both the. *elementary,an

secondary schOol.mathematics curriculum. There has been a substantial

change in the topics previol4ely.thought to be. the &main of the

eleMentaryeahOol:prograbut-an eVen::greater change has occUrred in

the method and spirit of instruction. It is no longer sufficient to be

good drill-master in the teaching of elementary school mathematics.

Today s elementary teacher must not only have a firm grasp of the



computational skills and algorithms of arithmetic, but must clearly

understand the basic mathematical concepts of arithmetic.

The report of the Cambridge Conference on School Mathemvtics,

Goals for School Mathematics (1963), suggests the need for an een.

greater !Inowledge of mathematics _in the foreseeable future. Their

curriculum for the elementary school, grades K through six, inclmdes

a study of 2 x 2 matrices, finite field, elementary Diophantine =mob-

lems, density of the rational numbers, conic sections, polar coordinates,

vectors, elementary logic, mathematical induction, isomorphisms, linear

transformations, trigonometric and logarithmic functions. Adler (1966,

pp. 210-17) cites four reasons for concluding that the report of the

Cambridge Conference is indeed realistic:

1. The children can learn more than we think they can.

2. The transition from one stage of learning to the next

can be accelerated by a better curriculum and better

teaching.

The early use of the concepts of mathematical structure

simplifying the subject matter.

Changes like those proposed

been tried successfully.

by the report have already

Thereport:of theCOMMIttee=on the Undergraduate Program in

r.jorathemattcs (CUPM):entitled:RecOMMendations for the_Training of Teachers

of Mathematics'(1961) recommended four three-sekester-hoUr mathematics

.courses for prospective elementary:teachers. These Level I recommenda-

A: two7Course sequence devoted to the strUcture ef the
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(B)

(C)

real number system and its subsystems.

A course devoted to the basic concepts X nle,-bra.

A. course in informal geometry.

4

This recommendation presumes at least a twjear high school

'mathematics sequence, exclusive of ganeral mattramatd:Is.

The recommendations of the Cambridge Comfer4ace on Teacher

Training (1967) are somewhat more aMbitious. Althov.4h the conference

did not consider their recommendations to be im camPlict wlth those of

CUPM, they do concede that their proposals ". . . are atmed (hopefully)

at a time when the CUPM recommendations will have be7em strongly Imple-

mented and the new generation of potential teachers Ft ; will have

profited by that implementation" (CaMbridge Conferer a on Teacher

.Training2 19672 p. 15).

Unfortunately there is a sizeable gap between.the recom-

mended undergraduate preparation of elementary teachers and that which

is presently being offered. Fisher (1967, Pp. 194-197), in a survey of

78 randomly selected teacher training institutions in the,Unitect States.,

fOOncl that In.'1965the av.erPtP l'i*ber Of:semester hours required of..

elementaryAeaCherS:was. orlY:4A.5.4 survey bY':the CUPW.Panel on
.

:Teacher Training (Committee onthe_Undergraduate PrOgram in Mathematics,

1966, ppo 138148) of 901: Coileges:andUniversitieSengaged in teaCher:

training-revealed that in 19664 approxitately 38% of the schools required

from 3 te I. hours 37% required 5 to..6 hoUrs, and about 12% required more

laian 7 hours in mathematics courses for prospective elementary ';.(A10/

teachers. Thesepercentages do indiCate::an increase in the required

hOUrs from 1961 to 19664 hortever, they: still fall far nhort of what is
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desired. The demands being made for additional time in the under-

graduate program of elementary teachers by other disciplinesEnglish

and the physical sciences, particularly--makes the prospect of achiev-

ing a twelve semester-hour sequence in mathematics seem rather remote

at this time.

In view of the projections for the introduction of an in-

creasing number of new topics in the elementary school program and the

dim prospect of increasing the amount of mathematics required by pre-

service elementary teachers much beyond eight semester-hours, an under-

graduate mathematics program must provide the opportunity for the

student to enhance his ability to read new mathematical content inde-

pendently and with understanding. Therefore, in the opinion of this

investigator, an undergraduate mathematics program for elementary

teachers must not only provide an opportunity for the student to master

the basic mathematical concepts underlying arithmetic, to master the

computational skills of arithmetic, and to enhance his attitude taward

mathematics, but also to improve his ability to work independently in

mathematics. Answers to the two basic questions and the three secondary

questions posed at the beginning of this chapter will indicate whether

one teaching technique is to be preferred over the other in the achieve-

ment of these objectives.

these questions, two groups of preservice elementary

teachers were used in this stndy. One group was taught using a lecture-

class discussion technique and the other by a lecture-small group dis-

cussion technique. The first basic question will be answered by com-

paring the amount of material covered by one section to that covered
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by the other section. The remaining four questions will be answered

by a statistical analysis of the following hypothesis:

Hypothesis 1. There is no significant difference between

the mean scores of the two groups with

respect to

(a) overall course achievement as measured

by three unit tests and a final examina-

tion,

(b) computational skills as measured by a

standardized test on basic arithmotic

computational skills,

(c) attitude toward mathematics as measured

by an attitude scale,

(d) the ability to read unfamiliar mathe-

matical material independently and with

understanding as measured by four in-

structor-prepared examinations.

In addition to comparing the two groups in terms of the basic

question of overall course achievement and the three secondary questions,

the upper and lower one-half ability levels, as determined by A.C.T.

mathematics percentile scores, of each group will be compared. Specifi-

cally, the following hypotheses will be investigated:

Hypothesis 2. There is no significant difference between

the mean scores of the two upper one-half

ability levels as determined by A.C.T.

mathematics percentile scores with respect to
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(a) overall course achievement as measured

by three unit tests and a final examina-

tion,

(b) computational skills as measured by a

standardized test on basic arithmetic

computational skills,

(c) attitude toward mathematics as measured

by an attitude scale,

(d) the ability to read unfamiliar mathe-

matical material independently and with

understanding as measured by four in-

structor-prepared examinations.

Hypothesis 3. There is no significant difference between the

mean scores of the two lawer one-half ability

levels as determined by A.C.T. mathematics

percentile scores with respect t

( ) overall course achievement as measured

by three unit tests and a final examina-

tion,

(b) computational skills as measured by a

standardized test on basic arithmetic

uomputational skills,

(c) attitude toward mathematics

by an attitude scale.

(d) the ability to read unfamiliar mathe-

matical material independently and with

as measured
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understanding as measured by four

instructor-prepared examinations.

Previous studies related to the three hypotheses will be

discussed in Chapter II. There are many studies related to the under-

graduate preparation of elementary teachers of mathematics, but thz

predominant theme is one of determining their abilities, positive atti-

tudes toward mathematics, or lack thereof. Very little effort has been

channeled in the direction of determining methods of making optimum use

of the four to eight hours available in their undergraduate program for

mathematics instruction.

The design used in the study is outlined in Chapter III.

Basic definitions, instructional methods, and statistical procedures

are given. Since analysis of covariance is used, the criteria for the

selection of the covariates are discussed. The chapter also includes a

description of the population sample, instruments of measurement and

data obtained from the measurements.

In addition to the analysis of the specific questions to

be investigated, Chapter IV includes an analysis of a questionnaire

dealing with mechanics of the instructional techniques examinations

given during the semester, and amount of time spent in study outside

the classroom.:

Conclusions

given in Chapter V.

additional research related to the main problem.

and recommendations stemMing from the study are

The recommendations include suggestions for
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CHAPTER II

LITMATURE RELATING TO THE PROBLEM

The literature as it pertains to the two basic questions and the

three secondary.questions advanced in Chapter I will be surveyed in this

chapter. Since a majority of the studies surveyed dealt with all three

of the variables "computational skills "attitude toward mathematics,"

and "understanding of the basic concepts of mathematics," no attempt

will be made to separate the literature as it relates to these three

variables. Studies relating to the ability of students to read mathe-

matical material independently will be considered separately, however.

Finally, studies relating to small-group discussion classes in mathe-

matics as they pertain to classes of preservice elementary school

teadhers will...be reviewed.

Since the performance by, the smalIgroup disOdasion section on

various criterion measurea will be compared with the performance of the

lecture-class discussion section the literature relating to the effect

of an undergraduate mathematics course forg.ospective elementary school

teachers, taught by a lecture or lecture-class discussion approach, on

the computational skills, attitudes toward mathematics, and understanding

of basic mathematical concepts will bo surveyd. The investigator is

not aware of any studies done with preservice elementary school teachers

in which the lecture-small group discussion technique has been employed.

In the remainder of the chapter, unless specifically stated to the con-

trary, the teaching technique used in each study cited was of the

22



lecture or lecture-class discussion type or was not described in the

study.

Studies relative to the computational skills, knowledge of

10

basic mathematical concepts underlying arithmetic, and attitudes toward

mathematics possessed by preservice elementary teachers before and after

completing a mathematics course for elementary teachers are fairly con-

sistent in their conclusions. The majority of the studies indicate that

prospective elementary school teachers improve their computational skills,

advance their understanding of the basic mathematical concepts underlying

arithmetic, and enhance their attitude toward mathematics after taking a

mathematics course specifically designed for the elementary school

teacher of mathematics.

In a study conducted at Brigham Young University with 186

enrolled in a required mathematics course for elementary educa-students

tion majors, Gee (1966, p. 6528A) concluded that "There was a significant

gain in basic mathematical understanding by prospective elementarY

teachers while taking this course." Gee used Glennon's "A. Test of Basic

Mathematical Understanding" to measure the students' initial and final

understanding of basic mathematical concepts. To measure the students'

attitude toward mathematics, Gee used Dutton's "Arithmetic Attitude

Scale." He found that . . attitudes of prosepctive elementary school

teachers toward mathematics were improved by taking this course."

Additional results cited by Gee relevant to the present study

include his conclusion that there is a positive significant relationship

between pretest scores on the attitude scale and final grades and between

A.G.T. mathematics scores and pretest scores on mathematical understanding.
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He concludes that ". . . A.G.T. math score is a good predictor of success

in this course as measured by the final grade."

Todd (1966, pp..198-201) found that a course similar to the CUPM

number systems course given to 287 students ". produced significant

changes in understanding of arithmetic concepts and in attitude toward

arithmetic for students who completed the course." Glennon's "A Test of

Basic Mathematical Understanding" and Dutton's "Arithmetic Attitude Scale"

were used to measure initial and final understanding of mathematics and

attitude toward mathematics, respectively.

In a study comparing the performance of inservice teachers on

an investigator-prepared test of traditional and modern arithmetic con-

cepts and -symbols, Harper (1964, pp. 543-46) found that teachers who had

had a mathematics course specifically designed for elementary school

teachers scored significantly better than teachers who had had up to

six credits of college mathematics, but had not had the mathematics

course for elementary:teachers.

To determine whether a course in modern mathematics is a factor

which influences teacher attitude toward mathematics in general, Rice

(1965, p. 1433A) constructed a 45 item Likert-type attitude scale and

administered it to 608 inservice elementary teachers. Rice concluded

that training in modern mathematical materials appears to foster more

favorable attitudes toward mathematics in general.

Foley (1965 p. 4320), in a study investigating the effective-

ness of large group instruction with small discussion groups of'approxi

mately 20 students measured the students/initial and final understanding

of basic concepts of arithmetic and attitudes toward mathematics. H

found that the students improved their understanding of basic mathematical

4
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concepts, but that there was no significant gain in attitude toward

mathematics. Foley also concluded thatthere was ". . . no substantial

correlation between mathematics competency and attitudes toward mathe-

matics." This result contradicts,the previously cited conclusion by

Gee. Unfortunately Foley does not indicate what instruments were used

to measure either of the two criterion variables.

In an effort to devise an instrument to measure the attitude

toward mathematics possessed by prospective elementary school teachers

that did not give the immediate appearance of ah instrument obviously

designed to sample attitudes toward mathematics, Kane (1968, pp. 169-

175) prepared a questionnaire in which students were asked to rank

their preference for English, science, social studies and mathematics

relative to questions such aS "It was most (least) enjoyable to me,"

"It was the area in which I learned the most (least)," etc. The

questionnaire was given to elementary education majors that had completed

two courses in mathematics for elementary teachers and a three-credit

methods of teaching elementary school mathematics course. Kane concluded

(p. 173) that II. . the attitude of these prospective teachers toward

mathematics is relatively high. Mathematics and English (language arts)

consistently command more positive attitudes than social studies and

science." Kane further concluded (p. 174) that ". . prospective

teachers who have relatively unfavorable attitudes toward mathematics

tend to prefer teaching assignments in the primary grades while those

that haVe.themOst favorable attitudes toward mathematics tend to pre-

fer assignments in the intermediate grades."

An elaborate*study-dealing with the effect ,of,various lecture
.

time-treatments and lectui-e techniques 6n aoMputational sidlis, under-
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standing of basic concepts of mathematics, attitude toward mathematics

and course achievement was done by Northey (1967). The two variables

were "time spent in lecture" and "lecture technique (either inductive or

deductive)." The time treatments were 74% to 26%, 50% to 50%, and 26% to

74% for lecture versus class discussion, respectively. Northey found no

significant difference between the mean scores on the criterion measures

of the variots time and lecture treatments, but he did conclude that

computational skills attitude toward mathematics, and course achievement

were best enhanced by 74% discussion and either inductive or deductive

lecture.

Even though all of the prevtamm studies indicate that computa-

skillstional and knowledge of bast: leathematical concepts of elementar.F-

school mathematics teachers are imol. ved upon taking a mathemati=s cours

for elementary teachers, Dutton (1,9t pp. 223 31) feels that the improve-

ment can be even greater. Dutton u:sed an arithmetic concepts test to

diagnose difficulties in arithmetic and students were then given sugges-

tions for correcting them. He concIndes (p. 230) that the ". . . elementary

teachers in this study made marked progress in the mastery of mathematical

concepts when instruction was individualized and adjusted to their needs."

In an earlier study involving 127 preservice elementary school

teachers in which he investigated the attitude changes of prospective

elementary school teachers, Dutton (1962, pp. 418-24) found that

"Attitudes toward arithmetic, once developed, are tenaciously held by

prospective eleMentax schOol teacher's." Zutton gOes On to: say'that

I. . continued study should be made cf changing negative attitudes

toward arithmetic at the university level and through inservice instruc-

tion while doing regular classroom teaching."



Dutton gives some evidence to support a claim that positive

attitudes may be positively correlated with achievement, but he has no

strong conviction along these lines. This last conjecture by Dutton is

supported by a conclusion drawn by Gilbert (1966, p. 981A) in an investi-

gation into the effects of various backgrounds in high school and college

mathematics on the understanding of arithmetic concepts possessed by

prospective elementary school teachers. Basing her conclusien on data

gathered through the administration of standardized arithmetics tests

and a questionnaire, Gilbert concluded that tYStudents indicating a more

positive attitude toward arithmetic also seemed to exhibit a fuller

understanding." Gilbert recommends that the two major objectives of

content courses for prospective elementary school teachers of mathematics

should be the development of a fuller understanding of arithmetic as

well as an improvement in attitude toward mathematics.

Two studies, one by Bassham, et. al. (1964 pp. 67-72) and the

other by Lerch (1961, pp. 117-19), when considered together stress the

importance of striving to improve the attitudes toward mathematic,J of

preservice elementary school teachers of mathematics. Bassham, et. al.

studied the attitude and achievement of a group of 159 fifth and sixth

grade students. Dutton' ',Scale for Measuring Attitudes Toward Arithmetic,"

and the "Iowa'Tests of Basic Skills (Arithmetic Concepts)" were used to

measure attitude and achievement, respectively. The authors concluded

(1). 71) that l'After weighting for individual differences in intelligence

and reading Comprehensionan important difference in mean scores of

mastery in fundamental concepts of arithmetic was foundito exist between

those pupils classified as in the upper two-fifths and those classified

as in the lower two-fifths of a distribution of attitude scale scores."

2
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In fact, the authors found nearly three times as many high-attitude

pupils over-achieved .65 grade as under-achieved by .65 grade.

The study by Lerch Lnvolved two fourth grade classes; one class

ability grouped and re-grouwed when new topics were discused while the

other was a non-grouped c1ase. Lerch, upon investigating the attitudes

of the two groups toward arithmetic, was able to conclude (13. 119) that

"The child's attitudes toward arithmetic are more basically dependent

upon his teachers attitudes and the methods they employ than they ate

upon classroom organization."

Another study done at the fourth grade _level tha, cites an

association between attitade toward arithmetic and achievaent is

reported by Lyda and Moree (1963, pp. 136-138). The students were given

Dutton's "Arithmetic Attitude Scale" and the "Stanford AmIthmetic Achieve-

ment Test" before and after instruction. The authors strove to teach

"to reveal concepts and rationale of a process and the relationship of

processes to each other." The authors called this "meaningful teaching."

They were able to conclude (p. 138), as a result of their investigation,

that "Associated with meaningful methods of teaching arithmetic and

changes in attitude are significant gains in arithmetic achievement,

that is, in arithmetical computation and reasoning."

The literature relating to the last of the secondary questions

posed in Chapter one that iss the question dealing with the ability of

prospective elementary teachers to read, independently and with under-

standing unfamiliar mathematical material is virtually non-existent.

it seeMs apparent

that this question is of the utmost importance. The report of the
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that there would again be such a freezing of the mathematics curriculum

as took place in the last century and a balf. It therefore appears

quite hopeless and inappropriate to expemt that preserviae training

could be extensive enough to equip a teaoher for a lifetime." Teachers

possessing the ability to read and understand mathematical material

could derive great benefit from well-wrttten teacher commentaries and

short monographs aimed specifically at this audience. Mmody (1966,

pp. 30-31) writes "It would be anticipated that a student who completed

a course of study- in mathematics, especially designed for elementary

teachers, would have sufficient background to be able to pick up a good

teachers' commentary to a 'new' textbook series in pur-rtd-rmntic, and with

its help design a lesson in arithmetic which would preaant the material

in a noaningful fashion." There does not seem to be anTy reason to believe

that successful completion of a mathematics course for preservice elemen-

tary teachers taught by a lecture or lecture-class discussion approach

will enhance the students' ability to do independent work.

In a study on the ability of college freshmen to read a chapter

on the hyperbola independently, Filano (1957, pp. 16-18) concludes ".

practical equivalence, in terms of student achievement of the two methods

(i.e., independent reading versus lecture-class d5.scussion)." However,

Filano indicates that the resultn could be misleading since the unit on

the hyperbola was covered immediately atter a discussion of the ellipse

and guidance was given in the form of specific ploblem assignments.

There is also one other consideration in the applicability of

Filano's study to preservice elementary school teachers. The study

does not state 80 specifically, but one may assume that the subjects
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haE cimilar backgrounds in terms of high school units in mathematiC.S.

This has not been the case in classes of prospective elementary school

teachers over the past eight years at Wisconsin State University -

-St-Ivems Point. Furthermore in each of the studies previously cited

involving preservice elementary school teachers where the authors gave

a desaription of the population sample, homogeneity of high school

background did not exist. It is not unusual for a class of prospective

teachers to have a background range of from one.to four years of high

smbnol mathematics and up to four or more college credits in mathematics.

Turner, et. al. (1966, pp. 768-70) conducted a study using all

students in their Fundamentals of Mathematics and College Algebra classes

at Mankato State College. The experimental groups were taught by a

lecture-discussion method two or three days per week with the remaining

days spent in smaller discussion groups. The discussion groups-were

handled in one of three ways: (a) students worked together in groups

of three students with one of the students acting as leader (the in-

structor in charge was present but did very little talking to the

groups); (b) students worked together in groups of 5 or 6 with a

mathematics major leading the discussion; and (c) a graduate assistant

was in charge and used a variety of methods of instruction. Unfortunately,

these methods were not reported. The control groups consisted of about

50 students per class and were taught by a lecture-discussion method

each day. Turner (p. 770) concludes that "The results of using the

various treatments indicated no significant differences in achievement

as measured by a common instructor-prepared
examinatiori]." No results

were reported or: conjectures-Made.on theeffeCt of the three7student
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work group treatment on the ability of these students to work independ-

ently.

As with Filano's study, the applicability of this study to a

class of preservice elementary school teachers can be questioned because

of the probable uniformity of high school preparation of the students in

Turner's study.

There are a number of studies tangentially related to the

acquisition of the ability to read mathematical material independently

and with understanding. McKeachie (1963, p. 1132) says of the student-

centered group discussion instructional technique ". . . if students

are to achieve application, critical thinking, or some other higher

cognitive objective, it seems reasonable to assume that they should

have an opportunity to practice application and critical thinking."

McKeachie (p. 1140) goes on to cite 11 studies that show ". . . signif-

icant differences in ability to apply concepts, in attitudes, in moti-

vation, or in group membership skills . ." where the discussion

techniques favored greater student participation. Finally, McKeachie

claims (p. 1140) "The more highly one values outcomes going beyond

acquisition of knowledge, the more likely that student-centered methods

will be preferred."

Studies dealing with the most effective small-group size are

inconclusive. For example, Hare (1952, pp. 261-67) states that if the

group task is a technical one, a larger group may have a higher

probability of solving the problem in a shorter time and South (1927,

PP. 348-368) states that on abstract tasks groups of three took

-apnger tO selve the problem than groUPS of six... 01.1 the otherhand
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on a "Twenty Questions" type concept formation problems, Taylor and

Faust (1952, pp. 360-368) report that groups of two persons obtained

the answer in shorter time but failed more often than did groups of

four

Schellenberg (1959, pp. 73-79) found that in 32 social science

classes in which the discussion groups were of size 4, 6, 8, and 10,

a higher degree of satisfaction among the students and higher instructor

grading existed in the smaller groups.

Hare (1962, p. 224), in discussing discussion-group size, states

4:hat when the time allowed for discussion is limited ". . the average

member has

difficult.

members is

fewer chances to speak and intermember communication becomes

Morale declines, since the former intimate contact between

no longer possible." Hare (p. 225) argues again in favor

of a smaller group size when he states "Although the larger group size

hal-in its membership a greater variety of resources for problem-solving,

the average contribution of each member diminishes and it becomes more

difficult to reach consensus on a group solution." The conjecture that

a group with an odd number of members may be desirable is advanced by

Hare (p. 24); the odd number of members making a deadlock on a decision

unlikely.

Bales and Borgatta (1955, pp. 396-413) reported a decrease in

the group exploration of different points of view and a more direct

attempt to reach a solution to a group problem regardless of disagree-

ment when group sizes were increased from two through seven. These

of time
group actions were associated with the increased restriction

available to the participants.

32
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Guidelines for establishing group composition are not universal.

Cohen (1957, pp. 135-144) claims that groups which are highly cohesive

tend to work harder regardless of outside supervision. However, McKeachie

(1963, pp. 1133-48) reports studies that suggest a cohesive group, al-

though effective in maintaining group standards, may accept either low

or high standards of productivity. McKeachie (p. 1135) states ". A in

creating tgroupyt classes an instructor may sometimes help his students

develop strength to set low standards of achievement and maintain them

against instructor pressures . .
". Grouping according to personality

was determined by Hoffman (1959, PP. 27-32) to be unsuccessful in an

experiment in group problem solving. In a study using psychology classes,

Longstaff (1932, pp. 131-166) found no significant differences between

classes homogeneously grouped according to intelligence quotient and

heterogeneous classes. Basing his decision on four studies in which

.:.he special abilities of homogeneous groups were exploited, McKeachie

(p. 1143) writes ". . it seems safe to conclude that homogeneous

grouping by ability is profitable, if teaching makes use of the known

characteristics of the groups." This conclusion, however, is not appli-

cable to the present study since the achievement of two entire classes

will be compared and the success of the lecture-small group discussion

technique will rest on the ability of all students to profit by small-

group discussion of the same b dy of mathematical content.

In summary, the survey of the literature related to this study

for preservice elementary school
indicates that mathematics courses

teachers taught by a lecture or lecture-class discussion technique

improve the students comPli.ational ability, contribute to their
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understanding of the fundamental concepts of arithmetic, and generally

enhance their attitude toward mathematics. The evidence supporting a

conjecture that preservice elementary school teachers possess or

develop as a result of a preservice mathematics course the ability to

read mathematical material independently is not known. The studies

along this line have involved groups of students with similar back-

grounds in high school mathematics. No studies relating to the use of

a small-group discussion instructional technique with classes of pre-

service elementary school teachers were found.

Studies dealing with small group study in general are not in

agreement as to optimum group size. Thelents (1949, pp. 139-148)

"principle of the least group size"--the group should be just large

enough to include individuals with all the relevant skills for problem

solution--seems to be most appropriate. Homogeneous grouping by ability

appears to be favored; however, in the present study this was not

feasible.
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CHAPTER III

DESIGN OF THE STUDY

The purpose of this chapter is to provide a detailed outline of

the design of the study, give a description of the actual classes involved

in the study, and to swmmarize data relating to the mechanics of the two

teaching procedures collected during the semester.

Section one discusses the sample and general procedures and

the next two sections describe the two teaching techniques employed.

The fourth section contains a description of the instruments of measure-

ment, while section five is devoted to the statistical procedures.

The last three sections provide a description of the two

classes involved in the study, data on the lecture-class discussion

teaching technique and data on the lecture-small group discussion

teaching method.

The Sample and General Procedures

The study involves two sections of Mathematics 115, "Concepts

of Modern Elementary Mathematics," at Wisconsin State University-

Stevens Point during the second semester of the 1968-1969 academic

year. Section one met at 10:45 A.M. and section two at 11:45 A.M.

each day of the week except Tuesday. 'The class periods were 50

minutes in length.

Mathematics 115 four-credit course, is the only mathematics

course required of prospective elementary teachers at this university.

There is no prerequisite mathematics course and since it also satisfies
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the university requirement in mathematics, it is usually the only college-

level mathematics course taken by elementary education najors at Wisconsin

State University-Stevens Point.

The same instructor taught both sections of the course. Since

the notes from which the students studied had to be supplemented by

lecture in several areas and because overall course achievement was

based entirely on'the students' success on examinations (prepared by

the investigator) covering material discussed in class, it was felt

that the achievement would be most accurately measured if the same

instructor taught both classes.

Because of conflicts with other required courses in the elemen-

tary teacher curriculum and because the teacher variable was controlled,

making two sections at the same hour impossible, random selection of

students for the two sections was not possible. However, no student

knew prior to the first day of class that he would be involved in a

research study. Furthermore, the type of teaching technique used in

either section was determined by a flip of a coin one day before

classes convened. No student transfers from one section to the other

section involved in the study were to be allawed except in cases of

extreme hardship. There was one other section of the course taught

by a different instructor in the afternoon and any students having to

transfer would be requested to enroll in that section. There did not

appear to be any factor other than class scheduling problems that

influenced a choice of one section over anoti-er.

During the first class meeting the teaching technique to be

used in each group, pretests required, posttest required and the
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purpose of the study was explained to both groups. The students

learned that the same examinations would be given to both sections and

that the two sections would be graded together. Since the results of

the pretests were used in the statistical analysis of overall course

achievement, it was important that the students gave their best possible

effort on each pretest. Thus, the classes were told that their letter

grade for the course would be based solely on the number of points

accumulated from three one-hour examinations and a two-hour final

examination and that their pretest and posttest scores would in no way

influence their letter grade. They were urged, however, in the interest

of the experiment to do their best on each pretest and each posttest.

Only those students possessing A.C.T. scores were used in the

statistical analysis since this variable was used as a covariate in

the analysis of covariance. This information was not disclosed and

data wav -e',pt for all students.

The bulletin Using A.C.T. on Your Campus (American College

Testing Program, Inc., 1964-65, PP. 6-7) describes the nature and pur-

pose of the mathematics section as follows:

"This test samples the student's ability to understand and
use the principles and techniques of mathematics. In this sense,
it is a test of the student's ability to reason mathematically.
Test items involve two kinds of problems: (a) quantitative
problems based upon practical situations, and (b) problems
presented in formal exercises in algebra, geometry, and

advanced arithmetic."

A mathematics major who was able to be present at every class

meeting was employed as a student assistant. (His role within the

classroom will be explained in the next two sections.) Outside of

the classroom, he assisted in the scoring of objective examinations,
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in the compilation of data, and In the key punching of computer cards.

Course Content

The mathematical contert of the course was a proper subset

of the CUPM recommendations for level I preparation. The students

were issued Wren's Basic Mathematical Concepts as the text for the

course (dieconsin State University-Stevens Point is on a textbook

rental system); however, with the exception of a short unit on geometry,

it was used only as a reference text by the student. The material

covered in the course was prepared by the instructor and was dittoed

for distribution to the students prior to class lecture or discussion.

The same notes were used by both sections involved in the study.

The topics considered included a brief study of the logic of

propositions elementary properties of sets, an ,ntuitive development

of the number systems through the real nuMbers, numeration systems,

elementary number theory, relations and functions, and an introduction

to basic geometric concepts. Table 1 lists chapter titles and indica-

tions of chapter content.

Lecture-Class Discussion Instructional Technique

Of the possible 60 class periods of the semester, ten periods

were used for pretests, posttests, and unit examinations. Each 50

minute class period was split into four major categories; namely,

review of the previous day's work, student questions on the previous

day's work and homework assignments, lecture on new material, and

class discussion of instructor-posed questions. The segments were not
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TABLE 1

OUTLINE OF COURSE CONTENT

Chapter

-.$

Content

Propositions; connectives, truth tables;
tautologies; logical equivalence; propo-
sitional forms; counterexamples.

II Terminology of sets; operations; Venn
Diagrams.

III Whole numbers; addition, multiplication,
and subtraction defined; properties of

operations; algorithms, numeration
systems.

,

IV Prime and composite whole numbers; Funda-
mental Theorem of Arithmetic; divisibility

theorems.

The integers; operations defined on the
integers; properties of the operations.

VI The rational numbers, operations defined
on the rationals.

VII The real numbers; decimals; characteri-
zation of rationals as repeating decimals;
denseness of rationals in reals.

VIII Relations and functions; graphing
relations and functions.

Geometry Basic terminology, including point, line,

plane, ray, half-line, half-plane, polygons,

congruence of triangles, similarity of

triangles.

39
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necessarily disjoint in the sense that the lecture couldn't be

interrupted by a short question from a student, for example; however,

the sequencing of activities normally followed this pattern. The

student assistant recorded the amount of time spent on each activity.

During the first three weeks of the semesters the assistant was to

keep detailed notes of the class activities and after class the

instructor and assistant were to compare the notes with the time

sheet to verify that the assistant had correctly distinguished

between lecture activities and class discussion activities. When the

instructor was satisfied that the distinctions were being made correctly,

detailed notes were no longer kept. Table 2 lists the number of minutes

that were allotted to each class activity.

TABLE 2

TIME EXPENDITURE IN LECTURE-CIASS DISCUSSION GROUP

Activity

Review of
Previous
Work

Student
Questions

New
Material
Introduced

New
Material
Discussed

Type of
Activity

Lecture

Minutes
Allotted

Class
Discussion

Lecture

Class
Discussion

5

10

10

25

The 4.eview of the previous day's material was. done entirely by

the instructor. The key theorems and generalizations were reviewed



and new examples given. At the beginning of a new chapter, an over-

view of the chapter was given in place of the review of previously

covered material. Five minutes were to be allotted to this review or

overview.

Ten minutes of each period was allotted to s'cudent questions

on previous work and on homework problems. Student questions were re-

directed to another student or were solved through instructor-led

class discussion. Any questions remaining at or near the end of the

allotted time were reassigned with hints toward a solution. No home-

work problem was ever solved entirely by the instructor. An effort was

made to solicit responses from all students. During ten class periods

randomly selected from the last 14 weeks of the course, the student

aseistant was to record the names of students responding to questions

and indicate mhether the response was voluntary or was requested by

the instructor.

The new material for the day was introduced by the instluctor.

The students mere not encouraged to participate actively, although brief

questions were usually answered immediately- The students were told

that they would have ample opportunity to ask questions during the next

time segment. The major portion of the time was spent explaining and

illustrating definitions and in stating, proving, and illustrating

certain theorems. The deductive nature of mathematics was stressed

almost exclusively; however, on occasions the material was developed

via an inductive approach.

The activities in the last time segment varied according to the

material; however, in all cases the students were actively involved.

41
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Student questions about the new material was discussed first. If the

question was clear to most students, a volunteer was asked to respond.

If there were no volunteers, the instructor would rephrase the question

and, if necessary, give a hint toward an answer.

After all student questions about the new material had been

answered, the remaining time was spent solving problems related to the

lecture, giving reasons for steps in the proofs of additional theorems,

or applying the theorems to specific problems.

Lecture-Small Group Discussion Teaching Technique

This class met in an economics statistics laboratory equipped

with long rectangular tables rather than conventiOnal seating. This

arrangement made small group study very convenient.

The class periods were split into three time segments. The

first ten minutes was an instructor-dominated lecture period, the next

30 minutes was devoted to work by students in small discussion groups,

and the last ten minutes was an instructor-led class discussion period.

The time sclaxie was to be closely followed, with only a two-minute

deviation allowed in either direction.

The activities of the initial time segment included a brief

review of the previous day's work and an introduction to the to?)ic for

the day. Emphasis was placed solely on tying together the ideas covered

in the previous day's work rather than on explanations of specific con-

cepts or problems related to the concepts.

The introduction to the day's material included an explanation

of new symbolism, proofs of theorems not in the notes, and if time

'remained, an explanation of the more difficult definitions.

42
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The students were randomly assigned to groups of three or four

students each week. On the first day of the semester each student was

assigned a positive integer and the discussion groups were determined

by randomly selecting numbered uniform discs.

The group asagnments were made on a weekly basis, alternating

between groups of three and groups of four from week to week. Since

the number of students was not a multiple of three and four, one group

worked with one or two fewer students than all other groups. The weekly

group assignments were made to minimize the effect of a particularly

dominant student on two or three other students of the class. It can be

argued that changing group composition so frequently tends to decrease

group productivity, but since the development of individual skills was

of prime consideration here, no attempt was made to seek the best

possible group structure in terms of group productivity.

A group leader was determined by alphabetical and reverse

alphabetical order for each class period of the week. The responsibilities

of the group leader as outlined by the instructor included a charge to

(1) keep the discussion moving, that is if a problem was too difficult,

move to the next, (2) be sure that all group members participated in the

discussion, and (3) be relatively certain that all members understood a

concept before moving on to the next.

On alternating weeks with group size four, each day the individual

groups were randomly paired within the group. The individual pairs of

students worked on the exercises but were encouraged to communicate

frequently with the other two students of their group. The group leader

was instructed to see that both pairs were progressing at similar rates.

At the end of the ninth week the students were asked their preference
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of group size and composition and the results of the poll dictateel which

type of group composition was to be used for the remainder of the semes-

ter.

At the beginning of the second time segment the students were

told about how much material they ought to complete and the group leader

was reminded of his responsibility to see that the work Progressed

toward that goal. If a group completed the desired work before the

end of the time period, they were encouraged to review topics from

previous material rather than proceed beyond the given assignment.

While the grc..ups were working on the assigned material, the

instructor and his assistant moved from group to group observing the

progress, listening to the discussion, and providing assistance when

requested. Prior to each claes meeting the instructor and his assistant

reviewed the topic for the day and agreed on the type of assistance

allowed on each problem or question. The assistance given adhered

closely to the following format. The initial request for assistance was

answered by a request to have the students state exactly, and in their

own words, what the problem was asking. If they were unable to do this,

the problem was explainod to them and the group was left to try to work

through their difficulty. If the group still could not reach agreement

on a solution, a second request for assistance could be made. The

instructor or assistant listened to any arguments proposed and if a

correct solution or solutions had been given, he would state which

one(s) they Were and then left the group. If no correct solution had

been presented, the group was urged to go onto another part of the

assignment. At no time was the instructor or his assistant permitted

to work on or to solve a problem for a group.
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The final time segment of ten minutes was spent in discussion

of the solved exercises and unsolved prdblems or the students were

asked to submit one written solution per group to one or tuo exercises

of the day. The latter was done about once every two weeks. In either

case the students remained seated with their respective groups.

If exercises were to be discussed, each group was asked to

Indicate which problem, if any, presented the greatest difficulty. The

instructor then selected those problems to be dicussed as time permitteth

The prdblems were resolved by (1) requesting an individual to give a

solution verbally or at the board, (2) requesting a specific group to

give their collective solution, or (3) the entire class, led by the

instructor would discuss a solution. If no group or individual was

able to solve the prdblem it was carried over to the next period along

with broad hints for solution. If the problem remained unsolved after

the second day, the instructor outlined a solution.

The problems submitted in writing during the last ten minute

period were read by the instructor, marked satisfactory or incorrect,

and returned at the beginning of the next class period. During thr-

last ten minutes of that period, the instructor presented the best

written solution along with co- lents explaining why he felt the solution

was a particularly good one. No records were kept of the students in-

volved in the written solution, however, the students were not aware

of this.

Data and ieasuring Devices

During the first week of classes, the California Mathematics

Test (Form W), 1957 edition, devised by Ernest W. Tiegs and Willis W.
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Clark, the Cooperative Mathematics Test (Algebra II, Form A), 1963 edition

published by Educational Testing Service, and an attitude ''Nward mathema-

tics scale written by Aiken and Dreger (1961, pp. 19-24) was administered.

During ,-he last wcelek of classes Form X of the California Mathematics

Test and the same attitude test was given. Also during the last week

an instructor-prepared questionnaire designed to solicit student opinions

on the mechanics of the course was given to the students. In addition,

three unit-examinations and a final examination covering the entire

semester's work were used to measure the students' overall course

achievement.

The California Mathematics Test consists of two main parts,

namely, the "Mathematics Reasoning Test" and the "Mathematics Fundamentals

Test," Sections on meanings; symbols, rules and equations; and word

problems constitute the reasoning test and the fundamentals test is

separated into one section each on the four arithmetic operations. Each

subsection of the examination is timed with a total of 31,minutes given

to the "Mathematics Reasoning Test" and 41 minutes allowed for the

"Mathematics Fundamentals Test." A maximum score of 60 can be achieved

on the reasoning tests and a score of 80 is possible on the fundamentals

portion.

The Manual of the California Mathematics Test (1961, p. 6)

states that the twenty questions in the "meanings" section of the

reasoning portion of the test 1. are designed to measure the extent

to which the student understands the meanings of numbers, money, percent,

etc., and whether he has adequate concepts Of fractions, decimals,

exponents, roOt$3::ArldabatraCt numbera." The "symbols, rules, and

equations" seCtion is designed to . reVeal the.extent of the
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student's comprehension of symbols, rules, and formulas, as well as

general mathematical terminology." The "problems" section includes

word problems dealing with square and cubic measure, ratio and per-

cenk.ge, and budgeting.

Regarding the "Fundamentals Test," the Manual of the California

Mathematics Test (p. 6) claims that "The teSt items . . reveal

whetAcr or not the student has sufficient mastery of the fundamental

processes to use them with proficiency." The "Fundamentals Test" was

used to vleasure the computational skills of the students before and

after taking the course.

The maximum score on the reasoning portion of the California

Mathematics Test is 60 and on -Cie fundamentals portion the highest

possi' score is 80. The Manual (p. 8) lists the reliability coeffi-

cient of the "Mathematics Reasoning Test" as .89 and of the 'Mathe-

matics Fundamentals Test" as .24, where both were computed using Kuder-

Richardson formula 21.

The 222perative Mathematics Test on algebra consists of 40 mul-

tiple choice qusstions ccvering topics such as radicals, exponents,

linear equations, systems of linear equations, logarithms, complex

numbers, and linear inequalities. This test was included because

Northey (1967) suggests that overall course achievement in a mathe-

matics course for preservice elementary teachers may be directly

related to the students' knowledge of algebraic concepts.

The mathematics attitude scale consists of twenty statements, each

describing an attitude toward mathematics. The students are asked to indicate
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whether they strongly disagree, 61-_:-.ree, are undecided, agree, or

strongly agree with each statement. The responses are weighted either

one to five or five to one, depending on the statement, and s) the

lowest possible score is 20 and the highest possible score is 100.

A low score indicates a negative attitude toward mathematics and a

high score indicates a positive attitude toward mathematics. A. copy

of the Aiken and Dreger attitude scale is given in Appendix

Each of the three instructor-prepared tests was composed of

two parts. Part I tested the students, understanding of concepts dis-

cussed in class and part II attempted to measure their ability to read

and understand the definition of an unfamiliar mathematical concept,

along with several examples, and then to work several exercises directly

related to this definition. If an exercise in part II an examination

.contained a,gymbol or term from previously discussed material that could

have been forgotten by the student, the gymbol or term was explained or

defined within the exercise. Part II of unit-test one considered a

definition of subtraction of whole numbers in terms of set-difference

(the concept was also discussed in class but about two weeks after the

examination), while part II of test two treated the concept of an

equivalence relation, and part II of test three contained the defini-

tion of two binary operations on the cross-product of two sets.

Part I of unit test one covered Chapters I and II, and the first one-

third of Chapter III. The first part of test two contained topics from

the remainder of Chapter III and all of Chapter IV. Topics from Ghap-

ter V and VI were examined in the last unit test. Each unit test counted

100 points, with 860 88 and 86 points for the three course content

parts of the three examinations. Appendix G contains copies of the
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three unit-tests and the final examination.

Like the three unit-tests, the final examination also contained

two separate parts. The first part consisted of twenty-five multiple

choice questions covering topics from the ertire course. The second

part of the final examination contained three exercises, each one

similar in format to the independent reading parts of the three unit-

tests. The reliability of the final examination was computed using the

Kuder-Richardson formula 20 and was found to be .36.

On the last regular class day of the semester, a questionnaire

was given relating to the mechanics of the course (length of examinations,

homework assignments, rei_ationship of homework to examinations, etc.),

amount of time spent in study outside of the class period, and a con-

jecture by each student about his change in attitude towards mathematics

since the Isieginning of the course. Before the questionnaires mere dis-

tributed te students werP urged to consider each cr,estion carefully

and to answer each question as accurately and honestly as possible.

They were told that anonymity would be obtained by having them place

their completed questionnaires in a large envelope to be passed about

the room. Appendix F contains the questionnaire and the percentage of

students from each group responding to each alternative within a given

question.

StatistiCal PrOcedUres

To ,.:ompAre pre-test and post-test performance within groups on

the California Mathematics Test and the-attitude scale, the difference

betweep.test scoi.es was comp-dtpd f6r each individual and a t-test

aliplied. There was no reason to belieTre that the population sampled
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was normal nor that the population variances were equal. However,

regarding the first assumption, Hays (1963, p. 322) states that ".

this assumption (normality) may be violated with impunity provided

that sample size is not extremely small." Regarding the homogeniety of

variance, Hays goes on to say ". . . for samples of squal size relatively

big differences in the population variances seem to have relatively

small consequence for the conclusions derived from a t-test."

The t value obtained will be computed by the usual formula,

t = etrii , where

a .zdi and 4 = (n 2: di - (Edi)2A(._1
i=1 i=1 i=1

with di = posttest score minus pretest score for individual i.

It was *clear from the data gathered that individual differences

on the initial measures existed thus to control these initial differences

an analysis-of-covariance technique was used to test for a difference

of means of the various criterion measures.

The analysts-of-covariance technique used compares the means of

two samples using one or two associated independent; variables (covariates)

alysis of covariancc, uses linear regression to predict criterion meatis

based on the initial measures selected as covariates.

Letting Y represent the criterion measure and X the covariate,

the analysis is of the tota.1 sum of squares of the residuals, Y - Yx,

where -ix + bT(x - R), with t" and 5f representing the sample means

and bT the slope of the regression line of the total mple. In the

case of two covariates, say X an the resid-t-o- beCome = Y Yxm



where -rxm bxT(X bzT(z
with bxT and bzT representing

the regression coefficients byx.,z and byz.x for the entire group.

Whenever the rejection region is two-talled," the F-ratio for

the lower cr3tical value will be found by the relationship

1

(177sr-71

where m and n represent the degrees of freedom (Hays, 1963, p. 350).

The reader will recall that for a two-tailed test and a fixed significance

leve1,0c, the tables for F must be entered atc,(/2.

The computational formulas and tests of hypothesis used are

those of Walker and Lev (1953, PP. 387-422).

To insure that the covariates choser were those that correlated

highly'with the criterion measure and also exhibited reasonable differ-

ences, correlation coefficients between initial measures and criterion

measures were computed. The correlation between initial measure and

criterion measure had to exceed 0.3 before consideration of the initial

measure as a covariae in the analysis of the means ot* the different

criterion measures.

In addition to a comparison of the two groups in toto on the

various criterion meaeu:,es, the upper one-half ability levels and lower

one-half ability levels of each group as determined by the individual

A.C.T. mathematics percentile scores were compared.

.F(n.,m)
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Description of the Population mpSa_la

There were 27 students enrolled in the 10:45 A.M. section and

23 students In the 11:45 A.M. class. The earlier section was taught by

the lecture-class discussion technique and the lecture-small group dis-
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cussion instructional technique was used in the 11:45 A.M. section.

There were no student withdrawals nor transfers in or out of either

section after the beginning of the semester.

Twenty students in each group had available A.C.T. scores and

were the only ones involved,in the statistical analysis. Appendix

contains data gathered on the students not involved in the study.

Table 3 provdes a summary of the class composition. Since

most elementary education majors spend one full serftester off-campus

while student teaching, Mathematics 115 is usually taken during their

junior year. This is evidenced by the ratio or about three to one in

favor of juniors over seniors in the total sample involved in the

statistical analysis.

TABLE 3

GLASS COMPOSITION BY YEAR IN SCHOOL

Variable LCD LSIGD Total

Number in Class 27 23 50

Number of Juniors 16 19 35

Number of Seniors 11 4 15

Number of Juniors in
Statistical Analysis 16 30

Number of Seniors in
Statistical Analysis 6 I. 10

Total Number in
Statistical Analysis 20 20 40

The mathethatical preparation of the subjects ranged from one

year of high schoOl mathematics to four Years of high school mathematics

in bOthaections.; One student in the LCD group had had two seMesters c..f

52
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college mathematics in addition to four years of secondary school mathe-

matics. Two other students in the LCD group had had one semester of

college mathematics in addition to three years of high school mathematics.

Three students in the LSGD group had taken a one-semester college mathe-

matics course plus three years of secondary school mathematics. The mean

number of years of secondary school mathematics wpF 2.5 2or both groups.

Inasmuch as second:..ry school mathematics courses vary rather widely

in scope, depth, and general quality, no attempt was made to further

categorize the high school units in mathematics.

The A.C.T percentile scores in mathematics ranged from 1 to

99 in the LCD :;.roup and from 14 to 81 in the LSGD section, with means of

50.95 and 51.95, respectively. The sum of the five A.C.T. percentile

scores obtained--English, mathematics, science, natural science, and

general--ranged from 40 to 466 in the LC.- section and from 36 to 419 in

the LSGD class. Mean totals in the LCD and LSGP groups were 257.10 aad

277.9*, with standard deviations of 11.6.43 and 102.24, respectively.

Group data is summarized in Table L. and individual student scores are

given in Table 5. Appendix B contains individual student percentile

on the English, science, natui-al scienue and general portions of the

A.O.T. examinations.

Students numbered 1, 2, 5, 7, 9, 10, 12, 14, 15, and 19 comprise

the upper one-half ability level of the LCD section and students numbered

1, 4, 6, 8, 12, 14, 15, 16, 18, and 19 make up the upper one-half ability

level of the ',sap group. The ranges of the upper and lower one-half A.C.T.

mathematics percentile of the LCD secti-in are 56 to 99 and 1 to 47, respec-

tively. The corresponding ranges in the LSGD group are 61 to 81 and 14



to 46. Mean percentiles for the two halves are 73.1 and 28.8 in the

LCD group and 72.5 and 31.0 in the LSGD class.

TABLE 4

YEARS HIGH SCHOOL MATHEMATICS, A.C.T. MATHEXATICS
PERCENTILES, AND A.C.T. TOTAL SCORES BY CLASSES

Years High Schobl Mathematics

Range of Years High School
Mathematics

A.C.T. Mathematics PP.r-entile

A.C.T. Total

Mean = 2.50 Mean = 2.50
*S.D.= .827 S.D. = .827

i to 4 itoh

Mean = 50.95
S.D. = 27.81

Mean = 257.10
S.D. = 116.43

*S.D. represents standard deviation.

Mean
S.D. = 23.37

Mean = 277.90
S.D. = '02.94

hi

Data on the Lecture-Class Discussion Instructional Technique

It wil2. be recalled that the first five mi,t/.Ns of Leh non-

testing class period was allotted to review of previous work or ar, over-

view of new material. The average number of minutes actuallmy spent in

this activity was 4.2 minutes per period.

Student quentions on previous work or on homework problems

were considered in the next ten minute period. The absolute difference

between time allotted and actual time spent exceeded two minutes on eigh-

r,casions and exceeded five minutes twice during the semester. An avers_

of 11.1 minutee per period was actually spent on student questions.

An average of 9.5 minutes per period was actually spent on the

instructor-dominated lecture. Ten minutes had been allotted to this



TABLE 5

YEARS HIGH SCHOOL MATHEMATICS, A.C.T. MATHEMATICS
PERCENTILES, AND A.C.T. TOTAL SCORES BY STUDENT

Student
Number

1

2

3

4

5

6

7

8

9

10

11

12

13

14

15

16

17

18

19

20

LCD GROUP ISGD GROUP

Yrs. H.S
Math

3

3

1

2

4

2

4

2

2

2

2

3

2

A.G.T. MathIA.C.T
Percerile Total

2

4

2

2

2

3

3

56

56

214

47

85

34

99

14

5

56

46

88

40

72

91

46

22

1

72

Student
Number

331 1 3

223 2 2

192 3 2

271 4 2

229 5 3

220 6 3

465 7 3

206 8 3

201 0 1

145 10 2

275 11 2

466 12 3

297 13 1

359 14 3

423 15 3

205 16 3

40 17 3

67 18 4

345 19 3

182 20 1

Yrs. H.S A.O.T. Math A.C.T.
Math Percentile Total

77 396

40 253

46 267

77 323

46 281

61 364

28 190

61 305

22 177

40 382

22 202

81 419

18 88

66 358

72 286

77 337

34 223

72 285

81 386

14 36
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activity. Twice during the semester the leuture consumed more than

12 minutes and on three occasions less than eight minutes -were used.

The last time segment, scheduled for 25 minutes, devoted to

class discussion of the new materials took an average of 25.2 minutes

per period, The actual time used fell within two minutes of the allotted

time in all but eight class Periods. Table 6 summarizes the time allot-

ments and expenditures.

TABLE 6

TIME EXPENDITURE OF CLASS PERIODS IN
LECTURE-GLASS DISCUSSION SECTION

Activity
Minutes
Allotted

I

Mean
Spent

Frequency
of

,4-d> 2
Frequency
of *d> 5

Review of Previous
Work 5 4.2 3 0

Student Questions 10 11.1 8 2

New Material
Introduced 10 9.5 5 0

New Material
Discussed 25 25.2 6

*d = Absolute difference between time allotted and time
spent per period.

Student responses to questions by other students or the instructor

were answered by volunteers 86.6% of the time. An effort was made to

solicit responses from all students, hewever the attempt was generally

not successful. The ten students responding most frequently, responded

to approxImate1y three-fifths of all questions asked, while the next

.
ten most frequent responders, responded 31.1% of the time.
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Data on the Le;ture-Small Group Discussion Teachin Techni ue

The time allotments for the three distinct activity segments--

a ten minute instructor-dominated review of previous work and introduction

of new material session, a thirty minute small-group discussion period,

and a ten minute instructor-led class discussion segment--were kept

within the allowed two-minute deviation on all but six occasions. In

each of these six exceptions, the last ten-minute period was deleted

and given to additional small-group discussion.

The review of previous material took an average of 2.6 minutes,

with a range of from-one to five minutes. The introduction of new

material consumed an awl-74e of 6.3 minutes, with five minutes the

least amount of time given and eight minutes the greatest amount of

time devoted to this activity. The ten minute time allotment for the

initial time segment was exceeded only twice during the semester, how-

ever, the deviation was within the two minute time limit both times.

Data was kept on the number of times assistance was requested

of the instructor or his assistant during each class period. Table 7

lists the average frequency of requests for assistance per session by

all groups. The figures include first and second requests by the same

group. It win be noted that since there were either six or eight

groups per day, the average numr of requests per group per day was

about one. The number of requests for assistance was much lower than

anticipated, in fact, with few exceptions one person could have handled

all reque without causing a great deal of delay to any one group. An

accurate count of the number of first requests and the number of second

rtquests was not kept. However, both the instructor and his assistant

ftel that the ratio was near two first requests to each second request.
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TkBLE 7

MEAN FREQUENCY OF REQUESTS FOR ASSISTANCE PER
CLASS PERIOD FOR THE LSGD SECTION

Chapter Mean Minimum Maximum

I 6.1 1 9

II 5.3 1 7

III 6.7 0 12

IV 3.2 0 5

V 4.0 0 7

VI 4.3 0 8

VII 4.6 1 7

VIII 6.1 1 10

Geometry 5.0 2 8

The poll taken at the end of the ninth week regarding pre-

ferred group size, revealed that ten students favored a group size of

three, one student favored a group size of four without pairing within

the group, and twelve indicated a preference for a group size of four

with pairing within the group. Therefore, for the remainder of the

semester, all groups of size four were paired within the group.
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CHAPTER IV

ANALYSIS OF DATA

An analysis of the data collected within groups, between groups,

within ability levels, and between ability levels of the two groups is

given in this chapter. A t -test is used to analyze pretest and posttest

scores on the reasoning test, fundamentals test, and the attitude scale

within groups and the results are reported in section one of this

chapter. The second section deals with the selection of the covariates

and the third section of the chapter contains an analysis between the

two groups on the final examination, independent reading examinations,

and overall course achievement using an analysis of covariance technique.

The chapter concludes with an analysis of the questionnaire on the

mechanics and general opinions about the course which was given on the

last regular class day of the semester.

Within Group's arison, of California ReaSOnin California Fundamentals,

and Attitude Scale Pretest and PoSttest Scdres

Form-W of the California Mathematics Tedt was given during the

first week of classeS and Form X wasgiven during thelast wOk Of

pretest scores for,the LCD. group were 44.70 and 67.15

and mean posttest scores were 48.55 and 70.20 on the reasoning and

fundamental's sections4 respectiVely. The high and low scores differed

pointsonthe:Teasoningpretestand
by:I3 pointdon the posttest.

A smallerdecreaseinrange foi- the LCD-group appeared on tfi6 fundaMenta10:
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portion of the examination. Scores on the pretest spanned 32 points

and spanned 28 points on ths posttest.

The results were quite similar in the LSGD class. Mean test

scores on the reasoning section increased from 45.50 on the pretest to

49.20 on the posttest. The range of scores spanned 32 points on the pre-

test and 28 on the posttest. The fundamentals pretest average score was

65.45, while the posttest mean was 70.85. The range of scores dropped

from a difference of 32 points on the pretest to a difference of 22,

points on the posttest.

11s shown in Table 8, the standard deviation decreased from

pretest to posttest on each test in both classes. The largest decrease

cccurred in the LSGD group on the fundamentals test. Individual test

scores and the difference between pretest and posttest score for all

students involved In the statistical analysis an each portion of the test

are listed in Tables 9 and 10 and Appendix C lists the scores of the

TABLE 8

MEAN STANDARD DEVIATION, AND RANGE OF SCORES ON

CALIFORNIA MATHEMATICS TEST BY CLASES

DM Group

Test Mean S.D.

Reasoning Pretest 44.70 5.89

Reasoning Posttest 48.55 4.93

Fundamentals Pretest 67.15 8.26

Fundamentals Posttest 70.20 7.28

remaining students in the two classes.

LSGD Group

Range Mean S.D. Range

33-55 45.5o 8.52 28-60

43-56 49..20 6.73 45-79

47-79 65.45 10.03 30-58

50 78 70.85 6.42 57-79

It will"be observed that eleven

students in the LCD group increased their reasoning score at least five
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TABLE 9

CALIFORNIA MATHEMTICS TF,ST SCORES BY STUDENT

LOD Group

Student *Reasoning
Number Pretest

1 40

2 45

3 45

4 43

5 47

6 40

7 52

8 40

9 49

10 33

11 45

12 52,

13 44

14 55

15 55

16

17 44

18 39

19 4

20 I

Reasoning
Posttest

Difference
Posttest Minus

Pretest

**Fund. Fund. Difference
Pre- Post- Posttest Minus
Test Test Pretest

43

50

46

48

54

48

56

47

45

43

43

60

49

53

56

- 43

44

38 48

* Highest possible

+3

+5

+1

+5

+7

+8

+4

+7

-4

+10

-2

+8

+1

+5

+11

+10

58

79

66

66

77

70

58

47

69

69

73

75

63

74

79

65

57

68

70

6

67

74

70

75

77

64

80

50

70

70

72

+9

+14

+9

0

-6

+22

+3

+1

+1

-1

77 +2

69 +6

78 +4

78 -1

67

58 1

6, -3

76 1 +6

65

scOre i0:60..

** Highest possible score 18 80.
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TABLE 10

CALIFORNIA MATHEMATICS TEST SCORES BY STUDENIT

Student
Number

2

3

4

5

6

7

8

9

10

11

12

13

114

15.

16,

17

18

9

20

LSGD Group

*Reasoning
Pretest

Reasoning
Posttest

Difference
Posttest Minus

Pretest

**Fund.
Pre-
Test

55 55 0 75

31 43 +8 59

34 39 +5 53

52 58 +6 67

47 54 +7 73

43 48 +5 63

50 49 -1 60

39 46 *7 49

39 49 +10 66

50 48 -2 70

4 4 46 , -, 67

50 53 70

28 30 /45

56 56 79

53. 52 75

50 77

46 48, 60

54 +2 72'

+3 .77

35 43 52'

I

Fund. Difference.
Post- Posttest Minus
Test Pretest

75 0

68 +9

57 +14

74 +7

77 +4

65 +2

70 +10

70 +21

67 +1

75 +5

66 -1

76 +6

66 +21

79H 0

75 0

76 -1

,62 +2

79 +7

79 +2

61 +9

* Highest.possible score is 60.

** Highest possible score is 80.

6 2
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Points and three of them increased their sc:ore from pretest to posttest by

more than ten points. In the LSGD class, eight students scored at least

five points higher on the second reasoning test and two of these exceeded

a ten roint difference. On the fundamentals test, six students in the

LCD class improved"their score by at least five points and two of these

increased their score by ten or more points. In the LSGD section, ten

students scored at least five points higher from pretest to posttest

and three of the ten achieved a score at least ten points better. Two

students in the LCD section scored at least five points lower on the

second reasoning teet than on the fir.A.

Table 11 lists the student scores for both groups on the attitude

scale and gives the difference in score between pretest and posttest.

lhe range of scores for the LCD group was 30 to 83 on the pretest and

40 to 85 on the Posttest. The mean score from pretest to posttest in-

creased from 64.70 to 68.75. Two students scored at least eleven points

lower on the posttest than on the pretest and four students increased

their score by at least eleven points from first to last administration

of the scale.

scores in the LSGD group ranged from 34 to 94 on the pretest

and from 47 to 87 on the posttest. The mean score increased less than

one point from initial to final measurement. The posttest score was

eleven or more points lower than the pretest in three cases and three

students increased their score by at least eleven points from the first

frequencies of dil/erences in score from pretest to posttest as well

as the mean and the standard deviation of each test for each group.

63
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TABLE 11

ATTITUDE-TOWARD-MADIEMXTIGS SCORE BY STUDENT

LGD Group LSGD Group

Student
Number Pretest Posttest

Student
Nunber Pretest Posttest

1 73 60 -13 1 74 75 +1

2 83 83 0 2 62 51 -11

3 80 68 -12 3 49 56 +7

4 50 57 7 4
,
80 81 +1

r
) 81 87 +6 5 71 69 -2

6 54 60 +6 6 70 78 8

7 77 87 +10 7 58 70 +12

8 37 40 3 8 53 72 +19

9 30 44 +14 9 57 62 +5

10 57 64 +13 10 69 75 +6

11 83 74 -9 11 70 61 -9

12 55 81 +26 12 72 77 +5

13 47 63 +16 13 34 47 +13

14 82 76 -6 14 84 78 -6

15 79 81 +2 15 94 83 -11

16 42 51 +9 16 72 71 -1

17 79 85 +6 17 60 57 ...3

18 -66 70 4' 18. 81 87 +6

19 71 69 -2 19 77 77 0

go 68 ', 75
20 -89 58 -31

score minus pretest score

64
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TABLE 12

SUMMARY OF ATTITUDE-TOWARD-MATHEMATICS
SCORES FOR BOTH GROUPS

1 Statistic LOD Section LSGD Secti:9

Mean 64.70 68.80

Pretest S,D. 16.912 1L.333

[Pretest

Posttest Mean 68.75 69.25

Posttest S.D. 13.522 10.941

Difference Number of Students Scoring

Interval Within the Interval

*D< -10 2 3

-101.DS -5 2 2

5 6

51: D1; 10 7 6

10 4: D 4 3

*D .1 Posttest score minus pretest score

An examination of the pretest and posttest scores reveals that

both groups Improved their mean scores frominitial to final measure-

ment on all three variables. A t -test for difference of mean scores

between pretest and posttest scores on the "California Reasoning,"

"California Fundamentals," and the attitude scale was made for each

group. As shown in Table 13, the difference between pretest mean and

posttest mean is significant at the .05 level of confidence for the

LCD section on the reasoning test and for the LSGD section on the funda-

mentals test. All other differences fail to be significant at the .05

level of confidence; however, at the .10 confidence level, the difference

65



TABLE 13

PRETEST-POSTTEST COMPARISON OF REASONING, FUNDAMENTALS,
AND ATTITUDES WITHIN GROUPS

Variable

*t
LCD Section

*t
ISGD Section

Pre-Reasoning/ 2.216 1.508

Post-Reasoning

Pre-Fundamentals/ 1.262 2.013

Post-Fundamentals

Pre-Attitude/ .828 .111

Post-Attitude

* degree of freedom = 18
t.90 = 1.328; t.95 - 1.729; t.975 2.093

TABLE 14

MEAN AND STANDARD DEVIATION OF SCORES ON REASONING,
FUNDAMENTALS, IND ATTITUDE FOR UPPER ONE-HALF

ABILITY LEVEL OF EACH GROUP

Measure

LCD Group LSGD.Group

Mean
Standard
Deviation Mean

Standard
Deviation

'Reasoning Pretest 46.8o 7.301 50.60 5.501,

ReaSoning Posttest 51.10 5.858 53.50 3.894

Fundamentals Pretest 70.80 :7.714 70.40 9.009

-Fundamentals Posttest 74.90 4.095 74.80

Pre-Attitude:Scale -:68.80 16,844 75.70 10.690

Post-attitude Scale
I..

73.20' : 13.887- ':77.90 4.041
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between the mean scores for the LSGD section or ths reasoning test is

significant.

As indicated in Chapter III, students numbered 1, 4, 6, 6, 12,

14, 15, 16, 15, and 19 make up the upper one-half ability level of the

LSIGD group and students numbered 1, 2, 5, 7, 9, 10, 12, 14, 15, and 19

comprise the upper one-half ability level of the LCD section. Tables

and 15 provide a list of the mean score and the standard deviation of

the scores for the upper and lqwer one-half ability lavels, respectively,

14

of each group.

The mean score for the two upper one-half ability levels in-

creased from pretest to posttest in each case, while the standard

deviation decreased in every instance. Inasmuch as the mean scores do

not differ significantly at the .05 level of confidence (Table 15) from

pretest to posttest, it can be guessed that the scores of the posttest

are relatively less dispersed about the mean than the scores of the

pretest. Computation of the ratio sAT in each case, where s is the

standard deviation and 5C is the sample mean, substantiates this claim.

TABLE 15

PRETEST-POSTTEST COMPARISCN OF REASONING,
FUNDAMENTALS,AND ATTITUDE MEAN SCORES

FOR UPPER ONE-HALF:ABILITY LEVEL

Measure ',pp Group:
*t

ISGD Group
*t

Reasoning 4453 1.361

Fundamentals 1.485 1.387

Attitude .637: .592

7* degrees of freedom
too eis 1.383; %95 "

9

1.833; t975 2.262

67
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The mean and standard deviation of each pretest and each posttest

for the lower one-half ability levels are given in Table 16. The mean

score'increased from pretest to posttest in every case except for the

attitude scale in the ISGL group. The mean score for the pre-attitude

scale 'was 61,90 and the post-attitude mean score was 60.60. This de-

crease in mean score is due largely to student number 20, whose attitude

-score dropped 31.points--from 89 to 58. As in the upper one-half ability

groups, computation of the ratio s/Y indicates that the relative disper-

sion about the mean decreased in every case, however, the decrease was

very slight in the LCD group on the fundamentals test.

TABLE 16

MEAN AND STANDARD DEVIATION OF SCORES ON REASONING,
FUNDAMENTALS, AND ATTITUDE FOR LOWER ONE-HALF'

:ABILITY LEVEL OFEACH GROUP

Measure

LCD Group LSGD Group

Mean
Standard
Deviation Mean

Standard
Deviation

'110-soning 'PrOte'st 142-.60 3.204 o.4o 8.072

ReaSoning Posttest )4.00 2.309 44.90 6.674

Fundamentala Fretest 6 :50 7-412' 60.50 8.759

Fundamentals Posttest 65.7o 7:1424 66,90 6.118.

Pre-Attitude Scale 60.60 16.8Th 61.90 14.609/

Post-Attitude Scale 64.30 13.013 60.60 8.733

The results of a t-test performed on the difference between

the pretest and posttest mean scores show the differences to be signifi-

cant at the .05 level of confidence In the LCD lower one-half ability

68
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level on the reasoning test and in the lower-one half ability level of

the 1.3311) group on the fundamentals portion of the California Mathe-

matics Test. Table 17 lists the values of t computed.

TABLE 17

PRETEST7POSTTEST COMPARISON OF REASCNING0 FUNDAMENTALS
AND ATTITUDE MEAN SCORES FOR THE LOWER
,ONE-HALF ABILITY LEVEL OF ROTH GROUPS

Measure LCD Group
*t

,

LSGD Group
*t

Reasoning 2.722 1.359

Fundamentals .663 1.894

Attitude .550 -.242

* degrees of freedom = 9

t.90 1.383; t.s, = 1.833; t.§75 = 2.262

Summary of Unit Tests and Final Examination Scores

Table 18 lists the mean sCOre and the standard deviation of s ores

of both Ft- r-- the remaining five criterion measures; namely, "final

," "final examination-part II," "final examination-

total," "total points

points in the

On independent reading examinations," aad "total

course." Table 19 lists the corresponding means for the

two upper one-half ability levels and Table 20 summarizes the same

information for the two lower one-half ability levels. Appendix A

contains individual student scores on each of the five measures.

Perusal of Tables 18, 19, and 20 cast doubt upon the possibility

of finding significant differences between the two groups or between

the two ability levels of the two groups on the various criterion

measures .in all but one or two instances Even though the differmices
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between the two groups on the initial measures were no- great, there

is the possibility that these differences account for the apparent lack

of significant differences on the criterion measures. The analysis of

covariance technique is designed to answer the question.

TABLE 18

MEAN AND STANDARD DEVIATION OF SCORES OM

FIVE CRITERION MEASURES FOR LCD AND
LSGD GROUPS

Criterion

LCD Section L3GD Section

Mean S.D. Mean S.D.

Final exam - part I 59.25 22.20 63.50 21.89

Final exam - part II 12.60 4.27 13.30 4.91

Final exam - total 71.85 24.94 77.10 25.95

Total points on indep.
reading examinations

36.40 8.14 40.30 11.68

ITotal points in coUrse 275.60 57.5o 295.00 60.40

TABLE 19

MEAF AND-STANDARD DEVIATION OF SCORES ON FIVE
CRITERION MEASURES FOR UPPER ABILITY

LEVELS OF BOTH GROUPS

Criterion

LCD Section LSGD Section

Mean H S.D. Mean S.D.

Final exam - part I 72.50 22.61. 77.00 17.06

Final exam - part II 14.40 3.58 16.80 2.1.0

Final exam .-: total 86.90 25.36 93.80 18.48

Total Points on indap.
reading examinations

4o.00 6.00 49.4o 3.95

Total points course 312.60 47.41. 336.10 27.97



TABLE 20

MEAN AND STANDARD DEVIATION OF SCORES ON

FIVE CRITERION MEASURES FOR LWER
ABILITY LEVELS OF BOTH GROUPS

Criterion

LCD Section LSGD Section

Mean S.D. Mean S.D.

Final exam - part I 46.00 8.60 50.00 15.97

Pinal exam - part II 10.80 3.92 9.80 3.94

Final exam - total 56.80 9.26 60.30 19.90

Total points on indep.
reading examinations

32.80 7.80 31.20 8.84

Total points in course 238.60 36.01 253.90 52.64

Selection of Covariates

Since the covariates were selected primarily on the basis of

their correlation with the criterion measure, a table of correlations

between initial measures and criterion measures was constructed. The

correlations are given in Table 21. It should be noted that for sample

size 40, the correlation coefficient must exceed .264 to, reject the

hypothesis that the population correlation coefficient differs from 0
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the .01 level

exceed the former

l'igure and ali but three of theciorrelation6 exCeed the latter; namely,

:.pre7attitude versUs final examination, part I;'_pre7attitUde Versus,

final examination total points; and pre-attitude versus total points

in the 'CoUree.

eecond COneideraticin

was the existence of a reasonable difference between the two groups



TABLE 21

CORRELATIONS BETWEEN INITIAL AND CRITERION MEASURES

Criterion
Measure

Years
H.S.
Math

Reas,
Pretest

Fund.
Pretest

Algebra
Test

Attitude
Pretest

A.C.T.
Math

A.C.T.
Total

Final
Exam
(Part I)

.686 .684 .450 .661 .279 .763 .701

Final
Exam
(Part II)

.737 .626 .609 .569 .470 .682 .648

Final
Exam
(Total)

.728 .709 .501 .674 .328 .785 .727

Total
Indep.
Reading
Exams

.676 .607 .62b .495 .515 .704 .702

Total
Points in
Course

.721 .610 .4.93 .613 .332 .761 .725

Post-
Attitude
Score

.615 .596 .E 7 .538 .757 .568 .433

On the pretests. The meanscores of the: tWo grOups 'California

Reasoning," "California Fundamentals," 6,ild the algebra test differed

by 'at most two points; however, the standard deviations differed enough

to warrant inclusion of all three as covariates. Attitude pretest mean

scores of 64.70 and 68.80 were judged sufficiently different to justify

inclusion as covariates. The initial measure "years of high school

mathematics" exhibited no difference between the two groups and so
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was not retained as a covariate For convenience the mean score and



standard deviation of scores for each of the seven initial measures

is summarized in Table 22. The individual student scores on the

algebra test are given in Table 23. The individual student scores on

the other six initial measures were given in Tables 5, 9, 10, and 11.

TABLE 22

DESCRIPTIVE STATISTICS ON INITIAL MEASURES
FOR BOTH GROUPS

Initial Measure Statistic LCD Section LSGD Section

Years of High Mean 2.50 2.50

School Math. S.D. .827 .827

Pre-reasoning Mean 44.70 45.50
S.D. 4.93 8.52

I Pre-fundamentals Mean 67.15 65.45

S.D. 8.26 10.03

Pre-attitude Mean 64.70 68.80

S.D. 16.912 14.333

Algebra Test Mean 14.55 14.10

S.D. 7.330 4.327

A.C.T. Math. Mean 50.95 51.75

S.D. 27.81 23..37

A.C.T. Total Mean 257.10 277.90

S.D. 116.43 102.24
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To deterMine whether the use of all six initial measures was

inthesense producing SignifiCant increase;in thepractical

accuracy of prediction of the regression equations the multiple corre-

lation coefficients of all six initial measures on each of the criterion

measures was oOmpared with the multiple correlation of subsets of one

or more covariates with each of the dependent variables. The subsets were

selected on the basis of their individual correlation with the criterion

measures:



TABLE 23

COOPERATIVE MATHEMATICS TT (FORM Al
AL(EBRA II) INDIVIDUAL SCORES

LOD LMD

Student
Number

Test
Score

Student
Number

Test
Score

1

2

3

16

16

1

2

3

20

12

12

IL IL 13

5 26 5 13

6 11 6 15

7 30 7 17

8 10 8 13

9 7 9 8

10 16 10 9

11 11t 11 10

12 29 12 18

13 11 13

1)4 10

15 17

16 10 16 15

1.7 10 17 19

18 7 18 21

19 19 19 15

20 10 20 8

61
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McNemar (1949, p. 266) indicates that the F-ratio

R2 - R2
1 2

N - m1 - 1

F-
1 - Ri ml - m2
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with mi - m2 and N - ml - 1 degrees of freedom, where R1 is the multiple

correlation based on all of the independent variables, R2 is the multi-

ple correlation based on the selected subset, N is the number of indi-

viduals, ml is the total number of independent variables, and m2 is the

number of independent variables in the subset, may be used to test the

statistical difference between R1 and R2. McNemar (p. 266) states that

"If F falls beyond the .01 point, we can safely assume that the apparent

gain in using the additional variable or variables possesses statistical

significance.".

The multiple correlation of the selected subsets of one covariate

were the first to be compared with the multiple correlation of all six

covariates. If the F-ratio indicated that no significant gain could

be mseiewith the inclusion .of additional covariates, the analysis of

covariance Waa completad. For Cach ,r1.6erf.or .Aire "da. 4111.311 the

:F7ratio indicated a significant gain could be made using additional

-
curvariates; the:multiple correlation of.Ythe subseta of -two: covariates

'.-oras'comparedwith the Multiple corre]Ation for aIl:silu.7 ccvariates. In

every:case nO more than covariates were needed. Yrable 24 lists

tittle criterion measures with their associated covariatss, the multiple

correlation coefficients and the F-ratios. It will 17-2.-; observed that

in four of thn eight cases,-the gain made by inclusiomc-)f covariatcs

other than "h.C.T. mathematics" does not possess stat;71Stical significance.



TABLE 2h

COMPARISON OF MULTIPLE CORRELATION WITH CRITERION

MEASURES OF SELECTED COVARIATES AND ALT, SIX

00VARIATES FOR TOTAL GROUPS

Criterion
Measure

Multinle Correlation
with *Covariates
I,II,III,IV,V,VI

Subset

Multiple Correlation
of Subset with
Criterion Measure

= F

Post-reas. .881 I .811 3.490

Post-fund. .852 1,11 .772 3.681

Post-attitude .8116 III .757 3.329

Final Exam.
Part I

.827 V .763 2.125

Final Exam.
Part II

.783 V .682 2.535

Final Exam.
Total

.847 V .785 2.363

Total Points
Inde. Reading
Exam.

.823 ITIV .752 2.590

14,48Total Points
in Course

4798 v

I
.761
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* I Pre-reasoning IV = Algebra Test

II Pre-fundamentals V = A.O.T. Mathematics Percentile

III Pre-attitude VI = A.G.T. Total

The existence ofa. difference in group means on the "California

Reasoning," "California Fundamentals, and attitude scale posttests will

first be investigated. Table 25 summarizes the statistical information

for the full groups. In eaoh case, Appendix D contains the raw score

mean and the adjusted mean score.

The F ratios given in Table 26 indicate that there is ro

significant difference at the .05 level of confidence between the mean



TABLE 25 64

MEAN AND STANDARD DEVIATION OF SCORES
OF TOTAL GROUPS ON THREE CRITERION

MEASURES

LCD Group LSGD

Criterion Mean S.D. Mean S.D.

Reas. Posttest 48.55 4.93 49.20 6.73

Fund. Posttest 70.20 7.28 70.85 6.42

Attitude Posttest 68.75 13.52 69.25 10.94

eJ

TABLE 26

ANAMSIS OF COVARIANCE; TOTAL GROUP COMPARISON

OF MEANS ON THREE CRITERION MEASURES

Criterion

Covariates

Pre reasoning

Pre-fundamentals &
Pre-reasoning Pre-attitude

*F-ratios

Post-reas.

Post-fund

Post-attitude

.010

.526

.580
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scores of the two groups on post-reasoning, post-fundamentals, or

post-attitude scale. That is, it is not safe to assume that regression

lines, or regression plane in the case of the post-reasoning variable,

for the separate groups are different from those of the combined groups.

The analysis of covariance of the difference of mean scores between

the two total groups on the last five criterion measures, that is, on final

examination - part I; final exa:aination - part II; final examination - total;

total points on independent reading examinations; and on total points in

the course, indicates that there is no significant difference at the .05

level of confidence between the two groups in any instance. Table 27

lists the ,/..iterion measures, covariates used, and the F-ratios computed.

TABLE 27

ANALYSIS OF COVARIANCE: TOTAL GROUP COMPARISON
OF MEAN SCORES ON FIVE CRITERION MEASURES

Criterion

Covariates

A.C.T. Math.
A.C.T. Math.
and Pre-fund.

*F-ratios

Final Examination -
Part I

Final Examination -
Part II

Final Examination -
Total

Total Points
Independent Reading
ExaMinations

i

Total points in
'Course

.671

.312

.848

4.651

2.221

(1,37) 5j47arid F0 8 (1 37) ..069

8
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In the analysis of covariance of the criterion means for the

upper and lower one-half ability levels, both of the initial measures,

"A.C.T. mathematics" and "A.C.T. total" was deleted from the list

of covariates. This was done because "A.C.T. mathematics" was used to

determine the ability levels and "A.C.T. total" is a composite of

scores including "A.C.T. mathematics."

The selection of the covariates to be used in the analysis

of covariance followed the same procedure as with th total groups.

With one exception, it was found that for both ability levels a single

covariate was sufficient for each of the criterion measures "post-

reasoning," "post-fundamentals," and "post-attitude." Of the five re-

maining criterion measures, four required two covariates in the upper-

ability level and three required two covariates in the lower ability

level. Since the same two covariates were found to be sufficient for

all five criterion measures in both ability levels, no analysis of

covariance using only one covariate was performed. Tables 28 and 29

give the multiple ccrrelation coefficients and the corresponding "F--

ratios for the upper and lower ability level, respectively.

The analysis of covariance of the posttest mean sca.-es of

the two ability levels on the criterion measures "post-reasoning,"

"post-fundamentals," and "post-atUtude" indicated no significant .

difference at the .05 level between the two groups on any one of the

. three criterion measures. The F-ratios computed are given in Table 30.
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TABLE 28

30MPARIS0N OF MULTIPLE CORRELATION WITH ,ORITE;RION MEASURES
OF SELECTED COVkRIATES AND ALL FOUR COVARIATES FOR

THE UPPER CUE-.HALF ABILITY LEVEL

Criterion
Multiple Correlation

with *Covariates
I, II, III, IV

Subset
Multiple Correlation

of Subset with
Criterion Measure

iNiF

Post-reas. .896 I .803 4.018

Post-fund. .810 I II .705 3.470

Post-attitude .858 III .745 3.431

Final Exam.
Part I

.821 I,IV .802 .708

Final Exam.
Part II

.737 1 IV .688 1.145

Final Exam.
Total

.831 I,IV .791 .479

Total Points
Indeo. Read.

.646 -1 IV
le P

.578 1.072

Total Points
in Course

.796 I,IV .791- .164

* I = Pre-reasoning
II = Pre-fundamentals
III = Pre-attitude
IV = Algebra test

**F
.99

(15 2) = 6.36 and F
99

(15,3) = 4.89
0

-80



TABLE 29

COMPARISCN OF MULTIPLE CORRELATION WITH CRITLRIONMEASURES
OF ALL FOUR COVARIATES AND SELECTED COVARIATES FOR

THE LOWER ONE-HAIF ABILITY TAVEL

Criterion

68

Multiple Correlation
with *Covariates
I, 114 III, IV

Subset
Multiple 3orrelation

of Subset with
Criterion Measure

-IREF

Post-reas.

Post-fund.

Post-attitude

Final Exam.
Part I

Final Exam.
Part II

Final Exam.
Total

-Total Poirits
.Indep.'Read,

Total 'Points
'in COurse

.711 .666 1.275

.728 II .716 .184

.783 III .693 1.716

.518 I,IV .491 1.780

.632 nr. .414 2.848

.416

2.623

2.021

*I = Pre-reasoning
II - Pre-fundamentals
III ' Fre -attitude
IV = Algebra test
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TABLE 30

kNALYSIS OF COVARIANCE: COMPARISCN OF UPPER ONE-HkLF

ABILITY LEVELS kND MUER ONE-HALF ABILITY
LEVELS ON THREE CRITERION MEASURES

Criterion

,

Ability
Level

-

Covariates

Pre reas. Pre-fund. Pre-attitude
Pre -reas.&
Pre-fund.

4F-ratios

Post -reas.
Upper
Lower

.00 4

.002

Post-fund. Upper
Lower 2.150

.963

Post-attitude
Upper
Lower

.086
1.474

Try 6.o4; F,-025 (i411) :...001; F.97.5 (1 16) - 6.12

(1,16) :.001.:
7.025

Table 31 gives the results of the analysis of covariance per-

formed on the mean scores of the five remaining criterion measures for

the two ability levels. It will be recalled that there was no statis-

tically significant difference at the .01 level of confidence between

the use of all four covariates and the covariates pre-reasoning". and .

nalgebra test."

The analysis of covariance indicates that a t th .05 level of

confidenCe, there is no significant difference between the mean s-ores

of the twogroUps at either ability level on the criterion measures

"final examiriationrpart'I," "final examination-part II," "final

examination-tota121 and "total points in course." FUrthermore there

is no significant difference2 at the .05 level of confidence between



TABLE 31

ANALYSIS OF COVARIANCE: COMPARISON OF UPPM ONE-HALF AND

LOWER ONE-HALF ABILITY LEVELS OF THE TWO GROUPS ON

FIVE CRITERION MEASURES USING "PRE-REASONING"

AND "AMEBRA TEST" AS COVARIATES

Criterion Measure

Ability
Level

Final exam - part I Upper

Lawer

.020

1.704

Final exam - part

Final exam - total

Total points on indep.
reading examinations

,

Total points in course

Upper 3.225

Lower .058

Upper

Lower 1.268

Jipper 19.387

jpwer

Upper 3.083

Lower 1.198

*F
975

1
1 025
16) = 6.12; F (1,16) = :001

. .

the mean scores of the two lower ability levels on the criterion variable

"total points on independent reading examinations."
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However, for the two upper ability- levels, the analysis of

covariance indicates that the mean scores of the two groups differ

signifieartly, at the .05 level of confidence, on the criterion vari-

able "total points on independent reading examinations."

Analysis of Questionnaire on Mechanics and-O'inions- of the Course

Since COmplete- anonymity was desired and since' the students

without A.C.T. scores did not know they were excluded from the statisti-
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cal analysis, the questionnaire was answered by all 27 students in the

LCD group and all 23 students in the LSGD section. appendix F contains

the questionnaire and the percentage of students responding to each

alternative.

To obtain some measure of the relative difficulty of the course,

the correlation between the "lents' opinion as to difficulty and hours

spent outside of class in stuc'75 waz computed (questions 2 and 5). The

numbers 1, 2, and 3 were assigm* th9x possible alternative responses,

with the number 3 indicating, i L4Lgestiam-two, that the course was more

difficult than expected by the stpent amd, in question five, that more

than six hours per week were svent tn sz...m.dy outside of class. The corre-

lation between the response to thli two cuestions by the LCD group was

.293 and was .329 for the LSGD section. A sample correlation coefficient

of about .325 is required to deplare that the correlation differs signifi-

cantly from 0 at the .05 level with a sample of size 27. The correspond-

thus, thereing figure for a sample of size 23 is approximately .350;

does not appear to be significant linear relationship between 'the stu-

dents' opinion on the difficulty of the cour6e:and the time spent in

study outside of the class period.

There was a significant relationship between the amount of time

:spent in stUdy outside of class and the anticipated letter grade in the

LCD section (the letter grades A, B, C and D were assigned the numbers

3, and:=4,1 respeCtively). However, in the:LSGD group the. Sample

cOrrelatiOn coefficient fails tp:IDeSignificantly different from 0 at

the .05 level. That is in the LCD group there is some reason to believe

that,the students'whO 'spend,;,the least_ ,
.

time in study outside of class

in the LSGD section



the evidence does not support the same conjecture. Table 32 contains

the correlation coeffictents computed.

TABLE 32

CORRELATIONS WITHIN GROUPS AMONG THREE SELE(') QUESTIONS

FR04 "-1CHANICS AND OPINION'OF COURSE" QUESTIONNAIRE

*Qaestion Section a 5 11

2 LCD 1.0 ._293 .525

LSGD 1.0 .329 .107

LCD .293 1.0 .375

LSGD .129 1.0 .375

11 LCD .525 .375 1.0

LSGD .107 .337 1.0

4Question 2:

Check one of the following:

1. The course was easier than I had expected.

. The course was about as difficult as I had expected.

The course was more difficult than I had expected.
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Question :

How much time did yoli have to spend studying the material outside

of the class ,-eriocri

1. 1ess than fOur hours per week

3-

QueStion.11:

between four to six hours per week

more than six hours per week.

What letter grade do you expect to receive in this course?

.1. A; .2. B; 3. 0; 4. D.

85



73

Five students in each class indicated that the course was more

difficult than expected. Of the five students in the LCD section,

two of them indicated that they felt their attitude toward mathematime

had changed for the better (question 8) and the remaining three ind5.cated

that no decied change had occurred. In the Min section, however, only

one studamt of the five indicating that the course was more difficult

than expected responded that no change in attitude had occurred. Three

students felt that their attitude had improved and one student felt that

his attitude toward mathematics had deteriorated during the course of

the semester. The remaining students in each group, that is, those that

felt that the course was either easier than expected, or was about

difficult as expected, indicated that they did not feel that their

tude had changed or they felt that it had changed for the better.

Other statistical analysis of the questionnaire could have been

performed however, for this study all other questions were answered by

considering the percentage of students responding to each alternative

within each question. Any analysis relating the questionnaire to the

eight criterion variables previously discussed Gould be misleading

since Ll students completed the questionnaire and only 20 students

as

atti-

from each, group were included in th'e' other statistical analyses.



CHAPTia V

SUMMARY, CONCLUSIONS, AND wSCOMMENDATIONS

The three hypotheses given in Chapter I which siTerved as a basis

for this study will be considered in the light of the (huts collected

and the analysis of the data presented in Chapter TV. onc1usions

relating to the hypotheses will be given in the section entitled

"Specific Conclusions." An answer to the question "Gan a mathematics

class of preservice elementary school teachers working in small groups

eXamine all Ofthe courSe content included in a class tivught by a

lecture-class discussion technique?" will be given in the 'General

Conclusions' section. Recommendations and suggestions for additional

research related to this study conclude the chapter.

As stated in Chapter I, the purpose of this study was to
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Pare the effectiveness of two teaching techniques used in two mathe-

matics classes' for prospective elementary school teachers. The

effectiveness of the two techniques was evaluated by considering tne

students' performance on certain criterion measures. A comparison

was made between the two groups on (a) the amount of mathematical

content examined by each section; (b) the students' understanding of

the basic mathematical concepts underlying arithmetic; (c) their

mastery of the computational skills of arithmetic; (d) their abillq

to read mathematical material independently and with understanding;

and ( ) the attitude toward mathematics held by the students of each

group.
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The two teaching techniques were the lecture-class discussion

(LCD) method and the lecture-small group discussion (LSGD) instructional

procedure. In the LCD section, approximately thirty percent of the

class period was devoted to lecture by the instructor, with the remain-

ing seventy percent given to instructor-led class discussion. Lecture

consumed twenty percent of the time in the LSGD section and instructor-

led class discussion used another twenty percent of the class period.

The remaining sixty percent of the time in the LSGD section was devoted

to small-group (three or four students) work on assigned material. rhe

instructor and one assistant were available to give limited assistance

to the discussion groups.

Throughout the chapter references will be made to the instru-

ments used in obtaining the criterion measures. For convenience, the

criterion measares along with the instruments used to obtain them are

given below.

1. Mathematics reasoning skills: Part I, "Mathematics

Reasoning Text," of the California Mathematics Test '(Form X),

revised by Tiegs-and Clark.

II, "MatheMaticeFunrlamentals

Test, of the California Mathematics Test, (Form X), 1.957

edition, revised by Tiegs and nark.

3. Attitude toward mathematics: Attitude toward mathe-

matics scale devised by Aiken and Dreger (1961, pp. 19-20.

L. Final examination - part I. An instructor prepared

multiple-choice test covering 'the entire semester s work.

-Final exaMination: par:tII: An instructor prepared
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examination containing mathematical concepts not previously

covered in class and exercises based on this material.

6. Final examination - total: Union of parts I and II.

7. Achievement on independent reading examinations: The

union of the instructor prepared unit test I - part II,

unit test II - part II, unit test III - part II, and final

examination - part II.

8. Overall course achievement: The sum of all points

earned on the three unit tests and the final examination.

The validity of any conclusions drawn from the results of this

:udy must be determined within view of its limitations. The acknowledged

Lmitations of-this investigation are:

1. Even though there did not appear to be any factor other

than normal scheduling problems influencing class composition,

the samples Were not randomly selected.

2. Just two classes with a total enrollment of 47 students

were used in this study. Furthermore, the statistical analysis

data collected on only 40 of the students.

3. Even though both ClaSses
studied:frOm the same set of notes,:

the IBIGU.Section May.liavebeen:more dependent upon the'dittoed..

material CenstitUting the Course content. The progress made

by the LSGD see;ion during any class period seemed to be

related to the organization and clarity of the notes.

some Oases a greater :nuMber of:easier exercises maY have been

beneficial, while in other cases students could perhaps have

worked fewer:exerdises and still:hav6Hmastered the necessary

concepts.'
,

-



Notwithstanding the acknowledged limitations of this study,

certain conclusions can be drawn based on the data collected, the

analysis ofthe data, and personal observations. Conclusions based on

the data and the analysis of the data are given in the following sec-

tion. Conclusions drawn from personal observations and impressions

are included in the general conclusions section.

Seecific Conclusions

Hypothesis 1. There is no significant difference at the

.05 level of significance between pretest and posttest

scores within groups with respect to

(a) mathematics reasoning skills

(b) computational skills

(c) positive attitude taward mathematics scale.

Conclusion 1. lae t-test computed in Chapter IV indicates

that Hypothesis 1 may not be rejected with respect t

criterion (a) in the LSGD section, criterion (b) in the

LCD section and criterion (c) in both sections.

Conclusion 2. The t-test computed in Chapter IV suggests

that Hypothesis I be rejected in favor of the alter-.

native hypothesis "posttest mean greater than pretest

mean" with respect to criterion (a) in the LCD group

and criterion (b) in the LSGD section.

Hypothesis 2. There is no significant difference at th

45 level of confidence between pretest and posttest

7?

at the upper and lower ability



(a) mathematics reasoning skills

(b) computational skills

(c) positive attitude toward mathematics scale.

Conclusion 3. The t-test computed in Chapter IV does not

suggest rejection of Hypothesis 2 for the upper-ability

level within each group on any of the three criterion

measures.

Conclusion L. The t-test indicates that Hypothesis 2 be

rejected in favor of the alternate hypothesis "posttest

mean greater than pretest mean" with respect to criterion

(a) in the lower ability level of the LCD section and

with respect to criterion (b) in the lower ability level

of. the LSGD section.

Hypothesis 3. There is no significant difference at the 5

ofjpercent leVelmf confidence between the mean.scores

the two-groups with respect to

mathematics reasoning skills

(b) computational skills

78

positive attitude toward mathematics scale.

Conclusion 5. The analyses of covariance computed in

Chapter IV suggest that Hypothesis 3 may not be

rejected for any of the three criterion measures.

Hypothesis: 4 There is no significant difference at the

.05 leveIOf confidenae between the mean scores of

:the upPer Onehalfabilit7:1Ovels of:the twO: groups

'th respeCt to



(a) mathematics reasoning skills

(b) computational skills

(c) positive attitude toWard mathematics scale.

Conclusion 6. The analyses of covariance do not indicate

rejection of Hypothesis 4 for any of the three criterion

measures.

Hypothesis There is no significant difference at the .05

level of confidence between the mean scores of the

lower one-half ability levels of the two groups with

respect to

(a) mathematics reasoning skills

(b) computational skills

(c) positive attitude toward mathematics scale.

Conclusion 7. The analyses of covariance do not support

rejection of Hypothesis 8 on any of the three criterion

measures.

Hypotheals 6. There is no significant difference at the

.05 level of confidence between tbe mean scores of

the two groupswith respect t

(a) final eXamination - part I

(b) final examination - part II

(c) final examination - total

(d) achievement on independent reading examinations

(e) overall course achleveMent.

Conclusion 8. The analyses of covariance computed i

Chapter IV do not support rejection of Hypothesis 6

for any/of the five criterion measures.

32
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Hypothesis 7. There is no significant difference at the

.05 level of confidence between the mean scores of

the upper one-half ability levels of the two groups

with respect to

(a) final examination - part I

(b) final examination - part II

(c) final examination - total

(d) achievement on independent reading examinations

(e) overall course achievement.

Conclusion 9. The analyses of covariarice fail to give

evidence to reject Hypothesis 7 with respect to

criterion measures (a), (b), (c) and (e).

Conclusion 10. The analyses of covariance indicate that

HYPothesis 7 be reiected with respect to criterion

(d). In fact, the difference between mean scores is

significant at the .01 level of confidence.

Conclusion 11. Since the adjusted mean of the independent

reading score was greater for the upper one-half

than for the cor-ability level of the LSGD section

responding level of the LCD section and since the

difference of means was significant, the investigator

concluded that the mean score of the LSGD section

was significantly greater (at the .05 level) than

the mean of the LCD section on this criterion

measure.

The correlations among three selected questions and the

percent of students responding to various alternative responses t



each question on the student questionnaire dealing with the mechanics

of the course, length of examinations, time spent in study outside of

class etc.$ led to the following conclusions:

Conclusion 12. The students in the LSGD section indicate a

tendency toward the opinion that their attitude toward

mathematics had changed for the better during the

semester. Students in the LCD section tended to be-

lieve that their attitude taward mathematics had not

changed during the course of the semester.

Conclusion 13. A majority of the students in each class

believe that the course will definitely be of value

to them as elementary school teachers of mathematics.

The percentage of students with this belief was

greatest in the section taught by the LSGD instruc-

tional technique.

Conclusion 14 In the LCD section there appears to be a

linear relationship between the letter grade a student

expects to receive and their response to whether the

course was easier, about as difficult, or more diffi-

cult than they had expected. The students stating

that the course was easier or about as difficult as

expected also anticipated the higher letter grade for

the course. The evidence does not support the same
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linear relationship between the letter grade a student

expects to receive for the course and the amount of



time spent in study outside of class. The students

indicating that they anticipated one of the higher

letter grades also indica.ted that they did not have

to spend much time in study outside of class. The

evidence does not support the same conclusion in the

LSGD group.

Conclusion 16. The students in the LSGD section were more

inclined to believe that their attitude toward mathe-

matics had improved since the beginning of the eemester

than were the studeats of the LCD section.

Conclusion 17. It will be recalled that the teaching

technique employed in each section was explained to

both sections at the beginning of the semester. The

students in the LSGD section generally agreed that

they could not have learned more mathematics had they

been enrolled in the LCD section.
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Conclusion 18. The students in the LSGD section almost

unanimously agreed that discussion groups of size four

without pairing within the group were the least effec-

tive. Group size three and group size four with pair-

ing within the group are about equally favored by the

students of the LSGD section.

Conclusion 19. Students in the LSGD section overwhelmingly

agreedthat the ten mititie-a: allotted to regular: lecture

activities at the beginning of the period was sufficient.



General Conclusions

Conclusior, 20. A comparison of the mathematical content

covered by the two secticns during the semester and

the results of the statistical analysis in chapter

four led this investigator to conclude that a mathe-

matics class for preservice elementary school teachers

taught by the LSGD instructional technique can cover

as much mathematical material as a class taught by the

LCD approach without sacrificing understanding of the

basic concepts presented in the course. In fact, as

observed in conclusions one ...144Lough eleven, the LSGD

teaching technique is at laial5-.th as effeqrtztve as the

LCD method on all critericrsures amd in a few

cases is clearly superior.

Conclusion 21. ThJ Observations civen below led this

Investigator to conclude that the LSID instructional

technique is superior to the LCD technique in

1. stimulating the students' interest in mathe-

matics,

2. promoting the idea that mathematics is not

83

static,

enhancing the students' ability to communicate

verbally in mathematics

contributing to the students' ability to work

-effectively in a small-group situation, and

developing ,the hablt'to think critically



84

about a given statement or concept in mathe-

matics before accepting its validity.

The instructor and his assistant made it a practice to arrive

at the classroom at least five minutes before each class was to begin.

This was done primarily to provide an opportunity for students to ask

individual questions about the homework or on some topic covered during

the previous class period. No tally was kept, but the instruator and

his assistant agree that with few exceptions the questions asked in

the LCD section were of the nature "I tried to solve the problem in

this way, but I couldn't get a result. What an I doing wrong?" In

all cases, the questions that were asked related directly to home-

-work or material covered in class.

In the LSGD section the questions and remarks during the

five minutes before class were markedly different. The questions were

rarely about specific problems but were rather of the nature 91Why

do we approach this concept as we do? Wbuldn't it be easier to under-

stand if we said . . . instead?" Undoubtedly, the questions they would

ask during these pre-class periods were prompted by difficulties

encountered during their group's discussion on the previous day. For

example, in the second chapter of the notes the operation "set differ-

ence" was defined in the usual way and then the complement of a set A

was defined as the set difference of the universe U and set A. In

the exercises, the students were asked to show that the set difference

of a set A and a set B is the same as the intersection of set A and

the complement-of set;B:. The qUestiOn then raised.by Several students

was."I Understand that the complement of a set A is.everyttling in



universe except the elements of A and I understand the definition of

set intersection, so why do we need met difference at all?"

Other pre-class conversations in the LSGD section centered

around mathematical puzzles and games suggested by students. The

instructor of the course frequent:14y used (in both sections of the

class) mathematical diversions to stress a point or to stimulate

interest in a narticular topic and sr; the students knew-of his

interest in puZzles or games with a rmathematicaL flavor. It is

likely that the students suggesting the first two or three mathe-

matical "oddities" possessed an intamest in this type of yental

activity befQre enrolling in the class; however, the informality and

congeniality of the small-group discussion class fostered., in the

dninion of this investigator, a similar interest by othere. Neitther

the instructor nor his assistant sensed a similar atmosphere in the

LCD section.

It is the opinion of this investigator that the opportunities

for exchanging ideas on particular problems and the opportunities to

examine critically the ideas and suggestions of other students

afforded by the omall discussion groups, advanced the thought that

very little ought to be

justification. Whereas

accepted in mathematics without reasonable

students inthe LCD group were inclined to

say to the instructor tI don't understand that statement," students

in the LSGD section were apt to state "I don't believe thatls true."

It is quite likely they didn't
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believe:the. statement-bt:idause they

but the fact remains that a substantial

number afetudehte in the LSGD section were eager to make known their
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reluctance to accept a statement as true simply because the imstrmctor

made the statememt.

It .1t5 the opinion of this investigator tnat participation

in the small work groups of the LSIGD section enhanced the student&

ability to verbally communicate ideas in mathematics. As will be

recalled, the final ten minutes of each class period was alloottad to

an instructor-led class discussion. During thit= period, the stunents

gave their solutions to solved problems either rerbally or preserzted

them at the board. Since the time period was short, students were

encouraged, although not required, to present-their argument verbally.

Since both sections used the same notes, the same questions wemre

answered by students of each group, thus it was possible to sukjectively

rate the quality of student response an specific questions. The instruc-

tor and his assistant agree that students of the 'sap group invariably

gave a clearer and more concise argument and, furthermore, seemed more

adept at defending their argument upon questioning by the instructor

or a fellow student than did students in the LOD section.

The tenor of the small-group discussions began to change

after the first few weeks. Early in the semester, students appeared

reluctant to criticize the arguments of others in the groom. However,

as the semester progressed, good, healthy debate over proposed solutions

was occurring with regularity. As the instructor and his assistant

circulated about the room listening to group conversations and answer-

ing questions, they looked for signs of animosity building between or

After the early weeks

of the semester the need ,for,a designated group .leader for the. day
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was dimintseed. The students appeared to be readily accepting their

individual :zesponsibility toward the completion of the assigned task.

It is the c9inion or this investigator that participation in the LSGD

class emhE.mced the students' ability to work effectively in a small-

grouc situazion.

Recommenda-zions

Reammendation 1. Some of the students in each class had

taken the required four-credit nScience-Social Studies-

Mathematics" techniques course (approximately three-

sixteenths of the time is devoted to the techniques

of teaching arithmetic). Since the techniques course

may have provided additional motivation, it is recom-

mended that future studies of this nature consider this

variable.

Recommendation 2. It is recommended that in any future

Investigations

LCD section be

assignments

similar to this study, students in the

required to submit written homework

on a regular basis. Since most

'discussion Was

class

on a voluntary basis, poorer students

frequently did not take the opportunity to work on

the more difficult exercises, perhaps decreasing

their chances of doing well on the independent read-

ing examinations.

Recommendation 3. It is recommended that in any future

students in the



to individually submit once or twice a week, written

solutions to exercises solved through group discussion.

This procedure would provide the instructor with an

early indication of individual misconceptions.

Recommendation 4. It is recommended that in future studies

similar to thts study, several different upper and

lower one-half ability levels be determined. Specif-

ically, A.C.T. total score, algebra test score, and

California Mathematics Test total Olould all be used

separately to determine ability levels.

Recommendation 5. It is obvious that in studies comparing

two teaching methods that the teacher variable is an

important one. Future studies similar to this investi-

gation should take the teacher variable into considera-

tion.

Recommendation 6. It is highly recommended that in any

future investigation similar to this study, an attempt

be made to measure the studentst ability to read

mathematical material independently and with under-

standing at the beginning of the course. Research

should be aimed at the development of valid tests

designed to measure the ability of preservice

elementary teachers to read independently and with

understanding, mathematical material similar to

Topics in Mathematics for Elementary Teachers pub-

Ushed-by the'Natiohal Council of Teachers of

Mathematics.

88
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Recommendation 7. It is highly recommended that future

investigations similar to this study make provisions

for a follow-up study to determine the technique of

teaching mathematics used by the students in their

first full-time teaching assignment.

Recommendation 8. It is recommended that future investi-

gations similar to this study make provis!.on for

laboratory-type experience in mathematics for students

of the LSOD section.

The physical facilities required for imple-

mentation of the ISIGD teaching technique (i.e., adequate

facilities for small-group work) would seem to be well

suited for the incorporation of laboratory

the regular class period.

very short

The experiments

or could take up to 50 minutes.

the laboratory work into the regular class

work within

could be

Incorporating

period would

eliminate the need for the careful (but quite often

unsuccessful) coordination of classroom activities

with laboratory work that is required when'the labora-

tory period is scheduled separately.

There are no laboratory manUals presently

available that could be used successfully within the

'framewOrk juSt described.

Recommendation 9. Traditionally the "Methods of teaching

.Plemelltary school arithmetic" cOurppshave been

HtaUght:separa'telyfromthe cOntent,cOurse-s. In fact,
, ,
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the content course is usually taught by the mathematics

department and the methods course by the education de-

partment. If personnel knowledgegble in both areas

are available, this author believes that the two courses

ought to be integrated. The integration suggested here

is not one of spending four class periods on content

followed by a fifth day devoted to methods of teaching

the content--although this arrangement is also believed

to be preferable to teaching separate courses--but

rather a fusion of method and content. For example,

after discussing and proving the theorem "If a, b, c,

and d are whole numbers, with b.4- a and dc, then

(a+c) (b+d) (a-b) (c-d)," an immediate question

could be TWhere in the elementary school arithmetic

sequence would you have need for this theorem and how

would you lead students to discover the theorem."

Another question might be "How would you argue the

theorem's validity at the third or fourth level?"

In the opinion of this investigator, the

spirit of constructive criticism, the informality,

the free exchange of ideas, and the opportunity stu-

dents have to discover mathematics "on their own"

that appears to exist in a class taught by the LSGD

technique would contribute significantly to successful

integration of method and content.

It is recommended therefore that research



be directed taward determining the advantages or dis-

advantages of fusing mathematics content courses and

methods of teaching arithmetic courses.
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APPENDIX A

UNIT TEST SCORES, FINAL TEST SCORES, AND TOTAL POINTS

IN COURSE FOR BOTH GROUPS
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TABLE 33

UNIT AND FINAL TEST SCORES FOR LCD SECTION

*TEST

U11 U12 U21 U22 U3, U
32

STUDENT
NUMBER HIGHEST POSSIBLE SCORE

86 114. 88 12 86 114 150

1 73. 11 63. 6 58 6 50 11

2 66 32 60 9 61 8 50 12

3 55 5 50 7 43 5 140 7

4 57 8 53 6 53 6 55 7

5 75 9 80 9 59 6 90 20

6 41 9 53 8 33 7 45 16

7 79 11 80 7 63 4 120 20

e, 141 3 39 9 45 7 50 4

61 4 64 7 52 5 65 11

10 614 n 65 7 48 9 50 9

n 61 13 46 6 39 8 30 14

12 80 314 86 9 714 12 90 314

13 65 12 73 8 54 7 60 114

114 63 9 45 8 52 8 65 15

15 78 12 84 9 63 10 90 15

16 147 3 140 6 62 6 45 8

17 58 5 142 11 51. 6 40 10
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TABLE S3 - Continued

UNIT AND FINAL TEST SCORES FOR LCD SECTION

STUDENT
NUMBER

*TEST

u11
u
12

u21
u
22

u31
u
32

r1

HIGHEST POSSIBLE SCORE

86 14 88 12 86 14 150 25

18

19

20

69

66

82

4

6

13

73

74

76

8

8

8

43

69

54

7

lo

9

40

55

55

13

17

15

= Unit test 1, part j.

F.= Final test, part i.
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TABLE 34

TOTAL POINTS CN EXAMINATIONS FOR LCD SECTION

*TOTAL

T1
T
2

STUDENT
NUMBER HIGHEST POSSIBLE TOTAL

410 65 475

1 240 34 274

2 237 41 278

3 188 24 212

4 218 27 245

5 304 44 348

6 172 40 212

7 342 42 384

8 175 23 198

9 242 27 269

10 127 36 263

11 176 41 217

12 330 49 379

13 252 41 293

14 225 40 265

15 315 46 361

16 194 23 217

17 191 32 223
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T.ABL3 34 - Continued

TOTAL POINTS C*1 EXAMINATIONS FOR LCD SECTION

STUDENT
NUMBE1

*TOTAL

Ti Ir2 T

HIGHEST POSSIBLE TOTAL

410 65 475

18

19

20

225

2614,

267

32

141

45

257

305

312

* 21 IT * U21 + U31 Fl
T2 U12 + U22 + U32 4. F2

T T1 + T2

110

(See Table 33)

(See Table 33)



TABLE 35

UNIT AND FINAL TEST SCORES FOR LSGD SECTION

*TEST

U12 U21 U22 U31 F1 F2

STUDENT
NUMBER HIGHEST POSSIBLE SCORE

86 14 88 12 86 14 150 25

1 79 68 12 68 8 105 19

2 66 9 57 7 64 lo 40 lo

3 40 4 49 7 49 6 30 9

4 79 14 88 12 60 10 70 13

5 68 14 73 9 65 8 85 16

6 74 13 60 8 62 6 60 17

7 69 5 66 8 65 6 55 15

8 64 8 76 12 64 12 55 13

9 48 8 67 6 47 4 . 35 9

10 82 12 77 9 73 ID 70 14

11 35 5 38 7 48 7 55 6

12 76 13 67 12 70 10 90 18

13 56 2 64 6 61 6 45 4

14 73 12 62 12 62 8 60 20

15 66 12 60 7 69 11 70 16

16 79 12 75 9 71 12 75 16

17 59 6 41 8 62 6 45 lo
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TABLE 3S- Continued

UNIT AND FINAL TEST SCORES FOR LSGD SECTION

STUDENT
NUMBER

*TEST

U
12

U
21

U
22

U
31

U32
F1 F2

HIGHEST POSSIBLE SCORE

86 14 88 12 86 14 150 25

18

19

20

63

80

33

13

14

a

71

63

55

7

12

6-

66

78

48

12

12

5

80

105

40

16

20

5

*Uij ar Unit test 1,-part j.

Fi Final test, part i.
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TABLE 3 6

TOTAL POINTS ON EXAMINATIONS FOR LSGD SECTION

-31-TOTAL

STUDENT
NUMBER

T

HIGHEST POSSIBLE TOTAL

410 65 4-75

320 50 370

2 227 36 263

3 168 26 194

14 297 49 346

5 29 1 147 338

6 256 44 300

7 255 34 289

8 260 45 305

9 196 27 224

10" .305 45 348

11
. 177 25 202

12 304 53 357

13 226 18 2414

14 257 52 309

15 266 146 312

16 301 149 350

1/ 207 30 237



TABLE 36 - Continued

TOTAL POINTS ON EXAMINATIONS FOR LSGD SECTION

1

STUDENT
NUMBER .

*TOTAL

T1 T

HIGHEST POSSIBLE TOTAL

410 65 475

18

19

20

280

326

176

48

58

24

328

384

200

Tl Ull + U21 + U31 + FI

T2 12 U12 + U22 + U32 + F2

T Tl + T2

(See Table 35)

(See Table 35)
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APPENDIX B

A.C.T. ENGLISH, SOCIAL SCIENCE, NATURAL

SCIENCE, AND GENERAL PERCENTILES

115



TABLE 37

A.C.T. PERCENTILE SCORES

LCD SECTION LSGD SECTION

Student
Number *E SS NS G E SS NS G

1 51 89 67 68 73 85 79 82

2 ' 51 43 27 46 42 51 67 53

3 31 36 61 40 49 76 41 SS

4 77 32 61 54 67 51 60 63

5 10 33 55 46 74 69 39 55

6 27 74 39 46 81 80 67 75

7 80 89 99 98 42 22 60 38

8 42 57 55 38 67 89 27 61

9 51 38 18 38 42 38 44 31

10 27 22 15 25 .88 93 79 82

11 59 57 60 53 42 45 55 38

1.2 99 93 89- 97 92 80 79 87

13 67 ..74 55 61 5 8 9 5

14 88 69 55 75 88 69 -60 75

15 74: - 74 .93 91 46 61 45 62

16 34 69 18 :38 74 51 67 68

17 4 3 7 4 42 57 41 46

18 5 17 39 5 34 45 73 61

19 34 85 79 75 81 63 79 82

20 59 51 27 31 10 3 5 4

* E = English

SS = Social Science

NS = Natural Science

G = General

10 3
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APPENDIX C

DATA ON STUDENTS NOT INCLUDED

IN STATISTICAL ANALYSIS
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776;;.,73 38

DATA ON STUDENTS NOT UNCLUDED IN STATISTICAL ANALYSIS:

YEARS HIGH SCHOOL MATHEMATICS, PRETEST, AND
POSTTEST SCORES

LCD SECTION

Student *YHS CR
1

CR
2

CF
1

CF
2

ATT
1

ATT
2

ALG

a 0 46 53 61 68 68 78 10

b 3 50 54 74 74 69 78 21

c 2 37 41 61 64 36 42 13

d 2 46 45 57 70 63 77 15

e 2 45 48 75 72 68 78 10

f 2 40 46 63 76 77 83 8

0
i.

-1 32 37 70 68 26 39 8

LSGD SECTION

a 4 50 50 72 73 88 92 25

b 43 51 63 73 52 '55 10

51 52 79 73 70 :57 18

*YHS = Years of high school mathematics

CR. = "California Reasoning" pretest and posttest
1

CF1 . = 'California Fundamentals" pretest and posttest

ATT. = Attitude scale pretest and posttest
1

ALG = Algebra test



TABLE 39

DATA ON STUDENTS NOT INCLUDED IN STATISTICAL ANALYSIS:
SCORES ON FIVE CRITERION MEASURES

,

Student

LCD SECTION

Final-
part I

Final-
Part II

Final- Indep. Read.
Total Total

Total Pts.
in course

a 55 11 66 28 242

b 65 18 83 47 326

c 40 13 53 35 210

d 65 11 76 38 270

e 90 15 105 46 348

f 80 9 89 34 337

40 5 45 22 212

LSGD SECTION

70 16 86 49 327

65 17 82 42 257

c 45 8 53 37 245

119
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APPENDIX D

RAW AND ADJUSTED MEAN SCORES

ON EIGHT CRITERION VARIABLES

120
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The adjusted mean scores listed in the following three tables

were determined, in the case of one covariate, by

Adj "Ti="17i - bx (Ti -

where

raw mean score of group i

X. = mean score of covariate X for group i
1

)7( = (Ri

b
x
= regression coefficient.

In the case of two covariates, say X and Z,

Adj "Ti = bx(Ri R) - bz(fi - 2),

where b
x

and bz are the partial regression coefficients and the other

symbols are defined as above (Walker and Lev, 1953, p. 397 and p. 404).

TABLE 40

MEAN SCORES AND ADJUSTED MEAN SCORES .ON ALL

EIGHT CRITERION MEASURES FOR BOTH GROUPS

Criterion
I

I LCD SECTION LSG.10 SECTION

Me Adjust.
Mean

Mean Adjusted
Mean

Post-reasoning 48.55 48.82 49.20 48.93

Post-fundamentals 70.20 69.95 70.85 71.10

Post-attitude 68.75 69.99 69.25 68.01

Final exam.- part I 5).25 59.51 63.50 63.24

Final exam.-part 11 12.60 12.65 13 30 13.25

Final exam.- total 71.85 72.16 77.10 76.79

Total points indep. read. 36.40 36.16 40.30 40.54

Total points in course 275.60 276.31 295.00 294.29
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TABLE 41

lEAN SCORES AND ADJUSTED MEAN SCORES ON ALL EIGHT
CRITERION MEASURES FOR UPPER ABILITY LEVEL

log

Criterion

LCD SECTION LSGD SECTION

Mean Adjusted
Mean

Mean Adjusted
Mean

Post-reasoning 51.10 52.26 53.50 52.34

Post-fundamentals 74.90 75.49 74.80 74.21

Post-attitude 73.20 75.09 77.90 76.01

Final exam.- Part I 72.50 73.68 77.00 76.81

Final exam.- Part II 14.40 14.60 16.80 16.60

Final exam.- Total 86.90 89.29 93.80 92.41

Total points indep. read. 40.00 40.67 49.40 48.73

Total points in course 312.60 313.47 336.10 335.23

TABLE 42

.MEAN SCORES AND ADJUSTED MEAN SCORES ON ALL EIGHT
CRITERION MEASURES FOR LOWER ABILITY LEVEL

LCD SECTION LSGD SECTION

Criterion Mean Adjusted
Mean

Mean Adjusted
Mean

Post-reasoning 46.00 45.41 44.90 45.49

Post-fundamentals 65.70 64.81 66.90 67.79

Post-attitude 64.30 64.62 60.60 60.28

Final exam.- Part I 46.00 44.22 50.00 51.78

Final exam.- Part II 10.80 10.53 9.80 10.07

Final exam.-total 56.80 54.69 60.30 62.42

Total points indep. read. 32.80 32.17 31.20 31.83

Total points in course 238.60 234.28 253.90 25822
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APPENDIX E

AIKEN AND DREGER ATTITUDE

TOWARD MATHEMATICS SCALE

12(1
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OPINIONAIRE

Directions: Please write your name in the upper right hand corner. Each

of the ,tatement on this opinionaire expresses a feeling which a parti-

cular person has toward mathematics. You are to express on a five-ppint

scale, the extent of agreement between the feeling expressed in each

statement and your own personal feeling. The five points are: Strongly

Disagree (SD), Disagree (D), Undecided (U), Agree (A), Strongly Agree

(SA). You are to encircle the letter which best indicates how closely

you agree or disagree with the feeling expressed in each

concerns you.

statement as it

1. I do not like mathematics. I am always under

a terrible strain in a mathematics class.

SD D U A 5A

2.

3.

I do not like mathematics and it scares me

to have to take it,

Mathematics is very interesting to me. I

enjoy math courses.

SD

SD

D

D

U

U

A

A

SA,

SA

4. Mathematics is fascinating and fun. D U A SA

S. Mathematics makes me fee, insecure and at

the same time it is stimulating.

SD D 0 A SA

6. I do not like mathematics. My mind goes

blank and I am unable to think when working

math.

SD 0 U A SA

7. I feel a sense of insecurity when attealpting SD D U A SA

mathematics.
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S. 'Iathematics makes me feel uncomfortable, rest-

less, irritable, and impatient.

SD D LI

117;

Sa

9. The feeling that I have toward mathematics

is a Rood feeling.

SD A SA

10. 1,1t1iema,:lcs makes me feel as though I'm lost

in a jungle-of numbers and can't find my wav

out.

SD A SA

11. `Tatheratics is something which I enjoy n

great deal.

CD D A (;\

12. When I hear the word lath, I have a feelinp,

of dislike.

SD A SA

13. I approach math with a feeling of hesitation--

hesitation resulting from a fear of not being

able to do math.

SD D 11 A SA

14. I really like mathematics. SD D U A SA

15. flathematics is a. course in school which I

have always liked and enjoyed studying.

SD D U A SA

16. I don't like mathematics. It makes me

nervous tc even think about having to do

a math problem.

SD D U A, SA

17. I have never liked math and it is my most

dreaded subject.

SD D U A SA

18. I love mathematics. I am nappier in a SD D U A SA

math class than in any other class.
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19. I feel at ease in mathematics and I like SD D U A SA

it very much.

20. I feel a definite positive reaction to SD D U A SA

mathematics; it's enjoyable.
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APPENDIX F

QUESTIONAIRE ON MECHANICS OF COURSE
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QUESTiCoNAIRE

1.

2.

Section

Check

Number

Percentage response
Sec. 1 Sec. 2 Total

18.5 34.8 26.0

63.0 43.5 54.0

18.5 21.7 20.0

one of the following:

The course was easier than I
had expected.

The course was about as dif-
ficult as I had expected.

The course was more diffi-
cult than I had expected.

3. Regarding the homework assignments...

!

a. Were they-too theoretical?

Yes 18.5 13.0 16

No 44.5 34.8 40

b.

About right 37.0 52.2 44

Were they too long:

Yes 0 0 0

No 70.3 86.9 78

c.

About right 29.7 13.1 22

Were there enough challenging
exercises?

Yes 8,1.5 86.9 84

No 18.5 13.1 16

Regarding the examinations...

'Were they-too theoretical?

Yes 33.3 21.7 28

No 33.3 21.7 28
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Questionaire continued

About right

b. Were they too long?

Yes

No

About right

c. Did the test questions relate
closely enough to the class
exercises?

Yes

No

5. How much time did you have to
spend studying the material out-
side of the class period?

Jess than four hours per week

between four to six hours per
week

More than six hours per week

Were you Satisfied with the 161ay,
'claSS .tiMe Wasutilized?

117

Percentage response
Sec. 1 Sec. 2 Total

33.4 56.6 54

51.8 34.8 44

25.9 21.7 24

22.3 43.5 32

85.2 78.2 82

14.8 21.3 13

48.1 39.1 44

44.4 52.2 43

7.5 8.7

02..6 87 90

i7,4 /3 10

ii

Do you think_you could have learn-

ed more in the other section?

Don't know

11-1 -13 12

3.3 6D.,

55.6 26:2 42



Questionaire contined

Percentage response
Sec,

8. Do you think your attitude towards
mathematics has changed since the
beginning of the semester?

Yes I 44.4

No I 55.6

If your answer was yes, how has it

changed?

For the better

For the worse

9. Do you think that this colirse will

be useful to you as an elementary
school teacher of mathematics?

Definitely

Perhaps

Deflnitely not

10. Would you be interested in elect-
ing a, specially designed 15 semes-
ter-hour sequence in mathematics
as/your area of concentration?

Yes

No

100

0

55.6

40.7

3.7

22.2

48.1

118

1 Sec. 2 Total

56.5 50

43.5 50

92.1 96

7.9 4

78.2 66

21.8 32

0 2

21.7 22

60.8 54

Perhaps 29.7 17.5 24

What letter grade do you expect
to receive in this course?
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-)ucstionaire continuej

FOR

12.

SECTION 2 ONLY:

Yhith size work group LID you
was most effective?

stuents per r,roup

think

Percent:1:7e response-
Sec. 1 Soc. 2 Total

43.5

1.4

52.1

4 students per ,,roup

4 students per group, hut paired
within the group

13. Thc amount of time spent in
lecture activities was...

too much

regular

.5out right 82;6

too little 17.4



120

APPENDIX G

UNIT TESTS AND FINAL EXAMINATION
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TEST I - PART I.

I. Let p and q be propositions. Construct a truth table for the

proposition E.(p-q)A ci]-bq and tell whether it is a tautology or

explain why it is not a tautology.

II. Let p and q be propositions. Use the fact that epit-Olkr..4>(1pH1q)

to rewrite the following statement in a logically equivalezit form.

A and B are sets.

A B if and only if Art B = A

Let U = a, b, c, d, e, A = a, b, B = b, c?, and

C = c, di. Find

(1) (AU B) () C

(2) A ci B

(3) IN. A

(4) B x C

IV. Use a Venn diagram to illustrate that if A and B are sets, then

(AUB) = A.

TRUE or FALSE. If the statement is always true, print TRUE in the

space below the statement. If the statement is not always true,

print FALSE in the space below the statement and then give Tone

'counterexample.:

(1) If A and B are sets ancliA.S.:.B,r: then (A x B

sets, then DS7(DVE).(2) and. E are

(3) If X and Y are sets, then (XAY) =X and (X fly) .



122

(4) If A and B are sets , then (AB)A.

(5) If K and M are sets and KrIM A 0, then n(K) + n(M) < n(KUM).

(6) If K is a set, then n(K)eK.

(7) If R and S are disjoint sets, then REP+S.

(8) If D and E are sets and n(Dt) E) = n(D) , then E 0.

(9) If H and G are nonempty sets and HC-G, then n(Gc:3H) <. n(G).

(10) If p and q are propositions and p--%q is true, then the converse

of the inverse of p-3q is also true.

VI Let a, b, c, and d represent whole numbers. If one of the properties

A+, A , C+, C , or 0 justifies use of the "equals" symbol, state

which one. If more than one is needed to justify use of the equality

symbol, write the phrase, "more than one needed" below the statement.

(1) a + (b + c) (b + c) + a

(2) a + (b + c) b + (a + c)

(3) (a + b). c + (a + b). d = (a + b) (c. + d)

(4) + b) + c)+ d = (a + b) + (c + d).

(5) (a + b)(c + d) = (c + d)(a + b)

135
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TEST I - PART II.

I. The following statement defines a binary operation, called sub-,

traction, on the set W = O, 1, 2, 3, 4,

Definition: Let A and B be two finite sets. The difference of

n(A) and n(B), denoted n(A) - n(B), is n(Ac:mB) iff BcA. That is,

n(A) n(s) n (At:a13) iff 135... A. [Recall that Ag= B 4-xlx< A and

x4131 That is, A B is the set of all elements of A not found in B]

Exercise:

(1) Use the definition to find the difference of 5 and 3. That

is, find 5 - 3.

II. Print one of the words TRUE or FALSE 'after each of the following

statements. No counterexamples are necessary. D and E represent

finite sets.

(a) (n(D) - n(E))6,..W

(b) If DSE, then n(E) - n(D) = Et:=2D.

(c) E - D is a set.
(d) If n(D) - n(E) = n(D), then E 0.

(e) n(D) - n(E) = n(E) - n(D).
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III. We have verified that if A and B are two sets and Bc A , then

B U (A c=1B) = A and E (As= B) 0. The following diagram illustrates

these two facts.

1=2

You may need one or both of these facts in the proof below.

Give a reason or reasons for each step in the following theorem.

Theorem: If BA, then (n(A) - n(B)) + n(B) = n(A) .

Proof: Statement Reason

1. (n(A) n(B)) + n(B) = n(A.caB) + n(B) 1.

2. = n((A=B) UB) 2.

3.

137

= n(A) 3.



TEST II - PART I.

I. -Give a reason justifying each step in the following computation.

You are to assume that we know the basic 100 addition facts.

Statements Reasons

1 . 46 + 73 = (4610 + 6) + (7610 + 3) 1.

2. E4.10 6) + 7.151 + 3 2.

3. = [7!10 (4.10 + 651+ 3 3.

(7.10 + 4410) + + 3 4.

5. = + 4).10 + 63 3 5.

6.

7. = [(1410 + 1)%10

8. = cl(14.10.10 + 1410)

-1:14I0110 + 1410

10. = + 1.110

11 =.qMten

6

7.

8.

10.

125

II. Write (475) ten as a base eight numeral.

III. Write (2310)f0u1. as a bast ten numeral.

IV. (a) Find the prime factorization of 756.

(b) Find the prime factorization of 990.

(c) Use (a) and (b) to find the G.C.D. of 756 and 990.

(d) Use (a) and (b) to find the L.C.M. of 756 and 990.

. Prove or disprove: 163 is a prime ,number.

138
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VI. Use the theorems of Chapter IV to show that 45 divides 83,765,430.

VII. In each of the following statements, tell whether the statement is

always true or not always true. If it is always true, write TRUE

in the space below the statement. If it is not always true, write

FALSE in the space below the statement and then give one counter-

example.

(a) If a, b, and c are counting numbers and if a is a factor of

c and b is a factor of c, then ab is a factor of c.

(b) If k is the L.C.M. of two counting numbers x and y, then

(x + y) is a factor of k.

(c) If d is the G.C.D. of x and y, then d divides (x + y).

(d) If r, s, and t are whole numbers such that r s is a multiple

of t, then r is a multiple of t or s is a multiple of t.
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TEST II - PART II.

)efinitions. Let A be a nonempty finite set and let R be a subset

)f AxA, the cross product* of A with itself.

1.. If (a.a) R, for every element a A, we say P. is a reflexive

subset of AxA.

2. If (b,a) R whenever (a,b) R, we say R is a symmetric subset

of AxA.

3. If (a,c) R whenever (a,b) and (b,c) both belong to R, we say R

is a transitive subset of AxA.

4. If R is a reflexive, symmetric, and transitive subset of AxA, let

us say R is a dandy subset of AxA.

I.Example: Let A = 1,2,i Then AxA = (1,1),(1,2),(1,3),(2,1),(2,2),

(2,3),(3,1),(3,2),(3,3. The subset R = (1,1),(2,2),(3,3),(1,2),(21

is a dandy subset of AxA. The subset S = \,(1,1),(2,2),(3,3),(1,2),

(2,1), (2,3).? is not a symmetric subset of AxA becau.;c (2,3)E. S and--
(3,2)4.S, hence S is not a dandy subset of AxA.

* Recall

set of a

that the cross-product of two sets X and Y, denoted XxY, is the

1 possible ordered pairs of elements (x,y), where xe X and

Exercises:

. Let A
,

s the subset K = (1,1)(1,2),(2,1),( ,2) of AxA

(a) a reflexive subset of AxA? (yes or no?)

(b) a symmetric subset of AxA? (yes or no?)

(c) a transitive subset of AxA? (yes or no?

(d) a dandy subset of AxA? (yes or no?

140



2. Let A =Al,2,3 and let R be the set of all ordered pairs (x,y)

of AxA such that x is smaller than y.

(a) List two elements of R.

(b) Is R a reflexive subset of AxA? (yes or no?)

(c) Is R a symmetric subset of AxA? (yes or no?)

(d) Is R a transitive subset of AxA? (yes or no?)

(e) Is R a dandy subset of AxA? (yes or no?)

Fl

r

128
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TEST III - PART I,

I. If the statement is always true, print TRUE in the blank provided.

If the statement is not always true, print FALSE in the blank

provided. NO COUNTEREXAMPLES NECESSARY.

1. If b is a nonzero integer, then C-b) is less than zero.

2. If xezZ, ye,Z, and y 0, then

3. If c&Z and dEZ and d & 0, then (c d)4 R.

4. If a, b, c, and d are all nonzero integers and = S., then
b

d c

bsd d

S. If a, b, c, d, e, and f are nonzero integers and a c e
b d f

then a - e.(115f c
6. If r, s, and t are nonzero integers, then (r.S) 4 t = t).s.

7. If p, q, and r are nonzero integers, then r (p + q) =

(1. 0. (1).

'and d are elements of:2, and c Q and d

' 13) 72,7( (1)',

and.,p:are nonzero rational nUmbers, then

If rIr ,and's,Ir, then rsIr

b, and are positive integers, then a a
b +
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15. If x4LR but xdtZ, then xALIr.

16. If x<21, yLZ, and y 0, then

17. If x4; Z and yt; 2, then (x - y)<: R.

18. If xELIr and re.R, then x.y0EIr.

II. Recall the following statements relative to the addition and/or

subtraction of integers.

Statement A: If a and b are positive integers and b < a, then

a + (-b) = a - b.

Statement B: If a and b are positive integers and a< b, then

a + ( b) = (b - a).

Statement'C: If a and b are integers, then a - b = a + (-b).

Complete each of the following statements:

1. To compute the sum (-2) + 7, we could use statement

with a = and b = .
The sum, according to the state-

ment you intend to use, is

To compute the difference (-2) - (-7), we could use statement

with a = and b = The difference, according

to the statement you intend to use, is

q and r so that SS = 8.q + r, where

be positive integers with b 4

= b + r.

find whole

TheOreM:, Let a

If a -,b

q b's

numbers

, then

IV. Prove: The set of nongero rational numbers is closed under division.



V. (a) Give a reason (or reasons) justifying each statement below.

1. If k and x are real nuffibers and kkx is a rational number,

then k.x = E_ for some integer c and d.

Reason

2. If kx
'

tl
d

Reason

3. If k is a nonzero rational number, then k is a rational
d

number.

Reason

4. If k is a rational number, then x is a rational number.

Reason

(b) Complete the follGwi.ng statement ay giving the strongest

possible conclnsion based on the sequence of statements in

-part (a).

If k is a nohzero rational nt lber id is

131
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TEST III - PART II.

Recall that the crossproduct of two sets A and B, denoted A x B, is the

set of all ordered pairs of the form (x,y), where xELA and yELB.

Definition 1: Let F represent the subset of all ordered pairs of

of the form (a,b), where a4EZ, bEZ and b 0. That is, F is the set

of all ordered pairs of integers where the second component is not zero.

Let (r,$)dF and (t,w)ELF. We will say that (r,$) and (t,w) are kin,

denoted (r,$)gs (t,w), iff r.w = set.

Exercises:

I. Verify that (2,3) and (6,9) are kin.

II. Verify that (3,7) A.7. (4,8).

Definition 2:. Define two binary operations, denoted e and on F as

fellows: If (a.,b). F and (c,d)!EF, then

(a,b) C) (c,d) = (aed + be.c, bed) and

(a,b) (F) fr7,d) = (a,c,

: Example: 1. (2,3) 0 '(4,5) = (2e5 ,34,

= (22,i15)

2. (2,3) 0 (4,5) = (2,4; 3.5)

15)

Extercises:

II1. Is F closed under(E:;,' Explain. .(Recall that .L.1.st A is closed

'under an operation * defined on A iff x*),CA for zi311 x4LA apd yEA
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IV. Is I closed under (1) ? Explain.

V. Is G a commutative operation? Prove or disprove.

VI. Prove or disprove: If k is a nonzero integer, then

(a, b) (a.k, bek) .

VII. Find the 4) inverse of (2,3). (Note: If A is a set and * is an

operation defined onAanda *Z=Z*a=afor all ad:A, we say

2 is the *-identity element of A. Also, if acA and beEA and a * b

= b * a = '2, where 2 is the *-identity element of A, we say b is

the *-identity inverse of a).
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FINAL EXAMINATION - PART I

Directions: In each of the following 25 exercises there is one best

alternative. Print the letter of this best response in the blank

provided to the left of the statement.

1. If the universe U = 0,1,2,3,4,5,6,71 and subsets A, B, and
):

C of U are A = -%0,1,2, B = 2,4,6?, and C = 3,73 then

a) N(A)B) = C

b) ^,AAC = C

c) A c2B = C

d) a) and b) are both correct.

e) a), b), and c) are all correct.

2. If the universe U = 11,2,3,4,5,6,7,8,9,101 and if A = 1,2,33

amd B = 2,4,6/, then which one of the following statements

is false?

a) n(An B) = 1

b) n(AU B)

E853 =

) n(N0A)

e) n(A) B) = n(A) + n(B) - (A( B) .

.The shaded region in the Venn Diagram below is

not equal to any of the previous
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4. Let A and B be two nonempty sets. If n(A) n(B) n(AcQB),

we can conclude

a) A and B are disjoint .

b) n(A) + n(B) n(AliB)

0 AB=Ø
d) A and B ..7.an be matched one-to-one.

e) none of the previous answers.

S. It A and B are two nonempty finite sets, then we can conclude

a) n(A x B) =

b) n(A D) = n (A) + n(11)

c) AxB=BxA

d) A x BSAUB

e) none of the previous alternatives.

6. The prime factorization of 756 is

a) 22.3-7.9

b) 2'37

c) 22.3.3.21

d) 7-2.2.5 .S + 502.S + 2.3

e) none of the above are correct.

7. The whole number represented by (34)six is relatively prime to

a) (24)ten

b) (24)nine

c) (24)eight

d) (24) seven

none of the above.
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S. The whole number represented by (102)three

a) can also be represented by (92) ten

b) can also be represent;:d by ( 12)six

c) is divisible by (2) three

d) is a prime number.

e) none of the above are correct.

9. If 420 = 202'3.5.7 and 3465 = 323.5.7.11, then

a) the G.C.D. of 420 and 3465 is 203.5.7'11.

b) the L.C.M. of 420 and 3465 is 2"2.3.3.3.5.5.7'.7.11.

c) the L.C.M. of 420 and 3465 is greater than 420%3465.

d) the G.C.D. of 420 and 3465 divides the L.C.M. of 420

and 3465.

10. If .x, y, and z are whole numbers, then in order to prove

that. x + (y + z) = y + (x + z), we would have to use

a) only the coMmutatiVe property of addition of whole

numbers.'

only the associative property of addition of whole

numbers.'

both the pommutative and associative properties of

addition of whole numbers .

d) only the distributive property.

e) the commutative, associative, and distributive properties.
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11. The statement "If x and y are whole numbers, then x + y is

a whole number," is logically equivalent to

a) If x is not a whole number or y is not a whole number,

then x + y is not a whole number.

If x + y is not a whole number, then x is not a whole

number and y is not a whole number.

c) If x + y is a whole number, then x and y are whole numbers.

d) If x + y is not a whole number, then x is not a whole

number or y is not a whole number.

none of the above.

counting numbers such that x.y divides z,

then we can conclude

a) x and y are relatively prime.

b) x divides z and y divides z.

c) the G.C.D. of x and is y.

.d) there is a counting number k so that z.k = xay.

e) none of the above.

13. If r and s are counting numbers whose (.C. . s r, then

a) s is their L.C.M.

b) r.s is their L.C.M.

c) r is a prime number.

d) there is a counting number k so that

none of the previous answers are correct.

150,
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14. If r, s, and t are counting numbers such that r divides t

and s divides t, then we can conclude

a) r and s are relatively prime.

b) res divides t.

c) Cr + s) divides t.

d) t is the L.C.M. of r and s.

e) none of the above.

15. If x, y, and z are counting numbers such that x divides z,

then we can conclude

a) if y divides z, then xdby divides z.

b) z is a multiple of x.y.

c) if z divides y, then x divides y.

d)

16. If p and q are two different prime numbers, then we can conclude

a) p.q is never a prime number.

b) p + q is never a prime number.

c) the L.C.M. of p and q is always less than p.q.

d) the G.C.D. of p and q is always either p or q.

none of the above.

17. If k is a counting number such that 2, 3, 4, and 9 all

divide k, then we can definitely state that

a) 8 divides k.

b) 24 divides k.

c) 27 divides k.

d) 36 divides k.

e) 8, 24, 27, and 36 all dividek.

151
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18. If x, y, z, and w are all nonzero integers such that

x.y = z.w, then we can cenclude

a) the fractions x/z and w/y are equivalent.

b) the quotient (x.y) z is an integer.

c) z is a multiple of x.y.

d) a) and b) are both true.

e) a), b), and c) are all true.

19. Let x and y be nonzero numbers. If xGy is rational, then

we can conclude

a) x is rational and y is rational.

b) the multiplicative inverse of x.y is rational .

f x is rational.

d) if x is irrational,

e) none of the above-.

then y is rational.

20. If r is a nonzero rational number, then we can safely

conclude

a) the product r.r is a positive real number.

b) the additive inverse of r is negative.

c) r can be expressed as a terminating decimal.

d) the square root of r is irrational.

e) none of the above.



21. If r, s, t, and u are nonzero integers, then

a) (r + s) (t j. s) = r t.

r t r t
b) =

c) rat_r.s- .

s u t u

d) a) and b) are both .true.

e) a), b), and c) are all true.

2
22. The rational number

a) is 1s 75. than the rational number73.
8

b) As the ad,IiitiVe inverse of the rational number-2
7'

,. ..Hc) -is equal ..to the rational number-0
7.

....

4): can be .expie-d-as A terMinating deCiMal .

e) is 'equal tO.:(-'2): -.L. 1.'

140
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24. If s and t represent two distinct lines in space and

s t = 0 , then we can conclude

a) s and t are parallel.

b) s and t are skew lines.

c) if "Tr is a plane containing s and is a plane con-

taining t, tht. ir 2

d) there is a plane anntaining s such thatTr t = 0.

e) none of the preceding,

2S.. If g is the relation from Re tc= Re defined by g(x).= xx

for all x E. Re, then

a) g(x) is a positire rreal number, for all x R

b) g( In) is a ratitanal. number.

a function from Re to R
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FINAL EXAMINATION - PART II

QUESTION I.

Definition: Let a, b, and m be integers, where in> 1. We say a is

congruent to b modulo m, denoted a b mod m, iff In divides

(a - b) .

Examples: 1. 11 3 mod 4 becauSe 4 divide "; ( 1 1 3) .

2. 13* 2 mod 5 because 5 does raot divide (13 - 2).

Exercises:

I. Is 29 =..".1 2 mod 9? (Just answer yes or no).

TI. Find a whole number m so that 16 4 mod in.

III. Find the smallest whole number b so that 3lb mod 6.

IV. Let x and y be whole numbers and suppose that x divides y. Find the

smallest whole number k so that y k mod x.

The following five theorems will be given without proof. The

exercises below relate to the theorems and to the definition of

congruence given above.

Theorem 1. If a b mod in and c i.s an integer,

Theorem 2. If ar,.=-: b mod m and c is an integer, then a + c b + c

mod m.

Theorem 3.

Theorem 4.

theit a it = b Mod n.

If a b mod m and b = c mod m, then a = c mod rn
-

If a = b mod m and a yr- b mod n and if the oreatcst

common divisor of m and n i.s 1, then a = b mod man.

Theorem S If ab c ..a..bsc mod m and if the greatest common divisor

of c and m is d, then a = b moc.1(m/d).



Exercises:

1. If 6.a= 6.b mod 14, find m so that arm. b mod m.

2. If a Sib mod m, find n so that (a - b)EE 0 mod n.

3. Find a whyle number c so that if a.c ==b.c mod 9, then a= b mod 9.

4. Find an integer m so that if 7 E-b mod 6 and 7 EEL) mod m, then

7 -L--b mod 6.m.

In each of the following exercises, if the statement is always true,

write true in the blank provided. If the statement is not always true,

/rite false in the blank to the left of the statement.

If 7 b mod 6 and 7= b mod 8, then 7= b mod 48.

If 32 s 2 mod m, then m =AD Mod 30;

7. If 5.a= 1 mod 4, then a = 1.

b mod in and a ra- c mod m,



FINAL EXAMINATION - PART II

QUESTION II.

Definition: A Boolean Algebra consists of monempty set and two

binary operations defined on B satisfying the -Jour condi--

tions given below. Let us denote the binairy uverations by

o and *, read circle and star, respectively.

1. For all elements a and b in B, a o b And a * b are

also in B. (We say B is closed under o and 'a, respectively).

2. For all elementsaandbin B, aob=hca. and

a * b = b * a. (These are called the commutative proper-

ties of o and *).

3. There dre two elements, denoted -id and i*, in B such

that for each eleMent 4 in B,

144

aoi = a and

(The two elements, 10 and i*, axe called the circle-identity

and star-identity elements respectively).

4. Pox all 'eiements a, b, and c in B.,

.a o (b = (a 0 b) (a o c), and

(b o c) = (a * b) o (a c).

(These are called the distributive properties of o over

and over o, respectively).

For each element a in B, there is an element, denoted

bY , in B such that

a o = i and a



Theorem: The set

Remarks:

145

B 2L 133' fl'2?

together with the set opeTations union and intersection is a

Boolean Algebra.

To prove this theorem we must verify that all four conditions

specified in the definition are satisfied. Early in the

semester we verified that the union of two sets and the inter-

section of two sets is a set and that set union and set inter-

section are both commutative operations, hence, we need not

check conditions 1 or 2. Also, we have shown that intersection

distributes over union and union distributes over intersection,

for arbitrary sets X, Y, and Z, hence, we need not check

condition S with respect to the elements of B. To-complete

the proof, you are to consider the following two exercises.

Exercise: Identify the identity elements, specifying which is which.

Illustrate the fact that you have probably found the correct

identity elements hy using the two elements ['1,23 and 1,31

in B-

Find the inverse of
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FINAL EXMIINATION.- PART II

QUESTION III.

Recall that in our brief study of plane geometry, we did not define

what we meant by the terms point or line, but merely accepted them on

an intuitive basis. We then accepted as true, a number of statements

called postulates or axioms.

We are now going to do the same type of thing, except that our

space will contain only a finite number of points, rather than an in-

finite number. Because we will only have a finite number of points, we

can't really talk'about lines in the usual sense, hence, we will discuss

things called "lins" instead.

Undefined terms: Point, lin

Definition 1: Space is the set of all points in our present discussion.

Definition 2: Two lins are parallel when they have no point in common.

. Two points determine a lin. That is there is one

and only one lin that Containt tWo given pOintS.

11Y1 contains exactly two pointS;.,

Given a point P and a lin k not containing P. there

is exactly one lin that contains P and is parallelto k.

4. The space consists of at least three points.

The postulates give us a method of visualizing a lin,

viz., a lin is just a pair of points.
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Exercises: Give a reason(s) wherever requested, for each step in the

following proofs.

Theorem 1: The space consists of at least four points.

Proof:

1. The space consists of at least three points.

Reason:

Call the points A, B, arid C.

2. The pair of points A and B constitutes a lin.

Reason:

Call the lin k.

3. C is not contained in k.

Reason:

There is a lin, say m, containing C that is parallel

to k.

Reason:

m contains one additional-poin , say D.

.ReasOn:

..:-There are at leaSt fourAJoints in the space.

Theorem 2 The space consists of exactly four points.

Proof:

1. The space contains at least four points, say. A, B,

and D.

Reason: Theorem

If the space contains 5 points, say A, B., C. D, and E,

then the lin.containing C anci.D and the lin containing

and E are both parallel to the lin containing A and B.
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Reason:

3. But these two lines cannot be parallel to the lin

containing points A and B.

Reason:

4. ". There cannot be a fifth point.
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