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FOREWORD

Because of the increasing dependence of our society

upon trained mathematical manpower, it is essential that

vital and contemporary mathematics be taught in our schools.

The mathematics program set forth in this publication

has developed as a,reSult of experimentation and evaluation

in classroom situations. This is Part II of Mathematics:

8th Year. Part I, a separate bulletin, was published dur-

ing the school year 1967-1968.

This bulletin represents a cooperative effort of the

Bureau of Curriculum Development, the Bureau of Mathematics,

and the Office of Junioi Eigh Schools.

We wish to thank the staff members who have so gener-

ously contributed to this work which should enhance the ef-

forts of our teachers in developing pupil competency.

SEELIG LESTEM
Deputy Superintendent of Schools

November, 1968
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CHAPTER VI

THE SET OF RATIONAL NUNBERS

The material in this chapter is concerned with developing.con-

cepts of negative rational numbers as an extension of the positive

rational numbers and zero. Pupils are helped to see that the set of

positive rational numbers and zero form a subset of the set of rational

numbers, and that the set of integers is another important subset of

the rational numbers.

Among the important understandings developed in this chapter are:

need for negative rational numbers
relationship between positive and negative rationals

as shown on the number line
order in the system of rational numbers
operations in the set of rational numbers

The beginning lessons of the chapter investigate the need for

negative rational numbers. In a previous grade, pupils have learned to

represent the quotient of l 4. 3 as the quotient of 2 5 as etc.

They know that when a whole number:is divided by another whole number

except zero, the resulting number is a rational_ number. But the quotient

of 3 (-8) or - # needs further explanation. Based on earlier work with

integers, pupils are helped to understand the extension of the form a

where a and b represent integers (b 0).

The number line is used to visualize the concept of the additive in-

verse (opposite) of a rational number. Pupils should understand that the

invention of negative rational numbers makes it possible for every rational

number to have an additive inverse. The number line is also used to de-

velop pupil understanding of the-doncept of order in the set of rationals.

As the operations of addition, subtraction, multiplication, and di-

vision of rational numbers are developed, pgpils make use of their previous

knowledge of whole numbers, non-negative rationals, and integers. It is

important that pupils understand that the,properties of the non-negative

rational numbers hold for the set of rational numbers. Practice examples

are included to explore these understandings:

The operations on rational numbers provide an excellent opportunity

for reinforcement and practice in fundamental operations.



CHAFTER VI

THE SET OF RATIONAL NUMBERS

Lessons 54-60

Lesson 54

Topic: The Set of Rational NuMbers

Aim: To discover a need for negative rational numbers

Specific Objectives:

To review the meaning of rational numbers in terms of whole numbers

To discover a need for negative rational numbers

To define rational numbers in terms of integers

Challenge: To what set of numbers does 4 belong?

I. Procedure

A. Eeaning of a rational number

1. Have pupils recall that a rational number (of arithmetic) is

one which can be expressed as a whole number divided by a

whole number, other than zero.

2. Is lit a rational number? Why?

Is a rational number? Why?

Ia 5 a rational number? Why?

(Yes, because any whole number such as 5 can be expressed as
12o v

a whole number divided by a whole number: I-, -- etc.)

3. Have pupils conclude from the wwk above that every whole num-

ber is a rational number although not every rational number is

a whole number: Therefore, the set of whole numbers is a sub-

set of the set of rational numbers.

B. Need for negative rational numbers

1. Replace the frames to make these sentences true.

7.

+ 5 = '7 because 5 x 0 = 10

-10 4.-2= 0 because -2 x 0 = -10

12 =a 0 because -3 x 7 = 12

45 +.52s 0 because -5 x 0 = -15

How were the signs of the quotient determined?

-151-



2. Consider 2 4- 5 =r1.

a. What is the sign of the quotient?

b. What is the quotient?

c. What kind of number is the quotient I.? (positive rational)

3. Refer to challenge 2 4. -5 =7.

a. According to the "rules" for division of integers, what
must be the sign of the quotient?

b. What is the quotient?

2c. What kind of number would you call-.9
5

4. Have pupils conclude that the set of rational numbers in-
cludes the negative rational numbers.

C. Redefining a rational number in terms of integers

1. Have pupils recall that if a number can be expressed as a whole
number divided by a whole number other than zero, it is a posi-
tive rational number.

2. Lead the pupils to understand that this definition is related onlyto the non-negative rational numbers, since the set of whole num-bers does not include negative numbers.

3. Elicit that since the set of rational numbers has been shown to
include negative numbers, we may extend the definition of "rationalnumber" as follows:

If a number can be expressed as an integer divided by an integer
-other than zero, it is a rational number.

II. Practice

1. Complete the following:

-12 4. 2 = El because 2 x n = -.12
3 7 = because 7 x = 3-.3 7 11 = n because -11 x n =

-5 8 = fl because 8 x n = -5

2. Express in rational form:

165 4- -15 = ?
-45 4- 15 = ?
16 + -12 = ?

-13 + 26 = ?
-22 + -23 = ?
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3. Compute the quotients:

10
5

5

10

-9
3

9

=

=

=

9

9

?

?

24

=

=

=

9

?

?

?

-6

6
"2 4

-45
-3

43

III. Summary

A. How is the set of whole numbers related to the
numbers?

B. If a positive integer is divided by a negative
result is a rational number.

C. If a negative integer is divided by a negative
sult is a rational number.

D. How do we define a rational number in terms of

set of rational

integer, the

integer, the re

integers?



Lesson 55

TODiC: Rational Numbers

Aim: To develop by use of the number line, the concept of order in the
set of rational numbers

Specific Objectives:

To show that each negative rational number can be associated mith a
point on the number line
To develop the concept of order in the set of ritional numbers

Challenge: Indicate the opposite of on the number line.

I. Procedure

A. Negative rational numbers on the number line

1. Have pupils draw a number line as indicated beloW:

1
1 11

1

4-31
1

1-11 +4

2. How many points are 3 units from zero? What-numbers are as-
sociated with these points? (+3 and -3) Indicate these points
on the number line.

3. Why do you think that +3 and -3 are called opposites? (Because
they are the same distance from zero, but in opposite directions.)

4. What is the opposite of 3i.; + .21.? Indicate these points
on the number line.

a a a

5. Return to challenge. What is the opposite of ?..? Indicate this
point on the number line.

B. Order in the set of rational numbers

1. Have pupils prepare a number line as indicated below:

1 I ILI 1111 1 II >
-1 +1

I

+a

2. Which is greater 0 or 1; 0 or -1; -1 or 2, -I or -2?

3. What can you say of the relative position of the points corres-

ponding to 0 and 1; 0 and -1; -1 and 2; -1 and -2? (The greater

number is associated with a point to the right of the point as-
sociated with the lesser number.)
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4. Have pupils locate on a number line the points associated

with the following pairs of numbers:

land 1
4

".3 and 0

5. Consider the number line:

11 and IL
4 2

- BI- and

For each .of the.following pairs, insert the symbol > or < to

make a true statement.

1

2

1

4

1-
4

1
a

. .2

1 1

2 4

3 1
WM IMO

4 2

6. Elicit that the set of rational numbers follows the same pattern

as the set of integers.- The greater number is associated with

a point to the right of the point associated with the lesser num-

ber.

Practice

1. What is the opposite of each of the following: 2, 1.1 0?

2. Judge the f011owing trUe oi.false.

< -
2

f.> 0 -2 >
4 4

III. Summary

A. Explain by referrihg to the number line what we mean when we say

-3 is the opposit of +3.

B. On the number line the point associated with the greater of two

numbers is always to the of the point associated with the

lesser number.

C. How would you expl'ain"that on the number line the point associated

with 9 is to the right of the point associated with 1 while the
ro

point associated with n_ is to the left of the point associated

with 4.

-155-



Lesson 56

Topic: Addition and Subtraction of Non-negative Rational Numbers

Note to Teacher: This is essentially a review lesson. Use as indicated
by the needs of the pupils.

Aim: To review addition and subtraction of non-negative rational numbers

Specific Objectives:

To review addition and subtraction of rational numbers named by
fractions with like denominators

To review addition and subtraction of rational numbers named by
fractions with unlike denominators

Challenge: In our family budget al- of the income is used for rent and
is used for food. What fractional part of our income is
used for both food and rent?

I. Procedure

A. Addition and subtraction of rational numbers with like denominators

1. Have pupils recall that if the denominators of the fractions are
alike, we simply add (or subtract) the numerators to get the
numerator of the sum (or difference).

2. Perform the indicated operations:

3 5'
b. 25" 4'2 2 1C -

B. Addition and subtraction of rational numbers named by fractions with
unlike denominators

1. Refer to challenge problem.

a. Elicit that to solve the problem, we must perform the following
addition: 1 + 1.

5 4

What must be true of the denominators before we can combine the
numerators?

Elicit that each number must be renamed so that the denominators
are alike. Have pupils suggest several names for List them
on the board.

b. Consider the set of names for 1.

fl 2 3 4 5 8 7 8re re a-c? 37 37 3-e id 1'3

The set of denominators is A = 15, 10, 15, 20, 25, 30, 35, 40,...1.
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Elicit that A is also a set of multiples of 5, the de-

nominator of 1.

In like manner, elicit the set of names for 11.-.

Then a set of multiples of 4, the denominator of is

B = f41 8, 12, 16, 20, 24, 28, 32, 36, 40, ...I.

Recall that the common elements of sets A and B make up a

set of common multiples of 5 and 4. A n B = 120,40,60,...1.

c. Elicit that any member of the intersection set may be used

as a common denominator to rename 1. and
4

Lead pupils to see that the E..;et of common multiples of the
denominators of two fractions is the same as the set of

common denominators.

Lead pupils to see the advisability of using the least
common denominator, (L.C.D.), which, in the preceding illus-

tration, is 20.

d. In the example 1.4. .172 a common denominator (a common multiple
of the denominators) must contain 5 and 4 as factors. Since

5 and 4 have no factors in common other than 1, the product

5Y4 or 20 is the least common denominator, (the least common

multiple of the denominators.)

1

5

1

4

1
(-
5

4
X -)4

1

4

5
-)
5

20 2 0

9

20

e. Consider 5 - 1
g'

How would you suggest .2.1. and .;- be renamed before subtracting?
(They should be renamed by fractions with like denominators.)

What is the least common denominator of 6 and 1.? (24)
a

How can 5 and 1 be renamed by fractions with 24 as the de-

nominator?

- 5- - x q X ;)
15
24

24

-157-
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II. Practice

A. Name a common denominator for each of the following pairs of
fractions:

I 1 3
4 F 22. 51 2`3

1 13 --**22 3

g 2 3 ry 4 2
r 6-1 .57d 5-2 6 7. .2,..2

-
B. Add:

4 8 s ib

3 4 8 3

C. Subtract:

8 1 2
5.

3

4

5

2

3

4. 2

2

+
s

2
7

1 5 1 2. . 3. 1 1
4.8 4 9 3 38 8 3

D. Add:

+ 2 ± 1
6 3 2

III. Summary

6 3 6

5.
5 3

3.
2 3 6

A. How do we add or subtract tworationa1 numbers that are named by
fractions whose denominators are alike?

B. How do we add or subtract two,rational numbers that are named by
fractions whose denominatorspare not alike? (Rename the rationalnumbers by fractions with a common denominator.)

C. -How do we find a common denopinator for two or more unlike de
nominators? .

aLl.
D. Why is it an advantage to usel:the.,least common denominator in

adding or subtracting fractiblYS With unlike denominators?

'
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Lesson 57

Topic: Addition of Positive and Negative Rational Numbers

Aim: To develop rules for the addition of Dositive and negative rational
numbers

Specific Objectives:

To review addition in the set of integers
To apply the rules of addition in the set of integers to addition of
rational numbers

Challenge: What is the sum of iErs + (4)?

I. Procedure

A. Review of addition in the set of integers

Note: Review, if necessary, the concept of absolute value as pre-
sented in the chapter on integers.

1. Consider the following examples:

6 + 11 = ? 5 + (-4) = ?

-6 + 5 = ?

2. Have pupils recall that:

a. When both addends are positive, their sum is positive.
When both addends are negative, their sum is negative.
In each case, the absolute value of the swm is the sum of
the absolute values of each of the addends.

b. When one addend is positive and the other negative, the sign
of the sum is determined by-the sign of the addend with the
greater absolute value. In this case, the absolute value of
the sum is the difference between the absolute values of the
two addends.

3. Find the sums of the examples in A-1.

B. Addition of positive and negative rational numbers

1. On the number line find the sum of 5 + (4).

Have pupils recall that on the number line addition of a positive
number is represented by moving to the right and addition of a
negative number by moving to the left.
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6
i

I I I J
- 2 1 0 1 2 3 4 5

Therefore, 5 + (-1) = 4.

2. Using the number line, find the following sums:

a. +

b. -4 + (- I)
4

c. + (-
4 4

d. +

3. What is the sign of the sum in example a above?
What is the sign of the sum in example b above?

What is the relationship of the absolute value of the sum to the
absolute values of the addends in each of these examples?

4. What is the sign of the sum in example c above?
What is the sign of the sum in example d above?

What is the relationship of the absolute value of the sum to the
absolute values of the addends in each of these examples?

5. Elicit that the rules for addition in the set of integers seem
to apply for addition in the set of rationals. Tell pupils that
this is true.

6. Using the rules developed above, find the following sums. Check
the answers on the number line.

44 + 24

6 + (- 3)

7. Return to challenge. Using the rules for addition of rational
numbers, find the sum of 1 + (- 1-). Solution: t + (- =

II. Practice

A. Find the following sums:

3i + (- 2)
4 477

3 0 7 3
r

-160--
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B. Show by illustrations that the set of rational numbers has the same

properties of addition as the set of integers

III. Summary

A. Explain how the sum of two integers is determined when the addends

are both positive; when the addends are both negative; when one

addend is positive and one addend is negative.

B. How do the rules for adding rational numbers compare with the rules

for adding integers?



Lesson 58

Topic: Subtraction of Positive and Negative Rational Numbers

Aim: To develop rules for subtraction in the set of rational numbers

Specific Objectives:

To review the rules for subtraction in the set of integers
To apply these rules to subtraction in the set of rational numbers

Challenge: Which answer will be greater? 4+ (- = ? or 4 - 2p = ?

I. Procedure

A. Review rules for subtraction in the set of integers

1. Have pupils recall that by definition, in the set of integers,
subtracting a number is the same as adding its opposite.

2. Rewrite these subtraction exercises as related addition ex-
amples. Find their sums.

8 - 12 = 8 +

-5 - 3 = - 5 + (?') 9 - (-3) = 9 + (?)

B. To apply the rules for subtraction to the set of rational numbers

1. Elicit that we defined the subtraction of an integer as the
addition of its opposite.

2. Tell pupils that just as the rules for addition of integers were
applied to addition of rational numbers, so we can apply the rule
for subtraction of integers to subtraction in the set of rational
numbers.

3. Consider these three different examples:

6 9
7 7

6 = 9
7 7

= 9
7 7

a. Elicit that these are examples of subtraction of rational
numbers.

b. Write the opposites of 2, of - E.
7 7

c. Rewrite the subtraction examples as addition examples and
find the answers.

4. Have pupils realize that the operation of subtracting a rational
number is defined as adding its opposite.
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5. Answer the challenge.

II. Practice

A. Perform the following operations:

5 - (- 8) = ?

24 4 =

B. Compute the answers to:

5 3

3 5

6 (- 5)T

C. Compute:

To what set of numbers does the answer belong?

3 1

1 0 3

D. Is 5 3 = 5

8 8 8 true?

What does this show about the commutative property with respect
to the operation of subtraction?

How many counter examples are needed to show that a property
does not hold? (one)

E. Is the set of rational numbers closed with respect to subtraction?

III. Summary

A. What is the rule for the subtraction of rational numbers?

B. Show by example that the commutative and associative properties
do not hold for subtraction in the set of rational numbers.



Lesson 59

Topic: Multiplication of Rational Numbers

Aim: To develop rules for multiplication of rational numbers

Specific Objectives:

To review the rules for multiplication in the set of integers
To apply these rules to multiplication in the set of rational numbers

Challenge: Name two rational numbers whose product is -42.

I. Procedure

A. Review rules for multiplication in the set of integers

1. Have pupils recall the rules for the multiplication of integers.

2. Find the products of:

a. 7 x ( 6) c. 4 (- 5)

b. 9 x 3 d. 8 x 10

B. Multiplication in the set of rational numbers

1. Consider the example above: 7 x ( 6) = -42.

a. Is 7 a rational number? Explain.

A rational number is any number which can be expressed as an
integer divided by any integer except zero.

12b. Is 6 a rational number? Explain. (- - ...)

c. Refer to challenge: 7 x (- 6).= .42 is one answer to the chal-
lenge since 7 and -6 are rational numbers.

2. Using similar procedures for A-2b, c, d above, guide pupils to
see that the rule of signs in multiplication in the set of in-
tegers seems to apply to the set of rational numbers. Tell
pupils that this is true.

3. Find the products:

x 5 = 6 Y ( 2...) = ?
a

4. In each example above,

3 1 9

4 8

a. How was the sign of the product determined?
b. How was the absolute value of the product obtained?
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II. Practice

A. Find the following products:

12 Y ( 15) 14 Y 2)

17 x 3 16 Y (- 20)

B. Find the following products:

_3 y 7 X (-
2

3 X ( 5 ) 2 X 1T

C. Find the following products:

41 IL
3

-51 x

-3.5 x (- .5)

-2.5 x (- .02)

D. Show by illustrations that under the operation of multiplication,
the set of rational nuMbers has the same properties as the set of
integers.

III. Summary

A. Why is an integer considered to be a rational number?

B. Compare the rules for multiplication in the set of rational num
bers with the rules for multiplication in the set of integers.



Lesson 60

Topic: Division of Rational Numbers

Aim: To develop rules for division in the set of rational numbers

Specific Objectives:

To review division in the set of integers
To apply these rules to the set of rational numbers

Challenge: Write 4. E as a related multiplication example.4 7

I. Procedure

A. Review rules for division of integers

1. Have pupils recall the rule of signs in division of integers.

2. Have pupils do the following examples:

(+8) 4- (+5) = (+6) (-2) = ?

(-3) 4- (+1) = ? (-15) 4- (-3) = ?

B. Rules of division in the set of rational numbers

1. Refer to challenge. How do we determine the cluotient of
divided by p

Recall that since the positive rationals behave like the frac-
tional numbers of arithmetic, the dtvision can be performed as
follows:

3 7
=3

Sr-rrrx
= 3

4 .x 7

_ 15
28

Why? (multiplicative inverse)

why? (definition of multiplication of rational
numbers)

2. Guide pupils to see that just as the rules for addition, multi-
plication, and subtraction of integers were applied to the set
of rational numbers, so we can apply the rule for division of in-tegers to the set of rational numbers.

3. Rave pupils apply this rule to find the following quotient: 3 .1 7)r
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What is the sign of the quctient? Why?

a . 5
(- =7 2. x (- ._) Why?

4 5 4 7

= 3 Y 5 Why?777
4. Check by multiplication. Is - 15 X-7 =3 true?

28 5 4

5. Compute:

3 4_ 1)

( = x ( Why?

_ 3 Why?
4 Y 3

= _ 3 X S Why?
3 y 4

_ 5- - _. Why?
4

6. After several similar examples, elicit that the rules for signs
in division in the set of rational numbers is the same as for

division of integers.

Practice

A. Find the following quotients:

1. 3 5 3 - 3 5- -
11 22 10 8

2. 8 +(-4) 4 . 2F ( 2 )

B. Check each of the examples in A, by multiplication.

III. Summary

A. What is the reciprocal of a rational number?

B. What is the rule for determining the sign of the answer in divi-

sion of rational numbers?



CHAPTER VII

EQUATIONS AND INEQUALITIES

In this chapter are materials and suggested procedures for:

solving open sentences in one variable - equations and
inequalities

using equations to solve verbal problems
reinforcing the meaning of ratio and equivalent ratios
developing the meaning of proportion
using proportion in problem solving

The chapter presents a means of reviewing the concepts of open
sentence, variable, replacement set, solution set. Then, the basic con-
cept of equivalent equations is introduced. Pupils are guided to learn
that two equations in the same variable are equivalent if they have the
same replacement set and the same solution set. If, for example, the
replacement set is the set of rational numbers, 3x+6=18 and xi-2=6 are
equivalent equations, because the solution set for each is f41.

In solving an equation, the aim is to use systematic procedures
to transform an open sentence such as 2x+7=17 into an equivalent equation
of the form x=5. This latter sentence has the distinct advantage of hav-
ing a solution set which is obvious. Procedures are suggested by which
pupils can discover and use the two basic properties of equality, the ad-
dition property and the multiplication property for transforming an equa-
tion into an equivalent equation.

In this chapter also are suggestions for developing understanding
and skill in solving various problem situations through the use of simple
equations. The distinction between the solution of an equation and the
solution of a problem is stressed. The solution of an equation is a num-
ber which must be interpreted by the pupil in terms of the problem situa-
tion.

The concept of a ratio as an ordered pair and the concept of equiva-
lent ratios are reviewed. Proportion is then introduced as a mathematical
sentence which says two ratios are equivalent. A proportion may be pre-
sented as an open sentence or as a statement which is either true or false.

Pupils are led to discover that in a proportion "the product of the
means equals the product of the extremes." Using this fact as a tool,
they learn to find the solution of various verbal problems through the use
of proportion.



CHAPTER VII

EQUATIONS AND INEQUALITIES

Lessons 61-78

Lesson 61

Topic: Open Sentences

Aim: To reinforce the concepts needed for finding solutions of open
sentences_

Specific Objectives:

To review and reinforce the meaning of:
Statements of equality
Open sentences
Variable
Replacement set
Solution set

Challenge: Which of these is an open sentence?

a. 4 + 2 = 6 b. 10 3 = 7 c. 2n = 14

I. Procedure

A. Statements of equality

1. Refer to challenge. Which of the above sentences can be
judged true or false? (a and b) How do mathematicians re
fer to a sentence which can be judged true or false? (It

is called a statement.) Which of the above sentences are
statements? (a and b)

2. Why isn't 2n = 14, the sentence in c, considered a state
ment? (We cannot judge its truth or falsity until n is re
placed by the name of the number.)

B. Open sentences

1. What name do we give to a sentence such as 2n = 14 whose
truth or falsity cannot be determined until n is replaced
by the name of a number? (open sentence)

2. Which of the following are open sentences and which are
statements?

a. 5 x 3 = 15
b. n = 2
C. 4 -4- 8 = 12
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d. 3 + 0 = 13

e. y + 3 = 10
f. x is an odd number



C. Variables

1. Name the symbol in each of the open sentences in B-2 which
holds the place for a member of the replacement set. What
are such Aymbols called? (variables)

2. What is the variable in each of the following open sentences?

a. 0+ 4 = 8 c. x + 3 = 14
b. She has blue eyes. d. 5 + y = 2

D. Replacement set

1. In the open sentence 3 + x = 10, let us agree that x refers
to any one of the numbers 0,1,2,3,4,5,6,7,8,9,10. Then we
call (0,1,2,...,10) the replacement set. Which elements of
the replacement set will make the sentence true? (7)

2. If the replacement set for each of the following sentences is
(0,1,2,3,4,51..0, what are all replacements that will make
each of these sentences a true statement?

a. n + 2 = 3 (1) b. 3y= 9 (3)

3. Tell pupils that in the open sentence n + 2 = 3, since 1 is
the member of the replacement set that will make the sentence
true, we say that 1 is a root, or that 1 satisfies the equa-
tion. Therefore, 1 is a solution of the equation n + 2 = 3.

Which member of the replacement set is a root of the equation
3y = 9? What is the solution of the equation 3y = 9?

E. Solution set

1. We say we have found the solution set of an open sentence, when,
for a given replacement set, we have found all the replacements
for the variable that result in a true statement.

Refer to examples D-20 alb.

a. What do we call the number that makes the sentence n + 2 = 3

true? (a solution of the sentence) Is there any other re-

placement which will make the sentence true? (no) What then
is the solution set of n + 2 = 3? Answer: (11.

b. Is 3 a root of the open sentence 3y = 9? What other replace-

ments will make the sentence true? (none) How do we indicate

that 3 is the only replacement which will make the sentence

true? Answer: (3).

c. What name do we give to f31? (solution set)
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d. How is the solution set related to the replacement set?
(It is a subset of the replacement set.)

2. Use f0,102,30...1 as the replacement set for the variable
to find the solution set for each of these open sentences.

a. n + 5 = 12

b. 5 = 3

c. y=4

d. 2x + 1 = 11

II. Practice

A. Which of the following are open sentences and which are state-
ments? Explain.

1. 7 + 5 = 12 4. 10 + x = 15

2. n + 5 = 12 5. 4 - In= 2

3. 4 + (-1) = 3 6. 8 4 = 2

B. Circle the variable in each of the following open sentences.

1. She is wearing a red dress.

2. of = 5

3. x + 5 = 8

4. y = 10

5. 4a + 2 = 10

6. It is made of copper.

C. For each of the following sentences considvr 1-1,0,1,2,31 as
the replacement set for the variable. Find the solution set
of each sentence.

1. 3x = -3 (-1) 4. b = -1 -1 3

2. 4 + y = 7 (31 5. 3x = 15 f lorØ
3. y x 0 = 0 1-1,0,1,2,31

III. Summary

A. When is a sentence a statement?

B. What is meant by an open sentence? Give an example of one.

C. A variable is sometimes referred to as a "placeholder." Can

you explain why? (It holds the place in a sentence for a name
of some member of a set.)

D. How is the solution set of an open sentence related to its re-
placement set? (It is a subset of the replacement set.)
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Lesson 62

Topic: Inequalities

Aim: To review the solution of an inequality by testing the members
of a given replacement set

Specific Objectives:

To review the meaning of symbols of inequality
To judge whether an inequality is true or false
To reinforce the concept that an open sentence may be an inequality
To review the solution of inequalities of the form x > n and of x <n

Challenge: How many elements belong to the solution set of x > 4, when
the replacement set is {1,3,5,7,91?

I. Procedure

A. Review meaning of symbols of inequality

1. What does 5 > 3 mean? x < 4? 6 5?

Note: Have pupils realize that the symbols ">" and "<" always
point to the smaller value.

2. Recall that a sentence which says that one quantity does not
equal another quantity is called an inequality.

B. Judging truth and falsity

1. Which of the following are true statements? (alb,f)

a. 8 76 5

b. 7 < 8

c. 9 >

d. -6 > 0

e. 3 + 2

f. 58 > 57

2. Using a symbol of equality or inequality, change each false
statement in 1 above to a true statement. (c. 9 < 14,
d. -6 < 0, e. 5 = 3 + 2)

C. An open sentence may be an inequality

1. Consider the following sentences.

a. 2x= -8 d. 3 1 + 2 g. 15 > 14 +

b. 2 > -1 e. A + 8 = 17 h. 3a + 7 15

c. w + 1 < 3 f. 5x > 0 i. -1 + 4 < 10

Which are inequalities? Which are equalities?
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2. Which are open sentences? Elicit that an open sentence may be
an inequality, as c,f,g,h, above.

D. Review the solution of inequalities by testing the members of the
replacement set.

1. Recall that all the members of the replacement set which make
the sentence true form the solution set of the open sentence.

2. Use the replacement set f-4,-3,-2,-1,0,1,2,33 and find the
solution set of each of the following:

a. x > 2 01

b. x> -1 (0,1,2,31

c. x < 3 (-4, -3, , 23

d. x < 0 f -4, -3, -2, -11

e. x < -4 I ) or

3. Referring to the challenge, find the solution set of the inequality
x > 4 when the replacement set is [1,3,5,7,91. Answer: the solu-
tion set is (5,7,91. Therefore, the solution set contains 3 ele-
ments.

II. Practice

A. Find the solution set of each of the following inequalities from the
replacement set 10,1,2,3,4,51.

1. x < 5
2. x > 1

3. x < -4
4. x > 3

5. x < 0
6. 2x < 6
7. 3x > 12
8. 2x > 6

B. If the replacement set for the examples in A is f -5, -4, -3, -2, -1,0,1,
2,3,4,51, find the solution set of each inequality.

C. If the replacement set for the examples in A is the set of integers,
find the solution set of each inequality.

III. Summary

A. What are three symbols of inequality? Explain the meaning of eadh.
B. In an inequality, does the symbol ">" point toward the larger or

the smaller value?
C. What kind of a sentence is the inequality x + 1 > 5? (open)
D. Show by an example that a change in the replacement set may cause

a change in the solution set of an inequality.



L'2.122.1

Topic: Inequalities

Aim: To find the solution set of an inequality of the form ax + b > c,
or ax + b < c

Specific Objectives:

To recall that the solution set of an open sentence may be a finite
set, an infinite set, or the empty set

To solve inequalities of the form ax + b > c or ax + b < c

Challenge: Using the set of positive even integers as a replacement set,
find the solution set for the inequality 2x + 4 < 14

I. Procedure

A. The solution set of an inequality may be finite, infinite, or the
empty set

1. Using as the replacement set for x: the set of positive odd in-
tegers, find the solution set of 2x < 10 D =

Note to Teachers: Pupils should realize that there is no point
in testing more elements of the replacement set after 5, since
twice each succeeding element is greater than 10.

a. What is the solution set for 2x < 10? Answer: (1,31

b. How many elements are there in the solution set? (2)

c. Is the solution set finite, infinite, or empty? (finite)

2. Find the solution set of 3x > 3 D = f1,3,5, ...)

a. What is the solution set for 3x >3? Answer: (3,5,71...)

b. How many elements are there in the solution set?

C. How may we classify the solution set? (an infinite set)

3. Find the solution set of 5x < 0 D =

a. By trial, are there any elements of the replacement set Which
make the open sentence true? (no)

b. How many elements are there in the solution set? (none)
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c. How may we classify the solution set? (The solution set is
the null set or empty set and may be written in symbols as
( 1 or O.)

d. If the replacement for x were -1, we would have a true
statement, since (5) (-1) = -5 and -5 < 0. Why is -1 not
an element of the solution set? (Because -1 is not an
element of the replacement set, and the solution set is a
subset of the replacement set.)

B. Solving inequalities of the form ax + b > c, ax + b < c

1. Return to the challenge. What is the replacement set?
Answer: (2,4,6,...1

2. If x = 2, what is the value of 2x: + 4? (2 x 2 + 4 or 4 + 4 or 8)
Is this less than 14? (Yes) Then, 2x + 4 < 14 is true when
x = 2. Therefore, 2 is an element of the solution set.

3. If x= 4, what is the value of 2x: + 4? (2 x 4 + 4 or 8 + 4 or 12)
Does the replacement of 4 for x make the inequality 2x + 4 < 14
true? (Yes, 12 < 14) Therefore, 4 is also an element of the
solution set.

4. If x = 6, what does 2x + 4 equal? (2 x 6 + 4 or 12 + 4 or 16)
Is 2x + 4 < 14 true when x = 6? (No) Therefore, 6 is not a mem-
ber of the solution set.

5. Why is it not necessary to try any more elements in the replace-
ment set? (As we try numbers greater than 6, the value of the
expression 2x + 4 increases beyond 14.) Answer the challenge.

II. Practice

A. Use the replacement set f-3, -2, -1, 0, 1, 2, 31 to find the solu-
tion set of

2x + 1 > 2 fl, 2, 31

3x+ 2 < 7

5x - 2 > 14 f 1 or 0

B. Use as the replacement set the set of non-negative integers to find
the solution set for each inequality in A.

c. If the replacement set is (1, 2, 3, ...1, write the solution set for

3x +l< 3 flor

2x + 3 > 10 r4, 5, 6, ...1

3x . 2 < 9 fl, 2, 3)
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D. Use as the replacement set.the set of integers to find the solu-
tion set of each inequality in C.

III. Summary

A. What is the maximum number of elements that could be in a solu-
tion set? (an infinite number)

B. What is the least number? (none)

C. Can the solution set have elements that are not in the replace-
ment set? (no) Explain. (The solution set is a subset of the
replacement set.)



Lesson 64

Topic: Equations

Aim: To develop the concept of equivalent equations

Specific Objectives:

To understand the meaning of equivalent equations

To identify equivalent equations
To form sets of equivalent equations

Challenge: Use (1,2,3,4,5) as the replacement set to find the solution

set for each of the following equations:

3x+ 5 = 14
3x = 9

x + 1 = 4

What have the solution sets in common?

I. Procedure

A. Meaning of equivalent equations

1. Refer to challenge. Have pupils observe that for each of the

equations presented in the challenge the solution set is (31.

2. Using the same replacement set, have pupils find the solution

set for other similar sets of equations, e.g.,

a. 2y = 8 b. 3w - 1 = 5

7+5 = 9 w + 8 = 10

= 4 2w = 4

3. Elicit that for each set of equations the solution set is the

same.

4. Tell pupils that if two (or more) equations of the type pre-

sented above, in the same variable, and with the Same replace-

ment set, have the same solution set, they are called equiva-

lent equations.

B. Identifying equivalent equations

1. Consider the following equations. Which, if any, are equiva-

lent? Use the set of positive integers as the replacement set.

a. x + 2 = 8 b. x - 2 = 3 c. 3x 3= 18
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(The solution set of equation a is f63; of equation b is (51;
of equation c is (61.)

Since equations a and c have the same solution set, they are
equivalent. Equation b is not equivalent to either of the
other two.

2. In each of the following exercises, identify the two equations
that are equivalent. Use (0,1,2,3,4,5) as the replacement set.

a. x + 17 = 19

x + 8 = 9

C. Forming sets of equivalent equations

b. 6z = 12
22 = 6

3z = 9

1. Using the set of non-negative integers as a replacement set,
find the solution set for 2x = 4.

Have pupils suggest equivalent equations. (x = 2, 4x =
x + 2 = 4, etc.)

Record suggestions on the chalkboard and have class test for
equivalence by using the replacement set.

2. Using the same replacement set, find the solution set for ur + 6 = 10.
Have pupils suggest equivalent equations, record the suggestions on
the dhalkboard and test.

3. Have pupils note that a given equation may have many equivalent
equations.

II. Practice

A. Match the equation in column a with its equivalent equation in
column b. Use (-3, -2, -1, 0, 1, 2, 31 as the replacement set.

n + 2 = 1
3n = 0

n 1 = 2

n + 2 = 2
2n = 6
2n = -2

B. Using the replacement set above, select the equation that is mot
equivalent to the other three.

4x + 1 = 13 2x = 6 x + 4 = 9 x = 3

C. Using the set of non-negative integers as a replacement set, write
for each of the following equations, 3 equivalent equations.

5x = 20 x + 8 = 17 2x + 1 = 11 3x 2 = 13
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III. Summary

A. What is meant by equivalent equations?

B. What method do we use to tell whether two equations are equiva-
lent?

C. How many equations can you find which are equivalent to a given
equation?



Lesson 65

Topic: Equations

Aim: To form equivalent equations by the use of the addition property
of equality

Specific Objectives:

To understand that an equivalent equation may be farmed by the ad-
dition of the sane quantity to both members of an equation

To form equivalent equations by adding the same number to both mem-
bers of an equation
To recognize an equation whose solution set is obvious

Challenge: Using the set of integers as the replacement set, find the
solution set for each of the following equations.

x + 3 = 6 x = 3

How are these equations related?
In which of these is the solution set easiest to find?

I. Procedure

A. Equivalent equations formed by addition

1. Consider the following equations:

n + 3 = 9
n + 4 im 10
n + 5 2c U
n + 6 Zig 12

a. If the replacement set is f1,2,3,...101, what is the solu-
tion set of each equation? Are they equivalent equations?
Why?

b. How does the left member of equation n + 4 = 10 compare with
the left member of n + 3 = 9? (n + 4 = n 4' 3 + 1) How do
their right members compare? (10 = 9 + 1)

c. How does the left member of equation n + 3 = 9 compare 'With
the left member of n + 4 = 10? (n + 3 = n + 4 + (-1) ) How
do their right members compare? (9 = 10 + (-1) )

d. Through similar questions for the remaining equations., elicit
that when the same quantity (positive or negative) i_s added
to both members of an equation an equivalent equatlon is formed.
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e. After working in the same way with several other sets of

equivalent equations, lead pupils to generalize that if

a = b then a + c = b + c. Tell pupils that this is re-

ferred to as the addition property of equality.

B. To form equivalent equations by the use of the addition property

of equality-

1. Consider the equation x + 2 = 5. Replacement set is the set

of integers.

Using the generalization arrived at in A, have pupils suggest

equivalent equations formed by the addition of a positive or

negative integer to both menbers of the equation.

2. Record suggestions on the chalkboard.

3. Have pupils test by replacement whether the suggested equations

are equivalent to x+ 2 = 5.

C. To recognize an equation whose solution set is obvious

1. Refer to challenge. Elicit that the equations are equivalent.

2. The solution set of equation b is easiest to find because it

is obvious that the only replacement for x that will result

in a true statement is 3. The solution set of an equation is

obvious when the variable appears alone as one member.

II. Practice

A. What number was added to each member of an equation in column a to

form the equivalent equation in column b?

a

x + 4 = 9 x + 6 =
6x 1 = 4 x + 1 =

x + 3 = 8 x + 2 = 7

B. Write an equivalent equation to x + 5 = 10 by adding:

4 to each momber -4 to each member

C. Which of the following equations have solution sets which are

obvious?

3x + 5 = 10
w= 2

y - 8 = 15

n + 3 = -25
a = 72
2b 16



III. Summary

A. When the same number is added to both members of an equation
to form a new equation, how are the equations related?

B. What kind of a number can be added to both members of an
equation to obtain an equivalent equation?

C. When is the solution set of an equation obvious?

D. What is meant by the addition property of equality?



Lessons 66 and 67

Topic: Equations

Aim: To use the addition property of equality to solve equations

Specific Objectives:

To review the meaning of the additive identity: a + 0 = a
To review the meaning of the additive inverse: a + (-a) = 0
To solve and check equations of the form x + a = b (a > 0) using
the addition property of equality

Challenge: Transform y + 2 = 11 into an equivalent equation whose
solution is obvious.

I. Procedure

A. Review the meaning of the additive identity

1. Complete each of the following:

4 + 0 = ?
0 + 3 =

29 + 0 = ?
x + 0 =

2. Which number, when added to any given number, results in a sum
which is the given number? (zero)

Tell the pupils that zero is called the identity element of
addition.

B. Review additive inverse

1. Complete the following:

3 + (-3) = ?

23 + (.23) = ?

What is the sum in each case? (zero)
How is the first number of each pair related to the second?
(They are opposites.)

2. Elicit that if the sum of two numbers is zero, each is called
the additive inverse of the other.
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3, Replace the frame to make each of the following a truestatement.

2 + 0 = 0 r71 + 18 = 0

-7 + 0 = 0 n + 0 = 0
Elicit that starting with a given number, we can obtain a
sum of zero when the additive inverse is added to the number.

Note: The additive inverse of zero is zero.

C. Solving equations of the form x + a = b (a > 0) by the additionproperty

Note: Unless otherwise specified, the replacement set for the
variable in the equations in this chapter is the set of integers.

1. What is the replacement for rl in each of the following thatwill result in a true statement?

a. 7 + (3 + El) = 7 d. (0 + 2) + 20 = 20

b. 9 + (5 + 0) = 9 e. x + (3 +0) = x
c. (-1 + 0) + 8 = 8 16. (-5 + n) + y = y
Note: Pupils should be able to justify their choice of a re-
placement for the frame. For example, in 7 + 3 +17 = 7, the
replacement for 0 is ...3 because:

7 + (3 + 3 ) = 7

7 + 0 = 7

7 = 7

Elicit that in each case, the additive inverse is used.

2. Consider two equations:

x + 5 = 12
x = 7

a. How are the equations related? (They are equivalent.) In
which is the solution obvious? (x = 7)

b. Using what we have just learned, how can we transform the
given equation into an equivalent equation whose solution
is obvious?
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x + 5 = 12
x + 5 + (-5) = 12 + (-5)

x + 0 = 7
x = 7

c. What is the solution of x = 7?
Since x = 7 and x + 5 = 12 are
solution of x + 5 = 12? (7)

d. Checking the solution:

1) x + 5 =
7 + 5 = 12 True statement

Addition property
Additive inverse
Additive identity

(7)
equivalent, what is the

Therefore, 7 is the solution of x + 5 = 12.

2) Have pupils recall that in an equation such as x + 5 = 12,
we say we have solved the equation when the replacement
for the variable makes the statement true.

3) Now have pupils answer the challenge.

3. Consider the equation 16 = 13 + x.

a. How can we arrive at the equivalent equation where x alone
is the right member? (add -13 to both members of the equation)

Why did we choose -13 to add to both members of the equation?
(If we add -13 and 13, the result will be the additive identi-
ty, (0), and x will then stand alone as the right member.

Have pupils give reasons for each step.

16 = 13 + x
16 + (-13) = 13 + (-13) + x

3 = 0 + x
3 = x

b. Since 3 = x and 16 = 13 + x are equivalent, what is the solu-
tion of 16 = 13 + x? (3)

c. How would you check the solution of 16= 13 + x?

II. Practice

A. State what number must be added to each member of the equation.
Find the solution and check your answer.

1. x + 5 = 8
2. y + 3 = 12
3. a + 9 =

414. 2 + r = 13
5;. 0 + x = 7
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6. 15 = n + 7

7. x + (-4) = 6
8. 5 + x = 0

9. y + 9 = 13
10. y + (-2) = 8



III. Summary

A. What is the additive identity in the set of integers?

B. What is meant by the additive inverse of a number?

C. What is the additive inverse of zero?

D. If the replacement set is large, what disadvantage is there in
using the replacement method to solve an equation?

E. What better method exists for solving an equation? (finding an
equivalent equation whose solution is obvious)

F. In equations such as those we have studied today, how can we tell
what must be added to both members of the equation so that an
equivalent equation results whose solution is obvious?

G. How can we be sure that the solution set of the "obvious" equation
is also the solution set of the given equation?



Lesson 68

Topic: Equations

Aim: To use the addition property to solve equations

Specific Objectives:

To review subtraction involving addition of additive inverse
To solve and check equations of the form x. - a = b (a > 0)

Challenge: Write an equivalent equation to 10 = x 4 by expressing
the right member in terms of addition.

I. Procedure

A. Review subtracting as the adding of the additive inverse

1. Which number is the additive inverse of each of the following:

10 -2 24

2. Rewrite each of these subtraction sentences as an addition
sentence.

4 - 2 = 2

9 - 14 =4

5 - (-7) = 12

(4 + (-2) = 2)

(9 + (-14) = -5)

(5 + (+7) = 2)

3. Elicit that subtracting a number is the same as ajl.ling_its
opposite or additive inverse.

B. Solving and checking equations of the form x - a = b (a > 0)

1. How would you express each of the following in terms of addi-
tion?

x - 3 y - 4 a - 10 b - 15

2. What is the replacement for 0 in each of the following that will
result in a true statement?

+ (-5)+0= 7

9 + (-2) + = 9

3. Consider the equation: x - 3 = 8.

x + ) + 0 = x

+ (-4) + = y

a. Write an equivalent equation expressing the left member in
terms of addition. (x + (-3) = 8)



b. Have pupils use the addition property to solve the equation
as follows.

x + (-3) = 8
Why?

x + 0 = 11 Why?
x = 11 Why?

What is the solution of x = 11? of x - 3 = 8?

c. How would you check the solution of x - 3 = 8?

4. Have pupils answer the challenge, solve the equation, and check.

II. Practice

A. Express each of the following subtractions as an addition:

1. y - 4 (y + (-4) ) 3. a - 3

2. x - 19 4. r - 14

5. n (-11) (n+ (11) )

6. b - (-25)

B. Which number would you add to both members of each of the following-
equations to solve it? How did you decide?

1. y 15 = 10

2. x - 4 = 8

3. x - 5 = -1

4. 8 = r - 9

5. b - 4 = 2

6. -10 x - 8

7. y - 1 = 18

8. y - 5 = 0

C. Solve and check each of the equations in B.

III. Summary

A. Give an illustration to show that subtracting a number is equivalent
to adding its opposite.

B. What would be the first step in solving an equation such as: x 7 = 10?
(EXpress the subtraction as addition of the additive inverse.)

C. What principle is then used in completing the solntion?



Lesson 69

Topic: Equations

Aim: To form equivalent equations by multiplication

Specific Objectives:

To understand that an equivalent equation may be formed by multiply-
ing both members of the equation by the same quantity

To form equivalent equations by multiplying both members of the equa-
tion by the same quantity using the multiplication property of e-
quality, ifa= b, thenaxc=bxc

Challenge: Using the set of rational numbers as the replacement set, are
the following equations equivalent?

2n = 4
n = 2
in = 1

-4n = -8

I. Procedure

A. Equivalent equations formed by. multiplication

1. Refer to challenge. Why are the equations equivalent? (because
the solution set for n in each equation is 2)

2. How does the left member of 2n = 4 compare with the left member
of n = 2? (2n = 2 x n) Haw do their right members compare?
(4 = 2 x 2)

Note: It is customary to use parentheses in cases where the symr.
bol for multiplication (x) might be confused with the symbol for
the variable x.

3. How does the left member of equation n = 2 compare with the left
member of 2n = 4? n = (2n) How do their right members compare?

2 = (4)

4. By what-number must both members of in = I be multiplied to obtain
n = 2? (2)

5. How does the left member of -4n = -8 compare with the left member
of 2n = 4? (-4n = -2 x 2n) How do their right members compare?

(-8 = -2 X 4)

6. Elicit that when both members of an equation are multiplied by

the same non-zero number an equivalent equation is formed.
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B. To form equivalent equations by multiplication

1. Consider the equation 12a = 36. Have pupils suggest equivalent
equations using the multiplication property of equality. For
example: 2(12a) = 2(36); (12a) = i(36).

2. Record suggestions on the chalkboard.

3. Have pupils test by replacement mhether the suggested equations
are equivalent to 12a = 36.

II. Practice

A. By what number is each member of an equation in column A multiplied
to form the equivalent equation in column B?

A
5x = 10

3w = 9

1

3
4c = 9

= 14

20x= 40
-6w= -18
6r =r 18

9
2c = 4.5
b =r -2

B. Write an equi.valent equation to 15d = 60 hy multiplying each member
by 4, by -2, by .1i., by 4.

III. Summary

A. When both members of an equation are multiplied by the same number
to form a new equation, how are the equations related?

B. By what kind of a number can both members of an equation be multiplied
to obtain an equivalent equation? (Any number, except zero)

C. The multiplication property of equality states that if a = b, then
axc=bxc(for all a, b, c). Give an illustration of this
property.



Lesson 70

Topic: Equations

Aim: To use the multiplication property of equality to solve equations

Specific Objectives:

To review the multiplicative identity
To review multiplicative inverses
To solve and check equations of the type ax= b (a, b are rational
numbers and a 0) using the multiplication property of equality

Challenge: By what numeral should n be replaced if each of the following

is to be a true statement:

5 x n = 5 ixn=

-10 x n = -10 .05 x n = .05

I. Procedure

A. Review the identity element of multiplication

1. Elicit that each of the open sentences in the challenge becomes
a true statement only when n is replaced by 1.

2. Have pupils recall that the product of a given number and 1 is

the given number. The number 1 is called the identity element

of multiplication.

B. Review multiplicative inverses

1. By what numeral should n be replaced if each of the following is

to be a true statement?

2n = 1 (i)

""

(3)
a

in = 1 (;)
6

-3n = 1 (733.0

2. Elicit that two numbers whose product is 1 are called multiplica-

tive inverses (reciprocals). Each is the multiplicative inverse

of the other.

3. a. What is the multiplicative inverse of 2? Why?

What is the multiplicative inverse of t..:? Why?

b. Write the multiplicative inverse of each of the following:

5 -2
3.
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4. Write another name for each of the following products:

5. Write another name for each of the following products;

3 (t.x) (x because (3 x 4.)x = lx or x)

(47)

-5 (4))

6. By what do wy multiply each expression in Column A to obtain
the corresponding expression in Column B.

Note: Pupils should be able to justify their answers as follows:

4 (4n)

= (I x 4)n Associative principle of multiplication

=ln Multiplicative inverse

= n Multiplicative identity

C. To solve and check equations of the type ax= b (a, b are rational

numbers and a It 0) using the multiplication principle

1. What number has been used to multiply both members of each equation

in column A to obtain the corresponding equation in column B?

A

3x = 6 x = 2 (I.)

= 4 (t)4y 3= 16
-7y = 35
ia = 9 a = 18 (2)

How are the equations in each pair related? (They are equivalent.)

How can you tell?
Of the two equations in each pair, which is the easier to solve?

Why?
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2. Consider the equation 4x = 8. How can UT find the equivalent
equation whose solution is obvious?

a. By what would you multiply the left and right nembers of the
equation to have x: appear alone as one member? ()

b. Have pupils complete the solution of 4x= 8 as follows:

4x = 8

4(4x) = (8)
x = 2

c. How would you check the solution of 4x = 8?

3. Consider the equation: 25-C = 2.

a. Have pupils recall that if we multiply by the reciprocal
(multiplicative inverse) of a number, the result is the
same as if we had divided by the number.

b. Have pupils express: 25c. = 2 as .35,-x = 2 and complete the

solution as follows:

What is the multiplicative inverse of 1.?

--x = 2

5430= 5 (2)

(5 x 5 (2)

it-- 10

c. How would you check the solution of 1-x = 2?

II. Practice

A. By what number would you multiply both members of each equation to
obtain the equivalent equation whose solution is obvious?

1. 10a = 50
2. 24 = 3a
3. -2x = 12

4. ly = 6
5. 2.5b = 10
6. 4r = -12

7. ;t = 4

8. -8b = -1.6
9. 4.2 = 2.1y

10.

B. Solve and check each of the equations in A.

III. Summary

A. What is the identity element of multiplication in the set of rationals?
B. What is meant by the multiplicative inverse of a number? the recipro-

cal of a number?
C. In equations such as those we have studied today, how can you tell by

what number both members of the equation should be multiplied to ob-
tain an equation whose solution is obvious?

D. How can you be sure that the solution set of the nobvious" equation
is also the solution set of the given equation?
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Lesson 71

Topic: Verbal problems

Aim: To solve verbal problems

Specific Objectives:

To express English sentences using mathematical symbols
To review steps in analyzing verbal problems
To solve verbal problems using equations of the type ax=b or
x + a = b

Challenge: In a certain school ;- of the students of the 8th grade
come by bus. If 100 students ride by bus to school, how
many students are in the 8th grade?

I. Procedure

A. Expressing English phrases and sentences using mathematical symbols

1. How could we represent each of the following?

a. Five times a certain number (5D, 514 5n, 5a)

b. A number increased by 7

c. A number decreased by 10

d. 2. of a number
3

2. If we represent the number by x, how can we express each of the
following sentences in mathematical symbols?

a. Nine times a certain number is 63. (9x = 63)

b. A number increased by four is equal to 17. (n + 4 = 17)

B. To review steps in analyzing a verbal problem

1. Refer to challenge. What does the problem ask us to find? (the
number of students in the 8th grade)

2. How can we represent the number of students in the 8th grade? (n)

3. How can we represent; of that number in terms of n?

4. How can we express the conditions of the problems in the form of
an open sentence? (.n = 100)

5. Estimate: Is the number greater or less than 100? Why?
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C. Solving problems

1. Solve the equation

iri = 100
5

= (100)

= (100)

n = 250

If there are 250 students in the 8th grade, will of that
number equal 100?

How do we check to discover if our solution is correct?

Note to Teacher: Lead pupils to see that the answer to a word
problem should not be checked in the equation but in the words
of the problem. If the equation set up by the pupil does not
correctly depict the conditions of the problem, yet it has
been solved correctly, the solution will check the equation
but not be a solution for the problem.

2. In a class election, Alice received 11 more votes than Jean
received. If Alice received 31 votes, how many did Jean receive?

Guide the pupils to use a procedure such as the following:

Estimate: Jean received less than 31 votes.

Let n = number of votes Jean received

then n + 11 = number of votes Alice received

n + 11 = 31
n + 11 + (-11) = 31 + (-11)

n = 20

The number of votes received by Jean is 20.

Check: Is 31 eleven more than 20?

3. John spent $6 from his weekly wages. He had $38 left. How

much did he earn in a week?

Estimate: More than $38.

Let n = number of dollars earned in a week
then n - 6 = number of dollars left

n - 6 = 38
n - 6 + (6) = 38 + (6)

n = 44

1 John earned $44 per week.
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Check: If you spend $6 out of $44, mill you have $38 left?

II. Practice

A. Express each of the following as a mathematical sentence:

1. A number increased by 5 is 12.

2. Five times a number is equal to 9.

3. A number increased by 7 is equal to 14.

B. A family on an auto trip drives 400 miles per day. How many

days will it take them to travel a distance of 1600 miles?

C. During spring training, a baseball shortstop lost 14 pounds.

His weight then was 183i pounds. How-much did he weigh before

spring training?

D. In a mathematics test, Sam answered 24 questions correctly and

received a mark of 80%. How many examplus were on the test?

(Remind pupils that 80% may be written as-187- or

III. Summary

A. What are the steps in analyzing a problem?

B. What procedure do we follow in order to solve a problem? (Analyze,

form an equation, solve)

C. What mathematical principles did you use in solving problems?
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Topic: Solving equations

Aim: To learn to solve equations using two properties of equality

Specific Objectives:

To observe that one operation alone may not be sufficient to
solve an equation

To transform an equation of the form ax:+ b = c when a 0
into an equivalent equation whose solution is obvious

Challenge: How would you transform 3x + 4 = 6 to an equivalent
equation whose solution is obvious?

I. Procedure

A. One operation may or may not be sufficient to solve an equation

1. Solve the following, first telling what principle of equation
solving you will use:

a. 3x= 8 b. x+ 3 = 8

Elicit that in each case only one operation is used to
transform the given equation into an equivalent equation
whose solution is obvious.

2. Translate into mathematical symbols the following English
sentence: Twice a number increased by five equals fourteen.

a. Translation: 2n + 5 = 14

b. What equivalent simple equation would be obtained by use
of the addition property of equality?

2n + 5 + (-5) = 14 + (-5) We added (-5) to each member.
2n + 0 = 9

2n = 9

EXplain why this is not an equivalent equation with an
obvious solution.

c. In the equation 2n + 5 = 14, what equivalent equation do
we obtain by use of the multiplication property of equality?

2n + 5 = 14

i(2n+5) = i (14) We multiplied each member by i.
n+2i = 7

Is this an equivalent equation with an obvious solution?
Explain.
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d. Therefore, we oonclude that an equation cannot always
be solved in one step.

B. Using tmo operations

1. Carrying the equations 2n = 9 and n + 2i = 7 each a step
further, we have:

a. 2n = 9 b. n + 2i = 7
n = 4i Multiplication property n = 4i Addition property

In each case, the solution set of 2n + 5 = 14 is f4i1.

2. Elicit that we used two properties of equality to solve the equa-
tion 2n + 5 = 14.

3. Returning to the challenge:

a. If we use the multiplication property first, and then the addi-
tion property, our example mould look like this:

3x+ 4 = 16
143x+4) =1. (16) Multiplication property

4 1 8

+ + (- = + (- I.) Addition property
3 3 3 3

12

or x = 4 (The solution set of 3x + 4 = 16 is [41)

b. If we use the addition property first, and then the multiplica-
tion property, our example would look like this:

3x + 4 = 16
3x+4+(-4) = 16 + (-4) Addition property

3x = 12
2.-(3x) = (12) Multiplication property
3 3

x = 4

c. Elicit that in each case, the solution set of 3x+ 4 = 16 is

141.

d. Which of these procedures seems easier? Elicit that using the
addition property first, and then the multiplication property
is the more convenient procedure.

e. Have pupils check the solution in the original equation.



II. Practice

A. By using the addition property first, and then the multiplication
property, solve and check the following equations:

1. 4x + 7 = 11

2. 5n + 4 = -21

3. lly + 12 = 89

4. 2x - 6 = 7

5. 7a - 11 = -18

6. 3y - 3 = 3

B. Write an equation in which two properties of equality will be

used to find the solution set.

III. Summary

A. Why is the use of just one property of equality not always
adequate to solve an equation?

B. In solving an equation such as 3x - 7 = 20, how many operations
are needed? Which would you use first?

C. If you changed the order in which you used the operations needed

to solve a two-step equation, how would the results compare?
Explain.



Lesson 73

Topic: V(arbal Problems

Aim: To solve verbal problens which lead to equations whose solution
requires the use of two properties of equality

Specific Objectives:

To review the translation of English phrases and sentences into
mathematical symbols
To review steps in analyzing a problem
To solve problems leading to an equation of the type: ax + b = c

Challenge: Twice a number increased by five is thirtyseven. What

is the number?

I. Procedure

A. Review the translation of English phrases and sentences into
mathematical symbols

1. Write each of the following in mathematical symbols. In
each case, tell what the variable represents.

Note: Be sure pupils understand that the variable represents
a number.

a. The bicycie costs seven dollars more than the amount I have.
b. The sum of a number and six is eleven.
c. The length of a rectangle is five inches more than its width.
d. Michael is two inches taller than Ben.
e. 6 more than 4 times a number

2. Which of the above are sentences and which are phrases? Explain

the difference.

B. Review steps in analyzing a problem
Refer to challenge.

1. What does the problem ask us to find?

2. How can we represent the number? (n)

3. How can we represent "twice a number increased by 5" in terms
of n?

4. How can we express the conditions of the problem in the form
of an open sentence? (2n+5=37)
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C. Solving problems

1. Guide pupils to use the following procedure:

Let n = the number

2n+5 = 37
2n+5+(-5) = 37 + (-5)

2n = 32
n = 16

The number is 16.

2. How do we check to find out if our solution is correct?

Is the sum of twice the number and 5 equal to 37? Yes.

II. Practice

A. In a class election, Alice received 11 more votes than twice the

number that Jean received. If Alice received 31 votes, haw many

did Jean receive?

B. The length of a room is seven feet less than three times the

width. If the length is twentysix feet, determine the width of

the roam.

C. Bob's age is eight years more than twice Serita's. If Bob is

thirtytwo years old, how old is Serita?

III. Summary

A. Explain the steps we follow to analyze a verbal problem.

B. What properties of equality did you use in solving the problems

in today's lesson?



Lesson u

Topic: Proportion

Aim: To review the concept of ratio

Specific Objectives:

To review the concept of ratio as an ordered pair of numbers
To review expressing a ratio in simplest form
To review the use of ratios to compare measures

30 8 15Challenge: What is the simplest name for:
56., iz, iq

I. Procedure

A. Review concept of ratio

1. In an 8th grade class, 12 boys and 18 girls joined the G.O.
How could we express the comparison of the number of boys to
the number of girls?

2. To compare the number of boys and the number of girls who
joined the G.0.1 we night represent the set of boys and the
set of girls as follows:

.12 boys

000000
000000

18 girls

MODC0000C
)00000000C

3. The comparison of the number of boys to the number of girls
may be expressed as 12 to 18. Are there any other ways of
expressing this comparison?

12 boas

( 000000 )

000000

For every six boys who joined, nine girls joined, or the
number of boys compared to the number of girls may be ex-
pressed as 6 to 9.

4. Elicit other comparisons such as 4 boys to 6 girls or 2 boys
to 3 girls.
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Have the pupils realize that for every 2 boys who joined
the G.O.1 there were 3 girls who joined the G.O.

We can express the ratio of the number of boys to the number
of girls in several ways: 12 to 18, 6 to 9, 4 to 6, and 2 to
3. We say that all of these are equivalent ratios.

5. Recall that the order of the numbers is important. Since we
are comparing the number of boys to the number of girls, the
ratio is 2 to 3. If we were =paring the number of girls to
the number of boys, the ratio would be 3 to 2. For this
reason, a ratio is said to consist of an ordered pair of num-
bers.

6. Have pupils recall the various ways to express a ratio.
For example, the ratio of 5 to 8 may be expressed as 5:8 or tr.
(Read: 5 to 8.)

Have pupils express the following ratios in various ways:
8 to 12; 13 to 21; 25 to 10; 7 to 9.

B. Review expressing a given ratio in its simplest form

Refer to challenge.

1. Have pupils recall that a ratio is named in simplest form when
its terms are relatively prime, i.e., they have no common fac-
tor other than 1.

The simplest form for the name of each of the ratios in the
challenge is: . (Read: "3 to 5.")

2. Have pupils recall that the multiplicative identity, 1, may be
used to find equivalent names for a given ratio.

a 8 2 y 3
.
1 0 2 x 5

it6 and name the same ratio. Therefore, they are called

equivalent ratios.

b. a. = 1 y
3 3

2= 4
X

4 3

4 X2

4x3

12

2 and 8 are equivalent.
3 12



c. Find an equivalent ratio for each of the following:

is, I, 2., a (an equivalent ratio for 1 to 3 is 2 to
3 2 8 4 18

6, etc.)

3. Express the following ratios in simplest form: 10 la,
27 45
!I, !!,

is 18

C. To review the use of ratios to compare measures

1. Using ratios to compare like measures

a. Have pupils recall that if a ratio is used to compare two

like measures, i.e., two linear measures, two measures of

weight, etc.) to avoid confusion it is customary to use the

same unit of measure for both.

b. Express the ratio in simplest form.

5 inches to 1 foot (5" to 12" or 5:12)

1 hour to 20 minutes
8 ounces to 2 pounds

Note to Teacher: In scale drawing or map reading, we do not

follow the procedure of changing to the same unit. For

example, on a nap it is more convenient to know the scale

is 1 inch = 200 miles (read 1 inch represents 200 miles)

rather than a ratio of 1:12,672,000.

2. Introducing the concept of rate

a. Have pupils consider the following:

35 miles per hour
32 feet per second
5 inches every 20 minutes
4 pens for a dollar

Elicit that in each of the above situations unlike measures

are being compared. In "35 miles per hour" a measure of

distance is compared to a measure of time. In such situa-

tions, there is no common unit of measure. However, it is

possible to compare the number of miles to the number of

hours.

b. Mr. Jones drove 160 miles in 4 hours. The ratio of the

number of miles to the number of hours is
160 ^" 12, We

usually say he drove at the rate of 40 miles per hour. A

ratio involves only numbers and no units. The rate is the

number of miles per hour.
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c. Tell pupils we do not express a rate in fractional form.
We usually use the words per, for, or ,every to state the
relationship between the two measures as: 60 miles per
hour; $4 for 3 records, etc.

II. Practice

A. The committee for a G.O. dance consisted of 3 boys and 5 girls

1. What is the ratio of the number of boys to the number of
girls on the committee?

2. What is the ratio of the number of girls to the number of
boys on the committee?

3. What is the ratio of the number of boys to the total number
of committee members?

4. What is the ratio of the number of girls to the total number
of committee members?

B. Express the following ratios in simplest form:

1. 2 to 4 3. 18 to l9

2. 15 to 25 4. 21 to 37

C. Express each of the following as a ratio in simplest form:

1. 5 yards to 4 feet 3. 1 hour to 15 minutes

2. 2 lbs. to 12 oz.

D. Find the rate in simplest form for each of the following pairs
of measure:

1. 90 miles in 3 hours (30 miles per hour)

2. 8 pints for $2

3. 3261 feet in 3 seconds

III. Summary

A. In what way is a ratio an example of an ordered pair of numbers?
B. When is a ratio said to be in simplest form?
C. How is the multiplicative identity used to write a ratio equivalent

to a given ratio?

D. Explain why in expressing a rate we must state the two measures
involved.
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Lesson 75

Topic: Proportion

Aim: To develop the concept of a proportion

Specific Objectives:

To develop the concept of proportion
To learn the vocabulary used in expressing a proportion
To learn that in a proportion the product of the means is equal to

the prodnnt of the extremes

Challenge: Is the following statement true or false? 38:57 = 30:40

I. Procedure

A. Concept of proportion

1. Is the ratio t. equivalent to the ratioN We may then write

the sentence: 2.= 9. A sentence which says that two ratios
s a

are equivalent is called a proportion. This proportion is

read: "3 is to 5 as 9 is to 15."

Note: The proportion might have been written 3:5 = 9:15.

2. Elicit that a sentence comparing two ratios is not read in
the same way as a sentence comparing two fractions.

If and 2.represent fractional numbers, the statement 1=1
s 15 5 16

would be read: "three fifths is equivalent to nine fifteenths."

3. Complete the following proportions:

93 =

9 = 3
1t

7 = 14
r T
2 =: 4

4. Have pupils write each proportion in #3 in another way, e.g.,

3:4 = 6:8.

5. Have pupils read the completed proportions in #4.

B. Vocabulary used in proportion

1. Complete the following proportion: 0 : 15 = 12:45.

2. Tell the pupils that in the proportion 4:15 = 12:45, 4 is called

the first term, 15 the second term, 12 the third term, and 45

the fourth term.
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The first and fourth terms are called the extremes and the

second and third terms are called the means.

extremes

111

4:15 = 1245

means

3. If the proportion is writteniti=
:25, which are the extremes?

(4, 45) Which are the means? (15, 12)

4. In proportions a and b, name the means. In proportions c and

d, name the extremes.

a. 70:10 = 35:5

b
*

14 = 1 d. 2:5 = 10:25
56 4

, 3 21is gr.

C. In a proportion, the product of the means is equal to the product

of the extremes

1. Have pupils recall that a proportion is defined as a sentence
which says that two ratios are equivalent.

2. By writing the ratios in simplest form, decide which of the
following are proportions.

ft 1 ,,3
74- 11

S. 2. =
8 16

2 4C. _

d. 3:11 = 9:33

e. 4:5 = 2:3

f. 6:12 = 1:2

3. Refer to each of the problems above to answer the following:

a. What is the product of the means?
b. What is the product of the extremes?
c. How does the product of the means compare with the product

of the extremes, when the statement is true? when the state-

ment is false?

4. Elicit that in a proportion the product of the means is equal

to the product of the extremes.

Refer to the challenge: 38:57 = 30:40.

9
Does 57 x 30 38 x 40

9
1710 1520

1710 1520
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Since 1710 does not equal 1520, the statement in the challenge
is false and therefore it is not a proportion.

This procedure for testing whether a statement is a proportion
is called the "products test."

5. Using the products test, tell which of the following are pro
portions.

a. 10:21- = 60:13
2

b. L:1-- = 6:4
2 3

II. Practice

c. 7:9 .=.14:15

d. 8:3 = 56:21

A. Complete the following proportions so that each results in a true
statement:

1 = 2. 3
4

= 15 3 9
20

_.3-
10* 2 16

B. Name the means and extremes in the following proportion: 6:9 = 10:15.

C. Interchange the means and the extremes. Write the proportion.

D. Using the products test, find which of the following statements are
proportions.

9:16 =36:64

6:10 = 21:28

III. SummarY

A. What is a proportion?

48:20 = 12:5

5:8 = 8:5

B. In a proportion, which terms are the means and which are the ex
tremes?

C. What is meant by the "products test" to determine whether a state
ment is a proportion?

D. What new vocabulary have you learned today?

(proportion, means, extremes)
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Topic: Proportion

Aim: To use proportions in problem solving

Specific Objectives:

To learn to solve proportions which are open sentences
To solve problems involving proportions

Challenge: What value for x will make this open sentence a proportion?

X 3

2-5 15

I. Procedure

A. Solving a proportion

1. Use the products test
are proportions.

to tell whether the following statements

a. 2 =:2 (3x8 = 2)(12)
fi

b. 3 =.2 (5)(9 3x10)
fO

C. =21:16 (4n = 3x20)

2. Consider example c above.

a. Elicit that a. = is an open sentence.
4 20

What value for n will rnsult in a proportion?

a proportion

not a proportion

cannot tell

Elicit that if we have a proportion, 4n = 3x20 (products test)

4n = 60

Solving for n we obtain: n = 15.

b. Replacing n by 15 in the open sentence, we have I-1=4,

Is the ratio of 3 to 4 equivalent to the ratio of 15 to 20?

c. When we find the replacement for the variable which results
in a proportion, we say we have solved the proportion.

3. Refer to challenge.

a. Have pupils attempt to solve the proportion by equivalent
ratios.
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b. Suggest that by using the principle that in a proportion

"the product of the means equals the product of the ex-

tremes," perhaps the problem will be easier to solve.

X 3rs

15x = 75

x = 5

c. Check. Is the ratio of 5 to 25 equivalent to the ratio of

3 to 15?

B. Using proportion to solve problems

1. In a certain machine a small wheel

and a large wheel are connected by

a belt.

The small wheel makes 9 turns for

every 4 turns made by the large

wheel. How many turns does the

small wheel make when the large

wheel makes 238 turns?

Note to Teacher: Review steps in analyzing a verbal problem.

a. What does the problem ask us to find? (The number of turns

made by small wheel while the large wheel makes 288 turns.)

b. How can we represent this number? (n)

c. How can we express the ratio of 9 turns of the small wheel

to 4 turns of the large wheel?

Number of turns - small wheel 9

Number of turns - large wheel

d. Haw can we exnress in the same order the ratio of n turns

of the small wheel to 288 turns of the large wheel?

Number of turns - small wheel n

Number of turns - large wheel 288

e. Express the conditions of the problem as an open sentence.

9 n
4 288

f. Solve the proportion and check the answer.
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2. If three cans of tomato paste cost 25 cents, how much will
12 cans of tomato paste cost?

a. What does the problem ask us to find?

b. How can we represent the number of cents that a dozen
cans will cost? (n)

c. How can we express the ratio of the number of cans to the
number of cents?

number of cans
number of cents 25

d. How can we express in the same order the ratio of 12 cans
to n cents?

number of cans 12
number of cents n

e. How can we express the conditions of the problem in the
form of an open sentence?

3 - 12

as n

f. Solve the proportion:

12 x 25 = 3n
300 = 3n
100=n

g. Check.

3. On a map, 1 inch represents a distance of 10 miles. Two towns
are 4 inches apart on the map. What is the actual distance
between the towns? (Let n represent the number of miles in the
actual distance.)

a, number of inches on map 1
number of miles on grammil0

b. number of inches on map A
number of miles on ground n

c. Express the conditions of the problem as an open sentence.

1 4

1 0 n

d. Solve the proportion.

e. What is the actual distance in niles between the towns?
Does your answer check?

-211-



II. Practice

A. Use the products test to tell whether the following are or are
not proportions.

1. 8 = 54
2. 4:12 = 24:8

7 83
3. 3 = 6

1 6 1 2

B. For which value of n is each of the following a proportion?

1. = a
3

2. 4 16
n 20

C. Use proportions to solve the following problems:

q n
-" 11 2 2

1. In a school, the ratio of the number of eighth grade pupils
to the total number of pupils is 2 to 3. If the total register
of the school is 2400 pupils, how many eighth grade pupils are
there?

2. On a road map 1" represents 45 miles. Using the same scale,
how many inches will represent 135 miles?

III. Summary

A. What rule is used to solve a proportion which is an open sentence?

B. Show by giving an illustration how you would find one term of a
proportion if you knew the other three.

C. What procedure would one follow to solve problems using proportion?



Lessons 77 and 78

Topic: Proportion

Aim: To use proportion to solve problems involving per cent

Specific Objectives:

To review per cent expressed as a ratio of a number to the number 100
Solving problems involving per cent through the use of proportion

Challenge: In a test, Sally had 17 examples correct. If the test had
20 examples, what per cent of the examples did Sally have
correct?

I. Procedure

A. To review per cent expressed as a ratio

1. Have pupils recall that per cent can be considered as the
ratio of a number to the number 100.

75% means the ratio of 75 to 100 or
1
ZP-0o

80% means the ratio of 0 to 100 or -D-
100

65% means the ratio of 65 to 0 or a
32% means the ratio of A to 0 or A

0
x% means the ratio of x to 0 or .2-c

2. Elicit that the ratio a may be written as 11%.
loo

Write each ratio as a per cent: 21. 122. 2
,
n

,100, 100' 100100

B. Using proportion to solve problems involving per cent

Note: The following problens have been chosen to illustrate the
use of proportion in solving the three basic problem situations
involving per cent.

1. Finding what % one number is of another
Refer to challenge.

a. What do we wish to find? (The per cent of examples Sally
had correct.)

b. How may we represent this per cent? (x%)
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c. Represent x% as a

Elicit that since
correct, she will
we know x <100.

ratio of x to 100 (-A--).
loo

Sally did not have all the examples
receive less than 100%. Therefore,

d. What is the ratio of the number of examples Sally had

correct to the number of examples on the test? (s).

e. Remind pupils that ratios can be considered as ordered

pairs, i.e., the order in which the terms appear is im-

portant. In setting up a proportion, care must be
taken to see that the order of the terms of each of the

two equivalent ratios agree.

f. Help pupils to set up the proportion: 17 X
FS' rya-.

Guide pupils to see that 17 (number of correct examples)

has the same relationship to 20 (total number of examples)

as x has to 100.

g. What method may we use to find the value of x2 (The product

of the means equals the product of the extremes.)

20x = 1700
x= 85

In the original proportion, if we replace x: with 85, ---
l'oco

becomes 85 and the answer is 85%.
loo

h. Check. Is the ratio of 17 to 20 equivalent to the ratio

of 85 to 100?

i. In a similar way, find what per cent 27 is of 50; 14 is of 28.

2. Finding a per cent of a given number

In a group of 300 pupils, 37% had received an "A"
How many received an "A"?

a. What are we asked to find? (the number of "A" pupils)

b. How will we represent this number? (x)

c. Elicit that since 37% < 100%, x <300.

d. How will we represent 37% as a ratio? (37 )
loo

in mathematics.

e. What ratio will express the comparison between the number

"A" pupils and the number of pupils in the group? (3t7)

-214-

of



f. Have pupils

g. Elicit that
tionship to

express the proportion (
301 0 100 )*

the number of "A" pupils has the same rela-
the total number of pupils as 37 has to 100.

h. Solve the proportion

X = 37
300 100

loox = moo
x = 111

Answer: 111 pupils received "A".

i. Check. Is the ratio of 111 to 300 equivalent to the ratio
of 37 to 100?

j. In a similar way, find 80% of 120; 35% of 140.

3. Finding a number when a per cent of it is known

A boy sold 24 tickets for a dance. This was 4% of the tickets
sold. How many tickets were sold?

a. What are we asked to find? (the nuMber of tickets sold)

b. Howr will we represent this number? (x)

c. Elicit that 24 represents only a part (4%) of the total
number of tickets sold, and that, therefore, x (the number
of tickets sold) is greater than 24.

d. Have pupils set up the proportion showing that 24 has the
same relationship to.x as 4 has to 100.

e. Have pupils solve the proportion

2 4 4
-X 70-6-

2400 = 4x
600 = x

Answer: 600 tickets were sold.

f. Check. Is the ratio of 24 to 600 equivalent to the ratio of

4 to 100?

II. Practice

A. A basketball player is successful in shooting 13 fouls out of 20
tries. What per cent of shots were successful?
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B. A pupil gets 23 examples correct on a test which has 25 questions.

What per cent did he get right?

C. There are 250 pupils in an auditorium. 40% of them are girls.

How many girls are there in the auditorium?

D. The traffic during a holiday weekend was 150% of regular weekend

traffic. If there are 24 million cars on the road during a reg

ular weekend, how many cars are there on the road during a holiday

weekend?

E. A company pays 7% of the yearly salary to each employee as a bonus

at the end of the year. Mr. Jones received $560 as a bonus. What

is Mr. Jones' yearly salary?

F. 40% of the eighth grade pupils joined the G.O. during the first week

of school. If this represents 80 pupils, what is the register of

the eighth grade?

III. Summary

A. In expressing a per cent as a ratio, what is the second term?

B. What proportions can be used to find:

1. What per cent of 52 is 13?

2. What is 6% of 720?

3. The number of which 5 is 20%?



CHAPTER VIII

THE SET OF IRRATIONAL NUMBERS

This chapter suggests procedures for introducing pupils to the
set of real numbers. Methods are presented for developing important
basic understandings of the meaning of irrational numbers and how
they relate to rational numbers in the set of real numbers.

The materials included in this section will help to develop
pupil understanding of:

squares of rational nunthers (perfect squares)._

square root; principal square root symbol: J ;

radicand

solution of problems which involve finding the
square root of a perfect square

rational numbers - terminating or repeating decimals
irrational numbers - non-terminating, non-repeating
decimals

square root of a non-perfect square by approximation
irrational numbers and the number line

As the pupil reviews the squaring of a rational number and
practices squaring various elements of the set of rational numbers,
he is guided to consider the inverse operation, i.e., finding the
square root of a number. The meaning of the radical sign, R/1--"
is developed, along with the distinction between the square roots
of a number and its principal square root. An estimation and trial
method of finding square roots (of perfect squares) is suggested as
appropriate to this stage of pupil understanding.

The approach to the concept of an irrational number is by means
of an investigation of decimals. Pupils find that any rational number
a

(b 0) can be expressed as a decimal that either terminates or re-
peats. Conversely, any terminating or repeating decimal represents a
rational number. The question is then raised of a non-terminating,
non-repeating decimal, such as: .6325447... Since non-repeating, non-
terminating decimals cannot represent rational numbers, we give them
the name irrational numbers. Then the set of real numbers is identi-
fied as the set consisting of all rational numbers and all irrational
numbers.

In this chapter, pupils are guided to see that the square root
of every positive rational number cannot always be found. They are
helped to understand that the square roots of some rational numbers are
irrational. Procedures are presented for having pupils develop a tech-
nique for finding a rational approximation (to tenths place) of a non-
perfect square.

An approximation method of associating a point on the number line
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with an irrational number is also developed. Thus, pupils are guided

to an understanding of the real number line.

Through a study of right triangles, pupils discover the Pythagorean
relationship and learn to express this relationship in the generalized
form: c2 = a2 + b2. They are then introduced to a method of solving

problems involving this Pythagorean relationship. In the course of solv-

ing such problems, the use of the square root tables in the text is intro-
duced to facilitate computation.



CHAPTER VIII

Ta SET OF IRRATIONAL NUMBERS

Lessons 79-88

Lessons 72,A2112

Topic: Square Root

Aim: To learn the meaning of square root

Specific Objectives:

To introduce the concept of a perfect square
To introduce the concept of square root
To learn the use of the symbol:

Challenge: What have these numbers in common? 81, 1., 49, and .25?

I. Procedure

A. The concept of a perfect square

1. Have pupils recall that 3 x 3 can be written as 32.

a. In the expression 32, what is the exponent? What is the
base? What does the exponent indicate?

Have pupils recall that an expression such as 32 is called
a power and read "the second power of 3.

b. How can we write the second power of 4? of 5?
In the expression 52, how many times is 5 used as a factor?

2. Have pupils recall that 32 can also be read as n3 square" or
squared." When we square a number, we use the number as a

factor twice.

3. Meaning of perfect square

a. Have pupils complete the following:

92 = ?

q;42

(-7)2 =

(-4,5)2 = ?

02 = ?

(9 x 9 = ?)

x = ? )
3 3

(-7 Y 7 = ?)

(.5 x .5 = ?)

(o x o) =
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b. To what set of numbers do the following belong?

9, -7, -.5, 0? (the set of rational numbers)

c. Tell pupils that when we square a rational number, the result,
always a rational number, is called a perfect square.

d. Refer to the challenge. What the numbers 81, 1, 49, and .25
have in common is that each is a perfect square. Each is the

square of a rational number.

4. If a positive number is squared, what is the sign of the result?
(positive)

If a negative number is squared, what is the sign of the result?
(positive)
Elicit that perfect squares, except zero, are positive rational
numbers. (Zero is considered to be neither positive nor negative.)

B. The concept of square root

1. a. Name some pairs of factors of 36. (1x36, 2x18, 4x9, 6x6)

b. Is there a pair of factors where each factor is the same number?

c. Since 6x6 = 36, 6 is called a sguare root of 36. In the same
way, since 5x5 = 25, 5 is called a square root of 25.

Why is 7 a square root of 49?
Why is 9 a square root of 81?
Why is b a square root of b2?

2. a. Have pupils make a table of squares: 12,...,102

number (n)
II

squared

1 lx1 1

2 2x2 4
3 3x3 9

. . .
. .
. .

10 10x10 100

Elicit that each number in column II is a perfect square,
i.e., the square of the corresponding number in column I.
Each number in column I is a square root of the corres-
ponding number in column II.

b. From the table, find the square of 3, 6, B.

c. From the table, find a square root of 25, 9, 81, 64.
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d. Guide pupils to see that while 4x4 = 16, (-4)x(-4) also
equals 16. Therefore, 16 has two square roots, one posi-
tive, one negative: +4 and 4.

Have pupils realize that since every perfect square, ex.,-
cept zero, is the product of two equal positive numbers
or of two equal negative numbers, every perfect square has
two square roots, a positive square root and a negative
square root. (Zero has only one square root: 0,)

e. Tell pupils that the positive square root of a number is
called the principal square root.

The square roots of 49 are +7 and 7. Why? (+7)(+7)= 49/
and ( -7)( -7) = 49.

How are the two square roots of 49 related to each other?
(They are additive inverses.)

Which is the principal square root of 49? (+7)

C. Using the symbol:

1. Tell the pupils that the symbol for the principal square root

of 49 is ,X49. The symbol/ is called a radical. The numeral
under the radical symbol is called the radicand. In the ex-
pression /71: 49 is the radicand.

2. Since the negative square root of 49 is the additive inverse
of the principal square root of 49, tell pupils that the negative
square root is represented by a negative sign preceding the radi-
cal.

A79 = 7 Lie7-9 = .7

3. In each of the following, name the radicand and find the indicated
square root.

-/TT -71 IT
F

4. Have pupils consider whether negative numbers have square roots

in the set of rational numbers.

a. Within the set of rational numbers, can you find two equal

factors whose product is -9? Since 3x3 = 9 and -3x-3 = 9,
neither 3 nor .3 is a square root of 9.

Elicit that in the set of rational numbers we can find no
value for Yq.r.

b. Within the set of rational numbers can you find two factors
whose product is -36? -1? -a2?
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Have pupils recall that the square of a positive number
is positive, and the square of a negative number is pos-
itive. Also, that the square of zero is 0. Help them

conclude that no negative rational number has a square
root in the set of rational numbers.

II. Practice

A. The second power of 6 is

B. The principal square root of 9 is

C. ,i73- is since the second power of 5 is

D. 72 = and/7=7.

E. ATI is 2 because times is equal to 81.

F. If = a2, then a = or a =

G. If 36 = b2, then b = Pr or

(4)2 =

III. Summary

A. Squares of rational numbers are squares.

B. The square root of a nuMber is one of the equal factors

of that number.

C. The principal square root is always the square root.

D. The numeral under a radical symbol is called the

E. What new vocabulary did you learn today?



Lesson 81

Topic: Square Root

Aim: To find the principal square root of a perfect square by estimation

Specific Objectives:

To find the principal square root of a perfect square by estimation and

trial
To find the length of a side of a square when the area of the square

region is given

Challenge: The area of a square region is 1296 square feet. Mhat is the

length of each side of the square?

I. Procedure

A. Finding square root by estimation and trial

1. What is the principal square root of 225?

a. Help pupils prepare a table of squares of successive multi-

ples of 10.

n x n n2

10 10x10 100

20 20x20 400

30 30x30 900

40 40x40 1600

50 50x50 2500

60 60x60 3600

70 70x70 4900

80 80x80 6400

90 90x90 8100

b. To find the principal square root of 225, have pupils estimate:

Since 102 is 100 and 202 is 400, then f2.Z > 10 and /03' < 20.

This can be written as 10 <1.03 < 20.

c. Which of the numbers between 10 and 20, when used as a factor

twice, wiil have a product ending in 5? (15)

d. Try 15 x 15. 15

75
150
225 Then 152 = 225 and 15 = J.
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2. In a similar way, find the principal square root of

a. 289 Estimate: 10 < /019 < 20

Which of the numbers between 10 and 20ywhen used as a factor

twice, will have a product ending in 9?

Try 13 and 17 (13x13 = 169 and 17x17 = 289).

b. 324

c. 625

B. To solve problems involving square roots

1. Refer to the challenge. What is the formula for finding the

area of a square? A = sP. What does A represent? What does

s represent?

2. Write the formula, replacing A with 1296. 1296 = i2.

3. In the formula A = s2, what is an appropriate replacement set

for s from all the numbers you knaw? (the set of positive

rational numbers) Since "s" represents the number of units of

measure in the side of a square, the value of "s" cannot be

negative.

What...replacement for s will make 1296 = s2a true statement?

( /1296 = s)

Why need we consider only the principal.square root?

4. How can we estimate i1-16?

102 = 100 20 P = 400 302 = 900 402 = 1600

Then ii-Tqg > 30 and /MT< 40 or 30 < in-97 < 40.

Which of the numbers between 30 and 40 when squared would

produce a product ending in 6? (34 and 36)

Try 34 34
1211
136
1020
1156 (1156 1296)

Try 36 36
x 6

21
1080
IT§Z

Then 1296 = 362 and 36 = s. The side of the square is 36 ft. long.
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U. Practice

A. Find the principal square root of 400, of 900, and of 576.

B. Find the side of a square region whose area is 169 sq. ft.;

1089 sq. ft.

III. SumnarY

A. Square roots of perfect squares may be found by (estimation)

and (trial).

B. To find the side of a square whose area is known, we find the

of its area.



Lesson 82

Topic: Rational Numbers: Terminating and Repeatinc: Decimals

Aim: To develop the concept that terminating decimals and non-terminating
repeating decimals name rational numbers

Specific Objectives:

To review the meaning of rational number
To express a rational number as a terminating or repeating decimal

Challenge: Write the decimal numeral for 1.

I. Procedure

A. Review meaning of rational number

1. Have pupils recall that a rational number is a number which
can be expressed in the form:

,

b 0, where a and b repre-
sent integers. b

2. Express the following rational numbers in the form: b 0:

2, 2 -8, 41, 1.7 (1, 2, 8 22 17
,

1

4 5 4 1 17-,

B. Expressing a rational number by a terminating or non-terminating
repeating decimal

1. Have pupils recall that a rational number may be expressed in
decimal notation.

Express in decimal form.

.75

or 4)3.00
4

2 8
20
20

= .75
4

Express the following in decimal form:

Tell pupils that such decimals are called terminating decimals
because the division ultimately cames to an end when a re-
mainder of zero occurs.
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2. Have pupils express in decimal form to 3 places; to 5 places;

to 10 places.

If you continued the division, what digit would be in the llth

place; the 20th place; the 2 millionth?

Elicit that as far as the division was carried, the next digit

in the quotient would also be 3 and the remainder will never

be zero. Tell pupils that w.e can indicate that 3 repeats on
and on by placing a bar over the last 3, e.g., .333, .3333, or

even .3.

In a similar way, have pupils express 2 in decimal form to 4
al

places; to 6 places; to 8 places.

Elicit that if the division were continued, the next two digits

would be 27. We can indicate that 27 repeats by using a bar,

e.g., .27, .2727, etc.

3. Refer to the challenge. Elicit that the decimal name for 1"

already known by the pupils, is .661. This may now be written
3

as .66 (or :6 or .66g, etc.)

4. Elicit that it seems from the previous examples that a rational

number can be named by a terminating decimal or by a non-termin-

ating decimal that repeats. Tell pupils this is true. The

teacher may wish, with some classes, to show that the converse

of this is true.

5. Do you think the converse of this is true? Does any terminating

decimal or non-teruinating decimal that repeats name a rational

number?

a. Elicit that the terminating decimals such as .5/ .25, .125

can be named by a rational number in the form .11, b 0.

.5 = 5

.25 = 11
10 0

.125 =11E100 0

b. Show upils that a non-terminating repeating decimal such as

46666, or .666 also names a rational number. Let us repre-

sent the rational number we seek by n. Then n = .666. Since

n and .66g name the same number, so do 10xn and 10 x .666.

10n = 6.66g
n = .66g

If we subtract n from 10n and 66g from 6.66g, we can eliminate

.66g.
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To subtract n from 10n we use the distributive property
of multiplication over subtraction: 10n - n = (10-1)n or 9n.

Then, by subtraction: 10n = 6.66T
n = .666

9n = 6

9 3

The rational number named by .66g is 1.

c. What rational number is named by the non-terminating repeating
decimal .2727?

Let n = .2727
then 100xn= 100 x .2727

100n = 27.2727
n = .2727

99n = 27
27

or -n 3-
99 11

The rational number named by .2727 isa.
II. Practice

aA. Express each of these rational numbers in the form: -
/
b L 0, where

ba and b are integers.

13 22 12 5i 3.6

B. Express each of these rational numbers by a repeating or terminating
decimal.

7 4 4
3 7 "e"

III. Summary

A. A rational number may be expressed by a

decimal.

decimal or by a

B. What new method did we learn for writing a decimal which repeats.

C. What is the significance of the bar in the following expressions:

.17 .325 .23756
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Lesson 83

Topic: Irrational Numbers

Aim: To develop the concept of an irrational number

Specific Objectives:

To construct a non-terminating, non-repeating decimal

To learn the characteristics of an irrational number

Challenge: Are there any decimals that do not terminate or repeat?

I. Procedure

A. To construct a non-terminating, non-repeating decimal

1. Have pupils recall that a rational number can be named by a

terminating decimal or by a non-terminating repeating decimal.

2. Refer to challenge. Consider the decimal: 0.1234567891011...

These digits have been chosen in succession from the set of

integers. What will be the next four digits? (12 13) Will

this decimal ever terminate? Why not? Will this non-terminating

decimal ever repeat? Why not?

3. Answer the challenge. Have pupils make up several non-terminating,

non-repeating decimals.

4. Elicit that a non-terminating, non-repeating decimal does not name

a rational number. (Rational numbers are named by terminating or

non-terminating, repeating decimals.)

B. Characteristics of an irrational number

1. Guide pupils to realize that since the non-terminating, non-

repeating decimals do not name rational nuMbers, a new name is

needed for the numbers they do represent.

2. Tell pupils that the numbers named by non-terminating, non-repeat-

ing decimals are called irrational numbers. Tell pupils that

irrational numbers cannot be expressed in the form
'

where a and
b

b are integers, b 0.

3. Have pupils realize that irrational numbers may be positive or

negative. For example, .6325447... represents a positive irrational

number and -.6325447... represents a negative irrational number.

4. Tell pupils that the union of the set of rational and the set of

irrational numbers is called the set of real numbers.
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II. Practice

A. Consider the decimal: 0.2468101214...These digits have been chosen

in succession from the set of even integers. What will be the

next six digits? Explain why this decimal will never terminate.

Will this decimal ever repeat? Why? To what set of numbers does

this non-repeating, non-terminating decimal belong?

B. Tell whether each of the following is rational or irrational.

Explain your answers.

1. .323232 3. .75

2. .823824825826... 4. 5

C. To what set of nuMbers do all the above belong?

III. Summary

A. A non-repeating, non-terminating decimal represents a(n)

number.

B. The set of rational numbers and the set of irrational nuMbers are

subsets of the set of numbers.'

C. What new vocabulary did we learn today?

(irrational, real nuMbers)



Lesson 84

Topic: Square Root

Aim: To approximate the square root of a non-perfect square

Specific Objectives:

To learn that the square root of a non-perfect square is an ir-

rational number
To find a rational approximation of the square root of a non-

perfect square

Challenge: What is the principal square root of 18?

I. Procedure

A. The square root of a non-perfect square is an irrational number

1. Refer to challenge. Have pupils recall that when a nuMber

can be factored into exactly two equal rational factors,

each of the equal factors is a sQuare root of the number.

2. Is there any integer which when used as a factor twice will

result in a product of 18?

since /IT = 4 then /173 > 4

since ./7.3" = 5 then /IT < 5

4 <Ir<5
Have pupils conclude that there is no integer which when used

as a factor twice will give us 18 as a product.

3. Is there any rational number between 4 and 5 which used as a

factor twice will result in 18 as a product?

Have pupils try various rational numbers such as 4.2, 4.36,

4.123, etc., and list results on the board.

(4.2)8 = 17.64

(4.36)2 =

(4.123)2 = ?, etc.

Pupils will discover that none of the numbers they tried will

give a product of 18.

4. Have pupils recall the meaning of a perfect square. (the

square of a rational number)

From our work, it appears there is no rational number whose
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square is 18. If this is true, iS 18 a perfect square? Why

not? (Because a perfect square is the result of squaring a

rational number.)

5. Tell the pupils that it will be proved in later courses that

nuMbers such as 18 are not perfect squares and therefore do
not have rational square roots. Such numbers can be called

non-perfect squares. The square root of a non-perfect square

is an irrational nuMber.

B. Find a rational approximation of the square root of a non-perfect
square

1. Since the square root of a non-perfect square is an irrational
number, we will try to find a rational approxiPation of AT.
By "a rational approximation" we mean a rational nuMber which
will appraximate the value of an irrational number.

2. Refer to A-2, 4 <Ji < 5 means that the rational approximation
of 427 will be 4 and some decimal fraction. What does (4.1)2

equal? (16.81) What does (4.2)2 equal? (17.64) What does (4.3)2

equal? (18.49)

Between which of these rational approximations will the square
root of 18 lie? (4.2 <Yle < 4.3)

3. From your multiplications, (4.2)2 = 17.64 and (43)2 = 18.49.

What is the difference between 18 and 17.64?
What is the difference between 18.49 and 18?
Which rational approximation would you say is the closer to

ilE? (4.2)
Then we will say that 117 = 4.2 to the nearest tenth.

Note to Teacher: The pupils should realize that the rational
approximation to the square root of a non-perfect square can
be found to hundredths or thousandths, etc. For example, the

rational approxipation of ile-73 to 15 decimal places is

4.242640687119285. In any problem calling for the square
root of a non-perfect square, the nurber of decimal places

re:adred will always be indicated. In this material we shall

not go beyond tenths place.

II. Practice

A. Between what two consecutive integers does each of the following

lie? 17 (between 2 and 3), . 28

B. Find the value of (5.2)2, (7.8)2, (34)2



C. Find to the nearest tenth: ./17, )574:,

III. Summary

A. Why is /2 an irrational number?

B. Explain what is meant by a rational approximation of an irrational

number.



Lesson 85

Topic: The Pythagorean Relationship

Aim: To discover the Pythagorean relationship in a right triangle

Specific Objectives:

To review the meaning of: right triangle, hypotenuse, legs

To discover the Pythagorean relationship among the sides of any

right triangle

Note: It is suggested that the teacher prepare and distribute rexo-

graphed sheets containing the following diagrams:

Challenge: What relationship can you discover among the area measures

of squares ABDE, ACGF, AND CBIH?

I. Procedure

A. Review meaning of right triangle, hypotenuse, legs

1. In the figure shown in the challenge, what kind of polyEon

is ACB?

2. In right triangle ACB, which is the largest angle?
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3. Which is the longest side of triangle ACB? (hypotenuse)

4. If angle C is a right angle, name the hypotenuse. Name each
leg.

5. lihat is the unit measure of side AB? side CB? side AC?

(AB = 5 units, CB = 4 units, AC = 3 units)

B. To discover the Pythagorean relationship

1. How many square units are there in each of the regions ABDE,
ACGF, CBIH?

2. What relationship can you discover anong these area measures?
(25 = 9 + 16)

3. Have pupils realize that the area of each square region equals
the square of the measure of one of its sides, i.e., 9 = 32;
16 = 42; 25 = 52 and therefore 25 = 9 + 16 could be expressed
as 52 ee

4. In a manner similar to the challenge diagram, have each puoil
draw on squared paper a right triangle with legs 6 units and
8 units in. length.

Draw squares on the legs of the triangle and find the area of
each square region. Use another piece of squared paper to
measure the hypotenuse. Does le = 62 + 82? This example
illustrates the Pythagorean relationship named for the Greek
mathematician, Pythagoras. It may be stated: in a right
triangle, the square of the measure of the hypotenuse equals
the sum of the squares of the measures of the legs.

5. Using a and b to represent the lengths of the legs of a right
triangle, and c to represent the length of the hypotenuse,
how can we express the area of the square region drawn on side
a? (2); on side b? (b2); on side c? (c2)

How can we express the Pythagorean relationship in terms of
a, b, and c? (c2 = + b2 )

Note to Teacher: Have pupils realize that c2 = b2 iS a
generalization of the Pythagorean relationship.

IT. Practice

A. Have pupils draw right trianEles in different positions and have
them name the hypotenuse and legs of each triangle.

B. Listed below are the lengths of the sides of several right triangles.
Have puoils check to see that the relationship c2 = a2 + b2 holds.

1. 5, 12, 13 Does 132 = 52 + 122? 3. 7, 24, 25

2. 8, 15, 17 4. 12, 16, 20
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III. Summary

A. In a right triangle, what name is ;iven to the side opposite
the right angle? to the sides opposite the acute angles?

B. In a right triangle, which is the longest side?

C. What relationship seems to exist among the sides of a right
triangle? Why is it called the Pythagorean relationship?

D. Using the letters a and b to represent the measures of the legs,
and c to represent the measure of the hypotenuse of a right tri
angle, how can Ive express the Pythagorean relationship?



Lesson 86

Topic: Pythagorean Relationship

Aim: To use the Pythagorean relationship

Specific Objectives:

To review finding the square root of a number
To use the Pythagorean relationship to find the hypotenuse of a
right triangle

Challenge: What is the hypotenuse of a right triangle whose legs masure
8" and 15"?

I. Procedure

A. Review of finding square root

1. The square roots of 25 are +5 and -5. Why?

2. Which is the Principal square root of 25?

3. Find the principal square root of 196.

4. Find ,r7-2 to the nearest tenth.

B. Using the Pythagorean relationship to find the hypotenuse

Note to Teacher: In order to facilitate problem solving, it is
suggested that the pupils find square roots or square root
approximations by using the tables in their textbooks. The work
done by the pupils in estimating and approximating square roots
will reinforce their understanding and help them to avoid errors
in reading the tables. It will also help the pupils to find
answers when the tables are not available.

1. Refer to the challenge.

Draw a figure representing the right triangle.

2. Elicit that AC and BC are the legs of the
right triangle ACB and that AB is the
hypotenuse.

1 Have pupils recall the generalization of the
Pythagorean relationship, c2=s2+b2 and make
the appropriate numeral replacements: c2=e+152.

4. Solving the above equation: c2 = 64 + 225
c2 289
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What is the value of c? (17 or -17)
Which value of c do we consider for our answer? (c = 17) Why?

Therefore, the length of the hypotenuse is 17".

5. If the lengths of the legs were 21 and 311 how long would the
hypotenuse be?

c2 = 32 + 22

c
2

= 9 + 4
e = 13

6. If c2 = 13, what kind of number will be the value of c?
(irrational) Why? (Because no rational number used as a fac-
tor twice will result in 13.)

7. Find the square root of 13 to the neareSt tenth.

From the table in the textbook, the three-place decimal rational
approximation for .55 is 3.606. 115 to the nearest tenth is 3.6.

II. Practice

A What is the principal square root of 400?

B. Find 11/7 to the nearest tenth

1. by approximation

2. by using the table in the textbook.

C. Find the length of the hypotenuse of a right triangle when the
measures of the legs are:

a = 15 inches b = 20 inches

a = 9 centimeters b = 40 centimeters

a = 1 meter b = 1 meter

III. Summary

A. What is meant by the principal square root of a number?

B. How would you express in words the Pythagorean relationship?



Lesson 88

Topic: Irrational Numbers

Aim: To show that a point on the number line may be associated with an
irrational number

Specific Objectives:

To find, by approximation, a point on a number line associated with
an irrational number

To understand that every point on the number line has either a
rational or an irrational number associated with it

Challenge: What point on the number line would you associate with
./1-67 ./71-57 AT'?

I. Procedure

A. Associating a point on a number line with an irrational number

1. Have pupils recall that they have associated points on a
number line with whole numbers, with integers, and with
rational numbers.

2. Refer to challenge. Elicit that since lib= 4 and II= 5,
JT is greater than 4 and less than 5; that is, 4 <118 < 5.

On the number line, the point associated with Ag is between
the points associated with 4 and 5.

0 1 2 a 4 6 7 a 9 10

3. Have pupils recall from a previous lesson that in approximating
to one decimal place

(4.2)2 = 17.64
(4.3 )2 = 18.49
4.2 <1.73 < 4.3

Imagine a magnifying glass used to enlarge the interval on the
number line from 4 to 5. Divide this interval into ten equal
parts. The point associated with./7 is between 4.2 and 4.3.

1578

4.2 4.3 4 5 4.6 4.7 4.8 4.9

4. In approximating %lig to two decimal places, we find that

(4.202 = 17.9776
(4.25)2 = 18.0625
4.24 < Jtg < 4.25
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c. Using the Pythagorean relationship

c2 = a2 + b2

(12)2 =(11)2 + b2

144 = 121 + b2

23 = bP

4.796 = b

d. Therefore, the distance to the nearest foot is 5 feet.

II. Practice

A. Using the Pythagorean relationship, find the length of the third

side to the nearest integer.

a = 5, c = 13
b = 11, c = 14

B. A pole 40 feet in height is steadied by a guy wire 41 feet in

length attached at the top of the pole. How far from the foot

of the pole is the foot of the guy wire?

C. A rectangular sheet of art paper is 24" long and 7" wide. What

is the length of the longest straight line that can be drawn on

this paper?

III. Summary

A. Explain how you would use the Pythagorean relationship to find

the length of one leg of a right triangle if the lengths of the

hypotenuse and the other leg are known.

B. List the steps you would take to solve a verbal problem in which

the Pythagorean relationship is used.
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c. Have nupils use the table to find the square root of
51 (7.141).

d. Elicit that 7.141 = 7.1 to the nearest tenth. Thereforer
the length of the leg is 7 inches.

B. Using the Pythagorean relationship to solve verbal problems

1. A rectangular lot is 30 ft. wide and 40 ft. long. If a
boy cuts diagonally across the lot, how many feet would
he save over the distance covered by walking along the
sidewalk?

a. Have pupils draw a diagram repre-
senting the conditions in the
problem.

b. Elicit that to answer the question
posed by the problem, it will be
necessary to find the length of the
diagonal path.

30

40

c. Have pupils realize that since the diagonal path cuts
the rectangular lot into two right triangles, the
Pythagorean relationship may be used to find its length.

d. c2 = a2 + b2
c2 (40)2+ (30)2

c2 = 1600 + 900
c = 50 Length of the diagonal path is 50 ft.

e. Elicit that if the boy had walked along the sidewalk, he
would have walked 70 ft.

f. Answer to problem: 70 - 50 = 20 ft. saved.

2. A 12 ft. ladder is placed against a building so that it just
reaches a window 11 ft. from the ground. How far is the bottom
of the ladder from the base of the building? Round off your
answer to the nearest foot.

a. Have pupils draw a diagram representing
the conditions in the problem.

b. Elicit that the ladder forms a right
triangle with the side of the building
and the ground.



Lesson 87

Topic: Pythagorean Relationship

Aim: To use the Pythagorean relationship

Specific Objectives:

To use the Pythagorean relationship to find the length of one leg

of a right trianale
To use the Pythagorean relationship to solve "verbal problems"

involving right triangles

Challenge: In the right triangle ABC shown at the

right, what is the length of AC?

I. Procedure

A. To find the length of one leg when the lengths

of the hypotenuse and the other leg are known

1. Refer to challenge. Elicit that since triangle ABC is a

right triangle, the Pythagorean relatiorkship among the sides

ill hold.

2. Have pupils recall the generalization of the Pythagorean

relationship c2 = a2 + 102 and make the appropriate replace

ments..

c2 = a2 + b2
(25)2 = (15)2+ b2
625 = 225 4- e

3. What property of equation solving could we use to find the

value of b2?

4. If 400 = b2, what is the value of b? Therefore, the length

of AC is 20 inches.

5. If the hypotenuse of a right triangle is 10 inches, and one

leg is 7 inches, find the length of the other leg. Give the

answer to the nearest inch.

a. Have pupils draw a diagram to represent the conditions in

the problem.

b. e = a2 + b2

(10)2 = (7)2 + b2
100 = 49 b2

51 = b2
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Imagine a
line from
The point
with 4.24

magnifying glass enlarging the interval on the number

4.2 to 4.3. Divide this iaterval into ten equal parts.

associated with 118 is between the points associated

and 4.25.

3/771

4 24 4 25
L I I

4.3

5. In the rational approximation of Jig to three decimal places,

we find that

(4.242)2 = 17.994564
(4.243)2 = 18.003043

4.242 <Ji < 4.243

Imagine a magnifying glass enlarging the interval on the number

line from 4.24 to 4.25. Divide this interval into ten equal

parts. The point associated with 118 is between the points

associated with 4.242 and 4.243.
117-3

4.24 41A1Z 4)243
I 1 I

4.25

Have pupils realize that in this process eachmTnified interval

lies within the preceding interval.

6. Have pupils note that as the number of decimal places in the

rational approximation increases, the interval on the number

line between the points associated with each successive pair

of numbers becomes smaller and smaller. As the rational ap-

proximations close in on the irrational number represented

by /IT, the points associated with these approximations get

closer and closer. It seems then that they will eventually

close in on one and only one point on the number line.

4 .24 4 .25

4 4 *2 4 .3

7. Tell pupils that in a similar manner, it can be shown that

there is a unique point on the number line associated with

each irrational number.

B. The real number line

1. Elicit that the set of whole numbers and the set of integers

are subsets of the set of rational numbers.

2. Have pupils recall that the set of real numbers consists of

the union of the set of rational numbers and the set of ir-

rational numbers.
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3. Tell pupils that every point on the number line is associated

with a real number (rational or irrational) and each real

number (rational or irrational) is associated with one and

only one point on the number line.

Therefore, when we represent the set of real numbers on the

number line, the points associated with these real numbers

have no spaces between them.

Only with the set of real nuMbers do we have a one-to-one

correspondence between the set of numbers and the set of all

points on the line. Such a number line is called the real num-

ber line.

II. Practice

A. Consider the placement on the number line of the irrational number

1.732...

1. Between what two integers will it lie? (1 and 2)

2. Between what two one-place decimal rational approximations

it lie? (1.7 and 1.8)

3. Between what two two-place decimal rational approximations will

it lie? (1.73 and 1.74)

B. The /7 = 1.41421... Using a three-place decimal rational approxima-

tion indicate on a number line a point which approximates I.

III. Summary

A. vliat are some subsets of the set of real numbers?

B. Describe the process by which we locate a point on the number line

associated with an irrational number.



CHAPTER IX

GRAPHS

The procedures suggested in this chapter will help pupils to

develop an understanding of graphing an open sentence on the number

plane.

Among the important concepts developed in the chapter are:

meaning of the symbols > and <

graphing on the real number line inequalities in one

variable
meaning of an ordered number pair; locating a position

in a plane by means of an ordered number pair

finding a point in a number plane which corresponds to

an ordered number pair

graphing the solution set of an equation in two variables

graphing a formula in two variables

The beginning lessons introduce the graphing of the inequalities:

x > n, x < n on the real number line. A comparison is made between

graphs of such inequalities when the replacement set is the set of in-

tegers and when it is the set of real numbers.

The solution of open sent3nces in one variable is briefly reviewed

and the solution of an open sentence in two variables is introduced by

testing various numbers of the replacement set for the variables. The

pupil is then guided to discover the meaning of an ordered number pair.

The pupil learns first to locate a position in a plane, as, for

example, a position in a classroom by means of an ordered number pair.

This knowledge is then applied to situations, such as locating points

of interest on a city map.

The pupil then learns to associate a point in the number plane

with an ordered number pair and to graph points on a number plane. At

this stage, a systematic process for finding solutions of an equation

in two variables is presented. The solution set is then graphed on the

number plane.

The importance of the replacement set for the variable is developed

by showing the effect of a change in the replacement set on the graph of

an equation. Pupils are led to understand the need for choosing an ap-

propriate replacement set in graphing such formulas as p = 4s, the perim-

eter of a square and p = 3s, the perimeter of an equilateral triangle.



CHAPTER IX

GRAPHS

Lessons 89-98

Lesson 89

Topic: The Inequality

Aim: To solve, by testing the menters of the replacement set, inequalities
of the form x > a, x < a

Specific Objectives:

To understand the meaning of the symbols: <, >
To solve inequalities of the form x > a, x < a

Challenge: To vote in New York State, a citizen must be 21 years of
age or older. How would you represent this condition
using algebraic symbols?

I. Procedure

A. To understand the meaning of the symbols: >1 <

1. Refer to challenge. If x represents the number of years In
the age of the citizen then, either

x = 21 or
x > 21

Why are the two sentences needed?

2. How could we combine the two sentences above into one
sentence? (x = 21 or x > 21) Show pupils that the sentence:
" x = 21 or x > 21" is conventionally written: x > 21 and is
read: x is greater than or equal to 21.

3. Since the symbol > means "greater than or equal to," how can
we represent "less than or equal to"?

If the automobile speed limit on a parkway is 50 mph, and if
y represents the speed of the car, express all the legal rates
of speed in mathematical symbols.

Since y = 50 is legal
and y < 50 is legal

Elicit that y < 50 is a representation of a speed which must be
less than or equal to 50 mph.

4. Express each of the following as a mathematicalsentence:

r is greater than or equal to 10
t is less than or equal to 2
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B. Solving inequalities of the form x > a, x < a

1. Name four elements from the set of positive integers which

make the inequality x > 4 a true statement.

a. Haw may the replacement set for x be represented?

11,2,3,...1

b. Name four replacements that will make the sentence

x > 4 true.

c. Explain why 4 and 5, when used as replacements, each makes

the sentence true.

d. Name one replacement that will make the sentence false.

e. Elicit that the solution set is sometimes called the truth
C.

2. Consider x < 10 where the replacement set for x is the set of

integers.

a. How may the replacement set for x be represented?

(..., -2,-1,0,1,2,...1

b. Name four replacements that will make the sentence x < 10

true.

c. Explain why both 10 and .10, when used as replacements, will

make the sentence true.

Practice

A. Using the replacement set f-5,-4,-3,...151, find the solution set

of each of the following:

x > 2 ((2,314,51)
x7 0 (f-51-41-31-2,-1,01)

x 5 (f51)

x ([ 1 or 0)

B. Suppose n represents any number in the set of positive even in-

tegers. Name two replacements for n that will make 2n + 3 > 11.

C. What is the solution set of the open sentence in B? (f4,6,8,..:1)

III. Summary

A. 'What does the symbol > mean?
B. What does the symbol < mean?
C. State a life situation using the expression "greater than or equal

to." Represent the situation by means of the symbol >.
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Lesson 90

Topic: The Inequality

Aim: To graph the solution set of an inequaliV in one variable
on the number line

Specific Objectives:

To review graphing the solution set of an inequality in one
variable
Replacement set: set of integers

To graph the solution set of an inequality in one variable
Replacement set: set of real numbers

Challenge: What is the difference in the graph of the solution set
of x > 3 when the replacement set is the set of inteFers
and when the replacement set is the set of real numbers?,

I. Procedure

A. Review the graph of the solution set of x > 3, replacement
set: the set of integers

1. Have pupils recall that the solution set of x > 3 can be
shown by means of a graph. For example,

a. If the replacement set is r.112,314,51, what is the solution

set of x >3? (14,51)

b. Graph the solution set on the number line by indicating
the members of the solution set with heavy dots.

40' 3 '
I >

7

2. a. If the replacement set is the set of integers, what is the
solution set of x. > 3? ( 5 6,...1)

b. Graph the solution set.

0 4-4-4->
Have pupils note the difference between the two graphs.
Lead pupils to realize that since the last point named
on the line is included on the graph, this shows that
the positive integers greater than 7 are also in the

solution set.
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3. Using a sindlar procedure, have pupils graph x < 3, if

a. the replacement set is (-51 -4,

b. the replacement set is (...,

3,

21 1,

B. To graph the solution set of x > 3
Replacement set: set of real numbers

2, 1, 0, 11;

0, 1, 2,

1. When the replacement set is the set of real numbers, what is

the solution set of x> 3? (the set of all real numbers greater

than 3)

Tell pupils we can indicate this solution set by using set

builder notation. We write (xtx, >. 3, x E R) and read: the set

of all x such that x is greater than 3 and x belongs to the

set of real numbers. Notice the vertical bar is read "such

that."

2. Have pupils recall that the union of the set of rational num-

bers and the set of irrational numbers form the set of real

numbers. Recall that there is a onetoone correspondence

between the set of real numbers and the points on the number

line.

3. Since every real number greater than 3 is a member of the

solution set, we indicate their graphs by darkening part

of the number line.

To show that 3 is not included in the solution set, a circle

is drawn about the point corresponding to 3.

4-2 ...I. 0 1

4. Answer the challenge.

a 3 4 5 6 7

5. Use as the replacement set the set of real numbers. What is

the solution set for x > 3? (3 and all real numbers greater

than 3) Tell pupils that since 3 is included in the solution

set, we place a shaded circle on the point corresponding to

3 and a heavy line to represent all other members of the solu

tion set.

0 3. 2 4 5 6 7

6. Using a similar procedure, have pupils graph (xix <3, x E R).

II. Practice

A. Graph the solution sets of each of the following inequalities.

Replacement set: set of real numbers

1. x> 5 3. 4x > -8

2. x <
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B. Graph the solution sets of each of the following inequalities
using the set of real numbers as the replacement set.

1. x < 6

C. Consider the following graphs:
Replacement set: set of real numbers

2. 2x > 2

3.

2 a 4

Write an open sentence for which each of the above is a
graph of the solution set.

Suninary

A. Explain: if I is the set of integers, the graph of (xlx < 3,
x E I) is a set of distinct points on the number line.

lain: If R is the set of real numbers, the graph of
x x < 3, x E R) is a ray whose end point is the point as
sociated with the number 3 on the number line.

C. What is the significance of the unshaded circle when used as
part of the graph of the solution set of an inequality on the
real number line?

D. Does the graph of (xlx < 6) include the point associated with
the number 6? Explain your answer.



Lesson 91

Topic: Open Sentences in Two Variables

Aim: To develop the meaning of an ordered pair of numbers

Specific Objectives:

To review the solution sets of open sentences in one variable
To introduce the solution sets of open sentences in two variables
To develop the meaning of an ordered pair of nuMbers

Challenge: Explain why f4,31 = f3,43 but (4,3) (3,4).

I. Procedure

A. Solution sets of open sentences in one variable

1. Have pupils recall that an open sentence is one that cannot
be judged true or false.

2. Elicit that the truth or falsity of an open sentence such
as 2n = 14 cannot be determined until n is replaced by the
name of a number from the replacement set.

3. If the replacement set is the set of rational numbers, what
is the solution set of:

n + 3 = 7? 2n = 14? 3n = 10?

B. Solution of open sentences in two variables

Note to Teacher: Tell pupils that from now on unless stated
otherwise, the reDlacement set will be the set of real numbers.

1. Have pwils consider the open sentence: x + 2y = 10.

2. Elitsit that such an open sentence requires replacements for
both x and y.

3. Have pupils try various replacements for x and y that will
make a true statement of the open sentence x + 2y = 10.

x y x.+ 2y = 10

10 0 10 + 2(0) = 10
2 5 2 + 2(5) = 10
8 1 8 + 2(1)= 10
3 4 3 + 2(4) = 10

4 3 4 + 2(3) = 10
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4. Shaw pupils that by choosing a replacement for one variable,

we can find the replacement for the other variable which will

make the statement true in a systematic way.

If we choose 6 as a replacement for x, we have

x + 2y = 10
6 + 2y =

2y = 4
y = 2

Have pupils check

x + 2y = 10
6 +2(2) 10
6 + 4 = 10

10 = 10

If we choose 7 as a replacement for xl we have

x + 2y = 10
7 + 2y = 10

2y = 3
y=orl.

Have pupils check

x + 2y = 10
7 +2(t).= 10

7 + 3 = 10
10 = 10

Shaw pupils how to arrange their work.

x + 2y = 10 sr

6
7

6 + 2y = 10
7 + 2y = 10

2
;..

5. Lead pupils to realize that although a solution of an open

sentence in one variable is a number, a solution of an open

sentence in two variables is a pair of numbers.

C. Ordered number pairs

1. Tell pupils that number pairs such as 10 (the replacement for

x) and 0 (the replacement for y) are conventionally written
(10,0) with the value for x given first.

2. Refer to the table in 8-4. Have pupils note that when x is

replaced by 4 and y by 3, the resulting statement is true,
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but when x is replaced by 3 and y by 4, the resulting state-
ment is false. Have pupils conclude that (4,3) ,6 (3,4) and
that, therefore, the order is important.

3. Return to challenge. 14,3) = (324) because if the members
of the set are the same, the sets are equal regardless of
order. (4,3) 4 (3,4) because (4,3) means x = 4, y = 3 and
(3,4) means that x = 3, y = 4 and order is important.

4. Tell pupils that a pair of numbers in which the order is
important is called an ordered pair of numbers.

II. Practice

A. Tell whether the given ordered pair of numbers is a solution of
the open sentence.

x + y = 3 (2,1) Yes, because 2+1 = 3
a + 41) = 9 (3,2) No, because 3+4(2) 9

3x + y = 6 (1,3)
2x - 2y = 10 (2,-3)

B. Find several ordered pairs of numbers which will make the following
true:

y = 12
x - y= 16 .

x + 2T--- -4

III. Summary

A. Nbat vocabulary have you learned today?

B. What is the difference between a solution of an open sentence in
one variable and a solution of an open sentence in two variables?

C. Why is a solution of an open sentence in two variables called an
ordered pair of numbers?



Lesson u

Topict Ordered Pairs of Numbers

Aim: To locate a position or point by means of an ordered pair of numbers

Specific Objectives:

To review locating a point on a number line
To learn to locate a position or point by means of an ordered pair of
numbers

Challenge: In your classroom, who is sitting in seat (512)? in seat
(2,5)?

I. Procedure

A. Locating a point on a number line

1. Have pupils consider the number line below:

D E A B C

3 -3 -1 0 41 +a +3 +4

What real number is associated with each point AIBIC,D,E?

Tell the pupils that the number which corresponds to a point
on the number line is called the coordinate of the point.

2. Nhat is the coordinate of each of the points H,J,K,G,F on
this vertical number line.
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B. Associating an ordered number
in a real life situation

1. Have pupils examins a plan
as the one below.

pair with a position or point

of an imaginary classroom such

0000E00
0000C E

7000000
000000
00CIOn

RJ
0 CI 0 0 D 0
0

LI
4111.1111101111111111.111!

Front of Room

Have pupils suggest the directions that nust be given to
locate the following pupils in the classroom.

A. Albert
B. Betty
C. Carla

D. David
E. Edward

2. Elicit that a pair of numbers is necessary to locate a
pupil's position because both the raw and the seat must be
identified.

We will agree that the number of the row from the side of
the room will be given first, and the number of the seat
from the front of the room will be given second.

The pupil located by the first row, fourth seat (Albert)
is not the same as the pupil located by the fourth row,
first seat (Betty). Therefore, order is important and we
need an ordered number pair.

3. If we represent the location of pupil A as (1,4), how would
you represent the location of pupil B? pupil C? pupil D?

pupil E?

Using the symbolism for the ordered pair of numbers, have
pupils locate their positions in the classroom.

4. Answer the challenge.
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II. Practice

N. 3rd Ave.

N. 2nd Ave.

N. 1st Ave.

Broadway

S. 1st Ave.

S. 2nd Ave.

S. 3rd Ave.

f'
1

41,..

1

4- 4-3 4-3 4-3 4-3 4-)
( V) (I) (f) (/)

'0 -) -)
(f) )-4

Cfl C1 r-4 r-4 C%3 Cn

4t
Z (I)

A. Using the map above, have pupils suggest the directions that
must be given to find the following places in the town. Use
the intersection of Main Street and Broadway as a reference
or starting point.

A. ArtMuseum (2 blocks E, 3 blocks N)
B. Bayview School
C. City Hall
D. Dants Market
E. Eastern Air Lines Office
F. Fairmont Hospital
G. General Post Office
H. Hall of Records

B. Locate the points G and A by means of ordered pairs of numbers
giving the street first and avenue second. Answer: G (El, N4)

III. Summary

A. How many directions do you need to locate a point on a number line?
B. How many directions do you need to locate a seat in a classroom?
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Lessons 93 and 94

Topic: The Graph of a Point in a Number Plane

Aim: To learn that points in a plane and ordered pairs of numbers

may be made to correspond

Specific Objectives:

To associate a point in the number plane with an ordered pair

of numbers
To match a pair of numbers with a point in a plane

Challenge: Suppose P is a point in a plane that is not on the real

number line drawn in the plane.

< 1 -3
1 I I 1+3 /

-2 -1 +4

How would you locate the position of point P?

I. Procedure

A. To associate a point in the number plane with an ordered pair

of numbers

1. In reference to the challenge, elicit that P is directly

above some point on the number line.

2. How can we find the point on the number line directly below

point P? (Draw a line through P perpendicular to the !am-

ber line.)

41 -j 2 1
1 1

0 +1 + +4

3. Elicit that P is directly above the point associated with

+3 on the number line.

Are there any other points in the plane directly above or

below the point associated with +3? (all other points on

the perpendicular)
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4. How can we distinguish the position of P from all other

points on the perpendicular? (by associating numbers

with the points on the perpendicular)

Lead pupils to see that we could also solve this problem

by drawing a second number line at right angles to the

first in such a way that their zero points coincide.

I I I

owe

-3

1
+4

5. Elicit that P is to the right of same point on this second

number line.

How can we find this point on the second number line?

(Draw a line through P perpendicular to the vertical num
ber line.) Point P is to the riglit of which point on the

vertical number line? (the point associated with +1)



1: -4 -3 -2 -1

P(3,1) >

+1 +2 43 +4

6. Have pupils realize that point P, which is three units to

the right of the vertical line and one unit above the hori-

zontal line nay be represented by the ordered pair of num-

bers (3,1). The two numbers assigned to a point are called

the coordinates of the point. The first coordinate gives

the directed distance of a point from the vertical number

line and the second coordinate gives the directed distance

from the horizontal number line.

The plane on which we graph points is called the coordinate

plane. The graphing of a point is called plotting a point.

B. To match a pair of numbers with a point in a plane

1. How can we find the graph of the ordered pair of numbers

(-3,2)?

2. Have pupils draw a vertical number line and a horizontal

number line at right angles in such a way that their zero

points coincide.
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3. To locate the graph of(-312), have pupils draw a per-
pendicular through the coordinate -3 on the horizontal
number line, and a perpendicular through the coordinate
+2 on the vertical number line. The point of inter-
section of these lines is the graph of (-312).

4. Have pupils locate each of these ordered number pairs on

the coordinate plane.

A. (-3,-1) B. (511) C. (21-2) D. (-3,4)
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Note to Teacher: After the pupils understand the principle
of locating a point in a plane show them that the use of
graph paper will eliminate the necessity for the use of
perpendiculars.

AMP Vte
a 3

2

II. Practice

A. Graph each of the ordered nunther pairs.

I, (1,4) 2. (2,-1) 3. (-3,3) 4. (71i)

B. Name the coordinates of each point shown below.

AAP-

-41

V

-261-



C. Name the coordinates of the vertices of each of these polygons.

, ,

IN MIN MImums
hilly .minuisai 0 3 4 =ME

IIIIIIIIIIIIII 11.11M111111110
11111111111 MIMMIIIEIIIIIIIIIIIIhk

111111.1

III. Summary

A. What new vocabulary have you learned today?

B. What are the two numbers in an ordered pair assigned to a
point called?

What does the first coordinate indicate? (directed distance
of the point from the vertical number line)

What does the second coordinate indicate? (directed distance
of the point from the horizontal ntimber line)



and 96

Topic: Graph of an Equation in Two Variables

Aim: To learn to graph the solution set of an equation in two variables

Specific Objectives:

To review the solution of an equation in, two variables
To graph the solution set of an equation in two variables

Challenge: The graph of 3x = 7 on the number line is a point.
What is the graph of 3x + y = 7 on the coordinate plane?

I. Procedure

A. Review the solution of an equation in two variables

1. Consider the equation: 3x + y = 7. Find an ordered
pair of numbers which will make this sentence a true
statement. Remind pupils that we are using the set of
real numbers as a replacement set.

Have pupils find various replacements for x and for y
that will result in a true statement. For example,

0 3(0)+ y = 7 7
1 3(l)+ y = 7 4
2 3(2)+ y = 7 1

The ordered pairs of numbers (007), (104), and (2,1) are

solutions of the equation.

2. Have pupils suggest other ordered pairs of numbers which
are solutions of the equation.

3. How many ordered pairs of numbers are there which will make
the sentence true? (unlimited number)

4. Tell pupils we can indicate this solution set by using set--
builder notation. We write ((x,y) 3x + y = 7, x E R and
y E R. This is read: the set of all ordered pairs of num-
bers, (xly) such that 3x + y = 7 and x belongs to the set
of real numbers and y belongs to the set of real numbers.



B. Graphing the solution set of an equation in two variables

1 . Have pupils plot on the coordinate plane their solutions

for 3x + y = 7.

-4

2. Elicit that the points seem to lie on a straight line.

3. Draw the line. f

+7 o

c

+4

-4 -;
1

lir

( 2; 1 )

4

4. Have pupils dnoose several other points that lie on tile

line, as for example (31-2), (4,-5). Have them test to

see that the coordinates of these points are solutions

of the equation.



3x + y = 7 3x + y = 7

3(3) + (-2) =;* 7
9

3(4) + (-5) = 7

9 + (-2) = 7 True 12 + (-5) = 7 True

5. Have pupils choose a point not on the line, such as (1,1).
Are the coordinates of this point a solution of the equa
tion?

3x + y = 7
3(1) + 1 = 7 False

6. Elicit that this line appears to be the set of all those

points and only those points whose coordinates satisfy the
equation.

Tell pupils that this is actually so, although we are not
ready to prove it mathematically.

Tell pupils that the line is the graph of the solution set
of the equation 3x + y = 7. This line is also called the
graph of the equation.

Now anawer the challenge.

II. Practice

A. Tell whether the given point is on the graph of the equaton.

x + y = 2 (1,1)

x + 2y = 5 (1,4)

3x + y = 7 (-2,3)

B. Graph each of the following equations. (Replacement set is the
set of real numbers.)

y = 3x + 1

2x + y = 4

y = 2 -3x

III. Summary

List the steps in graphing an equation in two variables.



Lessons 97 and 98

Topic: Graph of a Formula

Aim: To learn to graph a formula in two variables

Specific Objectives:

To show the effect of a change in the replacement set on the

graph of an open sentence in two variables

To learn to assign an appropriate replacement set for the

variables in a formula
Graphing a formula

Challenge: Some solutions for the open sentence y = 4x are (1,4),

(-1,-4), (0,0).

Which of these are not solutions for the formula of the

perimeter of a square: p = 4s? Why?

I. Procedure

A. The effect of the replacement set on a graph such as y= 4x

1. Consider the equation y = 4x. Using the set of real num-

bers as the replacement set, have pupils graph the equation.



2. Have pupils graph the same equation y = la using the set
of non-negative real numbers as the replacement set for each
variable.

A
1

4 (1 ,4)
+a

0,o)
OMR Ole

0 3 4

3. What is the name of the geometric figure shown by the set
of points in A-1? (line)

What is the name of the geometric figure dhown by the set
cf points in A-2? (ray)

Lead pupils to see that because the replacement set =tains
no negative numbers, this graph is a ray with its end point
at (0,0).

4. Have pupils realize that the appearance of a graph changes
with a change in the replacement set of each variable.

B. An appropriate replacement set for the variables of a formula

1. Elicit that the formula for the perimeter of a square:
p = 4s is similar to the equation y = 4x.



2. Since s represents the number of units of measure in the
side of a square, why should the value of s not be a negative
number?

3. Answer the challenge.

4. Which of the following replacement sets would be appropriate
for the variable s in the formula p = 4s?

the set of all numbers you know
the set of integers
the set of non-negative real numbers

Discuss why the last answer is the correct one.

C. Graphing a formula

Have pupils graph p = 4s. Replacement set for s: set of non-
negative real numbers.

1. Complete the table:

s p = 4s

0 p = 4(0) 0
1 p = 4(1) 4
2 p = 4(2) ?
q ?.'

2. Using the ordered pairs, draw the graph:

(2,81

, 4 )

+:
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3. Haw does this compare with the graph in IA-2?

4. Elicit that the graph of a formula in two variables is
constructed in the same way as the graph of an open sentence
in two variables.

4. Why is it necessary in some cases to limit the replacement
set for a variable in a formula? If the formula relates to
temperature, should the replacement set include negatives?

II. Practice

A. Graph the solution set of the open sentence y = 3x. Replacement
set for x: set of real numbers.

B. Graph the formula for the perimeter of an equilateral triangle,
p= 3s. Replacement set for s: set of nonnegative real numbers.

C. Discuss the reasons for the difference in the replacement set
for the variables in the two graphs.

III. Summary

A. In what way does a change in a replacement set affect the graph
of an open sentence?

B. What factor might determine the replacement set for a variable
in a formula?



CHAPTER X

SURFACE AREA AND VOLUME

In this chapter are materials and suggested procedures for
developing the pupils ability to:

recognize various types of prisms and pyramids
understand the term polyhedron
find the lateral and total surface area of a prism,
pyramid, and right circular cylinder

understand and use the formula for the volume of a
pyramid and the formula for the volume of a right
circular cone

The chapter begins with a brief review of some geometric terms
such as closed plane figure, polygons area, region, closed space figure,
and volume. Pupils learn that a polyhedron is a closed space figure,
all of whose faces are flat polygonal regions. They then recognize that
both the prism and pyramid are polyhedra.

After a brief review of terms applied to space figures such as
faces, vertices, and edges, a general method for finding the lateral
and total surface area of certain polyhedra ir suggested.

The formula for the volume of a prism is reviewed and an experi-
ment suggested by which the pupils discover that the volume of a pyramid
is = the volume of a prism of congruent base and equal height.

3

A method is suggested by which pupils discover that a right circu-
lar cylinder is composed of a rectangular region and two circular regions.
Based upon this understanding, the formula for the surface area of a cyl-
inder is developed.

Pupils review the formula for the volume of a right circular cyl-
inder as preparation for the introduction of the formula for the volume
of a right circular cone. Using a procedure similar to the one suggested
for finding the volume of a pyramid, pupils are led to realize that the
volume of a right circular cone is Lthe volume of a right circular cyl-

inder of congruent base and equal height.



CHAFTER X

SURFACE AREA AND VOLUME

Lessons 99-104

122m_22

Topic: Plane and Solid Geometric Figures

Aim: Tri review the characteristics of plane and solid geometric

rlgures

Sp4ific Objectives:

:Zo review the meaning of the terms: plane figure, polygon, region

area
To review the meaning of the terms: space figures, solid, prism
To introduce the terms: face, edge, vertices, as applied to space

figures

Challenge: How many faces, edges, and vertices does this figure have?

7: Z
Note to Teacher: It is suggested that in teaching the lessons on
space figures in this chapter the teacher use, wherever possible, phys-

ical models and permit the pupils to handle them. Some of the lessons

require an ability to visualize a space figure fram a drawing. Hawever,

visualizing a three-dimensional figure from a two-dimensional drawing
should come after the pupils have had an opportunity to work with phys-

ical models.

It may be necessary to guide pupils in the freehand drawing of three-

dimensional figures. Tell pupils that it is customary to represent by
line segments only those edges we can see, while the other edges are
represented by a series of dashes.

I. Procedure

A. Review of some terms related to plane figures

1. Elicit that a flat surface such as the chalkboard is a model

of the mathematical idea called a plane. Unlike the chalk-

board, a plane extends indefinitely without limit.

2. Which of the following are models of parts of a plane?

the top of your desk the surface of the floor

a piece of chalk a cup

Prsi
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3. Have each pupil select a piece of paper fram his notebook.

a. Elicit that the surface of the paper is a model of part

of a plane.

b. On the paper have pupils draw a picture of a triangle,
a rectangle, a pentagon, a hexagon.

c. Elicit that each of these is a drawing of a closed plane

figure.

4. Have pupils recall that any simple closed plane figure formed

by the union of line segments is called a polygon.

a. Elicit that each of the figures they have drawn belongs to

the set of polygons.

b. Have pupils recall that a polygon divides a plane into
three sets of points

those in the interior
those in the exterior
those on the lygon (boundary)

Have pupils illustrate the three sets of points on their

drawings.

c. Elicit that the union of the set of points on the polygon

and those in the interior form a polygonal region. A
measure of a region is its area.

Have pupils shade in a region on each of their drawings.

B. Review of some terms related to space figures

1. How does a space figure differ from a plane figure? (A

space figure is one all of whose points do not lie in the

same plane.)

2. Have pupils point out models of space figures in the classroom,

e.g., books, chalk box, and so on. Elicit that the classroam

itself is a model of a space figure.

3. Have pupils recall that a closed space figure completely en-
closes a portion of space just as a closed plane figure en-

closes a portion of a plane.

4. Elicit that a closed space figure or solid divides space into

three sets of points

those in the interior
those in the exterior
those on the figure (boundary)
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5. A measure of a solid is its volume.

C. Introducing the terms faces, edges, vertices

1, Show pupils a physical model of the figure in the challenge.
Elicit that it is a closed space figure formed by the union
of rectangular regions. Have pupils recall that such a
figure is a prism.

2. Tell pupils that the sides of a prism are called faces. The

line segments formed by the intersection of two faces are
called edges. The points of intersection of the three faces
are called vertices.

3. Answer the challenge.

II. Practice

A. Name 3 objects in the classroom which could be considered models
of plane figures. Name three models of space figures.

B. Which of these plane figures are polygons?

0 0
C. Find the area of each of the following regions.

1 2 3

5 Cl21

11 cm

D. How many faces, edges, and vertices does a clibe have?

III. Summary

A. Show by illustration the difference between a plane figure
and a space figure.

B. Is a polygon a space figure or a plane figure? Name five
members of the set of polygons.

C. Use a book as a model and point out a face, an edge, and a vertex.
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Lesson 100

Topic: Heaning of a polyhedron

Aim: To learn to recognize various types of polyhedra

Specific Objectives:

To recognize, mune, and sketch various types of prisms and

pyramids

To introduce the.term polyhedron

Challenge: In what way are these two closed

space figures alike?

Note to Teacher: In this grade we need not include the oblique prism,

oblique pyramid, oblique cylinder, or oblique cone.

I. Procedure

A. Various kinds of prisms

1. Show pupils models of various types of prisms.

a. Have pupils observe that each prism has at least two

parallel congruent faces. These faces are called the

bases of the prism.

b. Have pupils observe that a rectangular prism has more

than two parallel congruent faces; any such pair may be

considered bases.

c. Have pupils observe that the bases of a prism maybe any

type of polygon region: triangular, rectangular, pentagonal,

hexagonal, etc.
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d. Tell pupils that a prim is named for the shape of its

base. Have pupils identify and sketch models of tri-
angular prism, rectangular prism, etc.

2. a. Faces which are not bases are called lateral faces. Have

pupils point out the lateral faces of each prism.

b. Elicit the number of faces, edges, and vertices for each

of the models.

c. What relation seems to exist between the number of lateral

faces a priam has and the number of edges of the polygonal
region which forms its base?

d. Lead pupils to see that for any of these prisms, regardless
of the shape of the base, the lateral faces are always
rectangular regions.

e. Elicit that the common name for a prism, all of whose faces

are squares, is a cube.

3. Show pupils models of various types of pyramids.

a. What type of polygon region is each lateral face of the

pyramid? Elicit that all the lateral faces came together

in one point. Tell pupils this point is called the 2..22E

or vertex of the pyramid.

b. Name the types of polygons which bound the base of each

of the pyramids.

c, Tell pupils that the pyramid, like the prism, takes its

name from the shape of its base. Have pupils identify and

sketch models which represent a triangular pyramid, rec-
tangular pyramid, pentagonal pyramid, hexagonal pyramid,
etc.

d. For each model of a pyramid, elicit the number of faces,
the number of edges, the number of vertices.
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B. The Polyhedron

1. Have pupils compare the models of the.set of prisms with

the set of pyramids. Elicit that each is a closed space

figure, each is composed of flat (plane) surfaces which

are polygonal regions.

2. Answer the challenge.

3. Tell pupils that the name polyhedron is given to any closed

space figure formed by the union of plane surfaces which are

polygonal regions. The word polyhedron comes fram the Greek:

"poly" meaning %any" and "hedra" meaning "faces." Elicit

that a prism and a pyramid are members of the set of polyhedra

(plural of polyhedron).

II. Practice

A. Name and sketch three objects in the classroom which have the

shape of a prism.

B. Name any three objects which have the shape of a pyramid. Sketch

these.

C. What is the difference between the number of faces, edges, and

vertices of a cube and a square pyramid?

D. How many faces would an octagonal prism have? an octagonal pyramid?

E. (Optional) Have pupils count the number of faces, edges, and ver

tices of several prisms and pyramids. Have them observe that when

F represents the number of faces, E the number of edges, and V the

number of vertices, then F E + V = 2 for all polyhedra studied

so far.

III. Summary

A. How is the name of a prism determined?

How is the name of a pyramid determined?

B. What do we mean when UT say a figure is a polyhedron?



Lesson 101

Topic: Surface Area

Aim: To develop a method for finding the surface area of a prism

and of a pyramid

Specific Objectives:

To learn the meaning of surface area of a polyhedron

To develop a method for finding the surface area of a prism

To develop a method for finding the surface area of a pyramid

Challenge: Jack is to paint the total surface

of this prism. Joel is to paint

the total surface of this pyramid.

Which boy has the greater area of

surface to paint? State the dif
ference in area in square feet.

I. Procedure

A. Refer to challenge.

1. Elicit that to answer the challenge we find the total sur

face area of each figure. We then subtract to find the

difference in area.

2. Consider the prism. What kind of polygonal region is each

face?

3. What is the area of the top face? Which face has an area

equivalent to the area of the top face? What is the combined

area of these two faces? (72 sq. ft.)

4. What is the area of the face whose length is 6' and height is

81? (48 sq. ft.) Have pupils indicate the other faces with an

area of 48 sq. ft.

5. Total area of the four lateral faces is 4 x 48 or 192.

6. Total area = 2 (area of base) + area of the lateral faces

= 72 + 192

= 264

The total surface area of the prism is 264 sq. ft.
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B. Have pupils study the model of the pyramid.

1. What type of polygonal region is the base of the pyramid?
(square region)

2. What type of region is each lateral face? (triangular region)

3. Elicit that to find the area of a triangular region the base
and height must be known.

4. Refer to diagrant in challenge.
Show pupils how the pyramid would
look if it were cut along the
lateral edges so that it would
lie flat.

Elicit that the line segment AK
is the altitude of the triangle
CDA and its length is 8'.

5. Tell pupils that while the length of AK is the height of the
triangle CDA, it is called the slant height of the pyramid.
Elicit that the name slant height is an appropriate one.

6. Elicit that the height of each triangular region is the same
in this case.

7. What is the area of the triangular region CDA? (A(6)(8))

Howr many such regions are there? What is the total lateral

area? (4x24 or 96 sq. in.)

8. What is the area of the base region? (36 sq. in.)

9. To find the total surface area, we find the sum of the areas

of all the faces.

Total area = area of base + area of lateral faces
= 36 + (24)
= 36 + 96
= 132

The total surface area of the pyramid is 132 sq. ft.

10. Answer the challenge.

Jack has to paint 264 sq.feet.
Joel has to paint 2.2 sq. feet.

Difference 132 sq. feet.



II. Practice

A. Find the total surface area of a cube if one edge is 9 inches.

B. Find the total surface area of a square pyramid if one edge
of the base is 4 inches and the slant height is 8 inches.

C. Find the lateral surface area of a regular prism if its base is
7 inches long, 8 inches wide, and its height measures 10 inches.

III. Summary

A. How do we find the total surface area of a prise

B. How do we find the total surface area of a pyramid?

C. What is the meaning of slant height?

D. What is the difference between total surface area and lateral
surface area?



Lesson 102

Topic: Volume of a Pyramid

Aim: To develop a formula for finding the volume of a pyramid

Specific Objectives:

To review the formula for finding the volume of a prism

To relate the formula for the volume of a pyramid to the
formula for the volume of a prism

Challenge: Haw many times as great as the
volume of the pyramid is the su

volume of the prism?

I. Procedure

A. Review the formula for the volume of a prism.

1. Refer to figure in challenge. Elicit that the volume of
a prism can be found by Une formula V = Bh where B repre-
sents the area of the base and h the height of the prism.

2. Have pupils find B.

B x w

= 4 x 3
= 12

V = Bh
= 12 x 5
= 60

The volume of the prism is 60 cu. in.

B. Volume of a pyramid

1. Refer to the pyramid in the challenge. Tell pupils that
the height of a pyramid is the length of the perpendicular
line segment from the apex to the base.



1

EF is the perpendicular from the apex: A to the base region
ADO. The height of the pyramid is the measure of EF.

Note to Teacher: Using models of a prism and a pyramid
whose bases are congruent and whose heights are the same,
it can be shown by experimentation that the volume of a
pyramid is 1. the volume of a prism.

By filling the pyramid wdth salt and emptying it into the
prism, the pupils will see that the prism contains 3 times
the amount of salt contained in the pyramid.

In presenting the lesson, use the experiment above if models
are available. If not, tell pupils it can be done.

2. The formula for the volume of a prism is V =Bh- therefore,
the formula for the volume of a pyramid is V =-- Bh.

3

3. Have pupils find the volume of the pyramid in the challenge.

v =1.-Bh

=:i.x 12 x 5

= 20

Volume of the pyramid is 20 ca. in.

4. Answer the challenge.

II. Practice

A. Find the volume of a pyramid with the following bases and heights.

Area of Base Height

10 sq. in.
15 sq. in.
25 sq. in.

3 in.
2 in.

6 in.

B. If the area of the base of a prism is 30 sq. in. and its height is
10 inches, find the volume of a pyramid with the same height and

congruent base.

C. If the area of the base of a pyramid is 8 sq. ft. and its height

is 3 feet, what is the volume of a prism with the same height and

a congruent base?



D. Find the volume of a pyramid whose base is a square, the
measure of whose side in inches is 8, and whose height is
12 inches.

E. The area of the base of a pyramid is 81 square inches.
The height of the pyramid is 6 inches. Find the volume
of the pyramid.

III. Summary

A. What is the general formula for the volume of a prism?

B. How does the volume of a prism compare with the volume of
a pyramid of the same height and base?

C. How does the volume of a pyramid compare with the volume
of a prism of the same height and base?



Lesson 103

Topic: Surface Area of a Right Circular Cylinder

Aim: To develop a method for finding the surface area of a right
circular cylinder

Specific Objectives:

To learn the meaning of surface area of a right circular cylinder
To develop a formula for finding the lateral area of a right
circular cylinder

To develop a formula for finding the total surface area of a right
circular cylinder

Challenge: What two familiar geometric figures are combined to form
the surface of a right circular cylinder?

I. Procedure

A. Meaning of surface and surface area of a cylinder

1. Show pupils models of right circular cylinders. If necessary,
use a can of soup, a cereal container, etc.

What kind of geometric figure is each of the two bases?
(circular regions)

How do the bases compare in size?

What mord is used to describe two geametric figures which
have the same size and shape?

2. Show pupils how a cylindrical surface can be formed fram a
rectangular sheet of paper.

ci

length

3. Answer the challenge.
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B. Lateral area of a right circular cylinder

1. Using the models in A-21 elicit the following:

a. how the circumference of the circular base of the cylinder

compares with the length of the paper (They are the same.)

b. how the height of the cylinder compares with the width of

the paper (They are the same.)

2. What formula can be used to find the area of a rectangular

region? (A = x w)

3. Elicit that the formula, A =4 x w, would be written in terms

of the circumference of the base of the cylinder and its

height,

A =4 x w
4 1

A =Cxh

4. Have pupils recall the formula for the circumference of a

circle C = 2nr.

Replacing C with 2rtrin the formula, we arrive at the formula

for the lateral surface of the cylinder. A =2nrh.

C. Total surface area of a right circular cylinder

1. Elicit that the total surface area is the sum of the lateral

area and the area of the two bases.

2. What formula is used to find the area of a circular region?

(A = vr2)

3. Elicit that the bases are congruent and have the same area.

4. Total area = lateral area + 2 (area of base)

= 2nrh + 2n?

5. Use Tr=22 to find the total surface area of this cylinder.
7

Total area = 2nrh
= 24lx7x10

= 440
= 748

Total surface area of the cylinder is 748 sq. in.

ot

+ 2nr2
+ 2x2,1-x7x7

+ 308
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II. Practice

A. Name 3 items which could serve as models of a right circular

cylinder.

B. Find the lateral area of a right circular cylinder whose

radius measures 14 inches and whose height is 8 inches.
22

1. Find the area of the bases.

2. Find the total surface area of the cylinder.

III. Summary

A. What areas are included in finding the total surface area of a

right circular cylinder?

B. Explain the meaning of the formula: lateral area = 2rrh.

C. Explain the meaning of the formula: total area = 2nrh + 2nr?.



Lesson 104

Topic: Volume of a Right Circular Cone

Aim: To develop the formula for the volume of a right circular cone

Specific Objectives:

To recognize SOMB similarities and differences between a rectangu-

lar pyramid and a right circular cone
To review the formula for finding the volume of a right circular

cylinder
To develop the formula for the volume of a cone

Challenge: A rectangular pyramid and a right circular cone have same

features in cammon and some which are different. Name

some common features. Name one characteristic of a pyra-

mid that is not a characteristic of a cone.

I. Procedure

A. Comparing the pyramid and the cone

Refer to challenge.

1. Elicit that both figures are closed space figures and the

base of the pyramid and the base of the cone are plane

geometric regions. (rectangular region, circular region)

2. Elicit that the base of a circular cone must be bounded by

a circle, but the base of a pyramid may be any type of poly-

gonal region.

3. Name the line segment which is the altitude of the pyramid

and the altitude of the cone.

4. Elicit that the length of HR is the slant height of the

pyramid. Which line segment do you think should be measured

to find the slant height of the cone? (BC or AB)

5. Name the apex (vertex) of the pyramid. Aat point on the

cone corresponds to the apex of the pyramid?

6. Answer the ohallenge.
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B. Review formula for volume of right circular cylinder

1. Have pupils recall that V = TT r2h is the formula for
the volume of a cylinder, where Tr rg refers to the area
of the circular base region, and h to the height of the
cylinder.

2. Find the volume of this cylinder to
the nearest unit. Use n = 3.4.

V = IT ? h

= 3.14 x 64 x 10
= 200.96

ion

The volume to the nearest unit is 201 cu. inches.

C. To develop the formula for a right circular cone

1. As was done in arriving at the formula for the volume of
a pyramid, show by use of models that a cylinder will hold
3 times the amount of salt as a cone of equal height and
congruent base.

2. Have pupils realize that just as the formula for the volume
of a pyramid is the volume of a prism, the formula for the
volume of a cone is 1. the volume of a cylinder.

3

Volume of a cylinder = n

Volume of a cone =1. n
3

3. Find the volume to the nearest whole unit. Use Tr = 3.14.

t8

3tr-

V = Tr i211

V = 3.14 X 9 x 6

V = 169.56

Volume to nearest unit
is 170 cu. in.

V =t- n r21-1

V =1-. x 3.14 x 9 x 6
3

V = 56.52

Volume to nearest unit
is 57 cu. in.



,-0 -

II. Practice

A. Find the volume to the nearest unit for each of the following.

(Use Tr = 3.14)

11

B. Find the volume of each of these right circular cones. Use

either Tr = 2,÷ or Tr = 3.14, whichever will make your computa

tions easier.

Radius of base

7"
10"
5 am

III. Summary

Height

lOn
711

12 cm

A. Name some common characteristics of a rectangular pyramid

and a right circular cone.

B. Name one difference between a rectangular pyTamid and a

right circular cone.

C. Is a right circular cone a polyhedron? Why?

D. What relationship exists between the volume of a cone and the

volume of a right circular cylinder of equal base and height?



CHAPTER XI

STATISTICS AND PROBABILITT

The first part of the material in this dhapter is concerned with
developing an understanding of statistics as a systematic collection,
organization, and analysis of data. Pupils are helped to appreciate the
use of a measure of central tendency as the most representative score of
a set of scores.

The lessons included in this section will help pupils

organize data
interpret histograms and frequency polygons
find the mean, mode, and median of a set of data
understand the use of percentile rank
understand the meaning of probability
interpret a probability ratio
compute a probability ratio
understand the meaning of a sample space
represent the probability of an event as a per cent

The beginning lesson of the chapter investigates the need for a method
of organizing a large set of data. Procedures are suggested for the con-
struction of frequency distribution tables. These tables are used to find
the relative frequency of a score.

Through the use of histograms and frequency polygons, pupils are
helped to visualize a frequenqy distribution. They are led to make use of
their previous knowledge of bar graphs and line graphs to read and interpret
histograms and frequency polygons.

The meaning of a measure of central tendency as a score which describes
a special feature of a set of data is developed through the computation and
interpretation of mean, mode, and median. Pupils should be guided to use the
most appropriate measure of central tendency when drawing conclusions fram a
set of data.

The ooncept of percentile rank is developed because of its increasing
use in ranking students for educational purposes. The pupils are led to an
understanding of percentile rank as an indication of a pupil's position in a
group. This is shown by computing the per cent of pupils in the group who
rank below him.

In the second part of the chapter some concepts in the field of proba-
bility are introduced.

Probability had its beginning in the attempts of gamblers to persuade
mathematicians to predict their chances of winning. Today, it has taken its
place among the important branches of mathematics because of its use in re-
search, science, industry, government, and education.

Only the simpler concepts of probability are included. The topic is
introduced by eliciting from the pupils that some things cannot happen, some



things are certain to happen, some things may happen. A probability of 0

is assigned to an event that cannot happen, and a probability of 1 is as-

signed to an event that is certain to happen. The probability of an event

P(E) that may happen is measured by a ratio such that: 0 < P(E) < 1.

Through the use of simple experimental situations, pupils learn the

meaning of and the use of the probability ratio in forecasting the likeli-

hood of a simple event taking place. The concept of a sample space as the

set of all possible outcomes of an event is then developed and used to find

the probability ratio in problems involving two distinguishable events tak-

ing place at the same time. Finally, representing the probability ratio as

a per cent has been introduced because of the tendency today of forecasting

the possibility of rain or snaw in terms of a per cent.



CHAPTER XI

STATISTICS AND PROBABILITY

Lessons 105-115

Lesson 105

Topic: Statistics

Aim: To organize data into a frequency distribution table

Specific Objectives:

To discover the advantage of organizing a large set of data
To construct a frequency distribution table for a set of data

Challenge: If Morris is 61" tall, is he one of the tallest or one
of the shortest boys in his class?

I. Procedure

A. Organizing data

1. Refer to challenge. Elicit that they cannot answer the
question until they know the heights of the other mem
bers of the class. Discuss the importance of not jumping
to conclusions without sufficient data. Tell pupils that
any set of numerical facts can be called data.

2. Suppose the heights of the pupils in Morris' class are as
follows:

516" 58"
512" 516"
65" 511"

4'8" 64"
51611 66"
510" 4'7"
66" 68"
512" 61"
7111 516"

5'4" 519n

3. Can the challenge question now be easily answered?

Elicit that an orderly arrangement of data would prove help
ful in finding the answer to the challenge. Tell pupils
that each of the numerical facts can be called a score.

a. How may we arrange the scores to more easily compare the
heights? (Arrange in order of size, beginning with shortest
or tallest.) Placing scores in order of size is called
ranking the scores.

291



".

b. The difference between the greatest and the least score

is called the range. The range for this set of data is

71-55 or 16.

c. Haw do we compare measures that are expressed in different
units? (Change all measures to same unit.)

d. Haw would you express 5'6" in inches? (66")

B. Construction of a frequency distribution table

1. Help the pupils make a table which shows the frequency of
each height. Tell the pupils that such a table is called a

frequency distribution table.

HEIGHTS OF PUPILS IN MORRIS' CLASS

Height in Inches TallT, Frequency

55 / 1

58 / 1

60 /1 2

61 / 1

62 /1 2

64 /1 2

65 / 1

66 Wg. i 6

68 // 2

69 / 1

71 / 1

2. From the table, have pupils answer such questions as:

a. How many pupils are 55" tall? 61" tall? 59" tall?
How many pupils are more than 62" tall? less than 58"

tall?

b. Answer the challenge question.

c. What is the sum of the frequencies of all scores? (20)

What is the ratio of the number of pupils who are 64"
tall to the number of pupils in the group? (lb orb )

How can you express this as a per cent? as a decimal?

(10%, .10)

Tell pupils that the ratio of the sztlela of a score
to the sum of all the frequencies in a set of data is
called the relative frequency of the score.
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d. How many pupils are at least 66" tall? Lead pupils to

see that all pupils less than 66" tall (4) and those

who are 66" tall (6) must be included in the answer.

The number of pupils at least 66" tall is 10.

e. How many pupils are between 55" tall and 58" tall?
Pupils should realize that in this case neither those

55" tall nor those 58" tall should be included.

3. Have the pupils realize that because of the organization

afforded by the table, it was easier to analyze the data.

4. Tell pupils that the systematic collection, organization,

and analysis of data is a branch of applied mathematics

called Statistics.

II. Practice

A. Make a frequency distribution table for the following set of

test scores made by members of class 8-205:

75, 80, 85, 55, 60, 75, 60, 50, 55, 85, 90, 60, 65, 80, 55,

80, 70, 85, 85, 60, 75, 95, 85, 50, 55, 75, 65, 85, 90, 75

If the passing mark is 65, haw memr pupils passed? How many

failed?

What per cent of the class failed? What per cent of the class

passed?

How many pupils received a nark greater than 75? a mark of at

least 75?

B. Make a frequency table showing the frequencies of the vowels con-

tained in the following sentence: A frequency table is a method

used to organize data.

C. Which vowel is used the least number of times? the greatest num-

ber of times? Is there a vowel that is not used in the sentence?

III. Summary

A. Why is it advantageous to organize data before making conclusions?

B. What is meant by a frequency distribution table?

C. Name the headings used in constructing a frequency table.

D. Name the steps in organizing the data in a frequency distribution

table.
E. What new vocabulary have you learned today?



Lesson 106

Note to Teacher: It is suggested that where an overhead projector

is available, a series of transparencies be prepared of the histo

grams and the frequency polygons presented here. Where such a pro

jector is not available, it is suggested that rexograph sheets be

prepared for pupil use.

Topic: Statistics

Aiaa To learn to interpret a histogram and a frequency polygon

Specific Objectives:

To show how the data in a frequency distribution is represented

by a graph called a histogram
To read and interpret data presented by a histogram

To read and interpret data presented by a frequency polygon

Challenge: A set of data is reported in newspapers, magazines, and
textbooks by means of a paragraph, a table, or a graph.
Which one do you prefer? Why?

I. Procedure

A. Representing data given in a frequency distribution by a graph

1. Answer the challenge. Elicit that these are three ways
of reporting data and each tells approximately-the same
story, but that the graph tells the story more dramatically.

2. Have pupils consider the following set of test scores made
by the members of class 8-324.

75, 83, 55, 60, 75, 62, 51, 44, 90, 60, 63, 77, 43, 70
85, 84, 60, 75, 95, 86, 72, 76, 68, 84, 89, 76, 58

a. Elicit that same sets of scores would require a very long
frequency distribution table. Suggest that if the scores
were grouped in intervals of ten, the table could be
shortened.

b. Help the pupils arrange the scores in intervals of ten.

c. Have pupils prepare a table using the headings: Score

Intervals, Tally, Frequency.



Score
Intervals

Tally Frequency

91-100 / 1
81-90 77W //// 9
71-80 ?W./ /1 7
61-70 //// 4
51-60 77(g / 6
Below 51 0

d. Do you think this information could be presented
in the form of a graph?

3. Present Chart I

Tell pupils that this frequency distribution can be pictured
by means of a special type of bar graph called a histogram.

Chart I TEST SCORES

9

R 8

Us
7

4

3

2

3.

HISTOGRAM Class 8-324

I
', ,

4Te,1,1

1.0 ky;
,,ve

e',/')01

0 SO 70 80

SCORES

90 100

B. Reading and interpreting a histogram
From the histogram, have the pupils answer the following questions:

1. What is shown on the vertical axis?
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2. What is shown on the horizontal axis?

3. Which interval has a frequency of 7?
4. Which interval has a frequency of 1?
5. Which intervals have a frequency of zero? (all intervals

except those from 51 to 100)
6. What type of graph does a histogram resemble?

C. Reading and interpreting a frequency polygon

Present Chart II - Histogram and Frequency Polygon

Chart II HISTOGRAM AND FREQUENCY POLYGON

9

F e

R

Q
U 5

N 4
C 3

2

1

. ._

NMEIIIM
NO MAIM

A ll

Ei
. ..+

//sion,/,,./z./...0., ,...,y

Ili...,

/ 4
- ,., /PIK; ,e/;A,

A / 4 / / 4,
9 /, /// / ., 4

60 80 70 80

SCORES

90 100

1. Shomr the pupils that if the midpoints of the tops of
adjacent bars are connected by line segments, we have
a special type of broken line graph.

2. Elicit that the line segments joining the midpoints of
the bars and the horizontal axis form a polygon. (A

polygon is a simple closed curve formed by the union of
line segments.)

Tell pupils that this type of graph of the frequency
distribution is called a frequency polygon.
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3. Tell pupils that a frequency polygon can be made without
first making a histogram by plotting the middle score of
each interval.

Consider the following frequency table:

Score Intervals Tall Free uenc

Above 97

93-97

88-92

83-87

78-82

73-77

68-72

63-67

Below 63

0

1

/// 3

7
7(71171 75171-i- 10

7174q /// 8

/// 3
1

0

4. Present Chart III - Frequency Polygon

Chart III FREQUENCY POLYGON - RESULTS OF TEST

CLASS 8-1U
10

9

7

5

4

3

a

1

80 86 70 76 80

TEST SCORES

86 90 95 100

a. What is the title of the frequency polygon?
b. What is shown on the vertical scale? (frequency of the scores)
c. What is shown on the horizontal scale? (middle score of each

interval)
d. Which score represents the interval with the greatest fre-

quency?
e. How many pupils scored 100%?
f. How many pupils took the test?
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II. Practice

A. HISTOGRAM FOR FREQUENCY OF WEIGHTS

Class 8-143

2

1

'

..

,

.

e. . e
,

.

/
.

.. ., ,
.I . t A

r ,
r

/ ,/.%,e,.,

,,
,' .

.
,

--

4

'1,..

92 97 107

NUMBKR OF POUNDS

J. J.7

1. What ls the title of the histogram?
2. What is shown on the vertical scale? on the horizontal scale?

3. In which interval would a weight of 103 lbs. be recorded?

(102-107)
4. Which interval has the greatest frequency?
5. How many pupils weigh about 75 pounds?

B. Explain how you would draw a frequency polygon from the above histo-

gram.

C. Why do the line segments connecting the midpoints of the intervals

have to begin and end on the horizontal axis in this type of graph?

D. Have pupils find other data, in current events, etc. that they can

use to prepare charts similar to the above.

III. Summary

A. What is the advantage of grouping a large set of data into intervals

before making a frequency table?

B. What type of graph does a histogram resemble?

C. What type of graph does a frequency polygon resemble?

D. What new vocabulary have you learned today?
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Lesson 107

Topic: Statistics

Aim: To develop an understanding of the mean and the mode of a
given set of data

Specific Objectives:

To develop the understanding of the mean
To learn the meaning of the mode

Chellenge: In last year's Red Cross drive, class 8-333 made the
following contributions:

100, 150, 150, 150, 50, 360, 130, 140, 160, 200,
130, 110, 100, 110, 100, 100, 150, 160, 200, 200,
150, 100, 150, 130, 100, 50, 50, 150, 200, 150, 150

What was the average contribution?

I. Procedure

A. Meaning and computation of the mean

1. Have pupils review through discussion the meaning of the
following:

Average monthly attendance for pupils in a class
Average mark of a class in a test
Average height of a group of pupils

2. Have pupils make a frequency distribution table of the data
in the challenge and find the average contribution.

CONTRIBUTIONS TO RED CROSS RY CLASS 8-333

Contribution

50

100

110

130

140

150

160

200

360
Total

Tally Frequency

/// 3

1/744 / 6

// 2

/1/ 3

1

754744- /// 8
/1/ 3

//// 4
1

434Average = 14
31
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Total
Contributions

150

600

220

39f

140

1200

480

800

X)0

Average contribution: 140



30 Does this mean that each pupil contributed 140? Explain.

4. Guide the pupils to an understanding of the meaning of
average as a single number which represents the entire set
of numbers. The average contribution of 140 implies that
if all contributions had been the same, each contribution
would have been 140. Tell pupils that another name for
this average is the mean.

5. Showthe pupils the effect of an extreme value on the mean.
Use the data above but substitute a $5 contribution for one
of the 100 contributions. Find the mean.

How has the mean been affected by the single contribution
of $5?

6. Elicit that since the value of each element is involved in
computing the mean, an extreme value will affect the average.

7. Briefly discuss the effect on a student's average mark of one
mark of zero.

B. Meaning and recognition of the mode

1. Have pupils refer to table in A-2.

a. Which score has the greatest frequency? (150)
b. Tell pupils that the score which occurs most frequently in

a set of scores is called the mode.
c. Elicit that the mode is found by inspection; no computation

is necessary.

II. Practice

A. John bowls on his high school team. In his last three-game series,
he had the following scores: 180, 150, 160. What was his mean
score? Suppose that in the first game his score had been 90. What
would have been his moan score?

B. In a golf tournament, the 18-hold totals for the top nine players
were: 691 70, 711 72, 73, 73, 731 74, 74. Find the mean. Find the
mode.

III. Summary

A. How do you find the mean of a set of numbers?
B. How do you recognize the mode in a set of data?
C. In using a single number to represent an entire set, the

found by computation and the is found by inspection.
D. What new vocabulary have we learned today?

is



Lesson 108

Topic: Statistics

Aim: To learn to compute the median

Specific Objectives:

To oampute the median where there is an odd number of casesTo compute the median where there is an even number of eases

Challenge: The heights of 7 boys in a class are: 61", 67", 63",
60", 64", 58", 65". Which is the middle height?

I. Procedure

A. To find the median of an odd number of cases

1. Refer to challenge. Elicit that the heights should be ranked
in order of size: 58 60 61 63 64 65 67

2. Which is the middle height? 58 60 61 63 64 65 67

3. How many heights are below this middle height? How many above?

4. Tell pupils that this middle height is called the median. (Themedian is that score above and below which the number of scoresis the same.)

5. If we have 31 ranked scores, which score will be the median?
After several answers have been offered, suggest that the median
score, in an odd number of cases, can be located by adding I tothe total number of cases and dividing that sum by 2.

31 + 1 = 32

= 16
2

The 16th score is the median. Elicit that there will be 15
scores above and 15 scores below the median.

B. To find the median of an even number of cases

1. Have pupils note that in the case above, the middle height was
found easily because there was an odd number of boys considered.

2. Suggest including the height of a boy 70" tall in the group.
What is the median height?

3. Have pupils arrange the heights in order of size.
58 60 61 63 64 65 67 70

Let pupils pair off the scores as .6hown in the diagram.

58 60 61 63 64 65 67 70
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4. Tell them since there is no middle score, we find the score
halfway between 63 and 64. What is that score? (63i)

5. How many heights are less than 63i? How many greater?
Does 63A satisfy the meaning of median as expressed in A-4?

6. If we have 32 ranked scores, which score will be the median?
After several answers have been offered, suggest that the
median score, in an even number of cases, own be located as

follows:

a. Divide total number of scores by 2. = 16

b. The median will lie halfway between the 16th and 17th scores.

II. Practice

A. The marks (expressed in per cent) for 15 pupils in a mathematics
class were: 92, 90, 84, 88, 92, 96, 86, 80, 84, 88, 96, 78, 80,
76, 82. Find the median score.

B. The noon te eratures for the first seven days of June were:
730, 830, 780, 854), 78°, 85°. Find the modian temperature.

ml

C. John worked as a camp counselor for the last six years. His

summer earnings were: $90, $1251 $150, $150, $150, $300.
What was his average (mean) summer earnings per year?
How does it compare with the median of his earnings?

D. Four boys bowled the following scores: 156, 180, 172, 186.
Find the mean and the median.

III. Summary

A. What is meant by the median of a set of numbers?

B. How would you find the median of a set of 9 scores?

C. How would you find the median of a set of 10 scores?

D. How is the median influenced by one very great or one very

small value?



Lesson 109

Topic: Statistics

Aim: To understand the meaning of the terms percentile and quartile

Specific Objectives:

To learn the meaning of percentile rank
To find a percentile from a frequency table
To understand the meaning of the terms "upper quartile" and
"lower quartile"

Challenge: John took a qualifying test for a national honor society.
His score was 520. Do you think he will be one of those
accepted?

I. Procedure

A. To learn the meaning of percentile rank

1. Refer to challenge. Through discussion, elicit that the
score has meaning only when it is compared with the scores
of all those taking the test. Elicit that this can be
done only by ranking all scores and counting down from the
top.

2. Suppose John ranked 80th in the group taking the test.
Will this additional information help us answer the chal-
lenge? Elicit that this information is of little help un-
less we know how many took the test. If only 100 students
took the test, John's ranking was low; if 1000 students
took the test, he has a high rank.

3. Let us suppose that 1000 students took the test. How many
students ranked below John? (920) What per cent of the
students were ranked below John? ( 920 = 92%)

'1.000

4. Tell the pupils that the percentile rank is the per cent
of scores below a certain score. Therefore, John's per-
centile rank in this group is 92. Or, we can say John is
in the 92nd percentile.

5. If the honor society accepted all those above the 90th
percentile, will John be accepted?

6. Discuss briefly with pupils the use of percentiles in stat-
ing results of examinations involving large numbers of stu-
dents such as certain standardized tests and some national
scholarship examinations.
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B. Finding the percentile rank fram a frequency table

1. Have pupils consider the following frequency

Score Number of Students

84 1

83 1

82 3
81 5

80 15

79 13

78 12

77 25

76 9

75 6

74 5

73 3
72 2

table:

a. How many students took the test?

b. How many students fall below the score of 78?

c. What per cent of the scores are below 78?

d. What would be the percentile rank of a student who

scored 78?
e. What percentile rank would be given to a score of

82? (95th)

C. Meaning of upper quartile and lower quartile

1. In the table above, what percentile rank would be given

to a score of 80? (75th)

2. What percentile rank would be given to a score of 77? (25th)

3. Tell the pupils that the 75th and 25th percentiles are re-

spectively called the upper quartile and lower quartile.

Have students observe the relation between "quartile" and

"one-quarter."

fl

Percentile

75th 4 upper quartile

50th 4 median

25th 4 lower quartile



4. Have pupils consider the following table:

Score Number of Students

90 40

85 60

80 80

75 120

70 80

65 20

a. What is the total number of students?

b. Find the score which marks the 75th percentile. (85)

C. What is another name for the 75th percentile? (upper quartile)

d. Find the score which mnrks the 25th percentile. (75)

e. What is another name for the 25th percentile? (lower quartile)

II. Practice

A. Joan,s score on a national achievement test had a percentile rank

of 92. What does this statement mean? (92% of the students who

took the test ranked below Joan.)

B. One university admits only high school graduates above the 80th

percentile of their ranking in the class; another admits those

above the 60th percentile. Of the students in this class, how

many more would be admitted to the second university than to the

first?

Score Number of Students

90 20

85 20

80 40

75
60

70 40

65 20

C. In an examination, the upper quartile of the scores of 420 high

school students was 80. What does this statement tell you about

the set of students? (75%, or 315, of the students had less than

80.)

III. Summary

A. What is the meaning of percentile rank?

B. What is the meaning of upper quartile, lower quartile?

C. Name some situations where percentile rank would be used?

D. Discuss when a percentile rank would be more meaningful than a

per cent score on a particular test.
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Lesson 110

Topic: Probability

Aim: To introduce some of the concepts of probability

Specific Objectives:

To learn the meaning of probability
To use numbers to represent probability

Challenge: Each pupil in a class wrote his name on a separate piece
of paper and then all the slips were placed into a box.
If one slip is drawn out, what is certain about the name
on the slip?

I. Procedure

A. Meaning of probability

1. Refer to challenge. Does the box contain the name of every
pupil present? Is every name in the box the name of a MOD
ber of the class? Have pupils answer the challenge. Elicit
that the name on the slip is certain to be the name of one
of the members of the class.

2. Have pupils give examples of names that are certain not to
be on slips in the box, e.g., the principal's name, the name
of a pupil in another class, etc.

3. John Smith's name is on one of the slips in the box. Only
one slip is drawn from the box.

Is it certain that John Smith's name is on the slip drawn?
Is it certain that John Smith's name is not on the slip drawn?
Is it possible that John Smith's name is on the slip drawn?

4. Tell pupils that a branch of mathematics which deals with the
use of numbers to tell the likelihood of an event taking place
is called Probability.

B. Using numbers to indicate the probability of an event

1. In a box there are 3 white balls. The first ball has only the
letter X printed on it, the second ball only the letter Y, tho
third ball only the letter Z.

a. If one ball is selected from the box, what is the probability
that the ball will have only the letter T on it?



b. Tell pupils that since there is no chance that the ball
selected has the letter T on it, the number zero is used
to indicate its probability. In symbols this is written
P(E)=0, which is read: "the probability of this event is
zero."

2. If one ball is selected from the box, what is the probability
that the ball will have a letter on it?

a. Tell pupils that since this event (a selected ball has a
letter on it) is certain to happen, the number 1 is used
to indicate its probability. In symbols this is written
P(E)=1, which is read: "the probability of this event is
one."

b. Have students summarize that if P(E)=0, it means an im-
possible event, and if P(E)=1, a certain event.

3. If one ball is selected from the box, what is the probability
that the ball drawn will have the letter Y on it?

a. Elicit that the likelihood of this happening is not im-
possible, nor is it certain. Therefore, the number used
to indicate its probability must be greater than 0 and less
than 1.

b. Through questioning, have pupils realize that it is 22Ranz
likely that any one of the three balls might be selected.
Therefore, the chances that a ball with the letter Y on it
will be selected is "one out of three" equally likely out-
comes. The number it- is used to indicate the probabilit
of this event. This is represented in symbols as P(E

II. Practice

A. The weatherman said it will probably rain tomorrow.

Is it certain to rain?
Is it certain not to rain?
Is it more likely to rain than not to rain?
Should you plan to go to the beach?

B. Using the symbols P(E)=1, P(E)=0, 0 < P(E) < 1, indicate which
of these events are certain to happen, cannot happen, may happen.

1. The sun will rise tomorrow.
2. It will rain tomorrow in New York City.
3. The &vire State Building will fly away.
4. Joe Brown will be an all American fullback.
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C. We say the chances of a head coming up when a fair coin is
tossed is "one out of two." In similar fashion, indicate the
chances of

1. Drawing the king of hearts from a regular deck of 52 cards
in a single drawing.

2. Guessing the right date if you know a person's birthday is
in September.

3. Drawing a white ball from a bowl containing one white ball,
one blue ball, and one green ball on the first drawing.

4. Throwing a "two" in a single toss with an ordinary die.

III. Summary

A. with what does the branch of mathematics called Probability deal?

B. What is the meaning of

P(E) = 1
P(E) = 0

C. P(E) = k. means that the probability of an event happening is

1. one chance out of five?
OR

2. five chances out of one?



Lessons 111 and 112

Topic:Probability.

Aim: To develop the concept of the probability ratio

Specific Objectives:

To learn the neaning of the probability ratio
To find the probability ratio of chance events in problems

Challenge: A football captain called "heads" in each of the first

five games and lost each toss. What should he call for

the sixth game?

I. Procedure

A. Meaning of the probability ratio

1. Refer to challenge.

a. If a coin is tossed fairly (and we eliminate the possi
bility of standing on edge), in how many ways can it

possibly turn up?

The way in which the coin may turn up is called an

outcome or event.

The set of all possible outcomes may be represented as:

C = fli,T1. One possibility is that the coih turns up

head. fil) is a subset of the set of all possible out

comes NIT1. An event is a subset of the set of all

outcomes.

b. What is the probability of a head turning up? (one out of

two)

Mhat ratio can be used to express this probability? (1)

Tell pupils that this ratio is called the probabilitz_ratio

of a "head" turning up on the toss of a coin.

c. What is the probability ratio of a "tail" turning up? (i)

d. Elicit that in the challenge problem, since each toss is

independent of the previous toss, no matter haw many "heads"

have turned up, the next toss is just as likely to be heads

as tails. Since the outcomes are equally likely and no other

possibility exists, the captain may call heads or tails with

equal chance of success.
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2. If we throw a die, what is the probability of a 3 (3 dots)

turning up?

a. How many faces has a single die? (6)

b. What is the set of all possible ways that a die can turn

up? D= [1,2,3,4,5,61 In how manyways can a 3 turn up?

c. What is the probability of a 3 turning up? (one out of six)

d. What is the probability ratio of a 3 turning up?

Lead pupils to see that turning up a 3 is the desired

outcome and is therefore considered a successful outcome.

The probability ratio may therefore be expressed as

number of successful outcomes
P

number of elements in the set of possible outcomes

Therefore, P

B. Using the probability ratio

1. A red marble, a green marble, and a blue marble are put

into a box.

a. If, without looking, we were to pick one marble from

the box, what is the set of all possible choices?

M= 01.0 GI B)

b. What is the probability ratio of picking a green marble on

the first try?
How many successful outcomes are there? (1)

How many elements in the set? (3) Using

number of successful outcomes
P =

number of elements in the set of possible outcomes

express the probability ratio. (k)

c. What is the probability ratio of picking either a red or

a green marble on the first try?

How many successful outcomes are there? (2)

How many elements in the set of possible outcomes? (3)

Express the probability ratio. (1)

d. What is the probability ratio of picking either a red or

a green or a blue marble on the first try?

How many successful outcomes are there? (3)

How, many elements in the set? (3)

Express the probability ratio. (2. or 1)
3
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2. The six faces of a child's block are lettered AIBIC,D,E,F.

a. What is the probability that, if rolled, it will not
turn up D?
List the successful outcomes in this situation. (A,B,C,E,F)
How many elements in the set?
&press the probability ratio. (Pd

b. What is the
Elicit that
BICIE,F.
Express the

II. Practice

probability that neither A nor D will turn up?
the successful outcomes in this situation are

probability ratio. (lir or 1)

A. Using a new regular deck of fifty-two cards, what is the probability
of picking on the first try

the ace of spades?
any ace?
any spade?

B. A bag contains 3 white marbles, 4 blue marbles, 5 black marbles.
Without looking, Morris selects a marble. What is the probability
that the marble he selects is a black marble. What is the proba-
bility that the marble he selects is not blue?

C. The numbers painted on a "wheel of fortune" run from 1 to 20.
After the wheel is spun, what is the probability

that it will stop on 15?
that it will stop on a number greater than 15?

III. Summary

A. What new vocabulary have you learned today?

B. In the probability ratio, what does the numerator represent?
What does the denominator represent?

C. State some situations in which the probability ratio would be
1 1 2
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Lessons 113 and 114

Topic: Probability

Aim: To develop the concept of a sample space

Specific Objectives:

To learn the meaning of a sample space
To use a sample space to find the probability ratio

Challenge: A penny and a nickel are tossed at the same time. Mhat
is the probability that both will turn up "headsft?

I. Procedure

A. Refer to challenge.

1. What are all the possible outcomes of tossing a penny and a
nickel at the same time?

Elicit that

a. both coins could turn up heads, HH;
b. the nickel could turn up heads and the penny could turn

up tails, HT;
c. the nickel could turn up tails and the penny could turn

up heads, TH.;

d. both coins could turn up tails, TT.

Have pupils organize this information in the form of a table
as follows:

Nickel anal Outcomes

H H H,H
H T H,T
T H T,H
T T T,T

2. Have pupils represent the set of all possible outcomes.
S = (HH, HT, TH, TT)

3. Tell pupils the set (HH, HT, TH, Till is the sample space
for the experiment in the challenge. Each element in the
sample space may be called a sample event or sample point.
An event is a subset of the sample space.

4. What is the difference between HT and TH in paragraph 3?

.312-



5. Which subset of the sample space shows

a head on each coin? (CHH1)
a tail on each coin? (fTT1

a head on the nickel and a tail on the penny? (CHT1)

a head on one coin and a tail on the other? UHT, TH1)

B. Using sample spaces to find probability ratios

1. Have pupils recall the generalization for the probability
ratio.

p number of successful outcomes
number of elements in the set of all possible outcomes

2. In the challenge problem,

a. how many elements are in the sample space? (4)

b. how many elements represent the successful outcome of
both coins turning up heads? (1)

c. what is the probability that both coins will turn up
heads? (4)

3. If three coins, a penny, a nickel, and a dime are tossed at
the same time, in how many different ways could they turn up?

a. Help pupils construct a table showing the outcomes.

Nickel Penny Dime Outcames

H H H
H H T H,H,T
H T H H,T,H
H T T H,T,T

T T T .

T H T .

T T H .

T H H .

b. Have pupils complete the sample space when three coins
are tossed. S (HHH, HHT, HTH, HTT, ...1

c. How many elements does the sample space contain? (8)

4. When tossing these three coins, what is the probability

a. that all coins will turn up heads? (281)

b. that the nickel and the penny will turn up heads? G.)

c. that the dime will turn up heads? (t)

d. that no coin will turn up heads? (17)



II. Practice

A. What is the probability that in a family of two children the

first child will be a boy?

B. Two red balls and two green balls are placed in a bag.

1. If two balls are picked from the bag without looking, what
is the probability that they will both be green?

2. What is the probability that one will be red and one will be

green?

C. Suppose a nickel, a dime, and a quarter are tossed at the same
time. What is the probability that at least two heads will turn

up?

III. Summary

A. What is a sample space?

B. In a problem in probability, what does the expression "successful
outcome" mean?

C. Explain how, the construction of a sample space helps to find the
probability of an event taking place.



Lesson 115

Topic: Probability

Aim: To learn to represent probability as a per cent

Specific Objectives:

To review expressing a ratio as a per cent
To learn to use per cent to represent the probability of an
event happening

Challenge: The radio announcer reported that the probability of
rain is 150%. Does this mean that

there will be a very heavy rainfall?
it might snow?

the radio announcer made a mistake?

I. Procedure

A. EXpressing a ratio as a per cent

1. Have pupils recall that a ratio may be renamed as a per cent.

2. Rename the following as per cents.

10 7 1 3 1 1
10C 2 a

B. Expressing probability as a per cent

1. Have pupils recall that when a coin is tossed fairly the

probability of its turning up heads is How could this
probability be expressed as a per cent?

2. What per cent chance is there that the coin will turn up
tails?

3. What is the sum of the per cent found in example 1 and the
per cent found in example 2?

4. What is the meaning of 100% probability? (certain to happen)
Can you have more than 100% probability?

5. Refer to challenge. Elicit that 150% probability is meaning-
less and therefore the radio announcer made a mistake.

6. Lead pupils to realize that while probability ratios may be
used to predict a successful outcome, often the event does
not occur as predicted. The radio announcer said, "There
is a 70% chance of rain."
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a. Can you be sure that it will rain?

b. Is it possible that it will not rain?

c. Wbuld it be wise to wear your best suit?

7. In a drawing for a prize, 100 slips were placed in a box.

a. If a boy had his name on 10 of the slips, what is the

per cent chance of his winning the prize?

b. Could a girl win whose name is on only one slip?

c. To be certain of winning, on how many slips would your
name have to appear?

II. Practice

A. Express as per cents the following probabilities:

3 5 3. 8 3.r 6 2 loo

B. Complete the following:

1. A probability ratio is never greater than %.

2. If an event is certain to happen, the probability it will
happen is %.

3. If two events are equally likely to happen, the probability
of one of them happening is %.

4. In rolling a die, the chance of a 6 turning up is

5. If there are three white balls in a box, the probability
of drawing a black ball is

III. Summary

A. How may a ratio be renamed as a per cent?

B. Discuss the meaning of a forecast of 70% chance of rain.

C. How would zero probability be expressed as a per cent?



INDEX FOR MATHEMATICS: 8th Year

PART I and PART II

Absolute value
concept, 124
symbol for, 124
of zero, 124

Acute angle, 22
Accuracy

in measurement, 6-7
and significant digits, 11

Acute triangle, 28
ddition

base five, 106-108
base two, 113

of integers, 120-121; 126, 129
property in solving equations 183-188
of rational numbers, 156-160

Additive inverse
meaning of, 136, 183

used for subtraction of integers, 136,
187

Altitude

of parallelogram, 63
of rectangles, 62
of triangle, 68

Angle measurement, 21-24
Angle (s)

acute, 22
congruent, 35

corresponding, parallel lines, 51
exterior, 51
included, 43
interior, 51
obtuse, 22
opposite a given side, 30
right, 22

sum of measures of a triangle, 25
triangle, 24

Area

circular region, 68-73
meaning of, 61
parallelogram region, 62-67
triangular region, 68-73

Base

of parallelogram, 63
of rectangle, 62
of triangle, 68

Base five numeral(s), 95-97

converting from base ten numerals,
96-97

converting to base ten numerals, 96
in expanded form, 107-109

Base five system of numeration, 95-97

addition, 106-108

multiplication, 110-111
number line, 105
place value in, 95

Base two numeral(s)

converting from base ten numerals, 102-104
converting to base ten numerals, 100
in expanded form, 99

Binary system of numeration, 98-104
addition, 113
multiplication, 115-116
place value in, 98-101

Circular region
area of, 74-79

Classification of triangles
according to angles, 27-29
according to sides, 17-20
according to sides and angles, 28-29

Closure property
for addition of integers, 131
for subtraction of integers, 137

Commutative property of addition
for integers, 124-128

Commutative property of multiplication
for integers, 139-141

Congruence
of angles, 35
of geometric figures, 37-38
of line segments, 34
of triangles, 41-44

Congruent

angles, construction of, 35-36
line segments, construction of, 34
triangles, conditions for, 42

Construction(s)
of a congruent angle, 35-36
of a congruent line segment, 34
of a congruent triangle, 41-44
of parallel lines, 54-55

Converting
from base five numerals to base ten
numerals, 96

from base ten numerals to base five
numerals, 96

from base ten numerals to base two
numerals, 102-104

from base two numerals to base ten
numerals, 100
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Coordinate(s)
in a plane, 259
of points, 254

Corresponding angles
congruent triangles, 28-39, 42-44
formed by a transversal, 51
similar triangles, 46

Corresponding parts

congruent triangles, 38-39, 42-44
similar triangles, 47-48

Cubical solid
volume, 84-85

Cylindrical solid
surface area, 283-284
volume, 87

Decimal forms

non-terminating, non-repeating, 229
repeating, 227-228
terminating, 226-227

Digit(s)
significant, 9-11

Distributive property
of multiplication over addition, 144

Division
by zero, 145
integers, 145-147
rational numbers, 166-167

Equation(s)
checking solutions, 185, 193
equivalent, 177-193
graphing, 265
root, 170
solution sets, 170
solved by addition property, 183-188
solved by multiplication property, 191-193
solved by replacement, 170, 173, 180
solved by two properties of equality,

197-198
Equiangular triangle, 28
Equilateral triangle, 19
Equivalent equations

formed by addition, 1806.181
formed by multiplication, 189-190
identifying, 177, 178
meaning of, 177
sets of, 178

Estimating square roots, 223
Event, 309
EXpanded numeral(s), 92-93
Exponent(s)

meaning of, 29
scientific notation, 13-15

using to express expanded numerals, 93
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Exterior angles, 51
EXtremes (of a proportion), 207
Graphing

an equation, 265

a formula, 266
ordered pairs, 259
solution sets, 249-250, 264

Greatest possible error, 3, 5

Included angle, 43
Identity element(s)

multiplicative, 191-192
Indirect measurement

Pythagorean property, 234-235
similar triangles, 46-49

Inequalities
graphs of, 248-250
solution sets, 173-175
solved by replacement set, 173, 246, 247

statements of, 172-173
symbols of, 172, 246

Inscribed polygon, 75-77

Integer(s)
addition, 120-121
division, 145-147
mvltiplication, 139-144
opposites, 123
set of, 119-149
subtraction, 132, 136

Interior angles, 51

Inverse
additive, 136, 183
multiplicative, 166-167, 192-193

operations, 133
Irrational number(s)

associated with points on a number :

line, 242-244
meaning of, 229
set of, 219-244

Isosceles triangle, 19
Lateral surface area

cylinder, 283-284
prism, 277
pyramid, 278

Lines, parallel
construction of, 54-55
meaning of, 50
transversal of, 51

Liter, meaning of, 89
Lowest common denominator, 157

Mean, 300
Means (of a proportion), 207

Measurement
accuracy, 6-7
angles, 21-24



Measurement
approximate, 2, 3

greatest possible error, 3, 5
precision, 4-5
relative error, 6-7

Median, 301
Metric units of liquid
Mode,.300
hultiplication

integers, 139-144
property in solving equations,
rational numbers, 164

Multiplicative identity element,
Multiplicative inverse

division of rational numbers,
forming equivalent equations,

Negative number(s)

absolute value of, 123-125
addition, 126-131
division, 145-147
multiplication, 139-144
opposites, 123
subtraction, 132-138

Non-perfect squares, 231-233
Non-terminating decimals

non-repeating, 229
repeating, 227-228

Number line
addition of integers on, 119-122
graph of solution set, 248
integers on, 1/9-122
irrational numbers on, 242-243
rational numbers on, 154-155
real number line, 243-244

Numeral(s)

base-five, 96-97
base-two, 99-104
expanded, 92-93, 99, 107-108
standard, 13-15

Obtuse angle, 22
Obtuse triangle, 28
Open sentence(s)

inequality, 172-173
meaning, 169

replacement set, 170, 173, 180
solution, 170
solution set, 170
variables in, 170

Opposite of an integer, 123, 137, 183, 187
Order in set of rational numbers, 154-155
Ordered number pairs

graphing, 259

meaning of, 251-253

measure, 89-90

191-193

191-192

166-167
192-193

Parallel lines

construction of, 54, 55
cut by a transversal, 51-52
meaning of, 50

Parallelogram
altitude, 63
base, 63
meaning of, 57
properties of, 57-58
region, area of, 62-64

Per cent
expressed as a ratio, 213
problems involving, 213-215

Perfect square(s)
concept, 219
estimation of square root, 223

Pi (TO, 74
Place value

in base five, 95
in base ten, 95
in base two, 98

Plane
points in, 259

Point
-platting in a plane, 259

Polygon
inscribed, 76, 77
regular, 76, 77

Precision, 4, 5
Problems

analyzing, 194, 200
proportion, 210, 212
Pythagorean theorem, 240-241
ratio, 202-205
solving, 195-196, 200-201

Properties of equality
addition, 183-188
multiplication, 191-193
two properties, 197-199

Proportion
concept, 206
problem solving, 210-216
product of means and extremes, 207
solving, 209
vocabulary, 206

Protractor
description, 21
measuring angles, 22-23

Pyramid
slant height, 278
surface area, 278
volume, 280
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Pythagorean relationship
discovering, 235
generalization, 235
using to find length of a side,

237-240
using to solve problems, 240-241

Quotient(s)
see Division

Radical symbol, 221
Radicand, 221
Rate

concept of, 204
Rational number(s)

addition, 156-161
division, 166-167
meaning, 151-152
multiplication, 164
need for negative, 151-152
order, 154-155
set of, 151-167
subtraction, 156-158, 162, 163

Ratio(s)
as a per cent, 213
concept of, 202
simplest form, 203
used to compare measures, 204

Real number(s)
number line, 244
set of, 229

Reciprocal
see Multiplicative Inverse

Rectangle
altitude, 63
base, 62

Rectangular solid
lateral faces, 275
surface area, 277
volume, 83-84

Region, 61
Regular polygon, 76-77
Relative error, 6-7
Replacement set for variable

used to solve an equation, 170,

173, 180
used to solve an inequality,

173, 246-247
Rhombus, 58
Right angle, 22-23
Right triangle, 27

Root(s)
of an equation, 170
principal square, 221
square, 219

Sample space, 312-314
Scalene triangle, 18
Scientific notation, 13-15

Sentence(s)
open, 169
solution sets of. 170

Set(s)
equivalent equations, 178
integers, 119-149
irrational numbers, 220-230
rational numbers, 151-167
real numbers, 229, 244
replacement, 170-173
solution, 170

Set builder notation, 249

Side(s)
corresponding of sindlar polygons,

38-39, 42
included, 44
opposite a given angle, 30-32

Significant digits
accuracy, 11
meaning, 9-10

Similar triangles
conditions for, 48
corresponding parts cf, 47-48

meaning of, 46-49
Slant height

pyramid, 278
Solution sets

equations, 170
graphing, 249-960
inequal ities, 174-175

open sentence, 170

Solving equations
checking, 185, 193
replacement, 170, 173, 180
properties of equality, 183-198

Space figures, 80
Square(s)

non-perfect, 231
perfect, 219
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Square root(s)
approximation, 223
meaning of, 220
principal, 221
problems involving, 224
rational approximation, 232

Standard numeral(s), 13-15
Standard unit(s)

cubic measure, 81
linear measure, 61
square measure, 61
volume, 81

Subtraction
integers, 132, 136
properties of, 137
rational numbers, 156-157, 162
related addition, 132

Sum of measures of angles of a
triangle, 25

Symbol(s)
absolute value, 124

Terminating decimal(s), 226-227
transversal

meaning of, 51

Triangle(s)
acute, 28
altitude, 68
angles of, 24
base, 68
classification of, 17-20, 27, 29
congruent: construction of, 41-44
congruent: corresponding parts, 38-39, 42-44
equiangular, 28
equilateral, 19
isosceles, 19
obtuse, 28
relationship, sides and angles, 30-34
right, 27
scalene, 18
similar, 46

Triangular region
area of, 68-71

Variable(s)
in formulas, 266-268
in open sentences, 170

Volume
cone, 286
cubical solid, 84-85
cylindrical solid, 87
definition of, 81
rectangular solid, 83-84
standard unit of measure, 81

Zero
absolute value, 124
as a divisor, 145


