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INTRODUCTORY SECTION

SUMMARY

The primary purposes of this project were to:

1) Develop and field test a plane geometry course based strictly
on transformations, Since the use of transformations is new,
the field test was to be exploratory,

2) Draw conclusions as to the advantages, pedagogical and mathe-
matical, that this approach to plane geometry offers,

At the time of this writing, the field test has not teen com-
pleted so that final conclusions are still forthcoming,.

The field test is being conducted with eight high school classes
in tenth grade plane geometry, The field test will include & terminal
achievement test which is criterion referenced rather than norm refer-
enced, a teacher assessment by the teachers involved in the project and
a student assessment,
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INTRODUCTION

It may not be difficult to assume that geometry in some form
will be assured a place in the high school curriculum of the future,
but the problem seems to be what form it will take. That this is a
problem of concern to mathematicians and educators we need only note
that the Mathematical Association of America and the National Council
of Teachers of Mathematics, at their joint meeting in January, 1967,
devoted one whole portion of their convention to geometry in the
secondary school, It was not their purpose to make specific recommen-
dations but rather to explore the whole topic of geometry,

For years, instruction in plane geometry was based almost
exclusively on Euclid's Elements, This was the case despite the known
deficiencies in this mathematical system, In the 1950's, various
national study groups began work on bringing geometry up to modern
standards for a mathematical system, The efforts of the Commission on
Mathematics of the College Entrance Examination Board are representative
of this movement, Generally, the results were a better vocabulary, more
complete axiom systems, and the inclusion of powerful algebraic tech-
nigques in the subsequent teaching materials, These changes were overdue
and have been successful in improving the quality of instruction in
geometry, At the same time, it should be noted that most of these new
presentations of plane geometry were much in the spirit of Euclid's
Elements for at least two reasons: (a) logic seems to take precedence
in the arrangement and presentation of materials, and (b) emphasis on
geometric facts and relationships of static figures,

Of late, there seems to be much less agreement that such modi-
fications of Euclid's approach to plane geometry are the "best" for a
high school student, It is possible to find individuals and groups who
advocate supplementation or replacement by: coordinate approaches to
geometry, vector approaches to geometry, transformation geometry, solid
geometry, topics with emphasis on logical structure, spherical geometry,
finite projective geometries, topology, and non-Euclidean geometries,

In order to make some valid decisions on what is to be included
in the high school geometry course, we need some basic information., For
any new teaching materials, we need information about whether we ought to
teach it and whether it can be taught. Without this kind of information,
valid curricular changes become a matter of whim or, as is generally the
case, not made at all,

One way of obtaining this basic information is through an
exploratory study. In this project, such an exploratory study was con-
ducted to determine how suitable a plane geometry course based on trans-
formations would be for high school usage. A need for such a study is
pointed out by the Cambridge Conference on School Mathematics in their
- report:
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In the further development of geometry, the motions of Euclidean
space are to be treated, leading to the introduction of linear
transformations and matrices and the eventual study of linear
algebra., This led to the suggestiorn that the study of geometry
could be based on transformations of the plane or space, It

was felt that this suggestion warranted further study to see

if an approach could Ee written up and whether it was appro-
priate at this level,

In a recent article, Adler says:

Goal 2 is an introduction to the role of transformations of
space in the study of geometry. To achieve this goal, it is
necessary to include in tenth-grade geometry the study of
isometries of the plane, One way of doing this is to give the
concept of an isometry a central role, as has been done in the
schools of<Denmark. It would certainly be worthwhile for some
American éE@oils to experiment with this approach, perhaps
using as axioms those gigen in Guggenheimer's book, Plane
Geometry and Its Groups,

In a recent CUPM Report, Kelly concludes:

Although I believe that convex figures should be included in
the high school curriculum and hope that future recommendations
will encourage this, I am even more concerned that transforma-
tions be included, The structure of the motion group of a
geometric space is essential information about the space,
Transformatigns are easy to teach and vital to ideas that are
alive today,

The transformational approach that was used for this study sought
to retain many of the same theorems and results of traditional plane
geometry, In that sense, it could be called old-fashioned, At the same
time, it introduced a new viewpoint of plane geometry,

1The Report of the Cambridge Conference on School Mathematics,
Goals for School Mathematics, p., 47.

2
Irving Adler, "What Shall We Teach in High School Geometry?"
The Mathematics Teacher, March, 1968, p. 230,

3Committee on the Undergraduate Program in Mathematics, CUPM
Geometry Conference-Part III: Geometric Transformation Groups and other
Topics, p. 146,
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The first phase of this study was the writing of text materials,
The materials were written so that traditional topics were included,
These traditional topics were: angle relationships and perpendicular
lines, parallel lines, and congruence, It was necessary to develop
certain topics which were part of the transformational approach to plane
geometry. Examples of these topics would include: mapping, invariance,
one-to-one, etc, There were certaln toplcs which are common to any plane
geometry course, These topics include the general nature of plane
geometry, deductive reasoning, inductive reasoning, elementary set
theory, etc. An index of the text materials is included in the Appendix,

The writing of the text materials included the expository material,
selected theorems and their proofs, and an item pool which was a source
for homework assignments and for tests,

During the first semester of the 1969-70 school year, the material
was taught to eight intact classes of high school geometry,

Research Design

After the writing of the materials, the training of the teachers,
and the teaching of the course, the final evaluation is begun, This
evaluation will be completed with data received from (a) teachers of tne
course and (b) students who received the instruction,

Data from the Teachers

The data from the teachers will be furnished in two modes: (l} A
detailed questionnaire will be devised, This questionnaire will be given
to the teacher at the beginning of his teaching of the course, In this
way, the teacher will be expected to keep a running account of the course
via the questionnaire, (2) The second mode of the data-gathering from
the teachers will come at the end of the course, For this part, the
teachers will be asked to write a general assessment, This assessment
will not be long but will be designed to assess the overall effect of
this approach to teaching plane geometry. Teachers will be asked to
assess: the appeal of this approach both to the students and to the
teachers, the rate of comprehensicon on the part of the students, the
level of comprehension on the part of the students, and any other facets
of the course which seem of importance to them,




Jata from the Students

An inventory for the students will be devised, This inventory
willl consist of two parts: (1) students will make self-assessments as
to comprehension and interest in the materials, and (2) a test of
achievement,

In the self-assessment, the student will be asked to respond to
a series of positive statements about the course materials, They will
circle numbers from one to five depending on their strongly agreeing to
strongly disagreeing with the given statement,

The students will be classified in two ways, by sex and by their
membership in one of the quartile groups relative to IQ, A two-way
analysis of variance will be used on the scores of this firsti self-
assessment test, The null hypotheses being that the eight groups are
drawn from the same population and that no significant differences
occur in the means of the eight groups.

The terminal achievement test will be criterion referenced,

The construction of this achievement test involves the selection
of test items, assigning weights to these items and setting the level’
of performance which will define success on the entire test,

In selecting test items, provision must be made for its validity
or relevance to that which is supposed to be measured, Using the objec-
tives of each lesson as a guide, the proposer will select at least four
guestions for each lesson, Then, the teachers in the experiment will
be asked to rate the four or more questions from each lesson as to
relevance, From the composition of the ratings, the proposer will make
a final selectien of two questions from each lesson,

Summoning all possible sagacity, the proposer will then assign
weights to the items and designate the level of performance which will
define success on the entire test,

After the test has been administered and scored, a reliability
coefficient will be computed, The test will be split into halves using
alternate items as a basis for the splitting, Then a reliaEility coef-

s

ficient will be computed according to the fgrmula r = 1 - s where 52
is the variance of scores on the test and Sy4 is the variance of difference

scores between  the two halves, This reliability coefficient formula
maékes the assumptions that (1) the variation from true score in a series
of measurements of a single individual is constant for all individuals

in the group and (2) the errors of measurement in the two half-scores
are uncorrelated, The first assumption is tenable when the group is
fairly homogeneous, The second assumption is implicit in any split-half
method of reliability coefficient computation,

Bquivalence of treatment effects on the classes and teachers will
be determined by using analysis of covariance on the results of a pre-
test and the final achievement test,

._7...
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If the equivalence of treatment <ffects for classes and teachers
can be demonstrated, then it will be possible to investigate differences
between sexes and among 1Q quartile groups and between parts of the test
divided by item difficulty by vsing analysis of variance on the final

achisvement scores,

dings, conclusions and recommendations

As stated previously the fin
An addendum with final results will

await the final collection of data,
be submitted later.
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2 Definition 1: A set of points is collinear if there is a line which contains
all of them,

2 Definition 2: A set of points is coplanar if there is a plane which contains
all of them,

2 Definition 3: Two or more coplanar lines which are disjoint will bec called
parallel lines,

2 Postulate 1: Through any two distinct points A and B there is one and only
one line,

2 Theorem 1: If two lines intersect they intersect in exactly one point,

3 Postulate 2: On every line there exist at least two distinct points,

There exist at least three points which are not on the same line,
There exist at least four points not on the same plane,

3 Postulate 3: Through any three points, not on the same line, there is one
and only one plane,

3 Postulate 4: If two points lie in a plane then th: line passing through
them lies in that plane,

3 Postulate 5: If two planes intersect, then the intcrsection is a line,

3 Theorem 2: If a point lies outside a line, exactly one planc contains the
line and the point.

3 Theor em 3: If two lines intersect, exactly one planc contains both lines,

6 Postulate €: All points in a plane, but not on a given line, fori two non-
empty disjoint sets,

6 Definition 4: The two non-empty disjoint sets formed by a linc in a planc
will be called the half-planes of the line, '

6 Definition 5: Point C is between A and B if A, 3, and C are distinct,

collinear points and there is a line d passing throuqh C so that A and 3
are in different half-planes of d.

6 Definition 6: The set of all points between A and 8 toqether with points A
and B make up the segment of A and B desinnated AB, The line contain-
ing A and 3 will be designated as AB.

6 Postulate 7: Two distinct points A and B are in different half-plenes of a

line ,eif and only if ,((\7\—5;{[5.
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Postulate 8: Of three distinct collinear points onc is between the two others,

Definition 7: A relationship between elements in the danain of a mapping

is said to be invariant under the mapping “f this relationship also
holds for the images in the rangc of the mapping.

Theorem 4: I1f the intersection of two sets is non-cupty then the intersection

of their images under a one-to-one mapping is also non-empty. 1t their
intersection is empty then the intersection of their images is also wuply,

Definition 8: A transformation of the plane will be defined as o one-to-one

Postulate 9: Ffor any line

mapping of the set of points of a plane onto thc some set of points,

4 ’

a’ in a plane there exists a reflection mapping
designated Ma which maps the points of one half-plene ontc the points

of the other half-plane,

Postulate 10: M, maps straight lines onto straight lines, and “’betweenness "’

is invariant as a relation amonqg points.

1

Definition §: The product of Ma and Mb will be: (MbMa)(A) = Mb(Ma(A))

1
w

Mb(B) = C for points A, B, and C and lines ’a’ and ’b’ wherc Ma(A)
and Hb(B) = Cc

ar, M Z(R) = (MM J(A) = M_(M_(A)) = A for all

’

Postulate 11: For line

a
points A in the plane,

Postulate 12: For all points A in line ‘a’, Ma(A) = A,

Theorem 5: The reflection mapping is one-to-one and onto,

Definition 10: Ray AB will consist of point A, the points betwcen A and B,

point B, and all »oints C so that B is oetween A and C. It will be

designated Kg.

Definition 11: An angie is a union of two distinct rays with a common

—

vertex., AB U AC = /BAC = /CAB.

Postulate 13: For any angle there exists a unique line called the angle

bisector such that a reflection in this line will map one leg of the
angle onto the other leg.

Definition 12: 1If LABC = EK V] §? then the interior of [/ABC is equal to the

intersection of the half-plane of EK containing C and the half-ptane
of EZ containing A. The set of exterior points include those points

which are nejther part of the angle nor are interior points of the angle,
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Definition 13: If the rays BA and BC are collinear and 8A # 3C then the

angle formed is a straight angle. The interior of (ABC then is

either haif-plane of the line formed by BA U Be.

Definition 14:; A line ‘a’ is perpendicular to line o’ (akb) i1 and only if

Ma(b) = b, It will ve assumed that alb implies bla, 1t must alsu be
assumed that a # b,

Postulate 14: For any pair of points A and B there exists a unique line b

which is the perpendicular bisector of AB. This line b is defined so

that Mb(A) = B,

Definition 15: The mid-point AB will be bn AB where ‘b’ is the perpendi-

cular bisector of AB.
Theorem 6: The mid-point of AB exists and is unique.

Definition 16: A finite product of reflecticn is a motion, We will designate
an unspecified motion as F,

Postulate 15: 1f a motion leaves a line pointwise invariant then it is either
the identity transformation or the reflection in the line. A line will
be assumed pointwise invariant under a transformation if two of its
points are inveriant.

Postulate 16: If line 'a’ is parallel to line b’ and d L b then d 1 a.

Oefinition 17: Let F represent a particular motion, If the motion S is
such that SF = I then we will say that S is the inverse motion of F

and designate S as F-l.
1

Theorem 7: For an unspecified motion F and line ’a’, FMaF- = Ma’ where
a’' = F(a).
Theorem 8: ’‘a’ is perosendicular to b’ if and only if MM = MH_.

Coroliary: if Ma = Mb then a = b.

Theorem 9: Perpendicularity as a relation between two lines is invariant
under any motion.

Theorem 10: There is one and only one line perpendiculer to a aiven
line through a given point,

Definition 18: Two plane sets are congruent (=) if and only if one is the
image ofthe other under some motion. Imagine R and R’ to be some congruent
geometric sets, tien tnere exists some motion F such that F(R) = R’ but

then F has an inwvzrse F-l and consequently R = F-I(R’). Thus if there
is a motion for which R’ is the image of R then there is also a motion

for which R is the image of R’,
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Theorem 11: If MS(A) = B for sane line ’s’ then for any P g s it follows

that FK = PB.,

——— ——

Theorem 12: 1f AB = AC and AB

——

C then 83 = C.

IR}

Definition 16G: AB<CD if and only if AR = TB’ and B’ is bctween C and 0.

Furthermore AB<CO will imply that CD>AB.

Theorem 13: 1If iﬁ and At are rays in the samec half-plane of A8 and ¢BAD = ZCAL
—
then Eg = AC.

Definition 20: ZASC < (DEG if and only if there is a motion F such that
F(ZABC) = (HEG and H is in the interior of /DEG.

Definition 21: A right angle is defined by a pair of perpendicular rays.
An angle less than (<) a right angle is acute. An angle less than a
straight angle but greater than (>) a right angle is obtuse,

Theorem 14: All right angles are congruent,
Theorem 15;: Al)l straight angles are congruent.

Definition 22: Two angles which have a cummon vertex and a comnon leg but
no interior points in common will be called adjacent angles. The rays
not common to the two angles will be called the exterior sides or
exterior legs of the two angles.

Definition 23: (Angle Addition) The ‘’sum’’ of two adjacent angles will
be defined as the angle formed by their exterior sides,

Definition 24: Two angles are supplementary if they are congruent respectively
to two adjacent angles whose exterior sides form a straight line. Two
angles are complenentary if they are congruent respectively to two
adjacent angles whose exterior sides are perpendicular,

Theorem 16: 1f two angles are camplementary to the same angle or to congruent
angles, then they are congruent.

Theorem 17: 1If two angles are supplementary to the same angle or to congruent
angles, then they are congruent.

Vefinition 25: Rays EK and E? are opposite rays if A, C, and B are collinear
and C is between A and B.

Definition 26: Two angles are vertical angles if the sides of one are
opposite rays of the sides of the other.

Theorem 18: Vertical angles are congruent,

Definition 27: Triangle ABC (MABC) is isosceles if ancd only if two of the
sides are congruent. The angle vetween the congruent sides is the vertex
angle. The other two angles are the base angles of the isosceles triangle.
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47
50

51

55

55

57

57

58

Theorem 19: The angles opposite the confruent sides in an isosceles
triangle are congruent.

Corollary: An equilateral triangle is equiangular,

Theorem 20: The bisector of the vertex angle of an isosceles triangle
bisects the base and is perpendicular to it.

Theorem 21: 1f M_(A) = 8 and M_(C) = 0 where A ¢ a and C4AB, then ¢ and
D are in the same half-plane of Xg.

Theorem 22: 1f two angles of a triangle are congruent then the trianqgle
is isosceles,

Corollary: An equiangular triangle is equilateral,

Theorem 23: (asa) If a side and its adjacent angles or onc triangle are
congruent respectively to a side and its adjacent angles of another
triangle then the two triangies are congruent,

Theorem 24: (sas) If two sides and the included angle of one triangle are
congruent respectively to the two sides and included angle of another
triangle then the two triangles are congruent,

Theorem 25: (sss) If the three sides of one triangle are congruent respectively
to the three sides of another then the two triangles are congruent,

Definition 28: A right triangle is a trianglc with a right angle. The side
opposite the right angle is the hypotenuse, The other two sides are
the legs,

Theorem 26: (LL) 1f the legs of one right trianale are conqruent to the
the legs of another then the right triangles are congruent,

Theorem 27: (HL) If :he hypotenuse and leg of one right trieongle are
congruent to the hypotenuse and leg of another right triangle, the
triangles are conjruent.

Definition 29: An altitude of a triangle is a line passing through any
vertex of a trianjle perpendicular to the line of which the opposite
side is a segment.

Theorem 28: The perpendicular bisectors of the sides of a trianglec intersect
at a unique point called the circumcenter.

Definition 30: If a line passes through B and is perpendicular to line ’'d’
then the intersec:ion of the perpendicular and the line 'd’ will be
called the projection of point B ontc line 'd’. Tt will oe designated B,

Theorem 29: Segments Jetermined by any point on the bisector of an angle and
its projections onto the legs of the angle are congruent.
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Theorem 30: The threce angle bisector of the angles if a trianglce interscct

in a unique point called the incenter,

Theorem 31: (HA) Two right triangles are congruent if the hypotenuse and an

acute angle of onec are congruent to the hypotenuse and acute angle of
another,

Theorem 32: No product of two reflections is equal to one reflection,

Theoren 33: 1f three lines intersect in a unique point or arce marallcl then
the product of the three reflections defined by these lines is cqual to

one reflection,

Theorem 34: If a rotation has more than one fixed point then it 3s the identity.

Theorem 35: Two pairs of lines, all of which interscct al a cumnon DOINt,
define the same rotation about that point if there cxists o product ol
reflections in two lines for which one pair of lines is the image of
the other pair of lines,

Definition 31: Two oricnted angles are congruent if the pair of lines defining
one oriented angle is the image of the pair of lines defining the other
oriented angle in a product of twe reflections.

Definition 32: Ife , @ , and Y represent oriented anales then:

—
[¢7)
~
Q
f

o + B means R(O,’r ) = P'(O, B )R(O, ol )
-1

(b)Y Y = - means R(O,’)’):R(O,o() .

(c) 7 = 0° mcans R(O,’)’): 1.

—
o
Nt

\Q
1

180° means R(O 7, )= MbMa where a A v = 0 and a L .
b4

Definition 33: The rotation R o, will be called o reflection in point
(0, 180°)

0 and will be desianated Mo

2
Theorem 36: MO~ = Mgy F I for any point O in the plane,

Theorem 37: Every linc passing throunh 0 is mapned onto itself by MU.

Theorem 38: For all points A in the ntane, 0 is tnhe nid-noint ol the segment
formed by A and MD(A)'

Theorem 39: 1If ‘a’ is a line which contains 0 and B is a naint disjoint from
'a’ then MO(B) is in the opposite halt-plonc of *a’ fraom 8.

Theor em 40: MO maps 1ines not passing throuah 0 onte parallel lincs.

Theorem 41: 1f a qgiven point and line in a plane are disioint tinen there is
one and only onc !ime throuah thhe aiven point serailel to tne given line.

18
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Theorem 42: 1f ’a’, ’b’, and ’c’ arc distinct, coplaenar lines such that

allc and b ||c then a||b.

Theorem 43: If a line intersects one of twon parallel lines then it inter-
sects the other also, provided all three lincs are coplanar.

Definition 34: A transversal is a linc which intersects each linc of a set
of lines but does not pelong to the set itself.

Definition 35: Interior angles on opposite sides of the transversal with
different vertices will be called alternate interior angles,

Definition 36: Alternate exterior anales are exterior angles o opposite

sides of the transversal with different verticces,

Definition 37: Corresponding angles are angles on the same side ol a

transversal, one interior and one exterior, that have different vertices.

Theorem 44: When two parallel lines arc intersected by a transversal then

the alternate interior angles are congruent.

Theorem 45: Wwhen two parallel lines are intersected by a transversal then

the corresponding angles are congruent,

Theorem L6: If two parallel lines are intersected by a transversal then the

interior anqles on the same side of the transversal are supplcmentary.

Theorem 47: 1If two lines are intersected oy a transversal so that the alter-

nate interior angles are congruent then the two lines are parallel.

Theoren 48: If two lines are intersected by a transversal so that the

corresponding angles are congruent then the lines arc parallel.

Theorem 49: If two lines are intersected by a transversal so that interior

angles on the same side of the transversal arc¢ supplonentary then the
lines are parallel,

Definition 38: A translation is the transformation formed by the product

of reflections in two parallel linus.

Theorem 50: 1If lines ’a’, ’b’, ’c’, ’d’, ’x’, and ’y’ are all parallel and

» b

if Mny(a) = ¢ and Mny(b) = d then the translation identitied by ’a’

’

and b’ is the samne as that ¢f ‘¢’ and ’'d’.

Theorem 51: A translation has no fixed point unless it is the identity.

Theorem 52: A translation can pe defince by the oroduct of two point

reflections.

Theorem §3: The produ:zt of any two neint reflections defines a translation,
1
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Theorem 54: Any translation can o¢ qiven oy a pair of points one of which
Jneor=n 2o
can be chosen arbitrarily.

Theorem 55: The product of two translations is another translation.

Theorem 56: Under any translation a line is mapped onto jtself or onto o
parallel line.

Theorem 57: 1f a translation T maps A into A’ and 8 into 3’ then AA’[|BI",

Theorem 58: For any three points A, 8, and C there cxists 3a point U so that

M, = .
McMgMa T Mo
Corollary: I1f A, 8, and C are any three points then MCMBMA = MMM

Theorem 59: The product of two translations is comnutative,

Theorem 60; 1f ’‘a’ and b’ are any two paraliel lines and ‘¢’ and ‘d’ are
per pendiculars to . these two barallel lines then the seqment produced

by the intersection of ’c’ with ‘a’ and ‘b’ is congruent to the scament
’ ’ H r 14
and b’.

produced by the intersection of ’'d’” with ‘a

Theorem €61: If A’ is the image of A and 3’ is thc image of B under &

translation then AA’ = 38",

Definition 39: A vector, designated IiABII is the translation which maps A to B,

Definition 40:

—
L ]
—
-+
—
i

[[AB || and T, = [{co || then |8 ] + [jco|] = T,T,.

1B 1] then [[a(l # Ileall = 7,7

[N
.
—
-
—
1]

3. [|aB || = 1 if and only if A = B.

n

be 1F T = ||AB]| then n [[AB]] =T .

Definition Ll: A Egra11e101ram is a four-sided figurc with vertices A, B, (,

and D so that AB||CD and BC IKB. It will be denoted £7ABCD,

then T = 2 ||AB|

Theorem 62; If T = MH“A

Theorem 63: For vectors {|aB || and [[BC]], 2||aB || + 2{|BC]] = 2( a8 || +]iBC|I".
Theorem 6L4: The points A, B, C, and D are the vertices of & paralleloaram

if and only if MDWCMBMA = 1.

Theorem 65: The figure formed by joining the mid-points of any four-sided
figure (quadrilateral) is a paralleloqram,

20
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Theoremn 66: The sum of the oriented anales of a triangle is 180°.

—ry
Definition 42: in MABC, if 5} and BX are opposite rays then £C3X is an

exterior angle of MBC, |

Definition 43: 1In OABC if /CBX is an cxterior anqle then the annlus (A and
/C are the remote interior angles relative to LC8X,

Theorem 67: As oriented angles, an exterior angle of a triangle is cgqual to
the sum of the two remote interior anglcs.

Definition 4l: If in MABC the points U, E, and G are the mid-points of Al

EE, and AC respectively then BE, EK, and GB are the medians of the

triangle HABC.
Theorem 68: The diagonals of a parallelogram bisect each other.,

Theorem 69: A line through the mid-point of a side of a triangle parallcl
to a second side intersects the third side at its mid-point.

Corollary: A line joining the mid-points of two sides of a triangle is
parallel to the third side,

Theorem 70: The medians of @ triangle intersect at a unique point called
the centroid of a triangle,

Theorem 71: The product of refiections in lines which intersect in pairs
in three points, or such that two of them are parallel and the third

js a transversal, is a glide reflection.
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