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Reported are the results of an investigation of the

effects of small-group discussions in mathematics classes for
preservice elementary school teachers. The content of the course
included modern algebraic anrd geometric concepts. Both classes were
taaght by the same instructor and studied from the same set of
npderstanding of the interdependence of all segments of the total
environment. .allotment: review lecture (5 minutes), class discussion
(10 minutes), new material lecture (10 minuies), and class discussion
{25 minutes). The "small-group” class used this allotment: reviev and
new material lecture {10 minutes), small-group discussion (30"

‘m. nutes), ani‘class discussion (10 minutes). The size of the.

discussion groups,altérnated‘ﬁeekly_between1threeﬁand.four,sthﬁ"nts;
Group COmposition'was;randomly:detenmined;QGroup@leadership ¥ '
rotated'dailyg~The.following»mpaSutes'vecevanalyzed: (N

- computational skills, .{(2) achievement on examinations of indc . e.dent

”':reading;abilitY'in%mathematiqs;f(3)iattitudeitbwérd‘mathematics,fand‘

*(4):overallpcoursggachiejement;gmhéydiffe:encéshwhich;wereVanalyzédy;x‘

' and ‘found to be sigmificantinclu
computational skills for the small-=

ncludeds (1) the post-test measure .of i
group class was better (<05). than

the pretest measure,’ (2) the independent reading measure. for the

uppepmhalf~ofgtyejsmalljgroup’ﬁas Qg£tet (.O1){than’that;qfﬁthe upbé:f‘
Qhalﬁ%of they1égtu:e@¢laSs.{otherwdifferences fQund between criterion

‘_medSutGS*wé:égﬁQtFSigﬁificantﬁf(Aqthor/RS)f‘
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ABSTRACT
A PILOT STUDY ON THE USE OF SMALL-GROUP DISCUSSIOMN
IN A MATHEMATICS COURSE FOR PRESERVICE
ELEMANTARY SCHOOL TEACHERS

E ry Howard Thoyre

Under the supervision of Professor John Grover llarvey

gge_Problem

The basic question considered in this study was "Can a
mathematics class-of preservice elementary teachers working in small
groups examine all of the course content normally included in a class
taught by lecture-class discussion technique without sacrificing over-
lall course achievement?! Three related questions also considered
dealt with computatlonal Skllls, attltude toward mathematics, and the
abllity to read unfamiliar mathematlcal materlal independently pos=

sessed by.participants in the two classes.

‘Tﬁe Pfecedure
i Two classes of preserv:ce elementary school teachers enrolled,
durlng the sprlng semeeter of 1969, 1n the four-crbdlt mathematlcs
’l_course requlred of all elementary eaucatloﬁ magors at Wlsconsln State
,eUnlversity - Stevens Point partlc:pated 1n the study. Ehere vere
-?23 students in one section and 27 in the other.~ Both "lasses were
”taught oy ‘the same 1nstructor and studled from the same set of

instructbr-prepared notes. ,
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Avproximately 30% of the 50 minute class period in the
lecture-class discussion (LCD) section was devoted to iastructor-
dominated activities including review of previously discussed
material and inﬁroduction of new tupics. The remainder of the
class period was '‘an instructor-led class discussion of topics
introduced in the lecture and development of new concepts.

In the lecture-small group discussion (18GD) section, the
initial time segment of ten minutes was an instructor~-dominated
lecture period. The following 30 minutes was oevoted to small-group
discussion of concepts related to the lecture and new material. The
gstudents were given. no direcﬁ_assistanoe by the instructor. The last
ten minutes of the period was spent in a class discussion of topics
and problems encountered by the individual discussion groups.

Tﬁe sizes of the discussion groups alternated weekly between
three and four students. Group comp051tlon was randomly determined.
Grmup 1eadersh1p was on a rotating ba51s daily. |

Meaa sorwﬁx on the iollowing el Ler,on mesgures were analyzed
by an.analysislof_coﬁafianoe: (1) computatlonal skil ls, (2) achieve--

mert on examlnatlons of 1ndependent readlng abiliTy in mathematics,
(3) attltude toward mathematlcs, and (h) overall SOuwrse achlevement.

A t-test was used to compare wlthlnrgrouc-moan scores on pre-

‘and posttest ﬂomputatlonal skllls and attitude toward mathematlcs.

- PFindi g and Conclu51on5' -

The following are among the results and._onclusions reported

_in the diséertation.r Qonolusions are based on é=ta collected, analysis



of the data, and an’analysis of a questionnaire on the student'!s
opinion of the course.
1. There was a significant difference, at the .05 level,
between pretest and posttest scores of the LSGD section
B - on the computational skills criterion measure.
2.. Although posttest mean score exceeded pretest mean

score on the attitude scale in both sections, neither

was significantly greater at the .05 level of confidence.

% té 3a .Differences between mean scores of the two groups on

[j each of the criterion measures failed to be eignificant
at the .05 level, although in each case the mean score

{7 , of the LSGD section was greater than that of the 1CD

group.

e
=
.

The mean score of the uppen one-half abi” iv .. of
the LSGD sectidn-wes significantly-greater, at the .01

level of confidence, than the mean score o‘ the’ upper

one—half ability - level of the LCD section on the criterion

55 Pl

measure "achlevement on. tests of 1ndependent readlng

-[_ ‘ - , abillty 1n mathematlcs.“'

. Sgb.The ISGD group examined the same anpunt of mathematlcal
l 7’mater1al as the LCD section w*thout sacrlflclng course
;[: ‘ T _" | achleVement..’

6.n Students 1n the LSGD sectlon were more 1nc1ined to

'believe he1r attltude toward mathemaths had ‘been

g :

" enhanced over the semester than did students of the

LGD groups




7. A group size of three and a group size of four with

random pairing within the group were equally favored

by students cf the 1SGD section.
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CHAPTER I
THE PROBLEM

The two basic questio. . & be explored in this study are:
1. In a mathematics cumrse for precervice elementary sschool
teachers, can as mecih mzfhemstiical material be covered by
a class in which the sZuwdents: read and discuss almost all
of the course content w.ithin =mall work-groups as is
covered by a class taught by a conventionzl lecture-
' ¢lass discussion techmzue?
- 2. In ‘terms of overall (zourse achlsvement will the small-
- " group dlscu331on cl&ss compare favorably w1th a class
;taught by a 1ecture~c1ass dlscussion technique?
,gIn:essénce, the two bas;c questlons ask whether a mathematlcs class

fffor_bféservlce_elementary teachers can be taught u51ng a small—group

5 ;;basic conce tuo

A

In antlclpatlon of afflrmatiVe answers to the two basic ques-

g tions, three secondary‘questions,will be considered:
;‘lﬁ Will the students 1n the small-group dlacuss1oﬁ class:
J'perform as. well as the students in the 1ecture-class
_ discussion group on a test of arlthmetlc computational
 ;i_ski11s? » ‘,'_  ‘ e v‘ | v
~}f2;ﬁfWill participatlon in the small-group dlscus31on class

- have a more favcméble eﬁiect on the students' ettltude

M



2
toward mathematics than participation in the lecture-
class discussion group?
3, Will the participants of the small-group discussion
class perform.significantly better than the students of
the'lecture-class.discussion group oOn eiaminations're—
quiring the ability to read unfami ilar mathematical
material independently? |
The relevance'of secondary question (1) to the undergraduate
preparation of elementary school teachers of mathematics is obvious
and the significance of a positive attitude toward mathematics will be
discussed in Chapter II. The importance of the ability of elementary
teachers'to read unfamiliar mathematical material independently and
" With understandlng can be argued by cons1der1ng the recommendations
of the Gommlttee on ‘the Undergraduate Program 1n Mathematics, the
jrecommendatlons and progectlons of the Gambrldge Gonference on School
'Mathematics, the recommendatlons of. the Gambridge conference on Teacher
Tralnlng, and then looking at the success achleved An the implementatlon

:of these recommendations.:yﬂb_"

The work of SMSG and UICSM 1n the latter part of the l950's

l;;fand early 1960‘s has had a profound effect on both the elementary and
‘,Tsecondary school mathematlcs currlculum.' There has been a substantial
'f;change 1n the top1cs prevlously thought to be the domaln of the"'
R elementary school program, but an even greater change ‘has occurred in
the method and sp1r1t of 1nstructlon. It 1s no longer sufflclent to be
.just a good drill-master in the teachlng of elementary school mathematlcs.

”‘Today s elementary teacher must not only haVe a flrm grasp of the
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computational skills and algorithms of arithmetic, but must clearly
understand the basic mathematical concepts of arithmetic.
The report of the Cambridge Conference on School Mathemamics,

Goals for School Mathematics (1963), suggests “he need for ‘an even

greater inowledge of mathematics in the foreseeable future. Theilr
curriculum for'the elementary school, grades K through six, inciudes
a study of 2 x 2 matrices, finite field, elementary Diocphantine rmrob-
lems, density of the rational numbers, conic sections, polar coordinates,
vectors, elementary logic, mathematical induction, isomorphisms, linear
transformations, trigonometric and logarithmic functions. Adler (1966,
pp. 210-17) cites four reasons for concluding that the report of the
Cambridge Conference is indeed realistic:
1. The children can learn more than we think they can.
2. 'The transltlon from one stage of learning to the next
can be accelerated by a better curriculum and better
eaching.-.
_3. :The early use of the concepts of mathematical structure
» ccelerates learnlng by simplifying the subject matter.
i\h;j.Changes 1ike those proposed by the report have already
::,fbeen tried successfully.,axf ' A

The report of the Committee ‘on the Undergraduate Program in

-;iMathematics (CUPM) entitled Recommendatlons for the Traln<_5 of Teachers‘

‘ of Mathematics (1961) recommended four three-semester-hour mathematics

,courses for prospectlve elementary teachers. These Level I recommenda-
'tions are"l

(A) A two-couree sequence devoted to the structure of the
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real number system and its subsystems.
F (B) A course devoted to the basic concepts .>f alzgebra.
] (C) A course in informal geonetry.
This recommendation presumes at least & tme.vear high school
T mathematics sequence, exclusive of gineral matiremat] _:s.'

- The recommendations of the Cambridge Comferwyce on Teacher

Training (1967) are gsomewhat more ambitious. Althonpzh the conference
did not consider their recommendations to be im conflict with those of

: CUPM, they do concede that their proposals n, ., ., are aimed (hopefully)
- at a time when the CUPM recommendations will have besr: strongly imple-
mented and the new generation of potential teachers; . « . ; will have

profited by that implementation™ (Cambridge Confere =2 on Teacher

(O

Training, 1967, pe 15).

—

Unfortunately there is a sizeable gap between. the recom-
— " mended undergraduate preparatlon of elementary teachers and that which
=3 ’., o is presently belng offered.’ Fisher (1967, pp.-19h-l97)3 in a survey of

7 R 78 randomly selected teacher trainlng 1nstitutions in the United States,

found that 1n 1965 the average number of‘semester hours required of
;} L -jwjff elementary teachers was only L. 15. A survey by the CUPM Panel on L
Teacher Training (Committee on the Undergraduate Program in Mathematics, g

| 1966, ppo 138 lhB) of 901 colleges and unlver31ties engaged in. teacber

:

r}j :’i . . training revealed that in 1966 approximately 38% of the schools required
v | | from 3 to b hours, 37% required 5 to 6 hours, ‘and about 12% required more
than 7 hours 1n mathematics courses for prospectlve elementary celry L
teachers. These percentages do indicate an 1ncrease 1n the required

[}, - o hours from 1961 to 1966 however, they still fall far ahort of what is

”gﬂi;?léel:.
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desired. The demands being made for additional time in the under-

graduate program of elementary teachers by other disciplines--English

and the physical sciences, particularly--makes the prospect of achiev-
ing a'twelve semester-hour sequence in mathematics seem rather remote
at this time.

Tn view of the projections for the introduction of an in-
creasing numher of new topics in the elementary school program and the
dim prospect of increasing the amount of mathematics required by pre-
service elementary teachers much beyond eight semester-hours, an under-
graduate mathematics program must provide the opportunity for the

student to enhance his ability to read new mathematical content inde-

pendently and with understanding. Therefore, in the opinion of this

' investigator, an undergraduate mathematics program for elementary

teachers must not only provide an opportunity for the student to master

the basic mathematical concepts underlying arithmetic, to master the

computational skills of arithmetic, and to enhance his attitude toward

maehematics5‘ ut also to 1mprove his ability to work independently in

g mathematics. Answers to the two ba31c questions and the three secondary‘
questions posed at the beginning of this chapter Wlll 1ndicate whether»
"one teaching technique 1s to be preferred over the other in the’ achieve-a

' ment of ohese objectives.

To answer these questions; two groups of preserV1ce.e1ementary
teachers vere used in this StldY. One group ‘was taught using a lecture-
clags discussion technique and the other by a lecture-small group dis-
cussion technique. The firsb basic question will be answered by com-

paring tne amount of material covered by one section to that covered

";ﬁisiiph’i



by the other section. The remaining four questions will be answered
by a statistical analysis of the following hypothesis:

Hypothesis 1. There is no significant difference between
the mean scores of the two groups with
respect to
(a) overall course achierement as measured

by three unit tests and a final examina~
tion, | |

(b) computational skills as measured by a

' standardized test on basic arithmatic
computational skills,

(¢) attitude toward mathematics as measured
by an attitude scale,

(d) the ability to read unfamiliar mathe-
matical material independently and with
understaoding as measured by four in-
structor-prepared examinations.

In addltlon to comparing the two groups in terms of the basic
questlon of overall course achlevement and the three secondary questlons,
the upper and lower one-half abllity levels, as: determined by A.C. T.
dmathematics percentile scores, of each gwoup will be compared. Specifi-
;,cally, the following hypotheses will be 1nvest1gatedf
Hypothesis 2e There is no signlficant dlfference between

" the mean scores of the two upper one-half
abillty levels as determlned by A.u.T.

imathematics percentlle scores w1th respect to

"sdii?’_f-r;cflfiinﬁlli'



(a) overall course achievement as measured
by three unit tests and a final examina-

tion,

|
e

y

(b) computational skills as measured by a

standardized test on basic arithmetic

1.

computational skills,

(¢) attitude toward mathematics as measured

Y s v.l

by an attitude scale,

[% (d) the ability to read unfamiliar mathe-

i : matical material independenﬁly and with

s understanding as measured by four in-

structor-prepared examinations.

. Hypothesis 3. There is no significant difference between the
mean scoreseof’the_teo lower'oﬁe—half‘ability
leﬁeie ae detefmined by A.C. T. mathematics

- percentile scores w1th respect to

é '(é) overall course achlevement as measured

. “by three unlt tests and a f1na1 examina-~

L] -tlon"-”‘: _‘ . -

. _i'_' e SR - e_ ”‘:V kb) Lcomputatlonal skllls‘as measured by a

~] | k L ‘v‘“standardized test on ba51c arlthmetlc

] 9uomputatlona1 skills,'n'*

(@) ‘attitude toward mathematlcs as measured
by an attltude scale.

(d)-.the abillty to read unfamlliar mathe~

vfi matlcal materlal 1ndependently and with -




understanding as measured by four
instructor-prepared examinations.

Previous studies related to the three hypotheses will be
discussed in Chapter II. There are many studies related to the under-
graduate preparation of elementary teachers of mathematics, but tha
predominant theme is cne of determining their abilities, positive atti-
tudes toward mathematics, or lack thereof. Very littie effort has been
channeled in the direction of determining methods of making optirwum use
of the four to eight hours available in their undergraduate.program for
mathematics instruction.

The design used in the study is outlined in Chapter III.

Basic definitions, instructional methods, and statistical procedures
are given. Since analysis of covariance is used, the criteria for the
selectlon of the covarlatesare<i1scussed. The chapter also includes a
descrlption of the population sample, 1nstruments of measurement, and
data obtalned from the measurements. |

| ‘In addltion to the analysls of the speclflc questlons to‘
' be 1nvest1gated Chapter IV 1nc1udes an analysls of a questionnalre‘
h‘dealing wlth mechanlcs of the 1nstructlonal technlques, examlnatlons
glven durlng the semester; and amount of tlme spent Jn study out31de of
the classroomolq'”'

uonc1u31ons and reconmendatlons stemming from the study ‘are
given in Chapter V. The recommendatlons include suggestlons for

»additional»research'related to the main prob;em;-
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CHAPTER II
LITFRATURE RELATING TO THE PROBLEM

The literature'as it pertains to the two basic questions and the

three: secondary questions advanced in Chapter I will be surveyed in this

‘ chapter. Since a magority of the studies surveyed dealt with all three
_of the variables "computational skills," "attitude toward mathematlbs "

"iand "understandlng of the bas1c concepts of mathematlcs,ﬁ no attempt

ill be made to separate the literature as. 1t relates to these three
variables. Studies relating to the ability of students ‘to.read mathe-’
matical material 1ndependently w1ll be considered separately, however. 7

F1nally, studies relating to small—group discussion classes in mathe—l

'-] matics as they pertain to classes of preserv1ce elementary school

teachers w1ll be reviewed.

Since the performance by the small-group d1scussion section on

various criterion measures w1ll be compared w1th the performance of the

lecture-class discussion section, the 11terature relating to the effect
of an. undergraduate mathematics course fortrospectlve elementary school
teachers, taught by a lecture or lecture-class discussion approach, on
the computatlonal skills, att1tudes toward mathematics, and understanding

of basic mathematlcal concepts will be surveyeu.' The 1nvestigator 1s

any studies donefwith preserv1ce elementary school teachers
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lecture or lecture-class discussion type or was not descerikbed in the
study.

Studies'relative_to the computational skills, knowledge of
basic mathematical concepts underlying arithmetic5 and attitudes toward
mathematics possessed by preservice elementary teachers before and after
completing a mathematics course for elementary teachers are fairly con~
sistent in their conclusions. The majority of the studies indicate that
prospective elementary school-teachers improve their computational skills,
advance their understanding of the ba51c mathematical concepts underlying
.:arithmetic, and enhance their attitude toward mathematics after taking a
_mathematics course speciéically des1gned for the elementary school

' teacher of mathematics.~

In a study conducted at Brigbam'Young Un1vers1ty with 186

. students enrolled in a required mathematics course for elementary educa»

ﬁltion majors, Gee (l966 p. 6528A) concluded that "There was a 31gn1ficant
’igain 1n basic mathematical understanding by prospective elementary
- teachers while taking this course."' Gee used Glennon's “A Test of Bas1c
.Mathematical Understanding" to measure the students! 1n1t1al and final
‘understanding of basic mathematical_concepts. To measure the students'
"attitude toﬁard_mathematics,.Gee‘used Dutton's "Arithmetic Attitude.
Scale.“ dHe:found that'" g';:attitudes of prosepctive elementary school
v‘teachers toward mathematics Were 1mproved by taking this course.
Additional results cited bv Gee relevant to the nresent study

'1nclude his conclusion that there is a pos1tive s1gn1f1cant relationshio

‘7f$betwven pretest scores on. the attitude scale and final grades and between

ﬁvcores and ,retest scores on mathematical understanding;:ﬁ“
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He concludes that ". . . A.C.T. math score is a good predictor of success
in this course as measured by the final grade."

Todd (1966, pp. 198-201) found that a course similar to the cuém
number systems course given to 287 students ". . . produced significant
changes in understanding of arithmetic concepts and in attitude toward
arithmetic for students who completed the course." Glennon's "A Test of
Basic Mathematical Understanding" and Dutton's “Arithmetic Attitude Scale"
were used to measure initial and final understanding of mathematics and
attitude toward mathematics, respectively. |

In a study oomparing the performance of inservice teachers on

an investigator-prepared test of traditional and modern arithmetic con-

. cepts and 3ymbols, Harper (l96h, PP. 5h3-h6) found that teachers who had

had a, mathematics course speciflcally designed for elementary school

”»fteachers scored significantly better than teachers who had had up to

"hgfof ba31c‘concept ofiarithmetic‘and attit“de

six credits of college mathematics, but had not had the mathematics
‘course for elementary teachers.

To determine wheuher a course in modern mathematicsbis a factor
which influences teacher attitude toward mathematics in general, ‘Rice
(1965, p. 1433A) constructed a U5 item Lakert—type attitude scale and
administered it to 608 inServ1ce elementary teachers.; Rice concluded
that training 1n modern ‘mathematical: materials appears to foster more
favorable attitudes toward mathematics in general.

O Foley (1965, p. u320), in a study investigating the effective-r
“iness of large group instruction With small discussion groups of - approXi-

‘thatelyfzo students, measuredﬁthe students initial and final understanding

';'rd mathematics., He

:,found that the studentpfimproved their‘understanding of basic mathematicall'
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concepts, but that there was no significant gain in attitude toward
mathematics. Foley also concluded thatthere was ". . . no substantial %
correlation between mathematics competency and attitudes toward mathe-
matics." This result contradicts the previously cited conclusion by !
Gee. Unfortunately Foley does not indicate what instruments were used :

to measure either of the two criterion variables.

In an effort to dev1se an instrument to measure the attitude
toward mathematlcs possessed by prospectlve elementary school teachers
that did not glve the 1mmed1ate appearance of an 1nstrument obvlously
'de31gned to sample att1tudes toward mathematlcs, Kane (1968, pp. 169-

175) prepared a questlonnalre in whlch students vere asked to rank

§the1r preference for Engllsh, snlence, soc1al studles, and mathematlcs

';relatlve to questlons sucu as "It was most (least) enJoyable to me,"

“It was the area in whlch I learned the most (least)," etc. The
questlonnalre was glven to elementary educatlon magors that had completed'

two courses 1n mathematlos for elementary teachers and a three-credlt

methods of teachlng elementary school mathematlcs course.. Kane concluded

(p. l73) that.". . ; the attltude of these orospective teachers toward
mathematics is relatively high. Mathematics and English (language arts)
‘cons1stently command more positlve att1tudes than soclal studles and
»sclence.“ Kane further concluded (p. l7h) that ", ‘.‘. prospectlve
teachers who have relatlvely unfavorable attitudes toward mathematlcs
‘tend to prefer teachlng asslgnments 1n the prlmary grades, whlle tnose
that haye the most favorable att1tudes toward mathematlcs tend to ore-

vp:fer aSSlgnmentS 1nuthe lntermedlate grades._{?'ﬁ:"

t:Lme-t.re
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standing of basic concepts of mathemztlcs, attitude toward mathematics
and course achievement was done by Northey (1967). The two variables
were "time spent in lecture" and "lecture technique (either inductive or
deductive)." The time treatments were 7h% to 26%, 50% to 50%, and 26%'to
74% for lecture versus class discussion, respectively. Northey found no
significant difference between the mean scores on the criterion measures
of the various time and lecture treatments, but he did conclude that
computational skills attitude toward mathematics, and course achievement
were best enhanced.by 7L% discussion and either inductive or deductive |
lecture.‘

Even. though all of the previous studies indicate that computa—
tionallskllls'and xnowleuge of basm.’mathematlca concepts of elementary
'school mathematlcs teachers are improved upon #aking a mathematics course
for elementary teachers, Dutton (19tﬁ§ ppP- 223~ 31) feels that the improve-
ment can be even greater. Dutton used an arlthmetlc concepts test to
diagnose difflcultles in arithmetlc and students were then g1ven sugges-‘
tlons for correctlng them. He conclvdes (p. 230) that ‘the ", . . elementary
teachers in. this study made" marked progress in the mastery of mathematlcal
concepts when 1nstruculon was 1nd1v1duallzed and adjusted to thelr needs."

In an earller study 1nvolving 127 preserv1ce elementary school
,teachers 1n whlch he investigated the attitude changes of prospective
'elementary school teachers, Dutton (1962, Pp- L18-2L) found that
"Attltudes toward arlthmenlc, once developed, ‘are tenaclously hald by

rprospect1Ve elementary school teachers. Dutton goes on, to say that
L T

f,ljﬁyl.f._contlnued studyfshould be made of changlng negat1ve att1tudes

icftoward arlthmetl hat the un ,er31ty level and through inserv1ce 1nstruc-:xg IR

’i'ftlon whll -doing. regular classroom teaching.ﬂj-fﬁ‘i”"ZWJl”“

T Sy e A et o et e AT bt e AT




Dutton gives some evidence to support a claim that positive
attitudes may be positively correlated with achievement, but he has no
strong conviction along these lines. This last conjecture bj Dutton is
supported by a conclusion drawn by Gilvert (1966, p. 961A) in an investi—
gation into the effects of various backgrounds in high school and college
mathematics on the understanding of arithmetic concepts possessed by
prospective elementary school teachers. Basing her conclusicm on data
gathered through the administration of.standardized arithmetics tests
and a questionnaire, Gilbert concluded that "Students indicating a more
positive attitude toward arithmetic also seemed to exhibit a fuller
understanding.” Gilbert recommends that the two major. obJectlves of
content courses for prospect1ve elementary school teachers of mathematlcs
should‘be the development of.a.fuller understandlng of arithmetic as
"well as an 1mprovement in attitude toward mathematics. _ |

v Two suudies, one by Bassham, et. al. (196hL, pp. 67-72) and ‘the
other t by Lerch (1961, pp. 117- 19), when cons1dered together stress the
importance of. striv1ng to 1mpr0ve the attltudes toward mathematics of
preservice elementary school teachers of mabhematlcs. Eassham, et. al.
studied the attitude and achlevement of a group of 159 fifth and sixth

grade students. Dutton s "Scale for Measuring Attltudes Toward Arithmetic,"

~'and the “Iowa Tests of Baslc Skllls (Arlthmetlc Concepts)" were used to

'jc“mastery

1'f€ﬂ:those pupils'x

measure att1tude and achlevement, respectively The authors concluded
‘(p. 71) that “After welghting for indiv1dual differences in intelllgence

“and reading comprehension, an important difference in: mean scores of

1nvfundamehtal concepts of arlthmetic was found'to ex1st between

J%as 1n the upper two-flfths and,those class1fied ;-‘ o

'b"*_as in the lower two-flfths of a distrlbutlon of att1tude scale scores.
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In fact, the authors found nearly three times as many high-attitude
pupils over-achieved .65 grade as under-achieved by .65 grade.

The study by Lerch Involved two fourth grade class=es; one class
ability grouped and re-groumed when new topics were discussed while the
other was a non-grouped class. Lerch, upon investigating the attitudes
of the two groups toward arithmetic, wds able to conclude {p. 119) that
"The child's attitudes toward arithmetic are more basically dependent
upon ‘his teachers? attitudem and the methods they employ than they ate
upon ‘classroom organizatiom."

Another study done at the fourth grade lsvel thzu cites an
assesiation between attitade toward arithmetic amd achiev=ment is
reported by Lyda and Morse (1963, pp. 136-138). The studants were given
Dutton's "Arithmetic Attitude Scale' and the "Stanford Arfithmetic Achileve-
ment Test" belore and after 1nstruction. The authors strove to teach
"to reveal concepts and ratlonale of a process and the relationship of
processes to each other. The authors called this "meaningful teaching."
They were able to conclude (p. 138), as a result of their investigation,
that "Associated with meaningful methods of teaching arithmetic and
changes 1n attitude are significant gains in arithmetic achievement,
that is, in arithmetical computation and reesoning.

’ The literature relating to the last of the secondary questions
',posed in Chapter one, ‘that is, the quastion dealing with the ability of
’prospective elementary teachers to read, 1ndependently and with under-
’ standing, unfamiliar mathematical material 13 virtually non-eXistent..

"pHowever,bin terms of long range benefit to the student, it seems apparent

fthatv hlS question is of the utmost importance. The report of the .

"'-‘_;ﬂ':._"cambridge Conference (1967, p. 39) holds that ", '; J it is.u_nlikely 1
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that there would again be such a freezing of the mathamaiics curriculum

as took place in the last century and a half. It thersfore appears
quite hopeless and inappropriate to expacst that preservics tralning
could be»extensive enough to equip a teasher for a lifem&me.ﬁ Teachers
possessing the ability to read and understand mathemati:ca’l material
could derive great benefit from weli-wri:tten teacher commentaries and
shaort monographs aimed specifically at <whis audience. ¥nody (1966,
pp. 30-31} writes Tt would be anticipated that a studemt who completed
a course of-study in mathematics, especially designed for elementary
teachers, would have sufficient background to be able ‘o pick up a good
teachers! commentary to a 'new' textboolk series in arftimetic, and with .
its help design a“lesson in arithmetic which_would pressrit the material
in aimeaningful fashion;" bThere does not seem to be amy reason to believe
that successful completion of a mathematics course for preservice elemen~
tary teachers taught by a lecture or lecture-class discussion approach
will enhance the students' ability to do independent work.

In‘a study on the-ability.of.college freshmen'to read a chapter
on the h&perholarindependentiy, filano.(1957; Ppe. lé-le concludes ". ; .
practical equivalence, in terms of student achievement of the two methods
(i.e., independent reading versus lecture-class discussion)." However,
Filano indicates'that the results could.be’misleading since the unit on
the hyperbola was covered immediately after a discussion of the ellipse
and guidance was given in the form of specific p.oblem assignments.

‘. There is also one’ other consideration in the applicability of

Filano's study to preserv1ce elementary school teachers. The study

“.”fdoes not state so specifically, but one may assume that the subjects |
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naé similar backgrounds in terms of high school units in mathematics.
Thiz has not been the case in classes of prospective elementary school

teachmers over the past eight years at Wisconsin State University -

St=vens Point. Furthermore in each of the studies previously cited

igvolving preservice elementary school teachers where the authors gave
a description ofvthe population sample, homogeneity of high school
background 4&id not exist. It is not unusual for a class of prospective

teachers to have a background range of from one ‘to four years of high

. griool mathematlcs and up to four or more college eredits in methematics.

Turner, et. al. (1966, pp. 768-70} conducted a study using all
students in their Fundamentals of Mathematics and College Algebra classes

at Hankato State uollege.f The experimental‘groups were taught by a

‘lecture-dlscussion method two or three days per week with the remaining

days spent in smaller d1scussion groups. The discussion groups were

handled in one of three ways: (a) students worked together in Eroups .

of three students with one of the students acting as leader (the in-
structor in charge,was present but did very little talking to the

groups); (b) students worked together in‘groups of 5 or 6 with a
mathematics major leadlng the discussion; and (c) a graduate assistant

was in charge and.used_a variety of methods of instruction. Unfortunately,
thesevmethods.were not reported. The_control groups consisted of about

50 students per class and were taught by a lecture—discussion method

- each day. Turner {(p. 770) concludes that "The- results of using the

various treatments 1ndicated no significant d1fferences in ach1evement

'»[as measured by ‘a common instructor-prepared examlnatioﬂ] No results

were reported or conjectures made on the effect of the three-student L
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work group treatment on the ability of these students to work independ-

ently.

As with Filano's study, the applicability of this study to a
class of preservice elementary school teachers can be questioned because
of the probable uniformity of high school preparation of the atudents in
Turner's study.

There are a number of studies tangentially related to the
acquisition of the ability to read mathematical material independently
and with understanding. McKeachie (1963, ©. 1132).says of the student-
centered group discussion instructional technique ". . . if studentsf
are to achieve aoplication, eritical thinking, or some other higher
cognltlve obJectlve, it seems reasonable to assume that they should
have an opportunity to praﬂtlce abpllcatlon and critical thinking."
McKeachle (p. llho) goes on to cite 11 studles that show ". . . signif-
icant differences in ab111ty to ‘apply concepis, in attitudes, in mot1-
.vatlon, or in group membershlp skills . ." where the discussion
techniques favored greater student participation. Finally, McKeachie
claims (p. 1140) "The more highly one values outcomes going beyond

acquisition of knowledge, the more likely that student~centered methods
will be_preferred.“ |

Studies dealing'with the mostreffective small-group size are
inconclusive. For example, Hare (1952, pp. 261—67) states that if the
.group task is a technical one, a larger group may have a higher '
probability of solving the problem in a shorter time and South (1927,
PP 3h8-368) states that on abstract tasks, groups of three took

longer to solve the problam than groups of six. On the other hand,



L iaial s

LR Gl ]

RELEE L A

19
cn a "Twenty Questions" type concept formation problems, Taylor and
Faust (1952, pp» 360-368) report that groups of two persons obtalned
the answer in shorter time but failed more often than did groups of
four.

Schellenberg (1959, pp. 73-79) found that in 32 social science
classes in which the discussion groups were of size L, 6, 8, and 10,

a higher degree of satisfaction among the students and higher instructor
gradlng existed in the smaller groups.

Hare (1962, p. 22hL), in dlscu551ng discussion-group size, states
+hat when the time allowed for discussion is limited ". .« & thevaVerage
member has fewer chances to speak and intermember communication becomes
difficult. Morale declines, since the former intimate contact between
members is no longer poseible." Hare (p.'225) argues again in favor
of a smaller group size'when he states-“Although the larger group size
h&as in 1tg membershlp a greater varlety of resources. for problem-solv1ng,
the average contribution of each member diminishes and 1t becomes more
dlfflcult to reach consensus’ on a group solutione” The conjecture that
a group with an odd numbier of members may be de81rab1e is advanced by
Hare (pe Zh);‘the odd number of members making a deadlock on a de0151on
unllkely. | | | |

Bales and Borgatta (1955, pp. 396-413) reported a decrease in
the group exploration of different po.nts of view and a more direct
attempt to reach a solutlon to a group problem regardless of disagree-
,,ment when group 51zes were 1ncreased from two through seVen.‘ These

group actions were a55001ated with the increased restrlc*ion of tlme

";V available to tbe part101pants.‘4‘h‘
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Guidelines for establishing group composition are.not universal.
Gohen.(l957, pp. 135-1LL) claims that groups which are highly cohesive
tend to work harder regardless of outside supervision. However, McKeachie
(1963, pp. 1133-u48) reports studies that suggest a cohesive group, al;
though eff ective in maintaining group standards, may accept either low

or high standards of productivity. McKeachie (p. 1135) states ". . » in

_ecreating ‘groupy' classes an instructor may sometimes help his students

develop strength to set low standards of achievement and maintain them
against 1nstructor pressures o o ."; Grouping accord1ng to personality

was determined by Hoffman (1959, PP 27-32) to be unsuccessful in an

experiment in group problem solvingo In a study using psychology_classes,

Lpngstaff (1932, pp. 131~166Y found no significant differences between
classes homogeneously grouped accord1ng to 1ntelligence<quotient and

heterogeneous classes. Baslng hls declslon on four studles in which

" the spec1al ab111t1es of homogeneous groups were explo:ted McKeachie

(p. llh3) writes "o o . 1t seems safe to conclude that homogeneous
grouplng by ability is profitable,‘lf teachlng makes use of the known
characterlstlcs of the groups." This concluslon, however, is not appli-
cable to the present study since the ach1evement of two entire classes
will be compared and the success of the lecture—small group dlscussion
technlque will rest on the’ ablllty of all students to profit by small-
group dlSCUSSIOn of the same body of mathematlcal content.

In summary, the survey of the 1iterature related to this study

',indicates that mathemat1cs courses for preservice elementary school

lecture-C1ass discusslon tachn1que

compuuational abillty, contr1bute to their
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understending of the fundamental concepts of arithmetic, and generally_
enhance their attitude toward mathematics; The evidence supporting a
conjecture that preservice elementary school teachers possess or
develop as a result of a preservice mathematics course the ability to
read mathematical material independently is not known. The studies
along this 11ne have 1nvolved groups of students with similar back-
grounds in high scnool mathematics. No studles relatlng to the use of
a smallegroup discussion instructional technique with classes of pre-
service elemeptary school teachers were found.

Studiee dealing with small group study in general are not in
agreement as to optimum group size. Thelen's (1949, pp. 139-1h3)
"principle of the_least group sizeﬁ-nthe group should be just large
ehoﬁgh to‘inelede individualspwithvall.the relevant'skilis for problem
solutlon--seems to be most appr0pr1ate. Homogeneous grouping by ability

appears to. be favored; however, in the present study thls was not

‘feasible.
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CHAPTER III
DESIGN OF THE STUDY

The burpose of this chapter is to provide a detailed outline of
the design of the study, giveba description of the actual classes involved
in the study, and to sunmarize data relating to the mechanics of the two
teaching procedures collected during the semester.

Section one discusses the sample and general procedures and.
the next two sections describe the two teaching techniques employed.

The fourth section contains a description of the instruments of measure-
’.ment, while section five is devoted to the statistical procedurese
| Thevlast three sections provide a description of the two
classes involved in tne study, data on the lecture—class discussion
:teaching'technique and data on the lecture—small group discussion
l:teaching method,‘ - | . |

t

lehe Sahple and General ProcednresE!

- The study 1nvolves o sectlons ‘of Mathematlcs llS, "Concepts
of Modern Elementary Mathematlcs,? at Wisconsln State ‘University-
Stevens Point during the second semester of the 1968-1969 academic
year. Section one met at lO:hS A.M. and section two at 1l:L45 A.M.
esch day of the week, except_Tuesday. ‘The class periods were 50
minutes in length. |

Mathematlcs 115, a four-credit course, is the only mathematics
course requlred of prospectlve elementary teachers at this un1vers1ty.

.There isnno prerequlslte mathematics course and since it also satisfies
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the university requirement in mathematics, it is usually the only <ollege-
level mathematics course taken by elementary education majors at Wisconsin
State= University-Stevens Point.

* The same.instructor taught both sections of the course. Since
the notes from which the students studied had to be supplemented by
lecture in several areas and because overall course achievement was
based entirely on the students' success on examinations (prepared by
the investigator) covering material discussed in class, it was felt
that the achievement would be most accurately measured if the same
instructor taught both classes.

Because of conflicts with other required courses in the elemen-
tary teacher curriculum and because the teacher variable was controlied,
making two sections at thevsame hour impossible, random selection of
students for thertwo sections was not possible. However, no student
knew prior to‘the'first day of ciaSs.that he would be involved in a
reseerCh study. Furthermore, the- type of teachlng technlque used in
aelther s ection was determ 1ned by a flip of a coin one day before |
"classes convened; 'Nofstudent‘transfers from‘one sectlon to the other
‘section involved.in the'study were to be allowed eXcepthih cases of
extreme hardshlp. There was.ohe other section of the course taught
by a dlfferent 1nstructor in the afternoon and any students having to
transfer would ‘be requested to enroll in that sectlon.' There did not
~ appear to be any factor other than class scheduling problems that
1inf1uenced a choice of one sectlon over anotber.

During the flrst class meetlng the teachlng technique to be

used in each group, pretests requlred, posttest requlred, and the
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purpose of the study was explained to both groupse. The students
learned that the same examinations would be given to both sections and
that the two sections would be graded together. Since the results of
ﬁhe pretests were used in the statistical analysis of overall course‘
achievement, it wés important that the students gave their best possible
effort on each pretest. Thus, the classes were told that their letter
grade for the course would be based solely on the number of points
accumulated from three one-hour examinations and a two-hour final
examination and that their pretest and posttest scores would in no way
influence their letter grade. They were urged, however, in the interest
of the experiment, to do their best on each pretest and each posttest.

Only +hose students possessing A.C.T. scores were used in the
_statistical analysis since this'variable was used as a covariéte in
the analysis of.covariance. AThis information was not disclosed and
data way kept fbr'all students.

The bulletin Usinng¢C.T. on Your Campus (American College

Testing Program, Inc., 196L4-65, pp. 6-7) describes the nature and pur-
pose of the mgthematics'section as follows:

"This test saniples the student's abiiity to understand and
use the principles and techniques of mathematics. In this sense,
it is a test of the student's ability to reason mathematically.
Test items involve two kinds of problems: (a) quantitative
problems based upon practical situations, and (b) problems

-presented in formal exercises in algebra, geometry, and
advanced arithmetic.”

A mathematics major who was able to be present at every class
meeting was employed as a student assistant. (His role within the
classroom will be explaihed in the next two sections.) Outside of

the classroom, he assisted in -the scoring of objective examinations,



in the compilation of data, and in the key punching of computer cards.

Course Content

The mathematical contert of the course was a proper subset
of the CUPM recommendations for level I preparation. The students

were issued Wren's Basic Mathematical Concepts as the text for the

ccurse (Wisconsin State Univérsity—Stevens Point is on a textbook
rental system); however, with the exception of a short unit on geometry,
it was used only as a reference text by the student. The material
covered in the course was prepared by the instructor and was dittoed
for distribution to the students prior to class lecture or discussion.
"The same notes were used by both sections involved in the study.

The topics considered included a brief study of the logic of
_propositions, elementaryvpropercies of sets, ar .ntuitive development
of the_numberisystems thrcugh the real numbers, numeration systems,
elementary number theory, relations and functions, and an introduction
'to basic geometric concepts. Table 1 lists chapter tltles and 1ndica—
”tions of chéptér'ccntent;

‘Lecture—ClassﬂDiscussion Instructional Technique

Of the possible 6Q'class perioﬁs of the semester, ten periods

were used for pretests, bosttests, and unit examinations. Each 50
minute class perlod was spllt into four maJor categories; namely,
review of the previous day's work, student questlons on the previous
day's work and nomework assignments, lecture on new material, and

classcdiscnssion of instructor-posed questions. The segments were not

38
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TABLE 1

OUTLINE OF COURSE CONTENT

Chapter

Content

I

Propositions; connectives, truth tables;
tautologies; logical equivalence; propo-
sitional forms; counterexamples.

1T

Terminology of sets; operations; Venn
Diagrams.

ITI

- gystems.

Whole numbers; addition, multiplication,
and subtraction defined; properties of
operations; algorithms, numeratiocn

Prime and composite whole numbers; Funda-
mental Theorem of Arithmetic; Qivisibility
theorems.

The integers; operations defined on the

integers; properties of the operations.

VI

. on the rationalse.

The rational numbers, operations defined

VII -

denseness of rationals in reals.

The real numbers; decimals; characteri-
zation of rationals as repeating decimals;

VITY

-

‘Relations and functions; graphing

relations and functionse.

Geometry |

Basic terminology, including point, line,
plane, ray, half-line, half-plane, polygons,
congruence of triangles, similarity of
triangles.

39
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necessarily disjoint in the sense that the lecture couldn't be
interrupted by a short question from a student, for example; however,
the sequencing of activities normally followed this pattern. The
studaqt assistaht recorded the amount of time spent on each activity.
During the first three weeks cf the semester; the assistant was to
keep detailed notes of the class activities and after class the
instructor and assist;nt were to compare the notes with the time
sheet to verify that the assistant had correctly distinguished
between lecture activities and class discussion activities. When the
instructor was Satisfied that the distinctions were being made correctly,
detailed notes were no longer kept. Table 2 lists the numbgr of minutes

that were allotted to each class activitye.

TABLE 2

TTME EXPENDITURE IN LECTURE-CLASS DISCUSSION GROUP

: » Type of FHinutes
Activity Activity “Allotted
Revieﬁ of
Previous Lecture 5
Work ’ ’

Student Class

Questions Discugsion 10 .
New

Material Lecture 10
Introduced

New :

Material Class 25
Discussed Discussion

The-feView of the previous day's material was. done entirely by

s

LU

the instructor. The key theorems and generalizations were reviewed




and new examples given. At the beginning of a new chapter, an over-
view of the chapter was given in place of the review of previously
covered material. Five minutes were to be allotted to this review or
overviews

Ten mlnutes of each period was allotted to student questions
on previous work and on homework problems. Student questions were re-
direeted to another student or were solved through instructor-led
class discussion. Any questions remaining at or near the end of the
allotted time were reassigned with hints toward a solution. No home-
work problem was ever solved entirely by the instructor. An effort was
made to solicit responses from all students. During ten class periods
randomly selected from the last 1L weeks of the course, the student
agsistant was to record the names of students responding to questions

and indicate whether the response was voluntary or was requested by

- the instructore.

The new material for the day was introduced by the instrnctore.
The students were not encouraged to particlpate actively, although brief

questions were usually answered immediately. ‘The students were told

that they would have ample ooportunlty to ask questlons during the next

.time segment. The maﬁor portlon of the time was spent explainlng and
illustrating definitions and in stating, proving, and 111ustrat1ng
certain theorems. The deductive nature of mathematics was stressed
almost exclusively;vhoﬁever, on occasions the mateiial was developed
via an inductive'approaeh.

The activities in the last time segment varied according to the

material; however, in all cases the students were actively involved.
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Student questions about the new material was discussed first. If the
question was clear to most students, a volunteer was asked to respond.
If there were no volunteers, the instructor would rephrase the question
and, if necessary, give é hint toward an answer.

After all student questions about the new material had been
answered, the remaining time was spent solving problems related to the
lecture, giving reasons for steps in the proofs of additional theorems,

or applying the theorems to specific problemse.

Lecture-Small Group Discussion Teaching Technique

?his class met in an economics statistics laboratory equipped
with long réctaﬁgular tables rather than conventional seating. Thie
arrangement made émall group study very convenient.

The class périods were sSplit into three time segments. The
first ten minutes was anAinstructor-dominated lecture period, the next
30 minutes was devoted to work by students in small discuscion groups,
and the 1ast ten minutes was an instructor-led class discussion period.
The tlmevqc¢“hw¢e was to be closely followed, Wlth only a two-minute
deviation allowed in either direction.

The actvivities of the initial time éegment included a brief
review of the previous day's work and an introduction to the topic for
the day. Bmphasis was placed solely on tying together the ideas covered
in the previous day's work rather than on explanations of specifib can-~
‘cepts or proBléms related to the concepts.

The introduction to the day's material included an explanatioﬁ
of new Symbolism, proofs of theorems not in the notes, and if time

‘remained, an ekplanation of the more difficult definitions.
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The students were randomly assigned to groups of three or four
students each week. On the first day of the semester ezch student was
assigned a positive integer and‘the discussion groups were determined
by randomly selecting numbered uniform discse.

The group asdi gnments were made on a weekly basis, alternating
between groups of three and groups of four from week to week. Since
the number of students was not a multiple of three and four, one group
worked with.one or two fewer students than all other groups. The weekly
group assignments were made to minimize the effect of a particularly
dominant student on two or three other students of the class. It can be
argued that changing group composition eo frequently tends to decrease
group productivity, but since the development of indivicdual skills was
of prime consideration here, no attempt was made to seek the best
possitle group structure in terms of group productivity.

A group leader was determined by alphabetical and reverse
alphabetical order for each ciass period.of the week. The responsibilities

. of £he group leader as outlined by the inStructor includad a charge to
(1) keep the:diScuséion mpvihg, that ié, if a problem was too difficult,
move to the next, (2) be sure that all group members participated in the
discussion, and (3) be relatively cerﬁain that all menbers understood a
concept before moviﬁg oﬁ to the next.

On alternating weeks with group size four, each day the individual
groups were randomly paired within the group. The individual pairs of
students worked on the exercises but were encouraged to communicate
frequently with_the other two studentS‘bf their group. The group leader

vﬁas instructed to See thét both pairs were progressing at similar ratese.

At the end of the ninth week the students were asked their preference
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of group size and composgition and the results of the poll dictate” which

type of group composition was to be used for the remainder of the semes-
tere.

At the beéinning of the second time segment the students were
told about how much material they ought to complete and the group leader

was reminded of his responsibility to see that the work oprogressed

. t,odard that goal. If .a group completed the desired work before the

end of the time period, they were encouraged to review topics from
previous material rather than proceed beyond the given assignment.

While the greups were working on the assigned material, the
instructor and his assistant moved from group to group observing the
progress, listening to the discussion, and pr&viding assistance when
requested. Prior to each claes meeting the instructor ahd his assistant
reviewed the topic for the day and agreed on ths type of assistance
allowed on each problem or question. The assistance given adhered
closely to the xollOW1ng format. The 1n1t1a1 request for assistance was
answered by a request to have the students state exactly, and in their
own words, what the problem was asking. If they were unable to do this,
the problem was explalncd to them and the group was left to try to work
through their difficulty. If the group gtill could not reach agreement
on a solution, a second reguest for assistance could be made. The
instructor or assistant listened to any arguments proposed and if a
correct solution or solutions had beeh given, he would state which
one(s) they ﬁere and then left the group. If no correct solution had
been,preseﬁted,'the group was urged to go onto another part of the
aseignment. At ﬁb time was the instructor or his assistant permitted

to work on or to solve a problem for a groupe.
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The final time segment of ten minutes was spent in discussion
of the solved exercises and unsolved problems or the students were
asked ﬁo submit one written solution per group to one or two exercises
of the day. The latter was done about once every two weeks. In either
case the students remained seated with their respective groups.

If exercises were to be discussed; each group was asked to
indicate which problem, if any, presented the greatest difficulty. The
instructor then selected those probhams‘to be discussed as time permitted.
The problems Were resolved by (1) requesting an individual to give 2
solution verbally or at the board, (2) requesting a specific group to
éive their collective solution, or (3) the entire class, led by the |
inétructor woﬁld discuss a solution. If no group or individual was
able to solVe the problem it was carried over to the next period along
with broad hlnts for so;ution. If the problem remained unsolved after

the second day, the instructor outlined a solution.

The problems submitted in writing during the last ten minute

- period were. read by the 1nstructor, marked satisfactory or incorrect,

and réturned at the beginning‘of the next class perlod. During the

last ten minutes of that period, the instructor presented the best
written solutibn along wiﬁh co: ients explaining why he felt the soiution
wag a particulafly good one. MNo records were kept of the students in-
volved in the written solution, however, the students were not aware

of thise.

Data and Measufing Devices

During the first. week of classes, the Califcrnia Mathematics

Test (Form W), 1957 edition, deviséd by Ernest W. Tiegs and Willis W.
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Clark, the Cooperative Mathematics Test (Algebra II, Form A), 1963 edition

published by Educational Testing Service, and an attitude “oward mathema-
tics scale written by Aiken and Dreger (1961, pp. 19-2);)} was administered.

During , the last waek of classes Form X of the California Mathematics

Eegt'and the same attitude test was given. Also during the last week

an instructor-prepared guestionnaire designed to solicit student opinions
on the mechanics of the course was given to the students. In addition,
three unit-examinations and a final examination covering the entire

semester's work were used to measure the students! overall course

achievement.

The galifornialMathematics Test cdnsists of two main parts,
namely, the "Mathematics Reasoning Test" and the "Mathematics Fundamentals
Test." Sections on meanings; symbols, rules and equations;.and word
problems constltute the reasoning test and the fundamentals test is
separated into one sectlon each on the four arlthmetlc operatlons.' Each
subsection - of the examlnation is timed with a total of 31 minutes glven
to thev"Mathematlcs Reasonlng Test“ and L mlnutes allowed ‘for the
“Mathematlcs Fundamentals TesU.“ A maxnnuﬁ score of 60 can be achleved
-on the reasonlng tests and a score of 80 is pos81ble on the fundamentals

portione.

The Manual of the Callfornla Mathematlcs Test (1961, p. 6)

states that the twenty questlons in the "meanlngs“ section of the
reasonlng portlon of the test "o ; are des1gned to measure the extent
to which the student understands the meanlngs of numbers, money , percent;
_‘etc., and whether he has adequate concepts of fractions, dectmals,‘
xponents, roots, and abstract numbers.v The "symbols, rulesa and

_equatlons"'section is designed to 0, “._. reveal the extent of the
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student's comprehension of symbols, rules, and formulas, as well as
general mathematical terminology." The "problems" section includes
word problems dealing with square and cubic measure, ratio and per-
cenu..ge, and budgeting.

Regarding the i'Fundamentals Test," the Manual of the California

¥Mathematics Test (p. 6) claims that "The test items . . . reveal
whetner or not the student has sufficient mastery of the fundamental
processes to use them with proficiency." The "Fundamentals Test" was
used to measure the computational skills of the students vefore and
after takiné the course.

The maximum score on the reasoning portion of the California

Mathematics Test is 60 and on the fundamentals portion the highest

possi‘ score is 80. The Manual (p. 8) lists the reliability coeffi-
cient of the "Mathematlcs Reas onlng Test" as .89»and of -the "Mathe-
matics Fundamentals Test" as %k, where both were computed using'Kuder;

Rlchardson formula 21,

The Cooperative Mathematlcs ‘Test on algebra consists of LO mul-

tlple cholce questlons cevering toplcs such as radicals, exponents,
linear equatlons, systems of linear equations, logar:thms, complex
numbers, and linear inequalities. _This test was included becauss
Northey (1967) suggests that overall course achievement in a mathe-~
matics course for preserv1ce elementary teachers may be d1rectly
related to the students' knowledge of algebxalc concepts.

The mathematlcs attltude scale con81sts of twenty statemenbs,.each

descrlblng an - attltude toward mathematlcs. The students are ‘asked to incdicate




whether they strongly disagree, fizagree, are undecided, agree, or
strongly agree with each statement. The responses are weighted either
one to five or five to one, depending on the statement, and so the
lowest possible score is 20 and the highest possible score is 100.
A lowlscore indicates a negative attitude toward mathematics and a
high score 1nd1cates a positive attitude toward mathematics. A copy

of the Aiken and Dreger attitude scale is given in Appendix B,

Each of the three instructor-prepared tests was composed of
two parts, Part I tested the students! understanding of concepts dis-
cussed in class and part II attempted to measure their ability to read
and understand the definition of an unfamlllar mathematical concept,
.along with several examplcs, and then to work several exercises directly
related to this definition. If an enercise in part II «f an examination
‘contained a symbol or term from previously discussed material that could
have.been forgotten by the student, the symbol or term.was explained or
deflned'Within thevexercise. Part II of unit-test one cons1dered a
definition of.subtraction ofjwhole numbers in texms of set-difference
(the concept was also discussed in class but about two weeks after the
rxamination), while part I of test two treated the concept of an
equlvalence relation, and part II of test three contained the defini-
tion of two binary operations on the cross-product of two sets.

Part I of unit test one covered Chapters I and II, and the first one-
third of Chapter III. The first part of test twc contained topics from
thevremainderfof Chapter ITT and'all of Chapter IV. Topics from Chap-

_ ter v and VI were examined 1n the last dnit test. Each unit test cour:ted
100 pOlnLS, with 86 88 and 86 points for the three ;ourse content

fiparts of the three examinations. Appendlx G contains copies of +he
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three unit-tests and the final examination.

Like the three unit-tests, the final examination also contained

two separate parts. The first part consisted of twenty-five multiple

choice questions covering topics from the entire course. The second

part of the final examination contained three exercises, each one

gimilar in fermat to the independent reading parts of the three unit-

tests. The reliability of the final examination was computed using the

Kuder-Richardson formula 20 and was found to be L36.

On the last regular class day of the semester, a gquestionnaire

was glven relating to the mechanics of the course (length of examinations,

homework assignments, rerationship of homework to examinations, etc. Ys

amount of time spent in study outside of the class period and a con-

jecture by each student about his change in attitude towards mathematics

since the Jeglnnlng of +he course. Before the questionnaires were dis~

tributed, T%a ‘students were urged to consider each ¢grestion carefully

‘and to answer each queStion as accurately and honestly as p0331ble.

They wer:s told thac anonymiqy'would be obtained by having them place

thelr completed questlonnalres 1n a large envelope +o be passed aboutbt

the room. Appendix F contalns the questlonnaire and the percentage of

students from each group responding to each alternatlve within a given

questione.

Statistical Pfocedures

To ,omnére pre—test and post-test performance within groups on

the Gallforrla Mathematics Test and the attltude scale, the difference

between test scores was computed for each individual and a t-test
t'applied,‘ There was no reason to‘belleVe that the populatlcn sampled

i
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was normal nor that the population variances were equal. However,

regarding the first assumption, Hays (1963, p. 322) states that ",

- L]

this assumption (normality) may be violated with impunity provided

that sample size is not extremely small." Regarding tiie homogeniety of

variance, Hays goes on to say e o « for samples of =2qual size relatively

big differences in the population variances seem to have relatively

small consequence for the conclusions derived from a t-test."

The-E value obtained will be computed by the usual formula,

t = d¥n , where
S

n n n
—_ 5 .
d = E d; n.and sg = (n E ai - (Z di)z}'n(n-—l),

with di posttest score minus pretest score for individual i.

lt was "lear from the data gathered that individual differences

on the initial measures exlsted thus to control these initial differences

an ana1y31s-of—covar1ance technique was used to test for a difference

of means. ¢f the various criterion measurea.:

The analyqls—of-covariance technique used compares the means of

two samples using one or two associated 1ndependen; varlables (covarlates).

alysis of covariance uses linear regression to predict criterion me=zns

based on the initial measures selected as covariates.

Letting Y represent the crlterion measure and X the covariate,

the analysis is of the totzl sum of squares cf the residuals, ¥ - Yx.

where Y4 = Y + bT(x - X), w1th Y and X representing the sample means

~and bp the slqpe,of the regr3331on line of the total semple. In the

case of two covariates, say X an > the residiua- become Y' =Y - Yz




where Yiz =Y + be(X - f) + sz(Z - E), with be and sz representing
the regression coefficients byx'z and byz'x for the entire group.
Whenever the rejection region is "tyo-tailed,'" the F-ratio for

the lower critical value will be found by the relationship

F(n,m) = FZ%";Y

where m and n represent the degrees of freedom (Heys, 1963, pe. 350).
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The reader will recall that for a two~-tailed test and a fixed significance

level,x, the tables for F must be entered at *</2.
The computational formulas and tests of hypothesis used are

those of Walker and Lev (1953, pp. 387-L22).

| To insure that the covariates choser were those that correlated
highly with the criterion measure and also exhibited reasonable differ-
ences, correlation coefficients between initial measures and criterion
measures were computed. The éorrelation between initial mezsure and
criterion'measurefhad to exceed 0.3 before consideration of the initial

-

measure as a covariate in the analysis of the means of the different
criterion measurese.

In addition to a compariscn of the two groups in toto on the
various criterion meaﬁures, the upper one~-half ability levels and lower
one-half abiiity levels of each group as determined by the individual

A.C.T. mathematics percertile scores were compared.

Description of the Population Sample

There were 27 students énrolled in the 10:45 A.M, section and

23 students in the 11l:L5 A.M. class. The earlier section was taught by

‘the lecture—class discussion technicue and the lecture-small group dis-
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cussion instructional techmigue was used in the 11:45 A.M. section.
There were no studen£ withdrawals nor transfers in or out of either
section>after the heginning of the semester.

Twenty students in each group had available A.C.T. scores and
were the only ones involvedlin the statistical analysis. Appendix
coﬁtains data gathersd on the students not involved in the study.

Table 3 provides a summary of the class composition. Since
most elementary education majors spend one full semester off-campus
while student teaching, Mathematics 115 is usually taken during their
junior year. This is evidenced by the ratio of about three to one in
favor of juniors over seniors in the total sample involved in the

statistical analysise.

TABLE 3

CLASS COMPOSITION BY YEAR IN SCHOOL

Variablé ! ICD ISGD Total
. Number in Class | 27 23 50
Number of Juniors 16 19 35
Numbér of Seniors 11 L 15

Number of Juniors in
 Statistical Analysis 14 16 30

Number of Seniors in
" Statistical Analysis 6 L 10

Total Number in
Statistical Analysis . 20 20 LO

The mathématical preparation of the subjects ranged from one
year of hlgh school mathematlcs to four years of hlgh school mathematlcs

in both,sectlons. One student in the I1CD group had had two semesters of
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college mathematics in addition to four years of secondary school mathe-
nmatics. Two other students in the LCD group had had one semester of
college mathematics in addition to three years of high school mathematics.
Three students in the LSGD group had taken a one-semester college mathe-
matics course plus three years of secondary school mathematics. The mean
- number of years of secondary school mathematics was 2.5 for both groups.
Inasmuch 2s second~ry school mathematics courses vary rather w1dnlv
in scope, depth, and general quality, no attempt was made to further
categorize the high school units in mathematics.

The A.C.T percentile scores in mathematics ranged from 1 to
99 in the LCD zroup and from 1L to 81 in the LSGD section, with means of
50.95 and 51.75, respectively. The sum of the five A.C.T. percentile
scores obtained--English, mathematics,; science, natural science, and
general—-ranged from 14O to L66 in the ICL sectlon and from 36 to L19 in
the LSGD class. Mean totals in the LCD and LSGD groups were 257.10 and
| 277.90, with standard deviations of 116.43 and 102.2L, respectively.
Group data ié'summarizéd in Table 4 and individual student séores are
given in Table 5. Appendix B contains individual student percantile
on the Englisﬁ, science, natuzal science, and generalAportions of the
A.C.T. examinations.

Students numbered 1, 2, 5, 7, 9, 10, 12, 1k, 15, and 19 comprise
the upper 6ne—ha1f ability level of the LCD sectior and students numbered
i, L, 6, 8, 12, 1L, 15, 16, 18, and 19 make up'the upper one-half ability
level of the LSGD gfoup. The ranges of the upper and lower one-half A.C.T.
mathgmaticé‘perdentile.of thé LCD sectiQn are 56 to 92 and 1 to L7, respec-

' tively._ The cbrresponding‘ranges in the LSGD group are 61 to 81 and 1h

Cl
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to L6e Mean percentiles for th2 two halves are 73.1 and 28.8 in the

ICD group and 72.5 and 31.0 in the LSGD class.

TABLE L

Sazbdiv,
pke]

YEARS HIGH SCHOOL MATHEMATICS, A.C.T. MATHEAATICS
i~ _ PERCENTILES, AND A.C.T. TOTAL SCORES BY CIASSES

— Variable ICD Group LSGD Group T
Years High School Mathematics | Mean = 2.50 Mean = 2.50

- *s .D .8 O827 N SOD. = .827

: Range of Years High School Ltol itoh

Mathematics

é A.C.T. Mathematics Perzentile Mean = 50.95 Mean = 51.75

-~ _ S.D. = 27.81 S.D. = 23.37

B A.C.T. Total | Mean = 257.10 | Mean = 277.90

: ‘ S.D. = 116.43 | s.D. = 162.2hL

- #S .D. represents standard deviation.

mts

Data on the Lecture-Class Discussion Instructional Technique
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It will be recalled that the first Tive miﬁ;t)s'of 2. i.ch none-

testing class period was allotted to revisw of previous work or an over-

{ e

view of new material. The average number of minutes actually spent in
Li this activity was L.2 minutes per period.
r Student que=tions on previous work or on homework problems

ﬂt were considered in the nexit ten minute period. The absolute difference

; between time allotted and actual time spent exceeded two minutes on eigh
~~casions and exceeded five mimtes ﬁwice during-the semester. An avera.

!E. ~ of 1l1l.1 minutes per period was actually spent on student questionse.

An aVérage of 9.5 minutéé per period was actually speﬁt on the

L , : , . -
gﬁ instructor-dominated lecture. Ten minutes had been‘allotted to this

od
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TARLE 5

YEARS HIGH SCHOOL MATHEMATICS, A.C.T. MATHEMATICS
PERCENTILES, AND A.C.T. TOTAL SCORES EY STUDENT

LCD GROUP LSGD GROUP
Student] Yrs. H.S5./ A.G.T. Math{A.C.TJdlStudentjY¥rs. H.S4 A.C.T. Mathja.C.T.
Number Math Percev.cile {Total ||Number Math Percentile |Total
1 3 56 331 1 3 77 396
2 3 56 223 2 2 o) 253
3 1 2, | 192 3 2 16 267
u 2 L7 271 L 2 17 323
5 L 85 229 5 3 Lé 281
6 2 3L 1 220 6 3 61 36L
7 A 99 165 7 3 28 | 130
8 2 1k 206 8 3 61 305
9 2 g¢ 201 o 1 22 177
10 2 56 15 10 2 o) 382
11 2 Lé 275 1 2 22 202
12 3 88 u66 12 3 81 119
13 2 Lo 297 || 213 1 18 88
1L 2 72 359 || 1 3 66 358
15 L 91 'h23 15 3 72 286
16 2 46 205 || 16 3 77 337
17 2 22 40 o 3 3h 223
18 2 1 67 || 18 L 72 28c
19 3 72 345 19 3 81 | 386
20 3 1y | 182 20 1 1k 36

Ul
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activity. Twice during the semester the lecture consumed more than
12 minutes and on three occasions less than eight minutes were used.

The last time segment, scheduled for 25 minutes, devoted to
class discussion of the new materials took an average of 25.2 minutes
per period. The actual time used fell within two minutes of the allotted-
time in all but eight class pericds. Table 6 summarizes the time allot-

ments and expenditures.

TABLE 6

TIME EXPENDITURE OF CLASS PERIODS IN
LECTURE~CLASS DISCUSSION SECTION

Minutes Mean Frequenuy Frequency
Activity Allotted Spent of *a» 2 of *a> 5
Review of Previous
Work 5 L.2 3 0
Student Questions 10 11.1 8 2
New Material
Introduced 10 9.5 5 o}
New Material v :
Discussed 25 25.2 6 2

¥y o= Absolnte difference between time allotted and time
spent per period. :

Student responses to questions by other students or the instructor

were answered by volunteers 86.6% of the time. An effort was made to

solicit responses from all students, however the atiempt was gensasrally
not successful. The ten students responding most frequently, respoﬁded
to approximately three-fifths of all Aquestions asked, while the next

ten most frequent responders, responded 31.1% of the time.

Ui
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Data on the Le .ture-Small Group Discussion Teaching Technigue

The time allotments for the three distinct activity segments--
a ten mimite instructor-dominated review of previous work and introduction
of new material session, a thirty minute small-group discussion period,
and a ten minute instructor-led class discussion segment--were kept
within the allowed two-minute deviation on all but six occasicns. In
each of these six exceptions, the last ten-minute period was deleted
and given to additional small-group discussion.

The review of previous material took an average of 2.6 mimtes,
with a range of from one to five minutes. The introduction of new
material consumed an average of 6.3 minutes, with five minutes the
least amount of time given and eight minutes the greatest amount of
time devoted to this activity. Tre ten minute time allotment for the
initial time segment was exceeded only twice during the semester, how-
ever, the deviation was Qithin the two minute time limit bofh times;

Data was kept on the number of times a381stance was requested
of the instructor or his assistant during each class period. Table T
lists the average frequency of requests for assistance per session by
all groups. The figures inclvde first and second requests by the saﬁe
group. It will be noted tﬁat since there were either six or eight |
groups per day, the average nurt2r of regquesis per group per day was
ahout onee The number ofrrequests for assistance was much lower than
anticipated, in fact, with few exceptions one person could havelhandled
21l reque:s without causing a grest deal of delay to ahy orie group.' An
accurate count of the number of first requests and the number of second
raquests was not kept. HOWever, both the instructor and his assistant

£sel that the ratio was naar two first requests to each second request.

g7
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TABLE 7

MEAN FREQUENCY OF RIQUESTS FOR ASSISTANCE PER
CLASS PERIOD FOR THE LSGD SECTION

Chapter © Mean Minimum Maximum
I 6.1 1 9
IT 5.3 1 7
11T 6.7 0 12
v 3.2 0 5
v 4.0 0 7
v b3 0 8
VII> L.6 1 7
VIiiT 6.l 1 . 10
Geometry 5.0 2 8

The pcll taken at the end of the ninth week regérding pr;-
ferred group size, revealed that ten students favored a group size of
three, one student favored a group size of four without pairing within
the group, and twéIVe indicated a preference for a grqupQSize of four
J'Withipairiﬁg ﬁithin thé group;, Therefbre;,fof the’rémaindef of the

. semeSter,'all groﬁps of size‘four wefe paired within the group.

T 1T T e R
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CHAPTER IV
ANALYSTIS OF DATA &

An analysis of the data collected within groups, between groups,
within ablllty levels, and between ability levels of the two groups is
given in this chapter. A t-test is used to analyze- pretest and posttest

scores on the reasoning test, fundamentals test, and the attitude scale

il D B A L e S

within groups and the results are reported in section one of this
chapter. The second section deals with the selection of the covariates é
and the third section of the chapter contains an analysis between the
two groups on.the final examination, independent reading examinations,
and overall course aehievement using an analysis of covariance technique.
The chapter concludes with an analysis of the questionnaire on the
mechanics and general opinions about the course which was given on the

- last regular-class‘day of the semester.

. Within Gro_ps Pomparlson of Galifornla Reasonlng, California Fundamentals,'

and Attltude Scale Pretest and Poattest Scores

‘ Form‘w of the Galifornia Mathematics Test was glven durlng the E

'vf1rst week of elasses and Form X ‘was glven durlng the last week of
"vclasses. Mean pretest scores for the LGD group were hh 70 and 67 15
'fsdand mean posttest scores were h8 55 and 70 20 on. the reasonlng and
ﬁffundamentals sectlons, respectlvely., The high and low scores dlffered
fby 22 points on the reason1ng pretest and by 13 p01ntszon the posttest.

dA smarler decrease in range for the LCD group appeared on the fundamentals




L7

portion of the examination. Scores on the pretest spanned 32 points
and spanned 28 points on the posttest.

The results were quite similar in the 1LSGD class. Mean test
scores on the reasoning section increased from hS.SO:on the pretest to
49.20 on the posttest. The range of scores spanned 32 points on the pre-
test and 28 on the posttest. The fundamentals pretest average score was
65.L5, while the posttest mean was 70.85. The range of scores dropped
-, from a differehce of 32 points on the pretest to a difference of 22 ...
points on the posttest.

As.shown in Table 8, the standard deviation decreased from
pretest to posﬁiest on each test in both classes. The largest decrease
eccurred in the ISGD'group on the fundameﬁtals test. Individual test
scores and the difference between pretest and posttest score for all
students involved in the statistical analysis on each portion of the test

are listed in Tables 9 and 10 and Appendix C lists the scores of the

TABLE 8

MEAN, STANDARD DEVIATION, AND RANGE OF SCORES ON
_ ~CALIFORNIA MATHEMATICS TBST BY CLASSES

ICD Group . | LsGD .dro.up -
Test Mean  S.D. Range | Mean  S.D. Range
) -,Re-;sanirgg‘ Pfe{;eétf S weres 5.89  33-55 | LS. 50.‘,' 8.52 . 28-60
.Reasonlng Posttest "{ M&SEQS_ 'h;93”’?h3-564‘fh9 20 | 6 73;._ﬁ5-79

. .,Fundamentals Pre est j_67 15 8. 26_‘-:__ W79 65, Lf,_us 10. 03",:.', 30-58.|

"'FundamentaIJ Posttest .f70 20”*v7 28 5?278?3;f6;85 6 h21;e574795 o

e_iremaxnlng students in. the two classes._ It w111 be observed that eleven

students in the LCD group 1ncreased their reasoning score at least flve

.(5()
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TABLE 9

CALIFORNIA MATHEMATICS T&ST SCORES BY STUDENT

LCD Group

J—

Difference ‘ s#Fund. | Fund.| Difference |}
Student | #Reasoning Reasoning| Posttest Minus Pre~ Post-|Posttest Minus
Number - Pretest Posttest Pretest Test Test Pretest

1 w L3 43 58 67 +9
2 L5 50 +5 79 7h -5
| LS L6 s 66 T B,
k3 L8 +5 66 75 +9
L7 sh +7 77 (a 0

52 56 +ly 58 | 80 22
Lo L7 +7 Y 50 |, +3
L9 L5 =h 69 70 +1
.10 33 | L3 +10 69 70 +1

3

L

5

6 Lo L8 +8 70 - 6L . -6
7

8

9

11 L3 h3 =2 | 13 72 1

2 | 52 e | 8 | 75 77 +2

13| oW j h9a’ | 45 _“,ﬁ 63 | 69 6
PR R T e O A
15 | oss L ose | on e | e 1
[EECR e I ows s e e 2
.‘17,: ., V;qujfif ‘v __uL "', N_ ;;;B \ : 'JVS? ‘»" . -‘- : fl?v 7
"V.rfléj'fff*ff“ﬁoi(j” e

* nghest possLble score 1 60.;‘

' nghest p0551b1e score is 80° -

ES]L




TABLE 10

CALIFORNIA MATHEMATICS TEST SCORES BY STUDENT

L9

ISGD Group

Student
Number

#Reasoning
Pretest

Reasoning
Posttest

Difference
Posttest Minus
Pretest

#*#Fund.
Pre-
Test

Fund.
Post-
Test

Difference
Posttest Minus
Pretest

o i F w Mo

-J

10
n
12

: 13

15
16

RTINS
TR

55
31
3l
52
W7
U3
50 -
39
39
50
Ll
50
28

.53

‘56,_ e

] 5

55

L3

39

58

'\SM

JRE:

= L9

L6

L9

48

L6

53

30
56
52

Vbjusé.eyf i ﬁf

0
+8
+5
+6
+7
+5
-1

.

+10

75
59
53
67
73
63
60
L9
66
70
67
70
LS
79
7

77

60

75
68
57
Th
77

70
70
67
75
66
76

79
75

.62

0

+9

6. .

79

+l
+7
+L
+2
+10

+21

-1
: +2 
 *7

;2"

,»+9. 

'.f  % Highestgposéibieﬂécofé‘ié‘60, i"

 ‘*%'Highést possib1é score is 80.

62
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points and three ¢f them increased their score from pretest to posttest by
more than ten points. In the LSGD class, eight students scored at least
five points higher cn the second reasoning test and two of these exceeded
a ten point difference. On the fundamentals test, six students in the
LOD class improved their score by at least five‘points and two of these
inereased their score by ten or more points. 1In the LSGD section, ten
students scored at least five points highesr from pretest to posttest
and three of the ten achieved a score at least ten points better. Two
students in the ICD section scored at least five points lower on the
second reasoning test than on the fir.t.

Table 11 lists the student scores for both groups on the attitude
scale and gives.the difference in score between pretest and postbtest.
1The range of scores for the LCD group was 30 to 83 on thes pretest and
Lo toYBS on the posttest. The mean score from pretest to posttest in-
creased from oh.70 to 68.75. Two students scored at least elsven points
lower on‘the posttest than on the pretest and four students increased
their seore byvat least eleven points from first to last administration
of the scale.v‘ ‘

cores in the LSGD group ranged from Bh,to 9L, on the pretest
- and from h? to 87 on. the posttest. ‘The mean score increased less than
one po:nt from inltlal to flnal measurement. The posttest score was
eleven or more polnts lower than the pretest'ln three cases and three
Students 1ncreased their score: by at least eleven polnts frOm the fLrst
1a:week to the 1ast week of'the'course.‘ Table 12 giVes a summary of the
efrequencles of diflerences 1n’score from pretest o Dosttest as ~well

‘as the mean and the standard dev1at10n of each test for each groun.v
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TABLE 11

ATTITUDE-TOWARD-MATHEMATICS SCORE BY STUDENT

LCD Group , 1SGD Group

Student Student
Number | Pretest Posttest 3#D Number | Pretest Posttest #D

1 73 60 -13 1 Th 75 +1
83 83 0
80 68 ~12

N

62 51 -11
L9 56 +7

=W

50 57 +7
81 87 +6

80 81 1

71 69 -2
sk 60 +6 70 78 +8

77 87 +10

58 76 +12

37 L0 +3 53 72 +19

g @ N O W Fow N

O o =~ o W

0 b 1l
10 57 6L +13
11 83 1T -9
12 _‘55_ 81 . +26

57 . 62 +5

5
O~
O

75 +6
61 -9

[
—
)
Q

[
N
)
3

77 +5
n7 +13

13 Y 63 +15
1 g2 16 =6 W | 8k 78 -6

=
W
W
=

15 79 81 2 15 o 83 =11

16 ; Vh2  51 +9. '_16 72 . T -1
Cuw | w s e ar| e sT
.‘:A18vi:x;5;66€:. ’.‘70 | ‘ ‘+u>  1.18:  :v' 61': 87" ‘t_ +6 £
vl m e e o wl|om om0

o | e s w| | e s em

- ;ﬁ%D.513§stteétf5core‘minus pretest score

,54','
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TABLE 12

SUMMARY OF ATTITUDE-TOWARD-MATHEMATICS
SCORES FOR BOTH GROUPS

Statistic LCD Section LSGD Section |
Pretest Mean 6l .70 68.80 |
Pretest S.D. 16.912 1h.333
Posttest Mean 68.75 69.25
Posttest S.D. 13.522 | 10.941
Difference | Number of Students Scoring

Interval Within the Interval
#D< 10 2 3
-10€ D€ -5 2 2
«5¢ D5 5 6
5€D% 10 7 6
10< D L 3

%D = Posttest score minus pretest score

An examinatlon of the pretest and posttest scores reveals that

- both groups 1mproved thelr mean scores from 1nit1al to final measure-

: ment on all three varlables. A t-test for dlfference of mean scores

between preteﬂt and posttest scores on the "Callfornla Reasonlng
allfornla Fundamentals," and the attltude scaLe was made for each

,ogrnuo.‘ As shown in Table 13, the dlfference between pretest mean’ and |

‘post est mean 15_31gn1flcant at the .05 level of confldence for the

’LGD sectlon on: the reasonlng test and for the ISGD sectlon on the funda—

mentals test.l All other dlfferences fa11 to be slgnlflcant at the .05

level of confldence, however, at ‘the .10 confiderce level the dlfference

- B9



TABLE 13

PRETEST-POSTTEST COMPARISON OF REASONING, FUNDAMENTAILS,
: AND ATTITUDES WITHIN GRQUPS

*t #t

Variable LCD Section ISGD Section

Pre-Reasoning/ 2.216 1.508
Post-Reasoning

Pre-Fundamentals/ 1.262 2,013
Post-Fundamentals

Pre-Attitude/ .828 .111
Post-Attitude

# degree of freedom = 18
t,g90 = 1.328; t_gg = 1.729; t g75 = 2.093

TABLE 14

MEAN AND STANDARD DEVIATION OF SCORES ON REASONING,
FUNDAMENTALS, AND ATTITUDE FOR UPPER ON E~-HALF
ABILITY LEVEL OF EACH GROUP

ICD Group LSGD Group

: , Standard < | . Standard
Measure - Mean Deviation Mean Deviation
‘Reasoning Pretest L6.80 7.301 50.60 5.501.
Reasoning Posttest 51.10 - 5.858 53.50 | 3.894
Fundamentals Prgtest' fO.BO‘ - ff.Ylh ; ‘ 70;&0 9.00§
_Fﬁhdamentals‘?psttéét _T&QQQ . V"hfoés l,v .7h.60.' Lehd7
”P;é-AttiﬁudékS¢é1é e f6§3§Q7 “-_} 16.84 | 75.70°  10.698
"P§St;At£i£ﬁd§ S¢éie : Zf312§'1 o ij.ééff?f"ﬁf7;9o" L84l
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between the mean scores for the LSGD section cr the reasoning test is
significant.

As indicated in Chapter III, students numbered 1, b, &, 6, 12,
1, 15, 16, 18, and 19 make vp the upper one-half ability level of the
LSGD group and students numbered 1, 2, 5, 7, 9, 10, 12, 1L, 15, and 19
comprise the upper one-~half ability level of the LCD section. Tables 1
and 15 provide a list of thelmean score and the standard deviation of
the scores for the upper and lower one-half ability levels, respectively,
of- each group. ]

The mean score for the two upper one-half ability levels in-
creased f rom pretest to posttest in each case, while the standard
deviation Cecreased in every instance. inasmuch as the mean scores do
not differ significantly at the .05 level of confidence (Table 15) from
prétest £o postyeSt, it can be guessed that the scores of the posttest
are relatively less dispersed about the méan than the scores of the

pretest. uomnutatlon of the ratio 8/¥ in each case, where s 1is the

standard deviation and ¥ is the sample mean, substantlates this claim.

TABLE 15 -

PRETEST-POSTTEST COMPARISON OF RQASOLING,
FUNDAMENTALS, ‘AND ATTITUDE MEAN SCORES
FOR UPPER ONE-HALF ABIQITY LEVEL

3 ﬁeaéufé o / ’}v-fLCDfoéup, oo © ISGD Group
"‘vReasonlng o T thB EREI R 1.361
‘Fundamentals o i% hﬁ;: §' ‘i.u85 ] | “. 19357
. Attitude o B .637;  o 592

S degrees of freedom =9
o . : ] t¢9o a 1. 383! to95 = l 833, t 975 = 2 262

"67
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The mean and standard ‘deviation of each pretest and each posttest
for the lower one-half ability levels are givenbin Table 16. The mean
score ‘increased from pretest to posttest in every case except for the
attitﬁde scale in the ISGD group. The mean score for the pre-attitude
scale was 61,90 and the post-attitude mean score was 60.60. This de-
crease in meah score is due largely to student number 20, whose attitude
"score dropped 31 p01nts—-from 89 to 58. As in the upper one-half ability
grouns,lcomputatlon of the ratio s/% indlcates that the relative disper-
sion about the mean decreased in every case, however, the decrease was

very slight in the LCD group on the fundamentals test.

TABLE 16

MLAN AND STANDARD DEVIATION OF SCORES ON REASONING,
FUNDAMENTALS AND ATTITUDE FOR LOWER OND-qALh
ABIIITY LEVEL OF - EAuH GROJP

»t'LchGrdup’ | ”iSGD'Group
e U ,’j; Stahdard” o :Standerd
. Measure . - "~ Mean ™ Deviatlon .;r_Meen »Deviation
| Rreasoning Pretsst 3 eou 5.0 - 8,072
20309 | whso 6Tl
1 e sase
.;Fuedamfntals Postteet .;';4[‘ :i?;?66+§6;f ;§J;o.iiS;7
| “:":'APre-'-‘Attltude Scale 6060 S 61. 90;' 174609 |
l’Post-AttJtude Scaleif‘33géhi§6f?Txurv ”2660 6or;'31e381533i

' The results cf a t-test performed on the dlfferenee between _

the pretest and posttest mean scores show the dlfferences to be 51gn1f1-

,bcant at the‘.OS level of confldence 1n the LCD lower onenhalf ab111ty
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level on the reasoning test and in the lower-one half_ability level of

the L3GD group on the fundamentals portion of the California Mathe-

matics Test. Table 17 lists the values of t computed.

TABLE 17

PRETEST-POSTTEST COMPARISON OF REASONING, FUNDAMENTALS
AND ATTITUDZ MEAN SJORES FOR THE LOWER :
. ONE-HALF ABILITY LEVEL OF BOTH GROUPS

Measure ‘ | ICD Group | LSGD Group

. , *t *t
Reasoning 2.722 1.359
Fundamentalsv 663 | 1.89L
Attitude , <550 ' -2

% degrees of freedom = 9
t,90 = 1. 383, t 95 = 1.833; ¢, 975 = 2,262

'Summary of Unlt Tests and Final hxamlnatlon Scores

Table 18 lists the mean score and the standard dev1ation of scores

of both ¢~ P the remalning flve crlterion measures; namely, "final
. examii -p. " "’inal examlnation-part II " "flnal examlnatlon-‘d,ii
-total " "total polnts on 1ndependent readlng examlnatlons,"v and "total

Y‘}points in’ the course.V;?T‘

{;two upper one-half ab111ty levels and Table 20 summarizes the same |
‘aelnformatlon for the two lower one-half ab111tv levels.} Appendlx A
-rcontains 1ndiv1dua1 student scores on each of the flve measures.
| Perusal of Tables 18 19, and 20 cast doubt upon the poss1b111ty
jof flndlng s1gn1ficant dlfferences between the two groups or betmeen -

_ithe two ablllty levels of the two groups on the varlous cr1terion "

- :Lmeasures 1n all but one or two 1nstances. EVen though the differﬂnces
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between the two groups on the initial measures were no. great, there
is the possibility that these differences account for the apparent lack
of significant differences on the criterion measures, The analysis of

covariance technique is designed to answer the question.

TABLE 18

MEAN AND STANDARD DEVIATION OF SCORES ON
FIVE CRITERION MEASURES FOR LCD AND
LSGD GROUPS

LCD Section L3GD Section %

Criterion Mean . S.D. Mean S.D.

Final exam - part I | 59.25 22.20 63.50 21.89
Final exam - part 1T 12.60 he.27 13.30 L.91
Final exam - total 71.85  2h.Sh 77.10  25.95

‘Potal points' on indep.| 36.LO 8.14 40.30 11.68
ereading~examinations~ ' - '

Total points in'course',275.6b V57050 1 295.00  60.k0

TABLE 19

MEAL AND STANDARD DEVIATION OF SCORES ON FIVE
GRITERIGN MEASURES FOR. UPPER ABILITY
: LEVELS OF BOTH GROUPS

. .j-’fi'.ac'D ".""S?fé.fibn f | 1seD section |

. critérion:_Wf}_j?_j;I<ﬁ¢;nfv{‘;s;D.Tfttpijean . 8.D.

Final exam - Dart I ¥ 11172 50L1'522}61lLf H:77:OOL ,:17;06’
;Flnal exam - part T ‘ 1k, ho ":'3 58"v : 16.80 ; 2.LO

‘-ﬁFlnal eyam < total | - 86490 : 25. 365ﬂL:¥793 80 18,&8'-

_ .Total p01nts ‘on’ 1ndep° 40,00 LL*6.007fyzigh9 hO]‘,.33.95'
o ;readlng examlnatlons T R B S e

T-ﬁjiTotal Doint_ 1n‘courseif312;6brﬁ”ﬂu?}hlL?7 f336?10;5;f27;97;




TABLE 20

4EAN AND STANDARD DEVIATION OF SCORAS ON
FIVE CRITERION MEASURES FOR LOWER
ABILITY LEVELS OF BOTH GROUPS

LCD Section LSGD Section
Criterion Mean S.D. Mean S.D.
Final exam - part I 46.00  B8.60 | 50.00  15.97
Final exam = part 1T 10.80 3.92 9.80 - 3.94
Final exam - total 56.80 9.26 60.30 19.90
Total points on indepe. 32.80 7.80 31.20 g.8L
reading examinations _
Total points in course | 238.60 36.01 | 253.90 ©2.6L

Selection of Covariates

[

Since the covar1ates were selected pr1mar11y on the basis of
,ftheir correlatlon with the cr1ter10n measure, a tab1e of correlations

between 1nitia1 measures and criterion measures was constructed. The

'.fccrrelatlons are glven 1n Table 21.‘ It should be noted that for . sample

7'size ho, the correlation coefflcient must exceed .26h to reject the

: rrhypothesls that'the populatlon correlatlon coefflcient differs from 0

f‘pras the exist

H-at the .05 level of: confidence and.must exc . the .Ol level
'l:(Dlen and Massey, 969, p. 569) All correlatlons exceed the former
5f1gure and a11 but three of the oorrelatlons exceed the latter, namely;
pre-atti ude versus flnal exam1nat1on, part I, pre-attltude versus
'flnal examlnatlon, total pOlntS‘ and pre-attltude versus total polnts

,1n the course.n

The second cons1deration in the se*ectlon of the covariates

ence of a reasonable d;;ference between the two groups
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TABLE 21

CORRELATIONS BETWEEN INITIAL AND CRITERION MEASURES

Years _ é

Criterion | H.S. | Heas. Fund. | Algebra | Attitude| A.C.T.| A.C.T. o
Measure Math | Pretest | Pretest Test Pretest| Math Total E
Final ) : ' é
Exam .686 684 <450 661 279 .763 .701 :
(Part I) ' E
Exam 737 .626 609 «569 170 .682 648 E
(Part I1) : )
Final _ ,
Exam «728 709 .501 67h .328 «785 727 :
(Total) é
Total v é
Indep. -1 476 ] .607 | .62 95 515 J70L | .702 3
Reading _ , - :
Exams ' .
Total | | » 1 | :
Course ' N SR _ : :
o |Attitude |- 615 W596. | | LEu7 ) 0 .538. 4757 | 568 | .u33 g
. {Score’ - b o g - - IR R : h
fon the pretests. The mean - scores of the two groups on the "Callfornla . %
'vReasonlng," "Callfornla Fundamentals,"v*nd the algebra test differed %
'by at most two polnts, however, the standard dev1at10ns d.ffered enoughﬂ E
;-

fto warrant 1nc1usion of all three as covarlates.- Attltude pretest mean' ‘%
scores of’ 6&.70 and 68 80 were Judged sufficlently dlfferent to justlfy fé

‘1nclu51on as - covarlates. The 1nit1a1 measure "years of hlgh school

'mathematlcs" exnlblted no dlfference between the two' grouos anJ so'e

:was 1ot retalned as a- covarlate\v For convenlence, the mean score and -
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*measure5~f
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standard deviation of scores for each of the seven jnitial measures
is summarized in Table 22. The individual student scores on the
algebra test are given in Table 23, The individual student scores on

the other six initial measures were given in Tables 5, 9, 10, and 11.

TABLE 22

DESCRIPTIVE STATISTIUS ON INITIAL MEASURES
FOR BOTH GROUPS

Tnitial Measure Statistic ICD Section ISGD Section

Years of High Mean 2.50 ' 2.50
Pre-reasoning " Mean Lh.70 L5.50
S.D. Lh.93 8.52
' Pre-fundamentals Mean 67.15 ‘ 65.115
| © 8.D. . 8.26 ' 10.03
Pre-attitude Mean 6,70 68.80
Aigebra Test - . | Meah 1 . 1h.55 - 1hk.10,

c s ) S.DI:' C 7-330 ‘ h.327
. A.C.T. Math. - | . Mean. | 50.95 5175
o s.D. | 0 27.81 23437

A.G.T. Total -~ | - Mean | '257.10 | 277.50

P A RIS I S.DQW‘Z'Y ‘-116.h3' e 102,2hL -

To determine whether the use of a11 six 1n1tial measures was

practlcal 1n the sense of produclng a 51gn1f1cant increaSe 1n the

‘accurauy of predlction of the regression equatlons,_the multlple corre-
Vlation coefflclents of all six 1n1t1a1 measures on each of the crlterlon
: measures was ccmpared w1th the multlple correlatlon of subsets of one’ .‘
,or more covarlates w1th each of the dependent varlables. The subSets were,;

f(selected on the ba31s of thelr 1nd1V1dua1 correlatlon W1th the crlterlon




TABLE 23

COOPERATIVE MATHEMATICS TZ>T (FORM A,
AIGEBRA II) INDIVIDUAL SCORES

- ICD LSGD

Student
Number

Test . Student
Score Number

Test
Score

1

g O =N O N Fowm
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12

13
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McNemar (1949, p. 268) indicates that the F-ratio

2 2
e Ry - R2 N-m - 1

1-Rf m -m
with my = mp and N = my ~ 1 degrees of freedom, where R; is the multiple

correlation btased on all of the independent variables, Ry is the multi-

ple correlation based on the selected subset, N is the number of indi-
viduals, m; is the total number of independent variables, and mp is the

number of independent variables in the subset, may be used to test the

statistical difference between Ry and Rp. McNemar (p. 260) states that
"If F falls beyond the ,0l point, we can safely assume that the apparent f

gain in using the additional variable or variables possesses statistical f

sighificance."

| The mulclple correlatlon of the selected subsets of one covariate
were the first to be compared with the multxple correlatlon of all six
covariates. If the F-ratio indicated that no 51gn1flcant gain could
be ma&aw1th the 1nclu51on of additional covarlates, the analysis of
covaflance was uompleted. For cach rlter .or sure or dh;uh the . , : @
e'T-ratlo indleated a 31gn1flcant galn could be made u51ng addltlonal

cnwarlates, the mul 1p1e correlatlon of the subsets of'xwm covariates

gwgs comoared wlth the multlple correlatlon for all siz Cuvarlates. In

ewery case, no more than two covarlates were needed. _Table 2L lists

thue crlterlon measures w1th thelr aSSOclated covarlates, the multlple

ccrrelatlon coefilclents, and the F-ratios. It will = observed that
1n four of the elght cases, the galn made by 1nclusion<ﬁf covariates

other tham "A.u.T. mathematlcs" does not possess stat—wtxcal 51gn1flcance.




TABLE 2L 63

uOMPARISON OF MULTIPLE CORRELATION WITH CRITERTON
MEASURSS OF SELECTED COVARIATES AND ALL SIX
COVARIATES FOR TOTAL GROUPS

Multiple Correlation Multiple Correlation

Criterion with #Covariates Subset of Subset with #%F

Measure I,Ir,I11,1v,V,VI Criterion Measure
Post~reas. ‘ .881 I .81 3.190
Post~fund. o .852 T,11 . 772 3.681
Post-attitude| .8h6 ITI 757 3.329
Final Exam. .827 v .763 2.125

Part I ‘ _

Final Exam,. ' '

Part IT .783 v .682 2.535
Final Exame «Bl7 v .785 2.363
‘~Lotal
Total Poiﬁts; ‘

Inde. Reading .823 B S 1 L7559 2.590
Zxam. ' : , ’

: = 5 — —
Total Polnts 2798 v 761 | 1048
in Course l

L= Pre-reasoning
II = Pre-fundamentals
III = Pre—attltude

Algebra. Test
‘= ALGCTe Mathematics Percentile
g A_._u ‘YT Tota.ll o

| wAE, 99 (33 5) = 3~c6;'F,99-(33;h) = 3.97

-ag:

Ana1y31s of uovarlance

The exlstence of a dlfferen e’1n group means on. the "Callfornla .
Reaeonlng n "Calﬂfornla Fundamentals,ﬂ'and attltude scale posttests w111 »
- first be investlgated. Table 25 summarlzes the statistical information
. for the full groups. Cin‘each case, Appendix Dvcontains the raw score
fmean and the adjusted mean score. . .

The F-ratlos glven 1n Table 26 indicate that there is no"

B 31gn1f1cant dlfference at the .05 level of . confldence between the mean

7Ha




TABLE 25 _ 6L

MEAN AND STANDARD DEVIATION OF SCCRES
OF TOTAL GROUPS ON THREZ CRITZRION

MEASURES
1CD Group LSGD
Criterion - Hean S.D. Mean S.D.
Reas. Posttest 18.55 .93 19.20 6.73
Fund. Posttest 70.2C 7 .28 70.85 642
Attitude Posttest 68.75 13.52 69.25 10.94L
TABLE 26

L4

ANAIZSTS OF COVARIANCE: TOTAL GROUP COMPARISON
OF MEANS ON THREE CRITERION MEASURES

. vaariates
_ L : . | Pre~-fundamentals & _
Criterion Pre-reasoning Pre-reasoning Pre-attitude
#F-ratios
 Post-reas. ‘ ,OiO,
;Pdst-fuhd; 1 L 526 | i
.~‘P§§t-éttipﬁdé N N

‘i J#F;§7§:(l;37) %‘5-h7 aéd F;ééé (1,37).§ €OOQ97;_
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TABLE 27 3
ANALYSIS OF COVARIANCE: TOTAL GROUP GOMEARISON 5
OF MEAN SCORES ON FIVE CRITERION MEASURES i
Covariates 4
Criterion- -~ ~ A.C.T. Math.. | and Pre-~fund.
- ’ - — . )
#F~ratios - '
f‘linai Eb:amiha't'ion’-- B T |
| Part T - . | #6071
"-Final'ﬁkaﬁihatiOn - o L
Part II 2312
FiﬁaiyEiéﬁihatiOn'- N .
o Total a ' .BLB
Total Points :
Independent. Reading - L.651
- Examinations | R
“Total Points in S |
Course S 2,221 | |
 #?;9757(1,37?>“ 5;h7|gnd F’Qgs~(;,37)ﬂ’ 5009ﬂv :
Q ‘ |

examination - part I; final exawdnation - part II; final examination - total;
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scores of the two groups on post-reasoning, post-fundamentals, or

post-attitude scale. That is, it is not safe to assume that regression

lines, or regression plane in the case of the post-reasoning variable,
for the separate groups are different from those of the combined groups.
The analysis of covariance of the difference of mean scores between

the twoe total groups on the last five criterion measures, that is, on final .

total points on independent reading examinations; and on total points in
the course, indicates that there is no sigﬁificant difference at the .05
level of confidence between the two groups in any instance. Table 27

1ists the uriterion measures, covariates used, and the F-ratios computed.




In the analysis of covariance of the criterion means for the
upper and lower one~half ability levels, both of the initial measures,
nA.G.T. mathematics" and "A.C.T. total" was deleted from the list
of covariates. This was doﬁe because "pA,C.T. mathematics" was used to
determine the ability levels and "A.C.T. total" is a composite of
gcores including "A.C.T. mathematics."

The seleetion of the covariates to be used in the analysis
of covariance followed the same procedure as with the total groups.
With one exception, it was found that for both ability levels a.single
covariate was sufficient for each of the criterion measures fpost-
reasoning," "post-fundamentals," and ftpost-attitude."” Of the five re-
maininug criterior measures, four required two'covariates in the upper-
ability level and three requlred two covariaies in the lower ability
level. Since the same:two covariates were found to be sufficient for‘
all five criterion measures, iﬁ both ability levels, no énalysis*of
covariance usmng only one covarlate was performed. Tables 28 and 29
»glve the multlple crrrelation coeff1c1ents and the correspondlng Tt
L ratlos for the upper and lower ablllty level, respectlvelv._r
| The analy51s of covarlance of the posttest mean sco*es of -
the two abllity levels on the crlterlon measures “post—reasonlng,
"post-fundamentals," and “post—atultude" 1nd1cated no 31gn1f1cad;
dlfference at the .05 level between the two groups‘on any one of the

Iuhree crlterlon.measures. The F-ratlos computed are glven in Taole 30.
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TABLE

28

SEeal

SOMPARISON OF MULTIPLE GCORRELATION WITH CRITERION MIASURES
OF SELECTED COVARIATES AND ALL FOUR. COVARIATES FOR
‘THE UPPER ONE-HALF ABILITY LEVEL

M.
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Criterion

Multiple Correlation

"with #Covariates
I, 11, III, IV

Subset

Multiple Correlation
of Subset with
Criterion Measure

RISiay

Post-reas.

896

L.018

Post-fund. ’

810

1,11

705

3.}170

Post-attltude

.858

11T

<ThS

3.431

Final "Exam.
Part T

821

I,Iv

.802

.708

‘Final Exam, _

Part Ir .

ST37

I,

688

1 ° lll;

: p,{Flnal anmg.
e Tota1'

 {f»?33i 55f3f 

1ol

. 1’7rTota1 Points ‘ﬁf"bﬁfL  éL6;.fr?f:'x

Indep. Reada

1 1.072]

—m?’T +al Pomnts ? “ S

infCourse

»f}iﬁﬁzv'

”'~v P;e—reasonlng
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TABLE 29

COMPARISON OF MULTIPLE CORRETLATION WITH CRITERION MEASURES
" OF ALL FOUR COVARIATES AND SELECTHED COVARIATES FOR
THE LOWER ONE-HAIF ABILITY LEVEL

: Multiple Correlation| Multiple Correlation
' 7 Criterion - with #Covariates Subset of Subset with 306F
' .1, I, III, IV - Criterion Measure

Post-reas. _ o WT711 ‘ I . 666 ' 1.275

[ ) Post-‘-fund. ’ 0728 ’ e II » .716 018’4

Post-attitude .783 ITI 693 1.716

Final Exam. ' .

. Final Exam. o '

;ﬁ,‘iaf"‘”‘r |l esee | LIV .53 .8

>‘tTotal Poimts | 7 een: o Lot o . : R
Indep. Reads |- ,59;‘ o . o 35 o - 2.623

Total Points,é“;>fj :?1~ e f R 27 “'f S P
‘in Course- *iff:'”,:'379ffff-f,u':4f;’xv N 773367 :~j'w-ﬁ.w?fo?;

' fﬁ*,If* Pre-reasonlng R
IT e Pre-fundamentals e
. IIT = Pre-attitude S

S0 IVEE Algebra tes

" aj;= 6 36 and ¥ 99 (15 3) = 5 N2

o Rt wy

Py
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TABLE 30
ANAIYSIS OF COVARTANCE: COMPARISON OF UPPER OME~HAIF

ABILITY LEVELS AND LOWER ONE-HALF ABTILITY
LEVALS O THREE CRITERION MEASURES

Covariates E
_—_— ‘Ability | Pre-reas.& é
Criterion | Level [ Pre-reas. Pre-fund. | Pre-attitude Pre~fund. i
¥F-ratios %
- ~ Upper | .OOL
Post~rease. Lower 002
Post-fund. Upper " - | | 0963 i
: Lower | 2.150 E
... | Upper _ 086 : | :
Post-attltude.-_Lower' o N E v 147l : :

B 975 Q, 17) .oh, F 025 (1,17) ,fQOI;‘F!975‘(1;1§) = 6.12
Table 31 glves the results of the analysis of covarlance per— L

”Vformed on the mean scores of the f1ve remalnlng vrlterlon measures for-"

"fthe two abllltyblevels. It w111 be 1~eca11 d'that ?here was no statls—w,‘

tlcallv 31gn1f;cank dlfference, at the..Ol level“of r'onf'dance, petween'_»"“

'[the use of all four'covarlatos and the covarlates "pre-reasonlng and

fff"algebra test.ﬂ

The analysis‘of covaraance“andlcateebthat at the .OS level of

confldence, there iz no 31gniflcant dlfference between the mean scores

of the two groups at e1ther ablllty level on: the cr1ter10n measures ‘
‘f."flnal exam;natlon-oart I " "flnal examlnation-part II " "flnal |

-'ﬁhexamlnatlon—total " and'"total polnts 1n course. Furthermore, there

fﬁis no- 31gn1fican fdlfference, at the'_05 level of confldence, between’“
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TABLE 31

ANALYSIS OF COVARIANGE: COMPARISON OF UPPER ONE-HALF AND
LOWER ONE-HALF ARTLITY LEVELS OF THE TWO GROUPS o
FIVE CRITERION MEASURES USING "PRE~-REASONING™
AND “ADEEBRA TEST" AS COVARIATES

o

. Ability
Criterion Measure Level : 0

Final,exam - part I “ - - Upper | . ©,020
Lower _ 1.70L

Final exam - part I Upper 3.22%
| Lower . .058

Final exam - total : Upper  «25L

Lower o 1.268

Total p01nts on indep. e _'_fUpper , a " 19.387
L readlng examlnatlons S ST TR
, , R © - -Lower: B R 6012 - .

Total Poiﬁtéainfédurée'f 1 upper | - 3.083

" 975‘116’ 764123 Fuopg (LI 2 R |

'-che mean scores of the twonlower ablllty levels;on‘the crlterlon varlableaf: 7

rf"total p01nts on 1ndependent readlng examlnatlons."_bfiff ”“jﬁ'7'"
HoweVer, for'the two upper abillty levels, the analysis of o
covarlance indlcates that the mean scores of the two groubs dlffer ,

,31gni- Odrtly, at the .05 level of confldence, on the crlterlon vari-

able "total points on 1ndependent readlng examlnatlons._ s

-_1Ana1y31s of Questlonnalre on’ Mechanlcs and‘Oplnlons of the Course

Since complet'“ah'”ﬁ ‘ waS‘d'31red and’31nce the students ‘th

scores dld not kno' theyawere excluded;'rom the statlst1~> “




'54f‘dents' oplnlon on the d1ff1cu1ty of the courq

: Astudy out51de of

e ohisb 0]
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cal analysis, the questionnaire was answered by all 27 students in the

- 18D group and 21l 23 students in the 1SGD section. Appendix F contains

the questionnaire and.the percentage of students responding to each
alternative. | |

To obtain"some measure of the relative difficulty of the course,
the correlation between the ““dents! opiniont as to difficulty and hours
spent.outside of class in stucy was compnted (questions 2 and 5). The
numbers 1, 2, and 3 were assigmad w0 the possible alternative responses,
with the number 3 indicating, a1 gueestioni two, that the course was moxe

difficult than expected by the stmient =rd, in question five, that more

'than six hours per week were spent In sioudy outside of class. The'corre~

1atlon between the response to e two amestions by the LCD group was

”.293 and was».329 for the LSGD sectlon. A sample correlatlon coeff1c1ent
ifof about .325 ls required to dezlare that the correlatlon dlffers signifi-
r'cantly from 0 at the .OS level. w1th a sample of size 27._ The correspond—
gllng flgure for a sample of size 23 is approxlmately .350 thus, there

: ?does not appear to be 51gn1f1cant llnear relatlonshlp between the stu-f

;and the tlme spent in

the classaperlod. A'J

J“ There was a signlflcant relatlonshlp between the amount of tlme’

‘fspent in study out51de of class and the antlclpated letter grade in the

LGD sectlon (the letter grades A, B, G, and D were assigned the numbers

, l 2, 3, and h, respectively) HoWever,'ln the . LSGD group the. ‘sample

correlation coefficlent falls to be s1gnif1cantly different from 0 at

t,;fthe .OS level. That 1s;‘1n the LGD groun bhere 1s some reason ‘to belleve

' ffthat the:;tudeﬁts who spend the least tlme 1n study out51de of class

ﬁdgkalso'antlclpated the,hlgher letier. grade, but 1n the LSGD sectlon




the evidence does not support the same conjecture. Table 32 contains

the correlaticn coefficients computedQ

TABLE 32

CORRbLATIONS'WITHIN GROUPS AMONG THREE SELE"™3D QUESTIONS
FROM ﬂf CHANICS AND OPINION OF UOURSE" QU%STIONNAIRE

#Question © " Section 2. 5 11
2 1CD 1.0 .93 .525
16D 1.0 .329 .107
5 LoD 293 | 1.0 .375
. LsGD | .3é9 1.0 375
nm 1D | 525 2375 | 1.0
o men L o.lo7 ol 33T 1.0

*Questlon 2? |
| L Check one of the following~‘°'
. The courSe was easier than I had expected

' coarse was about as difflcult as I had expected. -

t: course was morehdlfflcult than I had expected.‘v=h

Questlon S

How much time dld you nave to spend studylng the materlalvoutsideh
'7d- of the class perlodﬁ fa | L ‘ .

‘ 1, less than four hours per week

———

2. between four to 51x hours per. week

—m——

3.h more than 51x hours per week.olath

Questlon 1113_;h J:hﬂ

' Wha iletter grade do you expect to rece1ve 1n thls course”'
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Five students in each class indicated that the course was more
difficult than expected. Of the five students in the LCD section,
two of them indicated that'they ‘felt their attitude toward mathematics
had changed for the better (question 8) and the remaining three indicated
that no deciﬂed change had occurred. In the LSGD sectiOn, however, omnly
one etudemt.of.the five indicating tkzat the course was>more difficui®
than expected fesponded that no change in attitude had occurred. Thrwe
students felt that their attitude had improved and one student felt that
his attitude toward mathematics had deteriorated during the course of
the semester. The remaining students in each group, that is, those that
felt that the course was either easier than expected, or was about as
 d1ff1Cu1t as expected 1nd1cated that they did not feel that their atti-
tude. nad changed or they felt that it had changed for the better.v

Other statletical ana1v31s of the questlonnalre could have been .
i performed however,‘for thls study all other questlons were answered by
« cons1der1ng the per"entase of students resoondlng to each alternatlve

 'w1th1n each questlon.  Any anaxysis relablng the questlonnalre to the_

‘felght crlterlon varlables preV1ously dlscussed could be mlsleadlng

- “'gince all students completed the questlonnalre and onlv 23 students

';‘from‘ea h grcup were 1ncluded 1n the other statlstlcal analysesa :




CEAPTER V
SUMMARY, CONCLUSIONS, AND wECOMMENDATIONS

The three,hypotheses given in Jhapter I which sgerved as 2 bhasis
for this study will be consideresd in the light of the éaaa.coliected
‘and the analyeis of the data presented in Chapter IV. %omclusions
relating to the hypotheses will be given in the section entitled
‘nSpecific Conclusions." An ansuer to the question "Can a mathematics
class of preserv1ce elementary school teachers working in small groups
‘examlne all of: the course content included in a class tamaght by a
lecture-class dlscu551on techn1que°" will be glven in toe “General
Gonclu31ons" sectlon. Recommendatlons and suggestlons for add1t10na1
,research related to thls study conclude the chapter.

v1  As stated in bhapter I,»the Durpose of this study was to com-

: pare the effectlveness of two teachlng techniques used in two mathe-

“lifmatics claSSes for prospectlve elementary school teachers.: The

3~{Zeffect1veness of the two technlques was evaluated by con51der1ng tme- :

wstudents' erformance on . certa1n crlterlon measures. Acom arlson
p

e »was made between the two groups on (a) the amount of mathemat1ca1 ,

content examlned by each sectlon, (b) the students' understandlng of

_ \the basic mathemat1cal concepts underlying ar1thmet1c, (c) their

‘.'mastery of the computatlonal skllls of arlohmetic, (d) the1r abll,u~

idqto read mathematlcal materlal 1ndependently and w1th understandlng,

'“-,fand (e) the attltude toward mathematics held by the students of each'
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The two teaching techniques were the lecture-class discussion
(LCD) method and the lecture-small group discussion (18G6D) instructional
prozedure. In the ICD section, approximately thirty percent of the
class period was devoted to lecture by the instructor, with the remain-~
ing sevenﬁy percent given to instructor-led class discussion. Lecture
consumed twenty percent of the time.in the LSGD section and instructor-
led class discussion used another twenty percent of the class period.
The remaining sixty percent of the time in the LSGD section was devoted
to small-group (three or four students) work on assigned material. The
instructor and one assistant were available to give limited assistance
to .the discussion groups.

r"hroughout the chapter references will be made to the instru-
ments Lsed 1n obtalnlng the crlterion measures. For convenlence, the’
,crlterlon measures along Wwith the 1nstruments used to obtaln them are

»sdglven below.
ﬁll;* Mathematlcs reasonlng Skllls.: Part I,»"Nathematles

,vi‘Reasonlng Text," of the Callfornia Mathematlcs Test (Form X),r

. 1957 edltlon, rev1sed by Tlegs and ulark. :""

ﬁ'v2.v Computatlonal Skllls' Part II, "Mathematlcs Fundamentals

jTest e of the Gallfornla Mathematlcs Test (Form X), 1957
 Iedlt10n, revmsed by Tlegs and ulark. b
3. Attltude toward mathematies- Attltude toward mathe;
,matlcs scale dev1sed by Alken and Dreger (1961, pp. 19-21).
7 be Flnal examinatlon - part I- An 1nstruetor orepared

o :“multlole-"h01ce t st coverlng the entlre semester s work.

,f5. Final examlnatlon - part II.. An 1nstructor prepared
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‘examination containing mathematical concepts not previously ,f
covered in class and exercises based on this materiale.

6. Final examination - total: Union of parts I and IT.
Ts Achievement on independent reading examinations: The

union of the instructor prepared unit test I - part 1I,

unit test II - part II, unit test TII - part II, and final
examination - part IT. ' | | s
8. Overall course achievement: The sum of all points
earned on the three unit tests and the final examination.
The validity of any conclusions drawn from the results of this
;udy must be determined within view of its limitations. The acknowledged
Lmltatlons of ‘this 1nvest1gatlon are: = ' » i
Even though there d1d not appear to'be‘any factor other
than normal scheduling problems 1nf1uencing class composition,
the samples were. not randomly selected._ _ |
:‘2.‘ Just two classes with a tota1 enrollment of h? students
fu:were used 1n thls study. Furthermore, the statlstlcal analysis
",vﬁ was performed on data collected ‘on . only hO of the students.
‘3. Even though hoth classes studled from the same set of notes,:ab
the LSGD sectlon may have been more dependent upon the" dlttoed

'materlal const1tut1ng the course content. The progress made

by the LSGD Secbion ‘during any class perlod seemed to be
:Jrelated to the organizatlon and clar1tv of the notes.' In

some cases a greater number of ea31er exercises may have beenp :
vsoeneflclal, whlle in other cases students could perhaps have,
iuorked fewer exercises and still haVU mastered the necessary

- kcbnsepts"
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Notwithstanding the acknowledged limitations of this study,

certain conclusions can be drawn based on the dataz collected, the
analysis of..the data, and personal observations. Conclusions based on
the data and the analysis of the data are given in the following sec~
tion. Conclusions drawn from personal observations and impressions

are included in the general conclusions section.

Specific Conclusions

Hypothesis 1. There is no significant difference at the
.05 level of significance between pretest and posttest
' scores within groups with respect to
(a) mathematics reasoning‘skills
(b) computatlonal skills
(c) p031t1ve attitude toward mathamatlcs scale.
Conclusion 1. Iue't-test computed in Chapter IV indicates
that Hybothesis l may not be reaeeted with respect.to '
'crlterlon (a) in. the LSGD section, crlterlon (b) in the
LCD sectlon and cr1ter10n (c) 1n both sectlons.
Conclu31on 2. The t-test computed in ohapter IV‘suggests
| that Hypothe51s 1 be reaected in favor;oﬁ the‘elter-'
natlve hypoth331s "posttest mean gréater then preteet
mean!t w1th respect to crlterlon (a) in the 1SD group
and criterlon (b) in the’ ISGD sectlon.,‘
Hypothe81s 2. “here is no signiflcant differencevat the
.OS 1eval of confldence between pretest and posttest

means w1thin groups at the upper and lower ablllty

olevelegwlth;respeot_tor' )
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(a) mathematics reasoning skills

(b) computational skills

(c) positive attitude toward mathematics scale.

Conclusion 3. The'tftest computed in Chapter IV does not

sﬁggest rejection of Hypothesis 2 for the upper-ability

level within each group on any of the three criterion

measures. .
Conclusion h. The t-~test indicates that Hypothesis 2 be
rejected in favor of the alternate hypothesis "posttest
‘mean greater than pretest mean" with respect to criterion

(a) in the lower ablllty level of the LCD section and

with respect t0 crlturlon (b) in the lower abllltv level.
of,the.LSGDvsectlon.

Hypothesis 3. There is no slgnlflcant dlfference at the 5

ﬁpercent level of confldence between the mean . sccres of
_'the two*groups w1th resnect to _
'](a) mathematlcs:reasonlng skills

"3(b) 'computatlonal skills |

c(c) posltlve attltude toward mathematlcs scale.

Goncluslon 5. The analyses of covarlance computed 1n

Chapter Iv suggest that Hypothesls 3 may not be

rejected for any of the three: cr1terlon measures.

Hypothesls h.» There 18 no slgniflcant dlfference at the ; . AR :

tha upper one-half ablllty levels of the two groups

Y

“1th respect tof*iuﬂ,
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(a) matﬁematies reasoning skills
(b) computational skills -
(c) positive. ‘attitude toward mathematlcs scalee.
uonclu31on 6. The analyses of covarlance do not indicate
regeetlon of Hypotae31s h for any of the three criterion
measures. |
Hypothesis 5.’ There is no significant differenee at the .05
.level of cenfidence between the mean‘scores of the
lower one-nalf ablllt.y 1evels of t.he two groups with
Aespect to |
f(éi‘ mathematlcs reasonlng skllls
'f‘(SX computatlonal skllls o
t»_(¢) pos1t1ve attltude towafd mathematlcs scale.‘

uonclus1on 7. The analyses of covarlance do not sunport

regectlon of Hypothesis B on any of the three crlterlon

ijothes1s°6 Phere 1s no 31gn1flc "t dlfierence at the i

'75.05 level oficonfldence betweeﬁ the mean scores of

',ffhé two groups w1th respect tO""”‘”'”in;'“
‘(a)"3f1nal examlnatlon - part Ik

' £(b)es 1na1 examlnation - part II

- *(c){mflnal examlnatlon - total

). achievement on 1ndependent readlng'examlnatlons
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Hypothesis 7. There is no significant difference at the
.05 level of confidence between the mean scores of
the upper one-half ability levels of the two groups.
with respect to
(a)  final examinationr— part I
(») final examination - part II
(¢c) final examination ~ total
(a) achievenent on independent reading examinations
»(e) - overall course achievement.
Conclusion59; “The analvses of covariance fail to give
:;> ev1dence to reJe t Hypothesis 7 with respect to
‘ crlterlon measures (a), (b), (c), and (e).
Concllslon 10. The analyses of covarlance 1nd1cate that
vaothesls 7 be rejected w1th respect to cr1terlon

(d).e In fact, the dlfference between mean scores is

s1gn1f1cant at the .01 1evel of confldence;:
Concluslon ll.v Slnce the adausted mean of the 1ndependent
. readlng score was greater for the upper one-half
;y;ablllty 1eve1 of the LSGD seﬂtlon than for the cor~
f’respondlng level of the LCD sectlon and since the
-:dlfference of means was slgnlflcant, the 1nvest1gator
rconcluded that the mean score of the LSGD sectlon‘
t} was signlflcantly greater (at the 905 level) than

"Qithe mean of the LCD sectlon on thls cr1terlon

'L,measure.zﬂf‘
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each question on the student questionnaire dealing with the mechanics
of the course, length of»examinations, time spent in study outside of
class, etc., led to the following conclusions:

Conclusion 12. The studente in the 1SGD section indicate a
tendency toward the opinion that-their attitude toward
mathematics had changed for the better during the
semester. Students in the ILCD section tended to be-
lieve that their attitude toﬁard'mathematics had not
changed during the course of the semester.

COHCLMSIQF 13., A maaorlty of the students in each class

- belleve that the course. wn.l.l. definitely be of value
to them as elementany school teachers of nathenatics;
: Tbe percentage of students w1th thls be11ef was
‘;greatest in the sectlon tauq t by tne LSGD instruc—
tional technique.f o | A o

Conclu51on lh.i In the LCD sectlon there appears to be a

dtllnear relationshlp between thefletter grade a student

”expects to recelve and the1r resp se to whether the

.r;course was ea81er, about as difflcuit, or more dlffi—
cult than they had expected. The students statlng '
vthat the course was easier or about as dlfflcult as

:.nexpected also ant1c1pated the hlgher letter grade for

t_}the course., The evidence does not support the same

conclu31on 1n the LSGD group.r'J

Conc1u81on 15. In the LCDrsectlon, there appears to be a




82

time spent in study outside of class. The students

dicating that théy anticipated ona of the higher
letter grades also 1nd1cated that they did not have
to spend much time in study outside of class. The
evidence does not support the same conclusion in. the
ISGﬁ group.

Conclusion 16. The students in the‘LSGD section were more
inclined to believe thatdtheir attitude toward mathe-
matics had 1gproved since the beginning of the semester

: _&han nere the students of the LCD section.‘ _

| Conc1u51on l7. It will be recalled that the teaching

| techniquevemployed in each section was explained to ;
botn s=ctﬂons at the beginning oi the semester.ﬂ The

p students 1n the LSGD section generally agreed that

| they could ‘not have learned more mathematics had thev
been enrolled 1n the LCD section;.' v

Conclus1on 18. The students in the ISGD section almost

1unanimously agreed that discussion groups of size four
”w1thout pairing w1thin the group were the least effec-
.tive. Group size three and group size four with pair-
_ing w1th1n the group are about equally favored by the
students of the LSGD section.

Conclus1on 19. Students 1n the LSGD section overwhelmingly

avreed hat the'ten minutes allotted to regular lecture

. ctiv1ties at the beglnning of the period was sufficient.f
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General Conclusions

Conclusion 20. A comparison of the mathematical content

covered by the two secticns during the semester and

P

g
L
4
A
o
®
4
:

, 1

the results of the statistical anaiysis in chapter
four led this investigator to conclude that a mathe-~
inatics class for preservice elementary school teachers
teﬁght by the 1LSGD instruotional technique can cover
as much mathematical material as a class taught by the
LCD approach w1thout sacrificing understanding of the
oba31c concepts presented in ke course. In fact, as
'observed in conc1u31ons one*ﬂmrough elswen, the ISGD
teachlng technlque is at leasit as effemtzve as the

 'LCD method on all. crlterloaLmaﬁsures anmd in a few
':cases 1s clearly superlor.

Conclusion 21._ The observatlons g*ven below led thle‘

rnvestlgator to conclude that the" ISGD 1nstructlona1

technlque is superlor to the 1CD technlque 1n>
"_1. stimulatlng the students' 1nterest in mathe-.
| matlcs, : |
2. promotlng the 1dea that mathematlcs is not
:statlc,
.3;ﬁ enhanclng the students' ablllty to. communlcate
-:fverbally 1n mathematlcs,zN

-'h.'»contributing to the students' ablllty to work

";effectlvely in a. small—oroup 31tuatlon, and _‘9

SR T developlng the habit to th.:l.nk cr:_tically
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about a given'statement or concept in mathe-
matics before accepting its wvalidity.

The instructor and his assistant made it a practice to arrive
at the classroom atrleast five minutes before each class was to begin.
'This was done primarily to provide an opportunity for students to ask
individual questions about thevhomework or on some topic covered during
the previous class period. No +ally was kept, but the instructor and
his assistant agree that with few exceptions the questions asked in
the LCD section were of the nature "I tmied to solve the problem in
th1s way, but I couldn't get a result. What amn I doing wrong?" In
all cases, the questions that were asked related directly to home-

" .work or material covered in class. v

~In the LSGD section the questions and ramarks. during the
”afive minutes before class were markedly different. The questions were
.lrarely about specif1c problems, but were rather of the nature "Why

do we. approach this concept as we do? ‘Wouldn't it be eas1er to under- N
istand if we sald ‘.‘,‘ instead’"' “ndoubtedly, the questions they would
iask during these pre-class periods were prompted by difficulties_
encountered during their group's discussion on ‘the preV1ouo day . For
example, in the second chapter of the notes, the operation "set ‘differ-
ence? was: deflned 1n the usual way and then the complement of a set A
was’ defined as the set difference of the universe U and set Ao In

- the exercises, the students were asked to show that ohe set difference
of a set A and a set B is the same as the intersection of set A and

the complement of set B., The questlon then raised by several students

firwas nI understandnthat:the complement of a_set A_is ave
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universe except the elements of A and T understand the definition of
set inwersection, so why do we need st difference at all?n
Other pre-class conversations in the ILSGD section centered

around mathematical puzzles and games suggested by students. The
1nstructor of the course frequently used (in both sections of the
class) mathemaalcal diversioms to stress a p01nt or t o stimulate
interest in a particulazr topic and s'o the students knew of his
interest in puzzles or games with a mathematical flavor. It is
likely that the students suggesting the first two or three mathe-
matical "oddities" possessed an intarest in this type of mental

activity befere enrolling in the class; however, the informality ==d
congeniality of the small-group discussion class ‘fostered, in the
' opinion of this investigator, a slmilar interest by others. Neitlzer
" the instructor nor his assistant sensed a similar atmoaphere in the
ICD section.fdzf | | | A |
i It is the opinion of this investigator that the opportun1t1es~
.'for exchanging ideas on part1cu1ar problems an d the opportunities to
| examine crltlcally the 1deas and suggestions n +her students
afforded by the nmall discussion groups, advance the thought that

very little ought to-be accepted in mathematics without reasonable
Justification. Whereas students in. the LCD group were 1nclined to
say to the instructor "I don't understand that statement n students
‘ 1n the ISGD section were" apt to state "I don't belleve that's true."
It. is qu1te 11ke1y they didn t believe the statement because they

didn t clearly understand 1t, but the fact remains that a substantial

numb”rxtf tud‘ﬂts in the.LSGD section were eager to make known their
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reluctance to accept a statement as true simply bscause the imstrmctor
made the statemert.

It 4s the opinion of this investigator %mat participation
in the small work groups of the LSGD section enhanced the stude=is
ability to verbally communicate jideas in mathematicse As will 2e
recalled, the final ten minutes of each class period was allott=ad to
an.instructorfled class discussion. During this period, the stuients
gave their solutions to solved problems either verbally or pres=zmted
them at the board. Since the time period was skort, students were
encouraged, although not required, to present'tbeir argument'verbally.
‘Slnce both sectlons used the same notes, the same questions were

- answered by students of each group, thus it was pcsslble to suxgnctiveky

- rate the quallty of student response on speclflc questions. Tfre instruc-

,tor and ‘his asslstant agree that students of the LSGD group invariably
gave a clearer and more concise argument and furthermore, seemed more
: adept at defendJng the1r argument upon questlomlng by the 1nstructor
or a. fellow student than dld students in the ICD sectlon,

| The tenor of the small—group dlscusslons began to change‘
after the flrst few'weeks. Barly in the semester, students appearea
reluctant to criticize the arguments of others in the group. However,
as the semester progressed, good, healthf dehate over proposed solutions
. was occurring w1th regularlty.~ As the instructor and hlS assistant

c1rcu1ated about the rcom llstenlng to group conversatlons and answer—
: 1ng questions, they 1ooked for slgns of anlmoslty bulldlng between or

amongastudents., They found none at any tlme.a After the early weeks-i,

A R ey
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was diministied. The students appeared to be readily accepting their
individual,responsibility toward the completion of the assigned task.

It is the opinion of this investigator that participation in the LSGD
clase emhznced the students! ability to work effectively in a small-

grouy situation.

Recommendaions

Recommendation 1. Some of the students in each class had
taken the reguired four-oredit nScience-Soéial Studies-
Eathenatics"vtechniques course (approximately three-
sixteenths of the time is devoted to the techniques
of‘teaching arithmetic). Since the techniques course
may haue provided additional motivation, it is recom-
mended that future studies of this nature‘consider this
‘variable. |

Recommendatlon 2. It is recommended that in any future

v;lnvestlgations simllar to this study, students in the
LCD section be requlred to submit- wrltten homework
'a381gnments on a regular‘basis. Since most class
'discussion'was on a voluntary basis, poorer_students
frequently did not take the opportunity to work on
_the:more difficult exercises, perhaps decreasing
their ohances of‘doing well on the independent.read-‘
llng examinatlons.
Recommendation 3., It 1s recommended that in any future

investlgatlons simllar to this study, students in the

LSGDH ection be required, asAa homework asslgnment’v1 ; s




to individually submit once or twice a week, written
solutions to exercises solved through group discussion.
This procedure would provide the instructor with an
early indication of individual misconceptions.
Recommendatlon . It is recommended that in future studies
gimllar to this study, several different upper and
lower one-=half ability levels be determined. Specif-~
jeally, A.C.T. total score, algebra test score, and

'Gallfornla Matbematics Test total should all be used

separately to determlne ability 1evels.

Recommendatlon 5. It is obvious that in studies comparing
two teaching methods that the teacher variable is an
!important one, Future studies similar to this investi-
:getion should take the teacher variable intorconsidera-
tion. | .

Recomrendation 6. It is highly recommended that in any
future 1nvest1gatlon 31milar to this study, an attempt
be made to measure the students' ablllty to read
'mathematlcal materlal 1ndependent1y and with under-
sbanding at the beglnnlng of the course. Research
should be almed at the development of valld tests

‘ designed to measure the. ability of preserv1ce
: elementary teacheru to read 1ndependent1v and with
'understandlng, mathematlcal materlal similar to

“;Toplcs in Mathematics for hlementary Teachers pub~

‘11llshed'by the,National COUDCll of Teachers of

”7{fMathematica.:ﬁ5i';"n” e
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Recommendation 7. It is highly recommended that future
investigations similar to this study make provisions
for a follow-up study to determine the technique of
teaching:mathematics used by the students in their
first full-time teaching assignment.

Recommendation 8. It is recommended that future investi-
gations similar to this study make provision for
laboratory~type experience in mathematics for students
of the LSGD section.

' The physical facilities required for imple-
mentation of the LSGD teaching technique (i.e., adequate
facilities for small-group work) would seem to be well
,suited for the incorporation of laboratory workrwithin
the regular class period.”.The experiments could be
-very short or could take up to 50 mlnutes. Incorporating
the laboratory work into the regular class perlod would
eliminate the need for the careful (but quite often
unsuccessful) coordlnation of classroom activities
with laboratory work that is required when' the labora-
vtory perlod is scheduled separately.
There are no laborabory manuals presontly
available that could be used successfully within the
'framework just described.
Recommendatlon 9. Tradltlonally the "methods of teaching

elementany school arithmetic" courses have been

'”ught separately from the content courses. In fact, o

PRTIVACTEEELL R
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the content course is usually taught by the mathematics
department and the methods course by the education de-
partment. If personnel knowledgeable in both areas
are availahle, this author believes that the two courses
ought to be integrated. The integration suggested here
is not one of spending four class periods on content
followed by a fifth day devoted to methods of teaching
the content—~a1though this arrangement is also believed
to be preferable to teaching separate courses——hut
rather a fusion of method and.content. For example,
) after diScussing’ahd proring the theorem "If a, b, C,
_and d are whole n\jmbers‘,V,with b<a and d<c, then
(a+c) - (b+d) = (a—b) + (c=d)," an immediate question
could be "Where in the: elementary school arlthmetlc
vsequence would you have need for this theorem and how‘
would you lead students to discover the theoremoﬂ
'Another questlon might be “How would you argue the
theorem's validity at the third or fourth.level?"

‘ In the opinion of thiS'investigetor,,the
-spirit of cohstructive criticism, the informality,
the free ekchangeeof ideas, and the opportﬁnity stu-
'dents have to dlscover mathematics "on thelr own“
'that appears to exlst 1n a class taught by the LSGD
_technlque would contrlbute signlflcantly to successful

\‘. 1ntegration of method and content. :

v

":¥>It. sirecommended, therefore, that research




be directed toward determining the advantages or dis-

advantages of fusing mathematics content courses and

methods of teaching arithmetic coursese.
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APPENDIX A

UNIT TEST SCORES, FINAL TEST SCORES, AND TOTAL POINTS

I} COURSE FOR BOTH GROUPS
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UNIT AND FINAL TEST SCORES FOR LCD SECTION

TABLE 33

*TEST
Uy Up Uy Uy U3y Uz Fy Fa
STUDENT
NUMBER HIGHEST POSSIBLE SCORE
86 1l 88 12 85 U 150 25
1 71 11 61 6 58 6 50 11
2 66 12 60 9 61 8 50 12
3 55 5 50 7 L3 5 Lo 7
L 57 53 6 53 5 55 7
5 75 9 80 ) 59 6 90 20
6 w9 53 8 33 7 L 16
7 79 11 80 7 63 L 120 20
ki 1 3 3% 9 W 7T 50 .
5 61 L 6h 7 52 5 65 11
10 6 11 65 7  “L8 9 50 9
1 €1 13 L6 6 39 8 30 1l
12 80 1L 86 9 h 12 90 1l
13 65 12 73 8 s, 7 6 1
1 63 9 s 8 52 8 65 15
15 78 12 8k 9 63 10 - 90 15
16 w3 ko 6 62 6 LS B
17 58 L2 11 51 6 Lo 10
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TABLE 3% - Continuec

UNIT AND FINAL TEST SCORES FOR LCD SECTION

*TZST
Uy Uy, Uy Ty Uy U By
STUDENT -' '
NUMBER HIGHEST POSSIBLE SCORE
86 1 88 12 86 1, 150
- 13 69 b 73 8 L3 7 Lo
i 19 66 6 7h 8 69 10 55
. 20 82 13 76 8 Sh 9 55
; _E *U‘ij = Imit J!‘)estv i’ part j -
- F; = Final test, part 1.
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TABLE 34

TOTAL POINTS ON EXAMINATIONS FOR LCD SECTION

1

g

P

o

o ;. =
[ voon [

—

RE—

i

Ry

*TOTAL
T T, T
STUDENT
NUMBER - HIGHEST POSSIBLE TOTAL
410 65 L75
1 2140 3k 27
2 237 L1 278
3 188 2l 212
N 218 27 2L5
5 30L bl 348
6 172 e 212
7 32 R 38L
8 175 23 198
9 2h2 217 269
10 127 36 - 263
11 :"176~ L1 217
iz 330 L9 379
13 252 L1 293
o 225 40 268
15 315, L6 361
16 194 23 217
191 32 223
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TARLE 34 « Continued

TOTAL POINTS ON EXAMINATIONS FOR LCD SECTION

#TOTAL
Ty T2 T
STUDENT
NUMBER HIGHEST POSSIBLE TOTAL
L10 65 L75
18 225 32 257
19 . 26l L1 305
20 267 LS 312

¥* Tl = Un + U21 + U‘jl + Fl (See Table 33)
To = Uyp + Upo + U32 + Fo (See Table 33)

T=Ty+T,
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UNIT AND FINAL TEST SCORES FOR LSGD SECTION

TABLE 35

#TEST
Un U Uy U Uy 32 Fp Fp
STUDENT
NUMBER HIGHEST POSSIBLE SCORE
86 1L 88 12 86 1l 150 25
1 79 11 68 12 68 8 105 19
2 66 9 57 7 6h 10 Lo 10
3 Lo L Lo 7 L9 6 30 9
h 79 s 1 88 12 60 10 70 13
5 68 1h 73 9 65 8 85 16
6 w13 60 8 62 60 17
7 69 c 6 B 65 6 55 15
8 6l 8 76 12 6ﬁ 12 55 13
9 L8 8 .67 6 L7 I 35 9
10 82 12 77 9 73 10 70 1L
n 3 5 38 7 L8 7 58 6
12 76 13 67 12 70 10 90 18
13 ‘s 2z 6n. 6. 6 6 L5l
o 73 12 62 12 "'62 60 20
15 66 12 = 60 7 69 11 70 16 -
16 79 12 79 71 12 75 16
17 ‘59 6 Ll 8 62 6 L5 10
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TABLE 35 - Continued

UNIT AND FINAL TEST SCORES FOR LSGD SECTION
#TEST
Upy Upp Upy Uy Uy Uy By F,
STUDENT
NUMBER HIGHEST POSSIBLE SCORE
86 IR 88 12 86 Uy 150 25
18 63 13 T1 7 66 12 80 16
19 8o 1k 63 12 78 12 105 20
20 33 8 55 6 L8 5 Lo 5

*Us 4 = Unit test i, part j.

F; = Final test, part i.
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TABLE 36

POTAL POINTS ON EXAMINATIONS FOR ISGD SECTION

#TOTAL
Ty T, T
STUDENT
NUMBER HIGHEST POSSIBLE TOTAL
' 1410 65 75
1 320 50 370
2 227 36 263
3 168 26 194
b 297 k9 36
5 291 L7 338
6 256 Ll 300
7 255 3L 289
8 260 - 45 305
9 196 27 22L
10 305 b3 318
n 177 25 202
12 30 53 357
13 226 18 2k
LY 257 52 309
15 266 ué 312
16 301 L9 350
17 207 30 237
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TABLE 36 « Continued

TOTAL POINTS ON EXAMINATIONS FOR LSGD SECTION

#TOTAL
T, T, T
STUDENT
NUMBER BIGHEST POSSIBLE TOTAL
L10 65 W75
18 280 L8 328
19 326 58 384
20 176 2y 200

Tl = Ull + U21 +-U31 + Fl (See Table 35)
Tz = Ugp + Upp + Ugp * Fp  (See Table 35)

T w Ty + Tp

114
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APPENDIX B

i

A.C.T. ENGLISH, SOCIAL SCIENCE, NATURAL

SCIENCE, AND GENERAL PERCENTILES

-
o
Ul



TABLE 37

72}

A.C.T. PERCENTILE SCORES e
! LCD SECTION LSGD SECTION
Student ~
Number | *E Ss NS G E ss NS G
1 51 89 67 68 | 73 35 79 82
2 |51 43 27 46 42 51 67 53
3 31 76 61 40 49 76 41 55
4 77 32 61 54 67 51 60 68
5 10 33 55 46 74 69 39 53
6 27 74 39 46 81 80 67 75
7 80 89 99 98 42 22 60 38
8 42 57 55 38 67 89 . 27 61
9 51 - 38 18 38 | 42 38 44 31
1w | 27 22 15 25 38 93 79 82
11 59 - 57 60 53 42 45 55 = 38
12 99 93 g 97 92 80 79 87
13 1 e7 74 s5 61 | s g 9 5
14 |88 69 - 55 75 38; ‘ 69 60 75
- 15' ‘v:74?"  74 93 1;v91', _ 46 ‘;' 61 . 45 62
‘16‘_/v 34"‘ ‘6§‘ _ ié» : 133v | :74 o 51' j6§15 68
37 a3 7 "'4‘v_  42- - 57 a4 46
'13'_' ;.5_ 17 39 5 54 as 73 6l
jo |34 8 79 75 | 81 63 79 82
20 |seo 51 27 31 | 10 3 5 4
fﬁ = Eng;iSh  o | o NS : Natural Sgignce,
SS‘= SociéifScience ‘ G = |

General

.f14l€; :



APPENDIX C

DATA ON STUDENTS NOT INCLUDED

IN STATISTICAL ANALYSIS

104
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TapiLD 38

DATA ON STUDENTS NOT UNCLUDED IN STATISTICAL ANALYSIS:
YEARS IIIGH SCHOOL MATHEMATICS, PRETEST, AND
POSTTEST SCORES

LCD SECTION
Student *YHS CRl CR2 CFl CFZ AT'I'l ATT2 ALG
a 0 46 53 61 68 68 78 10
b 3 50 54 74 74 69 78 21
c 2 37 41 61 64 36 42 - 13
d 2 | 46 45 57 70 63 77 15
e 2 45 48 75 72 68 78 10
£ 2 00 46 63 76 77 83 8
g | 1 32 37 70 - 68 26 35 8
LSGD SECTION »
a4 s0 S50 - 72 73 88 92 25
R - _43  51 63 73 sz “ss 10
c 35152 79 7370 87 :18
*YHS = Years éf hlgh school nathematlcs
CRy = “Callfornla Pea¢on1ng" pretcs* and posttest
"CFi ; ’Callfornla Fundamentals" pretest and posttest
ATTi = Attitude scale pretest and posttest.
CALG =

Algebra test




TABLE 39 106

DATA ON STUDENTS NOT INCLUDED IN STATISTICAL ANALYSIS:
SCORLS5 ON FIVE CRITERION MEASURES

o LCD SECTION
Student! Final- Final- Final- Indep. Read. Total Pts.
part I Part TI Total Total in course
a .55 11 66 28 - 242
| b 65 18 83 _ 47 326
c AO b>13 5% 35 | 210
d 65 11 76 38 2790
e S0 15 105 46 348
f 80 9 89 34 337
g ‘ 40 . 5 45 22 212

LSGD SECTION

a 70 16 - 86 49 327
' 65 17 82 4z 257
c 45 8 53 37 245

e 219
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APPENDIX D

RAW AND ADJUSTED MEAN SCORES

ON EIGHT CRITERION VARIABLES

120
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The adjusted mean scores iisted in the following three tables
were determined, in the case of one covariate, by
Adj ?i=7i - by (i; - X,
where
Y. = raw mean score of group i

X = mean score of covariate X for group i

X = (X} + X,)/2
b_ = regression coefficient.

In the case of two covariates, say X and Z

>

)

where bx and b, are the partial regression coefficients and the other

r)

AdJ Y, =Y, - b (5 - X - b,(Z; -

symbols are defined as above (Walker and Lev, 1953, p. 397 and p. 404).

TABLE 40

MEAN SCORES AND ADJUSTED MEAN SCORES ON ALL
EIGHT CRITERION MEASURES FOR BOTH GROUPS

\ LCD_SECTION L.SGD SECTION _
Criterion : : Mean ~ Adjusted| Mean Adjust.).
L » . : Mean Mean
Post-reasoning o 48.55 48,82 49.20 48.93
‘Post-fundamentals | 70.20 = 69.95 70.85 71.10
Post-attitude | 68.75 69.99 69 .25 68.01
Final exam.- part I §%.25 59.51 63.50 63.24
Final exam.-part 11 12.60 12.65 13.30 13.25
Final exam.- total 71.85 72.16 77.10 76.79
Total points indep. read.| 36.40 36.16 40. 30 40.54
Total points in course 275.60  276.31 |295.00  294.29
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TABLE 41

1n9
EAN SCORES AND ADJUSTED MEAN SCORES ON ALL EIGUT
CRITERION MEASURES FOR UPPER ABILITY LEVEL
LCD SECTION LSGD SECTION
Criterion Mean Adjusted Mean Adjusted
Mean Mean
Post-reasoning 51.10 52.26 53.50 52.34
Most-fundamentals 74.90 75.49 74 .80 74.21
Post-attitude 73.20 75.09 77.90 76.01
Final exam.- Part I 72.50 73.68 77.00 76.81
Final exam.- Part II 14.40 14.60 16.80 16.60
Final exam.- Total 86.90 89.29 93.80 92.41
Total points indep. rezd. 40.00 40.67 49.40 48.73
Total points in course 312.60 313.47 336.10 335.23
TABLE 42
MEAN SCORES AND ADJUSTED MEAN SCORES $3 ALL.EfGHT
CRITERION MEASURES PFOR LOWER ABILITY LEVEL
: _ LCD SECTION - LSGD SECTICN
Criterion Meeon Adjusted | Mean Adjusted
, Mean : ' ~ Mean
Post-reasoning 1 46.00 45.41 44.90 45,49
_Post-fundamentals 65.70 64.81 | 66.90 67.79
Dost-attitude | 64.30  64.62 60.60 60.28
_ Final exam.- Part T 46.00  44.22 50.00 51.78
Final exam.- Part II 10.80 10.53 9.80 10.07
Final exam.-total 56.80 54.69 60.30 62.42
Total points indep. read. 32.80 32.17 31.20 31.83
Total points in course 238.60 234.28 253.90 258.22
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APPENDIX E

AIKEN AND DREGER ATTITUDE

TOWARD MATHEMATICS SCALE

ERIC o 1a4



OPINIONAIRE

Directions: Please'write your name in the upper right hand corner. Each
of the -tatements on this opinionaire expresses a feeling which a parti-
cular person has toward mathematics. You are to express on a five-pnint
scale, the extent of agreement between the feeling expressed ia each
statement and your own personal feeling. The five points are: Strongly
Disszgree (SD), Disagree (D), Undecided (U), Agree (A), Strongly Agreec
(SA). You are to encircle the letter which best indicates how closely
you agzree or disagree with the feeling expressed in each statement as it
concerns you.
1. 'I dc not 1ik¢ mathematics. I am always under 3D D U A 5A
a terrible Stfain in a mathematics class.
2. I do not like mathematics and it scares me SD D U A SA
to have to take it.
3. Mathematics is very interesting to me. I sb D U A SA
- enjoy math courses. |
4. Mathematics is fascinating and fun. D U A  SA
5. Mathematics makes me feéel insecure and at Sb - D U A SA
the same time it is stimulating.
6. I do not like mathematics. My mind goes Ssb b U A SA
blank and I'am unable to think when workirg
math.
7. 1 feel a sense of insecurity when attempting SD D U A SA

mathematics.
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10.

11.

13.

14.

15.

16,

17.

“iathematics makes me feel uncomfortable, rest-

less, irritable, and impatient.

The feeling that I have toward mathematics
is a good feeling.

Mathemaxzics nmakes me feel as thouqh I'm lost
in a jungle of nuwbers and can't find my way
out.

‘tatheratics is something which I enjoy n
great deal.

When I hear the word 'tath, T have a feeling
of dislike.

I approaéh math with a feeling of hesitation--
ﬁesitation resulting from a fear of not being.
able to dﬁ math.

I recally like mathematics.

Mathematics is a course in sqhooi which I
have élways liked and enjoyed studying.

I doﬁ't 1like mathematics. It makes me
nervous tc cven think about hnving to do

2 math problem.

I have never liked math and it is my most
dreaded subject.

I love mathematics. I am aappier in.a

matin. class than in any other class.
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19. I feel at ease in mathemdtics and I like sb D U A SA
it very much.
20. I feel a definite positive reaction %o SO D U A SA

mathematics; it's enjoyable.

e .27
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APPENDIX F

" QUESTIONAIRE ON MECHANXCS OF COURSE
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QUESTIONAIRE

Percentage response
Sec. 1 Sec. 2 Total

1. Section Number
2. Check one of the following:

The course was easier than I 18.5 34.8 26.0
had expected.

The course was about as dif- | 63.0 43.5 54.0
ficult as I had expected.

The course was more diffi- 18.5 21.7 20.0
cult than I had expected.

3. Regarding the homework _assignments...
, .

a. Were they’ too theoretical?

Yes 18.5 13.0 16 .

No 44.5 34.8 40
About right '37.0 52.2 44
b. Were they too long:

—_—

Yes . S o 0 0 0

N¢;:"l L | 70.3 86.9 78
About r1gh1 | ""f 2007 131 220

Tolew Were ‘there enough challenglng
exerc1ses? :

CiYes o Qs 869 . 84

——

“_}f”Yés*,?ff*;f;¥f~§'fgff5ffvf‘ﬁf'j;;ss;syi 12l;7.'_f”23,;

T fy{tss;s,'7' 21.7 . 28
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AQuestionaire continued

About right

b. Were they toc long?

About right

c.  Did the test questions relate
closely enough to the class
cxercises?

5. Uow much. time did you have to
spend studying the material out-
side of the class period?
less than four hours per week

between four to six hours per
’week

more than six hours per week

6. here you sat1sf1ed W1th the way

class t1me was - ut111zed9,'
Yes

Wo

"‘_7fffDo you th1nk you could have learn—,‘T

"ed more. 1n the other sect*on’

 Don't kmow.

Percentage response

Sec.

33.4

51.8
25.9

22.3

3.) 3';

55 6

1

; 11.1 G

Sec.

56.6

34.8
21.7

43.5

78.2

21.

co

39.1

52.2

8.7

87 .

v13

2

Total

54

44

32

82

13

44

48

a0

.10

'f42”

117
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Questionaire contined

~ Percentage response
Sec. 1 Sec. 2 Total

8. Do you’think your attitude towards
mathematics has changed since the
beginning of the semester?

Yes 44 .4 56.5 50
No . ' 55.6 43.5 50
I{ your answer was yes, how has it
changed?
For the better 100 . 92.1 26
For the worse 0 : 7.9 4
’ t
9. o you think that this course will
be useful to you as an elementary
schocl teacher of mathematics?
Definitely _ 55.6 78.2 66
Perhaps - 40.7 21.8 32
Definitely not 3.7 0 2
10. Would you be interested in elect-
ing o specially designed 15 semes-
‘ter-hour sequence in mathematics
as ‘your area of concentration?
Yes - S | 222 0 217 22
‘No | a8 60.8 54
 perhaps . 29,7  17.5 24

. 11;;,What iéttéffgrédéﬁd§ﬁyou ¢%ﬁééﬁ

3509 - 21,7 .24

o 2006 435 . 36
o 37.0 . 34.8 36
»E' >7;5 0 4
3
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~ERIC

[Aruitoxt provided by exic I

FOR SECTION 2 ONLY:

12. *hich sizec work gsroupn do you think
was most cffecctive?

J stivdents per group

students per sroup

A

4 students per group, but pairc:d
within the group

13. The amount of time spent in regular
lecture activities was...

too much
«bout right

o e bt

too little

11le

Percentarse responsae.
Sec. 1 Sce. 2 Tetal

-~
.
D

82.6

17.4
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IT.

ITI.

Iv.

TEST 1 - PART I.

Let p and q be propositions. Construct a truth tablc fer the

proposition [(p-gq)l\ q]—)q and tell whether it is a tautology or

explain why it is not a tautology.

Let p and q be propositions. Use the fact that (pe>qled Qp4>1q)
to rewrite the following statement in a logically equivalent form.

A and B are sets.

ASB if and only if ANB

Let U = ia, b, ¢, d, eg, A= ia, bi, B
C = ia, C, d‘i. Find

(1) (avBNC

A

S_b , cg , and

(2) AnpB
(3) ~A
4 B xC

“Use a Venn diegram to illustrate that if A and B arc sets, then

AN (AVUB) =

,TRUF or FALSE If the statement is always true, prlnt TRUE in the

'space below the statement If the statement is not always true,

prlnt ]‘ALSE 1n the space below the statement and then glve one

: [-counterexample
»(1)..‘ If A and B are sets and A B then (A x B)S_B

,‘:(2),‘1 If D and I: ‘are sets, then DC(DUE)

(3) If x and Y are ‘sets, then (xmr) X and x (w)cv_.-{

| _1{34



(4) If A and B are sets, then (Am B) =A.

(5) If ¥ and M are sets and KAM # @, then n(K) + n(M) < n(K\UM).
(6) If ¥ is a set, then n(X)&K.

(7) If R and S are disjoint sets, then RE S,

(8) If D and E are sets and n(DVE) = n(D), then E = 0.

(95 If Hand G Vare nonempty séts and HeG, then n(GaH) < n(G).
(10) If p and q are propositions énd p-»q is trué, then the converse

of the inverse of p-3q is also true.

VI. Let a, b, c, and d represent whole numbers. If one of the properties

A+, A, C+, C , or D justifies use of the "equals'' symbol, state
LI [ 3

which one. If more than one is needed to justify use of the equality
symbol, write the phrase, "more than one needed' below the statement.

1) a+ (b+c)

(b +c)+a

[t}

(2) a+ (b'+ c) b + (a + c)
(3) (a+blc+ (a+b)d=(a+b)e(c+d)
4) (ta +b) + c)-t- d.

(5) (a+ b)afc + d)

(a+b) + (c+ d).

(c + d)s(a + b)




TEST I - PART 1II.

1. The following statement defines a binary operation, called sub-
traction, on the set W = KO, 1, 2, 3, 4, ..:{.
Definition: Let A and B be two finite sets. The difference of
n(A) and n(B), denoted n(A) - n(B), is n(AcaB) iff BEA. That is,
n(A) - n(B) = n(AcmB) iff BgA. ERecé.ll that Ae B ={x‘x€/—\ and

xaf.l% Thut is, Ao B is the set of all elements of A not found in B]

Exercise:

(1) Use the definition to find the difference of 5 and 3. That

is, find 5 - 3.

IT. Print one'of.the words TRUE or FALSE ‘after each of the following

statements. No counterexamples are necessary. D and E represent

finite sets.

(8) (D) - n(E)EW

(b) If DSE, then n(E) - n(D) = E=D.
(¢c) E - D is a set.

(d) 1f n(D) - n(E) = n(D), then E = @.

(&) n(D) - n(E) = n(E) - n(D).

136




ITI.

BRU(AB) =

A and © N(A=mB) = @.

these two facts.

Z>

-

<

w

[ —

VoL

We have verified that if A and B are two sets and BS A, then

The following diagram illus=rates

You may need one or both of these facts in the proof below.

Give a reason or reasons for each stzp in the following theorem.

Theorem:
Proof:
1.
2.
- 3.

Statement

(n(A)

- n(B)) + n(B)

I}

I}

I}

137

If BESA, then (n(A) - n(B)) + n(B) = n{A).

n(ALB) + n(B)
n( {(A=B) UB)

n(A)

Reason
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TEST I1 - PART 1.

1. -Give a reason justifying each step in the foliowing computation.
You are to assume that we know the basic 100 addition facts.
Statements _ Reasons
c4°10 + 6) + (7v10 + 3) | 1.
[4+10 + 6) + 7010 + 3 2.
[7:10 « (4010 + 6)] -+ 3 3.

[
=y
o8

o+
~
(&)

i

N
()

(&3]
[1}

[(7-10 + 44+10) + a + 3 4.

{7+ 430104+ 6]+ 3 5.

(11010 + 6] + 3 | 6.

o &
wooon o

(1410 + 1210 « 6]4 3 7.

=]
II

[(1-10.10 +1010) + 6] + 3 . 8.

o
i

-’.C1.10‘10 + 1.16] + (6 " 3) s,

ll

10. [ 1081074 1-16}+ s 10,

;1;; :

(119)tenf SRy 11, B.T.NS.

1r.

‘.\I:t'n:e.f‘(475)ten as' a base elght numeral

ey Use (a)' and (b) to f1nd the . c D, of 756 and 990. o

f(d) Lse (a) and. (b) to f1nd _the L. c M. er 756 and 990..

' Prove or disprove: . v..(163;’;is'-? a prime .nixmb_'e:r_".__ R




VI.

VII.
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Use the theorems of Chapter IV to show that 45 divides 83,765,430.

In each of the following statements, tell whethér the statement is
always true or ﬁot always true. If it is always true, write TRUE
in the space below the statement. If it is not always true,.write
FALSE in the space below the statement and then give one counter-
example. |
(a) If a, b, and c are céunting numbers and if a is a factor of

¢ and b is a factor of c, theﬁ asb is a factor of c.
(b) If k is tﬁe L.C.M. of two.counting numbers x and vy, theh

(x +y) is a factor'of k.
(¢) If d is the G.C.D. of x and y, then d divides (x +y).

(d) if_r, s,‘and t are wholé ngmbers such that r s is a multiple

of t, théh r is avmultipleﬁéf t or s is .a multiple of ‘t. -
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TEST 11 - PART IX.

)efinitions. Let A be a nonempty finite set and let R be a subset

»f AxA, the cross product* of A with itself.
1. If (a.a) R, for every element a A, we say R is a reflexive
subset of AXxA.

>. 1f (b,a) R whenever (a,b) R, we say R is a symmetric subset

of AxA.

w

If (a,c) R whenever (a,b) and (b,c) both belong to R, we say ﬁ

is a transitive subset of AxA.

4. If R is a reflexive, symmetric, and transitive subset of AxA, let

us say R is a dandy subset of AxA.

anmple Let A = {1 2 sg Then AxA = {kl 1),(1,2), (1 3),(2,13,(2,2),
(2,3),(3, 1), (3 2), (3 35% The subset R = {(1 1) (2,2),(3, 3) a,2), 2, L%
is a. dandy subset of AxA » The subset S = X(l 1) (2 2),(3, 3) (1,2),

(2 1) (2 35% 1s not a symmetrlc subset of AxA- because (2 3)€.S and

‘(3 2)4.5 hence % is not a dandy subset of AxA.:

* Recall that the Eross-ﬁroduct of two sets X 1nd Y denoted XxY is the

set of a11 pos51b1e ord’red palrs of elements (x y) -where ke)\and ye Y

.Exerclses:g

1.

i_(a)'ia'reflex1ve subset ‘of AxA" (yes or. no?)
”(b); a symmetrlc subset of AxA7 j(yes or'no7)

,5”(e);%a tran51t1ve subset of AxA”’ (yes or no7)

. Ts the subseth:f {(1 1)(1 2) (2 1) ek 2§§ of AxAl:Lb'

S IR Fg S L T G s o e i e SRS
5L ihT
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Let A =§i1,2,3 and let R be the set of all ordered pairs (X,y)

of AxA such that x is smaller than y.

(a)
(®)
(c)
(d)
(e)

List two elements of R.

Is

Is

Is

Is

R

a

a

reflexive subset of AxA? (yes or no?)
symmetric subset of AxA? (yes or no?)
transitive subset of AxA? (yes or no?)

dandy subset of AxA? (yes or no?)




TEST III - PART I.

1. If the state'fn'ent is always true, print TRUE in the blank provided.

If the statement is not always true, print FALSE in the blank

provided. NO COUNTEREXAMPLES NECESSARY.

1.

2.

3.

a( Ew s

'I{-' a, b, and o are positive 1ntegers, then %< a

If b is a nonzero integer, then (-b) is less than zero.

If xeZ, yeZ, and y # 0, then '"(3;-3 =;;_ .

If cgZz and d€Z and é # 0, then (c =+ Jd)& R..

If a, b, ¢, and d are all nonzero integers and % = %, then
aad ¢
bs.d  d °
If a, b, c, d, e, and f are nonzero integers and %.%.%z % ,
then & = &.& -
b c
If r, s, and t arc nonzero integers, then (res) -t = (xr & t)es.

If p, q, and T arc nonzero intege'rs,_"then Tt (p+aq)=

(r+p)+ (xr+al.

| k‘Ivf'-aA.v,' b, ¢, :_ahd d'are’ élem»ent's' of -Z, and C,:.# 0 and d # 0, then -

'_Ir m, vn, and p are ﬂonzero ratlonal numbers,' then (n- n)-— p =
o -'.-j(n p)

‘ ::If 1‘611‘ and selr f}'ien'r.’sﬂezli‘fr

+

c .

+ C

|

=

o If xeR then er

If xe,R and yG.r( then (x + y‘( R.. B

'..?A:VZIf x%-u and >'¢-R the“ (x . Y)‘F“'--"




II1.

LTI

Cq and r.so that 58 ~q + T, where r < 9 Theorem

15. If x&€R but x4z, then xe€ Ir.

16. 1f xeZ, yoZ, and y # 0, then X g Re.
: y

17. 1If xe€Z and y€ Z, then (x' - yJ& R.

18. 1f x€Ir and y€R, then x«y €Ir.

Recall the following statements relative to the addition and/or

subtraction of integers.

Statement A: I1f a and b are positive integers and b < a, then

a+ (Cb) =a -Db.

Statement B: If a and b are positive integers and a< b, then

a+ (Tb) =" (b - =m).

§_t_a}_t_e_m‘_.e.n__t~"._(:_; If a and b are integers, then a - b = a + TChb).
Complete each ofthe following stetementS: |

1. To compute "the sum (‘2) + 7 we could use statement o
_w1th~ a=___ - andb= _ . . The sum, accordlng to the state-

"ment you 1ntend to use, is

————

2. To compute the dlfference ( 2) - (T 7), we could use statcment
o, w_1th-, a = o and b= . The 'dlrffere_n‘ce,' accordtng
' ;‘Q‘:the statement. }’iou. 1ntend,to use, is

'Use the follovung theorem (and show your work) to flnd wholc numbcrs

- Let a and b
be pos:ﬂ:;we 1ntegers w‘1thvb < a. If a —w ='r;, then

cvegEro o G

prove: - The set of nongero rational numbers‘is closed under division.




V.

(a)

ERIC

Aruitoxt provided by Eic:

(b)

- If

Give a reason (or reasons) justifying each statement below.

If k and x are real numbers and k«x is a rational number,

then kex %.for some integer ¢ and d.

Reason

If kex = &, th.  x =

e

Reason

1f k is a nonzero rational number, then %u% k is a rational
number.

Reason

‘& k is a rational number, then x is a rational number.

alo

Reason

'Complete the. followxng sfatement oy giving the strongcst

p0551ble conc1n51on'based on the sequence of statements in

» part (a)

then k-x 1s a(n) IR "»‘7,‘,f_ nuwbcr. i
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: If k is- a NONLZETO ratlonal ntﬂber'"nd 7, 15 an i+ otlowal mumber,
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TEST III - PART IT.

Recall that the gLois_—Produ_g}_ of two sets A and B, denoted A x B, is the
set of all ordered pairs of the form (x,y), where x&A and y&B.

Definition 1: Let F represent the subset of all ordered pairs of 2 x Z

of the form (a,b), where a€Z, b€Z and b # 0. That is, F is the set
of all ordere‘d pairs of integers where the second component is not zero.
Let (r,s)&F and (t,Ww)€EF. We will say that. (r,s) and (t,w) are kin,
denoted (r,s) & (t,w), iff rew = Set.

Exercises:

1. Verify that (2,3) and (6,9) are kin,
I1I1. Verify that (3,7) = (4,8).

_Pefinition 2: Define two binary operations, denoted ® zmcl@», on F as -
"Follows: .If (a,b)€ F and (c,d) €F, then
(a,b) ® (¢,d)

(a,b) @ fe,d) = (a-c, wod).

)

(avd + bec, bed) and

‘ (22, }’15)’

Examples: 1. (253 @ (4,5) = (25 +.3%4, 3°5)

no

‘2 o (2,3) @ ,(.4‘,5),:.

(204, 3+5)

. : (8.,-".,1.15),":_- ;
Exeercises: S

I11. 1Is F closed underv@’,’_‘?\ Exblﬁin. (Recall that = set A is closed

'undér an operation *- dé’fine‘d‘ on A iff x*y €A for =il x& A and yeA .

\ i e e o




1v.

VI.

VII.

Is F closed under ) 7 Explain.
Is & a commutative operation? Prove or disprove.

Prove or disprove: If k is a nonzero integer, then

(a2, b) = (a+k, b*k).

Find the &) inverse of (2,3). (Note: If A is a set and * is an

operation defined on A and a * 2 =12 %a-=a for all a&A, we say
72 is the *-identity element of A. Also, if a€A and b€EA and a * b
=b *a= 7, where Z is the *-identity element of A, we say b is

the *-identity inverse of a).

SOR R XS N RO




FINAL EXAMINATION - PART I

Directions: In each of the following 25 exercises there is one best

alternative. Print the letter of this best response in the blank

provided to the left of the statement.

1. If the universe U =i0,'1,2,3,4,5,6,7 é.nd' subsets A, B, and

{0,1,2§, B =iz,4,ez, and C = I3,7g then

c

it

C of U are A

a) ~(AUVB)

b) ~ANC =C
c) AxmB=C
d) a) and b) are both correct.

e) a), b), and c) are all correct.

2, If the universe U = il 2 3 4,5,6,7,8,9 10’§ and if A = {1,2,33
and B = {2,4,61, then which one of the following statements

is false?

a) n(Ah;B)’ =1

'b‘v). i n(AUB) =5 , o v .
BCR E~(Av8ﬂ |
- d) .”fn(~A)

’é);ﬁn(A\}B) = n(A) + n(B)'- n(Af\B)

3. ‘The shaded region:in the Véﬁn Diagram below is
@) aunnz — v
B XaAnUY

‘ ,‘(x?nv')"n’z,;_)__’_; B

o - _;f_ ,_,W57;’e)7‘not equal to any of the prev1ous answers
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4. Let A and B be two nonempty séts. If n(A) ~ n(B) = n(A=aB),
we can éonclude |
é) A and B are disjoint.
b) n(A) + n(B) # n(AVB)
c) Ac=aB =0
d) A and B':an be matched one-to-one.

e) none of the previous answers.

5. Ii A and B are two nonempty finite sets, then we can conclude
a) n(A x B) = n(A)n(B)
b) n(AUD) = n(A) + n{d)
¢) AxB=BxA
d) A x BEAUB

e} none of the previous alternatives.

6. The prime factorization of 756 is
a) 20203749
b) 2-3-7'
'c) 'z 2'3-3 21 |
"*d)L'7-2 \20 5 5 4 50 2¢5 + 213 o

- e) 7none of the above arq'eorrecn;

7. Theywhcle number represented by (54)Slx is reldt1Ve1y prime to

a) '(24)ten
b) ‘(24)nlne'

5)7.(24)e1ght
) i(za)seven

'fé}l'none of the above.‘,;--




10.
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The whole number represented by (102).y...e
a) can also be represented by (92),.,

bj can also be representud by (12) 4,

¢) is divisible by (2)4pree

d) is a prime number.

e) . none of the above are correct.

If 420 = 20203+5:7 and 3465 = 3°3¢5+7+11, then

a) the G.T.D. of 420 and 3465 is 2¢3¢5:7+11.

b) the L.C.M. of 420 and 3465 is 2024 343030505+707 11,
cj the L.C.M. of 420 and 3465 is greatef than 420+3465.
d) the G.C.D. of 420 and 3465 divides the L.C.M. of 420

and 3465.

If x, y, and z are whele numbers, then in order to prove

that x + (y + 2) =y + (x + z), we would have to. use

‘a) only the commutative property of addition of whole

numbers .

 b) only the associative property of addition of whole -

numbers.’

¢) ‘both“the'pommutatiV¢_éhd associative properties of

‘addition of whole numbers.

d) 6n1y the distributive property.

~e) the commutative;’aSsociative, and distributive properties.




11.

JHIZ,?'If X, y, and z are count1ng numbers such that,x.y'divides z,

137

The statement "If x and y are whole numbers, then x + y is

a)

b)

e |

'”i,then we can conclude

" a2 whole number,' is logically equivalent to

If x is not a wﬁole number or y is not a whole number,

then X + y is not a whole number.

f X + y is hot a whole number; theﬁ_x is_not;é whole .
number and y 1r not a whole number.?'

If X + y is a whole number,_then x and y are whole numbers .

If x +yis not a whole number, then x is not a whole

‘number or y is not a whole number.

ndne of tbe”ébove.

x and y are relat1ve1y pr1me.,lcf7 

x d1v1des z and y d1V1des z.‘

s.whose G




14. if T, S,

138

and t are counting numbers such that r divides t

and s divides t, then we can conclude

a) T and s are relatively prime.

b) Tes divides t.

c) (r +
d) t is
e)"ncne

15. If x, vy,

s) divides t.

‘the L.C.M. of r and s.

of the above.

and z are counting numbers such that x divides z,

" then we can conclude

a) if y'
bj z 15
.;7c}'x1f z
| d) ""j‘:"’lf x
: ,eii none

'bp-q is: never a pr1me number

divides z, then xey divides z.
a mu1t1p1e of x-y -
d1v1des Y, then X d1v1des y |
d1v1des Y then y d1v1des z.

of the above

’iv”If P and q are two dlfferent pr1me numbers, then we. can concludek;’

) none of the above.

' :17;, If k 1s a countlng number such that 2 3 4 and'9 a;l'

':d1v1de k :then we can def1n1te1y state that -

d) 36 d1v1des k

'Ehf f3e)gy8,;2§,p27"and 36 a11 d1v1dek : } .
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)
A

3
o
I
A

18. If x, y, z, and w are all nonzero integers such that
Xey = Zew, then we can cecnclude
a) the fractions x/z amnd w/y are equivalent. .
3] the quotient (x*y) 4 z is an infeger.
Cj z is a multiple of Xey. |

d) a) and”b)»ére both true.

e) a), b), and c) are:all true.

19. Let.xvand y be nonzero numbers. If xey is rational, then
we can conclude‘.
aj X 'is rat10na1 and y 1s rational.
b)  the mult1p11cat1ve 1nverse of x-y is ratlonal
‘¢)  x~y ;-x is rat10na1
\ i&)i.1f x'is 1rrat10na1 then‘y is. ratlonal

‘e) none,of;the;aboveﬁv'

ZDQJ:If?r,is;a”ﬁoﬁ?e?Qﬁfatiéﬁalﬁhghﬁér;ffhchfwefpanlSafeIYf:Q'

" conclude . .

; po‘s"i-t‘i'vé‘ re%;il -number.

the add1t1ve 1nverse’ f r ‘is. negatlve_

r'can be expressed as a*term1nat1ng de01ma1.e

'd)jjthe square root of T 1su_rrat10na1

‘e)L,none of the above.

[l{lC

Full Tt Provided by ERIC.
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22.

If
a)

_b)

c)

d)

e}

The

a)

b)

: ‘C)f

n\a5 ;
ey

_d)_

IO
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r, s, t, and u are nonzero integers, then

(r + s) (tss)y=1r<t.

=] .‘l

I
)
-4
ciet

L
o~
O

0|

L
u

gl

t
u

wiM -
Ik

a) and B) are both true.
“a), b), end ¢) are all true.

. 2
raitional number =

is l=ms3s th=an the rational numbeq'i??.

—
.

is the additive inverse of the rational number —%n
is equal to the’ rati_.‘bnal' numbexr - (3/,) R
‘Qan'béﬂéipfé§$¢d125 3”¥erminatihg'detimal.»f.‘

is equal to (72) + 1. .

re positive integers and x'<y, them .

e
x

“r, for some ‘integers’'q and.r.

&

<%

X .
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24. 1f s and t represent two distinct lines in space and

s A\t=9, then we can conclude

a) s and t are parallel.

b) s and t are skew lines.

'¢) if Tr; is a plane containing s-vand"r[‘2 ié a plane con-
taining t, the. "3 NT,=9.

.d.) there is a plane. ::an‘tai:n-ing s such that T N t = A,

e) none of the preceding.-

25.. If g is the relation Fremy Re to Re defined by g(X). = xex + L,
for all x € Re, then
a) ':g(x)‘_' is ',ﬁv.fp‘osiitive zrexl number, for all x € Re.

- ‘.b) g(ﬁ) is al ratiomal number. o
c) g .i‘s afunctlon from Re 'to, Ré‘.

&) ‘a) and b) are both ‘true. =

-e) 'a), b); and c) are all true..
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FINAL EXAMINATION - PART II

QUESTION I.

Lefinition: let a, b, and m be integers, where m> 1. We say a is

congruent to b modulo m, denoted aZ b mod m, iff m divides

{a - b).
Examples: 1. 112 3 mod 4 beczuse 4 divides (11 - 3).

2. 13 ;t 2 mod 5 because 5 does mot divide (13 - 2).
Exercises: |

I. Is 29 Eé*mod 9?7 (Just answer yes or no).
CTI. F1nd ‘a whole number m SO that 16 = 4 mod m.
:'IVI>‘I;Y I‘1nd .the s_p_@l}gsi whole numbtrb s.o_ that'“‘S_l_ ':.-’-‘.Ib mod 6
I\’ szet :x and y be whole‘ numbers and‘sun'pose that x d1§1dcs y F1nd the

. smallest whole number k so that y--k mod *c - I o

TV V. | 'The_ "’ollow:.ng f:we theorems Wlll be g1ven w1thout proof ' he

"’”‘..,exerc1ses below relate to the theorems and to the def‘lnitlon of
‘congruence g1ven above ‘. | | i | |

B The_orem 1. If a _-—.-.b mod .m anch1s an rin’t_e_vg‘er”, ,t_;nér{{ 'uc.-_-: b"-c-y mod m..

o Tl\.e_og’__e‘n_\__g_; | IF a_=_, b.modm and:'c :is an1nteger ,’.then a + cl b +‘ ¢

mod m.

IR‘ ‘

Y'I‘heorem 3 If a= b moti m :a’n'c"‘l .'b= c mod' m,‘ then a = c_mod m.-‘

e i e e

brmod m and-i'fv:”the"* dreatest :

_...__-_.u...—-

Theorem 4 ‘IF a _-_—_b mo‘d' ?m and a

‘ m

"',.,__,common d1v1sor of m and n ]S 1 then a-- b mod men.

_~:;r§'éorem;§ If aoc 5b-c mod m and 1’:‘ the Qreatest conmon d1v1sor

ﬁo;f. *c“; and:m: :1s.-d then a = b mod(m/d)
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‘Exercises:
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If 6sa= 6.b mod 14, find m so that a= b mod m.

If a=b mod m, find n so that (a - b) & 0 mod n.

Find a whole number ¢ so that if a-c =bec mod 9, then a= b mod 9.

Find an integer m so that if 7=Db mod 6 and 7 2 b mod m, then

=Db mod 6sm.

In each of the following exercises, if the statement is always true,

write true in the blank provided. If the statement is not always true,

. 6. 

."wrlte :"alse in: the. blank to the left of the statement

'If 7 ‘b mod 6 and 7 b mod 8, then _7—- b mod 48.
"If 32"‘ 2 mod m, t"’aen m'=0 mod 30

.,_‘If S-a- 1mod4 then a=1.

Ifa:: b mod m and as\c mod m, then. a.bfg asc mod m.

1{—‘1‘5,";'."_-__ 0 mod m, »then a - b -b ﬂod m.
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FINAL EXAMINATION - PART II

QUESTION II.

A Boolean Algebra consists. of ~ monempty set = and two

binary operations defined on B satisfying ‘the -our condi-

tions given below. Let us denote the binary ewerations by

o and *, read circle and star, respectively.

1. For all elements a:and b in B, a o b and a * b are

also in B. (We say B is closed under o and *, resnectively).
2. For all elements a and b in B, a o b =b ¢ a. and

a*b=>b*a. (These are called the commutative proper-

~ties of o and‘*)

3. There are two elements, denoted’io'and ir» in B such

that for each element a.in B

- a0 i

“a and

a *-i;"=]a.gﬁf'

f-;z(The two elements, 1o and 1*, are called the c1rc1e 1dcnt1tx

;and star 1dent;4x elements res,ectlvely)

74.1eFor all elements a b and < 1n B

(a 0 b“ * (a 0 c) and

ao (bt * C)‘

la.* tﬁ o c) (a % b) & (a *,c);;-.

](These are called the dlstrlbutlve propcrtleq of o over *
-»'anJ *'over 0 lﬂeSpectlvely)

55 For each element a 1n B there is’ ‘an element  denoted.

n:ﬁﬂjiby a'” 1n B such that

‘a o’ a'»=3i; and a a"=‘i :



Theorem:

Regarksf

Exercise:

‘Exercise:

145
The set B =§¢, §1§ R, k18 {1,22 , {1,3%, {z,sz,-il,z,z{g ,
together with the set operations union and intersection is a
Boolean Algebra.

To prove this theorem we must verify that all four conditions

~specified in the definition are satisfied. Larly in the

semester Qe verified that the unibn'of two sets and the.inter~
section of two sets is a set and that set union and set intet-
section are. both commutative operations,_hence, we necd not
check.conditions 1 or 2. Also, we have shown that intersection
distributes over union and union distributes over intersection,
for arbltrary sets X, Y, and Z, hence, we need not check
condltlon 5 W1th reepect to the elements of B To completeh

the proof, you'are to consider the folloW1ng two exercises.

Identlfy the 1dent1ty elements, spec1fy1ng wthh 1 which.

'Illustrate the Fact that you have probably found the correct

.e; 1dent1ty elements by uszng the tw0 elements {i “and {l aig

',1niB;ﬂh*t

Flhd the 1nverse of {} 22

f‘Flnd the inverse - of {? 32

PR
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FINAL EXAMINATION:- - PART II

QUESTION III.

pecall that in our brief study of plane geometry, we did not define

what we meant by the terms point or line, but merely accepted them on

an intuitive basis. We then accepted as true, a number of statements
called postulates or axioms.

We are now going to do the same type of thing, except that our
space will contain only a finite number of points, rather than an in-
finite nunber. Because we will only have a finite number of points, we
can'F really talk about ljnes in the usual sense, hence, we will discuss

things called:''lins' instead.

Undeflned terms: Point, linv

'.Def1n1t10n 1 Space is the set of all po1nts in our present discussion.

Def1n1t10n 2: Two 11ns are Darallel when they have no p01nt in common.

jggstniatéé}: :;1;1 Tw0 po1nts determlne a 11n.: That419, there 1s one
i v .J’fand’only one 11n that conta1ns two g1ven p01nts
:%#; A ljﬁ‘contalns e§ggtly two . p01nts
G1ven a po1nt P and . a 11n k not conta1n1ng P there
1s exactly one 11n that conta1ns P and - 1s parallelto k.

c 4, The‘space consists of,at‘least three points.

| rm——— o e o

"Remarﬁéﬁ,* ;,'The postulates glve us a, method of v1sua1171ng a 11n,

'v1z., a 11n 1s Just a palr of p01nts.»




Exercises:

 t2;t{If the space contalns 5 p01nts,'say A, B c, D _and E

e et wrmnmm  von A T  Tee  hm oL ie pa, T T T R TN J A P A S NP TR
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Give a reason(s) wherever requested, for each step in the
following proofs.
Theorem 1: The space consists of at least four points.
Proof: |
1. The space consists of at least three points.

Reéson: |
Call the points A, B, arnd C.

2. The pair of points A and B constitutes a lin.

Reason:

Call the 1lin k.
3. C is'not_contained in k.

- Reason:

4. There is a lin, say m, containing C that is parallel

‘to k.

» Reason.

+5. m conta1nq one addltlonal p01nt say D.

K;Reason

6. 4 ' There are’ at 1east four po1nts 1n the space.v

~ Theorem 2:  The space.coﬁsists>bf exactly four points.

'--PrObf;,:

I,HiThe space contains at least four points, say A, B, C,
L andD |

=,;Reason°‘ Theorem 1 v R ’ ‘ v : i

°7fthen the 11n conta1n1ng C and D and the 11n conta1n1n&

»1n conta1n1ng A 1nd B,t*”
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Reason:
3. But these two lines cannot be parallel to the lin
containing points A and B.

Reason:

4. ,°. There cannot be a fifth point.
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