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arithmetic onerations.
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\

The number cystem mazy be viewed as a complex of interrelated words.

4

Vhat is distinctive zbout this complex is that the relafionsbips may be
described in logical terms. One focus of the research to be discussed is
the msychological use mede of the logic built into the system. We dezl
vith the question, in Chezrles Morris'! term, of the pragmatice of numbe.
use. The finding of non-equivalent difficulty in logically comnarable
tasks should reflect cistinctive cheracteristics of the cognitive overa-
tions of the number user. :
Let me insert a methodological comment here. It is the logiesl
e_uivaleﬁce of the reletionships between diiferent sets of number words
that permits one to instruct a subject to perform the "szme®™ onersticen
on many sets of numbers., Measures such as the total time to perform S0
or 100 simple operétions (2nd it is this sort of measure that has been
used in the research to be discussed) then tske on the character of aver-
eges, summarizing the subject's performance over meny individual occzsions.
The final experiment to be revorted shows, however, that this assumption
that the operation is the "ssme" entails some risk, ss some logically
eguivalent or identiczl relationships zre not alwsys. processed equally -
readily by our subjects.,

The studies reported here represent a detour undertzken in the course

1 Paper presented at the Second Annual Interdiscinlinary Meeling on

Structural Learning, Philadelphisz, Pennsylvanie, 2 Ainr 1971,
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of investigating the relstionshins between free counting, defined as the

generstion of sequences of count numbers apart'from eny objects counted,

and the perallel srithmetic operations. 1 wsas léd by wzy of concern with
the carrying oweratien in eddition to the first exneriment, which studies
the difficulty of simple addition and subtraction in different cecimel
positions whén caerrying is precluded by the selection of stimulus numbers,
The finding of a decimzl vosition effect led to an anslysis of the problem
in tems of different cecuences of cognitive operations. The secoﬁa exneri-
ment studied variations in the number of digits in the stimulus numbers.
This was exnected to affect the sequences of cognitive onersticns without
changing the overations themselves. The persistence of the decinel nosi-
tion effect despite variztions in context led me to look more closely =zt the
structure of the subjects! utterances. The third exmeriment tested & sps-
cific hypothesis concerning the effect of irreguler morvphemes cccurring

in some number words. This level of enalysis seems, at the moment, to be

on the right trwck but the problem of the decimzl position effect has not

been completely resolved.

The first experiment studiec the difficulty of acdding the cdigit "1" to
or subtracting it from numbers at different decimal positions. 1 refer to

this class of operations &s unit erithmetic trunsformsztions. This study

was reported at APA in 1969 snd is summerized in the Proceedings (Chevalier,
1969)., Subjects were asked to read a list of 100 speciglly constructed
3~digit numbers or to add or subtrect the numbers 1, 10,-or 100 from other
sets of numbers cderived from the originsl response list. They were to give
their responses &8 nwibers rzther than &s sequences of digits; e.g., "three
hundred twenty-one". Acdding 10 or 100 is equivalent to adding 1 in the

tens position or in the hundreds nosition. The digits meking uv the response

oy
J
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numbers included those from 1 to & anc these were &almost completely balznced
in the three decimel positions. Stimulus lists for e particular zrithmetic
insiruction, such &5 that to "Add 10", were derived from the response list
by performing the complementary operation upon the numbers in the response
list. In this case, 10 was subtracted. The order of the stimulus items
was then randomized. The subject regenerzted the original response number
in performing the indicated operation. This step is later referred to in
emphasizing that Ss make the same component responses to two or more lists.
The need for carrying to another decimal plzce was avoided in both addition
and subtrection tasks by limiting the digits in the resnonse numbers to

the range frém 1 to 8, The princinzl dependent variable to be discussed

is the total time to perfcrm 100 overations. Intra-subject designs were
used in which e@éh.§ verformed a1l tasks.

The study of 14 college meles and 14 femele students at the University
of Maine in Portlend showed that the speed of edding or subtracting was not
incevendent of the decimzl positicn. Instead, en inverted-V relation znnear-
ed between response time and decimszl vosition, with the subjects &dding
100 most rapidly, sdding 1 almost as ranidly, and zdding 10 most slovly.

The same function described the results for both males and femazles and

those for aédition znd subtraction. There were overzll differences between
the sexes and between the arithmetic operstions but there was no evicence of
interazction among these variables. The graph for the sddition tasks of
Exveriment 1 is shown in Figure 1 2s 3 oven cots. The time scores nresénted
here sre difference scores obtained by subtracting the time required to resd
the response list from the times to perform the varicus arithmetiq tesks,

The differentiel time score for adding 1 in the hundreds vosition was 16.0

sec., in the tens vosition, 32.1 sec,, and in the units pvosition, 21.0 seec.
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The. 1ikelihood that the percention of the numbers was bizsec by systems-
tic differences among stimulus lists was diminished by balencing the frequency
of ceccurrence of digits in the different decimul positions. The distributions
of digits in the stimulus lists for the arithmetic tasks were comparsble
even though they ma& have differed from the stimulus list for the reading tusk.

Because of this control anc beczusge the motor sspects of the component res-

times &t the different decimel positions is held to reflect differences in
central processing up to snd including the point at which the resvonse is
selected.

After the fact I wes led to look at the different srithmetic tesks as
sequences of operations of resding snd erithmetic verformed in different
orders, For erithmetic performed in the hwndéreds vosition of a 3-cdigit
number, the order of overstions woulc be Arithmetic-FRead-Read. For the
tens position the order would be Read-Arithmetic-Eead. For the units posi-
tion the order would be Read-Feazd-Arithmetic. The first and last of these
apneared to recuire only one change in the type of operation, while arith-
metic in the teéns position sppezred to require two such shifts. If such shifts
in operation reguired finite amounfs of time, then a condition recuiring two
such shifts might be expected to take longer than one which required only one.
Since the number of shifts depends not only upon the decimzl.position &t
which the arithmetic operation is nerformed but upon the total number of
digits in the number, & test of the "number of shifts" hyvothesis was readi-
ly availeble. For 3-digit numbers, &s I have indicated above, adcing 10
fequires two shifts, while for 2-Cigit numbers zdding 10 reqguires only one.

Since zdding 1 zlso recuires only one shift, addition in the two decimel

(W
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positions shoulc be carried out equally revidly.

Followinrg the same lcgic, sgain &8 shown earlier, acding 100 to a
3-digit number recuires one shift and ie cerried out relatively ranidly.
Adding 100 to a 4-cdigit number, however, requires the overations to be ver-
formed in the order‘Head-ArithmetiC~Read~Eead, meking two shifte. Under
these conditions the sddition should take relatively longer to perform; as
long, in fact, as it tszkes to add 10.

The datz of this exveriment were collected by Peter Peatzll st the.

New York State University College &t Geneseo. Ten msle and 10 fenzle stu-
dents were given 17 tasks requiring them to resd lists of numbers and to
verforn unitladditions in all decimzl vositions for sets of 100 2-digit,
3-digit, end 4-digit nuwbers. All of the 2-digit tasks were given before
the 3-digit tesks which, in turn, preceded the 4-digit tasks. VWithin the
set of tasks for & particular number of digits the order of tasks was
counterbalenced across subjects. The mesn difference scores ere represented

in the three curves in Figure 2 which are labelled "Exveriment Z", The uvper

3 3 3

curve'containing two points renresents the cdata for the 2-digit tesk. Add-
ing 10 took 55.:2 sec; longer then Reading, while adding 1 took 33.4 sec.
longer: & difference of 21.9 sec. The curve contezining 3 points represents
the data f&r the 2-digit tesk. Here zdding 10 took more than 16 sec. lenger

than did the other two azdditions. This curve approximstes the curve obtzin-

‘ed in Experiment 1. Finally, the four-point curve describes the results for

the 4~digit conditions. The difference score for adding 10 was 22.0 sec.
vhile that for adding 1 was 17.8 sec., 2 difference of 15.2 sec. The differ-
ence score for adding 100 was 26.8&, which was 6.2 sec. less than that for

adding 10.
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Severzl analyses were nerformed, since the design wae not symmetricsl.
Analyses(within each of the number-of-digit conditions showed & significant
main effect associated with the decimzl position in which eddition wes per~
formed but no main or interzction effects essocisted with the sex o[ subjects.
A.nartial analysis, vhich might be termed the wvertical snzlysis, counzred
the Add 10 snd Add 1 tasks under the 2-, 2-, and 4-digit conditions. The
variables of the decimal position of the adoition and the number of cigits
in the number demonstrated significant main effects, with no evidence of

interaction. The fact that adding 10 was performec slowly in the 2-digit

Hiy

condition ¢id not susvort the hynothesis that recuiring cnly one shift from
an Arithmetic to & Reading overation would speed up the performance of this
aadition.

Addition was slowed most, relztive to reading time, for the 2-digit
task, less for the 2Z-digit tesk, end lesst for the A-digit task. This trend
may best be exnlained by supposing that there is some overlsp in the verform-
ance of the reading end arithmetic operstions. %hile rezding and saying es
numbers the digits which precede the target decimel vnositlion, it is presumed
thet the subject mekes some vprogress on the processes of the srithmetic oners-
tion. Vthen he geﬁs to the point of the actual zddition ke has only & portion
of the process to complete., In the 2-digit task, where no digits vrecede
addition in the tens position, the longest lime must be spent in nerforming
the addition. In the 3-digit task, with one digit preceding addition in the
tens vosition, the time attributzble to the addition is less, The change in
time associzted with the 4~digit condition is in the same direction but
smaller in magnitude and, as we shsll see, not significantly different.

The other step in evaluating the shift hynothesis requires that we look
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at the zddition of 100 in the 2-digit znd 4-digit ccnu¢tlons. Adding 100
in the 2-digit concdition requires one shii't and was exnected to be nerformed

faster than was the ssme addition in the 4-digit condition. These additions

N

took, respectively; 23,0 snd 26,8 sec. VWithin the 4-digit tesks, zdding 100
was ot significantly different either fyom adding 10 or edding 1000. Wwhat
might be called s horizontal anzlysis was performed for the 3- and A-digit
tasks invelving the addition of 1, 10, &nd 100 but excluding the dats from
the addition of 1000. Only the decimal position of the addition was signifi-
cent. There was no evidence of a mein effect of the number of digits nor

=8 there an interzction es the experimental hynothesis would demznd. Vhile
the 4-digit case is not quite as clearcut as the results in the 2-digit case,
one cen conclude that the number of shifits in Reuding end Arithmetic omera-
tions do not apﬁear to explein the difficulty of srithmetic in the tens
decimal nosition.

The results of ihe second exneriment rule out contextual effects associa-
ted with reighboring digits end woint towerd some fector swecifiicslly connect-
ed with adcéition in the tens vosition. Number words in the unite, hindreds,
and thousznds nositions are straightforwvard. Adding one thousand to four
thousand tetels {ive thousand. Adding one hundred to four hundred totsls

five hundred. Adding one to four totzls five, In the tens vosition, however,

things are more irregular. Adding ten to forty totals fif-ty ruther than

five-ty. Other morphemes which are idiosyncratic in our langusge only in the

tens vositicn &re twen for two and t?lr for three. Forty, sixty, seventy,

eighty, and ninety may be considered to contsin regul:zr morphemes, It was
the principal hynothesis of the third experiment thet wvnit sdditions in the

tens rositicn which generzted responses contalning idiesyncratic mornhemes
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of the type cescribed would huve long latencies. Performance of a series
of such additions would tske longer than would additions leading to res-
ponses containing regular morphemes. Most strinécntly, it ves hypothesized
thet ecdditions 1nvolv1ng regulsr morphenes in the tens position would not
take longer tihan additions in the units nosition.

A subsidiesry hynothesis concemmed the peculisrities associaeted with

eleven znd twelve #nd the reversal of the tens and units norohemes in the

Il

names of the numbers from thirteen to nineteen. Transformziion into the

lztter forms warticularly wes thought tn recuire & sten ecuivzlent to =
syntactical trensformetion. This may be illustreted by the example of
subtrecting 10 from, sey, iwenty-seven, giving seven-teen; the geven initial-
1y Tollows the number in the tens vosition butl subsequently vrecedes the
morpheme cdesignsting the value of ten. Such additionzl stews were thought
to reguire more time [or their comnletion.

The structure of this exneriment simplified the stevs used in the esrli-

er ones. The focus was restricted to addition in the tens and units nosi-

tions. The rezding control wes omitted beczuge ¢ different resvonse lists
were used for gach S FKesponse lists of 3-digit nmumbers vere usec to camou-

flage the manipulation of the distributicn of digits in the tens position.
One set of.A restonse lists coniained numbers whose names had idicsyncrstic
morghenes: twenly, thirty, sndé fifty. The other set of 4 response lists
contzined the regular forms: forty, sizty, and eighty. Ortkogonzl to this
varisble in the 2 x 4 fuctorial design was the inclusion of 4 different
percentages of numbers belween 11 andé 19. Among both the régular énd idio-

syncratic moroheme lists were lists incormorating 10%, 20%, 30%, and 40%

of response numbers vhose last two digits were betwwen 11 and 19.
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I must confess that the inclusicn of this varisble was not fruitful
excevt in providing replications for the vrineciral experimentzl varizble. -
Tre difficulty stemmed, I think, from overlooking what is now obvious. 4
stimulus written d3-0—6" which might generzte an implicit verbszl resnonse,
Jthree hundred six" can be transformed to "three hundrec six-teen" without
reversing the order of morphenes. The data do not indiczte that Ss hzd any
difficulties &t this point; in fzct, lists with greater vercentages of teen
nunmbers were comnle{ed more repidly beczuse they tended to contein {ever
syllsbles: "sixteen'" hus two syllsbles, while "twenty-six" has three. This

analysis does not deal with the distinctive cherascter of eleven snd twelve;

gny cifficulty with these has been effectively diluted by the inclusion of
the nunbers from 13 to 19 in this design. The origingl rstionsle for in-
cluding this variszble would be exnected to apoly in full force-where the
tusk involved subtraction, as in the examole given esrlier of subtracting
10 from £7.

_The eight conditions of the exneriment (two levels of morphemic regular-
ity and four levels of admixture of teen numbers) were embodied in & response
liste., Two stimulus lists were derived from each response liet in the manner
described for the earlier experiments, one to be used with the insliuction
to "Add 10" and one for the "AdS 1" condition. The table in the hzndout

shows the structure of the elements entering & response list, Eazch list

"cnnsisted of 90 3-digit numbers instead of the 100 used earlier. The table

consists of 10 rows of 9 numbers. The second, or tens, digits were @ssigned
to rows in the voroportions 10%, 20%, 30%, and 40%, totalling 100%. Vhile

the varizble of interest here was the percentege of teen numbers, esch of the

other three forms used oceurred in &)l four vnroportions. Thus, among the
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four lists conteining idiosyncrstic morphemes, twenties, thirties, and

fifties, as well &5 the teen numbers, ecch occurred in some cne list st

10%, in some other at 20%, etec. The case was the same with the four lists
contzining regular morphemes. One purnose of this design wes to control
respoﬁse uncertainty iﬁ adding 10 between the various experimentsl congi-~
tions. Unavoidably, constreined to heve identicsl sels 6f comnonent res-

|
ponses for the Add 10 znd £GA 1 versions of the seme response 1list, the res-
ponse uncertainties in the two decimel vositions were differsnt. The un-
certainty in selccting one of the four "tens" resnonses occurring with
probabilities renging from 103 to 40% wes calculeted to be 1.85; the un-
certainty in selectingfone of 9 "units" resvnonses heving ewual weights of
aporoximstely 11% was éalculated to be 3.32, The smaller uncerteinty asgso-
cisled with addition ié theitens position would be exnecteda to leszd to more
ranid processing. lhefeibre, the resulting error should be conservative

with respect to the hywothesig under test, since the variables under study

were .expected to slow the performance of adding 10, An exnerimentszl effect

would have to override 'the effects of decreased response uncertainty.
Referring .2gein to the teble, the first digits of the 3-digit numbere
t
were determined by randomly orcering the digits 1-9 within each row. In-

devendent rendomization of the digiis 1-9 determined the third cigits of

'

the response numbers. Thus, each c¢f the digits 1-9 occurred egually often

i .
in the first and third decimal positions over the whole set of 90 numbers.

A11 8 lists had the saﬁe vronerty, although they vere constiucted independent-

ly. They differed in the assignment of digits in the second position.

N
I
H
K
i
£
i
¢
i
£
H

Sixteen mele snd 16 female college studenfs were run. The date vere

again collected by Peter Patall., Ezch subject wes tested under all 16

ERIC | 1
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conditions. The order of the tasks was counterbazlanced within sex in a
latin sqﬁare design. .The overall analysis showed a signifiéant effect
assoclated with trials, with the decimal position of the addition, and
with the percentage of teen numbgrs( The latter finding, 2s I have men-
tioned befere, is attributable to the preponderznce of two-sylluble terms
in the teens lesding to decreased times for adding both 10 snd 1. There
was no evidence of interzction of this variable with anylother.

The degree of morphemic irrepulurity ¢id not nroduce a significant
mein effect but it did enter into a signifiéant interaction with the deci;
mal position of_the sdaition. This relation is shown in Figure 2. Under
conditions of morvhemic idiosyncracy, cdding 10 took 7.9 sec. longer than
¢id adding 1. Under the conditions of morphemic regularity, adding 10
took only 3.4 se¢c. longer than did adcing 1. Thel these differences are
in fact different is shown in a separate snalysis of the distiibution of
differences Scores obtained by subtfacting the Add 1 times from the metched
Add 10 times for each subjzct and esch experimental conditioﬁ (F = €.16,
1/20 G&f, n less than .05). Difference scores Cerived in the sume wey ere
plotted in Figure 3 for the four levels of the nercentzge-of-ieen numbers
variable, Each point represents the difference in adding at the two deci-
mal positions for e pariicular response list, The irregulsr morpheme con-
dition consistently requires more tinme.

Another look at the préceding figure, Figure 2, shows another &snect
of the c¢ata which muddies the waters somewhaf. The tezsk of zdcing 10 tekes
only 1.1 sec. longer in real time under the idioéyncratic morpheme conéitions
than it does under the conditions in which the reguler morphemes sre used.

On the other hand, 2dding 1 to the irregulsr forms of the numbers takes 2.4

ERIC o
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sec., less then does adding 1 to the regulsr forms. Adcding 1 in the units
position does not fequire any ster in the tens nosition other than rezding
the digit and incorporating it into the appropriafe syntactical frzme in
order to give it tﬁe approoriate_phﬁnolegical representaticn. AsAfar as
the actuel erithmetic goes, Ss wers nerforming identical operations in ilhe
units position on balanced sets of digits from O to & under both morpheme
conditions. It appeers, thersfore, that the series containing twenties,
thirties, end fifties may h&ve been intrinsiczlly eaéier to reed than ssries
containing forties, sixties, and eighties.

One other finding needs to be discussed. Conirsry to hypothesis, the
3.4 sec. difference in the time to add 10 znd add 1 in the regular morpheme
conditions was not negligible but was sigificantly different from zero

(t = 2.58, 30 ¢f, n less than .05). This means that when the fsctor of
morphemic idiosyncracy of the response is controlled, unit addition in the
tens position remains more difficult.

.In the first two experiments there was almost complete balancing of

the stimulus lists in their distribution of digits in the target cecimal

positions. Under these circumstances the difficulty in adding 10 was clear.

In view of the nature of the primary hypothesis in the third exoperiment,

it wes not ﬁossible to achiesve this sort of balance between the Add 10 and
the Add 1 tasks. However, it does not appear fruitful to invoke possibie
stimulus differences to explain the difficulty in sdding 10 in this case
only. Since responding.to the paired stimulus iists by edding in the
appropriate decimal positioné generates the séme sets of comnonent resnonses,
we mey eliminate differencés associated with the motor aspects of responding.

Somevhere in the stzge of sctually verforming the arithmetic oneration or
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in trenslating the output of this operation to a phonologicegl revresenta-

tion (aséuming that these are separable steps) there is a distinctive diffi-
culty assccieted with the tené position. The results of the third exveri..
ment shoé that this difficulty may be increased when the morphemic form of

the output is idiosyncratic or unusual or irregular. One might consider

that such morphemes have a lower asscciaticn velue due to their low frequency .
of occurrence and lhat Ss reqguire more time to produce thém. uch increzse

in latency might arise through interfersnce from higher frequency or regular
morvhemes.

_ After the fzct speculation suggests that digits in the lens nosition
are the only ones in the Americen langusge whose names ocecur in bound morph-
emes; I refer here varticularly to the -ty ending for a1l such numbers from
twenty up., If this is & relevant observation, the process of eddition may
be influenced in two different weys. Subjects seeing the stimulus number
may first encoae it, digit by digit, in a syntacticsl frame, " hundred

—ty ", The srithmetic operstion, if it is in fzct & distinct

operation, mey require the detachment of the bound mornheme, “-ty". This
might tuke additional time, Altemmatively, the arithmetic orerztion may
be applied as a figural transformation, with decoding to a verbzl output

somehow sloved by the necessity to attach z bound morpheme to the name.

I have traced with you the beginning stzges of a nroblem which is not
yet solved, The indications ere strong thet & vproblem in the nregmatics of
number use will be clarified by an understanding of Ss' use of morphologicsal
and phonological rules. 1t is & clichg that something as simple as 2 nius 2

is pretty simple indeed; yet I think it fair to assert that there are some

things still to be learned zbout 1 plus 1.
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