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Foreword

In a dynamie society such as ours, change is constant, People ac-
cept this fact more readily in many fields than in the area of mathe-
maties. And vet, in receut vears new projeets, new courses, and new
materials remind us that a great potential exists for improved changes
in the matheinaties program.

The primary purpose of Guidelines to Mathematics, 6-8 is to help
those who hawe responsibility in Jocal schiool distriets for providing
a well coneeived mathematics program. ach of the sections of this
guide las been designed to meet speeilie objeetives. Although no
seetion represents tie final word on the topie being discussed, it is
intended that all sections represent definitive statements which can
serve as a sound foundation for further study and investigation.

The main scetion of this guide has bLeen devoted to a careful de-
velopiment of major concepts and associated hehavioral objectives., In
addition, other scetions have been devoted to issues concerning the
effeetive teaching of mathematies,

Tle Wisconsin State Departnient of Public Instruction trusts that
the efforts of all who helped make this nublication possible will result
in improved mathematical expericuces for all Wisconsin youth.

WiLLiaM C. Kan
State Superintendent
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Mcthenatics Instruction: A point of View

The variety of mathematies programs now
avuilable for schools promises to benefit both
teachers and students alike. Having been
freed from the fixed form that characterized
the traditional program, teachers now have a
greater opportunity than cver to seleet the
materials and teaching teehnignes best suited
to a student’s needs. The basis used for
sclecting methods and matervials is impartant
and is dependent upon the viewpoint of the
teacher in regard to his instructional task.
Just as 1aathematics programs have changed,
so might certain aspeets of the traditional
view of instruction be changed.

It has been common praetice hevetofore to
consider mathiematies skills and concepts as
being “‘all-or-nothing’’ attaimuents. That is,
mastery of a certain body of facts or skills
has been traditionally regarded as the proper
provinee of the teacher at a particular gradc
level. The failure of some students to achieve
the expeeted level of proficieney has foreed
the teaeher of the next grade to “‘reteach’’
these areas, a task that has long been a source
of irritation to many teachers. This type of
compartmentalization of a conrse of study
should be minimized, if not eliminated. In-
stead of expecting boys and girls at a given
grade level to master in a rather finnl sense
a eertain portion of the mathematieal train-
ing, educators should develop an approaelh
which recognizes the existence of individual
growth rates and stresses the continuity of
the instructional process.

Teaching for Growth

Perhaps the one factor most essential to
the suecess of the mathematies curriculura is
an emphasis on understanding, that is, under-
standing of mathematies. This emphasis
represents u marked shift in the focus of
cdueators’ atteation from overt hehavioral
skills and social applications to understmud-
ings developed as a person organizes uand
codifies mathematieal ideas. 1t is no longer
deemed sufficient for a teacher to be satisfied
with competent eomputational performance
by a student in spite of the obvious necossity
for such skill. The need to find a wmore
cfficient, n more enjoyable, and a more illumi-

Q
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nating method of instruetion has led to the
consensus that elear and penetratineg under-
standing of certain essential mathematies
must precede, but certainly not supplant tiie
traditional point of emphasis, computaticn.
How is this to be achieved?

Experiencing the Physical World

Certain prineiples of instruction deserve
renewed emphasis, It is agreed that one
should traverse from the known to the un-
known; from the particular to the general;
from the conerete to the abstract. Clearly,
students should be encouraged to develop
many coneepts of mathematies from theiv
experiences with physieal objeets.

This approach implies, in many cases, hat
prior to the infroduetion of & zoneept, time
sitonld be provided for each student to ex-
periment with physieal objeets appropriate
to the objective. For instance, every studeut
should have the experience of compr.ing
volumes of various three-dimensional figures
such as cones, eylinders, spheres and prisms
by using sand or liquids as a prelude to
volume problerma; he should work on making
and/or comparing thermometer seales he-
forc using the formula to couvert Celsius
to Fuhrenheit; e should have many experi-
enees with loeating eities on maps, and play-
ing various games on eoordinate eharts, he-
fore graphing solntion sets of linear cqua-
tions.

By such prrposeful “‘playing’’ important
coneepts that have been left largely to ehance
development will by given appropriate atten-
tion and will he established on a firm founda-
tion.

Useful Unifying Concepts

Beeiuse understanding is an ambignous
torim and beeause o teacher must make as
elear as possible the relationship hetween
former ohjectives and present points of em.
phasis, iU may he w1l to eonsider just a few
of the many coneepts that are espeeially im-
portant to elarify amdl develop frem the
carliest stages.

For the foresceable futnre, the study of
number systems will continie to be the es-
sence of the mathematies program. Involved

(9]
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in this study are the colleetions of various
kinds of number ideas, sueh as natural num-
bers, together with the operation defined on
these mumber ideas and the properties of
these operations (for example, connnutative,
assoctative, distributive properties). Ob-
viously, the development of an understanding
of such ideas must take place over am ex-
tended period of time and at considerably
different rates for different students. There
is no sneh thing as compleie understanding
of any particnlar number system by a stu-
dent. Rather, teachers at each level shonla
ascertain that the instruetion 1s directed
toward deepening and extending the broad
imathematical streams eited in later seetions
of this report. How cun this be done?

As a student’s grasp of mathematies
rrows, lie must be guided toward the acquisi-
tion of the broad and essential coneepts whieh
tie together scemingly disconneeted particu-
lars into a coherent general structure. The
same operations are eneoun-red in several
peculiar and different eontexts to snceceding
grades. Bach particular use reaily represents
a different operation.

For instance, the wmltiplication of twa
natural numbers such as 3 X 5 may he prop-
erly regarded as the process of starting with
nothing and adding 5 objeets to aset 3 times,
But can 14 x 14 be similarly iuterpreted as
the process of repeatedly adding 14 ohjects
for 14 times! Or what meaning can Dbe
aseribed to (—3) (—5)! Certainly not —H
things repeatedy added for —3 times! Suneh
statements require differcut interpretations
beeause the operation called multiplication
has several meanings and definitions de-
peuding upon the kinds of nunbers or set
clements to which it is applied.

Natural numbers, integers, and rational
mumlkers each combine somewhat differently
under a given cperation. But rather than in-
veat new symbols to represent the ehanging
definitions of an operation as it applies to
the various nutaber systems, one uses the
same symbol throughout. In this situation,
as in many similar ones, students must he
taught to interpret symbols in context. Only
in this way will mathematics shorthand
serve the 1mportant purpose of elarify.

O
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ing and improviug eommunieation. IFurther-
nmore, the student should he led to under-
stand that although the specific interpreta-
tion of an operation differs from one system
to the next, a structural unity still remains
which is fourded on the commmtative, as-
sociative, and distributive properties as they
pertain to the operations. Beeause of this
strizetural unity, one can rely on the context
im which a symbol is used to determine its
meaning, rather than create new symbols for
cach particular variation of a concept.

Another matter often treated too lightly
involves the freedoms or restrietions which
may or may not exist for a given operation,
When one matches the elements of a1 set with
the word names of the ordinal numbers, he
nust know that the order in ‘which the objeets
are matelied to tue numerals will not affect
the connt. O the other hand, cases exist in
whieh the order of presentation of intforma-
ticn is nnportant. One cannot mix up mm-
merator and denominator with impunity or
name the coordinates of a point by whim,
The bLasis for free ehoice, where it exisls,
and the reasons for restrictions, as they oe-
cur, st be made clear if nuderstanding is
to be achieved,

T'o st up, stodents shonld eome to realize
that wathe:naties is a logical svstem which
cxisls as @ Tvman invention, formulated, en-
riched, extended, and revised in response to
the twin needs to perfeet it as a logieal strne-
ture and to use it as a convenient method of
deseribing certain aspects of nature as scen
by man,

Undue Emphusis on Particulars

Wduentors should avoid giving undue em-
phasis to any single aspeet of the total mmathe-
maties program, The idea of sets, for in-
stanee, should not be glorified heyond its
usefuhiess in contrilmiing to the attainnoent
of the broad goals of the program. Shnilarly,
it is mmwise to go to the extreme of down-
graling the importance of eomputational
proficiency te the point where long raunge
zoals are placed in jeopardy. Furthermore,
big words or impressive terms and symbols
nst never interfere with a student’s vader.
standing of the concepts which the worls or

PO
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symbols represent. Clarity of commnuuica-
tion is the chief purpose of mathematical
language and symbolism. If a particular
term or syinhol does not serve the cause of
clarity, then it should not be used. Students,
of course, must eventually learn how to use
the language effectively and nnderstand it in
context. However, teachers should exereise
great ecare in working toward such a goal
and shonld avoid any proliferation of sym-
hols or premature verbalizations that will
hinder goal attainment.

Problem Solving

One of the greatest challenges for the
teacher is the development of appropriate,
real-life problems which wmeaningfully in-
volve learners. Classroom teachers recog-
nize the limitations of textbooks in providing
such verbal problems. Many problems fail to
challenge students; they fail to represent a
world which is real to young people and too
often they fail to contribute to the student’s
skill iu problem solving =ituations outside the
textbook. Notwithstandiing these limitations,
textbook verbal problems will continue to be
prontitent in most classiooms until individual
teachers identity other ways of meeting the
problem solviug onligation.

There is inevcasing evidence that through
experinental programs aud througlh the
efforts of indivicdual classroomn teachers im-
proved wayvs aof meeting this oblization arve
being developed. Much is being heard about
the hmportance of relating mathematics to
other areas, of the use of computers in matlie-
maties instruction, of units of study in
mathematies, of ecurichment activities in
mathematics, of the stndy of the history of
mathematics. and of studcats creating their
own mathematies problemms, Instead of
stressing the social development of the stu-
dent tiiese cfforts emphasize the structure of
mathematies through problem solving experi-
ences. These activities are hopeful signs
pointing to a greater stress being placed, in
the near fuiure, on the importance of mean-
ingfully-structured problem solving experi-
ences as a part of the mathematies program.

{ndividual Differences
If mathematics instroetion is viewed as a
process of initiating understauding and of

RIC

carefully nurturing this understanding as the
student matures, it will then be necessary to
discover effective techniques for acconmodat-
ing the widely differing rates at which young
people develop. Tmplicit in this statement is
tiie need for schools and teachers to recog-
nize that some students may not be able to
grow substantially or may seem to terminate
their potential for growth at some point
along the way. In such cases, provision
should be made for experiences most appro-
priate to the individuals weltare.

To date, no satisfactory method has heen
developerd to cope with the vast range of in-
dividual differences. Flexible grouping pro-
cedures, nongraded classrooms, individual-
ized instruction, team-teaching, ecompnter-
assisted instruction, and television teaching
are receiving extensive tesling and evalua-
tion. Perhaps the expcriments curreutly
underway will yield effeetive techuiques once
more is leanied about the problem. In tie
meantime, each teacher must exereise pro-
fessional judgment and common souse in
adopting an optimial arvangement that is com-
patible with his own abilities, with the charac-
teristies of students in his elass, and with
the physical facilities and administrative
policies of the school.

In summary, wmathematics instruction
shonld be viewed as a continuous cffort to
develop in the individual a knowledge of
mathematies that is characterized by its
deptih and conmectedness. To the extent pos-
sible, the student should be enconraged to
exveriment  with the objeets of his en-
virenment, Thns prepared, lie may be led
to the invention or discovery of those ideas
wlich provide both a broad basis for further
exploration and a sense of delight in a well-
founded mastery of the subject. The task
is a challenging one and deserves much
cffort. To this .end, the teacher should do
everything possible to sce that instruction is
web-planned and is provided on a regular
basis. As an additional, but essential meas-
ure, cooperative action such as inservice
cducation should be taken by schiool personnel
to develop in the teaching staff a view of
instruction appropriate to present day needs
and opportunities,
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Key Mathematical Content Topics

and

Related Student Behavioral Objectives

Tu the following outline, an attempt has
leenr made to point out where kev content
tapies might be introdaced and developed
in the school mathematies program, includ-
ing a “smamary’ for grades K-35, and
speeific student Dbehavioval objeetives  tor
grades 6, 7 and 8 The hehavioral ol jeetives
suggest a sequenee of developient of mathe-
matieal ideas whieh provides for tueir rein-
foreeinent and continuity from timme ot intro-
duction throngh grede 8, By means ot such
a4 sequence of development, key ideas can he
extended to conform vith the matarity aud
background experiences of students.

The content topies have been organized
under seventeen main topies: Sets and Num-
bers; Numeration Systems; Order; Nunber
Systems; Ratio and Proportion; Compata-
tion; Size and Shape; Sets of Points; Sym-
mefry; Congracnee; Similarvity; Coordinate
Systems and Graphs; Coustractions; Meas-
urcment; Mathematieal Sentences; Ordered
Pairs, Relations and Functions; and Statis-
ties and Probability. The first firteen topies
are indentical to those in Guidelines to Mathe-
maties, K.¢. published in 1967 by the Wis-
consin Department of Public Instrnetion,

I is not intended that the placement of
topies i this outline be considered as the
only corrcet arrangement or that all of the
topies necessarily be tuught at every grade
level as presented here. The ideas listed for
each grade level shiould he regavded as a
suggested guide for introducing various
topices; the outline is not intended to he all-
inclusive, Teachers will find it necessary to
alter the order of topies to meet the necds
of students or the needs of particular gronps
of studeats.

Furthermore, no fixed amoant of time or
cempliasis has been suggested for auy objee-
tive in this ountline, A disproportionate
amount of space has heen devoted to some
topies for purposes of elavity, and the amount
of space devoted should not he considered au
indication of the relative hmportance of a
topie.

This outline extends for two more grades
the ouatline originally presented in Guide-
lines to Mathematics, K-6. Grade 6 ohjee-
tives ave repeaied in this ontline without
modifi-ation,

School  administrators »nd  sepervisors,
mathematics comrvienlum eommittees, teach-
ers, and university instruetors shoull find
this ouvtline useful for one or more of the
following purposes:

® As an orientation to the keyv {opies and
behavioral objectives  of  the  sehool
mathematies emrrienlum, grades 6-8,

® As a sonree of knowledge of the related
ohjeetives of introductory secondary
mathematies.

® As a “‘vardstick’ to compare against
present mathematies programs,

® As a guide in determining the eoncepts
that ueed to be highlighted in pre-
service and in-serviee cdueation pro-
grams tor teachers,

® As an aid to program evaluation,

Throughout this outline, an asterisk(*)
appearing under any behavioral objective,
or in lieu of objectives, indicates that the
understanding and skills listed for previous
grades are to be expanded and reviewed.



Mathematical Topics

Sets and Numbers

Any clearly defined collection of distin-
guishable cbjeets is called a set. The obj2ets
in this set are called merbers or elements. A
set may be identified by a description (pos-
sibly econtaining a rule), a listing of the set’s
members, a Venn diagram, or a graph. Basie
set operations include union, interseetion and
complementation.

In grades 7 and 8 the emphasis is on the
gtuly of rational muubers, negative as - el
as non-negative. A brief introduction is also
ineluded to the irrational numbers which
leads the students to the set of real numbers.
A more complete developruent of the set of

irrational numbers and the set ef veal num-
bers is instroduced in grades 9 through 12.

Remarks

Set concepts ean assist in the understand-
ing of numerical and geometrie ideax. The
use of the Venn diagram might be emploved
to elavify definitions of suel tering as prime
and composite numbers, odd or even nmn-
bers, universal sets, subsets, overlappiny
sets, and disjoiut sets. Speeial attention
should be given in the 7th and 8th gradex to
the elarifieation of finite, infinite, cqual and
cquivalent sets.

Students should be e2ble to: D

Numeration Systems

The understanding of base and place valne
of a nwmeration system is extended in 7th
aud 8th grades. Expanded notation, scientific
notation using positive, zero and negative
integral exponeits, and the relationship be-
tween fractional and decimal vepresentations
of rationa! numbers ave emphasized.

Remarks

Comparison of hase ten with other mnnera-
tion systems, aneient and modern, strengthens
understanding of hase and place, hnt com.
putational  faeility  should be  eneouraged
only in hase ten,

Students should be able ts: [>

Order

The coucept of order is extended from
generalizations about cardinal numbers of
sets to order in the set of real munbers based
on the following two principles.

(1) If a and b are any two real nnmbers, then
one and only oue of the following is true:
a=ha<bora>h

(2) QGiven three distinet real numbers, one is
between the other two.

In grades 7 and 8, emphasis is placed on
the order of rational uinnbers.

Remarks
Practice in ordering numbers should in-
elude inspection of digits i decimals,

(321080 < 3.21008), application of skills
with fraetions and deeimals, (3/3 < 5/9 and
370 < .9}, and eomparison of relative loca-
tions on the munber line.

Students should be able to: [)
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Behavioral Objectives
Grades K-5

Sets and Numbers

K Identify two equivalent sets Ly placing
the members of the set in one-to-one cor-
respondence.

K Use such ters as more than, as meny as,
fewer than when comparing sets of ob-
jects.

1 Count the members of a set containing one
hundred or fewer members.

1 Use “0’’ as the syvmbol for tlie number
of elements in the empty set.

2 Identify 15, ¥4, ¥4 of a whole by using
physieal objects.

3 Detennine the ecardinality of a set to
10,000 through appropriate experiences.

3 Use ordinal numbers beyvond tenth.

4 Determiune the factors of a counting mmm-
ber (a whole number other than zero).

5 Find the prime factois munbers

throngh 100,

5 Construet sets of equivalent fractions
throngh working with sets of rbjects. An
example of such a set is {2/3, 4/6, 6/9,
8/12 . . .h

Numeration Systems
K Identify the numerals 0 through 9.

1 Give different numerals for a given num-
ber sueh as 6 4+ 2, 10 — 2, and 8 for eight.

1 Interpret the place-value concept for
writing whole numbers to one hundred;
such as, 89 is the same as 8 tens, 9 ones.

2 Write three-digit nmnerals in expanded
notation; for exammple, 765 = 700 + 60 + 5.

3 Recognize that nnmerals such as 57 ean
be cxpressed as 40 + 17.

4 Iuterpretl place valne for large numbers.

5 Write many names for the same rational
number.

5 Work with bases, such as 3, 4, 5, 6, and 7,
to dmmonstrate an unders.anding of the
base of a mumeration system.

Order*

K Determine whether two seis are equiva-
lent (can he matched or placed in a one-
{o-one correspondence).

1 Determine that 8 is greater than 5 and
that 5 is less than 8 Ly comparing ap-
propriate sets of objeets and do this for
any two numbers less than 10.

2 Use symbols >, <, and == in mathematical
sentenees.

O
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3 Determine betweenness, greater than, or
less than for numbers through 999.

3 Recognize greater than or less than for
the fractions 14, 14, 14 with physical ob-
jects.

5 Determine greater than, less than, and
betweenness for rational nmnbers.
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Behavioral Objectives
Sixth Grade

Sets and Numbers

1. Use negative numbers in many different
situations,

Numeration Systems

1. Represeut rational numbers by deeimals
and fractions.

2. Kxpress large nuinbers by using scicntifie
notation, sueh as the distance from earth
to the sun as 9.3 X 107 miles.

3. Use expeunential notation in representing
nmumbers; for example, 2345 = 2 X "0* |-
3 X 107 4 4 X 10 -+ 5.

4. Demonstrate an understanding of the re-

lationship between decimals wnd common
fractions.

Order*

1. Determine greater than, less thaup, and
betweenness for (positive, negative, and
zero) integers.




Behavioral Objectives
Seventh Grade

Sets and Numbers

1.

Given o universal set describe or list the
mewnbers of a given set. For example, in
the universal set of counting mumbers
the set of multiples of 31543, 6,9,12.. .}
Determine whether i element is a mem-
ber of a given set.

Deterniine whether a set, including the
empty set, is a subset of a given set.
Determine whether two sets arve equiva-
lent.

Determine whether two sets are equal.
Identify the elements in the intersection
of two sets.

Identify the elenients in the union of two
sets,

Given a subse’, of a universal set identify
the members of its complement.

10.

11.

Express a counting mamber in prime
factor form. For example, 24 = 2 x 2 «

2x 3 = (2% (3).

Interpret a fraction as a part of a whole,
as expressing a ratio, as part of a group,
or as an indicated division.

Given a set of nuinerals, elassify them as
representing whole numbers, and/or iu-
tegers, and/or rational numbers.

Examples: 8/4 represents a whole num-
ber and an integer and a rational num-
ber 333 . ... represents a rational
number; —4 represents an integer and
a rational number.,

Numeration Systems

1. Use positive integral exponents to ex- 3. Use scientific notation to express numnbers
press the power of a positive rational greater than ten.
number. . 4. Rceognize that rational numbers ean be
2. Use expended mnotation in rvepresenting . ) P
whole numbers. expressed i the form ~ wlere p and q
A 1Q —_ [rf] ar H U] 7 0.
(Examples: 314 =3 X7 +1XT ire integers and q ¥ 0
+4 XL, and3l4, =3 X10°+1X10 5. Write any positive rvational number in
+4x1) decimal notation,
Order*
1. Recognize that one and only one of the 3. Determine, given two rational numbers.
following statements is trne when a and wli.el is greater.,
are any two rational nmmbers: . . . .
}: <'u}§= .:2 bl '10> b o jmnibers 3. Determine, given three rational numbers,
) ’e v ) whieli one is between the other two.
2
O
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Behavioral Objectives
kighth Grade

Sets and Numbers

1.

|3

Show that a rational number can be ex-
pressed as a repeating decimal, and that
a repeating decimal ean be expressed in
fractional form.

Identify non-repeating decimals repre-
senting irrational mmmbers. For example,
.232332333233332 . . .

3. Determine the number of subsets in a set

containing N clements, For example, a
set containing 5 elemeuts has 32 or 2°
subsets.

Numeration Systems

3. Use the symbol Va to indicate one of wwo

cqual factors whose product is a.

1. Use positive, zero, and negative exponents
correctly. Use expanded notation to express positive
2. Use scientific notation to express positive ratioual numbers.
rational numbers; for - xammuple, the length (Example: 2137 = 2 X 10" + 1 X 10° +
of a microwave is 2.2 X 10 meters. 3IX 10"+ 7 X 10
Order*
1. Determine, given a rational mamber and

an irrationnl nmnber, which is greater.

For example: which is greater 2 or V31
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Mathematical Topics

Number Systems

A number system consists of a set of num-
bers, t vo onev~ticns defined oun the numbers,
and propertizs of the operaticns.

The whole number system and the system
of positive rational nminbers are studied iu
the elementary grades and the system of in-
tegers is introduced. The raticnal number
system is studied in wore detail in grades
7 and 8. Subsequent understanding of the
real number system depeuds on careful and
comnplete development of the systems of in-
tegers and rational numbers.

The important and useful properties of the
operations on the rational numbers include:

Addition Multiplication
Closure Closnre
Commutativity Commutativity
Associativity Associativity

Fdentity Element Tdentity Element
Inverse Flements Inverse Elements
Distributivity
Remarks ‘

Emphasis should be placed on how the
properties of number systems faeilitate com-
putation. Fiuite systems can be used as
models to help students understand the con-
cept of number system,

Students should be able to: D

Ratio and Proportion

A ratio is a pair of numbers used to com-
pare quantities or to express a rate.

Symbols commonly used for a ratio arve
{a,b), a:b, and a/L. Note that the symbol
(a,b) is also used to denote the coordinates
of a print in a plane aud that the symbol
a/b is generally used to mame a rational

number, when a and b are integers and b is
not zero.

A proportion is a statement that two ratios
are equivalent (that iwo pairs of numbers
express the sawa rate). A proportion is writ-
ten in the form a/b = e¢/d, when a X d =
¢ X b

Students should be able to: D

Computction

Computation can be deseribed as the ap-
plication of systematic (algorithmice) pro-
cedures to the precess of renaming numbers.

Reinarks

Understandiug snd appreciation of many
mathematieal coucepts are facilitated by

14
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computational proficieney. It is expected
that in grades 7 and 8 the eomputational skill
developed in earlier grades will be main-
tained and extended.

Students should be able to: [>
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Behavioral Objectives
Grades K-5

Number Systems

K Rearrange scts of objects to demtonstrate
the joining and separating of sets, and
thereby develop a readiness for addition
and subtraction,

1 Recognize exawmiples of the commutative
property for addition in the set of whole
numbers. Demonstrate with sets of oh-
jeets the relationsliip between such sen-
tences as 4 + 2 = 6, 6 — 2 = 4, and
6 —4 =2

2 Use the associative property of addition
in the set of whole numbers; for example,
(34+4)+5=3+ (44+5).

2 Recognize zero as the identity elew ¢nt
for addition iu the set of whole unniiers
and its special role in subtracti v,

3 Rcecgnize the role of 1 as the identity
element tor multiplication in the set of
wlole numbers. .

3 Rcee snize the distributive propecty of
multiplivation over addition in the set of
whole nunhers,

4 Reccgnize the inverse relation between
addition sentences and two subtraction
sentences, sueh as 725 + 342 = 1067 and
1067 — 725 == 342 and 1067 — 342 = 725,

4 Usc parentheses to show order of opera-
iion; for example, 2 + ¢ X 3 = 2 -+
tx3)=HMHand(2+4) X3=-6X%X3
== 18,

5 Recognize that subtraetion is not always
possible iu the set of positive rational
numbers and in the set of whole numbers.

Ratio and Proportion

3 Interpret simple ratio situations, such as

2 apples for 15¢, written 2 (apples)
15 cents).

4 Determine if two ratios arc equivalent by
using the property of proportions com-
monly called eross multiplication. Yor
example, 3/4 = 9/12 beecause 3 X 12 =
4 % 9, whereas 6/7 # 7/8 Liceause 6 X 8 #

- -

X1

4 Fiud the missing whole number in tvo
equivalent rvatios like 2/3 = 0O/9 or 5/0
= 25/70.

5 Use the ideas of ratio and equivalent ratio
with problems that inelude fractions as
terms. For example, find the missing
number in 2/3 = 0/20.

5

5 Use wmentbers of sets of equivalent ratios
with the same first term or the same
second term to compare different ratins.

Computation

1 Use the addition facts through the sum
of 10 and the corresponding subtraction
facts.

2 Usc the multiplication facts through the
product 18,

3 Use the vertical algorithm in addition
and subtraction with two- and three- place
numerals when regrouping may be neces-
sary.

3 Kstimate the sum of two numbers. For
example, 287 + 520 is approximately 300
+ 500 or 800,

4 Do colinm addition with several four-
place or five-place addends.

4 Use thie subtractive division algorithni
with ¢wo-place divisors ending in 1, 2, 3, §.

8 Add and subtract rational nmnbers.

b KExpress the quotient of integers as a
mixed nunieral; for example, 24 = 5 =
4 4/5.

ERIC 2
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Behavioral Objectives
Sixth Grade

Number Systems

1.

Recognize that 1/1 or 1 is an identity
element for mmltiplication in the set of
rational numbers.

Recognize the multiplicative inverse
(reeiproeal) for every positive rational
munber exeept zero snd use it in the
division of rational numbers. For ex-
ample, 1/2 -+ 3/4 = 1/2 x 4/3.
Recognize that the operation of division
is the inverse of multiplication in the
set of positive rational numbers. For
example, the sentences 34 X 24 = 14,
1 + % = 35, and 16 + 33 = ¥ have
this relationship.

Recognize that there is no smallest or
largest rational number between two
positive integers.

Recognize that the integers (positive and
negative whole numbers aud zero) arve
an extension of the whole numbers.

6.
7.

2

10.

12.

Find the adaitive inverse (opposite) for
each integer by using the number line.
Recognize that the rational numbers
(positive and negative whole numbers,
positive and negative fractions, and zero)
are an extension of the integers.
Reeognize that finding an integral power
of a number involves repeated multipli-
cation of the sante number, For example,
(%) == 24 X 35 X 34,

Use the commutative and associative
properties of mulliplication for rational
numbers.

Use the distributive property of multi-
plication with respect to addition of
rational munbers.

Use the conmmtative property of addi-
tion for integers.

Recognize that the rational number sys-
tem i< dense; that is, between each two
different rational numbers, there is a
rational number,

Ratio and Proportion

Use equivalent ratios to convert frac-
tions to decimals and conversely; for ex-
ample, to write 3/5 as hnndredths, solve
for n in 3/5 = n/100; to writc 44 hun-
dredths as 25ths, solve for n in n/25 —
44/100.

Solve ratio problems where some or all of
the terms of the ratios are written as
dceimals.

Use proportions in problems about the
lengths of sides of similar triangles.

16

1. Interpret percent as a ratio in which the
second number is always 100.

2. Solve all three cases of percentage prob-
lems as problems in which they find the
missing term of {wo equivaleut ratios.
For example, 209 of 30 and: 20/100 =
3/30; 30 is what percent of 55 and:
(J/100 = 30/55; 25 is 40% of what nnm-
ber and: 40/100 = 25/00.

Computation

1. Multiply and divide non-negative rational
numbers.

2. Use the conventional division algorithm,

3. Add integers.

O
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Behavioral Objectives
Seventh Grade

Number Systems 2, Recogni;e }slmd apply the addition prop-

1. Recognize and apply the addition and ertics of the system (_’f 111tege}*s.. .
multiplication properties of the system 3. Recogntlvzg a}”fl _ﬂ?ply fthe_(_]xvstnbl.ltl\'e
of positive rational numbers. (See descrip- propgr y I the system of positive rational
tion of Number Systems.) numbers.

Ratio and Proportion*

1. Reeall that a ratio caun be used to com-
pare quantifics as well as to express a
rate.

Computation term in a proportion. (Including problems

1. Add and subtract integers by using the involving pereents less than one and
number line. greater than one Lhundred.)

2. Express positive rational nunibers in 7. Given any wwo rational numbers, find a
decimal form. rational munber that is between them.

3. Add, subtract, multiply and divide non- & Apply divisibility tests for 2, 3, 4, 5, 6,
negative rational numbers in decimal 8, and 9. Example: 133 is divisible by 3
form, recognizing that division by zero is because the sunt of its digits is divisible
undefined (impossible}. by 3, by 5 hecause the last digit is 5, and

4. Average (compute the mean) sets of non- by 9 because the sum of its digits is di-
negative rational numbers. visible by 9.

5. Compute positive integral powers cf non- 9. Using prime fa-torization find the least
negative rational numbers. (Examples: common mmltiple (LCM) and greatest
3= 15150 = 1), common divisor (GCD) of two whole unm-

6. Solve all types of perz2entage problemns as - bers and use them in computation with

problems in whieh they find the missing =™ .

14

non-negative rationnl numbers.

17



L g

e

A A Prp—

ERIC

PAFullToxt Provided by ERIC

Behavioral Objectives
Eighth Grade

Number Systems

1.

Recognize and apply the addition and
multiplication properties of the rational
number system.

2. Reecognize and apply the multiplieation

propertics of the system of integers.

3. Define subtraction in terms of addition in

the systems of integers and rational num-
bers. (Example: a—-bmeans a + (—b).)

Ratio and Proportion*

1. Use proportions to solve problems involv-

ing similar triangles.
Computation 5. Compute produets and quotients of num-
1. Add, subtract, multiply and divide in- bers c.\:prcssc.d in exponential notntion
) ! ", N (ineluding seientifie notation).

tegers and rational nnmbers. Examples:

N s 42 S:

2. Approximate square roots of positive .;‘, 9% 2. o . T n%.

integers 3.3 =3 a" +a=a%y
q 1 ” . . . . 3 X 10%) (2.3 x 10°) = 6.9 x 10"
3. E.press repeating decimals in fractional ;P (f X )‘(_. -)< ) e X o

form G. Perform a series of operations in propetr
4. Compute the mean of a set of rational order wlhen grouping symbols are omitted,

nambers.

18

i.e., multiplieations and divisions ave per-
formed first, in left-to-right order, then
additions and substractions are performed
in left-to-right order.
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Mathematical Topics

Size and Shape

The elassifieation of and disting.ishing
characteristies of two- and three-dimensional
geontetrie figures ave determined by their
size and shape. The work of earlier grades is
extended to inelude a more earefnl and de-
tailed examination of these figures.

Remarks

Sufficient time should be allowed for stu-
dents to examine models, detenuine their own
classification seliemes, and to make and test
conjectures about properties of plane and
solid figures.

Students should be able to: D

Sets of Points

A point is represented by a leeation in
space; lines, planes and space are sets of
points with certain properties.

Remarks

These concepts should bhe developed in-
tuitively nsing the real world as a model,
cmphasizing the subset relationships in-
volved.

Students should be able to: D

Symmetry

Many geometrie figures have a kind ot
balance called symmetry. 1f a figure can be
folded so that corresponding parts eoineide,
it is said to have a line of symmetry; in mueli
the same way, a fignre can be said to have a
plane of symmetry.

Remarks

Ideas developed in carlier grades shenld
be expanded to inelude the syvmmetry of
positive and negative numbers illnstrated by
the number line, the symmetry with respeet
to diagouals in addition and multiplication
tables, and symmietries with respect to lines
in the coordinate plane.

Students should be able to: {>

Congruence

Tutuitively, geometrie figures are con-
gruent if they ““fit’’ caelt other exaetly —
that is, if they have the same size and shape.
More precisely, two sets of points are con-
gruent if there is a one-to-one correspoudence
hetween the two which preserve distance —
that is, if two points are one ineh apart, the
corresponding points of a congrnent set are
one L.ch apart,

Remarks

Students should sce the neeessity tor the
more preeise dofinition hecause of congruent
sets of points (two- and three-dimeasional)
whiel eannot be made to *“fit,”

Siudents should be able to:
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Behavioral Objectives
Grades K-5

Size and Shape

K Recognize squares, rectangles, circles, awd
triangles.

1 Observe distinguishing features of spher-
es, rectangular prisms (boxes), evlinders,
and other objeets.

4 Recognize isosceles and equilateral tri-
angles and parallelograms.

5 Recognize common polyhedra, sueh as a
tetrahedron, a cube, a rectangnlar prism.

5 Identify faces, edges, vertices, and diag-
onals of common polvhedra.

Sets of Points

1 Rerognize that squares, rectangles, tri-
angles, and cireles are elosad enrves and
tell whether a point is inside, outside, or
on suel a curve,

2 Recognize a straight line as a set of points
with no beginning and no end.

2 Recognize a simple corve (in a plane) as
oxe that does not cross itself,

3 Recognize rays and angles.

3 Recognize that there is only one line
thvongh two points and that two lines can
intersect at only one point,

4 Describe lines as interscetions of planes.

4 Interpret a eirele as the set of all points
in a plane that ave at the same distance
from a fixed point.

5 Recognize parallel planes.

5 Recogmize perpendicular lines.

5 Recognize that a plane is determined hy
three points not all on one line.

Symmetry

3 Recognize symunetry with respeet to a
line by folding paper containing symn-
metrical figures,

4 Reeognize that some figures have two or
more axes of symmetry throngh paper
folding.

5 Recognize synnuetry with respeet o a
point by folding a paper along a line
throngh the center of sueh geometric
fipures as a cirele and a square.

Congruence

3 Recognize congruc.at angles.

5 Rocognize that triangles are congrnent if
corresponding sides are congruent and
corresponding angles are congruent.

RIC



Behavioral Objectives
Sixth Grade

Siz2 and Shape*

Sets of Points 9, Rcco,un§ZO that a line (on 5-(limens:i0nnl
1. Recoguize the properties of isosceles tri- space} is a subset of a plane (two-duncn-‘
‘ o8 RO sional space} and that both are subsets of

: 8 ilateral triangles, and sealeue . .

‘t'l"fﬁ}o]’ ?q::n;lt;r;}ht\l;::cfltohfxt't]ldo an ost space (three-dimensional snaze).

.1]‘ lgfc-‘\,t‘ri":u o i:tb;)bﬂité ﬂlel an l% (“'f 3. Recoguize the relationship between the
side of a raugie 18 oppos ang circimuference and the diameter of a civele.

greatest measure.

mirror
Syrmmetry object reflectsd object
1. Recognize the ceflection of a plane figure —= ===l
in a mirror and draw diagrams such as —f~ =

the figure at right.

.

H

H ,

1 ]

' i

. ]

B | i ——— :
i

1

.
i)

Congruence*

21
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Behavioral Objectives
Seventh Grade

Size and Shape 2. Classify angles (right, acute, obhtuse);
1. Classify sets of polygeus (quadrilaterals, f;:({gf:;lzc?]:supplcmontar)' and complemen-
rectangles, squares, rhombuses, parallelo- 3 Q y '(f 6108 1 pvramids di

1s, trapezoids, pentagons, Lexagons o ASSHY PUISIS and pyraniids according
str:’)’ ' ’ > ' to their bases.
-/ 4. ldentify reguiar polygons,
Sefs of Poinis ’Eriaugle
1. Describe, in terms of set, subi.? union lolygon. .
. . . Intersecting lines
and/or intersection of sets of poiuts, the Parallel lines
following: . .
Interior regions
Healf plane Ete
Angle )
Symmetry
1. Identify symmetry with respect to a line.
Congruence
1. Identify corresponding parts of congruent 4. Recognize that radii, diamefers, corres-
plane figures. ponding altitudes and eorrespo-.ding &i-
2. Recognize that corresponding parts of agonals of eongruent plane figures ave
congruent plabe figures are congruent, congruent.
(=). d. Recognize that triangles are congruent

3. Recognize that circles arve eongruent if
they have congruent radii.

Elk\l-c 20
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if corresponding sides are congruent and
corresponding angles are congirnent.
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Bzhavioral Objectives
Eighth Grade

Size ond Shape 2. Recognize econvex and nroneonvex poly-

gons

1. Identify spheres, cireular eylinders, and 3. Tdentify regular solids.

eircular cones,

Sets of Points \ /
1. Deseribe, in terms of set, subset, union 1. is parallel to _l
and/or intersection of sets of points, the 1. z
following: Find the number o
Skew lines of degrees in<x, |, l‘
Tangent, secant <wy, <z and the TR
Central angle stun 2f the nieas-
Arc ures of <v and W
Diagonal <w.
2. Recognize the various plane figures formed
when a plane intersects a given figure . L. . \
such as a square pyvramid or a cube. (Relationships involved: vertical angles, sup-
3. Use relationships such as those involved plementary angles, alternate interior zmgl'os,
in finding the solution of the following: ox'tcnor‘anglc to remote interior angles of a
triangle,
Syrametry
1. Identify symmetry with respect to a
plane,
Congruence 2. Recognize that two triangles are eou-

gruent if two angles and the ineluded side

gruent if two sides and the included angle of one ave congruent to t!m corresponding

of one are congruent to the corresponding patts O.f the seeond (A‘?A)'

parts of the second (SAS). 3. Rocogm-ze that two' trlnng]os are eon-
gruent if the three sides of one are con-
gruent to the eorresponding throe sides of
tlie second (8SS).

1. Reeognize that two triangles are eon-

23
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Mathematical Topics

Similarity
Two geometric figures thot have the same

shape, though not necessarily the same size,
are said to be similar,

Students should be able to: [}

Co>rdinate Systems «nd Graphs

A line is called a n-unber Hue if a one-to-
one correspondence exists between a given
set of numbers aud a suhset of points on
he line and 1f, by means of this correspond-
enee, the points ave kept in the same order
as their corresponding numbers, The num-

her corresponding to a point is the coovdinate
of that point. The idea of assigning numbers
to points can be extended 1o poiuts in a plane,
that is, a one-to-one cocrespoudence hetween
ordered pairs of nmmbers and points in a
plane.

Students should be able to: [)

Constructions

Remarks

In grades K-6 the emphasis was on using
instruments to do “*construetions.”” In grades
7 and 8 the emplasis should be on using
identitied properties and relationships of

O
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figures to do ““constructions.” For example,
construeting a triangle given two sides and
the included angle utilizes the relationship
of congruence to insure the uniquencss of the
“eonstruction,”

Students stiould be able to: [:\



Behavioral Objectives
Grades K-5

Similarity

3 Recognize that figures are similar if they
have the sawme shape. For example, all
squares are shmilar.

4

Recognize that all congruent figures are
silar, but not all similar figures are
congruent,

Recognize the similarity of maps made
with different scales.

Coordinate Systems and Graphs 4 Reecognize that peints in a plane (the
1 Use the pumber line to illnstrate addition fivst (l"“dn“."t) gan be represeuted by
and subtraction problems (ordered) pairs of munbers (eoordinates),
8 s. 1 . ot ) H N s 1Mo
3 NRecognize that a point on a line can bhe 5 i“’.:'slt““d simple picture, bar, aund line
deseribed by a number (eoordinate). 5 {Tl' p ;b' anber I .
3 Use the number line to illustrate multipli- iniﬁ 101;;““”' rer I'ne to veprescnt negative
cation problems. Sgers.
Constructions 5 Demonstraic an understanding of various
4 Demonstrate through paper folding an E’(‘].‘!'hl(’dr-‘l by making appropriate paper
understanding of a line as au intersection . IDECIS. . .
of two slianes £ Biseet an angle. (Students may diseover
t S RO, : . et o
4 Biseet a line segment by using a comnpass several different constructions.)
; 5 Reconstruet au angle and a triangle hy

and straight edge.

ERIC
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Behavioral Objectives
Sixth Grade

Similarity*

Coordinate Systems and Graphs*

Constructions

2, Construcet parallel lines,

3. Make models of various prisms and find
their surface areas.

1. Construct a dine perpendicular to a given
line.

26
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Behavioral Objectives
Seventh Grade

Similarity 3. Recall that measures of corresponding
sides of similar plane fhgures are pro-

1. Identify ecorresponding parts of similar portional.

plane figures.
2. Recognize that corresponding angles of
similar plane figures are congruent.

Coordinate Systems and Graphs*

(See Ordered Pairs, Relations and Functions
and Mathematical Sentences)

Constructions

1. Construet a rhombus and a square given 3. Construct the perpendicular biseetor of a
one side. line seguent,

2. Construet an cquilateral ftriangle given 4. Make models of pyramids.

one side.

el

O
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Behavioral Objectivces
Eighth Grade

Similarity

1.

[

Recall that the measures of radii, di-
anleters, corresponding altitudes, and cor-
responding diagonals of similar plane
figures are proportional.

Recognize that triangles are similar if
corresponding angles are congruent.
Reeognize that triangles are similar if
the measures of corresponding sides are
proportional.

Recall that the ratio of the nreasures of
two sides of a triangle is the same as the
ratio of the measures of the correspond-
ing two sides of a similar triangle.
Recall that sine, cosine and tangent ratios
are independent of the measures of the
sides of the triangles invelved.

Coordinate Systems and Graphs*

(8ee Ordered Pairs, Relations and Functions
and Mathematical Sentcnces)

Constructions

1,

Given three sides, or two sides and the
ineluded angle, or two augles and the in-
cluded side, construct the triangle.

[
-1

Determine  witether you can econstruet
none, one, two, ov mauy triangles given
three angles or given two sides and an
angle not iucluded hetween them.
Construet representations ot V2, V3 V73,
V5, ete.
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Mathematical Topics

Measurement

The process of measuring associates a
number with a property of an object. Meas-
uring an objeet is done either direetly or in-
directly. In direet nicasurement the number
assigned to au objeet is determined by its
direct comparison to a selected wait of meas-
ure of the same nature as the object being
measured (a unit seginent to nieasare seg-
ments; a un't angle to measnre angles; a
unit closed region to measure closed regions;
and a unit solid to measure solids). When a
nieasuring instrument cannot be applied
direetly to the object to be measured, indirect
measurement is employed. In either case,
measure of pliysieal objects is approximate.

In grades 7 and 8, basie mensuration for-
nmulas for caleulating areas and volumes cre
developed and applied to increasingly coum-
plex figures,

Remarks

The acenraey of the measure obtained is
restricted by the unevenness of the object
measured, by the limitations of the meastr-
imng instroment usad, and by Jmman inabili-
ties. Stndents should be encourvaged to de-
vise their own wnits for measuring varions
objects and then led to appreciate standard
units of measurenmant. Indireet measureme it
of things such as popularity, 1.Q., humer,
relative Jmmidity, ete., can he diseussed.

Students should be able to: |>

Mathematical Sentences

Mathematieal seutences and ovdinary
linguistic sentences have the following com-
mon characteristies:

1. Both types of sentences nse symihols
to commmunieate ideas.

2. The construetion of bhoth types of
sentences follows a predetermined set
of rules.

3. Both types of sentenees may express
truc statements or false statements
depeuding upou the symbols nsed and
the confexts in which they are used.

It is quite common in mathematies, how-
ever, to use gentenees that do not possess
characteristic 3. Such sentences are ealled

open sentences. Yor example, the senience
(1 + 3 = 7 expresses neither a true state-
ment nor a false statement until a meaning-
ful replacement for [J has heen sapplied.
The set of all replacements for [J whien
produee a true statement is ealled the solu-
tion set for the given sentence. Consider the
sentence 12 — N > 5, The set of all allow-
able replacements for N is sometimes called
the universe. Thus, it the universe is th
set of positive integers, the solution set is
{1,2,3,4,5,6}; but, if the universe is the set
of rational numbers, the solution set con-
sists of ¢ 1l ratiom: 1 numbers lexs than 7, an
infinite sot.

Students should be able to: l:)



Behavioral Objectives
Grades K-5

Measurement

K Use appropriately such words as longer,

shorter, heavier, lighter, higher, lower,
larger, smaller.

1 Recognize the ecowparative value of coins

{pennies, nickels, dimes) and use them in
making clLange.

Identify various instruments of measure-
ment of time, femperature, weight, and
length, such as elocks, thermometers,
seales, rilers.

Make a ruler with divisions showiryg half
units.

2 Tell time to the nearest quavter hour.

3 Find the perimeter of a rectangle or
parallelogram.

4 Find areas of shuple regions informally.

For example, a rectangular region with

dimensions 2”7 by 3” can be covered by

six one-inch squares (regions).

Measure an augle by using a protractor.

Estimate distanees to the nearest unit.

b Recoguize that all measurement involves
approximation,

(S

Mothematiczl Sentences

1 Find solutions for sentences like O + O

== 7 in which many correct solutions are
possible.

2 Use equivalent sentences like 3 4 3 == T

and 7 -— [ = 3 to show subtraction as the
inverse of addition.

3 Place the correct symbol (<, >, =:) in

O
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the place holder in senteneces such as
3IX507+8 254+ 42[] 87 — 28 and
6 — 3905 %17,

80

3 Find solutions for sentences like {J + 239
=239 + (J and 1987 + (O + 548) — (1987
+ ) + 548 to generalize the idea of the
commutative and assoeiative properties
for addition.

4 Usc seutences like [ X 5 = 43 and 45 =+
5 == [J to show division as the inverse of
multiplication,

4 Recognize that 3 X (O = 7 has no whole
numther solution, Find solutions for math-
ematical sentenees involving more than
one operation such as (2 X 8) + 4 =[]
and (3 x 2) + [ = 10,

5 Write sentences using fractions to repre-
sent physieal situations,



Behavioral Objectives
Sixth Grade

Measurement 6.
1. Find the volunie of a rectangnlar prism. 7

2. Estimate and compare perimeters of poly-
gous, sneh as reetangles, triangles, and 3
parallelograms, -
3. Estimate the area of an irregular plane
region by use of a grid where an approxi-
mation to tlie area is {he average of the
inner and outer arcas.

4. Use formulas for the areas of rectangles, 9

parailelograms, and triangles.
5. Use the formula for the cireumference of
a circle.

Use the metric systemr of measure for
length.

Use formulas of volume for common
solids.

Work with approximate nunbers. For ex-
ample, know that the area o/ a square
whose sides measure 6.5 and 3.6 inches to
the nearest tenth of an ineh has an area
between 6.4 X 3.5 and 6.6 X 3.7 square
inches.

Selve problems involving the measuve-
ment of inaccessible heights and distances
indireetly hy using the properties of simi-
lar triangles.

Mathematical Sentences 3.

1. Use all of the previously introduced
sentenece forms with deeimal numerals.

2. Write sentences using deeimal numerals
to represent physical situations.

31
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Use previously described sentence forms
to generalize the commutative property ot
multiplication, the associative property of
multiplication, and the distributive prop-
erty of multiplication over addition for
rational numbers in any form.
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Behavioral Objectives
Seventh Grade

Measurement

1,

Use various measnring instruments
(such as rulers having Knglish and Met-
rie scales, protracters, calipers) and
record results to the nearer smallest unit
of the seales. Example: Use rulers cali-

brated in tenths of an inch, in sixieenths
of an inech, in centimeters and milli-
meters, ete.

Determine the perimeters and areas of
regular polygons.

Use the formula for the area of a eirele.
Determine the areas of fignres such as
shown helow:

5. Determine the surface area and volume any ealibration of a given measuring in-
of prisms and pyramids. strument.

G. Recall that the sum of tlie measnres of 9. Reeognize the relationship hetween pre-
the angles of a triangle is one hundred cision and greatest possible ervor,
cighty degrees. 10. Estimate linear nmeasuvement.: without

7. Determine the sum of the measures of using measnring mstrnments. Example:
the angles of a quadrilateral. The length of a Imilding, tlhie width of a

8. Determine greatest possible error for street, the height of a flagnole.

Mathematical Sentences 3. Graph using the number line solution

1.

O

dstablish the truth value of simple math-
cwmatical sentences, (Examaples: 3 -- 4
8 is false; 35 X 24 < 30 X 20 is false;
13 — 7 # 5is frue.)

Find the solution sets of simple open
senteneces using as a universe the whole
numbers, (Example: 3N + 4 = 16.)

RIC

Aruitoxt provided by Eic:

(39

sets for equalities and inequalities where
the replacement set is the sct of integors,
suelt as X >—2; X 4 3<12; N3; X >3
and X <5; XN >5and X <4; X >2r
X <3, XN <hor X <3; X >4 or X <2,



Behavioral Objectives
Eighth Grade

Measurement 8. Solve problems involving indireet meas-
uremient using the sine, cosine and tangent
I. Use formulas to calenlate volmmes and ratios. (Inelnding use of tables)
swrface arcas of spheres, evlinders and 9. Improve results obtained by estimating
cones, the area of plane fignres through the use
2. Determine the relative errer given a of grids by using grids containing smaller
measuring instrument and an ohject to units, Kxamples:
measure,
3. Determine the sum of the measures of the
angles of regnlar polygons,
4. Reeali the relationship between degrees,
minutes and seconds as units of angular
measurenent.
2. Reeall the relationships between nnits of
the Metrie Systen.
6. Do computation with measurcsy (approxi-
mate nmbers) and determine the greatest
possible error and the relative error of
each result. (Addition, subtraction, mml-
tipliex Lon, division)
7. Use the Pythagorean relation:hip to de-
teriine the length of any side of a right
triangle given the lengths of the other
two sides.
Mathematical Sentences
1. Find solntion sets of simiple open sen-
tenees using as a universe the integoers.
(Fxamnples: 5N 4 4 = —16.) 3. Define equivalent open sentenees as son-
2. Graph nsing the Cartesian plane X 1 (in- tenees having the same solution se,
tegers) solution sets of incqualities and 1. Find solntion sets of open sentences by

O

E
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equalities suelhas X + ¥ # 19; x -+ v > 19,
XN bRy <19 x4 vy =19,

33
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finding equivalent open sentences using
the properties of equality.
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Mathematical Topics

Ordered Pairs, Relations and Functions

An ordered pair of numbers is simply a
pair of numbers sueh as (4,7). The order in
whiel the numbers are nanied in the pair is
important. Thus the ordered pair (4,7) is
not the same as the ordered pair " ,4).

Ordered pairs may be used to epresent
rates, comparisons, integers, rational nun-
bers, veetors, and coordinates of a poiut in
a plane,

A relation is a set of ordered pairs. A
Function is a r#lation where the first element
in each ordered paiv is unigue (not the same
as any other first element).

Remarks

Students shonld beeome familiar with the
basie properties of ordered pairs, relations
and funetions and should know how to repre-
sent  relations and  functions graphieally.
These ideas (ordered pair, relation, function)
should be intredneed using an intuitive ap-
peoach.

Students should be able to: D

Statistics and Probability

Statisties refers to the ways of colleeting,
organizing, analyzing, interpreting and sum-
marizing nwnerieal data of all kinds. Tn-
ferential statisties refers to a means of using

data’ from a relatively small representative

sample to predict information alout a total
population. Sinee sample duta  generally
does not give exaet information about the
population, the art of deeision-making or in-
ference from incomplete data involves some
knowledge abont the theory of probability.
The level of probability that one assigns to
an inferenee about a certain population in-
dieates the degree of certainty with whieh
one can expect the same result to oceur if
represeutative samples of the same size aie
repeatedly drawn from the same parent popu-
lation.

The study of probability includes the study
of experiments involving ehance events, the
ontcomes of sueh experiwents, and the like-
lihcods that partieular outeonmes will oceur.

O
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The probability of an ontcome for a par-
tieulav experiinent is a mumerieal mmeasure of
the likelihood that the outcome will oceur.
Thus the theory of probability can be con-
sidercd to be the methods for assigning
probabilities to outeomes of experiments and
the study of the relationships among them.

Remarks

In grades 7 and 8 the stndy of statisties
should include drawing iufereuces trom data
as well as the organization and representaticn
of data. The study of probability should be-
gin at the intuitive level, drawing upon the
notions of ehanee whieh the studeuts have
already formulated based on their experi-
ences. A substantial amount of experimenta-
tion aud work with conerete materials should
be inciuded to *‘test” students® intnitive
notions. Abstraet symbolisin should only he
used to represent generalizations that are ob-
tained throngh less fortual laloratory ac-
tivities.

Students should be able to: D

#



Behavioral Objectives
CGrades K-5

Ordered Pairs, Relations and Functions

Statistics and Probability

¢
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Behavioral Objectives
Sixth Grade

Ordered Pairs, Relations and Functions

T TR TG S

Statistics and Prebability




E

e p TR ORI A

Behavioral Objectives
Seventh Grade

Ordered Pairs, Relations and Functions 5. Identify relations sueh as parallelisn,

perpendientarity, equality, not-cqual-to,

1. Determine equaiity of two given ordered 6 T(;llgl.llﬂl('(‘) and similarity.
paivs of uumbers. Example: (2.3) # (3,2). 5. Identify relaticus such as is-a-factor- oi

2. Use ordered pairs of real nuribers as eo- less tha, greater thaw, is-a-subset-of,

= Lsuordered pal . ] an-clement-of, is-the-square-of, ete., .mtl
ordinates of points in a plane. Example: formmnlate a set of ordered Imils of ele-
(2,3), (-5,7), {(~1%,:-3), (V2,-8). meuts from each. Example: Using the

3. List the members of a Cartesian product relation is-a-factor-of in the tollo“mg set
such as A X B where Set A has clements of numbers, {1,2,3,6} formulate the set of
1, 2 aud 3, and Set B has clements 2, 4, ordered pairs identifying the relation.
~6, and 0, and graph A X B. (A X B is Answer: { (1,1), (1,2), (1,3), (1,6), (2,2),
read ““A cross B’). (2,6), (3,3), (3,6), (6,6) }

4. Caleulate the number of eleients in a 7. Graph rc]ntions (including tnuctnms) in
Cartesian produet given the nnmber of the planes T X 1 (integers), Q x Q ¢
elemeuts in cach set. tionals), and R x R (reals).

Statistics and Probability

1. Organize and present data using a fre- 8 ASSig]' probabilities to the outcomes of
queney table and graphs. experiments for which the simple events

2. Read aud interpret the information abont are not equally
a set of data prescuted in the form of a likely. For ex- N
frequeney table or a graph. ample, the prob-

3. Distingnish between ecrtain aml uncer- ability of the ar- Blue |
fain events, row stopping on 7/

4. Recognize when the onteomes tor a given red on the spin- Green
experiment are cqually likely. For ex- ner at the right Red
ample, when flipping o fair coin the ont- is 1 chanee ont
cemres “‘liead”” and “tail” ure equally of 4 or 1,
likely.

5. List and/or count all the nussible out-
comes for an experiment for which the % Recognize that the probability of an
simple events are single elemeuts, For event does not gnarantee how often the
exampie, spinning a spinner, tossing a event will oceur. For example, the proh-
die, drawing a lot, flipping a eoin. ability of obt.mnng a2 when a fair

6. Assign probabilitics to tlie outcomes of div is tossed is 1/6; however, this does
an experiment for which ‘he simple not mean that the ““2°" will nceur once
events are equally likely. For cxample, out of crery six tosses.

the probability of tossiug a *+2' with 10, Jstimate the probability of an outcome

-]

O

one toss of a die is 1 chanee out of 6 or
1/6.

Recognize that the probability of an
event is a nmnber p sueh that o -y 1,
and recognize that the probabiiity of a
certain event is 1 and the probhability of
an impossible event is 0,

RIC
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of an experiment by empirieal methnds,
For example, estimate the probability of
a hottle eap ].m(]mg with the cork side
up when it is flipped (the student ean
1111) a bottle cap 100 or more times, keep-
ing a record of how the cap lands, and
estimate the probability from lis data).
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Behavioral Objectives
Eighth Grade

Ordered Pairs, Relations and Funclions

1.

Given a domain {sucl as a subset of the
integers) and given a deseription of a
velation, determine the set of ordered
pairs and graph the relation. Kxample:
Domain is {—3,—2,-—-1,0,1,2,3} aud the
deseription of the relation is “‘double the
nuniber wnd add 3.7 The deterniined set
of ordeved pairs shonld be { —3,—3),
(—21_'1)1 ('111)’ (0’3}1 (1’;—))9 (217)’
(3,9) b

Determine whether a given relation is

or is not a function.

Tixamples: § (a,h) | b=a® ah ¢ R }isa
fnnetion but
{ (a,b) | a=b% ab. ¢ R }is not
a function.

Given the graph of a Vincar funetion, de-
tevimine a set of ordered pairs and de-
scribe the function.

Statistics and Probability

O
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List and/or count all the possible out-
comes for an experiment for which the
simple events are ordercd pairs, simple
combinations, or simple pevmntatious. For
example, flipping Lwo coins, tossing a pair
of dice, rearranging the order of three
letters of thie alphabet, spinning a spinner
and simultancously tossing a coin, cte.
Assign probabilities to the ontcomes of
an experiment for whicl the simple events
are ordered pairs, combinations or per-
imutations. For exawple, th? probability
of getting 2 heads when 2 coins are flipped
simultancously is 1 out of 4 or 4.

38

Recognize how the probability of a specific
ontcome will change from trial to trial
when sampling is done without replace-
ment. For example, from an urn contain-
ing 3 red marbles and 2 white marbles
the probabilily of drawing a red marble
s 3/5, but the probability of drawing a red
marble if the first is not replaced then is
cithevr 2/4 or 1/4+

Estimate the probability of an event from
previous data. For example, a Daskethall
player made 50 free throws out of 75 tries;
what is the probability that he will make
his next free throw attempt?

Cstimate information about a population
by random sampling. For example, out
of 100 flash bulbs seleeted at random 5
were defective.

How many out of 3000 are likely to be
defective!



E

Problem Solving

sitnation beeomes a problem for a stu-

dent only if the following conditions exist:

1. A question is posed (either implieitly
by the materials heing studied or ex-
phicitly by the student) for which an
answer is not immediately availuble.

2. The student is suficiently interested to
feel some intrinsic need to find a solu-
tion.

3. The studeut has enough contidenee in
himself to helieve a solution is passible,

4. The student is requived to use more
than inmiediate reeall or previously
cstablishied patterns of aetion to find a
method for arviving at a couelusion.

Not all pupils will consider a given situa-
tion a problem, If a student ean sce a
““method of solution’’ hamediately, then the
situation is not a problem for him, hut simply
amn exereise or an applieation of sonie process
which he ias already mastered, For example,
an exercise such as 3 X 14 is not a problem
for a stadent who has already mastered the
idea of multiplication with two place nn-
merals. However, this example could very
well he a problem for a student who has
studied only a few elementary mnltiplication
combinations. In ovder for this student to
obtain a correet solution, he would have to
think of some niethod of renaming 14 such
as 10 4+ 4 and find some method of redueing
the problem fto simipler stages with which
he eould work, such as 3 X 14 =3 x (10 +
4) = (3 X 10) + (3 X 4).

Real problem solving is uot recalling a
numeriecal faet or fitting a situation iuto a
memorized pattern, but is discovering onc's
own method for extending previeus learnings
to new situations.

It is not the intent of this ehapter to con-
sider all of the geueral aspeets of problem
solving. Only smme of the problem sitnations
that involve the use of known mathcomatieal
ideas by students will he discussed, The
verbal problems found in textbooks make up

O
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a large portion eof the problem situations
considered in mathematies programs. When
such problems are presented, the mathe-
matical ideas necessary to solve them are
generally known to the student, but the
contexts in whiclh they are presented re-
quire the student to find the methods ot
solution or to decide whiel of the ideas he
already knows will help him find the solu-
tion.

The sohution of a typieal textbook verbal
problem involves o sevies of four interrelated
steps. The complexity of eueh of the steps
varies with the problem, but the nethod of
solntion follows this general pattern.

Step 1 — Recoguizing the question heing
asked,

Step 2 — Translating the verbal problem
into a mathematical sentenee.

Step 3 — Finding a solution for the mathe-
maties] senteuee.

Step 4 — Analyzing the solution for the
sentenze to see if it provides a
reasonihle solution for the orig-
tnal verbal problem.

Kach step of the solutioa ean involve many
facets. AMthough all steps in the solution of
i verbal problem are important, Steps 1 aud
2, the abstraction or translation phase, ean be
considered the *“heart’’ of the provess.

The student may have to deeide mauy
things before he is able to write the matie-
matieal sentence whieh represents the probh-
lem. If the question is not explicitly stated in
the verbal problen, the student must fornm-
late his own ques{ion or questions.

He will have to deeide if ait of the neees-
sary data for the solution is given in the
statement, and he will have to seleet the
pertinent data from the giveu information,
He will have to decide whieh mathematieal
operation is suggested by the “action®’ of the
preblem. He mnst determine the order in
which the data of the problem will appear in
the corresponding  sentence. The  student

39
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must also decide what relationships, if any,
arc involved that will enable him to nse
previously solved problems as ‘“models’’ and
what approach is the most efficient or casiest
for him to use in obtaining a correet selution.
Steps 1 and 2 could also involve some trial
and error naetivity in whieh different sen-
tences arve .ested as to which one best fits
the given situation. These steps ineclude
problem solving teelmigues commonly re-
ferred to in mauy textbooks and teacher
guides as “‘Reading and understanding the
problem’’ and “Restating the problem in
yvour own words,”’

Step 3 invelves finding a solution to the
mathematical sentence. This proeednre can
be very simpie or very complex depending
on the given situation. In general this step
involves the applieation of knowledge that
the student has already attained tlwongh
practice work with similar sentence formns.

Step 4 is the familiar ¢“cheek’” in which the
student determines it the solution is accept-
able for the given problem situstion, The
student nmst deeide if the solution is veason-
able or ““‘make sense.” 1f it is apparent that
the solntion is not correet, the student must
then ““rework’’ his problem, check his com-
pitations, examine his sentence to see if it
actnally symbolizes the “*story?’ of the prob-
ey and look for eareless errors or possible
nmisinterpretations or misrcpresentations of
the data.

Some exemwples of typical verbal problems
are given helow.

T the first grade, simple “‘picture’’ or
oral problemis arve presented which can be
represented by sentences like d + 2 = [
where the sunt does not exeeed ten. The prob-
leni might be presented to the students in
this form: ““John has 3 toy cars. His imother
gave hiw two more toy cars for his birth-
day. How many toy cars does hie have now !’
the “‘action’’ of the story is the joining of
two sets of toy cars, and the mathematical
sentence whiel represents this problem is
3 4 2 == (7. Through such nresentations, the
stugent will learn to assoejate the notion of
“Joining®” with the operation of addidoen,

O
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He will thus have a better understanding of
what addition means and will develop tech-
niques for solving similar problems,

In the second and third grades, problem
sitnations ave extended to inchule verhal
problams represented by sentences like 3 4
O=-80+5~— 0,8 —0
= 5, and [J-— 2 = 6. A typical verbal prob-
lemn at these grade levels is: ““Mary had 15
doll dresses. After she gave some of the
dresses to Ler sister, she found that she had
8 dresses left. How many doll dresses did
she give to her sister?”’” This problem is
represented by the senteace 15 — [ = K.
The ‘‘action’ of the problem is ““taking
awax'’; therefore, the corresponding opera-
tion of the sentence mmst be subtraction.
The 1) represents the number of dresses
Mary had in the beginning, the OO repre-
sents the mumber of dresses she gave to her
sister, and the 8 rvepresents the mmnber of
dresses she had left. Students shonld realize
that although 15 -~ O == & 8 + [ = 1D,
and 1) — 8 = [J ean be represented by dif-
forent physieal situations, the computation
involved in solving cach of the sentenees is
the same.

9,7 2=

In the later elementary grades, problems
are presented that involve larger mumbers
as in sentences sieh as 48 4- 01 = 327 or 239
— [ = 76 aud that nse the same prineiples
as do the problems first introduced in the
primary grades.

In the third and fonrth grades, problem
sitnations represented by sentences such as
3 T=00x0O=20,and0 X 6=30arc
introduced. A sample problem for this grade
level ts: ©Tom fonnd that he needed sixteen
small cartons to eover the hottom uf a pack-
ing case. It he needed four layars of cartons
to fill the ease, how many small cartons were
in the ease?”’ The *action” of this prob-
lem is repeated addition or meltiplication.
Thus the sentenee used to represent the story
conld be 16 416 4+ 16 4 16— [Jor 4 X 16
= 1. The student shonld he allowed to use
either entence to represent the problem, hut
should be led to realize that the sentence
4 X 16 = [T is the shorter way of writing a
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sentence for this type of problem. In the
latter sentence, the 4 represents the number
of scts, the 16 vepresents the nuriber of ob-
Jeets in caeh set, and the [J represeuts the
total munber of objects in all of the sets.

In the sentenee 3 X O == 30, the 5 repre-
sents the number of sets, the O represeuts
the nwmber of objeets in each set, aud the
30, the vumber of ohjects in all. Likewise
the senteuee (J X 6 = 30 represents a prob-
lem situatiou in which the total nwmber of
ohjeets (30) is given, the number of objeets
in each set (6) s given, and the number of
sets, represented by the O, is the solution to
the problem. The senteuees 5 X [J = 30 and
O X 6 == 30 represent different physical sitoa-
tions, but Dboth types of sentences can be
solved hy the same conputational method of
repeated subtraction if the multiplication
fact that makes the sentence tvne is not
known.

Problem situations introduced at the fourth
and fifth geade levels ave sintilar to the prob-
leni: 1t Johu separates 12 marbles into suall
groups with 4 marbles in cach group, how
many groups of mavbles will he have?’’ This
problemu can be represented by the sentence
O X 4 = 12, for the question of the problem
can he restated: “How many sets of 4 are
there in 12! The problew ean also be in-
terproted as the division of a set of 12 ob-
jocets into sets of 4 objects. With the latter
intevpretation, the problem can be vepre-
sented by the division sentence 12 + 4 = [
Both sentences, (G X 4 =12 and 12 + 4 =[],
represent the same physical situation and
huplicitly ask the same question, *“How many
sets of 4 ave there in 12! Both seutences
are solved by vepeated subtvactiou if the
number which makes the seatences true is not
kuown.

As fractions, decimal unmerals, and in-
tegers ave introduced and used in grades
G-8, problem sitnations involviug their use
in sentenee forns similar to those considered
previously are presented. It's importunt that
students be able to write the sentenee repre-
seuting the “story’’ of a4 verbal problem.

O
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The verbal ““story?” tvpe problems are uot
the ouly source of problent sitnations for use
in the sehool mathematies program. Many
other mathematical problems arise from phy-
sieal situations, from social or mathematical
applieations of mathewmatical ideas, or yrom
situations made up by the teacher or the
students. These varied situations ean be real,
imagined, or in the nature of a puzzle.

Alany of these prohlewns fall into a eategory
which might be vegarded as a “*higher order’’
of problem solving than the typieal texthook
“story”” problem. 1t is vot possible to out-
line a vegulav progression of steps to be fol-
lowed in solving all such problem situations
as the process will vary with the nature of
the problem presented aud the ability and
expevienee of the student. The four steps
outlined for the solution of verbal problems
do not necessarily apply i general problem
solving situations, fov it is not always pos-
sihle ta translate such a preblem into a
mathematical sentence.

However, it is possible to list & few of the
activitioes that are esseuttal in the general
probiem solving proeess. These activities in-
clude: translating the problem into a simpler
form, eritically examining the given Qata,
fornning hypotheses or conjectures, reasoning
on a trial and errov basis, analyvzing or evalu-
ating vesults on the basis of past experience,
and forming  genevalizations from  sinilar
problem situations. These aetivities are not
the only ones that may be involved, and not
every prohlem situation will requive the stu-
dent to become engaged in all of the activities
listed above. It is important to note that the
ordev in which the student performs these
activitios may vavy fov diffevent problem
situitions,

Teachers ean do much to help students im-
prove thetr problem solving abilities for all
tvpes of mathematical problenis. The teach-
er's function should be to ercate a question-
ing, challenging atmospheres to introduee
problem situations; and to guide and cn-
conrage stidents to devel b thelr own prob-
lem solving toehniques,

41



A few suggestions that ean help the teach-

er promote good problem solving teehmiques
are listed below.
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® The teacher should present problem

situations that involve many Dasie
mathematical pringiples. He should be
certain ihat these situations are related
to the kinds of cxperience the pupil has
already had so that the pupil is able to
apply the prineiples.

The teacher shauld let his students use
their own methods. Many problems have
no single, best method of solution. In-
sistence on on» ““favorite’’ method of
solution often lestvovs enthusiasm and
oviginal thinking.

Wheunever the problem  permits, the
teacher should emphasize the writing of
a mathematical sentence that shows tlie
“aetion™ of tle problem. I students
are to aequire good problem solving
habits, they must be able to describe the
action of the preblamn in terms of mathe-

s
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matieal symbols whenever applicable,
Writing the mathematical seutence for
a problem is as lmportant mathemnati-
cally as finding the solution for the sen-
tenee,

The teacher shonld encourage his stu-
dents to use diagrams, estimates, dra-
matizations, or other techniques that
help them understand the problen.

The teacher should suggest that stu-
dents {ry various approaches to a prob-
lem when they ave not certain of the
correet method. Students can evaluate
the method used by ascertaining that
the solution is reasonable. Students
should realize that the trial and ciror
method ean be an effective approach to
difficult problems.

The teacher should confrout students
with some situations in whieh they must
formulate their own questious. This
type of presentation is similar to the
kinds of problems they are apt to face
in their future vocations.



TETRAHEDRON

43



N Y N, R T oo AT 20y 4 S s 47 A3 i i e - e o S ) s o i o e Y man o

OCTAHEDRON

O

ERIC 44

Aruitoxt provided by Eic:



