st Sidesagded 0305
A el s

DCCUMENT ERESUME

ED 033 851 24 SE 007 55¢
AUTHOR Bhushan, Vidya
TITLE Cevelopment cf an Instructicnal Aid for a

Ccurse 1in Multivariate Educaticnal
Statistics, Final Report.

INSTITUTION Hawaii Univ., Honolulu. Educaticnal
Kesearch and TCevelcpment Center.

Spons Agency Office cf Education (DHEW), Washington,
L.C. Bureau cf Research.

Bureau No BR-8-I-CEQ

Pub Date Jul 69

Grant OEG-S-8-081C80-0131(1C1)

Ncte Z2t€r.

EDRS Price ELCRS Frice MF-$1.00 HC-$12.90

Descrirtozrs *Ccllege Mathematics, Instructicn,

*Instructional Materials, Mathematics,
*Prcgramed Instructicn, *Statistics

Abstract

Presented is a linear rrogram for matrix
algebra required in a first course in multivariate
educational statistics. The purpose cf the program is to
enable graduate students, through self instruction, to
acquire sufficient kncwledge of matrix algekra to meet the
prerequisite of a cocurse in multivariate statistics of a
type taught in a derpartment of educaticn. This course
intrcduces the student to multiple and partial correlaticn,
cancnical ccrrelaticn, and multivariate analysis of
variance. It assumes scme knowledge of matrix orerations,
determinents, linear derendence and vectcr sraces, and the
characteristic equation cf the matrix. A preliminary trial
of the program was carried cut with 28 graduate students.
Analysis of errors made by the students and the reaction cf
the students to the material was rerfecrmed fcr the purpose
of revising the prcgram. The revised material was given to
another 29 graduate students and necessary revisicn vas
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SUMMARY

% algebra required in a first course in
multivariate educational statistics was developed. The purpose of the
program is to enable graduate students to acquire, through_self-instruction,
sufficient knowledge of matrix algebra to meet the prerequisite of a course
in multivariate statistics of a type taught in a department of education.
This course introduces the student to multiple and partial correlation,
canonical correistion, and multiveriate analysis of variance, "It dssunes
some knowledge of matrix operatioms, determinants, linear dependence and
vector spaces, and the characteristic equation of the matrix. The linear

program covers these topics.

A linear proeram for matri

Material from standard texts in matrix algebra was incorporated in
a linear program. The material was selected in the light of the experience
in teaching this subject and the reviews of this material in the multi-

variate texts.,

A preliminary trial of the program was carried out with twenty-eight
graduate students from the University of Chicago and the University of
Hawaii. Analysis of errors made by the students and the reaction of the
students to the material was performed for the purpcse of revising the
program. The revised material was given to another twenty-nine graduate
students of the Department of Education to read, and necessary revision

was made.

b

R

Bkt

R

{

Bl P e S deni S datte

e
-~

-

e i I
4 Cn B e S, SAE % S




Szl

INTRODUCTION

The sequence of educational statistics courses at many
universities includes an introduction to the use of multivari-
ate methods in educational research., The courses cover mul-
tiple and partial correlation, canonical correlation, multi=-
variate analysis of variance, and component and factor analysis.
Since all textbooks and other literature in the field of multi-
variate analysis make use of matrix algebra, it is impossible
to teach the courses without assuming some knowledge of this
subject on the part of the students, Many schools with a theo~-
retically oriented mathematics department have no course in
matrix algebra suitable for applied workers. Since it has
seemed undesirable to include a purely mathematical subject in
the education curriculum, we have had to depend on our students
to prepare themselves in matrix algebra by their own resources,
Although a number of conventional texts are available for this
purpose (Aikea, 1956; Browne, 1958; Horst, 1963; Ayers, 1962),
the students appear to need more guidance in approaching the sub=-
ject than can be offered in a textbook, It was therefore pro-
posed to prepare a linear program, which will lead the student
through the material with essentially no errors,

In recent years several studies have been made of the
effectiveness of linear programs compared with other methods of
teaching, The results are still inconclusive, but the linear
programs definitely take less time than other methods to learn
the same material, Studies by Hughes and McNamara (1961),
Porter (1961), Hough (1962), and Smith (1961) are some of
the examples which confirm this fact, Bhushan (1966) also con-
ducted a study of the effectiveness of two methods of teaching
elementary matrix algebra and did not find any significant dif-
ference between the two, but the errorless program took signi-
ficantly less time than the dialectical program, This result
encourages me to believe that the student will find the pro- -
gram an efficient way to prepare themselves in matrix algebra,
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METHODS

The contents of the program were taken from standard texts in matrix
algebra (Browne, 1958; Horst, 1963; Hohn, 1958; Kemeny, 1957; Murdock, 1957;
Schwartz, 1961) and were incorporated in a linear program. Professor Rock
who teaches a course in multivariate analysis at the University of Chi-
cago and multivariate texts of Anderson (1958) and Rao (1965) guided the
selection of the material to be included in the program. The contents
were divided into eighteen units. The program was revised on the basis of
the experts' suggestions.

For the evaluation of the material, it was given to the graduate
students of the department of Education, thirteen f£rom the University of
Chicago and fifteen from the University of Hawaii, to read. They were asked
to read each frame, provide the necessary answer and compare it with the .
one given just after the frame but masked with a piece of paper. If the o
answer did not tally with the given answer, they checked it with a red 3
pencil and proceeded further. They were also asked to point out if they
had any difficulty in understanding any frame. At the end they were given
an achievement test, The mean achievement scores for Groups 1 and 11 were
: 30.5 and 29.0 which are much above the mean of the normally distributed
4 scores of the achievement test. The maximum possible score for the achieve~
3 ment test was 42, It indicates that both the groups learned matrix algebra
very well,
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On the basis of their respomses, the error rates were counted for
each frame. Those frames which had higher error rates (more than 10%) or
had ambiguity of language, were rewritten.

Thus revised materials were given to other graduate students of
the department of Education, twelve from the University of Chicago and
seventeen from the University ¢f Hawail, to vead, and the above procedure
for revising the program was repeated. This time the students were asked
to note down the total time taken to read the whole material. The average
time to read the program is ten hours and thirty minutes. The revised
program 18 given in the appendix,
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INSTRUCTIONS
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Each numbered section in the text is called a "frame" and in most
such frames a written response is called for at some point. Following

the frame is the "answer' which is the correct answer, Therefore,

proceed as follows:
1. Use another sheet of paper to mark the printed '"answer' while

you read the frame and write your response in the blank space.
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,%_ 2. Move the paper down and compare your respomse with the printed
.5 answer, If they are identical, proceed to the next frame, If they

i differ, mark your answer with a colored pencil mark, then proceed to

2 the next frame.

% 3. You can work according to your speed as long as you understand
g the material well,

Go to the next page and begin your woxrk,
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Unit I: Definition

A matrix is basically a very simple way of organizing the numbers used to
describe the various kinds of information that come to our attention every
day., For example the scores of two students in three subjects can be written

conveniently as follows:
Subjects

Eng Math Hist
Students 1st 15 50 31

]
2nd 114 52 35

;

‘-

The score of the lst student in History would be 31, and the score of

the 2nd student in Math would be 52, Thus a matrix is a rectangular array
of elements, The above matrix has 2 rows and 3 columns and it is said to
be a 2 x 3 (read 2 by 3) matrix. In the above arrangement, the numbers 15,
50, 31 form the first row and the numbers ..o, oees ooe form the second row.
The numbers 15, 14 form the first column, numbers 50, 52 form the second

column and the numbers ..., ¢os form the third column,

D N SR R S S SO P S SR En e R S P Y RS ED G M P D G D T W UR GRS P ED N S W MR B ) S AP P G KD € R U WP G I U P U G G S A 6 SN G GNP S0 M T4 G5 GD C5 NS W an WD WS e W

4, 52, 35

31, 35
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| 2, The scores of Arithmetic, Engiish and History of mid term exam of three 1
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students are 6, 8, 9; 8, 10, 9; and 7, 8, 8 respectively., Arrange these

3 numbers in the following 3 x 3 matwix, :
i ‘ Scores a
1
z Arith Eng Hist
, lst esse eose eeesc
E StUdentS znd ' N X ] oes e e 000 ,‘
L Brd oeveoe L o038
- 3
6 8 9 4

P
[
(02

i * 3. 1If a matvix has 3 rows and 4 columns, it is said to De seececeee X cococcvoe ¥
g (number) {nunmber)
3 matrix,
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G 4o If a matrix has n rows and m columns, it is said to DE cecersee X cocevces

3
3 3
23 1
R ]
,;, . .
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L matrix,
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5. If a matrix happens to have the same number of rows as columns it is called

a square matrix, If there are 2 numbers in each row and column of the array,

the matrix is said to be a 2 by 2 matrix, or a matrix of size 2. If there
are 3 numbers in each row and column of the array, the matrix is said to be

a matrix Of size eeseceoece o
(number)

- e e YU AN ww R e w -
- --------nu-------uu---unnm-—-------n—----n-u--------m-nn-----n

6., If there are &4 numbers in each row and column of the array, the matrix is said

£O be @ seveeene DY sucevese MAETIK OF @ MAETIX OF S1Z€ vovevens
(number) (number) (number)

G ER Gn AR P R e SR A an g
----—--unun---n-uu-:----un----n----u---------------------nn-u---

4 by 4

7. 1If there are n numbers in each row and column of the array, the matrix is

said to be an tuveseee DY eeevesss matrix or a matrix of size seccscss o

n by n
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8. The arrays

o -

2 1

1 -3

3 2

. o
BYC eeeossee X seeseesse MaAtrices, or matrices Of SiZ€ ceecesece ¢

R
; and ;
z é

A NS D WD W) D WD RP G ES WS S s A R D N S W WP 0 R M S U WD S W P W Y G WD WP S B S s WD W WS N AW S WD W W G WD W W e ED S S A A OB S A e a0 BEES o 0 A0 ae 50 M I @9

2 x 2

™o

PR e

9. The array

N

/43 3

€ B AP e .

-1 0 1
15 @ seeceseece X seveeces Matrix, because it has seeeeeee FOWS aNd ceeeeses
(numbex) (number) (number) (aumber)

—--
t

columns,

- WD s T AT S N S Y D Y M D P G D S s e RN D WS SV S D T S S M) W WD e s NS S Gt S0 AR A e SO A ED Es W AT G AP W R P m DU SO WS W G W W M A e WS A W S ES P R e E

2x3

2 (rows), 3 (columns)

(R R hR g PRy v
k-]
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10.

The array

0 -5!

is a s0cess9e KX sesccscesn matri}{, because it haS esscsonse rOP'JS and eeeesese

A e

columns,

---—-“--l----~----~~------~C‘°-ﬂ--m--ﬂﬂ---~--~-'—--.‘~~~“-'-~~”‘-ﬂ--nn-----.-.

PR &S SRR Y, VAR

Comment

o s K s s Gl
SN g DoAY &
N

Thus we have seen that the order of amatrix is given by stating first the

number of rows and then the number of columns in the matrix, If the number

of rows is the same as the number of columns, then the matrix is square.

R o ot e s 5 g e i
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Our idea is to consider such an array of many numbers as a single object,

an array, a matrix and to give the whole array a single name or symbol, By

LA o

v

regarding a rectangular array of numbers as constituting a single object,

AR

a matrix, we will be able to handle large sets of numbers as single units,

sy

thereby simplifying the statement of complicated relationships., Thus, we

might call our matrices of frames 8, 9, and 10 as A, B, C, and D,

P
e
s R A TN o i R

-~ ™
2 1 2 4 3)
3 27, -1 0 1,
} | L_ -

)

e R Y N 3 e e g 5

§
;



!
?
3
L
i
'
3
-
i

— TS TR T, A o

SR L TR TR TR

11

11, If E is the 4 x 5 matrix
- T
1 2 1 9 10 |
0 7 8 -2 12
5 -3 . -5 15

43 17 ~10 11 22

p—l

the element in the second row and third column of E is 8 and it can be

vritten conveniently as LE:}Z = 8, The element in the third row and
' ]

0

L 2 = r 1
fourth column 18 ¢...::¢+, 20nd it can be written as !EJ = =5,
. heosey escee

(number

O G0 AN SN O Ut BE GRS wp T w0 G N A5 PR B S S 900 W AT WD SIS WO G SO S0 WP NN VD W TP Y G5 T D b B AP B S0 OF WP P A W G SN AU e OU OF WD A WD S WP WD A G W0 G RS WD N0 YR AT AN N0 W0 S W W =

12, In “he matrix of frame 11, the element in the fourth row and fourth column

is 00000000000

11

13, In the matrix of frame 11, [E}3 3 eevececccans
2

W N0 B0 O S0 S0 U0 SN KN R0 VT S UG TG WD M S B B G GU 0 G SN G M0 B AP 0 GO S8 AP 00 S0 G NI N0 PN WD SO N T B0 DR GE U 0 NV IR Wl 0 B WS G WE B K0 TID G G A0 0 M WP MR G0 CIF 00 Wl B0 me B8 08 B0 #9
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14, In the matrix of frame 11, fE] = 11 %

[5., o000 0se0

T G5 A0 D WD R S G 0 GO WP WS G S AP SR VD S t Sh B s G B B S 1S D GD D P D P D AP D S e e B MR e B T G B a0 R B VD VU W ED G W G WD P VS AV B SN G AU P B SR WA WO AN GBS @i P W

by
L
-

Z:o A, o
3
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et
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15. 1In the matrix of frame 11, the element of ith row and jth column can be
1

written as [E | 3

- 009cey 00000

0 D G N NN D D G D W N D S AP AP S s S0 G0 N NS B B UM BB B @B SN AR R AL MU W T VIS G N B S B AP G Ont U S RS W S BB NP GG S A B T S0 et S G5 U S N A WO U S G 6 BB W% W0 i B B0

16, 1In the matrix of frame 11, there are .eese..o entries in one row.
(number)

ﬁnnh-ununnnﬂnun-n-n--nnuwnn-un-n———an--—-nn-nn--ﬁn—--ﬁ-t‘—-’----—nﬁo-nnh-\n‘oﬂﬂ

17. 1In the matrix of frame 11, there are ...esess entries in one column,

¥A %
[ eam—t |

E ~--“--u-“--n--~~*"”~~~‘—--ﬂﬂnﬂﬂ'~~~_'n~—-““~-u--ﬂ-.."-“—-O‘-“‘-n-~-‘.-~“~‘.-"~“‘-




18, In the 4 x 5 matrix of frame 11, there are ..e¢seeeee entries altcgether,

TR S ) D S DY as N S A D S T D ED S S0 Sw GO AP NS N N0 D S0 A G D D D A D WS RS N ) G S0 VT D DS S T e T D D AR TP D A D G S G0 D WD D At B R B D S S T O S G G e oA

19, In a 3 x 3 matrix there are cecesscsse entries.

B0 00 WD NS O e Y U D S D AR D W G S B 0 D T S Tl G B s B D TN N G S D S D A M G SN P D U G0 S 0 T G T D D D A e D G P 0 AN A8 G BB D G T3 WD W G ot GO 40 G St B8 T W

20 In a 3 % 4 matrix there are sevesssess CNEries.

L P D G D 0 5 S U P SO S G B N GG S VT WL G0 T D G D D D WD A D P SV R A TR TR N TP o KT D W0 PO Gl W (0 M D T S I AN B OF TID WD W B WD AG A P TR W N G TS WS 60 5 S0 Wi 6D B

S (. o

21, In an n x m matrix there are scecescs. entries,

1
GO O G0 O NS VS SO WSS GO NS S0 P O8 S ND D G0 NB St HS AN GBS S0 o THE 0 S ST B0 SR P I At TID BD GHD Sun OV PP Wb G WD IU TID 100 U6 00 AN Ael I AN TP NG B WD GO OF P8 45 S0 KP G I P D G BN P WD A B 08 N9
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22. In an n X n matrix there are ......ss entries,

- G G e D D NS P G WP e A S D AP A D SO GO W Y SN N P GO D T AP SO D D AP D WS TP SN I IS G R G BB O B T G 4 O B U EN W OG0 G0 = WS WS SO we a8 - amen ey SO WS ES e UGB S En 6 B¢ 00

3,
T bR £

TR A e L h e

«
(i

23, Let I be the matrix

I o=

then

() {I] 4,4 =

O A% B 8 G P O Gn G5 e e St S O G S Y G I S D e ST OO G G A b O N0 A o G (D G S e TED W M SN B G TP W AN B e S PGB B B0 WS B WY AP B LD W0 08 KO 4t B S 4B S W WA BE S 6D N0 48 o

L

o0 evs e

(b) I} 3,4 =

-uu--—u---------nu.--u---nu----n----uu-uwnnnu-nn-oud-n.--‘l-----uun--

oS00 06NOOGO
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FRPRL o SR

oS IR ARG

@ [1] 4,3 = eeeseens

£osesodiiscs

I

-----------—lln—‘----ﬂ---------ﬂ--ﬂn-------ﬂ---‘-v--—-u------u------n---‘--‘--

Y

.

o
FE T SIS A

(d) The elements of row three are seecseees; oscvesascy osocoavcey soooveer,

SR s okt

e 000000

-—-n----m-----—--.----u-‘----mn----ﬂ----d-:\v---o----l-----ﬂ--unu-------—ﬂﬂﬂﬂu--‘-
E

e 02 ety
ey Sty S K
e

0, 0, 1, 0, 0

peSg B

Lot ity

e

(e) The elements of column three are 00000000y 00000000y 00s0e0ssy 060G

s

EY X LY N N R N

ERARAL

.“---ﬂ--_------'ﬂ~---~m—‘“----nﬂ--_ﬂﬂu-“-‘“”---N--ﬂﬂ---““n‘-lﬂ-

SRR 5

l .

0,0, 1, 0,0

(f) The element in both row three and column three is seeeesee

- o4 wn w &b 0l o w-~“~~~“-n--~~-~'“~ﬂ-~-Nﬂ“n--u.--“m.“ﬂ.'"““-“n‘--ﬂ w0 EE WS NP g B N0 D O M B BY WP W e "N M




(g) The element [i} 1, = eececeses when i = j

P O U YD Y D D D () D D VD W P D G w0 CD N G D D W 0 (A D Y G S W V) Y S G M I D WP SR W H0 I M T Wb G G I G IR O G4 S M0 I GR G 0 O ©F 0 e SPGB S GO P W W U G D O 6

g R A S g A T S
T A WU /o, YRR g SR nw AN {10 A 7 N ek T4

(h) The element [I] i’j = .seeseee When i 'ﬁ jo

S e e A A

0 2 G NP UD A G G UD B I TP R D CD D G G U Y D D P WD GO D S G OO P S e BB R S GNP GNP D YN WO b WG P A G GNP G U UV GNP AR WP O CUF 0 ST T BN D G AU G NP RO Mt G O D U st BD B B B S NG

(i) There are .eseesee entries in the matrix,

D e TR D D S A G R D S A W B ey g b e b D B ) D WD G P D I GNP WO AP D D GuP SO TS GNP GNP OU) GNP S0F SN st Iy Gob WeT DIP CN BN 0 SP CIP W A G NP O KO Sub S5 KD G0 GW P WP B0 WD ED T G MY T w4 WO

ooy

T A o R PR T

F5a Lot

-

24, 1If we interchange the rows and columns of a matrix then the new matrix formed

o PRy AT o G BT g B

will be different from the original matrix and will be called its transpose,

s cipet R G
s Gl T

If A is a matrix then A'will be its transpose,

For example, if

1 3 2 [l 2
then A’ = i 3 -]l
2

il

A
2 "1 0 Y

The transpose of

! ——

1 3 4 sooe XXX sevese

o
I

2 7 2 48 B? = seee seee XX

0 3 "1 sose (NN N (N NN

] oyl L,
o
OGNS e T G W B M P G W G N WS G S G B 9 M0 AN G G YR O (N0 N0 R0 O S WP O VB P B4 W I G Y O B0 OF U BN NG T PO 00 S BE NI I50 W10 I Gf I8 B B WO AP BB e M GD OU W W WS LD e W



k.
k.

e B e e

P
PR T

T J St S o M

b

N,
LD Yo puna it i

o gt

#;
>

APk

17

25, If a matrix is 3 x 4, then its transpose Will DE seeeeses X seveesss Matrix,

W as ey WO S SS AR e Y S W S0 D N s S S B Y P WD M A P D AT AR SN i G WY 8 O B8 bt 00 & B e w0 L4 N K R X K A X K K- ¥ N J N ¥ ¥ X N X X N _JOX JF N R X T N J X ]

4 x 3

26, If in a 4 x 5 matrix there are 20 entries, then in its transpose there will

be eeessess entries,

-0‘-n-nnnnn-‘nnnu-nr-o---nﬁ--nu---u----u-‘uu--n-—uu-ununnannnnnunm-nnﬂnnu-nnuo—nuu

20

-

gy

27, If there is an m % n matrix, then its transpose Will De ..eeceece X csovoecs

matrix and there will be .eeenc.. entries in the tranpose matrix.

O 600 S0 b B D M OB S D NP D A M S NG MO G A ) O G WS B B DO W h AN P B Gl G O AP S b W o LA R R K N L X X N N X L N N PR NN T N X R 1 K K & X X K X L K T KX X J

nm ormn

et T
4

" PR

N i e L e




1,

Unit II: Equality of Matrices

1f

2 5 2 and B = 2 5 2

am! e o

then

(a) The size of A is eccessssesses LO the size of B.
(woxd)

Y D N ED GD G D ED G D ED D ED S e D S an A0 ED T G5 SN AP Gb ED b G EP G5 VP S0 S0 G5 N G 2 S5 oF GE GNP G5B ED G WS S GD S ED ED A5 G S GD G5 M5 Gp GD G Gp 45 G an S an GB 53 GD GD O 6B e G aD

equal

(b) All the entries of A are the seeceeeececeeess as the corresponding entries
: (word)
of B,

same

(c) The two matrices A and B are said to be equal if
(i) A and B are of the same size,
ii) All the entries of A are the same as the corresponding
entries of B,

Therefore matrices A and B 2re ceececcvecosces
(word)

equal

st
7 §

R i S

S ool
ARG

P s,

4“&;.,\ |

R s s

NS

T
S TR A4
s

2 5dcceng:

o i St
Y R

S

:
g
y
&
3
e
h}
g
2
¢
&
b
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Now if

._‘
EN
(&3]
et
o
w
=

AT e TSt r oot

2 5 2 and B = 2 5

e
">

.
gt

N
[ O |

. - -

then

(a) The size Of A 1S cseveceeses to the size of B.

N D En N ad D G WP ES R A0 AN wn BT Gn WP N v B WP A NN W0 D S TP N MO 0 O S8 SO ES KN e WY WP ¥ S AP W AN T WO M0 NP S G0 SO M0 TGP A UT EP B0 ND G0 AN W AP EF OF &0 N T SN ) WS A0 NS BF N W e M

.

PR SR o

T
PSR b

equal

At

S
e 2 A

&3

"

(b) The entry of YO eceeees and column eeeeses OFf matrix A is different from

d2 SO by et St

the corresponding entry of B,

S
VTR 2 I S S A 22

S0 TS o I RS W e W G SN EP W S WD G v GR WD e W e OB A an an SR WD GE A SN M W D NS P WP T CE NG WL ST W Gn GE R G S P an wp BF A6 me W ST G0 T N @6 Mt T DY AN GN G AP W Ml G W 4 e 00 B9 a8

4 3
4 i
i &
i
i - b
i
]
L 4
§ (c) Therefore all the entries of A are eeeeceesceseccesos. as the corres- A
2 (same/not the same) 7
‘ pending entries of B, i
-
-—----u-—---Du-n-u-—-nn-n—-—--—--.-d--u—----u-—-nun--u---nu-----u---.-----—---- %
| f

4
k.
5
4
s

3 not the same

B, b
a4 2
B e
¥ fee,

] %
§ Eo
E )
4 b
b g
3 ol

.

G R

e
AT ORI

e

s s i s e
.

ST R R A R Sz




i
)

(d) Therefore the matrixXx A 15 ceevecesesenceees L0 the matrix B,
(equal/not equal)

—-----w—----u-----------.----------u-t—--------n-----—n-—---------—--—--a—-----u

- PRI 1 AT O s T

not equal

“ 3. If

K
o
[
A —— U - o » e T

and B = [2 5 2

>
il
m.;.._.w—._-
v
o
| .

¢
N
o
[}
et
L..—_.m“... b

then

(a) The Size OfA'iS 0000 00Co0 9000000000 to tl-le Size of B.

ﬂ-—‘wnn---—-.-_---—----—--—-*ﬂd-n—-n----m-n---n-----ﬂ-n-----~-~---m~---------

not equal

A odoi

(b) All :.'he entries Oanre s0cs0cveoe o0 vcosoe oooooo-; as the cor=-
responding entries of B,

b'-nbﬂ-nu--ﬁ-“.-uu---h---“----------------w-ﬂ-l.ﬁ--w--')-ﬁ--o.—---t--u‘---—------

not the same

(c) Therefore matrices A and B aYe eeeccocess essevesvec

--—n-u---un-----—----—---------—--n-----nm—---------n--.-----n---——------—---

b L L e SR C 2

not equal
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" 4e Let A be an m x m matrix, let B be an n x n matrix, and suppose m # n., Then
E

% Ais 20 000000000003 0000VDCO to B.

o (equal/not equal)

rg;

- not equal

]

5 Let A be an m x m matrix, let B be an n x n matrix and suppose m = n, zAJ i,3

‘i # ‘BJ i 5 for all i and j between 1 and n, Then A iS cececsscosevecese L0 B,
& . 1]
(equal/mot equal)

O SN GRS G G Wt By D e D WY G b o TP P e D W G By P D M WD SO M G P %oy D HF NS G D AN GNP G G D G Cu MDD PN G A 4D P G0 D exp MU O Gud G Bp B P M Y W b G GF e mp G AD WY N GP G B P W wY wE

3 not equal
E ) ;
k( 6, Let A be an m x m matrix, let B be an n x n matrix, and suppose m = n, {AJ i,j

= LBJ i j for all i and j between 1 and e Then A is seevesscecscseses LO B,
~ o2 . C (equal/not equal)

.
; --.l‘—----—--------nulﬁ--------m---—------n-—-e-nn-—--no‘--un---n--—u--ﬁ----—-—-

equal

7, Using the foregoing definition of equality, we can express certain relation-

ships more compactly, =----- For example, the equation.

r;c + 2y a + 3b &, -3

i

b X = ¥y a = bJ
can be written in place of the four equations

x +2y = 4

i X -y 1

e L e r X0

- - + » AR 5 a0 95 e e b
. . .y LY . - _ . I R e Ayt b m iz e ncs 5 o ¥S o IR T T S S S o S
s e o e e St o e T e T P e A e e e i b i T s a2 et U BT o ML
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N EEer

8. Express the following relationships in matrix form

<

i s A

3 -

]

X +y

i

il
(9]
e e e

- W

St s

ek

e
<

w + x = 6 - -

33

--‘---ﬂ-—--‘—-u--n—--d----——--1----—-—----n——4-n——-‘--‘---—----------—-u---«—ﬂ—-—--

A
(2]
+
<
[\
.‘-
)
=
w)
(8}

| RO PY

s

e e e ety
<
—'4
1)
N
-t
A §
‘.
<
"
S
it
g et et
=
(@)

O et A =B

-t
ey

x + 2y a ~ 3b
where A = and B =

“X =V 2a + 4b % 35
then

(a) X 27 = seeeescscccsccns

v Gma e Gy Gvs wEe THD hak GRS i U CUD SND WP G5 G P ew W w SR Gw G SN W R G MO K B8 6 OR B0 S8 W 0 IV 0 SR W S 0 -'o.m—-l-om-n.-—ut-------uuﬁl——“----u--m-

¥
2
9
]
gt b e =
< < Y soooosNEsOeosOO O
i
unnn---—---u-—---n--——--n-----nnu-l--.—--------m-n--mn--n-—unm-n-num-uuun-—-un- ‘
Ee.
i i
P Rov
v\; 3
H =
%
e 4
o 3
' N
3
4
[
7
. 1.
2
;‘
o
4
4
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!'1 b’:
A e
4
it
£
3
b
/4
;
e ) ,
¢’ A b e g g Py " § L » . » - i o s ’ )
< R b S i g U Rt I g e L e A L et S s SR Ll L i s e b
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(C) a8 = 3D T ceeeecces

0 D D S A B P D Gt A o GO A A 0 AN R SN M et D T A Gl G P e M M e G S A D A A G S M S0 M OF G G D B 0 P O M N D G W S PR G GTY D G A B S S S R e S b e o o0

(d) 2a+l£'b = [ B BN BN AN o BN BN NN

--uu----—--l.—---------n-—------n----«.u—n--—--u----—---ﬂna-—-—-n--mun---ﬂ—---

35

10,

Let

0 0 0 0 1J H then

L°N

(a) {B] i’j = 0 when i ooo-oo(oooovao)oonoooo j
- <or >

O U D R s e NS M SN G S SN D G GUI W RED G B G G R D At G Sov oS GhS MED S W BN AI BU e A AN0 G0 S0 by 8 B I MU P SR S0 GO L S e EE S0 S Mn M SR SR D 5D BT SR SR ES SR AN S AR on B 00 0 W an we

"1 (greater than)

1 Wheni 00 s 00060000008 ONNEOSOGOS j

< or <)

P A D B OV N 0 G0 WP NS B 5 GNP RN M YO T SAP GI PP BN0 S0 P A AP AL G WS AW A A R W TP WD TP B Am W IS B A GE G BB MR G B B R SO ¢ TR WP VT Ge SO 15 01 A0 Ap KB BN GU AN NS AD 4B A0 MR YU S W am WD

® [8] 4,

nal " (less than or
equal to)




-
o

BN

The zero matrix is a matrix all of whose elements are the number 0, Thus, the

2 x 2 zero matrix is

0, =

o
Cc

"‘

The symbol O, means the ... X +..s zero matrix, Since one can always tell

o
o

from context what size zero matrix is being considered, the subscript is

usually excluded,

@O S O wy G R S N G GO D sy b e B W GD Pt S S M M e SEP G SN GBI B CF R G e G o S IO G WP R gl B0 B S0 Sl Bt gt Gt ot B cas B W G WO WD AN Do BN D WIS 5 A B ST B GN SIS M B S S Wy S S0 OB w8

s tas e v T
S

LR s oliaaiag
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TR et

S~ e
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Unit IITI: Addition of Matrices

l. To make the study of matrices meaningful and useful we must now consider

basic operations with matrices., In this unit we define and study sums of

matrices, Products will be considered later,

Let the scores of Arithmetic and English of three students for the
mid-term as well as for the final examination are represented by the

following two matrices A and B,

Arith En& Agith Eng

6 8 9 o

A= |8 10 B= |9 7
| 7 8 3 6

Matrix A represents the scores of mid-term and matrix B represents the
scores of the final examination. Now to find out the sum of scores on both

the examinations for each student, matrices A and B will be added therefore

i G g | 9 s | (6+09 s+8) 15 15 |
A+ 34 8 10419 7 1=18+9 10+7| = 117 17
| 7 8| |8 6| |78 8 -+ 6 15 1%

The ruvle for the addition of matrices is: The matrices of the same size

! are added by adding each element of one matrix to the corresponding element

of the other matrix, Thus,

3 2 3 5
- A
1 5 1 0 ' N RN [(E NN N ]

o S e e 0 W A S B G D NS G G S S G G M U6 Gl Ovd O et S b S b Gl A0S G5 D U G b ek G p e e e B b B i D ou Gl Gl B B WD A SO B B M 00 ) R G Gl G B P WO B S S LB Mt G e 0

T I L LB PRS0 s TR X P e AT TS PO
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If A

and C represents the sum

o
[\

11 13 5 15

t

s

of A and B, then:

(a) - 1

il
(v~]
i
18]

(@]
il

| PSS

-
-
"=y

G S PE M P PO D MR P G5 MR Gt WP SN M M S G W S R WS T TP AR D A WL S N Y I SO WY B N U D NP BT WS N M A P D K WD R NS ) P P P B KD S R B AW B A S S R S MO O M KD B MO W T M A

=t
Lo
N
L

N
w
N
(08}

 FE U |

(b) The size of the matriX A iS seceecsees

LA R X R R N K 2 K X R A E X X I X KX L X X X Y R ¥ ¥ F N L X X F R X R 0 FUE " N RER R N K N _ T R I K K N B R 2 Rl Rl Rl N ok R LR R d kLo R R R ]

2 X 2 o0r 2

(c) 'The size of the MatrixX B 1S eeacecsscccsce

D e B 0 N o on PO e SV OGN S e M NG D B BU bl 00 BV e S by G Bl e G G N GRS o fup VD D BE 0 Sl S Y B God N B U 0 Gob Wb Wk W YD P B S B Ou A B 0t B S uR SO bE Ae e 8 6 SR S ey S W S

2 X 2or 2

(d) The size of the matrix C i5 seesecvsccnscse

O B0 v T g OO S0 md e N A D D S NP S S NP N W G O DR SO o e IO e So8 T S PS A 30 PUP P D W B WY B I G0 BIF BN Me T B SU B R RS R SO NS e B0 oo B RS TR S P BN B CH BB G0 0 @ oW 08 e NS 0

2% 2 o0t 2

iz i s 1 s

S A S s s A

e
e
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3. Let o

i |

-

2 3 1 -l 2 1
- and B =
A =1, 0 4 3 -2

| S

i.

and let C be the sum of A and B, so that
" ]

€21 €22 €231 ;  then

(a) The value of 011 T sevescesse

WP SO BT S D W g U OS BE e G0 we Wt 0 ) S D D W O BF @ S B D eup Set B G WP G s D O eud G PO G S S U SNl G S D G D B D e D B Gy B P O EW @l v g AP K B SR e D O D A D B

(b) The value of C22 T eseeesceone

G B b G P s B et D O A 0 WD S W TV B PE N BD S P a0 T D O s B D BD b A6 G0 SU K SN WO GO PP G S0 Bef S S L O B g G A% B0 g 0 P Y 0 B LS U B Gt G G00 AO BO WO WD S B0 S Ao B0 N0 ag @

EL g 4

LT Rar
w

d (¢) The size of the matrices A and B iS seesecsces

bl e e R R R e e e . L L L L L D R YR R YR T

s € T P S T o e
Ty ST R R s S 2 B L L D i il D

i

-

b
i1
4
4
3




e e i AR

3 (d) The size of the matrix C 1S seevecsees ]
3 i
'; --~--~-—---ﬂ-~-~--~~-ﬂ----~-~--—”~n-----l'----~~-—------—-~-‘--~-~~~-—~~_---~

’ 2 X3 j

v g 4
4 |
;" 4Ly The sum A B of two m ¥ n matrices A and B is the m x n matrix C whose %.
L entry in the ith row and jth column is the sum of IAJ 1,3 and ]B] 3,5 i
" s - 3
7

Therefore, 4

! i ) 4
- (a) 'A' + B P = ' A . e -t YRR ,”
] - 4 1,7 L S 1, ] 4
] }‘ WS 0 W S S S WS B PR NN R G B D BT D WU S o DGR GO AP KNP TS g M S G D GUP St b O Gef WG TS SN0 Bd BED GED S o Gl S GNP G e M s P KED MUN I B G WD WP WD M N NS Y IS ED M0 B0 4 D W BB W6 o e ;
] 3
3 ]
E 7

f [o],,,

: 7
3 2
4 E:
f i !' 1 3
4 1 — —
- (b) LA]J.. ,v' o° ‘.B]i . = A -+ B.{. = s00v000000000INOIEREE
"3 - 2 - ‘1, (entry of matrix C)
)G 0 B 0k 4t TV e PR B W NG B P G W U D D N W S O N G SIS P B VIR G WD N5 s e D O G G G G G D T M (S M A b O GIP N W S o N A e e 000 O e e S B D B O B0 A G LB OO 0 O t_
i %.
4 2
':!W . ;2/
’_Cj . . ]
- 1,] ¢
v 7
i 4
N




5.

1f

12

32

(a) cll T seseseeses T esesescece

o W0 A P USSP B G G M SUD WS D P WS B GV WS S S WD BB MO G D GE D WO B WS e R P GNP D N W e S s WS O G e b B Gas UG A VS S B e BUB PSS D Wad S S NS WD ) S b B G B U9 Y BD BB O 4p o

(b) 012 = 6000000000 es 0esenvvve

S WD 0 SN UB NP WD S S0 GI) P GG S5 B WD GW i SOF S @b T W0 Al SEB B SU% OO tud 04P BIP (B N BB Bud Mg G GO IS WP Wb Ol Sk W0 WG B0 S B a0 P P O S G G WP G S n WD SIS (D BP AW B NP B O G B0 AN BB W 40 B3

(c)

- csoe0cperPPRGYS XX EXEENEE RN

%21

nnn-nnu&nun-uu—nnnunn-auu--umnuunnauununmununu-u-n—nu--n-—nnnun-..nannununnno

o IR

s AadE RN




ERI

00000000000

(d) c22 = O0 000000 O0POS

WD e G Y N WS GS SO R G e G TP Ee e G SN D N D N A S G G D G S e G G oY AP S e S e S S D S et N THD M N S G G- P R NS G G WP AU G GN G G Y I G W an WS e A an an G B NS e

(e) c”31 = Cceo0000008000

s e e D s e S S S N et G e D W G SN E GNP BN P O G S G W BN G G O N D S S0 S T NS B G G Ay St e 0 &S an N e S0 O G e GN WS TN N EN e W AR W AP w0 A an B v En W w

(f) 032 T eessseccccee

Let

{

and 0

>
il

!

then
(a)
3 0 0 [ B N N W] o000 00

"'1 l: 0 0 KEXEXN XEERX)
(write four entries)

@5 G5 G0 ES ES G5 Ws EE ES D WS Sw SR Gn S0 MD EN SN G0 G ED G0 D S B G ED G W e S D s SR S W SID SID B¢ ED ap S WS W U G0 S0 m WP we S 6N s TP A0 A0 TP TS &S SN GF OF e G0 G o8 50 S UP A5 &5 s A% A ¥

e

TR e

s 1

sl

S5
raks

23 NI
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PR /o= | g

(b} Therefore A

-nnn-—'--m----ﬁ-m-m--------&u--ﬂﬂ-“-l-ﬂ--.ﬂ------w---------‘-ﬂu------n

o

o
—3

(name of the matrix)

BRENLEE At - Lin gl R g it Tk n el Ty SRTITRSINr ST K ELE e "
P el NS el ey et beeeed e
! %3 bl

7. Let

>
i

-3

and 0

1)

Q o
. - |

Q
L.

il

T (write
(

then

'AEXEE»

entries)

0000 &0

(name of the
matrix)

8.

then

A

-4~

0

-
—

AR EENENNNEDR N

A

If A is anm x n matrix and O which is a zero matrix is also of size m x n,

A
Lo
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G o e et e

32 A

,, £
Comment
Ue have seen that if a zero matrix is added to another matrix (of course, both
» of the same size), then the resultant matrix is equal to the non-zero matrix, j
3 Therefore in matrix algebra zero matrix in addition is identity matrix as in
the algebra of real numbers 0 is the identity element for addition (0 + a = a) ]
90 i i X ] b
¢ 1 2 -2 1
et A = | i and B = )
ll'f 5{ 0 1 s then
- 3 . i ‘é
(a) y - - r 7 q
!1 "'2 seese 'TEXX) ‘
A+B = { e =
il} 3 0 ssoeoe esvace
ln - b’ - L Lo
-1 . 3 ;
: ) 4
3 N R 1
‘5 i
—d -y ?.‘ r - v
and
"2 1 1 XXX E TXEEX) :
(b) B+A= + =
0 1 !{' [N XX N N ] [ A I W W ]
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(C) Therefore A + B = cieeeveccsoe T csovecccesses
(name the matrices)
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B+ A

g 10. 1 3/2 1/3 ; 0 -1/2 2/3
1 3 i

; Now let ¢ = | @ 1 0 and D= |1 -1 2

5 ; f

E: i - . i -

; iwl 1 4.‘ L1 1 6 |

Then

(a)

C+D =1
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(C) Therefore C + D = cecevecccnses T covescsences

---—-----n----—n—---n---uw----nn-—-—--un—u—u-—--—n---—-n—-—-—m-—-—- S en e ms Gw B e a2

D +C

11. Let A and B be two matrices of size m x n so that

C

]

A+B
and B+ A =D
then
(a) the entry in the ith row and jth column of (A + B) will be

A+ BJi’j U S

.u-Uﬂnbﬂﬂﬂ—-u-----nuu---—u~--~-n~-—~-~-VQ-~---‘-—--ﬂ-—--m.--n-n-ﬂﬂ-“-ﬂmﬁuuuﬂ-

[8);,; *+ Bl 5

(b) and the entry in the ith row and jth column of (B + A) will be

{3 +-Aji’j = vevesenere F asasasacons

—--n-----—-—n----n--nnnu-nu------u-u-nnﬂnmu--—n—-n--n—--nnua--.a-u-—-’-n-a-ﬂ-

(.B];L,j + {.A]i,j
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(c) The elements of a matrix are numbers, {A}i 3 and {BJi 3 are elements
-} ]

of ith row and jth column of matriées A and B, and therefore

are o8 MoOOOOOOPVOIOS

G0 SO Gul I G OGN B B S S0 WD G A U it Lk SO D WY T S et B R S GO SN el B W G M G G D G0 N BN GG GS B0 ap YO ED S S 50 G W MG WP ED KW WS AR AR R Wb D BB A S M AR WA W AP S W an WS Y

numbers,

(d) Numbers are commutative with respect tz addition, as 2 +- 3 = 3 + 2 or

more generally a 4+ b = b + a, Therefore {AJi 3 and [Bji 3 F-} of Y
H 2

o0 00000000 ¢es oo in addition.

P A NS G PP S GE R G S W PR A S S G Sl % B Bh GO S e S0 M T Wt WD Ged AN A BN i W Ml G G G B A ST B A ) W S G B b G AN BU OB U G BN AW B G KD ER SN G PR S0 ON M) WS NN S S B8 &P 6O

commutative
(e) Therefore:
{AA]- . "f'[B]- . and;.B] . +2—A,], :+ BUC ceocecuvencocccaccsnssocescsocenoces
Ly Ly] =L, YeiL] (equal or unequal)
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a4+ 18y 5 = le]

e
A ')
.
P=ts
L—lb

H

]

. and {D.. , QY€ sssacs000000e0 and therefore C = D.
s] - ~1,]

0 D G0 TER U M0 20 WP K P D SO MG e W EN V0 G QU S S D Sad Tub M u) S Gt WP MD p SN Gus b AN G D NP NG SU (P B SR AN O T N S GO D WS NGB G 0 GE D 0 B M TP BU G0 S Su) Mt A WP OO T BN ED M AN 0

Bl v aly; = Il
k

Therefore{p

equal

(g) When C and D are equal then (A 4+ B) and (B - A) are ceeeccvccccssses

W D D D G W A D D ) G Sl D G TuD SIS O AE Gl P ul T S0 Bu) O VD WS S0 Gut G0 BB B NG N0 W S) D G0 Sup S0 BuD WS VD Gup but ONF P D D u) b MW OV A A B G G G A8 N PO BP D W ED NE AN B S W S 0SB0

equal

12,

e have seen that matrices A + B = B + A and therefore matrices of the same
size are commutative in addition, It is also true in the algebra: of real
numbers where numbers are commutative in addition, e.g., a + b =

o 00000 +..I...'.
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{1/2 2’& ";“"1/6 11/3.. {—ooo.o eoco e
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(c) Also T ' ; i /
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(d) And A +B+C=(A-+B) +C=

—
o

O e D S e I A S WA WD N P M S WD e SR WD W G O LS S0 i P R T THD e G S G G UN GNP WD G et S Mt G S AU BE WS SF e ED A N NP S WD G G GR WD G F we S ) BE NP G Ne GD Wt P Gy we SN os WP e
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e ot s B ot Vo
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(e) Therefore

A - (B +* C) and (A. “+ B} 4+ C ATE seesss0000rone

5 4% M0 M) Bt D D A D S W M SO M WO MG S WD G W O G D ¢ M e B o Sl P odd W Gl ) S B WD W A G e Beb S BaD A G G D N D WAl B4 AP (o Goh O B G W G A SBS S M ot I BN B4 G Wt M9 G Em b

equal

14,

Let A, B, and C be m x n matrices,
Then

@ ja+m +ci, o=+l wfe) j=ma e
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(b) And [& + (B + C)]i’j ={al .+ [p ),
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(c) Now every element of (A - B) + C is equal to the corresponding

element of A 4 (B + C) and both sums are m x n matrices (are of the same

SiZE), SO (A. +B) 4+ C and A + (B -+ C) AYe eessvene

30 U e n cap B e WD G K R e D S 6 Wb G GIS N M MG M U B R AR N M GG IS G S SuP Mt BN O IR LY Bt LY U SIS M S G VU G BNT O O GO O B R ME UR MO S An B P BV SN BO U M 4B E0 W5 N &5 mo &8 me

equal

;
4
4
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b
)
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15, e have seen that in matrices (A + B) -~ C = A + (B + C) and therefore
matrices of the same size are associative in addition., It is also true
in the algebra of real numbers where numbers are associative in addition,

€. (a -+ b) +c = ceesese ( coeses i -ooooo)o
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a-+ (b-+c)
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Unit IV: Subtraction of Matrices

1, Let A be an m x n matrix, Then the negative matrix of A is the matrix

each of whose entries has the opposite sign of the corresponding entry

of A, The negative matrix of A will be deunoted by the symbol ~A, That

SNty

is, the negative matrix -A is defined by ~ A, L = :-Aé . e
e 1,] 0L,

If A and B are matrices of the same size, then the difference of A and B,

% denoted by A-B, is the sum of A and the negative of B, That is, A-B is
? defined as A + (~B),
| £
. A= ~1/2 4
] 0 1

then

(a) =A==~ |-1/2 &) ceaes cense

0 1 i ceses seces
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(c) | Y 11T
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(b) B
-1/2 &)

N
9
I

2

(
i
=
|
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(c) From the results of (a) and (b) what relation can be established between
J -(A 4+ B) and (~A) 4 (~B)?

00 000000009000 0000000 0DOEOEOOONOSNTOOS

D D G R AR ) A G B CB A R e GO G R (T ST R G T SR D R W Y S GE G SR LG G GD D G G 5 N G D G e SR D SR am S 0 G D e 5 G G A G W BB b G S SR G G G N A0 @Y B 0 WU = e

T

~(a + B) = (-A) + (-B)

4, If Aie an m X n matrix, then

-

A - - "‘ e s = “ooooo‘g' . o,oo” =‘oooo~- -” = e
‘ (Z\‘}I 1’_" !. .gl,‘] l Ji’j '- Jl’j l'....}ipj )

£ von

D S D R I GR Em S e D G TU TS G5 ED S SR WG A D TR T B0 S D G0 ER GN W AR Y G S ER AN HY W GRS SR W0 D TR GN S W T DGR EE GE s S0 N ¢ S I TR G N D D G Ep G Gb Gn G OF SE D G G W GF W D

A, =A s A, Ay O

5, In the shove frames we have seen that

A+ (-A) = 0

It is true for any size of A,
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If

b-3 3b J

then

(a) The value of x that satisfies the matrix relationShiP is ®0e00000c0000se

(b) The value of y is e6000000000000

(C) The value of a is s0ecesvcevsens

- l".
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} H
L -5 6 -2 6-1!

7. If

A= | . and B = i 1
‘0 8 3! .0 2 3
% ; i |
46 8 A | 8 |

then determine the entry in the sum A - B that is at the intersection of

%y (a) the 3rd row cnd 2nd columMn, .eceesesos

----n--nm-unu-n---uu----nu------------n-u------w-----u-u--u------u-—----—---n--

10

R S S R

(b) the lst row and 3rd coluffl. eeeececcscee
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(c) the 4th row and 1st cOlUMNe vevvevceoees
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8. Compute 4
l-‘ - ; ' ;. -.i
§1/2 1/3, 1/6 1/7; ?covoo c-.o-’ é;
’ Lo = . t e
; ' : i A
gl/lg. 1/5’ '1/8 1/9; i o0eee sesee; >
: i R] h a .,
--n-“--------“----------------‘----------------‘--------------ﬂ-----.---------- {v
14
:
A . ¥
. L 2/3  10/21]
| i | ‘
- 3/8 14/45 | e
t
| I

g

9, Does the sum ,

; . { :
i3 2 1 ¢ 0 0! b
: ; ol : i
. 3 s ! ;
4 ) ! :
P13 2 i0 ol q
3 ! i ' 3
2 3

(L)
=
N

make sense? L.evovecssee 3

No iy

:5 10, Does the sum i

A
: '3 2 1. "o 0 o
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make 8ENSECT ceccc0ceee
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: 11, Compute 1
) ; ' L i -
: i1 2 3y .9 8 7 lo 0o o0; .10 10 10, ,
{ i i ! ' o
i . i ! ! ; .
4 5 6!+l6 5 4 -jo0o o ol-t10 10 10
; 3 ‘ f 3 ; ' i 3
7 8 9, 13 2 1 ;0 0 1: 10 10 10!
; "
4 i..... o0 000 .....g
L | i
‘ = ?O.... [ BN N ) .....i
::obcoo sese0o0 ooooo!
g ‘ | ]
§
0 o0 0|
| 0 0 0
: i 4
i O 0 "1 : %1
: 't 2
| (Comment) ‘§
i Inscfar as only additiom and subtraction are involved, the algebra of
matrices is exactly like the ordinary algebra of numbers,
|
] Suppose A and B are known matrices of the same size, Now consider the ;
§ a
g matrix equation X -+ A = B, where X is of the same size as A and B but is
| unknown, If this equation involved ordinary numbers rather than matrices 4
| we would simply add -A to both sides of the equation; i,e,, '
' X4 A (=A) = B+ (~A)
or X =B~ A ;
It happens that we can do the very same sort of thing with matrices, é
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o 12, If C and D are known matrices of the same size and Y- C = D, vwhere Y is

S P
TR

R T P ATITS

of the same size as C and D but unknown,

-‘ then Y = 08650000000 ™ e000000000
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5.

14, Solve the equation
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it

[
a i X = ;
/| |

]
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3 for the matrix X. 4

o000 [ X BN N/ ke ”

X = |
s } eosone XX NN 3

i, -
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15, Solve the equation
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for the matrix X
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Unit V: Numerical Multiples of Matrices

1, Once we know how to add numbers, it is customary to define 2x as the sum

1 X + %, 3x as the sum 2x 4~ x, etc, Fractional parts of x are defined by

requiring that (1/2)x+(1/2)x = =, (1/3)x - (1/3)x <4 (1/3)x = %, ete. All

3
% of this can readily be done with matrices, If we add two equal matrices,
the sum is clearly a matrix in which each entry is exactly twice the

corresponding entry in the two given matrices, Thus

' b2 3 fz 3; T4 6 2(2)  2(3)
1 -1 0 -1 of -2 0 2(-1)  2(0)
; (N ' i .
The sum 3A = 2A 4 A = A -+ A - A is equally clearly the matrix each of whose

entries is exactly three times the corresponding entry in A. The equation
(L/2)A + (1/2)A = A defining the matrix (1/2)A is clearly satisfied by
the matrlx each of whose entries is exactly one-half the coiresponding

entry of A,

2, Compute i “
2 3 r...O. o0 000
3 =
-1 0 soces cooasce

C W S s R G P O TN G Gah G GO B SIS N 7l SN G D D SR UUS s S A VY D Ges WUV B0 A S Buf Sev (¥ A0 A M B G5 Py BN Gas SN0 G OU A B W5 NS 0 B G WO Wt S50 S5 Gob BB O S U WS W G 6O B0 OB S (RO 6 B 9 S0 40 B9 B0 o

6 9
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3. Compute “2 3 AR EE ecosce
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l“‘l Qa seveoe se0e0
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4, Let A be an n by n matrix and x any real number, Then the product of A by

the number x is the matrix whose entry in the ith row and the jth column

f=de

is x times the correspording entry{lA:li i in the matrix A, That is, the
2

matrix %A is defined by the formula

["A} i = x| }i,j

Notice that the product of a matrix by a number is another matrix,

1 3
50 Llet x =5, y=2and A =
2 l.J
then
1 3
(@) =x(yA) =5 Y2
2 1‘
e 5 =

I e R D B R B D O AR G R TE e U W G D G U G B T R G G W BN O ) G BB B0 B N cu S O D G B0 TS MP B WP P AU G o R D N G RO (NP A NP AL W G0 S WD R M T B AR A D AU G WD R e WP o B8 B

2 6| 10 30
5 =
4 2 20 10
(b) and
1 3 1 3
(xy)A = (5 % 2) = 10
2 ?J 2 1
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(c) From the results of Frames 5(a) and 5(b), x(yA) and (X¥)A 3LE eeeocecees

D G YW G D0 G M G G T ST S R S WS G WS GH G N KT AR W DS G W I G G Y AN N D D P IO M D SO G GW AT AT AR SR P SO SN NS MY SP G WP G SIS M N GIP GI (N GID KA S GD T G O M) RP S GN MW aB &S M @D 0B

equal

6. If A be an m x n matrix the relation x(yA) = (xy)A will still be true as

is clear from the following

["(YA)! 1,5 = X{YA'

1,5

i

ofsl, ) - [, *

2

7. Againlet x=5,y=2andA= {1 3

then -
(a) 1 3 1 3 oeeoe ceeoe A
(x+ 9B = (5 2) = 7
2 1 2 1 soeoe seoce

e - -
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(b) And
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(c) Trom the results of Frames 7(a) and 7(b) we have
(%« y)a = (xp) -+ (yA)

and it is true also when A is an m X n matyix.
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then

(ai ("1)A = ("1)
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(b) and
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P (c) Trom 8(a) and 8(b) we have

(~1)A = «A

and it is true also when A is an m x n matrix.

s 9., Now let x 3 and B = | 2 4
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(b)

I3

:: XA 4+ xB.= 5 |
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(c) Therefore from 9(a) and 9(b) we have

il

x(A-B) %A 4 X3B
and it is also true when A and B are m x n matrices as may bhe seen from

the following:

x(A - B . . {A < B = £
[ ¢ )__, i3 L i, XW*:
1

.....-m
]
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ey Jpa—
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10. Also if x = 5, then | 3

[ eoeee  soens]
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X+ 0y =35 N = 0,
! o 0000
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11, It is true in general that any numerical multiple of the zero matrix is é
the zero matrix, whatever the size of the zero matrix may be, It can be
proved easily by using our notation for the entries in a matrix as follows:

[# . 0?] i = X {p;} 1,3 = x o+ 0=0

Therefore x » 0 = 0

n n
12, Vhen
i 3] ,
A =
2 1]
then
1 3’ o 6 s 00 .’...‘I
0« A=20 = = 0
! 2
LZ l_ ¢ e 00 a ..l..l

13, The product of any matrix by the number zero is tue zero matrix, whatever
the size of the matrix may be., It is seen from the following:

Using our notation for the entries in a matrix, we may simply write:

o-zq 0-[A'..=o
!_-. I }1’3 ;

it

Thus 0 « A =0
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15, Solve the equation
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16, Solve the equation
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/
] = Z= ! = esese
‘1/6 1/8;’ l-}-/ -1/8,} ) TERE esso o0

M~

"1/4 leseee cooese |

— -y

(@)Y

for the matyix 2

e B E Gn RS e Sn N s v G S B D BN W S GN D U WS e G 0 DU M M S G A T M S T SR W e S WS W G S D A S s SR ORGP SR G0 G G5 G Ms P A6 W5 D AR BN SR GF GN o SN SR NS b w55 S8 oSS O A

&N
f
il

c

%
3
by
4
k4
b/
ks
e
,{
P,
s
e

bt e




4
3

SRR

CRILENT

Unit VI: Multiplication'of Matrices

So far we have defined and studied:

(1) Addition of matrices

(2) Subtraction of matrices

(3) Multiplication of a matrix by a number

Now we shall define and study the product of two matrices.

The definition of multiplication of two matrices will be clear from the

following example:

1, Suppose in a University three departments~~-Education, History, and

English--require teaching faculty in three categories~--Professors,

Associate Professors, and Assistant Professors. The following is

‘the number of such personnel required in each department:

Associate Assistant
Departments Professors Professors Professoxs
Education 10 12 ' 15
History 5 8 10
English 8 15 20

We can, if we like, arrange this table in the form of a matrix:

Departments

Personnel
I " 1
w0 [42] 4]
4 v M EE ¥
o o o 0
1] g un g w
/5] N 0 4 0
Q O U o O
G OYd oY
Q n O n Q
| =] w0 0w -
jo¥] <) P <§ Q4
- -~ -
Education 10 12 15
! History 5 8 10} = A
1.English 8§ 15 20
- " -

AL P st

o

».
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Suppose now the College has to pay the following money (in thousand dollars
for each personnel: f -
Regular Salary - Summer Salary - Transportation

Professor 20 4 : 3
Associate Professor : 15 3 E 2
Assistant Professor 12 ) 2 ' : 1

Again, we can arrange our information in the form of a matrix:

Expenditure

o= A c!

o

o

4J

o

4d

u

o o

® > =D

¥ I1F 2

&0 —i Er’l «

O =g e

~ wm v wm 1

Professor 20 4 3

Personnel <{ Assoc, Professor 15 3 2 = B

Assist, Professor 12 2 1

-

it is clear that by combining the above two sets of information, we can easily
compute the expenditure of each department for the three categories of expendi-
ture, That is, by correctly combining the entries in the two matrices, we
can figure out another matrix which will have only departments and expenditures,
(ay For instance, to compute the expenditure of regular salaries for the
Department of Education, we figure as follows:
Department of Education will spend for the regular salaries for:
10 Professors at the rate of 20 thousand dollars for one + 12
Associate Professors at the rate of 15 thousapd dollars for one

4+ 15 Assistant  Professors at the rate of 12 thousand dollars for one

=10 x 20 4+ 12 x 15 + 15 x 12 = 560 thousand dollars
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We multiply'each entry in the Education row of the matrix A (reading from

left to right) by the corresponding element in the Regular Salary column of

the matrix B (reading from top to bottom) and theu added all the resulting

products, This procedure is perfectly general,

(b) Thus, to find the expenditure of summer salaries for the Department

of Education, we multiply each element in the Educaticn row of the

matrix A by the corresponding element in the Summer Salary column
of the matrix B and then add, getting a total of

10 x 4 + 12 ¥ 3 4 15 x 2 = 106 thousand dollars

Look at the exzample above and answer the fcllowing:

(¢} To find the expenditure of the Department of Education for paying

transportation, multiply each element in the Education row of the

matrix A by the corresponding element in the Transportation column

of the matrix B and then add, getting a total of

=69 thousand dollars

....lx.....-‘-.....}{.....—:-.....X.....

10x3+12x2+15x1

(d} To find the expenditure of the History Department for regular salaries,

we multiply each element in the -=====- TOW of the matrix A by the

corresponding element in the cemcmemmmeme—-ese-e-=cOlumn of the

matrix B and then add, getting a total of

=340 thousand dollars

OOOOOX.....—:‘.....X......}-.....x.....

Bistory; regular saliary

5% 20+ 8 x 15+ 10 x 12 oy
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(e} Find the expenditure of the Histotry Department for summer salaries,

. , =, ....thousand dollars

.....x.....-’....OX....l""‘.....x.....
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(f) Find the expenditure of the History Department for transportation,

=,...sthousand dollars

O....X.....-:_.....XO....-}..O...X...O.

D S s ms me W A D e B e S S S s P ST P e N AR G e U e ow G4 s G GD MD S R P D S L G R G R N S W N e e S e WD S ST D R S G S e Ee w S G A D D S DS ew S D R 0 e

5x3+8x2-10x1 =41

(g) The values which we have in (a) to (f) are some of the elements of
the matrix which is the product of matrices [ and B. Ve cen write

thesce matrices as follows:

A2

0 12 15 120 4 3} 10 x 20+ 12 x 15 + 15 x 12 = 560 = a
!5 8 10f x |15 3 2} = | 5x%x20+8x15-+10x12=2340=4d
(8 15 200" 12 2 1’§ - h
10 x4 +12x3-+ 15 %2 =106 =b 10x3+12%x2+15x1=69=c|
5x4+8x3+-10x2 = 64 =ce 5x34+8x2+10x1 =41=f£
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2. In the above frame the value of h can be obtained by multiplying each element

in the........vow of the first matrix by the corresponding element in the
(which row)
vevesesscolumn of the second matrix and then by adding.

(which column)

e T A s am SO e ED G R S D En R Cm G S BE G s S0 G G BN Gn BE D 06 b o8 ---——-—--n—-----——----—-------------—--------—-‘

3. Ia the matrix above [frame 1(g)1,

{a) the value of 1 is
=117

.....X.'...-i-.‘..'..x.....-}.‘..‘..X....."

--—-——-———---—-------.-n—-..------"u~--~n--n--n------—-—u--—--‘- S Sn ED N S e S ED s S g T AU D &S as A8 we

(b) the value of j is

.5...}{.‘.O.-:‘C.OO.X.....-:—.O...X....O—.....

—

--n--—---q---—-—---a--———m—-.—---——---—-..--——-—--—-—-----—-—-.-—-— S o s Gy B SU AP B G W OB Em s aw & 0

COMMENT
The most concige description of the process of multiplication is: "Multiply
row by column," Very simply the rule is to multiply entries of a row by

corresponding entries of a column and then add the products, Thus, given

$obx e e

[alEnaiaiaz
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two matrices A and B, to find the entry in the ith Tow and jth column of the 1

product matrix AB, multiply each entry in the ith row of the left-hand factor

? : A by the corresponding entry in the jth column of the right-hand factor B, and

then add all the resulting terms, 1f A and B are & x & matrices, then the ;

] entry in the ith row and jth column of the combination matrix AB will be 9
/ - 1 - /

4101 [Bhs 2

e
(93]
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[ ]
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-
ol
)
-
e

- - s*
7

G A
b ]

3

d )
e r . I ) 4 9
3 b1 2% ) O% P(L x 5) + (2 x6) (L x0 + 2x7) i 1
- § j
T »
j;“ 3 4} 6 7’ ;(3 XS) —: (4};6) (‘n“‘XOOOOO) -+ (oo-ooxooooo) l
4 ; ! : . i
§ - Ao - write numbers - ]
{ e e e e e——— e emmmm—mm————mee-emm— e emmmmemSe—sameemse s s
; ]
3044 x7 ﬁ

i A B _ AB /
'4 L0 -T1f4 3 27 1@ 03) B 05 (hnitieamaens) ] 3
i (write numbers) 3

2 3 4 7 ¢ =6 =§(8 421 =12) (6 + 0 =-20) (4 - 18 4 24)

l
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i
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% 05 a2f 1e3 =5 6] 116435 4 6) (cautasatees) (-8 = 30 - 12), ]
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6. Let us try the following schematic device to explain aultiplication:

B
pr 1 6y
e f
e 5 |
t _/(.: ? I;:'“\: v
; \ : ‘,
2 i [
o 1 o 2|
“ 7\ g
NN
b v ”
. d
6) f"" q’////\,’
Py
e '\'/,
/ ,,/;\ ‘1?;/
A/" /’/‘ / AB
- /
2 TN A e ] / i _ .
T5 TNy i5x1+6x2+7x1 5%6+6x5+7x09
e T e 1
12 3 4 '2}{14'3}{2':' l"Xl l..Xlto-=~acQXOOO-}-loaXl..
L_ L (write numbers)

-—---n-——u-—-————-nm--u-n—_n—-—----—-n-.u——-—--—.--—--u——--—-—--——--—_—n—-n——--—c—n—

2x643x5+4x9
We see that the matrix A is of size 2 x 3 while the size of B is 3 x 2, Though
the matrices A and B are not equal, yet there is an entry in each row of the
matrix A to match with each entry in a column of the matrix B, and conversely.
It follows that the product is not defined unless the number of columns in
the A matrix is equal to the number of rows in the B matrix, When the number
of columns in the left-hand factor equals the number of wows in the right-hand

factor, the matrices are conformable for multiplication,
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A= 43 5 6 and B = 1

then

(a) The number of columns in the matrix A 18 ..eeeees and the number of

rows in the matrix B is ....., therefore, matrices A and B are

for mul+iplication,
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Perform the following matrix multiplication:

® 50 00

o0 a0 0

11 32

9.
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Perform the following matrix multiplication:

O

e » 0 02

iu,

Perform the following metrix multiplication:
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"COMMENT

Let A and B be two matrices of order m ¥ p and p x n, respectively, The
product AB is the matrix of order m x n, of which the entry in the ith row
and the jth column is the sum of the products formed by multiplying entries
of the ith row of A by corresponding entries of the jth column of B, The
definition of the producf cf two matrices can beAexpressed in terms of the
" E notation" for sums. Recall that, in the “Z notation," we write the
sum

S = Xy v Xp b oaeaet LN

>f p numbers as

p
S = t Xj
=

In this notation, the product AB of two matrices A and B of order m x p and

p X n, respectively is the matrix whose entry in the ith row and jth column is

tl

5], ;

él [A]isk [B]ksj; which.by expansion becomgs
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different (or not equal)

COMMENT
We have seen that if there are two matrices A and B which are coﬁformable for
multiplication, then their product AB is not equal to BA. Thus we have a
first difference between matrix algebra and ordinary zlgebra, and a very
significant difference it is indeed. When we multiply real numbers, we
can rearrange factors since the commutative law holds, e.g,, for ail values
of x and y, xy = yx, When multiplying matrices, we have no such law, We
must, consequently distinguish between the result of multiplying B on the
right by A to get BA and the result of multiplying B on the left by A to
get AB., 1In the algebra of numbers, these two operations of “right multi-
plication” and "left multiplication" are the same; in matrix algebra, they
are entirely different, Anotber way of putting this is: in general

multiplication of two matrices is not commutative,
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1 0 2 0
Here A # 0 and B # 0,
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COMMENT 3
le have seen that the product of two matrices can be zero without either
of the two matrices being zero, This is a second major difference between
ordi@ary algebra and matrix algebra., In ovdinary algebra xy = 0 only if
either x or y is zero, but it is notvtrue in matrix algebra because AB can

be zero even if neither A nor B is zerxo,
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In the previous iframe we found that
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AB s and AC =1{ 2 3 2

3 2 -7 3 2 -7

therefore AP and AC 3YEC ieeeeccccscescccvcccns
(equal/not equal)
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Here we sec that AB = AC, while A # 0, and B # C, while in ordinary algebra

it

if ab = ac ther either a = 0 or b = ¢ (cancellation law for multiplication).

Therefore, the breakdown for matrix algebra of the law that xy = yx and of

the law that xy = 0 only if either x or y is zero causes additional differences.
The cancellation law for multiplication for ordinary algebra can be proved

as follows:

(a) ab = ac

(b) ab - ac = 0,

(¢) a(b-¢) =0,

{(d) b-c =0,

(e) b =c,

For matrices, the above step from {c) to (d) fails and proof is not valid

for matrices,
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; Let us consider another difference., We know that a real number 'a' can-have
|
3 at most two square roots; that is, there are at most two roots of the
g
equation xx = a, ’
4 Proof, Again, we give the simple steps of the proof:

? (a) Suppose that yy = aj; then‘

] () =xx = yy,

4 (¢) =xx-yy = 0,
() (x-y) (xry) = x4 (=yx = XY} - ¥Y,
(e) yx = xy.

(f) TFrom (d) and (e}, (x~y) (x'y) = XX-yy.

i
O

% (g) From (c) and (£), (x-y) (='y)

(h) Therefore, either x-y = O or x +y =0
: (i) Therefore, either x = y or X = -V, :

For matrices in general, statement (e) is false, and therefore the steps to .

AL

(£) and (g) are invalid, Even if (g) were valid, the step from (g) to (h) 2
fails., So the proof is completely wrong if we txy to apply it to matrices, E

In fact, it is false that a matrix can have at most two square roots,
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! ! 0 X 0 X 1 0
Therefore,| and are the square roots of | .
_‘1/x 0 1/x Oi t-O 1‘
If we give different values {(except O)‘to X, we can get different square 4
— 1 0 ] ° v 1 O I, ?
roots of o Thus the very simple 2 x 2 matrix | has g
o 1 'o 1) 1
infinitely many distinct square roots, ]
13, Let A and B be two matrices of equal size, then
2 2 2 2
J (A+B) (A+B)y=A"+ 4B+ BA B # A -+ 2AB+ 3B,
? because in general AB and BA are s 00000080000 00s000000e
1 fequal/not equal)
not equal
14, Let A and B be two matrices of equal size, then
2 2,2 2 .
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a[ld Bpl are IR 2R BN BN BE BN BN BN B B BN B BE B BN BN Y
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(h) Now _ , B . -
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We bave seen above that the matrix I when multiplied to the matrix A (either

on the left or on the right) just gives A back again, The matrix I is called

it RS

the unit matrix, or the identity matrix for multiplication., The unit matrix

T

for the multiplication of matrices plays the same role as the number 1 does

G P A S

? in the multiplication of real numbers, (For all real numbers a, la = a = al,)
? ; 7
4 The matrix Pl 0 |
3 2 o 1 .
: [ ;
! i A 1 0 0;
1 is called the unit matrix of size 2, The matrix
' I, = 0 1 0
; 3
: 0 0 ll

is called the unit matrix of size 3, and so forth,

r
In general, the unit matrix of size n, which we may denote by the symbol In

sty
blisaid

is the matrix whose entries are

Iné 1,5 = 0 if i 4 j

PR )

I“i j,5= 1 if i =3, that is ixjj’j = 1 for every j.

Now let A be an n X n matrix, Then by definition of multiplication, the

entry in the ith row and jth column of the product AT is

1),

Since {I}k j= 0 whenever k is different from j, every term but one in this
- 9

SSTURE TN T il
TR IR FIP S PR PPPPTPOL ¥ I

last expression is equal to zero and drops out, and we are left with just

"y

: ! Pl . i 1) =1, Al 1s < =] A}, .. Th
| one term: g A}i’j 1 1};,5> sence Ig,j 1’?_4Ji,j [IJJ’J iAll,J Thus
E the entry in the ith row and jth column of the product AL is simply {A{ i,5°
] . ’
Thus AI and A have exactly the same entries, and therefore AL = A, %

£




Yo
3
=
;
o
e
v’
43
H
b
]
4
i
i
g
>
k
3

e Crannai

S

[UEI N

T3 aiRiian BRI Madkaomion Bl

o S

b
23

ol Lo as Qom o o NS R by T e oo

85

Similarly

-

P i o - o B e -
Ihg,5 = iTli, 008 0,5 Ty g 1Bl o % coennnnnnt i AT

————

A 5 Since: I., , = 0 when k # 1

Thus IA = A

and therefore LI = A = IA,

21, Compute

0 0 n; 0 0 n' »..... *ev e LN N N
1 T |
0o 1 0ifo0 1 og U S
!} i % | (name of the
I/a  © 0:!l/a O O} leenas ceeee ceveel matrix)

WD G WS e O s GEED P N G e M GD GO W B Eh @ O G G SN G B G G5 SN S MP GD TIT WD M G Gm I G WD N M R N G e D AN T D G T G N D LD EP G P AT PGP ED P P TP Gp E GD WD M) WS WD G I Gb O = e a8

o =
- o
o o
1}
-

o
O
'—l

22, 1In the previous frame we saw that
0 0 nt |0 0 n’

3

!

o 1 offo 1 o0i= 1
‘ !

l

L

1/n 0 of fi/e o0 o0
therefore [0 0 ng
0o 1 o% is the vu.eeeess O I
}
5

{_1/n 0 0

O S S AN A TU WL S G S5 e o0 SPGB VPGP GF NP ED Sh Mg WD G S% IU @S SN GU M Y EP AT G D SD ED GD G5 P G G Tu G AV WL BE @ G S0 GP WP GO BE M ER el Of G G T TP W) 4D G5 GD 4P WY TP G5 4P WP ES T A0 GD Sp S5 G w8

square root

Notice that giving infinitely many values (except 0) to n, I can have
infinitely many square roots,
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23, Let (4 5 6 1 0 0

A=}1 2 3 and I = 0 1 0

then

(a) 4 5 6 1 0 0 "eo0coe L ) so000

it
P
N
w

AT 0 1 0 cass0 e s0000 sees e = teseesees
! . (name of
a _7 8 9 O 0 1l od0 00 TR ¢coeo0oe the ﬂlatrix.)

3 - feane -

il

gir -—-------—--n-----—-u—-—-‘-----d-—----ov------—-----—--—---------——-—---—-n-u—---
ke

FE AN RO

e

?

(b) :4‘ 5 6 1 0 0 .ooooo o000 soeo o n ]

Y

’ (AI)I = 1 2 3: 0 1 O = o000 0 ® 0 0& o0 0 00 & 0 0000 :
4 (name of 4
7 8 9 0 0 1 ‘_ooooo o000 ooooo‘1 the matriX) 3

-

-

OF TR SH GRS M IH G T 40 M5 LG M NS wn M G D W5 M A WP N WP S WS WP AR G TE G GF M s S T M S e e B S S BE s R A e e S TE WP R N Y AP P WS D D W TP G e s S O N am em e D O G D M
i
by
k-
A
7
b
3 2
% bt
H
= iy
-

TR A

[
N
(§3)
it
o

:it (C) l O d l 0 O‘ ‘-..... L 2N Y N .....‘:-

I. I+ 0 1 0 0 1 0 = Jeeeane seene sec00elT seesnce

(name

0 0 1 0 0 1 seese  seeee  esess| OF the
- ) matrix)
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Pl
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(d)

A(T.1) =

[#))

o
il

[00'00

o0 900
o0 000
o000

(name of
the matrix)

O D S T D N GNP G S G G SIS G AP S W TS NG AR S A GD WO G S Gm S N R N GE GD B P AP G0 D D WD MY NP S S G G G T B S D WD Sn S S B wm 0 R G G G0 0 K Al D B9 S A G OR BS e SN s oo

~d
co

2]

(e)

(AT)D)I =

oo

-
o000
o B I N )
e00 0

0000
o0 0 028
soe 000

o 00 00
o0 000
oS 000

(name of
the matrix)

YR SR AT A AR G S S G M G T ML G EE T AP D GD AP G G PGP e o S ED T B S G NP S BO W UM R B S I AT 00 GM M0 D S G G AB @D WY A VD Gm B4 B G SF A0 G5 S0 BN bu SN B G WD @GP SN AN G e
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Unit VIII: The Laws of Matrix Multiplication

We saw in the previous unit that two basic laws which govern multiplication
in the algebra of ordinary numbers break down when it comes to matrices,
J That is, we are faced with the

Breakdown of the commutative law: The product AB of two matrices may be

entirely different from the product BA of the same two matrices.,

Breakdown of the law of cancellation: The product AB of two matrices may

be zero even if both factors A and B are other than zero.

Agide from these two laws, most of the other basic laws of ordinary algebra

temain valid for matrices, These laws will be stated in this unit,

1, Let . - . . -
2 4 -2 2 1/2 3
A = },B= , and C =
0 1 ] 0 0 -3 1
; * - ~
then
" (a) 'rz sl -2 2 [Z.... veeee
AB = =
[O 1 0 O [..... cesee

O G R PR AD N SR A TR TS B G G G GR B G e G e GE ey T A S I P G0 G WP G SR S D TU GIP SN GE W A W AP TU I B S I e I 0 GO W W G G I I G O G AP SO M WP B B G G WP D G B8 OW W W N W

A
0 0
(b) -4 4} [1i2 3] e veee ceees
(AB)C = =
[ o o] |-3 1 ceees ceees
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J

(c) . - - .
-2 2l 12 3 ceeee  eeees

BC = =
O 0 "‘3 1 Jeeoeo o000

- -

----u-------n----------.---n---—--Q---n-----u-c--m-—----—-~----ﬂ~~—~--u———-ﬁ---—-

o Prees

(d) 2 4 [-7 - ceeee  eeese
A(BC) =

O l 0 0 [ X I N oo 000 .

-

--m---------n-.--—------------p---n---q-n-u--n- 0 Gn G Gh G ap W W GR G GBS IS op G SO AP GF GP B5 GN B 4 NS @GP @8 AV OB AY G5 G5 o

14 -8

2. In the previous frame we saﬁ that
-14 -8 ~14 -8

(AB)C = , and A(BC) =
0 0 0 0

therefore (AB)C 1S sieeecesessss.to A(BC).

---u-u--—---l‘—-------—------rn--—-.-----l----------—-----~--------n--------——-—.t--

equal
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AB(C) = A(BC) 1is also true ip general, It is similar to the associative

law of multiplication of ordinary algebra where (ab)c = a(be).

3, Again let

‘2 2' 1/2 3 "ooooo o6 000

O 0 "3 1 eevaee veo0 e

i e . .

- ‘ -
2 :

Er. .

v (b) 2 4 "3/2 5 o000 o0 s
AGB + C) = =
: O 1 "3 1 esoee LI a
‘:‘ N S &
[-15 14
&/ 301 ]
§ (c) l2 4] 2 2] Fovene  seses
~ 4B = | || L.
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(e) .

]
A
Ko
;|
Py
fnd
P
o
'

iy

_w AB .+ AC: + _ eov o0 ee oo o0
0 OJ -3 1 o000 evs oo

(£) Now N

- i -

-15 14 -15 14
A(B + C) = ‘ , and AB + AC
-3 1 l -3 1

i

14
L
therefore A(B - C) i8 .seieeeeeessss to AB -~ AC,

. equal
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; Also

: (g) -
-3/2 51 |2 &4

® 0000 o o o 00

1t

(B + C)A =
-3 1 O 1 e00e

3

?
¢
ke
§
H
3

(h) -2 2; 2 4} s0e 00 .....""
3 BA = i | =
3 ; 0 OJ D 1i evroo 0 cseeoe

N P

(i) 1/2 3 2 4
CA -

AP En we @ = ap A 4P @ a0 -
------------------—------------------u----------o—-------_---------

(i) -4 -6 1 5] -

td
>
.
1)
5
i
R
i

® o200 ® 00 0
Y

0 0 -6 =11

- e e
--------------—------------0--------------—--n-n--n---------------------—

~6 =11
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k) HHow -
-3 -1 -3
(B 4+ C)A , and BA - CA =

-5 -11 -6 ~-11

therefore (B 4 C)A iS5 teeveecccessses L0 BA - CA,

equal

4

In the previous frame we figured out that

.~ -

.15 14 -3
A(B -+ C) = , and (B <~ CYA =
-3 1 -6
therefore

A(B o C) and (B - C)A 2

-11

not

equal

Also we figured out previously that

-15 14 -3 a1
AB - AC = , and BA - CA
-3 1 -6 -11

n

{

therefore

(AB - AC) and BA - CA ATE 460000 0vc0000cc00000nose

B0 EN O% EDR Sh G GRS R ER G ER Y ER UG R S RS WD ST S GV AR G GRG0 S S NS GRS S S SO S G ) G M R Gy S GO GR e T 6P 0f o N U GRS Eh B P T D S ER Gm SR en TP AL R P WS G0 EF OF BE GD WY AN O B W CAF

not

equal
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COMMENT

If A, B and C are matrices of the same size then A(B -+ C) = AB -+ AC vhich
is called left distributive law of multiplication with respect to addi-

tion and is similar to the ordinary algebra distributive law (a(b + ¢) =

ab 4+ ac).

And

(B4 CJA = BA -+ CA which is called right distributive law of multiplication,
Since multiplication of matrices is not commutative, we cannot conclude

that the left distributive multiplication is equal to the right distributive
multiplication, i,e,, A(B 4 C) # (B - C)A, though it is true in ordinary
algebra where multiplication is commutative and therefore

a(b -+ c) = (b c)a.

6. Let A, B, and C be n X n matrices, Then

[9“34"Cﬂ i,j © [Ah.l[ + ]1ﬂ Aii C‘zd-‘oouoou | %

-

. "-[Aji,n Lﬁ " Cjn,j 1

[AJTL 1{ 3‘1,3 g [C]lJ}"UL’g{[BJz,J [C]z,j} +

~

SRR LU LT LI

...!" K "L - R ' ’J-’- - “
_:L!__A_gi,l | Bi1,; HA4li, 2{3]2,3- QA_;ln f'Bﬁfn’j}.
A G e ) PR L P I !

51 J {Aczl,J

bt T bl

A Dt S G

e
lor]
+
B ©
{8

Therefore, A(B - C) 15 €QUALl £0 seeeeccceroocccocees

L X R R N RN YR ) ----—--—---u-m--------u----u----------uu-m------------—-—-—-----u--

T

AB -- AC b




7,

The formula

A(B + C) = AB <AC

is ........o......o.......for matrices.
(correct/incorrect)

--n-n--u---—----—--——---------q—---—-------—-n-----u—-—-~----—-------------—-

correct

3.

The formula

A(B- C) = BA + CA

ls .................for matricesi
(true/false)

----—u—---—-—-----------------u-----—------_---q-----------u-—-------m-—----‘

false
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The formula
A(B- C) = AB - CA

1S seeesesssscceees ofOr matrices,
(true/false)

-—--------n—---—-----------—----------—----------------—---A'—-----—--—---—--m

false

- 10,

The formula
(B C)A =BA -+ CA
1SceetsecesessessensssfOr matrices,

(correct/incorrect)

--n--—unn-—------------n---—-ne-----------u--—----‘---‘———----------—--n-u-—d-----

cortect

it B S v

S b S R AT A

DRy

RALY
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Let

=

N

then

(a) A(B + C)

]

1

2
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2 -1 | 1 1
B = ‘, and C =
1 3! 7 3

) s
oli{2 1] |1 1]
7% E0 ERREY I PR

|
l
!

o000 0 ¢

24

BUESAERIPR T LT e LT S AL

DD D M S G MDD QT AR AS RO BN ED SN D S e EP D D ED AR AR R G D O ED D D GD WD P T AR AP AP S AL WS WD M @ S I SN S Nt S et G W G AP GP D AR WP e Y A P G (e GV WP GE O AN SR 05 G EP Gy o

and

(b) AB - AC

-

L

2 -1l 1 ol f1 1’!

1 31 12 42 3 }
L A AR _

....“ o0 ¢ 00 .....!

2 -1} 1
8 10, 10

R N AP G AR ey G YT D ED R W G S YT WD G D G B SN NS At WY R G GIY car GhD Gu D e SN e BP MO WE A5 WS O Wb WP EP AN 6 an w8 PO e D D WS T G e E S B SN G S G Y D ED R S GD N D OO SR 8 S oY o G
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(c) Now . . - -
3 0 3 0

A(B 4 C) = , and AB - AC =
18 24 18 24'

.

therefore A(B - C) 1S veseesceses LO AB - AC,

- G G GO G D h G G G M G S G G s BT S AE G g S G G G N T G G SR G B G G G GO G5 G5 S s o S G5 GO M G5 Gn GF G B G G Nt G S WE WS S W G5 Wb Gb N Gp WP B0 SE G G G WP TSP G5 G0 Gn G A S

equal

12, Let

i

A = and B

i
H
i

O
rt
-
o
=]

O P

o 1{]o o

: U O 0 1; o000 eceos o
= ~ - bRy J— L’ o

G W S A G G N GE S MM R WO WD SR M G tms SR R WD T GO SR G GNP S A A NN b G5 b SIF A S G e S GE S AF GF GF AP G G5 G Wt GF G S G5 CIP b P G B M0 G Gn G GH D A B0 GO GD WP N G G G G AP G5 G A8 o &

(b) o oflo 1
BA

il
1

[O 1 0 0 RERXX ceren

e S GD S G W SN G o S GD G5 G N G GBS OB ap B GE e S G GIF G5 @S G W TED G G SHh G G ok S Gup G SEb O W G e N G g B0 G G4 GD U G G5 G TP G S Al T AR A AR S Ee G5 TP WD L N G GF G AR 4B aD @t @5

We notice that
AB #£ 0 but BA =0

8 f e

i

o

e

21 o i

st
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This illustrates both the failure of the commutative law of multiplication

and the breakdown of the law of cancellation,

;
:
;
4
a3

LY Pttt

ET

4 13, Let - - ~ =
2 a b c d i
. A = and B =

§ -b a -d c

- then

G (a) a b c d ; ® 05000000000 ...........;

- AB = ==

5; -b a -d c 00000000000 e000ceecosee

23 —

;- R D G A WD G G G Sm am O W S G WD U MR A AP WD SR WD Gm NP e U OF D T D D S D e N W D M0 S W D A WD AS WD S D GUV YUV UV NI WED GU W GED N0 WD G W B Sub GIP GUV P o OW UI0 SN SU0 WD WD o A mP G AP W A%

2

2

|

- ;
5 ac - bd ad -+ bc 3
3 ~bc = ad ~bd + ac 4
4 4
; |
3 and E
g ~
, (b) . 3
A f 3 .- " 9
' c d’ a b' 000600000000 o000 e 1
BA = =
% -d c -b a ® 0000000000 00000000 000 ’
- - e .J ‘”‘
: 3

ca - db ¢b + da E

K-
Y

St s

R hzasiazazas LIS

o
Eg

-da - cb -db < ca

5

RN s A

(c) We figured out that

e oy he

ac - bd ad - bc} . ca - db cb + da
AB = , and BA =
-bc - ad -bd - ac -da = ¢cb -db 4 ca

Rl

s Lt

DIERCNY sakEmiiatter. 8t

o
sl

PR,

It shows that AB and BA aYe .ceeeeeeececccscccnns 1
i (equal/unaqual) 1

C G AN JI) GO GO SN WD S5 WL BE | AT Y AN AR GRS (P WD AP D N SP O5 wO SN W WD W) D D G SO WP G0 S D G WP AP TP P G0 A5 R M0 WS WD A5 P @ G WP 40 AP WD D e S50 @D o ME G W e ) SN WD A0 W GO OF A N A0 6N WP A ¥
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equal
It is due to the special arrangement of a, b, ¢ and d in two 2 x 2 matrices
that the commutative law for multiplication holds good only in this

arrangement,

TR A s L A
= =
» k=
7y
B
e
=

Let -

then - .
ab b2 EEEN) oooo;'

AOA= 2 = = s eve 0

"az 'ab -=3a -ab veoce e EEXER]

-~ - -

N e W O P SR A PN S D G e M D R ED D ED ED S v B s O W T ED A S0 S e BF D ED ER G R D SY ST W R W A% s SR ED G TR Oe P AR S B D ED M M D AR SW ER R G 56 ER G GD A SR ED 40 @D W an R en

il
o

15,

Let , ~

0 au mO -a e0oe e es 00

a O a O e o0 00 o 0000
L . L.

| A

o

- S R WS ER ED G m RS G AN W RS B e e G SR TS O W T B EE S N D P e G G P W W D M w G AN D D G S5 R D G ED L P P A BF A% B SR e B G ED S5 D B0 WP NP D WA WE AU @ &6 SO G ML G0 SP =5 E
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G Y Yoy, . N ' - . N Ny s S S
I T (o T T TR et 1 N

]
J and - - - . .
; O ""ai O a h.oo.. .oo..._' ‘o.... oo o0
(b) " BA = i = = -
a Oj a . 0 o0 000 o0 0 00 !. o800 o0 000
g ‘ L. . wad ] ) 3 )
i - 2 -
{ . -a2 0 a 0
4 [} -
g 0 aza 0 -aza
(c) Therefore AB = ~BA
If AB = -BA, A and B are said to be aanticommutative,

then

AA - 5A 4+ 21 =

o000 00 .6..." e 0000 Q....’h ot o e .....“ kﬁ'
o e ol
- t 1
k 19000 LRI N N ] ee o0 ORI ] 0..'; o0 000
g:z; . T~ " .
,é; !‘;.’.. L] o e 0 .."
: = = o0 0 060 00 00
cecee coeee (name of the matrix)
f , _ j
{< gy S G5 an R s G G W A5 ER WS ON GD A0 G5 SN ED G ED ER S5 S0 0 W0 P GD O) A5 N ER GE GD G A5 G5 GD P A0 G ED G5 ED A0 o0 G A0 M) GF GF G5 GP G G5 G S0 P P KM T W ED WP (W Gl D R GF A aD G OF A a0 AS @0 &8 W }-
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Unit IX: Powers of Matrices

Since matrix multiplication and ordinary multiplication are similar in
many important ways, we can define the povers of a matrix in the ordinary

way, Our definition shall lead us to the basic laws of exponents.

2 2
We define A2 = A*A, A” = A'Az, A% = AL, etc. That is, we make the induc-
T

.-‘ -
tive definition: A2 = Aea, a0Vl o pepn, -

Vs anaa® =1,

]

It is 2lso convenient to take A

1. Let A be any matrix, Then

A2+83 = (A+A) (A°A*A) = A*A*A*A*A = AX

3

What does x equal? ceseestiencesssne

.‘—-<----------\~----—-~--—----.-—-------------n-------------—----------u---------—

2, Let B be any matrix. Then

(82)3 = (B+B)3 = (B+B) (B*B) (B*B)
= BABQB.B-BQB =3 By
What does y equalg L
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3. Let A be a matrix, Then
Al AT o pmvim
COMMENT
It should be noted that the law of exponents applies only to powers of a
single matrix A, We cannot conclude that
apaB? = 283,
since this would involve rearrangement of factors. Such a formula can
very well be false, Care must be taken to keep the factors in a product
in correct order,
On the other hand, a formula like
aBAZan%B2a = ABATBZ,
which involves only the law of exponents and not the rearrangement of
factors, is true,
4, Let -
2 1 1 -1
A= and B =
0 3 : 1 4
then : S -
2 1 2 1 1
(a) AAB =
0 3 9 3 1
- 0 =
00 00 ......— rl
¢e0o0 Q0 oo 000 1 l!.
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z «co 0 00 o000 .‘
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(b)
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3

5. In the previous frame we figured out that

AAB =

Therefore AAB, ABA and BAA are all

D A D G D m D P D G D R D G wm e SY s A

9

9

16

3v

A BA =

e

9 and BAA =j|.

39

A

different
{not equal)

|
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(b) O O L O O O O o o000 ® 000 .....‘

& [k =[‘A‘A2= 1 O 0 0 O O = LN O] eo0 e a0 s 0000

2 "1 O "1 O O R REEE EEER]
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A matriz B is called nilpotent if some power of B is 0, Therefore in the

above frame A is a nilpotent matrix, because A3 = 0 and A# O,

7. 1If ) - ~
; 6 9 0 0

A = then A% =

4 <6 0 0

- R " - A

Therefore A 15 called .iveeccocccococeess.matrix

nilpotent %

.
g
1 i3
3 i
é &
4 b
3 4
3. A
B
i
A
:
b :
-
A 5t
£ 3
8 3
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3. Let - -

1
‘

then 1 0 0 rl 0 0 e 000 oo o O e e 0o

» ‘ A = O 1 0 O 1 0 = en o oo ¢ eoes 00 ¢ o0 00 = ¢ e 0008 000 oo
(name of

0 0 0 0 0] 0 coses cecee eeeses] the matrix)

SR

e

If B2 = B, B is said to be an idempotent matrix, Therefore in the above

frame A is an idempotent matrix because A2

T ponGrir SRR gt BRPELEE [
11
]
.
v

: 9, 1If T2 -2 -] 2 -2 4]

A then A™ = 2

eete)
I
i
-
w
~
'\
'
ot
)
S

1 -2 -3
L - - -

Therefore A 15 €Alled ,ceecceccccccccesesomatrix 3

=
1
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idempotent

o
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COMMENT

Let A and B be matrices of the same size, Then

(24) (3B) = 2((3A)A) = 2(3(A.A)) = 64>
and (2A) (3B) 2((3A)B)= 2(3(AB)) = 6AB

R A o EINS e ey s S A A TR ) o .
PRV At L P R N B CORA A
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11,

Note that we continue to pay careful attention to the order in which the
matrices come, 6AB must be distinguished from GBA; only the numerical

factors, and not the matrix factors, of a product may be rearranged,

10,

Let A and B be the matrices of the same size,

Then
(6A)(34)(BY(4) =

00 0808 00000 S P OCOP S OOOO OSSN VDIDS

(after multiplication)

) 0 o 5 D D AP S TR WO WD S G S L R T G G BP S B O WP Al I WS N P TP G5 TR G5 e (b W A0 Gm gw D TS N S I BN G D WD G0 G G TS @I SV G WY IR WD U @P WD G G G AR WD G0 VS AN G5 60 D MR W B W e o

72A°B

12..

Let A and B be _the matrices of the same size, Then
(A3)(6’A)(5B)(A2) = 00060 9000008 00ROCSLKHOANGOESDIISIONSYS
(after multiplication)

- D S G TP TR G R D R S T D T AN G TR s AP AP GG G At €T N P A MO S 30 P G =L D D A0 AP D P AR TN P W GD G G AP B G P GO G NP TN G S0 G0 S0 B G5 D T WP 6N S WS AF G WA BP0 TR G G WD &0

3044842

Let A and B be matrices of the same size, and let x be a real number, Then

x(AB) = (xA)B = A(xB).

Note that this formula permits&free rearrangement of the numerical factors
in a product,

g Tt A I A GO o2 ST Ly Ao B S S e s e e b
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'% h 13, Let A and B be two matrices of the same size and these do not commute, i,e.,
AB # BA, Then
(A-!'B)3 = (AB) (A+B) (AB)
= (A2B)(A(A+B):-B(A+B))
| = (AB) (errnetennnsiornnstennes)
= A(AZ+ABBAB2)+B(42: AB:BAB2) .
= 3 + A% -aBA <282 a2 < paB < B2A + B3

2
A ABBA+B2

e S A e
e MR i b L e

COMMENT

TN S T

e have seen that in matrix algebra 1

(448> = A3+AZB+ABA-ABZ:BAZ BAD: B2A: B
And_there we must stop., If A and B were numbers we could add AZB+ABA;BA2 i
to get BAZB, and ABZ4BABB2A to get 3AB2, But this involves a rearrange - i

ment of factors which is permissible for numbers, impermissible for matrices, i
This simple counter-example rules out the possibility of there being a 3
binomial theorem for (non-commutative) matrices, Therefore the break- |
down of the commutative law for multiplication for marrix algebra makes !
another difference between matrix algebra and ordinary algebra. In
ordinary algebra where binomial theorem holds good (a+b)3 would have been : 3

expanded very easily without multiplication, with the help of the binomial

theorem as follous:

A RS AR Ll A S e A g e <o
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(a--%-b)n = aMipaPipinfozl)  gn-242, bt

' cosvoe’!
2.

(vhere n! = n(@-1)(n-2) ,.... 3°2°1

| —4

'Using this binomial theorem

(at+b)> = a3+ 3a2b+3ab2:h3

14, Let A and B be two non-commutative matrices of the same size. Then

(A43B)2(A2B) = (vunertroneestonnnatanans) (A=2B)

(42--3A83BA9BZ ) A+ (AZ+-3AB+3BA+-9B2 ) (-2B)

+ ] U
- L e - - - - -
30090 '00000'ers00 00000 o e 000 ¢ o o0 se 9 00 ne eeo

O D B S e G D G PGP RGN (e W e G A A W D SN S e (O O W fu G B e s GIP WA SN SIS A GE G = M GIF S U G0 G G M A6 NN G WA WD BN G AN S BN UN AR AR S G WL BN e AU WD R Ee G A 60 S e

A2.34B13BA-9B2

A343ABA+3RA2: OB2A=242B-6AB2-6BAB-13B>

15. Let A and B be two non-coirmutative matrices of the same size, Then

(A+B) (2A+3B) (A - 3B) (A+B) (2A(a-3B)+3B(A-3B))

(A+B)(lo-oo‘.o-oo+ao.o-“o-oau)

A(242-6AB+3B4~982)-B(2A2-6AB+3BA-0B2)

. 1 '
. . A -
000006 00000 0000 0™ 0000000000 00000 s0000 00000

24%-6AB:-3BA-0B>

223 - 6A28+3ABA-9AB242BA2-6BAB+3B2A-9B3
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It shows that A satisfies the equation A"=2A ]
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18,

We saw in the previous frame that

A%a3A 4+ 2T = 0

therefore A svveeeecsvcessesess Lhe equation A2~3A - 21 = 0,
(satisfies/ﬁoes not satisfy)
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(d) 1t shows that A3-2A2+I = (0, thevrefore A satisfies the equation
H

"

.

13

E*: A 6 D S (D 04 WS WH GO A6 G S AN WD 20 WO G BN FY G5 S0 G GF W A S 0 ED GE S5 WP Gy AN S0 S0 G EF T S b G g GP GO M W G5 W SP ED PO @0 QN G GF OGN GO GF EF W ar P S Y GP S P KO e G 0 P GN S5 O G G0 .
h
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3 -

- | A”=2A%4T = 0

‘ 2 0 . Le £ - -

!Z/X 1

w0

then 1

(a) _ . T | - -
1 2% 1 2x% 1 2x 1 0 i

i

]

2 |
‘ A «2A-31 -2 ‘ -3
2/x 1 [Z/X 1 2/x 1 0 1
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) — .
5 4x -2 -4;3 -3 0
.: - J‘..
GLix 5 hfx =2 ' 0 =3
0 0
= = 0
o -0

2
{(b) Therefore, A =2A-31 = 0,

It shows that A satisfies the equatidn.................,....

A2-2A-31 =0

No matter what the value of x the matrix A satisfies the equation
A2-2A—31 = 0, and therefore this quadratic equation has  infinitely

many distinct 2 x 2 matrices as roots,

¥

COMMENT
We have seen that the law of exponents is the same for powers of a matrix

as for powecs of a number and that numerical factors in a product may be

rearranged at will, Moreover, we know that the laws govefning addition
and subtraction of matrices are just like the laws governing addition
and subtraction of numbers, It follows from all this that the algebraic

rules for manipulating expressions which are made up out of sums of

powers of a single matrix A, multiplied by arbitrary pumerical coefficients,

e
are just like the algebraic rules for manipulating ordinary polynomials,

Thus, for instance,
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(4+21)% = AvAtA.2T42T.A421021

A214ptaT

just as
(x+2)2 = x2Hxit : .
and

(A-T)2 (A+1) (A-T) (A%-1)

3 -
: = a7-a%ope1

just as

(x=1)% (x41) = (x-1)(x>=1)

"t

x3-x2-x+1

21,

Factor the folldwing polynomials in A into a product of first-degree

polynomials in A:
2

(a) A"I=ooooooooooooooooooooooo

o

--------------'-ﬂ--mn----—------ﬂv----f------------nu------------n-—--ﬁ------—-|.

(A-I) (AFT)

3

(b) A -:BAZ"3A‘,"'I = eeeneeessesccces

(A—:-I)3

(C) A2-4A':~Q'I=4000;0100000000006000

am

f
---—---u--ﬂ--‘--—-------------“----------------o-----------------------6------
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(a-21)°
3.2
(d) A-A -2A=A(LXZ-A-21) =....‘...................
A(A-2T1) (A+I)
b2 2 o2 T .
(e) A-SA +4I = (A -41)(A -I)= 00 00 00000 0000000000000 00
(A-21) (A+21) (A-T) (A+T)
22, A matrix satisfying the polynomial equations
(a) X°-5%46I = 0  is .
(X-31) (X-21) = 0
:; =..'Q. Orx=.....
X=31I orX=21

(b) X_3-6X2-:-1?.X-81 =0 is. ‘

v
9 00000000050 0000808 0480800
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Unit X: Determinants

&

So far you have learned addition, subtraction, and multiplication

of matrices, Now before proceeding to division, we will discuss an
operation applicable to the elements of_é square matrix that leads to
a scalar value known as the DETERMINANT of the matrix,

A determinant is a polynomial of the elements of a square matrix,
The notation for the determinant of the matrix A is 'A,. Determinants
are defined only for square matrices--~the determinant of a non-square
matrix is undefined and does not exist, The determinant of a matrix is
a scalar, Obtaining the value of lAl by adding the appropriate products

of the elements of A is referred to as evaluating the determinant, ex-

panding the determinant or -reducing the determinant,

l. The determinant of a 1 x 1 matrix : ;

A= {a} | ;

cipin

is written as

B b 5

LB BN BN Y BN J ='al | ’ ':.

D G A D e T Ml S TR e G R AR AD B A D G D ED Gm Gn G P T N ED D A D ) G ED AP ED A P B D e AR s D S e er O ED A0 G G EE P WS ED D G Ay GD N S D WS ED D EP WO WP WY G6 G GN GF AN an WS &P me

: i Al

Note that the determinant of a 1 % 1 matrix is the value of its sole element,

Ay e LS bt B el sy TR,

2. The determinant of a 2 x 2 matrix

biy Py
B =

b b o
| 21 22 ;
is written as 5
|B| = - ey ?
eeemne YEEE]
-—--—-----—-------—-—-—-------.-----------\-----------—---a---—---n-u---—-----”-- ‘
: E

G Rk A A N T 4 T LAy T

e AR AR NI VAT s T
SRS RIS e By NS AT R e b i




bpy  baa

3. The determinant of a 2 x 2 matrix consists of the product of the diagonal
terms minus the product of the off-diagonal terms, Hence in general
a b

|af=

c d

]

ad - tos e

SN ED D TS ER (W EE G5 MR ED ED ED AN ED Gy G5 M G ED ED ED D N Gh 0 G P GE G5 WP ED @S ED G5 ED P G5 AT MM e G5 ED G A Gt S5 s S TP VS ED ED G ED ED G4 ED G A Y0 AP ED ED aF ED ED OF @F OF ED Sv ED W G A ot =

be

4, The determinant of a 2 x 2 matrix

3 7 ;
A = - ceees ™ seeee— = 59 T
' ‘ i7 20

D M N A S5 Gn SR ED ED R Gl AT M D G TR D A ED GD D ED D D D Em e D P4 e D e A e G D e D e D G G D D D D ED GE M D ED ae S D e S D D S SN GD s S A GD D S ED 4T e OD G GN A aB S e

3%x20 - 7x17

5, The determinant of a 2 x 2 matrix

10 1.6‘
|B| = cecee T eeees T % seene

' 5 -0.2]

D ED SD AR S0 B0 ED S WS ED SN ED ED ED A4S G Y0 D WD B SN 4 ED G5 G5 G ED oo W WS ED S W WD W D b S L EE S0 D G M) S5 D M) M wD P A G W ED SN M G 60 GI AN ED G) ED GP ED M) GD GD 5D GD 04 N G FO =D U0 O

o
= - -

-92 -8 = =100

S

e o

.

a2

i

szt
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aluation of

6. Evaluating the determinant of a 2 x 2 matrix is known as the cv
a second-order determinant, Evaluating the determinant of & 3 x 3 matrix
is known as the evaluation of a teececcssssssessessssdeterminant,
third-order
7. A third-order determindnt‘can be evaluated as a linear function of three

second-~order determinants derived from it. Their coefficients are elements

of a row (or column) of the main determinant, each produc* being multiplied

-

by +1 or =1, For example the evaluation of the determinant of a3 x3

matrix
211 212 213
|2y =} ay 39 353
431 439 453

based on the elements of the first YoW, 871, 319> and 313 is

459 873 a

: a
, o 21
all('-l) _ ':'alz("l) 'ral3\'i'1) l
439 433 | 235 433 431 939

23 422

i321

14]

= al (ooooo-ooooo) -a‘2(00ooo-coooo)+a13(ooooo-ooo00)
(evaluation of Znd~order determinant)

li

ol ot
.....0...-.......-........'.......'.......-........
Y

-—-----------------------------u---—-—-----ﬂ------m---------m-----—--------u-

(ay9833739383,) 5 (8518337893351); (ay7339-359231)

311395333731 13933397 81989183 378 935383778 33,1 83,781389,33
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8. In the previous frame second-order determinants

22 923 421 493 41 27
5 ; and
a a

33 31 a

32

which are obtained from the determinant{i|, are known as minors of the
i ' ; and a,. are

elements 3112 219 and a3 respectively, where ayys @y and a,4

the elements of the lst row of the determinant |A],

9., The evaluation of the determinant of a 3 x 3 matrix

4 5 6

i
N
w
-

B

31 ~ 2 1
41y | 5D +6 (1)

9 7«, 8 7 ¢ 6 0600 LN B BN

4(0.00."00.00) "'Sm‘(o'ovooo-ooooo)-:-6(ooooo-ooooo)
= 4X12-5X640K=,,4¢0=-18

7
H

2 3
8 9
(21-9); (14-8); (18-24)

~6

10, In the previous frame:
(a) Second-order determinant
3 1
9 7

is the minor of the element ,.cc0e00 in the determinant.'A'
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(b) The minor of the element 5 in the first row and second column of :

R B e s A R R P By o

13 the determinant ‘A‘ is

0000 . eseew 4

2 1'

7|

o

N
.

. (c) What is the minor of the element 6 in the first row and 3rd column ?

[ N A a0 00

LR N ) s0ov o0 - 7
kzg N
E :

) ]
: 4
k. 3
g ki
% !
3
k [
4 4
3 4
; 3 2 ‘
e 3
: I
pL ;
5 3

11, The determinant g

2 & 5 6 1
§ lay =12 3 1 g
f 5 9 7 {
] . i
: can also be expanded based on the elements of the second row, 2, 3 and §
3 1, The expansion will be 4

| 5 6 L6 4 5| -
4 ‘ A ! = 2(-1) +3¢E1) | +1(-1) A
9 7 3 7 8 9

= «2(eeeeemsecee) “B3leaeeamsnvea) “1(essse=susas) 4

{ = (-2%-19)+(3%-20)- (1x-4)=-18 ;
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(35-54); (28-48); (36-40)

12, The expansion of the determinant
4 5 6

lal =12 "3 1

8 9 7

based on tﬁe elements of the 3rd row, 8, 9 and 7 will be

8(-:“1) seeee secee -:-9(-1) sesea sesee -{--7<-F-l)

{a|

= 8( seeee=cooee) "9(eeeeemeonos) ¥7{seeseme0ass) = =18

-
e

(5-18); (4-12); (12~10)

COMMENT
The method of expanding a determinant which we have learned in the
previous frames by using elements of any row can also be applied to the

elements of any column, No matter by what row or column the expansion

1s made, the value cf the determinant is the same, .This method of ex- ‘ e,
panding a determinant is known as expansion by the elements of a row

(or column) or as expansion by minors. The (+1) and (-1) factors are

decided on according to the following rule: if A is written in the form

0000 .....;
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1]

A =[% } , the product of a.. and its minor in the expansion of the
2,

-t j

i .
"~ determinant lA' is multiplied by (~1) . Once a row or column is

decided on znd the sign calculated for the product of the first element

therein with its minor, the signs for the following prcducts alternate
) : i_{_ =
from plus to minus and minus to plus., The product of («1) to the

corresponding minor is known as the cofactor of a,, in !A'.

i3

13.

The expansion of a fourth-order determinant is an‘extension of the ex-
pansion of a third-order determinant which you have learned. Thus in
the expansion of a fourth-order determinant 3

1 2 3 4
‘ al= |5 s 73
9 10" 11 12

13 14 15 16

by the first row
(a) the minor of the element 4 is coses cocee cocee




w3

- O Y D T D D En G A 0 D A D D G EE Y D P G e D D L% D G G s G G @ G D P D G D O G D G D D D ED e S G G ) G0 D D ST G AP D ED GS A0 4 G 4D G5 G5 e GF G0 G0 6D 4E oW 6D Ue

%

14, The expansion of the determinant

b
N
w
&~

|5 =

by the second column is

alzenr L e

LI N J L X 4 [ N N J R [ 2N LN ) LN J

[ X N [ N ) LR 4

TL8(EL) Jeee cee oo

g 0‘3 ;’
= -2€5x -71% +B X iv+&
L LN J oo 0 L N L2 N J L N ] ....J t

-3%

7

‘:*10(-1) se o

==10(176-180)--14(144-156)-16(135-143)+-6 (176-180)~18(144-156)

124 (135-143)-10(112-120)--30¢80-104) =40 (75-91)--14 (84-88)

-42(60-72)*56(55 63)=0
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5 7 8 1 3 4 1 3 &4 1 3 &
2¢-1)3 e 11 12 Feeny) 9 11 12)+10¢-1)l 5 7 8 |14l 5 7 8
13 15 16 13 15 16 13 15 16 9 11 12
[ 111 12 9 12 9 11 J 11 12 9120 |91
=~2{5x% -7x +-0x F+-6¢ 1x -3x +4xl :
| 115 16 13 16 13 15 | 115 16 13 16 13 151}
78 5 8 5 7 J. 7 8 5 8 5
-10x11 -3x “hix 214 clx -3x hx
15 16 13 16 13 15 [l 12 9 12 9 1
/ .- ;

COMMENT
The method of expanding a determinant used in the previous frames
for expanding determinants of third-order and fourth-order, can be used

for the expansion of determinants of any size, The determinant of an

n X n matrix A = 'éij] is obtained, by considering the elements of any
multiply each element, aij, of any

one row (or column), as follows:

row (or column) by its minor, , the determinant derived from‘A |

Mij

by erasing out the row and coiumn containing aij; mU1tiPly the product

-1 )
by (-1)i J; add the signed products and their sum is the determlnantl Al.

This expansion is used recurrently when n is large, i.e,, each Mij‘
is expanded by the same procedure,
15, Let "3 2 4
A= |=1 1 51 ; then
| 6 7 10
(a) "..... [ N N L N BN A J
F g
A= [N N B W J [ 3N N N I} oo 000
L..... o0 00 ......—
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(05
]
[
(o)}

§ b 5 10
: | (b) Also
i | a | = 3x -2% i

]

~~N
(8L
=

[}
N
w

S’
]
”~~

N
»

1
H
=

~
N

7~
£

"

1
=
W
A

I
]

KN

~

E

) ’ se 0 L) ce e oo foo o000
1 & |A] = 3x +1x | +6x |

A L) L ) V looo so0 0 LI [ N}

VAP

= (3x=25)-8+(636)=-47

Rz

!~
therefore A and ‘A AYC ceecocsccee
4

7 10 6 10f 6 7 %

RISt doreit 2 2 st

’, 1 7 2 7 2 1 , :
‘ A ‘ = 3% +1x +6x% §
4 : :

] 5 10 4 10 5 ;
3 , equal ]
3 ' s
i Note: Notice here !A ‘ = !A | . It is also true for any other square :
1 matrix of any size. : i
| 16, Let |3 1 5 7 -2 4 /

A =17 -2 & and B= |3 1 5 :
f 6. 9 10 6 9 10 | ]
b . -] 7 P ,
;‘ where the first two rows of A are interchanged to form B, §
§ :

(a) [ LI Y L ] s0 00 [N N ] s00 0 e0 00 ;
! |Ai = 3% -1x +5x ]

e 3mrrrrimanee ) Lleeremenee 45 (bnnaatennna) = 161 ]

N
o,
A 5
+ - o - - D WP ST P Y - P A ) D G5 P D P NP N S e P N SR €S G D D D D WD D WP S MY D D D D T A AR S A
3
k. "}
= 3
. ]
: w4
¥
y
s
Ve (o AT T o
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-2 4 7 4 7 -2
'A ‘ = 3z -1x : +5x

o 9 10 6 10 6  9f

= 3(=20-363-(70-24)--5(63--12)
{b)

L N N 2 e o o ....i [ N B N J s 900 oo 00
' B i = Tx --2¥ j +4%
= 7(.00o"'cooo)':"2<ooco"oooo)'z'l}(o.oo-oooo) = -161

1 5 3 5 3 1
‘ B | =  7X 2% 0% :
) 10 | 6 10 6 9

i

7(10-45)+2(30-30)-+4(27-6)

(c) From (a)
| a] = 1e1
and from (b)
|8 = -161

therefore ’ A ' = (.....)' B '

-)

minus

~N

Note: Notice that by changing two rows of the matrix A, the sign of its
determinant is changed. It is true in general that interchanging
two rows of a determinant changes its sign,
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17. The expansion of

H
w»
-
T
R
il

a11

412

432

413

433

12

411

a3y

413

a
33

a11

431

a12

432

= al]_(.....'.....)'612(.....f.....)'1'313(.....".....)

= L. - .}' b -
o0 000 o0 000 o0 0 00 0 000 0000 a0 0 00
-
e 00 00
A . 0 ED Gn s SR MR T Gn s D D D GD GD s G Gn s B A e e W - e et an A an Gn e Gn S an G e G A D Gn N D Gn Gn an G D P e - s e am g an e an e D e an G OP e Gn eW G an Gn G5 an e

ayy1(ayp833-a13335)-23y5(aya35-a33337 ) ay3(ay1849-a792337)

®112129337211%13%32721221133%12913317°13%11%327213%12%31 X

= 0 B
| 8

Note: HNotice that here ' A ‘ = 0, It can also be seen in another way: i
if the first two rows of 'Al are interchanged then the wvalue I

of the determinant is unaltered but the sign is changed, that is,
|A] = -]A| so that |A| = C. It is true for general that if two
rows (or columns) of a determinant are the same the determinant
is zero,

18, Let 3 12 18] ' ;

I
N
et
(1

o>

; then

(a)

3 12 13 1 5 12 5 2 1

-~

5 = 3x 9 -12x% 6 9 +18x 6 7

3(“...-.....)"12(.....-.....)-!'18(....o"....o)

= 210

D e WD O KD an P TR WS n P Ry SR S S GD S G Gn G U G D G @O S WP Gn SR S D ER D G D P G D @D Y SR D A P D G G GD S ST D G D G D SR G Gn G SR I an S B G0 R NS P Gn Gn SR D an S D e




,: 130 1
z; Ve
Q 3(9-35)-12(18-30)-Ic(14=3) j
1 (b) also i ) §
1 CRUN EORR A e |
’:: 'I" e 0o o 68 e 00 [ .’ . ¢ 00 o "0
. o] =@ |2 1 5| =341 ~bx -6

6 7 9 !
E = 3 {(9-35)-4(1&«30)+6(14-6zf =210 .
] el b bbb bt mmemmmmmmommooo- -----e- m-smmeo- ==
é
] ' 15 2 5 2 1
1% o 6
1 7 9 6 9 6 7
E Note: If any scalar is a factor of a row (or column) it is also a factor
: of the determinant, As in the above case 3 was the factor of the
3 first row and it is also the factor of the determipant,

19. Let 411 219 213 a1 212 213 -
: \
| 8] = §3a1; 321, 2ar5f =03 Yeyg ap e
azy @32 233 d31 232 413

Therefore the value of ' A ! = 0, because the first two rows of the right
hand side determinant are ..eceeseccccens '

D e D N S AR G A G G S e G ED G ED e S G D G G W G G S G - D an SN G NS ED G SN GO GRS ED as GB GD AN AP D G G @P oW

the same or equal

Note: It is true in general that if one row (or column) of a determinant
is a multiple of another row, the determinant is zero, as factoring
out the multiple reduces the determinant to having two rows (or
columng which are the same and hence it is zero,
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20, Let 0

| A =] %21

431

292

432

then } A | can be written as

i A I =0 x

because: zero is factor, of the first row.

is ..{;..'...

(0 0F 5 M S0 00 M o WS M W e S M e N D D G P D P S D D D D D D N S e A O N SR A M D SR N A G e A0 S M A Er G O R AR S LD WS S W S G B G M G ES S ew B @

0

471

831

0

432

131

Therefore the value of | A |

Zeio
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2
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4
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3
H
j
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4
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21. 1If a determinant has a row (or colunn) of zeros the value of the determi-

nant is zero, because ,....0.,

3 here a factor of one row (or column) and
hence a factor of the determlnant which is therefore zero,

Zero

i
3
Z

22. Let T 3 0

| 6 27 -3 2 27 -3_
I 1 0 5 Tt 5 ;
= cesesXeaveeHneeoaX | =3 4 71 =3"""x1{ -3 4 7
1 2 9 -1_ | 2 -1_ :
o e e e e e e = ————————— e e e e e e e e 3

15

21 ; then

oy o e T A 3 U T e
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23, Let A be an n x n matrix and v is a scalar which is mulitiplied to esach element

- D et En S EE e D G P s D D wn AN D S EP G VD G G R S ED G N G G S G GE G S G W We ED M VS G NS e En En G 4P ED D s G D Gn o SR G 45 CD G5 G G W N) AR WY EP G5 40 En BB 0% B wm e R @ @

24, Let

ol =I5 -4 4 = 1(-28-4)-2(35-36)+3(5+36) = 93

B4 s

tten multiplying the first row by 3 and adding it to the third row

we get
1 2 3 1 2 3
la] = |s -4 4 = 5 -4 4
o ]9t ess ”,1+;;.; THeees ceces  sesse  scess
= 1(-64-28)-2(30-48)+3(35+43) = 93
1 2 3 1 2 3

o+3 146 749 12 7 16
Note: Notice that when three times the first row is added to the 3rd row
the value of |A| remains the same, It is true in general that adding
to one row (or column) of a determinant any multiple of another row |
(or column) does not affect the value of the determinant,
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25,

Ve have seen that adding a multiple of a row (or column) to another
row (or column) does not affect the value of a determinant, but adding
a row (or column) to a multiple cf another row (or column) is not the
same thing ang leads to a different result, Therefore if

11 %12 %3]
i A | = Po1 %22 223
431 932 933

then adding row 2 to y times row 1 we get

Ya]_]_':'321 o0 o-i-o oo T ee o':mo P
421 299 493
431 439 433

which is equal to y ‘A !which is different from IA '.

.--------------Im.----—---“---;.--l’-------------‘----------------------u-{‘-—-‘-

yajgtags; yaistans

COMMENT
So far we have learned the following properties of deﬁerminants:
1, The determinaﬁ; of the transpose of a matrix is the same as the
determinant qé the matrix: ‘ A1 = lA j
24 if two rows égr columns) of a matrix are interchanged, the determinant
of the matrixéhagges sign.
3. If tuo rouws (or coiﬁmns) of a matrix A are identical, then | A l = 0,
4., 1If all the elements of a row (or of a column) of a square.matrix A be

multiplied by an element k, the determinant of the matrix is multiplied

by k.
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5. TIf two rows (or columns) of a matrix A are proportional, then l-A ' = 0,

6. If a matrix A has a row (or column) of zeros the value of its deter-

minant 1is zero: ‘A ‘ = 0 x! A‘.

7. If A is an n x n matrix and k is a scalar then ‘kAl = kniA‘.

6., Adding to one row (or column) of a determinant any multiple of another

row (or column) does not affect the value of the determinant,

These properties can be applied in endless variation in expanding

determinants and thus the expansion becomes much simpler,

26, The expansion of the determinant

1
AL

lp] =12

4.

5 3
11 7
21 15

= 1(165-147)=5(30-28)--3(42-44) = 2,

‘ A ! can also be expanded as follows:

If -5 times column 1 is added to column 2 and
-3 times column 1 is added to column 3 we get
1 o .G.._
» 1 1
IA' = 2 1 I XK ) = lX = 2
1 3
4 1 L N N J
0
1

B e TR TN T NS RN PO 2 LA TG o oS

|
|




Unit XI: Inversion of Matrices

In the previous units of this program we have studied addition, subtraction,

and multiplication of matrices and the properties of determinants. It
should not be surprising that our next aim is to study the division of
matrices. In ordinary algebra, division is necessary to solve equations
like ax=b, There is a similar problem with matrices, viz.,vsolving equa-

tions like AX=B, Since the commutative law of multiplication breaks down

for matrices’ A}{- need ............‘5...'..'X£:*.

—-----------—--—------‘d---u----------n------------o----------------—-—---

not equal

2.

Therefore AX=B and XA=B A2 cesescescccsccesssssss Droblems,

|

different

3.

If we solve A¥=B and YA=B, then X need T 4

——---------—-.—------a-----n---------—u---------------------—---—-n-------n-

not equal
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4 then AX

% i..... .....l
4 - a—
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= .
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p—t

BTt

e

v
.
=
"

gt
ry——
[
1§
et
Remn .

T O N R g

u 0";
Then AX = }
i

o

% Notice that AX =

R N

equation AX=B

A=

23

N

. 1

+

B

>, o

% > vas IR OR Ve R et W NN WE WS D P MDD GG ME OF G W6 W W GD SO WP om TR SW oW
b

T Y
=
o

st
-
y -

K 2{
i

ft

-1 —1’ EEEX)

= B, therefore X

ok
N

A
o
fr=d

| F—

AW N R D S me BN ED G GD D GS GV A6 AU @B GE WD OV uP W0 W e o @ w Maw ov G0 G0 N 4P am G BB GD wy R wm vn B e W

—

(name of the matrix)
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satisfies the

“'-—mv-v
L
Y

=
N

ct
o
O
o}
b
il
o
=

- rnam e i vm

satisfies the equation AX=B,

1S the cecesesssasss Of the equation AX=B,
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7. Now let

o

et i o e e
1
P
e

A = s B = ‘ } , and X =
-t

1 i 0 1 1
A J N i j
taen 7T -3
: !;"1 2! 1 02 ro.o.. [N N ]
AAXZ\: 3 l = ‘ =..Q.......G..
‘-1 1‘ 1 1 .....] (name of the matrix)
| 3 L |

]
|
[\*)

1
et
[ou)

Notice that X = is the solution of the equation XA=B,

PRI S T WY

8. Now we have seen that the solution of the equation

i
1 2
AX=B " is and the solution of the equation

1 1
- i L
e

1 2]
XA=E is | . It shows that the value of X in both cases
-1 1
- - 1S eececccesscsccccessscscscsscce
(same/different)

—------u--n—n---n---n--------—----&-u---—-----a-----——---—---

different (not same)

Notice that it is due to the fact that AX # XA,
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9. Let Pl 1. 2 2, ja b
A= 5 B = i , and X = |
0 o' 1 0| c d
1 A - - -
i“ 5 r~ = . -
Then gl 1 a b i oo s o [ BN X N J
AX = ; ' =
go 0 | C d= ioeooo [ 2 N X X}
i A B .

DGR N N D T AR ) ED D e Gl G) GE NS S M P AP GE GP S W G0 S S EE W e S D e P Gp S e G G G e Y an AP D P oS S GO AL NP BT S e T M WS S D e P TR AP ar TN UGB M 6N W GBS ap =

a-- b-:d‘!

is the solution of the equation

a b

Notice that if X=

T T

c d
| “Tate bid] 2 2]
AX = B, then ' should be equal to , but it is not
' 0 0 : 1 0
L. o . .

- possible whatever value you give to a, b, ¢, and d; because the second row

will always be zero, Thus the proposed equation has no solution,

CGOMMENT

Py

We have seen in the previous frame that for particular matrices A and B,

the equation AX = B has no solution., Thus, division by the matrix

FREY
A=
0 0

is impossible, just as 'division by zero' is impossible in ordinary algebra,

Therefore, division by some matrices is impossible,

U
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is the

Notice that I and IX = X, therefore X =

'—l
o .

i
0
!
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N7 e

L

. solution of the equation

2

b J .

Then the equation AX = B becomes

i ¥ I s

1 1 ;1 !

i= i

-2 -3 -1 5! -
[ - - 3 1 l

Muitiplying through {on the left) by a matrix .J , the inverse

-11

N

!

of A, which is called a~1 s -

e get “-3 1! g—l 1 ’ooo seee ‘ l 2] . i

. i:z -1J ’L-z -3_| L N 5J

r 1 0 {2 11
L

ot oo
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; 1 i :
% ’3 1
3 - - t-z -1 ;
P2 11 N » %
Notice that the value of ¥ =! :
L9
COMHENT |
4 Now we have seen that if we multiply through (on the left) the equation
! 1 1
3 AX = B by cnother matrix A ~ such that A "A = I, then we can solve the
u equation as follows:
AX =B
- "'1
2 ATl A = A B
5 L =AB
o X = A3
-1, . t s o
1 Thus X = A "B is the solution to the equaiion AY = B
. . -1 . . . .
i Since A™~ behaves very much like a reciprocal in ordinary algebra,
] we shall call it the reciprocal matrix of A or the inverxse matrix of A,
. Thus the problem of division of matrices is actually the problem
i e . . . . s _—
3 of finding the reciprocal or inveirse of a given matrix, Some matrices
: :
3 have reciprocal matrices, some do not,
] To find out the inverse of a 2 x 2 we proceed as follows:
N S
; Let A = and its inverse A™" = |
r ic di | s
4 o L.
. [ T : ]
a b o q b1 0
; Then {] = | if A has an inverse
b i
3 ‘c d! ;r s ’0 1
- - - - -
e -~ e
iap - br aq + bs) i1 0!
or § =
!cp + dr cq + ds i0 1
4 e . - L -
Rt T D e R AT i ‘;‘;‘f\"w*“«-rﬂ.-«” i
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Therefore ap - br =1

P = d ’ qQ = -b
ad-be ad-bc
r=__-c s and s = a_
ad-bc (ad-bc
Therefore - -1
d -b
ad-bc ad-bc;
A"t = ‘
~C _a
ad-bc ad~b€,

12, In any 2 x 2 matrix, let

a bl -1
A = ;3 then its inverse A = =
c d
- J
provided that ad-bec # O,
4 ia bi §_d b |
Because AA™~ = | ; ad~bc ad-bel
i P o=
% c - d L _=C a
= | ad-be ad-bc |

d -b
ad-be ad-bc
-C a
ad-bc ad-be
P =
i !
lecoooe RN NY
’ "C @O 600048 000290000
{..... eeeosf {name of the
L } matrix)

" Note: Notice that it is a general formula for

2 x 2 matrix,.

1 0
= 1
0 1

i
finding the inverse of a

This formula tells us that a 2 x 2 matrix has an inverse
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if and only if ad-bc # 0. (ad-bec) is the determinant of A, It is true
in general that A~Y does exist only if {A! is non-zero., A square matrix
is said to be singular when its determinant is zero and nonsingular when

»

its determinant is non-zero.

)
o
—

13, Let A = o The matrix A has its inverse matrix

(@]
(ol

if 9000000000 T oecsavevece /’ O

ad-be

14, Let ~ -

A = . Then
c d
(a) The element of the first row and first column of A'l = d

5000020 000000

- e s Ve AR Ak G AL D G T W W D S WS LG WD S O N ES OF WO AP AU S W WD e ED ED WD Gs M G S WD WD e e WD NN A D D WD G T P AR WD P W G O D R e AR A SRS GRS WD R G G D e o .

ad-bc

(b) The element of the first row and 2nd column of NG i

seseee T oo eene

sy wd e S e e WD e W R D ) W Eh G WD W DGR ED W ED WD WD S N ED ) A D Ah U Gl T as G ED WD R WD ) D Gl AR as O e en NG MM D aP B A WD AR WD WS WD M M WD A G

ad-bc

il e £ MWL, JEW AW LERR et
; 5, g iz

E
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If the inverse of a matrix A =
) c

d -b
equal A=l =lad-be ad-bc

Then =~

(a) The inverse of the matrix B =

b’}

1 sceee sees e

Tame

S
et
YGRS tl s L s

T

-1/4 1/2

(b) The inverse of the matrix C =

1 e0 000 o000
c™t =
«e0 0680 2 00 00
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16, Let
-4 -2

n ’
9] 4

e -

Dcoes A have an inverse? ececsscescssncescsessssse
(yes/no)

--—n--——-—--------u------—-----------u-ann-———----—----—---------—------—-

no

17. - | | -
2 4 1 -1 1 t

Let A = s N

1 b -1/4 1/2 0 -SJ

il
-
[\)
o]
a
o2 ]
]

Then for solving AX = B, it becomes

A~lax = a-ip

[}

A-lp (as A~la = I)

or IX
or = atls . {as X=X

Therefore - - - r
1 . '1 3 1 l eo0eseoe [ R W N

‘1/4 1/2 O '5 eesee sesvee

i

3 6

-3/4&  =1l/4

—— e
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Solve the equation AX = B
-2/3 1 1 1 -5/3 4/3
1/3 0 -1 2 1/3 1/3
. wd
19, Let | 7]
1 0 0
A =
0 0 1
0 1 ¥
Then - -
l 0 O 1 0 0 j‘..... e 0000 ....:
AA= O 0 l O 0 l = s 0000 [ X N W} o0 000 =.......
(name
0 1 0 O l 0 oo 0 00 o0 000 oo Jdo0 0 of the

matrix)

TG D D DL S SR GRS AR GD D D T A4 G5 T CD GB WS TR W G 0% S0 WS D S GD T om0 S5 B0 AP WD U G NP G % G0 G SO 1 T 5 S WS S D D G @GP GB AN on B G G XY P Gn SR P o OF GF D EN AT WS ap OB B

Notice that AA = I, therefore A is its own inverse.

i

SR e
X

; 4
33
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200 Let . - .
1 0 0 - 2. 1 0
A = .
0 0 1= A&t aam= {1 2 0
0 1 0 2 1 1
Then
Solve the equation AX = B
gé‘) X= [ 3 N N N J [ N NN ] [ BN B BN Y ] s 6000 L N N N J [ BN N N BN ] = [ 3N B 3 I J [ 3 N BN J [ 3N BN B W ]
-‘.... [ 3 B W A ] .....-_ L..... .....A .....- [ N N N} [ N N N J ....:‘
1 0 o | [2 0 2 1 0
‘1o 0 1 {1 0 2 1 1
0 1 0 2 1 1 2 0
21. Let
1 0 1 1 0 -1
A =
1 1 0 and B = -1 1 1
0 0 1 to 0 1
Then
(a) 1 0 1 1 O "1 -.ooooo eoeecee oooo:.
AB = l l O ‘1 1 1 = eoe e eeece o ee oo = eco e oo
(name
O 0 ] O O 1 [ 3N BN N N 1 3 B M N ] U3 BN 3 W ) Of the
- - - matrix)

. o
. . e e et o ST

c 8 T
B ors Syt ror o Ryre et o A I
A e
T Y O AR peaaens AR R R S s
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1 0 0
0 1 0 = I
0 0 1
Notice that when AB = I, then A is the inverse of B, or A = 51
(b) and 1 O "1 1 0 1“ .—ooooo ececee ooooj
BA = "1 - 1 ]. 1 1 0 = XXX se0ee eseoee]T eoeus
(name
0 O 1 0 O 1 o0 o 00 o0 00 LI I Of th(

 as PE R D G e D WD WP Ve G W W WO G AW I WD W SN ED G G WD e WU WP D GD N B @ EE e R D G TR GED G A SO G0 e G T we BB NS G0 e S WS G ey D A AP MY A S D P P G D D @R D AR Y W e &8 W

1 o 0
0 1 ol= I
0 0 1

Here BA = I, therefore B is the inverse of A, or B = A~l

COMMENT
Te have seen in the previous frame.that AB = 1 = BA which shows that A
is the inverse of B and B is the inverse of A, 1f we put B = A=l in the
above equation we get
sl o1 =atly
Therefére A commutes with its inverse, It is true in general that every
matrix commutes with its inverse provided the inverse exists and is similar

to the ordinary algebra where aa~l = 1 = a‘la, Also if a matrix has an

inverse, it has only one inverse; that is, this inverse is unique,
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22, Let

e arpicabe

Then ' -
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et

(a) AZ =
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, (d) - - v -
1 5 0 12 0
(A -7D)~6(AI) = , -6

24 3 '

.
i

L)
o

-
o -
L 3C I Y ] o000
= =
@00 000000 0ONNQSPOENNSTSOSYS
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23, Ue saw in the previous frame that
(A2-7D)-6(A-T) = O ,
or A2-6A-T = 0 J

Therefore the matrix A satisfies the equation

OO P00 ® 048000 0HO OO OO0 SO0 OCS OSSN =0

VSt s BB T s N N Gl MRS e P P P G SO D B G B Ve G I WG M G N S oW B e G s D WO B W NS S P G AP M NS G R YN G G0 G B W S AP ND W O D MR e W G R OF 00 &b &b o &6 ow

.
3
i,

{

AR R IO R

AZ-GA-I = 0

COMHMENT

9 Once we have discovered an equation which is satisfied by a particular
1 matzix, it can be usad to find a reciprocal for the matrix., As the equation

AZ-GA-T

0 can be written as

A2-6A = 1
oY A(A-6T) =1

3 Then (A-6I) must be the inverse of A,
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24, I A= and (A-6I) is its inverse, then
1 2 1 C

3 5 0 i

i L i

R

- .
-
4
4 eeso e seevoee
b
9 -
XN KN ] eoeoes 1|

-

e e U D D Y D ) D D s TP D N U AR KD W D 6 WD GU G G A Gy G VT D ST M WP A fut WD M W e W W WD e S 0 D G S M M0 G O e S OD n ST G0 R G6 S SD e e B0 en WD e o W

]
(¥ ]
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-
H1
1
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}
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A = and A-1 =

[
L9
(L
1
e

- e

Then B -
"5 2 1 2 ceseone o.coo.l
-1

fl

® 000000

fl

LA;.. ]'A =

3 3 5 oo o0 LR N

R Ry R

L L

" let A = , then A“ = l i
1 1 | 2 1]

" L -

and - —
1 0 1 : OI oo 000 [ B A N J
(a) A-T = . -

1 1 0 1 ceoes cevee

o
bad -

PV D e D en D M P AR R W SN D AW G S D AD SN AR ED Ak o O TP GE g D G D W am N N W T TN NP D @ T NP S (e oot G T D W WE S NP SN B D GO AD U0 W an M WS Ep G5 A A N ey ae G0 0 o

g e I ST =
e A A A e T

sl L iaecod
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(A2-T)-2(A-I) = i

t
N
]

2 0 1 0 LI 3 N o060 @ O

— -

0

Therefore AZ-I-Z(A-I}

or A2-2A.+ I1=0

27. 1In the previous frame we figured out that A satisfied the equation
AZa2A4T = 0
or A(-A+2T) = I
Therefore the inverse of A is

A.-l: "oooooooooo':'oooooooooooo
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-A+21

ey PaTgn,

28, If A2-2A+1 = 0, then

1 A% = 2a-1

? L.

So A™ = (ZA-I)'ooo

= 4p’- sa 4T,

Sarag Bl

: 4tA2-LA+T can further be reduced by substituting

. A2= 2A-1, getting

L (2A-T) ~GAT

= 4[&"31

b
i

3
g
2
%
;.
3
23
5

29, If A% = 4A-3I, then

28

(LA=3T) 2

o
©>
i

CEED S WY ash o fomy o £ 2O, Lok
A S R R A TS SR

R G S P D ED P ET WS A D D ED D GN W WD P we N G S WD B AN P e e me S WD D OIS G S D N T v R % WD ED em D Ep S D G er GD G us P Ep Eh GD NP Af S0 D WP e wp GS Gp B0 AP T W

s AT
R A A T

(e

16A%-24A--OT

30. Polynomia1.16A2-24&+9I can be simpliified further by substituting A= 2A-1,

getting

16 (2A-T) -24A-+9T

00000008 ™00s00000s .
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COCUMENT

The polynomial equation satisfied by 4 is useful in doing other calcula-

0
tions involving A, As we obtained the value of A° without much calculation.

Once the polynomial equation of a matrix is obtained, it is much easier to

study all the other properties of the matrix.

Let A be an n x n matrix. Then A satisfies a polynomial equation of

the form ‘Ak'-‘-clc- 1A]‘c-l-§.o FEEEEEE R XY o-}COI =0

of a degree k which is not more than n and with numerical coefficients

o0® s 090 C
k=12 * Fo

Thus, a 2 x 2 matrix always satisfies either a linear or a quadratic

polvnomial equation, A 3 x 3 matrix alvays satisfies a cubic, quadratic,

or linear equation. A 4 x 4 matvix always satisfies a polynomial equation

of degree 4 at most, etc,

31,

Let i - ‘

o
ft
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oy
o
=]
5>

X

i

| I~

and - -

(a) A-I

i
1

L 4 -~ haaad
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A2-41-2(A-T)

0 6 ro
-2 l
=12 0. 1

D e S P D G4 D D S S R D P G WP G R D D G D e G S G G G OW @e B TED wum Ve PP G Ve N e G GIP G N M G D G0 @ o AP G5 o Ws G0 AP L5 NN G G0 oy IS ST ua G5 GD G5 08 B S A5 ov w e

3'} eeene

0

L -

i
o

A2-41-2(A-T)

A(L/2) (a-2T)

|
o

AZ-9A-2T = 0O

A2a2A = 21

1
4

Therefore the inverse of A is

(1/2) (A-21)
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33, If A = and AL = (1/2) (4-21), Then

b=t
P

e 11

1/2

s s Ny
era|
W
.
D
—’
- rarra wm?

3 1 1 0 1
3 - - L‘, —
’i - 0o s 00 o0 00 8® L..... ..'..—.

- e - - T GE ED S G SE ww G0 S G AR e md A G G S T EE ML P et e T G G SD GE WS ER S e G S ED G R Gw e GO G e WP LD AN A A R G D D GNP A S AP S ED G &% GBS S Em O es ee

R R R AT

a2

12 32

t |
=
(€%}

CaniaeRast e i

1 -1 1/2 -1/2

SIS R At F et

e

2
34, If A~ = 2(A+I), then squaring both sides we get

i
.
“
>

AY =

000 0000 SO GOOOQNONSLOESNOO OIS

i s
3 and after substituting A- = 2(A+I) in the right hand side it becomes

o

[ A T e00000 0000 0OROCOIOQRIOIOINOOS

4, (A242A-+T)

= 4(4A43T) |

35, 1f - ~

o
A= , then A% = 4(4A+31)

’ i1 3
or A = 4 ¢ + 3

)
o
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[7 12 23 48
l:. =
A 7 16 28

(2) VWhat multiple of I should be subtracted from A so that

-8

-

and I =

the element

E the first row and first column of the resultant matrix may be zero? .eeeee
i

4 2

é (b) Therefore - ~ . -

- 2 1 1 0

4 A=21 = -2

: 5 -3 G 1

ae 00 o0 000

f 00000 oo 000

‘g.;

1
‘

37.

A

9%

L]

I

2

{5

1

-8

, then A? =

[ 2 -6
i-BO 69

(a) What multiple of I should be subtracted from A? so that the element
of the first row and first column of the resultant matrix méy be zero?




(b) Therefore : -
9 -6

A2-91 = -9

-30 69 0 1

- ——

e ]
e ]

S N I GBS B TN VDGR W R A B GO D NP Y AD BD EP e AP AR BF w G W O AD an S AP K TS B0 AP S0 BD WS SH RS 6 BB ML OB . WD T BB 0D W = o

-
<

i

5 I 0 -6 0 1
A®-01 = and A-ZI =
-30 60 5 =10
(a) Vhat multiple of (A-2I) should be subtracted from or added to

(A2-9I) so that all the elements of the resultant matrix may be zero?eeesees

6 times added

(b) Therefore - - -
0 -0 0 1 s ceses

AZ-9T46 (A-21) = +6

"30 60 5 "10 eooe e ceoe e

S AP G5 ap We up N ML NS BD e A AP D W A0 D B o Gl AD BC ED G W S0 AP D TR N P Gf SIS AR I A G0 SO OB AL A A R TR 00 EE UL W) AD A WP M GF S0 AP S0 G5 AU U A T 4R G0 S A &0 W AP Ee S0 WD Be M B
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39, When A2-9I46(A-21)

il
]

or AZ4+6A-21I = 0
Then the matrix A satisfies the equation

A246A-21T = O

COUMMENT
From the previous frames you must have got an idea of how to find an
equation satisfied by a 2 = 2 matrix; To supmarize it, let Abe a 2 x 2
matrix and I a unit matrix of size 2, To find the equation which may be

satisfied by A, first we calculate’AZ, Then find a number '"'a’ such that

A-al is a matrix with element O in the upper left-hand corner. If it
happens that A-al is the zero matrix, we are done, for in this case A
satisfied the linear polynomial equation A-al = 0. If, however, any
element of A-al is different from 0, we continue the process by finding
a number b such that Az-bI is a matrix having 0 in the upper left-hand
corner. We now have two matrices which have 0 in the upper left-hand
corner; viz.,, A-al and A2-bI, Now, for 2 x 2 matrices, if A-al # 0,
then there exists a number ‘'¢" such that

(A2-bI) ~c(A-aI) = 0

which is the required equation,

G AVARE RS DA S SR e N SXijy
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40, Let

1 1
1 0

(a) To find a quadratic equation satisfied by the matrix A, first I

should be multiplied BY eeseeeee and then subtracted from seeeeeces giving

] (number) -~ (matrix)
vesses  eesees
A=1 =
'L....‘. [ B B N N

SN TR

ORIl SR A
L

% (b) After I is multiplied by 1 and subtracted from &, the next step
é will be to mulitiply I by

z

7 eeseeessss and then subtract it from AZ, where A2 = , Ziving
: (number) 1 1‘
[..... L B B J
A2-21 = 3 ]

RN e T R SRS (A

P

s
]

fod

[0 T 1
(¢) If A-I = and A2-21 =
1 -1 | -1
% . - - ‘ L “J .
3 Then to find a quadratic equation satisfied by the matrix A, (A-I) should be

o)

-

4 multiplied BY cceecoes and then subtracted from (AZ-ZI), giving
; (numbez -
AZ'ZI-(A"’I) = | = XEEXEREENY RN
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4
3
A
% ——
o

i
“
il
o

3

o
o

(d) If A2-21-(A-I) = O
or A2-.A-1 = 0

Then this equation is satisfied by the matriX eeescccccccccccce

e S

41, If A2-A-T = 0

or AZ-A =1

- then the inverse of A is

atl =

FRYER S

F SR PRE

If A%2-A-I =0
or AZ=A+T

then Al:.= o0 0600 0060606000 0006000 0000

and after substituting A2= A+I, it becomes
b |

A 000 0000000000000 000 0
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43, If A%= 3a421

then AS: ....‘.....C'.....CCOOOOOOO

[ad [ * r, L
and after substituting A<= A+I, it becomes

i
.
é‘

A-8= ..‘.........C......'.C..

-----—------n--—.--d----n-_------—-

u---‘----——v----—nﬂ----------——--------—----—
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": 21A-+-131

4., Now if

A= and A® = 21A+13T
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45, Let

A =
1/7 3

(a) To find a quadratiz equation satisfied by the matrix A, first I should

be multiplied BY eesececsesess and then subtracted from seceecsscseee giving

A=-(1l/3)I =

S S o Sy AW - nTYNE A e TG N
e

g




1/3, A,

SRR e,

1/7 8/3

(b) Uhen I is multiplied by 1/3 and subtracted from A, the next step

to find an equation satisfied by the matrix A will be to multiply I

and then subtract it from A% where ) 106/9 70/3

1¢/21 10

by AR R NN NN N NN

-
Y
it
1
2
i
.
o
x:
7
-

ey

giving A%-(10/9)1 =

e s00 es o000’}

!
}

0 70/3 ;
10/9 , J
10/21 80/9 J

. (c) 1If - i
. L A(L/I = and A2-(10/9)1 =

é 1/7 8/3 10/21 80/9

% Then to find an equation satisfied by the matrix A, (A-(1/3}D) should be |
multiplied by .....‘......“. and then subi:racted from (Az-(10/9) I), giving

AZ-(10/9) I-(10/3) (A-(1/3)T) = e veneens
--"—""'--'-“-"--‘---—--—-—«n-—-——-x——————----—----n------n-—- ---------- -tes os G0 on @ VHwm a

10/3

Sty b s ISR s Ly S
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(d) If A2-(10/9)I-(I0/3)Y{Aa-(1/3)I) =0
or A?={10/3)A = 0

then A satisfied the equation

= 0

0 S5 AT ED SN D ED U ED D S D e RGP P ED W S ED D D R D D ED U G U T P S AT D A W S S W <Pl G D D W e D ED GO P e W P e s e A En D S we P G O S S e e ED e A8 Y

A%-(10/3)4 = 0
Notice that A has no inverse as the equation which it satisfies has no

term which contains I (alone).

1/3 7
A = has no inverse is true also if we test it from our earlier
1/7 3 '
4

formula as follows:

(/3= @) =0

kG
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: Unit XII: Inversion of Matrices (continued)
: In the previous unit you learned a procedure to find an equation
: satisfied by a 2 x 2 matrix A. This equation was used to find an inverse
: of the matrix A, The polynomial equation satisfied by A was also used to

calculate A raised to a high power, ?

The above procedure can be applied to matrices of higher orders. This
3 procedure is based upon a theorem which tells us that every n x n matrix A

3 satisfies a polynomial equation

n
-

k k-1
A +Ck_1A +...... +COI

f with numerical coefficients, the degree k of this equation being at most n,
; In this unit you will learn the procedure to find the least equation
| satisfied by a matrix A of any size and then find the inverse of A with the

help of the least equation satisfied by A,
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2. If A" = 0, then the macrix A satisfies the equation
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3. If Az = §, then A3 and A4 also equal to zero., Therefore the matrix A

satisfies the equation A2 = J as well as the equations .

= d =
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COMMENT

We noticed in the previous frames that the matrix A of order 4 satisfied
equation of 4th degree as well as equations of 3rd degree and 2nd degree,
Therefore the equation of the second degree is the equation of the lowest
degree which is satisfied by the matrix A, It should be clear that the
equation of lowest degree which a matrix satisfies is the equation which
gives the most information about the matrix, There is one and only one
such equation of least degree for each mat ix; The polynomial of smallest

possible degree which a matrix A satisfies is called the least equation

satisfied by A,

Let 1 1 1 1 2 2

Then Az = 0 1 0
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and A3

Also
(a) 1 1 1 1T 0 O] [eeeee  cavse  asoen
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(b) : T 0 0 eeeee evee eeud
: A2-I = O O 1 O =]..... o009 00 o0 ® 00
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3 - -
5 (C) 1 0 o rooo.o (RN K] oooo:
A3-I = 0 0 1 0 = TEEX) XXX ses o0
O 00 O {_ | 0000 RN ) XN

fiS g

EATA

5

PRI R A,

0O 0

ER

goga

Ly

AT IS

Aruntoxt provided by Eic

i
UG TN e s,

() 2 2] 0 1 1] [eeese veeee eened]
(AZ'I)'Z(A’I) = O O '2 O O O = seoceo eceee [N XN eeo0seoe
J
0 0 O O O I FE RN soe00e o000

cd NS Y,
G APy cns RS s ST

A e

g2yt Pt o A I

s i b T A

L

Ll PR e T T
bt o s Pl

’

e R e

sy g e Sl b




2
2
5.

T P sV

]
o

0 0 &

¢ 0 0

Notice that (4°-I)-2(A-I) = 0 or A2-2A + I = 0 is satisfied by A.

P
5
Ly
E:
7.
2
.

s st el

(e) 0 -3 3 0 1 1 YRR secves XER X

(a3-n-3¢2-n) =10 0 o} -3j0 o o

0 0 O Q 0 0 E__ooooo XEXEE EXX XY

o 0 o

Here too (A3-I)-3(A-I) =0 or A-3A + 2I = 0 is satisfied by A,

RASGR S e o s 2 s

S AT S NS T A0 S B

(f)' We saw that the matrix A of 3rd order satisfied the equations
A%-28 + I =0
and a3-3a 4 21 = 0
Therefore the least equation satisfied by A is

a—
0000000000000 00GC000000000 ™ sescecs0esee
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7. Let' 1 1 1‘
A=3i0 C 1
1 0 O

and I =

0

1

0

1

=

(a) What multiple of I should be subtracted from A so that the element of

the first row and first column of the resultant matrix may be zero?

-~ - — . - -

(b) Therefore 1 1 1 0 O ceese  sesee  seses
A-1 = 0 0 0 1 0 =1 eesee 20000 XEXEKEK)

_‘1 0 0 0 1 secoee esceoe saces
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0 1 1
0 -1 1
) 1 0o -1
8. 1 1 1 ) 2 1 2
1IfA=)0 0 1], then}A2 =y 1. 0 0
1 0 O 1 1 1
N . . i
(a) What multiple of I should be subtracted from Az so that the element
of the first row and first column of the”}esultant matrix may be zero? ceeeve
2,
(b) Therefore 2 1 2] 1 0 0] [eeeee  eeeee  sones
AZ‘ZI_ 1 0 0 -2 0 1 0 = ceeveo ceveee eecee
1 1 1 O O l oeo o s600 0 LN N 2
3 ]
0 1 2 :
1 -2 0
1 1 -1
9. 1 1 1 4 2 3
iga={o 0 1{,thenad=1}]1 1 1
1 0 0 2 1 2 i

 (a) What multiple of I should be subtracted from A3 so that the element é

of the first row and first column of the resultant matrix may be 2ero? ..eeee.
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(b) Therefore 4 2 3 1 0 eoese seee s oo s
A~3-4I= 1 l 1 "'4 0 0 = ecsoee ecsooe TEX X
—’2 1 2“ 0 1 essecoe XX EX) cecoo |

i

10, Now 0 1 1

A-I = j0 -1 1

and A2-21 = {1

1

(a) What multiple of (A-I) should be

resulting matrix has zeros in row one column two as well as in vow one

column one?

co0oc0000

b
i

subtracted from (AZ-ZI) so that the
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(b) Therefore

(A2-21) -(A-T) =

ol

-

]

o000

L NN N
ot

G A D AR W ED VAR D AR AR s T D D U ED ED IRy S WD RGP e WD G ED G G YN D ED W G ED R SN G e AP ED M AP ED GD M OY P ED % ED RSP LR AP D D GD G D W D GD D an O e D @D wp TP W SO ap OB D @




ot o Lt e PSR T T A Y TS Do Py L £ £ S TRy S T TN Sy — - I ” . . H - ey e s YT e
ISR okl St i »*' W RN -;_‘47_,,>{, DN S R T R i e R B e o A e R o Na s B G i S e o
st At ot i O o i A T A e : . -

-

172

] o o0 1
] 1 -1 -1
¢

. 0 10

a-i=lo -1 1] and A1 =1 -3 1

1 o -1 2 1 -2

.. -

N

(a) What multiple of (A-1) should be subtracted from (A3-Z+I) so that the

resulting matrix has zeros in row one column two as well as in row one

N TN RS T

COlumn one? TR

(b) Therefore 0 2 3 0 1 1 oo e TR eoene

[ B N o000 o000

8
]
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e
2
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E, 3

a3-41)-2(a-1)

]
o
]
W
=
U
N

O
]
[y
=t
i

]

2 1 "2 1 O "1 sev0e0 [ XN X [ NN NN ]

12, Now 0 0 1 0 0 1

@?-m-a-1) = |1 -1 -1} and a3-ap-2a-1) = 12 -1 -1

o 1. o] , o 1 g
(a) What multiple of .;(AZ-ZI)-(A-I)} should be subtracted from

{(A3-41) -Z(A-IS} so that the resulting matrix is the zero matrix? sessses
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1
(b) Therefore 0 o i1 {o o 1]
{(A3-41)-2(A—1)j - %(Az-zl)-(A-I)‘} =11 -1 -1} 1 -1 -1
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13, We have
}‘<A3-41>-2(A-1>} - ~{(A2-21>—<A-1>1‘ = 0

or A3-A2wA-I = 0, which is the least equation satisfied DY 4eeecccesee?
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COMMENT

In the previous unit we gave a systematic procedure for finding the
least equation satisfied by a 2 xz 2 matrix,
Also in the previous frames you must have noticed that the same proce-

dure was used for finding the least equations of 3 x 3 matrices, The
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preceding procedure, being general, can be applied to matrices of any size,

3, o000 0 An. ‘I\Te ' . :

O et

Let A be an n x n matrix, We first calculate AZ, A
then find numbers aj, 22, eeeees, ap such that the matrices By = A-a1l,
By = Az-azl, cecseseses, By = A%-a I &1l have the number O in the upper left-
hand corner, If B; = 0, we are done, for then A-ajI = 0 is the least equa-

tion we are seeking., If not, we find a second set of numbers b2, b3, esececss,

b, such that the matrices C, = B2-byB1, C3 = B3-b3By, cesscnces, Cph = B,-bpB1

have zeros for elements [Cl1,2 as well*as for [Ciqy,q.

1f Cp =0, i,e,, if (szaZI)-bz(A-all) = 0, we have the least equation satis-

fied by A; if not the process is continued,

14, Let | f2 3]
A =) -4 OJ

(a) To find the least equation satisfied by the matrix A, first I should be

multiplied bY 9000000000 00000 and then SUbtraCted from sesoccssose giVing

- " " - ' o,

: — }’2 3 - 1 0 YRR esoee

A- J21 = =42 ;1 =
-4 0 10 1 sscen voeoe ' 7
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(b) When I is multiplied by,_,/:‘z- and subtracted from A, the resulting equation

A-/‘EI...O;gtherefore the next step to find the least equation satisfied by
= 0T §2)
the matrix A will be to multiply I by 10 and add it to A2, where

s —
——

9 -10 3/2

] A = ' » 8iving
4 /2 -12
‘:( -10 /E 1 0 XEXK) XXX

O 1 L I AR N o0 060

:»N
+
I-J
o
4
i

\

L-*..——-.j

+
|
o
it

St LA b RN ERt RS R A bR g i

-~ Jand A” 4 10T =
'—-4 42 42 -2

() - lo 3 0 3
Now A~ ﬁI = ) 2 _ /_

-

Then to find the least equation satisfied by the matrix A,

(A-—/EI) should be mult iplied} DY ceevesesss and then subtracted from

; (4% + 101), giving . ‘
. —— 0 3/2 O 3 e 000 o000 00
2 f"’ :
A +lOI" Z(A" 21) = avar . - 2 = = eesveeoe
i / "4/2 f-z“! / "4' -ﬁ— enooe oecece
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(d) If A° + 10I-[2(a-J21) =0

2

or A“- 24 4 12I =0

Then the least equation satisfied DY A 1S ceeesececoscccccscccscscsssscss

A%-j2a + 121 = 0

15, 1f A%-f24 + 121 = ©
or (1/12) g/EI-A>A =1
then the inverse of A is
-1

A =.................

(1/12) (f21-8)

= (1/12) (f21-4)

= 1/12
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17, Let

=2
fl

(a) To find the least equation satisfied by the;matrix A, first I should be

multiplied DY seceeevess and then subtracted £rOM eeeeeeceeces, giVing

A-T =

W e e S a M e e+ e - 4 b e e e e s
- - - =

Id‘
o
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1 O

1 1
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e

0 6_ _;oooo eaveoe
1 0 = eeose 0 sevoe
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(b)

A-1# 0, therefore the next step to find the least equation satisfied by A

Will be to mUICiply I by ee0ces00cee®oscoe and SUbtraCt it from A P

where A2 =

A"-31 =
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3 1

2 1

giving
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When I is multiplied by 1 and subtracted from A, the resulting equation

2 ;
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(c) Also multiply I DY eeceesessess and subtract it from A

10 4 9
where A3 = 5 2 4 giving 4
22 9 19
_ - . -
10 4 9 1L 0 o0 [e00ee ceeed]
Baor= |5 o2 a4l celo 1 ool Ll
22 9 19 R T N E e
10
0 4 9
5 -8 4
22 9 9
< A
(d) Now o 1 3 o 4 9
aA2.31 = {2 -2 1] and A%-101 = 5 -8 4
7 3 3 22 9 9

The next step to find the least equation is to get a second matrix (of the
. . 2
above two) with zero as element in row one, column two, Therefore (A" -3I)

should be multiplied BY .eeeeeeeses and subtracted from (A3-1OI), giving

e

(continued)
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; A3_1OI-4(A2-31) = 5 -8 l’ -4 2 n?- 1 = [ B B 4 [ N N J o000
% 22 9 9 7 3 3 [ N I N [ X N N J o0 0 d0
- e e e e e o e e e diea T eaemec e cmemmcccmcmc— e n—————

PR B S e
<
o

]
w

L T FAL S

sy

(e) Now

3
and 4°-101-4(A%-31) =

f

-t
<
o

A-I

To get the zero matrix (of the above two), (A-I) should

and added to AS-10I-4(A%-31)

0 0 =3 0 0 1

giving
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(£) The equation A3-1OI-4(A2-31) + 3(A-1I) =0

2
or A3'4£"X + 3A-I = 0 is the ooo.o....00..0..0...o;..xosatiSfied by A.
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.

least equation

3

18, If A”-44°

+ 3A-I = 0 is the least equation satisfied by A, then the inverse

of A is

[1-1 = .........O..............‘OO.......
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A2.4a 4 31

19, Let 1 0 0 O

then
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20, If 1 0 0 0
0 0 C 1 2
A = then A = 1
0 0 1 0
0 1 0 0
- g
Therefore the inverse of A is
A.,lg o0 [ N ] L] o o e 0 [

0

0

0 1 0

1 o 0

Notice that A% = I implies that A is its own inverse,

COMMENT

We saw in the previous frames how to calculate the least equation satis-

fied by a matrix, Once we know the least equation satisfied by a matrix A,

we can easily see whether or not A has a reciprocal,
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: 182
If the final coefficient c; in the least equation satisfied by A is different
é; from zero, then A has a reciprocal as we can see from the following:

We may write the least equation satisfied by A in the form

-1
AR + ck_lAk + teeeess + C1A = =cpl

k-1 k=2
or (A +ck_1" + cescccccas +C11)A='COI

Since the numerical coefficient cpy is different from zero, we can divide both

sides of the equation by the number -c, and find that

"(1/(:0) (plk-l + CI(_lAk-z + LICC N N ) + C1I)A = I

This makes it plain that the matrix

| ’;-(I/CO) (Al(-l + ck_lAk-z + LICIC NN ) + ClI) {

L SR

is a reciprocal of A,
1f the coefficient c( in the least equation satisfied by A is equal to

zero, then A does not have a reciprocal,

' - : -~
21, Let 1 2 . -5 2|
A= , then A™" =

3 5 3 -1

and 1eth'l = B, To find the least equation satisfied by B, I should be mul-

tiplied by seseee.s and added to B, giving

s Sxnis SR T S R T SRR A Ut O T T 5 = e
T e i T S e S S e B
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now I shbuld

22, B + 5I # 0, therefore to find the least 'equation satisfied by B,
be multiplied DY .eeveassesseeeses and subtracted from B2
31 -12
where 32 = giving
~1s 7
- - e - )
2 31 '12 ‘ 1 0 rleooo eve0 00 i
B“-311 = ~31 ' = | i
"'18 7 LO 1 gooooo seo00 :
31
- 7
! 0 -12]
" '- X ) %
[‘lo 24h§
23, We have 0 ) Lo -12]
. B+ 5I = and B-311 = | |
g 3 : -16 -24{

To find the least equation satisfied by B, (B +

T

oes 0000000000000 008 0 and» added to 32‘311, giVing

5I) should be multiplied by

0 -12 0 2 Teseoe ouooo_i
B2-31I + 6(B+5I) = +6 = | = veveennee
| -18 -24 3 4 gooooo oooooJ o
0 0
= 0
0 0
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24, The equation

B2-311 + 6(B+51)

%4 6B-1 = 0

{i
o

or B

. is satisfied by B, Therefore the inverse of B is

-l =

B+ 6I

25, Now -5 2
B = and B'1 = B+61

, Therefore
’ - - -
7 '5 2 1 0 ".oooo .....'-3
B~ = +6 =
L 3 -1 . 0 1 lesecee cevee |
4 e e mmc e e ——— e e — . S e m————— e — o mmmmm—meme .- mmm——————————
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26, In the previous frames we figured out that

[1 2] -5
If A = , then A1 =
305 3

and if A”L = B, then 7! =

- -

1 2

or (A-l)-l,?l- = Q000000000900 OSOONOINOGIPOSEPONOINONOITS

3 Sj (name of matrix)
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That is, the inverse of a1l is a,

27, Let _0 1 1 6]

1 0 11

i then

: O 1 1 0 {’ooooo ooooo“i-
AB = =I ;
i 1 0 1 1 '-i......... .O0.0§
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28, 0 1
If A =

1 0 | |

2 ~

Then i-ooooo ooooo-i
aley |
ieeses s i
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29, If B = ‘ . . = ?

- [WeN ’f”
1 ; ss e oo es oo f

Then B - = g ; i
[ socoe ceeces !

o2 3
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then
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g 1 O] ’0 1 {ooooo e e
p-la! = i | ] - | |
-1 1J '..1 0* ,fwooooo oooo'o‘j.
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31, If AB =1
; 1

then 1 s'-..... l....."i
- 3
i (4B) = = i
: ieesee sesos
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32. Now o -1 0o 1

and (AB)'1 =

LS

=t

1 -1 -1

- - A

-
|
B'lA'l = [

Therefore (AB)-l is 90000000 000000000 NBOOOOOS to B-lA-l

(equal/hnequal}
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¢ equal :
] We saw that if A and B both have inverses, then so does their product 1
% »; . | .‘ . . . e ;
i AB., Also it is true for general, i.e,, given a finite number of (square) :
: matrices of the same size, each of which has an inverse, the inverse of the 7
.
product of the matrices is equal to the product of their inverses written ;
in the reverse order,
’ . -3 i N
; 33, Let 1 2 i 1 1 ;
g A = and B = |, £ind 4”1 and 3-1L,
lo 1 ‘ 2 1*
i | » k ‘
; !0.... 0.0..‘! '...0. 0.000;
- - i } - i I
] a~l= ' and B LR ;
4 X R XX secee, %ooooo secee
1 -2 1 -1 1
‘ Al = B =
g 0 1 2 -1
1 - *
4 i < o
* 34, If 1 -2 11

then
i . £ -
S i -, i
? =1 1 il ‘ZE socee 'YXXXE
] p1a-1 o i | . |
2 ‘E; {0 1; ,ooooo oooo;
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35, If A =

----------------—-------—u-------—-w-------—--—-—---——n-——-—
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| 5
then AB = |
02

1

g
|
h-l

g and B = .
1i ’2

)

=

_1 -A;oooo oooooz
(AB) = | |

(V3 Iy
e et et

e

36. 4
(4B) " =

|
l
!
i
S

pReye

- 5 |
1 3

{ = B']'A"1 shows that
2 -5

the inverse of (AB) is equal to the product of the inverse Of seescececccacces

and the inverse 0f cceececosevseccssss

----————-—----n--—-----n----------u---—----n—-—---——-—---

A

37, 1f (AB),'l is the inverse of (AB), then

(AB)'l(AB) = Leeescees = (AB) (AB>'1

38, If A satisfies the equation A2-20431 = 0, does the inverse of A

eXiSt? 00 800 0000000000000 90

(yes or no)
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Yes

39, If A satisfies the equation A2-2p + 31 = 0, what is the inverse of A?

A-1= o000 0GOSO DONOOS

A’ D M D A R SD WS D AP WE G A U D GO N0 e A N0 G A5 ek W Gy ER Gn SN ©6 WD U Sv U5 TD @ A @ B e

i
S SIS AL 21

(1/3) (21-4)

40, Let A and B be n x n matrices and assume B'1 exists, Then

eas-1y* = (sas-ly (@aly . . . (eas’h)

2 EOT L 2 s M G A A g SRS

5 Y
i &———— Lk of them —

ﬁ These k £factors of the‘right hand side can be regrouped by taking out B

from the next factor and including it in the previous factor, Therefore:

PETLEREIRRA

@EAB"H)E = (BART'B) (AB7IB) + . o (AB"IB) (eeeererienes)
o k  factorss—- ; > ,
(write last factor)

Zais Rt

NI I

|
]
]
]
1
]
]
]
]
]
]
1
f
[ 1
]
]
]
]
i
H
]
!
]
]
!
]
]
i
1
]
]
’
]
£
1
]
]
]
]
]
]
!
1

Ha e et et

78
-

apt ;

41, The right hand side of

ap~Hk = (eas~lpy aB~lmy . . . (aB"lB) (aB~i)
{——— k factors — >

TR

can be simplified further by substituting B~1g = I, leaving :

4 N -1.k 1 : 3
(BAB" )" = B A® ceeve ;
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Unit XIII: Inversion of Matrices (other method)
The inverse of a square matrix can also be derived from properties of

the cofactors of elements of its determinant., A property of cofactors

important for developing the inverse of a matrix is that the sum of products

of the elements of one row (or column) with the cofactors of the elements .

of another row (or column) is zero,

The cofactors of the elements of the first row of the determinant

1 4 -8

lal = 2 5 9 are

5 ol 2 9
) (-1) = eeeee =3
6 10 3 10‘ EEEEX eoooe

]
)
B

<

PN
A

In the previous frame the cofactors of the elements 1, 4 and -8 are -4, 7

and -Jﬁ”nTherefore the determinant of A is
“4¥)l 4+ 7RO = ceeceKesses = 4

. - 7
'i-—---—---.‘--,-:------u-—----u—-----—--—------—-—-—-——---—-----u—--n———-—-----—----
i< *+ £ o Y n

Ny
o\ caen . A
’ Y

-3 x -8
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3. The cofactors of the elements of the first row of the determinant

TRy, S HAT T

la] = |2 5 9] = 4@

W
)}
et
<

are -4, 7 and -3,

(a) The sum of products of the elements of the 2nd row with the cofactors

of the elements of the lst row is:

b
; .
&
s
.
3
¥

2X‘4+ eeeesXsosee +ootcnx"‘ooono = sseve

s pie

YA PR Ll

w
e
~J4
+
\O
]
1
(O]
<

] (b) The sum of products of the elements of the 3rd row with the cofactors

-

z of the elements of the 1lst row is:

e G R

seeeeXX"eevee +o¢tooxooo-o +noooox'ooooo = eecec
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RO SR A

3x=4 4+ 6x7 + 10x-3 = O
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(c) The cofactors of the elements of the second row are:

. 4 -8 seeae scscee XK ese o
("‘1) -38 = 34 and ("1) 2 eee
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(d) The sums of products of the elements of the 1lst, second and 3rd row

with the cofactors of ghe elements of the second row are:

1x~88 + 4x34 + (-8)xb

...;x-88 F veeeX3b F veeeb = seeee
....X-88+....x34+....}{6 = oo 000

0 v WS OB WS GE e S G WGP aD D G e W GF NS G BN S0 Sm WS wp % OO AN M GF M UF D WF B m e e M e MR v e

2x=-88 + 5x34 + 9x6 = 48

]
o

3x=65 + 6x34 4+ 10x6

N

tee by

(e) The cofactors of the elements of the 3rd row are:

.;; [ N sseo oove s00 0

_’;". (-1) = sSe s o ; ~‘= ee oo
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(£) The sums of products of the elements of the 1lst, second and 3rd row

with the cofactors of the elements of the third row are:

000005576"' ooooo}{-zs"' ooooox"B = ...':‘t‘.
QQQQQX76+QOQQQX'25+oo.oox"3 = eseve
oooo~X76+_qooooX"25+ooooox"3 = asceee

1x76 + 4x-25 + (-8)x-3 = 0
2%76 + 5x-25+ 9 x-3 = 0
3x76 4+ 6x-25 4+ 10 x-3 = 48

4, In frames 1, 2 and 3 we have seen that the sum of products of the elements of
one row of A with the cofactors of the elements of another row of A is zero,

Also the cofactors of the elements of A can be represented in a matrix B

-4 7 -3 1 A -8
-33 34 6 {= B where A =] 2 5 9
76 -25 -3 3 6 10
- - - -

(a) Eacu element of matriz B is the cofactor of the corresponding element

of matrix A, Therefore 34 is the cofactor of ..;.....
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(b) The transpose of B is called the adjugate, or the adjoint, matrix of A,

Therefore adjugate matrix of A is

F
eccooe
4
B= ..‘3{.“
tocee
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(c) The inverse of A is calculated as rl__x B, where |A| = 48, Therefore
Al
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7 34 25412 5 91 =

-3 6 3113 6 10
L L
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43

o009

25000
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5. Let

(a)

450

1 0
43

0

10 5 9
- -

The cofactors of each element of A are:

1st row 11, -4 , =10
an ro‘q LR NN N 3 o000 00 3 LA N NN

3rd row -3, =3 ’ )
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(b) IAI = 3x.ooooo + 1X"’.ooo + zx.ooo:o-.’ = eecee ‘ | o <

3x1ll + 1x=4 + 2%-10 = 9

A

3 N

o

(¢) The matriz B of the cofactors of all the elements of A is

2 e v S ST

s

B=leseoe secae esese | and therefO_re adjugate of &4 is

- -
[ N N N J eo0esooe o000 oedvG OO [ N N NN J [ X N N/
s0000000 = 90000 so000 [ X N NN J
[N N N J [ X N N N J [N N N

_ s

11 -4 -10 11 1 -3

-3 -3 6 -10 -5 6

d L 23 -

(d) Therefore
A-'l = L eocee secee XXX

O =




then
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(@) |A] = o0
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1 (b) The cofactor matrix of the elements of A =

;f Leoooo ooooo..'
,

o
3
v

3
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L (c) The adjugate matrix of A =

5 rooooo eccee
i
[ ]
R

L
(d) and therefore the inverse of A = sl =1 - -
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1)
(2)
3

(4)
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COMMENT

We have learned that if A is a square, nonsingular matrix its inverse,

has the following properties,
The inverse commutes with A, both products being the identity matrix:
Al = 1 e anl,
The inverse matrix is nonsingulaz,
The inverse of A~l is A: (’A"l)'1 = A,
The inverse of a transpose is the transpose of the inverse:

o 17

4 ° = (A7) .
The inverse of a product is the product of the inverses taken in reverse
-1

order, provided the inverse exist: (AB)"1 = B A'l.




Unit XIV: Vedtors

'In the previous units we have studied square matrices as well as rec-

tangular matriczs of different sizes, but a matrix may consist of only one

row or one column, This form of the matrix is called a vector, A matrix

of one row and two columns will be called @ YOW cescoeeee OFf size 2,

vector

2. A matrix of one row and three columns will be called a oW ¢4ecc0eeeses Of

size 3,

vector

3. A matrix of size 1 Xn will be called a row vector Of SiZ€ cecccecccccscsce

RARE

T

. : n

4, A métrix of 2 rows and one column will be called a column sececcccccccee OF

size 2,

vector
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A matrix of size 3 x 1 will be calied a colUmD csecccecce OFf SiZC cecencssces

200

D MR CE D Sh e e T e S Y e M D D e D A A S ED G S R L W TP e e wr S P G S E P Gk G G P G EP S SR A S ap S e SV G EP D P ED S G S G ED EP D P P P WD G SR P P D D ED S &

vector, 3

R I o b,

S e

Ry e O AN P

A matrix of size n % 1 will be called ceeecceccee VOCLOr Of SiZ€@ cececccscse

colunmn, n

1-7.

The following matrix 3

1

% -

is a’ COIumn 88 0000080000000 00 Of Size 0000008000000

vector, 3

8,

R R T el F

The following matrix L-l 2 3 ]

is a o0 08000000 o080 000000000 Of Size 0000000000
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v

row vector, 3
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v = is an example of a wow vector Of SiZ€ seeecescess :

)

--O--------ﬁu~ab---ﬂ-m---~l¢----c---------n--------G------n---m----c-------------

3 :

-

10,

=T=
ve 2_!13 an example of a column vector of 5iZ€ secescccsccee

1i,

Two row vectors, or two column vectors, are said to be equal if and only if

corresponding components of the vector are equal, Thus the vectors

la 3, 4 and!a J:” 4] are G0 PO OO0OGOONLNOIOOOINOOSOLNTNOASGOOOIOOONDNDEOGES
~ | (equal/unequal)

equal

12,

If u-=

and v =

.

|3 13

then the vectors y and ¥ are scecesccscccescccccscsccccs
(equal/unequal)




' 130 veCtOI;S P-=[1’ 2’ 3] and !s 2 are ooooo%,:"'“'ooooooooooooooooooo
» (equal/unequal)

il .
. < w7

, @v i ‘
3 SRy aunequal
14, Let u =juj, u,, u3-' and v = [vl, Vo, V3] be, t:wo row vectors,

g Then their sum u + v will be component-wise ad}d’it;‘ion as follows:

utv= ju; vy, ug+ vy, u3+

Ifus= 1,2,3' and v = [4, 2, 6]
. ) . . v s \',‘v{’%‘
- Thenu+v= ssceey seceey XX TN ‘v:‘*}ﬁi

15, Let uy F Vi ;« :

43

Then u+v = | uy+ vy is a vector of siz"ef;, "eseeesescessssves

*

s
* Qié 4y

LI

S

X

"

Ll =

T

|_u3 + v3 o ;
---------------‘-------------—-q------------&-:’--%-------------------------------

i

bl

Kt

*&.

& # i

AT

M A S

LR

SR SRS AL

< C e e e e S e p— e . PR [T

2 IR . . L | -
xy " - " i qugnﬁ?«,‘m mﬁw,’“

e
N s a3 s o o P o g D s e i



W

A W wm - e = - oo Ladad kel ol
i G op NS TS e ED D G Y D s W N an e ey SR D YR G ED D o D WY ED ED D ED DA e - .- LA N X N N X L N ¥ X 2 J - - e - o= -
v .

L -
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17, tetus=[-2,5 2] aay=|3 -, 4]

4 Then 2+Y_= esceny ssece sseece

¢

¢ 4

: and !"‘2"" sovoey seevey ooooo..

’

ey

A

and therefbre E_‘l' ‘_’ and Y_+ 2 QY€ L0000 3000000000000000000000000
(equal/uneaual)
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ue |2 | andve | 3 |

Then u+ v = veeee

and v+ us= cecee

and thereforeg+!and Z+2are [ F N N EENNNNNENNNINENNNNENNENMNNHNJ
(equal/unequal)

bad A L A A & 0 L L L KX LK R Y LY FY XY ELYEYXYRERR ¥ FY LYY ¥ Ry X L XN X L K E K K R L L E R X B R XJ

1 1 }, equal

19, The sum of two row vectors of the same size 3 is the row vector of SiZ€ ceeececee

A0 ) SIS Gl 5 4D S5 ED ED TN QL D G G5 0% N ED ED GP 0 S0 D ED ED ED UP ED 40 2 ED 5 oo S ED ED G €D @O G0 D € @O G EF &0 4R U ED W S5 G5 &0 S0 U0 D P A EP on U0 G5 G5 G 0D W) e O D G0 G0 €D 4P OB AP @D M0 W =

20, The sum of two column vectors of the same size & .iS the veececscccss VECLOr

of size e0cscccsce

A% ED S5 ED O ED G5 ED ED W G0 G5 AR U5 on 5 G5 GO ED TS WGP G BN G5 G OF GO T« G TN OF G5 G5 A G0 ED €5 P ED G G ED G GF €5 4y EF TP G GD ED LD U5 ED G5 M TN 49 P NP G AP AL GD GF GD GO ED 40 GD 4D D @D @B W

PR . - . PR F— C e e . . L e e i
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colum, 4

21, The sum of two n-component vectors (either row cr column) 1s obtained by com-

ponent-wise addition, and yields another n-component .eccecccscscses

G ER A SR TP EDGY SR R AR SR W gy S0 A A TR AR AP R A R G D P P AR NS UP G AR AR N D G T U G S D Gy SR P GD TP S T D P D D R TP 0 G0 WD G GD @B Y P W GB AP @D WP WD TP B TR B 40 G W B

vector

COMMENT

Observe that we do not add vectors unless they are both row or both col-

umn vectors, having the same number of components,

Also we have seen that the order in which vectors are added does not

matter; that is,

R R

BTt
g,

uty=yv+u

where E.aﬁd v are both row or both column vectors,

Smigyanto e by

Therefore commutative law of addition holds true in the case of

Sl S At

vectors also,

22, The multiplication of a number a times a vector v is defined by component-wise
multiplication cf a times the components of v, For the three-component row

’ vector we have ‘ -
'- av = a ["1: Vo, v3] = [av]_., avy, av;;J

and for the three-component column vector we have

- - -

u]_ XXX X

SRR S T

au = g uz S eceee

i.u3 esceoe

—_ -r L

A e ba—r— s e wn s s e
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auj
auz

au3

23,

Ify_=[1, %, 71, 9] then

Sx.a [....., *t0020 .C..., o000

----u-—--------D---_-------(m---------ﬂ----------------------------------------.

[5, -20, 35, 45‘]

-

If u = Lul, u,, u3] , then
D = D [u, uwy u)

= XXX XN secee XXX X

T
----Q-----------m------------------------------------u-------m-------------n---

[ -01, "'02, "'03 ]

25, °

If u is any vector then its negative -u is the vector (-1)u, Therefore if
us= [“1: uy, uj, u4J , then

-u = (-1) [ul, Uy, Ug, u4] = [....., ceceey eseseey .....J

['“1: “Uy, -uj3, '“4]

26,

‘Letg=[5, 6, 7] and v= 11, 2, 3],then
6, 7 - 2 =

u-v = 5, o, [1, » 3] [ooooo, XXX XXX Y
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27.

Let

OO DD AL WD R ED D ED e M P CS O D U D WD T S0 GD S ED AD ap 45 4D @9 SD @ G 6 S wr GO GD I WP S5 00 A5 G5 S WD N0 AP S BF S0 ED SN AP SD EP 0 SN S0 S5 D me G SP AP D WP G S ED 6 K @6 oh I @D SPGB G W W

and v =

then

000006000800

L

~“1‘V1~
Uz=v2
'03-‘73_
28, Let 10 | =3 1]
u 8 y V= 5 , and w = 3 . Then
. 6 7] 4 ]
10 ] .3 ] 1]
ui3v-Su = 3 +3 5 -5 |3
| 6] | 7 4 |
I—‘10-' ! .C.CC-. ...C.’.‘ 1 .CCC.—
8 + [ X X N N ] + ; o000 = [ N N N ]
-6J . .CC..- E"O...C. [ X N N N )

D an P ED ED Y ED S en M @ 5% S S ER KD WS ED SN 4D S s A T ED S NP G T D AP S0 D 4D TS N 0 GY N WD S GO S0 ST 0 G GD @B S T TP <P AT G0 NP ED WP WD P WD S S0 WP TR A0 G 00 TN D 00 WY D 4B OF G S G o0 0 M
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DR LR st

e
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t
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, 29, Let u= [7, o, -SJ y U= [2, -3, 1i ,andt_f:__:-:[l, 0, -IJ. Then
2u-3viSw = 2 [7, o, -5] -3 [2, -3, lf-!- 3 [1, 0, -IJ

R A

3

3[...., 00060 9y 000

e . o
L AR R B R R R R L B X ¥ X X R F X L X L X X K X X L F N E E F N X E K L E B X K E E R KX R R N K B R R 2 R R N 3 B B X R R R R B R B B2 24
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SRR EA DT s:""ﬂ*'sg

e

[14, o, -103-:- {-6, 9, -3j+[5, 0, -5] '

[13, 9, -18]

30, 1Is the sum 1

(]
N
T I——— L

pOSSi.ble essccocvsonsooe
(yes/no)
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3l. A vector whose components are zero is the zero vector,

A
b
o
£:
o8

o -

The vectors 0

gyt

Gompet

[
n

0|and 0 = [o, 0, o]

auizae

i
3 0
%
b

- -

are three-component evscecscoe osevecevace

3
b
i
Ey
4

PR e

zero vectors :

L 32, Let 5

u={ 0 s then

ﬁ i 5 o [ N

z g'-.I-Q_B ¢ 0 4 Y = sesesce

-3 . 0

a LR R K R R D L L L L L L L ¥ L PN Ly Y ¥ F Y8 ¥ N FY§ LYY X X XYY Y Y3 Y2 ¥ 1 ¥ )

-~ L

gy

EER MR S L el s

PRy T

33. Lety_a{vl, Vo, VS] , then

vt 0= [_“’1-‘ Vos v3] + [i’z, 0, OJ

, e [eeres cones  eend]
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Lo R R R R R L R X N N N - N N N N N N N N L Y ¥ % X K X ¥ X F ¥ ¥ ¥ X ¥ ¥ §F ¥ ¥ X L N ¥ ¥ J
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34.

if |3

B eesrey
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s then
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35,

1f

%

YTy sy rr x>y yryx ey x> x>y x>y r Y Y R R NN R N O X N X XN N N Ak Al Al ol el

[ N N J

S

-

R

2




VRN T

WY SO,

BRI b

ke
e

]
5
A

oitosestiadinac i

so

S 2 o kv

3
ki

EEsasi i B

36, Let 3 4 7

and B= |6 0 O] which is equal to the column vector

Therefore

AB = O 06 0 5 0 O

= [3, 4, 7] 6

Jo o of |1 ¢ o 1

| [3, 4, 7]

which is equal to the row vector [;...,

o000y

[ X X N N J x..... +..... x@...‘ +..... X 00000

= 123

6xb4+4+1226+4+3x9
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? 40, We figured out in the previous frames that the product of a row vector and

a column vector (both of the same Size) isia 6eecstesecssctenstcccencasRtsee
(number/vector/matrix)
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*:\~ )a§“~ o g,,
41, We have seen that the multiplication of a row vector by‘"’a oty nm?cqqr_.j_ (bot:
P R e
TR b x* 'M’f"
of the same size) is similar to the multiplication»gof twa ‘trices, the,*

oo

1“ the row vector is equal to the numher of , ....«......... of the column vect
7 .--------‘------------------------------.ak---:-----------%—f-_’;-:i-----Tff*% .
. R P
T * R
: . e s V%?s;;cg‘é.t?a‘ » - «%"F“f‘
EY A ® Y 5’}"«“% ?“!;:4\).‘5@;%
m‘gﬁ 2, -;r:"?;f.}"
o Ly .*..:}‘M’:
: ’ Ve R,
ﬁ*"
rows s O,
M g ' ’ ) 4; T
- 42, Two row vectors of the same 8ize€ (00000000 s000 conformable for mult:.plica- SR
| (are/are mot) , ., S
' tion because the number of columns of the first vector:eececescccccsscccs e
deo TN (is/ is not)

equal to the number of rows of the second vector,-:. -.
| - \
o
* y

S}

R A0 P Ry

i

AT

Nn e

G EEAYS

are not

is not 3

43, let us |u, u,y, 'u3] and v=lvy, vy, Vi

Then v = .“1’ Uy, u3] [vlf, Vas V4

Does it make any sense? tsc00csc00ccccoonse
(yes/no) y

)
.--.--m-.------..-------.---‘---m------.-----.---D.-.b..------C--.--.’.'.-..-.-nnﬂn
A ’
. 3
voe “

Y ) > tr
-

- . .
" ® . v,

44, Two column vectors of the same 8izZe ..sesccesssecsss conformable for
| (are/are not)

multiplication.




are not

& * - b = .

Does it make any sense? Xy
(yes/no)

T LY
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gy

, + 0
1 46, The multiplication of a row vector by %-cgg

product or a scalar product,
The followling product

v ]
P vl

V3

C ceeesssecsssscecees 8 Mminor product,
(is/1is not)

ke ) RN by
. L
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47, We learned that a matrix can be transposed by changing rows into columns and

columns into rows, The same principle can be used for transposing row and
colunn vectors, Therefore after transposing a row vector it will become a

ceevcecscceee Vector and a column vector will beconme @ seececeseee VECLOT

.-------------------------------------.------------(.----“----------------------

column

TowW

48, Let u and v be twc column vectors of equal size, then the multiplication of

the transposed of vector u by the VECLOr ¥ sieeesescscesss conformable for
(is/is not)

multiplication,

.---i---------------—----.‘--------_"------------------------------------------

is

49, let u = {61: uy, Uy, ué] and v = t?l’ V2, V3, v4]‘. Also ¥ is the

transposed vector of v, Then

and -

Vi
v
2!’ = [ul’ uz, u3’ ul].] 2 B qacee T cesee T cooee * cooee
v
3
M

uva+u2vz+u3v§+u4vL

[reiney e T, S e e R . - e R TROE

T e i e W S AT U e ek 4 T g it T R s e e SRR o B
b AT kA e T 0 G AR AW AT PV 3 i G s T o AR it WA et s

3
%
B

2 e v
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50, Letu= [u, u,, u

, .
3 u4J and v = [vl, Vys V35 v4]. Also u is the
transposed of u, Then

r_u....i
1
¢
’ -1 Y2
vus [V}J; Vz, V3, Vl" = ce000 F seeee T seeee F oeeee
- 03
ug

K
LA A L 3 2 L A X T 1 X L ¥ ¥ ¥ X L ¥ F 0 X F ¥ % X K L ¥ ¥ X X X X & ¥ L X X ¥ X ¥ ¥ ¥ ¥ 3 X & X X X F ¥ X ¥ 3 F ¥ ¥ & ¥ ¥ ¥ ¥ ¥ ¥ ¥ Q¥ & X X L 3 ¥ ¥ X X J

VluIWZU 2+V3u 3+V 4‘3 4

- V4
31, Let us= !. and 9_: v their transposes,

Then |

2!‘ [ul) uZ’ u3] V2 = XN ¥ X + eevae + eseoee

~v3.J
-
1
7 g g .
and v us= lVl, Vz, V3] uz = scoes T soeve F coose

’

Therefore u v and v

4
U  cesscsescsscceccces equal,

(are/are not)

LK 2 A 4 B X L & 2 X X L X X 31 X L X X ¥ ¥ ¥ L J X K X N X X N ¥ ¥ X 2 2 L ¥ ¢ X X ¥ F & ¥ ¥ N R ¥ % ¥ ¥ ¥ ¥ ¥ X ¥ ¥ ¥ ¥ Y X ¥ ¥ ¥ X ¥ ¥ L §F L ¥ % ¥ X ¥ T}

A & e o S T e

A S Al M P S R S T T

2l 2ok




uyvytu 2v2+u3'y3

v1u1+v202+v3u3
are
It is true fn general that the minor product of two vectors is equal to the

product of their transposes in reverse order,

52, The second kind of product of two vectors is called th_e tiajo¥ product ‘of two
vectors, The major product of two vectofs is the product of a column vector
by a row vectori‘ . The followipg product

a‘ul ’
u, [vl, Vo V3, v‘;’
%3 )
18 8 ceeceesocnccacscscessssse product of two vectors,
(minor/major) ‘
ma jor
Notice in major product two vectors need not to be of the same size,
53, In a major product,two vectors of different sizes , the first a«column-wéctor

and the second a row -VeCtoro 060000000000 00000 conformable for multiplica-
(are/are not)
tiono

LAl l A L A A Al R R T R D B R D R L L L L ¥ ¥ X ¥ ¥ ¥ F X % ¥ ¥ ¥ ¥ ¥ ¥ ¥ ¥ ¥y ¥y yyyyyyyy Yy ¥y

are
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54,

The major product of two vectors can be performed in the same way as the pro-

duct of two matrices, i,e,, multiplying row by column, - The major product of

the following two vectors will be

- -

3

5

1 [1,’ 4, 2, 6] =

[ N

12

20

10

18

30

55,

Multiply the following two vectors

Y

.00 000
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:; 356, let v = [1 y 2, 3] . The minor product of v and its transpose v is :
;~ 'o see o‘ i 1
] 4 2 2 2 q
7, vvy = [ooooo, YXXXR) ooooo“ XXX = 1 4+ 2 + 3 = 14
’» (write two vectors) N
i - 1 .

1, 2, 3 2
| : . "
57, let v = [Vl s Vo, V3J o The minor product of v and its transpose Vv is ;

—e. - k>

vy
7
vvy= [vl’ v29 V3] vz = seeee T se00e t* 05000
V3, -

| 2 2 2
i@ vl + v2 v3

58, The minor product of a vector by its transpose is simply the sum 0f ceecvevecee

of the elements of the vector,

e D Es g P D D D D D G EE AP Es D N A W D EF G o S5 NS U 4D P Gn S ER D D 4D S5 G 4P ED GN 4D D 4D VS G SR EP D 4D D EP ED D ED o s D 4D W EN ED WD ep B D D EB D D «C) ED 6B G» D OB @B D B s

A ' squares ]

=

e R e

- :
59, Let v = [1 s 2, 3] o The major product of v and its transpose v will be ]

...... 1

£!= sesoce i:ooooo XXX Ooooo] = 2 2

o0 00O 3 6 3

ol o

(write two vectors)
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1]
2 [1, 2, 3 J
3 | 7?
; 60, Let v = {vl » Vo v3] o The major product of v and its transpose v will be
| » o - -
:g_ vl [ N B N N o000 0O o000 ‘:
% 1
: vve Vz [Vl, Vz, V3] = XXX esnee XXX 5
4J L h_‘73“ . | eocee aseee eocoe | e *
d :
] .2 N
il vy ViV, V1V,
v,V v, \FAL ]
2 3
] COMMENT ]
A square matrix in which the corresponding elements of corresponding rows
and columns are equal is called a symmetric matrix, As we saw in the previous
P ;

frame that the major product of a row vector v and its traaspose v,
d . 2
vV =|v, [v]_ » Vg, v3] = voVy Vs VoV,
2
bV3-‘ .V3V1 V3V2 V3 _ )
has the elements of the first row equal to the corresponding elements of the
first column, elements of the 2nd row equal to the corresponding elements of "
the 2nd column and the elements of the 31rd row equal to the corresponding
elements of the 3rd column, :{w general the major product of a vector and
its transpose is a symmetric matrix,
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Let ~u1. |
U =luz{. Then the major product of u and its transpose is
3
—uf —ooooc XXX E ooooo-
J
22 = uz E”l’ u2) 113] s s0c0e escee eeoeoe
-.“‘3" ‘ooooo e0ecooe oooooJ
and the resultant matrix iS’ 8 e0ecesscsccccccsccncone matrix,

(kind of matrix)

- -
u, | u,u, ujug
u2u1 1122 !12'13
2
| U3y U3u2 Us_|
symmetric

62,

The vector being a special case of the matrix, the commutative law of multi-
Plication which does not hold for the product of two matrices, also does not
hold for the product of two vectors, The minor product of two vectors is

a 00 0000000000000 000000000OPCROLONDOOSS “Vhile the mjor prOdUCt Of the two

(number/vector/matrix)

vectors is a o It 1is true because the

(number /vector/matrix)
commutative law of multiplication does not hold for the product of two

vectors,

number

matrix

e
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63, The following minor and major products of two vectors

A [ AP MR )

. - ~ .

. V1 vy

% [ul, u,, ué] vl and (v, { 15 Yy u3§
V3 ) 3

000000000000 0000000000 the same

(ave/are not)

RGeS e R e e i L

are not

el

64, Let u be a row vector and v be a column vector, Then

UV eececcccccccssccccses equal to vy,
(is/is not)

is not

o
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Unit XV: The Solution of Linear Equations

Let 1 4 3]
41 ,

A= |2 5 u
1 -3 =2
and Au = v

- !
&
w
"

Then

or 00000000 OISOIONOSGONOONTODS

5

and it can be written in the form of linear equations as

..=
000000920000 000000000088 00000000 0000 QFCGTS

0000000000000 0000000000000c000e T goce00ee
.

XTI e rr Yy rr oy ryrrr ry '™y vy y Yy Y Y Y Y R R L N Y N LN AL E R R R R R R R Rl R

x+ 4y + 32
2% + 5y + 42

X - 3y ~ 22

" )

x+4y+3z2s=1
2x + 5y + 4z = 4

X =3y -22=5




!
x
1]

2, Let X4+ 2y + 32 =1

4x + 5y + 62z

3

x4+ 8y+ 2 =295

The above linear equati

ons can be represented in the form of Au = v as follows

eocse secoe ] | 27 e
escee XXX y Slevoeoce
sesce *vcon | x5 Xxxxs

3. Kepresent the following
alx <+ bly + cl

azx + b2y + c

a3x + b3y + c

in the form Au = v

3

—
[ X N B N o000
o000 o000
0000 o000
e

system of linear equations
z = dl

z = d

2 2

z = d
“3

- o - oo -
( F XXX XXX [ XXX
eccoe scvee = evcee
se000 XXX N (XXX XY
e N
.-----.‘II----------------------------------------------.

0
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4, We have seen that a system of linear equations can be represented in the
form Au = v, where A is the coefficient matrix for the system of equatioens,
and u aqd ¥ are vectors, Also A and u are conformable for multiplication
and the product Au 18 @ eeeeeeessesccsecvecccnes

? (vector/matrix)

---------\l-------------------------------------------------------------------O

: | | vector

-1

5. If A" is the inverse of the matrix A, then the equation Au = v can be

¢
(3
s
3
3
5
&
4
X
%ot
5

solved for the unknown vector u, getting

A

& =

I u X R I ym

£ -

4

13 3 @n’,

3 -------------------------------------------------------------------------- - - e
=

i
Rb
.
:
i

I<

Do Ty AN

£
O
[ ]

Therefore a system of n linear equations for n unknowns may be written in

terms of its coefficient matrix A as the equation Au = v for the unknown
vector u, If A has an inverse matrix, then the solution is given by
'i US cecvcccsccrcvccee
? e -
a~ly
1K o o T ) ’ ST
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7.

X+ 4y + 32 =

2x + Sy + 4z =

X=-3y-22 =

o8
s00 00
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The following system of linear equations

1
4
5

can be represented in the form of Au =

-
ovoo0oo

>~

H
2
1

-

+ Therzfore multiplying

4
5

-3 . =2 2

2

-11

3 b3

4 y

- -

both sides (on the left) by A~

-1 1

-5 2

5

> o

1 ge get

> -

1

B I e

R

.

‘ér_ multiplication)

1
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‘ Then the values of x, y and z are

ey
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> X = eeee0y Y = cecesy anG Z = see0e o
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10, Let 4x + 5z = 6

8 R A

y =62 = =2

: 3x + 4z 3

The above system of linear equations can be represented in the form Au=v as

fqllows

.
1
L
9
.

&

i~ - v - >
LN NN [ N N N [ N N N J [N N N ] 000'07
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If the inverse of
4 0
0 1
3 0

Then the equation

~

4 0
H

0
3 0
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=61 is }-18 1

4 z 3

- ~d o - .o

can be solved for x, y and z getting
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Unit XVI: The Theory of Linear Dependence

1, We learned in a previous unit that a determinant is zero if any of its
rows (or columna) are linear combinations of other rows (or columns), The
determinant of the matrix

™~ =
1 3 2
A= 2 6 7
15 15 11

o -

is zero because the column 2 is equal to .,ee.. times of column 1,
3
(three)
2,

If in the matrix of the previous frame we denote the columns 1 s 2and 3 as
vectors vy, Vv, and v; respectively, then:
(a) XZ =ky_1 when k = seses

-----------------------w------qi-------ll---------------------------------------

(b) but v, # oeveee v, whatever the value of Kk,




(c) When two vectors of the same size can be represented by a linear equation

then they are called linearly dependent and if they cannot then they are

called linearly independent, Theref:re, in the previous frame v, and v, are

;: 000000 0POOPOORTOIOOIOINONIONIOIOOYS and !1 and 23 are (AN N NN NNNNNNNNNNNNNNNN] [ J

--------------------------‘--------------------------------------------------.
.

linearly dependent

linearly independent

COMMENT

,.

In the previous frame linear dependence and independence has been defined

itz fhvilic

in terms of only two vecéors. The general definition applies to any number

R )y

of vectors, Thus in general, n vectors all of the same order, v;, Vs ecece,

V, are said to be linearly dependent if non-zero constants kys ko,

00N O0GOOOS o

; ' k, exist such that

kl\il"‘kzy_z'l" XXXX) +kn!n = Q,
If zeros are the only values of the k's for which this equation is true, the

vectors are said to be linearly independent,

3. In the matrix

-~ -
1 3 2

A = |2 5 7

5 15 11 1
-~ 3

the columns 1 and 2 are linearly .eeeeeececess, and |A| =,....., therefore 5

A"l does not exist,

.--------C--------------p------------------------------ﬂ----ﬂ-----------------. i3
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dependent

ZCro

In the matrix

the columns 1, 2 and 3 2re ceeceeee oeceeess and also |A] # ceees,

therefore A~L! does exist,

linearly independent

zero

COMMENT

The property of the determinant which we noticed in the last two frames
for a 3 x 3 matrix, is true .in' general: that if the rows (or columns) of
a matrix are linearly dependent its determinant is zero and its inverse does
not exist; conversely, if they are independent its determinant is non-zero
and the inverse does exist, The minimum condition for the linear dependence

of rows (or columns) of a matrix is that one of them be a linear combination

of the others,

pons

o fbm
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5. The number of independent rows in a matrix equals the number of independent
columns and vice versa, The matrix
13 4
A=}2 7 -1
5 9 11
e e
has 3 linearly independent rows therefore it has .ieeeees linearly inde-
pendent columns also,
3
6. The rank of any matrix is the number of linearly independent rows (ox

columns) therein, The matrix
r
1 3 4
A=l 2 7 -1
5 9 1

b

has 3 independent rows (as well as columns), Therefore the rank of the

MALLiX A 1S ceeevecee o




Dty o1 g T80
e (S e A} I L7

R e e

Rt

5¢
g
L
3

3
d
<
73
S

:
oy

4

i

b

9

eom———

COMMENT 3

Let A be m x n matrix, If A contains at least one r-rowed minor deter-
minant that does not vanish, but no non-vanishing (r+l)-rowed minor deter-
minant, A is said to be of rank r, If A = 0, the rank is said to be zero,
Ifr=morr =n, A contains no (r + 1)-rowed minor determinant, If r<m

and r<n, the definition implies that A contains at least one (r+1) -rowed

minor determinant but that each such determinant vanishes,

7o

From the previous comment it is clear that the rank of the matrix A of size

m X n where m<n iswequal to or less than .eeee.

--------------------------a---------------------------------------------------- 3

If A is a square matrix of order n and its rank r < n, then |A| = 0, and

.

A'1 secesessesssseee exist, .Therefore. the matrix A is singular, j
(does or does not) :

does not

%

If A is a square matrix of order n and its rank r=n, then |A| # 0, and a~t

0000000000000 exist, Therefore the matrix A is ©00000000c0000000000000000

(does or does not) (singular or non-singular)
and is called matrix of full rank,

T A stk - =




R
5 e R

2
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3
o
¥
i
E‘v
i
A

does
non-singular

Note: The rank of the inverse of a matrix A of order n is also n, and
|a”!] = 1/]4].

10 If A is a matrix of order mxn and has rank r, then A has r linearly
.......O................... rows (COlumnS).
(dependent or independent)
independent
11, To find opt the rank of the matrix

1 3 4
A = 2 7 -1
5 9 11

(a) the first row is multiplied by -2 and -5, and then added to the 2nd

and 3rd rows respectively to make the sub-diagonal elements of rows 2 and
3 in column 1, equal to zero; we get

P -

1 3 4

A1=... o060 o000

-

s e ko e girco ..nj. N STy
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(b) The second row of A1 is multiplied by 6 and then added to the 3rd row

of A, to make the sub-diagonal element of row 3 in column 2, equal to zero;

we get

1 3 4
A2 = 0 1 "'9
Looooo 0000 oonee

(¢) In Ay we have made all the sub-diagonal elements of A equal to zero,

Now the number of non-zero diagonal elements of A2 is the rank of the matrix

A, Therefore the rank of A is cevene

12, To find out the rank of the matrix

- L~

1 &4 2 3
A =138 6 3 5
3 -1 0 1

- -

(a) the first row is awltiplied by ,... and veee, and then added to the 2nd

and 3rd row respectively to make the sub-diagonal elements of rows 2 and 3 in

column 1, equal to zero; we get

(continued on next page)
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(4
: 1 4 2 3
7 i
i} ;
= Al = ececee (XX N ecooe  XRE N X %
< i
4 3
) [ N N N ] [ K N N N [ R X N N ....QJ
b ;
.“’ .-----------------------------------------------------------------------------. :\
i .
- :
] %
3 -3 and -3
i
2 1 4 2 3 :
g §
4 :

= 0 -26 -13 -19 3

-
S R R EIA i o e

g (b) the second row of Al is multiplied by -1 and 3rd row DY eeeeeeee and then
'i added to the 3rd row of 4; to make the sub-diagonai element of row 3 in
column 2 equal to zero; we get

‘P = ‘ , 3

TN LY L) b

, ]
[ E N N X [ X N NX] o000 [ N N X ] 5
i £
A ]
é 2
f 1 4 2 3 :
; Ay=]0 -26 -13 -19 4
] ]
3 0 0 1 3 | §
i (c) Now the number of non-zero diagonal elements of Ay i8S ceeeeeeses and i
] therefore the rank of A i8 ceccececs . 4
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COMMENT

The method of finding the rank of a matrix, which we have used in the
previous frames is quite general: initially the first row is used to reduce
the sub-diagonal elements of the first column to zero, basing the calculations
on the first term of the first row. Then the elements below the diagonal
in the second column are reduced to zeros using the second rcw, based on its
diagonal term, Because the sub-diagonal elements of the first column have
already been made zero in the first step of this procedure this second step
does not effect their values, And so the process is continued, using each
row this way in turn, until all remaining rows are zero or until the last

row is reached, The number of non-zero diagonal elements is then the rank,
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Unit XVII: The Character:.st:.c Eq uation of a Matrix

L3
.

Cas

be a square matrix of order 2

.

3 5

LA-KI =
%

¥

.»“Lgt*Bwbe an, gn--square matrix and X\ a scalar variable, then
p K o° ) &1& ¥

(a) the matrix B-,\ I is called the cnaracteristic matrix of B, 'Therefore

e in the previous frame the characteristic matrix of A is

*
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(b) the determinant IB-A IE = £(A) 1s called the characteristic determinant

of B; the equation £(,~) = 0 is called the characteristic equation of B.

From frame 1 we have

3%k 5 5
|a-k1| = 1 = (3-k) (7-k) - 5 =k“ - 10k + 16,
1 7k

2

therefore k= - 10k 4+ 16 = 0 is the e0cesscscccncse cesesesccsssses OFf A,

characteristic equation

T B T

(c) the roots of £(\) = 0 are called the characteristic roots, the latent

roots, the characteristic values , or the eigenvalues of B, Solving the

characteristic equation of A, k?-10k+16 = 0, k = 8 or 2. Therefore the

characteristic roots of A aYe ceeeeese ANA c0ees cs o

8 and 2

3.

Let

o

1 4 1} | y10

D
L.‘-«-o.;... . ene ﬁ.-.,m‘

A = 2 1 © ' arnd I o a1

ot

0 Q)]

- ~
(a) The characteristic matrix of A is

A'AI = XX XX XXX X) X XXX

mw----!’------,------------------------------------------------------------------

W T L vt e - 2ee
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(b) The characteristic equation of A is

IA"AI! = ecese xXrxx sceee = 0

or MA2-3A) =0

(c) The characteristic equation of A is
AP2o32 ) =0 or A(AFLDL (N-4) = 0

Therefore the characteristic roots of A are eeeeey soees ANd co00e

‘---ﬂ.--------------------------------------------------------------- LA L A B X X ¥ ¥ 1
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Let

(a) The characteristic equation of A is

la-p1] =

(b) The characteristic eqﬁation of A is

2-) 4 -2

4 2-A -2 = 0

-2 -2 -1-

which after expanding‘the determinant, becomes
N e3r2i i 2=0

or (MN+22 @ -M) 0

2- 4

< pinmn s

R ki K it i3 mp S S

2 s

o

" Therefore the characteristic roots of A are seeee, coese and .e.ee

A R
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‘u]_ v
and its latent roots are 2 and 8, ' Let u = and V= 1 be two vectors

Uy A

such that

Au = 2u and Av = 3v

3 5]y u 3 5ifv v, {
1
or 1 = 2 and 1 8 1]

17u2‘

3u1+ 5u2- 2u 0000000000000 0soe
or = and =

...t‘.......- Zuz L E A XN REENENNXNENNNNENN]

3u1 + 5u2 2u1 [ 3v1 + 5v2 -8v1‘
= and =
uy + 7u2 2uz vy + 7v2 8v2 |

6. From the previous frame we have

r

3uy + Su2 2u1 3vy + 3V, 8vq
= and =

uy + 7u2 Zuz vy + 7v2 | 8v2

| - b
Taking the arbitrary values of u; = -5 and vy =1, and then solving the

equations 3u, + Su2 = 2u; and 3v, + 5v2 = 8v,, we get

u2=....... and V2=ooooooo

3
3
g
£
i
it
3
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From the frames 5 and 6 we can see that corresponding to the latent roots

3 35
2 and © of the matrix A = s there are two vectors
1 7).
-5 1
u= and v = such that
1 i1
Au = 2u and Av = 8v
3 5] [-s [-5 3 sif1 1
i.e. ' = 2 and = §
1 7 1 1 1 7(11 1

Here u and v are the latent vectors of A corresponding to the latent roots

(2 and 8) of A,

| -

Let A be a matrix of order n and therefsore the characteristic equation

|A-AI| =0 is a polynomial in A of degree n, If it has all the solutions

then:

(a) How many latent roots of A do you eXpect? eeeeccceces

(b) How many latent vectors of A do yoU €XDPECt? eesccccces
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(c) If M and y; (for i =1, 2, ..., n) are the latent roots and vectors

of A, then

Agi = eevcee

. AiU‘

9. Let )

4 1 0

(2) The sum of the diagonal elements (which is called the trace)

OfA = [ N N NN J +..... +..... = 5

2+ 3+0

(b) The sum of the minors of order Z of the diagonal elements (which are

called the principal minors of order 2) 2, 3 and 0 of |A|

3 -2. . 2 B 1 J oooee sgeos .
<+ S eeee ”* 4 + 2 =7

1 O 4 O ov00 e [ X N N N J

R e R S TS WA IR LA M M ¥ R -

St Lo
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(c) The characteristic equation of A is
2-A -1 1

|a-X 1] = |3 3-N -2

L1}
o

and it can be expanded by diagonal elements (called the diagonal expansion),

It is
(- /\)3+(-/x)2(trace of A)+(- ) (sum of the second order minors of A)+|A|=0

or ')3+A2(0000)'>‘(7~)+3 = 0

bt o o esptiad SERSEEI (ocumy iy Bz

LI ER N ¢ s SRR

(d) The roots of the characteristic equation
N esA?ipnes a0
2
or (A-1)7 (A-3) = 0

are )‘1 = s00 0O A2 = 00000 and )3 = 000000 L 2

C X X X N ¥ X ¥ % ¥ X ¥ ¥ ¥ ¥ L ¥ ¥ N X X ¥ ¥ ¥ ¥ § ¥ ¥ X ¥ ¥ ¥ T X ¥ ¥ ¥ ¥ ¥ ¥ L ¥ ¥ ¥ ¥ ¥ N F N ¥ ¥ X F L ¥ N X ¥ T T X L ¥ L T T L L X L X N X T X 2 X J

1, 1, and 3

AN Smiowoniis ELERELS s aaipoiins it

COMMENT
The method of diagonal expansion of the characteristic equation in the

previous frame is quite general and can be used for a matrix of order n,

e sk i
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Unit XVIII: Special Types of Matrices

Let ;
211 212 33 ;

A= 812 222 3y, i
213 83 a3 :

(a) The elements of the first row are ®e000y 00000y 0scesces |
and the elements of the first column are seeeey cecocy sosooee %
%11, %120 %13 .

a1y 312> 25 ;

(b) The elements of the second row are ecesey c00eey sosse

and the elements of the second column are .eeeey, coceey soceo ;

o

st S s

(c) The elements of the 3rd YOW AT€ ceeeey cecoes cocse

and of the 3rd column ®eeve g 00000y essee

a2

313, 323’ a33 i
4
413, 833, 3,5, ]

T e SRR RV R NCR Dt B
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3 ¢ stk

T
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(d) The transpose of A is

r

A= o 00 0 0

e

(rame of the matrix)

2. Now let

r

0 a

“839

a
13

823

3 then

e e i B P A S e T e R e A i M e S
i £ 4 R IR e

315 "2y 9

(a) The elements of the 1lst Yow are cecse,y ccceey socee

and the elements of the lst column are seeeey coecey osrece

0, -312,

(b) The elements of the second ToW 2re ceeeey seeeey socce

and of the second column seceey soceey vocee

- »-;E‘:g;;:;::‘:.':'iz~—- :!57:«;;‘ A A NS i
LIS Lz PRI T T A
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-312, ‘ 0, 323

312, 0, . "323

P S ] et Py

(c) The elements of the 3rd row are escecey cocoey sooee

and of the 3rd column ceeeey coseey sccee

"3135 353, O
3135 83, O
(d) The transpose of B is
—t - F -
V4
B s [ N N N ] [ N N N N ] o000 S | = [ A N N N ] [N N N N ] o000 0O = -.......
-..... [ N N NN ] .....‘ ‘..... [ N XN N ] .....d

0 "2 T3 0 %2 %13
aj, 0 -a23 = - -a12 0 a23 = =B
-a13 a23 0 i ..-313 =353 0 i

COMMENT

We have seen in frame 1 that the rows of A are equal to the corresponding

L
columns of A, and also A = A , therefore A is a symmetric matrix,

In frame 2, the rows of B are equal to minus times the corresponding

/
columns of B, and also B = -B, therefore B is a skew-symmetric matrix,
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Al

In geperal a matrix A is said to be symmetric if it is equal to its

4
transpose, i,e,, if A= A or a;: = 3445 (i, =1, 2, seese, n)o A s

1]
said to be skew-symmetric if it is equal to the negative of its transpose,
/ "
ioeo, A = =A y OT aij = -aji, aii = 0; (i,j = 1) 2) XXX N n).

3.

L

=
i
o

- ’
If A is such a matrix that its inverse equals its transpose, i,e, 4 1 = A4,

then A 1is said to be an orthogonal matrix,

-1 ’
Also AA " = AA

OF cevues = AX 1
(multiplication of A and A'l)

4,

Let A be an orthogonal matrix and A a latent root, then
|4 =21 = o, %
: ’
Multiplying throughout by A we get
/ /7 :
|AA -ATAl = O
’
or ioooooo "AA! = 0
Multiplying throughout by 1 we get
: . .
_l_I - oooool = 0
). P
or lA - 1.__1' = 0 because A = A
A

It shows that if A\ 1is a latent root of an orthogonal matrix then so is 1/, .
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Then

Let A be an orthogonal matrix so that AA» ..

P

|AA| = |I] =41 or -1

} #

*Therefore the determinant of A is ..... or F iees o

o
VL
. %. 5
S +1 or -1
&:ﬁ
Lo
SR
g
6. Let 5‘1‘3"
o C‘%:;ﬁ
S
3 -6 -4 S
&1
e -
A= -6 4 2 3 ;
- & R
be a symmetric matrix with its latent roots A = -1, -4, 11,
S
Corresponding to the latent roots, the latent vectors are
» " 3
P > - o -~ . A )
1 2 2 LA
2] , J1] and -2 o
. “; : #
’ %7 i‘
-2 2 -1 ok
- fon J - -~ 2
vhich can be represented as columns of a matrix P,
po - "r’*";'?%‘a ¢
1 2 2 e ht
. k3 .
io €, P= 2 1 -2 P ”
: ool
e e
"2 2 "1 1#“’3«‘
’1(‘*#.?"%
- - RETE

(a) P can be normalized dividing elementswof each column by the square root

of the sum of the squares of the elements in the coluhn. Therefore normalieing

‘2
colum 1 of P, elements 1, 2 and -2 should be~d1vided by \J12-+ 22-+ 2 = 3;

3 4 3

normalizing column 2, elements of 2, 1 and 2 should be divided by

x

= 3; and normalizihg~¢olumn 3, elements 2, -2, -1

-

\Looo + eoee * oeee

L’
ToaF

should be divided by \'oooo T eese * oese =:’;,oooo .

Z
-------------------.--ﬂ-------------- - . .---------------------------------------

P S

B L4
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~J22-+ 1

2

+ 22

2
Jz + 2% +12

(b) Normalized form of P

Therefore normalized P is

£

-

i

= L/B

T

is obtained by dividing columns 1, 2 and 3 by 3,

L L L L L N Y L LD P L L NN Y Y T O N LN L L X T K L X X XX T X L X LA X 2 J

/3
2/3

_-2/3

2/3
1/2
2/3

(c) The multiplication

7
p*P* = 1/9

of the transpose of P*

-2

2
-1

1

2
-2

2 2
1 -2

2 -1

Therefore P* is an orthogonal matrix,

to

P* is

1/9

s £ A s
TR AL




(D 1 2 -2 3 <6 -4 1 2 z-1
lr ;
P AP =1/9 {2 1 2} |-6 4 2 2 1 =2 ;
2 -2 -1 |4 2 af |2 2 -1
o ﬂ - —- - L] ‘
1 2 -2 XXX XXX evoe XX} XXX oooc.l ::
= 1/9 2 1 2 (XXX [ XN N/ .'... = 1/9 o®e0 [ N N - N N ] =D
2 -2 -1 00O [ N N N J o000 ‘.Q.. [ N N [ XN N J t
- r- , ol - s
where D is the diagonal matrix of latent roots,
1 2 =2 -1 -8 22 -9 0 0
1/9 12 1 2} -2 -4 -22|= 1/9 )0 -36 O
F ‘ .
2 =2 -1 2 -8 -llj 0 0 99
COMMENT
The results of the previous frame are true for general. 1If A is an

n-square symmetric matrix whose characteristic roots are )\1 ’ )\2, cescey >\ n?

’ %
there exists an orthogonal matrix P such that P* AP =D where D is the

diagonal matrix of the latent roots,

7. A syquare matrix which has only zeros above (or below) the main diagonal is

called a triangylar matrix,

The matrix o
1 3 5
A=10 2 7
_0 o 3
18 8 sssensncscsseces matrix,

triangular




