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FOREWORD

Review of Academic Mathematics is a first semester course in
the RAM-Trig, sequence designed for those students who have had
Algebra II and Geometry, but whose background is still not adequate for
Trigonometry. This course emphasizes those concepts and skills
prerequisite to the study of Trigonometry. Topics such as operations
on algebraic quantities, functions, geometry, and logarithms are
included.

The time allotment and sequence of topics are suggestive. The

teacher may adjust these according to the needs of the students. Some

topics require supplementary material which may be obtained from
your department chairman.

Materials
CODE:

WKP Basic Text: Welchons, Krichenberger, Pearson
Algebra, Book Two. New York: Ginn and Co. 1957

Supplementary Materials
(For distril-ution to students)

App I Appendix I: Special Right Triangles
App II Review of Elementary Set Concepts
SMSG SMSG: Inequalities
VB Relations, Functions and Graphs

References
A 0 Allendoerfer and Oakley. Principles of Mathematics
VGF Vanatta, et al. Algebra Two, A Modern Course, new edition
I A Adler, Irving. The New Mathemati-,s
D Dolciani, Mary P. Modern Algebra Book I
DB W Dolciani, Berman and Wooton. Modern Algebra Book II

SMSG: Geometry with Coordinates
JDD Jurgensen, Donnelly and Dolciani. Modern Geometry:

Structure and Method
R Rosenbach, et al., Plane Trigonometry
H Heineman. Plane Trigonometry With Tables
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REVIEW OF ELEMENTARY SET CONCEPTS

1. Member Each object in a set is called a member (or element)
of the set.

2. The symbol " " means "belongs to" or "is a member
of" or "is an element of. "

3. Set Notation (1) The phrase method
Example: the set of the (names of the) vertices of

AABC

(2) The roster (listing) method
Example: Using the same set as in (1) above:

{ A, B, C }

(3) The rule method
Example: Using the same set as in (1) and (2) above:

{ x I x is a vertex of ABC }
This is read as "the set of all x such that x is a
vertex of triangle ABC.il

4. Infinite set A set which is unending is called an infinite set.

5. Finite set A set in which the members can be listed and the listing
terminates is called a finite set.

6. The empty set The set which contains no members is called the empty
set or the null set.
The symbol for the empty set is "clo"

7. Equal sets Two sets are equal if and only if they have the same
member s.

8. Subset Set A is a subset of set B (denoted ttACB II ) if and only
if each member of A is also a member of B.

Every set is a subset of itself; that is, if A is a set,
then AC A.

The empty set is a subset of every set; that is, if A is
a set, then ci)C A.

Set A = set B if and only if AC B and BC A.
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9. Disjoint sets

10. Inter section

11. Union

Set A is a proper subset of set B if arA only if there
is at least one member of B which is me. a member of A.
Examples: Let A = 1, 3, 4}

B = { 1, 2, 3, 4, 5 }
C = { 4
D = { 2, 5, 4, 3, 1

E = { 3, 5, 6}

Two

Then, AC B ; CC B
AC D and DC A; hence A = D
A and C are proper subsets of B
ACA; BC B; CC C ; DC D ; EC E
4 is a subset of every set A, B, C, D, E,

But Eq B ( E is not a subset of B)

sets which have no members in common are called
disjoint sets.

The intersection (denoted by "n II) of two sets A and B
is the set consisting of all the members common to A
and B.

Symbolically, A nB ={ x x -G.' A and x L B}
If A and B are disjoint sets, then An B =
If two sets are said to intersect (verb form), then thcir
intersection has at least one member; that is, their in--
tersection is non-empty.

Examples: Let A = { 1, 2, 3, 4, 5 }
B = { 3, 4, 6, 7, }

C = { 1, 3, 4, 8}
D = { 10, 11, 12}

Then, Bn C = { 3, 4 }
An c = { 1, 3, 4 }
Bn D =

The union (denoted by "U " ) of two sets A and B is the
set consisting of all the members which are in at least
one of the two given sets A and B.

Symbolically, AUB={x x E A or x E B}
Observe that the connective "or" in mathematics is used
in the inclusive sense; that is, x is a member of A or x
is a member of B or x is a member of both A and B.
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12. Cartesian
Product

13. Relation

14. Domain of a
relation

15. Range of a
relation

Examples: Let A = 1, 2, 3, 4, 5 }
B = { 3, 4, 6, 7}
C = { 1, 3, 4, 8 }

Then, AU B = { 1, 2, 3, 4, 5, 6, 7
BU C = { 1, 3, 4, 6, 7, 8 }

}

The Cartesian Product of two sets A and B (not necessarily
different) is the set of all ordered pairs in which the fir st
coordinate belongs to A and the second coordinate belongs
to B.

The Cartesian Product of A and B is denoted as:

A X B (read "A cross B")
Example: Let A = { a, b, c, } and B = { 1, 2 }

Then, A X B = { (a, 1), (b, 1), (c, 1 ), (a, 2), (b, 2),(c, 2) )

A relation is a set of ordered pairs.
or

A relation from A to B is a subset of A X B.

Example: Let A = { a, b, c }; let B = { 1, 2
Some relations from A to B are:

Relation R = (a, 1 ) , (b, 2), (c, 1) }
Relation Q = { (a, 2) }

Relation T = { (a, 1), (b, 1), (c, 1) }

Of course, A X B is also a relation.
Also, the empty set, 4), is a relation.

The domain of a relation is the set of all the first coor-
dinates of the ordered pairs of the relation.

The range of a relation is the set of all the second coor-
dinates of the ordered pairs of the nitlation.

Example: Let Relation T = { (a, 2), (b, 3), (a, 5), (c, 2) }

Then, Domain of T = { a, b, c }
Range of T =
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16. Function : A function from A to B is a special kind of relation such that
for each first coordinate there is one and only one second
coordinate.

Stated differently, no two ordered pairs of a function may have
the same first coordinate. Hence, the first coordinates in the
ordered pairs of a function must be differe,,t. However, the
second coordinate may be the same.

Examples: D = { (1, a!, (2, b), (3, c), } is a function.
E = r (1, a), (2, b), (1, c) is not a function;

it is a relation.
K { (1, a), (2, a), (3, a) } is a function-- -

in a particular, a constant function.

Note: Domain of K = { 1, 2, 3 }
Range of K = { a }

I = { (x, y) I y =x} is a function.

Note: Domain of I is the set of real numbers.
Range of I is the set of real numbers.

17. Tests for a
function (a) The ordered pair test

A relation is a function provided every first coordinate
is different.

(b) The vertical line test
A relation is a function provided every vertical line
intersects the graph of the relation in exactly one point.
If at least one vertical line intersects the graph in more
than one point, then the graph does not represent a
function, but a relation.

18. Comparison of
f and f(x) In the function, f = { (x, y) I y = 5x }

(a) the function f is the entire set of ordered pairs.

(b) f(x) is not the function.

(c) "f(x)", "5x" are different names for the second
coordinate. Thus the function f might be written in
different forms, as:
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f = { (x, Y.) I Y= 5x

or
f = { (x, f(x) ) f(x) = 5x }

or
f = { (x, 5x) x is a real number }

(d) The function is not "y = 5x".
Instead, "y = 5x" is a sentence which defines
the function. This sentence assigns to each real
number used as first coordinate another real
number 5 times as large for its corresponding
second coordinate.

"f(x)" is read "f at x" or "f of x" or
"the value of the function f at x".

The function, f = (x, y) y = 5x } is read:

the function f defined by y = 5x

-6-

41



HOMEWORK ASSIGNMENT

Study assignment: Study pages 1 - 5 in this Review of Elementary Set
Concepts

Written assignment:

1. Construct the cartesian product of A x B where
A = { r, t, k } and B = { 6, 16, 1526 }

2. Construct the cartesian product of R x S where
R = 0, 2, 4, 6 } and S = { 1, 3, 5 }

3. Construct the cartesian product of E X D where
D = { a } and E = { 1 }

Directions for Examples 4 - 13:

Each of the following relations is a relation from R to R where R is
the set of real numbers. In each example, complete the following parts:

a. Draw the graph of the relation.
b. State whether the relation is a function.
c. State the domain of the relation.
d. State the range of the relation.

4. R = { (a, y) I y = x }
15. S = { (x, S(x) ) S(x) =
2

x }

6. T = { (x, y) j y > 5x }

7. U = { (x,y) Y =x2 }

8. V = { (x, V(x) ) V(x) = 2x - 5

9. W { (x, y) I y = x3 }

10. X = { (x,y) x2 + y2 = 25 }

11. Y = { (x, y) I xy = 12 }

12. G = { (x, G(x) ) G(x) = 5 }

13. H { (x, y) x = 3 }

}
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Trigonometric Functions

Let P with coordinates (x, y) be a point on the terminal side of an angle with
measure 0 in standard position. Let r = \Ix 4 + y2 represent distance of P
from the origin. /I\

1. The Sine Function O
\l/

Sine (or sin) = { (0, sine) I sin 0

Observe that:
(1) 0 is a number----a number that measures the magnitude of the angle

in degrees or radians.

(2) sin 0 is a number----the number which is assigned as the second
coordinate by the defining sentence

sin 0= Yr
(3) sin 0 is NOT the function.

sin 0 is the name of the second coordinate in the sine function.
sin 0 is the VALUE of the sine function at 0.

(4) Each ordered pair of the sine function has real numbers for the first
and second coordinates.

These ideas apply as well to the remaining trigonometric functions.

2. The Cosine Function

cosine (or cos) = { (0, cos 0) 1 cos 0 = r

3. The Tangent Function
tangent (or tan) = { (0, tan 0) I tan 0 = Y }

4. The Cotangent I unction

cotangent (or cot) = { (0, cot 0) I cot 0 x
y

5. The Secant Function

secant (or sec) = { (0, sec 0) I sec 0 = }

o. The Cosecant Function
cosecant (or csc) = { (0, csc 0) 1 csc 0 =

-8-
43

r



APPENDIX I
SPZ,CIA.L RIGHT TRIANGLES

Certain right triangles appear frequently in problems of the physical
world such as engineering and in problems of related mathematics courses
such as trigonometry. These special right triangles may be classified into
sets of triangles, each set containing only triangles that are similar to one
another. You should be able to recognize the special right triangles discussed
in this unit, to understand the relationships that exist for each set, and to
apply these relationships in the solution of problems.

I. The 3, 4, 5 right triangles.
Since 32 + 42 = 52, the converse of the Pythagorean Theorem tells

us that a triangle whose sides have measures 3, 4, 5 is a right triangle. In
a similar manner, we can conclude that if any positive number k is used as
a constant of proportionality, then a triangle whose sides measure 3k, 4k,
5k is a right triangle. For example, any triangle whose sides measure 6,
8, 10 or 150, 200, 250 is a member of this set of right triangles.

Example 1. Find the length of the hypotenuse of a right triangle
if the length of the two legs of the triangle are 18 and 24.

You should note that the triangle is a 3, 4, 5 right triangle
with 6 as the constant of proportionality since 18 = 6 - 4.
Therefore, the length of the hypotenuse of the triangle is
6 5 or 30.
Example 2. Triangle ABC is a right triangle with L C as the
right angle. AB = 75 and BC = 45. Find the length of AC.

Since the length of AB is 15 5 and the length of BC is
15 3, the triangle is a 3, 4, 5 triangle with 15 as the
constant of proportionality. Therefore, AC must equal
15 4 or 60.

II. The 5, 12, 13 right triangles.
Explain why a triangle whose sides have measures of 5, 12, 13 is a

right angle. Explain why a triangle whose sides have measures of 5k, 12k,
and 13k is a right triangle if k is some positive number. Explain why all
these triangles are similar. Give other examples of three numbers which
are the respective measures of the sides of triangles in this set of similar
right triangles.

Example 1. Find the length of the hypotenuse of a right triangle if
the lengths of the two legs of the triangle are 15 and 36.

You should note that the triangle is a 5, 12, 13 right triangle
with 3 as the constant of proportionality since 15 = 3 5 and
36 = 3 12. Therefore, the length of the hypotenuse of the right
triangle is 3 13 or 39.
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Example 2. Triangle ABC is a right triangle with Z C as the right angle.
If the hypotenuse of the triangle has a measure of 78 and one of the legs
of the triangle has a measure of 72, find the measure of the other leg of
the triangle.

Since 78 = 6 13 and 72 = 6 12, the triangle is a 5, 12, 13 triangle
with 6 as the constant of .proportionality. Therefore, the measure of the
other leg is 6 5 or 30.

III. The 30, 60, 90 triangles.

Unlike the sets of triangles in (I) and (II), the triangles in this set are
usually designated by measures of angles rather than lengths of sides. Suppose
that in AABC, m L C = 90, B = 60, m,2 A = 30. We know by Theorem 5 7

on page 202 of your text, that the length of BC is one-half the length of AB.
If we let m (BC) = a, then m (AB) = c = 2a, and by the

a2 + b2
(2a)

2

a + b2 4a2

b
2 = 3a2

b = a N77

Pythagorean Theorem

Thus we see that if AABC is a 30, 60, 90 triangle (a, b, c) p (1, NT-3", 2).

We can also prove the converse of this statement. If 6A'B'C' is a tri-
angle with (VC', C'A', A'B') p (1, N,137 2), then AA'B'C' is a 30, 60, 90 tri-
angle.

We know that AATB'C' is similar to A ABC by the SSS Similarity Theorem.
Therefore, rn L Al = 30, m L B' = 60, and m L C' = 90 because corresponding
angles of similar triangles are equal in measure.

The above discussion can be summarized in the follbwing-thearem_and
corollaries:

Theorem A. Triangle ABC is a right triangle with
m Z A = 3-a, mL B tr. 60, m Z C = 90 if and only if
(a, b, c) p (1, NTT; 2).

Corollary 1. In a right triangle whose acute angles have
measures of 30 and 60, the shorter leg is one-half the
hypotenuse. (s30 = )

2

Corollary 2. In a right triangle whose acute angles have
measures of 30 and 60, the longer leg is equa142 one-half
the hypotenuse multiplied by 3. (s

60
= h Ni 3 )

-123 -
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Example 1. Find the length of the altitude of an equilateral triangle if the
length of one of the sides is 8.

The altitude of an equilateral triangle bisects the
vertex angle making a 30, 60, 90 triangle.

(4, x, 8) P (1, a 3, 2).
The constant of proportionality is 4.
Therefore, x = 4 'Tr

The problem can also be solved by using
Corollary 2-

660 h
=

s60 = 8 .N13
2

s60 4 N1-37

Example 2. Find the measures of the sides of a 30, 60, 90 triangle if
the length of the longer leg of the triangle is 10.

(a, 10, c.) p (1, 47, 2).
10iThe constant of proportionality is

10 2 10, orTherefore, a = and c =
NTT- 3

0 4-3and c = 20a =
3 3

IV. The 45, 45, 90 triangles.

10

Since the triangles in this set have two angles that are equal in measure,
they are sometimes called isosceles right triangles. We can prove that the
lengths of the sides of any isosceles right triangle are preporticizial to (1, 1, NFIT.

In 'ABC. m L C= 90, m L A=mLB= 45. If we let the 5
length of AC = a, then the length of BC = a. Why?
By the Pythagorean Theorem c a

c2= a2 + a2

c2 = 2a2

c = a NT-27

45
a

Therefore, we see that if &ABC is a 45, 45, 90 triangle, (a, a, c) p (1, 1, 47),
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We shall now prove the converse of this statement. If AA'B'C' is a tri-
angle with (al, b', c') p (1, 1, Nr2T, then ..A.A113'C' is a 45, 45, 90 triangle.

We know that AA'13IC' is similar to A ABC by SSS Similarity Theorem.
Therefore, m L C = 90, m L A = 45, m L B = 45 because corresponding angles of
similar triangles have equal measure.

The above discussion can be summarized in the following theorem and
corollary.

Theorem B. Triangle ABC is a right_triangle with m L A = m L B = 45
and m L C = 90 if and only if (a, b, c) P (1, 1, r).
Corollary. In an isosceles right triangle, either leg of the tri le is
equal to one-half the hypotenuse multiplied by NTT (s = h

45

Example 1. Find the length of the hypotenuse of a right isosceles
if each leg of the triangle has a measure of 6.

(6, 6, c) p (1, 1, NraT

The constant of proportionality is 6.
Therefore, c = 6 Nrit

Example 2. Find the length of each leg of an isosceles
right triangle if the length of the hypotenuse is 5.

(a, a, 5) )7) (1, 1, 4-2-1-

The constant of proportionality is 5- .
Nr-2-

Therefore, a = 5- , or
NTT

5 NT-2--

2

The problem can also be solved by using the corollary.
h545 =

2

1. In each of the
right triangle
to the 3, 4, 5
the 1, 1, 47-

5 4-2-s45 =
2

Problem Set

triangle

a

following exercises, the lengths of a leg and the hypotenuse of a
are given. Which of the measures belong to a triangle similar
triangle? to the 5, 12, 13 triangle? to the 1, 437 2 triangle? to
triangle?

(a) 6, 10 (e) 3, 6 (i) 6, 6 5

(b) 12, 15 (f) 3, 2 4-3 (j) 24, 26
(c) 24, 25 (g) 8, 10 (k) 3 42, 5

(d) 15, 39 (h) 1. 5, .2. 5 (1) N1-77 2



2. In each part of Problem 1, find the length of the side which is not given.

3. Complete the table for the right isosceles triangle in the diagram.
B

a

C a

a11=1131

(a) 10
(b) 5

(c) 9
(d) 6

(e) 3

A (f)

4. Complete the table for the 30-60-90 triangle in the diagram.

a b

(a) 10
(b) 5
(c)
(d)
(e)

30 A (I)

18
9\1-3

20
12 NT3

b

5. In each of the following exercises the length of one segment in the adjacent
plane figure is given. Find the lengths of the remaining segments.

60
(f)

m(AB) m(BC) m(CD) m(AD) m(DB) m(AC)

(a) 8
(b) 2
(c) 4 N/3
(d)
(e)

9

0
813

6. Use the three corollaries in this unit to find the length of AB and BC in each of
the following plane figures. You should do all work mentally and write only
the answer.



7. In the diagram, BC I AC and mLA = 30.

(a) If m(AB) = 6, find m(AC).
(b) If m(AB) = 4 Ni 3, find m(AC).
(c) Li m(AC) = 9, find m(AB).
(d) If m(AC) = 6 Ni-3j find m(AB).

8. Repeat problem 7 if mLA = 60.

9. In the diagram, AABC is an equilateral triangle
which is inclined at an angle to plane K.
The measure of the dihedral angle C-AB-X is 60;
CX is perpendicular to plane K; CD is per-
pendicular to AB. Find the measure of each
of the following segments if the measure of
AB = 6.

(a) AC (d) CX
(b) BC (e) AX
(c) CD (f) BX

10. Repeat problem 9 if the measure
of the dihedral angle is 30; (b) 45.
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ERRATA SHEET ON THE UNIT, RELATIONS, FUNCTIONS, AND GRAPHS

1. Exercises labeling incorrectly:
a. page 18: Exercise D should be Exercise E
b. page 20: Exercise E should be Exercise F
c. page 26: Exercise F should be Exercise G
d. page 29: Exercise G should be Exercise 1-1
e. page 31: Exercise 1-1 should be Exercise I
i. paje 33: Exercise I should be Exercise J
g. page 35: Exercise I should be Exercise K
h. page 37: Exercise J should be Exercise L
i. page 40: Exercise K should be Exercise M

2. page 4: Section D. Include also the following:

S(6, 6): 6 is greater than 6
S(2, 2): 2 is greater than 2

3. page 9: Exercise B, 1 a. x is greater than 5 and x E.,{1,2,3, ..., 7}

4. page 10: Example 3: A X A, second column, first row should be (s, r)
5. page 22: Section X, A, 3, (c): Line 22

All points not circled
6. page 23, line 10, Section B, 1 If U = {-2, -1,0, + 1, + 2},
7. page 26, line 1 Example 1: In problems, a - j,
8. page 32, line 8 Section F. Sentences involving equalities and inequalities
9. page 33, line 12, Exercise J, Directions: (1) Graph the relations in U if

U = {integers}
10. page 34, Example 1 (b): Range: {0,1,4, 9... , nZ, }

11. page 37, line 1-9: Example
Given the function G defined by {(x, y) y = 2x2} for the Set U

{-8, -7 ..... - 1,0, +1, +2,..., + 8}

a. Describe the function G
b. Find G( + 2)
c. Find G( -1)
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ERRATA SHEET (continued)

Solution:

a. G = {x, y) I y = 2x2

G {(-2, -8), (-1, + 2), (0, 0), (+1, +2), (+2, +8)}

b. (+2) = +8

c. G(-1) = +2)

12. Page 38, ExamEle 11

f(x + h) = x2 + 2xh +112 + 4x + 4h - 1
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Relations, Functions, and Graphs

I. Introduction

We use the word "relation" in our everyday conversation to indicate
that some association exists between two persons or objects under dis-
cussion. It is also possible that some association exists among three or
more objects in our conversation. Such associations in normal usage are
usually non-mathematical as can be seen from the following illustrations:

Tom is more handsome than George.
Mary loves Jim.
Panama has warmer weather than Canada.
Mary is the sister of Larry and Jim.
St. Louis is located between Los Angeles and New York

City.

Such predicates as "is more handsome than, " "loves, " "has warmer
weather than, " "is the sister of, " "is located between, " are used to
relate the objects under discussion. Thus, we convey the idea of
association or relation between two objects or among three or more
objects in our normal conversation. In mathematics, however, we
attempt to be more precise about the language which we use in describing
relations among objects or nersons. The next sections will present a
more precise description and definition of relations as used in mathe-
matics.

II. The use of sentences in mathematics

Just as the grammarian uses sentences in English to communicate
ideas, so does the mathematician use sentences in mathematics to con-
vey mathematical ideas. In mathematics, however, a sentence is a
declarative statement which can be judged true or false, but not both.
For example, the for_ _wing sentences are true:

Albany is located in the state of New York.
8 is greater than 3.
A rectangle is a parallelogram.
December 25 is called Christmas Day in the United

States.
Light is faster than sound.

In contrast,the following sentences are false:

7 is less than 5.
Zero is a divisor of seven.
Black colol..-6 reflect more heat than white.

In mathematics many sentences contain a variable which is a symbol
than can be replaced from some given set under discussion. These



sentences containing a variable or variables are often called "open
sentences. " When the symbol is replaced by any symbol in the set, the
sentence must be capable of being judged true or false but not both. Such
sentences may use symbols as "x" or "y" for variables, in which case
the sentences can be denoted symbolicalir as 5(x) or S(y). In cases where
there are two symbols (or more), such a "x" and "y", then the symbolic
notation of the sentence is S(x, y). In all cases, replacements for these
symbols from the specific set must make the sentence true or false, but
not both. The following examples illustrate such sentences containing a
variable or variables:

S(x) : 24 is a multiple of x.
5(x) : 6 is greater than x.
5(y) : y is greater than 7.
5(y) : Torn is taller than y.
S(x, y) : x is less than y.

III. Truth values of sentences and relations

In normal usage we often use sentences to imply that some associa-
tion exists between two objects, or in other words, it is implied that the
relation between the objects is true. It is possible, however, for a sen-
tence to be classified as false because the phrase used to describe the
relation between two objects is not true for the objects selected. The
following sentences are given to illustrate that the choice of objects used
in connection with the phrase describing the relation results in a false
statement.

Mary loves Jim (and we know that she really doesn't).
Segment AB is perpendicular to segment AB.
6 is greater than 8.

However, for different objects, the modified sentences are true. For
example,

Mary loves Tom (and she really does)
Segment AB is perpendicular to segment CD (when these

lines are given as forming right angles)
8 is greater than 6.

Since these sentences are true, we say that the elation exists between
these objects, or that the relation holds for the selected objects. In those
cases where the sentences are judged as false, we state that the relation
does not hold for the objects selected. The basic concept to be stressed
is that the relation among objects exists when and only when the sentence
describing the relation is true for the objects selected.

IV. Binary relations

In using sentences to describe relations among objects or persons,
it should be emphasized that these objects are selected from specific set
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under discussion; for example, the set of males in Maryland, the set of
natural numbers, the set of triangles, etc. Many relations in mathe-
matics deal with pairs of objects from a given set. For example:

2 is less than 3 (using the set of natural numbers).
-105 is divisible by 5 (using the set of integers).
line a is a parallel to line b (using the set of lines in a plane).

When we consider relations between two objects from a given set, we
refer to these relations as binary relations. However, it is possible to
consider relations among three objects; such as,

Point A lies between point B and point C

Thus, this phrase "lies between" deals with three points. Whenever three
members of a set are used in a relation we called this a ternary relation.
However, we shall restrict our discussion in this unit to binary relations.

V. Procedure in investigating relations

A. Test question for determining true or false sentecnes

Binary relations express a method whereby some property de-
scribed by the sentence can be used to show which pairs of objects
chosen from the set make the sentence true in regard to that property,
and which pairs do not make the sentence true. In order to sort out
those pairs which. make the sentence true from those pair= -7-

make the sentence false, our first step must be to con ' all
possible pairs which can be formed from the gig r set. Jur second
step must be to separate those pairs making the sentence true and
those pairs making the sentence false by asking the following test
question of each and every pair which can be formed from the given
test:

"Does this pair make the sentence true?"

All those pairs which receive a "yes" answer are in the relation::
All those pairs which receive a "no" answer are not in the relation.

B. Necessity of clearly defined sentences

If a sentence which is used to describe a relation is so stated
that there is ambiguity or doubt in our answer of "yes" or "no" to our
test question, then we do not have a precise mathematical description
for our relation, and cannot proceed until the defining sentence is
modified. It follows from this that sentences describing relations
must be meaningful, should not contain nonsense statements, con-
tradictory statements or statements which do not apply.

- 3 -
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C. Abbreviation of defining sentence

When two objects such as a and b from a given set are used in
a sentence containing a predicate describing the relation (denoted by
R), the resulting sentence may be symbolized as:

a R b.

This may be interpreted to read "a is in the R relation to b. " Such
a sentence or its abbreviation must be judged true or false depending
upon the choice of the objects. If a pair makes the sentence true,
that pair is in the relation. It must not be assumed that a R b means
that the pair (a, b) makes the sentence true automatically. The
abbreviation a R b simply means that it represents a sentence whose
truth or falsity must be judged for the selected pairs.

D. Order of the elements in a pair

Our aim in achieving precise mathematical statements causes )s
to consider the following sentence, S (x, y) and the replacements for
x and y in (x, y), from some set of natural numbers.

S(x, y) : x is greater than y.
N = {2, 6}

S(6, 2) : 6 is greater than 2
S(2, 6) : 2 is greater than 6.

It should be clear that the pair (6, 2) makes the sentence true and
therefore belongs to the relation. On the other hand, the pair,
(2, 6), make3 the sentence false. We note further that the reason
for this is the order of the two objects in the discussion. It is
therefore necessary to consider the order of the objects in a pair
in determining whether the pair belongs to the relation or does not
belong to the relation.

E. Summary of the features of binary relations

I. Binary relations deal with the associations between two objects.

2. Pairs of objects selected from a specific set which make the
sentence describing a relation true belong to the relation. Those
pairs which make the sentence describing the relation false do
not belong to the relation.

3. In order for sentences to define relations, they must avoid non-
sense or contradictory statements for the objects under dis-
cus sion.

- 4 -
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4. The order of the elements in the pairs of objects selected from
a given set is important.

5. , A relation must be well-defined on a set. This means that the
sentence describing the relations is capable of being judged true
or false, but not both when suitable replacements are made in the
given sentence.

Exercise A

I. Determine whether the following sentences are true or false.

a. Air is heavier than water.
b. Water is heavier than air.

311c. 2 is less than 3.
d. 3 is less than 2.
e. 2 is less than 2.
f. 2 is less than or equal to 2.
g. Segment a is parallel to segment b.
h. Segment b is parallel to segment a.
i. Segment a is longer than segment b.
j. Segment b is longer than segment a.
k. Triangle ABC triangle DEF
1. Triangle GHI triangle QRS

m. Triangle GHI triangle QRS
n. Line a I line a
o. Line a I line b
p. Line b I line a

a

A

b
5"

It

ex.

4"

ex. n, o, p

H Q 61°
2"

ex. 1, m

2. Are the following relations well-defined on the set of ordered pairs
formed from the given set. Remember that order is important in
relations.

a. a is parallel to b where a, b N(set of natural numbers)
b. a parallel to b where a, b are elern.ents of the set of lines in a plane
c. is a multiple of b where a, b E,N (set of natural numers)
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d. a is heavier than b where a, b B (set of books in your school
library.

e. A lives in the same house as b where a, b P (set of planets of the
solar system)

VI. Relations and sets
A. The link between relations and sets

1. So far we have attempted to show that a relation between pairs
of elements from a given set simply means that there are
pairs of objects which make the sentence describing the
relation true. Our next objective is to show that a binary
relation is a set of ordered pairs. In order to do this, let
us review some basic concepts of elementary set theory.

One of the principle notions of sets is the intuitive principle
of set construction. By agreement, a set is defined by a
sentence S(x) when the replacements for x in the sentence
from some given set make that sentence true. Therefore,
if some object, m from a given set A, makes the defining
sentence true when it replaces the x in S(x), then m is a
member of the set satisfying the conditions of the sentence.
If other objects also make the sentence true, they will also
be members of the same set as m. It is for this reason that

is called the truth set. Furthermore, S c) is often called the
defining sentence of {x S(x) }. The following example is
given to illustrate the above concepts.

Given: x E, N; N = {1, 2, 3, 4, 5, 6, 7}

Defining sentence: S(x) ; x is greater thar 5

Therefore, { x S (x) = {6, 7}

Thus, m {x S (x) } if S (m) is true. It should be noted that
each truth set will be a subset of the given set. In addition, when no
elements of the given set satisfies the defining sentence, the resultini;
set is the empty set which is also a subset of the given set.
Summarizing, we can say that the conditions implied in 5(x) on a
given set result in a set.

- 6 -
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2. Let us continue the investigation of truth sets when we are
concerned with sentences where the replacement of two
objects from a given set is required to determine the truth
or falsity of the sentence.

Given: N {1, 2, 3 }; x, y E N

Defining sentence: S(x, y) : x is greater than y.

Replacing x and y with the elements of set N, we note the
following:

S(x, y) : x is greater than y
S(1, 1) : 1 is greater than 1 false
S(1, 2) : 1 is greater than 2 false
S(1, 3) : 1 is greater than 3 false
3(2, 1) : 2 is greater than 1 true
S(2, 2) : 2 is greater than 2 false
S(2, 3) 2 is greater than 3 false
S(3, 1) : 3 is greater than 1 true
S(3, 2) : 3 is greater than 2 true
S(3, 3) : 3 is greater than 3 false

Thus {(x, y) S(x,y)} = {(2, 1), (3, 1), (3, 2) }.

Observe that the pairs for which S(x, y) is true form a set,
-a truth set. While this set is not a wabset of the given set N,
we shall see in the next section that it is a subset of the set
containing all possible pairs which can be formed from the
given set. The main point of the above illustration is to show
that a binary relation is a set of ordered pairs.

titre should be careful not to infer from the above statement
that sets can only be formed by the use of defining sentences.
This is not true since a perfectly good set might be
Cl,{ cow, red}. In this case, the only feature which they have
in common is that they belong to the same set. In our
discussion of mathematical sentences, however, we should
realize that the resulting set is a truth set; that is, a set
of objects which make a sentence such as S(x) or S(x, y) true
upon proper replacement of x, or x and y.

- 7 -
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B.. The elements of a truth set

It should be noted that in {x I S (x)}, the elements of the
resulting set were single objects. In the above illustration of
{(x, y) I S(x, y) }, the elements of the resulting truth set were

ordered paits.

Let us consider another example to emphasize the point that each
of the ordered pairs in a truth set should be considered as a single
element of that set. For example, let us toss a penny and a die
simultaneously, and describe the result of each toss by an ordered
pair in which the H (heads) or T (tails) of the tossed penny is
written as the first coordinate of the pair, and the number of the
die is written as the second coordinate of the pair. Thus the
conditions of the set may be described as

Q = {(x,y) I x is an H or T of the penny, and y is the number
of the die}

Then,

Q = {(H, 1), (H, 2), (H, 3), (H, 4), (H, 5), (H, 6),

(T, 1), (T, 2), (T, 3), (T, 4), (T, 5), (T, 61}

Note that one element of the set is (H, 1). Another is (T, 5). Each
pair is considered collectively as a single member of the set just
as the word "pair" is considered as a single word. Thus, each
element of the set actually is the result of a single toss of the
penny and the die.

Another example might be given with ordered triples. For example,
let us toss three different colored dice (red, green, white) into the
air. The result of the toss could be indicated by writing the
number of the red die first, the number of the green die second,
and the number of the white die third, such as:

S ={(1, 1 , 1 ) , ( 1 , 1 , 2 ) , (1,1, 3), ..., (2,4,5), (2, 4, 6), , (6, 6, 6)}

Observe that each element of the set is the result of a single toss
expressed by three symbols in a certain order.

This idea could be extended to order quadrv,ples, quintuples, etc.
For n items we use the term "n-tuples. " This idea has great
application in the study of vectors. However, we shall deal
primarily with ordered pairs since our emphasis in this unit is
on binary relations or relations between two objects. We now
proceed to consider a more precise statement of the formation of
these ordered pairs--the cartesian product of two sets.

- 8 -
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Exercise B

1. Find the truth set in each of the following sentences:

a. S(x) : is greater than 5, and x {1, 2, 3, , 7}

b. S(x) x is equal to or greater than 5, and x E {1, 2, 3, ... , 7}

c. S(x). : x is a divisor of 10, and x {1, 2, 3, ... 10}

d. S(x), x is a multiple of 6, and x 6 {1, 2, 3, , 48}

e. S(x) : 5 is greater than x, and x e {I, 2, 3, 4}
1. S(x) : x2 = 2x, and x E {0, 1, 2, 3, 4, 5}

g. S(x, y) x is greater than y, and x, y {1, 2, 3, 4}

h. S(x, y) x is greater than or equal to y, and x, y { 1, 2, 3, 4}

1. S(x, y) y = x and x, y {1, 2, 3, 4}

j. S(x, y) y = 2x, and x, y {1, 2, 3, 4}

k. S(x, y) y = 3x and x, y {1 , 2 , 3, ... , n, }

VII. The cartesian product of two sets

A. Introduction

If you refer to example 2 on page 7, you will recall that
we must consider all possible ordered pairs which can be formed
from the given set so that we may replace the variables in the
sentences to determine those ordered pairs which make the
sentence true. There is an operation on two sets which enables
us to form al:, possible ordered pairs from two given. sets. This
operation is called the carte sian product of two sets. Keep in
mind that the ordered pair (a, 1) is different from the ordered
pair (1, a)

B. Definition of cartesian product of two sets

1. If R and S are two sets, the set of all ordered pairs, in which
the first element belongs to set R and tJ.e secc)nd element
belongs to set S is called the cartesian. product of the two sets
R and S. This entire set of ordered pairs (iesignated
as "R X S" and is read as "R cross S.

2. If the problem asks for the set of ordered pairs, S X R, then
the elements of set S would be written first in the pair and the
elements of set R would be written second.



3. The problem of finding the cartesian product of two finite sets
with a small number of elements is easily accomplished by
using the following tree diagram:

Example 1:

Given: R = {1, 3}
= 2, 4, 6}

To find: R X S, or all ordered pairs (x, y) such that x R and

y s

x R

1.

3-

y R X S

2 (1, 2)
4 (1. 4)
6 (1, 6)

2 (3, 2)
4 *,,` (3, 4)
6 >(3, 6)

...R X S = {(l, 2), (1, 4), (1, 6), (3,2), (3,4), (3, 6)}

4. Example 2:

Given: A = {m, n, o}
B= {s, describe A X B

A X B = {(m, s), (m, t)

(n, s), (n, t)

(o, s), (o, t)}

5. Example 3:

Given: A= {r, s, t }, describe A X A

A X A = {(r, r), (s, t), (t, r)

(r, s), (s, s), (t, s)

(r, t), (s, t), (t, t))

- 10 -



6. Example 4:

Given: A = {1, 2, 3}

B= {a, b}, describe A X B and construct.
a graph of A X B

A X B = .{(1, a), (2, a), (3, a)

(1, b), (2, b), (3, b)}

A graph or picture of A X B car, be constructed easily by using
points to represent the ordered pairs. First, draw orthogonal
(perpendicular) axes and let the first coordinate of the ordered
pairs represent the horizontal distance of the point, and let the
second coordinate of the ordered pairs represent. the vertical
distance of the point.

B

(3, b)

--------(2, a)

A

7. Example 5:

Given: A = {1,2}

Required: Describe A X A and construct its graph.

Solution: A X A = {(1, 1), (1, 2), (2, 1), (2, 2)}

A
2

1

(1,2)

<----(2f 1)

2

A

8. Example 6:
In Example 4 describe B X A and construct
B X A = {(a, 1),

(a, 2),
(a, 3),

(b, 1)
(b, 2)
(b, 3)}

3

2

1

its graph



Exercise C

1. Given: A = {l , 2, 3} ; B = {r, s, t}

a. Write the Cartesian product A X B; graph A X B

b. Write the Cartesian product B X A; graph B X A

2. Given: R = {chocolate ice cream, vanilla ice cream, strawberry
ice cream

S = {chocolate syrup, marshmallow, whipped cream}

Required:

a) R X S ; by graph of R X S

3. Given: Q = {spiced ham, liverwurst, bologna}
T = {white bread, rye bread}

Required:
a) Q X T b) graph of Q X T

4. Two dice are used in an experiment, one green and the other red.
The number of dots on each face of the green die are from 1 to 6
inclusive and are represented by the set

G = {1, 2, 3, 4, 5, 6}

The number of dots on each face of the red die are represented
by the set

R = {1, 2, 3, 4, 5, 6}

a. Write the Cartesian product G X R

b. Locate the points repre enting the ordered pairs of G X R
on the following graph. G represents the horizontal axis,
and R represents the vertical axis. The first number of the
ordered pair indicates how many units the right the point
will be located. The second number of the ordered pair
indicates how many units above the '---,rizontal axis the ,)oint
is to be placed. Bo.,1 numbers are -0- cessary for the location
of the point. Plc all th points represented by the ordered
pairs of G X R

6

5

4

3

2

--r-z
G3

5 t



The result should he a figure in the form of a square, but
made up of dots only. The inside of the square is also filled with
evenly spaced dots. This figure is known as a lattice of points
or a sample space. The latter concept is used in problems
dealing with probability.

5. Can you describe what kind of a sample space would result if
a red, a green, and a white die w ?re used in the above experiment?

VIII. Graphs of the cartesian products to be used in mathematical
sentences

A. Introduction

In the previous pages we have developed the following important
ideas:

1. A relation is a set of ordered pairs
2. The given set from which all the possible orderer' pairs

can be formed to find the truth set must be clea_iy stated.
Changing the given set often results in a different truth
set for the very same sentence.

From this point on we shall refer to the given set as U and to
U X U as the replacement set containing all the ordered pairs
from which we will select those pairs which make the sentence
true. In our subsequent work we shall be using sets of numbers
for our given sets. Some of these will be finite, while others will
be infinite (never-ending). It is necessary that we consider some
of these number systems and note the types of graphs which will
result in the graphing of the cartesian product of U X U.

B. Natural numbers

1. Example 1: A finite set U of natural numbers and the resulting
Given: U {1, 2, 3}

(1, 3), (2, 1), (2, 2), (2, 3), (3, 1), (3, 2), (3, 3)}

graph of U X U

U X U = {(l, 1), (1, 2),

3

2

1

1 2 3

Observe that the set of natural numbers when graphed on a line
do not account for all the points on the line. Thus, gaps appear
between the points on both the axes and the graph of the Cartesian
product.

- 13 -
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2. Example 2: An infinite set U of natural numbers ari the
resulting graph of U X U

Given: U = {1, 2, 3, . . .}

U X U = {(l, 1), (1,2), (1, 3), ..., (2,
(3, 2), (3, 3), . , (n, n),

3 ,

2

1

1 2 3

1), (2, 2), (2, 3),..., (3, 1),
(n, n+1), . . .

>s-

Note: Arrows are used to indicate that the graph of U X U
is never-ending

C. Integers

Example 1: A finite set U of integers and the resulting
graph of U X U

Given: U = {-3, -2, -1, 0, +1, +2, +3)

The set of ordered pairs of U X U can be represented by the points
of the following graph:

y

-14-
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2. Example 2: An infinite set U of integers and the resulting
graph of U X U

Given: U = {... , -3, -2, 1, 0, 41, +2 +3, ...}

The graph of infinite"set U X U in this case would be the same
as the graph of the finite set given in example 1 above except
that arrows would have to be inserted in the diagram to indicate
a never-ending or infinite set of ordered pairs.

3. Remember that the graph of the integers on a line has gaps in the
num} because the set of integers cannot account for all
points on the line. Like the set of natural numbers, the graph
of U X U for integers consists of isolated points.

D. Rational numbers

1. The graph of the cartesian product of the rational numbers
resembles the graph of U X U for the integers. Although the
rational numbers are closely packed, they also have gaps in the
number line, and therefore the graph of U X U will also contain
isolated points. Many students are mistaken when they think
that the rational numbers "fill up" all the points on the line.
For example, if we take the rational numbers between 0 and 1
and find the number midway between them. we obtain the number
Z. If we then find the number midway between 0 and -2-, we obtain
the number 4. If we continue this forever, we see that we shall
never be able to account for all the points on the line. There
Will always be "holes" in the line for which no rational number
can be assigned.

2. Because the set U of points representing the rational numbers
is so closely packed, and the set U X U will also be closely
packed, then all the dots used for points will appear to cover the
whole plant.. We know, however, that no matter how many
points are used or how solidly packed the points are, these
points are isolated ard that gaps, however, tiny, will exist
in the graph of U X U fox rational numbers. For this reason,
we shall not use the graph of U X U of rational numbers in our
discus sion.

E. Real numbers

1. The real numbers, which consist of all rational and irrational
numbers, contain all the numbers necessary to account for every
point on the number line. Thus, there are not gaps or "holes"
in the number line. This also means that the graph of U X U for
the set U of real numbers accounts for every point in the plane.
One of the important ideas in analytic geometry is that to every



point on the plane there corresponds one and only one ordered
pair of the sr', U X U where U is the set of real numbers and
conversely.

Err.

2. In problems where wc.: shall have to consider U as the set of
real numbers and U X U as the replacement set, it is impossi:b1.e
to indicate U X U as we did in the case of the natural numbers, or
integers. We shall consider mentally that every point in the
plane representing every ordered pair of U X U is to be used
in considering those replacements which make the sentence trie.

Exercise D

1. Directions:

In the following problems a-e,
A. write the set of ordered pairs of U X U
B. construct a graph of U X U

a. U = {-1, 0, 1}

b. U = {2, 3}

c. U = {-2, -1, 0, 1, 21.

d. U = {-1, 0, 1, 2}

e. U = {a. b} Hint: Let a and b represent the lengths of
some arbitrary distance from the
intersection of the axes.

2. If U = {integers}, construct a graph of U X U.
Does this graph account for all points in the plane?

3. If U = {real numbers} and you are required to show each ordered
pair on the graph by a dot made by your pencil point, what would
you do to your graph so that all points would be accounted for?,

4. If U has n elements how-many members does U X U contain?

- 16 -

68



IX. Sentences in two variables

A. Solution set of sentences in two variables

1. When we select those ordered pairs of the universal
set U X U which make a sentence in two variables
true, we have obt ained the truth set or the solution
set. Thus, the sentence acts as a set selector because
it divides the set of U X U into two subsets:

a. The subset of ordered pairs which makes the
sentence truethe solution set or the truth set.
Thus, a relation in U is a subset of U X U.

b. The subset of ordered pairs which makes the
sentence false.

B. Domain and range of a relation

1. The domain of a relation is defined as the set
of the first coordinates of the solution set.
These first coordinates are sometimes referred
to as the "pre-images" of the relation. The
domain of a relation may be easily obtained from
a graph by mentally projecting a vertical line
from each and every point in the graph to the
horizontal axis and reading the value of that
point on the horizontal axis. The entire set
of numbers obtained by such projections will
make up the set known the domain of the
relation.

2. The range of the relation is defined as the c_et
of the second coordinates of the solution set.
The second coordinates are sometimes referred
to as the "images" of the relation. Each image
is associated with one or more :pre-images of the
relation. The range of a relation may be easily
obtained from a graph by mentally projecting a
horizontal line from. each and every point in the
graph of the relation until it meets the vertical
axis. The entire set of numbers obtained by such
projects will make up the set known as the range
of the relation.

- 17 -



a)

(-6, 0

d)

4

3

2

1

-1(3, 4)

< 4)
,.(l,.1) j

(2" 1

r
)

(-5, 0

U = {1, 2, 3, 4}

Solution Set : {(1, 1), (2, 1), (2, 2), (3, 4)}

Domain: {1, 2, 3}
Range: {1, 2, 4}

Exercise D

0, 3)

U = {real numbers}

5, 0)

Solution Set ={infinite};
impossible to list

Domain: { -5 Z x L + 5 }
Range.: {-3Z y L + 3}

1. The following graphs represent relations in U where U = {real
numbers}. State in each case the domain and the range of the
relation. Arrowheads are placed on lines to indicate that they
are infinite in length.

y
(0, +4)

J)

e)

- 18 -
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2. The following ordered pairs in each problem represent a
relation. State the domain and the range of the relation in
each problem.

a. {(l, 2), (2, 4), (3, 2), (4, 2)}

b. {(1, 4), (1, 3), (1, 1), (2, 4)}

c. {(-3, 8), (-5, 7), (-2, 6), (-1, -7), (3, 2)}

d. {(7, 3), (6, 2), (5, 2), (4, 3), (2, 7))

e. {(-9,2), (-8, 6), (4, 3), (7, 2), (-9,1)1
f. {(l, 1), (2, 2), (3, 3), ... , (n, n),

{ (3, 1), (3, 2), (3, 3), ... , (3, n),

C. Functions

1. A function is a special kind of relation in U such that for each
first coordinate there is one and only one second coordinate. A
relation, however, may have one or more second coordinate
for any first coordinate. It should be emphasized that every
function is a relation, but that not every relation is a function.
In other words, the set of functions are a subset of the s-t of
relations as is represented by the following set diagram.

(Functions'',

Relations y

There are two methods by which we can determine whether a
relation is a function. We shall discuss these methods in the
next two sections.

2. Vertical line test of a function

A simple method of determining whether a sentence in two
variables rfforcsents a function is to draw the graph of the
relatiou and then consider the vertical lines through each and
every point of the graph. If every vertical line under con-
sideration can intersect the graph in one and only one point,
then the graph represents a function. If at least one vertical
line intersects the graph in more than one point, then the graph

- 19 -
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does not represent a function, but a relation. Of course, the
vertical lines do not actually have to be drawn, but thought of
mentally.

Relation, not
a function

/I\

Function

3. Ordered pair test

Relation, not
a function

Function

A second method to determine whether a relation is a function
is to observe the ordered pairs of the relation. This method does
not require a graph. If you remember the definition of function
as a special relation or set of ordered pairs in which each first
coordinate can have tine and only one second coordinate, it should
be clear that a function cannot have two ordered pairs with the
same first coordinate. In other words, a function must have all
ordered pairs with different first coordinates. However, the
second coordinates may be different or can be the same. The
test concerns the first coordinates of all the ordered pairs.

Example I: {(1, 2), (3, 4), (5, 4)} This is a function.
Example 2: {(1. 2), (1, 3), (5, 4)} This is a relation, not a

function. Observe that 1
is used as the first co-
ordinate in two different
pairs.

Example 3: {(a, b), (b, c), (c, d)1 This is a function.
Example 4: {(2, 3), (3, 3), (4, 3), (5, 3)} This is a function since

all first coordinates
are different.

Exercise E

1. Refer to the graphs in problem 1 of Exercisc.. D. Use the vertical
line test to determine whether these graphs represent functions.

2. Refer to problem 2 of Exercise D. Use the ordered pair test to
determine whether these relations are functions.

- 20 -
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3. In problems a-f , the given graphs represent relations in U,
where U = {1, 2, 3, 4} In each of the graphs

(1) Write the set of ordered pairs describing the relation
represented by the circled points.

Determine whether the relation is a function.

(3) State the' domain of the relation

(4) State the range of the relation.

d) 4

3 3 .
C!.)

2 2 , C)

(2)

a) 4

1 0
1 2 3 4

c) 4

3

2

I

O 0 G 0

1 2 3

- 21 -
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X. Sentences expressing equality

A. Example 1 Given: (x, y) I y = x} where U = {1, 2, 3, 4}

Required: a) to find the solution set
1') to graph the relation

1. If U = {1, 2, 3, 4 }, then the universal set of ordered pairs of
U X U is:

{(1, 1), (2, 1), (3, 1), (il, 1)
(1, 2), (2, 2), (3, 2), (4, 2)
(1, 3), (2, 3), (3, 3), (n, 3)
(1, 4), (2, 4), (3, 4), (4, 4)1

2. From this universal set, U X U, we are to select only those
ordered pairs which make the sentence y = x true. It should
be clear that this solution set will consist of those ordered
pairs whose 1i st coordinate is equal to the second coordinate.
Therefore, solution set is:

{(l, 1), (2, 2), (3, 3), (4,4))

Note that the solution set is a subset of U X U.

3. The following graph reveals these ideas:

a. All the po' -its in the graph :'epresent the universal set.

b. Only those points which are circled belong to the solution
set and make the sentence true.

c. All points not circled belong to the subset of the ordered
pairs which make the sentence false.

I 2 3 4

4. Note that the graph of this sentence is not a continuous line,
but is composed of isolated points.

- 22 -
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B.

5. Using the vertical line test, we see that vertical lines intersect
the graph of the relation (the circled points) in one and only one
point. Also by the ordered pair test, every first coordinate is
different. Hence, this relation is a function.

6.

7.

Domain of the relation:

Range of the relation:

{1,

{1, 2,

2,

3,

3, 4}

4}

Example 2 Given: {(x, y) y = x } where U = {-2, -1, 0, +1, +2}

Required: a. To find the solution set
b. To construct the graph of the relation

1. If Y = {-2, -1,0, +1, +2}, the graph of U X U will consist of 25
points representing all the ordered pairs of U X U. From this
universal set we are to select those ordered pairs which make
the sentence y = x true. The solution set for this sentence is:

{(-2, -2), (-1, -1), (0, 0), (+1, +1), (+2, +2)}

2. The following graph illustrates the elution set ;.)y circling those
points representing ordered pairs satisfying the requirements
of the sentence.

3. Domain: {-2, -1, 0, +1, +2}

4. Range: {-2, -1, 0, +1, +2}

5. This relation is a function

C. Example 3 To find and graph: {(x, y) y =1:1

when U = {real numbers}

1. If we let U = {real numbers}, then the totality of ordered
pairs under discussion in this problem will be represented
by all the points of the plane. Note that in this case the
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universal set is infinite. The solution set is also an infinite set
consisting of such ordered pairs as:

(-3, -3), (+5, +5), (0,0), (1,4), ( .727272...., 727272... ) \TT-, irT),
etc.

2. The graph of this sentence is the continuous line made up of
points whose ordered pairs have equal components.

3. Domain: {real number}

4. Range: {real numbel's}

5. This relation is a function

6. Observe that the same sentence was used in this problem and the
two previous problems, yet the solution set was different in each
case. The graph was therefore different. This difference in the
solution set for the same sentence is due to the fact that different
universal sets were used. This should emphasize the statement
made previously that it is necessary to state precisely the unive.
sal set in each problem in order to avoid confusion and disagree
ment

D. Graphing mathematical sentences whose variables are of the first
degree

1. Many of the equations which you will meet in your work will be
of the first degree; that is, the exponent of each variable is 1
and only one variable can appear in each term. Thus, the
following sentences are of the first degree.

x +y = 5

= 2

x = 3

These sentences when graphed will have their points lying in a
straight line. Thome graphs using natural numbers of integers
as the universal set will not have a continuous line, whereas the
graph using the set of real numbers as the given set will result
in a continuous straight line.

- 24 -
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2. If the graph a first degree equation is always a straight line,
then we shall need three ordered pairs which shall be represented
as points. Although it is true that only two points are needed to
draw a line, it is wise to include a third point to check the
accuracy of the first two points. If the three points are correct,
only one line will pass through all three points. a the three points
are not correct, then connecting the three points will result in a
triangle.

3. To find any three ordered pairs which make the sentence true, it
is convenient to transform the sentence so that the second co-
ordinate is always expressed in terms of the first coordinate.

Example: Given sentence:
Transformed sentence:

x + y = 5
y = 5 - x

Observe that y and 5-x are different names for the same number.
If we choose any three values arbitrarily from the given set to
represent the value of the first coordinate x and then replace these
values in the transformed sentence, we shall obtain the correspond-
ing second coordinate. Suppose our given set is the set of real
numbers and we select arbitrarily x = 3, x = -1, and x = 7

Lf x = 3

y = 5 - x
y = 5 - 3 Therefore, this ordered paid is (3, 2)

= 2

If x = -1

y = 5 - x
y = 5 - (-1) Therefore, this ordered pair is ( -1, 6)
y = 6

Ifx =7

y = 5 - x
y = 5 -
y = -2

Therefore, this ordered pair is (7, -2)

With these three ordered pairs we may draw a continuous line
since U X U consists of all points in the plane

(-1, 6)

(3, 2)

-25-
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Exercise F

1. In problems a - k , graph the relations in U if U = {1, 2, 3, 4, 5}. In
addition, state:

(1) the solution set
(2) whether the relation is a function
(3) the domain of the relation
(4) the range of the relation

a. {(x,y) I y = 2x} f. {(x, y) I X = 2}

b. {(x, y) I y = x} g. {(x,y) I y = -3}

C. 1t (X, Y) I Y = h. {(x,Y) x = ,2)

d. {(x, y) I y + ax = 5} i. {(x, y) I y 3}

e. { (x, y) I y = x - 1} j. {(x, y) 12x - 3y = 6}

2. Repeat problem 1 using U = {-2, -1, 0, +1, +2}

3. Repeat problem 1 using 13 = {real numbers}. Do not answer part (1)
since the solution sets are infinite.

XI Inequalities in sentences in two variables

A. Introduction

1. The concept of ordered pairs as the solution set of sentences in
two variables lends itself well to the solution of inequalities.

2. In considering inequalities we consider the universal set in exactly
the same way which we used in considering equalities (equations).
Recall that changing the universal set may often affect the solution
set.

B. Example 1 To find the solution set and graph of:
{(x, y) I y > x } when U = {1, 2, 3, 4}

1. If we let U = {1,2,3, 4}, we have a universal set consisting of
16 ordered pairs and a graph of the universal set consisting of
16 points.

2. Note that the requirements of the sentence state that the second
component must always be greater than the first component. It
should be clear that the solution set must consist of the following
ordered pairs:

{ (1, 2), (1, 3), (1, 4), (2, 3), (2, 4), (3, 4)1

- 26 -
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3. The circled points of the following graph indicate those points
representing ordered pairs which are solutions to the given
sentence.

4. Domain: {1, 2, 3}

5. Range: {2, 3, 4}

6. This relation is not a function by the vertical line test.

C. Example 2 To find the solution sPt and graph of:

{ (x, y) y > x when U = { -2, -1, 0, +1, +2}

1. Let U = {-2, -1, 0, +1, +2}. The universal set will consist of 25
ordered pairs represented by 25 points. Observe that the second
component must always be greater than the first component.

Solution Set = {(-2, -1), (-2, 0), (-2, 1), (-2, 2), (-1, 0),

(-1, 1), (-1, 2) (0, 1), (0, 2), (1, 2)}

2. The circled points of the following graph indicate those points
representing those ordered pairs of the solution set.

y

3. Domain: {-2, -1, C, +1.}

4. Range: {-1, 0, +1, +2}

5. This relation is not a function.

- 27 -
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6. Note that the graph of the above solution set consists of those
points which lie above the graph of {(x, y) I y = x} having the
same universal set.

D. Example 3 To find the solution set and graph of {(x, y) I y > x 'where
U = {real numbers}.

1. If U = {real numbers}, then the totality of ordered pairs of
U X U can be represented by all the points of the plane. Instead
of circling those points which represent the solution set, we shall
shade the entire region containing the points representing the
solution set. In this case, the shaded region including all points
lying above the graph of y = x. represents geometrically the
solution set of the sentence. Note that the region should ex;:lude
all points of the line represented by the sentence y = x.

2. Domain: {real numbers}

3. Range: {real, numbers}

4. This relation is not a function.

5. We usually think of a line as a geometric figure which connects
two points on a plane. However, a line performs another task;
that is, it divides the plane into three infinite sets of points.
In this problem where TJ = {real numbers}, the line represented
by the sentence y = x divides the plane into the following sects:

a. the set of points of the line represented by the sentence
y = x.

b. the set of points of the half-plane lying above the line
represented by the sentence y = x; that is, the points
of this region represent all the ordered pairs which
make the sentence y 5 x true.

c. the set of points of the half-plane lying below the line
represented by the sentence y = x; that is, the points
of this region represent all the ordered pairs which
make the sentence y < x true.

- 28 -
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6. Because lines can slant in many directions, confusion often arises
as to which region contains those points whose ordered pairs make
a sentence true. A simple test is to select an arbitrary point be-
longing to one of the regions, and determine whether the ordered
pair representing that selected point makes the sentence true. If
the sentence is thus judged true for this particular ordered pair,
then the region must lie on the same side as the selected point.
If the sentence is judged false for that particular ordered pair, then
the region must lie on the other side of the line.

The point which results in the least amount of calculation is the
point at the origin represented by the ordered pair, (0, 0). If,
however, the line passes through the origin, some other point must
be selected which lies on either side of the line.

Exercise G

In the following problems you are given sentences in two variables with
a specified set U. For each of the problems:

(1) Graph the relation in U. The only pointy to be used in this graph
are those whose ordered pairs make the sentence true. DO NOT
PLACE IN YOUR DIAGRAM ALL OF THE ORDERED PAIRS OF
U X U.

(2) State the solution set in ordered pairs if U X U is a small finite
set; in a descriptive statement, if possible, where U X U is an
infinite set

(3) State the domain of the relation

(4) State the range of the relation

(5) State whether the relation is a function

1. If U = {1, 2, 3, 4, 5}

a. {(x, y) I y = 2x}

Solution:

(1)

Pin MN I I I MS M I,

5

4

3

2

1

1 2 3 4 5
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(2)

(3)

(4)

(5)

Solution set: { (1;2), (2, 4)}

Domain: {1, 2}

Range: {2, 4}

This relation is a function

b. {(x,y) I y < x {(x,y) I x + y < 5}

c. {(x,y I y = -x, j, {(x, y) I x + y

d. {(x,Y)Iyx} k. {(x,y) I x = 2 }

e. {(x,y) I y = 2x } 1. {(x,Y) I Y = 3 }

f. {(x, y) I y < 2x } m. {(x, y) I x = -1}

g. {(x, y) y = 6x} n. {(x, y) I y = -2}

h. {(x,y) I x + y = 5} o. {(x,Y) I y<

2. Repeat problem 1(a) to (o) if U = { -2, -1, 0, +1, +2}

3. Use the same sentences in problem I (a) to (o), but let U = {real numbers}.
For each problem:

(1) Graph the relation
(2) State the domain of the relation
(3) State the range of the relation
(4) State whether the relation is a function

E. The absolute value of signed numbers

1. The absolute value of a positive number is that same positive number.
The symbol for absolute value consists of two vertical bars on each
side of the number.

I + 51= +5

1 + 7 1 = +7

In many texts the above examples are written as

1 + 5 1 = 5

1 + 7 1 = 7

There should be no confusion, however, because these texts use the
numeral "5" as another name of "+5" since the set of natural numbers
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have the same structure as the positive integers. To avoid confusion,
we shall agree to use the notation as given in the first example.

2. The absolute value of a negative number is the additive inverse of the
negative number.

I-5 I = -(-5) or
I -7 I = -(-7) or

I -5 I

I -7 I

3. The absolute value of zero is zero

1 0 1 = 0

= + 5

= + 7

4. Summary of absolute value of signed numbers

= x where x?... 0

= -x where x < 0

The following diagram shows how the absolute value represents a
relation whereby a. positive or negative number is associated with
itself or its additive inverse, and zero is associated with itself.

absolute value

Exercise H

1. Determine the following:

a. 1 + 18 1

b. I 36 I

c. 1 0 I
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2. State whether the following statements are true or false:

a.
I 3 14 I +3 I

g. I -10 I < + 36

b. - 3 t + 3 h. I -101 I < I + 36 I

c. 1 -4 1> 1 -19 1 i. 1 - 5 1 > 1 -125 1

d. 1 + 4 1 < 1 +19 1 j. - 26 = + 26 1

e . 1 + 4 1< 1 -19 1 k. 0 > - 5

I. 1 -4 I > I +19 I
1. 1 0

I > 5 I

F. Sentences involving inequalities with absolute values

1. Example 1 To find the solution set and graph of
{(x$Y)Iy=lx 1} where U= {integers}.

a. Observe that the sentence to be satisfied requires that the second
coordinate always be equal to the absolute value of the first
coordinate.

Solution set = {(0, 0), (+1, +1), (-1, +1), (+2, +2), (-2, +2), (+3, +3),

( -3, +3),

.+3

2

+1 *

- 0 +

-2

71

b. Domain: {integers}

c. Range: {all non-negative integers} or {all positive integers and zero}

d. This relation is a function.
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2. Example 2: To find the solution set and graph of
{(x, y) Iy=lx1} where U = { real numbers}

a. From previous discussions it should be clear that the solution
set consists of all ordered pairs which make up the two half-
lines as shown in the following graph. It is impossible to
list all the ordered pairs which make the sentence true.

x

b. Domain: {all real numbers}

c. Range: {all non.-negative real number s}

d. This relation is a function.

Exercise I

Direction: In the following sentences
(1) Graph the relation in U if U = {real numbers}
(2) State the domain of the relation
(3) State the range of the relation
(4) State whether the relation is a function

1. {(x,y)ly>x}
2. {(x, Y) lk I = + 3 }

(Note. y can take on any
values and not affect
the sentence)

3. { (x, y)
I

IxI > + 3 }
4. {(x, y) I Ix. I < 3 }

(Note: "3" is another name
for "+3"

5. {(x,y) I Ix' 3 }
6. {(x, y) I 3 < x < 5 }

7. {(x, y) I 3 < x. _< 5 }

8. (x, Y) Y I 2x I }

.9. { (x, 3r) lly1=4}

Problems 15-28: Repeat problems 1-14 but use U = {real nurnbers}.

513

10. {(x, y) I y<2 2 }
11. {(k, y'? 1.1x1 + IYI = 4 }

Since. Ix] = +x. if x_>_ 0.
and -Ix I = '-x if x: < 0
then we really have four
sentences to satisfy
+x +y = 4 where x > 0 and y> 0
-x +y = 4 whele x < 0 and y > 0
+x -y = 4 where x > 0 and y '<
-x -y = 4 where x < 0 and y < 0

12. {(x,Y) 11x1 + 1 YI< 4
13. {(x,y) I IxI + IYI > 2 }

14. {(x,y) I Ix' IYI 3 }
15. {(x,y)

1 Ix' IYI > 2



(0,

y

G. Sentences involving variables of the second degree

1. Example 1 Discuss the graph of {(x, y) y = x2} when

b)

(3, 9) ).

(2, 4)

0)

Domain: ={0, 1, 2, 3}

Range: ={0, 1, 4, 9}

a. U = {0, 1, 2, 3, .. , 9}
b. U = {integers}
c. U = {real numbers}

c)
y /

.77(\3,

(-2, 4) . . (2, 4)

(-1, 1) . (1, 1)
._

(0, 0)

9) (-3, 9) */(3, 9)

(-2, 4) (2, 4)

(-1, 1) (1, 1)

Domain: {integers} Domain: {real numbers}.
Range: {0, 1,4,9, , n

2
,

This relation is a This relation is-a function
function

.} Range: {non-negative
real numbers}

This relation is a
function

2. Exaxnplr Z Discuss the graph of y) x = y2} when

U = {real numbers}

(9, 3)
(4,2)

(1, 1)

(4,
(9, -3)

X

Domain: {non-negative real numbers}
Range: {real numbers}
This relation is not a function.
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3. Example 3 Discuss the graph of {(x, y)1..x 2 '+ y2 < 4 } when

U = (-2, -1,0, +1,+2)

Domain: { -1, 0, +1}

Range: {-1, 0, +1}

This relation is not a function

4. Example 4 2
y2Discuss the graph of {(x, x y = 4} when

a.

b.

a. U = {-2, -1,0,+1+2}
b. U = {real numbers}

Exercise I

Domain: { -2, 0, +2}

Range: {-2, 0, +2}

This relation is not a function

Domain: {-2 < x < +2}

Range: {-2 < y < +2}

This relation is not a function

Directions: Discuss the graphs of the following problems when
a. U = {integers}
b. U = {real numbers)

1. {(x, y) x2 + y2 = 16 8.
2. {(x, y)

I
x2 +y2 >9} 9.

3. {(x,y) I x2 + y2 = 25} 10.
4. -{(x, y I x2 + y2 < 25} 11.
5. {(x,y) I 9 <x2 +y2 < 25} 12.
6. {(x, y) I 9 < x2 + y2 < 25 } 13.
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XII. Functional notation

A. From our work in set'.;, we note that a set is simply designated by
a capital letter, such as U or S or A, etc. Since we have developed
the concept that a function is a special kind of relation or set of
ordered pairs, we often designate the function by a capital letter,
such as F or G, etc. Thus we may use the notation:

F = {(x, y) j y = x - 1} or G = {(x, y) I y = x 2}

Frequently we find that a (lower-case) letter is used to
represent the function or set of ordered pairs such as:

f = {(x,y) j y = 2x} or g = {(x, y) j y = xal

B. We have seen how equations or inequalities act as devices to assign
a second coordinate to a first coordinate of the ordered pair. The
second coordinate assigned to any first coordinate x is written:

f (x) or g (x).

This is read as "f at x" or "g at x"; sometimes it is read
"f of x" or g of x." Therefore, y = f(x). y and f(x) are names
for the same number. It should be emphasized that f and f(x)
are not the same. The notation "f" means the entire set of
ordered pairs which make the sentence true, whereas the
notation "f(x)" simply means the second coordinate of the
ordered pair which is assigned to some first coordinate x.

C. The function can therefore be represented in different forms:

f = {(x,Y) I Y = x2}

f = {(xsx )}

f = {(x, f(x) j f(x) = x2}

These forms are used interchangeably so that it is wise to become
familiar with them.

D. Example: Given the function f defined by {(x,y) y = x
find f(1), f(0), f(-12)

f(1) = 1 - 1 = 0; therefore f(1) = 0

f(0) = 0 - 1 = -1; therefore f(0) = -1

f(-12) = 1 - (-12) = 1 + 12 = 13; therefore f(-12) = 13
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E. Example: Given the function G defined by {(x,y) I y = 3x2} for the
Fet U = {-2, -1, 0, +1, +2}

a. Describe the function G
b. Find G (+2)
c. Find G (-1)

Solution: a. G = {(x, y) I y = 3x2}

G = {(-2, +12), (-1, +3), (0, 0), (+1, +3), (+2,-142))

F. Example:

b. G (+2) = +12
c. G (-1) + 3

Given the function f defined by the sentence or rule
f(r) = (4/3) Tr r3

find: (1) f(-5)
(2) f(a)
(3) f(3t)

Solution: ( 1) f(-5) = -5001T/3

(2) 1(a) = (4/3) Tra 3

(3) f(3t) = 36Trt3

Exercise .1

Directions: Given the following sentences which define the function f in which
the universal set is {real numbers) calculate the following for
each problem from I - 8

a. f(-3)
b. f(4)
c. f( 5)

1. y = 4x + 9

d. f (0)
e. f(2.13)
f. 1(4a)

2. f(x) = 8x - 5

3. f(x) = 3x2 - 4x + 5

4. y = x2 + 3x - 2
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g. f(-3a)
h. f(+100)

5. y =2. 13/x

6. r = 3t2 - 5t

7. y = 2

8. f(x) = -2



*9. Given G = {(x, y) I G(x) = 43(1, find G(0); G(-1); G(1)

*la. Given F = {(x,y) x + 1F (x) = } defined for all values except x = 1.
x 1

Find F (0); F(2); F(-1); F (rn + 1)

Given f = {(x, y) f(x) = x2 -I- 4x -1, show that

f(x h) = x2 - 3x + 7 + 2xh - 3h + hz

*12. Given g = {(x, y) I g(x) = x4 + 3x2 - 4 }, show that g(a) = g(-a).

*13. Given f = {(x, y) I f(x) = 1/x, show that f(x + h) - f(x) = -h/x2 + xh

*14. Given g = {(x, y)
i

g(x) = nix + n, show that g(x t) - g(x) = mt

*15. Given f = {(x, y) I f(x) = x +--x-1 and g = {(x, y) I g(x) = x

show that f(x) g (x) = g(x 2)

XIII. Systems of sentences involving equations and inequalities

A. Introduction

In the previous sections the required solution involved finding
a set of ordered pairs which satisfied the conditions defined by a
sentence of equality or inequality. There are many problems in
mathematics which require a set of ordered pairs which must
satisfy two or more sentences. Such a problem is referred to as
a simultaneous system. The solution set which satisfies two or
more sentences simultaneously contains the ordered pairs which
make the sentences true. The number of ord5red pairs which make
up the solution set may be none, one, more than one, and in some
cases, the solution set may be an infinite set. Such a set represents
the intersection of the two sets because it contains the ordered pair
or pairs common to both sentences.

The method of graphing the solution of such systems involves
the graphing of the lines or regions as shown in the previous
sections. Where two regions are involved, it is wise to indicate
one region by shading one regir'n with horizontal lines, and
shading the second region by vertical lines. Then the region which
shows the double shading or cross-hatching represents the region
containing the points representing the ordered pairs making the
sentences true. If more than two regions are involved, slanted
shading may be used. Pencils of different colors are also helpful.



B. Example 1: Graph the following relations and state the solution
set common to both sentences, Where
U = {real numbers}

{(x,y) y =

{(x,y) x + y = 6}

or
{(x, y) y = x}f { (x, y) x + y = 6}

Solution set: {(3, 3)} or x = 3
Y = 3

C. Example 2: Find the solution set common to both of the
following sentences where U = {real numbers}

I

x + y> 6

x

The region indicated by the cross-hatching contains those points
representing those ordered pairs of the solution set which are common
to both sentences. This solution set is infinite.

D. Example 3:

X2 +y2 <9
y < x

Find the common solution set to both sentences where
U = {real numbers}

I

Notice that the solution set common to both sentences is
by those points lying inside the circle and lying on and below the straight
line but not on the circumference of the circle.

repre sented
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Exercise K

Directions: In the following simultaneous systems, of sentences make a graph
of the sentences and state the solution set by a description of the
graph of the solution set or listing the members of the solution.
set where it is small. In all cases consider U = {real numbers].

1.. y = x
y = 3x

Z. y = x
y = x + 2

3. x + y = 5
x = 3

4. x + y = 5
x - y = 3

5. x + 2y = 8
y =

6. 2x + y 5
x - y = 1

7. x - y = 0
+ y = 5

8. y - x = 1
3y = 2x

9. x - y = 1
x + y = 9

10. y = x + 5
y = x + 3

11. y x
y 3x

12. y > x
y < x + 4

13. x + y =7-'2 5
x

14. y > x + 5
y < x + 2

15. y < x + 5
y >x +2

16. x > 0
y > 0

17. x < 0
y > 0

18. x < 0
Y <0

19. x > 0
y < 0

20. x > 0
y> 0
x + y 5

21. y> x2
y < x 6

22. x > 3
x < -.3

23. x < 3
x < -3

24. x> 3
x> -3
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25. y > 5
y < 2

26. 3Z >;12
y >. x

27. x2 + y2 > 4
y < x

28. y > x2
y < 3

229. y> x
x< -.2

30. x2 y
2 > 9

x 5

31. x2 + y2 25

x2 +y2 4

32. x2 + y
2

25

x2 + y2 4

33. x2 + y
2

9

y > x2

34. x > 4
y <

35. x < 4
y >2

36. x > 4
x > 4

37. x < 4
y < 2

38. x + y 5

y?ix -6
Y i --.3



Honor Problems

Directions: Graph the solution set of the following sentences:

1. xy = yx
x

2. +
y

= 2x y

3. x+y=y+x
4.

x y
y x

XIV. Summary

5. x2 -y2 =.0

6. I xy I > 0

7. x - y: = y x

8. xy 0

A. A relation is a set of ordered pairs.

B. A function is a special kind of relation such that no two ordered
pairs have the same first coordinate.

C. The concept of function involves a domain, range, and a defining
sentence (rule or formula) which assigns to the first coordinate
of the ordered pair one and only one value for the second coordinate.

D. The domain of a relation is the set of the first coordinates of the
ordered pairs which make up the relation.

E. The range of a relation is the set of the second coordinates of the
ordered pairs which make up the relation.

F. The function is not the sentence, rule or formula. The function is
the set of ordered pairs. When we point to a graph and state
" this is the graph of the function", we always mean those points
and only those points of the graph which represent the ordered
pairs of the function.

G. f(x) is not the function nor does it represent the function. f(x) is
second coordinate of the ordered pair whose first coordinate is x.
The term, f(x) is often used loosely to mean the function. It is
better to use the symbol "f" when we mean the function, and reserve
the symbol "f(x) to mean the second coordinate of the ordered pair.
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