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FOREWORD

At a time when our society is increasingly more depend-

ent upon mathematically literate citizens and upon trained

mathematical manpower, it is essential that vital and con-

temporary mathematics be taught in our schools.

The contemporszynathematics program set forth in this

publication has developed as a result of experimentation and

teacher and supervisor evaluation in classroom situations.

The keynote of the program is understanding of structure,

language, skills, and basic mathematical concepts. This under-

standing is developed in an atmosphere of pupil experimentation

and discovery.

We widh to thank the staff members from the Junior and

Senior High Schools and the Bureau of Curriculum Development Who

have so generously contributed to this work.
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INTRODUCTION

This bulletin is the culmination of three years of experimenta-

tion involving the cooperative efforts of the Division of Curriculum

Development, the Junior High School Division, and the High School,

Division. It offers teachers and supervisors practical suggestions

for teaching Mathematics Ninth Year. The mathematics presented in

this bulletin is based upon concepts and skills which were developed

in previous grades and will be extended in succeeding grades. It is

one segment of a K-12 mathematics program.

The suggested teaching procedures help to implement the teach-

ing of Mathematics Ninth Year as outlined in Curriculum Bulletin No. 3,

1958-59 Series, Course of Study Mathematics 7+9. Detailed methcds
for helping pupils develop mathematical concepts are given, tu an

extent not spelled out in the course of study. Thus, whereas the

course of study merely suggests the application of mathematical princi-

ples such as commutativity, associativity, and distributivity to

algebraic skills and techniques, these principles are carefully de-

veloped and woven into these materials.

The course is a full course and teachers and supervisors must

consider this as they plan for pupil participation in the discovery

and creation of ideas which are then organized invo a growing structure.

To make the course manageable by classroom teachers, such topics as

congruence, symmetry and statistics were omitted. A treatment of

inequalities has been included.

1"., materials in this publication have been developed over a

period years and reflect the classroom tryout and continued e7alua-

tion by teachers and supervisors. There is an emphasis on:

an understanding of mathematical principles

a development of manipulative skills based upon mathematical

principles
mathematical structure
growth of number system
precise meaning of vocabulary
justification, or proof

The level of mathematical maturity of the pupils has been con-

sidered and the approach and amount of rigor introduced is consistent

with the capacity of ninth year pupils. The 10th and llth year mathe-

matics courses will extend the basic ideas of this course and help

them to see algebra as a postulational system.



How This Bulletin Is Organized

The material in this bulletin is arranged in the same sequence

in which it is to be used by the teacher. It is expected that the

entire content of each chapter will be presented before any work is

begun on the ensuing chapter. (The few exceptions to this procedure

are noted in the appropriate place.) Although this may seem to be

a departure from the cyclical arrangement of materials found in

earlier curriculum bulletins on mathematics, a cyclical approach

is, in fact, an integral part of each chapter. For example, under-

standing and skill in solving equations are developed on Progressively

higher levels throughout the year as pupils advance fram the solution

of simple linear equations, presented in earlier chapters, to the

solution of fractional and quadratic equations which appear in later

chapters.

Various suggestions for enrichment have been included. Labeled

as ortional, they have been placed near the topics of which they are

a logical outgrowth.

A Plan For Using This Publication

It is suggested that teachers and supervisors consider the

following in using this publication:

Review the entire bulletin before making plans to teach.

Read each chapter in turn completely to become acquainted

with the content and flavor of Mathematics Ninth Year and

with the relationship between the topics in the course.

Study the chapter containing the topics you plan to present.

Stu4y the suggested procedure for the development of each topic.

Make a tentative division of the topic into class lessons.

Use the suggested procedures as an aid in preparing lesson plans.

Since Mathematics Ninth Year is a full course, you should plan

for the most efficient use of class time.

Amplify the practice material suggested for each topic with

additional material from various textbooks.

The application of algebraic techniques to the solution of

verbal problems should not be confined to the sections in

which this work appears in the bulletin, but should be inter-

spersed among other topics in order to sustain interest and

provide for continuous development and reinforcement of

problem-solving skills.



An evaluation program includes nat 'only the checking of com-

pleted work at convenient intervals, but also continual appraisal.

It is a general principle of evaluation that results are checked

against objectives. The objectives of this course include concepts,

principles, and understandings, as well as basic skills.

Written tests are the most used instrument for evaluation and

remain the chief rating tools of the teacher. Test items should be

designed to test not only recall of factual items, but also the

ability of the pupil to make intelligent use of facts. Some of the

written activities which teachers may use for the purpose of evalua-

tion include:

wTitten tests
written homework assignments
notebooks
board work
special reports
quizzes

To continually evaluate pupil understanding, there are a number

of oral activities which teachers may use including the following:

pupil explanations of approaches used in new situations

pupil justification of statements
pupil restatement of problems
pupil statements of interrelationship of ideas

pupil discovery of patterns
oral quizzes
reports

Draluation procedures also include teacher's observatio of

pupil's work at chalkboard and pupil's work at seat.

Self-evaluation by pupils ean be encouraged through short

self-marking quizzes.



DEVELOPMENT OF THE MATHEMATICS PROGRAM IN GRADE 9

During the school year beginning September 1961, a revised
ninth year mathematics scope and sequence, based upon 0ourse of

Stud Mathematics 7:E2, was developed by 5taff members from the
Division of Curriculum Development, the Junior High School Division,
and the High School Division. This ',cope and sequence was the basic
document for writing teams, which consisted of junior high school
mathematics coordinators working in conjunction with high school
mathematics chairmen. This resulted in preparation of preliminary
materials which were reviewed and revised by the Junior High School
Mathematics Curriculum Committee. By June 1962, the first draft of
materials was ready and was sent to teachers who were to take part
in their experimental use.

These preliminary materials were tried out on an experimental
basis for the first time in selected junior and senior high schools
during the school year 1962-:1963. A program of evaluation of these
materials was set up which included: chapter by chapter evaluation
reports from classroom teachers, junior high school coordinators,
and chairmen of mathematics in pilot schools. The results of the
evaluation were reported to the Junior High School Mathematics
Curriculum Committee. In addition, an evaluation team interviewed
teachers using the materials, observed teachers using the materials,
and discussed each observed lesson with the teacher. On the basis
of this classroom tryout and evaluation by teachers and supervisors,
Part I of the program was revised in the Summer of 1963.

The school year 1963-1964 saw the second year of experimental
use of the materials, with additional schools participating. Part II

of the material was revised in time for the February 1964 term. Part I

was again revised as a result of a second tryout. This revision was

carried out by a committee working on Saturdays. Final work on Part

preparing it for publication, was completed in June 1964.

It is expected that a final revision of Part II will be completed
during the Summer of 1964. This revision will reflect the second year

of classroom tryout.

The preparation of this bulletin was under the general direction
of Martha R. Finkler, Acting Associate Superintendent, Junior High
School Division, and Margaret Bible, Acting Assistant Superintendent,
Junior High School Division, William H. Bristow, Assistant Superinten-
dent, Bureau of Curriculum Research, and Seelig Lester, Assistant
Superintendent, High School Division.
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As Chairman of the Junior High School Mathematics Curriculum

Committee, Paul Gastwirth, Principal of Edward Bleeker Junior High

School, acted as project director, coordinating efforts of various

committees, and heading a four-man evaluation team.

Frank J. WOhlfort, Assistant Principal in charge of Junior

High School Mathematics Coordinators, coordinated the work of the

writing teams, and arranged for experimental tryout of the program

in the junior high schools.

Miriam Newman, Junior High School Mathematics Coordinator, was

the principal writer of the revised materials during the Summer of

1963, the school year 1963-1964, and the Summer of 1964.

The Junior High School Mathematics Coordinators who prepared the

original draft of the materials were: Spencer J. Abbott, Henrietta D.

Antoville, Florence Apperman, Samuel Bier, Samuel Dreskin, Charles S.

Goode, Helen Halliday, Ida Karlin, Rose Klein, Miriam S. Newman,

Alfred Okin, George Paley, Meyer Rosenspan, Benedict Rubino, Joseph

Segal, and Murray Soffer.

Other coordinators who have taught and helped in the evaluation

of the materials are: Helen Kaufman, Joseph Gehringer, Ada Sheridan,

and Bertha Weiss.

The original wTiting teams worked closely with the following

high school mathematics chairmen: George Grossman, Aaron Hankin,

Roxee Jay, Harry Ruderman, Lester Schlumpf, and Harry Schor. Each of

the chairmen served as a re:Source person for a wTiting team.

George Ross, Coordinator of Mathematics for the high schools during

the school year 1961-1962, was a member of the original planning group

which developed the plans for the project and the basic.scope and sequence.

An initial scope and sequence was prepared by Harry Schor, Chairman of

Mathematics.

Benjamin Bold, Coordinator of Mathematics for the high schools

during the school years 1962-1964, became a member of the planning group

and coordinated the high school efforts in the project. He took part

in the summer writing projects of 1963 and 1964.

Leonard Simon, Junior High School Curriculum Coordinator, Bureau

of Curriculum Research, was a member of the original planning group and

has continued through the program to assist in the planning, coordinating,

revising, and preparing materials for publication.
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CHAFTFA I

SDO3OLS DI MATHEMATICS

This section contains materials and suggestions for the
teacher to help the pupils understand the meaning of numbers and

numerals, symbols of grouping, and conventions for omitting

grouping symbols. These concepts are then used in forming

mathematical sentences.

I. Numbers and Numerals

A. Suggested Procedure

1. Have pupils examine the following symbols and tell what they

represents

Abraham Lincoln honesty

2. Have pugls realize that a symbol such as a mark, a sign, or a

wortmay represent an object, a person, or an idea.

3. Have pupils write in their notebooks, and on the blackboard,

several symbols for real objects or persons, and several symbols

for ideas. Have pupils explain, what each symbol represents.

4. Through group discussion, develop the understanding that
several different symbols may represent the same object, person,

or idea.

For example, "Abrams Lincoln" and "Honest Abe" are different

names or symbols for the same person.

5. Elicit the generalization that the symbol is distinct from the

object, person, or idea represented. For example, when a pupil

writes "Abraham Lincoln" on his paper, the ami, of a person is

on the paper, not the permmn himself.

-1-



6. Similarly, have pupils develop an understanding of the difference
between a pftmdmor, (idea) and its mama. Some of the many possible
number names for a set of five objects are 15", "five", *V", and
112+3 II

7. Help pupils to understand that just as "AbrWWua Lincoln" or
"Honest Abe" are symbols or names used to designate the same
person, so "five", "5", and "V" are different names for the same

number.

8. Lead pupils to realize that when they write symbols as "7", "6+4", and
"55", they are writing anes or symbols for numbers, not the numbers
themselves. Numbers are cjags, for which the symbols stand.

9. Bkplain that the names or symbols for numbers are called numerals,
and that these numerals may be spoken or written.

10. Make sure that pupils understand that each number has many different

names. Thus, such nUmsrals as "5+1", 1343", "7-1", "2x3", and

"VI" ail assa the gm, number, namely, six.
2

U. Have pupils indicate the common names for some numbers; have other
pipils give different names for those same numbers.

B. Suggested Practice

1. Orally, or in written form, suggest a symbol for each of five
different objects.

2. Orally, or in written form, suggest a.symbol for eadh of five
different ideas.

3. Orally, or in written form, suggest a aribol for each of five

different people.

4. Think of a number. Write three different numerals for this number.

5. On each line place a circle around the numeral that does not
belong because it names a different number.

a
22 lo - 6 10 5 2

6 + 0 2 1 + 3 a
3 3

12 7 600%

...1. -AL
10 2 20 200 5%

d. Make up two examples like a, b, and c above.



6. Write another name for each of the following:

+ 1 1
a 2 /1. 34 4. 34 2

b. .37 -- .32 g. .85 x 1.5

24.5

5

xC. 8 2

d. 10 - .87

e. 102

h. .35)

i.2

j 1.43 + .07

II. Symbols Used in Arithmetic

A. Suggested Procedure

1. Review with pupils the symbols of operation and their meaning:

a. Elicit from pupils an explanation of each of the symbols of
operation as follows:

2 + 3 is the number obtained when 3 is added to 2

6 x 5 is the number obtained when 5 is multiplied by 6

b. Elicit from pupils the generalization that each of these

operations involves two numbers (binary operation).

2. Review with pupils the following symbols of comparison and their

meaning:
<

a. Guide pupils to see that when they write the sentence 3 + 4 = 7,

they are saying that "3 + 4" and "7" are names for the same

number. The symbol "am" means that the numeral on its left and

the numeral on its right are both names for the .2.42, number.

The symbol "a is read as "is equal to."

b. The symbol "0" means "is not equal to." For example, 3 + 4 6 + 2

means that the numeral "3 + 4" and the numeral *6 + 2" represent

different numbers.



c. The symbol ">" means "is greater than." For =ample, 574
means that the number represented by the numeral "5" is greater
than the number represented by the numeral "4."

d. The symbol "4" means "is less than." For ample, 44.7 means
that the number represented by the numeral 814" is less than
the number represented by the numeral n7."

B. Suggested Practice

1. Nark oach statement with a T or F to indicate whether it is true
or false.

a. 102 as 100 T (102" and "100" name the same number.)

b. 3 + 2 + 6 g. 1 x +1
c. 1.06> 10.6 h. 42 as 15 + 1

d. 5 4 of 100 i.103>l000

1
J 10 of 20 <22e* 8 4

fo 2.00 .... 50 41 -4

2. Fill in each space with any of these symbols (+, 24 )

which will make the resulting statements true.

a. 3 5414

Solution: If the symbol "+" is placed between 3 and 5, the
statement will read 3 + 5.414. This is a true statement. Also,
3 4. 5414 is a trus statemeat.

b. 4 3 1

5<3

2

7> 8

f. 20

$* 4

h. 2

i. 6

4420 4

4 1

2.22

0 az 6

III. Order of Operations

A. Suggested Procedure

1. Pose problem: *at number is represented by the expression 3 + 6 x 5?

Some pupils may suggest 45 because 3 + 6 am 9, and 9 x 5 as 43.
Others slay suggest 33 because 6 x 5 am 30, and 3 + 30 no 33.

Have pupils see that the difference in the two answers is due to
the order in which the operations are performed.

-4-.



2. Elicit that if we are to get the sans meaning from 3 +.6 x 5 at

all times, we mmst agree on the order in which operations are
performol. Inform pupils that when several operations are
indicated in an expression, we proceed as follows:

a. Perform the multiplications and divisions in order, from
left to right.

b. Then, perform the additions and subtractions in any order.

Using this agreement, 3 + 6 x 5 always represents 33.

3. Have pupils practice the following:

'that is the meaning of each of these expressions? Itiat is the

result?

a. 1 + 4 x 5 (This means the product of 4 and 5 is to be added
to 1. The result ie 21.)

b. 9 x 8 - 7

c 45 4. 3 + 2

d. 8 x 4 +

e. + 9 3

4. Have pupils see the need for a grouping symbol when the agreement

on order of operations is to be disregarded.

a. Pose problem:

On each of four Saturdays, a boy earned $8 and collected $2 in
tips, as well. What is the total amount he received? ($40)

How would you indicate in symbols how the answer Ds arrived at?

Pupils may suggest 4 x 8 + 2. Have then recall that by the
agreement on order of operations, this expression results in

34, not 40.

b. Guide pupils to realize that if we wish 4 x 8 + 2 to mean
that the sum of 8 and 2 is to be multiplied by 4, giving
the result 40, rather than 34, then we must indicate in some
way that the sum of 8 and 2 is to be considered as a single
quantity to be multiplied by 4. To show Ilia meaning, 8 + 2

is enclosed within grouping symbols, such as parentheses.
Then 4 x (8 + 2) means that 2 is to be added to 8, and the
resulting number is to be multiplied by 4.

4 x (8 + 2) = 4 x 10 in 40

c. Have pupils understand that one use of grouting symbols is to

give an expression a meaning other than the one it would have
according to the agreement on order of operations.

-5-



5. Have pupils answer the following:

a. What is the meaning of 4 + 3 x 2? (This means the product oi

3 and 2 is to be added to 4. What is the result? (10) How

should this be written to give 14 as a result? (4 + 3) x 2.

b. What is the meaning of 9 x 8 5? What is the result? (67)

How should this be written to give 27 as a result? 9 x (8 - 5).

c. What is the result for 2 +.6 2 x 1? (5) How should this be

written to give 4 as a result? (2 + 6) + 2 x 1.

d. What is the result for 6 - (2 - 1)? How should this be written
to give 3 as a result?

e. What is the difference in meaning of each expression in the
following pairs? What is the result in oath?

25 - 9 - 3

10 x 2 +

4 + 5 1

4 + 8 4. 2

.3 x + 1

5. Have pupils compare the order in which the operations in the
following expressions are to be performed. Have them then do the

indicated arithmmtic.

a. 5 + 1 x 2 (Multiply, then add) (5 + 1) x 2 (Add, then multiply)

b. 3 x 4 - 2 3 x (4 - 2)

c. (20 - 8) :r 2 20 8 + 2

d. (25 204 5 + 3 - 20 + 5.+ 3

e. 12 4. 6 x 3 12 + (6 3)

B. Suggested Practice

1. Write the most conmion name for each of the following:

a. 1+ 3 x 7 =1+21=22

b. 42 2 x 7

c. 8 x 6 - 7 x 4

-6-
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2. For each of the following, replace the expression in the parentheses
by another numeral.

a. (6 + 2) x 8 x 8 f. 125 (5 4)

b. (6 + 2) + 4 g. 12 (4 2)

c. 15 (6 + 4) h. 10 x (1 + .2)

d. 6 + (2 1) i. (il x 4) 4. (2 x 2)
e. 5 x (4 + ) j (12 3) x (6 + 3)

3. Use parentheses in expressing each of the following in symbols:

a. Indicate that 3 and 8 are to be added and then 10 is to be
subtracted from this sum.

b. Indicate that 4 and 9 are to be added and this sum is to be
multiplied by 3.

c. Indicate that 15 is to be subtracted from the product of 7 and 3.

d. Indicate that the sum of 6 and 9 is to be multiplied by the
difference of 11 and 4.

e. Indicate that the product of 6 and 7 is to be subtracted from
the product of 8 and 9.

4. In each of the following examples perform the indicated operations.

a. 6 2 + 1

b. 5 + 3 x 3

c. lox + 4)

d. 4 3 x

e. (15 6) 3

f. 15 6 4. 3

g. + 2) x 4 a 4

h. (.4 + 1.1) .4 (.5 .2)

10 1.5 x 6 + (14 4) 2

j. (12 3 + 6 f; 2) S. 4 x 3
I V. Translation of &faith Phrases and Sentences

A. Suggested Procedure

1. Discuss with pupils the advantage of using mathematical symbolism
to express number relationships. For example, the number relationship.

"Mien three is added to nine, the result is twelve" may be expressed
symbolically as 9 + 3 as 12.
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2. Have pupils use the conventions relating to grouping symbols to

express number ideas symbolically, e.g.,

"Itien four is added to six times two, the result is sixteen' is

expressed symbolically as 6 x 2 + 4 = 16.

"The sum of eight and four, divided by three is less than five" is

expressed symbolically as + 4) 34 5.

B. Suggested Practice

1. Express each of the following in mathematical symbols:

a. Whon three is added to nine times seven, the result is sixby-slx,

Answer: 9 x 7 + 3 in 66

b. Three tenths diminished by one tenth is less than five tenths.

c. Twice fifteen, decreased by eight, ,is less than three times ten.

d. The product of five hundredths and six is not equal, to three.

e. *en ten is divided by two and the result is divided by one-half,

the quotient is ten.

f. The difference between seven and two, divided by five, equals one.

g. When one-half is added to one-fourth multiplied by three, the

result is equal to one and one-quarter.

h. The product of one and one-quarter, increased by one-quarter, is

greater than three- eighths.

J.: %ben the quotient of three-tenths and three-tenths is added to the

product of two and five-tenths, the sum is equal to two.

j. The difference of five and two, divided by the quotient of six

and two, is equal to one.

2. Express each of the following in English phrases and sentences:

a. + 2 x 3 Answer: Eight increased by the product of two and
three, or the product of two and three added to eight.

b. 5 + 9<
3 x

Le% d. 9 r
.

4 "

c. (12 4) x 2 e. 4 x 1 = 16 4, 4



CHAPTER II

SIGNED NUMBERS

This section contains suggestions for procedures that the

teacher may use to help the pupils understand operations with

signed numbers and some basic properties of signed numbers.

I. The Set of Numbers of Arithmetic Enlarged to Include the Negative Numbers

A. Suggested Procedure

Review with pupils the concepts of signed nuMbers that were taught in

Grade S. EMphasize the symbols for and physical interpretation of

these numbers.

1. An understanding of the meaning of signed numbers

2. An understanding of the one-to-one correspondence between the

integers and certain points on the number line

3. An understanding of the concept of "opposites." Thus, -7. (read

*negative seven") is the opposite of 47 (read "positive seven"),

and 47 is the opposite of -7.

4. An understanding of the dual interpretation given to "+" and to %-",

e.g., as signs of operation and as signs indicating direction

5. An understanding of order: -1>-2.

B. Suggested Practice (Review Rkercises)

1. If -10,000 represents a decrease of 10,000 in populatioL represent

by a signed number an increase of 10,000 in population,

2. If 45 represents an increase of 50 in temperature, rep sent by a

signed number a drop of 50 in temperature.

3. If 45 represents a gain of 5 hours in time, represent/by a signed

number a loss of 5 hours.

4. If -10 represents a withdraw]. of $10 from a bank, represent by a

signed number a $10 deposit sin the bank.

5. If +500 represents 500 feet above sea levl, represent by a signed

number 500 fest below sea level.

6. If +10 represents a gain of 10 yards, represent by a signed number a

loss of 10 yards in a football game.
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7. If -27 represents 270 below zero, represent by a signed number 270

above zero.

8. If -10 represents a decrease of 10 cents in the price of eggs,

represent a 10 cent increase in the price of eggs.

9. If traveling north is traveling in a positive direction, express

as a signed number the location of the point reached after traveling

5 miles north frau zero and then 8 miles south.

10. Is -CO i true sentence?

II. Addition Is Commutative for the Set of Signed Numbers

A. Suggested Procedure

MI: In their computations in arithmetic, pupils have.used the

comptativt and, associative properties of addition and multiplication,

perhaps: without recognizing these properties or knowing their names.

Now they will learn not only the names of these basic properties,

but also that these properties continue to hold in our enlarged set

of numbers. These properties will be accerted without proof.

1. Have pupils review addition of signed numbers and the meaning of

absolute value. (See Mathematicp Grade 8, Curriculum Bulletin

1961-62 Series NO. 4)

2. Discuss with pupils a method of checking an arithmetic addition

example, by reversing the addends. Thue, to check

389

514

we could do,the addition in this way:

125

514

(Ball Many pupils check arithmetic addition by "adding in the

opposite direction." This is tantamount to reversing the addends.)

Guide pupils to see that in arithmetic addition, they have assumed

that when two numbers are added, the same sum is obtained no matter

what order is used in adding them. This is known as the commutative

propertr of addition. Does this property hold for signed numbers,

as well?

3. Illustrate the commutative property of addition with positive and

negative numbers .as follows:
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Mr. El walked 8 blocks to the east and then turned around and walked
three blocks to the weat. If he had first walked three blocks to
the west and then 8 blocks to the east, vmuld he have arrived at the
same place?

-3 -2 -1 0 1 2 3 4 5 6 7 8

<1...
8 blocks east and then 3 blocks west maibe represented by (+8) + (.C).
The sum is +5.

kl...molINIP11

3-2 - 1 0 1 2 3 4 5 6 7 8

..61"...111.M111111111MIIM.11.4111.1111411111=11111111M11115,

3 blocks west and then 8 blocks east may be represented by (-3) + (419).
The sum is +5.

The pupils are led to observe that interchanging the order of the two
addends does not affect the sum. Then (+8) +4.3) am (-a) + (+O.

On the basis of several such illustrations, have pupils generalize
that the commutative property of addition holds for positive and
negative numbers in all combinations. (Or, briefly, for signed numbers)

Inform pupils that the commutative property of addition is sometimes
referred to as the commutative law or the commutative principle of
addition.

B. Suggested Practice

1. Use either the symbol (+7) or the symbol ,J-5) to replace the question
mark so that each of the following is atrue statement.

(41) + (+5) = (+5) + ?

(47) + (+5) ? + (+7)

(+7) + ? (+5) + (+7)

? + (+5) as (+5) + (+7)



2. Use the commutative principle to write another expression

each sum, then compute the sum.

(+5) us (+5) + (i17) sa

(-24)

(-9)

(44)
a

(-3. 4)

+12

III. Addition is Associative for the Set of Signed Numbers

for

A. Suggested Procedure

1. Review with pupils the fact that the fundamental operations of

arithmetic, i.e., addition, subtraction, multiplication, division

are bi.narsr operations, that is, they are performed on two numbers.

(In contrast, taking the negative of a number is a ma operation.)

2. Have pupils give illustrations of the fact that we often have

occasion to add three numbers.

Pose the question: How can we add three numbers when addition is
a binary operation?

3. Klicit from pupils that when we add 5, 9, and 6, we are really
performing the operation of addition twice, as follows:

5 + 9 = + 6 an 20

4. Have pupils compute an addition example such as the following:

49 + 27 + 3

In checking the way various pupils arrived at the answer, it will

be found that some pupils nay have added 27 to 49, obtaining 76.

They then added 3 to this result. This procedure may be recorded

thus:

(49 + 27) + 3 = 76 + 3 asi 79

Other pupils, using decade facts, may have added 3 to 27, obtaining

30. They then added 30 to 49. We record this as:

49 + (27 + 3) so 49 + 30 su 79

5. Have pupils observe that (49 + 27) + 3 = 1i9 + (27 + 3), since the
own is the same in each case.
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6. Have pupils repeat this procedure with other examples. They see
that the manner in which the numbers of arithmetic are grouped
in addition does not affect the sum. Notice that the order of
the addenda is the same.

7. Inform pupils that this property of addition for arithmetic numbers
is called the associative murk. The word Rapsociative" is used
because this property is concerned with how numbers are associated
or grouped together. Grouping symbols (parealiteees) may be omitted
in indicating the sum of three numbers.

8. Now pose this question: Does the associative property of addition
hold for signed numbers? Guide pupils to an answer by having them.
do the follouing examples:

Note to teacher: Facplain to pupils that the parentheses are used to
make clear the sign of the number. The symbol of grouping in these
examples ia a pair of brackets.

a. Add: +3, +2, +5

(+3) + (+2) + (+5) means [(+3) + (+2)1 + (+5).

Does [(+3) + (+2)1 + (+5) a (+3) + [(+2) + (+5)1?

Since [ (+3) + (42)] + (+5) (+5) + (+5) III 10

and '(+3 ) (+2 ). + (+5 la (+3 ) + (47 ) III 10

then [ (+3 ) + (+2 + (+5) = (+3 )+ [ (+2 ) + (+5)]

b. Add: -6, -3,

(-6) * (-3) + (-4) mea ne B-6) + (-3)1 + (-4).

Does [(-6) + (-3):j + (-4) = (-4) + [(-3) + (-4)] ?

8inok(-6 ) + (-3 )] + (-4) = (-9 ) + (-4)

and (-6) + [ (-3 ) + (-4)]= (-6 ) + (-7 ) -13,

then t(-6) + (-3)3 + (-4) = (-6) + [(-3) + (-4)1

In a similar manner, have the pupils try:

Add: +2, -8, +5; Add: -6, +8, 44,

9. Have pupils notice that when we apply only the associative principle,
we may not change the order of the addends.



B. Suggested Practice

1. lhch of the following examples can be worked memtally if you

first use the associative law.

Rewrite each expression, using the associative law, and

then find the sum mentally.

e. (17 +25) + 75

b. (123 4'125) +175

c. 32 + (68 4.359)

d. 96 + (104 + 297)

o. (3789 4. 1250) + 1750

2, Ekamples similar to III-A-8.

IV. Cambining the Commutative and Associative Properties of Addition

for the Numbers of Arithmetic (non-negative numbers)

A. Suggested Procedure

1. Review with pupils that the associative property of addition

tells us that we may add three numbers by associating the

middle number either Jith the preceding number or with the

following number.

Thus, to add 5, 8,and 4, we may associate 8 with 5 and their

sum with 4, or we may associate 8 with 4 and their svm with 5.

Then (5 + 8) + 4 = 5 + (8 + 4)

2. Have pupils now also use the commutative property to illustrat

the addition of these three numbers. Each leads to the same

sum.

3. Have pupils consider the following:

a. (5 + 8) + 4 = 13 + 4,or

b. 5 + (8 + 4) = 5 + 12,or 17

c 5 + (4 + 8) = 5 + 12,or 17

d. (5 + 4) + 8 xe 9 + 8, or 17

e. (4 + 5) + 8 'me 9 + 8, or 17



Methods a and b lead to the same result by associativity;

methods baixi c by commutativity; methods c and d by associativity;

methods d and e by commutativity.

4. Guide pupils to see that the associative and commutative properties

allaw us to move addends around as we please in the process of

finding a sum of several numbers. That is to say, they may be

grouped or ordered in any way without affecting the result.

5. Have pupils see that without using addition facts we can show

that

(5 + 8) 4' 4 = (5 + 4) + 8

We would proceed as follows:

(5 + 8) + 4 = 5 + (8 + 4)

5 + (8 + 4):= 5 + (4 + 8)

5 + (4 + 8)= (5 + 4)+ 8

Associative Property

Coranutative Property

Associative Property

Therefore (5 + 8) + 4 = (5 + 4) + 8

Note: This is considered a proof that the numerals (5 + 8) + 4

and (5 + 4) + 8 represent the same number, because we have used

the properties of addition to show a series of equalities.

6. Have pupils use a similar procedure to show that

(5 + 8) + 4 = (4 + a) + 5.

7. The associative property of addition may be extended to four or

more numbers.



B.. Suggested Practice

Without using the addition facts, show that the following equalities

are true because of the commutative and associative properties of
addition. In each case, and for each step, indicate the property
that justifies it.

3.. (3 + 6) + 9 az 3 + (6 + 9) 6. 6 + (7 + 3) ins 6 + (3 + 7)

2. 5 + 2 az 2 + 5 7. (k, + 5) + a = (5 + 4) + 8

3. 9 + 12 = + 9

4. (56 + 17) + 15 r-s. 15 + (17 + 56) 9. a + (3 + 4) = (a + 4) + 3

10. (5 + 6) + 3 = 5 + (3 + 6)

U. (a + 6) + 2 I= (8 + 2) + 6

V. Combining the Commutative and Associative Properties of Addition for
Signed Numbers

A. Suggested Procedure

I. Let us investigate to see whether the method we have chosen for
adding signed numbers retains the properties we found to hold

in adding the numbers of arithmetic.

2. The developnent parallels that for non-negative numbers as
indicated in IV.A.

3. Have pupils realize that this method of adding signed numbers

guarantees that the commutative and associative properties of

addition for arithmetic numbers also hold for signed numbers.

B. Suggested Practice (Similar to IV-B)

VI. Multiplication of Signed Numbers

A. Suggested Procedure

1. Review meaning of absolute value.

Introduce symbol for absolute value. The mathematical symbol for

"absolute value of" is a pair of vertical bare enclosing the number.
Thus, I+ 51= 5 indicates that the absolute value of.+5 is 5.
Similarly,

1-51 NE 5

0 = 0
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2. Discuss with pupils various ways of expressing multiplication.

a. 4 x 5 x:3 (Using the *Limes" sign)

b. 8.9 (Using the elevated dot)

c. (a) (9) (Using parentheses to indicate mmltiplication)

d. 3x (Using no symbols)

40te to teacher: Three approaches for developing multiplication

of signed numbers are presented here. They are (1) the experimental

approach, (2) the pattern approach and (3) the mathematical structUre

approach. Aal three lead to the definition of multiplication of

signed numbers. They appear in increasing order of abstraction.
Methods (1) and (2) are designed to make the definition of. multiplica
tion plausible to the students. Method (3) provides an informal proof

or deaonstration. Teachers will select the method or methods which

they feel meet the needs of their pupils. Some will present two

approaches, some all three, with (3) serving as the culmination.

3. lkperiential approach to multiplication of signed nuMbers

a. alltiplication of a positive number hy a positive number

1) Pbse a problem: John will deposit four dollars each month for

three months. How much money will he then have in his bank

account?

2) Elicit from pupils the agreement that: a WI deposjt nay be

represented by a positive number.

.a withdrawal may be represented by a negative number,

time in the future may be represented by a positive number,

time in the past may be represented by a negative number.

3) Elicit fran pupils that three months fran now, (+3), there

will be $12 more (412) in John's bank account.

+4
+4 or (+3 ) (+4 ) = +12

+12

4) Have pupils solve several, similar problems and arrive at
the understanding that we multiply positive numbers, as we
do the numbers of arithmetiC. The product is always

positive,
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b. Multiplication of a negative number by a positive number

1) Pose problem: John plans to withdraw four dollars from his savings

account each mcmth for the next three months. %hat effect would

that have on his bank account?

2) Elicit:

Four dollars withdrawn may be represented by -4.

Three months from now may be represented by 43.

Then, three months from now (+3), there will be $12 less (-12)

in John's bank account.

-4
-4 or (+3)(-4) = -12

-12

3) Have pupil solve eeveral similar problems and arrive at the generaliza-

tion that the product of a negative number and a positive number is

the NE(ATIVE of tbgLproduct of their absolute values.

c. Milltiplication of a positive number by a negative number

'1) Pose problem: john deposited four dollars each month for three months.

Did he have more money or less money in his bank account three months

ago than he has now? How much more or leas?

2) Elicit:

Four dollars deposited may be represented as 44; three months ago

may be represented as -3. Tnese facts may be represented by (3)(414).

If he has deposited four dollars for three months, three months ago

he must have had twelve dollars less (-12) than now. Therefore,

-32.

3) Have,pupils solve several similar problems and arrive at the generaliza-

tion that the roduct of a sitive number , a ne ative lumber is the

NEGATIVE of the product of their absolute values.

I

d. MUltipaication of a negative number by a negative number

1) Pose problem: John has withdrawn four dollars each month for three

months. Did he have more money or less money three months ago than

he has now? How much more money did he have in hia account three

months ago?

2) Elicit:

Four dollars withdrawn may be represented bY 4.
Three months ago may be represented by -3.

Three months ago he had $12 more (+12) in his account than he hat now.

= +12
-18-



3) Have pupils solve several such problems and arrive at the generaliza-

tion that the rop.dt_at tfij_. negative n ative zumb Ium r is

the Droduct of their absolute values.

e. Have pupils solve a number of problems in mixed practice and help them

arrive at the generalizations that, in multiplying signed numbers:

1) The product of two plImbers with LIKE signs is a POSITIVE number.

2) The product of twu numbers with UNLIKE signs is a NEGATIVE number.

4. Pattern approach to multiplication of signed numbers

a. Multiplying a positive number by a positive number

1) Elicit that positive numbers behave like the numbers of arithmetic.

2) Have pupils develop these two columns:

. In Arithmetic Signed Numbers

(2)(5) =I lo (42)(+5) Mr 410

(2)(4) al 8 (42)(+4)

(2)(3) as 6 (42)(43) in +6

3) Elicit generailwItion: The product of a positive number by a positive

number is positive.

b. Mkatiplying a negative number by a positive nuMber

1) Have pupils consider the following:

(42)(43) = +6

(+2)(42) = 44

(+2)(41) = 42

(+2)(0) as 0 (As in arithmmtic, the product of zero and any number

is zero.)

2) Pose question: If we continue the pattern, what multiplicand will

came after zero? (-1)

3) What is the product of (+2) (-1)?

Have pupils observe that whenever the multiplicand is decreased
by 1, the product is decreased by 2.



Have pupils continue the pattern as indicated:

(+2)(-1) ? (-2)

(+2)(-2) ? (-4)

(+2)(-3) ? (-6)

(+2)(-4) = ? (-8)

4) Faicit generalization: The product of a negative number by a positive

number is the NE(ATIVE of the product of their absolute values.

c. Multiplication of a positive number and a negative number

1) Have the pupils develop this sequence:

(+3)(+1) = +3

(+2 ) (+1) = +2

(+1)(+1) = +1

(o) (+1) o

(-1)(+1) =

(-2)(+1) so -2

(-3)(+1) = 3

2) Elicit the generalization: The product of a positive number and a

negative number is the NEGATIVE of the product of their absolute values.

d. Multiplication of a negative number by a negative number

I) Have pupils develop this sequence:

(-2)(+4) = -8

(-2)(+3) = .6

(.2)(+2) = 4

(-2)(+1) ca -2

(-2)(0) me 0

(-2)(-1) =T-. +2

(-2)(-2) = +4

(.2)(-3) = 46

(-2)(-4) = +a
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2) Elicit the generalization: The product of a negative number
and a negative number is the product of their absolute values.

e. From these patterns, pupils are led to arrive at the generalization
that in multiplication

1) the product of two numbers with like signs is a positive number,

2) the product of two numbers with unlike signs is a negative
number.

112kg: Method 3 - The mathematical structure approach is shown
on page 27.

B. Suggested Practice

Multiply as indicated:

1. (+2)(-7)

3. (+6)(48)

5. (-6)(36.5)

7.
3 7

9. (4)(-2)

2. (+2.5)(-.3)

4. (-12)(-7)

6. (+1)(-5)

8. (-4)(+15)

10. (-4) (-2)(+3 )

VII. Commutative and Associative Properties of Multiplication for Signed Numbers

A. Suggested Procedure

1. Develop the commutativy property of multiplication for signed numbers.

a. Review with pupil the commutative property of addition with signed
numbers. The order of the addends may be changed without affecting
the sum.

b. Pose problem: Does the commutative property hold for the multiplica-
tion of signed numbers?

c. Have pupils develop illustrations of the three possible combinations
of positive and negative numbers as indicated:

1) (+3)(+6) = +18 2) (+7)(-6) = -42

(+6)(+3) = +18 (-6)(+7) =

= (+6)(+3) ...(+7)(-6) = (-6)(+7)
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3) (-4)(-3) = +12

(-3)(-4) = +12

.°.(-4)(-3) = (-3)(-4)

4) Have pupils make up severml additional examples illustrating the

commutative principle for the multiplication of signed numbers.

Ittoletsteagiz: If the pattern approach was used, the assumption

that the pattern continues implies that the properties of the opera.

tions of ardthmetic (commutation, association) will still hold for

those operations on signed numbers. The above examples illustrate

this.

If the experiential approach is used solely, the pupil should be led

to see that the definitions we have adopted for the multiplication

of signed numbers result in retaining the commutative and associative

properties for signed numbers.

24 Develop the associative property of multiplication for signed numbers.

a. Review with pupils the fact that the fundamental operations of

arithmetic are binary operations, that is, they are performed

on two numbers.

b. Have pupils give illustrations of the fact that we often have occasion

to multiply three numbers. Pose the question: How can we multiply

pireq numbers when multiplication is a binary operation?

c. Elicit that when we multiply 3, 5, and 6, we are really performing

the operation of multiplication twice, as follows:

3 x 5 = 15 and 15 x 6 = 90

d. Have pupils observe that we first found the product of 3 and 5, and

then multiplied it by 6. Stated symbolically, our procedure was as

follows:

(3 x 5) x 6 = 15 x 6 = 90

e. rlicit that we nay obtain the same result by first multiplying 5 and 6,

obtaining 30, and then multiplying 30 by 3.

3 x (5 x 6) = 3 x 30 = 90

.°.(3 x 5) x 6 = 3 x (5 4.6)

f. Have pupils repeat this procedure with peveral examples.

g. Guide pupils to generalize that the manner in which the factors are

grouped does not affect the final product.

h. Lead pupils to observe that this property of multiplication for the

numbers of arithmetic is analogous to the associative property of

addition. It is called the 2_02a.sUn..1_11tiassociativerorication
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and is frequently referred to as the associative law or

assoc ative princiag of multiplication.

It must be noted that when we apply stax the associative

property of mmltiplication, the order of the factors is

not changed.

i. Now pose this question: Does the associative property of

multiplication hold for signed numbers?

j. Guide pupils to answer by having them consider the following:

1) Multiply 4, 8, and 9

This may be grouped: (4 x 8) x 9 = 32 x 9 = 288

or 4 x (8 x 9) = 4 x 72 = 288

.*. x 8) x 9 = 4 x (8 x 9)

2) Multiply -4, -8, and -9

Similarly: (.44 x -8) x (-9) "32 x (-9) = -288

or -4 x (-8 x -9) =-4 x 72 = -288

(-4 x -8) x (-9) = -4 x (-8 x -9).

3) Multiply -2, +5, and 46.

4) Multiply *3, -6, and -7.

Similarly: (+3.4).-7 =I -18.-7 = 4126

or 43 (-6 -7 )1= 43 .442 = 4126

.9. (43 ..6 ) =4 43. (-6 ..7 )

k. Elicit the generalization that on the basis of the examples

shown, we may assume that the associative property applies

to multiplication for signed numbers.

3. Combining the commutative and associative properties of multipli-

cation for signed numbers.

a. Have pupils suggest several different ways of finding the

product -4 +6 -5. They may suggest:
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1) 4 (46 5) = 4 30, or 120

2) (-4 *6) 5 as 24 5, or 120

3) (+6 4) 5 = 24 5, or 120

4) +6 (-4 5) es +6 +20, or 120

Illustrations 1) and 2) give the sane product by associativity,

illustrations 2) and 3) by commutativity, and illustrations

3) and 4) by associativiV

b. Elicit the generalization that when we multip1y signed numbers,
they may be grouped or ordered in any way uthatsoever without

affecting the result. Therefore, grouping symbols may be
omitted in indicating the product of signed numbers because
the result is unique.

c. Have pupils see that without using multiplication facts we may

show that the numbers represented by 6 x x 5) and (4 x 6) x 5
are the same. We would proceed as follows:

Show that 6 x (4 x 5) = (4 x 6) x 5

6 x x 5) = (6 x 4) x 5 Associative Property

= (4x 6) x 5 Commutative Property

d. Have pupils use a similar procedure to show that

6 x (4 x 5) = (6 x 5) x 4

e. The associative property of multiplication my be extended to

four or more numbers.

7 x 2 x 5 x 3 = (7 x 2 x 5) x 3 or

7 x (2 x 5 x:3) or

(7 x 2)x (5 x 3), and so on.

B. Suggested Practice

Without using multiplication facts, have pupils show that the following

equalities are true because of the commutative and/or associative

properties of multiplication.

1. 5 x 9 = 9 x 5

3. (3 x 2) x 6 = 3 x (2 x 6)

5. +1 7 = -.7 +1

2. 4 x x 3) = 4 x x i)
4. 4 x (-2 x 6) = (-4 x .2) x 6

6. +.8 x (-1.1 x 3.2) = (+.8 x 1.1) x 3.2
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7. 2 4 4 2

9. (12 x 7) x 3 = (3 x 7) x 12

8. 5 x (3 x 4) = (3 x 5) x 4

10. (-6 -4) 2 = (-2 0-4) -6

VIII. The Distributive Property of Multiplication Over Addition for the Set of

Signed Numbers

A. Suggested Procedure

1. Review the distributive property for the numbers of arithmetic.

a. 3 x 35 =3 x (30 + 5)

= (3 x 30) + (3x 5)

90 + 15, or 105

8 x 44 = 8 x (44 + i)

= 32 + 4, or 36

b. Pose problem: How can we find the area of this rectangle?

Method 11

A = wR, where w = 6 and = 2 + 5

A = 6 (2 + 5) = 6 x 7 or 42 square units

Method 2

A. WI SUM of areas of rectangles I and II

A = (6 x 2) + (6 x 5) = 12 + 30 or 42 square units

Have pupils observe that both methods give the same result because

6 (2 + 5) = (6 x 2) + (6 x 5)
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c. Have pupils try several area problems of the same type.

d. Guide them to the generalization that the product of a number and
the sum of two numbers may be found in two ways:

1) Obtain the sum first and then multiply:

13 x (10 + 2) =2 13 x 12 = 156 or

2) Multiply each addend by the multiplier and then find the sum of
these products:

13 x (10 + 2) = (13 x 10) + x 2)

= 130 + 26 112 156

e. Inform pupils that the second method is an application of the
D but ve Pro rja&xLm_jt,LotJk_p.._.__2LIltA'licati rOve Addition. The word
"distributive" suggests that when you have a product of a multiplier
and a sum, you may di.stribute or spread the multiplier, using it
once on each a4dend.

2. Since in our examples we have dealt only with positive numbers, have
pupils try examples with signed numbers to see whether this distributive
principle holds for the enlarged set of numbers.

MI: In these examples, brackets are used as grouping symbols. The
parentheses are used on.ly to make clear the sign of the number.

a. 8 x [(-4) + (-5)] = 8 x (-9) = -72 or
8 x (-4) + 8 x (-5) = (-32) + (-40) = -72

.*.8 x [(-4) + (-5)] = 8 x (-4) + 8 x (-5)

The teacher may demonstrate with other numbers.

b. (-4) x [(-12) + (-4)] aa (4) X (-16) = 464 or

(-4) x (-12) + (-Ox (-4) as (448) + (+16 ) ma 464

("4) X [ (612) + ("4)] (`"4 ) X (12 ) + (6°4) X WO

The teacher may demonstrate with other numbers.

c. Elicit the generalization that on the basis of the aumples, we nay
assume that the distributive property of multiplication over addition
applies to the set of signed numbers.
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5.. Elicit that the distributive property may be applied to three

or more addends, as illustrated.

A ra. 6 x (3+4 + 2) =6 x 9 = 54 square units

A (6 x 3) + (6 x 4) + (6 x 2)

18 + 24 + 12 = 54 square units

B. Suggested Practice

1. Fill in the blanks below so that each statement is an illustration

of the distributive law.

a. 6. (3 + 2) =

b. = 9 x 2 + 9 x 8

c. = 10. 6 + 10. 2

d. 7. ( ) = 3 + 4

e. . (6 + 8) = 3. + 3

2. Use the distributive law to obtain the value of each numerical

expression.

a. 3 x 6 4. 3 x 12

b. 9 x 8 + 9 x (-2) g. 19 x 1 + 19 x 1
4 4

c. 37 x 93 4. 37 x 2

d. 25 x 7 + 25 x (-3)

e. 4 x 5 + 4 x 3 + 4 x 2
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i. 42 x 106 = 42 x (100 + 6) ?
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3. In each of the following, state the property illustrated.

a. (3 x 8) x = 3 x (8 x 7)

b. 25 + 16 = 16 + 25

c. -15 x 30 = 30 x -15

d. 6 + (4 + 7) = (6 + 4) +

e. (-5 x 9) + (-5 x 10) = -5 x (9 + 10)

f. 16 x (13 + 12) gir 13 4. 12

g. -45 x (16 x 5) = (-45 x 16) x 5

h. -71 x (180 + 20) = (-71 x 180) + (-71 x 20)

i. (33 + 18) + 4 = 33 + (la + 4)

J. 103 x 2 + 103 x = 103 x (2 + 8)

4. Using the principles of associativity, commutativity, and distributivity,

establish the truth of the following equalities without using the facts
of multiplication and addition.

a. 2 x (4 + 7) = 4 x 2 + 7 x 2

b. -3 x (2 + 4) = -3 2 + 4 ..3

C. 48 (21) = + 48
d. 2 x 5 + 8 x 2 = 2 x (8 + 5)

e. (2 4 + 3 5) + 6 04 = 4 (2 + 6) + 5. 3

C. Ehthematical Structure Approach to Ehltiplication of Two Negative Numbers

(See page 20 )

Procedure: Explain to the class that the definitions of the multiplication
of signed numbers for various combinations of signs can be developed by

choosing these definitions in such a way that the results of the operations

on the numbers of arithmetic are preserved and that the commutative,
associative, and distributive laws hold for the signed numbers.

First consider the product of two positilre numbers such as (+3)(+2 ). Elicit

that positive numbers correspond to the numbers of arithmetic, and hence

the product (+3) (+2) should correspond to the product (3) (2). Hence,

(+3) (+2) = 46. Elicit the generalization for the product of any two

positive numbers. Will the connutative and associative laws hold for

the products of positive numbers? Why?

Next, consider the product of a negative number by a positive number, for
example, (+3)(.2). This may be inteLpreted as 3(.2) or the sum of three
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addends, each equal to -2. What is this sum? Elicit the generalization for

the product of a negative number by a positive number.

Third, consider the product of a positive number by a negative number, fm.

example, (-2)(+3). What principle will relate this example to the previous

one? Therefore what should the product be if we want this principle to hold?

Elicit the generalization for the product of numbers of unlike signs.

Finally, consider the product of two negative numbers, e.g., (-3)(-2) = ?

= 0

= 0

ax 0

2= 0

The product of 0 and any number is 0.

The sum of a number and its opposite is 0.

Distributive property

Have pupils discuss what the product (-3)(-2)

must be if the sum of -6 and that product is
to equal 0. Chun our idea of opposites,
(-3)(-2) must equal +6.)

IX. The Subtraction of Signed Numbers

Bolt: For many years pupils used the 11.-" sign to indicate the operation of

subtraction. In Grade 8, they developed an understanding of the use of

this sign to indicate direction. The concept of "opposites" was introduced,

but now the symbol to show opposites, namely the "-", should be presented.

Thus, -(-2) is read "the opposite of negative two."

As with multiplication, various approaches to the teaching of subtraction of

signed numbers are presented, so that the teacher may select the approach

or approaches deemed most suitabae for a particular class of pupils. These

approaches are used to make the definition of subtraction of signed numbers

appear reasonable when it is finally formulated.

A. Suggested Procedure

1. Have pupils review:

a. Meaning of signed numbers
b. Addition of signed numbers
c. Opposites
d. Iffverse operations
e. Number line
f. The order of signed numbers (the convention that a number "to the

right" of another on the number line is the larger of the two numbers)

g. Signs of operation
h. Signs of direction
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2. Approach to Subtraction through the Number Line

a. Addition and subtraction are inverse operations

1) Have pupils consider the operation of subtraction, e 4., 6 - 4.
Have them observe that when we perform this subtraction, we are
finding a number which when added to 4 will give 6. That is to say,

6 - 4 = 2 because 4 + 2 az 6

2) Have pupils write the addition examples that correspond to the
following subtraction examples:

8 - 5 = 3 because 5 4'3 = 8

14 - = 7

12 - 8 = 4

Have pupils notice that to perform subtraction, addition is used.
Addition and subtraction are said to be inverse operations.

b. A Thermometer Scale

Temperatures above zero are designated"+" while those below zero are "-".
A rise in temperature is a change in a positive direction, a drop is a
change in a negative direction.

1) Pose problem: One morning the thermometer read 350 above. zero.
By afternoon it read 450 above zero. What was the change in
temperature? Haw would you represent this change as a signed
number?

Solution: To obtain the answer, we subtract the earlier reading
350 above zero (+35), from the later reading, 450 above zero
(+45). We record this:

(+45) - (+35) = ? or (+45)
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Begin at 435 and count to 445. How many units hive we counted

and in what direction? We moved 10 units in the positive

direction. This means that 410 must be added to +35 to get 445.

Then, (+45) - (435) 4= +10

2) Pose problem: On a cold January afternoon the thermometer read 50

above zero. That evening it read 20 below zero. How much had the

temperature changed? Represent the amount of change as a signed

number.

Solution: TO obtain the answer, we subtract the earlier reading,

50 above zero (+5), from the later reading, 2° below zero (-2).

We record this:

(-2) - (+5) = ? or (-2)

Then begin at 45 and count to -2. How many units have we counted

and in what direction? We moved 7 units in the negative direction.

This means that -7 must be added to 45 to get -2. Therefore, (-2)4+5)=1 -7.

3) Have pupils solve ,similar problems involving a thermometer scale.

c. Have pupils draw a number line to illustrate each of the following:

It is agreed that movement to the right will be a positive direction and

movtment to the left will be a negative direction. (In each of the illus-

trations the starting point will be zero.)

1) (+5) - (+2) = ?

This means finding what number I must add to (+2) to arrive at (+5).

Think: "I am at a point two units to the right of zero. What motion

must be made to reach the position 5 units to the right of zero?"

+3

1
1

1 I 1 I I

1

1 1 i i I

-3 -2 -1. 0 +1 +2 +3 +4 +5 +6 +7

Fran +2 it is necessary to go 3 units in a positive direction to get

to 45. Hence (+5) - (+2) =:43 (+5) or subtract (+5)
-(42) 4.Lal

+3 +3
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2) (+5) - (-4) =

This means finding what number I must add to (-4) to arrive at (+5).

Think: "I am at a point 4 units to the left of zero. What motion
must be made to reach the position 5 units to the right of zero?"

+9

-5 -4 -3 -2 -1 0 +1 +2 +3 +4 +5 +6 +7 49

From -4 it is necessary to go 9 units in a positive direction to
get +3. Hence (+5) - (-4) = 49 or (+5) or subtract (+5)

-(-A) (A)

3) (-3) - (4) = ?

This means finding what number I must add to (-6) to arrive at (-3).

Think: "I am at a point 6 units to the left of zero. What motion
must be made to reach the position 3 units to the left of zero?1No.aLIIII.Liaow.i.11I.JIM OAMIAMMIL .1===m011L11=11
-7 -6 -5 -4 -3 -2 -1 0 +1 +2 +3 +4 +5 +6 +7 +6

From -6 it is necessary to go 3 units in a positive direction to
get to -3. Hence (-3) - (-6) = ? or (-3) or subtract -3

4) (-2) - (43) = ?

This means what number must I add to (+3) to arrive at (.2)?

Think: "I am at a point 3 units to the right of zero. What
motion must be made to reach the position 2 units to the left

of zero?"

-5

I MILIm=41.1......L.-L.1_
-7 -6 -5 -4 -3 -2 -1 0 +1 +2 +3 +4 +3 +6 +7 +8

From +3 it is necessary to go 5 units in a negative direction.
Hence, (-2) - (+3) = ? or (-2) or subtract -2

-(±1)



5) In a similar manner, using the number line, develop the following

examples in the subtraction of signed numbers:

a) (+5) - (0) = ?

b) (0) - (-3) a= ?

c) (-6) - (-6) = ?

d) (46) - (-5) = ?

e) (-8) - (+4)

r) (-5) - (-3)

6) Discuss with pupils the impracticability of using the number

line for subtraction if the numbers are large.

Have pupils use the number line to find the answers to the follow-

ing subtraction examples:

(+4) - (+9) = -5

(+5) - (-3) =46

Have pupils now find

Set I

(-4) - (+6) = -10

(-2) - (-1) = -1

the answers to the following addition examples:

Set II

(+4) + (-9) -5

(+5) + (43) = 48

d. Guide pupils' thinking as follows:

1) Campare the operations in Set I and Set II.

2) Compare the answers.

3) Compare the second numbers of

Sets I and II.

How can a subtraction example

example?

(-4) + (-6) = -10

(-2) + (+1) =

the corresponding examples in

be converted to an addition

On the basis of these and similar examples, pupils conclude that

the subtraction of a number is equivalent to the addition of

its opposite.

e. Have pupils illustrate the foregoing subtraction principle by writing

each of the .41lowing subtraction examples as an addition example:



Subtraction Addition

+(5) - (+3) (+5) + (-3)
.445) (+10)

4.(12) - (-4)

(-2i) - (43k)

(+6.4) - (-2.8)

4. Approach to Subtraction through Equations

Value

+2

a. Have pupils review:

1) Meaning of a variable

2) &pressing a problem situation as an open sentence (equation)

3) Solving equations by the addition principle; by the subtraction
principle

b. Have pupils consider how a cashier mikes change. If the purchase
price is 72 cents and the cashier is given a dollar bill, the amount
of change, or difference, is found by adding to the purchase price
until a dollar is reached.

Thus, to subtract 72 from 100, we find the number which must be
added to 72 to obtain 100.

The question 100 - 72 = ? means the same as 72 + ? = 100 or 72 + x am 100
in equation form.

c. Have pupil observe that the equation 72 + x = 100 may be solved as follows:

Subtraction Principle

72 + x - 72 = 100 - 72

x = 100 - 72

AktitA,.os_of.02wilte

72 + x + (-72) = 100 + (-72)

x = 100 + (-72)
Guide pupils to see that 100 - 72 and 100 + (.42) represent the same
number, namely, 28.

d. Have pupils use the above observation to express the following subtrac-
tions as corresponding additions: (check each)

15 - 7 means 15 + (.7)

10 - (+9)

12 . (+6)

11i - (+2)

Check
15 - 7 = 8
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e. Guide pupil to generalize that subtracting a positive number from

a larger positive number gives the same result as adding the opposite.

Will this method apply to the subtraction of any nuMbers?

S. Develop principles for subtraction of signed numbers.

1) Have pupil consider (+20) - (+6) ?

This means (+6) + (?) = +20, or (+6) + x = (+20)

Solve (+6) + x = (+20) by adding the opposite.

(+6) + x + (-6) = (+20) + (-6)

x = (+20) + (-6)

Thus, (+20) - (+6) = (+20) + (-6) or +14

2) Have pupils consider (+7) - (-2) = ?

This means (-2) + ? = (+7) or (-2) + x = (+7)

Solve (-2) + x = (47) by adding the opposite.

(-2) + x + (+2) = (+7) + (+2)

x = (+7) + (+2)

Thus, (+7) - (-2) w" (+7) + (+2) or +9

3) Have pupils consider (+7) - (+7) ?

This means (+7) + ? = (+7) or (+7) + x = (+7)

Solve (+7) + x = (41) by adding the opposite.

(+7) + x + (-7) = (+7) + (-7)

x = (47) + (-7)

Thus, (+7) - (+7) = (+7) + (-7) = 0

4) Have pupils solve several similar examples.

5) An examination of these examnles should lead to the principle

that subtracting a number is the same as adding its opposite.

Hence, every subtraction problem can be solved as an addition

problem. The principle of opposites may be used in each ease

of subtraction of numbers.
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6) Have pupils illustrate the subtraction principae by writing each
of the following subtraction examples as an addition example.

Subtraction Addition

(+4) - (+11) (+4) + (-11)

(+16 ) - (+9)

(+6) - (-10)

(-4) - (-4)

(+12.3) - (+12.2)

7) Discuss with pupils the meaning of a problem such as

2 7 = ?

-.7

Does the sign ( ) mean subtract or does it mean that the second
term of the expression is (-7)?

Guide pupils to see that the sign ( ) in 2 7 means "subtract".
Otherwise there is no sign which tells us what operation to perform.
So the problem "2 7" is equivalent to the problem "(+2) (+7).

However, the subtraction rule leads us immediately to the form
(+2) + (-7).

And so, when confronted with the problem 2 7, one usually thinks

(+2) and (-7) give (-5)

This principle can be extended to apply to cases such as:

2 + 5 - 8 7 = 2 + (-3) + (+5) + (-8) + (-7)

The commutative and associative principle may then be applied to
facilitate the computation, if desirable.

B. Suggested Practice

1. Subtract:

a. 48 b. -5 c. 4 d. e. 0
+12

2. Perform the indicated operation:

a. (+18)
4+ 6),

f. (.3.5) g. (+6 7/10) h. (-4.1) i. (+7 3/4) j. (-8 4/5)
-(1.4.1221 -1.612L51. -.62211 -It, 3/8) 4±1.160

b. (-10) c. (+17) d. (-9) e. (+5)
1,(-101 ..(+20) 4111 -1=2l
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3. Subtract:

a. (+5) - (.8) = ? d. (+24)

b (4i) - (-1) = ? e. (-687)

c. (-3.02) - (- .6) = ?

4. Subtract 46 from +18.

5. From 45 take -6.

6. Find the remainder when -8 is subtracted from +17.

Solve these problems by using signed numbers.

7. On the hottest day of one summer the temperature was 980.
On the coldest day that year the temperature was (-99.

What was the change in temperature from the coldest to the hottest day?

8. What change must occur to raise the temperature from (-100) to 340?

9. If New York's latitude is 41°N and that of Buenos Aires is 34°S, mhat
is the difference in latitude between the two cities?

10. loillat is the change in altitude in going fram Jerimoth Hill, Rhode Island,
812 feet above sea level to New Orleans, Louisiana, 5 feet below sea
level?

11. Your watch is 6 minutes faster than the radio time. The clock in your
school is 2 minutes slower than your watch. Is the clock in your
school faster or slower than the radio time? By how much?

X. Properties of Subtraction

A. Suggested Procedure

1. Is there a commutative property of subtraction?

a. Review the meaning of the commutative property of addition.

1) 5 + 2 = 7 2 + 5 = 7
Therefore, 5 + 2 = 2 + 5

2) (4) (-4) = -12 (-4) + (-8) = -12
Therefore, (-8) + (-4) = (-4) + (-8)

b. Is there a commutative property of subtraction?

1) Does 5 - 2 = 2 - 5?

5 - 2 =3 2 - 5 7=-3 3 -3 Therefore, 5 - 2 2 - 5
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2) Does (-8) - (-4) = (-4) - (-8)?

(-8) - (-4) = -4 (-4) - (-8) = 4 -4 4

Therefore, (.-8) - (-4) (-4) - (-8)

Pupils conclude there is no commutative property of subtraction.

Note: One counter-example would have been sufficient to establish

this.

2. Is there an associative property of subtraction?

a. Review the meaning of the associative property of addition.

1) (13 + 8) + 4 = 21 + 4, or 25 33 + (8 + 4) = 33 + 12, or 25

Therefore, (13 + 8) + 4 = 33 + (8 + 4)

2) [(-12) + (+2)] + (+4) = (-10) + (+4.) = -6 (-12).+[(+2) + (+4)] =

Therefore, [(-12) + (+2)] + (+4) = (-12) + [(+2) + (+4)]

b. Is there an associative property of subtraction?

1) Does (13 - 8) - 4 = 13 - (8 - 4)?

(13 - 8) -4 = 5 - 4 = 1 33 - (8 - 4) = 33 - 4 = 9 1 7i 9

Therefore, (1.3 - 8) - 4 ,6 13 - (8 - 4)

2) Does [(-12) (+2)] - (+4) = (-12) - [(+2) - (+4)] ?

[(-12) - (+2)] - (+4) = (-14) - (+4) = -18

(-12) -[(+2) - (+4)]
(-12) - (4-2)

-18 -10
81 -10

Therefore, [(-12) (+2):I - (+4) (-12) - [(+2).- (+4)]

Pupils conclude there is no associative property of subtraction.

3. Is there a distributive property of multiplication over subtraction?

a. Review the distributive pioperty of multiplication over addition.

1) 2 (8 + 5) = 2.13, or 26 28 + 25 = 16 + 10, or 26

Therefore, 2(8 + 5) = 2.8 + 25.
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2) 4 [(.+9) + (-3)] = 4 (+6) = 24 4 (+9) + 4 (-3) =36 + (-12) = 24

Therefore, 411(49) + (-3 = 4 (49) + 4 (-3)

b. Is there a distributive property of mmltiplication over subtraction?

1) Does 2 (8 - 5) = 2.8 - 2.5?

2 (8 - 5) = 2.3, or 6 2.8 - 2.5 = 16 - lO, or 6

Therefore, 2 (8 - 5) = 2.8 - 2.5

2) Does 4 [ (+9) - (-3)] = 4 (49) - 4 (-3 )?

4 [(+9) - (-3)] = 4(12) = 48 4 (+9) - 4 (-3) = 36 - (-32) = 48

Therefore, 4 P+9) - (-3)] = 4 (+9) - 4 (-3) .

After several similar examples, the pupil will be led to the
conclusion that the distributive property of multiplication
over subtraction holds.

Have pupils realize that since subtraction has been defined as
the addition of the additive inverse, any subtraction example
can be expressed as a corresponding addition example. Inasmuch
as the distributive property has already been established for
addition, it holds for subtraction as well.

Thus, 2x (12 - 4) may be expressed as 2x1(2 + (-4)1

= 2 x 12 + 2 (-4)

= 24 - 8 or 16

B. Suggested Practice (Similar to X.A)

XI. Division of Signed Numbers

A. Suggested Procedure

1. Review definitions developed in addition, subtraction, and multiplica-
tion of signed numbers.

2. Discuss the definition of division. Division is defined as the inverse
operation of mmltiplication, in the same manner as subtraction is the
inverse operation of addition. For example, consider the problem,
"What is 8 divided by 2?"

This asks the same question as, "By what number mmst 2 be mmltiplied
to give 8?"

The dividend is 8, the divisor is 2, and the answer is called the
quotient, as in arithmetic. Zero may not be used as a divisor.
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The division sign ( ) is seldom used in algebra. The problem,
10 divided by 2, or 10 ; 2 is more often written with the help of

10
a fraction line as follows: . SiBce 2 must be multiplied by 5

2
to obtain the product, 10, we have T. = 5. Because of the use of

the fractional form, the word numerator is used for the dividend,
and the word denominator for the divisor.

3. Have pupils extend the definition of division (as the inverse of

multiplication) to signed numbers.

Division Multiplication Answer

±.12. means (?)(+5) = +15 43
+ 5

means (?)(+4) = -12 .3

+ 4

-10 means (?)(-2) = -10 +5
- 2

46 means (?)(-2) =416
-2

Pupils observe from a consideration of the signs of the answers to
the foregoing examples, that the signs follow the rules for the
multiplication of signed numbers.

4. On the basis of these developments, have pupils formulate the following
rules for the division of signed numbers:

a. The absolute value of an indicated division of numbers is the quotient

of the absolute values of the numbers.

b. The sign of a quotient follows the rule of signs when multiplying
signed numbers.

B. Suggested Practice

1. Perform the indicated operations:

.626/ = ? (+24) (-4) .i. (4)
- 4 6 - 6

(-42) -60 = ? -8)-32 (-50) ; (+2)
7 -20

L4.1i
+18 :m ? (-33) 4. (+3) (-2) 4. (-1)
+ 3



2. Perform the indicated divisions:

f.1

+1.8
a. h.

+12 9

=72, +28

" -12
i.

+.7

L-k...
:W.

c +16 i - .2

U. 4:1.6 k. --e ii. 5A -8

e .50 1 + -1-2- 1 (-4)ma52

....
f 42o m. -6 i (+i)

g. -6/Tri-

3. Divide:

uero) 211

a. 24 by -8 e /a
3 mx,.. 6

b. -36 by -20 f. -1.6 by 4

c. 100 by -20 ge +1.44 by +1.2

d. 100 by k h. 6.4 by .08

4. Perform the indicated divisions:

a.1:(+4)(473)] 4 (+2) a. [(+2)(i)] 4 (-2)

b. [(-9)(+4)] .1. (+12) e. [(+k)(4)] = (4)

c. [(-2.5)( -4j] ; (-5) f. (+12) 4 B+3)(+2)]
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C. Using Directed Numbers to Find an Average (optional):

1. Have pupils compute an average.

Problem: Jack received marks of 90, 85, 90, 95 on a series of

mathematics tests. What is his average mark?

2. Ask pupils to study the numbers and see mhether they can find the

average in a shorter way.

a. Have pupils consider what the average 90 implies. If everyone

the numbers was the same number, that number would be 90.

b. Have thezn note that the numbers 85 and 95 each deviates by 5

from the average (90).

c. Elicit that instead of adding and dividing, they can pair the

excess of 5 in-95 with the insufficiency of 5 in 85, getting 90

in each instance as a result.

Thus, for the purposes of obtaining an average, 90 85 90 95

may be considered as 90 90 90 90

3. Have pupils see that the concept of deviatio-ecan be used to find

the average (90).

a. Have pupils express the deviations of 85 and 95 fram 90 by

signed numbers.

95 deviates from 90 by 45 and
85 deviates from 90 by (-5)

b. Set up a table:

Test Marks Deviations_Lta juresme_1221

90 0

85 5
90
95

Sum of deviations 0

c. The sum of the deviations of the score fram the average is zero.
Therefore, the average of the marks is 90 as they found in 1.

4. Pose question: Suppose me did not have the average as at the

beginning. Wbuld it be possible to find the average by the use
of deviations of the scores fram some assumed average? Guide them
to see that they can use the concept of deviations to find the

average.
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a. Have pupils study the numbers and choose a reasonable assumed

average, e.g., 87.

b. Have them set up a table as in 31).

Test Harks Devjations from Aseumed Avvaim (87)

90 43

85 -2

90 43

95 48

Sum of deviations +12

c. Have them consider:

What is the relation of +12 to the assumed average?

(+12) is the sum of all the deviations. Therefore, the average

deviation is (+12) 4, or (+3). Then 87, the assumed average,

plus (+3) does give the true average, 90.

The pupils see that by dividing the sum of the deviations by

the number of deviations, they find the average deviation, which

when added to the assumed average will give the true average.

Assumed average plus the average deviation is true average.

87 4- (+3) = 90

d. Guide pupils to see that they can assume any average and obtain

the same result. For the same scores assume an average of 92.

Test Marks Average Deviation fram
Assumed Average (94

90 -2

85 -7

90 -2

95
Sum of deviations (-8)

Average deviation (-2)

Assumed average plus average deviation is true average.

92 + (-2)

-43-

90



5. Have pupils use this nmthod of finding the average.

Problem: Laurals marks on a series of five tests were 82, 72, 76, 84, 91.
What is her average mark?

a. Have pupils study the marks and assume an average. Assume 80.

1) Set up table:

Test Marks aliations fram Assumed Avertze (80)

82 +2 ,

72 -8
76 4
84 44
91 ±1,1

Sum of deviations +5

Average of deviations is +1

2) Then the true average is 80 + (1) or 81.

b. Have pupils check this average by assuming another average and
computing. Assume 84.

1) Set up table:

Test Marks .......GJDeviwUaLIMMIAEIumLo-_i_AYDNOUUL-(kL)

82 -2
72 -12
76 -8
84 0
91.

Sum of deviations -15

Average of deviations is 3
Assumed average + average deviation =true average.

84 + (-3) 81

2) Check with result in a.

6. If there is sufficient time and pupils are interested, the following
proof that the assumed average +the average of the deviation equals
the true average can bs presented.
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Let x represent the assumed average

d
1

the deviation of the first score from the average

d
2

tile deviation of the second score from the average

d
3
the deviation of the third score from the average

CI

4
the deviation of the fourth score from the average

d
n
the deviation of the nth score fram the average

Then

first score

second score

third score

fourth score

nth score x + dn

Adding Sum of scores = nx + ( d1 4- d2 4- d3 + di+ + + d )

Dividing
by number Sum of scores nx+ (d +d +d +d +...+d)
of scores = 1 2 3 4 n

n n

Simplify-
ing Sum of scores ( dl + d

2
+ d + + + dn )

x +

Interpreting: The average of the scores equals the assumed average, x, plus the

sum of the deviations divided by the number of scores.

6. Practice: Finding the averages in the following examples by the method

of deviations:

a. The boys on a team weigh 120 lbs., 134 lbs., 138 lbs., 115 lbs. and

117 lbs. What is their average weight?

b. Three boys each measured a line. Their measures were 3.5 cm., 3.55 cm.,

3.41 cm. What is the average of their measures?
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c. The average barometric pressure on five successive days was:

30.23 in., 30.20 in., 29.95 in., 29.82 in. and 29.75 in. What

was the average barometric pressure for the five days?

d. Four boys each measured the length of a room. Their measures

were 12 ft. 6 inches, 12 ft. 5 inches, 12 ft. 7 inches, and

12 ft. 6i inches. Find the average of their measures.

e. The temperature at noon on four successive January days was:

8o .5os
, 40. What is the average of the temperatures?

XII. Properties of Division

A:Suggested Procedure

1. Use the discovery method to elicit from pupils whether the follow
ing properties hold for the operation of division.

a. Commutative

Compare:

2 4 =

4 2 = 2

b. Associative

Compare:

(8 4) 4 2 = 1

8 (4 2) = 2 = 4

1

2. Therefore, the commutative
property does not hold for
division.

4. Therefore, the associative
property does not hold for
division.

c. Distributive (division over addition)

1) (8 4) 2 = 12 -6; 2 = 6

(8 2) + (4 2) = 4 + 2 or 6

Then (8 + 4) 2 = (8 17- 2) + (4 .4 2)

46



2) Does 2 (8 + 4) = (2 4 8) + (2 4 4)?

1
2 (8 + 4) = 2 ; 12 =

(2 4 8) + (2 4 4) =1; 4'

Then 2 (S 4' 4) (2 4 8) + (2 4.4)

On the basis of this and several similar examples, pupils
conclude that division may be distributed over addition,

provided the addition is in the dividend. When the addition

is in the dividend, the division may be expressed as a

corresponding multiplication. The distributive property

holds for multiplication.

B. Suggested Practice

1. Perform the indicated divisions.

Illustration:

(-16) 4 (-4) 4 (+2)

Since the associative principle does not hold for division, we

must perform the divisions in order from left to right.

Then (-16) 4 (_4) 4 (+2) = (+4) 4 (+2) = +2

a. (+28) 4 (.2) 4 (+7)

(4) (i) 4 q")

c. (-1.5) (-.3) 4 (+5)

2. Use the distributive principle of division over addition to show

how the following quotients may be obtained.

Illustration:

tkilas 425 because (-i600) + (+25) r9) (424) (41)

+25 +25 +25) 425.

a. azhiL = -11
+4

b. "WI =
-5

=360
c.

-15 '
d. +Az.,22 = +125

450
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CHAPTER III

THE USE OF LETTERS IN ALGEBRA

This chapter contains material which may be used by the teach-
er to reinforce and extend the pupils' understanding of the mean-
ing of variable. In addition, teaching procedures are suggested
to help the pupils develop an understanding of: the meaning of
factors and exponents, how to evaluate formulas and algebraic
expressions, and how to translate English phrases and sentences
into algebraic expressions and open sentences.

I. The Letter as a Variable

A. Suggested Procedure

Review with pupils

1. Sets and set elements

2. Statements and open sentences

3. }leaning of variable, replacement set, domain

4. Heaning of solution set

B. Suggested Practit,

1. A mathematical sentence, like an English sentence, expresses a complete
thought. Tell whether each of the following is a sentence.

a. 3 - 7 = -4

b. 2 + 9 e. 1 4.6 4:10

c. 4 + 10> 12

2. Tell whether each of the following sentences is true, false, or open:

a. There is one child in every family.

b. 6 + 5 = 10

c. 8 + 3> 10

d. His book is on the shelf.

e. It is an even number.
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f. 4 + 2 < 4 + 2

g. This number is an odd number.

h. - 10 = 5

i. 2 + 4.< 3

j. + 1 = --5

3. Ahich of the following are open sentences and which are statements?

a. It was a great football team. f. All cats have two legs.

b. He invented the cotton gin. g. 4 + y = 9

c. x.4 = h. x - 5 =

d. 5 + (-2) = 3 i. (+2) - (-1) = +3

e. 4 x 3> 5 x 2 j. 13 - n> 10

4. Circle the variable in each of the following open sentences:

a. He is a policensn. f. She is wearing a red dress.

b. It is made of carbon. g. y x 5 = 25

c. 3x = 12 h. D + 2 = 7

d. n< 4 i. of A, =

e. 3 + a = 15 j. 12 "r n + 3

5. Indicate an appropriate replacement set for each of the variables

in the open sentences in 3.

Note: The solution set consists of all the numbers in the domain
of the variable which will make the sentence true. For example,

in 12 a + 5, the solution set is the set of numbers which when
added to 5 will give a sum less than 12.

If the set of a is t2, 3, 5, 7 , 8, 91, the solution

set is 2, 3, 51.
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6. Indicate the solution set for each of the following inequalities where
the replacement set of each variable is the set of all natural numbers:

a. 14 > 6 + r

b. n + 44( 7

c. 8 -1.y4( 10

II. Using Variables in Formulas

A. Suggested Procedure

d. 11 - m <

e. 5 + x > 8

1. Have pupils recall that in the formula p = 4s, the letter p mepresents
the number of units in the perimeter. The sane letter p appears in
the formula i = prt. Here again the letter p represents a number -
the number of dollars in the principal. Pupils should be led to
realize that in each ease the letter represents a number drawn fram
an appropriate replacement set.

2. Have pupils consider the formulas

d 2r d=rb i prt

Reinforce the pupils' understanding that while r is used in each of the
formulas with a different meaning, in each ease r represents a number.
In d = 2r, r represents a number from the set of all numbers which
express the number of units of length of the radius.

In d = rt, the domain of r is the set of all numbers which express the
number of units of distance traveled in a unit of time,

In i = prt, r represents a number from the set of all per cents.

3. Guide pupils to realize that a formula is an example of an open sentence.
Thus, the formula

d 2r

is an open sentence with two variables, and the formula

d rt

is an open sentence with three variables.

Whereas the formula d = rt is a correct expression of a relationship
among distance, rate and time, it becomes a true statement only when
appropriate replacements are made for d, r, and t.

If in the formula d =rt, we replace r by 40, t by 2, and d by 80, the
resulting statement 80 =402 is true.
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B. Suggested Practice

1. Write an appropriate replacement set for the underlined variable in
each of the following formulas:

a. p = 4s Answer: t 1.1 or 2j, etc.

b.Aw e. c = 2 ir r
c. i = 36z

d. F = 1.8C + 32 g. c np (cost = number x price)

%bat is the largest possible replacement set for each of the above?,
(The largest replacement set in example a is j all positive numbers 1..)

2. Choose a replacement -for each variable which will make the formula a
true statement.

a. p mc 4s

b. A = fLw

c . i367
d. d = 2r

e. F = 1.8C + 32

III. Factors and Deponents

A. Suggested Procedure

Replacement Sets

p: f. 6, 7, a }

A: 5, 6, 7, 8

i: [72, 108

d:4, 5, 6}

F: [23, 82, 1641

1. Have pupils use symbols to indicate the product

two and three 2 x 3

five and two 5 x 2

seven and one 7 x 1

1, 2, 31

s: 1, 2, 31

w:i1, 21

y: 1 , 2 }

r: 2, 240 3i}

C: 10, 203

of the following:

three and three 3 x 3

Have them recall that product implies multiplication and that 2 and 3,
for example, are called factors of the product. The number 6 also
represents the product of two and three.
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2. Have pupils note that 3 x 3 or 9 represents a product in which the

same factor has been used twice. They already know that 3 x 3 can

be written as 32 which is read as squared," or "3 square."

Have pupils read the following:

5 x 5 or 52 = 25 7 x 7 or 72 = 49

Have pupils express both 52 and 2 x 5 in another form and compare the

values obtained. (52 = 5.5 and 2 x 5 I= 5 + 5)

Elicit from pupils that 52 means 5 is taken as a factor twice. To

avoid a common error, do not perm4t pupils to say, "2 times 5" or

"5 is multiplied by itself twiceol

Have pupils note that 2 x 2 x 2 or 8 represents a product in which

the same factor has been used three times. The product 2 x 2 x 2

can be written as 23 which is read as "2 cubed" or "2 cube."

Have pupils read the following:

4 x 4 x 4 or = 64 6 x 6 x 6 or 63 = 216

Have pupils express both 43 and 3 x 4 in another form and compare the

values obtained. Have them do the same for 63 and 3 x 6.

After several similar examples, have the pupils consider the familiar

formulas:

A = s
2 V= e3

Elicit that s2 means s is used as a factor twice.

Have pupils compare s2 and 2s when s is repaaced by 5.

Elicit that 03 means e is used as a factor three times. Have pupils

compare e3 and 3e when e is replaced by 2.

In the following examples, have the pupil state how many times y

is used as a factor:

3. Lead the pupil to see that in an expression of the form y7, we need

some way of describing the numbers involved. The y, which indicates

the number we are going to use as a factor several times, is called

the base; the 7, which indicates how many times the factor y is used,

is called the exvonent. Thus, 77 means a number consisting of seven

equal factorsy.

A number which can be expressed by means of a base and exponent is

called a power. The exponent 12 which is rare1y written, means the

base is used just once. Then y1, the first power of y, is the same as y.

Have pupils practice reading the following expressions:
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74 "the fourth power of y" also, "y to the fourth power" or
"y to the fourth."

54
Y
7 c

6

4. Guide pupils to see that in an expression such as 5.3
2

the 5 is the

exponent of the base 3. Its value is 5.9 or 45. In an expression

such as (5,3)2, the 2 is the exponent of the base 5.3, because the
expression has been enclosed in a symbol of grouping. Its value is

152 or 225.

Have pupils compare the following:

4.23 and (4.2)3

5.62 and (5.6)2

Have them compute the value of each of the above.

B. Suggested Practice

1. &press each of the following as the product of two or more factors:

2
18 14 5 36 y3

2. Rewrite each of the following in a shorter form:

a. 7.7

b. x.x4,:x

c. 4 cubed

d. 13 squared

e. S used as a factor 5 times

f. p used as a factor 8 times

g. 2.a.a

h. 1013.b.b

i. the sixth power of x

J. rtr

3. Fill in the columns for each of the following expressions:

yer Ekoonent, ejng ue (Where postlible)

24 2

33

(i)2

(4)2

x5

m6
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4. Have the pupil find the value of each of the following:

26

62

54

()3

(.5)2

4 x 3
2

(5.2)2

5. &press in another form:

a. 1002 (Elicit answer: 100 x 100)

b. 2 x 100 (Elicit answer: 100 + 100)

c. a
3

(a.a.a)

d. 3a (a 4.a 4.a)

6. State whether each of the following is true or false, or cannot

be determined.

(.2)2 = .4
32

IV. Evaluating Formulas and Algebraic Expressions

A. Suggested Procedure

1. Have pupils review the evaluation of simple formulas previously

learned.

a. Find the value of d in the formula for the diameter of a circle,

d = 2r, when the variable r is replaced by the element 12 from

its domain.

b. Using the formula p.= 4s, find the of p, cocresponding to

each value of s, if the domain of s is 2, 7, 101. .

c. Using the formula Anejlow, find A whenk= 6 and w = 5.

d. Using.the formula i = prt, find i when p = 200, r = .04, and t = 2.
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2. Have the pupils review that when several operations are imolved

in evaluating a number expression, we follow an agreed-upon order

of operation:

Multiplication and division are to be performed in order, from

left to right, before addition and snaraction.

Note: See Chapter I, Section III, pages 4-6.

a. 6 + 25 means 6 + 10 or 16 and not 8.5 or 40

Ask the pupils how they would write 6 + 25 if they wanted the

answer 40. They will suggest using a symbol of grouping owl as

(6 4. 2)5.

b. The pupils should also be reminded that operations in parentheses

are to be evaluated first. For example,

2(5+:3) so 2.8 3= 16
(4 4. 3)2 72 49

c. Have pupils do several examples such as:

1) 3 + 7.4

2) (3 + 7)-4

3) 3.7 + 4

4) 54 + 4.3

5) 4

6) 12 + 2 x 3 - 1

3. Have pupils consider the formula pm:21 4' 2w.

Elicit fram the pnpils that if we replace the variable 1 by 8,

and the variable w by 44 we obtain the following:

p = 2.8 4' 24

. .1) sz 16 + 8

.p 24

4. Tell pupils that the process of finding the value of an expression

for particular values of the variables is called pvaluation.

5. Have pupils evaluate the following expressions by replacing the

variables as indicated.
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a. 21 + 2w where 1 = 10 and w 8

b. 3x - 2 where the domain of x is {3, 6, 12}(Find value of expression
for each element in domain.)

C. mn + n

a
do + b

where m am 7 and n as 3

where a ra 10 and b as 2

6. Have pupils evaluate the formulas:

A = s2 where s = 3

V = e3 where e =

7. Have them consider the formula s = 16t2.

Remind them that t is the base to which the exponent 2 belungs, so that
t is the factor that is taken twice, and not 16t.

If we wished to express 16t as a factor twice, we would write it as

(16t)2. Therefore, in evaluating the formula for t 3, we would write

= 16t2

s = 16.32

s = 144

8. In a similar way, have the pupils evaluate the following expressions:

a. 3a when a = 10 g. a b + y when a=6, b=3, y=5

b. 3a2 when a am -4

C. x + 4 when x = 12; x =

1 ,

d. (i)kx + 4) when x 16, y ma 4

e. x2y3 when x aa 3 and y mat 2

f r2 whenifrt: and r = 7
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B. Suggested Practice

1. Evaluate:

a. Find the values of A in A = s2 if the domain of s is Ii6, 15, 20}

b. Find the value of A in A satTrr2 ifTil-11 and r is 14.

c. Find the values of V in V = e3 if the domain of e is {5, i}.

d. Find the values of 5x + 6 if the domain of x is 9, 12 I.
e. Find the values of xy + y for the following values of x and y:

f. Find I in I a= if E = 2.7 and r 3.

g. Find A in A= P + Prt if P = 200, r .04, t = 21

h. Find s in s = at2 if a = -32 and t 4.

i. Find the value of 7x . 4 and of 7(x - 4) when x

2. Solve the following problems by making the proper substitutions
in the correct formulas.

a. How much fencing is needed to build a fence around a lot 47i feet

wide and 123 feet long?

b. Find the area of a baseball diamond which is a square 90 feet on

each side.

c. A piece of luggage is 24 inches long, 16 inches wide and 8 inches

deep. Find the volume of the luggage.

d. Which is larger, a circular rug with a radius of 3 feet, or a
rectangular rug 6 feet by Ii feet?

e. How many gallons of oil will a cylindrical oil tank hold if it is
20 feet long and 7 feet in diameter?

V. Translation of English Phrases and Sentences Into Algebraic Expressions

and Open Sentences

A. Suggested Procedure

1. Have pupils review distinction between a sentence and a phrase.
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The following are sentences because each expresses a complete

thought:

"He has brown hair.

whereas the following are phrases:

"12 + 9 = 21"

"Three coins" "2 + 4"

2. Review the translation of English sentences and phrases in whidh

variables were not involved. (See Chapter I, Section IV, pages 7,8)

3. Have pupils translate the following:

a. seven are than five translated as 5 + 7

ildv Have pupils observe the difference between the phrase

"seven more than five" (5 4'7) and the sentence "Seven is more

than five." (7 5)

two more than eight translated as 8 4.2

three acal than fifty translated as 50 4.3

Have pupils use a variable, such as n, to translate:

two me than any number translated as n 4.2

b. two jamegught five translated as 2 +

six increased ja three translated as 6 4.3

any number increasedllmtwo translated as n + 2

4. In a similar manner, develop decreased la, less than, ladat a maglam,

sum, difference, product, etc.

5. EMphasize that addition and multiplication are commutative operations,

but subtraction and division are not. An expression sudh as

"6 added to 7" written 7 + 6 gives the same result as 6 4.7 because

addition is commutative. An expression such as "the product of 6 and 7"

written as 6°7 gives the same result as 7.6 because multiplication is

commutative.

However, an expression such as "6 less than 7' written 7 6 is not

the same as "7 leas than 6" which is written 6 7. Subtraction is

not commutative. An expression such as "12 divided tly 2", written

aim not the same as "2 divided by 12" which is written 12
-a-, because

2
division is not commutative.



6. Have pupils learn to translate expressions using a grouping symbol

( ) when necessary.

a. twice the sum of 4 and 5 2(4 + 5)

b. fifteen decreased by the sum of 6 and 9 15 (S + 9)

c. twice a number,increased by the differ-

ence of the number and 6 2n + (m- 6)

d. half the sum of a number and 4, de-,

creased by the difference of the number

and 1

7. Have pupils use y as the variable and translate open sentences

expressed in English into equations.

a. A number increased by 18 is 36.

b. Twice a numbersdecreased by 6 is 14.

c. A number increased by three times the sum of 3 and 5 is 30.

d. The sum of three fourths of a number and 7 is 27.

e. Four increased by a number is twice the difference of 8 and 3.

B. Suggested Practice

1. Use x for the variable and write each of the following in mathe-

matical symbols. Tell which are sentences and whidh are Phrases.

a. The sum of 4 and a number

b. A number decreased by 4 equals 2

c. 6 is less than a number

d. 6 less than a number

el. 12 divided by a number

f. 5 multiplied by a number is 10
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2. Translate the following verbal expressions into algebraic language:

if n represents a certain nuMber,

a. 5 times the number

b. the number increased by 4

c. the number diminished by 8

d. 1.5 divided by the number

express in terms of n

e. six less than twice the number

f. the product of 5 and the number

g. 7 added to the product of 3 times

the number

h. 4 times the sum of the number and

3

3. &press each of the following in symbols:

a. 20 divided by 4 and the result added to 15

b. the result obtained when the sum of 7 and 8 is divided by 4

4. Express in terms of n

a, twice a number added to 15

b. 18 less than 4 times a nuMber

5. If g represents the larger of two numbers and s represents the smaller,

express in terms of g and s:

a. 5 times the larger increased by twice the smaller

b. the sum of both numbers nmatiplied by 5

c. the square of the sum of the larger and the smaller

6. Ekercises similar to V-A4.
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CHAPTER IV

USING VARIABLES TO EXPRESS NUMBER PROPERTIES

In this chapter the teacher will find suggested procedures
for helping pupils develop understanding and skill in: using
variables to express number properties, using the distributive
property to simplify expressions and to solve simple linear
equations, using equations to solve verbal problems.

I. Properties of Addition and Multiplication

A. Suggested Procedure

1. Using variables to express the comumtative property of addition

a. Review commutative property of addition.

Have pupils stu47 the following and recall the property that is
involved:

8 + 5 = 5 + 8 4 + (-3) = (-3) + 4
2 6 6 2

b. Ask pupils how we could express the property illustrated by the
above equations by means of a single equation.

Have them recall that a letter is used to represent some unspecified
number drawn frmn a set.

Pupils may suggest the sentence x + y = y + x, where x and y repre-
sent any two numbers.

Have them consider whether this expresses the commutative property
of addition by trying various replacements for 2:and y.

If x= 5 and y 21 then 5 +2=2 + 5 true

If 2:=-3 and y = -8, then (-3) + (-8) = (-8) + (.3) true

If x = and y = then + (-1-) + true

c. Have pupils attempt to find a counter-example (one that will disprove
it).

WI: Point out to pupils that although one counter-example may
disprove a statement, the present lack of sudh a counter-example
does not msala statement because a counter-example may be found
at a later date.
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d. Have pupils realize that therefore it is reasonable to assume
that

x+y=y +x is true for all numbers x and y.

Have them see that variables have been used to state the
commutative property of addition.

2. Using variables to express the conffautative property of multiplication

a. Review commutative property of multiplication.

b. In a similar fashion, develop with pupils a generalization of
the commutative property of multiplication.

Have them realize that it is reasonable to assume that
3gra=yx is true for all numbers x and y, and that variables
have been used to state the commutative property of multiplica
tion,

3. Using variables to express the associative property of addition

a. Review associative property of addition.

Have pupils study the following and recall the number property
that is involved:

(4 + 7) + = 4 + (7 + a) (av3 + 5) + 8 = + (5 + 8)

b. Have pupils suggest the following symbolic statement of the
ProPerty:

+ y) + z x + + z) where x and y and z represent any numbers.

Have them consider whether this expresses the associative property
of addition.

Have them try various replacements and verify that true statements
result.

If x 2, y = 3, z am 4, then (2 + 3) + 4 = 2 + (3+ 4) true

If x 8, y 5, z a= 3, then (-8 + 5) + 3 = 8 + (5 + 3) true
2. .1 1+41% .1 I+, +1,

If x = 8, = 2, z = 4, then t 8 2i "T" 4= 8 t 2 41 true



c. Have pupils attempt to find a counter-example.

d. Have pupils realize that it is reasonable to assume that for all

numbers, x, y, z, (x + y) + z = x + + z) is true.

4. Using variables to express the associative property of multiplication

a. Review associative property of multiplication.

b. In a similar fashion, develop with pupils a generalization of the

associative property for multiplication.

Have them conclude that for all numbers xs y, z, (2y)z = x(yz).

5. Using variables to express the distributive principle of multiplication

over addition

a. Review the distributive property of multiplication over addition.

Have pupils recall the linking together of the operations of

multiplication and addition by observing the pattern in the

following:

66(4 + 3) = 64 + 63

-2(9+6) = (-2)(9) + (-2)(6)

1(-4 + a) mi(-4) +1(8)

b. Have pupils suggest the following symbolic statement of the

ProPerty:

x(y + z) = xy + xz where x, y, and z represent any numbers.

Have them consider whether this expresses the distributive

property of multiplication over addition by trying various

replacenents for x, y and z.

States:opt

when x = 17, y gm 5, z so 6 the: l'7(5 + 6) = l75 + l76 true

when x = -4, y = 8, z = 3, then -4(8 + 3) = (-48) + (-4.3) true

when x = l4, y = fs. z = -117., then 14( + "124 ) = 144 + 3.4.324 true

c. Have pupils attempt to find a counter-example.
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d. Have them realize that it is reasonable to assume that
for all numbers x, y, and z

x (y + z) = + xz is true

e. Have pupils realize that since multiplication is commutative,
other forms of the distributive property can be derived:

(y + z)x = + xz for all values of x, y and z.

(y + z)x = yx + zx for all values of x, y and z.

B. Suggested Ftactice

1. Use the commutative principle to write another name for each sum
and product.

Illustration: 2 + 5 So ution: 5 + 2

a. 4 + y d. 3.2 g. 305

b. z + 9 e. 6.62 h. 12 + 7

c. a + b f. 22.32 i.ab

2. State the commutative principle for addition, and for multiplica
tion in terms of x and y.

a. Illustrate the properties with these numbers:

x = 15 and y = 7 x = 4.1 and y = 9.3

x = 35 and y = 29 x = 10 and y = 18

b. Each of the following equations is true for all possible
replacements of any indicated variables, because of the
commutative or associative principle, or both.

Answer each part by writing "A" for associative, "C" for
commutative and both "C" and "A" for both commutative and
associative principles.

6 + (9 + 2) = (6 + 9) + 2 Solution: A (a + b) + c = (b + a) + c

4 + (x + y) = (4 + x) + 4 + (x+ y) = (x + 4) +3r
+ (x + y) = 4 + (y + x) (9 + a) + b = a + (9 + b)
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3. Use the commutative and associative principles to simplify the

following expressions:

a. 3(2x) Solution: 3(2x) = (3.2)x or 6x

b. 4(33r)

c. -4(2x)

d. .8(.2b)

e. 3n(4) Solution: 3n(4) = 3(11.4) = 3(4,n) = (34)n = 12n

f. 8z(6)

2g. Rt4/

h. -15m(3)

i 3a(4b) = 3(a.4)b
associative

3(4a)b commutative

= (3.4) (ab) associative

= 12ab

j. (-2n) (-6n)

k. (4p) (.4a)

1. (2ab) (4bc) (Sac)

Solution: gy the commutative and associative properties of

multiplication, we may arrange the factors in this expression

in any order we wish without changing its value. Then we may

write:

2.4.8.aabb.c.c as an expression equivalent to the above.

By using superscript notation (exponents), we then write this as:

64a2b2c2

4. Which of the following are illustrations of the distributive property?

a. x(4 + 23) = x(4) + x(23) c. 3(x + y) = 3x + y

b. 250y + 75y = (250 + 75)y d. (500 + 9)b = 500b + 9b

5. Fill in the blanks so that each statement is an illustration of the

distributive property:

a. 6(8 + 9) = Solution: 6 x 8 + 6 x 9

b. = 7.2 + 7.6
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c. 4. + = 5 +

d. 2(a + b)

e. 2(15 + 10x)

f. 12x + 35x =

g 3r7 +

h. 9.2x + 9.gy =

II. Identity Elements and Inverse Elements

A. Suggested Procedure

1. Help pupils reach a generalization conceraing
identitr (additive property of zero).

a. Have pupils review that when zero.is added
the sum is the number itself, e.g.,a 22
5 + 0 = 5 (..2) + 0 = 2. 7 + 0 =

the additive

to a number,

.8 + 0 = .8

b. The number to which zero is added keeps its identity under
this addition. Therefore, zero is called the identity
element of addition or the additive identitr.

c. Have pupils suggest the following symbolic statement concern
ing the additive identity:

By trying various replacements for x, pupils see that these
appear to be true statements for every possible replacement
of the variable.

2. Help pupils reach a generalization concerning the mult/plicative
identity (multiplicative property of one).

a. Have pupils recall that there is a number which preserves
the identity of every other number under multiplication.
Have them recall that the product of one and any other number
is the other number, e.g.,

lx 3 =3 8 x 1=8 (-9)x 1=-9 lxicsi
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b. The number by which 1 is multipaied keeps its identity.

Therefore, 1 is called-the identity element of multiplica-

tion, or the multiplicative kientitv.

c, Have pupils suggest the following symbolic statement concerning

the multiplicative identity:

1.3C nc X Or X1 mg X

By trying various replacements for 14 pupils see that these appear

to be true statements for every possible replacement of the

variable.

3. Help pupils reach a generalization concerning the additin inverse

(opposite).

a, Have pupils consider

1 + (-1) = 0

2 + (-2) = 0

(-1) + (+1) = 0

(-2) + (2) =

3 + (-3) ame 0 (-3) + (3) au 0

b. Have pupils recall that the sum of a number and its opposite

is zero.

c. Have pupils suggest the following symbolic statement concerning

the additive inverse:

x + (-x) = 0 For which values of x does this hold?

d. By trying many possible replacements, have them realize that this

is a true statement for every possible replacement of the variable.

(positive, negative, or zero)

e. Tell pupils that if the sum of two numbers is zero, they are called

additive inverses. Each is the opposite of the other.

4. Help pupils reach a generalization concerning the gatiplicative

Xnverse (reciprocal).

a. Have pupils recall that a number multiplied by one is the number

itself.

b. Have them consider whether there is a number, which when multiplied

by another will yield a product of one. For example, given the

number 6, is there some number N such that

N x 6 am 1?
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c. Have them realize that x 6 = 1.
6

d. Tell pupils that t is called the reciprocal or multiplicative

inverse, of 6; 6 is also the multiplicative inverse of t.
e. Tell pupils that two numbers whose product is one (1) are

called multiplicative inverses. Each number is the multiplica-
tive inverse of the other.

f. Have pupils state the multiplicative inverse of each of
several numbers, e.g., have them tell by what number each of
the following is multiplied to give a product of one.

- 6
3 2 a 4 10 5

g. Have pupils consider whether zero 'has a multiplicative inverse.

If zero has a multiplicative inverse, we could represent it by
N. Then N x 0 must equal 1. Can we find a replacement for N
which will make this statement true?

1) Have pupils consider how 0 acts under multiplication.

Have them recall that multiplication involving zero results
in a product of zero, e.g.,

2
2 x 0 = 0 x (-10) =---0

3
x 0 = 0 1 x 0 = 0

2) Have them suggest the following symbolic statement concern-
ing multiplication involving zero.

0N = 0 or N0 = 0

By trying various replacements for N, pupils see that these
appear to be true statements for every possible replacement
of the variable. This property of zero is called the
multiplicative property of zero.

3) Pupils should realize that since the open sentence N-0 = I
can never be true for any replacement of N by a number,
zero does not have a multiplicative inverse.

h. Have pupils suggest the following symbolic statement concerning

the multiplicative inverse: x se 1

Have than realize, by trying different replacements, that this
is a trie statement for every replacement of the variable x
by a number except the number zero (0).

Mg: Since N0 = 0 for any value of N, we must exclude division
by zero.
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OPTIONAL - Proofs of Some Basic Number Properties

On the basis of several properties concerning numbers, which
the pupils have accepted, they may be guided to see that
other truths follow from these properties by logical reason-
ing. The process of reasoning from some accepted properties

to other truths is called proof.

5. Help pupils prove the multiplicative property of 0. That is,

prove x0 = 0.

We would proceed as follows:

x(1 + 0) = x.1 (1 + 0 = 1)

x(1 + 0) - xl + x0 (Distributive property)

x.1 + x.0 = x.1 (Both are equal to x(1 + 0) )

x + x.0 = x (Multiplicative property of 1)

Since 0 is the additive identity, that is, the only number which

when added to another number preserves the other number's identity,

then x.0 = 0.

6. Help pupils prove that the additive inverse of 1 multiplied by x
is the additive inverse of x. That is, prove (-1)x = -x.

We would proceed as follows:

+

x[l + (-1)]

Since x + (-1)x = 0 and we assume each number x has one and

only one additive inverse (-x), then -1(x) =

This is often referred to as the property of -1 Multiplication

7. Help pupils mon (-x)y = -(xy).

We proceed as follows:

= (Property of -1 Multiplication)

= (-1)(xy) (Associative property)

= ,m3ty (Property of -1 Multiplication)

Thus (-x)y = -xy

0 (Multiplicative property of 0)

= x(1) + x(-1,) (Distributive property)

= 1(x) + (-1)x (Commutative property)

= x + (-1)x = 0 (Multiplicative property of 1)
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8. Help pupils Drove (-x) (-y) a= y.

We proceed as follows:

-x[y + (-y).] = 0 (Multiplicative property of 0)

-x[y + (-y)] (-x)y + (-x)(-y) (Distributive property)

= + (-x)(-y) = 0 (Property of -1 Multiplication)

Since -xy + (-x)(-y) = 0 and we assume each number has one and only
one additive inverses then (-x)(-y) xy.

Guide pupils to see that the rule for multipizing two negative
numbers is a special case of the above generalization, when x and
are restricted to positive numbers.

B. Suggested Practice

1. To Jhat is the additive inverse of each of the folloiring?

a. -3 b.4 c. 0 d. - .6

2. Complete by writing x or -x,

a. The additive inverse of x is

b. The expression '+ x = 0.

c. The additive inverse of -x is

3. *at is the multiplicative inverse of each of the following ?

a. 3 5" 4 c. -3 d. 1

4. Name the property of numbers which justifies each step in the
following:

6 x (3 x tx) = 6 x x 3)

(6 x x 3

= 1 x 3_

= 3

-5x(4 -t -5x x 4)

= (-5 2c x 4

= 1 x 4

al 4

7:77



III. Distributive Property of Multiplication Over Subtraction

A. Suggested Ftocedure

1. Have pupils =eider the following:

Does 3(7-4) = 37 - 34?
3(7-4) = 33, or 9

3.7 - = 21-12, or 9

Thus .3(7 - 4) = 3.7 - 34.
2. Atter several such illustrations, have pupils realize that multiplica-

tion appears to be distributive over subtraction.

3. Help pupils reach a generalization concerning the distributive property

of multiplication over subtraction.

a. Have pupils suggest a symbolic statement concerning the distributive

property of multiplication over subtraction:

x.(y. - z)=:xy - xz

b. After trying many replacements, they should realize that this is a

true statement for every possible replacement of the variables.

Note: The proof of the symbolic statement in 3a will be found as an
optional exercise in the Suggested Practice which follows.

B. Suggested Practice

1. Which of the following are illustrations of the distributive property?

a. (100 - 10)a = 100a - 10a d. (1.5 - c)1.3 (43)(1.5) - (43)c

b. 4(20 - b) = 4(20) - (b) e. 16y - y = (16 - 1)y

c. - 5x = (16 - 5)x

2. Fill in the blanks so that each statement is an illustration of the

distributive property.

a. 5(3 - 2) = c. a(6 - 4) =

b. = 9.8 - 9.2 d. 9x - 9.7 25 9 (.....).



OPTIONAL

3. Prove x(y - z) xy - xz

Solution:

x(y - z) ax + c-zij

+

+

3cy. +

= + (xz)(-1)

xy

(Definition of subtraction)

(Distributive property)

(Property of -1 Multiplication)

(Commutative property)

(Associative property)

(Property of -1 Multiplication)

(Definition of subtraction)

PI'. The Distributive Ptincipae of Division Over Addition; Over Subtraction

A. Suggested Procedure

1. Have pupils consider the example

6 6 6 2

2. Have them recall that diiision by 6 is equivalent to mmatiplication
1 1

by and therefore, may be expressed as

Thus, 6
1(2+1) =1 (2)+1(1) or +

6 6 6 6

Thus, division seems to be distributive over tuldition provided the
addition is in the dividend.

In the same way, Z 2 3)

Mlles 280 3 )alit(7 ii(3 ) or -

Thus, division seems to be distributive over subtraction, provided
the subtraction is in the dividend.

3. Help pupils reach a generalization concerning the distritutive
property of division over addition; over subtraction.

Have pupils suggest a symbolic statement concerning the distributive
property of division.



X +7 twza+Z. ac=Z =as
a a a ,a a a

4. After trying many replacements, they should realize that these

are true statements for all values of x, y, z except z = O.

5. Since subtraction can be expressed as addition, and since

division can be expressed as multiplication, distribution of
division over addition or subtraction can be justified by the

distributive principle of multiplication over addition.

B. Suggested Practice

1. Which of the following illustrate a correct use of the distributive

property?

la
a. 4 4 4 c 6 6 6

x+Y=a+ X b
b. 5 5 5 d. x x

= Z X
e 4 4 4

kte: It should be pointed out to the pupil that division is not

distributive over multiplication. Although the open sentence

in example 1-e is true when x 0 or y = 0, it is not true in

general.

2. Fill in the blanks so that each statement is an illustration of

the distributive property.

a. 3 3 3

b.

1 (lc y) _
" 2 2 2

a b a b + b

2 2 d.x x

V. Using the Distributive Property to Simpli* Depressions

A. Suggested Procedure

1. Have pupils consider how the distributive property could be used to

facilitate the following computation:

18 x + 12 x = (18 + 12)7 = 30 x 7 or 210

12 x 3 - 8 x 3 = (12 - 8)3 = 4 x 3 or 12
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2. Havy pupils consider the algebraic expression 3a + 5a

a. Have them realize that by the distributive property the
sentence

3a + 5a in (3 + 5)a is true for every number a

b. Therefore, 3a + 5a may be replaced by the shorter expression
(3 + 5)a or 8a. This is a simplification of 3a + 5a.

3. Have pugls consider the algebraic expression: (2x + 8) +31.

Have pupils understand the simplification of the expression
as follows:

(2x + 8) + 3x zu 2x+ (8 +3x) Associative principle

-2x+ (3x + 8) Commutative principle

/12 (bc 4.3x) 4.8 Associative principle

me (2 + 3 )x + 8 Distributive principle

is 5x + g Arithmetic fact

B. Suggested Practice

1. Which of the following open sentences are illustrations of the
distributive proPerty?

a. x(3 +.4) °is 3x + 4x

b. 10a - 10b 10(a - b

c. 2(x 4-7) = 2:11:g4'y Since the multiplication by 2 has not
been distributed, this is not an illus-
tration.

d. 2x(x + y) = 2x2

f. 5xy + lOyz 5y(x + 2z)

g. (2a + 5)h 2ab + 5 + b

h. 7x (y + z ) 7xy + z

i. 6n - mn (6 - n)n
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2. Apply the distributive property and write each of the following

in a form without parentheses:

a. 3(a +b)

b. (2 4x)y

C. (+2 Y)e

d. .5:n(9 + 1.2n)

S. -2(x + y)

f. -3(2 ix - y)

3. Amay the distributive property and express each of the following

as products:

a. 3Y 4' 4

b. 5r 2r

c. 2,4r + 2x

d. 4bc 2bc

e. 5(x + y) + 2(x+ y)

4. Use the associative, commutative and distributive properties to

write the following expressions in simpler form:

3x 3. .52c

a
+ Solution:

2 4
(2 + 4)x or

b. ex 4'4y 4'4 + 3x

4

d. 96a + 42b + 4a + 3b

a + lar + 38 + + 40e. 9 3 3

f. 2.4x + 6.8y + 4.9 + l.6;

Solution: 8x + 3x +.4y + 4 or llx + 4y + 4

11. 4(2x + 3x)

h. 30a lOa

i. 2s 4s

j. x + 3x - 4x

lc. 4 01
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VI. Using the Distribmtive Property in Solving Simple Equations

A. Suggested Procedure

1. Have pupils review:

Meaning of equations
Equivalent equations
Solution or root of an equation; solution set
Principles of equation solving - Addition, Subtraction, Multiplication,
Division

Note: See Chapter X of Mathematics Grade 8, Curriculum Bulletin
1961-1962, Series No. 4

2. Have pupils consider the equation 3a + 5a =16.

Have them recall that the distributive property may be used to obtain
a simplification of the left member. That is, we may write

(3 + 5)a = 16 or

8a = 16

a som 2 (Division principle or multiplication by reciprocal)

2 is the root of the equivalent equation, a = 2, whose solution is
obvious.

The solution set is 2 .

Have pupils check to see whether 2 is a root of the given equation,
3a + 5a = 16.

Check

32 + 52 = 16
9

6 + 10 = 16

16 is 16 True

3. Have pupils use the principles of equation-solving to think through
the solution of an equation which uses more than one principle.

a. Consider the equation 3x + 4 = 22.

Have pupils observe that more than one operation is needed to
find the simplest equivalent equation in which the root is
obvious. Have them see that both subtraction (addition) and
division (multiplication) are needed.
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Thus, 3x+ 4 = 22

3x =18 (Subtraction principae or addition of additive

inverse)

22 6 (Division principle or multiplication by
reciprocal)

whose solution is obvious. e solution set is 6
Therefore, 6 is the root of the equivalent.equalioT x=6,

Th

Have pupils chedk to see whether 6 is a root of the given

equation 3x +.4 =22.

b. Have pupils consider whether it makes any difference if the

subtraction (addition) principle is applied before or after

the division principle. To determine this, have them solve

the equation 3x + 4 =22, by reversing the order in which

the principles are applied.

Thus,

3x + 4 = 22

3x+ 4 22

3 3

3 3 3

=
3

(Division Principle)

(Distributive property) or x +

or 6 (Subtraction Principle)

=
3 3

Have pupils observe that the same root was obtained as before.

Have them discuss which order of operations is easier for

solving equations of this kind.

c. Have pupils use a similar procedure to find the root of each

of the following:

1) 2x 4.4 =: 10

2) 3y - 9 = 15

3) 7a + = 59

4) + 8 = 14

5) in - 4 = 9

6) 1.5x 4: 3 22 7.5

4. Have pupils consider the equation 2x + 4x + 8 = 38.
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Help them organize the solution of the equation as follows:

2x + 4x + 8 us 38

(2+4)x + 8 = 38 (Distributive property), or 6x + 8 = 38

6x at 30 (Subtraction principle or addition of additive
inverse)

sgs 5 (Division principle or multiplication by
reciprocal)

Therefore, 5 is the root of x = 5. The solution set is (5 1 .

Zick (to see whether 5 is a root of 2x + 4x + 8 = 38)

2.5 + 4.5 + 8 A 38

10 4' 20 + 8 A 38

38 38 True

5. Have pupils consider the equation 2(x + 1) + x = 8.

The distributive, commutative, and associative properties may be used
to obtain a simplification of the left member as follows:

2x + 2 + x = 8 (Distributive property)

2x + x + 2 = 8 (Commutative property)

3x + 2 = 8 (Associative, Distributive)

3x = 6

in 2

Therefore, 2 is the root of x = 2. The solution set is i.2 .

11,..ve pupils check to see whether 2 is a root of the given equation
2(x + 1) + x = 8.
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B. Suggeeted Practice

Solve the following equations by writing simpler equivalent equations.
Check your solutions.

1. 2x +3x = 20

2. BY 5y gP 33

3. lla + a = 48

4. ix + 4

2° 2 4

6. .5a + .2a 22 1.4

7. 16y + 2y + 3 in 39

8. 44 + 9x 3x = 8

VII. Solution of Verbal Problems

A. Suggested Procedure

9. .1x+ .9x + ex = 81

10. 125C 4'
3 c.on 10

11. 9y + 2y 10 = 12

12. 4(a + 1) + a cs 19

13. 3(x 2) + x 14

14. 29 + 1(27' 4) =

15. .04x + .06(1500 x)= 80

huv Help pupils develop skill in solving problems. Before doing

any problem where letters are involved, have the pupils solve
arithmetic problems involving the same situation.

Problems are introduced at this time because the techniques needed
for their solution have now been developed. However, it is intended
that the teacher should distribute the work in problem solving
throughout the remainder of the course.

1. Review translation of English phrases into algebraic form. (See
Chapter III, Section V)

2. Help pupils think through and express relationships involving

number problems as follows:

a. One number is 14. Another is twice the first. What is the

second number? What is the sum of the numbers?

One number is x. Another is twice the first. The sum of the

numbers is 45. %bat is the second number in terms of the first?
&press the sum of the numbers in terms of.x..
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b. TWo times a number is subtracted from eight times the number,
increased by 3. The difference is 27. What is the number?

Illust rat ive Solut ion

Let x
2x

8x + 3
(bc 4- 3) - 2x
ax - 2x + 3

6x 4- 3

6x

=the number
=two times the number
= eight times the numboer,increased by 3
= 27 (the difference is 27)
= 27
= 27
= 24

= 4

The number is 4.

Check result with the problem. If the number is 4, then
two times the number is 2 x 4 or 8. Eight times the number
increased by 3 is 8 x 4 4.3 or 35. The difference is 35 8 or 27.
True.

c. Have pupils practice similar problems.

1) A number increased by 3 times itself equals 8.4. khat is the
number?

2) Ann weighs 7 pounds more than Mary. Their combined weight is
213 pounds. How much does each girl weigh?

3) Jane's mother is 9 times as old as Jane. Together their ages
total 30 years. How old is each?

4) A family'e vacation budget allows a certain amount for camp-
ing expenses, three times this amount for food, and four
times this amount for travel. If the total spent is $320,
how much is allowed for each item?

3. Help pupils think through and express relations:hips involving
consecutive number problems as follows:

We: Review Chapter II of Mathematics Grade 8, Curriculum Bulletin,
1961-62 Series, #4.

a. Develop meaning of consecutive numbers; consecutive even numbers;
consecutive odd numbers.

b. Solve problems

1) Thirteen is the first of three consecutive numbers. What are
the next two? What is the sum of the first and third?
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The first of three consecutive numbers is 34 &press the
next two in terms of x. &press the sum of the first and

third.

2) The sum of the first and last numbers of 3 consecutive
numbers is 28. What are the numbers?

41ust;ative Solution:

Let x =the first number
x + 1 = the second number
x + 2 =the third number

x + (x 4- 2) = 28 (the sum of the first and third numbers)
22:4-2 = 28 (Distributive property)

2x = 26
=

The first number is 13, the second 14, the third 15.

Check result with the problem.
Three consecutive numbers: 13, 14, 15.
The sum of the first and third 13 + 15 =28. True.

c. Have pupils practice similar problems.

1) The sum of two consecutive numbers is 89. Mat are the numbers?

2) The first of two consecutive numbers is 13. What is the next

odd consecutive number? What is their difference?

3) Select any two consecutive odd numbers. What is their differ-

ence?

4) x represents an odd number. &press the next consecutive odd

number in terms of x. Show that their sum must be even.

5) The sum of two consecutive even numbers is 50. What are the

numbers?

6) The sum of three consecutive even numbers is 48. What are

the numbers?

4. Help pupils think through and express relationships in verbal

problems involving coins as illustrated:

a. Andy has 4 dimes and 2 more nickels than dimes (and no other

money). How many coins does he have? (10) What is their value

la cents?



Value of 1 dime is 1 x 10 or 10 cents
2 dimes is 2 x 10 or 20 cents
3 dimes is 3 x 10 or 30 cents
4 dimes is 4 x 10 or 40 cents

Value of 1 nickel is 1 x 5 or 5 cents
2 nickels is 2 x 5 or 10 cents

6 nickels is 6 x 5 or 30 cents
The value of the ten coins is.70 cents.

If. Andy has x dimes and 2 more nickels than dimes, how would you

represent the number of nickels? the total number of coins?

How would you represent the value in cents of the dimes?

Represent the value in cents of the nickels.

Represent the total value in cents of all his coins.

b. Marilyn has a collection of dimes and quarters. She has 8 quarters

and twice as many ,dimes. How many coins does she have? What is

the value (in cents) of all her coins?

If Marilyn has q quarters and twice as many dimes, how would you

represent the number of dimes? the number of coins?

How would you represent the value in cents of the quarters; of the

dimes?

How would you represent the total value (in cents) of all the coins?

c. A jar of coins contains twice as many nickels as dimes and three

times as many quarters as dimes. The total value of the coins in

the jar is $4.75. How many nickels are there in the jar?

Balv The teacher should elicit what the domaiu of the variable

will be in the equation.

Illustrative solution:

Let x represent the number of dimes, 21: the number of nickels and

3x the number of quarters.

Then, 10x = value of the dimes (in cents)
5(2x) = value of the nickels (in cents)

25(3x) = value of the quarters (in cents)



10x + 5(20+ 25(3x) =475 (the total value is 475 cents)

10x + 10x + 75x = 475

95x = 475

5

The number of dimes in the jar is 5.

The number of nickels is 2x or 2 x 5sor 10, and

The number of quarters is 3x or 3 x 5sor 15.

ata, results with conditions in the problem.

If there are 5 dimes, there are 10 (twice as many) nickels, and
15 (three times as many) quarters.

The value of 5 dimes is 50 cents, the value of 10 nickels is
50 cents, and the value of 15 quarters is 375 cents.

Therefore, the total value is 475 cents or $4 75.

d. Have pupils practice similar problems.

1) Bob has $8 in nickels and dimes. He has twice as many dimes
as he has nickels. How many coins of each kind does Bob have?

2) A jar full of pennies and dimes contains 3 times as many dimes
as pennies. The total amount of money in the jar if $6.20.
How many coins of each kind are there in the jar?

3) Larry has 2 more nickels than pennies. If he were to spend
one of his nickels and three of his pennies, he would have

68 cents left. How many nickels and how many pennies does

he have?

4) A piggy bank contained 3 fewer dimes than quarters and 8 more
nickels than dimes. The total value of the coins was $5.95.
How many dimes were there?

5) Amy has $4.08 in pennies, dimes and quarters in her coin
bank. If the number of quarters is 4 more than the number of
pennies and the number of pennies is 2 less than the number
of dimes, find how many coins of each kind Amy has.

5. Help pupils think through relationships in verbal problems involving
investments as follows:

Note: Review meaning of interest, investments, income, and i =mt.
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a. Mr. Smith invests $4000 at 3% and $2500 at 5%. What is the

total amount he invests? What is the income on the $4000

investment? What is the income on the $2500 investment?
What is the total income on the investments? (income per year)

If Mr. Smith invests $6500, part at 3% and the remainder at 5%,

how would you represent the part he invests at 5%? How would
you represent the part he invests at 3%? What is the income

on the 3% imvestment? What is the income on the 5% investment?
What is the total income?

b. A man invests $10,000, one part at 6% and the other part at 2%.

His total income on the investment for one year is $320. How

much has he invested at each rate?

Illustrative Solution

plow Reasons are indicated for the steps in the solution of the

equation. Teachers should not require their pupils to give a.
reason for each step in each problem.

If we let x designate the number of dollars invested at 6%, then

10,000 - x designates the number of dollars invested at 2%
.06x is the income on the 6% investment

.02(10,000 - x) is the income on the 2% investment

.06x + .02(10,000 x) =320 (the total income is $320)

.06x 4.200 - .02x = 320 (Distributive property)

.06x - .02x 4.200 =320 (Commutative property)

.04x + 200 =320 (Associative and distributive properties)

.04x = 120 (Subtraction principle)
=3000(Division principle)

10,000 - x = 7,000

The amount invested at 6% is $3000.
The amount invested at 2% is $7000.

Check results with conditions in the problem

The two amounts of $3000 and $7000 total the investment of

$10,000.

If $3000 is invested at 6%, then the income on this part of the
investment is .06 of $3000, or $180.

If $7000 is invested at 2%, then the income on this part of the
investment is .02 of $7000, or $140.

Then the total income is $180 + $140, or $320. All conditions

of the problem have been checked.
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c. Have pupils practice similar problems.

1) A man has loaned $4400 to two persons. His income from the
two investments is $192. One note (a witten promise to pay)
bears interest at 5%, and the other bears interest at 4%.
What is the face of each note?

2) Tom's father has $18,500 invested in two pieces of rental
property. One yields 12% on the investment, and the other
yields 10%. His total income from the two properties is
$2080. How much is invested in Ps,z1h property?

3) One sum of money is invested at 4%; a second sum that is
twice as large as the first sum is invested at 3%. The total
interest from the sums is $210. How much is invested at each
rate?

6. Help pupils think through relationships in verbal problems involving
geometric figures as follows:

Note: It is helpful to use diagrams for geometric problems.
The domain of a variable representing a geometric length is the set
of positive numbers.

a. The length of a rectangle is four inches more than its width.
If the width is 3 inches, what is the length? What is the perimeter?

If the width of a rectangle is represented by x and the length is
four more than its width, how would you represent its length? How
would you represent its perimete.7?

b. The width of a rectangle is 5 inches. The length of the rectangle
is 3 less than twice its width. What is the length of the rectangle?
What is its perimeter?

If the width of a rectangle is represented hy mr, and its length is
3 less than twice its widths how would you represent its length?
How ttould you represent its perimeter?

c. One leg of an isosceles triangle is 7 indhes in length. The base
is 3 inches longer than the leg. What is the length of the base?
What is the length of the other leg? What is the perimeter of
the triangle?

If the length of one leg of an isosceles triangle is represented
hy x inches, and the base is 3 inches longer than the leg, how
would you represent the length of the base? How would you
represent the length of the,other leg? the length of the perimeter?
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d. The length of a rectangle is 5 times its width. The perimeter

is 48 indhes. Find the dimensions of the rectangle.

Illustrative Solution

Let w be the nmmber of indhes in the width of the rectangle. Then

the number of inches in the length is 9w. Let us draw a

picture to help us analyze and solve the problem:

5w

The number of indhes in the perimeter is w + 5w 4-w + 5w.

Then, w + 5w w + 5w = 48

12w= 48 (Distailmtive property)

w = 4

Therefore, the rectangle is 4 inches wide and 20 inches long.

Check results with conditions in the prOblem

The length is 5 times the width because 20 as 5 x:4.

The perimeter is 20 4.4 + 20 4.4 or 48 inches.

e. Have pupils practice similar problems.

1) How long and how wide can a garden be made if it is to be
20 fest longer than it is wide, and its perimeter is to be

680 feet?

2) A triangle that draftsmen find useful has one angle that is
twice as large as the first angle, and the third angle 30°

more than the second. How large are the angles?

3) A rectangle has a pleasing appearance if its width is a
little more than one-half its length. What dimensions will
satisfy this condition if the width is 5 feet more than

one-half the length, and the perimeter is 310 feet?



7. Help pupils review relationships in problems involving distance,

rate, and time.

a. Have pupils determine distance a boy walks in 4 hours if he

walks 3 miles per hour. Fram this and similar problems, the
pupil should gain an understanding of d = rt (distance formula).

b. Have them practice solving distance problems involving only I
object or vehicle. (if a plane averages 530 miles per hour,
how far will it go at this speed in 4 hours?)

1) Have them solve problem as illustrated below:

Start

Nie

41116=111!

1 hr. 2 hrs. 3 hrs. 4 hrs.

580 mi. 1160 1740 mi.. 2320 mi..

2) Have them solve problem by formula:

d = rt
d = 580 x 4
d 122 2320

c. Have then solve distance problem involving 2 objects or people.

1) Larry and Jennie on bicycles start fran the same place at the
same time and ride in opposite directions. Larry races at the

rate of 5 mph and Jennie at 8 mph. How far apart are they

in one hour? in 2 hours? in 4 hours?

Ehcourage the pupils to use a diagrmm:

Jennie
2 hr. 1 hr. Start

Iarz
1 hr. 2 hr.

13 miles aps'A'

26 miles apart



2) Two cars start from the same place at the same time and

travel in opposite directions. One travels at 40 miles per
hour and the other at 30 miles per hour. What distance will
the first car have traveled in x hours? What distance will
the second car have traveled in the same time? They are 350
miles apart in x hours. Express this fact in terms of x.

3) Jennie and larry are 45 wiles apart. They start toward each
other at the same time. Jennie rides at an average speed of
9 mph and Larry rides at an average speed of 6 mph. In how
many hours after they start will they meet?

Jennie starts

t 9mi.

Distance apart at end of I haw.

30 mi.

Larry starts

Distance apart at start: 45 mi.

How much distance did they cover together in one hour? 9 + 6 = 15 mi.

Jennie starts

Distance apart at end of 2 hrs.

18 mi. 12 mi.

Larry starts

. Distance apart at start: 45 mi.

How much distance did they cover together in 2 hrs.? 18 + 14 = 30 mi.

Complete the problem. They meet in 3 hours.

Jennie starts Larry starts

Theimeet

27 mi. 18 mi.

Uistance apart at start: 45 mi.



4) Plane A starts from City A for City B traveling at 450 miles
per hour. Plane B starts at the same time from City B for
City A traveling at 500 miles per hour. In how many hours

will they pass each other if the distance between the cities
is 2850 miles?

Let x um number of hours it takes for the planes to meet.
Each plane travels the same number of hours.

Distance plane A travels in x hours is 4509x

Distance plane B travels in x hours is 500x

City A

1

450x 500x

111.1111>l<

City B

2850 mi.

The facts in the problem nay be organized in table form;

Rate h x Time h Distance

Plane A 450 x 450x

Plane B
. 00 x 0Qx

Set up equation: 450x + 500x = 2850
950x = 2850

x = 3

They will pass each other in 3 hours.

Check results with conditions in the problem.

The plane from City A traveling at 450 miles per hour will
cover 1350 miles in 3 hours. The plane from City B travel
ing at 500 miles per hour will cover 1500 miles in 3 hours.
Together they will cover 1350 + 1500 or 2850 miles in 3 hours.

d. Have pupils practice solving problems.

1) Two trains are traveling on parallel tracks toward each other.

The slower one travels at 40 miles per hour, the faster at
60 miles per hour. What distance do the two tisins cover in
one hour? in two hours? If they start at the same time from
towns which are 500 miles apart, in how many hours will they
pass each other?



2) Frank and Sam leave school for home. They go in opposite
directions. Frank walks at a rate one mile an hour faster
than Sam, who walks at 3 miles per hour. In how many hours
will they be 3.5 miles apart, the distance between their
homes?

3) A bus leaves Boston for New York City 250 miles away travel-
ing at 35 miles per hour. At the same time, another bus
traveling along the same route leaves New York City for Boston
traveling at 40 miles per hour2 In how many hours will they
pass each other?

4) Other problems may be found in any 9th year textbook.

8. Help pupils think through relationships in verbal problems involving
mixtures as follows:

a. If a certain grade of coffee costs 75 cents a pound, how much will
10 pounds cost? 15 pounds?

b. Wnat is the total cost of 20 pounds of 75-cent coffee and 35 pounds
of 80-cent coffee?

c. How would you express the cost of x pounds of 75-cent coffee?
of (50-x) pounds of 90-cent coffee?

d. Of 100 pounds of tea, x pounds are sold at 55 cents a pound
and the remainder at 68 cents a pound. Ekpress the number of
pounds sold at 68 cents a pound. Express the amount of money
received for the cheaper tea; the more expensive tea.

el. A grocer has two kinds of coffee, one priced at 80 cents a pound
and the other at 70 cents a pound. How many pounds of each should
be used to make a mixture of 120 pounds to sell at 74 cents a
pound?

Illtotrative solution

Guide pupils to see that the basic assumption of the situation
is that the grocer receives the same amount of money after
mixing the coffee that he would have received without mixing it.

Let x =number of pounds of 80-cent coffee

120-x us number of pounds of 70-cent coffee

80 x it value of x: pounds of 80-cent coffee (in cents)

70(120-x) = value of 120-x pounds of 70-cent coffee (in cents)



Have pupils see that 80x 4. 70(120.x) represents the value

(in cents) of the coffee without making a mixture. Have

them see that the amount of money (in cents) received

after mixing the two kinds of coffee is 74(120).

Then 80x + 70(120 -x) = 74(120)

80x 4. 8400 - 70x = 8880 (Distributive property)

80x - 70x + 8400 gm 8880 (Commutative property)

10x 4.8400 = 8880 (Distributive propeitr)

10x =480 (Subtraction priaciple)

x =I 48 (Division principle)

120- x =72

The grocer needs to mix 48 pounds of 80-cent coffee with

72 pounds of 70-cent coffee.

Check results with conditions in the problem

The two amounts, 48 pounds and 72 pounds, total 120 pounds.

The money received for selling 48 pounds of 80-cent coffee

and 72 pounds of 70-cent coffee is .80(48) + .70(72) or

08.40 4. $50.40 or $88.80. The value of 120 pounds of

74-cent coffee is .74(120) or $88.80. All conditions of

the problem have been checked.

f. Have pupils practice similar problems.

1) The G.O. store at a certain school sold 240 notebooks the

first day of school, some at 30 cents each and the rest

at 45 cents each. If a total of $85.50 was collected,

how many of each kind were sold?

2) Sally bought some five-cent stamps and some two-cent stamps

for $1.79. She bought 55 stamps altogether. How many of

each kind did she buy?

3) A confectioner mixes two kinds of candy obtaining a mixture of

30 pounds worth 40 cents per pound. If the costa per pound of

the two kinds of candy are 50 cents and 35 cents, find how

many pounds of each kind he should take.

B. Suggested Practice

Problem:it similar to those in section VII.A.2c, 3c, 4d, 5c, 6e, 7d, and If.
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CHAPTER V

POLYNOMIALS

ANN/

In this section the teacher will find suggestions for

procedures to help pupils develop an understanding of the

meaning of a polynomial, and understanding and skill in

operations with polynomials: addition, multiplication,

subtraction.

411=11111

I. Meaning of Polynomials

A. Suggested Procedure

1. Have pupils review the meaning of base, exponent and power.

(See Chapter III)

2
Consider 5 What is the base, exponent, and power?

2. Have pupils consider expressions such as 2x + 2 and 4x
2
414 guide

them to see that these expressions cannot be the names of numbers

since they involve variables. Have pupils see the need for

investigating the set of all such expressions.

3. Have pupils recall that each time a new set of numbers was con..

structed, it was done by expanding an old one, e.g., the set of

fractions includes the whole numbers, the set of signed numbers

includes the numbers of arithmetic (positive numbers), etc.

We are going to construct a set of expressions such as 2x + 2 and

4x2 + 1. The new set will contain all the numbers already worked

with as well as expressions like 2x + 2 and 4x2 + 1. Every member

of this set will be called a polynomial.

4. Have pupils construct polynomials.

a. Have them select any base x: and write some powers of x (the

exponents are limited here to the positive integral values).

2 _3
x, x x-...where a specific number nay be substituted for x.

Note: The letter in our polynomials will be considered, for our

purpose, a variable with a domain.
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b. They may now select any numbers they know

[foe. 5, 00014, 41000, 0001, 000 land use these to mu]taPlY with

x X?, 30.00

They will create expressions such as the following:

7.:x or 7x; 121.x3 or 12x3; -2.x4 or -2)4*

c. Have pupils take some of their creations and add them.

They- may also add some of the numbers. Thus, they nay have:

7x + 123?; -2x!' 4-17; 3x + 4x2 + (...3x3) + (=7)

Tell pupils that any such stun is called a polynomial.

Have them suggest other polynomials.

5. Have pupils consider the polynomial 4x2 +3x + 6. What is

contained in it?

a. It has the single variable 24 which has some set as its domain.

b. It contains the numbers 4, 3, and 6. These numbers are called

the numerical coefficients of the polynomial (usually called

simply the coiagg7G):-

c. Certain operations are used: we multiply 4 and.x2 and 3 and 24

we add 4x2, 3x: and 6. Each of the three expressions that are

added is called a term of the polynomial. The coefficient

6 is given a special name. It is called a constant term.

d. Have pupils examine the polynomial + 6x2 + 2x + 1.

They observe that this, too, contains a variable x: which has

some set as its domain. It contains some coefficients

(-2, 6, 2, 1). The variable and coefficients and terms are

codbined by the operations of addition and mmltiplication.

e. Guide pupils to see that every polynomial (in one variable)

has the same three characteristics: variable, coefficients,

and operations.

6. Develop with pupil the understanding that a polynomial (in x) is

an expression that can be constructed from the variable x: and fram

some coefficients by means of addition and multiplication.

The variable in a polynomial need not be x. For example, 42 + 6

is a polynomial in y, and 3a2 4.2a + 5 is a polynomial in a.

93.-



7. Guide pupils to observe the following about notation:

a. We usually do not write a coefficient of 1. For example,

we write 4x2 + x instead of 4x2 + lx.

b. When a term has a negative coefficient, we do not wTite a
plus sign to indicate addition. Thus, instead of wTiting

33( + (..N2)x + (-6), we wTite 3x2 - 2x - 6.

8. Have pupils examine the following to see if they are polynomials:

5x
2
+ 3x - 7

12 4. 't

2 4

9

This is a polynomial.

This is a polynomial.

This is a polynomial for the set of
polynomials is an expansion of the set
of directed numbers.

This is not a polynomial since it
involves division by x.

9. Develop with pupils an understanding of the degree of a polynomial.

a. Have pupils consider the two polynomials:

2x
2
- 3x + 2

2x5 - 3x + 2

Have them compare the coefficients and exponents of comparable
terms. Hour are they different? The first one is said to be
of degree 5, the second onesof degree 2..

b. Have pupils evaluate each polynomial by replacing x by 3:

232 3x + 2 = 2.32 3.3 + 2 =

2x5 - 3x + 2 = 2.35 33 + 2 = 479

They observe that the value of the polynomial of degree 5
is very different fram that of degree 2.

c. Develop with pupils the understanding that the degree of a
polynomial is the number which is the highest exponent of
the variable appearing in the polynomial.



8x3 + 43c 9 is of degree 3

2y7 - 8 is of degree 7

5 - 6a is of degree 1

8 is of degree 0

ktg:' The degree of a non-zero constant polynomial is

defined to be zero.

10. Dismiss with pupils the desirability of arranging the terms

in some definite order when operating with polynomials.

Consider the polynomial 3x2 + 5x4 - 2 + 6 + x. The terms

may be rearranged in any order using the associative and

conznutative principles. However, it is customary to rearrange

the terms of a polynomial in one of two ways:

5x4 2x3 + 3x2 + x + 6

Have pupils look at the exponents. Reading from left to right

they. are: 4, 3, 2, 1. (xl = x by definition)

Since the exponents become progressively smaller, this arrange-.

ment is called "descending order."

6 + x + 3x2 - 2x3 + 5x4

Reading from left to right, the exponents are: 1, 2, 3, 4.
= xl by definition) Since the exponents become progressively

larger, this arrangement is called "ascending order."

U. Tell pupils polynomials may contain two or more variables such as:

3 ,
422 t7,3 4. y4

a. 3x4 + 2x y - y

b. x +y

c. x2 - y2

In a the polynomial is in descending order of exponents of x

and in ascending order of exponents of y.

12. Have pupils consider the individual terms of a polynomial

as for example, the terms of the polynomial, 2x3 + 6x2.

The individual termss2x3 and 6x2sare called monomials.

The number 2 in 2x3 is the coefficient of the monomial and

the 3 in 2x3 is called the exponent of the monomial, or the

exponent of x in the monomial. What is the coefficient and
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the exponent of the monomial x4? of the monomial -8x? Guide
pupils to see that the degree of a monomial in one variable is the
number which is its exponent.

13. Guide pupils to see that every polynomial is either a monomial or
a sum of monomials. If a polynomial is a sum of two monomials, it
is called a binomial. if it is a sum of three monomials, it is
called a trinomial.

a
3 + 9 4 - y are binomials

6y2 + 14 - by is a trinomial

B. Suggested Practice

1. Which of the following are polynomials?

, 2 2 1
ox 5 4 +

alt 8
11

2. Write three polynomials in x; three polynomials in y.

3. Identify the various coefficients, exponents, constant terms, and
degree of each of the following:

a. 3x2 + 2 + 4x d. 1 + a2 - 2a + 5a3 g. 6 3x

b. y3 + 2y +42 + 5 e. x2 +i5c 9 h. -2a

c. 32 4. a2 - 7a f. r3 - 2r2 - 7

4. Arrange each polynomial in #3 in descending order and in ascending
order.

5. Evaluate the polynomial 3y
2 4' y - 4 for each of the following

replacements for yl

2 0 4 1

II. Addition of Polynomials

A. Suggested Procedure

1. Review the use of the distributive property to simplify expressions.

a. 2x + 3x = (2 4. 3 )x, or 5x

5a + 2a = (5 + 2)a, or 7a

5a2b + 7ab2 = (5 + 7)ab20 or 12ab2

Have pupils recognize that this results in a procedure for adding
monomials.
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b. Does the distributive property help us to simplify the following

expressions:

3x + 2y

3b
2

+ 2

5a2b 2ab2

Are 3x and 2y monomials in the same variable and of the same degree?

Are 3b2 and 2 monomials in the same variable and of the same degree?

Are 5a2b and 2ab2 mominials with the same literal factors?

c. In addition of two (or more) monomials with the same literal factors,

the sum can be expressed as a monomial through the use of the dis-

tributive property.

d. Have puplls circle the monomials in the same variable and of the

same degree:

1) 2a 5c -3a 7d 5a2

2) 3x2 -2x 1 5x2

3) 4 3m -5 3m
2

Tell pupils the terms of an expression which have the same variables

and the same exponents for corresponding variables are called similar

terms or Ace terms.

e. When possible, write a monomial for each of the following:

1) 4x2 73E2 3) a - 6a 5) 3x2Y 83c23T

2) 13n3 + 8n3 4) -3m + 4n 6) 7x + 3x

2. Using the Commutative, Associative and Distributive properties to add

polynomials of the first degree.

low Since a polynomial has been defined in terms of a variable, with

some set as its domain, the number properties which hold for variable

expressions will hold for polynomials as well. Howevers.in higher

mathematics a polynomial may be regarded as a form, with A:as an

arbitrary symbol to which no meaning is attached. If this meaning of

a polynomial were adopted, it would then be necessary to establish

the Commutative, Associative and Distributive properties for polynomials.
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a. (x + 7) + 2x + 230 + 7

( 1 + 2 )x + 7

or 3x + 7

Commutative, Associative properties

Distributive property

(4x + 2) + (3x + 5) = (4x + 3x) + (2 + 5) Commutative, Associative
properties

= (4 + 3)x + (2 + 5) Distributive property

or 7x + 7
Have pupils observe that the sum of two polynomials in x is also
a polynomial.

b. Have pupils check to see whether (4x + 2) + (3x + 5) and 7x + 7
name the same number when x is replaced by a particular value,
say 2.

(4.2 + 2) + (3,2 + 5) £7.2 + 7

+ 11 14 + 7

21 = 21 True

3 . Using Number Properties to add polynomials of degree greater than one.

a. (2x2 + 4.x + 3) + (3x2 + 5x + 6)

+ 3x2) + (4x + 5x) + (3 + 6) Comutative, Associative properties

=(2 + 3 )x2 + (4 + 5 + + 6 ) Distributive property

2
or 5x + 9x + 9

Similarly,

=44x3 2x3) + (..6x2 5x2) + (x + 2x) + (1 2)

or 2x3 11x2 + 3x 1

Commutative,

properties

Distributive

Associative

ProPerty

Have pupils realize that in adding polynomials of degree greater
than onelwe combine similar terms and thereby obtain a simpler
but equivalent expression. This is accomplished by adding the
numerical coefficients of similar terms.
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b. Halm pupils realize that it may be helpful to

vertically. For example, the sum of

3a2 + 4a + 5 .and 2a2 + 3a

may be arranged as:

(3a2 + 4a + 5) + (2a2 + 3a) or

(3a2 + 2a2) + (ita + 3a) + 5

.= 5a2 + 7a + 5

arrange the work

3a2 4.4a + 5

2a2 + 3a

544 + 7a + 5

c. Have pupils learn to check the addition of polynomials by

assigning a numerical value to the variable and evaluating the

expressions. For example,

3a2 + 4a + 5

2a2

5a2 + 7a + 5

.,4/#

...1311$

CheL151...4.t. a lag 2

3.4 + 4.2 + 5 in 25

2.4 + 3.2 .29

5.4 + 7.2 + 5 = 39

39 39 True

Discuss the disadvantages of selecting 1 or 0 as numbers for

checking.

B. Suggested Practice

Add the follawing polynomials.
each result.

1. (x2 + 2x + 3) + (11x2 + 6x +

2. (5y2 77 + 3) + (72 + 7y - 2)

3. (-3b2 + 2b + a) + (b2 + 5)

Give the degree and coefficients of

4. (-6t +4) + (2t2 + St - 7)

5. (5r2 + 2r + 12) + (-6r - 3)

6. Refer to pages in various
textbooks for additional.
examples.

III. Multiplication of Polynomials

A. Suggested Procedure

1. The pmduct of monomials

a. Review with pupils use of the commutative and associative

principles in simplifieation.
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1) 3x4x = 34.xex Commutative and Associative properties

or 12x
2

(superscript Notation)

2) 3y2y5xy = 3 2 '5 63c7 7 7 Whe

or 30xy
3

Whe

3) Have pupil practice multiplying monomials.

2a.2b.6.ab

5m3nmn

6r4r4rs

4x*(-3Y).5z

b. Have pupils consider the meaning of products such as:

a2'a = (a.a).a = a.a.a = a3
.

x5.x2= (x.x.x.x.x) (x.x) = x.x.x.x.x.x.x = x7

Guide pupils to see that in multiplying two powers of the
same base, the product has the same tase. The expontmt
of the product is fcund by adding the original exponents.

Have pupils realize that this rule of exponents applies
only when the bases of the powers are the same. It cannot
be used, Or example, to wTite a simplification of thA
product x3y2 because the bases of the powers x3 and.y
are different. This is known as the rule of e.xponents for
multinlication. .

c. Have pupils use the rule of exponents for multiplication
together with the Commutative and Associative properties
to express the product of monomials.

(4x2)(3x4) = 4.3 x23c4 Why?

= 12x6 *AY?

Have pupil examine 4x2. Is it a monomial?

Have pupil examine 3x4 . Is this a monomial?

Have pupil examine the product 12x . Is this a monomial?

The answer to all 3 questions is, "Yes."

Have pupils conclude that multiplying a monomial by a
monomial results in a monomial.



2) (x2)(8x)(25x2)(-3x4) = (-3 ) .x2 .x .x2 .x4

. 8x?

Have pupils notice that the product of any number of

monomials is also a monomial.

3) Have pupils consider the difference between the two

expressions:

3x2 and (3x)2

3x2 = 3 .x.x

(3x)
2= 3x.3x = 32 ex

2 = 9x2

Have pupils note that in raising a product to a pawer

each of the factors of the product is raised to that

power.

d. Have pupils practice multiplying monomials.

1) (3x2)(7x3)

2 ) (-20x4 ) (6x )

3 ) (-10y5 ) (-6y3 )

4) (..1a2)(-2a4)
3 2

5) (-3x)(-5x)(8x5)

6) (4x)2

7) (4V)2

8) (..3b)3

2. The product of polynomials by monomials

a. Have pupils examine the diagram at

the right. They should notice that

the area of the large rectangle
(A3) equals the sum of the areas of 2x

rectangles Al and A2,or A3 = A14A2.

b. Have them consider each of the

smaller rectangles separately

and find the arta of each.

Al = (5x)(2x) = l0x2

A2 = 7.2x = 14x
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c. The pupils now find the area of the large rectangle by

adding the areas of the other two rectangles.

A3 =A1 + A2 = 10x
2

+ 14x

d. Have pupils express the area of
the large rectangle (4.3) in

terms of its dimensions.

= lw

A3 = (5x+7)(2x) = 2x)(5x+7)

5x +

Rectangle
A.,

e. Have pupils discuss (2x)(5E+7) and decide which propertY maY
be applied to polynomials to find an equivalent expression.
It is the distributive property of multiplication over addition.

(2x)(5x+7)=(2x)(5x) + (2x)(7) = 10x2 + 14x Distributive property

They should check this with the area found in 2c.

f. Have pupils substitute numerical values for x in (2x)(5x+7)=10x2414x.
For the domain of x use{.20 31. (Also substitute values of x in
Al, A2, and A3)

Have pupils determine whether or not true statements result.

g. After several similar examples, have pupils realize that to
multiply a binomial by a monomial, we use the distributive
property: we multiply each term of the binomial by the
monomial and add these products.

h. Use a procedure similar to 2a-2g to have pupils learn to find
the product of a monomial and any polynomial.

i. Have pupils practice finding products such as:

1) 2(5x + 4)

2) .-3(2a + 1)

3) 5x(x2 + y)

4) -3x(2 -

5) x(7x - .4)

6) 5x(2 4XY)
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7) 7y2(2y2 + 3y)

8) 2(a2 2a + a)

9) b(6b2 + 4b - 8)

10) -3x4(x4 - 11x + 6)



.4. A .-4....

j. Have pupils practice solving equations such as:

1) 2x + 3(x + 2) = 16

2) 4n + 3(n - 1) = 18

3) -2a + 5(a + 1) = 20

4) 2y + .5(3 - y) = 4.5

5) (2x + 4) + 3(x - 1) =

6) 1.0(x - 2) + 4(2x - 1) = 12

k. Have pupils practice solving problems such as the following by

representing each answer as a polynomial or as a directed number.

1) If x represents the length of a certain rectangle and if

2x + 7 represents its width, how would you represent its area?

2) A man drove for 3 hours at (x 4' 30) miles per hour, then at

(2c + 40) miles per hour for 6 hours. Represent the total

distance traveled.

3) An automobile traveled at x miles per hour for 5 hours, then

at + 15) miles per hour for 2 hours. It traveled a total

distance of 310 miles. What was its rate during the five-hour

period? the two-hour period?

4) Mary earned y dollars on each of three days and (y - 1)

dollars on each of the following two days. How would you

represent her total earnings?

5) In the preceding problem, if Mary's earnings total $23, what

were her daily earnings?

3. The product of two binomials

a. Have pupils examine the diagram

at the right. They should
notice that the area of the

large rectangle (A5) equals

the sum of the areas of
rectangles Al, A2, A3 and A4.

-14)3-

A
1 I A2

.=
IMP 011/.. 1MOM

A3 2
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5
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b. Have them consider the smaller
rectangles separately and find 1

the area of each.

x A
1= 2xex = A2=3ex = 3

JI-
2x 3

2 1-A3=2x.2 = 4x

2x

-1

1A4=32 = 6 1 2
1,

3

c. The pupils now find the area of the large rectangle.

A ta A
I

+ A2 + A + A
5 3 4

= 2x2 + 3x + 4x + 6

= 2x2
+ + 6

d. Have pupils express the area of the large rectangle in terms of its
dimensions.

a lw

= (2X 4.3) (X + 2)

e. Have pupils discuss (2x+3.)(x+2) and decide which property may be
applied to polynomials to find an equivalent expression. By first
treating 2x + 3 as a number by which the binomial x + 2 is multiplied,
we obtain:

(2x+3 )(x+2) = (2x+3) (x) + (2x+3 )2

=2x2+3x+24x+6

=2x2 +7x+6

Distributive property

Why?

Why?

Have pupils check this wdth the area found in 3.c.

f. Have pupils illustrate geometrically the product (x+2)(x43) and find
an equivalent expression for the product.

g. Have pupils multiply using the associative and distributive properties
as reasons,
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Sault: (x+2)(x-l)

apression

1) (x+2)(x-1)

2)

3)

4)

5)

= (x+2)x + (x+2) (-1)

= x2 + 2x - x - 2

= x2 + (2x - x) - 2

= x2 + (2 - 1)x - 2

+ x - 2

Reasons

WhY?

Why?

Why?

Why?

Have pupils realize that the distributive property of multiplica-
tion over addition is used several times to find a single poly-

nomial that is the product of two binomials.

h. Have pupils decide whether or not the binomials (x+2)(x-1) would

yield the same product, x4 +x - 2, as Cx-1)(x+2). Check by

carrying out the multiplication.

i. Have pupils learn to multiply the binomials when they are in a

vertical arrangement.

1) From 3-e, (2x+3)(x+2) = 2x2 + 7x + 6

2) Have pupils let x = 10 and examine the following:

x = 10, 2x 4.3 = 23, x + 2 12, and 2x2 + 7x + 6 = 276

23

x 12

=

=

20 + 3

x10 + 2

01411.1=1 2(10)

10

(2x23) 46 40 + 6

(lox23) 200+30
276 200+ 70 +6 2 10 + 7 10

+ 3

+2

4(10) + 6

3) Row have pupils follow the pattern in 1-2) and multiply the

binomials from right to left:

2x +3
x + 2

4x + 6 2(2x + 3)

x(2x + 3)

2x2 +7x + 6
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4) Tell pupils that in mmltiplication of binomials it is customary
to proceed from left to right.

2x + 3

x + 2

2x2 + 3x

+ + 6

o2 + + 6

x(22c + 3)

2(21c + 3)

J. Have pupils practice multiplication of binomials. Use both

horizontal and vertical form. Have them check the accuracy
of the multiplication by evaluating the factors and their
product, using any nuMbers axcept 0 and 1.

Guide pupils to see that multiplying two binomials will result
in four partial products. Since similar terms may be combined,

the final product may contain fewer than four terms.

k. Have pupils realize that we use a similar procedure to multiply

pokynomials which contain three or more terms. They should

realize that the number of terms in the multiplicand times the

number of terms in the multiplier determines the number of
partial products. For example, how many partial products are

there when the multiplicand is x2 + 3x + 5 and the multiplier

is x + 5?

1. Have pupils try various examples so that they will discover:

1) The product of two monomials is a monomial.

2) The product of a monomial and a binamial is a binomial.

3) The product of two binomials containing similar terms is
generally a trinomial.

(2x + 3)(x + 2) = 2x2 + 7x + 6

Have them try to find a case in which the product of two
binomials is a polynomial of four terms.

Have them try to find a case in which the Product of two
binomials is a binomial.

Have pupils realize the product of any two polynomials is a
polynomial.

-106-



B. Suggested Practice

Express the product

1. (3x)(7x)

2. (2x)(5x3.)

3. (3x2)(7x3)

4. (-4y)(7y2)(3)

5.
3

in each case as a monomial.

6. (5a2)*(-283)

7. (247)(5x2)

8. (.50b)Z213)

9. (-7x2)(27)(-3y)

10. (203 (30

Have pupils perform the following multiplication. (Illustrate

examples 11 and 12 geometrically.)

U. (4a + 6)(3a)

12. (6b + 7)(3b)

13. (5y)(6y - 3)

14. (-3a)(2a + 3)

15. ()(4x - 1)

16. (.7)(2b + ,3)

17. (ix)(4x - 6)

18. Refer to textbook for
additional practice.

Multiply the following polynomials using the horizontal form.
Give a reason for each step.

19. + 3)(x + 4)

20. - 2)(x + 6)

21. (2a - 1)(a . 2)

22. (3y + 2)(4y -

23. (x + 5)(x - 2)

24, Illustrate geometrically and
then express the area of a
rectangle whose dimensions
are (x + 5) and (x - 2).

25. Check examples 19 and 20 by
alibetituting 3 for x.



Multiply vertically:

26. (a 4'3)(a 2)

27. (x 5)(X: 3)

28. (RY 4' 3)(17 7)

29. (3M 8)(2m -

30. (3x: - .7)(44c + .3)

31. (a + 3)(a - 3)

32. (x2 - 3x + 1)(x + 7)

33. (.3x2 + 2)(alx2 - 3)

34. (a + b)(a + b)

35. (c + d)(c - d)

36. + 3n)(m + n)

OPTIONAL

Use the properties of numbers to prove that each of the following
is a true statement for all values of the variable.

37. (1 b)(c 4. d) =:ac bc 4. ad + bd

38. (x + y)(x + y) = x2 + ay +-y2

39. + y)(x y) = x2 y2

IV. Subtracting a Polynomial from a Polynomial

A. Suggested Procedure

1. Review the uses of the 11.-11 sign.

a. Signed or directed number: I 1 i 1

0 1 2 3

b. Sign of the binary operation of
subtraction: (8) - (5) = 3.

c. Indicating additive inverse or omosite (or negative of)

Have pupils recall that the own of a number and its additive
inverse (opposite) is zero.

Thus, the additive inverse of 3 is -3 because their sum is zero.
-(-3) = ? -(-3) means additive inverse of -3 which is 3.
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2. Meaning of additive inverse of a polynomial

a. Have pupils review that subtraction of a number is performed

by the addition of its additive inverse.

(+6) - (+2) = (+6) + (.4) since -2 is opposite of +2

(+3) - (m4) = (+3) + (+4) since 44 is opposite of -4

Thus, for any number a and b, a b =a + (-b).

The opposite of b is (...b) where b may be positive,negativel or

zero.

b. Have pupils Consider what wt shall mean by subtracting poly-

nomials.

Note: Since the set of polynomials is an expansion of the set

a signed numbers, we would like the meaning of subtraction

of polynomials to parallel the meaning of subtraction of

signed numbers. Therefore, let's agree that subtracting a

polynomial shall mean adding its additive inverse.

c. Finding the additive inverse of any polynomial

1) Have pupils realize we need to know how to find the additive

inverse of a polynomial. Does every polynomial in the set

of polynomials have an additive inverse? For example,

can we find a polynomial and add it to ,4x: and get a sum

of zero?

Guide pupils to see that

= (4 - 4)x (Distri tutive property)

Oex = 0 (Multiplicative property of 0)

Then 4x and -4x are additive inverses.

Have pupils practice finding the additive inverse of each

of the following:

7 6a 2x2 -5y2

The additive inverse of a term of a polynomial is another

term such that their sum is zero. PUpils should realize .

that to find the additive inverse of a term, the coefficient

of the term is replaced by its additive inverse.
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2) Have pupils observe that in the same way:

(2x + 5) + (-2x - 5)

=(2x - 23c) + (5 5) WhY?

=(2 - 2)x + (5 - 5) wily?

Then 2x + 5 and -2x - 5 are additive inverses.

(-42 + 3y) + (4y2 - 3y)

=4-42 + 421+ (3y - 3y)

4-4 + 4)y2 + (3- 3)y

= 0

Then -4y2 + 3y and 42 - 3y are additive inverses

(3a2 5a + 2) + ( -3a2 + 5a - 2)

.(3a2 3a2) + (-5a + 5a) + (2 - 2)

=(3 3)a2 + (-5 + 5)a + (2 - 2)

= 0

Then 3a
2
- 5a + 2 and -3a2 + 5a - 2 are additive inverses.

The additive inverse of a polynomial is another polynomial
each of whose terms is the additive inverse of the comes--
ponding term of the original polynomial.

Have pupils realize that to find the additive inverse of
any polynomial, we replace each coefficient by the additive
inverse of the coefficient.

Have pupils practice finding the additive inverse of each
of the following:

+ 5 -6c + 4d
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3) Have pupils recall that the additive inverse of a number

may be indicated by writing a 11.-" in front of the number.

The additive inverse of a polynomial may be indicated

in the same way.

Polynomial

3x - 2

10x
2 - 5x + 3

Its Additive Inverse

(-3x + 2) or -(3x - 2)

(-10x2 + 5x - 3) or -(10x2 - 5x +3)

Have pupils realize that whereas a polynomial has only one

additive inverse, this inverse can be written in more than

one way. Sometimes it is more convenient to have the in-

verse written in one way, sometimes in another.

3. Subtracting a polynomial

a. Guide pupils to subtract a polynomial from a polynomial, as

follows:

1) (5x +7) - (4x - 2) = (5x + 7) + (-44x 4.2)

x + 9

Why?

Why?

Why?

2) (2x2 + :8) - (6x2 - ex -5) = (2x2 + 7x - 8) + (-6x2 + 5)

= (2x2 - 6x2) + (7x + 8x) + (-8 + 5)

= -4x2 + 15x - 3

3) (4a2 3a + 2) (2a2 + 7) = (4a2 - ?a + 2) + (-2a2 - 7)

= (42 - 2a2) . 3a + (2 - 7)

2= - 3a-5

b. Have pupils perform the following subtractions.

1) (3a - 2)- (4a 4'3)

2) (61)4- 3) - (5b - 7)

3) (4X2 - 37) (7X2 4-3y)

4) (2x2y - 4x) - (3x2y - 8x)

5) (3tb2- 4a2b + 6ab)-(7a0- 2a2b + 6ab)

6) (4x2Y2 - 2XY + 7) - (3x2Y2 - 9)

7) (5a3b2 - 7-a b" 3ab)-(4a2b + 6ab2 - 7)



c. Subtracting polynomials in vertical arrangement.

1) Have pupils subtract 27:2 - 3x from 4x2 + 5x

2) Have them rearrange their example as follows:

Horizontal Form

(4x2 + 5x) - (2x2 - 3x)

The vertical furm

Subtract

41c2

2x2 3x

becomes

Vertical Form

Subtract: 4x
2
+ 5x

2x
2

- 3x

3) Have pupils check this example by substituting a numerical
value for x in the minuend, subtrahend, and difference.

For example, when x = 2

4(2)2 + 5(2) = 4(4) + 10 = 26 Minuend

2(2)2 - 3(2) = 2(4) - 6 = 2 Subtrahend

2(2)2 + 8(2) = 2(4) +.16 24 Difference

9
8 + 16 24

24 = 24 True

4) Have pupils also check by adding the difference amd the
subtrahend to see whether the sum is the same as the minuend.

Add 2x
2
- 3x Subtrahend

2x2 + 8x Difference

4x2 + 5x Minuend

5) Have pupils practice subtracting the following polynomials

vertically. Check each example in two ways.

a) 3a + b b) -4c + 7d c. 6b2 - 8c d) 3x2 - 4x - 2

2a + b 4b2 + 6c

e) From the sum of (3x2 + 2x) and

f) Other examples fraa textbook.
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B. Suggested Practice

1. What is the additive inverse (opposite) of each of the following?

a. -3x d. 6x2 - 7

b. 2Y
2 e. a2 - b

2
- c

2

C. 33r - 4

2. 6x (2x) = ?

3. 7n2 - (-3n2) ast ?

5. (7x + 2x) - 4x = ?

f. 6x2 - 3x 4' 4

6. (8a2 - 7a) (-3a)= ?

7. (.2x2 - x) (.3x2)= ?

8.

9. (6y2 7z) . (+3

.

y2)=

10. Do in horizontal form:

a. What must be added to 32c 2x to give 5x2 3x1

b. Subtract 3x2 - 4x from 4x2 - 3x.

c. From 2a2 - 3a + 4 subtract 2a2 - 2a - 3.

d. Subtract 2x
2 - 3x + 4 from 2x - 1.

e. Subtract 3x2 - 2x + 2 from 4x2 x + 2.

f. Sutftract 5b
2 + 7b from 9b

2 - 8b.

g. Select other examples from textbook

U. Do in vertical form:

Check by evaluation: x = 2, a = 3, b = 4, c = 5

t SUbtract
Subtract

a. 4x2 - 3x

2x2 + 5x

Subtrac

b; 3x
2
- 7x - 4 c. Sa 6b - 2c

3x + 3 -3a + 6b 2c2x
2 -

12. Other examples from textbook.



13 Solve each of the equations:

a. 4x - (x + 2) = 1.0

b. ar - (6r + 5) =

c. 5x (2x 6) = 20

d. 3y - (4 - 2y) = 21

e. x (.4 x) = 1.6

f. (6x + 3) - (3x + 5) =

g. (2a + 6) - (a - 7) = 1.0

h. (Ix - 2) - (2x + =1
2 . 2



CHAPTER VI

EQUATIONS AND INEQUALITIES

111/1.=r/

In this chapter are contained suggested procedures for help.

ing pupils develop understanding and facility in solving equations

which have the variable in both members, and in applying this skill

to the solution of verbal problems. Here, too, are presented

suggestions for developing pupil understanding and ability in the

solution of literal equations and simple inequalities.

I. Equations with Variables on Both Sides of the Equal Sign

A. Suggested Procedure

1. Have pupils solve equations with variables on both sides of

the equals sign by trial and error.

a. Pose problem:

If three times a number is increased by four, the result is the

same as the original number increased by sixteen.

b. Have pupils translate the English sentence into a mathematical

sentence. If n represents the number, 3n 4' 4 = n + 16.

c, The pupils should realize that 3n + 4 = n + 16 (the domain of n

is the set of signed numbers) is an open sentence.

Review meaning of open sentence. Have them notice that in this

case the variable appears in both the left and right members

of the equation. Havy them select numbers from the domain and

try to discover the value of n which makes the sentence true

(if such a value exists).

d. Have the pupils try to solve other equations with variables on

both sides by trying to discover the value of the variable

which makes the sentences true.

2. Have pupils realize that a more systematic procedure is needed to

solve equations having the variable in both members.

a. Have pupils recall the use of the additive and multiplicative

inverses in transforming an equation such as 3x: + 5 = 17 to simpler

equivalent equations.
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3x + 5 = 17

3x + 5+ (-5) = 17 + (-5)

3x =

'45(3x) = 35 (12)

x /la 4 4 is a root of x 4

Check to show that 4 is also a root of 3x + 5 = 17

b. Have pupils try to discover whether the principles used in 2a
will be helpful in obtaining simpler equations equivalent to
3n + 4 = n + 16.

c. The discoveries of the pupils should lead to the following form:

3n + 4 = n + 16

3n + 4 + (-4) = n + 16 + (-4) Addition principle

3n n + 12 Itaiy?

3n + (n)= n + 12 + (n) Addition principle

2n = 12 lokiy?

(2n) = (12 ) Multiplication principle

n = 6 Irby?

Have pupils check to see that 6 is a root of the equation 3n + 4 n + 16
and that 6 satisfies the conditions of the given problem.

Have pupils realize that it would be perfectly correct to add n to each
member as the first step in obtaining an equivalent equation with the
variable in only one member.

B. Suggested Practice

Solve each of the following equations:

1. 9x = 3x + 18

2. 3a + 18 = 6a

3. 3n + 6 = 2n + 10

4. 2 + 5b 4b + 8

5. 2y + .5 = 2.5 + y

6. .1 + 7m = .25 + 6m
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3.7. 2x + 4 = + x

8. 3x - 4 = - 2x

9. 3x + 5 = 7x + 33

10. 2(2y - 4) =

11. 4x = 2(x - 4)

12. 27 - 4b = 15 + 3b



13. 2(x + 3) = 3(x - 2)

14. 5r - .3 = 1.8 - 2r

15. -25x = 90 + 5x

16. 1 + 3x = x + 1

17. x = 2(90 x)

18. 3(3x + 1) = 4(2x + 2)

19. t(y - 10) + 16 = it" + 12

20. 2x - 4(x + 2) = 5(x + 4)

Note: 1. When pupils show understanding of the "proof" in 2-c, the

arrangement of work may be condensed as follows:

3n + 4 = n + 16

3n = n + 12

2n = 12

n = 6
9

Check: 3(6) + 4 4-- (6) + 16

22 = 22 True

2. When using condensed form for solving an eqatuion, occasionally

have pupils state how they arrive at each equivalent equation

and the justification therefor.

II. Verbal Problems

A. Suggested Procedure

1. Solve: Nine more than twice a number is the same as six times the

number decreased by three.

Solution: Let x = the number

then, 2x + 9 = nine more than twice the number

and 6x 3 = six times the number decreased by 3

then, 2x + 9 = 6x 3

2x +12 = 6x

12 = 4x

3 sr& x The number is 3.

Check results with conditions in the problem.

If the number is 3, then nine more than twice the number is

2 x 3 + 9 or 15. This is the same as six times the number de-

creased by three, that is, 6 x.3 3 or 15.
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2. Solve: A dealer has 10 radios on sale. Some of these radios were
sold for $25 each and the remainder for $20 each. The total sales
value of the $25 radios exceeded the total sales value of the
$20 radios by $160. How many radios were sold at each price?

Solution: Let n = number of radios on sale at $25

then 10-ft= number of radios on sale at $20

25n = sales value of all radios sold at $25 each

20(10 - n) = sales value of all radios sold at $20 each

then 25n = 20 (10 - n) + 160 (equation)

25n = 200 . 20n + 160

45n = 360

n = 8 8 radios sold at $25 each

10 - n = 2 2 radios sold at $20 each

Check results with conditions of the problem.

If 8 radios sold at $25 each, their total sales value is $200.
If 2 radios sold at $20 each, their total sales value is $40.
It is true that $200 exceeds $40 by $160.

3. In the figure at the right, the length
of the rectangle is five times the
width.

If the length is decreased by 4,
and the width increased by an equal
amount, the figure becomes a square.
Find the dimensions of the rectangle.

Solution: Let x = width of the rectangle

then 5x = length of the rectangle

and,
x + 4 = the length of one side

of the square

5x - 4 m,the length of an adjacent
side of the square

Since all sides of a square are equal, we write

x + 4 = 5x - 4
Then, 8 = 4x Why?

2 = x
10 = 5x
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5x

x + 4

5x-4

Dimensions of the rectangle are:
Width = 2; Length = 10



%sato using the conditions stated in the problem.

The length, 10, of the rectangle is 5 times the width, 2.

If the length is decreased 'by 4, we have 10 4 or 6.

If the wldth is increased by 4, we have 2 4' 4 or 6.

The resulting figure is a square.

4. Ablve: A freight train starts out at 12 noon and is followed at

1 p.m. by a passenger train which goes 6 mph faster. If the

,
passenger train overtakes the freight train at 5 p.m. find the

rates of the two trains.

Solution: Let x at rate of freight train in mph

x 4'6 = rate of passenger train in mph

Have pupils organize the facts in table form:

Rate x Time Distance

in nmhi fin hours in miles

Freight_ train

6

5

4

54g

Passenger train x + i(x + 6)

Have pupils draw a distance diagrmn:

12 Noon

p.m.

5x Freight train

4(x + 61 > Passenger train

Since each train covered the same distance, we have

5x = 4(x + 6)

5x = 43c + 24 (Iitiy?)

x = 24 (Why?) The zste of the freight train is 24 mph.

x + 6 = 30 The rate of the passenger tzsin is 30 mph.

Check results with conditions in the problen.
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B. Suggested Practice

1. If I subtract 15 from six times a certain number, the result will be
three times the number. Find the number

2. Four times a certain number when increased by three is equal to three
times the number increased by five. Find the number.

3. John is naw twice as old as Peggy. Ten years ago, John was four times
as old as Peggy. What is the present age of each person?

4. Michael is 2 years older than Barry. Twelve years ago Michael was
twice as old as Barry. Find their ages.

5. Train A leaves a station at a certain speed and travels for three
hours. Train B leaves the same station one hour later, traveling
at a rate 20 mph faster but in the opposite direction, for two hours.
Upon arrival at their respective destinations, the trains have
traveled the same distance. Find the rate at which each train
has traveled.

6. Car C arrives at a destination after traveling for four hours at a
constant speed. Car D leaves two hours later, traveling at a rate
20 mph faster than Car C. How fast was each car traveling, if, at
the end of two hours, Car D is still 6 miles from the destination.

7. To angles whose sum is 900 are said to be complementary. If one
of the two complementary angles is 30 more than twice the others,
how many degrees are there in each angle?

8. George invested $500 in two parts. One part is invested at 6% and
the second part at 2%. If the interest on the part invested at 6%
exceeds the interest on the part invested at 2% by $14, find how
much money was invested at each rate(interest per year).

9. A man invested $4,2004, part at 5% and the remainder at 4%. The
annual interest on the money invested at 5% is $24 less than the
annual interest earned on the money invested at 4%. Find how much
money the man invested at each rate.

10. Mr. Jones made a mixture of 100 pounds of candies. Some of the
candy was worth 800 per pound and some was worth 600 per pound.
The value of the 800 candy in the mdxture exceeds the value of the
600 candy in the mdxture by $45. How many pounds of each kind of
candy went into the mdxture?
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U. If, in a square, one side is increased by 16, the new figure

has a length 8 inches greater than twice the side of the

original square. Find the length of a side of the original

square.

12. If, in a square, one side is increased by 6 and the adjacent

side decreased by 3, the newly formed rectangle has a length

which is 4 more than twice its width. Find the length of a

side of the original square.

13. A dealer blends 100 pounds of coffee using coffees worth 800

and 400 per pound. If the total value of the 400 coffee is

twice the total value of the 800 coffee, how many pounds of

each kind of coffee were blended in the mixture?

III. Formulas

ma: Equations containing more than one variable occur frequently

in algebra as well as in the application of mathematics to science

and business.

A. Suggested Procedure for Formulas Having Two Variables

1. If the equipment can be obtained, the teacher can have the pupils

assist in performing the following simple experiment:

Attach a series of graduated weights to a spring and measure and

record the corresponding stretches in the spring. Thus, when

there is no weight attached to it, the spring reaches a point

that we let correspond to zero. When a weight is attached, the

spring stretches, and the distance it stretches may be measured

using an appropriate vertical scale. A, table such as the follow-

ing ean be constructed:

w kweight in pounds or grams) 0 ' 1 2 4 5

8 (stretch in inches or centimeters) 0 2 4 6 8 10

Have pupils examine this data in search of a pattern. They should

be able to reach the generalization that the number of inches (8)

that the spring stretches is equal to twice the number of pounds (W)

in the weight attached to the spring. (Since different springs and

weights may be used, the coefficient may be different. However,

the relationship will always be of the first degree.) Have pupils

express this relationshir mathematically as: S = 2W

2. hose question: How does this equation differ fram those which have

been studied previously?

Elicit: This equation has two variables, one of which is expressed

in terms of the other.
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3. Have pupils suggest at random possible values for S and W.
Substitute these pairs of values to determine whether the
statement which results is true or false. Since in some
eases a false statement will result, pupils conclude that
S = 2W is like an open sentence ia that it is true for
certain selections of S and Watd not true for others. Thus,
S = 2W is true if W is 3 and S is 6, but false if W is 3 and
S is S.

4. Discuss the solution set of S = 2W. Have pupils observe that
the solution set consists of elements which are pairs of numbers
such that the value for S is always twice the value for W.

For exallple, (1,2), (2,4), (4,8) are elements of the solution
set where the first number of the pair indicates a number of
pounds and the second number indicates a number of inches.

5. Discuss the domain of W from the standpoint of meaningful
replacements for W. Guide pupils to see that it is reasonable
to limit the replacement set for Wto non-negative numbers
(positive numbers and zero). Suppose, too, the spring cannot
withstand a weight of more than 10 pounds. Then it would be
meaningless to state that the number pair (11,22) is an element
of the solution set.

6. Have pupils consider that sometimes we would like to know what
weight will produce a certain stretch. What weight must be used
to obtain a stretch of 2 inches, 3 inches, 5 inches, 8 inches?
Have them realize that we divide the given value of S by 2 to
obtain the corresponding value for W.

That is, W == 11

Guide pupils to see that in S = 2141 S is expressed in terms *If Tt4,

but in W a: 12 it is expressed in terms of S. The latter arrangement

of the formula is called the solution of the equation S = ar for

If in terms of S.

Solving an equation for one variable in terms of the other is a
convenient way of determining the value of that variable when
values of the other are given.

7. Have pupils realize that since formulas are equations, the rules
for solving equations may be applied to the solution of formulas.
In applying these rules, it may be helpful at first to have pupils
replace the variables other than the one to be solved for by any
numberals other than 0. The form of the equation then becames
recognizable. &ample: Solve p = 4s for s.

Tt p is replaced by 8, we have 8 =4s which is solved by using
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the division (or multiplication by reciprocal) principle.

Then dividing both members of p = 4s by 4: a s.

B. Suggested Practice

Solve for the variable which is underlined.

1. d = 2 (Diameter of a circle)

2. I = .06 P (Interest for 1 year at 6% on P dollars)

3. F = 6a (Force = mass times acceleration where the mass is 6)

4. PV = 6 (Boyle's P and V must be positive)

C. Suggested Procedure for Formulas with More Than 2 Variables

1. Follow the procedure suggested in IIIA and ascuss the meaning of

the variables whose possible values have limitations. For examples

a.I=PRT

R often has statutory limitations

P . discuss F.D.I.C. limitation of $150000 on deposits

T pension systems limit number of years for which interest is

paid to one who has resigned

b = .08 (Charles law)
T

Ts temperatures must be positive (measured on the absolute scale)

Ps pressures must be positive

Vs volumes must be positive

2. Solve p + 2w for w.

If we replace the other letters (p and,e) by any numerals other than

Os say by 24 and 3, we hnve 24 = 6 + 2w (a form recognizable by

the pupils).

Subtracting 2 ii(or adding the additive inverse of 2 ) from both

members: p = 2w.

both members by 2 (or multiplying by the reciprocal of 2):

2 w
2
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3. Have pupils solve in similar fashion for the underlined variable
in equations such as:

1) A =09-w (Area of a rectangle)

2) p = 2a + b (Perimeter of an isosceles triangle)

3) V = (Voltune of a cone)

4) E = R I (Ohm' s Law)

Note: When dividing by a variable, zero must be excluded fram its
domain.

D. Suggested Practice

Solve for underlined variable. Discuss the meaning of each of the variables.

1. A = bh

2. d = rt

3. I=PRT

4. p=a+b+c

5. p= 2 2w

IV. Inequalities

A. Suggested Procedure

6. A =

7* V =16.41

8. V =Trr2la

9. s = ist2

10. H = 16t2

1. Review meaning of statements of inequalities; symbols s< p > ;
open sentences expressing inequalities; order on a number line,
(See Mathematics Grade 8, Curriculum Bulletin #4, Series 1961-62,
pages 62-64, 130-140, 156-157).

2. Review graph of equation in one variable on a number line.

a. Have pupils so ve: x + 7 = 12 where the domain of x is3

11, 2, 3, 4, 5 . Solution set of x + 7 = 12 is 5 .

b. The graph of the solution set is 1 j

the point corresponding to its only 1 2 3 4 5
member, 5.

Note: The graph of the solution set is also called the graph
of the equation.

3. Have pupils graph inequalities in one variable on a number line.

a. Have them solve: x >2 where the domain of x is {1, 2, 3, 4, 5 .1.
Solution set isi 3, 4, 5 ).
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b. The graph of the inequality is the

graph of its solution set.
The graph of x>2 for the indicated
domainappears at the right.

c. Solve and graph: x<2 when the domain isisigned numbers;

the pupils should that 2 is not the solukion t.

Th e solution set is all signed numbers less than 2 !, .

The graph of this solution set is

This is also called the graph of the inequality x: (2.

Note: 1. The "open circle" at 2 indicates that 2 is not a member

of the solution set.

2. The heavy arrow extending to the left indicates the

graph extends indefinitely in that direction.

d. Hy testing various elements of the replacement set for x,

have pupils solve and then graph several inequalities such as:

3 ) x + 2 > 4

4 x + 1 <

The domain of x in each case is the set of signed numbers.

4. Have pupils learn the meaning of the symbols: " (" and "

a. Pbse problem:

To vote in New York State, one condition a citizen must meet

is that he or she must be 21 years or older. How would you

represent this condition with the use of algebraic symbols?

If a represents the number of years in the age, then

l) a =21
or Why are the two sentences needed?

2) a >21

b. If the two sentences, a = 21. or a> 21 are graphed on the same

number line, the condition for voting may be shown graphically:
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1) Sentence 1) a = 21

2) Sentence 2) a > 21

3) Cambining 1) and 2)

Then the graph of a = 21 or a >21 consists of the point
which corresponds to 21 and also all points to the right.

4) Have pupil select any number associated with any point
of the graph and check to see if this number satisfies
the condition for voting. For example, point A has the
number 42 associated with it. 42 satisfies the condition.

A

c. Tell pupils that the sentence a = 21 or a> 21 is conventional1y
written a> 21 (read "a is greater than or equal to 21").

d. Similarly, the symbol <can be used to express the following
statement: The speed limit on the New York State Thruway is
60 mph.

If s = the speed of a car in mph

1) s = 60 is legal
2) s < 60 is legal
3) Statements 1) and 2) can be combined s< 60.

Have pupils graph sentences 1), 2) and 3).

e. Suggested Ftactice

1) Express each of the following as a mathematical sentence:

a) n is greater than or equal to 5.
b) y is less than or equal to 2.

2) Suppose a represents any number in the set of integers.
Name tuo replacements for a that will make the sentence
a< 6 true.

Name one replacement that will make it false.

3) What is the meanir..g.of m< 35, where m is the greatest
number of pupils permitted in the mathowatics club?

4) 'Graph the components of m< 35 Gni= 35 or m <35), then
draw the graph of m< 35.
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5. The meaning of combined inequalities such as 2 < x < 4.

a. e graph of 2 < x is -I.
I

0 i

I

l 1 4 4 5Th

i

I I

b. The graph of x < 4 is -1 0 1 2 3 'It 5
4(

1
i I 1

1
I

1 I

c. Have pupils suggest i

I

numbers which satisfy
I I

both inequal1ties2 for
I I

example, 3, 24, 2*, etc.
I I

Have them locate these I I

numbers on a number line i I

conditions. -1 0 i-.---+-1-4---k-where x satisfies both

Then the graph of 2 < x and x< 4 consists of all the points

between the points which correspond to 2 and 4. The points
corresponding to 2 and 4 4re excluded.

d. Have pupils see that 2< x and x < 4 may be written as 2 < x < 4;

and may be read "x is greater than 2 and less than 4."

s. Suggested Practice

1) Combine 3< m and m( 8 into one expression.

2) What is the meaning of .115( y < 2? Graph the two parts of

-5 (.3r< 2. Graph 5 < y< 2.

3) Draw the graph of 0 < in (6. Discuss the values of m that

satisfy this inequality.

f. Have pupils consider the meaning of l< m <4.

71) The graph of l< m is -2 -1 0 1. 2 3 4 5 4)

2) The graph of m< 4 is 475/- mtirima-

3) The graph of l< m < 4 is

im2 -1

It consists of the points which correspond to 1 and 4 and also

all the points between these points.

g. Sweated Practice

1) What is the meaning of 3< m < 0? Draw the graph of 3 m <o.
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2) What is the meaning of 24( j <9? Draw its graph.

3) Which two sentences form, the single sentence:. -44( k 4( 4?
Draw the graphs of the individual sentences.
Draw the graph of -41( kS 4.

4) Write in mathematical symbols:

b is greater than or equal to a and less than c.

5) OPTIONAL

hhat is the meaning of each of the following inequalities?

a)I xi< + 5 (means -5 < x < + 5)

> + 5 (means x > + 5 or x -5)

Draw the graphs of each of the above.

6. Inequalities related to equations

a. Review meaning of inequality by
reference to order on the number
line. 0 1 2 3 4

4 > 1 because A is to the right
of 1 on the number line.

4> 1 means the same as 1 <4.

b. Have pupils consider 1 <4. Which is the smaller number? (1)
hhat must be added to the smaller number to make it equal to the
larger number? (3)

Therefore, 1 4. 3 = 4.

In 0 <4, what must be added to 0 to make it equal to 4?

In -3 <-2, what must be added to -3 to make it equal to ..2?

Do you think it is always possible to find a number that can be
added to the smaller number to yield a number that will be equal
to the larger number?

What can you say about the sign of that number that is added to
the smaller number in each case? (It is positive.)

c. Hays pupils consider the inequality x y. If the numbers x and
y are represented by points on the number line, then the.Point
representing y lies to the right of the one representing x.

- y
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How can wt get from x to y? (We move to the right.) This

means that y can be obtained by adding some positive number
to x, since a move to the right on the line corresponds to

the addition of a positive number.

Have pupils realize that this gives us a way of defining

the relation "greater than" and "less than" in terms of an

equation.

1) If x( y, there is a positive number 2 such that x + p =y.

2) If x >y, there is a positive number 2 such that x = y + p.

These are summarized: There is a positive number, p, which

when added to the smaller number will make it equal the

larger number.

d. Suggested Practice

1) For each pair of numbers, determine their order and find

the positive number 2 which wten added to the smaller gives

the larger:

a) -15 and -24 dc) an

b) 1 and d) -.3 and .05

2) Use a + b = c where a and b are positive numters to suggest
two true sentences involving "<, 11, relating pairs of

the numbers. (a< c; b( o).

Can we conclude that a b?

7. Principles (postulates) for operating on inequalities

a. Review with pupils the meaning of equivalent equations, i.e.,

two equations are called equivalent if they have the same

solution set.

Thus, 2x + 5 = 17 and x 6 are equivalent equations. The

latter equation is one whose solution is obvious.

b. Have pupils understand the meaning of equivalent inequalities.

1) Consider the inequality x + 54C 9. What is its solution set?

Certainly, 4 cannot be a solution, since 4 + 5 equals 9.

Nor can any number greater than 4 be a solution, since the

sum of that number and 5 would be greater than 9.

However, every number lam than 4 is a solution, since the

sum of such a nuMber and 5 is bound to be less than 9. For
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example, statements such as the following would all be
true:

1 +5<9 + 5< 9 -10 + 5 < 9

Then the solution set of x + 5 (9 is tall numbers < 4

2) Consider the x< 4. t is obvious that its
solution set is all numbers ( 4 .

3) Inequalities such as x + 5 <9 and x (4 are called
eauivalent inequalities because they have the same
solution set.

c. Recall with pupils the principles used in solving equations.
Will similar principles hold true for inequalities? Since,
is we have seen, inequalities can be related to equations,
there is good reason to explore the possibility that similar
principles will hold true.

Let us experiment to discover which, if any, will preserve
the order of inequality and result in equivalent inequalities:

1) Consider the inequality 6( 18
Adding 5 to each number 6 + 54; 18 + 5 true

Again, 6 < 18
subtracting 5 (adding -5) 6 - 54: 18 - 5 true

These two cases can be illustrated by two men walking along
a number line, carrying a 12 unit ladder, one man at each
end. If they move 5 units in either direction, they will
still be 12 units apart. The man originally to the right
will still be to the right. The order or the sense of
the inequality is preserved.

It appears then that: If the same number is addedto or
subtracted tram both members of an inequality, the
resulting inequality has the same order as the original.

2) Now examine the inequalities: x + 5 <9 and 2: <, 4

1111% have already seen these are equivalent. If we add -5
to both sides of the first, we get the second. Atter
examining many such illustrations, it appears that the
following principle holds for inequalities:

Adding (or subtracting) any number (or polynomial) to both
sides of an inequality results in an equivalent inequality,
with the order preserved. This is called the Addition
PrinciAl of Inequalities.
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3) Consider the inequtility 64( 18

Multiplying by 2, 12( 36 true

Again, 6 ( 18
Multiplying by -2, -12 ? -36

Since -12 is greater
than -36 -12 ))-36

In the last illustration, what has happened to the order cif

the original inequality? Is this an accident? Try some

more.

It seems reasonable to conclude that:

a) If both members of an inequality are multiplied by the

same positive number, the resulting inequality has the

same order as the original.

b) If both members of an inequality are multiplied by the

same negative number, the order is reversed.

Similar experimentation wdth division leads to the conclusion

that:

c) If both members of an inequality are divided by the same

positive number, the resulting inequality has the same

order as the original.

d) If both members of an inequality are divided by the

same negative number, the order will be reversed.

e) What happens when both sides of an inequality are multiplied

by 0? (The inequality becomes an equality: 2 K. 7; 2 x 0 = 7 x 0)

4) Consider the inequalities: 3x< 9 and x4:3

By procedures similar to 7.b l).3), these can be shown to be

equivalent. If we multiply each side of the first inequality

byls we gat the second. Ekamination of many such illustra.

3"tions makes it appear that the following principle holds for

inequalities:

Multiplying (or dividing).both sides of an inequality by the

same positive number results in an equivalent inequality with

the order preserved.

Multiplying(or dividing) both sides of an inequality by the

same negative number results in an equivalent inequality with

the order reversed.

This is called the Multiplication Principle of Inequalities.

-131-

^



a. (OPTIONAL)

The approach used in 7 is designed to have pupils suggest propositions

which appear to be reasonable. These propositions can be proved as

illustrated below.

This proof is recommended for enrichment only.

Proposition: If x( y, then for any signed number b, x + b < y + b.

Proof: 1) x( y

2) x + n = y

3)x+n+b=y+b
4) (x + b) +n=y+ b

5) x + b< y + b

1) Given

2) Definition of x y, where n is

positive
3) Addition principle for equations

4) Associative principle, Commutative
principle

5) Definition of Inequality

9. Solution of open sentences involving inequalities

a. Have pupils give the solution of inequalities in one variable when

the variable alone is on one side of the inequality sign. For

example, (the domain is the set of signed numbers in each case)

x 4 3 ( 1> n

They will realize the solutions are obvious in the case where the

variable alone is on one side of the inequality sign.

b. Have them use the principles to solve inequalities such as

1) y + 2 >5

y + 2 + (.2) >5 + (-2) Why?

Y > 3 The solution set is (all numbers >3,1.

) -3x< 15

-21(-3x) )-21(15)3 3

x -5

B. Suggested Ftactice

1. Solve and graph

a. b 3 >7

d. 84C d 6

WIXT?

The solution set istail numbers 2

b. d + 4 ( 15

e. 5 > 1 Y
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g. 3d< 9

j. -2b >-6

in. 4a - 1 >1

p. y - 2 < -8

h. -14r > e

k -4y < -8

n. 2r < r + 4

q. 3b 4 < b - 2

i. -2b >

1. .1r > -6

o. 5 + )0

r. 8 - 2y > 16 - by

2. Verbal expressions involving inequalities. Use mathematical gymbols
to indicate these quantitative situations. Indicate what the
variable represents.

a, Applicants for a certain job must be (a) more than 21 years of
age: (b) at least 21 years of age.

(a) m > 21 (b) m )0 21 where. m I= number of years

in age.

b. The speed limits on this highway are: minimum 30 mph and maximum
60 mph (30 (s < 60)

C. It takes me fram 15 minutes to hour
4homewrok.

(15 < ra 45 or t <:t

d* The sum of two sides of a triangle is greater than the third
side. If two sides are 10 and 15, write an inequality describing
the third side.
(m 4 10 + 15)

(exclusive) to do my

3. Verbal problems involving inequalities

a. Assume 120 pounds as an average weight per pupil. If we are
told that the total weight of pupils in the elevator of a
building at one time must be less than 2400 pounds, what
is the largest number of pupils permitted in the elevator
at one time?

Solution: Let n = the largest number
Then
120 n< 2400

n < 20

The domain of the variable is the set of positive integers.
Since n must be an integer, the answer is 19 pupils.

b. The post office requires that the length and girth of a
package, under certain conditions, must not exceed 72 inches.
If the girth is 40m, find the number of inches that the length
may be.
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Solution: Let n = the number of inches in the length

Then 40 4. 214 72 or

n< 32

The length may be mz positive number less than or equal to
32 inches: since the problem implies that the replacement
set for the variable must be a positive number.

Itleg The solution set may have an infinite number of elements
as in example b: or it may have one element as in example a,
or it may conceivably have two or more: or even no elements.

c. Betty and Alice were collecting money in a fund-raising
campaign. At present they have collected less than $15.
Alice said she had collected twice as much as Betty. How
much had Betty collected?

Solution: Let b =g the number of collars Betty had collected
Then 2k.= the number of dollars Alice had collected

313( 15
b< 5

Betty collected an amount less than $5. We cannot tell how
much Betty collected until we have more information. We
can only state one fact: that it is an amount less than $5.
If the question. were: "What is the largest amount Betty
might have collected?" we could definitely say $4.994

d. For enrichment only:

A trip will be arranged for a minimum of 10 pupils in a group
and a maximum of 30 pupils in a group.

How many groups night have to be scheduled when 65 pupils appkv?

Some pupils may discover the solution: Any number between
2 and 7, where the domain of the variable is the set of
positive integers 2 < x < 7.



CHAPTER VII

SYSTEMS OF EQUATIONS AND GRAPHS

This section contains suggested procedures for the teacher
to help pupils develop the following understandings and skills:

1. Graphing a linear equation
2. Graphing an inequality
3. Solving systems of equations by maans of a graph
4. The algebraic solution of systems of equations
5. Application to problems
6. Graphing systems of inequalities

I. Open Sentence in TWo Vhriables

A. Suggested Procedure

1. Have pupils learn that solutions of sentences in two variables
are number pairs.

Pose problem: Pupils of the Longview High School sold tickets
for a music festival and collected $50 in the first two days.
Pqpil tickets were sold at $1 each, and adult tickets at $2

)each. How many of each kind were sold?

Guide pupils to describe the above problem as an open sentence
in two variables as follows:

If x = number of pupil tickets
y = number of adult tickets

then x + 2y = 50

What are some possible values of x? {0,

What are some possible values of y? {0,

1, 2, 01111, 50)

1, 0/1)., 25)

Have pupils try various replacements for 1:and y.

4 23 4 + 2(23) = 50
6 22 6 + 2(22) = 50

22 6 22 + 2(6) = 50
10 20 10 + 2(20) = 50
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a. Pupils will realize that whereas a solution of an
open sentence in one variable is a number, a solution
of an open sentence in two variables is a number pair.
Thus, some possible solutions to the problem are
4 pupil tickets and 23 adult tickets, or 6 pupil
tickets and 22 adult tickets, or 10 pupil tickets
and 20 adult tickets.

b. Tell pupils that number pairs such as 4 (the replacement
for x) and 23 (the replacement for y) are conventional4
written (4, 23).

c. Have pupils see that if we agree that the value of x is
to be given first, then the pair (4, 23) makes the sen-
tence x + 2y = 50 true, but the pair (23, 4) makes it
false.

d. Tell pupils that a pair of numbers in which the order
is important is called an ordered number Pair.

e. An ordered pair of nuMbere which makes an open sentence
true is called a solution of the open sentence. The
solution set of an open sentence in two variables is the
set of all solutions of the sentence.

2 After several problems in whidh pupils find the solution
set of an open sentence in two variables by trying various
replacements for each variable, guide them to realize that
this is time-consuming and that a more efficient msthod is
needed. Help pupils find the solution set of an open
sentence in two variables as follows:

Find the solution set of 2x + y = 8 when replacement
set for both x and y is 0, 1, 2, 3, 4

a. Change 2x + y = 8 into an equivalent equation with y
alone as one member:

y =8 - 2x (Addition principle of equations)

b. Replace x by each element of its replacement set, in .

turn, and determine the corresponding value of y.

8 2x
0 8 2 0 8
1 8 2(1) 6
2 8 2(2) 4
3 8 - 2(3) 2
4 8 - 2(4) 0
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c. Observe which values of y in the above table are members

of the replacement set for y. These are 0, 2, 4. Then

the ordered pairs (2,4), (3,2), (4,0) are the solutions of

the open sentence 2x4f y 8. The solution set is

(2,4), (3,2), (4,0)1.

d. Have pupils realize the solution set may contain
number of number pairs. For example, when the re

for x and y are the signed numbers, the solution
equation 2x + y = 8 contains an unlimited number
number pairs.

an unlimited
placements
set of the
of ordered

Note: If the open sentence contains variables other than xand
y as, for example, a and b, the replacement for a is usually

given first in the ordered number pair representing a solution.

That is to say, the first number of the ordered pair is the

replacement for the variable which is first in alphabetical

order.

3. Have pupils find the solution set of an inequality in two variables

as follows:

a. Pbse problem: The pupils in Miss Andrew's class decided to sell

boxes of candy to raise money for some library equipment. Bach

pupil was asked to take as many boxes as he thought he could

sell. Bob took 2 boxes, and Harry took 6. If, together, they

sold more than 5 boxes, how many did each sell?

Guide pupils to describe this problem as an open sentence in

two variables as follows:

If x =number of candy boxes Bob sold
y =number of candy boxes Harry sold

then x + y 5

Elicit that the replaceme set for x is01, 11 2 snd the

ft
replacement set for y is C 1, 2, 3, 4, 5, 6

I
.

b. Have pupils change x +y ). 5 into an equivalent inequality

with y alone as one member:

3r> 5 -x (Addition principle of inequality)

c. Have pupils replace x by each element of its replacement set,

in turn, and determine the corresponding value of y.
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0
1
2

5 - x

5 - 0
5 - 1
5 - 2

5 x

> 5
> 4

7> 3

6
5,6
4,5,6

d. Have pupils see that the solutions of the open sentence are
the ordered nuMber pairs:

(0,6), (1,5), (1,6), (2,4), (2,5), (2,6)

and the solution set is

t (0,6), (1,5), (1,6), (2,4), (2,5), (2,6)1

e. Have pupils check each element of the solution set against

the problem situation.

Mis An equation (or inequality) containing three variables
has a solution set consisting of ordered triples, etc.
Whereas there is no limit to the number of variables an
equation (or inequality) may have, the work of this course

will, in general, be confined to open sentences with no

more than two variables.

B. Suggested Practice

1. If the replacement set of each variable is the set of signed
numbers, tell whether the given ordered pair of numbers is a
solution of the open sentence.

x + y = 3; (24) Yes, because 2 + 1 aza 3

3x + y az 6; (1,3)

a +4b ai 9; (3,2) No, because 3 + 4(2) & 9

2x -2y 140; (2,-3)

2ut +3n 2; (1214)

- y >2; (2,1)

a +3b < 7; (1,3)

.2. Change each open sentence into an equivalent one which has

alone as one member; x alone as one member:

3x + y III 8

y. au 12

5x - y 0

ex -, 4
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3. Find the solution set of the sentences.

Th e replaceme4 set for x is -3, 0, 3 and the replacement
set for y is signed numbers .

y X +
y als 3 - x

2x + y = 6
+5x MI 9
.40C am a

5x -2y =10
2x +3y =24

4. Find the solution set. In each case the replacement set for

x is indicated first, and then the replacement set for y.

(1.4}
{0

6 - us 2x

x + = 10 -

2 - x = 5y + 3.40,5S

y + 1 > 3x t 0,11

integers

integers

tsigned numbers

signed numbers

signed numbers

t 0, 4, 5}

+ > 9 1,2,4,6 t 3, 5, 73

y < 2x + 1 t-2,4,01 t -8, -5, 0 3

5. Describe each of the following word problems 'as an open
sentence with two variables. Mire re;11ement sets and

solution sets for each. ;

a. If peanuts cost 50# per pound and cashews cost 75# rier

pound, hoW many poundsof each can be purchased for $5?

b. A storekeeper has $200 to spend for sweaters and blouses.

If sweaters cost $4 each and blouies cost $2 each, how

many of each can he buy?

c. I =thinking of two positive integers. If the second

nuMber is added to twice the first number, the result is

always less than 11. Find the numbers.

II. Coordinates in a Plane

A. Suggested Procedure

1. Review with pupils the graphing of the solution sets of the
following open sentences in one variable on a number line.
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x+4= 9

x-3= 5

2x + 5 am 13

x= 7

x > 5

x-2<16

x< 4

2x-x> 9

2. Elicit that a solution of an open sentence in two variables is
an ordered pair of numbers.

3. Guide pupils to an understanding of how an ordered pair of numbers
may be associated with a pointin a number plane as follows:

a. Have pupils examine a map of an imaginary town such as the
following:

N.2nd Av

N.lst ANN-

Broadway

3.1st Av\

S.2nd Ay

411

0,..

.,-..11..

-
11. OF

We to teacher: If preferred, pupils may devise a map
using local streets and places of interest.

Have pupils observe that the streets and avenues cross
at right angles. Have them suggest the directions that
nmst be given to find the following places in the town,
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using the intersection of Main Street and Broadway as a
reference or starting point:

A. Art &mum
(2 blocks east and then
north)

B. Bayview High School
C. City Hall
EL Dan's Supermarket

E. Eastern &S. Office
3 blocks F. Fairmont Hospital

G. General Post Office
H. Hall of Records

Elicit the number of directives (2) that must be given to

find each place. Have pupils consider what is implied when

only one directive is given.

b. Guide pupils to see that Akin Street and Broadway may be

thought of as a pair of number lines which intersect at right

angles. The point utere the two number lines meet is called

the oriakn.

4
G

4

NON.-

2

3.

2

DO

41. 45-

41, 4 se
B
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Have pupils give instructions for finding the Art
Museum (start at the origin, go two blocks east, then
three blocks north). Elicit a method of recording
these instructions very briefly using signed numbers.
We write "two blocks east" as +2, *three blocks north"
as 49, and enclose them in parentheses (+2,45).

Have pupils note that this is an ordered number noir
which will locate the Art Museum correctly if the first
number, 42, is used as an east-west directive, and the
second number, 43, is used as a north-south directive.
Have pupils try locating the Art Museum when the order
of the numbers is reversed. Elicit that if we agree
that the first number is always to be an east=west direc-
tive, and the second number a north-south directive, then
each point on the map is associated with one, and caly
one, number pair.

c. Have pupils state the number ;air that describes the
location of

DanIs Supermarket City Hall
General Post Office Fairmont Hospital, etc.

d. Have pupils see that although the nuMber pair (5,-1)
carries the directives "5 blocks east, then 1 block
south," it makes no difference in what order we carry
out the directives. That is, (5,-1) can be located
just as well by the directives "1 block south, then
5 blocks east." We mmst remember, however, that the
first number of the ordered pair is an east-west nuMber,
and the second, a north-south number.

e. Have pupils realize that by means of two number lines
drawn at right angles to each other, we can associate
points in a plane with ordered number pairs.

1) Have pupils consider the follming:

Suppose P is a point in a plane that is not on a
nuniber line drawn in the plane.

-4 -3 0 +1 42 +3 +4
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Have them note that P is directly above (or below)

some point of the number line.

Haw can we find what point on the number line P is

directly above? (Draw a line through P perpendicular

to the number line.)

In the above diagram, P is directly above the point

on the number line which corresponds to the number 2.

Which other points in the plane are directly above

this same point on the number line? (all other points

on the perpendicular)

How can we distinguish the position of P from that

of all these other points?

2) Have pupils see that we can solve this problem by drawing

a second number line at right angles to the first in such

a way that their zero points coincide.

Have them note that P is dire-.44 to the right (ar left)

of some point on this second number line.

How can we find what point on the second number line P

is directly to the right of? (Draw a line through P

perpendicular to the vertical number line.) In the

foregoing diagram, P is directly to the rigAt of the

point which corresponds to the number 1 on the vertical

number line.

3) Have pupils realize that point P, which is, two units to

the right of the vertical line, and one unit above the

horizontal line, may be represented by the ordered number

pair (2,1). The two numbers in a pair assigned to a point
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are called the coordinates of the point. The first
coordinate gives the directed distance of a point from
the vertical number line, and the second coordinate
gives the directed distance from the horizontal number
line.

f. Have pupils state the coordinates of points A, B, C, DI
F, G, H on the map (see page 7 . Point H has a first
coordinate of 43 and a second coordinate of 0). Have pupils
describe the coordinates of several points on the horizontal
WO number line, on the vertical (N-S) number line. Elicit
which of the points A, B, H have the same first coordinate;
the same second coordinate.

g. Tell pupils that this system of assigning ordered number pairs
to points in a number plane is called a cartesian coordinate
system in honor of the 17th century French mathematician,
Rene Descartes, who devised the system.

h. Tell pupils that the symbol "x" is used for the first
coordinate and the Aymbol "y" for the second coordinate of
a variable point in a plane. The horizontal number line is
called the x-axis and the vertical number line the y-axis
of the cartesian coordinate system. The point of intei%-
section of the axes is called the origin. The first number
in each ordered pair is called the x-coordinate or abscisea;,i
the second number,the y-coordinate or ordinate of the corres-
ponding point. The coordinates of the origin are (0,0).

i. Have pupils note that just as folding a piece of paper length-
wise down the middle, and then horizontally across the middle
divides the paper into four parts, so the x-axis and y-axis
divide the number plane into four parts. Each part is called
a Quadrant, and the quadrants are numbered counterclockwise,
from I to IV, starting with the upper right quadrant, as
indicated in the figure.

Quadrant II

(-2,1)

1

Quadrant III
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j. Have pupils see that a coordinate system enables us to find

a particular point in a plane which corresponds to an ordered

pair of numbers. The point is called the gamshof the ordered

pair. To locate the graph of the ordered pair (-2,1), we

visualize a vertical line through the graph of(-2,0) (a point

on the xp.axis) and a horizontal line through the graph of (0,1)

(a point on the y-axis). The point of intersection of these

lines is the graph of (.2,1). Locating the point and marking

it with a dot is called "plotting" the point.. Several points

are plotted in the figure above.

B. Suggested Practice

1. Name the quadrant containing the points Aviv coordinates are:

(2,3), (4,-2), (-9,3), (-4,-5), (i,1), (1.r.t)

2. Name the quadrants in which the points described telow are located:

the abscissa is 5 (Quadrants 1 and 4) the abscissa is -1

the ordinate is 7 (Quadrants 1 and 2) the ordinate is -8

3. Graph eadh of the ordered number pairs:

a. (1,4) c. (-3,3) e. (0,0) g. (44,3)
b. (2,0) d. f (7ii) h. (0,-2)

4. Plot each of the points:

B1(5,-1), C(5,2) D(-3,2)

Connect the points A4 B, Cs, D, A in order. %bat is the perimeter

of the resulting figure? Nhat is its area?

5. Plot each of the points:

A(0,0) B(4,4) c(ose)

Join the points A,B,C,A, in order, and find the area of the

resulting figure.

6. The following are three vertices of a rectangle. Find the fourth

vertex.

(3,2)

7. Determine, by graphing, whether the points (.1,1), (3,-3)

lie on a straight line. If so, find the coordinates of three other

points on this line.

8. How would you describe the location of a point if

a. its abscissa is negative?
b. its ordinate is positive?
c. its abscissa is positive and its ordinate is negative?

d. its abscissa is negative and its ordinate is positive?



9. Describe the coordinates of a point if

a. the point is in Quadrant I

b. the point is in Quadrant II
c. the point is in Quadrant III
d. the point is in Quadrant IV
e. the point lies on the y-axis between Quadrant I and Quadrant II

f. the point lies on the x-exis between Quadrant II and Quadrant III

10. What is the abscissa of every point on the y-axis?
What is the ordinate of every point on the x-axis?

III. The Graph of a Linear Equation in TWo Variables

A. Suggested Procedure

1. Review the use of the number line to graph an equation in one variable.

(The domain of the variable is the set of signed numbers.)

x at 3 x + 1 = 5 4x = 2x + 4 2x*+ 4 = x - 2

a. Have pupils recall that the graph of an equation in crie variable is

the graph of its solution set.

b. Elicit that the graph of each of the above equations is a unique

point on the number line.

2. Pose question: Consider the equation in two variables x 4.y =: 3. What

would its graph look like on the coordinate plane?

a. Review the understanding that, with the value of x given first, an

ordered pair of numbers which makes the sentence.true is called a

solution of the open sentence. Thus, the ordered pair (1,2) is a

solution of x + y =3, but the ordered pair (2,5) is not.

b. Have pupils understand that we also speak of the coordinates of a

point as making a sentence true (or false) if, when the coordinates

are substituted appropriately, the sentence becomes true (or false).

c. Guide pupils to realize that the graph of the sentence y = x + 2,

for example, is the set of all points on the plane whose coordinates

make the sentence true. That is to say, tat ra h of aiiiisentenc
in two variables is the mph of its solution set.

3. Have pupils learn how to use the coOrdinate plane to graph simple
equations in two variables.

a. Roview method of finding solutions of an open sentence in two
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variables, e.g., finding solutions of x + y = 3. (The

replacement set for both x and y is the .set of signed

numbers.)

1) Change x + y = 3 into an equivalent equation which

expresses y in tenns of x: y = 3 - x.

2) Make any signed number replacements for x and calculate

the corresponding values of y.

3 - x
-2 3 - (-2)

-1. 3 - (-1)
0 3 - (0)

3. 3 - (1)
2 3 . (2)

5
4
3
2
1

(-2,5), (-1,4), (0,3), (1,2), (2,1) are some solutions

of the equation.

Although we cannot find all the solutions, we would

like to know what picture their graph presents.

b. Have pupils plot the points which correspond to the solutions

of x + y = 3 determined above.

6
6Y

5

4

2

3.

0
4=0

-1

-2

-3

5

1

0

-3-

Have pupils note that all the points plotted appear to lie

on a straight line. Have them draw the line.

c. Have pupils choose several other points (some, fairly

close together) that lie on the line, e.g the points

2 2) ( 21) 42.)
4 4 2' 2
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Have them note that the coordinates of these points are
solutions of the equation x + y = 3. Have them test a point
such as midway between two points on the graph to
see whether the number pair is a solution of x + y = 3 .
They find that it is.

d. Have pupils pick several points that are not on the line,
e.g., (4,1), For each such point have them test
the coordinates to see whether they are solutions of the
equation x + y = 3 . They are not. Mat that this line
appears to be the set of all those points and only those
mints whose coordinates satisfy the equation. Tell pupils
that this is actually so, although we are not ready at this
stage to prove it mathematically.

Notg: At present, pupils' knowledge is limited to the set of
rational numbers. The continuity of a line, however, implies
the existence of the real number system, including irrational
ntumbers, as well as rationale.

e. Tell pupils that the line is called the granh of the 'equation
x + y = 3. The open sentence x + y = 3 is called an equation
of the line.

Note: Each line has many equivalent equations:

2x + 2y = 6, -3x .3y = ..9, + 3. are all equations of the

line in the figure. It shoild ilso2be emphasized that the
drawings are incomplete pictures. The line should extend
indefinitely in both directions.

f. Tell pupils that an equation, such as those we have been
considering, of the form ax + by = el where a and b are not
both 0, is called a linear eouation. Its graph is a straight
line.

4. Have pupils organize work in graphing a linear equation in two
variables.

a. One convenient procedure is as follows:

Graph the equation x y = -3

1) Change x y = -3 into an equivalent equation which expresses
y in terms of x (or x in terms of y).

y = 3 + x
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2) Make several replacements for x and calculate y.

+ x

-.2 3 + 1

0 3 + 0 3
3 3 + 3 6

5 3 + 5 a

1

(,221), (0,3), (3,6), (5,8) are some solutions of the equation.

3) On graph paper, draw a pair of coordinate axes and plot the

number pairs in2). Note that they seem to lie on a straight

line. Draw the line.

b. Discuss with pupils the number of ordered pairs needed to draw

the graph of a linear equation. Whereas on17 two points are

required to determine a line, using three or four number pairs

may help reveal an error in computation.

Mokl: TO avoid having pupils think that the graphs of all

equations are straight lines, have them try to graph

yam, x2 for x: wi 0, 1, 2, 3.

5. Guide impils to realize that the graph of an equation of the form

y b (xam a) is a line parallel to the xi-axis (y-axis).

a. Have pupils consider the open sentence y 8= 4. This nay be

written as an open sentence in ttsx variables, as follows:

02c + y 3= 4

Some of the solutions of this equation are (0,4), (-1,4), (2,4),

(.4,4), etc. Each member of the solution set is of the form

(x,4) where the replacement for x may be any signed number.

b. Have pupils represent several solutions as points in the coordinate

gane. They observe that each point has an ordinate of 4, no

matter what the abscissa is.

7 ym4

(.-2,4)(-.1,4 (0,4)(224)
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Have pupils note that the graph of y a' 4 is a line parallel
to the :cp.-axis. The ordinate of every point on the line is 4.

c. In a similar manner, guide pupils to realize that the graph

of x: Is 2 can be obtained by considering it as an open sentence

of the form x 4. Ory 2. Each member of the solution set is

of the form (2a). The graph of x: um 2 is a line parallel to

the y-axis. The abscissa of every point on the line is 2.

B. Suggested Practice

1. In each of the following equations, solve for y in terms of 214

for x in tem of y,

x + 7 223 a
x y = 4
2x + y = 10

x 2y
y + x =

4

2,, Tell whether the given point is en

y + x si 2 (101)

x +2y = 5 (1,4)
3r-2x-9 (4,1)

3x + y = lk (M)
4x +2y = 0 (-1,2)

5 (4,-3)
2

ximi 4 (425)

= 2x (0,0)

the graph of the equation.

Yes because 1 + 1 = 2

No, because 1 - 8 pi 9

3.. Describe in words, using terms abscissa and ordinate, the rola-

tionship expressed between x and y in the following equations.

a. y z (the ordinate equals the abscissa)

0. y
3

d. y = 3x 4. 1

e. 7 - x = 2

f. X = X
3

x + = 0

4. Write each of the following as an open sentence:

a. the ordinate le three times the abscissa

b. the ordinate is equal to 3 !pore than the abscissa

0. the abscissa is one half the ordinate

d. the sum of twice the etaCiasa and three times the ordinate equals 5.
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5. Graph each of the follawing equations:

a. y = 2x
b. x + y = 6
c. y = x - 3
d. y = 5
e. y = 0 Itat is the usual

name of this line?

f. 22. = x
g. 2y + 4x = 8
h. y = -xi.y=3x+l
j. x = -2
k. x = 0 What is the usual

name of this line?

6. Tell, without drawing the graph, which of the following eqtations
have graphs which pass through the origin:

a. y = x Solution: Since (0,0), the coordinates of the origin,
satisfies y = x, then the graph of y = x

contains the origin.

b. y = 4x
c. x + y = 10

d. 3y = x

e. y = 6

g. x - 3y = 8
h. x + y =

7. what are the coordinates of the point at which the graph of each

of the following equations crosses:

a. the x-axis b. the y-axis

1) x - y = 6 Solution: The ordinate of every point on the
x-axis is 0. Then if we assign
the value 0 to y in x - y = 6, we
obtain x = 6. Then x - y 6 crosses

the x-axis at (6,0).

2) x -23r = 4
3) 3y + 4x = 12
4) x - y = 21
5) y = 2x

8. Tell, without drawing the graph, whether the graphs of the follow-

ing equations cross the y-axis above, through, or below the origin.

a. x + 2y = 4 Solution: The abscissa of every point on the y-axis

is 0. Then if we assign the value 0 to x

in x + 2y = 4, we obtain 2y = or y 2.

The graph of x + 2y = 4 crosses the y-axis

at (0,2) which is above the origin.

b. y =
C. x y = 14
d. y = -2
e. y = +7
f. 2x + 2y = 0
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IV. Graphing an Inequality

A. Suggested Procedure

1. Review the use of the number line to graph an inequality in
one variable (the domain of x is the set of signed numbers):

x 2
x > 5

x < 3
x + 1 > 4

a. Have pupils recall that the graph of an inequality is the
graph of its solution set.

b. Elicit that, depending on the domain of the variable, the
graph of an inequality in one variable is represented by
one or more points on the number line.

2. Pose question: Consider an inequality in two variables, such as

y > x + 1. What would its graph look like on the number plane?

3. Have pupils learn how to use the coordinate plane to graph
simple inequalities in two variables.

a. Have them draw the graph of the related equality y = x + 1.
The graph is made by finding several sample ordered pairs
and plotting theta on the coordinate plane. The points
corresponding to the ordered pairs lie on a straight line.
Elicit that all the points on the line, and only these,
satisfy the equation y = x + 1. The line divides the
number plane into two half-planes.

b. Discuss with pupils how we can graph the inequality y > x + 1.
Can we find all the ordered pairs that satisfy the inequality
and plot them on a coordinate plane? Will sample ordered
pairs satisfying the inequality help us determine the com-
plete graph?

c. Have pupils choose some sample ordered pairs satisfying the
inequality y > x + 1, as, for example,

(0,3) (-1,4) (-30-1) (-2,1)

Have them plot these sample ordered pairs on the same coordinate
system that was used to graph the equation y x + 1.
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Have pupils note that all the sample ordered pairs which

satisfy the inequality y > x + 1 are associated with points
in the region of the coordinate plane "above" the line.

Have them test other points above the line, as for example,
the point corresponding to (1,4). Substituting this ordered

pair in the open sentence 7> x + is we obtain 4 > 1 + 1)

which is a true statement.

Have them observe that any point between (1,4) (which is

above the line), and (1,2) (which is on the line), has

coordinates which satisfy the inequality, e.g.,

(1,3) 3 > 1 + 3, true statement
(1,21) 2 i > 1 + 1 true statement
(1,2) 4 > 1 + 1 true statement

etc.

Have pupils test points on the line, e.g.,

(1,2) 2 > 1 + 3. false statement

Elicit that points on the line satisfy the squatty y x + 1$

but do not satisfy the inequality.

Have Mils test Poi441 belVW the lino

(1,11) l > 1 + 1 false statement
(1,1) 1 > 1 + 1 false statement
(1,0) 0 > 1 + 1 false statement

Guide pupils to see that whereas the points above the line
satisfy the inequality y ) x + 1, those on the line, and those
below the line, do not,

d. To have pupils conoluds that the grafil of y > x + 1 is a region
composed of the set of all points that lie above the line

y 11= x + 1, pose following questions:

Choose aiv point on the line y x + 1. *at is its abscissa?

What is its ordinate? What is the relationship between the

ordinate and the abscissa for points on the line? (The ordinate
equals the abscissa increased by 1$ i.e., y x + 1.)
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Consider the set of points which have the same abscissa as
the chosen point, but utose ordinates are greater than the
oniinates of that point. Where are these points located?
(above the line) What is the relationship between the
ordinate and the abscissa of each point in this set. (The

ordinate is greater than the abscissa increased by 1, i.e.,
y> x + 1.)

Pose similar questions for the set of points which have the
same abscissa as the chosen point on the line, but whose
ordinates are less than the ordinate of that point.

Have pupils realize that the graphs of y > x + 1 is a region
composed of the set of all points that lie above the line
y = x + 1. It can be represented by shading the region as

.<

1 ,.)/

y>x + 1

+1
1

Have pupils understand that the shaded portion representing
y > x + 1 does not include the line y + 1. The line
serves as a boundary for the region and is shown as a dashed
line to indicate it is not included.

If the graph is that of a comtdned equation and inequality,
e.g., y x + 1, then the points of the line y = + 1 are in-.

cluded with the points representing y > x + 1. In such a case,
a solid line is used to represent y = x + 1 and indicates that
the shaded portion actually includes the boundary line.

e. In a similar manner have pupils choose sample ordered pairs which

satisfy the inequality y < x + 1 and plot them on the coordinate
plane. Guide them to see, using procedures analogous to IV-2-a-c,
that the graph of this inequality is a region composed of the
sets of all points that lie below the line y = x + 1.

f. Review with pupils that because two points determine a line, we
need only two number pairs which satisfy a linear equation to
determine the graph of the equation. (Three or four pairs are
generally used as a precaution against error.) How many sample
ordered pairs do we need to determine the region of the graph
of an inequality?
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Guide pupils to see that plotting one sample ordered pair
which satisfies the inequality is sufficient to determine
the region of the graph of the inequality. This is so
because all ordered pairs which satisfy the inequality,
and only these, represent points on the same side of the
line which is the graph of the related equality. However,

it is advisable to use a second sample ordered pair as a
check.

g. By using procedures similar to III-A-6, have pupils realize
that the graph of an inequality of the form y > b(y < b)
is the half-plane above (below) the line y = b; the graph
of an inequality of the form x: > a(x < a) is the half-plane
to the right (left) of the line x = a.

4. Have pupils summarize the procedures in graphing an inequality

in two variables, as follows:

a. Replace the inequality symbol ( < or > ) with an equalitly
symbol and then graph the resulting equation. Represent

the line as a series of dashes.

b. Choose two sample ordered pairs (one as a check) which
satisfy the inequality. Plot these ordered pairs as points

in the coordinate plane. Note on which side of the line the

two points lie. The graph of the inequality is the half-
plane lying on that side of the graphed line. Shade this

region.

c. In graphing a combined equation and inequality ( or 2 ),
the graph is a half-plane and the boundary line (drawn as a

solid line).

B. Suggested Practice

Graph the following inequalities:

1. x 4'y < 5

Solution

a. Transform the inequality into an equivalent inequality having

y as one member.

y < 5 - x
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b. Graph y = 5 - x and show it as a dashed line.

\

I

No

c. Choose two sample ordered pairs, e.g., (1,3) and (0,1)
which satisfy the inequality. Plot these as points on the
coordinate plane. Note on which side of the line they lie.

d. Shade the half-plane on this side of the line. The shaded
region is the graph of the inequality x 4.y < 5.

2. y >2x - 3 6. 2x + y > 3

x > 3y 7. x 3y

4. y < 5x 8. y k 2x - 3

5. x: < y + 8 9.y.5x
V. Neaning of Systems of Equations

A. Suggested Procedure

1. Neaning of systems of linear equations

Have pupils understand the meaning of systems of linear equations.

a. Pose problem: The sum of two numbers is 12. What are the
numbers?

Have pupils describe this condition as an open sentence in
two variables.

Let x = one number
y = other number

Then
x+y = 1.2
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b. Elicit that there are infinitely many pairs of numbers in the

solution set of the sentence x 4.y = 12. For a unique answer,

a second condition mmst be imposed upon the numbers.

c. Add a second condition (for example, the differefice of the two

numbers is 4). The problem now reads: the sum of two numbers

is 12; their difference is 4. What are the numbers?

Have pupils describe each condition of the problem as an open

sentence in two variables:

x + y = 12
x y 4

d. Elicit that there are infinitely many number pairs in the solution

sets of each of the above sentences.

Some of the number pairs in the solution set of x + y = 12 are:

(1,11), (4,8), (8,4), (6,6), (-2,14), (19,-7).

Some of the number pairs in the solution set of x - y = 4 are:

(9,5), (10,6), (8,4), (-12,-16), (-22-6).

e. Have pupils note, by considering these ordered pairs, that (8,4)

is in both sets. We have "solved" the problem of finding a pair

of numbers that satisfies both conditions.

Note: It is not apparent from stulying the solution sets above

whether this is the only pair common to both sets. However, in

this particular example it is.

f. Tell Flpils that when the conditions of a problem are expressed

by two linear equations, and these conditions must hold simul-

taneously, the set of equations is called a system of linear

equations. To solve such a system': i.e., to find its solution

set, we want to find the set of ordered number pairs, each of

which is a solution of both equations.

2. Have pupils realize that for certain systems of linear equations

it is possible to find the solution set with very little work.

a. Find the solution set of the following system:

x = 2

= 5

The only replacements that meke both equations true are 2 for x

and 5 for ;y. Then, ii2,5)1 is the solution set of the Aystem.

This is a one-element et.
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b. Solve the following system of linear equations:

x + y = 3
y = 1

The only replacement for y that makes the second equation true
is 1. Then the only replacement for y that can make both equa-
tions true is 1. Replacing y by 1 in the first equation, we
have x + 1 =3, which is an equation in one variable.

Solving, tc= 2. Then if y is to be replaced by 1 in the first
equation, x must be replaced by 2 to make the equation true.
The solution set of the system is

B. Suggested Practice

Find the solution set of each of the following systems:

1. x = 3
y = 1

2. x = 8

y = 4

4. x + y = 9
x = 3 5. 4x- y=7

y = 1

VI. Graphical Method of Solving a System of Equations

A. Suggested Procedure

3. x = 4
y = 0

1. Lead pupils to see that in attempting to solve a gystem of linear
equations by selecting sample ordered number pairs for two tables,
we might not choose the ordered pair which is the common solution.
For example, if the common solution were (i,5), we would not be
likely to use this as one of the sample ordered number pairs. Have
pupils see the need for solving systems by another method, e.g.,
graphing.

2. Discuss with pupils the fact that, if we graph each equation of a
system of two linear equations using the same coordinate plane,
we get two straight lines. %bat are the possible relationships
between the two lines? Elicit that:

a. the two lines may intersect in one point, or
b. they may be parallel and have no point in common, or
c. the lines may coincide, that is, they have all points in common

(a single line).
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3. Have pupils examine examples of these three situations.

Intersecting Lines
y = 2x +
y = -x + 4

Parallel Lines
y = 2x + 1

= 2x + 3

Coinciding Lines (Single Line )
y = 2x + 1

2y = + 2
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4. Have pupils study each of the three possibilities:

a. Intersecting lines

1) Have pupils recall that evegy linear equation in two variables
determines an unlimited set of ordered number pairs. Have
pupils find some samples of ordered number pairs which satisfy
each of the equations of the two intersecting lines. These
ordered number pairs are the coordinates of the points on the
graph of each equation.

y = 2ac + 1:
x -2 -1 0 1 2 3 4

-1 1 3 5 7 9

Thus, some solutions of y = 2x + 1 arr :41-3)1 (-1,-1),
(0,1), (1,3), (2,5), (3,7), (4,9).

y = + 4:
x -2 -1 0 1 2 3 4

y 6 5 4 3 2 1 0

Thus, some solutions of y = x + 4 are: (-2,6), (-1,5), (0,4),
(1,3), (2,2), (3,1), (4,0).

Have pupils note that there is one ordered pair, (1,3)1 which
is the same in both sets.

2) Discuss the number of pairs that would be alike in both sets
if all ordered pairs could be examined, instead of just a few.
!lave mils realize that the solution set of the system is

a single-element set.
11M,

3) Guide pupils to see that the ordered pair (113) corresponds
to the point of intersection of the two lines. Tell pupils
that equations such as these, which have at least one common
solution, are called consistent equations. We also label
such equations indebendent because their solution sets are
not identical. Their graphs are different straight lines.

b. Parallel lines

1) Have pupils find some samples of ordered number pairs which
satisfy each of the equations of the two parallel lines.

As already determined, sone solutions of y = 2x + 1 are:
(-21-3)1 (-11-1)1 (011), (113)1 (2,5), (3,7), (4,9).
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y 2x + 3 :
Ix -.2 1 0 1 : 2 3 : 4

y -1 13 5 7 9 11

Thus, some solutions of y = 2x + 3 are: (-2,-1),

(1,5), (2,7), (3,9), (4,11).

Have pupils note that there is no pair that is the same in both

sets. Discuss with pupils whether the infinite set of ordered
pairs for each equation would ever have a pair in common. Have

pupils conclude that because parallel lines never meet, there
are no ordered pairs in common. If such an ordered pair existed,
its graph would be a point on both lines, but this is impossible
since the lines do not intersect and thus have no common point.
The solution set of this system is an empty set.

2) Tell pupils that equations of a system which have no common solution
are called inconsistent equations. The graphs of these equations are

parallel lines.

3) Have pupils see that, without graphing, it is possible to tell whether
the equations of a system are inconsistent, i.e., have no common solup-

tion. For example, in the equations of the system

y = 2x + 1

k = 2x + 3

the corresponding terms are alike, except for the constant term. It

is not possible for a number (y) to be 1 more than tuice another
number (x) and also to be 3 more than twice that same number. These

equations are inconsistent.

c. Coinciding lines (Single line)

1) Have pupils find sample ordered number pairs which satisfy each of
the equations of the two coinciding lines.

As already determined, some solutions of y = 2x + I are:

(-22-3), (-1,-1), (0,1), (1,3), (2,5), (3,7), (4,9).

2y = + 2:

x 0 1

1 3 5 7 91

Thus, some solutions of 27 = 4x + 2 are: (-2,-3), 0,1),

(1,3), (2,5), (3,7), (4,9).

Have pupils note that the sets of ordered pairs for both equations
are identical. Have them realize that when lines coincides the
set of ordered pairs which are the coordinates of points on the
graph of one line must be exactly the smme set as that for the

other line.
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2) Tell pupils that equations of a system whose solution sets are
identical are called dependent equations. The graph of a
dependent system of two linear equations consists of two lines
that coincide (a single line).

3) Have pupils see that without drawing a graph, it is possible
to tell when the equations of a gystem are dependent. For
example, consider the system

y = 2x +
2y 4x + 2

Ask pupils how the two equations are related. The two equations
are equivalent since the second may be obtained from the first
by multiplying both members of the first equation by 2. Equiva-
lent equations have the same solution set and are therefore
dependent. Thus, the equations of the above system are dependent.

d. Have pupils realize that a system of linear equations can be solved
(if a unique solution exists), by graphing the equations of the
system on the same coordinate plane, and determining the coordinates
of the point of intersection.

5. Have pupils solve Aystems of linear equations by graphing, as follows:

Solve graphically the system of equations:

2x - y = 5
x + 3y = 6

a. Find several ordered number pairs (solutions) for each equation.

2x -
x 0 2 4 i -2

-5 1-1 3 I -9

(0,4), (2,-1) (4,3),(-2,-9)

x + = 6
0 3 6 -3Ix

y 2 1 0 3

(0,2), (3,1), (6,0), (-3,3)
are some solutions of 2x-y=5 are some solutions of x.1.3y=6

b. Graph each equation on the same coordinate plane.
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c. From the graph it appears that the ordered pair (3,1) is the

common solution.

d. Check the apparent solution (3,1) by verigying that the ordered

pair (3,1) satisfies both equations.

2x - yl; 5 x+ 3y =I 6

2(3) - 1 -.L.- 5 3 4.3 1 6
5 = 5 6 = 6

We conclude the solution of the system is (3,1). The solution

set is 4..(3,1)1 .

B. Suggested Practice

1. Identigy the equations in these systems as consistent or inconsistent,

dependent or independent. If possible, decide without drawing a graph.

a. x + y = 5
2x +3y = 12

b. 2x - y = 7
2x - y = 4

c. 6x = 4y - 2
3x - 2y = -1

d. 3x + 3y.= 4
2y = 3x - 4

e. x + y = 1
2x +2y = 3

f. + y - 3 = 0
2x + 4y = 12

2. Solve the following systems of linear equations graphically. Check

your answers.

a. x y = 3
x + y 5

e. y = 2x - 6
3x + 3y = 9

b. x - 2y = 4 f. x - y + 1 = 0
3x - 5y =.8

c. x - 5 = 0
y + 2 = 0

d. y = 2x - 8
x - 2y =

x+y=3

g. as 2
2 5

2x + y -1

h. 2x - + 1 = 0
3y - 4x = 4

3. Wilte a system of equations in two variables for each of the following

problems, and then solve graphically. Check your answers.

a. The sum of two integers is 14. When the larger integer is subtracted

from twice the smaller, the result is 4. What are the integers?

b. 'No times a number plus a second number is 13. Two times the second

number plus the first is 17. 'Cat are the numbers?
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c. A truck left a town and traveled eastward at an average speed
of 30 mph. Two hours later, e second truck left the town
traveling 40 mph. in the same direction. In how many hours
will the second truck overtake the first? How far from the
town will they be?

Illustrative solution:

Let x =number of hours the first truck traveled
y = number of miles traveled by each truck

The conditions of the problem can be expressed by the following
system of equations:

30x - y
40(x-2) = Y

The solution set of the system can be found by graphing.

Nate: The points on the xr.axis represent the number of hours of
travel, and the points on the y-axis represent the number of
miles traveled. For convenience, a unit on the y-axis may
represent a number of miles.

d. A boy starts along a bicycle path riding at the rate of 3 miles
an hour. One hour later his friend starts along the same path
riding at the rate of five miles an hour. In how nany hours will
the second boy overtake the first? How far frmm the starting
point will they be?

e. A triangle has sides that lie on the graphs of the equations
2y + 3x = 16, y = 2, y + 3x = 2. Graph the equations and find
the ordered pairs that reprsent the vertices of the triangle.

f. In the following system of equations, what relationship between
a and b will make the gystem inconsistent?

ax + y = 6
bx + y = 2

lg. 'Cat values of a and b will make this system dependent?

4x = 2y + 8
ax = y + b

h. A point whose ordinate is twice its abscissa lies on the graph
of 3x +y = 10. Find the coordinates of the point.

VII. Systems of Equations Solved by Substitution

A. Suggested Procedure

1. Review with pupils that a gystem of two linear equations has a
solution when the lines representing the graphs of the equations
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intersect. Discuss the difficulty of using the graphical method
for solving a system of equations when the numbers in the soh:-
tion are not integers, e.g.,

It is difficult to read the values of the numbers in the above
solution from the graph with accuracy. It is, therefore,
necessary to find a method for solving a system of equations
that will avoid the possible inaccuracies of the graphical
method.

2. Have pupils learn to solve systems of equations by the substitu-
tion method.

a. Have them consider the equations:

1) y = 2x + 1

2) 3x+ 2y = 9

From previous work the pupils know that these tquations are not
inconsistent or dependent and, therefore, there is a unique
ordered number pair which is the solution of this system of
equations.

Mhen the first and second members of the solution are substituted
for x and y respectively in equations 1) and 2), then both 1)
and 2) become true statements. In equation 1), the polynomials
y and 2x + 1 will become names for the same number. In equation
2) the polynomial 3x + 2y will become a name for the number 9.

b. Have pupils see that equation 2) can be expressed as an equation
in one variable by replacing y by 2x + 1. The result is the
equation 3x + 2 (2x+1) = 9, from which we obtain the equations

3x + + 2 = 9
7x = 7
x = 1

Therefore, 1 is the first number of the unique ordered pair
which is the solution of the original system. Replace x by
1 in either of the original equations.

y = 2x + 1 3x + 2y = 9
y = 2 + 1 or 3 + 2y = 9
Y = 3 2y = 6

Y = 3
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Therefore, the solution set of the system is
The solution should be checked in both of the origial
equations.

c. Have the pupils use this method of substitution to solve
pairs of equations, such as the following:

y = 3x -

2x + 3y = 12

x = 3y - 1
2x + 3y = 8

d. Now have the pupils consider the pair of equations:

3x + y = 19
4x - 2y =

Guide them to realize that before using the substitution
method, it will be convenient to change one of the equations
to an equivalent equation with x (or y) as one member. In
this example 3x + y = 19 may be transformed to y = 19 - 3x.
The substitution method may then be applied as before.

e. Have pupils summarize the process of solving gystems of linear
equations in two variables by substitution, as follows:

1) Find an equation which is equivalent to one of the given
equations and has y (or x) as one member.

2) Substitute this expression for y (ar x) in the other
equation.

3) The resulting equation, when simplified, will have as a
root one number of the unique ordered pair that satisfies
both of the original equations.

4) Use this number as a replacement for x (or y) in either
of the original equations to find the second number of
the ordered pair which is the solution of the system.

5) The solution should be checked in both of the original
equations.

3. Have pupils use two equations in two variables to solve verbal
problems.

a. Pose problem: The sum of two numbers is 15. The larger is
5 more than four times the smaller. Find the numbers.
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Illustrative Solution

Iet x = smaller number
y = larger number

1) x + y = 15 (The sum is 15)
2) y = 4x + 5 (The larger is 5 more than four times the smaller)

x + (4x+5) = 15 (Replace y in equation 1) by 4x+5 and solve for ay,)

5x45 =
x =

2 4.y =

15

2

15

= 33

(Substitute 2 for x in eqnation 1) and solve for y)

The numbers are 2 and 13.

Check

The sum of 2 and 13 is 15. Thirteen is 5 more than four times 2.

b. Pose problem: Three apples and one pear cost 260. At the same price,

two apples and five pears cost 520. What is the cost of each?

Illustrative Solution

Let x = cost of one apple (in cents)

y = cost of one pear (in cents)

1) 3x + y = 26 (Three apples and one pear cost 260)

2) 2x + 5,7 = 52 (Two apples and five pears cost 520)

y = 26 - 3x (Solve equation 1) for y in terms of x)

2x + 5(26-3x)= 52 (Replace y in equation 2) by 26 3x)

2x + 130 -1530---- 52

x== 6

18 + y 26 (Substitute 6 for x in equation 1) )

Y= 8

The cost of one apple is 6 cents. The cost of one pear is 8 cents.

Check to see if these results satisfy the conditions of the problem.

B. Suggested Practice

1. Solve each of the following systems of equations by the substitution method:

a. y = 3x
3x + 2y = 18

b. 3y + 3x = 9
y -2
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d. y = 4 -
7x + 2y = -2

e. x = -3y + f. 3c d = 11
2x y = -6 5d - 7c= 1

2. Wilte a system of equations in two variables for each of the follow.
ing problems, and then solve by the substitution method.

a. The difference of two numbers is 4. The sum of 1 and the larger
number is twice the smaller. Find the numbers.

b. One number is 40 more than three times another. Their sum is 160.
What are the numbers?

c. A man invested $3700, some at 4% and the rest at 3% per year.
The total annual income from the investment is $123. How much
was invested at each rate?

d. The perimeter of a rectangle is 146 feet. If the length exceeds
5 times the width by 1 foot, what are the dimensions?

e. A family mailed a total of 50 postcards and letters during one
month, at a cost of $2.32 for postage. If the cost of mailing a
letter is 50, and that of a postcard 40, how many of each were
mailed?

f. The sum of the digits of a two-digit numeral is 11. If the tens
digit is 3 more than the units digit, what is the number?

VIII. Systems of Equations Solved by Addition

A. Suggested Procedure

1. Have pupils consider the equations in the following system:

3x+ 2y = 10
2x - 3y = -2

Have them see the method of solving gystems of equations by substitu-
tion is not always a convenient one, especially if, as in the above
system, the transformation for one of the variables in terms of the
other results in a fractional expression. A second method, called
the addition method, may be more convenient in sUch oases.

2. Have the pupils form an equation by adding the polynomials on the
left side of the equations and by adding those on the right side:

+ go + (2x 3y)= 10 - 2

or 5x y =8

3. Have pupils dmw the graphs of the equations in the system. Then,
on the same set of axes, have them draw the graph of 5x - y = 8.
Does the graph of 5x - y = 8 have any points in common with the
graph of the equations in the system?

Have pupils see fram the graph that the solution of the system also
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satisfies 5x - y = 8. Is the equation 5x - y = 8 equivalent to

either of the equations in the system? (It is not, for the graph

of 5x y = 8 does not coincide with either of the graphs of

3x + 2y = 10 and a 3y =

4. Have pupils repeat the procedure of 2 - 3 for one or two other

systems. Lead pupils to the realization that starting with a

system of two consistent equations, we may form a new equation

by "addition." The new equation is not equivalent to either of

the original equations, but the solution, of the system also

satisfies the new equation. All the other solutions of the

new equation are different from any of the solutions of the

original equations.

5. Have pupils consider the following systems of equations and

their solution sets. For each system, have them form a new

equation tly addition. Have pupils check to see whether the

pair of numbers in the solution set of the system satisfies the

new equation.

SYstent

a. 3x + ify = 27
x - y = 2

by 2x + y = 6
x + y = 5

C. x + 2y 4
2x - 2y = 2

Solution Set

{ (5,3) )

{(1,4)}

{ (2,1) )

Nqw Equation

4x + 3y = 29

3x + 2y = 11

3x + 0 y at 6 or 3x=5

6. Have pupils ,00nsider how we could find the solution set of the

system in 5a, if it were not known. They may suggest the following:

a. Try various replacements for x and y in the "new equation"

(obtained by "lading" the equations of the system). Find

several solutions (ordered number pairs) for this equation.

b. Test these solutions to see which, if any, satisfy the system.

Why is this method unsatisfactory when the "new equation" has

two variables?

7. Have pupils consider whether the above procedure will work any

better for the system in 5-c.



a. Pose questions:

What advantage has the "new equation" in 5-c over those in
5-a and 5-b?

What is the only replacement for x in this equation that makes
it a true statement? (2)

}kw is this replacement for x related to the solution set of
the original gystem? (It is the first number of the ordered
pair which congtitutes the solution of the gystem.)

Naw that the first number of this ordered pair is knawn, how
can we find the second? (Use 2 as a replacement for x in
either equation of the system and find the corresponding
value of y.)

2 + 2y = 4 4 - 2y = 2yl or
y = 1

b. Have pupils see that the sol tion of the system in 5-c is

Z
(2,1). The solution set is (2,1). Have the pupils check
the solution in both of the o igin 1 equations.

c. Nave pupils realize that x = 2 and y = 1 are the equations of
lines passing through the point of intersection of the graphs
of the two original equations.

d. Have pupils conclude that when the equation formed by adding
the equations of the syeten has just one variable, the solution
set of the system can be readay determined. =cit that the
variable y is "eliminated" because the y.terms are additive
inverses. A similar procedure could have been used if the
x-terms were additive inverses.

0, Have pupils practice solving each of the following systems by
addition:

a. 5x - 3y = 19
2x + 3y = -5

b. 2x + 5y I= 20 C. .3m + .2n = 5
-2x + 3y um 4 .2m - .2n = 10

9. After several examples, have the pupils consider the system:

x + 3y = 6
2x + 4y = l0

10. Ask the pupils why adding the equations does not seam to help in
finding a solution. Have them see that if we added the left members
and the right members, we would get the equation 3x:4. 7y =16 in
which neither variable is eliminated. This equation also contains
in its solution set the solution of the original pair of equations,
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but it is not helpful in finding the actual solution. They

should realize that since the aim of thie method is to

"eliminate" one of the variables, they might proceed as

follows:

Multip1y the left and right members of the equation x 43y us 6

by -2, obtaining the equivalent equation -2x 6y = -12. Then,

"eliminate" one of the variables by addition.

-2x 6y = -12
2x = 10

Thus, -2x + 2x 6g + 4y = -12 + 10
-2yat -2

yom 1

Replacing y by 1 in either of the original equations, we get

x =3. Therefore, (3,1) is the unique ordered pair which forms

the eolution of our equations. Again, have the pupils check

the solution in both of the original equations.

11. Have pupils see that it may be necessary to choose a multiplier

for each equation in the system to produce a pair of equations

equivalent to the original set, which then enable us to obtain

a coefficient of 0 for one of the variables when we add. For

example, in solving the system

(1) 2x - 3y = 7

(2) 3x 4'4y Igg lo

we may choose 3 as a multiplier for equation (1) and 2 as a

multiplier for equation (2). The following equivalent equations

are obtained:

6x + 9y = -21
6x + gy as 20

It is now possible to solve by addition.

B. Suggested Practice

Solve eadh of the following systems of equations by the addition

method:

x + 4y = 19 2. ita + 3b = 12 3. .7x so 1.22

3x + 5y a= 33 5a + 4b az 44.5 .3x .6y = 3.12

Some systems of equations are easy to solve by substitution.

Sometimes the method of addition is more convenient. Decide

for yourself which method to use, then solve the following

systems of equations:
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4. x + 2y = 5
2x + y = 1

7. 6y = 9
9x Sy=7

5. .2x y agg 2 6. .4x .3y = .6

3x + y = 3 .2x + .5y gE 1.6

8. + = 10
x y = 8

Write a system of equations in two variables for each of the
following problems, and then solve by the most convenient method:

9. Tickets to a school play cost $1.10 for each aJult and 550 for each
child. If 330 tickets were sold for a total of $294.25, how many
tickets of each kind were sold?

10. A coin bank contains $3.05 in dimes and nickels. If the number of
dimes is 2 less than twice the number of nickels, how many coins of
each type are in the bank?

11. Tom is 6 years older than Bill. Four years ago, Tom's age was
1 year less than twice Bill's age. How old is each?

12. The difference between two numbers is S. Twice one number is
16 more than twice the other. What are the numbers?

MAL: PUpils should realize that since the equations which express
the conditions of the problem are dependent, we emnnot obtain a
unique solution.

13. Select additional problems from various textbooks.

IX. Solving Systems of Inequalities by Graphing

A. Suggested Procedure

1. Have pupils develop an understanding of the meaning of systems
of inequalities.

a. Have them consider the following pair of inequalities:

x + y > 0
.x + y < 10

The replacement set for both x and y in each inequality is
{signed numbers

Have pupils find some sample ordered number pairs which make
the first inequality true, e.g., (1,1), (2,3), (4,7), (6,9),
(-2,3), (5,8), (4,3).

Have them find sone sample ordered number pairs which make
the second inequality true, e..4,2 (1,1), (2,7), (-1,-2),
(5,3), (3,-2), (2,3), (-2,3), (4O).
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b. Guide pupils to see that there nay be many ordered pairs

which satisfy both inequalities, e.g., (1,1) (-2,3), (4,3).

c. Have pupils understand that when two linear inequalities
impose two conditions on the variables at the same time,
they are called a system of linear imalikka.

2. Pose question: How can we find the solution set of a system of

linear inequalities, such as

y > 2x -1
x + y4Z5

Have pupils realize that just as graphs are used to solve systems
of equations, so also can they be used in determining the solution

set of systems of inequalities.

kw Sometimes this is the only practical method of solving a sys-

tem of inequalities.

3. Develop with pupils the following procedvre for solving systems of

inequalities by graphing:

Solve the system: y> 2x - 1
x + y < 5

a. First, draw the graph of y > 2x - 1. The solution set of this
inequality is the set of all points in the region above, (but

not on), the graph of y so 2x -1.

b. Next, on the same coordinate plane, draw the graph of
x + y < 5. The solution set of this inequality is the set
of all points below, (but not on), the graph of x + y as 5.

Note: Since the _Lines y = 2x - 1 and x + y 5 are not

included, they are shown as dashed lines.
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c. The graph of the solution set of the system

y > 2x - 1
x + y < 5

is the set of all points, and only those points, on the plane
which are WIL above the graph y ai 2x - 1 and below the graph
of x 4.7 as 5. (They are indicated in the diagram by means
of double-shading.) Some points in the common solution set are
(1,2), (0,4), (-2,-3). Do these points have coordinates that
satisfy both sentences in the system?

OPTIONAL

4. MVO pupils extend their knowledge of graphing systems of inequalities
to the solution of problems involving "linear programming."

B. Suggested Practice

Graph each of the following systems of inequalities. Show the graph of
the solution set as points in a double-shaded region.

1, x> 2
y < 3x

2. x - > y
y > 2 + x

3. y < 3x + 2 4. 2y x > 1y > x - 1 x -37 < 5

6. Graph the solution set of the following problem.
graph, find three solutions to the problem.

5. y - 0
y + 2 0

Then, from the

I am thinking of two numbers. The first, when added to 7, results
in a number less than 12. The sum of the two numbers is greater
than 5. What are the numbers?



CHAPTER VIII

DIVISION OF POLYNOMIALS

This chapter contains suggested procedures for helping pupils
develop understanding and skill in dividing with polynomials. The

materials presented show the following progression: dividing a
monomial by a monomial; dividing a polynomial by a monomial; dividing
a polynomial by a polynomial.

I. Dividing a Monomial by a Monomial

A. Suggested Procedure

1. Review with pupils that division of signed numbers is related

to the operation of multiplication. Thus,

15 ; 3, or 15.
3

means a number which when multiplied by 3 gives 15. Then,

15 ; 3 = 5 because 15 = 5.3

How can we develop the meaning of division in the set of polynomials

to make it consistent with the meaning of division in the set of

signed numbers?

2. Guide pupils to see that our definition of division in the set of

polynomials should give us the same answer as in 1. Then, to be

consistent, we will define division in the set of polynomials as

the operation related to multiplication with polynomials.

x3Thus, = x because x3 =x2gx

4 = x2 because x7 = x5.x2

x6 because xl0 = x4.x6
x4

3. Lead pupils to discover the law of exponents for division.

a. In each of the above examples, have them compare the exponent

of the quotient with the exponents of the dividend and divisor.

11110110
MM.
x3-2 30 7-513* = X

X5
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b. Have pupils generalize that in finding the quotient of two
powers having the same base, we write the base and use as
its exponent the degree of the dividend minus the degree
of the divisor. This is known as the law of exponents
for division.

c. Have pupils understand the meaning of the Oth power of x.

= 1 beeause x3 =2061
x3

filtit if we apply the law of exponents for division

= x°

Then, if we wish to be consistent, we define x° = 1 for x 0.

Nidv The expression 00 is gonerally understood to have no
meaning.

d. As a result of c, have pupils understand the meaning of ones
place in the decimal system of numeration. For example,

7x2 + 9x + 8 may be thought of as 7x2 + 9x1 + ex°. If X = 10,
this becomes 7.102 + 9-101 + 8.100, or 798.

4. Have pupils understand how the quotient of two monomials whose
coefficients are not 1 can be found.

a. Have them consider the following:

2x4 because 4x5 = 2x2x4
2x

=-4y because -874 = 2y3(-4Y)

mb ab because 3a2b = 2a. ('ab)
2a 2

Have pupils observe that in each of the above examples the
coefficient of the quotient is the result of dividing the
coefficients of the dividend and divisor.

b. Have pupils generalize that in dividing two monomials, we
obtain the quotient by dividing the coefficients of the
monomials and tr using the law of exponents for division.
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B. Suggested Practice

Perform the indicated divisions
values of the variables are the
the variable is in the divisor,

42

and check by multiplication. For which

following divisions meaningless? (When

it may not be replaced by zero.)

108c2d2e3
1. 7.

3

2. 720 4b

64a2b2

8ab

90xy3,

10y

-49m3

7m2

81r2s3

-3r2s

3.

4.

5.

6.

II. Dividing a Polynomial by a Mbnomial

A. Suggested Procedure

8.

9.

10.

......"..
-12ce'

-99x5y3z2

3x2y3z

2.5.6.122E-
-6

igt2 it

11. -1.2d5t2 .3d2t2

12. imv2 kv2

1. Have pupils recall that division of a number by another number can

be replaced by multiplication of the first number and the reciprocal

of the divisor. For example,

8 i 2 can be replaced by 8 x

10 f 5 can be replaced by 10 x
5

f 3 can be replaced by 31C and, in general,

a b can be replaced by a b 0

2. Pose puzzle problem:

Think of a whole number fram 1 to 10. Square it, add the original

number to this result. Now divide the sum by the original number.

If you tell me your answer, I can tell you your original number.

Have several pupils state their answers. Tell them their original

numbers. (The original nuMber is 1 less than the answer.)

Have pupils see that the operations in the problem may be symbolized

as follows:
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x original number

x2 = square of the original number

original number added to the square

x2 +x
= sum divided by the original number

How can the original number be determined?

Have pupils realize that what is involved is the division of a
polynomial by a monomial.

3. Have pupils consider the division

x2 + x(x2 + x) x or

Have them understand this division as follows:

X2 + X (x2 + )

= x2 .1+ x .1
X X

x + 1

(Division may be replaced with multi-
plication by reciprocal)

(Distributive property of multiplication
over addition)

(Meaning of division)

(Division of monomials)

Observation: To divide a polynomial by a monomial, we make use of the
distributive property of multiplication over addition.

4. After several such examples, have pupils note that we are, in effect,
dividing each term of the polynomial by the monomial.

5. Have the pupils perform the following divisions and check by sub-
stitution: a = 20 a =130 and a = 0.

03.2......±.1.a 11,1
10 10 10

= 3a2 + a

For which values of the variable is the division meaningful
in this example? (for all values)
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3082 + 10a 30a2 10a
b. ... ........... +

10a 10a 10a

= 3a + 1

For which values of the variable is the division meaningful
in this example? (for all values except a = 0)

B. Suggested Practice

Perform the indicated divisions and check by multiplication. For

which values of the variables are the divisions meaningless?

1. 121.i.1.51
3

2.
5

3

t2 +
4.

5. 22.1....2z
3y

6 .
6r3 + 9r2 4- 12r

3r

ra2 .67.1
7

.

= + 1

or

m2 ,.m, n12
auMININNIOM g1G swum an

111 111 Th.

s4II (-1)

-m + 1

8. 49-1---
-4

9x2 + 18x
-x

10.
35c3d + 7c2d2 - 14od3

III. Division of a Polynomial by a Polynomial

-7cd

Note to teacher: Two approaches are suggested for developing division

of a polynomial by a polyromial. The first approach emphasizes the

similarity between the process of division far polynomials and long

division for integers. The second approach stresses the use of the

distributive property of multiplication over addition. Teachers will

select the method which will best meet the needs of their pupils.

A. Suggested Procedure

1. Have pupils understand the meaning of the closure property of a

set of numbers under an operattm.

a. Have them consider the result of adding two whole numbers

(the positive integers and 0).

2 + 7 = 9 14 + 38 us 52 109 + 217 = 326

These are illustrations of the fact that the result
of adding two whole numbers is always a whole number.



b. Have pupils consider the result of multiplying two whole
numbers.

2 x 5 = 10 0 x 7 = 0 x 1.9 Eir 399

These are illustrations of the fact that the result of multiply-
ing two whole numbers is always a whole number.

c. Tell pupils that a set of numbers is closed under an 2mtium
if the result of the operation performed on every pair of
elements in the set is also an element of the set. Thus, the
set of whole numbers is closed under addition and under mullti-
olication.

d. Have pupils realize that a set need not be closed with respect to
an operation.

1) The set of whole numbers is not closed under subtraction.
For exampae, 4-6 does not yield a whole number.

2) The set of whole numbers is not closed under division.
For example, 3 = 4 does not yield a whole number.

3) The set of odd numbers is not closed under addition since
the sum of two odd numbers is an even number (not in the set).

4) Guide pupils to see that to make subtraction always possible,
the set of arithmetic numbers was extended to form the set
of signed numbers; to make division always possible, the set
of whole numbers was extended to form the set of fractions.

2. Have pupils review the meaning of a polynomial and the degree of a
polynomial.

3. Guide them to realize that the set of polynomials is not closed under
division. For example, if the polynomial x2 + 2x + 1 is divided
by the polynomial x, we have

x2 + 2x + 2.2.c

x x x

x + 2 + L This is not a polynomial.

Note: Just as in the past wy extended the set of whole numbers to
form the set of arithmetic fractions in order to make division
of numbers always possible, so will the set of polynomials be
extended to form the set of algebraic fractions (rational expres-
sions), in order that division of polynomials will always be
possible. (See Chapter X )

-380-



4. Pose problem: The a*.ea of a rectangle is x2 + 3x + 2. Its
width is x + L. What is its length? Have pupils see that what
is involved is the division of polynomials.

(x2 + 3x + 2) = (x + 1)

a. Have pupils compare the division of polynomials with the
division of integers.

1) Have them consider: 132 11

12 10 + 2
11) 132

110
10+1)100

00
+ 30
+ 10

+ 2

+ 2
+ 2

22
22

20
20

Have pupils see that the dividend and divisor may be
written in terms of powers of 10.

10 + 2

10+1) 102

102
+ 3.10

+ 1.10

+ 2

+2
+ 2

2.10
2-10

If x is used to represent the base 10, the problem
becomes:

x + 2

x+1) x2 + 3x + 2

X2 + X
2x + 2
2x. + 2

0

Have pupils see that when x2 + 3x + 2 is divided by + 1,
the answer is the polynomial x + 2.

Note: While this procedure was developed by means of a
consideration of division in base ten, it is equally valid
in any other base, and, in fact, the variable x may represent
any number.

2) Have pupils check the division by multiplication.

Have pupils check the division by replacing x tly any con-
venient number. What numbers, if any, are not permissible
as replacements for x? (-1 is not permissible since it
leads to a zero divisor.)
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3) After several similar examples, have pupils consider a
division problem with a remainder other than zero.

3x + 2
x + 4) 3x2 + 114x + 10

2x2 324

2x + 10

+ 8

The quotient is 3x + 2 with a remainder of 2. Guide pupils

to express the remainder as a fractional part of the divisor:

(3x2 + 14x + 10) (x + 4) = 3x + 2 + x+42

2
Have pupils note that 3x + 2 + x+4 is not a poljnomial.

b. Alternate approach. Have pupils understand the division of poly-

nomials as follows:

1) When the polynomial x2 + 3x + 2 is divided by the polynomial
x + 1, the polynomial answer, if it exists, must be of degree
one, since 1.Z., must multiply a first-degree polynomial (x+1)
to give a second degree polynomial (x2 + 3x + 2) as a product.

Thus,

+ 1)* ( ) x2 + 3x + 2

What must the first term of the answer be?

a) Guide pupils to realize that the first term of tht- answer
is x (that is, x2

Then, (x + 1)(x +.) az x2 + 3x + 2

b) Have pupile use the distributive property of multiplication

over addition to expand the left side.

(x + 1)*x + (x + 1) ( ) x2 + 3x + 2

x2 + x + (x + 1) ( ) x2 + 3x + 2

c) Have pupils add the additive inverse of x2 + x to both sides
of the equation. Then,

(x + 1)( ) = x2 + 3x + 2 -x2 -x

+ 1)( ) = 2x + 2

What must the 'second tem of the answer be?
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d) Guide pupils to see that if (x + 1)( ) is to give

2x + 2 as a result, the second term of the answer must be
2 (that is, 2x ;

e) (x + 1)(2) = 2x + 2

Therefore, when x2 + 3x + 2 is divided by x + 1, the answer
is the polynomial x + 2.

Check by multiplication:

(x + 1)(x + 2) sl x2 + 3x + 2

+ 1.)x + (x+ 1)2 x2 + 3x + 2

x2 + x + 2x + 2 2 x2 + 3x + 2

x2 + 3x + 2 II + 3x + 2 and it checks

2) After several similar examples, have pupils see that the work

may be arranged in the following dhort form:

x see a) x + 2 see d)

x+1) x2 + 3x + 2 x+1) x2 + 3x + 2
x2 + x see b) x2 + x

2x + 2 see c) 2x + 2
2x + 2 see e)

3) Have pupils consider the following problem: Can the pokynomia3.

3x2 + 14x + 10 be divided by the polynomial x + 4 to give a

polynomial as an answer?

If (x+ 4)( + ) 3x2 + 14x + 10, then the first term of

the answer is 3x (that is, 3x2 x).

Then, (x + 4)(3x + 3x2 + 14x + 10 or

(x + 4).3x + (x + 4)( ) vs,3x2 + 14x + 10 or
3x2 + 12x + (x + 4)( ) as 3x2 14x + 10 and

(x + 4)( ) 2x + 10

If (x + 4)( ) = 2x + 10, then the second term of the answer

appears to be 2 (that is, a .; x).

But + 4)(3x + 2) = 3x2 + 3.4x + a 3x2 + 14x + 10.

Have pupils conclude that 3x2 + 14x + 10 is not divisible tv the
Pcaornomial x + 4 to give an answer that is a polynomial.

Have them note that 3x2 + 14x + 10 = (x + 4) (3x + 2) + 2.
Have than realize that 2 is a ressindv when dividing 3x2 + 14.v + 10

x + 4.
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The above division example can be arranged in short form
as follows:

3x + 2 The quotient is 3x + 2 with
x4110 3x2 + 14x + 10 a remainder of 2. This can

3x2 + 12x be written as:
2x + 10

22x + 8
2

3x + 2 +
x+4

5. Have pupils see the need for using the descending (or ascending)
order of the dividend and divisor to facilitate the mechanics of
division of a polynomial by a polynomial.

6. Guide pupils to see how missing terms in a dividend are provided
for, by using zero as a coefficient.

&ample: Divide 0 x + 6 by x 4.2

+ 3

x+2) x3 + Ox2 - x + 6

- 2x? -

Check by. multiplication.

7. Have pupils practice division of polynomials and summarize the
procedure. Have them check division by multiplication. It may
also be checked W numerical substitution.

B. SUggested Practice

Perform the following divisions and check ycur answers.

1. x2 + x + 10
x + 2

2. 3y + 2
y - 1

w2 - w - 72
3. + 8

4 ge2 + 16Pd + 6d2
2c + 3d

5. (x2 + 3x + 5) (x- 2)

6. 13-2) 3132 - 7p +4

7. (-2 + 3a2) 4. (a - 1)

8. x+2) 3x3 + 6x2 x - 2

9. (y3 - y + 6) (jr+ 2)

10. x-3) x,3 + 27
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11. If one factor of 2m2 -mn -6n2 is m 2n, what is the other factor?

12. The area of a rectangle is x2 -x -12, aLd its length is x 4.

What is its width?

13. The volume of a rectangular sold is m3 4. mg + m + 6.

Its height is m + 2. Find the area of the base.

14. See variou3 textbooks for additional practice.



CHAPTER IX

SPECIAL PRODUCTS AND FACTORING

This section presents materials and procedures for helping
pupils develop understanding and skill in factoring algebraic expres-
sions through the use of the basic number properties.

I. Greatest Common Factor of Monomials

A. Suggested Procedure

1. Review meaning of factor

a. Pose problem: The area of a rectangle is 24. %bat are the
dimensions if they are to be whole numbers?

Pupils will suggest various possibilities:

6 and 4 because 6 x 4 = 24
8 and 3 because 8 x 3 az 24

12 and 2 because 12 x 2 = 24
24 and 1 because 24 x 1 = 24

b. Have them recall that when two or more numbers are multiplied
to give a product, each number is a factor of the product.
Thus, 6, 4, 8, 3, 12, 2, 24, 1 are all factors of 24.

Elicit that when a product and one factor are known, we may
find the other factor by dividing the product by the known
factor.

Note: The factors of an integer are also called the divisors
of the integer.

2. Have pupils express a 'number such as 12 as the product of numbers
(positive or negative) in various ways:

12 = 1°12
12 i= 2,6

12 = (-2)( -6)
12 = 232

12 int 04
12 ing

12 21(-k)(-24).2 etc.

Have pupils realize that if fractions were considered as factors
of an integer, the number of factors of this integer would be
limitless, since any nuW)er (OD) would be a factor. It is therefore
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customary to restrict the factors of a number to a given set

of integers. (Unless otherwise stated, the factors of a

polynomial will have coefficients that are in the same set of

numbers as the coefficients of the given polynomial.)

Have pupils conclude that to factor an integer is to find

several integers (positive or negative) whose product is the

given number.

3. Have pupils consider the following subset of the set of

integers:

2, 3, 5, 7, 11, 13, 17, ...

What common properties do these have? Each number in this set

is greater than one and each number has only itself and one

as positive integral factors. When an integer greater than

one has gay itself andoui as positive integral factors, it

is called a prime number.

Have pupils list several ether members of the set of prime

numbers. Have them list the set of all even primes.

Have them consider whether 179 is a prime.number. Does it have

any factors other than 1 and 179? Try 2, 3, 5, 70 9, 11, 13 as

possible divisors or factors. Why do we not use even numbers

greater than 2? Why do we not use any number greater than 13?

(142 = 196 which is greater than 179. Therefore, if there were

a factor greater than 13, there would necessarily be another

factor leas than 13.)

4. Have pupils practice expressing positive integers as the product

of prime numibers.

a. 18 mg 2.9 zu 2.3.3 or

18 = 3.6 22 3.2.3

b. 24 = 12.2 = 4.3.2 = 2.232 or
24 = 8.3 = 2.2.2.3 or
24 = 6.4 = 3.222

Have them notice that in each case the prime factors are

the same except for the order in which they appear. Inform

pupils that it can be proven that any natural number can be

written as the product of a unique set of prime factors.

Thus, we would not say that 2.3.3 and 3.2.3 are different

factorizations of 18 (18 = 2.32)

5. Have pupils practice expressing negative integers as the product

of -1 and prime numbers.

a. -20 = -1522

b. -45 = -1335 -132.5
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6. Help pupils to find a common factor of a pair of monomials.

a. What is the greatest common factor of 120 and 36? We Gan
determine this by factoring these numbers into the product
of primes because we know that each has a unique set of prime
factors.

120 = 260
22030

= 292.215
= 222365
= 23-3-5

36 = 2.18
= 229.
= 2.2°3.3

22.32

The largest power of 2 common to 120 and 36 is 22. The largest
power of 3 common to both numbers is 3. There are no other
factors in common. Then the greatest common factor is
22.3 or 12.

b. Have pupils find the greatest common factor of a pair of monomials,
27a2b and 36a3b.

Have pupils express each numerical coefficient as a product of
prime integers:

33.49.2.b and 2232.0*b

What is the largest number that is a factor of 27 a2b and 36 a3b?
(32 or 9)
What is the highest power of a that is a factor of each? (a2)
What is the highest power of b that is a factor of each? (b)
Then what is the greatest common factor of 27a2b and 36a3b? (9a2b)

c. Have pupils find the greatest common factor of this pair of
monomials:

25x2y3 and -50x2y

&pressing each coefficient as the product of prime factors,
we have 52x2y3 and (.4.).2.52x2y

52x2y or 25x2y is the greatest common factor of both.

B. Suggested Practice

Find the greatest common factor of each of the following pairs:

1. 12,32
2. 50,75

3. 4a, 8
4. 8b21 6b

5. 9r52, 6r2
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II. Finding the Greatest Common Monomial Factor of the Terms of a Polynomial

A. Suggested Procedure

1. Have pupils find the area of a rectangle whose dimensions are

2 and x + 3.

x + 3

2

A = bh
A = 2(x + 3)
A = 2(4+2(3)
A = 2x + 6

Distributive property

Since the product, 2x + 6, was obtained by multiplying 2 and + 3,
then 2 and x + 3 are the factors of 2x + 6. If 2x + 6 were given

as the product of two factors, how would we determine those factors?

Have pupils see that the binomial 2x + 6 consists of two terms,

2x and 6. Factors of 2x are 2 and x. Factors of 6 are 2 and 3.
Because 2 is a factor of 2x and of 6, it is called the common

factor of 2x and 6.

Then, 2x + 6 = 2.x + 2.3 and, using the distributive property, we

can write this as

2x + 6 = 2(x + 3)

This sentence is true for any replacement of the variable by a

signed number. The given polynomial has 2 and x + 3 as factors.

2. In a similar way, have pupils show that

6x2 - 9x = 3x (2x - 3)

Have them note that 3x is a monomial factor of the pclynomial

6x2 - 9x. If a monomial is a factor of every, term of a polynomial,

it is called a common monomial factor of the polynomial.

3. Have pupils consider various ways of expressing 8x2 - 12x as the

product of factors, one of which is a monomial:
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ax2 32x 2(4x2 - 6x)
8x2 12x mg 4(2x2 3x)
8x2 . 12x = 2x(4x - 6)

8x2 12x 143C (2X "I 3 )

Have them see that 4x is the greatest common monomial factor
sincepof all the common factors,it has the greatest numerical
coefficient and is of the greatest degree. In expressing a
polynomial as the product of factors, one of which is a monomial
factor, it is understood that wt use the greatest common monomial
factor.

4. Have pupils complete the table below. Have them check by multi-
plication, or by substitution.

Polynomial GCF

a. 5x2 . 10

9axb. 9a2x 18ax2

c. 12a3b 16a2b2

d. I-62+MS

es ab + b

8. Suggested Practice

1. Write in factored form:

a, 2a 4, 2b

b. 5x - 10Y

C. 3x2 + 6xF3

ti. 4b " eb2

410 /0X21, 15XY2

Polynomial.
QuotientGCF

53'2 = x2 - 2
5 5

a223 18ax2

9az "TGP-a a 2x

Factored
Form

5(x2 - 2)

9ax(a-2x)

f. a + a2 + a3

g. u2v uv2

h. 7x5 + 23x3 -
i. 9a3b2+ 18a2b2 6a2b3

j. + 4t2 + et

2. Select Additional oXaMp1414 frOP taxttoolcs.

3. *lite each expression in factored form. (OPTIONAL)

a. x(x+3.) + 3 (x+3.) $olait ion: (x+1) (x+3 )

b. y(yee5) + 10(y4)

c. (m-n)r2 + (m-nX2

d. a2 a + ab - b
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III. Squaring a Binomial; Factoring Trinomial Squares

A. Suggested Procedure

Note to Teachgr: If preferred, the general case of factoring trinomial

products may be developed first. Following this, the factoring of

trinomial squares and the factoring of the difference of two squares

may be taught as special eases.

1. Have pupils review the mmltiplication of a binomial by a binomial.

Refer to Chapter V for the use of the distributive property in

multip1ying polynomials.

2. Have pupils consider the special case of multiplying a binomial by

itself.

a. (x + 3)2 = (x + 3)(x+3)

= (x+ 3)x + (x + 3)3

= x2 + 3x + 3x + 9

= x2 + 6x + 9

Have pupils note that the area of the square whose side is (x + 3)
is made up of the areas of 2 squares and 2 identical rectangles.

3

x2

3x

3

3x
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b. Have pupils perform several multiplications of identical
binomials using the usual method of multiplication.

FkgtoKed Form

(Y + 5)(Y + 5) or (v. + 5)2

- 2)(a - 2) or (1 - 2)2

(b + + 1) or (b + 1)2 0.111
a/gin

Product

y2 + lOy + 25

a2 - 4a + 4

b2 + 2b + 1

Pose questions:

1) What kind of polynomial is the product? (a trinomial)

2) How is the first term of the product related to the first
term of the binomial in each ease? (It is the square of
the first term of the binomial.)

3) How would you describe the last term of each product?
(It is always positive, It is the square of the second
term of the binomial.)

4) How would you describe the second term of each product?
(It is twice the product of the terms of the binomial)

3. Have pupils use the observed pattern to work the following
examples mentally.

+ 2)(x + 2) (t + 7)2

(3r - 4)2 (r - 10)2

+

(2 + a)(2 +a)

Tell pupils that a trinomial which is the square of a binomial is
called a tri.i.suare..'non.

4. Have pupils factor trinomial squares.

a. Pose question: How can we recognize a trinomial that is the
square of a binomial? For example, is x2 + 12x + 36 a trinomial
square?

Have pupils recall the relationship between the terms of the
trinomial square and the terms of the binomial.

Is the first term of the trinomial a square? Yes, x2 is the
square of x.

Is the lasttsrm a square? Yes, 36 is 62.

Is the middle term twice the product of x and 6? Yes, 12x = 2(x)(6).

Have pupils conclude that the trinomial is the square of a binomial.
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b. Lead pupils to see that the trinomial x2 + 12x 36 may then

be written in factored form as:

x2 + 12x + 36 = (x + 6)(x + 6) or (x + 6)2

Have them check factoring by multiplication.

c. In similar fashion, have pupils see that a2 - 14a + 49 is a

trinomial square. Have them observe that:

a2 is the square of a
a2 = 002

49 is the square of -7 49 = (17)2

-14a is twice the product of a, and - 7 -14a = 2(a)(-7)

Then, a2 - 14a + 49 = (a - 7)(a - 7) or (a - 7)2

d. Have pupils consider whether a2 - 14a - 49 is a trinomial square.

Is -49 the square of a term? Since (+7)2 In 449 and (-7)2 me +49,

then -49 is not the square of a term and a2 - 14a - 49 cannot be

a trinomial square.

B. Suggested Practice

1. Which of the following are trinomial squares? &plain.

a. x2 + 6x + 9 d. y2 + lOy + 25

b. x2 ax + e. b2 2b - 1

c. a2 + 4a + 2

2. Factor, if possible, and check by multipligation,

a. x2 + 8x + 16

b. y2 - lOy + 25

c. b2 + 18b + 81

d. 1 + 2a + a2
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OPTIONAL

3. Factor, if possible, and check by mmltiplication.

a. 4x2 - 4x + 1

b. 1ac2 + 12.v + 9y2

c. 9r2 6rt. + t2

d 25y2 - lOy - 1

4. What must be the value of m, if each trinomial is to be a square?

a. y2 4..sly +16

b. a2 + 6x + m

c my2 lOy +

= +8 or -8)

(In 9 )

(111 22 25 )

IV. Multiplying Two Binomials Whose Product Is a Binomial; Factoring the
Difference of Two Squares

A. Suggested Procedure

1. Have pupils recall that the product of two binomials is usually a
polynomial with three or four tenns.

Pose question: Can two binomials be such that their product is a
binomial?

a. Have pupils multiply two identical binomials, such as

+ 3)(x + 3) zx (x+ 3)x + (x+ 3)x

= x2 + 3x + 3x + 9

= x2 + 6x + 9 The product is a trinomial.

1) Have them observe that the product contains the square of x,
the first term of each binomial)and the square of 3, the second
term. Elicit that if the product is to be a binomial, the
middle term will be lacking.

2) Guide pupils' thinking as follows:

In the aboie multiplication, the middle term, 624 was obtained
by adding 3x: and 3x. What nmst be true of these monomials
if their atm is to be Ox instead of 6x? (They must be additive
inverses.) Then, instead of x 4.3 and x 4.3, what two bi-
nomials shall we use? (x 4.3 and x: - 3)
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3) Have pupils verify by multiplication that (x + 3) (x - 3)

results in a binomial product.

b. Have pupils suggest several other examples of multiplication

of binomials which result in a binomial product.

+ 5)(x 5) as x2 - 25

(T + 2)(7 - 2) al y2 - 4

(-x + 7)(-x -7)Ni x2 - 49

c. Have pupils realize that if in two binomials, the first terms

are the same and the second terms are additive inverces of

each other, then the product of the binomials is also a

binomial. Have them note that the product in each case can

be described as the difference of two squares'of monomials.

d. Have pupils express the following products as td.nomials.

1) (x + 8)(x - 8)

2) (7 - 9)(7 + 9)

3) (c + 2)(c - .2)

4) (a + 6b)(a - 6b)

5) (y + 2x)(2x - y)

6) (x2 + 4)(x2 4)

7) + *)(9,

8) (R + r)(R - r)

9) (47)(53) or (50 - 3)(50 + 3)

10) (62)(58)

13.) (36)(44)

12) 25 x 35

2. Have pupils learn to factor a difference of two squares.

a. Have them recall that the factors of a polynomial have coefficients

that are in the same set of numbers as the coefficients of the

polynomial. Thus, if the coefficients of a polynomial are in-

tegers, its factors will have integral coefficients.

b. Have pupils determine which of the following can be expressed as

the product of two equal factors. Have them then write the

expression as the square of a monomial.

1) x2 xx or (x)2

2) 4,1(2 2x2x or (2x)2

3) m4 go 212,a2
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5) .49a2 (.7a)(.7a) or (.7a)2

6) 3x2 Cannot be expressed as the
pToduct of two equal fac-
tors since 3 does not have
two equal integral factors.
Then 3x2 is not the square
of a monomial.



c. Have pupils express, if possible, each of these binomials as the
difference of two squares of monomials as follows:

1) x2 9 in (x)2 - (3)2

2) 4x2 25 gm (2x)2 - (5)2

3) y2 - 4x (02 - (2x)2

4) a2 - k (a)2

5) b2 5

6) d2 .09 (d)2 (.3)2

7) x2 + 4

8) 32[2 4y2

(The monomials are x and 3)

(The monomials are 2x and 5)

(Wbat are the monomials?)

(What are the monomials?)

(Cannot be so expressed. Why not?)

(What are the monomials?)

(Cannot be so expressed. Why not?)

(Cannot be so expressed. Why not?)

d. Have pupils realize that since the product of two binomials whose
first terms are the same, and whose second terms are additive
inverses results in a binamtal which is the difference of two
squares of monomials, we may reverse the process to factor the

difference of two squares.

We factor the difference of two squares of monomials into the
suni and difference of the monomials. For example,

x2 - 9 = :(x)2 - (3)2 (x + 3)(x - 3)

42 25 = (2x)2 _ (5)2 am (2x + 5)(2x 5)

3r2 i4x2=

x2 112

(02 - Ca02

602 (402

(y* + 2x)(y - 2x)

+ 2)(x - a) etc.

B. Suggested Practice

1. Mactor the following differences of squares.

a. c2 d2

b. 4a2 9b2

c. x2 - .04

a. 9x2 - y2
e. ii2 r2

f. x2 - 16y2

g. 16m2 - 25n2

h. ix2 y2

i..09y2 - 52

j. 49y2 25x2

k.
9 2 5
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2. Factor each of the following integers.

a. 152 - 1

b. 2491

C. 3596

d. 4875

Solution: 152 - 1 gm (15 + 1)(15 1) in (16)(14)

Solution: 2491 in 2500 9

go (50 - 3)(50 + 3)

= (47)(53)

V. Finding Trinomial Products by Inspection; Factoring Simple Trinomials
(aeneral Case)

A. SuggeSted Procedure

1. Have pupils use the distributive property to find the product of
the following pair of binomials:

(x + 2)(x + 5) = + 2)x + + 2)5

za x2 + 2x + 5x + 10

u. x2 + (2 + 5)x + 10

Have them observe the following for this product:

a. The first term, x2, of the product is obtained by multip4ring
the first terms of the binomials.

(x + 2)(x + 5) 3E.3E = x2

b. The middle term, 7x, of the product is obtained by multiplying

the first tem of each binomial by the second tern of the other

and adding these products.

+ 2)(x + 5) 2x + 5x (2 + 5)x + 7x

c. The last term, 10, of the product is obtained by multip4ing
the two last terms of the binomials.

(x + 2)(x + 3) 25 an +10
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2. Present additional illustrations and have pupils make these

observations again.

Have pupils use these observations to complete the following table:

Binomial Factors

+ 3)(x + 5)
- 2)(y + I)

(a + 3)(a - 7)
(r - 6)(r - 2)
(b + 2)(b + 8)

(p - 9)(p - 11)
- 5)(x + 7)

(b + 2)(b - 3)
(b + 4)(b + 4)

- 4)(y - 5)
- 2)(a + 8)

(in+7)(m-U)

First Term

2. ?
= ?
= ?
= ?
= b2
.. P2
= x2
= b2
22 ?
= ?
= ?
= ?

last Term

,Product

Middle Term

+ax ?
-7 ?

-Sr r ?
? +16
? 499
? -35
? -6
? ?
? ?
? ?
? ?

3. Have pupils learn to factor simple trinomials which are the product
of two binomials.

a. &ye pupils multiply (x-I-2) by (x+3). The product is x2 + 5x + 6.

b. Pose problem: The area of a rectangle is represented by x2 + 5x + 6.

What binomial expressions may represent the dimensions?

Elicit that the binomial expressions are factors of the product
xg + 5x + 6.

Guide pupils' thinking as follows:

1) Itat is the first term of each binomial? The first term of
each is x, since the product of x and x is x2, the first term
of the trinomial.

x2 + 5x + 6 am (x + ?)(x + ?)

2) Since 6 was obtained by multiplying the last terms of the
binomials, these last terms must be factors of 6. Wat are
all the possible pairs of factors of 6? They are:

1 and 6
2 and 3

-1 and -.6
-2 and -3
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3) Which pair must te chosen as last terms, so that the
product of two binomials will have a middle term of 5x?

(2 and 3)

4) Then we can write the factors as follows:

x2 + 5x + 6 a= (x + 2)(x + 3)

Have pupils check factoring tef multiplication.

Is the form x2 + 5x + 6 = + 3)(x + 2) acceptable? Way?

The length of the rectangle may be represented by x + 3;
the width by x + 2.

Have pupils factor the following:

x2 + 3x + 2 (x + 1)(x + 2)
x2 + 4x + 3 (x + 1)(x + 3 )

x2 + 7x + 10 (x + 2)(x + 5)

Have them note the sign of the constant term, the patterns of

the signs in the factors, and the sign of the coefficient of

the middle terms.

d. Have pupils factor the following:

1) x2 _ 4x + 3

We can write x2 - 4x + 3 = (x+ ?)(x + ?).

What are the possible pairs of factors of +3? (1 and 3, -1 and

-3).

Which pair must be chosen as last terms so that the product

of the two binomials will have a middle term of -4x0 (.1 and -3)

Therefore, x2 - 4x + 3 = - 3 )(x - 1).

Check the factors by multiplying.

2) x2 - 3x + 2 (x - 2)(x -11)

3) Y2 - 81 + 7 - 1)(7. - 7)

4) x2 - 7x + 10 (x - 5)(x - 2)

Have them note the sign of the constant term, the patterns

of the, signs in the factors, and the sign of the coefficient

of the middle terms.
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e. Have pupils factor the following:

1) x2 - 2x - s

The product of the numbers which are needed as the second

terms in the binomials (K + ?) and (x + ?) is -8.

What are the possible pairs of factors of 4? (4 and 1;

8 and -I; 4 and -2; -14 and 2)

Which pair must be chosen as last terms so that the product

of the binomials will have a middle term of -2x? (-4 and 2)

x2 2x - 8 (x - 4)(x 4.2) Check by. multiplication.

2) x2 3x - 4 - 4)(x 4. 1)

3) x2 + 3x 4 + 4)(x 1)

4) xR 5x 6 (x 6)(x + 1)

Have them note the sign.of the constant term, the patterns

of the signs in the factors, and the sign of the coefficient

of the middle terms.

B. Suggested Practice

1. x2 + 5x + 6 32 ? 2)(x ? 3)

2. xR 5x al- 4 us ? 4)(x ? 1)

3. 3c 5x 6 = (x - 6)(x + ?)

4. x2 4' 3x 4 = (x: + ?)(x ?)

5. y2 + 5y 6 um ?

6. y2 . 6y + 8

7. 02 4. ec - 9 ai ?

8. b2 al) - 9 =. ?

9, + 6d + 9 am ?

1 1, 314: 4. 4y + 4

11. a2

12. The area of a rectangle is x2 - x 6. What are the sides of the

rectangle if they are factors of the area?

23. The area of e rectangle ie + 2y - 15. What may its base and

altitude be?
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OFTIONAL

14. If x2 + bx + c is factorable into (x + r)(x + a), what is true of
the signs of r and s, if c is a positive number?

What is true of the signs of r and s if c is a negative number?

If c is a positive number, how does the sign of b affect the
signs of r and s?

If c is a negative number, how is the sign of b related to the
absolute values of r and s?

VI. Factoring Trinomials of the Form ax2 + bx + c, where a = 2 or 3

A. Suggested Procedure

1. Review with pupils the relationship between the signs of the
terms of a trinomial product and the signs of the terms of the
binomial factors.

2. Pose problem: The area of a rectangle is 3x2 + 7x + 2. Wat
binomial factors might represent the dimensions?

Guide pupils' thinking as follows:

a. If the first tem of the trinomial product is 3x2, what are
the first terms of the binomial factors? (3x and x) Thus,
we may write:

3x2 + + 2 = (3x + ?)(x + ?)

Note: The first term of each factor should have a positive
coefficient.

b. What is the product of the second terms of the binomials? (+2)

What are possible pairs of factors of +2? (2 and 1 -2 and -1)

Which factors do we reject? Ity

c. How may we fill in the blanks in the binomial factors?

1) Have pupils tr7 (3x + 2) (x + 1). Have them check the
result by multiplication to see whether the factoring is
correct.

(3x + 2)(x + 122 3x2 + 5x + 2 It does not check.

2) Have pupils tr3r (3x + 1) (x + 2).

Have them check by multiplication to see whether the factor-
ing is correct.

(3x + 1)(x + 2) =g 3x2 + + 2 It checks.
Pupils conclude that the correct factors of 3x2 + 7x + 2 are
(3x + 1)(x + 2).
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3. Factor 2x2 + 9x -

a. What are the first terms of the binomial factors?

b. What is the product of the last terms?
What are the pairs of factors of -5?

c. Which of the following pairs of factors would you select? Why?

(2x + 1)(x - 5)

(2x -.1)(x + 5)
(ax + 5)(x: - 1)

(2x - 5)(x +

B. Suggested Practice

Factor:

1. 2a2 4. 3a + 1

2. 302 4. ec + 5

3. 3x2 - 14x - 5

4. 2r2 - r - 3

5. 2y2 +

VII. Complete Factoring

6. 2t2 9t + 4

7 . 3x2 + Ilx - '20

8. Tzhcl+ai;cea of a rectangle is
-12. &press the length

and the width each as a binomial
in x.

9. *at are the integral values
of m that will ngtke the
trinomial 3x2 + mx + 3 the
product of two binomials?

A. Suggested Procedure

1. Have pupils consider the expression 4x2 - 16. Ask them to factor it.

Some may find the greatest coat:Ion factor. Others may factor it as

the difference of two squared; Thuis,

a. 4x2 - 16 al 4 (X2 sal 4 )

b. 4x2 - 16 mg (2X + ) (2X 4 )

Have pupils observe that the factoring in a is incomplete, since

x2 - 4 ow be factored further as the difference of squares.

Have them see that the factoring in 11 is incomplete, since each

of the factors has a common monomial factor.

2. Have pupils consider how 4x2 - 16 gm 4(x?-4) ray be factored further.

42 - 16 as 4(x2-4) 4(02)(X.,2)

Have than realize that the factorization is now complete, since each
of the binomial factors cannot be factored further.
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3 Have pupils factor 2a2 + 6a + 4 completely.

29,2 + 6a + 4 = 2(a2 + 3a + 2) in 2(a + l)(a + 2)

Why is this factorization complete?

Check by multiplication.

4. Guide pupils to the use of the following steps in complete

factoring.

a. Look for a common factor first. &press in factored form.

Then examine each factor.

b. If one of these is a binomial factor, see if it is the differ,.

ence of two squares. If so, factor it.

c. If one of these is a trinomial factor, see if it emn be

factored. If so, factor it.

d. Make suxe the binomial or trinomial factors cannot be

factored further.

B. Suggested Practice

Factor each expression completely.

1. 3x2 - 3y2

2. 2b2 - 8

3. 2x2 + 10

4. 5a2 . 20a - 25

5. 2412 + 6a + 8

6. a3 - a

7. 4x2 - 24x + 36

8. a3 ab2

9. B2 r2

10. x4 - y4

VIII. Using Factoring in Solving Equations

A. Suggested Procedure

1. Have pupils see the need for finding methods of solving equations

other than linear equations.

a. Pose problem: The length of a rectangle is three inches more

than its width. The area of the rectangle is 40 eqpare inches.

What are its dimensions?
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b. Have pupils describe the conditions of the problem by amens
of an equation, as follows:

Let x represent the number of inches Ixa width
xf3 represents the number of inches in length

11E(.03) 40 Area of a rectangle = length x width

Have them observe that this is not a linear equation since
it cannot be put in the form ax + by= c, (a and b not both 0).

Have them try to solve the equation by methods they,have used
for solving linear equations. They find they cannot.

c. Have pupils ncte that in the equation x (x3) I= 40, the

product of two factors is 40. Have them try to determine a
pair of factors of 40 such that one factor is three more than
the other.

After trying various pairs of factors of 40, they will eventually
find that the required factors are 5 and 8, and they will then
be able to solve the problem. They will realize, however, that
it is not always easy to find the factors of a number when these
factors have condivlans imposed upon them.

2. Guide pupils to realize that when the product of two factors is 0,
the task of determining the factors is greatly simplified since we
now have additional information about one of the factors.

a. Have.pupils understand that if the product of two (or more)
factors is zero, then at least one of the factors is zero.

1) Review the multiplicative property of zero.

(6)(0) NB 0

(4)(0) 212 0

TO generalize:

For every number a, as() = 0
Oa = 0

(0)(o) = o

(0(1) = o

2) Have pupils consider non-zero factors.

(+2)(+3) = +6

(-2)(+3) so 6
(42)(-3) = 6

Have them try other pairs of factors to see whether the
product of two non-zero numbers is ever zero. They
conclude it is not.
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3) Have pupils consider the open sentence ab = 0.

Itiat replacements for a and b frost the domain of signed
numbers sake this true?

ilaicit that if ab 00 then either a ai Os
or b Os or a a 0 ina b O.

b. Have pupils practice the following:

I) If ab 2) If &Lob = 0.

b = 6 a = 10

Then' a ? Then b ?

3) If a.b an 0 4) If ab
b = 0 Then can a au 0? (No)

can b 0? (No)
Then a = ?

(a can be replaced
by sz member of
the replacement set)

5) %bat is the value of 2(x - 5) when x 5?

6) Wit is the value Of x(x+3) when x IntO? Iten x = -3?

7) Mut is the value of (x + 14.)(x - 3) when x az -4? Ithen x 3?

8), %hat value of x will make the first factor of (x - 2)(x - 1)
zero? With this value of xs (x- 2)(x - 1) ?

*at value of x will make the second factor zero?
With this value of xs - 2)(x - 1) as ?

9) it x(x+3) a and x Os what can you say abOut.x + 3?
about x?

10) If + ,)(x 4) so Os and x 4 0, what can you oay aboub
x + 3? about x?

3. Have .pupils learn to solve equstions involving factorable po4-

a. Have pupils understand the meaning.of jaingslaagatjaa.
Consider the following equations:

3) + 3 in 0
2) 72 + 3.7 4)53u.i2a2+Sa
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%hat common property do they have? In each case the expression

before and after the equals sign is a polynomial. Such equations

are called ooknomial, emotions. Have pupils construct several

other polynomial equations.

Have them construct several equations which are not polynomial

equations as, for example, x2 + 5.

b. Guide pupils to an understanding of the degree of a polynomial

equation.

1) Review the degree of a polynomial.

2) Vhich is the polynomial of higher degree in x + 2 = 92

X + 2 or 9? (x + 2)

Since this is of degree one, the equation, x + 2 = 9, is

called a :irst-degree equation.

3) Which is the polynomial of higher degree in y2 + 5y = 17,

y2 + 5y or 17? (y2 + 5y)

Since this is of degree two, the equation y2 + 5y = 17 is

called a second-degree equation.

4) Of what degree is t3, + 3 0? Why?
Of what degree is a3 = 2a4 + 5a? Why?

c. Have pupils learn how factoring may be used to solve equations

with factorable polynomials.

1) Solve x(x + 3) 82 40. This is the equation which describes
the conditions of the problem posed in

Pupils have previously solved this equation by a trial-and-

error procedure. Have them now solve it by using their

knowledge of factors whose product is zero. Have them

realize that to apply this knowledge, the equation must

be written so that one member is zero.

x(x+3) log 40

x(x+3)-40 0
x2+3x-40 as 0

(x+8) (x.5 ) = 0

Why is this equivalent?

Then, x + 8 = 0 or x 5 =
Therefore x = -8 or x = 5

The solution set of the equation is {-8, 5 } .

Have pupils check each solution in the original equation
x(x+3) = 40.

jhtl: In terms of the troblem, the domain of x would be
restricted to positive numbers. Then -8 must be rejected
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as a solution of the Accordingly, the solution

set of the equation is 5 . Thus, the width of the

rectangle is 5 inches and its length is 8 inches.

2) Solve: x2 . 4x = 0
x(x.-4) = 0

Then, x 0 or x - 4 = 0 itiy?

Therefore, x = 0 or x = 4.

Then the solution set is(0, 4 )

Check each apparent solution in the original equation.

02 - 4(0) = 0 (4)2' - 4(4) 0
:10 . 00 16 - 16 0

0 = 0 0 = 0

Why is x2 = 4x, x = 4 ggt a correct method? (We cannot

divide both sides of an equation by a variable if zero
is a possible replacement for that variable.)

3) Solve: az - 8x .+ 8 = 2
2x2 - ex + 6 = 0 (an equivalent equation with 0 as

one member)

Have pupils see that there ie a common monomial factor, 2,

of the tem) of the polynomial 2x2 eat + 6. Since this is a

non-zero number, we may divide both members of the equation

by 2. Then we have

x2 . 4x + 3 = 0 or 2(x2 - 4x + 3) = 0
(x-3)(x-1) = o

Then x - 3 = 0 or x - I = 0 Since 2 0, then x - 3 = 0 or x I = 0

Therefore, x = 3 or x = 1 71- -refore, x = 3 or x =

The solution set is {3, 1} .

Have pupils check the solutions in the original equation.

4) Solve: z2 = 16

Have pupils realize that if z2 16, then z = +4 or -4.
These are the solutions. Will the solution by factoring

give the same answers?



z2 16 0
(z+4)(a-4) imo 0

Then, z +4=0 or z 4 mi

The solution set is (-4, 4)
Have pupils check.

5) Solve: x2 - 8x + 16 um 0

(x-4)(x-4) 0

Then, x - 4 s= 0 or x 4 = 0

x 4 x az 4

Have pupils note that since the polynomial on the left side
is a trinomial square, tho factors are identical and we
obtain the same root, 4, twice. It is therefore called a
doubXe, root, but is written only once as a member of the
solution set.

Inform pupils that in courses in higher mathematics reasons
will be discovered for considering it to be a double root.

Have pupils check.

6) Discuss with pupils the number of solutions they expect a
first.degree equation to have; a second-degree equation to
have.

From the stove examples, have pupils conclude that a second-
degree equation has two roots. (The roots may be the same
nuMber.)

B. Suggested Practice

Find the solution set of each of the following polynomial equations.

1. 3(x - 5) al: 0
2. 4x - 20 = 0
3. x.(x: - 3) 120

4. + 4)(x - 2) =g o
5. r2 . 3r an

6. y2 - 9y + =
7: a2 4'4a nu 12
8. t2 nt. an -as
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9. b2 4 =g 0

lo. 4x2 =g 36

11. 2a2 me 50
12. 2y2 = 24y . 72
13. x(x + 3) = lo
14. - 4)(x + 2) = 16

OPTIONAL

15. (x- 2-)(x + 5)(x - 10) agg 0
16. 230 - 2x2 - 4x at 0



Using Factoring in Problem Solving

Solve the following:

1. The sum of a certain number and its square is 56. Find the number.

2. The width of a rettangle is 4 inches less than its length. If the

area of the rectangle is 117 square indhes, what.are the dimensions?

3. The perimeter of a rectangle is 44 inches. Its area is 120 square

inches. What are the dimensions of the rectangle?

.1xstrative Solutioq:

Let X sig number of inches in one dimension

If the perimeter of the rectangle is 44

inches, then half the perimeter or the

sum of one length and one width is 22

inches.

22-x

Am120 sq. in.

Then, 22 - x: = number of inches in the other dimeneion

x(22 - x) = 120
22x-x203 120

x2-22x+12Qm 0
(xi-22)(x-10 0
x - au 0 or x - 10 = 0

Therefore, x = 12 or x = 10

If x = 12, then 22 - x = 10
If x 10, then 22 - x = 12

The dimensions of the rectangle are 12 feet by 10 feet.

Check: the solUtion against the conditions of the problem.

4. If one side of a square is increased by 4 inches and an

adjacent side is decreased by 4 inches, the area of' the

resulting rectangle is 20 square inches. What is the length

of a side of the equare?

5. The altitude of a parallelogram is 3 units less than the

base. The area is 54 square units. Fini the base and the

altitude. (The negative solution has no meaning.)

6. The square of a certain integer is 5 more than the next con-

secutive integer. Find the number.

. -209-



7. A window screen is 10 inches longer than it is wide. Its area

is 375 sqpare inches. Find its dimensions.

8. The sum of the squares of tic consecutive nutbers is 113. Find
the numbers.

9. John wishes to double the area of his garden by increasing the
length and the width by the same amount. If the original garden
is 18 feet long and 12 feet wide, by how many feet must each
dimension be increased? 8+2x

10. A rectangular garden is 6 feet by 8 feet.
About this, a rectangular walk of uniform
width is built as shown in the diagram.

The area of the walk is 72 square feet.
Find the outside dimensions of the walk.

U. The area of a circle is 154 square inches.
Fini the radius and the diameter. (Use

a as an approximation for .)
7

12. Select additional problems.from textbooks.



CHAPTER/

FRACTIONS

This section suggests procedures and materials for help-

ing pupils gain understanding and skill in extending fundamental

operations to fractional expressions, and in solving equations

with fractions.

I. Review and &tension of the Meaning of Fractional Numbers

Eav Although a fraction is a numeral which represents a

fractional number, in the future the word fraction will be

used to mean the numeral gx: the number. The context will

indicate Whidh meaning is intended.

A. Suggested Procedure

1. Review with pupils the various uses of fractions that they

have encountered.

2
a. Part of a whole:

3
2

b. Ratio of two numbers:. 2 to 3, 2:3, 36

c. Indicated division of two numbers: /f 2 is divided by 3,

we can write the result in the form of the fraction I.
3

2. Have pupils see that when variables are used to represent numbers,

we can use fractions in the same ways.

How do we indicate, by means of a fraction:

2
a. The ratio of 2 to x (i); y to 5 (), a to b

b4 The part of a job that can be done in I hour if it takes

x hours to do the complete job (i); the part that can be

done in 4 hours.

c. x:divided by 3 (a)
3

d. I divided by b

e. a divided hy b

f (x2+5) x x )
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3. Have pupils understand that when x represents a signed number,

an expression such as Jr4 21r indicates a division with divisor
y - 2

y - 2.

4. Have pupils realize that since division by 0 has no meaning,
a fraction with a denomiriator of zero has no meaning.

For what values of the variable are the above fractions
meaningless? why?

Aolv Every polynomial may be considered a fractional expression
with denominator 1.

Thus, 2x + 5 m2a-L-5.1.
1

B. Suggested Practice

&press as fractions. Give the value, if any, of the Variable
for which the fraction has no meaning.

1. x divided by 8

2. The ratio of the length, 1, of a rectangle to its width, wr.

3. 1: divided by y

4. -10 f a

5. The part of a job that can be done in x hours if it takes 5 hours
to do the complete job.

6 . -10 + (a - 2)

7. + 4) y2

8. 2b f (b - 5)

9. The cost of 1 apple if n apples cost 90 cents.

10. 1 f (x + 1)

U. (r + 3) + (r - 3)

12. (a - 2) + (a2 - 4)
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II. Sinaifying Fractions

A. Suggested Procedure

1. Review with pupils that in multiplying the fractions of arithmetic,

the numerators are multiplied to give the numerator of the product,

and the denominators are multiplied to give the denominators of the

product.

5,1
4 4 4

2 1 aamin 2

3 5 3 5 1 5

in id as 1,1
4 7 4 7 28

In general,

I mu 90.2 is a true statement for any replacement for
b d

a, b, c, d by numbers, except b 0 or d 0.

kts, In the future, we will assume the denominator of a fraction

is not zero.

2. Have pupils recall that any arithmetic fraction which has the same

numerator and denominator is equivalent to the number 1. Thus,

aga 1
2

In general,

kin
4 .3

an 1 is true .for any number replacement of x, except x 0.

3. Have pupils see that in simplifying arithmetic fractions (fin:ling a
simpler fraction equivalent to a given one), use is made of the

multiplicative identity, the number 1.

For maple,

11 2,z3 a
20 225 am 2 2 5 5 5
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However, in simplifying an arithmetic fraction, it is not always
necessary or desirable to factor the numerator and denominator

-* into primes. Thus, noting that 4 is the largest, factor common
-to both numerator and denominator in the fraction

igs we would factor and simplify as follows:

2a = Llask 1=11.3.
20 4.5 4 5 .5 5

&Iv A. fraction is in simplest L2m if there is no common factor
in numerator and denominator other than 1.

4. Have pupils understand that the value of an algebraic fraction is
considered to be 1$ if its numerator and denominator are the same.

a. Consider the algebraic fraction: tc.

What is its value when x is replaced by 1?
any number except 0?

b. Consider the fractions:
4ab4 -3x2y

bY 3? bY 61? by

a2 + 3a,
2a + 3a

What is the value of each fraction for any replacement of the
variable by numbers* except those replacements that make the
denominator equal to zero?

c. Itat can you conclude about the value for any algebraic fraction
which has the same numerator and denominator?

3. Guide pupils to understand the simplification of algebraic fractions
as follows:

a. Simp1ify:1

3
xx321"14 (Meaning of exponents)

xxix a a
x (Honing of multiplication)

x X

a a ap 3.91x
xe x

(Arly non-zerv number divided by itself
is 1)

(1 is the multiplicative identity)

Threfore, S is equivalent to x.

Have pupils tq several replacements for x (other than zero)

to see whether the same number is obtained.
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b. Simplify: za5A
372

:OA an 1-.5:11=7.= ICY?32 377

5 1IX Mr Vty?
3 Y Y

5.1.llyy ity?

..5y2 *Y?

Therefore, =12A is equivalent to .5y2,
3y2

Have pupils veriry for y la 2.

6. After several similar examples have pupils see how the uvrk of
expressing algebraic fractions in simplest form may be shortened
by using the largest common factor, of numerator and denominator.

x3
a. Simplify:

x2

The largest common factor of numerator and denominator is x2.

We factor accordingly.

x.x2411111 =
x2 x2 x.x2

However,

1 x2 1 22 .1
x3 x .2c2 x x2 x

b. Simplify: :5158
3y2

The largest common factor of numerator and denominator is 372.

Then,

3y2

-215-



c. Simplify: filaNtli +
2(x + 5 ) 2 "(x + 5).2.(x +

+5ix+5 2 + 5

,
actie

gp as.
x+5

ity is -4 the simplest form of the original fraction?
x45

Have pupils verify that 866i) and 4 name the same number when
2(x+5)2 3143

X is replaced by 3; by qa.

Why cannot at be replaced by 5?
41,4Utmd. Simplitys

Expressing numerator and denominator in factored form, we hove

spa. 4+1
al auk; 1aw4

Have pupils verity for a "P 4. *Oh replacements for the variable
must be excluded?

e. Simplify:

26.7...1 IF 4041
x txmai

4e3., or

MOO After pupils pin experience in simplification of frictions,
it will not be necelearir for that() record all of the intermediate
etepe.
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B. Suggested Practice

1. Wich of the following are in simplest bra? Explain.

a. t 22.2,
w. 3r

b.

C.

d.

4
a

3a - 4bf a

3(x + 4)a. y)2

h. x + y

2. &press each fraction in simplest form. Tell which replacements
for the variables must be excluded.

la In2 - 25
a.

3t2 g' 3m + 15

b 05 h + 4xt. 43-; 4

c 52:a
i. .2 + 6.d + 9d2

35re
c2.9d2

2 y2 . 27 8

0 "

5a + 51?° a + b 2 - x

III. Multiplying Fractions

A. Suggested Procedure

1. Ha/e pupils recall the meaning of mu3,tiplication:

g 112 is a true statement for any replacement for a, b, c, d
b d bed

except b 0 or d 0 (see II-A-1)

For example I) ft as ti
2. Guide pupils to see that,if we wish to be consistent, multiplication

of Ligebraic fractions should be performed in the same ways

Multiply the numerators to obtain the numerator of the product. and
imultiply the denominators to obtain the denominator of the product.

lam azal
We 2 (y 0)
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b 3y ..,1X 32,35Z

Dz.2.

or

2i-j, 2 (c-1)

c 3 x+1 3 (x+1) 3x+3

37 = ,

7 1 7

atl cr1±3 +ch n+6 n+4 til+6 kn+4 ) n + 10n + 24

(Every polynomial may be con-
sidered an algebraic fraction
with denominator 1)

(n -6, n yi 4 )

Mktv In all operations involving fractions, discuss the limitations
on the domains of the variables.

3. Have pupils simpligy the product of algebraic fractions whenever possible.

a.
2 4x 2 .4x

8*X

as 1,1 as
8 x

an ILI or 101
8 8

For which value of the

(Meaning of multiplication)

(Commutative and Associative Properties)

Check for X an 2

2 4x 8

2 4.2 8

I 11
2 8 8

11 an .15.

a 8

variable is the fraction meaningless?



b. A .2z.
3y 8x2 24x2y

is laan
2x*12iy

, laCE
61 2x 1.2xy

I 1 or
zx 2x

For which values of the variables is the fraction meaningless?

Have pupils check for x 3, y 2.

c, A Mar"
3 8x2 24x2

1
x 24x

u. lel, or (x 0)

d.
fiL±.13 - + 13 -
b-1 (b+ 3 bi-1 b+ 3

+.;) (1? - 1)
b +3) (b - 1)
.1)b ++

1-2-11, or 1-:-Fal (b ft 1., -3)
b + 3 b + 3

4. Have mils learn to simplify the multiplication of fractions by

first factoring each polynomial whenever possible. Have them
practice examples such as the following:

k -Li.- 8 ,a. 5
141x + 2)

x+2 5 x+2

5 +

Ais 5 x + 2

-- (x -2)kx1 or ha,

AsAiLlq_tgultz: As pupils show ihcreased understanding of
multiplication of fractions, it ray not be necessaly for them
to record each step of their work.

b. 6 72 -6" Jedi... a
y+2

c x + 2 x - 2 a, a 8,4 - 2a - 8
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B. Suggested Practice

Multiply and give each product in simplest form.

8
1. x

5

2 flxilx1
7 9 4

3. k c
b 5x

4 12-10a2- (Check for a = 2, c = 3)

re m

c

5. 442

+ 66. (.3r - 6). (ey 6) (Check for

3D - 30 2002
7. 10pq q4

8. al se
cd wz x

a2 ._b2,a+ a2 - 9
' a2 + 5a + 6 ' a - 3

.2.61.)2 ilL=.110. (Check for b in 7)
6 (b -0+4 ) 2b

11. ' 2..z..- A
x2 -9 x

(Check for a =2 4)

IV. Dividing Fractions

A. Suggested Procedure

1. Have pupils recall the meaning of a reciprocal (multiplicative
inverse).

The reciprocal of 2 is for 24 = 1.

The reciprocal of is ,for 13;4 = 1.

The reciprocal of x is x, for x x = 1.

itat is the reciprocal of a2b?

Mutt is the reciprocal of x + 2? Way?

Vbat is the reciprocal of ? 14hy?Y - 3
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2. Have pupils recall that to divide by an arithmetic fraction,

we multiply by its reciprocal.
19 us 92c ism 27

3 2 3 1 3

ziandixis= 112 etc.

In general, t ff can be replaced by t. x t. That is, t;

for any number replacement for a, b, c, d except b Os

I a ,
d b c

c 0, d am 0.

34 Guide pupils to see that, if we wish to be consistent, division of
algebraic fractions should be performed in the same way:

To divide by an algebraic fraction, multiply by its reciprocal.
2

a
(Si is the reciprocal of I)

d d d a

zwa,a,si
a d

as a.11, or a

b.
3a 1 3a + I 6

(-6-. is reciprocal of 5a + 1)an....+I
5 6 5 5a+1 5a+1 6

C.
1 72- I + ie..,"

3y 6y Y Y

Complete and check by letting. y = 2.

B. Suggested Practice

Divide and check for values of the variables that will mike the frac-
tions meaningful.

me age
4 p 3p2

r=1.
5. 4 2
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6. &la-T-; 116:"..ab

7* + 3 67 + 9

8. x2 - 2x7 + 72 x

d2 + 2d + 3., d9. 5d - 5 ' 15

2.2 + 16r + r2 - 81..% r2 r2 16

1#2
33' * 672

Solution: e--:=-4 2 -
3y y 3y 2-y -1(y-2)(3y)

214+2).&2_,21
-1 y-2 3y

cc -4(7+2)

V. Adding and Subtracting Fractions

A. Suggested Procedure

1. Combining fractions with the same denominator (like fractions).

a. Hive pupils review adding (subtracting)arithmatic fractions with
same denominators.

1+,2.5.±2or2
4 4 4 4
1+2.2,±Zor
8 8 8 6

Have them recall that the justification tor this; is the distributive
property. For example,

+ IIII 5. 12: + 2 21, mi(51-2): 7. =

Guide pupils to realize that I + 1ms + c (a+c).
b b b

Therefore, + so is a true statement for all replacements of

a, b, c by numbers, except b 0.
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b. Have pupils see how the distributive property is used as the
basis for combining algebraic fractions.

1) & + az 2 + 3.
x x

es (2 + 3A Why?

5
a. 54, or r Why?

Th2 + as or
en, x x x

a
4 4 4 4

Then,

4

4
a

4 4 4 2

c. Have pupils practice the following:

a 8 8 8

2) 1116-2 i68.n

3) +3O- 176 9 1+ 7 l0 f;
4) it + zaa=2-1.2a"&"2a

5) -51-6,-
(b o)

6) a(.::.1). IX= 21 2(X 2) (X 2) en + 2gs 2

3 3 3 3 3

7) -IL .4. -D.-
n-3 n-3

5b2 -,b +7+
5

2b2
5

.1x2 33t +3. pc2 21. an
(To avoid errors in signs, have
pupils enclose 3x2 - x - 10
'within parentheses.)
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2. Combining fractions with unlike denominators

a. Review the identity element for multiplication in expressing
fractions as equivalent fractions.

1) Change 2. to an equivalent fraction having a denominator of a.
4

(1 is the multiplicative identity)
4 4

.1 2:= 13. . (1= why was t chosen as a different

numeral for 1 rather than cr A?)
3 4

or t- (Multiplication of fractions)

Then,

6
Have pupils check by expressing 3 in simplest form to see
whether it equals

2) Change a to an equivalent fraction having a denominator
3of 9.

,
3 3

ga 11 43. (WY was used to replace 1?)

bz.2 or la.
3-31 9

Check by expressing 10 in simplest form.

3) Change i2";. to an equivalent fraction having a denominator
of May.

N. X;
47 47

3ia . (Iily was 5t° mod to replace 1?)
4i 5a

20=my

Check by expressing in simplest form.

4) Practice the following:

7
2a ? 8 ? ma ?
5 25 x i-c7 r7 a,1ery-
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b. Have pupils understand 11,:ta to combine unlike fractions with

numerical denominators, as follows:

1) rind the sum of and Pupils will know from their background

in arithmetic, that to add fractions with unlike denominators,

we must first find equivalent expressions for each with a common

denominator.

Have them recall that the common denominators of two (or more)

fractions are the ommmumatiples of the denominators. Thus,

in the set of positive integers,

4(0.11 2, 4, 6, 8, 10, 12, 14, 16, is the set of multiples

of 2 (the denominator of the fracti n I). This is so because

each element in the set has 2 as a fac or.

3, 6, 9, 12, 15, 18, }is the set of multiples of 3

the denominator of the fraction i) since each element in this

set has 3 as a factor.

The common elements of the two sets 0, 6, 12, 18, constitute

a set of common multiples of 2 and 3. The elsimentslof this set

are the common denominators of the fractions "t and 1. Uhereas

any common denominator (any common multiple of the denominators)

can be used to express and) as like fractions, for convenience

the lowest common denominato , namely 6, is used.

Then, or

0 __or

1+1=1+a =Pori.
2 3 6 6

Mds: When numbers have no common factors, their least common

multiple is their product.

10,Ijv The smallest number in the set of common, multiples is zero,

since every natural number is a factor of zero. However, zero

as a common multiple, is not useful in, mathematics.

2) Find: 5.1
The least common, multiple of the denominators 3 and 4 is 12.

Then to combine the fractions, we must find equivalent expressions

for a, and &with denominator 12. Thus,

3 4

M: me A .1

3 4 34 4.3
ka.
12 12

mikA=.011, or
12 ' 12
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3) Have pupils practice examples such as the following:

Add or subtract as indicated.

z".Zo X+ giC
2 4 5 3 3 2

c. Have pupils learn to find the lowest common denominator
by prime factorization.

1) Add the fractions 11 and-2--
40 18

What is the Iriest common denominator? Is the product
of 40 and 18 the LCD? This product, 720, is certainlY
a common denominator, for it is a multiple of each
denominator, but it would be convenient if we could find
a smaller number that is a multiple of each denominator,
that is, having 40 and 18 as factors.

Have pupils find the prime factors of each denominator.

40 = 2225 18 = 2.3.3

The sum of the fractions ean now be wTttten as:

40 18 2'262'5 2'3'3' m2ii 277
+ alt ..11116"." amilm or

What are the prime factors of the LCD? (rhe LCD must contain
2,3 and 5 as factors.) How many times must 2 be used as a
factor in the LCD? (Three times) How many times must 3 be
used as a factor? (Twice) Haw many times must 5 be used
as a factor? (Once)

Guide pupils to realize that each factor is used in the
LCD the greatest number of times it appears in any denomina-
tor.

T4en2the LCD of the fractions a and3 is 2.2.23'3'5, or

&pressing each fraction as an equivalent fraction with a
denominator of 2132.5, we have

224
40 5375 F T;Y 4' 5275

4,12 7.224

23.325 231325
24..0

360

99+140, or
360
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api x
2) Combine° 90 36

Factoring each denominator into primes, we have:

90 um 2.3.3.5

36 121 2.2.3.3

x
s 90 31; 2.3.3.5

2.2.3.30 ri:4075- -32-c -Then
x

The LCD is 2.2.3.3,5, or 22.32.5.

Then
s 90 36 7257

g: 6x
i2:-2-

3 '75 2
2
32'5

180 180

or -2S.
180

5

d. Have pupils comtine fractions with variables in the denominators.

Cmbine: 2a + 3a a 74

The factors of 2a are 2 and a.
The factors of 3a are 3 and a.

Taking each factor the greatest number of times it appears
in any denominator, we have 2.3.a, or 6a as the LCD.

en
2a '3a az 2a 3 3a 2

a10+ tit

an 2
s

-tag or
6a 6a

2
2) Combine: 15, 10y2 y 0

The factors of 157 are 5.37

The factors of 10y2 are 5270y

The LCD is 5.3.277, or 30,2

tolution may be completed as above.
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_

&ILIA3) Combine: 2a a a 0

The LCD is 2/L. Itiy?
*LIU a

Then, 2a + 2a a 2

x + 1 + 2(x - 1)
2a 2a

x + 23c - 1)
2a

x + 1 + 2x - 2 lac.:11
2e. 2a

4) Combine: 2 +

2&pressing 2 as the fraction - the example can be1,written in the form

a+i The LCD is x
1 x
a+2=2 ,a+1lxixx

+x x
an X

5) Combine: x+4 71/4-C
+

x+4 0E+43 (x-4) The
LCD is (x44)(x-4)

sela-j"L'x+4 -4 ) (x+4 (x-4)

ata5.4U--7 + iX--=5-12 +? an Ur---2-
-4 -4 ) x+4 (x-4 x 3.6



B. Suggested Practice

4-ai.e 4 3

2. I521 - (Check x = 2, y=3)
Y 3
a.. la.

3* 5 + 7b
64. -2- - --5-+ (Check for c us 2)

c3 c 2 c

5 7.,..+ -3....- 2

mn2 m2n ran

6. --6--- 8

Solution:

gd3.,a42 of The LCD is
8 2.3 2

a+2 22 a42
" 2.3 7 23 3

4(a+2) - 3(a43)
24

4a+8 - 3a - 9
24

a - I

23.3

7. 3b
52.u.z. 2x + 3y
XY2 *
lb - 2 4. a..).....4- 1 (Check for any value of b except ?)

0... 2b

"-:---.
1_ x + 2

6 5 2

mowl r" 2r + 8 r + 4

12. See any textbook for additional exmmples.

13. agrees each of the following algebraically:

a. Mr. Brown left an inheritance of 3:dollars to be divided among

his sons. The first son is to receive of the sum, the second

and the third son of the inheritance. &press the sum

of the three amounts received by the sons. Will this take care

of the entire inheritance?
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b. Each of two fractions has a denominator of x. The numerator

of the first fraction is 4 more than its denominator, while
the numerator of the second fraction is 1 less than its

denominator. %hat is the difference of the first fraction

minus the second?

c. TWo adjoining vegetable gardens are represented in the diagram

below:

x+2 A=50

If the area of ABCD is 50 and its width is x + 2, and the area
of EFGC is 20 and ita width is x- 1, express

1) the length of DC

2) the length of CG

3) the length of DG as a single fraction in simplest form

d. The sides of triangle ABC are ABmix, BC mi2x, and CA. an 2x + 1.

Another triangle DEF has sides

Demi of Ai, of BC, and FD gni of Gk.

Find the perimeter of triangle DEF in terms of x in its simplest

form.

VI. Equations with Fractions

A. Suggested Procedure

1. Review solution of linear equations of typo ax + b = c, ax + b, = ex + d,

and ax + bx c (a, b, c, d, integers).

2. Have pupils use the multiplication principle of equations to solve
equations with fractions.

a. Pose problem: Three-fifths of a nuMber exceeds one-tenth of the

number by 20. Itat is the number? Have pupils describe the
conditions of the problem by means of an equation as follows:

Le.tx represent the number

Thais = 20
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b. Have pupils realize that it is often desirable)in dealing
with equations involving fractions, to transform, these
equations into equivalent equations having no fractions.

Thus,

;IC a
10

20
2

10( 15- ) 10(20) Multiplication by 10, the LCD of
5 10

all fractions in the equation

10(i) - 10(110) 200

6x - 200

5x at 200

Distribitive property

x = 40

The solution set is{44.

Check: It is true that three-fifths of 40 (24) exceeds one-

tenth of 40 (4) by 20.

c. Have pupils note that unlike the procedure used in combining
fractions, we do not multiply each fraction by 1 when we solve
equations. We do not leave each fraction unchanged in value.
We change the value of every fraction in the equation and
the justification for this is the multiplication principle
of equations.

3. Have pupils use the above procedure to solve an equation, with
fractions when the variable appears in the denominator.

a. Solve: "BIL
3 x

The LCD of all fractions in the equation is 3x, if x 0.

Then, (3x)i 812 (34

2x in 12

x = 6 The solution set iq6).

Have pugls check: flt

ama a
3 3



b. Solve: 1+2=2
2y y 4

The LCD of all fractions in the equation is 47, if y ji 0.

11 3. 2.
Then° "'w

L.,,,

.2y + y =a 4y 4 my?

4.7 *2y + 4y1Is
7

us 4 . 4 4.171
2

2 + 12 = 77 icy?

14 - 7r

2 gi y The solution set is {2} .

Have pupils check.

c Solve: 2 2

The LCD of all fractions in the equation is 2(x-2), if x 2.

Then, 2(x-2) 21"-i

2(x + 1)

2x + 2

Have pupils check.

ing 2(x-2)

The solution set is (8).

jillav When both sides of an equation are multiplied by an expression

containing a variable, we do not always obtain an equivalent equation.

For exmmple, solve

6.2)(32kik,
2D-2 xr.2

The LCD is xi.2

Alltigy both sides by xF-2

3x-4 = x-2+2

2x gi 4

x an 2

The solution set of xvie is(2). However, 2 is not a solution of the
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original equation. Hence,"1-----
xx. 22 as 1 4, ;131

and the equation obtained

by multiplying both sides byx-2 are not equivalent equations. In

fact, the original equation has no solution. Its solution set is

the empty set.

B. Suggested Practice

&=
3 5

2.
.4. 8 2

b 22 24

?* 9 15 6

4* + = 111
a 2a 20

5. 3.Er.5 + Zik.-1. 2
10 5 2

6. a

7. 5 mi

a, + 2 milt

q o
5 3 5

10y.-4 2

11. The denominator of the second of two fractions is 3 times that of the

first. The numerator of the first fraction is 3 more than its
denominator, while the numerator of the second fraction is 1 less

than its denominator. When the second fraction is subtracted from

the first, the result is What are the fractions?

12. Harry can wash his father's car in 60 minutes. His older brother

can do it in 30 minutes. How long muId It take the brothers working
together to wash the car?

Illustrative Solution

Let x represent the number of minutes it will take them to wash the

car, working together.

.ls the part of the job Harry can do in 1 minute

1
. x or

1
J15 is the part his brother can do in 1 mdnute

x is the part Harry. can do in x minutes
6 0

1 x or 0 is the part his brother can do in x minutes

1 an one whole job done by both in x minutes
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Then, A + = 1

610+3340) = 601

x + 2x = 60

3x = 60

The LCD is 60

x = 20

It requires 20 minutes for the brothers to wash the.car, working together.

Check solution against conditions of the problem.

13. Joan and Evelyn take turns addressing envelopes for their father's business.

If it takes Jean 3 hours to do.a certain nailing, and it takes Evelyn twice

as long to do the same mailing, haw long would it take both girls working

together to do the job?

14. Mr.. Wilson can plow a field in 8 hours, while his hired hand can plow the

same field in 10 hours. How long would it take if both worked together?

(Assumption: Each uses his mei plow.)

15. A set of twin boys working together can paint-their room in two hours.

If it takes one of them 5 hours working alone, how long should it take

the other if he were to do it alone?

16. If it takes 5 minutes to fill a certain bathtub and 9 minutos to empty it,

how long will it take to fill the tub if the inlet pipe and the outlet

pipe are both open?

17. Alice's father drives to the railroad st.tion, a distance of 15 miles.

One day he drove the first 10 miles at a certain speed and the rest of

the distance at twice the speed. If the whole trip took 25 minutes, at

what speeds was he driving?

18. The distance from Kr. Brown's home to his office is 15 miles. If

Mr. Brown drove the first third of the distance at 50 mph and the

ythole trip took 21 minutes, at what rate did he travel during the rest

of the trip?

19. Haw mudh should a coat be marked (selling price) if the cost is $91,

the overhead is 20% of the selling price, and the profit is 10% of the

selling price?

20. The numerator of a fraction is 2 less than the denominator. If 4 is

added to the denominator, the result is 1. What is the fraction?
3
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CHAPTEt XI

THE RIM NUMBERS

This chapter presents suggested procedures for helping pupils

develop some basic concepts of rational and irrational numbers,

which, together, form the real number system. Here, too, are

suggestions for developing understanding and skill in determining

decimal approximations of square roots, and in simplifying radicals.

I. National Numbers

A. Suggested Procedure

1. Help pupils understand the meaning of rational number.

a. Elicit that the numbers pupdls have worked with so far include

the positive and negative integers and fractions, and zero.

Have pupils consider some examples of these numbers:

2, -8, 4.f, 1.7

Have pupils observe that each

expressed in the form a where

is expressed in the form
4 b'

2 can be expressed as

-8 can be expressed as =la

4 ta can be expressed as a
3 5

1.7 can be expressed as

of the above numbers can be

a and b are integers and b #10.

with a = 3, b 4.

where a and b are intege: caand b Oi 0 are lled rational
b. Inform pupils that numbers which can be expressed in the fOrnit

numbers. Have pupils realize that the set of rational numbers

is the set of positive and negative integers and fractions,

and zero.

0. Have pupils realize that a rational number has many names. Fbr

example,

2 = k = ft
1 2 4 etc
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2. Help pupils visualize the rational numbers as points on a line.

a, Have them recall that the integers were associated with some
points on the number line.

b. Have pupils realize that certain .points on the number line are
associated with rational numbers.

1) Have them see that between any two points associated with
two consecutive integers, say 0 and 1, there are many more
points on the number line. Have pupils mark some points
corresponding to rational numbers between 0 and 1 as in the
following diagram:II istia01 1215.2., 1

CO 4 8 2 8 4

2) Have pupils repeat this procedure with other intervals on
the number line, say, the interval between 4 and 5, and the
interval between m2 and m3.

co Have them note that of twa.rational numbers, the larger number
is associatedvidth a point which is to the right of the point
corresponding to the smaller nudber. For example,

2 > 2

and the point associated with 2 is to the right of the point
associated with 2 4!.

3. Have pupils discover that between anz.L.tm rational numbers there is
another rational number. One such number can be found by taking
the average of the two numbers.

Between and 1 is ( + 1) it 2, or

Between and is ( f 2, or

Between 4121.. and is +1'1)4 2, or

§i

A. the result of the above, pupils should realize that between any
two rational nuMbers there exists an infinite number of rational
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numbers. Tell pupils that when a set of numbers has this property,

the set is said to be dense. Therefore, the set of rational numbers

is dense. If we associate every rational number with a point on the

number line, have we accounted for every point on the line? It will

be shown later that some of the points have not been accounted for.

WAL: The set of integers cannot be said to be dense. There is no

integer, for example, between 3 and 4.

4. Expressing rational numbers as decimals

a. Review terminating decimals.

2= 75
4

1= 125
8

b. Review repeating decimals.

.333... .2727... .31818..1.

3)1.000 ith.0000 22)7.01000

Elicit that the atove decimals are non-terminating decimals

and also repeating decimali- the same digit or group of

digits repeats unendingly. The repetend is sometimes indicated

by a bar above it, e.g.,

.3; .27, and .318

c. Have pupils generalize that any rational number car be expressed

in decimal form. The decimal will be either a terminating decimal

or a repeating decimal. This may be,illustrated for the rational

nuMber 1 as follows:

Suppose we are computing the decimal for+. We begin dividing

as follows:

7)1.0000...

. 30
28
20

kW .11= .142857...

The first remainder is 3; the second is 2. If ever we again get

the remainder 3 or some remainder which has occurred before, the

decimal will begin repeating at that point. Since the remainder
after each successive division has to be less than the divisor,

there are on1y. 7 different remainders possible (0, 1, 2, 3, 41

5, 6). Then if we continue the division process long enough,

-237--



we will eventually repeat a remainder.

If the remainder 0 occurs in a division, the division terminates.

3. &pressing decimals as rational numbers

a. Have pupils express several terminating decimals as rational

numbers, that is, in the form t, where a and b are integers,

and b 0.

.25 = 100

.19.6
.7°6 = 1000

219.11.98 112 100

Pupils will conclude that every terminating decimal represents
some rational number.

b. Does every repeating decimal represent a rational number? If
so, how do we determine which rational number it represents?

1) .666 = ? rational number
.666...

6.666...
Let N =
10 N =

N = .666
9 N = 6

N = 2

.666... =

Compare the terminating decimal .6663 which is equal in

vshie to
1000'

with the repeating decimal .663 which is

equal in value to Which is larger? &plain.

= ? rational number2) .27

Let N = .27

100 N = 27.27...

N= .27...

99 N = 27
N =

99

N



3) .16 = ? rational number

Let N = .166... or Let N = .1666...

1.666... 100 N = 16.666...

.166... 10 N = 1.666...

1.5 90 N = 15

11.:1= 15 = N = 15- or
9 90 6 . 90 6

10 N =
N =

9 N =
N =

N =

=

16 Then =

Have pupils conclude that it appears that a repeating decimal

can be expressed in the form t where a and b are integers

(b y& 0). Therefore, they repilesent rational numbers. Tell

them that this statement is proved in more advanced courses

in mathematics.

B. Suggested Practice

1. Give two rational numbers between

a. 5 and 6 Solution: 5 to 5.85

b. 7 and 8

c. -3 and -4

d. 2 -17. and 2i

e. -3. and -1.2

2. Which number in each pair is the greater? (refer to number

f. -2.4 and -2i

1
g. .05 and 5

a. 5 3

b. Is 12 2

0' 4 4

d -8,

=1.
g- 2

h. -1.8, + 1.8

3. &press each of these rational nuMbers as a repeating or terminating

decimal.

8 5 4 3
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4.(OPTIONkL) Express each of the following repeating decimals as a

quotient of integers.

a. .1111

b. .0909...

c. .083

d. .12

e. 3.75252...

II. Irrational Numbers

A. Suggested Procedure

1. Have pupils construct a non-terminating, non-repeating decimal.

a. Have pupils recall that a rational number can be expressed as

a terminating or repeating decimal, and a repeating or terpinating

decimal represents a rational number.

Pose question: Are there any decimals that do not terminate or

repeat?

b. Have pupils examine the following non-terminating decimal numeral:

.02002000200002

They see that it is non-repeating since each succeeding 2 is pre-

ceded by an extra zero. hily does this represent a non-rational

number?

2. Have pupils make up several non-terminating, non-repeating decimals.

3. Have them learn a new name for non-terminating, non-repeating decimals.

a. Guide pupils to realize that since non-terminating, non-repeating

decimals 4Jannot represent rational numbers, a new name is needed

for the numbers they do represent.

b. Inform pupils that the numbers represented by non-terminating,

non-repeating decimals are called irrational numbers. Irrational

numbers cannot be expressed in the form §, where a and b are

integers.

4. Have pupils realize that irrational numbers may be positive or

negative. For example, .00020002... represents a positive irrational

number and -.020020002 represents a negative irrational number.

5. Tell pupils that the set of all rational and irrational numbers is

calIed the set of real numbers.
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B. Suggested Practice

1. Tell whether each of the following is rational or irrational.

a. .32

b. .813813381333. (Irrational because it is non-terminating
and non-repeating.)

C. 15.73333...

d. -2.75

2. Tell why each of the following is a real number:

a. 1 CO 873

b. -2.15

III. The Beal Numbers

A. Suggested Procedure

d. 1.414114111...

1. Have pupils understand how irrational numbers may be approximated

by rational numbers.

a. Have them consider the non-terminating decimal:

1.24224422244422224444...

It is non-repeating and therefore represents an irrational

number.

Have pupils see that 1.2 is a 1-decimal-place numeral, the
value of which approximates that of the irrational number.

1.24 is a two-decimal-paace rational approximation

1.242 is a three-decimal-place rational approximation, etc.

What is a ten-decimal-place rational approximation of the
irrational number?

Which is a closer approximation, a one-decimal-place rational

approximation of an irrational number, or a ten-decimal-place
approximation of that same number? Why?

2. Have pupils visualize the irrational numbers as points on a number

line.

a. Have them recall that rational numbers may be associated with

points on a number line. Are there any points on the number
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line that can be associated with irrational numbers?

b. Have pupils consider the irrational number represented by
the decimal 1.24224422244422224444

What point on the number line can we associate with this
irrational number?

Have them see that the point corresponding to it on the
number line lies between:

1 and 2
1.2 and 1.3
1.24 and 1.25
1.242 and 1.243
1.2422 and 1.2423 etc.

1.24

I I

1 12 4, 1.3

1.25

c. Have pupils note that the segment of the line between the points
associated with each successive pair of numbers becoms smaller
and smaller. Also, eadli segment is included or "nested" mithin
the preceding one. As the points associated with each pair of
numbers "move" closer together, it appears they will eventually
"close in" on one, and only one, point on the line. This point
is assoctated with the irrational number 1.24224422244422224444m

d. Have pupils realize that each real number is associated with a
point on the number line, and each point on the number line is
associated with a real number (rational or irrational).

e. Have them understand that if two real numbers are associated
with points A and B on the number line, the number associated
with B is greater than the number associated with As if B is
to the right of A.

1 2 3

3. Tell pupils that just as we add, subtract, multiply and divide with
rational numbers, so also can we perform these operations with real
numbers.

Wre assume the properties of these operations which hold for rational
nuMbers also hold for real numbers.
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B. Suggested Practice

1. Graph the following pairs of numbers. Then use one of the symbols

<, = to write a correct statement comparing the numbers in

each pair.

a. 2.42000... and 1.5333... (2,42000...> 1.5333...)

b. 1 and -3.555...

c. 0 and 4.2525

d. 1.373373337... and 2

2. Arrange this set of real numbers in order from smallest to largest.

.3-11p 82 .383883888w

Meaning of Square Root

A. Suggested Procedure

1. Have pupils review meaning of exponent, base, power, factor, and

square.

2. Tell pupils that the square of a rational number is called a

perfect square, e.g.,

92 = 81, (-1)2 = 1,
()2 = (.5)2ai .25

Thus, 81, 10 t, and .25 are each perfect squares.

What is the square of 0? (02 = 0)

Notice that the perfect squares, except zero, are positive.

3. Introduce concept of square root

a. Pose problem: The area of a square is 100 eq. ft. What is the

length of the side of the square?

Solution: A = s2 (rhe domain of a is the set of non-negative

rational numbers.)

100 = s2 Is there a number whose square is 100?

Since the number which used as a factor twice will give 100

is 10, s =10.

b. Tell pupils that one of the two equal factors of a number is

called a souare root of the number. 10 is a square root of

100 because 1010 = 100.
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4. Number of square roots of a number

a. Elicit from pupils that the square of a positive rational number,

or of a negative rational number, is a positive number.

92 = 81 (i)2 = (.1)2 - 1
2 (-2 )2 =

b. Have pupils realize that since every perfect square, except zero,

is the product of two equal positive numbers sa: of two equal

negative numbers, every positive perfect square has two square

roots - a positive square root and a negative square root.

The square roots of 49 are +7 and .7 since (+7) (+7) = 49 and

(-7)(-7) = 49. (Zero has only one square root: 0)

How are the two square roots of a positive perfect square related

to each other? (They are additive inverses.)

c. The positive square root of a number is called the orincioal sauare

root. Although 47 and .7 are both square roots of 49, 7 is the

principal square root.

5. Have pupils learn the meaning of the symbol,

a. Since positive numbers may have two square roots, one positive

and one negative, different grmbols are used to represent them.

One square root of 16 is +4, and may be represented by VTE .

The other square root of 16 is .4, and may be indicated

Then, (N/Ig-)2 = (%/16 )(%/1r) = 16,

and ( -%/717 )2 = ( -\./7EK )( -56') = 16

b. Tell pupils that the symbol vl is called a radical. The

numeral under the radical sign is called a radicand.

Thus, in the expression 569, 169 is the radicand.

c. Have pupils note that although positive numbers may have two

square roots, one positive and the other negative, the radical

sign with no sign before it represents 2az the non-negative

root. Thus,

v5r = 6 and -06

= and z4/1-

.6, or ± ± 6

or ± = + 3
2 2

mg,: We cannot tell whether the principal square root of a2

is 4a or -a, unless we know whether a is a positive or a negative

number.
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4.111111011.1101111F1010111.111.41

If a =3, then47 v452 = = 3 = a

If a mit-3, thenii-zi viT53-1 vIr a' 3

Thusia2 a if a is positive or zero.

i= -a if a is negative.

6. Have pupil realize:

a. If 302 = a, then x +Va , where a is a positive number.

b. (is.--)2 = (Va7")(\fasm.) ma a; vr? (-;-ra-.)(yr) - a

7. Have pupils consider whether negative numbers have square roots in

the set of real numbers.

a. Does 9, for example, have a square root? That is to say, can we

find two equal factors whose product is -9?

Since 3 x 3 as 9 and (-3) x 9, neither 3 nor 3 is a square

root of 9.

b. Have pupils recall that the square of a positive number is

positive, and the square of a negative number is positive. Also,

the square of zero is 0. They conclude that no negative real

number has a square root in the set of real nuebers. Mien 9,

has no square root in the set of real numbers.

OPTIONAL

8. The index of a radical

a. Have pupils consider that some rational numbers may be expressed

as the product of three equal factors. For example,

64 = 444 or 43

Tell pupils that in such a case, each factor is a cqbe rq4

of the number, and the number is the Llama the factor. Thus,

64 is the cube, or third power, of 44 and 4 is a cube root of

64. Is 4 also a cube root of 64?

Vhat is the cube root of 8? of 27? of -27?

Have pupils realize that -27 Aga have a cube root in the set

of real numbers.
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b. Have pupils see how a radical sign nay be used to indicate the
cube root of a number. The cube root of 64 is written as

olfa

It follows that flIf is a number such that

v(64 464 464 = 64

The small symbol 3 in \/64 is called the jam ani indicates that
one of khzu equal factors whose product is 64 is the root we
wish to find.

c. The index of is 4 and indicates that one of:gm:equal
factors whose product is 81 is the root we wish to find.

Since 3.3.3.3 III 01, 3 is a fourth root of Sl. Is a fourth
root of Sl?

d. Tell pupils that it is understood that the absence of an index
means the square root.

\Alm 9 This gull be written 011.

The number 2 is the index ofjeT, even though "2" is not usually
mitten with the symbol.

B. Suggested Prattles

1. What is the value of each a the f011owing?

Wution: The principal square root is 1.

. 47'
gNriTI

h /7(P

1. fr:972
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2. What does (Ng- )2 equal? (jig ? (\/58 )2 ?

OPTIONAL

3. State the index and the radicand. Which rational number is represented?

a.N/56 Solution: index 2, radicand 36. The integer 6 is represented

IlYN/36.

fv4E-
25

4. What does (3'15 )3 equal? (55)4?

V. Approximation of Square Hoots

A. Suggested Procedure

1. Review the moaning of tlae closure property of a set of numbers under
an operation. Have pupils recall that the set of rational numbers
is closed with respect to the four fUndamental operations. Are there
any operations for which it is not closed?

2. Have pupils realise certain square roots are irrational.

a. Pose problem: The area of a square is 2 square feet. itat is the
length of each side of the square?

Solution: A au 82 (The domin of s is.the set of positive, rational

numbers.)

2 s2 or s2= 2, and s m=v6F"

What are the replacements for s which make s2 mi 2 true?

The pupils will suspect after a number of trials that a rational
number will make 02 =2 true. It can be proved that this is so.

Thus, the set of rational numbers is not closed under the operation
of extracting square root.
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b. Have pupils try to find a rational approximation forjr.
1) 1 x 1 an 1 Thenir is greater than 1.

2 x 2 ei 4 Thentr is lase than 2.

14/1im< 2 Then either 1 or 2 is a rational approximation

Can we find two numbers that are closer together than 1 and 2

and still have vr between them?

2) Have pupils try squiring some rational numbers between 1 and 2.

1.3 x 1.3 mi 1.69
1.4 x 1.4 ox 1.96
1.5 x 1.5 2.25

Rave pupils note that ir ia greater than 1.4, but less than 1.5.

1.4 <Jr< 1.5 Then either 1.4 or 1.5 is a one-daimal
p3ace rational approximation of N/2 .

Can we find a better approximation?

3) (1.41)2 an 1.9881

(1.402 in 24164

Halm pupils note that 1.41<v2 < 1.42.

Then either 141 or 1.42 is a twof-decimal place rational

awroximation ofire,
4) Mi. method may be contlaued to three and four (and more)

decimal places for euccessive1, elceer rational approximations

ofir.
1414 1.415

1.4142 <11 < 1,43.43 etc.

5) inform pupils that Do matter bew far this work is carried,
the numberjr cannot be expressed as a terminating or repeating
decimal,

6) Have them conclude that sir is an irrational number. lie can
find craly rational approximations of\/2
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7) It can be shown that if the square root of an integer is
between two consecutive integers, the root is irrational.

For example, 15, if, jr, Ji, 10, etc. ars irrational
numbers.

8) Have pupils determine which of the following are rational
numbers and which are irrational:

a)/15 d) ;AM g)1175

WA"; e)\/93 h)A73

0)155 f)/r9 Ye;

9) Tell pupils that the numberrris also an irrational number.
a

The rational numbers 3.14 and which they have used are on.17

approximations of

3 . Have pupils approximate square roots ir successive division. (Newton s
Method)

a. Elicit that the square root of a number is one of two gall factors
whose product is the given number. Have them realize that if the
two factors of a product are not equal, the square root is somewhere
between them.

6 *6 = 36 ,56 = 6
= 36 AK is between 4 and 9

4 < <, 9

b. Find a rational approximation for ran.

I) Fetimate:

Since 11 is between the two perfect squares 9 am 16,41
is between sga anda, that is, between 3 and 4.

3 < NA! < 4

2) Divide:

Use 3, the integer whose square ja nearest 3.3. as a guess &tiff
and divide 11 b* 3, carrytng the work to one more digit than
there are digits of agreement, in divisor and quotient.

We do not round the quotient.
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3) Average:

Since the quotient 3.6 is greater than the 3, the guess "3"
was too small.

VII is between 3 and 3.6.

3 ( \AI < 3.6

we can obtain a better approximation by taking the average
of the original guess and the quotient.

43....Lith. kab.
2 2 "

Now the estimate is 3.3.

4) To find a closer approxLmation toji, divide 11 by 3.3 and
carry the work to one more digit than there are digits of
agreement.

We do not round the quotient.

Then 3.3 <01 < 3.33

3,3 + 3.33 = 6.63.
2 2

8= 3.31

Now the estimate is 3.31. Check: 3.31 x 3.31 10.9561 (very
close to 3.3.)

5) These steps may be repeated to obtain as close an approdmation
as desired. The approximation is accurate to as many places as
match in the divisor and quotient.

Thenjri is approximately 3.3 to the nearest tenth. That is,

/-15"1 3.3

6) Have pupils approximate to the nearest tenth:

./7" Ver V3.5 V120

4. Have pupils learn to use a table of squares and square roots.

a. Inform pupils that mathematicians, scientists, engineers, and
others use tables to find squares and square roots. Since the
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needed values can be read from the tables, a great deal of time
id saved.

b. Have pupils use a table to find the square-of 26. Iodate 26 in
the column headed N (Number) and move to the right until the

column headed N2 (Square) is reached. There we read 676. Then

262 ra 676.

c. Have pupils use a table to findAE. Iodate 26 as before.

Then move to the right until the column headed,A7 (Square Root)

is readhed. There we read 5.099. ThenAK as 5.099 to the

nearest thousandth.

d. Have pupils coma:are the results obtained when finding square root
by successive division with the values listed in the table.

5. (OPTIONAL) Have pupils read square root fram a graph.

a. Have them use squared paper (ten
to the inch) to graph the set of
points (x,y) such that y x22

where x 0.

1) Have pupils plot the points (0,0),

(1,1),* ist), (2,4), (0-1),
2 4

7

(3,9).

2) Have them note that the graph of
y mit,;!, where x,2!0 appears to be
a smooth curve such as appears in
the figure at the right:

b. How can we read-4 from the graph?
We draw the line y=13 and find at
which point it crosses the graph
of y mcx2. Then the xpmcoordinate

of this point is jf-a. It is read
approximately as 1.7.

c. Have pupils readji7,4",j',N/7",NAWF" fromAhe graOh.
Have them check their results W referende to a table of sqpare
roots.

1 3 4

if



B. BUggested Practice

1. Between which two consecutive integers is each of the following:

a./T Solution: Between 2 nd 3, or 24rN/5 < 3

b.\/51 c.,/Er d.\/g e.N557

2. For any positive integer less than 100, how many digits are there
in the integral part of its square root?

3. What is the smallest positive integer whose square root is a two-
digit integer?

4. Find the indicated square root to the nearest tenth:

5. Check thb results in 2a and 2b by using a table of square roots.

6. Use a table of squares to find the squares of:

20 22 23 78 99

7. Use a table of square roots to find, correct to hundredths place:

lc vag vgi;

8. Which of the following numbers will have square roots that arm

a. less than 10?

b. greater than 10, but less than 100?

c. greater than 100 but less than 1000?

36 121 6400 16,900 490,000

72 385 5238 22,850 810,000

9. Find, to the nearest tenth, the square root of the number which
is the sum of the squares of 4 and 9.

10. Find, to the nearest tenth, the side of a square whose area is
29 square inches.

-252-



11. Find both roots of each of the following to the nearest tenth:

a2 360

VL The Pythagorean Theorem

A. Suggested Procedure

b2 22.6

1. Have pupil learn how the ancient Egyptian surveyors and engineers
(ropestretchers) laid out square corners by means of knotted ropes
(3, 4, 5 triangle).

2. Review meaning of right triangle, hypotenuse, legs of right triangle.,

3. Help pupils discover the relationship that mists among the three

sides of a right triangle.

a. Have than use squared paper in the construction of a right

triangle whose legs are 3 and 4 units respectively. Have them

build squares on each side. Have them measure the hypotenuse

with a strjep of the squired paper. Have pupils note that

(3)2 + (4)4 as 25.

b. Have pupils repeat this procedure with right triangles whose
legs are 6, 8; 5, 12; etc. Have pupils denote the hypotenuse
as c and the other two sides as a and b. Have them record the

results of the experiment in tatular form. Have them make a

similar table for the squares of the sides.
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a b c

6 8 10

5 12 13
8 15 17
etc.

a2 1,2 c24

10036
etc.

64

Have pupils note that a2 + bg = cg .

c. Have pupils realize that in any rigW triangle, the square of the
length of the hypotenuse equals the sum of the squares of the
lengths of the other tmo sides.

A

a2 e2

d. Tell pupils that this relationship is known as the Pythagorean
Theorem.

Have them realise that they have mil:coved the Pythagorean Theorem,
but have only examined some illustrations of it. (It mill be proved

in 10th Tear Mathematics.) The first proof of the theorem is
credited to Pythagoras, a mathematician of the 6th century B.C.

e. Inform pupils that it can aleo.be proved that if a, b and c designate
the length* of the three sides of a trUngle, with a and b less than
c, then the triangle is 4 right triangle if

a2 b2 02

This gives up a WV of determining whether a tringle, the lengths

of whose sides are known, ie A right triangle.

4, Help pupils solve probleme using the Pythagorean Theorem. (Use numbers

whose square roots can be readi4 determined.)

a. The lege of 4 right triangle are 9 inches and 12 incnes. Wnat is

the length of the hypotenuse?
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a2

92

81

,

b2 c2

122 =c2

+ 144
e2

22 5 as c2

1 5 = c

Check: 92 + 122 st 152

9
81 + 144 81 225

225 In 225

The length of the hypotenuse is 15 inches. (Here we consider only the

principal square root since our problem cannot have a negative answer.)

b. The hypotenuse of a right triangle is 13 cm. long. One leg is 5 CUL.

long. What is the length of the other?

a2

52

25

13cm.

5 cm.

b2 =c2
+ x2 as 332 Check:

+ x2 = 169

x2 = 1114

12

52 +

25 +

The length of the other leg is 12 Cm*

B. Suggested Practice

Note:, Some measures of lengths of sides of right triangles are:

3, 4, 5 and any multiples of these

5, 12,-13; 8, 15, 17; 7, 24, 25; 20, 21, 29; 9, 40, 41

and any multiples of these.

1. Find the length of the missing side

Ite 4.8. Hypotenuse

a. ? 12 15

b. 7 24 ?

c. 15 ? 17
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2. Illustrate each of the following problems by a diagram before solving:

a. The bottom of a valise measures 18" x 24". What is the maximm
length of an umbrella which can be placed on the bottom of the
valise?

b. What is the length of a diagonal brace for an iron gate 24" long
and 27" wide?

c. A pole 40 ft. in height is steadied by a guy wire 41 ft. in length.
How far from the foot of the pole is the foot of the guy wire?

d. The length of a rectangle is twice its width. If the diagonal of
the rectangle is 10 feet, what are its length and width? (to the
nearest tenth)

op. How long is the diagonal of a square whose side is 1 inch? leave
answer as a radical.

3. (OPTIONkL) Which of the following sets of numbers may be the lengths
of sides of a right triangle?

a. 3, 4, 5

Solution: If a img 3, b 4, c on 5, does a2 + b2

32 + 42 2, 52

9 + 16 Z 25

25 NB 25

Then 3, 4, 5 may be the lengths of the sides of a right triangle.

b. 8, 10, 15

c. 14, 48, 50

d. 508, 11

Nailv A triple of positive integers (a, b, c) is said to be a
Pythagorean triple if a2 + b2 = c2. However, almost all right
triangles have at least one irrational side.

VII. Visualizing Irrational-Cquare Roots as Points on a Number Una

A. Suggested Procedure

1. Review locating rational approximations on the number line for
irrationarsquare roots. (See Chapter XI)

2. locating irrational square roots on the number line without using
approxizations.
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a. Pose question: How can we find a point on the number line to

associate withN/2 0 without using approximations?

b. Demonstrate locating\/2 on the number line as follows:

Hy constructing a right triangle whose legs are both 1, we can

show that the hypotenuse ==,A2

D
-

-1 0 1 V2 2 3

Since AC equalsjr, we use the length of AC as a radius and

A as the c4nter to find the point D; then AD is the length of

IF and D corresponds to the point which is at a distance of\/2

from zero. Similarly, many other irrational numbers can be

graphed on the number line.

B. Suggested Practice

.1.
Placejr,475, 43 on the number line without using approximations.

Hint: Foriii, legs are 2, 2

FOrN/16, legs are 1; 3

FOr\445, legs are 2, 3

2.(OPTIONAL) Locate the following square roots as points on the number

line wdthout using approximations: IT, jm
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VIII. Simplification of Radicals

A. Suggested Procedure

1. Square roots of numeral products

a. Have pupils recall that the square root table provided in
their textbook gives the squale roots of perfect squares
exactly, and rational approximations for the square roots
of other integers.

Pose question: Although the table is often limited to
integers from 1 to 100, how can it be used for other integers
as well?

b. Have pupils consider the following products of square roots:

jr0778 = 3'2, or 6 .56 = 6

v4+Vg 2'4, or 8 ./K17 L-- 8

v67 01.1. = 4'3, or 12 47. = 12

Have them realize that

131 g

I /67# ortil
i9-471;

V11714 = J.67

c. Help pupils reach a generalization concerning the product of
square roots.

1) Have them suggest the following symbolic statement concern-
ing the product of square roots.

4417 -I VaT, or \Aro 82VW-VEr", where a>0 and b>0.

2) By trying various replacements for a and b have pupils see
that this appears to be a true statement for every replace-
ment of the variables a and b by a non-negative real number.

3) Have pupils suggest the following verbal brief statement.
Roots are distributed over multi lication. Have them
contrast with a4b .

N/944 342 and therefore roots are not distributed over

addition.
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d. Have pupils understand how the above generalization can be used

to facilitate finding the square roots of many numbers not

included in a square root table.

1) Find12-65

11.01-02 a %/3763 jr

liT4-0 in

Referring to the square root table, we find iraz,-1.73

ThenJ1.Ox 1.73, or 17.3.

2) Tell pupils that 1V-2.1. is said to be the simplest form of

expressing fir0 because the new radicand 2 has no factor,
other than 1, which is a perfect square.

e. Guide pupils to see how the square root of every positive integer
can be expressed in simplest form (as an integer, or as the

product of an integer and the square root of an integer having
no square factor other than 1).

1) Simplifyinfg

576 = 4144 and15177 113744

Then Mg Niro 474 an 24 (Simplest fon')

2) Simplify/5

75 an 25.3 andi713 4375

#115=n3 15"" 5/5" (Simplest form)

3) Simplify 127 and then approximate it by use of a table of
square roots.

250 a 25910 and jr5.6 AB
Ara0 = 125 *Ir.° 5/1.3 (idly is this the simplest fona?)

Referring to the tattle, ir0

Then, /236 x 3.16, or 1540.



4) Simplify \ff-.8

48 3= 163

\gra = irk Vca as 45.

Suppose we had written 48 =:412 andlria 0-17-\/Ei or2/372.

Is this the simplest form of07? (No, because 12 has a factor,
4, which is a perfect square.) Then to complete the work, we
write:

11-1-03 tr'112- 2115 = 2/7 LC = 2.245. =

Ms: A similar method can be used to find square roots of
numbers which are not integers, e.g.,

,/.2, ,(7155, etc.

f. Have pupils express the following square roots in simplest form:

4),565 7),/ra

2)\55 5),acs 0,555

3),/§7 ovow 9)\471517.

Have them use a square root table to approximwte 4), Op 7), and 8)
above.

2. Square roots of monomial products (The assumption is that ea& letter
in the radicand represents a non-negative number.)

a. Have pupils consider

x.x ai x2 and \Pc all

x22:2= x4 and 4-I; x2

x3 exlz x6 and \JO

Have them realize that the above sentences are true statements for
every replacement of x by a nonnegative real nuMber.

be SimPlig,V5P

%/27 41 szt 5x (Simplest form)

Check: 5x5x 253E2

260



c.

\/2.7

d' Simplify ii"x2

,c3,2

4;j an \AN d\/7 ics VISE

e. Simplifrh,

%417 = \4717 \/ir =a\A""

f. Simplgy\O

Vn-34 lg = m2

(Simplest form)

(Simplest form)

(Simplest form)

Check: (m2\im )

2
0:12)2 (On )

2 4 3=mmorm

g. Simplify\60

527 mg \AR jel;

2101; (Not in simplest form)

2b115
= 213210.3 or. 414/12-1;

Lead pupils to understand that by selecting the largest

perfect square as a factor of the radicand, he reduces

the number of steps necessary for simplification. Thus,

\52410 su Viro

= MO;
2,

Check: (41134; = (4b)
2

(N4ER )
2

= 16b
2

2b =320

B. 5Wggested Practice

1. Simplify the following:

a.Niar ,6710F viE164 JERT 11186

\ATI;
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C. 1576 157 V5-27-14e

d.IIC 16-F TiCe`
81 2 100 1 9

e Va:(791)2 ONAFF ./.0064x2

f. 128 Solution: \AN = AZ ir Ns 8 \fiam

ffia jr8 )91a8

g.117 Am. 111379.t ./15 rjg
h. \ire 1170 y4g! Vig5 fth8m? .445,75

i. The sides of a right triangle areir andlr. What is the length
of the hypotenuse? (Leave answer in simplest radical form.)

j. The sides of a right triangle are037andAS. Uhat is the length
of the hypotenuse to the nearest tenth?



CHAP= XII

QUADRATIC EQUATIONS

This chapter contains materials and suggested procedures for

reinforcing and extending the pupils' ability to solve quadratic

equations in one variatae, and to apply these algebraic skills to

the solution of various verbal problems.

I. Incomplete Quadratic Equations

A. Suggested Procedure

1. Review:

a. Degree of an equation

b. Zero product. If ab 0, then a =0, or b =0, or a and b =O.

c. Every nork-negative number except zero has tux) real square roots,

which are additive inverses of each other. (The square root of

zero is zero, and zero is its own additive inverse.

2. *ening of incomplete quadratic equations

Ligu: The word ouadratic comes from the Latin, Nualitstuslmmaning

"squared". It is used in connection with the second-degree equation

because the highest exponent is 2 - the variable squared.

a. Have pupils compare the following equations:

1) x2+ 3x + 2 = 0

2) x2 + 2 = 0

How are they. alike? (Each is a second-degree or quadistic equation.

The second-degree terms are the same, as are the constant terms.)

Bowers they different? (There is no first-degree term in equation 2.)

b. Tell pupils that a quadratic equation is said to be jassasta if

the linear or first degree tern is missing.

c. Have pupils identify the incomplete quadratic equations among the

following:

1) m2 49 its 0 3) 0,2. a + 6

2) x2+ 9x + 8 = 0 '4) 42= 50
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3. Solving incomplete quadratic equations

a. Have pupils recall how an equation such as x2 - 25 0 was solved
by factoring.

Check:
x2 - 25 0 52 25 0 (5)225Zo

(x-5)(x+5) =1 25 - 25 it 0 25 - 25 I 0

0 0 0 amt 0Then x-5 = 0 or x+5 = 0 Why?
x 0 x -5

me solution set is {5,

b. Have pupil see how the foregoing equation could have been solved
differently, as follows:

x2 - 25 is 0
x2 ai 25 (Equivalent equation)

Then, since ever/ non-negative number, except 0, has two real square
roots which are additive inverses of each other,

x =Nig or 5, or x as 7/2/8 or -5
The solution set is {5, -5}

c. Have pupils use the method in b to solve the following equations:

1) Solve 3a2 - 21 its 0

3a2

a2

a ant or a an :r7
The solution set isVfl, ."Nfir }.

Check: 3(ir)2 - 21 zia 0 3(../n2 21 Ns 0
9

367 - 21 IL 0 3.7 -21=0
0 vas 0 0 0
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2) Solve (y + 5)2 = 36

Although this is not an incomplete quadratic equation as could

be determined by squaring the left member, the form of this

equation is like that of an inconplete quadratic.

Since the square of an expression is equal to a number, then

the expression is eqvsl to one of the two square roots of the

number.

y + 5 saVg
y + 5 = 6

y ax

Or Y + 5 i Jig
+ 5 = -6

lig -11

The solution set ise(1, _11).

alai: (1+5)2 1 36 (.11+5)2 I 36

62 36
(.4 )2 Z 36

36 = 36 36 am 36

3) Solve x2 +4 as 0

x2 = 4 (Equivalent equation)

Have pupils recall that negative numbers have no square roots

in the set of real numbers.

Have them conclude that in the system of real numbers, the ,

solution set of the above equation is the null set.

d. Solving formulas for a variable that is squared

1) Have pupils find the length of a side of a square when the

area is 9 square inches.

A in 132

9 i= 82

+I§= e, i.e., am 3) e = 3

The nature of the problem requires that the domain of s be

limited tç tho non-negative numbers. Therefore, the solution

set isi(L3 .
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2) Solve A = s2 for s (Area of a square) Jr = s or

Why do we nab use the negative root?

The solution set i417)..

Lbsaki: A I 0712
A = A

3) Solve 111=15' for E (Formula for electrical power)

WR E2 (Why?)

E or OE = E (Why?)

The solution set is/gE

B. Suggested Practice

Have pupils dheck.

/

Solve and check each of the following:

=

If any root is irrational, express it in simplest radical form. Check.

1. y2 . 1 = 0

2. (y+3)2 = 16

3. x2 =

4. a2 .09 = 0

5. 2x2 - 16 = 0

6. x2 = 50

7. 25n2 =4

8. (z -6)2 = 49

9. (a-7)2 = 100

10. (b-I-5)2 = 81

11. (x+.3)2 = .04

12. Mat is the solution set of x2 4.36 = 0 in the system of real numbers?

13. Solve A = 6e2 for e (Formula for area of the surface of a cube)

14. and approxinate values for all irrational roots in Ekercises 1-11.

(Use a square root table.)
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II. Complete Quadratic Equations

A. Suggested Procedure

1. Have pupils solve the following complete quadratic by factoring:

Solve x2 - 2x + = 4

x2 - 2x - 3 = 0

(x-3 )(x+1) =0

Then, x - 3 = 0 or x + 1 = 0
x = 3 x -1

aggk: (3)2 - 2(3) + 1 22 4
'9

9 - 6 + 1 4

4 = 4

2. Solution by taking square mots

x2 - 2x + 1 = 4

(-1)2 2(-1) + 1 4

1 + 2 + 1 = 4

4 = 4

Since the left member is a trinomial square, we nay express it as the

square of a binomial.

(x-1)2 = 4

Then, x 1 82 2 or x - 1 = -2

x gar 3 x =

Why are we able to use the square root method to solve the above equation?

(The left member is a trinomial square ard the right member is a positive

number.)

3. Solution of complete quadratic equations by "completing the square"

a. Have pupils consider the equation x2 - 2x la 8.

Can this be solved by the factoring method?

pupis solve it by factoring. They detezmine the solution set

is 4, -2 .
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b. POse question:

Can x2 - 2x am 8 be solved by taking square roots?

Have pupils realizethat inasmuch as the left member is not a tri-
nomial square, we cannot make use of this methodA If, however,

we can find an equation which is equivalent to x4 - 2x = 8, but

which has a trinomial square as one member, we can easily find the
solution set by taking square roots.

1) Pose question:

Itat shall we add to x2 - 2x to produce a trinomial square?

x2 - 2x + ? mi a trinomial square

By trial and error, pupils will arrive at x2 - 2x +

Then, x2 - 2x + am 8 + (Addition principle of equations)

or, (x-l)2 = 9.

2) Have pupils now use the square root method to complete the
solution.

x - 1 mi3 or x - es 3

x 4 x -2

The solution set is {4, 2) .

c. Tell pupils that the process of starting wittt the pokvnomial
rc_2xandproducingthetrinc*nial square x4 2x + 1 ie
called completing the square.

d. Have pupils realize that it is not always easy to tell just what

number should be added in order to obtain a trinomial square.
Therefore, a systematic method for finding this number is needed.

Have them examine the following to see the relationship between the
coefficient of the first degree term and the constant term, when
the coefficient of the second degree term is 1.

I) (3E+3)2 mg x2 + 2(3)x + 9 is x2 + 6x + 9

They note: 3 is lot 6 and 9 in 32
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2) (x-5)2 =x2 + 2(..5)x (.5)2 x2 lox 4,

They note: -5 is of .10 and 25 as (-5)2

3) (a+4)2 a2 + 2(4)a 42 a2 a5a + 16

They note: 4 is of 8 and 16 ss42

Guide pupils to see that in each case the constant term

of the trinomial square is the square of half the

coefficient of the first-degree term.

e. Have pupils complete the square for the following. Have them
express the resulting trinomial as the square of a binomial.

1) x2 + 2x +

Solution: of 2 is.J. and 12 as 1. Then we add 1 to x2 + 2x to

produce x2 + 2x + 1, a trinomial square.

x2 + 2x + I as (x+1)2

2) y2 - 4y + 5) x2 + x +

3) a2 + 16a + 6) r2 - 5r +

4) b2 12b + 7) t2 it +

f. Have pupils solve quadratic equations by completing the square.

1) Solve x2 - - 12 = 0

x2 - 4x = 12 (Addition principle of equations)

x2 -14x + 4 no 12 + 4 (Complete the square)

(x-2)2 16 (Express the trinomial as the square

of a binOmial)

Then, x - 2 la 4 Or x - 2

x = 6 x -2

The solution set is {6, -2} .

Have pupils check by determining whether the solutions satisfy

the equation.

0

hiatv The solution of a quadratic equation by the method of

completing the square seems longer and more involved than the

factoring method. However., the former is a more general

method which applies also to quadratic trinomials not factor-

able in the system of rational numbers. Then, too, mathematical

power is increased when pupils knowr more than one method of

solution.
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2) Solve 2x? - 4x 1= 6

Have pupils realize that since the coefficient ofx2 is 2, the
procedure that was developed for completing the square will
not app4.

Guide them to see, however, that the given equation can be
replaced by the equivalent equation.

x2 - 2x =3

This equivalent equation is solved instead of the original
equation. Have pupils solve it by completing the square.
Have them check the solutions in the original equation.

B. Suggested Practice

1. What number should be added to each of the following expressions to
make it a trinomial square? &press the resulting trinomial as the
square of a binomial.

a. x2 - 2x

b. b
2
+ 6b

c. y2 + 12y

d. a
2
- 10b

e. y2 - 20y

Solution: Add 1. 3c - 2x + 1 = (x-1)2

f. t
2 + 3t

g. x2 x

h.

2. Solve the following equations by the method of completing the square.

a. y2 - 6y = 7

b. a2 - 4a - 32 = 0

c. x2 + 2x - 48 = 0

d. t
2
+ t = 12

e. 2x2 - ax = 24

f. x2 = 10x + 144

3. In solving the following problems, solve the equation for each problem
by the method of complmting the square.

a. If 4 times a certain number is subtracted from the square of the
number, the result is 25. Find the number or numbers that satisfy
this condition.

b. There are two consecutive positive integers such that the square
of the first decreased by twice the second is 33. Uhat are these
integers?

c The hypotenuse of a right triangle is 10 inches long. The difference
between the lengths of the other two sides is 2 inches. PInd the
lengths of the sides of this triangle.

d. The difference between a number and its reciprooal'is

2. Find the number or numbers.
2
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CHAPTER XIII

RATIO, PROPORTION AND INDIRECT MEASUREMENT

This section contains materials and suggested prpcedures for exp..

tending pupils' concepts of ratio and proportion, and for relating these

concepts to the solution of problems in indirect measurement by means of

similar triangles and the numerical-trigonometry of the right triangle.

I. Ratio

A. Suggested Procedure

1.. Review

a. The meaning of ratio as the relation between the numbers of two

sets.

0 0 0 0 0 0
43 43 43 d-t3

In each of the above diagrams, 1 circle is matched with two

squares. Thus, in each case, the set .of circles is related

to the set of squares as 1 is related to 2.

Also, the set of squares is related to the set of circles as

2 is related to 1. This kind of relationship between the num.

bers of two sets is called a xsue.

b. Whys of expressing ratio

In each of the above examples the ratio of the number of circles

in each set of circles to the number of squares in each set of

squares may be expressed as 1 to 2, or 1:2, or 1 - 2, or i, or

50, Or .5.

2. &tend the concept of ratio

a. Pose problem: An article in a school newspaper stated that the

ratio of the number of girls to the number of boys in the Glee

ClUb is 4 to 1. Can we tell from this information how many

pupils are members of the Glee Club?
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1) Eaicit that the ratio 4 to 1 does not tell us how mak!'
pupils are in the club, but does tell us that the number
of girls is four times the number of boys, regardless of
the total number. That is to say, for every four girls
in the club, there is one boy.

2) Ask such questions as the following:

If there are 5 members in the Glee Club, how many are girls? boys?
If there are 10 members in the Glee Club, how many are gir1B? boys?

3) Have pupils fill in the following chart based on the conditions
stated in the problem:

NUMBER OF GIRLS AND BOYS IN GLEE CIUB

Girls 64 32 44 4n

It le 15 4 10

4) Have the pupils form the ratio in each case and show that the
ratio in each case remains 4 to 1.

§A kak ka, 0plL Ag, Lai
ME ..1.2 or k

16 1.16 1 1 15 1.15 1 1

5) Have them see that the,ratioak may also be expressed by the

number pairs
22

hik al, '
'

Li and, in general, M.600).
2 11 15 -5 x

Since t uses the smallest integers possible, we say that ai

is the simplest form of the ratio.

6) Have puroils recall that a ratio consists of two number, in a
definite order. Thus, the ratio of 4 to 5 is written a or 4:5°

whereas the ratio of 5 to 4 is umiitten 5 to 4 or 5:4. 5A ratio

may therefore be thought of as an ordered pair of numbers,

a ax
b. Help pupils generalize that the ratio b may also be expressed as bx

for any replacement of x other than zero. That is to say, all the

pairs of numbers lx name the same ratio.
bx

c. Have pulails express in terms of x: two nulbers Whose ratio is

1) 4 Solution: 3x and 4x

2) 1

-272-



3. Have pupils learn to solve ratio problems using algebraic methods.

a. Pose problem:

An article in the school newspaper stated that the ratio of

the nuMber of girls in the Spanish Club to the numbeTft of boys

is 5:2. If the Spanish ClUb consists of 28 members, how many

are girls and how many are boys?

1) Solution through arithmetic

Help the pupils see that the number of boys and the number

of girls dermds upon the total number in the group. At

the same time, these numbers mmst be in ale ratio of 5 to 2.

For e vezy set of 5 girls, there is a set of .2 boys.

5 + 2 = 7

5 + 2 = 7

5 + 2 802 7

....i.
+ 2 an -2

20 girls + 8 boys = 28 in club

Klicit that there are 4 groups of each set, making a total

of 28.

2) Solution through algebra

Discuss with the pupils difficulties one would have in solving

a more complicated problem involving many groups, by this

method.

Tell the pupils that an algebraic solution would be more

direct and simpler. In some eases it provides the only

method of solution.

Help the pupils to see that siLce the ratio Gf girls to

boys is 5 to 2, we can represent the number of girls by 5x,

and the number of boys by 2x, x: OLO. It is obvious from the

problem that the domain of x is the set of positive integers.

Let 3x = the number of girls

Let 2x a= the number of boys

5x + 2x := 28 (the total nutber of pupils is 28)

7x 28
x 4; 3x mi 20; 2x 222

The number of girls is 20.. The number of boys is e4

Oheclv Is the ratio of girls to boys 5 to 2? :es, because

agmill Is the total number of pupils 28? Yes, because

8 2

20 + 8 =28.
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b. Have pupils practice similar examples. (See suitabae textbooks.)

B. Suggested Practice

1. Hkpress each of the following ratios in its simplest form:

a. 2 to 4 f. x to 4x

2a3
b. 9:27

c. .5 to 1.5
h. 9t270

i.3Y
ax .8xy

e. ar

j. ixg:ixy2

2, Find the ratio of each of the following. Ekpress each answer in
simplest form.

a. The number of boys to the number of girls in a school with
700 boys in 1100 pupilc.'.

b. The number of pounds of sand to the number of pounds of clay
if there are 25 pounds of sand in a mixture of both weighins
225 pounds.

c. The number of pennies to the number of nickels in a coin bank.
containing on1y these coins, with 15 pennies to 30 coins.

d. The number of apples to the number of oranges in a bag of fruit
if x represents the number of apples (00) and there are twice
as many oranges.

e. In a classraam the ratio of the number of boys to the number of
girls is 2:3. What is the ratio of the number of boys to the
total number of pupils? the number of girls to the total number
of pupils?

3. Solve each of the following, and check:

a. Helen invited 12 friends to her party. If the ratio of boys to
girls was 1 to 3, haw many boys did she invite? How many girls
'did she invite?

b. Two numbers are in a ratio of 3 to 5. Their sum is 72. What
are the numbers?
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c. The ratio of the number of boys to the number of girls in the

5th grade is 7:8. The total number of pupils enrolled in our

9th grade ie 540. How many are boys? How manY girls are there?

d. Divide a 15 inch line segment into parts with a ratio of 2:3. How

many inches should there be in each part of the line segment?

e. See suitable textbooks for additional similar problems.

II. Proportion

A. Suggested Procedure

1. Review meaning of proportion. A proportion is the equality of two

ratios, e.g., =
2 4

a. Pose problem:

John has a snapshot 4" wide and 5" long. He had an enlarged photo-

graph made fram it. The enlarged, picture measured 8" in width and

10" in length.

1) What is the ratio of the width to the length of the original

snapshot?

Number of inches.in width of ma shot
VI k

Number of inches in length of snapshot 5

2) What is the ratio of the width to the length of the enlargement?

Numbqr of inches in wO.dth o enlarnmed. 8

Number of inches in length of enlargement . 10

b. Elicit that the ratio of 8 to 10 is equal to the ratio of 4 to 5.

e. Have pupils recall that the equality of two ratios forma a proportion.

a mg is a proportion and is read "4 is to 5 as 8 is to 10."
5 10

(4, 5, 8, and 10 are the first, second, third and fourth terms of the

proportion respectively)

2. Have pupils find the value of a term of a proportion when the other three

terms are.known.

a. Pose problem:

John found that he wanted an enlargement of his 411 x 5" snapshot to

nmasure 20" in length. What would be its width?
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AL
1) The ratio of the width to the length of the negative is 5.

2) If me represent the number of inches in the width by 24 what
is the ratio of the width to the length of the enlargement?

(20)

3) Pupils should be led to realize that the ratio of the width

to the length is the same in each ease. This may be expressed

as a proportion

a
5 20

16 x

The width of the enlargement is 16".

4) Check: If qe enlargement has a width of 16" and a length of 20",

the ratio ais equal to the ratio of the dimensions of the
20 5

snapshot.

b. Have pupils practice with similar problems.

B. Suggested Practice

1. Find all values of the variable for which each proportion is true.

x a
a ll 132

u. 2 Y

C

2. Solve and check.

a. The width of a rectangle is in the ratio of 5:7 to its length.

If the length is 21 feet, what is the width?

b. A car travels 9 miles in 10 minutes. At that rate, how far will

the car travel in 45 minutes?

Solution: Let x represent the number of miles the car will travel

in 45 minutes. Then,

2 re IQ
45

lax Re 405
x 40.5

Or 2 = a
3.0 45

The car will travel 40.5 miles in 45 minutes.
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c. The ratio of the number of boys to the number of girls in a school

is 9 to 10. There are 720 boys. How many girls are there in the

school?

d.Dants father drove his oar 315 miles in 7 hours on Monday. On

Thesday he hopes to travel 405 miles at the same rate of speed.

How many hours will he travel on Tuesday?

e. If 78 feet of wire weigh 13 lbs., what will 234 feet of the same

kind of wire weigh?

f A. 142;" line segment on a nap represents a distance of 350 miles.

What distance is represented by a 4" line segment?

III. Direct Vhriation

A. Suggested Procedure

1. Have pupils learn 'the meaning of direct variation.

a. Pose problem:

train is traveling at a uniform rate
of 40 m.p.h. How many miles will the

train travel in 1 hour? 2 hours?
3 hours? 4 hours? 5 hours?

Have pupils set up the table of values
shown at the right.

Distance Time

40 1
80 2
120 3
160 4
200 5

Halm puils,realizethat each number pair in the table

(th, Ifs gr.) is a name for the same ratio. That is

to say in each ease = 40, or d = 40t. A relationship such

as this is called a direct variation. We say that d varies

directly as t. In the relationship d =40t, the value of d
is always 40 times the value of t: Thus, in this rule, 40

is called the sogtant of vartation.

b. Have pupils repeat the procedure with the following:

The cost of one candy bar is 50. TWo such candy bars cost 100,

three such candy bars 150, etc.

Lead the pupils to express the ratio of cost to number bought as Iv

Then, in each case, 71= 5 (a constant ratio), or c = 5n. Elicit

that the total cost of the candy bars varies directly with the
number bought, that is, c varies directly as n. What is the

constant of variation in c = 5n?
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c. Have pupils study the table
at the right for the perimeter
of an equilateral triangle.

1) What relationship exists
between the values of s
and the corresponding
values of p?

s

(side)

. P
Cperimeter, 9 12 15

2) Howwould you express the ratio of each value of p to the
corresponding value of 9?

3) Is the ratio !the same for each number pair?

4) Write an equation to express the relationship between p and
8. (p 38)

5) What is the constant of variation?

2. Iisad pupils to the generalization that two quantities x and y
vary direct.4 if they are related by an equation.

kx

where k is a constant (other than zero). We say ny varies directly
as lc." k is then called the constant of variation.

B. Suggested Practice

1. State whether each of the following tables expresses direct
variation. If ii does, determine the constant of variation
and then write the equation that expresses this relation.

a.

b.

_.2....

. 4

7 9

D 12 I 28 36

4

a 2 3 4



2. Given that y varies directly as 24 determine the constant of variation

in each case and complete the table.

a.

b.

x 1 : 2 3 ? 9 ?

x 1 2 3 ? 10

2

3. If y varies directly as x, and if ,y =10, when, x= 2, what is the value

of y, when x=7?

Solution: Since y varies direct4 as x, y kx. %limy = 10 and x=2,

we have 10 us k(2), or k = 5. The constant of variation is 5 and we may

nowwTite the original relationship as y 5x. Then, when x In 7,

= 5(7), or 35.

Ligtio Many scientific law* are expressed as the direct variation of two

variables, e.g., Hooke's Law: S = kw (The stretch of a spring varies

directly as the weight suspended from it.)

IV. Similar Figures

A. Suggested Procedure

1. Have pupils recall the prOblem concerning the enlargement of a photograph.

Help them represent the photograph and its enlargement,by means of the

following rectangle diagrams:

ORIGINAL

EilARGEMDIT
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In the tvio rectangles., vertex A is paired with or corresponds to
vertex Es B corTesponds to F, D to H, and C to G. Then, side AD
corresponds to side EN, AB to EF, etc.; then ZA corresponds to ZrE,
Lp to Lx, etc.

2. Have pupils observe that the figures have ihe same shape, but differ
in size.

3. Klicit that corresponding angles are equal.

4. Elicit that although corresponding sides are not equal, the ratios
of the corresponding sides are equal.

Iength
a. Length

Length
be Length

of side DC or
of side HG 10 2

of side AD = IL or 1 etc.
of side EH 8' 2 '

Note: When angles and sides are said to be equals we mean their
measures are equal.

5. Have pupils answer such questions as the following:

a. These two figures have equal corresponding angles. Do you think
they have the same shape?

Have pupils see that no matter what correspondence is set up
between the vertices of the figures, corresponding sides will
never be in proportion.

3

5

4

4

4

b. These two figures have their sides in proportion. Do 3%n:think
they have the same shalm? Explain.

1

1

Elicit that two figures have the same shape only when, for some
correspondence, corresponding angles are equal and corresponding
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sides are in proportion.

6. Tell the pupils that two geometric figures (polygons) are said

to be similar if for some correspondence of the vertices, they

a. have their corresponding angles equal and

b. their corresponding sides are in proportion.

7. Rave pupils practice recognizing similar figures.

a. Are all rectangles similar? &plain.

b. Are all squares similar? &plain.

c. Decide which of the following pairs of figures

a reason for each answer.

1) Rectangles

2"

2) Rectangles

2b

3) Right triangles

2"

are similar. Give

11MIII.EW

st
2
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4) Parallelograms

50P

8. Have pupils learn that two triangles are similar when two angles
of one triangle are equal to two angles of the other triangle.

a. Have pupils use graph paper, protractors and rulers to draw
the following pairs of triangles:

Triangle ABC AB = 2" LA = 900

Triangle DEF DE = 4" LD = 90°

LB = 60°

LZ = 60°

Note: The pupils will discover that as they drawr these
triangles, the three facts given for each triangle will
determine the triangle. This means that if each pupil
uses the same three facts, in any order, he will get a
triangle exactly the same size and dhape as the triangle
obtained by every other pupil.

b. Set up a chart such as the following and have the pupils
fill in the blanks, by measuring the three parts which were
not given.

LA

LB

LC

AB
AC

CB

ng

= 900

= 60°

.11=Elo

OMEN,11.

OMEN,
OEM

2"

riang

LI) = 90°

LE = 60o

pi -
DE =
DF =
FE =
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c. Elicit that these two triangles are similar because when we

let vertex A correspond to vertex El, vertex B to vertex M6

and vertex C to vertex IF, then

1) corresponding angles are equal
2) corresponding pairs of sides have a constant ratio (are in

proportion).

9. Have pupils construct a triangle using agy length of his own choosing

for a base line, but using the same angles as in 7.a.

a. Have the pupils compare the lengths of the sides of P ABC with

the lengths of this new triangle. (labeled AIB'Ct)

AB AC CB

MB' AtC1

b. Have pupil conclude that the ratios are the same and therefore

the sides are in proportion.

c. As a result of these experiments, have the pupils conclude that

in the case of tyiangles, if the angles of one triangle equal

the angles of another triangle, (two pairs are sufficient),

the triangles are similar. It appears that if the angles are

equal, the corresponding sides will automatical4 be in proportion.

Elicit that this does not hold for other figures, just triangles.

Nbte rectangles in 6.

lbw Proportionality of corresponding sides of two similar triangles,

sudh as the following, may be expressed in more than one way:

If a corresponds to d, b to e, and c to f, then

=.

d f
or a d

c f

As an optional exercise, pupils may be asked to prove this.
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10. Have pupils practice identifying similar triangles when the angles
are giver,. (Give several examples.)

11. Have pupils learn to use properties of similar triangles in indirect
measurement.

a. Tell pupils story of Tholes, a Greek mathematician, who lived about
600 B.C. On a trip to Egypt, he asked the height of one of the
pyramids. NO one knew. He soon astounded the Egyptians by computing
the approximate height, using a method which involved the shadow of
the pyramid.

Today many BOy Scouts use the smme method to find the height of a
tree or building. This method is called "shadow reckoning."

b. Pose problem:

A flagpole casts a shadow 16 ft. long at the same time a nearby
post 5 ft. tall casts a shadow 2 ft. long. Find the height of
the flagpole.

1) Discuss the difficulty one wild have in measuring the flagpole
directly and the need for a method of indirect measurement.

2) Have the pupils draw and label a diagram (this is a diagram,
not a scale drawing) showing the conditions of the problem.

Flagpole:

.a.
co,

V.A4

Shadow

Post:

5

'<.
A

\ 0
%

2

Shadow

3) Discuss with pupils the great distance to the sun. Because of
this, the sun's rays may be considered parallel near the earth,
and so the corresponding angles formed in the diagram may be
considered equal. The triangles are then similar.

4) Discuss, too, that as the sun goes down, the shadows get
longer. It is for this reason that the problem must state
that the time of day is the same. htty must the two objects
be located close to each other?
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3) Have pupils set up a proportion between the corresponding

sides of the two similar triangles.

Height of flajzoolt Length of shadow of flagoolp

Height of post Length of shadow of post

Have pupils make the proper substitutions: tualk

Multiplying both sides of the equation by 5: x:

x 40

The approximate height of flagpole is 40 feet.

B. Suggested Practice

1. Draw the diagram and explain the reasoning that Thales used to solve

the pyramid problem, according to the following story:

He set up a stick of known length near the pyramid. He waited

until the shadow of the stick equaled its length. He then measured

the length of one side of the square base of the pyramid, and the

length of the shadow of the pyramid. The height of the pyramid

equaled the length of the shadow, plus one-half the length of the

base.

2. An apartment building casts a shadow 75 ft. long when a telephone

pole 22 ft. high casts a shadow 10 ft. long. How high is the

apartment building?

3. The shadow of a church steeple on level ground is 25 ft. long. At

the same time, an 8 ft. lamp post casts a 5 ft. shadow. What is

the height of the steeple?

44, A tree casts a shadow 12 ft. long. At the same time,a man 6 ft.

tall casts a shadow of 3 ft. What is the height of the tree?

5. The sides of a triangle are 3., 10 and 12 inches respectively. The

shortest side of a similar triangle is 12 inches. Find the length

of the other sides of the second triangle.

6. If one acute angle of a right triangle is equal to one acute angle

of another right triangle, the triangles are similar, since they

already agree in their right angles. Tell which of these pairs of

triangles are similar. &plain in eacil ease.

a.
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V. Numerical Trigonometry of the Right Triangle (Tangent Ratio)

A. Suggested Procedure

1. Have pupils recall that they learned how to solve problems in-
volving indirect measurement through the use of formulas, scale
drawings, and similar figures.

a. Pose problem such as:

1) Tom and Jim, standing on one side of a river, decided they
wanted to measure the distance across the river. Tom placed
himself directly opposite a large rock on the other side.
Jim walked along the river bank (straight line) until he
reached a point 100 feet from Tom. Jim measured the angle
noted as J in the diagram. He found it to be 35°. 'Cat is
the distance across the river? (Angles mgy be measured by
protractor mounted on a board, transit, etc.)

MAI: Jim walked in a line which is at right angles to the
line between Tam and the rock.

Rock

River

10 Tom

Help pupils solve the problem using scale drawing.
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Rock

Since each unit on the scale is equal to 101, the pupil

finds that the distance across the river is about 70'.

2) At 4:00 p.m., a pole 7 feet high casts a shadow of 10 feet.

At the same time, a tree nearby casts a shadow of 30 feet.

How high is the tree?

Solution: Help pupils solve.this problem through the use of

similar triangles.

2,2
x 30

x 21

or

The tree is 21 feet high.



b. Have pupils discuss the method used in solving the problems. He
observes that two methods of indirect measurement were utilized:
scale drawing, similar triangles.

c. Have pupils realize that from some known or direct measurements
they were able to find other measurements indirectly.

2. Have pupils realize that similar triangles are the basis for the
trigonometry of the right triangle.

a. Help pupils identigy the parts of a right triangle, ABC. Have
them recall that the legs of a right triangle are the sides
that form the right angle. The third side is called the hypotenuse.

Angle C is the right angle

c designates the length of the hypotenuse

b designates the length of the side
opposite LB (also the length of the
leg adjacent to LA)

a designates the length of the side
opposite LA (Baso the length of the
leg adjacent to 2:14)

Have pupil practice selecting the parts of
various right triangles. (Place the right
angle in different positions and use a
variety of letters to name the vertices.)

b. Have pupils note that in the problem 1.a, the ratio of the side
opposite the 35° angle to the side adjacent to the 350 angle was

-22
100

or .70.

c. Have pupils draw other right triangles on graph paper, each with
an acute angle of 350. Help them see that the ratio of the length
of the leg opposite the 35° angle to the length of the leg adjacent
to it is always about .70.

1

120
al .7 or .70
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Have pupils generalize that for a 350 angle in a right triangle,

this ratio is always the same. (Approximately .70)

Have pupils justigy the conclusion that the values of the

ratios are the same in each case, through his knowledge of

the properties of similar triangles
(corresponding sides are

in 'proportion).

Have them realize that knowing this ratio enables them to

determine an unknown distance very easily, provided we can

obtain a right triangle with one leg as the unknown distance,

the other leg as a known distance, and an acute angle of 350.

However, it may not always be convenient to obtain a 350 angle.

It is, therefore, deeirable to determine the ratio of the leg

opposite to the leg adjacent for other acute angles.

d. Have pupils find the ratio of the length of the leg opposite

to the length of the leg adjacent for angles of 310,

etc. in right triangles as in 2-c.

8. Have them realize that in each right triangle the ratio of the

length of the leg opposite to the length.of the leg adjacent

is constant for any particular acute angle. This is true

because every right triangle containing a certain-acute angle

is similar to every other right triangle containing an angle

of the same size.

f. Tell pupils this ratio is called the tangent ratio. It nay be

approximated as a fraction or as a decimal. For a particular

angle A, we designate this ratio as tan A (tangent of angle A).

Thus,

tan A length of leg adjacent LA
length of leg opposite LA

The pupils should be made aware that

the above definition applies to an

acute angle A of a right triangle.

Thus, 00 44 < 90°. There is a one-to.

one correspondence between A and tan A.

0
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g. Reinforce the concept of the tangent ratio by having the
pupils do exercises such as the following:

1)

tan A = ?
tan B = ?

tan N = ?
tan 0 = ?

tan B = ?
tan A as ?

2) What is the tangent ratio of each of the labeled angles?

3) Wrrite the tangent ratios for each acute angle in these
triangles. &press as a 3-place decimal.

tan 28° =

tan 52° a=

25

-290.
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h. Help pupils discover that the value of the tangent ratio increases

as the size of the angle'increases 11, having him develop a table

of values of the tangent ratio.

Have pupils use a base line 10 units long on squared paper.

Have them use a protractor to dmw angles as follows:

I
01 IA Ell

110°

le1111111/21
IBM "ACV PM
111/11115 60* OEM

11111111511/507%1111151AVM
InwaroralioAcemi
1111/Ardr30.1raps
rtzedirei,-570.
114:S11270-: 11111111111

Have them see that as the angle increases in size, the value of the

tangent ratio also increases.

Angle
A

Length of Leg
Opposite I*

-length of leg
Adjacent to LA

length of 10 0AR04e
Length of Leg Adjacent

10° 1.8 10 .18

20° 3.6 10 .36

30°
4o°

5.7
8.4

10
lo

.57

.84
etc.
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i. Help pupils read and interpret a table of tangent values.
Have them compare the values in the table with the ratios
found by using graph piper.

j

grktm. Since most tangent ratios are irrational numbers, the
decimal representations of these ratios found in
printed tables are only approximately correct.

For example, the tangent of angle A
5-in the figure at the right is exactly v

orN/3 A rational approximation of
the tangent of angle A is 1.7321.

Help pupils apply tangent ratio to the
solution of the problem posed in 1-a-1).

Solution:

Have pupils draw a diagram for the problem.

Have pupils discuss which sides of the triangle
are involved in the problem. They then apply
the tangent ratio.

A = length of leg opposite LAtan
length of leg adjacent LA

tan 35°- 100

7$3°Im

loo(.700)

70 mg

k. Have pupils practice solving problems using the tangent ratio.

10

1. Have pupils become familiar with the meaning of angle of
elevation and angle of depression. (Use transit.)



B. Suggested Practice

1. Have pupils practice finding tangent ratios, given various angles;

finding angles, given tangent ratios. (Use tables.)

2. Have pupils practice selecting the tangent ratio for each of the

acute angles in the given right triangles.

5

3. Y-,ve pupils use the tangent ratio to find x in each of the following

diagrams:

270
100,

30'

4. Have pupils draw a diagram and use the tangent ratio in the solution

of each of the following problems:

a. To find the height (AC) of the Empire State Building, a point (E)

was located 920 feet fram the foot (C) of the building. ZCBA was

found to be 580. Using these data, find the height of the building..

b. Find the height of a tree which casts a shadow 12 feet long when

the sunts rays make an angle of 700 with the ground.

c. A tree casts a forty-foot shadow at the time viten the sunts rays

make an angle of 370 with the ground. What is the height of the

tree?

d. A flagpole casts .a fifty-foot shadow when the sunts rays strike

the ground at an angle of 40°. What is the height of the flagpole?

e. Select additional problems from suitable timed:books.

-293-



VI. Development of Sine Ratio

A. Suggested Procedure

1. Have pupils see the need for a ratio other than the tangent ratio.

a. %se a problem such as:

A ladder can be used with greatest safety
when it is placed so that it forms an
angle of approximately 700 with the ground.

Find the height above the ground that a 30'
30 foot ladder can reach if placed in this
position.

Solution:

Have pupils draw a diagram of the problem.

b. Have pupils see that the .length of a leg of a right triangle is
to be computed, given the hypotenuse and an acute angle.

Have them realize that the tangent ratio is not helpful in a
situation such as this, for the tangent does not use the hypotenuse.

2. Help pupils develop the ratio of the length of the leg opposite an
acute angle to the length of the hypotenuse of a right triangle.

Have them use the same procedures as those emplqyed in the development
of the tangent ratio.

3. Have pupils use the word sine (abbreviated pia) to describe the ratio
developed. For an acute angle A of a right triangle

sin A
length of leg opposite LA

This ratio remains constant.length of hypotenuse

4. Help pupils read and interpret a table of sines.

5. Have pupils now solve problem posed in 1 by the use of ihe sine ratio.

6. Have them practice solving problems involving the sine ratio.

B. Suggested Practice

1. Find each of the following:

sin 2CP
sin 3CP

sin 53°
sin le
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2. Find from the table the angles whose sines are:

.407 .052 .970

3. As an angle increases in size, what happens to the value of the sine?

4. Complete the following by referring to

the right triangle ABC:

sin A =
6

.600 A ='MEND
411111

sin B =3. 0= ? B = ?0

A

5. How high is David's kite if the 200 foot string to which it is

attached makes an angle of 52° with the ground? (Assume that

the string is straight.)

6. Jack went 300 feet into a tunnel which slopes downward at an angle

of 6 degrees. How far beneath the surface was he?

7. Arthur's kite string is 196 ft. long and makes an angle of 42° with

the ground. How high is the kite above the ground? Which of the

following would you use to solve the problem? Why?

tan 420 =

Or
sin 420 =

a

a

8. Select additional problems from suitable textbooks.

VII. Development of Cosine Ratio

A. Suggested Procedure

1. Help pupils see the need for the cosine ratio.

a. Pose a izoblem such as:

A, 25-foot guy wire.attached to a pole in a circus tent makes

an angle of 680 with the ground. Howr far from the foot of

the pole does the wire meet the ground?
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Solution:

Have pupils draw a diagram of the problem.

b. Have pupils realize that the measurements
given do not involve the direct use of
either the tangent ratio or the sine zetio.
Another ratio involving the leg adjacent to
the acute angle and the hypotenuse may be
used to solve the problem.

A x

2. Help pupils develop this ratio by using procedures similar to those
employed in the developnent of the tangent ratio.

3. Have them use the word cosine (abbreviated gm) to describe this ratio.
For an acute angle A of a right triangle

length of leg adjacent to LA
cos A = This ratio remains constant.

length of hypotenuse

4. Have them now solve the problem in 1, using the cosine ratio.

5. Help pupils see the relationship between cosine A and sine 8 in the
problem posed in 1.

Angles A and B are complementary angles (their sum is 90°).
Then, cos A = sin B, i.e., cosine A is the sine of the complement of A.

Since LA = 68°, then LB = 22°.- The pupil may then use the sine ratio
to solve the problem.

6. Help pupils read and interpret a table of cosine values.

7. Have them practice solving problems involving the cosine ratio.

B. Suggested Practice

1. Find each of the following from the table:

cos 390 cos le

2. Find the angles whose cosines are:

cos 60°

.766 .961 .500

cos 89°



3. Complete the following by referring to the right triangle ABC:

cos A =4? = ? LA = ?o

cos B=3 = ? LB ?°

4. A 20-foot ladder reaches the wall at

a point 18 feet above the ground.
What angle does the ladder make with

the house?

5. A diagonal path across a rectangular lot is 180 ft. long. The

longer side of the lot is 140 ft. long. Find the angle this longer

side makes with the diagonal path.

6. Use the table to find the following:

cos 8° =
cos 69° =
cos 80° =
cos 89° =

As the size of the angle increases, what happens to the value of

the cosine?

7. Findito the nearest degreelthe angle

for which

cos A = .857

cos B = .974
cos A = .242
cos A = .017

8. Refer to the diagram at the right:

a. AC = ? (to the nearest foot)

b. BC = ? (to the nearest foot)

Check using the Law of Pythagoras.

9. For right triangle ABC

wTite the cosine ratio for acute angle A

write the sine ratio for acute angle B

What statement would you make concerning oos A and sin B?

Wbuld this be true of cos B and sin A? ftplain.
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10. Is the tangent of 500 angle twice as great as the tangent of a
250 angle? &plain.

11. State whether each of the following is true or false:

a. If sin A = .9880 A is closer to 900 than to 45°.

b. The tangent of 45° is 1.

c. The sine of an angle of 10 is 1.00.

d. As an angle increases in sizes both the sine and cosine increase.

e. The sine of an acute angle can be as large as 1.00.

12. A railroad track slopes at an angle of 80 to the horizontal. What
vertical distance does it rise in a horizontal distance of 1 mile
(5280 feet)?

13. A rectangle is 161 feet wide and 400 feet long. What angle does
the diagonal make with each side of the rectangle? What is a good
way to check your answers?

14. In the rectangle ABCDs the angle between AD and AC is 32 and
AD = 16.3 inches. How long is AC?

15. John's kite string is 240feet long and makes an angle of 48°
with the horizontal. How high is the kite? (Assume the string
is straight.)

16. Nhke up 3 problems in such a way that you would use the tangent
ratio to solve the firsts the sine ratio to solve the seconds and
the cosine ratio to solve the third.

17. A television tower in the towr is 100 feet high and the observer
is 86.9 feet from the base of the tower. Whit is the angle of
elevation to the top of the tower for the observer?

18. Fran the top of a cliff 3500 feet above a lakes the angle of
depression of the nearest shore is 18°. Find the distance
through the air from the top of the cliff to the edge of the lake.
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INDEX

Abscissa, 144

Absolute value, 16

Addition
associative property, 12-16,62
closure property, 247
commutative property, 10-12,14-16,61
of fractions, 222-230
identity element, 66
of polynomials, 96-99
of signed numbers, 10
solving systems of equationsx168-171

Additive inverse, 67, 109

Algebraic expressions (evaluation of),54-57

Associative property of addition,12-16, 62

Associative property of multiplication,
21-24, 63

Average deviation, 41-46

Binary operation, 12

Edmmials
factoring differences of squares,194-196
meaning, 96
multiplioation of, 103-107
squaring, 191-192

CloSure
meaning, 179-180
operations, 180, 247
square root, 247

Coefficient, 93

Combining similar terms, 97-99

Common denominator, 225
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Common factor(s)
greatest, 188
greatest monomial, 190
in simplifying fractions, 215-217

Commutative property
addition, 10-12, 14-16, 61
multiplication, 21-24, 62

Comparing numbers
equality, 3
inequality, 3-4, 128
number line, 9, 124R-128
order relationship, 9, 128, 242

Conwaeting squares, 267-269

Consecutive integers, 80-81

Consistent equations, 160

Constant of variation, 277

Coordinate(s)
axes, 144
Cartesian, 144
first, 144
in a plane,* 139-145
of points, 139-145
second, 144
x-coordinate, 144
y-coordinate, 144

Coordinate plane, 142-145

Correspondence
one-to-one, 9
number pairs and points in a plane,142-145

numbers and points on a line, 9

Cosine ratio, 295-296

Decimal forms
fractions, 238-239
non-terninating, 240
rational numbers, 237
repeating, 237



Degree
linear equations, 206
monomials, 95-96
polynomial equations, 205
polynomials, 94

Denominator, lowest common, 225

Density, property of, 236-237

Dependent equations, 162

Descartes, Rene, 144

Deviation, average, 41.46

Difference, of squares, 194.196

Digit problems, 168

Direct variation4 277-278

Distance-rate-time problems,87-90,119

Distribttive property of division
over addition, 72
over subtraction, 72-73

Distributive property of multiplication
division of polynomials, 178, 182
factoring, 189, 191
multiplication of polynomials;102-105
over addition, 25-28, 63
over subtraction, 39, 71
to simplify expressions, 73-75
to solve equations, 76.79

Division
exponents in, 175-176
fractions, 2206222
monomial by monomial, 175-177
polynomial by monomial, 177-179
polynomial by polynomial, 179-185
signed numbers, 39-41
square roots, 249-250
by zero, 39, 68

Domain, of variables, 48, 49$ 115, 125

Element of a set, 48
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Equation(s)
checking roots, 76
consistent, 160
degree, 206
dependent, 162
equivalent, 76
fractional, 231-234
fractional coefficients in, 230-234
graphing, 148
graphing, to solve inequalities, 152
graphing systems of, 158-163
inconsistent, 161
independent, 160,
linear, 148
of lines, 148
multiplication by zero, 207
polynomial, 205
quadratic 206, 263-270
solving,71-78,115-117,203-208,263-270
systems of, 156-171
with variable in both members, 115-117

Equivalent equations, 76

Estimating square roots, 247-252

Evaluating algebraic expressions, 54-57

Ekponent(s)
in division, 176
in multiplication, 100-101
meaning, 54
powers, 101
zero as, 176

Expression(s)
evaluation of, 54,-57
simplifying, 73-75

Factor(s)
common, 186-190
exponents, 51-54
integral, 186
prime, 187,226
whose product is zero, 204-205

Factoring
combining types, 202-203
common monomial, 186-190
difference of squares, 194-196
distributive property, 189
polynomials, 189-202
quadratic trinomials, 197-203
solving equations by, 203-210
trinomial squares, 191-193



ormulas
evaluating, 54-57
solving for a variable, 121-125

variables in, 50-51, 265-266

ractions
addition, subtraction, 222.229

division, 220.222
multiplication, 217.220
ratios, 211
simpligying, 213-217

Graph(s)
inequalities, 152-156

linear equations, 146-151

open sentences, 146-151

ordered pairs, 146-151

solution sets, 146
system of equations, 158-163

Graphing
numbers on lines, 9, 124
ordered pairs in planes, 142-145

solution sets of equations in two

variables, 146-155
solution sets of inequalities, 152-156

systems of linear equations, 158-163

systems of inequalities, 172-174

Grouping, 5, 59

Half-plane, 152

Hypotenuse, 253

Identity element(s)
additive, 66
multiplicative, 66-67

Inclusion, symbols of, 5, 59

Inconsistent equations, 161

Index of a radical, 245-246

Indirect measurement, 284-298

Inequalities
equivalent, 130
graphs, 124-127, 152-156

solving, 129-134
systems of inequalities, 172-174

Inverse element(s)
additive, 67
multiplicative, 67-68

Investment problems, 83-85

Irrational numbers, 240-241

Line, equation of, 146

Linear equation(s)
graph, 148
and straight lines, 148

Ebnomial
as a common factor, 188
division by, 177-179
multiplication of, 99-101.

powers, 101
square roots of, 260.262

Motion problems, 87-90, 119

MUltiple, 225

Multiple roots, 208

Multiplication
assoc4ative property, 22-24, 63

of binomials, 103-107, 197

closure property, 247
commutative property, 21-24, 62

distributive property, 25-28,38-39,102-105

fractions, 217-220
identity element, 66-67

polynomials, 99-108
property of 1, 66
property of zero, 68-69

rule of eponents in, 100-101

of signed numbers, 17-21, 28.29

of sum and difference of trAD numbers,

194-195

Multiplicative identity element, 66-67

Multiplicative inverse, 67-68

Negative number(s)
multiplication, 18-21, 28

opposites, 9
square roots of, 245
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Non-terminating decimals, 240

Number(s), 1-3
absolute value, 16

comparing, 3-4, 128$ 242
decimal, 237-243
factoring, 187
grouping, 5, 59
irrational, 240-241
names, 1p.3
negative, 9
numerals, 13
operations, 3-7, 10-47
order propertar, 9, 124, 128, 242
ordered pairs, 136-138
positive, 9
prime, 187
rational, 235-239
real, 241-243
relationships among, 3-4
roots, 243-246

NuMber line, 9, 128, 236, 242

Number pairs, 136-138

Numeral, 1-3

Numerical coefficient, 93

Numerical trigonometry, 286-298

One
as coefficient, 94
as exponent, 95
multiplicative property of, 66

One-to-one correspondence
on a line, 9
in a plane, 142-145

Open sentenos(s)
fractional coefficients, 79
graphs, 124428, 146464$ 1720474
aroots, 76
solabion set, 76
in two variables, 135-139
atjataikuations, Inequalities,

Linear Irquations, quadratic
Equations, Solution Sete, and
aysteme of Equations

Operation(s)
closure, 179-180, 247
order, 4-6
signed numbers, 10.47
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Opposite
of signed numbers, 9

Order

inequalities, 9$ 124
number line, 9, 124-129, 242
signed numbers, 9

Ordered pairs of numbers, 136438

Ordinate, 144

Origin, 141

Parentheses, 3, 59

Perfect squares
trinomial, 192

pi (IT ), 249

Plane
half, 152
points in, 139-145

Plane coordinate system, 139-145

Polynomial equation(e)
degree of, 206
solved by factoring, 20.208

Polynomials
addition, 96-99
additive inverse of, 109
degree, 94
division, 175-185
factoring, 189-202
meaning, 92
multiplication, 99-108
quadratic trinomials, 192, 197.209
quaring binomials, 191-192
oubtraction, 100414

Powor(0)
of products, 101
raising to a, 52.0

Problem(s)
age, 80, 120
area, 209-210
consecutive integers, 80-81, 209, 270
coin, 82-83
digit, 160
geometry, 85-86, 118, 168
investment, $3-85, 168
mixture, 90-91



Prohlem(s) (Continued)
motion, 87-90, 119
number, 79, 117, 166-168

proportion, 276-277
Pythagoean theorem, 254-256
ratio, 274475
riwLlr trianglea, 285
trigonometric ratios, 259-298
using factoring in solving,209-210
work, 233-234

'Product(s)

of powers, 100
of primes, 187
square of a binomial, 191
of square roots, 258
of the sum and difference of two

numbers, 194-195
See also Multiplication

Proof, 69-70

Properties
addition, of zero, 66.

associative, 12-16, 22-24, 42, 43

closure, 180
coummtative, 10-12, 14-16, 21-24,
densiV, 236-237
distributive, 25-28, 38-39, 44-47

division, 46-47
irrational numbers, 240-241
multiplicative, of 1, 66
multiplicative, of -a, 69
multiplicative, of zero, 69

opposites, 9
order, of signed number, 9

subtraction, 37-39

Proportion, 275-277

Pythagorean theorem, 253-255

Quadrant, 144

QUadratic equations
completes 267
incomplete, 263
solving, 264470

Quotient (s )

alugas Division

Radical(s)
expressions involving, 258-262

simplification, 258-262

61-62
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Radicand, 244

Ratio(s), 271474

Rcial number system, 240-243

Reciprocal, 67-68

Replacement set, 48

Representation of numbers on a line
baLj...80 Graphing

Right triangle, 253

Roots
checking, 76
double, 208
of numbers, 245-246, 247-253
principal, 244
of quadratic equations, 264-270

square, 243-245
See also Solution sets

Root index, 245-246

Sense of an inequality, 130

Set (13

of polynomials, 92
of real numbers, 240
of rational numbers, 235
replacement, 48
solution, 48, 76, 136

Signed numbers, 9
addition, 10
associative property, 12-15
closure, 179-180, 247
commutatifie property, 10-11, 14-16

division, 39-41
meaning, 9
multiplication, 17-21, 28-29
operating with, 10-47
opposites, 9
subtraction, 29-36

Similar terms, 97

Similar triangles, 282-285

Similarity, 279-282

Sine ratio, 294-295



Solution sets
checking, 76, 138
graphing, 124-128, 146-155
of open sentences in two variables,

136-137

Solving equations
by factoring, 203-210
systems, 156-163

Solving open sentences
See also E4uations, Inequalities,

Linear Equations, Quadratic
Equations, Solution Sets, and
Systems of Equations

Square(s)
completing trinomial, 267-269
factoring, 191-193
perfect, 243

Square roots
approximation, 247-252
of both members of an equation,267
geometric interpretation,256-259
meaning, 243
negative numbers, 245
principal, 244
product of, 258
simplification of, 258-262

Squaring
binomials, 191-192

Structure, 28-29

Substitution
method of solving systems of

equations, 164-166

Subtraction
of po1ynomia1ss 108-114
properties of, 37-39
of signed numbers, 29-36
solving systems of equations,168-111

Symbols
grouping, 5
of comparison, 3

Systems of equations
addition and subtraction methods

168-171
graphing, 158-163
linear, 157
substitution, 164-168

Systems of inequalities, 172-174

Tangent ratio, 286-293

Term
constant, 93
degree, 96
linear, 263
quadratic, 263
similar or like, 97

Triangle(s)
right, 253, 288
similar, 282-285'

Trigonometry, numerical, 286-298

Trinomial(s)
completing a square, 267-269
factoring a square, 191-193
meaning, 94
square, 192
quadratic, 192, 197-203

Uniform-motion problems, 87-90, 119

Value, of expression, 54-57

Variables
to express number properties, 61-66
in formulas, 50-51
in open sentences, 48-50

Variation, direct, 277-278

xr-axis, 144

y-axis, 144

Zero
absolute value, 16
additive property, 66
denominator of a fractions 212
in division, 39, 68
exponent, 176
multiplicative property of, 69
product of factors, 204-205
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