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Summary

The purpose of this study was to develop and evaluate
procedures for validating a learning hierarchy from test data.
An initial hierarchy for the computational skills of adding
rational numbers with like denominators was constructed using
Gagne's task analysis. A test designed to assess mastery at
each of the 11 levels in this hierarchy was administered to a
large sample of elementary school children. The pass-fail
relationships were analyzed using the following validation
procedures adaptable for use with test data: (1) Pattern
Analysis, (2) Guttman Scalogram Analysis, (3) the AAAS
Approach, (l4) Item Difficulty, (5) A correlational procedure
developed using the phi coefficient, (6) Textbook Approach,
(7) Randomization. Thus, 7 hierarchical orderings of the
11 subtasks were generated.

Programmed instructional materials were developed utilizing
one lesson for each of the 11 subtasks. An evaluation of the
efficacy of each validation procedure was conducted by actually
sequencing the learning materials according to the hierarchies
generated by each method and determining the effect of sequence
upon time to complete the program, achievement, transfer, and
retention. Fourth grade subjects were randomly assigned to the
7 treatment groups, defined by the 7 hierarchical orderings.
Subjects worked independently through the programmed booklets
devoting approximately 30 minutes per day to the materials
until they were completed. Upon completion of the program
each subject was given an achievement test messuring acquisition

of the terminal task. On the day following completion of the booklet,

a transfer test on subtraction of rational numbers was administered.

Two weeks later an alternate form of the achievement test was
administered as a retention test. An analysis of variance design
was used to investigate the differential effects of sequence
upon time.to complete the program, achievement, transfer, and
retention.

The results of this study indicate that the overall
efficiency of the learning process can be affected by sequence
manipulation. Sequence, even if random, seems to have little
effect upon immediate achievement and transfer to a similar
task. However, longer term retention seems quite susceptable
to sequence manipulation. The mean retention score for the
AAAS sequence group was significantly higher than those two
of the other sequence groups. No significant differences were
found across sequence groups on the mean number of minutes used
to complete the program. In general, the results suggest that
optimal instructional sequences can be derived using learning
hierarchies validated from test data.




Introduction

One of the major problems encountered by both teachers

- and authors of instructional materials is the sequencing of
instructional activities (Hartung, 1969; Hickey and Newton,
1964; Gagne, 1967 ; Briggs, 1968; Heimer, 1969). Gegne (1963)
stated that "the design of an instructional situation is
basically a matter of designing o sequence of topics." This
statement suggests that there are optimal segquences of learn-
ing events for the acquisition of -a given terminal task. Do
such optimal learning sequences exist? How are they deter-
mined, and how are they verified?

There is substantial evidence to support the general
theory of the hierarchical structure of knowledge. The re~
sults of several studies (Gagne and Brown, 1961; Gagne and
Paradise, 1961; Gagne, Mayor, Garstens and Paradise, 1962)
suggest that new skills and knowledge emerge from lower order
knowledge, and that there is a significant amount of positive
- transfer from each successive subordinate level to the next
higher level in a hierarchical ordering of such levels. In
these studies Gagne and his assoclates did determine optimal
learning sequences for different mathematical tasks.

The sequence of subordinate tasks in a learning hier-
archy, after sufficient validation, should describe a teach-
ing program that will effectively accomplish the instructional
objectives. That is, an instructional sequence based on the
levels in the hierarchy will represent an optimeal route for
acquisition of the terminal task by a sample of learners.

Empirical evidence supports an affirmative answer to

“the question, "Do optimal learning sequences exist?" Recent
studies of sequencing (Niedermeyer, Brown & Sulzen, 1969;
Brown, 1970) indicated that the logical sequence group

(based on learning hierarchies) performed reliably better
than the scrambled group relative to time to complete the
instructional program, errors made on the program, and errors
made on a criterion test of complex problem solving skills.
Task analysis, though imprecisely defined, is a workable

tool in the identification of the subordinate levels in a
learning hierarchy. However, the question of validating

the ordering of the levels in a hierarchy is a much more
complex and illusive problem. Gagne (1968) stated that
various methods have been tried but none seem entirely satis-
factory as yet. '

Gagne's (1962) approach to hierarchy validation assumed
that all lower level tasks, on which a higher level task is




dependent, must be mastered before ti.e higher level task is
mastered. Validating a hierarchy based on this assumption
is a tedious undertaking. The primary method employed in-
volves the use of programmed learning materials. Using such
materials, studies were conducted both in the laboratory
with individual subjects and in classrooms, where groups of
subjects responded to the learning programs. Numerous var-
iations in the basic program were investigated such as "high"
or "low" guidance, "high" or "low" repetition and varying
presentation orders of the frames. The proportion of posi-
tive transfer to each higher-level knowledge from the rele-
vant lower~level knowledges was calculated by the formula:

: A+3B
® =R+ ¥ > where

P+ = Proportion of positive transfer

A = Number of learners passing both lower level
and adjacent higher level tasks

B = Number of learners failing both lower level

and adjacent higher level tasks

C = Number of learners failing lower level tasks
but passing adjacent higher level task

Perfect validity would be indicated by a ratio:. of 1.00.
Gegne's work, after considerable revision, produced ratios
of 1.00 or very near 1.00 and validated his hypothe81zed
hierarchies.

The hierarchical analysis used by Gagne in association
with the programmed learning sequences was adequate. How-
ever, Phillips and Kane (1970) found this procedure to be
inadequate when applied to test data. Previous exposure of
subjects to the subtasks of the hierarchy, confounded the
issue of positive transfer. This study was directed toward
investigating the use of pattern analysis, scaling techniques,
and correlational approaches in validating learning hierarchies.
In brief, the purpose of this research was to develop and
evaluate indirect procedures ffor validating a learring
hierarchy from test data. It seems imperative that efforts
to develop efficient procedures for validating learning
hierarchies be undertaken. Gagne's direct approach to learning
hierarchy validation is valid but too tedious and costly to
be undertaken in the cassroom or by publishers of commercial
instructional materials.
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An indirect validation procedure is defined as one hased
on the analyses of test data in contrast to a direct validation
procedure based on the results of an instructional program.

An outline of the steps undertaken to achieve these objectives
is given below.

Using Gagne's task analysis a learning hierarchy for the
computational skills of rational number addition involving
like denominators was constructed. Based on this logical
ordering of the subtasks, a test was constructed to assess
mastery at each level in the hiz:rarchy. The test was ad-
ministered to 163 elementary school children in grades k4
through 6 to obtain a wide range of ability levels. The
pass-fail relationships were analyzed using seversl indirect
validation procedures including (1) Item difficulty (Nunnally,
1967), (2) The AAAS Approach (AAAS Commission on Science
Education, 1968 ), (3) The Guttman Technique (Torgerson,
1958), (4) Pattern Analysis (Rimoldi and Grib, 1960) and
(5) Correlational analysis (described in the procedures section).

Based on the logicsally ordered hierarchy a programmed
instructional sequence was developed utilizing one lesson for
each subtask in the hierarchy. To test the efficacy of each
of the indirect validation procedures, the progremmed lessons
were sequenced according to the hierarchies generated by
each. Fourth grade subjects (142) were randomly assigned
to the following treatments.

(1) Iogical Sequence - an ordering was based upon the
sequence of subtasks generated by a task analysis
of the instructional objectives. No empirical
validation of this ordering was attempted. The
index of agreement (Rimoldi & Grib, 1960) was
calculated.

(2) Item Difficulty - an ordering was determined by
arranging the subtasks from simplest to most com-
plex based on item difficulty.

(3) Guttman Technique - an ordering was determined by
the Guttman Scaling Technique. This procedure
orders the subtasks such that the reproducibility
coefficient is maximized.

(4) Correlational Analysis - an ordering was deter-
mined by arranging the subtasks so that the
correlation between adjacent tasks was maximized.

(5) AAAS Approach - an ordering was determined by the
AAAS hierarchy velidation procedure.
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(6) Textbook ordering - an ordering was determined by
arranging the subtasks in the usual textbook se-
quence. This was accomplished by sequencing the
subtasks in an ordering which gave closest fit to
that given in several elementary mathematics texts.

(7) Random Sequence - an ordering was determined by
randomly ordering the subtasks identified by task
anglysis.

Subjects worked through the programmed booklets inde-
pendently devoting 30 minutes per day to the materials until
they were completed. Unon completion of the program each
subject was given the same achievement test measuring
acquisition of the terminal task. On the day following com-
pletion of the booklet, a transfer test on subtraction of
rational numbers was adrinistered. Two weeks later a reten~
tion test (alternate form of the achievement test) was ad-
ministered. An analysis of variance design wes used to in-
vestigate the differential effects of sequencing on time to
complete the program, achievement, transfer, and retention.
Based on these results inferences were made concerning the
adequacy of the indirect validation procedures for generat-
ing an optimal learning sequence.

Review of Related Research

This study was concerned with the development and eval-
uation of indirect procedures for validating learning hier-
archies in mathematics. The research reviewed consists of
studies (1) concerned with the sequencing of instructional
materials in mathematics and (2) dealing with the psychometry
of learning hierarchies.

Sequencing Instructional Materials in Mathematics

Instructional design in mathematics requires decisions
about structuring the content and designing and ordering a
set of instructional tasks. Gagne (1967) and Briggs (1968)
have proposed the use of instructional sequences that re-
quire the learner to follow a specific route through a con-
tent structure. Basic to this theory is the assumption that
instructional sequence is most fruitfully formulated in
conjunction with content structure and that instructional
sequence specifies the path the learner is to travel through
the content structure. Thus in Gagne's learning hierarchy

theory, task analysis is a major tool in designing instruc~
tional sequences.




Heimer (1969) indicated that t“.re are no clear guide-
lines for the development of curricular materials. However,
Gagne's theory and research pertaining to learning hierarch-

ies and the sequencing of instructional materials have stimulated

much research regarding sequencing variables. In the search
for more definitive prescriptions for instructional design,
seemingly contradictory results have been reported. Studies
providing both evidence for and againd using rigorous methods
of content sequencing are reviewed.

Roe, Case, and Roe (1962) conducted a comparative study
of sequencing utilizing a 71 item program on elementary
probability. One group of students received s logically
orcered form of the program, and one received a random ver-
sion of it. A criterion test was administered to each sub-
ject immediately upon completion of the program. No signif-
icant differences were reported on time required for learning,
errors during learning, criterion test score, or time re-
quired for criterion test. 1In a similar study using an ex~
tended version the same probability program, Roe (1962)
found that the logically ordered sequence group performed
significantly better on learning time, errors made during
learning and on post learning measures. Roe (1962, p. 409)
stated that "careful sequencing of items has a significant
effect on student performance, at least for programs of some
length and complexity."

Levin and Baker (1963) reported a study in which a 60
item geometry program for second graders was scrambled within
20 item blocks. The results showed no significant differences
in measures of acquisition, retention, or transisr between
those who worked through the logical program and those who
completed the scrambled program.

Payne, Krathwohl, and Gordon (1967, p. 125) stated that
"no one seems to doubt, that were one to scramble a whole
course that learning would be retarded, so that in part, the
size of the unit in which sequence is destroyed is a factor...
there may be a continuum of dependence on sequence. At one
extrems of the continuum, scrambling may have no effect on
learning a set of spelling words which has no logical struc-
ture. At the other extreme, scrambling would be expected to
result in considerable decrease in learning if the learning
of one concept were prerequisite to learning the next in a
logical hierarchy." Payne et al. (1967) designed a study to
test the foregoing assumption. They examined the effects of
scrambling upon the learning of three programs. The three
programs were ranked by trained, independent observers from




low to fairly high in logicel interdependence. It was
hypothesized that the effect of scrambling would be greatest
for those programs dealing with tasks having the most logical
development. The results of bein immediate and delayed
retention tests did not confirm this hypothesis.

Miller (1965) conducted a study in which a 98-frame
program on topics in ratio and proportion was presented in
logical and random sequences to seventh graders. The author
reported substantial differences in error rates which sup-
ported the interdependency of the frames. The results,
however, indicated that the scrambling of frames had little,
if any, effect upon learning from the program.

Holland (1965) and Niedermeyer (1968) expressed concern
over design and methodological weaknesses of the studies
cited above. Holland (1965) pointed out that error : rates
for the two programs used in Roe et al. (1962) did not differ
significantly suggesting that the items were not interdepen-
dent even in the logical sequence. Thus, no significant
differences in criterion test scores should have been ex-
Pected. Holland claimed that the items used in the levin
and Baker (1963) study were not hierarchical in structure.
Further Levin and Baker suggested that the instructional
materials used were relatively ineffective. Therefore, the
results were not surprising.

Niedermeyer (1968) pointed out that error rates in the
programs used in the Payne et al. (1967) study were not
substantially different. Again raising the question of
vhether any learning difference should have been expected.
The authoirs pointed out another flaw in their design. Many
of the subjects already knew a considerable amount of the
material presented in learning sequence. Thus, any meaning-
ful assessment of sequence effect on learning was difficult
to obtain.

Pyatte (1969) indicated a major problem with studies
comparing logical and random ordered seguences. It is diffi-
cult to determine if the logical sequence is actually logical
and the random sequence "random." That is, that the random
sequence is completely unbiased in the sense that none of the
subtasks remain in the hypothesized hierarchical ordering.




Several studies by Gegne and hi- associates, reviewed
earlier, showed that when programmed materials in mathematics
were s8equenced according to learning hierarchies, acquisition
of higher level tasks occurred only if all prerequisite sub-
ordinate tasks were mastered. King (1970) described some
key studies utilizing prograwms based on hierarchies and well
controlled learning situations avoiding methodological weak-
nesses pointed out in previous studies. These studies are-
reviewed below.

Using & program developed by Gagne and Brown (1961)
for which there existed empirical data verifying a high
degree of interdependence among its concepts, Niedermeyer,
Brown and Sulzen (1969) conducted a study of sequencing.
The program consisted of 70 introductory frames and 40
guided~discovery frames which required the learner to recall
and use concepts learned in the introductory section. The
terminal obJective of the program was for the learners to
discover a formula for the sum of n terms of a series.
Three groups completed a logical, scrambled, and reverse form
of the program. The authors found that only the logical
sequence group performed significantly better than a control
group on both a test of concepts and a transfer test. The
scrambled sequence group performed significantly better than
the control group on the concept test, but not on the trans-
fer test. No significant differences among the three se-
quence groups were found on the posttests.

Wodtke, Brown, Sands, and Fredericks (1967) administered
a Ti=-frame program on number bases in logical and scrambled
versions. The hierarchical structure of the program was
evidenced by the difference in error rates. On a pretest
assessing foreknowledge of program material 90% of the sub-
Jects scored zero. The mean posttest achievement score was
18 on a 22 item test indicating the subjects actually learned
from the program. However, there were no significant dif-
ferences on achievement or aptitude-sequences interaction
between those who studied the logical program and those who
studied the scrambled program.

Miller (1969) conducted a study using eight program
sequences on matrix arithmetic. The results showed that the
scrambled sequences worked as well as the logical sequences
for definitions and addition of matrices. However, in se-
quences where subjects were forced to learn matrix multi-
pPlication before learning definitions and matrix addition they
performed significantly worse than those who learned needed
definitions and matrix addition first. Miller concluded

e
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: that mastery of individual tasks in a hierarchy can be

? accomplished in several ways including a scrambled programmed
sequence. However, a logical sequence still appears to be
best in terms of overall effectiveness and efficiency.

l In a recent study Brown (1970) found that logical se-
quencing facilitated learning of programmed mathemstical
materials. Two sequence versions, logical and scrambled
frame order, of the guided discovery program on number series
used by Gagne and Brown in their 1961 study of concept forma-
tion, were compared. The logical sequence group performed

4 reliably better than the scrambled group relative to time to
o camplete the instructional program, errors made on the pro-
e gram, and errors made on a criterion test of complex, prob-
lem~solving skills. Brown concluded that when a sequence
involves tasks that are complex problem solving behaviors
that Gegne classifies as intellectual skills, ordering is an
important factor in learning. Even for bright and relatively
mature learners sequence can have an important effect upon
learning.

In summary, it appears that mastery of individual sub-
tasks in a hierarchy can be achieved in several ways,
including learning from randomly programmed seguences.
However, as Miller (1969) pointed out logical sequencing
still appears to be best in terms of overall efficiency and
effectiveness. Several of the studies reviewed here suggest
that varying sequences of instructional stimuli which have
high interdependency does not make much difference in
effectiveness of instruction. However, many of these studies
are plagued with design problems. Thus, before the results
of research can be applied to the problems of sequencing in-
structional materials in mathematicr for use in the ordinary
classroom situation, substantial study of the effects of
sequence upon time to achieve the terminal beh&vior, achieve-
ment, transfer, and retention should be undertaken.

——

E The Psychometry of Learning Hierarchies

Validating a learning hierarchy is not a simple under-
1 taking. Many researchers (Ausubel, 1963; Bruner, 1964;
i, Gegne, 1965; Glaser, 1964; and Suppes, 1966) have long re-
cognized that sequence is a critical variable in learning.
The learner begins with simple tasks and progresses to in-
‘ creasingly complex tasks. However, both Gagne (1968) and
Pyatte (1969) have pointed out that determination of this
hierarchical ordering of subtasks from simplest to most com-
‘ plex is a major problem. Various procedures for velidating
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the hypothesized ordering of the suturdinate tasks in a
learning hierarchy are reviewed below.

Gagne and Paradise (1961) were pioneers in learning
hierarchy validation. Their approach was direct validation
besed on learners' responses to a programmed learning
srequence and criterion tests administered immediately after
the instructional program to establish pass-fail patterns
for each component of the learning hierarchy. Consider the
simple two-level hierarchy in Figure 1.

1T Higher Level Task
_T; (more complex)

I Lower Level Task
(less complex)

Figure 1. A Simple Two-level Hierarchy

Gagne's validation procedure was based on the assumption
that task I must be mastered before task II can be mastered.
Failure on task I would automatically produce failure on
task II. Using + and - to represent pass and fail respect-
ively, there are four possible pass-fail relationships which
can be observed: (++), (+-), (--), (~+). For example, the
first relationship signifies that the learner passed (per-
formed to criterion ) both task I and task II. Only the re-
lationship (+-) is in direct comtradiction of the theory and
indicates & flaw in ordering. The relationship (-+) (passed
lower level task but failed higher level task) indicates a
wegkness in the instructional program but provides no infor-
mation concerning the validity of the hierarchy.

To validate a hierarchy Gagne analyzed the pattern of
respongses of each transfer in the hierarchy. That is, he
constructed a contingency table of the observed responses
to a higher level task and the task immediately prerequisite
to it as illustrated in Figure 1. He calculated the follow-
ing ratio to determine the degree of validity of the hier=

archy.
Proportion of Positive Transfer (P+) = %:I%I %::% 5

Perfect validity would be indicated by a ratio of 1.00. If
all learners'gontradicted the theory, having observed
patterns (+-), then the ratio would be zero. Thus, P+ is
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bounded above and below by 1 and O rcespectively. The degree
of validity of any hierarchy is measured by P+ with the
lower limit of acceptability for P+ being .90.

Phillips and Kane (1970) investigated the efficacy of
this ratio when applied to test data &lone. Using Gagne's
task analysis a learning hierarchy for the computational
skills of whole number addition was constructed. Based on
the hypothesized ordering of the subordinate levels, a test
was constructed to assess mastery at each level. A second
test utilizing a random ordering of the same items was con=-
structed. Both tests were administered to a large sample
of elementary school children in grades 3 through 6 in order
to obtein a wide range of ability levels. The proportion
of positive transfer between adjacent items on both tests
was computed using Gagne's formula. The proportions between
adjacent items on both tests were above .90, except in two
instances. Thus both the hypothesized and the random
hierarchies were velidated by this procedure. The authors
concluded that prior educational experiences confounded the
issue of positive transfer when considering test data alone.

The Staff of the American Association for the Advance=-
ment of Science (AAAS Cormission on Science Education, 1968)
have refined and extended Gagne's approach to hierarchy
validation. Task analysis is used to generate hierarchies
of subordinate subtasks. Learning sequences are designed to
correspond to the hypothesized hierarchies. Pass-fail con-
tingencies are used to test the dependency of each individual
task on its immediate prerequisite subtasks. The Staff of
AAAS pointed out that a high proportion of positive transfer =
Gagne's statistics - is a necessary but not a sufficient
condition for & wvalid hierarchy. Using the pass-fail rela-
tionships defined by Gagne, the AAAS defined the following
three ratios:

(1) Consistency ratio = (++§+I)(+_)
(2) Adeqnacy ratio = (++)§I+%_+)

(3) Completeness ratio = (++)(I+%__7f

Ratio (1) is a measure of how consistent the data are with
the hypothesized dependency. Ratio (2) is a measure of the
adequacy of the identified subordinate tasks. Ratio (3) is
a measure of the effectiveness of instructional materials

11




designed to bring about learning. In the development of
Science -- A Process Approach, the AAAS has considered high
consistency, adequacy, and completeness ratios as the peces~
sary and sufficient set of characteristics for a valid learn-
ing hierarchy. No significance test has been developed for
either Gagne's ratio or those defined by the AAAS.

Cox and Graham (1966) used the Guttman (1944) Scalogram
Analysis to develop a sequencially scaled achievement test.
Essentially, the Guttman technique (Torgerson, 1958) orders
items such that from knowledge of a learner's total score,
his response pattern to the set of items can be predicted.
The coefficient of reproducibility defined by:

_ total number of errors
total number of responses

Rep = 1

indicates the degree to which a set of items forms a perfect
scale. Error is defined as instances where a subject passes
a8 higher level item after failing a lower level prerequisite
item. Guttman suggested .90 as an acceptable lower limit
for Rep. Cox and Graham reported a reproducibility coeffic=-
ient of .97 for their final arrangement of items and thus
concluded their .hierarchical ordering as valid.

Several studies have been directed toward the validation
of Bloom's Taxonomy (1956). Kropp, Stoker and Bashaw (1966)
pointed out that the difficulty of the cognitive skills
should imckease as the hierarchy is ascended. Since mastery
of lower level tasks is required before mastery of higher
level more complex tasks, the difficulty of items should
increase upwards along the hierarchy. Studies by Stoker and
Kropp (1964) and Herron (1965) showed that the cognitive
skills in the Taxonomy did form a hierarchy. Items assess-
ing skills higher up in the Taxonomy were.more.difficult-
than those at lower levels in the Taxonomy. Stoker, Kropp
and Bashaw concluded that their results based on item
difficulty validated the Taxonomy.

There are several methods of hierarchical analysis
reported in the literature which are used in the generation
of hierarchies rather than the validation of deductively
analyzed hierarchies. McQuitty (1960) developed a procedure
for determining if a hierarchical structure underlies a set
of items. He began with a large item pool with no a priori
assumptions regarding the relationship between items in
terms of complexity. The procedure consisted of combining
pairs of items or variables which correlated highest with each
other to form new items. This procedure is repeated until
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one pair of items remains. When itews are plotted on a
linear scale and successive pairs are connected by lines,
the resulting diagram has a hierarchical structure. :Smith
(1968) employed McQuitty's method to investigate the hier-
archical model underlying Bloom's Taxonomy. In general,
Smith concluded that his analysis supported the Taxonomy
rationale of a cumulative and hierarchical continuum of
cognitive processes. McQuitty (1966) has further refined
and improved his method of hierarchical syndrome analysis.

P ]

Multiple Scalogram Analysis (MSA) developed by Lingoes
(1963) can be used to generate a hierarchical ordering from
a large set of items for which there are no a priori assump-
tions made regarding order. The procedure essentially
accomplishes the same goal as the Guttman Technique with
built in controls against spuriously high reproducibilities
as a function of extreme marginal values. The MSA method
involves selecting an item from a set to be analyzed, finding
that item among the remaining items which is most like it,
determining the number of eirors between the candidate item
and all of its predecessors, and finally, applying a statist-

ical test (xa) of significance to adjacent item pairs.
Whenever either the error or statistical criterion fails,

the scale is terminated and another scale is started with a
new item chosen from among those that remain, until the item
set is exhausted. This procedure tends to produce several
branches which have very little in common with one another.

iy, Sty g Pommpatiinn sl daigapaey
H . ' . . . . .

B Resnick and Wang (1969) have used MSA to generate
various hierarchies. The wethods developed by McQuitty

1 (1960) and Lingoes (1963), as well as several other methods
' of hierarchical analyses outlined by Torgerson (1958), are
not readily adaptable for use in validating hypothesized
hierarchies. In these methods the data must speak for them-
selves with no a priori assumptions concerning order.

Carroll (Resnick and Wang, 1969) has developed & hier-
archy validation procedure based on the correlation between
- items or subtasks. This method, like those of Gagne and the
AAAS, begins with the construction of pass-fail contingency
: tables for all possible pairs of items in the hierarchy. The
} Phi-phimax coefficients are then computed for each table.
Phi is the correlation between two adjacent dichotomous items
I (Nunnally, 1967). Phimax is an estimate of the highest-

Possible phi coefficient given the marginals of the contin-

gency table. The use of phimax in the denominator controls

. against artificial inflation due to extreme pass-fail rates,
. 1 since this value becomes larger as the pass-fail rate becomes
larger. This procedure is most useful in empirical searches
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for hierarchical relationships among large quantities of -
data. In discussing different approaches to hierarchy vali- {
dation, Resnick and Wang (1969) cited no studies utilizing: -
Carroll's method.

Grid and Rimoldi (1960) developed a procedure for com- .
paring two patterns of respcnses from a number of subjects
on a number of items. Responses to items may or may not be i
dichotomously scored. Listing each subject's responses to B
8. set of items produces an observed matrix of responses with
rows corresponding to subjects and columns corresponding to
items. An expected matrix can be formed based on an opera-
tional definition of what response patterns are expected
from a given set of items. The only restriction on the ..
expected matrix is that the subjects total score on the ex- i
pected pattern must equal his total score on the observed
pattern. These two patterns can be compared and an index
showing the amount of agreement between the two patterns can
be computed using the following equations. N

When the expected matrix of ones and zeros (1 = pass; ;
0 = fail) has been generated weights are calculated for each s
cell of the expected pattern. For the cells containing ones, ’

the weights a.iJ are given by ' -

L. = wher
a.lJ > ere

R; = muber of ones in the 1% ow.

CJ = number of ones in the Jth column.

For the cells containing zeros, the weights ar, are given by ;i

R, C 13 ‘-
- i s Where .
%35 " TX, L
& N
ﬁ; = number of zeros in the ith TOW. " . -t
— . , th { :'
C, = number of zeros in the j  column. L

J
The index of agreement Ia’ indicating the amount of : i{-

agreement or correlation between two patterns, is given by

1 .
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Ia T At , where

T = sum of all a,. and a, .
ij ij

A.t = sum of aij and Ef;j of the cells that are the same in the

observed and expected patterns. .

mAt = sum of aij and EEB corresponding to minimum possible agreement.
The above formula is used when comparing patterns across

subjects. A similar formula can be derived for comparing

patterns across items. The index of agreement varies between

zero (no agreement) and one (perfect agreement). Grib and

Rimoldi compared values of Ia to the coefficients obtained

using the pattern analysis developed by Green (1956) and
found Ia gives conservative values. The authors report no

significance test for the index of agreement.

In summary, Gagne's procedure for validating a learning
hierarchy using programmed learning sequences is adequate
and useful in research designed to gain empirical evidence
to support the hierarchical structure of knowledge. However,
for validating specific hierarchies to be used as guidelines
for the sequencing of classroom instructional activities,
less expensive indirect procedures using test data should be
developed.

Several types of hierarchical analysis (McQuitty, 1960;
Lingoes; . 1963; Torgerson, 1958) are useful in generating
hierarchies from a large item pool with no a priori assump-
tions regarding the relationship between items in terms of
complexity. In these methods the data must speak for
themselves with no a priori assumptions concerning order.
Thus, these procedures are not readily adaptable for use in
validating hypothesized hierarchies.

It seems that hierarchical analysis such as the Guttman
Technique (Torgerson, 1958), Pattern Analysis (Rimoldi &
Grib, 1960) and the AAAS Approach (AAAS Commission on Science
Education, 1968) are quite adaptable for velidating deduct-
ively analyzed hierarchies from test data. Other procedures
based on the correlation between test items or levels of the
hierarchy and the difficulty of items could be useful in
validating a hierarchy from test data. The present study
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was designed to test the adequacy of each of these procedures
for validating a learning hierarchy from test data by se-
quencing instructional materials according to the hierarchy
generated by each and determining the effect of sequence

upon achievement, transfer, retention and time to complete
the instructional sequence.

Development of Materials and Procedures

The major theme of the present research was the differ-
ential effects of sequencing instructional pros—ams accord-
ing to a learning hierarchy validated by various procedures
upon (1) time required to complete the program, (2) achieve-
ment, (3) transfer, and (4) retention. Will one sequence
produce maximal achievement, facilitate the greatest amount
of transfer and retention, and require less time to complete?
This research was designed to answer these questions. Based
upon the answers inferences were drawn concerning the
adequacy of the indirect validation procedures used in gen-
erating each instructional sequence.

In order to accomplish effectively the objectives of
this study, experimental decisions had to be made concerning
the appropriate terminal task for the hierarchy and the
sample of learners to participate in the experiment. These
concerns are discussed below. :

1. Terminal Task: The time of the year in which the
study was conducted influenced the choice of the terminal
task to be used in developing the learning hierarchy. Sub-
Jjects were to work through the instructional materials in
April. This meant a terminal task had to be selected which
the subjects had not previously been exposed to yet at the
same time ensuring that the learner had the necessery back=~
ground for achieving the instructional objectives. Through
the aid of textbooks and suggestions from elementary school
teachers, the addition of rational numbers involving like
denonminators was chosen as the terminal task.

2. Samples: First, a sample of subjects for collecting
data to be used in the hierarchy validation had to be se-
lected. In order to obtain a wide range of ability levels,
tests were administered to 163 elementary school children
in grades 4 through 6. The fourth graders included in the
gample were high achievers who had begun studying addition
of rational numbers. Such a range was chosen so that both
correct and incorrect responses were obtained at all levels
in the hierarchy. Second, a sample of learners to work
through the instructional material was selected on the basis
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of two pretests. These pretests were designed to assess
entering behaviors. Pretest I was designed to determine if
the learners had acquired the necessary prerequisites for
mastering the s8kills in the learning sequence. Pretest II
was designed to weel out those learners who had already
acquired the skills to be taught in the learning sequence.

In this manner, 142 fourth graders were selected to participate

in the experiment.

Throughout this report the reader will encounter some
terms which may be unfamiliar. Operational definitions of
these terms are given here. '

1. Optimal learning Sequence: An optimal learning
sequence was defined as one which maximally facilitates
achievement, transfer, and retention.

2. Valid Hierarchy: A valid hierarchy was defined as
one which yields an optimal learning sequence.

3. Adequate Indirect Validation Procedure: An evalua-
tion of the indirect validation procedures wes made by actu~
ally sequencing instructional materials according to the:
hierarchies generated by each validation procedure. The
hierarchy yielding the best approximation of an optimal
sequence, as defined above, was considered valid. The ade-
quacy of each indirect valideation procedure was measured by
the degree to which a hierarchy validated by the procedure
yielded an optimal learning sequence.

Development and Analyses of the Hierarchy

Using Gagne's task analysis a learning hierarchy for the

computational skills of rational number addition was constructed.

The sequence of subtasks generated was reviewed by four
authors of elementary mathematics texts. Based upon this
formative evaluation of the adequacy and completeness ot the
hierarchy, the sequence of subtasks was revised until, to
experts in mathematics education, there were no obvious
flaws in the learning hierarchy. The hypothesized hierarchy
is shown in Appendix B.

Based on the hypothesized ordering of the subordinate
levels, a test was constructed to assess magtery at each
level in the hierarchy. The test was designed to minimize
chance or careless errors. A procedure of test construction
gimilar to the "H-technique" (Stouffer, Borgatta, Hays, and
Henry, 1952) was adopted. The test consisted of composite
test items for each level in the hierarchy. Each composite
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item consisted of three items testing the same subordinate
task. Pass at each level was defined as correct responses
to at least two of the three items for the level. A sample
test item for level VII is given in Figure 2; the entire
test is given in Appendix D.

b 1/9 13/8 13 5/12
+5 2/9 +2 1/8 +6 5/12

Figure 2. Sample Test Item

The entire test consisted of 11 composite items making a
total of 33 items. The internal consistency of the test was
dggegmined using the Kuder-Richardson Formuls 20 (Nunnally,
1967) .

The test was administered to 163 elementary school
children in grades 4 through 6 to obtain a wide range of
ability levels. It was administered by the classroom
teachers and was completed by all subjects in one sitting.
The test was not a timed test. Subjects were instructed to
attempt all items and were given sufficient time to do so.

The pass-fail relationships were analyzed using various
indirect validation procedures. These procedures are
described below.

Pattern Analysis

The pattern analysis technique developed by Rimoldi
and Grib (1960) was used to analyze the responses for the
camplete hierarchy on a subject by subject basis. As prev-
iously described, the index of agreement Ia indicates the

amount of agreement or correlation between two patterns. In
this case, Ia was calculated between the observed and ex-

pected patterns of pass~fail relationships.

The items on the test were sequenced according to the
hypothesized ordering of the subordinate levels in the
hierarchy. If this ordering was truly hierarchical, where
each subtask was a necessary prerequisite to the next, once
a learner failed a given level he would be expected to fail

all subsequent levels. Thus the expected pattern was defined

as one where no correct response followed an incorrect re-
sponse. Using 1 and O to represent pass and fail respect-
ively, a hypothetical observed matrix and the corresponding
expected matrix are given in Figure 3. The responses of
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each subject were recorded on punch cards. A program was
written which transformed each subject's observed pattern of
responses into the expected pattern as indicated in Figure 3.
Weights for each cell and the index of agreement were calculated
using the formulas given earlier.

Items
ss] 1 2 3 4 5 6 7 8 9 10 11 Score
1 1 1 0 1 1 o0 o0 o0 1 5
1 1 1 1 0 1 9
3 1 1 0 0 0 1 o 0 5
Observed Pattern
Items
8} 1 2 3 L4 5 6 7 8 9 10 11 Score
1 1 1 1 0O 0 0 o0 0 0 5
2 1 1 1 1 1 1 21 0 0 9
3 1 1 1 0O 0 0 O© 0 0 5

Expected Pattern

Figure 3. Sample observed and corresponding expected matrices.

Item Difficulty

The pattern of responses to the 11 items were analyzed
to determine if the items were hierarchically ordered in
terms of item difficulty. Required mastery of certain lower
level necessary prerequisite subtasks before the next higher
subtask can be mastered implied that the number of learners
Passing a lower level task must be greater than or equal to
the number passing the next higher level task. In other
words if the items were arranged hierarchically from simplest
to most complex, the first item would be mastered by most
learners tested. Each successive level or item would be
more difficult in terms of the necessity of more recall from
Preceding prerequisite items. Therefore, the number of
learners pessing each higher level item would decrease. The
difficulty of any dichotomus item (p-value) is the fraction
of learners tested who passed that particular item or level
(Nunnally, 1957). For instance, a p-value of .90 would mean
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that 90 percent of the learners teste? passed the item.

Thus, the observed p-values for the levels of the hierarchy
should form a decreasing sequence of values. The maximum
p-value should occur at the lowest level in the hierarchy and
the .dnimm p~velue should occur at the terminal task.

As previously stated, the test items were arranged
according to the logically constructed hierarchy for the
addition of rational numbers. A hierarchical chart of the
1l items or levels was drawn and the p~value for each was
taken from an item anslysis and entered in the hierarchy.
This hierarchy of observed p-values was examined to deter-
mine if the expected pattern was exhibited. That is, the p-
values should be higher at the lower levels of the hierarchy
and decrease to a minimum at the terminal task. Serious
deviations hetween the observed p-value rank and the expected

p-value rank would indicate that the items were not hierarch~ "’

ically ordered.

It should be noted that validation based on p-values
could only be made by comparison. There was no statistical
test for significance of difference. One must zrreal to his
knowledge of the subject matter at hand rather than rigorous
statistical procedures. For instance, suppose the following
three items were hypothesized as being hierarchically ordered.

I. L II. 1k III. 27
bl ¥23 +19

Further, suppose the osbserved p-values for items I, II, and
III were .94, .87 and .89 respectively. Since item III in~
volves renaming and item II doesn't, item III would not be
placed before item II based on this slight difference in

p-values. However, if the difference was considerably greater,

one would have to reorder the items and assume item IX to be
more difficult than item III. Also, the p-value at any level
can be sffected by simply constructing a more difficult item
testing the same subtasks. However, this problem can be
greatly controlled by careful test construction. Despite the
crudeness of this procedure, it did provide a simple test

for determining whether group performance, as a whole, vali-
dated the hierarchy in terms of predicted p-values.

Phi Coefficient

Gagne (1968, p. 3) stated, "A learning hierarchy repre-

sents the most probable expectation of greatest positive trans-

fer for an entire sample of learners concerning whom we know
nothing more than what specifically relevant skills they
start with." In order to empirically validate a hierarchy
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ofl’ subordinate subtasks which posseused this characteristic,

a procedure based upon the correletion between the levels

was devised. If the 1l teat items (levels in the hierarchy)
were arranged hierarchically, there should be high correla-
tion between adjacent items. Ordering the items based on the
correlations between them would allow prediction of a
learner's success on any given item based upon his performance
on previous lower level items. For instance if a learner
passed items 1 and 2 and item 3 correlated highly with item 2,
the learner would be expected to pass item 3. On the other
hand if the learner failed items 1 and 2, he would not

be expected to pass item 3. This approach to hierarchy
validation, based on the phi coefficient is similar to the
Phi/Phimax procedure used by Carroll (Resnick & Wang, 1969).
The correlational procedure used in this study is outlined
below.

The product-momeri: correlation of two dichotomous
distributions or test items is called "phi" (Nunnally, 1967).
To illustrate the usefulness of the phi coefficient in
assessing the degree of nierarchical relationship between
two test items (or levels of a hierarchy), the definition of
phi is given in terms of the pass=-fail relationships shown
in the contingency tables in Figure L

Ttem 1 » . Ttem 1
fail pass fail pass
pass -+ L | pass b Y
Item 2 Item 2
fail - += fail | ¢ da
Tdbie a Table b

Figure 4. Pass-fail contingency tables.

Teble a of Figure 4 indicates the four possible pass-fail
relationships when a learner encounters two test items or
subtasks of a learning hierarchy. That is, the learner may
(1) fail item 1 and pass item 2; (2) pass both items 1 and 2}
(3) fail both items 1 and 2 or; (4) pass item 1 and fail
item 2. Symbolizing the four quadrants as shown in table b
of Figure 4, phi is defined as follows:

- bd
phi = =73 b%%c +d](b + c)(a + D)

By examination of the above formula, one sees that if
the number of subjects falling in quadrants a (++) or ¢ (=-=)
is zero, then phi is negative. If an equal number of
subjects fall in each of the four qQuadrants, then phi is
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Zero.

If all subjects tested fall in one of the four quad-

rants (leaving zeros in the remainin~ three), the numerator
becomes zero yielding a zero phi-vaiue. The larger the pro-
portion of learners falling in either quadrants a or c
becomes (short of N, the total number of learners tested),
the larger phi becomes. Thus in order to obtain meaningful
results in terms of hierarchical analysis, careful attention
mst be given to the data used in calculating phi. That is,
one must ensure that a sufficient number of learners fall

in each of the four quadrants of the contingency table b in
Figure 4, and at the same time guard against too great a
proportion of the learners tested having either the relation-
ships (++) or (-=). If the majority of the learners have
achieved (or not achieved) both items, then phi is artific-
ially inflated or decreased, sheding no light upon the hier-
archical relationship of the two items. There are at least
three ways in which this problem can be controlled to some

extent.

1.

When using the phi coefficient to indicate the
hierarchical relationship between items, test a
large sample of learners representing a wide range
of ability and achievement levels. This will en-
sure & greater balance of the number of learners
falling in each of the four pass-fail categories.

Thereby reducing the artifact.

Censor the data. That is, define operational rules
pertaining to the data used. Control of the number

of learners falling in each of the four quadrants can

be exercised by eliminating data from specific
learners. For instance, if some learners have al-
ready mestered too many or too few of the items do
not include these data in the analyses.

Use some procedure such as Carroll's phi=-phimax
method. Phimax is an estimate of the highest-
possible phi coefficient given the marginals of
the contingency table. Since phimax would become
larger a8 the pess or fail rate of either items
became more extreme, the use of phimax in the de-
nominator controls against artificial inflation of
the index due to extreme pass or fail rates.

The first control method was used in this study for
three reasons: (1) It is difficult to develop an adequate
algorithm for discarding data and even more difficult to

defend.

Such & formla would almost have to be defined in

terms of a given sample, (2) a search of the literature pro-
vided no evidence in support of the Carroll method. No
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empirical "tryout" of the efficacy oi this procedure was
reported, (3) due to the wide range of ability levels tested,
it was felt that extreme pass or fail rates would have mini-
mal inflationary effects upon the phi coefficient.

In order to further exemplify how phi was used to vali-
date the hierarchy used in this study, an example is given.
Suppose that five items (levels in a hierarchy) are hypo-
thesized as being hierarchically ordered 1, 2, 3, L, 5.

Item one is defined as the easiest item on the test or
lowest level in the hierarchy. Phi is calculated between
item 1 and each of the other four items.

g (1.2) $ (3.2) g (2.4)
g (1.3) g (3.4) g (2.5)

g (1.4) ¢ (3.5)
g (1.5)
Hypothesized ordering Ordering based on phi

1 1
2 3
3 2
4 5
5 b

Figure 5. Hypothetical Ordering Via Phi.

Suppose § (1.3) (phi between items 1 and 3) is the largest.

Now phi is calculated between items 2, 4, 5 and the largest
phi underlined. The process is repeat k-2 times, where k.is
the number of items. The resulting hierarchy generated by
phi is given in Figure 5.

In a hierarchy with k levels there are k! possible
orderings. Ordering the levels via phi seeks the ordering
which maximizes phi between adjacent levels as described
above. If there are no a priori assumptions made concerning
the hierarchical ordering the levels, then phi must be cal~
culated between item 1 and the remaining k~1 levels choosing
the highest phi and repeating the process k~2 times as shown
in Figure 5. However, in validating a deductively analyzed
hierarchy, there are a priori assumptions made concerning
transfer from one item (level) to another. In Figure 6, the
clusters of items, in which high positive transfer between

edjacent items was expected, are shown.

N
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Hypothesized ordering Cluster I Cluster II Cluster III
1. 2/9 +3/9
2. 1/10 + 3/10 + 5/10 1 5, 9
. 2+ 1/2 2 6 10
. 3 1/7 + 2 3/7 3 7 11
6/9 4 8

. b1/9 +52/9
3 1(6 + U4 1/6 +22/6

10. 3 5/8 +2 7/8
1. 72/5+41/5+2U4/5

3
L
5.
6. /16 + 5/16
7
8
9

Figure 6. Hypothesized clusters of items having high -correlations
between adjacent items.

This procedure for ordering items by the phi coefficient was
applied within these clusters of items. Of the k! orders
within each cluster, the one which maximized the phi coeffic-
ient between adjacent items was chosen as the hierarchical
ordering for that cluster. This procedure lead to the
hierarchical ordering of all 11 items.

The formula given here for phi can be derived as a
special case of the usual product-moment formula. When
correlating two dichotomous distributions or items, exactly
the same results is obtained from phi that would be obtained
from the product-moment formula. Thus, in order to utilize
existing computer programs, phi values were calculated from
the product-moment formula. No statistical test of differ-
ences between the phi's was used. Decisions concerning
ordering of items were based strictly upon the nmumerical
values of phi.

The Guttman Scalogram Analysis

The Guttma.n Scelogram Analysis (Torgerson, 1958) was
used to determine the extent to which the 11 items could be
arranged in an order such that passage of a certain item
reliably predicted passage of all items lower in the hier-
archy. A hypothical set of perfectly scaled items is shown
in Figure 7.
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Items
Ss 1 2 3 h 5 6 7 8 Total Score
1 1 1 1 1 1 1 1 1 8
2 -1 1 1 1 1 1 1 Q 7
3 1 1 1 1 1 1 0 0 6
b 1 1 1 1 1 0 0 0 .5
1 5 1 1 1 1 0 0 0 0 b
. 6 1 1 1 0O O 0 0 0 3
’ 7 1 1 0 0 0 0 0 0 2
8 1 0 0 0 0 0 0 0 1
{ 9 o 0 o O O Oo0 0 0 0

(1 = correct; O = incorrect)
f Figure 7. A perfect Guttman Scale

Subjects are listed down the side; items are listed along
l the top. Note that once a subject fails an item all subsequent
items are failed. Similarly, if a learner passes a given
item, he has passed all prerequisite items. Thus from
knowledge of a learner's total score, his response pattern
[ to the set of items can be predicted or reproduced. The
proportion of responses to the items that can be correctly
: reproduced is & measure of how well a set of items can be
l ordered such that the response patterns form a triangular
- array as in Figure 7. The proportion of responses to the
items that can be correctly reproduced is defined as the
I coefficient of reproducibility (Rep).

Total number of errors
Total number of responses

Rep =1 =

Error is defined as a case where a subject passes a higher
level item after failing a lower level item. For instance,

S if one is scaling U items, patterns like (~+++), (==++),
(+=+=) represent 1, 2 and 1 errors respectively. The value
of .90 was suggested by Guttman (1944) as an acceptable
lower limit for Rep.

Since hierarchically ordered items should exhibit the

- triangular pattern of a perfect Guttman scale, the Guttman
l scaling technique should be of some value in hierarchy

validation. From a high Rep (> .90), the hierarchical re-

lationship of the entire set of 11 items could be inferred.

‘ Thus, the object was to arrange the 11 items in such an
25
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order so a8 to maximize Rep. A computer program for the
Cornell technique of scalogram analysis (Guttman, 19%7) was
employed. The program anslyzed the pass~fail patterns of
subjects to the 11 items and formed permutations of the
ordering of these until Rep was maximized. The print-out
gave the optimal ordering of the items and the Rep for the
optimal ordering.

AAAS Procedure

The AAAS Commission on Science Education (1968) pro-
cedures for validating a learning hierarchy were modified for

use with test data to investigate the dppendency of each i

individual subtask on its immediate prerequisite. The AAAS
approach has been ugsed successfully when using test data in
conjunction with instructional materialis. This approach is
outlined below. :

Consider a simple two-level hierarchy with a terminal
task and two subordinate subtasks (Figure 8). If subjects

TERMINAL TASK

Subordinate Subtask Subordinate Subtask
Figure 8. Simple Two-level Hierarchy

are asked to respond to test items assessing mastery of each
of the three cells of this hierarchy, there are 8 possible
patterns of performance outcomes which can be observed.
Using the code O and 1 for fail and pass respectively, the 8
possible configurations are:
1 1 1 1 0 0 0 0
11,01,20,00,11,01,10,00
The assumption being that for those learners passing the
terminal task, it is highly probable that they are also able
to pass the two subordinate subtasks.

In Table. l, the patterns of zeros and ones are translated
into descriptions of mastery of the terminal task and mastery
of the subordinate subtasks.

Table 1. Possible pass-fail patterns in a two~level hierarchy.

(++) (+) (-+) (~-)

1 1 1 1 0 0O 0 o0
11 |o1,10,00 11 00,01,10
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The relationships, (++) passed botn the terminal task and the
subordinate subtasks, (+-) passed the terminal task and
failed one or both subordinate subtusks, (-+) failed the
terminal task and passed the subordinate subtasks, (==)
feiled the terminal task and failed one or both subordinate
subtasks, are represented by the four columns.

The following three ratios are defined in terms of
these relationships.

++

(1) Consistency ratio = oy i

The consistency ratio is defined as the quotient of the num-
ber of patterns consistent with the hypothesis divided by
the total number of subjects who acquired the terminal task.
The value of this ratio is a measgure of how consistent the
data are with the hypothesized dependency.

(2) Adequacy ratio = (4+7(It%_+)

The adequacy ratio is defined as the quotient of the number
of patterns consistent with the hypothesis divided by the
sum of the number of subjects acquiring both the terminal
and subordinate tasks and the number of subjects acquiring
the subordinate subtasks but not the terminal task. The
adequacy ratio is a measure of the adequacy of the identified
subordinate tasks.

++

(3) Completeness ratio = rora mr covm

The completeness ratio is defined as the quotient of the
total number of patterns consistent with the hypothesis
divided by the sum of the number consistent with the theory
and the number of subjects failing both the terminal and
subordinate tasks. The completeness ratio is a measure of
the effectiveness of instruction.

In Science - A Process Approach high (.90 or above)
consistency ratio, adequacy retio and completeness ratio for
every dependency relationship are considered the necessary
and sufficient set of characteristics for a wvalid hierarchy.
However, when attempting to validate a deductively analyzed
hierarchy from test data alone, the above procedure must be
modified. In both the AAAS procedure and Gagne's work, the
relationships (-+) (lower level passed, higher level failed)
suggests that there may be something inadequate in the
instructional material related to acquiring the terminal
task and that these relationships should not be included in
a measure of support for the hypothesis. However, when
analyzing test data this relationship does support the hier-
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archical nature of the subtasks. With test data, there is

no basis for expecting a learner to pnss a superordinate tasik
when all subordinate tasks are passed as in an instructional
program., The learner may simply have reached his achievement
level. One would expect, however, that once a learner failed
an item he would fail all subsequent higher level items.

Thus with test data alone only (+-) of the four possible
relationships between adjacent items contradicts the hier-
archical theory. :

The consistency ratio does indicate how consistent the
test data are.with the hypothesized ordering. A low con-
sistency ratio between two adjacent levels would indicate a
problem in ordering since this ratio is 1.00 (perfect) if no
one contradicts the theory and decreases as the number of
subjects contradicting the theory increases. A low adequacy
ratio may simply indicate that a large proportion of
learners tested reached their achievement level at this
point in the hierarchy. If this ratio is too low it would
indicate that a wider range of ability and achievement levels
should be included in the sample tested. The relationship
(==) is in accord with the theory when using test data.

That is, no higher level task is passed after failure on the
lower level tasks. Thus, the coumpleteness ratio is of very
little value in determining the hierarchical ordering of
task from test data. Of course, this ratio is of great
importance when using data from an instructional program.

In summary, when validating a hierarchy from test data
the consistency ratio is of major importance. An acceptable
level for this ratio in the present study was set at .85.

In the AAAS work the level of acceptability was .90. How~
ever, when analyzing the dependency of adjacent items from
test data alone it seemed reasonable to accept a lower value
as evidence of a valid hierarchical ordering. The adequacy
ratio indicates, more than anything else, a flaw in sampling.
Since the relationship (~+) is in accord with the hierarchi-
cal theory when using test data, it was not expected or
necessary for this ratio to be as high (.90) as that recom-
mended in the AAAS report. An acceptable level for this ratio
in the present study was set at .70. Again, the completeness
ratio when using test data indicated a flaw in sampling and
not a flaw in ordering. Since the relationship (-~) is in
accord with the hierarchicel theory and many subjects at the
upper levels of the hierarchy would be expected to fall in
this category, an acceptable level for this ratio was set af
0500 '

In using the modified AAAS procedure to validate .the
hierarchy used ip this study, the items were arranged so as
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to maximize the consistency ratic arud to keep the adequacy
ratio at an acceptable level. No attempt was made at con-
trolling or maximizing the completeness ratio. In addition
to computing the three ratios of the AAAS procedure, the
proportion of positive transfer used by Gagne was calculated.
Another ratio defined by the authors as the order ratio was
computed. The order ratio indicated the proportion of
++) + (==) + (=+
Order ratio = %H%+ %__g T %__% Ty

learners' response patterns which were consistent with the
theory. The level of acceptability for this new ratio, was
set at .90 as a lower limit.

Textbook Sequence

The 11l instructional lessons were integrated and se-
quenced according to the "usual textbook ordering." The
"wsual textbook ordering" was determined by examining differ-
ent elementary mathematics texts. The following three fourth
grade texts were used in determining this ordering:

(1) Deans, E., Kane, R. B., McMeen, G. H., &
Oesterle, R. A. Understanding Mathematics.
New-York: American Book Company, 1960.

(2) Duncan, E. R., Capps, L. R., Dolciani, M. P.,
Quast, W. G., & Zweng, M. Modern School
Mathematics: Structure and Use. New York:
Houghton Mifflin Company, 193?._

(3) Keedy, M. L., Dwight, L. A., Nelson, C. W.,
Schluep, J., & Anderson, P. A. Exploring
Elementary Mathematics. New York: Holt,
Rinehart & Winston, Inc., 1970.

The order of presentation of the 11 subtasks in these 3 texts
was very similar. The textbook sequence was determined by
arranging the subtasks in an ordering which gave closest fit
to that given in these texts.

The subtasks were, of course, not presented in as iso-
lated and pure form as in the instructional materials de-
veloped. Often, 2 or 3 of the subtasks were presented in
one section or lesson. Also, addition and subtraction of
rationals were presented almost simultaneously. Thus in
order to keep the program length the same for comparative
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purposes and have the lessons sequenced in the "usual text-
book ordering", the logically ordered lessons were integrated
to form new lessons. That is, »ne o more of the lessons
were combined to form a new lesson. However, the same type
and number of responses were required of the student. This
sequence was used in order to gain some useful information
in answering the question, '"Do authors of instructional
materials need to be concerned with more rigorous and logi-
cal organization of subtasks within chapters or sections?"

Random

A random ordering of the 11 items (subtasks) wes
included for two reasons. First, an instructional sequence
based on a random nrdering or the lessons could serve as a
control group in the analysis of variance model. Second,
comparison of the random gréup with each of the other groups
could provide useful information in determining if an optimal
ordering of the 11 items was achieved. Research evidence on
the sequencing of instructional activities is somewhat con-
tradictory. Several studies yield results which support the
theory of careful sequencing while others yield results that
suggest, that careful sequencing has little effect upon
learning.

Development of Instructional Materials

A programmed text format was chosen for two reasons:
first, it couwld provide uniform instruction for students in
different groups. Thus variance due to sources not of pri-
mary interest in this research could be reduced. Second,
this format allowed complete random assignment cf subjects
to treatment groups. In order to conduct this study in the
vublic schools, intact classes had to be utilized. The use
of programmed instructional sequences permitted subjects,
rather than classes, to be randomly assigned to treatment

groups. Thus, strengthening the gene:alizability of the results.

The instructional materials consisted of an eleven lesson
programed booklet on the addition of rational numbers
with like denominators (Appendix C). The program utilized
one lesson for each of the 11 levels in the learning hier-~
archy. The procedure used in writing these lessons employed
techniques similar to those of Crowder and Skinner. The
method employed was similar to what May (1965) called hybrid
programming. Conventional exposition and problem sets were
combined with the Skinner mode. Each of the 11 lessons was
designed to develop the specific skill represented by the
corresponding hierarchy level. The lessons were from 2 to
3 pages in length making a total program length of 29 pages.
The program called for frequent responses from the learner
which he wrote in blanks provided. A page from the booklet
is given in Figure 9 to illustrate the format used.
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The first draft of the instructional sequence was
written with the lessons (frames) sequenced according to the
logically constructed hierarchy. The lessons were written
as concisely and briefly as possible while still achieving
the instructional objectives of the lesson. This was done
to keep the program at a realistic length and to minimize the
reading load.

The first draft was reviewed by three authors of ele~
mentary mathematics texts. Judgments were made concerning
the appropriateness and correctness of langusge, adequecy
. and effectiveness of art work, layout and format, and in
general the overall expected effectiveness of the learning
sequence in teaching the skills of rational number addition.
Based upon the suggestions of these authors, the materials
were revised.

Since the subjects were accustomed to using commercially
produced materials, steps were taken to mske the learning
sequence as attractive in appearance as possible. The use of
ditto masters was selected for reproducing the materials.
This method allowed the use of colors, easy correction of
typographical errors, and a relatively simple procedure for
producing the needed art work. All drawings were in red and
green and the textual print was in blue. Lessons were re=-
produced on 8 1/2 x 11 inch paper with each page having a
2 inch answer column at the right. Each lesson (frame)
began on a separate sheet indicating mejor segments of the
program and allowing for easy reordering of the lessons for
each treatment group.

In order to assess the effectiveness of the learning
program, a tryout was conducted utilizing five fourth grade
students. Pre- and post-test achievement was measured by an
18 item test. The pretest mean was 1.80; the posttest mean
was 13.60. The difference between the means was significant
at the .01 level. Note was taken as to where these students
had difficulty in understanding terminology, interpreting
drawings and examples, and following the exposition. Based
on these observations, the materials were revised again.
Based on the:results.of thig tryout and the-inspection by
experienced authors, the materials were judged as adequate
for achieving the instructional objectives. The lessons
were ordered according to the hierarchies generated by the
seven indirect validation proecedures. The lessons and pages
of each sequence were then appropriately numbered. From the
exterior all booklets appeared the same. They seemed adequate
in terms of attractiveness, durability, and ussbility for
fourth grade students.
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Experimental Procedures

Fourth grade subjects were selected to participate in
the study on the basis of two pretests. Pretest I (Appendix
D) was designed to determine if the learners had mastered
the necessary prerequisites for successfully achieving the
_ skills presented in the programmed text. The test concen-

l trated on the concept of fraction, recognizing parts of a
{ ' whole, reading and writing fractional numerals, whole number
addition, and simple whole number division. Pretest I was
administered to 175 fourth grade subjects one week prior to
initiation of the learning sequence. The students were at
two different schools in the same Indiana county. Subjects
were grouped according to ability. Each school had one class
( of high, medium, and low ability students. Pretest II was
administered only to those students judged, on the basis of
pretest I, ready to underteke the programmed materials.

Pretest II (Appendix D) was designed to determine if the
students had already mastered the skills to be taught in the
instructional sequence. The test consisted of one item for
each of the 11 levels in the hierarchy. Pretest II was an
alternate form of the achievement test administered at the
completion of the instructional program. Only those subjects
, Judged, on the basis of pretest II, to have mastered an in~
= significant number of the skills in the instructional pro-
gram were included in the study. -Of the 175 students tested,
142 met the criterion on both tests. Thus, the sample of
learners participating in the study knew the necessary pre-
requisite skills and knew, essentially, none of the skills
presented in the learning sequence. In order to control any
changes in behavior due to time elapse, pretest II was ad-
ministered on Friday of one week and the programmed seguence
began on the following Monday.

Since the students were already stratified on ability,
subjects were assigned randomly to treatment groups within the
three strata high, medium, and low ability. This procedure
strengthened the unbiasedness of the samples since essentially
the same number of high, medium, and low ability students
were in all treatment groups. By the principle of randomiza-
tion all treatment groups were considered equal.

All 175 fourth grade students at Rossville Elementary
School, Rossville, Indiana and Kyger Elementary School, Frankfort,
Indiana, completed the programmed instructional booklet. Of
this number, only 142 students were actually included in the
study. Thirty did not satisfy the criteria on pretest I and II
; and three were lost due to experimental mortality.
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The students worked through the programmed booklets
independently devoting spproximately 30 minutes per day to
the materials until they were completed. The experimenters
explained how students were to use the materials and assisted
the students in any problems they encountered for the first
two days of the study. Following this, the teacher super-
vised the students' work until completion of the study.

The students entered their responses to questions
directly in the booklets using a cardboard cover-up for the
anawer column. Subjects were instructed to keep the answer
column covered until they entered their response then pull
the cardboard down to reveal the correct response. If their
response was correct, they were instructed to continue to the
next question and repeat the process. If their response was
incorrect, they were instructed to draw a line through the
incorrect response and enter the correct response above it.
Before moving to the next frame, students were advised to
attempt to determine why their response was incorrect and
the authors' response was correct. Much of the time, their
mistakes were due to carelessness and they could see them.
However, if they could not, they were instructed to ask the
teacher for help at this point. Teachers were instructed to
give help only in the context of each child's material. For
instance, if one child's sequence had a frame which involved
writing the simplest name for fractional numerals but no
Preceding frame dealt.with the definition of simplest name or
the mechanics of rensming, the teacher did not show the
student the manipulations involved in renaming. The students

were guided in using only the informstion and art work provided

in the given frame. This procedure led to considerable
frustration on the part of some students in treatment groups
where necessary prerequisites were not provided. However,
teachers had to adhere to this procedure if the effects of
sequencing upon achievement, retention, and transfer were

to be measured.

The booklets were distributed by the teacher at the be-
ginning of each work session. However, due to other school
activities the 30 minute work session length varied somewhat
from day to day. The teachers kept a log book of the exact
number of minutes spent on the booklets each day. As each
child finished his booklet, the date and time of completion
was entered in his booklet. At the completion of each °:
session, the booklets were collected by the teacher. No
student was allowed to take his booklet home or study it
other than during the supervised work session. In order to
keep students from rushing through the materials, they were
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reminded at the beginning of each session that they were to
study the materials and try to remember what they aid, not
Just copy in the correct responses. They were also told

that they would be tested upon completion of the booklet.

For the duragtion of the study, the students had no mathematics
ingstruction other than these work sessions. Teachers provided
other mathematics activities for each student who finished

his booklet until the whole group had finished.

An achievement test measuring acquisition of the terminal
behavior was administered to each student on the day following
completion of the programmed sequence. The test consisted
of two items per hierarchy level except for two levels which
pertained to renaming. An alternate form of this test was

administered as a retention test two weeks after the administration

date of the achievement test. During this two week period,
students studied mathematical topics other than operations
with fractions. A transfer test on subtraction of rational
numbers with like denominators was administered on the day
following administration of the achievement test. This test
consisted of 10 items analogous to those covering the rational
number addition. No renaming in the subtraction procese such
as required in 3 1/8 - 5/8 was included on the test. However,
as on the addition test, students were required to reduce
answers to lowest terms. The achievement, transfer and retention
tests are included in Appendix D.

Analysis of variance for multiple groups, unequal n's
model, (Winer, 1962) was used to investigate the differential
effects of sequencing on each of the four dependent variables
achievement, transfer, retention, and time to determine if
the mean scores of the 7 sequence groups differed significantly.

Other statistical procedures used are discussed in the next section.

Results

This research was directed toward the development and
evaluation of procedures for validating a learning hierarchy
from test data. An evaluation of the efficacy of each pro-
cedure was conducted by actually sequencing learning meterials
according to the hierarchies generated by each method and
determining the effect of sequence upon achievement, transfer,
retention, and time to complete the program. In order to
accomplish the objectives of this study, various methods of
hierarchical analyses were used. Before reporting the results
of sequence effects, the results of these hierarchical
analyses are presented.
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Hierarchical Ans.yses

A test designed to assess mastery at each level in the

.hierarchy for addition of rational numbers was administered

to 163 elementary school children in grades 4 through 6
(Appendix B). The internal consistency (Kuder-Richardson
Formula 20) of the test was .81. The pass-fail relationships
were analyzed by several scaling techniques and methods -of
hierarchical analyses, adaptable for use with test data, to
generate hierarchical orderings of the 11 levels. The
results of these hierarchical analyses are presented below.

Pattern Analysis

To provide evidence that the logical ordering was in-
deed logical, the pattern analysis technique developed by
Rimoldi and Grib (1960) was used. The index of agreement
was .87. No reordering of the 11 items was attempted.

Item Difficulty

, Validating a learning hierarchy using item difficulties
is based on the assumption that items at the lower level of
the hierarchy are simple and easy and that they get in-
creasingly more complex and difficult moving up the hierarchy.
The observed p-values for the original ordering of the 1l
items in Table 2. Tables 2 through 31, in which statistical
results are displayed may  be found in Appendix A. Inspection
of these values indicated that items 3 and 7 were out of
order. That is, there were items above them in the hierarchy
which had greater p-values indicating they were easier items.

The hierarchical ordering generated frocm the observed
p-values is shown in Table 3. The items were rearranged so
that the p-values formed a decreasing sequence of values.

Phi Coefficient

The results of the validation procedure using the phi-
coefficient described previously are shown in Tables 4
through 6. Three clusters of items were hypothesized as
having high dependency upon one another. The correlation
matrix for the items within each cluster was celculated. By
inspection of these matrices, the items within clusters
were arranged so that the correlation between adjacent items
was maximized. The correlations between all adjacent items
in the validated ordering were significant at the .0l level.
The resulting hierarchical ordering of the 11 items is shown
in Table 7.
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Guttman Technique

Student responses to the 11 items were analyzed using
Guttman Scalogram Analysis. This procedure was used to
determine the extent to which the 11 items could be arranged
in an ordering such that passage of a certain item celiably
predicted passage of all items lower in the hierarchy. The
proportion of responses to the item that can be correctly
reproduced is a measure of how well a set of items can be
ordered such that the response patterns form a triangular
array of a perfect Guttman Scale. This proportion is defined
as the coefficient of reproducibility (Rep).

The pass-fail patterns of subjects to the 11 items
were analyzed and permutations of the ordering of these were
formed until Rep was maximized. The revised ordering yielded
a Reproducibility Coefficient of .94k. The hierarchical
ordering validated by the Guttman Technique is given in
Table 8.

AAAS Procedure

The modified AAAS procedure described earlier was used
to measure the dependency of each item on its immediate
prerequisite. The items were arranged so that the consistency
ratio was maximized. The consistency ratios between adjacent
items of the revised ordering are listed in Table 9. All of
these values, except one, were greater than or equal to .85.

The adequacy ratios for the revised ordering of the 11
jtems are listed in Table 10. This ratio indicated, more
than anything else, a flaw in sampling. Since the relationship
(=+) is in accord with the hierarchical theory when using
test data, it was not expected or necessary for this ratio
to be as high (.90) as that recormmended in the AAAS report.
All of the values in Table 10 were greater then or equal to .7O.

The completeness ratios for the revised ordering are
listed in Table 11. No attempt was made at controlling or
maximizing this ratio. All values in Table 11, except one,
were greater than or equal to .50.

The proportions of positive transfer and the order co-
efficients as defined by Gagne and the authors respectively
are listed in Tables 12 and 13. Gagne's notion of propor-
tion of positive transfer was modified for use with test
data to derive the formmla for the order ratio. This ratio
indicated the proportion of the subjects' response patterns
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which were consistent with theory. The level of accept-
ability for this ratio was set at .9, as a lower limit.

A1l values listed in Table 13, except one, were greater than
or edqual to .90.

Textbook Ordering

Three elementary school mathematics texts were examined
to determine this ordering. The order of presentation of
the 11 subtasks in these 3 texts was very similar. In
examining these texts, it was found that all subtasks per-
taining strictly to renaming skills were presented in the
chapter preceding operations with rational numbers. None of
the 11 subtasks were treated in as isolated form as they
were represented in the hierarchy. For instance, adding
with two fractions having like denominators and adding with
three such fractions was presented as one unit. Adding with
mixed numerals (either 2 or 3 addends) which did or did not
require reducing the fractional parts to lowest terms were
all treated together.

All 3 texts presented addition with mixed numerals
where the sum of the fractional parts is greater than 1 as
the most complex skill in addition of rational numbers with
like denominators. However, such additions involving 2 and
3 addends were all treated together.

There were 8light differences in how the three texts
presented the 1l subtesks in the hierarchy. The textbook
ordering used in the present study was determined by choos=~
ing an ordering which gave the closest fit to that presented
in the 3 texts. The ordering resulting from this procedure
is shown in Table 14. In more than one instance, two or
more of the subtasks were integrated to form new subtasks.
Thus, the textbook ordering contained only 7 subtasks. The
instructional material for this sequence, however, was the
same length in terms of student responses as for the other
sequences.

Random Ordering

The 11 subtasks of the hypothesized hierarchy were
randomized to form this ordering. The resulting ordering
is shown in Table 15 along with the orderings generated by
the other procedures.

The index of agreement was calculated for each of the

7 orderings. These values are given in Table 16. The
index of agreement for the random ordering was .61l.

3B
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Pretests

Subjects to participate in the experimental study of
the effect of sequence on achievement, transfer, retention,
end time to complete the program were selected.on the basis
of their performance on two pretests. These tests were de-
signed to assess entering behavior. Pretest I was designed
to answer the question "Does the learner have the necessary
prerequisite skills needed to master successfully the skills
presented in the learning program?” Pretest II was designed
to answer the question "How many of the skills presented in
the learning program has the learner already mastered?"

Some of the items on Pretest I were judged more crucial
than others. However, in no instance was a learner accepted
who responded incorrectly to more than 7 items. Thus, an
acceptable score was defined as one ranging between 24 and
17 on a 24 point test. The proportion of subjects obtaining
each acceptable score on Pretest I are listed in Table 17.
Note that 87% of the subjects included in the study obtained
scores of 20 or higher with 23% having perfect scores. Only
13% of the subjects gave incorrect responses to 5 or more
items on Pretest I. The mean score on Pretest I was 21.84.

Pretest II consisted of 11 items assessing mastery at
each of the ll levels in the hierarchy upon which the learn-
ing program was based. The proportion of subjects obtaining
each acceptable score is given in Table 18. Note that 71%
of the subjects tested were unable to respond correctly to
any of the 1l items. Ninety-two percent of the subjects
gave correct responsesto 2 or less of the 11 items. The
mean score on Pretest II was 0.563.

One hundred forty-two subjects met the pretest criteria.
That is, their scores were between 17 and 24 on Pretest I and
between O and 4 on Pretest II.

The Effects'gg Sequence

The major purpose of the present research was an invest-
igation of the differential effects of sequencing instruc-
tional materials according to a learning hierarchy validated
by various procedures upon time to complete the program,
achievement, transfer, and retention. This research was de-
signed to answer the question, "Will one sequence require
less time to complete and maximally facilitate achievement,
transfer and retention?" The results of the effect of se-
guence upon these four variasbles are presented below. The
internal consistency coefficients for all tests used appear
in Table 19.
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Achievement

An achievement test displayed in Appendix C, was administered
one day following completion of the instructional program.
Of major interest wes the comparison of the logical sequence
derived using Gagne's task analysis, and the random sequence
group with all sequence groups. Planned comparisons (Hays,
1963) were made between the mean of the logical sequence
group on the achievement test and the means of all other
sequence groups. No significant differences, at the .05
level, were found between the mean achievement score of the
logical sequence group and the other sequence groups.
Similarly, no significant differences were found between the
mean achievement score of the random seguence group and the
other groups.

The differential effects of sequence upon achievement
were investigated using an analysis of variance design.
Identification of the groups is given in Table 20. The one-
wey analysis of variance on achievement is shown in Table 21.
No overall significant differences were found.

Transfer

A transfer test (Appendix D) on the subtraction of
rational numbers was administered on the day following com-
pletion of the achievement test. Planned comparisons between
the mean transfer score of neither the logical nor random
sequence groups with all other groups showed any significant
differences at the .05 level. The one-way analysis of
variance on transfer is shown in Table 22. No overall signif-
icant differences were found.

Retention

An alternate form of the achievement test administered
at the completion of the program was administered two weeks
after completion of the learning program as a retention
test. Using planned comparisons the mean retention score of
the logical sequence group was compared with all other means.
The difference between the logical sequence group mean (7.50)
and the textbook sequence group mean (4.95) was significant
at the .05 level. All other comparisons were nonsignificant.
| Similarly, comparisons between the random sequence group
mean and all other means were not found to ve significant.
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The one-way analysis of varienc. on retention is shown
in Table 23. The F-ratio of 2.12 was very near the critical
value 2.15 for significance at the .05 level. Thus, post-hoc
comparisons of all means using the Duncen Multiple Range
Test (Winer, 1962) were made. The difference between the
means of the AAAS sequence group (8.52) and the textbook
sequence group (4.95) was statistically significant at the
.05 level. Also the dilference between the means of the
AAAS sequence group snd the item difficulty sequence group
(5.37) was statistically significant at the .05 level. All
other comparisons were nonsignificant.

Time

Planned comparisons between the mean number of minutes
to complete the prograxmed instructional booklet of the
logical and random sequence groups and all other groups were
made. At the .05 level, only one of these comparisons was
statistically significant. Namely, the difference between
the mean time required to complete the program by the logical
sequence group (103.86) and the correlational sequence group
(135.33). The range of the number of minutes required by
each group to complete the instructional program is listed
in Table 2.

The one-way analysis of variance on time is shown in
Table 25. No overall significant differences were found at
the .05 level.

Further Investigations of Sequence Effects

Responses were first marked as incorrect if they were
not written in simplest form. Responses such as 9/12 or
3 11/8 were considered incorrect since they were not written
in simplest form. Examinaticn of the tests revealed that
many students scoring very low had actually mastered the
skills involved in rational number addition. However, due
to not following directions or having not mastered the renaming
skills subjects failed to write the answers in simplest form.
In order to assess more accurately the differential effects
of sequencing, two other scoring procedures were used. Too
many low scores due solely %o not renaming could obscure the
true effects of sequencing. A second scoring algorithm
gave one~half credit for responses which were.correct but
not reduced to lowest terms. A third scoring algorithm
disregarded renaming.
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The one-way analyses of varisnce on achievement allowing
partial credit and disregarding reducing to lowest terms in
scoring are shown in Tables 26 and 27 respectively. No over-
all significant differences were found in either case.
Planned comparisons between the mean achievement scores of
the logical and random sequence groups and all other means
revealed no significant differences in the means at the .05
level.

The one-way analysis of variance on transfer gllowing
partial credit in scoring is shown in Table 28. The differ-
ence between treatment means was not significant gt the .05
level. Comparisons of the logical and random sequence group
means with all other group means showed significent differ-
ences between only two pairs of means. The difference in
the means of the random sequence group (6.89) and the phi
coefficient sequence group (L4.76) was statistically signifi-
cant at the .05 level. A significant difference was found
between the means of the random sequence group (6.89) and the
textbook sequence group (4.52).

The ore-way analysis of variance on transfer disregard-
ing reducing to lowest terms in scoring is ghown in Table 29.
The F-ratio was significant at the .05 ievel. The Duncan
Multiple Range Test indicated significant difference between
two pairs of means. The differences between the means of the
random sequence group (8.26) and both the phi coefficient
sequence group (5.10) and the textbook sequence group (5.19)
were significant at the .05 level.

The one~way anslyses of variance on retention allowing
partial credit and disregarding reducing to lowest terms in
scoring are shown in Tables 30 and 31 respectively. The
F-ratio in the first case was near the critical velue for
significance at the .05 level. The Duncan Multiple Range
Test indicated significant differences between two pairs of
means. The AAAS sequence group mean wes significantly
greater than that of both the item difficulty and the text-
book sequence groups.

When disregarding reducing to lowest terms, the F-ratio
wes significant at the .05 level. Significant differences
between two pairs of means were found using the Duncan test.
The AAAS sequence group mean was significantly greater than
those of both the item difficulty and the textbook sequence

groups.
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Discussiqg

The reader's attention was directed toward two troublesome
problems with many studies of the effects of sequence reported
in the literature. First, in comparing the effects of a
logical and a random sequence upon learning, it was not
demonstrated that indeed a logical sequence and an unbiased
random sequence were being used. Second, in many of the
studies reported, it was suspected that too many of the sub~
Jects already knew much of the material presented in the
learning program. This study was designed to minimize the
possibility of these pitfalls.

The index of agreement was used to determine if the
hypothesized ordering developed through the use of task
analysis was indeed logical. That is, that it was hier-
archical in structure. The index of agreement was .87
which indicated that the observed response patterns of the
subjects correlated highly with the expected patterns in-
dicating that the logical ordering was logical. The index
of agreement for the rendom order was .6l. Thus, the logical
ordering appeared to have markedly more of the characteristic
of hierarchical structure than did the random ordering.

With the exception of the textbook ordering all other sequences
were validated empirically using various procedures. The
indices of agreement for all validated orderings were above

.85 indicating high correlations between observed and

expected response patterns. The index of agreement for the
textbook ordering was only .62, however.

Subjects included in the study had to meet stringent
criteria on two pretests. Namely, they had to have the
necessary prerequisites for undertaking study of the skills
presented in the instructional program, and they could not
have already mastered the skills to be taught. Thus, the
Probability was very low that outcomes attributed to sequence
were affected by the aforementioned problems.

On the other hand due consideration must be given to
two sources of artifact over which we had less control than
would have been desirable.

l. Teachers were instructed on the type and amount of
student help to provide. However, they reported that
learners in the random sequence group, who were asked
to perform certain tasks when they had not mastered
necessary prerequisites, were very frustrated. In
these instances, the teachers may have provided too
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much instruction making essessment of sequential
effects difficult. This could have accounted for
the absence of significant differences among the
mean achievement scores of the seven sequence groups.

2. Examination of subjects' responses revealed that
many students did not write the answers in lowest
terms. Again, the teachers were instructed to
stress directions and be sure all learners under-
stood what was expected of them. Thus, it might
be concluded that the lessons pertaining to reducing
to lowest terms were not adequate in terms of
allowing for enough practice and repetition. How~
ever, when allowing partial credit or disregarding
reducing to lowest terms in scoring, still no
significant differences were found on immediate
achievement.

Neither planned nor post hoc comparisons showed any
significant differences between the logical sequence group
and the other sequence groups on achievement, transfer, or
retention. The logical sequence group did require signifi-
cantly less time to complete the program than did the correla-
tional sequence group. This suggests that careful task
analysis of instructional objectives can be a powerful tool
in devising optimal instructional sequences. In fact it may
mean, in terms of overall cost, that careful analysis of
the instructional objectives to reveal the prerequisite sub-
tasks is an adequate procedure for developing a valid hierarchy.

Conclusions

Within the limitations of this study the results seem
to Justify the following conclusions:

1. The overall efficiency of the learning process,
using programmed instructional materials, can be
affected by changing the sequential ordering of the
subtasks.

2. Sequence, even if random, has little effect upon
immediate achievement. :

3. Retention appears to be the variable, of the four
under study, most susceptable to sequence manipulation.

Ik
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4. No sequence maximally facilitated achievement,
retent.on, and transfer, and required less time to
complete. However, based on the group means, the
AAAS procedure yielded the best sequence cverall.

5. - Textbook authors may need to give more careful
consideration to the sequencing of subtasks
within major topics or subdivisions of a chapter.

6. Optimsl instructional sequences can be derived
using learning hierarchies validated from test
data.

Recommendations

The results of the present study suggest that sequence
effects the overall efficiency of the learning process.
The fact that no differences in immediate achievement were
found between the random sequence group and the other hier~
archically ordered groups may have resulted from sample size
and the complexity of the skills involved. The effects of
sequence should be investigated by replications with more
complex skills involving longer learning sequences and
larger samples.

Further research should attempt to determine the effects
of sequence upon the total learning process with students at
different achievement levels in mathematics. That is, con-
sideration should be given to the effects of sequence upon
the attitudes and anxieties experienced by learners in differ-
ent sequence groups, the interaction effects between sequence
and ability, and the effects of sequence upon immediate
achievement, transfer, and long term retention. The effects
of sequence upon learning mathematics should be investigated
at both the secondary and elementary school levels. The

" effects of carefully sequenced instructional materials

according to validsted learning hierarchies on the performance
of the slow learner and the remediationsl value of such
instructional sequences should be investigated thoreughly.
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APPLENDLA A
STATISTICAL TABLES

Table 2, Observed Pevalues,

Item Number Pevalue
passing item
1 158 9?7
2 149 9
z 129 79
3 169
g 50 .58
7 85 52
9 & %3
10 66 A0
11 66 0

Table 3. Hierarchioal erdering of P-values.

Item Number Sa Pevalue f
passing Item

1 158 .

: i B
. 149 «89
3 129 79
2 13 o6
8 90 .55
1 : F:
10 44 .
11 6 .
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Table &4,

Correlation matrix for eulster 1 and the hierarch-

leiﬂ 5.

fiocal ordering.

b § 2 3 &
1l 1,00 «89 17 50
2 1,00 1) Y
3 1.00 .M
L 1,00

oxdering
Iten Phi

W DM
!//\v/\\
E &

Correlation matrix for cluster II and the hier-
archical ordering.

D~ ™

52
- Ob

5 [ yd 8
1,00 »59 69 72
1.00 ,a6b 967
1,00 «89
1,00
ordering
Item Phi
5 072
8 —"
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" 8
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Table 6,

Correlation matrix for oluster III and the hler-

archical ordering.

9 10 11
9 1,00 72 74
10 1,00 Y
11 1,00
oxrdering
Item Phi
: -d'/.?“
u - V9%
10—
Tadle 7. gio:ltohloll ordering generated by the phi coeffic-
m<e
othesised Validated ordering
H’:rdoring using Phi

bt g

gzwommurnw

57°
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Table 8, Hierarchiocal orderinyg generated by the Guttman

Teshnique,
Hypothesised Validated ordering
ordering ' using Guttman Technique
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Table 14, Textbook ordering.
Hypothesigzed Textbook
ordering oxrdering
1 5
2 9
3 3
s 1,2
5 6
6 4y7,8
7 10,11
8
9
10
11

Ba
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Table 16, Indices of agreement,

Validation technique

Index of agreenmsnt

loglionl (task analysis)

Item diffioculty

Correlation (phi coefficient)
Guttsan technique

Textbook ordering

AAAS approach

Random ordering

«87
+88
«87
+88
+62
87
61

62
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Table 17, Proportion of sudbjects obtalning aocceptable scores
on Pretest I (N = 142; 24 point teat).

!
|

Accuptadble Proportion of S§ llean score on
goore obtaining score Pretest I
2h 23 21,84
23 «18 |
22 24 i
21 o 11 ;
20 11
19 «05 '
18 oOL

17 . .04.‘-

4 Table 18, Proportion of subjects obtaining acceptable scorba
on pretest II (N s 142 11 point test),

Acceptable Proportion of Sg llean socore on
soore obtaining score Pretest II

«71 04563
12
.09
« Ok
o O4

£ W= O

e

63

o Y




Table 19, Reliability of measurcments, f

Test KR«20

Hierarechiecsl analyses «81
Achievenent oS
Transfer 91
Retention «93

©

ERIC | ]
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Table 20, Identification of graups,
Numbex of Desoription
group
1 Logloal sequence
2 Cuttman Technique
3 Random
L Item difficulty
5 Phi coefficiaent
6 Textbook
4 AAAS approach
Tadble 21; One-way analysis of variance on ashievenent.
Souroce of MS ar F P
Variation
Treatments 18,83 6 1.458 «1992
Experinental 12,98 135
error N
Group Means
1 2 3 4 5 6 7
6,23 4,84  6.47 Se21 6,05 Slh 7,62
65
69
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Table 22, One-way analysis of variance on transfer,

Source of IS arf F P
Variation
Treatments 11,30 6 1.43 «2051
Experimental 7.88 135
exrror
Group Means
1 2 3 b 5 6 7
5.05 4463 5426 3495 3.67 357 S5e2h

Table 23, One-way analysis

of variance on retention,

Source of MS ast F )
Variation
Treatments 33,61 6 2412 0542
Experimental 15.84 135

error

Group means

1 2 3 L 5 6 7
750 7.32 6,89 5437 762 4,95 8,52
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Table 24, Time required to complete instructional program.

Group Time in minutes
minimm maximum range
1l 70 205 135
2 70 120 50
3 67 191 124
) 66 230 164
5 75 230 155 4
6 87 230 143
7 65 230 165

Table 25, One~way analysis of variance on time,

Source of MS af F P
Variation A
Experimental  1498,99 135 |

eoxrror

Group meana
1 2 3 4 s 6 7
103,86 101,95 114,16 126,11 135.33 117,24 122,86

67
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Table 26, One~way

analyeie of variance on achlevement

(partial oredit).

Source of MS ar F P
variation
Treatments h3.21 6 1,688 01278
Experimental 25,60 135
error
Croup means
l 2 3 I 5 6 7
P68 T7H2 9489 7.05 B8:67 7:81 11,04
Table 27. Ono-wli analysis of iance on achievement
(reducing disregarded),
-
Source of NS ar F P
variation L e
Treatnents 7143 6 1,70 +1259
Experimental 42,12 135
error
Group means
1l 2 3 4 b3 6 7
11,91 9,68 13,08 8,47 11,00 11,10 14,05
.
Q . '’
ERigI 7e

Full Tt Provided by ERIC.




Table 28, Ono_wax analysis of variance on transfer (partiasl
credit

Source of MS ar P P
Variation
Treatments 19,97 6 1.89 . 0870
Experimental 10,59 135

error

Group means
1 2 3 L 5 6 7
6.27 5.89 6.89 5.00 L,76 4452 6,86

Table 29, Oneeway analyeis of variance on transfer (reduiaing

disregaxdod),
Source of Ms ar F P
Variation :
Treatments N.43 6 2.17 <065
Experimental 14,31 135
error

Group means
1 2 3 b 5 6 7
7.05 6.84 B.26 5.95 510 5419 7.86

69
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Table 30, One= snalysis of variance on retention (partial
Oﬂdm °

Seisze of MS ar P p
vVariation
Treatments 56,32 6 2,14 20525
Experimental 26,35 135

arryor

Group means
1 2 3 b s 6 7
10,91 10,26 9,70 7.84 10,81 7.57 12,10

Tadle 31, Onewway analysis of variancs on retention (reduc-
ing disregarded),

Source of M5 ar F )
variatien
Treatmonts 95408 6 2425 <0416
Experimental  42.24 135
- errer

| Group means

f 1 2 3 4 5 6 7

14,23 12,84 12,93 9,68 13,90 10,00 15,48

70
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APPENDIX B

HIERARCHY FOR THE COMPUTATIONAL SKILLS OF
RATIONAL NUMBER aDDITION

TERMINAL TASK

Addition of rationsl
numbers with like
denominators

-

Sums requiring reducing
and addition

10 1l

Reneming improper
fraction as a
nixed numeral

Sums requiring
reducing

T

9 ) 1 H
6 8
Reducing to _ Sums in lowest
lowest terms. .. SRS terms
5 1 | | |
' 1 2 3 b
Basic whole number o Basic concept
. aritmetic e of fraction




2e

3.

4.

by

IDENTIFICATION OF HIERARCHY CELLS

Adding with two fractions having like denominators
where the sum requires no reducing.

Ium» Ne hv

Adding with three fractions having like denominators
where the sum requires no reducing,

J” g~ d-

Adding a rational number named by a fraction and a whole
number. ‘

2

DS Lo

Adding with two mixed numerals having like denominators,
3
2 %

Finding equivalent fractions by dividing both numerator
and denominator by the same number.
6 [

=3

Adding with twe r'raetions with like denominators where
the sum vequirves vedueing to loweat terms,

t

h

S———————




Te

Be

9.

10,

1l.

e e

Adding with. two mixed numerals with like denominators
where the sum of the fractional parts requires reducing
to lawaet terms S .

) 4

Yo [

52
Adding with three mixed numerals where all denominators

are alike and the sum of the fractional parts requires
reducing to lowest terms. , )

3%
43 ;
2%— \

Changing names from an improper fraction to a mixed

numeral.
12 _ 8 E%l _
B""E* -

Adding with two mixed numerals where the denominators
involved are alike and the sum of the fractional parts
is greater than 1.

2§

Adding with tiaree mixed numerals where the denominators
involved are alike and the sum of the fractional parts
is greater than 1.

73




- PROGRAMMED

- SKILL

ArrpnnNLA v

PROGRAMMED INSTRUCTIONAL SEQUENCE

ADDITION OF
FRACTIONS

BUILDING

SEQUENCE A
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Lesson 1
1, Study this picture.

(a) How many parts of the same size are theme? ____
(b) How many parts are shaded? ______
(c) Wnat part of the whole shape is shaded? e

(d) A name for three fourtha is 3.
L

3 Tln3temhowmpartauaareuoingo
44, The 4 tells the number of parts in the wholse.

The numeral 3 is called a fractionm.
l‘ .

3 &9 numerator
& ¢y donominator

Each fraction is made up of two numsrals which nams whole
numbers. The number named above the bar is called the
—— e » The number named below the bar is called the

°
A G

2. Wha! part of each shape is shaded?

-y

(e) (4

——:
3. Name the mumerators.
{a) 1

2

® 3 . () 5 _____
8

(a) 2 ._.__.(b) & —— (c) b o
9 5 7 ‘

S S

ANSHWERS

(»)
(b)
(c)

W

numerator
denocainator

-

(a) L (v)
2

wWin

(o) 1 (a)
L

O an

(a)1 ()3 () 5

(a) 9 (&) 5 (c) 7




.

4o

5.

Complete the table.

(a)
(b)
()
(a)
(e)

(?)

Hov; can wo add? Usc the pistures to help you find the |

Fraction ¥ read

2 two thirds
3

a2

8

b

9

i

2 one half

three fourths

Tive o;nntha '

sum of i“ g,o
8 8

Use the shaded portions to help you find these sums.

(a)

(b)

‘ @ poy- o

ANS: i

(b) five eighths -

(¢) four ninthe

< &

(a) &

(®) 3

\n

famey ey

]




.

7. Use the number line to help you find thess sume.
(a)

{(b)

W N L a3
EEEEEEZESNNG

8. What have we disocovered? Whsn the denomirators are the

same, wo (dd the numsrators. We keep the same denominator .

Eﬂlph= “-{-1-‘-’?—1- -._:_—_
9 9 9 9

A
9
+ 2

9

9. Find the sums. Remeaber! When the denominators are the
sams, wo add the numeretors and keep the sams denominator.

(a) (b) (e) (d) fs)
Vi oM} @ @i @y
3 2 g2 &
77

81

IRERINES

(a)

=

(a) 5 (b) 3
9 7
(¢i 7 (@) 7
8
(o) 9.
11




Lesson 2
1. Use the shaded portions to help you find the sum.

2. Uss the number line to help you find the sums.

TN S

L L e £¢ 84y
%_#t%ﬁ“‘ftr‘:’t%%ﬁ'ﬁﬂu K1 6




. Howdomaddwtthtmhmtimhavingnbdqg-imm?
Add the and woep the same

h. Do you add the same way with three fractions having like
denominators?

Example: 2 4 f+ L= 2+ 4) +1
9 9 9 9

9 9

g - -

5 Pind the sums.
(VI W 1)
26

\O s on- O
*RBIv o~

79

numerators

denominator

yes

-



Teaen ?

1. How do you add 2 and 3? Use the pictures %o lwip.
8

Note that represents oms whole.
Does § _ 1?
8 - R

In the picture above we have two wholes and 3 of anothsr.
' : 8
Does 2 + g - 2%? .

2. Use the pictures to help you find the sum.

A- h-. 1. 1
kA i 1 + 1 +

t
+

=i
{
N

l

ANE RS

RN

e L

e "l?“;. .-' .




Anmrdlﬁa%i&cﬂhdammn Cer: you

guess why? 2% is read "two and one fourth."
3. What have we discoversd? The number repressnted by 2 + %

is the same as the number repressented by the mixed nuaeral

2

(b) Doss ig=4+g2 __

4. Complete the following-
(a) 3% -3+

(b) 2%-2+

(c) sh - ————

(4) a+§-L[:

(o) 1+§-____'__‘.'
(£) 1=
5- Add: ‘
() 2 (®) & (c) 8 (@) 11
3 i e 3
J— — e . - —3
(o) () ) )
b owmp @y w g
i i T A2 i

(a) What mixed numeral names the same number as 4 + é? 3

E RETIACE

az- (we .may "fcur
and five sixthe"]

yos

() 24 (o) i
() 8 ()1

(o) 45 (£ 5

(g) 12% (h) 3%6-




lesson 4

1. Mrs. Jonss hase 2% appls pies and 1% cherry ples.

(a) How many whole pies does she have?

(b) Hote that each small piecs is % of a pie. How
many pieces of this sise are there?

2. How can we find how many pirs Mrs. Jones has 1n all?
Study the pictures.

(a) First, add the whole ples. 2+ 1= __

(b) HNext, add the pisces of pis. 3 4 L. ____
5 5

(¢) Mrs. Jones has whole pies and

___6!_ another pie. 1Im all she has

3+ ‘5‘.-.___ ples.

82

ANSWERS

(a) 3
(dv) &

(a) 3
(®) ¢

(e) 3

Wi we

i
iy




ANSHENS -

T e

3. Remember! 2 =2+gand =1+l
'rmm,ag-z-rm . 3

e e

5
l; +1%-1+E 1
2.
g 3 +D-3::l
| 5 5 L, b
P | Mrs. Jones has pies in all. - 3?

(a) Nams the sum represented in each shaded box.

Rpte—rcoy:

Y

9

+ &
9

Dnu:%+%.-sg?__-_ | .. yu.

(b) What have we discovered? To add with two mixed
numerals, first add the

« Second add the fractions
- gnnbora.. whole

i &

5
H +5 + ; 9
+ 3 —— -
f% 7" " : | ' Kl) 5()9 (3) 95
- 83

87



ANSWERS

4. PFind the sum.
(a) 2% (v) ) (c) 68- (a)%

1% 2% . (b)) uls

|
|
3
|
i




ANSWIERS
lesson 5 ]
1. Study these pictures.

(a) What part is shaded? (a) .i.-

(b) What part is shaded?

(¢) Does 2 and ) represent the same part of the region?
[ 2

—  Doss 2217 —
L 2

(d) Does 2+2 m 1 ?
L2 2

2 and ) are called equivelont fractions. They name the
4 2
the sams number. '

(a) How many eighths are shaded? ==E

Hew many sixteenths are shaded?

A fraction equivalent to az_ is ___ .
. 1 .
Another fraction oquiuloht to % 18 .

(o) Don%%_%?

What have we discovered?
The number the fraction represents doss not change when you
divide both — and by the

same number.




3. A fraction is in lowaest lermg if there is nc whole
numbar other than 1 that will divide Loth the numerator
and denominator.

Examples: (a) ] is in lowest teruss since no whole number
4

L.
(b) & is not in lowest terms since 2 will divide both
S v

the 6 and the ' 8,
6+2 .3,
8¥2 |

Are 6 and 3_. equivalent fractions?
8 L

Is 3 in lowest terms? _______
4

Ie 3 in lowest termm? _____
9

————

h. Find ths missing numeral for each |to show how to rename

these numbers in lowest terms.

o) aeldo2 (v) jﬁ)_f_%-%

5. Write these fractions in lowest terms.

(a) ;._D* (®) 3__
8 2 18

(e) ﬁné (d) 3__
8 12

OO -0

86

90

other than 1 will divide both the numerator 1 and the denominatmv

ANSWERDO

(b) numerator

denominater .

yes
yes

no (Since 3 will
divide both 3 an

(a) 2
() 5
(¢) 3

(a) 1
(b) 1

(¢) &
(a)

=

9




(o) & .~ o
) 5 (£) %- (e)% () 1
3
(g) br - (h) &
8 - (s).}: (n) 2
3
(1) 5 '
5= :3% (1)% (3) &
5
(k) 3%. ' (1) 18
1
87
91




lesson 6

1. How do we add 3 and 4? When the —
' 8 8

are the same, we add the . .

Wo keep the same .
so, 3,4 L]+
8 8 2 - T

Is 7 in lowest terms? __
8

2. let's add 3 and 3. Use the pictures to help you find the
8 8

sun.

i

3 -+ 3
8 8

Is 6 in lowest terms? ______
8

What fraction is equivalent to 6 (Use the picture to ‘gee the
8
answer )?

3 is the eimplest name for 6.
4 8

1f your best friends were named iaura Melinda Williamson and
Danial LeRoy Applegate, you would not c=all them .by their full
names. Instead you would simplify their names to Laura and

Danny. When we add with fractions, we will name the sum by
its simplest na.m We write the answer in

AVISWERS

denominetore

numerators

denominator r
34, 1 |
8
yes -
i
|
|
6 .
[

No, since 2 will
divide both 6 ..
and 8. f

=

{oremy

i“mm

lowest. terms




Thus,
3.+1n§- + | ——
8 8 8 8+

3. To add with fractions having like denominators: (1)
add the numerators (2) keep the same denominator, and
(3) write answer in .

Example : iz»,i_-ﬁ..-g_-'.-_ﬁ-l
16 16 1+8 2

gz in lowest terms is ], They are fractions.
2

Add. Remember! Write answers in lowest terms.

() 1 (b) 3
9 8

O,
9 9-:—[]6 ‘

) 3. @) 4

10 . 15

5 8

ke g

(o) gz_ (£) %

3 En
2

89

{a)
‘.(".b:;

ANSHWEL'S

&1

lowest Zerms

equivalent

(c)

wEs DN~ W

i

o~
a

rd
ni~

(e)

i

(£) 1

xR
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gt e e
J o et



Lesson 7
3 1
l. Iet's .ad.d l‘8 and 55

" (a) Doss 4 =4+ 3?2 ——
(») DoesSé-S-f%? ——
(e) %ﬂht@.

_%-5+Q-.
—8
R =A—

(d) .Is there s simpler nams for 4?
: 8

(e) Write 4 in lowest terms. !Bh' -
8

So, ¢

- 2, Adé. Write answers in lowest terms.

(a)
1025 -

(v) 172- : | (c) 8,]:
% 25}

PN *

(a) yes

(v) yes

() 31,4 %]

(d) yes [

R




(@) 3
1} () 55 .
% ANLIFDS
(d)
,%—.
—_ (o) &2
() 1%
. a) e
35
: (1) 12
— (g) 11%
{
90




Lesson 8

1.

Name the sum.,

/muutmti:> "
fractional parte

N

Step 1: %+%+§.

Reducing to | _
lowest tsruy

Step 3t 3 + L + 2 =

uddin; whole number
sul to fractional

part sum

Botep 43 9+ § = :

92 .

96

ANSYERS




i eeam ey WS N EE e

b k2

e —— _— - —— ] | Semvany

(b) MName the sum represented in each shidsd box.

Mo Bp

9, 3, 23

A

(a) 3

) 233




ok

98-

() 602

.(3)13§

(h) zz.lzl

(1) 17L&




Lesson 9
1, Use the pictures to help you answer these Gusstions.

(n)'m How many thirds ere shaded? ___

(v) Hoym}bmoml:buf___

((e) }+§-+§-m.

- How many eixths are shaded?

’ 2." cﬂplﬁt. tb fQMG

wi-O0 @3-

(e) 2 =]
Ol

(o) -m-l (r) g |

What have we discovered? When both the mmerator and the
denaminator of a fraction are the same, the fraction names
the whole mmber ______ . '

3, Ji-m}mm. Uss the shaded portions to help
mﬁnﬂao:lnhr'm-tprz.

(s) How many fourths are shaded red? ____
(v) m}mmm ‘ candy bar,

(d) 2= =1
M|

(c) How many fourths are shaded green? __
(d) Hqw many fourths are sheded in all? _____

95
99

(a) 1 () 2

()2 (a) s

(o) 8 (£)15

ons whole



E———

@ gebeninbl

(£) Jim has cme and

___ canvy bars.

L. Use ths shaded partions to
that namee tiwv sams mmbsr

lp you write a mixed numeral

“?—1

o p-1--OR-OF]

(d) %- + . -

. Use the shaded porticns to help you write a mixed numeral

tbstnﬁoth.'mmnhorugn

| ANSWERS

1, 3
three fourths

8, 3, 13

(a) 2, 1, 2, 1%

() 3,

no, 1

(e) 2,1, 2, 1p

(d);..;..ﬁ

by 4, 1

1,1,2,1,2%

i 3
Aeiiitiad 1




, ‘ | Auswess \
7. V¥rite mixsd mumerals for each. Remsnier! Write
fractional part to lowest terms.
b
(.) Bn»-g'l'%— l+;-1%
(b) 2-i+g-.—.—_ ‘;. 1%
5 5 5
0 pop o PO [
2 ‘ 3
(0)_3_-_____ — 1&
1
® W _ 23
) 2
- 2
e— 15

101




Lesson 10
1, Name the sum,

(a) 3;

&
57
)
7
(b) Note that the mumerator of the fraction ].],. is

than the . Fraoctions of this
tﬂmtxmﬁdu

99u;a:hplornnufor8%l.

2. Compldte the following.
10 2

g
QOO .
OrC (5T B

(a) 1

(b) greater

(c) &, &

() &, 9%

17,
7, 17, 1

4




() 4, 1,13

(e) 2, 1,2




100

104 -

1) s

4 i

N

2
(a) Lb 9
(o) 16%
(£) 193

L

(8) 79§

() 16%

(1) :.sg

%-s;rmﬁ

£

' .
bty




S

b .
ANSWERS
Lesson 11
1. Name the sum represented in each shaci>d box.
| 7, 2,
| 12
= e
1 §+ 12 13 -
Thus 7 %
. 3
1 &
5

() B

3

&
BN =g W=
‘ %, n,
\ 2 L
12

101 -




(a) 63, 1,
63, 2

63, 1
" 65k
653
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103

107
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53;



ArreNnDLAs D -

TESTING INSTRUMENTS

RATIONAL NUMBER ADDITION

Name Grade
Teacher » School 1
Add:
1 2 1 2
- I 5 T
= + +
I
5 1 2 4
* T IO i - I3 l
o + ~r |
—% - —Ir :
3. 2 3 T ;
+ + + :
4 3% 4+ % 10 $y :
2 4 9% 34 :

- 168




5 Write these fractions in lowest teims:

6 _ 6 _ 5 _
5~ = = 5 = 5=

Qdd. Write answers in lowest terms.

6. s I 2
5 5 k.

7. 43 8 Iz 13 ¢
5§ 3 2 7%

8. 3% 7 35 22 ¢x
'3 1 3 x>
2 2 6 Iz 1712;5

9; Write mixed numerals that stand for the same number as

each of these fractions.

}- 2 - -

105

ERIC ' 109



10. 3§
2 §
1. 7%
45
2 4

Add. Write answers in lowest terms.

15 §

7
63

106
110




RADTIOUNT. WIIRIM AMDT TN

Pretest I
ame Teacher
Grade ' School

1. Circle the numerals thet are fractions.
1 £ ‘ 3

2. OCircle the pictures which show thirds.

3. liatch cach numeral with the shaded part of a shape as shown.

111




A

4, Write the numeral that names three eighths,
5. Write the words that name 1‘;'-
6. PFill in the to make these sentences true.
1= 4 _
-6 1~
T. Add,
4 21 ' 14 39 605
5 + 5. + 27 + 86 3
+3 | + 74
8. Divide.
4 - 2 = 9 + 3 = 12 + 4 =
18 + 3 = 42 + 3 = 54 % 2 =

por—i  eemm e A ED SRS Ree




RATIONAT MUTMRTR 1ODITION
Pretest T1
Name Teacher
Grade School
Adaq.
1. % 2, -% 3. 4
2 + 3
+ 2 5 7
+3
5. Reduce to lowest terms: g =
Add. ‘rite answers in lowest terms.
6.% 7. 9%6
5 2
* g *4 15
9., Write as a mixed numeral: '%2 =
Add. Write answers in lowest terms.
10. 11% 11. 12.?
+ 15 g 5 g
*3’57

N
3

K-
~w

-
o o o




RATIONATL NUIIBER ~DONDITION
Achievement Test Form A

Name Teacher

trade School

Adds Vrite answers in lowest terms.

1. 8% 2, 6%-
9 7 3 £
4 3 5. 8 2y
2 6
i 10 3y
5
7. § 8. o
2 4
3 Ko}
2
0
\
\ 110

114

3. 8.}2

3 1%

9 35
6. 2

1

8

9. 11%

4 g



111

115

Aruitoxt provided by Eic:

E




RATIONMAT, MUIMBER SUBTRACTION
Transfer Test
Name Teacher
Grade School
Subtract. Write answers in lowest terms.
1. 3 2. 17;
~ 2 = &
7 o )
o 5. 9%
_ 4
T ~-23
R
T0 -2
10. 15-}%
- 4
® 13
4
112

I"‘ | o 116

3. Sgl
-'3%
6. 7%



RATTIONAL NUBER ADDITION
Achievement Test Torm B
(Retention Test)

Tame Teacher

Grade School

Add., Vrite answers in lowest terms.

1. § 2, 7% 3. 12 ¢
4 ' 5
8 53 5%
4. 10 25 5.97; 6. 6.}1
9 2 i 2 3y
) _
7 T 8 41
7. 5 8., 732 9. 73
4 11 1
1 4 15 2 5
10
2 15
113

117




106

SR

12,

ko <o AHpo

11,

15.

afon

14.

11 g

4

13.

<

Moy Aoy

A <R

18.

<o aujon

(o)

17

16.

4

114

118




