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Material included in this bulletin provides an

research studies which pertain to teaching addition and

subtraction of whole numbers in the primary grades. The studies
mentioned relate directly to the following questions: (1) What
foundation for addition and subtraction do children have upon
entering school? (2) What is the relative difficulty of additiomn arnd
subtraction facts? (3) Should addition and subtraction be introduced

at the same time?

(4) What type of problem situation should be used

for introductory work with subtraction? (5) How can number facts Le
taught effectively? (6} How should subtraction with renaming be
taught? (7) What is the role of drill in teaching addition and
subtraction? A l1ist of seiected references is supplied at the end of

the paper.
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U.S. DEPARTMENT OF HEALTH, EDUCATION & WELFARE
OFFICE OF EDUCATION Using Research: A Key to Eiementary School Mathematics

FROM THE
THIS DOCUMENT HAS BEEN REPRODUCED EXACTLY AS RECEIVED

PERSON OR ORGANIZATION ORIGINATIS IT. POINIS OF VIEW OR OPIALONS
STATED DO NOT NECESSAMLY REPRESENT OFFICIAL OFFICE OF EDUCATION

POSIICN OR POLICY. ADDITION AND SUBTRACTION WITH WHOLE NUMBERS

What foundation The ability to count is, of course, of particular importance

for addition and as a foundation for developing addition and subtraction con~

subtraction do cepts and skills. Ability to recognize the number of a set

children have without counting and to "conserve numerousness' is also

upon entering helpful. Surveys have shown that most children can count to

school? at least 19 by the time they enter school, and many can
solve addition and subtraction examples which are presented
orally.

What ic the It has been found in many studies done under a drill method

relative of teaching that:

difficulty of (1) An addition combination and its "reverse" form tend

addition and to be of equal difficulty,

subtracticn facts? (2) Size of addend is the principal indicator of diffi-
culty.

(3) Combinations with a common addend appear to be of
similar but equal difficulty.

(4) The doubles in addition and those in which 1 is added
with a greater number appear to be easiest in addition,

while those with differences of 1 or 2 are easiest in sub-
traction.

However, the order of difficulty seems to be a function of
teaching method -- thus research is presently being done to
reconsider difficulty level for the meaningful methods in
use today.
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In the few studies reported, stress on the relationship be-
tween addition and subtraction is found to facilitate under-
standing, and some increase in achievement has been noted
when they are taught together.

"Take-away'" problems are easiest, then "additive" problems,
and finally "comparative' problems. Recent research has
shown that an approach in which sets are separated into sub-
sets is effective for developing understanding of subtrac-
tion situations.

Experiences with concrete materials have been found to be
essential for developing understanding of addition and sub-
traction concepts. Materials should be appropriate to the
child's achievement level and rate of learning.

It has been found that children use various ways of obtain-
ing answers to combinations -- guessing, counting, solving
using known combinations, and meaningful recall -- and ap-
parently attain mastery only after meaning becomes clear to
them.

Decomposition is the renaming procedure used almost exclu-
sively in the United States today. When it is taught mean-
ingfully, understanding and accuracy are better than when it
is taught mechanically. Use of the equal additions pro-
cedure may lead to. even greater accuracy, but possibly at
the expense of understanding.

Drill must be preceded by meaningful instruction. Accuracy
has been and is accepted as a goal in mathematics, but the
type of thinking which is developed and the child's facility
with the process of thinking is of greater importance than
mere recall. Drill and practice should be included at appro-
priate points; they should be rlanned to meet the needs of
the child.

The material included in this bulletin is a product of the "Interpretive Study
of Research and Development in Elementary School Mathematics" (Grant No.

0E5-0-9-480586-1352(010), sponsored by the Research Utilization Branch, Bureau
of Research, U.S. Office of Education, and conducted at The Pennsylvania State

University.

If you would like more information about the research whose findings are cited
above, contact MARILYN N. SUYDAM, Project Director, at The Pennsylvania State
University, University Park, Pennsylvania, 16802.
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Using Research: A Key to Elementary School Mathematics

ADDITION AND SUBTRACTION WITH WHOLE NUMBERS

What foundation As teachers are well aware, a foundation for the development
for addition and of skills in addition and subtraction is formed long before
subtraction do the first grade. The ability to count is of particular — _.
children have importance: children use counting as a primary means of
upon entering ascertaining and verifying addition and subtraction facts.
school? The ability to recognize the number of a set without count-

ing is also helpful.

While few experimental studies have been done to determine
what can be taught, many surveys have been conducted to
ascertain the mathematical ideas and abilities possessed by
the pre-school child. The surveys indicate that almost all
kindergarten children could count by ones, with most chil-
dren counting both rotely and rationally to at least 19
(e.g., Bjonerud, 1960; Brace and Nelson, 1965). Less than

The material included in this bulletin is a product of the "Interpretive Study
of Research and Development in Elementary School Mathematics" (Grant No.
OEG-0-9-480586-1352(010), sponsored by the Research Utilization Branch, Bureau
of Research, U.S. Office of Education.

The bulletin was prepared by MARILYN N. SUYDAM, The Pennsylvania State
University, Project Director, and J. FRED WEAVER, The University of Wisconsin-
Madison, Project Consultant. Art by Ed Saffell.

It should be noted that research is variable with respect to its quality; hence,
the same degree of confidence cannot be placed in all findings. An attempt has o
been made to take this fact into consideration in preparing this bulletin.




one—fourth of the children could also count by twos, fives,
and tens. Many children could solve addition and subtrac-
tion examples in an oral context.

Whether rote counting or rational counting should be taught
first is a recurrent question, but has not been explicitly
answered by research. Generally, the pre-school child
learns to say the number names and then begins to say them
in order before he associates the names with sets of
objects.

The relationship of the work Piaget has done with '"conserva-
tion" seems to have applicability to the classroom. Steffe
(1968) pointed out that one type of ability possessed by
children who do better in first grade mathematics is the
ability to "conserve numerousness' -- that is, to be able to
specify that "if two sets are matched, one-to-one, the
number of objects in each is the same, regardless of the
arrangement or rearrangement of the two sets."

At the end of first grade, he administered tests of addition
problems and facts to children at four levels of ability to
conserve numerousness. Children at the lowest level per-
formed significantly less well on both tests than did chil-
dren in the upper three levels. At all levels of conserva-
tion of numerousness, problems with accompanying physical
and pictorial aids seemed to be of about equal difficulty;
however, problems with no aids ware significantly more dif-

What is the
relative
difficulty of
addition and
subtraction facts?

ficult. Problems in which one of two sets is described as
being moved to the other were also significantly easier than
problems in which the two sets are static.

Steffe concluded that ability to conserve numerousness thus
seems to be related to achievement on addition problems.

LeBlanc (1968) reported on a parallel study with subtraction
problems and facts. Children who were in the highest level

of conservation of numerousness performed better than chil-

dren in the lowest two levels. Problems accompanied by aids
and those with a description of movement were significantly

easier than other types of problems. LeBlanc suggested that
a test of conservation of numerousness would provide a basis
for a readiness test for first graders.

At one time, especially when stimulus-response theories of
learning were prevalent, there was great interest in ascer-
taining the relative difficulty of the basic number facts or
combinations -- e.g., 5+ 2 =7, 9+ 6 =15, 8 - 3 =5,

17 - 9 = 8. Textbook writers as well as classroom teachers
used the results of such research to determine the order in




Should addition
and subtraction
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subtraction.

which facts would be presented. The assumption was that if
the combinations were sequenced appropriately, the time
needed to memorize them could be reduced.

The relative difficulty of the combinations generally was
derived from a study of either (1) the number of errors made
on each combination, (2) reaction time, (3) retention after
a period of non-use, (4) the number of repetitions needed
for immediate recall during initial learning, or (5)
familiarity with combinations among children entering
school. The varying procedures are, in part, the reason for
lack of agreement among the studies.

Nevertheless, some common findings were evident which, des-
pite the age of the studies, may in part still be appli-
cable (e.g., MacLatchy, 1933; Washburne and Vogel, 1928;
Wheeler, 1939):

(1) An addition combination and its ''reverse'' form tend
to be of equal difficulty.

(2) Size of addend is the principal indicator of diffi-
culty, rather than size of sum.

(3) Combinations with a common addend appeared to be of
similar but not equal difficulty.

(4) The "doubles'" in addition and those in which 1 is
added with a greater number appear to be easiest in addi-
tion, while those with differences of 1 or 2 are easiest in

Swenson (1944) questioned whether results on relative diffi-
culty obtained under repetitive drill-oriented methods of
learning are valid when applied in learning situations not
so definitely drill-centered. When second graders were
taught by drill, by generalization, and by a combined
method, it was found that the order of difficulty seemed to
be, at least in part, a function of teaching method. Thus
research which aims at establishing the difficulty of arith-
metic skills ‘and processes should probably do so in terms of
a clearly defined teaching and learning method.

Recently, Suppes (1967) has been interested in using the
data-gathering potential of the computer to explore the
relative difficulty of mathematical examples, including the
basic facts. A drill-and-practice program which presents
addition and subtraction combinations has been used as the
vehicle to determine a suggested order of presentation and
amount of practice.

It is somewhat surprising, comsidering how frequently this
question is asked, to find that there has been little re-
search on the topic. Early studies (such as Brownell, 1928)
found that higher achievement resulted when addition and
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subtraction facts were taught together. Spencer (1968) re-
cently reported that there may be some intertask interfer-
ence, but emphasis on the relationship facilitates under-
standing.

Research has generally found that the subtraction combina-
tions are harder for children to learn than those in addi-
tion, even when addition and subtraction are taught
together.

Gibb (1956) explored ways in which pupils think as they
attempt to solve subtractiun problems. In interviews with
36 second graders, she fcund that pupils did best on "take-
away" problems and poorest on "comparative" problems. For
instance, when the question was, "How many are left?", the
problem was easier than when it was, "How many more does Tom
have than Jeff?". '"Additive" problems, in which the ques-
tion might be, "How many more does he need?", were of medium
difficulty and took more time. She reported that the chil-
dren solved the problems in terms of the situation, rather
than conceiving that one basic idea appeared in all applica-
tions.

Schell and Burns (1962) found no difference in performance

on the three types of problems. However, "take-away" situa-
yp p y o

tions were considered—by—pupils—to-be-easiest =-"thus they -
are generally considered first in introductory work with
subtraction.

Coxford (1966) and Osborne (1967) found that an approach
using set-partitioning, with emphasis on the relationship
between addition and subtraction, resulted in greater under-
standing than the "take-away" approach. Consideration of
this finding is important to those who want to develop set-
subset concepts as a strand in the curriculum.

Brownell (1928, 1941) and McConnell (1934) found that pupils
use various ways of obtaining answers to combinations —-
guessing, counting, and solving from known combinations, as
well as immediate recall. Brownell stated, "Children appear
to attain 'mastery' only after a period during which they
deal with procedures less advanced (but to them more mean-
ingful) than automatic responses."

In general, experiences with concrete materials provide an
essential base for developing understanding of addition and
subtraction concepts. Encouraging pupils to use drawings as
well as objects may help those having difficulty learning
combinations (Brownell, 1928).
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Generally, researchers have concluded that understanding is
best facilitated by the use of concrete materials; followed
by semi-concrete materials such as pictures, and finally by
the abstract presentation with words and/or numerals.

Gibb (1956) also found that abstract contexts were poorest.
She reported, however, that pupil performance was better on
subtraction examples presented in a semi-concrete context,
rather than with concrete materials. Nevertheless, she
noted, '"Children have less difficulty solving problems if
they can manipulate objects or at least think in [the]
presence of objects with which the problems are directly
associated than when solving problems wholly on a verbal
basis."

Klausmeier and Feldhusen (1959) are among those who have
found that curriculum materials should be appropriate to the
learner's achievement level and rate of learning. Then both
initial achievement and retention are not significently dif-
ferent across intelligence levels.

Transfer was studied by Olander (1931). Pupils who had
studied only 55 addition and 55 subtraction combinations
(omitting the "reverse'" forms) were also able to answer most
of the 90 which they had not studied, doing almost as well

as those who studied all 200 combinations.

Over the years, researchers have been very concerned with
procedures for teaching subtraction involving renaming (once
commonly called "borrowing'"). The question of most concern
has been whether to teach subtraction by equal additions or
by decomposition.

How do you do this example? 91
- 24
67

You're using decomposition if you do it this way:

11 - 4 =7 (ones); 8 - 2 = 6 (tens)

If you do it this way, you're using equal additions:

11 - 4 =7 (ones); 9 - 3 = 6 (tens)

In a classic study, Brownell (1947; Brownell and Moser,
1949) investigated the comparative merits of two algorithms
(decomposition and equal additions), in combination with two
methods of instruction (rational or meaningful, and mech-
anically):
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rational mechanical
(meaningful) !
decomposition a b
equal
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He found that, at the time of initial instruction:

(1) Rational decomposition [a] was better than mechanical
decomposition [b] on measures of understanding and accuracy.

(2) Rational equal additions [c] was significantly better
than mechanical equal additions [d] on measures of under-
standing.

(3) Mechanical decomposition [b] was not as effective as
either equal additions procedure [c or d].

S K ma  # Sammmanran auSE R

(4) Ratisnal decomposition [a] was superior to each equal
additions procedure [c, d] on measures of understanding and
accuracy.

It was concluded that whether to teach the equal additions
or the decomposition algorithm depends on the desired out-—
come.

In recent years, the decomposition procedure has been used
almost exclusively in the United States, since it was con-
sidered easier to explain in a meaningful way. However,
some question has recently been raised about this: with in-
creased emphasis in many programs on properties and on com-
pensation in particular, the equal additions method can also
be presented with meaning. For instance, pupils are learn-
ing that:

(a) 9-3=D means that D +3=09

or 3 + =9

They are learning that:
(b) 7 - 4 =3 is equivalent to
(7-4)+2=3+2

Development of such ideas should facilitate the teaching of
the equal additions procedure. Whether there will again be
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a shift toward wider use of this procedure remains to be
seen. Evidence from other studies indicates that use of it
leads to greater accuracy.

Brownell (1947) studied the use of a crutch such as

56
- 39
17

This seemed to facilitate understanding, but attempts to
have pupils stop using the crutch were not wholly succesg-
ful. Some persons suggest that this crutch should only be
taught when it is needed.

Overman (1930) found that if pupils were taught to general-

ize about the renaming procedures in two-place addition and

subtraction, they were able to do three-place examples.

This was less time-consuming than having the teacher present
two-place and then three-place examples separately.

Ekman (1967) reported that when third graders manipulated
materials before presentation of an addition algorithm, both
understanding and ability to transfer increased. Use of
materials was better than use of only pictures before intro-
duction to the algorithm, or development of the algorithm
without either aid.

Discussions on the teaching of mathematics in the primary
grades once centered on whether programs should consist of
isolated, repetitive drill or of an integrated approach in-
volving the presentation of interrelated ideas. Prior to
the 1930's, much research was done on the effectiveness of
various types of drill. For instance, Knight (1927) re-
ported on a successful program of drill in which the dis-
tribution of practice on basic facts was carefully planned
-- no facts were neglected, but more difficult combinations
were emphasized.

Accuracy has been and is accepted as a goal in mathematics,
and it is in an attempt to meet this goal that drill is
stressed. In a series of articles, Wilson advocated no less
than 100% mastery. He showed that, with a carefully
planned set of materials, the goal was not as unattainable
as some persons believed it to be.

Many other studies have shown that drill per se is not ef-
fective in developing mathematical concepts. Programs
stressing relationships and generalizations among the
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Should non-
paper—and-pencil
practice be
provided?

Should children
"check" their
answers?

sddition and subtraction combinations were found to be
preferable for developing understanding and the ability to
transfer (McConnell, 1934; Thiele, 1938). This has been
supported by many studies since that time.

Rrowmell and Chazal (1935) summarized their research work
with third graders by stating that drill must be preceded
by meaningful instruction. The type of thinking which is
developed and the child's facility with ~he process of
thinking is of greater importance than mere recall. Drill
in itself makes little contribution to growth in quantita-
tive thinking, since it fails to supply more mature ways of
dealing with numbers.

Pincus (1956) also found that whether drill did or did not
incorporate an emphasis upon relationships was not signifi-
cant, when drill followed meaningful instruction.

Many mathematical problems which arise in everyday life must
be solved without pencil and paper. Providing a planned
program of non-paper-and-pencil practice on both examples
and problems has been found to be effective in increasing
achievement in addition and subtraction, as for other topics
in the curriculum (Flournoy, 1954). Other researchers have
suggested that certain '"thought processes' which are espe-
cially suited to such practice should be taught. For in-
stance, a left-to-right approach to finding the sum or dif-
ference is useful, rather than the right-to-left approach
used in the written algorithm. "Rounding,'" using the prin-
ciple of compensation, and renaming are also helpful. In-
creased understanding of the process may result.

The answers which research has provided to this question are
not in total agreement. We encourage children to check
their work, since we believe that checking contributes to
greater accuracy. There is some research evidence to sup-
port this belief.

However, Grossnickle (1938) reported data which should be
considered as we teach. He analyzed the work of 174 third
graders who used addition to check subtraction answers. He
found that pupils frequently '"forced the check," that is,
made the sums agree without actually adding; in many cases,
checking was perfunctory. Generally, there was only a
chance difference between the mean accuracy of the group of
pupils when they checked and their mean accuracy when they
did not check.
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What does this indicate to teachers? Obviously, children

must understand the purpose of checking —- and what they
must do if the solution in the check does not agree with the

original solution.

List of Selected References

Bjonerud, Coxwin E. Arithmetic Concepts Possessed by the Preschool Child. Arithmetic Teacher 7: 347-350;
November 1960.

Brace, Alec and Nelson, L. Doyal. The Preschool Child's Concept of Number. Arithmetic Teacher 12: 126-
133; February 1965.

Brownell, William A. The Development of Children's Number Ideas in the Primary Grades. Supplementary
Educational Monographs 35: 1-241; August 1928.

Brownell, William A. Arithmetic in Grades I and IXI. Duke University Studies in Education 6: 1-175; 1941.

Brownell, William A. An Experiment on "Borrowing" in Third-Grade Arithmetic. Journal of Educational Research
41: 161-171; November 1947.

Brownell, William A. and Chazal, Charlotte B. The Effects of Premature Drill in Third-Grade Arithmetic.
Journal of Educational Research 29: 17-28; September 1935.

Brownell, William A. and Moser, Harold E. Meaningful vs. Mechanical Learning: A Study in Grade III
Subtraction. Duke University Studies in Educatioa 8: 1-207; 1949.

Coxford, Arthur Frank, Jr. The Eifects of Two Instructional Approaches on the Learning of Addition and
Subtraction Concepts in Grade One. (University of Michigan, 1965.) Dissertation Abstracts 26: 6543~

6544; May 1965.

Ekman, Lincoln George. A Comparison of the Effectiveness of Different Approaches to the Teaching of Addition
and Subtraction Algorithms in the Third Grade. (Volumes I and II). (University of Minnesota, 1966.)
Dissertation Abstracts 27A: 2275-2276; February 1967.

Flournoy, Mary Frances. The Effectiveness of Instruction in Mental Arithmetic. Elementary School Journal
55: 148-153; November 1954.

Gibb, E. Glenadine. Children's Thinking in the Process of Subtraction. Journal of Experimental Education
25: 71-80; September 1956.

Grossnickle, Foster E. The Effectiveness of Checking Subtraction by Addition. Elementary School Journal
38: 436-441; February 1938.

Klausmeier, Herbert J. and Feldhusen, John F. Retention in Arithmetic Among Children of Low, Average, and
High Intelligence at 117 Months of Age. Journal of Educational Psychology 50: 88-92; April 1959.

Knight, F. B. The Superiority of Distributed Practice in Drill in Arithmetic. Journal of Educational Research

15: 157-163; March 1927.

LeBlanc, John Francis. The Performance of First Grade Children in Four Levels of Conservation of Numerousness
and Three 1.Q. Groups When Solving Arithmetic Subtraction Problems. (University of Wisconsin, 1968.)

Dissertation Abstracts 29A: 67; July 1968.

MacLatchy, Josephine H. Another Measure of the Difficulty of Addition Combinations. Educational Research
Bulletin 12: 57-61; March 8, 1933.

McConnell, T. R. Discovery Versus Authoritative Identification in the Learning of Children. University of
Towa Studies in Education 9: 11-62; 1934.

Olander, Herbert T. Transfer of Learning in Simple Addition and Subtraction. I. Elementary School Journal
31: 358-369; January 1931. IX. 31: 427-437; February 1931.

Osborne, Alan Reid. The Effects of Two Instructional Approaches on the Understanding of Subtraction by Grade
Two Pupils. (University of Michigan, 1966.) Dissertation Abstracts 28A: 158; July 1967.

Overman, J. R. An Experimental Study of the Effect of the Method of Instruction on Transfer of Training in
Arithmetic. Elementary School Journal 31: 183-190; November 1930.

Pincus, Morris. An Investigation Into the Effectiveness of Two Methods of Instruction in Addition and
Subtraction Facts. (New York University, 1956.) Dissertation Abstracts 16: 1415; 1956.

A A P

[




ol

Ak

Schell, Leo ¥. and Burns, Paul C. Pupil Perforsance With Three Types of Subtraction Situations. Schoul
Science and Mathematics £2: 208-214; Harch 1962.

Spencer, James Edwvard. Intertask Interference in Primary Arithmetic. (University c¢f Califcrnia, Berkeley,
1967.) Dissertation Abs%racts 28A: 2570-2571; January 1968.

Steffe, Lesiie P. The Relationsuip of Conservation of Fumerousness to Precblem-Solving Abilities of First-
Grade Children. Arithmetic Teacher 15: 47-52; January )968.

Suppes, Patrick and Groen, Guy. Some Counting Models for First-Grade Parformance Data on Simple Addition Facts.

Research in Mathenatics Education, Washington, D.C.: National Cournzil of Teachers of #athematics, 1967.

Swenson, Esther J. Difficulty Ratings of Additlon Facts as Rela:zed to Learniug Methtod. Journal c¢f Eduzational
Research 3B: $1-85; October 19-4.

Thiele, C. Louis. Contribution of Ceneralizaticn to tha Learning of the addition Fzcts. Contribations to
Education, No. 673. New York: Bureas of Publications, Teachers Ccilege, Columbia Universicy, 1932.

Washburne, Carleton and Vogs=l, Mabel. Are Any Nuwber Cesbinaticns Inherently Difficult? Journal of
Educational Researcn 17: 235-255; April 15Z8.

Wheeler, Lester R. A Conparative Study of the Difficulty of the 100 Addition Combinations. Pedagogiczl
Seminary and Journal of Gemetic Psychology 5%: 295-312; June 1939.

Project on Interpreting Mathematics Education Research Nonprofit Org.
Kl‘enter for Cooperative Research with Schools U. S. Postage
302 Education Building PAID

The Pennsylvania State University Permit No. 1
University Park, Penasylvania 16802 University Park, Pa.

¢l FEATEE B0OF SLI EL
14&1 » t ENE SVE

CCLI ALY % o
U#e% %301¢

PR ST N Y




