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ABSTRACT

Least cust decision rules for transferring documents
from primary to secondary storage are developed from a dynamic
programming model of an information rystem. The program is
constrained to provide for a minimum acceptable level of user
benefits. Knowledge of the physical size of the primary
storage area and the fraction of documents returned from
secondary to primary storage in each decision period is re-
quired. Transfer, handiing, and circulation costs are con-
sidered. Increase in the total .size of the document collec-

tion is assumed to be an uncontrolled random process.

INTRODUCTION

The information explosion of the last few years has resulted in
considerable research effort being directed toward the purchase and

accumulation decisions faced by information centers. Two recent papers,

‘one by W. C. Lister and the other by H. M. Gurk and J. Minker[2laddress

_this concern.

In the Lister paper, the problem of least-cost decisions for trans-

ferring information from primary storage areas to less accessible secondary

storage areas is studied. He presents several models under varied assump-

tions. However, the return of information from secondary to primary storage

is not permitted in any of Lister's models.

In contrast, Gu¥k and Minker investigate the size of primary storage

areas when return of information from secondary to primary storage, when
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certain given conditions are satisfied, is allowed to occur. However,

no attempt is made to identify best storage policies.

In this paper, we will incorporate the Lister and Gurk and Minker
ideas and allow information to flow in both directions. 1In the following
sections this main structure is expounded and exploited to identify optimal

storage and transfer policies.

PROBLEM STATEMENT

Consider an information center with a fixed size storage area for
fast access document retrieval. We will call this area the primary storage
area. In the case of a library, this area might be the sfacks or in the
case of a computer facility the area would be the disc or drum. There is
available to this information center another storage area, called secon-
dary storage. This storage facility is less aqcessible thén primary

storage and is assumed to be unlimited in its available storage capacity.

Into the primary storage area of this informafion center new documents
_flow from an uncontrolled random process. This can be thought of as the
blanket-order system for libraries wherein virtually all published books
>é£é“;eééi§éénéhd processed‘fof the colleétion held in primary storage.
With a fixed size primary storage area and rapid increases in document
input, an imbalance soon occurs unless space is made available. Space
can be made available by transferring documents from primary storage to

secondary storage.

If we allow documents from secondary storage to be returned to primary
storage when they meet set decision criteria, then there becomes another
input source for primary storage. This input compounds the problem of an

already overcrowded primary storage area.

"
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Now, given that we must not allow the collection in primary storage
to drop below some fixed critical level and that a known number or expected
number of documents from secondary storage are returned each decision
éeriod, the decision that must be made is how many documents do we transfér
from primary to secondary storage in each decision period. It is assumed
that decisions are made at the beginning of time periods of equal length,

perhaps monthly.

The forces inhibiting arbitrary transfer of documents from one storage
area to the other are the inherent costs involved. There are four major
costs that we will consider. There are two costs involved with the circu-
ldation and handling of documents. One cost is the charge to the system
for the circulation and handling of documents in the primary storage area
expressed as a function of the number- of documents cont: -~ _.u therein. The

other cost is the corresponding charge to the system for circulation and

handling of documents in the secondary storage area. The other two costs are

realized upon the transfer of documents. One charge is made for the transfer

of documents from primary to secondary storage, and the other charge is for

"7 the transfer of documents from Secbndary_to primary sforage. Both of

<re—-.—these costs are expressed as functions of the number of documents transferred.

The objective can now be stated as follows: find the number of documents

transfer to secondary storage each dgcision period so as to minimize the
total of ci;éulation, handling, and traﬁsfer costs in maintaining the
primary and secondary collections given that the size of the pfimary collec-
tion must be no leés than some minimum adceptable level. In the following
section we will develop the mathematical model for the desc*ibed system

and describe the form of the optimal policy under givén conditions.

4
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MATHEMATICAL MODEL

The following necessary assumptions are made: (a) the fraction of
secondary storage dccuments that are transferred to primary stofage in '
each period is a fixed known value; (b) documenés to be transferred from
primary to secondary storage will be moved on the basis of age, the oldest
moving first;+ (c) docuﬁents moved from secondary to.primary storage are

considered as new documents in primary storage.

The following parameters, variables, and functions are identified

for subsequent use:

P - maximum workable size of primafy storage area;
B - fraction of primary collection that must be maintained
to insure minimum level of user acceptability (0 < B < 1);
n- fraption of secondary collection that is transferred to
primary storage in each decision period (0 < n<1);
£ - random variable for the number of new documents as input
to the primary collection from an external source;
--~$(E)-— probability mass function for the random variable E,
£ =0,1,2,...4n3
X - size of ghe primary collection at the beginning of a
decision.period, just before a transfer decision is made;
w = size of the secondary collection at the beginning of a
decision period, just before a transfer decision is made;
_yj ~ number of documents transferr~d from primary to secondary

storage at the beginning of decision period j, j = 1,2,...,n:

1-

It may be desirable to include an external provision that would maintain
-a document in primary storage if ir had experienced considerable use, even
[]{j}:« if it were eligible for transfer tc secondary storage.

r - s
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The‘;osts imposed on the system are as follows:

p -~ circulation and handling charge per document in primary
storage;

s = circulation and handling charge per document in secondary
storage;

t; - cost per document transferred from primary to secondary
storage;

t, - cost per document transferred from secondary to primary

stbrage, with all p, s, t, and t, > 0.

Since decisions are to be made at the beginning of each of n equal
length decision periods, it is convenient to model the process as a dynamic
progfaml3] We will number the deéision periods backward in the usual way.
Let fj(x,w) be defined as the minimum total expected cost with j decision
periods remaining, starting with X documents in primary storage and w
documents in secondary storage. Define fo(x,w) to be zero for all X and

W..

The time sequence of events is as follows: decision period begins
with state of system observed as document levels in primary and seéondary'
storage; decisions made simultaneously for transfer of documents; documents
transferred; costs charged on new document levels and amounts transferred;
random input into primary storage; end of decision period. For a single

“decision period we have

n

1 ' | ,
£06w) = TN P+ N0 - y,) sy -0 + gy, g 1)
: 1

J

where the decision variable y, must satisfy
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BP < X +Tw+E®E) -y, <P (2)
and

¥, 2 C. (3)

Since the decision for the transfer of documents to secondary storage
must take into account the maximum size of the primary storage area, the
knowledge of what is to be received by primary storage during the decision
period is incorporated into constraint (2). This constraint forces the
transfer of documents to be large enough to enable the size of the primary
collection not to exceed its upper bound at any time during the decision
period. At the same time constraint (2) requires that a minimum size
primary collection be maintained. Constraint (3) states that negative

amounts cannot be transferred.

Now, if the objective function (1) is rewritten as

£ 060 = {6 - p ey bkt [ F N+ s - mlep )

subject to (2) and (3), it is obvious that the optimal policv for this
single decision period deper?s only on the coefficieats p, s, and t,.

There are three cases to consider: Case (1) s>p; since t; > 0 ;nd s > p,

s - p+t, >0 and this positive coefficient implies that y, should_be

made as small as possible, i.e., max[0, X + nw + E(§) - P]. Case (2) p > s,
s + t; > p; again this implies s - p + t, > 0 which yields the same optimal

policy as case (1). Case (3) p > s + t,; this implies s - p + t; < 0 which

 indicates that y, should be made as large as possible, i.e., optimal

y; = X +nw + E(§) - BP.

';J.



For a decision process of n periods duration, we have the following

objective funcrtion:

' min

fn(x,w) = (s-p+ tl)y-n +px + [(p + tz)n + s(l - n)jw

n

+ g £, X+HMw+E -y, wty - nwéE) (5)

subject to
BP__<=x+nw+E(€)—yn;P

and Y, 2 0.
Lemma 1.
The function fn(x,w) is linear in ¥ and w, for all n.

Proof.

We have assumed fo(x,w) = 0 for all yx and w.

. min { .
Jw) = - - + 1-
£,(xw) J1eYs (s-p+t1) yr +pX + L(prt2)n + s (I-n)]w

J
where Yj = yj: BP;X + nw + EE) - y;] < Pnyj R

...Since the quantity in brackets {} is linear in yy», the optimal y,,

]

yf max{0, X + nw + E(§) - P] or X + nw + E(§) - BP. In the case that

y% = 0, then £, (X,w) = px + L(p + t,)n + s(1 - 1, j0 which can be written

s i i




as K, + L x +Muwwhere K =0, L =p, and ¥; = [kp +t,)n +s(1 - njyl.
In the case that yf =X+nw+EE) -P, £f(Xw =(s-p+t)x+nw

+ E@E) -~ P] +px + [(p + t,)n + s(1 - n)]w, which can be writteﬁ as

K, + L,X + M;»» where K, = (s -~ p + tl)[E(E) -P]; L,=s+t;, and M, =
.(tl + t,)n + s. VWhen yf =x + nw + ECE) - 8P, fl(x,w) = (s -p+ t1) X

Ix -nw+ EE) - BP] +px + [(p + tz)n + s(.l - n)Jw, which can be written
as K, + L,X + M,w where K, = (s - p + t,)[E() -~ BP], L, =s + t,, and

M1 = (t1 + tz)n + s. In each case fl(x,w) is linear in y and w. As an
induction assumption, assume fn~1 (x,w) = Kn—1 + Ln—1x +Mn__1w where Kn-l’
Ln_l, and Mn—l are functions of s, p, t1’ tz’ ns By P and E(§) only. Since

Xooy = Xy +nw+ & - Y, and w_, =Y, + @1 - n)wn,

min
£.060) = yoev (s-p+t1)y

P+ [+ £ )0 + s - )] +

M Q- MW 1eE)

min

= eY - -
A2 ' (s p+t1+Mn—-1 Ln—l)yn
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tRHL _Ix+le+tn+s@-n+nL

L CUER S IS +‘E(£)Ln_

1

Since the quantity inside the brackets {} is linear in ¥ y: must equal

one of tﬁe endpoints, i.e., ¥ + nw + E(§) - BP or max[0, X + nw + E(§) - P].

Thus, £ (X,w) =@): (s - p +t)IX+nw+EE) - BP] +px + [(p+t,)N

+s(@-mlw+K _ +BPL _ +[x+uw+EE) -BPIM _,or (2): px+[(p+

1 1

tN+s@-Mlw+k  +I[x+nw+EEIL _ + @ -mud ., or

1 1

(3N: (s-p+rt)x+nw+EE) -P] +px+ [{p+t,)n+s-nlw+K _,

+PL__ +[X+w+EE) -PM_ .

In each of the three cases it is observed that fn(xsw) is linear in

X and w and can be written as K +LX+Muw. Incase 1 K = (s -p

+t +M _[E() -BP] +BPL _ +K ., L =s+t +M _,and M

1 n-i i

(t1 +tn+s+ Mn—l' In case (2); Kn = E(!-;)Ln_1 + K

n-1? Un TP Tl

and Mn = (p + tz)n +s(l-n)+ nLn_1 + (1 - n)Mn_l. In case (3);

e e eIoM X v - -
= (s-Tp+ £F Mn_l)[E(g, P] + PLn_1 +K _ s L =s+t + Mn—1’ and

M = (¢, +t,)n+s + Mn—1'

Lemma 2.

(a) When s > p, thens*~ p + t + Mn - Ln > 0, for all n.
(b) Whenp >s, s+ t, >p, and t < n(t, + tz), then's - p + t,
+M -L >0, for all n.
n n
(c) VYherp - s > max[tl, n(t, + t,)], then s - p + t1 +M - Ln <0,

for all n,.

10
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Proof.

(a) The proof will be by induction. ¥rom the objective function (4)

it is seen that there are two cases to consider when n = 1.

Céée L): yf = 0,

s-pt+tt;, +M -L =s-p+t, +(+rt,)n+s@-n)-p

(2-n)(s-p) +t +t,n>0.

Case (2): yf =x +nw+ E) - P,

s-ptt, +M -1,

i s-p+t¢t + (t1 + tz)n +s-s+t

s - p+2t + (t, +t,)n> 0.

As the induction assumption, assume that s - p +t, 6 + Mn—1 - Ln—1 > 0.

To evaluate s -~ p + £ + Mn - Ln’ there are three cases to consider.

Case (1): yz =x + nw + E(§) - BP.

s -p+ t, + Mn - Ln =s
=s-p+(t1+t2)n>0..

Case (2): yﬁ = 0.

s-ptt +M -L =s-p+t +(+t)n+s@-n+nL

+ (1 - .'n)'M,n_ L p - .Ln_

1 1

-1 _ @ -

(s-p+ t1 + Mn_1

+s-p+n(t1+f2).
Thus, by the inductis . assumption, s — p + t, '+ Mn - Ln > 0.

Case (3): y: = x + nw + E() - P.

Same as Case (1).

Therefore, s - p+t +M - L. > 0 for all n, when s > p.

11

prt + (e, +eM+s+M -s-t -M

1

n—-1
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(b) The proof will be by induction. From the objective function (4)

it is seen that when n = 1 there are two cases to consider.

Case (1): yf = 0,

s-p+t, +M -L

Case (2): yf =y +nw+ EE§)

1

s-pt+t,+(p+tt,n+sd-n)-p
(s-pt+t))+ (Q-n)(s~-p)+tyn
(S -pt t]) + (1 - n)(_tl) + tzn

s-pte +n(, +¢t) -t >0.

P.

s -p+ t, + M1 - L1 =s-p+t, +(t, +t,)n+s -5+t
=g -p+ 2t1 + (t1 + tz)n > 0.
As the induction assumption, assume that s - p + t, + Mn_1 - Ln_1 > 0.

To evaluate s - p + ¢t, + Mn - Ln’ there are three cases to consider.

Case (1): y: =x + nw + E(&)

s -p+¢t, + Mn - Ln

Case (2): yz = 0.

s-pt+t, + Mn - Ln

BP.

s-p+¢t + (t1 + tz)n + s + Mn_ll- s - t1
s-p+t, +(t, +t,)n-t, >0.
s=-p+tt,;+(p+t,)n+s@-n

+ nLn--l + Q- n)Mn-l “P- Ln—l
(s-p+¢, + M- Ln—l)(l -n)

+s=-p+t, + n(t1 + tz) -t > 0.

Case (3): y: =¥ - nw+ EE) - P;

.. Same as Case (1)..

Thus, s - p + t + Mn - Ln > 0 for all n, whenp >s, s+ t, >p and

t; < n(t, +t,).

12

- M
n-1
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(c) The proof will be by induction. From the objective function (4)

it is seen that when n = 1, yf X + nw + E(§) - BP.

s-pt+tt, +M - L s ~ptt +(t1 + tz)n +g-8-t

1

s -p+ n(t1 + tz) < 0.

As the induction assumption assume that s — p + t, + M_,-L_,<0. To

evaluate s ~p + t; + Mn - Ln’ there are three cases to consider.
Case (1): yz =X +nw + E() - B8P.
s -p+¢t, + Mn - Ln =s-p+t; +(t; +t,)n+s
+M -s-t -M
n-1 1 n-1
s -p+ n(t1 + tz) < 0.

Case (2): yz = 0.

s-ptt +M -L =s-p+t + (? + tz)n + 5<1 -n)

LR n)Mn-1 “P-L,

(s-p+ tl + Mn_l.— Ln—l)(l -nNn) +s

-p + n(t1 + tz) < 0.

Case (3): y: =x +nw+ EE) - P.

Same as in Case (1).

Therefore, s - p + £, + Mn - Ln < 0 for all n, when p - s > max[tl,n(t1 + tz)]'

Theorem

The optimal transfer policy in each period of an n—-period process
takes the following form (a) wheneither s > por p >s, s+ t, > p and

t, < n(t1 + tz):
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X + nw + E(E) > P, transfer X + nw + E(§) - P to secondary stofage
Then if
X + nw + E() < P, do nothing.
(b) When p - s > max[t ,n(t + t )], transfer x + nw + E(§) - BP to

secondary storage.

-Proof

(a) From Lemma 1 it is seen that fn(x,w) can be written as

min

£.0Gw = (s - -
n'’ Y. €%, (s-p+t1 + M, -L ) ) Y

+ (p + Ln_l)x + [(p + t, + Ln-z)n + (s + Mn—l)(l -nlw

+K_ +EEL__

1 1

Since the quantity within the brackets {} is linear in y,» the solution
7 7777777 nust occur at an endpoint. Thé endpoint is dependent solely on whether
“”_;hg,cogffigient”of_ynmismpositiyeﬂogwgggative. By_Lemma 2, parts (a) and
{b), the coefficient 1s always positive under either of the given conditions.
Thus, to minimize the quantity within the brackets {1}, Y should be made

- - —-——ag-small ‘as -possible. - Therefore§~y:.= max[0, X + nw-+ E(E) - P], and the

optimal policy results.

¢m—(b)'THe réésoniﬁé is identical _ohﬁé;f_(é)—&iéh the exception that
“"riow "the coéfficient of yﬁ’is negative under the given conditions as shown

in Lemma 2, part (¢). Thus, Yo should be made as large as possible.

14
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Therefore, y: =x + nw+ E(§) - BP.

CONCLUSION

~ Sufficient conditions for simple operating rules afe given
by the theorem. These conditions are depéndent on the cost
parameters of the system and the fraction of documénts returning
to primary storage from secondary storage in each decision period.
In addition to these parameters, implementation would require
knowledge of the expected value of the number of new arrivals to

the system in each period of the process.

ey
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