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FOREWORD

At a time when our society is increasingly more depend-
ent upon mathematically literate citizens and upon trained
mathematical manpower, it is essential that vital and con~
temporary mathematics be taught in our schools.

The contemporary mathematics program set forth in this
publication has developed as a result of experimentation and
teacher and supervisor evaluation in classroom situations.

The keynote of the program is understanding of structure,
language, skills, and basic mathematical concepts. This under-
standing is developed in an atmosphere of pupil experimentation
and discovery. : :

We wish to thank the staff members from the Junior and
Senior High Schools and the Bureau of Curriculum Development who
have so generously contributed to this work.
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' INTRODUCTION

This bulletin is the culmination of three years of experimenta-
tion involving the cooperative efforts of the Division of Curriculum
Development, the Junior High School Division, and the High School,
Division. It offers teachers and supervisors practical suggestions
for teaching Mathematics Ninth Year. The mathematics presented in
this bulletin is based upon concepts and skills which were developed
in previous grades and will be extended in succeeding grades. It is
one segment of a K-12 mathematics program.

The suggested teaching procedures help to implement the teach-
ing of Mathematics Ninth Year as outlined in Curriculum Bulletin No. 3,
1958-59 Series, Course of Study Mathematics 7-8-9. Detailed metbcis
for helping pupils develop mathematical concepts are given, tu an
extent not spelled out in the course of s%udy. Thus, whereas the
course of study merely suggests the application of mathematical princi-
ples such as commutativity, associativity, and distributivity to
algebraic skills and techniques, these principles are carefully de-
veloped and woven into these materials.

The course is a full course and teachers and supervisors must
consider this as they plan for pupil participation in the discovery
and creation of ideas which are then organized in.o a growing structure.
To make the course manageable by classroom teachers, such topics as
congruence, symmetry and statistics were omitted. A treatment of
inequalities has been included.

T.e materials in this publication have been developed over a
period ..’ years and reflect the classroom tryout and continued evalua~
tion by teachers and supervisors. There is an emphasis on:

an understanding of mathematical principles

a development of manipulative skills based upon mathematical
principles '

mathematical structure

growth of number system

precise meaning of vocabulary

justification, or proof

The level of mathematical maturity of the pupils has been con=-
sidered and the approach and amount of rigor introduced is consistent
with the capacity of ninth year pupils. The 1Oth and 1lth year mathe-
matics courses will extend the basic ideas of this course and help
them to see algebra as a postulational system.
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How This Bulletin Is Organized

The material in this bulletin is arranged in the same sequence
in which it is to be used by the teacher. It is expected that the
entire content of each chapter will be presented before any work is
begun on the ensuing chapter. (The few exceptions to this procedure
are noted in the appropriate place.) Although this may seem to be
a departure from the cyclical arrangement of materials found in
earlier curriculum bulletins on mathematics, a cyclical approach
is, in fact, an integral part of each chapter. For example, under-
standing and skill in solving equations are developed on progressively
higher levels throughout the year as pupils advance from the solution
of simple linear equations, presented in earlier chapters, to the
solution of fractional and quadratic equations which appear in later
chapters,

Various suggestions for enrichment have been included. Iabeled
as optional, they have been placed near the topics of which they are
a logical outgrowth. '

A Plan For Using This Publication

It is suggested that teachers and supervisors consider the
follcwing in using this publication: - :

Review the entire bulletin before making plans to teach,
Read each chapter in turn completely to become acquainted
with the content and flavor of Mathematics Ninth Year and
with the relationship between the topics in the course.

Study the chapter containing the topics you plan to present .
Study the suggested procedure for the development of each topic.
Make a tentative division of the topic into class. lessons.

Use the suggested procedures as an aid in preparing lesson plans.
Since Mathematics Ninth Year is a full course, you should plan
for the most efficient use of class time.

Amplify the practice material suggested for each topic with
additional material from various textbooks.

The application of algebraic techniques to the solution of
verbal problems should not be confined to the sections in .
which this work appears in the bulletin, but should be inter-
spersed among other topics in order to sustain interest and
provide for continuous development and reinforcement of
problem-solving skills,




EVALUATION

An evaluation program includes not ‘only the checking of com-
pleted work at convenient intervals, but also continual appraisal,
It is a general principle of evaluation that results are checked
against objectives. The objectives of this course include concepts,
principles, and understandings, as well as basic skills.

Written tests are the most used instrument for evaluation and
remain the chief rating tools of the teacher. Test items should be
designed to test not only recall of factual items, but also the
ability of the pupil to make intelligent use of facts. Some of the
written activities which teachers may use for the purpose of evalua-
tion include: :

written tests

written homework assignments
notebooks

board work

special reports

quizzes

To continually evaluate pupil understanding, there are a number
of oral activities which teachers may use including the following: |

pupil explanations of approaches used in new situations
pupil justification of statements
" pupil restatement of problems
pupil statements of interrelationship of ideas
pupil discovery of patterns :
oral quizzes '
reports ’

Bvaluation procedures also include teacher'!s observation of
pupil's work at chalkboard and pupil's work at seat.

Self-evaluation by pupils can be encouraged through short
self-marking quizzes.
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DEVELOFMENT OF THE MATHEMATICS PROGRAM IN GRADE 9

During the school year beginning September 1961, a revised
ninth year mathematics scope and sequence, based upon Sourse of
Study Mathematics 7=-8-9, was developed by staff members from the
Division of Curriculum Development, the Junior High School Division,
and the High School Division. This scope and sequence was the basic
document for writing teams, which consisted of junior high school
mathematics coordinators working in conjunction with high school
mathematics chairmen. This resulted in preparation of preliminary
materials which were reviewed and revised by the Junior High School
Mathematics Curriculum Committee. By June 1962, the first draft of
materials was ready and was sent to teachers who were to take part
in their experimental use.

These preliminary materials were tried out on an experimental
basis for the first time in selected junior and senior high schools
during the school year 1962-1963. A progream of evaluation of these
materials was set up which included: chapter by chapter evaluation
reports from classroom teachers, junior high school coordinators,
and chairmen of mathematics in pilot schools. The results of the
evaluation were reported to the Junior High School Mathematics
Curriculum Committee. In addition, an evaluation team interviewed
teachers using the materials, observed teachers using the materials,
and discussed each observed lesson with the teacher. On the basis
of this classroom tryout and evaluation by teachers and supervisors,
Part I of the program was revised in the Summer of 1963.

The school year 1963-1964 saw the second year of experimental
use of the materials, with additional schools participating. Part II

of the material was revised in time for the February 1964 term. Part I

was again revised as a result of a secord tryout. This revision was
carried out by a committee working on Saturdays. Final work on Part I,
preparing it for publication, was completed in June 1964.

It is expected that a final revision of Fart II will be completed

during the Summer of 1964. This revision will reflect the second year
of classroom tryout.

The preparation of this bulletin was under the general direction
of Martha R. Finkler, Acting Associate Superintendent, Junior High
School Division, and Margaret Bible, Acting Assistant Superintendent,

 Junior High School Division, William H. Bristow, Assistant Superinten-

dent, Bureau of Curriculum Research, and Seelig Lester, Assistant
Superintendent, High School Division.
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As Chairman of the Junior High School Mathematics Curriculum
Committee, Paul Gastwirth, Principal of Edward Bleeker Junior High
School, acted as project director, coordinating efforts of various
committees, and heading a four-man evaluation team.

Frank J. Wohlfort, Assistant Principal in charge of Junior
High School Mathematics Coordinators, coordinated the work of the
writing teams, and arranged for experimental tryout of the program
in the junior high schools.

Miriam Newman, Junior High School Mathematics Coordinator, was
the principal writer of the revised materials during the Summer of
1963, the school year 1963-1964, and the Summer of 1964 .

The Junior High School Mathematics Coordinators who prepared the
original draft of the materials were: Spencer J. Abbott, Henrietta D.
Antoville, Florence Apperman, Samuel Bier, Samuel Dreskin, Charles S.
Goode, Helen Halliday, Ida Karlin, Ross Klein, Miriam S, Newman,
Alfred Okin, George Paley, Meyer Rosenspan, Benedict Rubino, Joseph
Segal, and Murray Soffer.

Other coordinators who have taught and helped in the evaluation
of the materials are: Helen Kaufman, Joseph Gehringer, Ada Sheridan,

and Bertha Weiss.

. The original writing teams worked closely with the following
high school mathematics chairmen: George Grossman, Aaron Hankin,
Roxee Joly, Harry Ruderman, Lester Schlumpf, and Harry Schor. Each of
the chairmen served as a resource person for a writing team.

George Ross, Coordinator of Mathematics for the high schools during
the school yeor 1961-1962, was a member of the original planning group
which developed the plans for the project and the basic. scope and sequence.
An initial scope and sequence was prepared by Harry Schor, Chairman of

Mathematicse.

Benjamin Bold, Coordinator of Mathematics for the high schocls
during the school years 1962-196L, became a member of the planning group
and coordinated the high school efforts in the project. He took part
in the summer writing projects of 1963 and 196L.

Leonard Simon, Junior High School Curriculum Coordinator, Bureau
of Curriculum Research, was a member of the original planning group and
has continued through the program to assist in the planning, coordinating,
revising, and preparing materials for publication.
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CHAPTER I
SYMBOLS IN MATHEMATICS

. This section contains materials and suggestions for the
teacher to help the pupils understand the meaning of numbers and
nunerels, symbols of grouping, and conventions for omitting
grouping symbols. These concepts are then used in forming
mathematical sentences,

I. Jumbers and Numerals

A. Suggested Procedure

-1, Have pupils examine the following symbols and tell what they
| repreaent:

.

2.

3.

b

5e

'_‘_ -

Abraham Iincoln - hondaty

Have pupils realize that a symbol such as a mark, & sign, or a
word may represent an object, a person, or an idea.

Have pupils write in their notebooks, and on the blackboard,
several symbols for real objects or persocns, and several symbols
for ideas. Have pupils explain what each symbol represents.

Through group discussion, develop the understanding that
several different symbols may represent the same object, person,
or idea.

For example, "Abreham Lincoln" and "Honest Abe" are different
names or symbols for the same person.

Elicit the generalization that the symbol is distinet from the
object, person, or idea represented. For example, when a pupil
writes "Abreham Lincoln" on his paper, the pame of a person is
on the puper, not the person himself. |

. -




6.

7.

8.

9.

10.

11.

Similarly, have pupils develop an understanding of the difference
between a pumber (idea) and its name, Some of the many possible

number names for a set of five objects are "5%, "five", “V¥, and

n243n,

Help pupils to understand that just as ®Abraham Lincoln® or
"Honest Abs® are symbols or names used to designate the same
person, so "five®, "5%, and "V" are different names for the same
number,

Lead pupils to realize that when they write symbols as "7%, ®6+,", and

#55%  they are writing pames or symbols for numbers, not the numbers
themselves, Numbers are jdeas for which the symbols stand.

Explain that the names or symbols for numbers are called numerals,
and that these numerals may be spoken or written. '

Make sure that pupils understand that each number hug mny different
nazes, Thus, such numerals as n541N, %3434, H7.]N, % , "2x3%, and
"VI® all name the game mumber, namely, six.

Have pupils indicate the common names for some numbers; have other
pupils give different names for those same numbers. '

B. Suggested Practice

1.

2.

3.

ke
Se

Orally, or in written form, suggest a symbol for each of five
different objects, '

Orelly, or in written form, suggest a symbol for each of five
different ideas,

Orally, or in written form, suggest a symbol for each of five
different people.

Think of & number. Write three different rumerals for this number.,

On each line place a circle around the numeral that does not
belong because it names a different number,

2 v 8

a.3+1 2 10 - 6 1055 >

b.6x1 = 6+0 2%+3§ 12 -7 600%
i d - 10

c. +05 10F2 20 200 5%

d, Make up two examples like a, b, and ¢ above.

. |
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6. Write another name for each of the following:

a3+t . touz3:
be 37 = 32 ge 85Xx15
2xd e
Ce 8 2 ' h. 035) 2"'5
d. 10 - .87 i é"%
e."].O2
3o 145 + .07

II. Symbols Used in Arithmetic
A. Suggested Procedure
1. Review with pupils the symbols of operation and their meaning:

eje

+ - , x

a. Elicit from pupils an explanation of each of the symbols of
operation as follows:

2 + 3 is the mumber obtained when 3 is added to 2
6 x 5 is the number obtained when 5 is multiplied by 6

b, Elicit from pupils the generalization that each of these
operations involves two numbers (binary operation).

2, Review with pupils the following symbols of comparison and their
meaning:

- # > <

a. Guide pupils to see that when they write the sentence 3 + L = 7,
they are saying that "3 + 4" and "7" are names for the same
number. The symbol "=* means that the numerel on its left and
the numeral on its right are both names for the game number.
The symbol "=* is read as "is equal to." ' o

b. The symbol "§* means "is not equal to." For example, 3+4L¥%6+2
means that the numeral "3 + 4% and the numeral u6 4+ 2% represent

different numbers.
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¢. The symbol "> " means "is greater than." For example, 5> 4
means that the number represented by the numeral "5" is greater
than the number represented by the numeral "4."

d. The symbol "< " means "is less than." For example, 4 <7 means
that the number represented by the numeral “,* is less than
the number represented by the numeral "7."

o Suggested Practice

1. Mark cach statement with a T or F to indicate whether it is true
or false.

a. 2102 =200 T ("0°" and "100" name the same number.)

b.3+71‘2+6 €. 1x1>1+1

d. 5xh7‘%°f 100 1. 10°>1000
1+l y 02

e. g +4 375 3o -i%.of 2042

1
fo 2000 - 05041 Z

2, Fill in each space with any of these symbols (+, =, x, & )
which will maks the resulting statemente true, '

a. 3 54U,

Solution: If the symbol ™ is placed between 3 and 5, the
statement will read 3 + 5414, This is a true statement. Also,
3 > 5<1, is a true statement. |

be b ____3=1 £.20 ___ L<20 - &
. 10 ____ 5<3 | g b b=1
d.z'd-___..% | | ho2 ___2=2°
e.8_____7>8-7 1.6 _____0=6

I1I, Order of Operations
A. Suggested Procedﬁro

1. Pose problem: What number is represented by the expression 3 + 6 x 5%

Some pupils may suggest L5 because 3 + 6 = 9, and 9 x 5 = L5,
Others may suggest 33 because 6 x 5 = 30, and 3 + 30 = 33,

Have pupils see that the difference in the two answers is duo to
the order in which the operations are pertomd.




2, Elicit that if we are to get the same meaning from 3 + 6 x 5 at
all times, we must agree on the order in which operations are
performed. Inform pupils that when several operations are
indicated in an expression, we proceed as follows:

a. Perform the multiplications and divisions in order, from
létt to right.

b. Then, perform the additions and subtractions in any order.
Using this agreement, 3 + 6 x 5 always represents 33,
3. Have pupils practice the following:

What is the meaning of each of these expressions? What is the
result?

a. 1+ 4 x5 (This means the product of 4 and 5 is to be ‘added
to 1. The result ie 21.)

b. 9x8-7 de 8 x 4 + %
o 45 23 +2 e. 6 +9 23

4. Have pupils see the need for a grouping symbol when the agreement
on order of operations is to be disregarded.

a. Pose problem:

On each of four Saturdays, a boy earned $8 and collected $2 in
tips, as well. What is the total amount he received? ($40)
How would you indicate in symbols how the answer is arrived at?

Pupils may suggest 4 x 8 + 2. Have them recall that by the
agreement on order of operations, this expression results in
3L, not 40. .

" b. Guide pupils to realize that if we wish 4 x 8 + 2 to mean
that the sum of 8 and 2 is to be multiplied by 4, giving
the result 40, rather than 34, then we must indicate in some
way that the sum of 8 and 2 is to be considered as a single
quantity to be multiplied by 4. To show thig meaning, 8 + 2
is enclosed within grouping symbols, such as parentheses.
Then 4 x (8 + 2) means that 2 is to be added to 8, and the
resulting number is to be multiplied by 4.

Lx(8+2)=4 x10=40
c. Have pupils understand fha.t orie use of grouping symbols is to

give an expression a meaning other than the one it would have
according to the agreement on order of operations.

~5m
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Have pupils answer the following:

a., What is the meaning of 4 + 3 x 27 (This means the product of
3 and 2 is to be added to 4. What is the rosult? (10) How
should this be written to give 14 as a result? (4 +3) x 2.

b. What is the meaning of 9 x 8 = 57 What is the result? (67)
How should this be written to give 27 as a result? 9 x (8 - 5).

c. What is the result for 2 +6 + 2 x 1? (5) How should this be
written to give 4 as a result? (2+6) +#2x1.

d. What is the result for 6 — (2 = 1)? How should this be written
to give 3 as a result?

e. What is the difference in meaning of each expression in the
following pairs? What is the result in each?

25 = (9 - 3) _ 25-9-3
10x (2 +3) 10x2+3
b+ (5=-1) - h+5=1
(u+8)22 . L+8%2
3 x (10 +1) 3x10+1

Have pupils compare the order in which the operations in the
following expressions are to be performed. Have them then do the
indicated arithmetic,

8. 5+ 1x 2 (Multiply, then add) (5 +1) x 2 (Add, then multiply)

be 3 x4 -2 3x (4-2)
c. (20-8):2 20-82%2
d. (25 -20) 2 5+3 25205543
e. 12+ 6x3 12 = (6 = 3)

B. Suggested Practice

1.

Write the most common name for each of the folloﬁing:

as 1 +3x7=1+2]1=22 d. 2x2+4+2=2

bes2-2x7 e. 1x%+4

30816-7115 f005x2+03-03
. .




2. For each of the following, rephce the expression in the parentheses
by another numeral.

a, 6+2)x8=8x8 f. 125 - (5 = 4)
be (6 +2)+4 g 123 (4 =2)
c. 15 = (6 +4) h. 10 x (1 + .2)
de 6 + (2 - 1) i, (1 x4)s(2x2)
e. 5x (4 +4) Jo (12-3) x (6 +3)

3+ Use parentheses in expressing each of the following in symbols:

subtracted from this sum,

|
a. Indicate that 3 and 8 are to be added and then 10 is to be
b, Indicate that 4 and 9 are to be added and this sum is to be
multiplied bty 3.
c. Indicate that 15 is to be subtracted from the product of 7 and 3.

d. Indicate that the sum of 6 and 9 is to be multiplied by the
difference of 11 and 4.

e. Indicate that the product of 6 and 7 is to be subtracted from
the product of 8 and 9,

L. In each of the following examples perform the indicated operations.

a.6=-2+1 | f.15-623

be 5+3x3 g. A +2)xL=-824

ce 10x (1 +4) | he (o4 +1.1) & (5 = ,2)
deh-3x}% | 1.10-15x6+ (U-4) 32
e. (15-6) <3 Jo (I-3+6%2):4x3

IV, Trenslation of English Phrases and Sentences
o Suggested Procedure

1. Discuss with pupils the advantage of using methematical symboliam
to express number relationships. For example, the number relationship.,

"When three is added to nine, the result is twelve" may be expmsaed
symbolical]y as 9 + 3 =12,

EKC
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2. Have pupiis use the conventions relating to grouping symbols to
express number ideas symbolically, e.g.,

Wehen four is added to six times two, the result is sixteen® is
expressed symbolically as 6 x 2 + 4 = 16.

WThe sum of eight and four, divided by three is less than five" 1s
expressed symbolically as (8 + 4) + 345,

B, Suggested Practice
1. Express each of the following in mathematical symbols:

a. When three is added to n:i.ﬁe times seven, the result is sixby-six..
An'wer=.9x7+3-66 | |
b. Three tenths diminished by one tenth is less than five tenths.
c. Twice fifteen, decreased by eight, is less than three t:lmos ten.
d. The product of five hundredths and six is not equal to three.

o. When ten is divided by two and the result is divided by one-half,
the quotient is ten. B

f. The difference between seven and twb, divided by five, equals one.

g. When one-half is added to one~fourth multiplied by three, the
presult is equal to one and one-quarter.

h. The product of one and one-guarter, increased by one-quarter, is
greater than three- eighths. ~ :

i. When the quotient of three-tenths and three-tenths is added to the
product of two and five-tenths, the sum is equal to two.

_, j. The difference of five and twc, divided by the quotient of six
and two, is equal to one. ' .

2. Express each of the following in English phrases and sentences:

a. 8+2x3 Answer: Eight increased by the product of two and
three, or the product of two and three added to elght.

b.5+9<%x60 , 4.9.;.%76

c. (12 =4) x2 B e hxX1wm=16 34




CHAPTER 11
SIGNED NUMBERS

This section contains suggestions for procedures that the
teacher may use to help the pupils understand operations with
signed numbers and some basic properties of signed numbers.

A.

B.

I, The Set of Numbers of Arithmetic Enlarged to Include the Negative Numbers

Suggested Procedure

Review with pupils the concepts of signed numbers that were taught in
Grade 8. Hmphasize the symbols for and physical interpretation of
these numbers. | |

1. An understanding of the meaning of signéd numbers |

2. An understanding of the one-to-one correspondence between the
integers and certain points on the number line

3. An understanding of the concept of "opposites." Thus, -7 (read
"negative seven!) is the opposite of +7 (read "positive seven"),
and 47 is the opposite of =7,

4. An understanding of the dual interpretation given to "+" and to “=",
e.2., as signs of operation and as signs indicating direction

5. An understanding of 6rder= -l> =2, | o
Suggested Practice (Review Exercises) | - / |

1, If =10,000 represents a decrease of 10,000 in populatioz\, represent
by a signed number an increase of 10,000 in population,

2, If +5 represents an increase of 5° in temperature, represent by a
signed number a drop of 5° in temperature.

3. If +5 represents a gain of 5 hours in time, represent/ by a signed
number a loss of 5 hours. o f o

L. If =10 represents a withdrawal of $10 from a bank, represent Ly a
signed number a $10 deposit in the bank.

5. If +500 represents 500 feet above sea level, represent by a signed
number 500 feet below sea level. _ o

6. If 410 ropr&eenbs a gain of 10 yards, represent by a signed number a
loss of 10 yards in a football game.
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7. If =27 represents 27° below zero, represent by a signed number 27°
above zero.

g, If -10 represents a decrease of 10 cents in the price of eggs,
represent a 10 cent increase in the price of eggs.

9., If traveling north is traveling in a positive direction, express
as a signed number the location of the point reached after traveling
5 miles north from zero and then 8 miles south.

10. Is =4>0 a true sentence?
II. Addition Is Commtative for the Set of Signed Numbers
A, Suggested Procedure

Note: In their computations in arithmetic, pupils have used the
computative and associative properties of addition and multiplication,
perhaps without recognizing these properiies or knowing their names.
Now they will learn not only the names of these basic properties,

but also that these properties continue to hold in our enlarged set
of numbers. These properties will be accepted without proof.

1. Have pupils review addition of signed numbers and the meaning of
absolute value. (See Mathematics Grade 8, Curriculum Bulletin
1961=62 Series No. 4) :

2. Discuss with pupils a method of checking an arithmetic addition
example, by reversing the addends. Thus, to check

389
25
511,

we could do, the addition in this way:

125
4389
514

(Note: Many pupils check arithmetic addition by ®adding in the |
opposite direction." This is tantamount to reversing the addends.)

Guide pupils to see that in arithmetic addition, they have assumed
that when two numbers are added, the same sum is obtained no matter
what order is used in adding them. This is known as the commytative
property of addition. Does this property hold for signed numbers,
as well? |

3, I1lustrate the commutative property of addition with positive and
negative numbers as follows: :

=10~
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Mr, B walked 8 blocks to the east and then turned around and walked
three blocks to the west. If he had first walked three blocks to
the west and then 8 blocks to the east, would he have arrived at the

aa.meplace"
>
ST
AN

8 blocks east and then 3 blocks west may be represented by (+8) + (.3).
The sum is +5.

A

| N Y W W D P |
-3-2«1 0 1 2 3 4

tl‘l
6 7 8

[

5
A\

7
3 blocks west and then 8 blocks east may be represented vy (=3) + (48).
The sun is +5.

The pupils are led to observe that interchanging the order of the two
addends does not affect the sum. Then (+8) + (=3) = (=3) + (48).

On thc basis of several sﬁch illustrations, have pupils generalize

that the commutative property of addition holds for positive and
negative numbers in all combinations. (Or, briefly, for signed numbers)
Inform pupils that the commutative property of addition is sometimes
referred to as the conmutative law or the w of
addition.

- B. Suggested Practice

1. Use either the symbol (+7) or the symbol . i5) to replace the question
mark so that each of the following is a tirue statement,

(#7) + (+5) = (45) + ?

(#7) + (45) = 2+ (#7)
(+1) + 2 = (45) + (+7)
?2 4 (45) = (+5) + (47)
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2, Use the commutative principle to write another expression for

each sum, then compute the sum.

W7) + (5) = (5) + (1) = 412
(-18) + (~24)

(+23) + (-9)

(-1.2)+ (4.8)

(22) + (1)

III. Addition is Associative for the Set of Signed Numbers

A, Suggested Procedure

1.

2.

Review with pupils the fact that the fundamental operetions of
arithmetic, i.e., addition, subtraction, multiplication, division
are binary operations, that is, they are performed on two numbers.

(In contrast, taking the negative of a number is & unary operation.)

Have pupils gﬁ.ve illustrafions of the fact that we often have
occasion to add three numbers. .

Pose the question: How can we add three nmhbers when addition is

- a binary operation?

3.

b

5.

Elicit from pupils that when we add 5, 9, and 6, we are really
performing the operation of addition twice, as follows:

5+9m 1 and U + 6= 20

Have pupils compute an addition example such as the following:

L9 +27 +3 .
In checking the way varioﬁs pupils arrived at the answver, it will
be found that some pupils may have added 27 to 49, obtaining 76.
They then added 3 to this result. This procedure may be recorded
thus:

L9 +27) +3=76+3=179

Other pupils, using decade facts, may have added 3 to 27, obtaining
30, They then added 30 to 49. We record this as:

49+ (27 +3) =49 +30=1T9

Have pupils observe that (49 + 27) +3 =49 + (27 + 3), since the
sum is the same in each case. ‘
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6. Have pupils repeat this procedure with octher examples. They see
that the manner in which the numbers of arithmetic are grouped
in addition does not affect the sum. Notice that the order of
the addends is the same. .

7. Inform pupils that this property of addition for arithmetic numbers
is called the associative property. The word "associative" is used
because this property is concerned with how numbers are associated
or grouped together. Grouping symbols (parentheses) may be omitted
in indicating the sum of three numbers.

8. Now pose this question: Does the associative property of addition
hold for signed numbers? Gaide pupils to an answer by having them .
do the following examples: :

Note tg teacher: Explain to pupils that the parentheaea are used to
make clear the sign of the number. The symbol of grouping in these
examples ia a pair of brackets., ,
- 8. Add: +3, +2, +5 | .
(43) + (42) + (45) means [(43) + (+2)] + (45).
Does [ (+3) + (+2)] + (45) = (43) +[(+2) + (45)]7
Since [ (43) + (12)] + (45) = (45) + (+5) = 10
and  (13) {(12) . + (+5)]- (+3) + (#7) = 10
then [(43) + (+2)] + (45) = (3)+[ (42) + (45)]
b. Add: =6, =3, = |
(-6) + (-3) + (-4) means[ (-6) + (-3)] + (~4).
Does [ (<6) + (=3)] + (<4) = (~6) +[(~3) + (-4)] 2
Sincd (-6) + (=3)] + (<4) = (<9) + (-4} = -13,
and  (<6) +[(-3) + (b)]= (-6) + (~7) = -13,
then [(-6) + (-3)] + (-4) = (-6) +[(-3) + (~4)] .
In a similar manner, have the pupils try:
‘Add: 42, -8, +5; Add: -6, 48, -

9. Have pupils notice that when we apply only the associative principle,
we may not change the order of the addends.

~13=




B. Suggested Practice

1. Bach of the following examples can be worked mentally if you
first use the associative law.

Rewrite each expression, using the associative law, and
then find the sum mentally.

a. (17 + 25) + 75
b. (123 +125) +175
c. 32 + (68 + 359)
d. 96 + (204 + 297)
e. (3789 + 1250) + 1750
2. Examples similar to I1I-A-8.

IV. Combining the Commutative and Associative Properties of Addition
for the Numbers of Arithmetic (non-negative numbers) '

A. Suggested Procédure

1. Review with pupils that the associative property of addition
tells us that we may add three numbers by associating the
middle number either with the preceding number or with the

- following number.

Thus, to add 5, 8,and 4, we may associate 8 with 5 and their
sum with 4, or we may associate 8 with 4 and their sum with 5.

Then (5 +8) + 4 =5+ (8 +4)

2. Have pupils now also use the commutative property to illustreta
the addition of thesé three numbers. Each leads to the same
sum. - o

3, Have pupils consider the following:
a. (5+8)+h=13+h,or 17
b. 5+ (8 + h)'= 5 + 12 ,0r 17
co 54 (4 +8)=5+1,0r 17
d. (5+4) +8=9+8, or 17
e. (h+5)+8=9+8,orl]
-1ly=
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5.

6.

Methods a and b lead to the same result by associativity;
methods b and ¢ by commutativity; methods ¢ and d by associativity;
methods d and e by commutativity.

Guide pupils to see that the associative and commutative properties
allow us to move addends around as we please in the process of
finding a sum of several numbers. That is to say, they may be
grouped or ordered in any way without affecting the result.

Have pupils see that without using addition facts we can show
that

(5+8)+L4L=(5+4)+38

We would proceed as follows:

(5+8)+4=5+(8+4) Associative Property
5+ (8+4)=5+(L+8) Commutative Property
5+ (L +8)=(5+4)+8 Associative Property

Therefore (5+8)+h;—'(5+h)4‘8

Note: This is considered a proof that the numerals (5 + 8) + 4
and (5 + L) + 8 represent the same number, because we have used

the properties of addition to show a series of eQualities.

Have pupils use a similar procedure to show that
(5+8)+4=(4+8)+5.

7. The associative property of addition may be extended to four or

more nuvmbers.
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B. Suggested Practice

Without using the addition facts, show that the following equalities
are true because of the commutative and associative properties of
addition. In each case, and for each step, indicate the property
that justifies it. ‘

1.
2.
3.
h.
5¢

V. Combining the Commutative and Associative Properties of Addition for
Signed Numbers

A. Suggested Procedure

1.

2

3.

. guarantees that the commutative and associative properties of

B. Suggested Practice (Similar to IV-B)
VI. Multiplication of Signed Mumbers
A. Suggested Procedure

1.

g ST T

(3+6)+9=3+(6+9) 6. 6+ (7+3)=6+(3B+17)
542=2+5 - e (b+5)+8=(5+4)+8
94+12=12+9 | 8. 8+ (6+7)=(8+17)+6
(56 +17) +15 =15+ (7 +56) 9. 8+ (3+4) = (8 +4) +3
12+ (3+8)=(012+3)+8 0. (5+6) +3 =5+ (3+6)

11, (8+6)+2=(8+2)+6

Let us investigate to see whether the method we have chosen for
adding signed numbers retains the properties we found to hold
jn adding the numbers of arithmetic.

The development parallels that for non-negative numbers as
indicated in IV-A,

Have pupils realize that this method of -adding signed numbers

addition for arithmetic numbers also hold for signed numbers.

Review meaning of absolute value,
Introduce symbol for absolute value. The mathematical symbol for

absolute value of" is a pair of vertical bars enclosing the number.
Thus, |+ 5|=5 indicates that the absolute value of +5 is 5.

Similarly, |

|-5] =5
0 =0

-16~
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2. Discuss with pupils various ways of expressing multiplication.
a.4x5x3 (Using the “times" sign)
b. 849 (Vsing the elevated dot)
c. (8) (9) (Using parentheses to indicate multiplication)

d. 3x (Using no symbols)

Note to teacher: Three approaches for developing multiplication

of signed numbers are presented here. They are %l) the experimental
approach, (2) the pattern approach and (3) the mathematical structure
approach. All three lead to the definition of multiplication of
signed numbers. They appear in increasing order of abstraction.
Methods (1) and (2) are designed to make the definition ol multiplica-
tion plausible to the students. Method (3) provides an informal proof
or demonstration. Teachers will select the method or methods which
they feel meet the needs of their pupils. Some will present two
approaches, some all three, with (3) serving as the culmination.

3. Ixperiential approach to mulviplication of signed numbers
a. Multiplication of a positive number by a positive number

1) Pose a problem: John will deposit four dollars each month for
three months. How much money will he then have in his bank
account? _ :

2) Elicit from pupils the agreement that: a bank deposit may be
represented by a positive number.

.& withdrawal may be représented by & negative number,

time in the future may be represented .by a positive number,

time in the past may be represented by a negative number.

3) Elicit from pupils that three months from now, (+3), there
will be $12 more (+12) in John's bank account. ‘

+, .
4, or (43)(#4) =412
-t
+12
l;) Have pupils solve several similar problems and arrive at
the understanding that we multiply positive numbers as we-

" do the numbers of arithmetic. The product is always
positive, '




b. Multiplication of a negative number by a positive number

1) Pose problem: John plans to withdraw four dollars from his savings
account each month for the next three months. What effect would
‘that have on his bank account?

2) Elicits

Four dollars withdrawn may be represented by -=4.
Three months from now may be represented by +3.
Then, three months from now (+3), there will be $12 less (=12)

in John's bank account.

-4 |
=4 or (#3)(=h) = -12
b

-12

3) Have pﬁpil solve gevera]l similar problems and arrive at the generaliza-
tion that the product of a negative number and a positive number is

the NEGATIVE of the product of their absolute vzlues,
c. Multiplication of a positive number by a negative number

‘1) Pose problemé John deposited four dollars each month for three months.
Did he have more money or less money in his bank account three months
ago than he has now? How much more or less?

2) Elicit:

Four dollars deposited may be represented as +i; three months ago

may be represented as =3. - Tnese facts may be represented by (=3)(+4).
If he has deposited four dollars for three months, three months ago
he must have had twelve dollars less (=12) than now. Therefors,

(=3)(+4) = =12,

3) Have pupils solve several similar problems and arrive at the generaliza-
tion that the product of a positive number by a negative number is the

NEGATIVE of the product of their absolute values.
d. Multiplication of a negative number by a negative number

|

E

! 1) Pose problem: John has withdrawn four dollars each month for three
{ months., Did he have more money or less money three months ago than
; he has now? How much more money did he have in his account three

months ago?
2) Elicits
Four dollars withdrawn may be represented by =k.

Three wonths ago may be represented by =3. ,
Three months ago he had $12 more (+12) in his account than he has now.

(=3)(=4) = 412
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3) Have pupils solve several such problems and arrive at the generaliza-
tion that the product of a negative number by a negative number is

the product of their absolute values.

e. Have pupils solve a number of problems in mixed practice and help them
arrive at the generalizations that, in multiplying signed numbers:

1) The product of two pumbers with LIKE signs is a POSITIVE number.
2) The product of two numbers with UNLIKE signs is a NEGATIVE number.
L. Pattern approach to multiplication of signed numbers
a, Multiplying a positive number by a positive number
1) Elicit that positive numbers behave like the numbers of arithmetic.

2) Have pupils develop these two columns:

In Arithmetic Signed 2 rs

(2)(5) = 10 (+2)(+5) = 410
(2)(4) = 8 (#)(H) = 8
(2)(3) = 6 (2)(#3) = +6

3) Elicit generaiization: The product of a positive number by a positive
number is positive.

b, Multiplying a negative number by a positive number
‘1) Have pupils consider the following:
(+2)(43) = 46
(#2)(#2) =
+2)(H) = +2

(+2)(0) = 0 (As in arithmetic, the product of zero and any number
is zero.)

2) Pose question: If we continue the pattern, what multiplicand will
come after zero? (-1)

3) What is the product of (+2)(-1)?

Have pupils observe that whenever the multiplicand is decreased
by 1, the product is decreased by 2. |

-]G=




Have pupils continue the pattern as indicated:
(+2)(<1) = 2 (=2)
(+2)(=2) = 2 (h)
(2)(=3) = 2 (=6)
(+2)(=4) = 2 (~8)

1) Elicit generalization: The product of a negative number by a positive
‘number is the NEGATIVE of the product of their absolute values.

c. Multiplication of a positive number and a negative number
1) Have the pupils develop this sequence:
(#3)(+1) = 43
(+2)(+1) = +2

Hn)H)=%
(0) 1) =0

(-1)(+1) = =1
(=2)(+1) = =2
(=3)(+1) = -3

2) Elicit the generalization: The product of a positive number and a
negative number is the NEGATIVE of the product of their absolute values.

d. Multiplication of a negative number by a negative number
1) Have pupils develop this sequence:
(-2)(+4) = -8
(-2)(#3) = -6
(-2)(42) = -4
(-2)(41) = -2
(-2)(0) =0

(=2)(=1) = 42
(=2)(=2) = +4
(=2)(=3) =46
(-2)(-4) = +8




2) Elicit the generalization: The product of a negative number
and a negative number is the product of their absolute values.

e. From these patterns, pupils are led to arrive at the generalization
that in multiplication

1) the product of two numbers with like signs is a positive number,

2) the product of two numbers with unlike signs is a negative
numbers,

Note: Method 3 - The mathematical structure approach is shown
on page 27. _

B. Suggested Practice

Multiply as indicated:

U S

1. (#2)(<7) 2. (+2.5)(=.3)
3. (+6)(+8) be (=12)(=7)
5. (~6)(36.5) 6. (+7)(=5)

2y /.2 8, (-
. (_.3.)(...;].) . (<4)(+15)
9. <+%)(_2) 10. (~4)(-2)(+3)

VII. Commutative and Associative Properties of Multiplication for Signed Numbers
A. Suggested Procedure
1. Develop the commutative property of multiplication for Signed numbers.
a. Review with pupil the commutative property of addition with signed
numbers. The order of the addends may be changed without affecting

the sum,

b. Pose problem: Noes the commutative property hold for the multiplica-
tion of signed numbers?

c. Have pupils develop illustrations of the three possible combinations
of positive and negative numbers as indicated:

1) (43)(+6) = 418 2) (+7)(=6) = =42
+6)(#3) = 48 6)(+7) = -42
CLH3)H6) = (46)(43) S #)(6) = (<6)(+7)




3) (-4)(<3) = H12
(«3)(=4) = H12
co(=4)(=3) = (=3)(-4)

L) Have pupils make up several additional examples illustrating the
commutative principle for the multiplication of signed numbers.

Note to teacher: If the pattern approach was used, the assumption
that the pattern continues implies that the properties of the opera-
tions of arithmetic (commutation, association) will still hold for
those operations on signed numbers. The above examples illustrate
this.

If the experiential approach is used solely, the pupil should be led

to see that the definitions we have adopted for the multiplication

of signed numbers result in retaining the commutative and associative
properties for signed numbers.

2. Develon the associative property of multiplication for signed numbers.

a.

b.

Ce

d.

f.

g

h,

Review with pupils the fact that the fundamental operations of
arithmetic are binary operations, that is, they are performed
on two numbers.

Have pupils give illustrations of the fact that we often have occasion
to multiply three numbers. Pose the question: How can we multiply
three numbers when multiplication is a binary operation?

Elicit that when we multiply 3, 5, and 6, we are really performing
the operation of multiplication twice, as follows:

3x 5=15and 15 x 6 = 90

Have pupils observe that we first found the product of 3 and 5, and
then multiplied it by 6. Stated symbolically, our procedure was as
follows:

(3x5)x6=15x6 =90

Elicit that we may obtain the same result by first multiplying 5 and 6,
obtaining 30, and then multiplying 30 by 3.

3x(5x6) = 3x30 = 90
o.o(BXS)x6 =3X(5+6)
Have pupils repeat this procedure with several examples.

Guide pupils to generalize that the manner in which the factors are
grouped does not affect the final product. ’

Lead pupils to observe that this property of multiplication for the
numbers of arithmetic is analogous to the associative property of

addition. It is called the associative property of multiplication
22




i.

k.

and is frequently referred to as the agsociative law or
associative principle of multiplication.

It must be noted that when we apply only the associative
property of multiplication, the order of the factors is
not changed. :

Now pose this question: Does the associative property of
multiplication hold for signed numbers?

Guide pupils to answer by having them consider the following:
1) Multiply 4, 8, and 9 |
This may be grouped: (4 x 8) x 9=32x 9 =288
orbhx (8x9)=4xT72 =288
C.hx8)x9=4x(8x9)
2) Multiply -4, -8, and =9
Similarly: (-4 x -8) x (=9) =32 x (-9) = -288
or =k x (-8 x=9) =-4x7T2 =288
o (oh x =8) x (<9) =-hx (-8 x-9)
3) Multiply =2, +5, and +6.
L) Multiply +3, =6, and =7.
Similarly: (#3e=6)e=7 = =187 = +126
or +3¢(=be=T)= 43442 = 4126
o (430m6)0=T = 430 (<6=7)
Elicit the generslization that on the basis of the examples

shown, we may assume that the associative property applies
to multiplication for signed numbers.

3, Combining the commutative and agsociative _properties of multipli-

cation for signed numbers.

ae.

Have pupils suggest several different waye of finding the
product =k « +6+ =5. They may suggest:




1) =he (+6e=5) = «le=30, or 120
2) (=ho46) e=5 =245, or 120
3) (46 o=h)e=5 =24 +=5, or 120
L) 46 ¢ (=L «=5) =46 <420, or 120

Illustrations 1) and 2) give the same product by associativity,
illustrations 2) and 3) by commutativity, and illustrations
3) and 4) by associativity. |

b. Elicit the generalization that when we multiply signed numbers,
they may be grouped or ordered in any way whatsoever without
affecting the result. Therefore, grouping symbols may be
omitted in indicating the product of signed numbers because
the result is unique.

c. Have pupils see that without using multiplication faéts we may
show that the numbers represented by 6 x (4L x 5) and (4L x 6) x 5
are the same. We would proceed as follows:

Show that 6 x (4L x5)=(Lx6) x5
6x (bx5)=(6x4) x5 Associative Property
= (4, x 6) x5 Commutative Property

d. Have pupils use a similar procedure to show that

6x (bx5)=(6x5)x4

e. The associative property of multiplication may be extended to
four or more numbers.

7Tx2x5x3=(7x2x5)x3 or
7x (2x5x3) or
(7 x 2)x (5 x 3), and so on.
B. Suggested Practice
Without using multiplication facts, have pupils show that the following
equalities are true because of the commutative and/or associative
properties of multiplication.
1. 5x9=9x5 2. 4,x 3x3)=4x 3x3%)
3. 3x2)x6=3x(2x6) h.-hx(-2x-6)¥(-hx-2)x-6

5, +le =7 = =7 ¢4l 6. +.8 x (=1.1 x 3.2) = (+.8 x =1.1) x 3.2

2=




Signed Numbers

8 x bt =

Te 274 42
9, (12x7)x3=(3x7)x12

A. Suggested Procedure

90 +

8x (4 +3)

8.5x(3x4)=0Bx5)x4
10, (=6 =h) *2 = (=2 o=L)*=b

VIII. The Distributive Property of Multiplication Over Addition for the Set of

1. Review the distributive property for the numbers of arithmetic.
a. 3x35=3x (30+5)
= (3 x30)+ (3x5)

15, or 105

(8 x4)+ (8 x3%)

32 +

23

I1

Method 1

L, or 36

b. Pose problem: How can we find the area of this rectangle?

A=wl, wheféw=6and£,=2+5

A=6 (2 +5)=6x7T or 42 square units

Method 2

A = sum of areas of rectangles I and Il

A= (6 x2)+ (6 x5)=12+ 30 or 42 square units

Have pupils observe that both methods give the same result because
6 (2+5)=(6x2)+ (6x5)

25-
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c. Have pupils try several area problems of the same type.'

d. Guide them to the generalization that the product of a number and
the sum of two numbers may be found in two ways:

1) Obtain the sum first and then multiply:
13x(10+2)=13x12=15 or

2) Multiply each addend by the multiplier and then find the sum of
these products:

13 x (10+2) = (13 x10) + (13 x 2)
= 130 + 26 =156

e. Inform pupils that the second method is an application of the

Distributjve Property of Multiplication Over Addition. The word
"distributive" suggests that when you have a product of a multiplier

and a sum, you may distribute or spread the multiplier, using it
once on each addend. |

Since in our examples we have dealt only with positive numbers, have
pupils try examples with signed numbers to see whether this distributive
principle holds for the enlarged set of numbers.

Note: In these examples, brackets are uséd as grouping symbols. The
parentheses are used only to make clear the sign of the number.

a. 8 x [ (-4) + (-5)] =8 x (~9) =72 or
8x (-h) + 8x (=5) = (=32) + (-40) =72

C8x[(=h) + (<5)] = 8x (-4) +8x (-5)

The teacher may demonstrate with other numbers.

b (=4)x [(22) + (=4)] = (-4) x (-16) =464 or
(<4) x (<12) + (<b)x (-4) = (#48) + (+16) = 464

Col=n) x [<12) + (-4)] = (=) x (=12) + (=b) x (~4)

The teacher may demonstrate with other numbers.

c. Elicit the generalization that on the basis of the examples, we may
assume that the distributive property of multiplication over zddition
applies to the set of signed numbers.

=26
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5, Elicit that the distributive property may be applied to three
or more addends, as illustrated.

A=6x(3+l,+2)=6x9=5hsquareunits
A=(6x3)+ (6x4)+ (6x2)
18 + 24 + 12 = 54 square units

B. Suggested Practice

1. Fill in the blanks below so that each statement is an illustration
of the distributive law.

a,. 6 (3+2)=
b. _=9x2+9x8

ce =106 +10.2
d.70(v )=__03+ oh
e. (6 +8)=3. +3._

2, Use the distributive law to obtain the value of each numerical

expression,

a. 3x6+3x12 foixh+3x8+32x12

be 9x8+9x (=2) g 19x 2 + 19x}

ce 37 x93 +37x2 he 3 * = +3 *=2+3°+6

d. 25 x 7 + 25 x (=3) .42 %106 =42 x (100 +6) =
ee bx5+4x3+4x2 jo25x45=25x (40 +5) =

. -27-




3. In each of the following, state the property illustrated.
a. 3x8)x7=3x(8x17)
be 25 + 16 =16 + 25
co =15 x 30 = 30 x =15
de 6+ (W +7)=(6+14)+7
e. (=5 x 9) + (=5 x 10) = =5 x (9 + 10)
£016x (13+12)= 16x13 + 16 x12
ge =45 x (16 x 5) = (=45 x 16) x 5
h. =71 x (180 + 20) = (~71 x 180) + (=71 x 20)
i, (33+18)+4 =33+ (18 +4)
je 103x2 + 103x8 =103 x (2 +8)

L. Using the principles of associativity, commutativity, and distributivity, |
establish the truth of the following squalities without using the facts 3
of multiplication and addition. |
ae2x (L+7)= kx2 + 7x2

be =3x (2+4)= =3¢2 + 4 o3

co48.G+3=u1nd 4 18- 2

de 2x5 + 8x2 =2x (8+5)
e (Qeh+3e5)+6el=kh (2+6)+53..

C. Mathematical Structure Approach to Multiplication of Two Negative Numbers
(See page 20 )

Procedure: Explain to the class that the definitions of the multiplication
| of signed numbers for various combinations of signs can be developed by
choosing these definitions in such a way that the results of the operations
on the numbers of arithmetic are preserved and that the commutative,
associative, and distributive laws hold for the signed numbers.

First consider the product of two positive numbers such as (+3)(42). Elicit
that positive numbers correspond to the numbers of arithmetic, and hence
the product (+3)(+2) should correspond to the product (3)(2). Hence,
(+3)(+2) = 46, Elicit the generalization for the product of any two
positive numbers. Will the commutative and associative laws hold fo

the products of positive numbers? Why? :

Next, consider the product of a negat.ive number by a positive number, for
example, (+3)(=2). This may be interpreted as 3(-2) or the sum of three

~28-




addends, each equal to -2. What is this sum? Elicit the generalization for
the product of a negative number by a positive number.

Third, consider the product of a positive number by a negative number, for
example, (-2)(+3). What principle will relate this example to the previous
one? Therefore what should the product be if we want this principle to hold?
Elicit the generalization for the product of numbers of unlike signs.

Finally, consider the product of two negative numbers, e.g., (=3)(=2) = ?
(=3) (0) = 0 The product of O and any number is O.
(-3)[2 + (-2)] = 0 The sum of a number and its opposite is O.
(=3)(=2)+ (-3)(-2) = © Distributive property

-6 + (=3) (=2) = 0 Have pupils discuss what the product (-3)(-2)
must be if the sum of =6 and that product is
to equal O. (From our idea of opposites,
(=3)(-2) must equal +6.)

IX. The Subtraction of Signed Numbers

Note: For many years pupils used the "-" sign to indicate the operation of
subtraction. In Grade 8, they developed an understanding of the use of
this sign to indicate direction. The concept of "opposites" was introduced,
but now the symbol to show opposites, namely the "-", should be presented.
Thus, -(-2) is read "the opposite of negative two."

As with multiplication, various approaches to the teaching of subtraction of
signed numbers are presented, so that the teacher may select the approach
or approaches deemed most suitable for a particular class of pupils. These
approaches are used to make the definition of subtraction of signed numbers
appear reasonable when it is finally formulated.

A. Suggested Procedure
1, Have pupils review:

a. Meaning of signed numbers

b. Addition of signed numbers

¢c. Opposites

d. Inverse operations

e. Number line

f. The order of signed numbers (the convention that a number "to the
right" of another on the number line is the larger of the two numbers)

g. Signs of operation

h, Signs of direction

e e
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2, Approach to Subtraction through the Mumber Line
a. Addition and subtraction are inverse operations
1) Have pupils consider the operation of subtraction, e€.g., 6 = L.
Have them observe that when we perform this subtraction, we are
finding a number which when added to 4 will give 6, That is to say,
6 -4 =2 because 4 + 2 = 6

2) Have pupils write the addition examples that correspond to the
following subtraction examples:

8 «~5=3 because 5+ 3 =38
U -7=17
12 -8=

Have pupils notice that to perform subtraction, addition is used.
Addition and subtraction are said to be inverse operations.

b. A Thermometer Scale
Temperatures above zero are designated"+" while those below zero are "',

A rise in temperature is a change in a positive direction, a drop is a
change in a negative direction. . " -

Ny
ET%SO
o=
H|I=-s0
=E -
o-SIE-
= || =

o

1) Pose problem: One morning the thermometer read 35° above zero.
By afternoon it read 459 above zero. What was the change in
temperature? How would you represent this change as a signed
number?

Solution: To obtain the answer, we subtract the earlier reading
35° above zero (+35), from the later reading, 45° above zero
(+45). We record this:

(+45) = (435) =? or (+45)

-(135)
?

%
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Begin at 435 and count to +4,5. How many units have we counted
and in what direction? We moved 10 units in the positive
direction. This means that +10 must be added to 435 to get +i5.
Then, (+45) - (+35) = +10

2) Pose problem: On a cold January afternoon the thermometer read 5°
above zero. That evening it read 20 below zero. How much had the
temperature changed? Represent the amount of change as a signed
number.

Solution: To obtain the answer, we subtract the earlier reading,
50 above zero (+5), from the later reading, 20 below zero (-2).
We record this:

(-2) = (+5) =2 or (-2)
-(+5)
?
Then begin at +5 and count to -2, How many units have we counted
and in what direction? We moved 7 units in the negative direction.
This means that -7 must be added to +5 to get -2. Therefore, (=2)-(+5)= -T7.
3) Have pupils solve similar problems involving a thermometer scale.
c. Have pupils draw a number 1ine to illustrate each of the following:
1t is agreed that movement to the right will be a positive direction and

movement to the left will be a negative direction. (In each of the illus-
trations the starting point will be Zero. )

1) (#5) - () =7
This means finding what number I must add to (+2) to arrive at (+5).

Think: "I am at a point two units to the right of zero. What motion
must be made to reach the position 5 units to the right of zero?"

+3 N\
| A
1 { | ] | 'I L { 'l | i
-3 -2 -1 0 +1 +2 43 +i +5 +6 +7

From 42 it is necessary to go 3 units in a positive direction to get
to +5. Hence (+5) - (+2) = 43 oo (+5) or subtract (+5)

-(12) 42

-31-
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2) (+5) = (<4) =2
This means finding what number I must add to (-4) to arrive at (+5).

Think: "I am at a point 4 units to the left of zero. What motion
must be made to reach the position 5 units to the right of zero?"

+9 LN

I 4
u |
|

) A ! [ i} Jo A i | [}

J i1
-5-14-3-é-lo+l+2+3+h+5+6+7+8

From -4 it is necessary to go 9 units in a positive direction to
get +5. Hence (+5) = (<4) = 49 or  (+5) or subtract (+5)
-(:%) (=4)

2

3) (-3) - (-6) = ?
This means finding what number I must add to (-6) to arrive at (-3).

Think: "I am at a point 6 units to the left of zero. What motion
must be made to reach the position 3 units to the left of zero?

I 4
{ [}
1 | N WS N V| N T |

| | I |
-7 <6 < =3 =2 =1 0 4L 42 43 +4 45 +6 +7 8

-
-5

From -6 it is necessary to go 3 units in a positive direction to
get to -3. Hence (-3) = (=6) = ? or (=3) or subtract -3
-(=5) =6
? ?

L) (<2) = (#3) =2

This means what number must I add to (+3) to arrive at (-2)?

Think: "I am at a point 3 units to the right of zero. What
motion must be made to reach the position 2 units to the left
of zero?"

-5

l

\

i L | i L 1 i L ) i | | | ] i i
] =b =5 =, =3 <2 <1 0 41 42 43 44 +5 +6 +7 +8

From +3 it is necessary to go 5 units in a negative direction.
Hence, (-2) = (#3) =2 or (-2) or subtract -2
| -(13) 3

? ?

~32-

i
|
i




PER TR T RT TRRRTE

5) In a similar manner, using the number line, develop the following
examples in the subtraction of signed numbers:

a) (+5) - (0) =7 c) (=6) = (=6) =7 o) (=8) = (+4)
b) (0) - (=3) =72 d) (+6) - (=5) =7 £) (=5) = (=3)

6) Discuss with pupils the impracticability of using the number
line for subtraction if the numbers are large.

Have pupils use the number 1ine to find the answers to the follow=-
ing subtraction examples:

Set I
(H) - (9) =-5 (-4) = (+6) = =10
(+5) - (=3) = 48 (=2) - (k1) =-1
Have pupils now find the answers to the following addition examples:
| Set 1I
(+4) + (<9) = =5 (-4) + (-6) = =10
(+5) + (43) = 48 (=2) + (+1) = -1

d. Guide pupils' thinking as follows:

1) Compare the operations in Set I and Set II.

2) Compare the answers.

3) Compare the second numbers of the corresponding examples in
Sets I and II.

How can a subtraction example be converted to an addition
example?

On the basis of these and similar examples, pupils conclude that
the subtraction of a number is equivalent to the addition of
its opposite,

e. Have pupils illustrate the foregoing subtraction principle by writing

each of the ﬂ\@llowing subtraction examples as an addition examples




Subtraction Addition Yalue
+(5) - (+3) (+5) + (<3) +2
+(5) - (+10)
+(12) - (-4)
(=23) - (43%)
(+6.4) - (=2.8)

L. Approach to Subtraction through Equations

a. Have pupils review:

1) Meaning of a variable
2) Expressing a problem situation-as an open sentence (equation)

3) Solving equations by the addition principle; by the subtraction
principle

b. Have pupils consider how a cashier mzkes change. If the purchase
price is 72 cents and the cashier is given a dollar bill, the amount

of change, or difference, is found by adding to the purchase price
until a dollar is reached. 1

Thus, to gubtract 72 from 100, we find the number which must be
added to 72 to obtain 100.

The question 100 - 72 = ? means the same as 72 + ? = 100 or 72 + x = 100
in equation form.

c. Have pupil observe that the equation 72 + x = 100 may be solved as follows:

Subtraction Principle Addition of Opposite
72 + x = 72 =100 - 72 72 + x + (=72) = 100 + (~72)
x =100 - 72 x =100 + (=72)

Guide pupils to see that 100 - 72 and 100 + (~72) represent the same
number, namely, 28.

d. Have pupils use the above observation to express the following subtrac-
tions as corresponding additions: (check each)

Check
15 - 7 means 15 + (=7) 15 -7 =8 15 + (=7) =8
10 = (+9) |
12 - (+6)

111 - (+2)




e. Guide pupil to generalize that subtracting a positive number from
a larger positive number gives the same result as adding the opposite.

| Will this method apply to the subtraction of any numbers?

f. Develop principles for subtraction of signed numbers.

1) Have pupil consider (420) - (+6; = ?
This means (+6) + (?) = 420, or (+6) + x = (420)

Solve (+6) + x = (+20) by adding the opposite.
(+6) + x + («=6) = (+20) + (=6)
x = (+20) + (<6)

Thus, (+20) - (46) = (420) + (-6) or +14
2) Have pupils consider (+7) - (-2) =?
This meane (-2) + ? = (#7) or (-2) + x = (+7)
Solve (-2) + x = (+7) by adding the opposite.
(=2) + x + (42) = (#7) + (+2)
x = (#7) + (42)
Thus, (+7) = (<=2) = (+7) + (42) or 49
3) Have pupils consider (+7) - (+7) = ?
This means (+7) + ? = (+7) or (+7) + x = (47)

Solve (+7) + x = (+7) by adding the opposite.
(+7) + x + (=7) = (+7) + (-7)
x =)+ (-7)
Thus, (+7) - (#7) = (+7) + (-<7) =0
l,) Have pupils sclve several similar examples.
5) An examination of these examnles should lead to the principle
that subtracting a number is the same as adding its opposite.
Hence, every subtraction problem can be solved as an addition

problem. The principle of opposites may be used in each case
of subtraction of numbers.
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6) Have pupils illustrate the subtraction principle by writing each
of the following subtraction examples as an addition example.

Subtraction Addition Yaiue
(+4) - (+11) (+4) + (-11) ~7
(+16) - (49)

(+6) - (-10)

(<3) - (+3)

(+12.3) - (+12.2)
7) Discuss with pupils the meaning of a problem such as
2-7=72

Does the sign ( - ) mean subtract or does it mean that the second
term of the expression is (-7)?

Guide pupils to see that the sign ( - ) in 2 « 7 means "subtract".
Otherwise there is no sign which tells us what operation to perform.
So the problem "2 ~ 7" is equivalent to the problem "(4+2) - (+7)%.

However, the subtraction rule leads us immediately to the form

And so, when confronted with the problem 2 - 7, one usually thinks
(+2) and (=7) give (-5)

- This principle can be extended to apply to cases such as:
2-3+45-8=7=2+(3) + (45) + (-8) + (=7)

The commutative and associative principle may then be applied to
facilitate the computation, if desirable.

B. Suggested Practice
1. Subtract:

a. 48 b, =5 Ce =L d. 9 e. O
2 3 =2 =3 =5

2. Perform the indicated operation:

a. (+18) b. («10) c. (#17) 4. (-9) e. (+5)
=(+ 6) ~(=10) -(+20) -(#3) -(=2

f. (=3.5) e (+67/10) he (<4.1) i. (7 3/4) 5. (=8 4
G TG U M o v Y S Y
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3.

8.
9.

10.

1l.

1.

Subtract:
a. (+5) - (-8) = ? de (+24) = (=35) = ?
b, (+3) = (-1) =2 e. (-687) = (-786) = ?

ce (=3.02) = (=~ ,6) =7

Subtract +6 from +18.

From +5 take =6,

Find the remainder when -8 is subtracted from +17.
Solve these problems by using signed numbers.

On the hottest day of one summer the temperature was 98°,
On the coldest day that year the temperature was (~9°),

What was the change in temperature from the coldest to the hottest day?
What change must occur to raise the temperature from (=10°) to 3407

If New York's latitude is 41°N and that of Buenos Aires is 34°S, what
is the difference in latitude between the two cities?

What is the change in altitude in going from Jerimoth Hill, Rhode Island,
812 feet above sea level to New Orleans, Louisiana, 5 feet below sea
level?

Your watch is 6 minutes faster than the radio time. The clock in your
school is 2 minutes slower than your watch. Is the clock in your
school faster or slower than the radio time? By how much?

X. Properties of Subtraction

A. Suggested Procedure

Is there a commutative property of subtraction?

a. Review the meaning of the commutative property of addition.

1) 5+2=7 2+5=7
Therefore, 5+2=2+5
2) (~8) + (-4) = =12 (=4) + (~8) = =12

Therefore, (-8) + (=4) = (=4) + (-8)
b. Is there a commutative property of subtraction?
1) Does 5 =2 =2 = 57

5-2=3 2 -5=3 3#-3  Therefore, 5=-2#2 =5




2) Does (-8) = (~4) = (-4) - (~8)7
(-8) = (-4) = -4 (-4) - (-8) =4 =i # b
Therefore, (-8) - (=4) # (=4) - (-8)
Pupils conclude there is no commutative property of subtraction.

Note: One counter-example would have been sufficient to establish
this.

2. Is there an associative property of subbtraction?
a. Review the meaning of the associative property of addition.
1) 13 +8) +4=21+4, or 25 '13+(8+4)=13+12,or25
Therefore, (13 + 8) + 4 =13 + (8 + 4)
2) [(—12) + (+2ﬂ + (+4) = (<10) + (+4) = -6 (-12)'+[(+2) + (+z+)] =
- (-12) +  (46) = -6
Therefore, [(-12) + (+2):| + () = (-12) + [(+2) + ('H»)]
b. | Is there an associative property of subbtraction?
1) Does (13 - 8) = 4 =13 = (8 = 4)?
(B-8)-bh=5=-4=1 13-(B-4)=13-4=9 1#9
Therefore, (13 - 8) - 4 7‘13 - (8 -14)
2) Doss [ (-12) - (12)] - () = (12) - [(42) - ()] 2

[(12) - ()] = () = (-4) - (44) = 18
(-12) -E(+2) - (+n)] =

(<12) - (=2) =_10
-18 # «10

Therefore, [(_12) - (+2)_l - (+4) # (<12) -[(+2) - ('l'h)]
Pupils conclude there is no associative property of subtraction.

3, Is there a distributive property of multiplication over subtraction?
a. Review the distributive property of multiplication over addition.
1) 2 (8 + 5) = 2:13, or 26 248 + 205 = 16 + 10, or 26
Therefore, 2(8 + 5) = 2:8 + 2:5.

-38=




2)4[(9) + (3)] =4 (6)=2% 4 (49) +4 (-3) =36 + (-12) = 24

Therefore, L[('F-)) + (-3)] =4 (19) + 4 (-3)
b, Is there a distributive property of multiplication over subtraction?

1) Does 2 (8 = 5) = 2+8 = 257
2 (8 -5)=2-3, or 6 28 = 2.5 =16 - 10, or 6
Therefore, 2 (8 = 5) = 28 = 2¢5

2) Does 4| (49) = (<3) ] =4 (49) - 4 (-3)2
L[(49) - ()] =4(12) =48 & (49) - & (3) = 36 - (<12) = 48
Terefore, 4 [ (49) = (-3)] = 4 (49) - 4 (-3)
After several similar examples, the pupil will be led to the
conclusion that the distributive property of multiplication
over subtractiocn holds.
Have pupils realize that since subtraction has been defined as
the addition of the additive inverse, any subtraction example
can be expressed as a corresponding addition example. Inasmuch

as the distributive property has already been established for
addition, it holds for subtraction as well.

Thus, 2x (12 - 4) may be expressed as 2x [(2 + (-z.):l
= 2x12 +2 (=4)
= 2L, - 8 or 16

B. Suggested Practice (Similar to X-A)

XI. Division of Signed Numbers

A. Suggested Procedure

1.

2e

Review definitions developed in addition, subtraction, and multiplica=-
tion of signed numbers.

Discuss the definition of division. Division is defined as the inverse
operation of multiplication, in the same manner as subtraction is the
inverse operation of addition. For example, consider the problem,
"What is 8 divided by 22"

This asks the same question as, "By what number must 2 be multiplied
to give 870

The dividend is 8, the divisor is 2, and the answer is called the
quotient, as in arithmetic. Zero may not be used as a divisor.
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The division sign ( + ) is seldom used in algebra. The problem,
10 divided by 2, or 10 < 2 is more often written with the help of

a fraction line as follows: ;I.éQ_ e S Bce 2 must be multiplied by 5
to obtain the product, 10, we have 3~ = 5, Because of the use of

the fractional form, the word numerator is used for the dividend,
and the word denominator for the divisor.

3. Have pupils extend the definition of division (as the inverse of
multiplication) to signed numbers.

Division Multiplication Answer

% means (2)(+5) = +15 +3 1
-:_—1% means (2)(+4) = =12 -3 J
-'Llag- means (2)(=2) = =10 +5

+—g- means | (2)(=2) =+ .-, . =3

Pupils observe from a consideration of the signs of the answers to
the foregoing examples, that the signs follow the rules for the
multiplication of signed numbers.

L. On the basis of these developments, have pupils formulate the following
rules for the division of signed numbers:

a. The absolute value of an indicated division of numbers is the quotient
of the absolute values of the numbers.,

b. The sign of a quotient follows the rule of signs when multiplying
signed numbers.

B. Suggested Practice

1, Perform the indicated operations:

(=36) =2 (+24) (-3) & (<3)

lﬁz

-4 6 - 6

- =60 _ —2n - s

( g,%! =2 = ? -8)=-32 (-50) &+ (+2)
+36 18 9 (-33) £ (¥3) (-2) £ (1)
é.. 9;' +




2. Perform the indicated divisions:

8
Qe +12

¢« 18

d-8
. 78

=250

€. -50

=
£f. 320

g. =6/+18

3. Divide:

a. 24 by -8

d. 100 by % h. 6.4 by .08

L, Perform the indicated divisions:

a.[e)e)] 3 @) a.[e2r6d)] ¢ )

Cn [ o] & ea2) e. (D] 2 D

c. [(-2.5)(-4)]2 (-5) . (112)§ [(49)02)]

L1~




0. Using Directed Numbers to Find an Average (optional):

1.

2e

Have pupils compute an average.

Problem: Jack received marks of 90, 85, 90, 95 on a series of
mathematics tests. What is his average mark?

Ask pupils to study the numbers and see whether they can find the
average in a shorter way.

a. Have pupils consider what the average 90 implies. If everyone
oz the numbers was the same number, that numbexr would be 90.

b. Have them note that the numbers 85 and 95 each deviates by 5
from the average (90).

c. Elicit that instead of adding and dividing, they can pair the
excess of 5 in 95 with the insufficiency of 5 in 85, getting 90
in each instance as a result.

Thus, for the purposes of obtaining an average,‘90 85 90 95
may be considered as 90 90 90 90 :

Have pupils see that the concept of deviatiori'can be used to find
the average (90). | :

a. Have pupils express the deviations of 85 and 95 from 90 by
signed numhers. ’

95 deviates from 90 by +5 and
85 deviates from 90 by (-5)

b. Set up a table:

Test Marks Deviations from average {90)
90 ' €
85 -5
90 0
95 2

Sum of deviations 0

c¢. The sum of the deviations of the score from the average is zero.
Therefore, the average of the marks is 90 as they found in 1.

Pose question: Suppose we did not have the average as at the
beginning. Would it be possible to find the average by the use
of deviations of the scores from some assumed average? Guide them
to see that they can use the concept of deviations to find the
average.




a. Have pupils study the numbers and choose a reasonable assumed

average, e.g., 87.

b. Have them set up a table as in 3b.

Test Marks | Devjatjons from Asgumed Average {gﬂ

90 +3
85 C -2
90 +3
95 +8

Sum of deviations  +12

c. Have them consider:
What is the relation of 412 to the assumed average?

(+12) is the sum of all the devistions. Therefore, the average
deviation is (+12) & 4, or (+3). Then 87, the assumed average,
plus (+3) does give the true average, 90.

The pupils see that by dividing the sum of the deviations by
the number of deviations, they find the average deviation, which
when added to the assumed average will give the true average.,
Assumed average plus the average deviation is true average.

87 + (+3) = 90

d. Guide pupils to see that they can assume any average and obtain
the same result. For the same scores assume an average of 92.

Test Marks Average Deviation from
Assumed Average (92
90 -2
85 -7
90 -2
95 s

Sun of deviations (-8)
Average deviation (-2)
Assumed average plus average deviation is true average.

92 + (=) = 90

-4,3=
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5. Have pupils use this method of finding the averege.

Problem: laura's marks on a series of five tests were 82, 72, 76, &4, 91.
What is her average mark?

a. Have pupils study the marks and assume an average. Assume 80.
1) Set up table:

Test Marks | Deviatious from Assumed Average (80)

82 , . +2 .
72 . -8
76 =l
8L +l,
91 +11

Sum of deviations +5
Average of deviations is +1
2) Then the true average is 80 + (1) or 8l.

b. Have pupils check this average by assuming another average and
computing. Assume 84,

1) Set up table:

Test Marks Deviations from Assumed Average (84)

82 -2
72 =12
76 -8
8l 0
91 -7

Sum of deviations =15
Average of deviations is -3
Assumed average + average deviation = true average.
8,  + («3) = @&
2) Check with resﬁit in a.
6. If there is sufficient time and pupils are interested, the following

i . proof that the assumed average + the average of the deviation equals
the true average can bs presented.




Adding

Dividing
by number
of scores

Simplify-
ing

Let x represent the assumed average

d, the deviation of the first score from the average

-

d_ the deviation of the second score from the average

N

d_ the deviation of the third score from the averege

w

d the deviation of the fourth score from the average

i

dn the deviation of the nth score from the average

Then

first score = x + dl
second score = x <+ d2
third score = x+ d3
fourth score = x-+ dh
nth score = x++ dn

Sum of scores nx+(dl-l-d2+d3+dl’+...+-<:‘ln )

S £ x+(d +d +d +4d + ... +d
um of scores =n (il 5 5 T % n)
n n
Sum of scores ‘ (d +d +d +d + .0 +d
: = x+(_;|-' 2 1 L j—n)
n n

Interpreting: The average of the scores equals the assumed average, X, plus the

sum of the deviations divided by the number of scores.

6. Practice: Finding the averages in the following examples by the method
of deviations: ,

a. The boys on a team weigh 120 lbs., 134 lbs., 138 lbs., 115 lbs. and

117 lbs. What is their average weight?

b. Three boys each measured a line. Their measures were 3.5 cm., 3.55 cm.,

3.41 cm. What is the average of their measures?

~L,5=




c. The average barometric pressure on five successive days was:
30.23 in., 30.20 in., 29.95 in., 29.82 in. and 29.75 in. What
was the average harometric pressure for the five days?

d. Four boys each measured the length of a room. Their measures
were 12 ft. 6 inches, 12 ft. 5 inches, 12 ft. 7 inches, and
12 ft. 6% inches. Find the average of their measures.

e. The temperature at noon on four successive January days was:

g8° , =5°, =3°, L°. What is the average of the temperatures?

XII. Properties of Division |

A, Suggested Procedure

"1. Use the discovery method to elicit from pupils whether the follow-
ing properties hold for the operation of division.

a. Commutative . |

Compare:

2L 4=3% 4 # 2. Therefore, the commutative
property does not hold for

L = 2=2 division.

b. Associative

Compare:

8z4)=2=1 1 # 4. Therefore, the associative
property does not hold for

g8:x(4=2)=822= division. '

c. Distributive (division over addition)
1) 824)22=12<2=6
B8z2)+@B22)=4+20rb

Then (8 +4) 2 2=(822)+ (422)




A et i A

2)Does 2 <+ (8+4)=(238)+ (224)7
22 (8+4) =2 %12

o W N

i8)+(224) =2+%

Then 23 (8 +4) # (2 28)+ (234)
On the basis of this and several similar examples, pupils
conclude that division may be distributed over addition,
provided the addition is in the dividend. When the addition
is in the dividend, the division may be expressed as a
corresponding multiplication. The distributive property
holds for multiplication.

B. Suggested Practice
1. Perform the indicated divisions.
Illustration:
(-16) 5 (=4) 3 (+2)

Since the associative principle does not hold for division, we
must perform the divisions in order from left to right.

Then (-16) % (<4) 3 (42) = (+4) & (#2) = +2
a. (428) 3 (=2) 3 (+7)

b (48) 3 (D 3 (D)

c. (=1.5) 3 (=.3) 3 (45)

2, Use the distributive principle of division over addition to show
how the following quotients may be obtained.

Illustration:

1625 = 425 because (+600) + (+25) _ él%%ol + %%—:.—. (+24) + (+1) = 425

+25 +25
) ':M = "ll
*
beH35 _ g
co. % = +21+
46250 -
d. 50 +125
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CHAPTER III

THE USE OF LETTERS IN ALGEBRA

This chapter contains material which may be used by the teach-
er to reinforce and extend the pupils' understanding of the mean-
ing of variable. In addition, teaching procedures are suggested
to help the pupils develop an understanding of: the meaning of
factors and exponents, how to evaluate formulas and algebraic
expressions, and how to translate English phrases and sentences
into algebraic expressions and open sentences.

1.
2,
3.
kLo

1.

2.

I. The letter as a Variable
A. Suggested Procedure

Review with pupils

B. Suggested Practic:z

‘ @+ There is one child in every family.

Sets and set elements
Statements and open sentences
Meaning of variable, replacement set, domain

Meaning of solution set

A mathematical sentence, like an English sentence, expresses a complete
thought . Tell whether each of the following is a sentence. -

8.3 =7=-l d. 5+ (-8)
be 24+ 9 e. 1 +6 10

Co 4 + 10D 12

Tell whether each of the following sentences is true, false, or open:

be 6 + 5 =10
c. 8+3> 10
d. His book is on the shelf.

e. It is an even number.
| 48~




3.

L.

5

foh+2<4y+2

g. This number is an odd number.

he [] -20=5

i, 2. + 4 3

Je +1=-5

Which of ithe following are open sentences and which are statements?
Explain,

a., It was a great football team. f. All cats have two legs.
b. He inventel the cotton gin. ge L+ty=9 .

Co Xoby = 12 he x=5=13

d. 5+ (-2) =3 i. (2) - (-1) =43

e. L x3> 5x2 Jo13-n> 10

Circle the variable in each of the following open sentences:

a., He is a policeman, f. She is wearing a red dress.
b, It is made of carbon. | ge Y X 5=25

c. 3x = 12 h[+2=7

d. n< & i.% of /\ =10

e. 3 +a=15 jo 125 n+3

Indicate an appropriate replacement set for each of the variables

in the open sentences in 3.

Note: The solution set consists of all the numbers in the domain
of the variable which will make the sentence true. For example,
in 12 a + 5, the solution set is the set of numbers which when
added to 5 will give a sum less than 12,

set is

.

If the (eplacemerft set of a is {2, 3, 5, 7, 8, 9}, the solution
2 .

s 3 5}-.

1,9~




6.

1I. Using Variables in Formulas

1.

2,

3.

A. Suggested Procedure

Indicate the solution set for each of the following inequalities whers ]
the replacement set of each variable is the set of all natural numbers:

a. U >6+r de 1 -m<11
ben+ 47 e. 5+x> 8
c. 8+y< 10

Have pupils recall that in the formula p = 4s, the letter p represents
the number of units in the perimeter. The same letter p appears in
the formula i = prt. Here again the letter p represents a pumber -
the number of dollars in the principal., Pupils should be led to
realize that in each case the letter represents a number drawn from
an appropriate replacement set.

Have pupils consider the formulas } ‘
d=2r . d=rt ~ i=oprt
Reinforce the pupils' understanding that while r is used in each of the
formulas with a different meaning, in each case r represents a number.
In d = 2r, r represents a number from the set of all numbers which
express the number of units of length of the radius.

In d = rt, the domain of r is the set of all numbers which express the
number of units of distance traveled in a unit of time,

In i = prt, r represents a number from the set of all per cents. |

Guide pupils to realize that a formula is an example of an open sentence.
Thus, the formula

= 2r

is an open sentence with two variables, and the formula
d=rt
is an open sentence with three variables.
Whereas the formula d = rt is a correct expression of a relationship
among distance, rate and time, it becomes a true statement only when

appropriate replacements are made for d, r, and t,

If in the formula d = rt, we replace r by 40, t by 2, and d by 80, the
resulting statement 80 = 40+2 is true.

-50=-




B. Suggested Practice

1., Write an appropriate replacement set for the underlined variable in
each of the following formulas:

a. p=is Answer: {1} or {l, 2}, etc.

b, A = 1w e.c=2Tg

c. i = 36y f. A = 4bh

d. F=1.8C + 32 ge ¢ = np (cost = number x price)

What is the largest possible replacement set for each of the above?
(The largest replacement set in example a is{ all positive numbers }.)

2. Choose a replacement for each variable which will make the formula a
true statement.

| Replacement Sets
a.p==hs. | p:{é, 7, 8} | , s:{l, 2, 3}
b A =fw a:is, 6, 7,81 51,23} wiy, 2}
: c. 1 = 36y i: {72, 108} y: {1, 2}
d. d = 2r a4, 5, 61 e a3, 2, 23, 3}
e. F=1.8C + 32 F: {23, 82, 164} o [-5, 10, 20}

III. Factors and Exponents
A. Suggested Procedure

1. Have pupils use symbols to indicate the product of the foilowing:

two and three 2x3
five and two 5x2
seven and one | 7x1
three and three 3x3

Have them recall that groduét implies multiplication and that 2 and 3,
for example, are called factors of the product. The number 6 also
represents the product of two and three.
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2. Have pupils note that 3 x 3 or 9 represents a product in which the
same factor has been used twice. They already know that 3 x 3 can
be written as 32 which is read as "3 squared," or "3 square.”

Have pupils read the following:
5x5or 5 =25 % 7 or 72 = 49

Have pupils express both 52 and 2 x 5 in ancther form and compare the
values obtained. (52 =5-5and 2 x 5= 5+ 5) -

Elicit from pupils that 52 means 5 is taken as a factor twice. To
avoid a common error, do not permit pupils to say, "2 times 5" or
"z is miltiplied by itself twice.*

Have pupils note that 2 x 2 x 2 or 8 represents a product in which
the same factor has been used three times. The product 2 x 2 x 2
can be written as 23 which is read as "2 cubed® or "2 cube."

Have pupils read the following:
Lxhxhorlkd =6l 6x6x6oré =216

Have pupils express both l..3 and 3 x 4 in another form and compare the
values obtained. Have them do the same for 63 and 3 x 6.

After several similar examples, have the pupils consider the familiar
formulas:

A=g2 Ve o

Elicit that 32 means s is used as a factor twice.
Have pupils compare g2 and 2s when s is replaced by 5.

Elicit that e means e is used as a factor three times. Have pupils
compare e> and 3e when e is replaced by 2.

In the following examples, have the pupil state how many times y
is used as a factor:

7 | o 7

3. Lead the pupil tc see that in an expfession of the form y7, we need

scme way of describing the numbers involved. The y, which indicates
the number we are going to use as a factor several times, is called
the base; the 7, which indicates how many times the factor y is used,

is called the exponent. Thus, 5 means a number consisting of seven
oqual factors y. '

A number which can be expressed by means of a base and exponent is
called a power. The exponent li which is rarely written, means the
base is used just oncé. Then yi, the first power of y, is the same as y.

Have pupils practice reading the following expressions:
-52e




y‘* "the fourth power of y" also, "y to the fourth power" or
"y to the fourth."
y7 5h c6

4. Guide pupils to see that in an expression such as 5-32, the 5 is the
exponent of the base 3. Its value is 59 or 45. In an expression

such as (53 )2, the 2 is the exponent of the base 53, because the
expression has been enclosed in a symbol of grouping. Its value is
152 or 225.

Have pupils compare the following:

l|.°23 and (h-2)3

5.6 and (5¢6)2

Have them compute the value of each of the above.
B. Suggested Practice

1. Express“each of the following as the product of two or more factors:

18 L, 5 36 x° y
2. Rewrite each of the following in a shorter form:
Ae YoV f. p used as a factor 8 times
be XeXeXx g. 2+a0a
c. 4 cubed h. 10¢bebeb
d. 13 squared i. the sixth power of x
e. S used as a factor 5 times Jo Ter

3. Fill in the columns for each of the following expressions:

Power Bage Exponent, Meaning Vajue (where possible)
2 2 L 2020202
39

(2)3
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L. Have the pupil find the value of each of the following:

2 @)
6 (.57
5k L x 32
103 (5.2)°

5. Express in another form:
a. 1002 (Elicit answer: 100 x 100)

b. 2 x 100 (Elicit answer: 100 + 100)
3

Ce 2 (a.oa.oa)
d. 3a (a +a +a)

6. State whether each of the following is true or false, or. cannot
be determined. - N

(2% = .4 32 = 3.3 o m3= 3m
IV. Bvaluating Formulas and Algebraic Expressions
A, Suggested Procedure

1. Have pupils review the evaluation of simple formulas previously
learned.

a. Find the value of d in the formula for the diameter of a circle,
d = 2r, when the variable r is replaced by the element 12 from
its domain.

b. Using the formula p:= ks, find the value of D, cogresmnding to
each value of s, if the domain of s is 2, 1, lOf .

c. Using the formula A =)?,w, find A when/l= 6 and w = 5.
d. Using the formula i = prt, £ind i when p =200, r= .04, and ¢ = 2

~5l




2. Have the pupils review that when several operations are involved
in evaluating a number expression, we follow an agreed-upon order
of operation: |

Multiplication and division are to be performed in order, frem
left to right, before addition and subtraction.

Note: See Chapter I, Section III, pages 4=b.
a. 6 + 2+5 means 6 + 10 or 16 and not 8¢5 or 40 |

Ask the pupils how they would write 6 + 2.5 if they wanted the .
answer 40. They will suggest using a symbol of grouping such as

b. The pupils should also be reminded that operations in parentheses
are to be evaluated first. For example,

2(5 +-3) = 2.8 = 16 U +3R =12 =49

c. Have pupils do several examples such as:

1) 3 + 7+h L) 5¢€ + ko3
2) (3 + Tk 5y¥%u
3) 3.7+ 4 6)1232x3 -1

3, Have pupils consider the formula p = 21 + 2w.

Elicit from the pupils that if we replace the variable 1 by 8,
and the variable w by 4, we obtain the following:

p=2.8 + 2.,

.p=1 +8
o-.op d 2‘}

be Tell pupils that the process of finding the value of an expression
for particular values of the variables is called evaluation.

5, Have pupils evaluate the following expressions by re'placing the
variables as indicated.




a, 21 + 2w where 1 = 10O and w= 8

be 3x = 2 where the domain of x is {3, 6, 12}(F‘.I.nd value of expression

- for each element in domain.)
Cemn +n wherem =7 and n = 3

d,-;-+b where a = 10 and b =2

6. Have pupils evaluate the formulas:
A =g where s =3
Ve=e® where e=14

7. Have them consider the formula s = 16t2.

t is the factor that is taken twice, and not 16t.

If we wished to express 16t as a factor twice, we would write it as

Remind them that t is the base to which the exponent 2 belungs, so that 1
(16t)2, Therefore, in evaluating the formula for t = 3, we would write |
1

8 = 16t2
s =16 32
s = 1L ’
8. In a similar way, have the pupils evaluate the following expressions:

.a.3awhena=10 goa':'b"'ywhena%,hssﬁ
b 3a? when a = - h.mznzwhenm=2,n=a
ce X + 4 when x=12; x=14 i. (ab)® when a = 3, b = 2

d. ("?‘)(x+h)whenx=l6,y=h Jo. 3(a + b)2 whena = 2, b ==3
e. ¥y whenx=3andy=2 k. (@+bfPwena=4, b=1
f.ﬂ;zwhenlz%z'andr7 1.8 +p°vwhena=4,b=1




B. Suggested Practice
1. Bvaluate:

a. Find the values of A in A = a2 if the domain of s is {6, 15, 20},
b. Find the value of A in A =T(r2 ile’z-?:,% and r is 14

c. Find the values of V in V = e3 if the domain of e is {5, &}.

d. Find the values of 5x + 6 if the domain of x is{=7, 9, 12 }.

e. Find the values of xy + y for the following values of x and y:

x Xy +y
-l 7 ]

8 -6

10 12 |

E
f. Mnd IinI=Rif E=2.,7 and r = 3.

g. Find A in A = P + Prt if P =200, r = Ok, t = 2%
h. Find s in s =% at® if a = =32 and t = /.
i, Find the value of 7x - 4 and of 7(x = 4) when x = 5.

2. Solve the following problems by making the proper substitutions
in the correct formulas.

a. How much fencing is needed to build a fence around a lot LT3 feet
wide and 123 feet long?

b. Find the area of a baseball diamond which is a square 90 feet on
each side.

c. A piece of luggage is 24 inches long, 16 inches wide and 8 inches
deep. Find the wolume of the luggage.

d. Which is larger, a circular rug with a radius of 3 feet, or a
rectangular rug 6 feet by L3 feet?

. e. How many gallons of oil will a cylindrical oil tank hold if it is
20 feet long and 7 feet in diameter?

v. Translation of English Phrases and Sentences Into Algebra:.c Eb:pressions
and Open Sentences

A. Suggested Procedure

"1, Have pupils review distinction between a sentence and a phrase.

5t-




The following are sentences because each expresses a complete
thought:

. "He has brown hair." 2 4+ 9 = 21"

2,

3.

L

5

whereas the following are phrases:
"Three coins" , n2 4 LY

Review the translation of English sentences and phrases in which
variables were not involved., (See Chapter I, Section IV, pages 7 ,8)

Have pupils translate the following:
a. seven more than five translated as 5 + 7
Note: Have pupils observe the difference between the phrase

ngeven more than five" (5 + 7) and the sentence "Seven is more
than five." (7 > 5)

two more than eight | translated as 8 + 2
three more than fifty trenslated as 50 + 3

Have pupils use a variable, such as n, to tranelate:

two more than any number translated as n + 2
b. two jncreased by five translated as 2 + 5
six increased by three translated as 6 + 3

_ any number increased by two translated as n + 2

In a similar manner, develop decreased by, less than, twice a number,
sum, difference, product, etc.

Enphasize that addition and mltiplication are commutative operations,
but subtraction and division are not. An expression such as

6 added to 7" written 7 + 6 gives the same result as 6 + 7 because
addition is commutative. An expression such as “the product of 6 and T

written as 6°7 gives the same result as 7+6 because multiplication is

" division is not commutative.

commutative.

However, an expression such as "6 less than 7" written 7 - 6 is not
the same as "7 less than 6" which is written 6 - 7. Subtrection is
not commutative. An expression such as "12 divided by 2", written

;52_ is not the same as "2 divided by 12" which is written -]%2-, because

=58




6. Have pupils learn to translate expressions using a grouping symbol

) when necessary.
a., twice the sum of 4 and 5
b, fifteen decreased by the sum of 6 and 9

c. twice a number,increased by the differ-
ence of the number and 6

d. half the sum of & number and 4, de-
creased by the difference of the number
and 1

2(4 + 5)
15 = (6 +9)

on+ (n =~ 6)

in+4)~-(n=-1)

7. Have pupils use y as the variable and translate open sentences

expressed in English into equations.
a. A number increased by 18 is 36.

b. Twice a number,decreased by 6 is 1li.

c. A number increased by three times the sum of 3 and 5 is 30.

d. The sum of t.h:_'ee fourths of a number and 7 is 27.

e. Four increased by a number is twice the difference of 8 and 3.

B, Suggested Practice

1. Use x for the variable and write each of the following in mathe-

matical symbols. Tell which are sentences and which are phrases.

a. The sum of 4 and a number

b. A number decreased by 4 equals 2
c. 6 is less than a mmiber

d. 6 less than a number

e. 12 divided by a number

f. 5 multiplied by a number is 10




2. Translate the following verbal expressions into algebraic language:

if n represents a certain number, express in terms of n

a. 5 times the number e. 8ix less than twice the number

b. the number increased by L f. the product of 5 and the number

c. the number diminished by 8 g+ 7 added to the product of 3 times
the number

d. 1.5 divided by the number
he 4 times the sum of the number and
3 ,

3. Express each of the following in symbols:

a. 20 divided by 4 and the result added to 15

b. the result obtained when the sum of 7 and 8 is divided by &
4. Express in terms of n

a. twicé a number added to 15

b. 18 less than 4 times a number

5, If g represents the larger of two numbers and s represents the smaller,
express in terms of g and s:

a. 5 times the larger increased by twice the smaller

b. the sum of both numbers multiplied by 5

c. the square of the sum of the larger and the smaller
6. Exercises similar to V-A-7.
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CHAPTER IV
USING VARIABLES TO EXPRESS NUMBER PROPERTIES

for helping pupils develop understanding and skill in: using
variables to express number properties, using the distributi ve
property to simplify expressions and to solve simple linear
equations, using equations to solve verbal problems.

In this chapter the teacher will find suggested procedures

I. Properties of Addition and Multiplication

A. Suggested Procedure

1. Using variables to express the commutative property of addition

a.

b.

C.

Review commutative property of addition.

Have pupils study the following and recall the property that is
involved: '

= «3) = (- 1,1_14+14
8+5=5+8 b+ (<3) = (=3) + 4 2vg=z%3
Ask pupils how we could express the property illustrated by the

above equations by means of a single equation,

Have them recall that a letter is used to represent some unspecified
number drawn from a set.

Pupils may suggest the sentence x + y = y + x, where x and ¥ repre-
gent any two numbers.

Have them consider whether this expresses the commutative property
of addition by trying various replacements for x and y.

If x=5andy=2,then5+2=2+5 true
If x =<3 and y = =8, then (=3) + (~8) = (~8) + (=3)  true
Ifx=%and‘y=-%,then%+(-%)=(-%)+‘3; true

Hage pupils attempt to find a counter-example (one that will disprove
it).

Note: Point out to pupils that although one counter-example may

disprove a statement, the present lack of such a counter-example
does not prove a statement because a counter-example may be found
at a later date.
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d. Have pupils realize that therefore it is reasonable to assume

that
x+y=y+x is true for all numbers x and y.

Have them see that variables have been used to state the
commutative property of addition.

2. Using variables to express the commutative property of multiplication

a. Review commutative property of multiplication.

b. In a similar fashion, develop with pupils a generalization of

the commutative property of multiplication.

Have them realize that it is reasonable to assume that

Xy = yx is true for all numbers x and y, and that variables
have bzen used to state the commutative property of multiplica-
tion.

3, Using variables to express the associative property of addition

a. Review associative property of addition.

Have pupils study the following and recall the number property
that is involved: ,

(L+7)+8=14+ (7+8) (=3 +5)+8=x3+ (5 +8)

b. Have pupils suggest the following symbolic statement of the

property:
(x +y) +2 =x+ (y + z) where x and y and 2z represent any numbers.

Have them consider whether this expresses the associative property
of addition.

Have them try various replacements and verify that true statements
result, |

Ifx=2, y=3,2=4, then 2+3)+4=2+ (3+4) true

Iftx=-8,y=5,2=3, then (-8 + 5) +3 =<8 + (5 +3) true
b 343 +D

.Ifz=%,y=%,z=%, then(% = true
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c. Have pupils attempt to find a count er-example .

d. Have pupils realize that it is reasonable to assume that for all
numbers, X, ¥, z, (X +y) +tz=x+(y + z) is true.

L. Using variables to express the associative property of multiplication
a. Review associative property of multiplication.

b. In a similar fashion, develop with pupils a generalization of the
associative property for multiplication.

Have them conclude that for all numbers X, ¥, Z, (xy)z = x(yz).

5, Using variables to express the distributive principle of multiplication
over addition -

a. Review the distributive property of multiplication over addition.

Have pupils recall the linking together of the operations of
multiplication and addition by observing the pattern in the
- followings

6ol + 3) = bl + 623
-2(9+6) = (=2)(9) + (-2)(6)
3(-4 + 8) = 4(-b) + 3(8)

b. Have pupils suggest the following symbolic statement of the
property:
x(y + z) = xy + xz where X, ¥, and z represent any numbers.

Have them consider whether this expresses the distributive
property of multiplication over addition by trying various
replacements for x, y and %. !

| Statement
when x = 17, y = 5, z = 6, then 17+(5 + &) = 17+5 + 176 true

when x = =k, y = 8, z = 3, then —4(8 + 3) = (-4e8) + (=h.3) Yrue

whenx=]1;,y=%,'z=-ﬁ-:, then u(%-+ﬁ)=1¢,.%+u% true

c. Have pupils attempt to find a counter-example.
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1.

2.

d. Have them realize that it is reasonable to assume that
for all numbers x, y, and z

x(y+2z)=xy +xz is true

e. Have pupils realize that since multiplication is commutative,
other forms of the distributive property can be derived:

(y +2)x =xy + x2 for all values of x, y and z,

(y + 2)x =yx + 2x for all values of x, y and z.

B. Suggested Practice

Use the commutative principle to write anocther name for each sum
and product.

Illustration: 2 + 5 Solution: 5 + 2

a. bty de 3.2 | 8e 35
bez+9 e. 6462 he 12 + 7
c.a+b £. 2%.32 i. asb

State the commutative principle for addition, and for multiplica-

tion in terms of x and y.
a. Illustrate the properties with these numbers:
x=15and y =7 X=4,4d and y = 9.3
x=35and y =29 : = =10 and y = 18
b. Each of the following equations is true for all possible
replacements of any indicated variables, because of the
commutative or associative principle, or both.
Answer each part by writing "A" for associative, "C" for

commutative and both "C" and "A" for both commutative and
associative principles.

64+ (9+2)=(6+9)+2 Solution: 4 (@+b)+c=(b+a)+e |
bt (x+y)=(h+x)+y bt x+y)=(x+a)+y

L+ (x+y)=4+ (y+x) (9+a)+b=a+{9+0b)




3, Use the commutative and associative principles to simplify the
following expressions:

a. 3(2x) Solution: 3(2x) = (3.2)x or éx

b. 4(3y)

c. =%(2x)

d. .8(.2b)

e. 3n(4) Solution: 3n(4) = 3(n.4) = 3(4.n) = (3.4)n =12n
£. 82(6) |

g. 3y (4)

h. -15m(3

i. 3a(4b) = 3(ae4)b associative
= 3(4a)b commutative

= (3.4) (ab) associative | - |
= J2ab |
jo (=2m) (=6én)
k. (4p) (-9q)
1. (2ab) (4bc) (8ac)

Solution: By the commutative and associative properties of
multiplication, we may arrange the factors in this expression
in any order we wish without changing its value. Then we may
write:

2+l +8+acasbebecec as an expression équivalent to the above.
- By using superscript notation (exponents), we then write this as:
6La2b2c?

L. Which of the following are illustrations of the distributive property?

a. x(4 +23) =x(4) +x(23) c.3(x+y)=3x+y
b. 250y + 75y = (250 + 75)y 4. (500 + 9)b = 500b + 9b

5, Fill in the blanks so that each statement is an illuStration of the
distributive property: '

a. 6(8 +9) - Solution: 6 x 8 + 6 x 9

b. = 702 + 706
—65-
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d. 2(a +b) = ____
e. 2(15 + 10x) =

fo 12x + 35x =

Be =Xy +3y
h. 902x+902y=___

1I. Identity Elements and Inverse Elements
A. Suggested Procedure

1. Help pupils reach a generalization conceming the addjtive
identity (additive property of zero). _

a. Ha.ve. pupils review that when zero is added to a number,
the sum is the number itself, e.g.,

5+0=5  («2) +0==2 &7%..,0.:%2 B8 +0=.8

b. The number to which zero is added kéeps its :i,déntity under
this addition. Therefore, zero is called the identity
element of addition or the additive identity.

c. Have pupils suggest the following symbolic statement concern-
ing the additive identity:

x+0=x or O+x=x

By trying various replacements for x, pupils see that these
appear to be true statements for every possible replacement
of the variable. . .
2. Help pupils reach a generalization concerning the multiplicative
identity (multiplicative property of one).

a. Have pupils recall that there is a number which preserves
the identity of every other number under multiplication.
Have them recall that the product of one and any other number
is the other number, e.g.,

1x3=3 8xl=8 (9)x1=-9 1xi=j




b. The number by which 1 is multiplied keeps its identity.
Therefore, 1 is called the identity element of multiplica-

tion, or the multiplicative identity.

c. Have pupils suggest the following symbolic statement concerning
the multiplicative identity: : :

lex =X Or Xel =X

By trying various replat:ements for x, pupils see that these appear
to be true statements for every possible replacement of the

variable.
3, Help pupils reach a generalization 'conce‘m‘ing' the additjve inverse
(opposits).
a. Have pupils' consider
1+ (1) =0 . (1) + (1) =0
2+ (-2) =0 - (2) + (2) =0
3+(=3)=0 (=3) +(3) =0

b. Have pupils recall that the sum of a number and its cppesite
- is zero.

c. Have pupils suggest the following symbolic statement concerning
the additive inverse: : :

x+ (=x) =0 For which values of x does this hold?

d. By trying many possible replacements , have them reé.lize that this
is a true statement for every possible replacement of the variable.

(positive, negative, or zero)

e. Téll pupils that if the sum of two numbers is zero, they are called
additive inverses. Each is the opposite of the other.

4. Help pupils i'each a generalization concerning the pultiplicative
jnverse (reciprocal).

a. Have pupils recall that a number multiplied by one is the number
itself.

b. Have them consider whether there is a ntmber, which when maltiplied
by another will yield a product of one. For example, giver: the
number 6, is there some number N such that ’

Nx6=1?




c. Have them realize that %x 6 =1,

d. Tell pupils that % is called the reciprocal or gultiplicative
inverse of 6; 6 is also the multiplicative inverse of %.

e. Tell pupils that two numbers whose product is one (1) are
called multiplicative inverses. Each number is the multiplica-
tive inverse of the other.

f. Have pupils state the multiplicative inverse of each of
several numbers, e.g., have them tell by what number each of '
the following is multiplied to give a product of one.

1 1 _
3 '.]2‘ -8 -'% 1% % 6

g. Have pupils consider whether zero has a multiplicative inverse.
If zero has a multiplicative inverse, we could represent it bty
N. Then N x O must equal 1. Can we find a replacement for N
which will make this statement true?
1) Have pupils consider how 0 acts under miltiplica.tion.

Have t.hem recall that multiplication :mvolv:i.ng zero results
in a product of zero, e.g.,

2x0=0 0x (-10) =0 '3'x0=0 " 1x0=0

2) Have them suggest the following symbolic st.at.ement. concern—
ing multipllca.tion involving zero.

ON=0 or NO=0

By trying various replacements for N, pupils see that these
appear to be true statements for every possible replacement
of the variable. This property of zero is called the

multip;;cative property of zero.

;, 3) Pupils should realize that since the open sentence N 0=1
| | can never be true for any replacement of N by a number,

| zero does not have a multiplicative inverse.

h. Have pupils suggest the following symbolic statement concerning
the multiplicative inverse: i.-. ex=1

Have them realize, by trying different replacements, that this
is a true statement for every replacement of t.he variable x
by a number except the number zero (0).

Note: Since N°O = 0 for any value of N, we must exclude division
by zero.
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OPTIONAL ~ Proofs of Some Basic Number Properties

On the basis of several properties concerning numbers, which

- the pupils have accepted, they may be guided to see that

other truths follow from these properties by logical reason-

ing. The process of reasoning from some accepted properties

to other truths is called proof.
(
|
l

5, Help pupils prove the multiplicative property of O. That is,
prove x<0 = 0,

We would proceed as follows:

x(1 + 0) = Xel (L+0=1)

x(1 + 0) = x+1 + x°0 (Distributive property)

xel 4+ x.0 = xol (Both are equal to x(1 + 0) )
x + x.0 = x (Multiplicative property of 1)

Since O is the additive identity, that is, the only number which
when added to another number preserves the other number's identity,
then x<0 = 0.

6. Help pupils prove that the additive inverse of 1 multiplied by x '
is the additive inverse of x. That is, prove (=1l)x = =x.

We would proceed as follows:

xEI. + (-lﬂ =0 (Multiplicative property of 0)

x[l + (-1)] = x(1) + x(-1)  (Distributive property)
=1(x) + («1)x  (Cormutative property)

=x+ (-1)x =0 (Multiplicative property of 1)

Since x + (=1)x = O and we assume each number x has one and
only one additive inverse (-x), then =1(x) = -x.

This is often referred to as the property of =l bﬁzltiplicatibn .

7. Help pupils prove (-x)y = =(xy).

We proceed as follows:

(«x)y = (<lex)y (Property of -1 Multiplication)
= («1)(xy) (Associative property)
= =Xy (Property of =1 Multiplication)

Thus (=x)y = =xy

-69=




1.

2.
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8. Help pupils prove (=x) (~y) = xy.

We proceed as foilows:

-x[y + (—y)] =0 (Multiplicative property of 0)

[y + (y)] = (x)y + (x)(~y)  (Distribtutive property)

= =Xy + (=x)(=y) = 0 (Property of -1 Multiplication)
Since =xy + (-x)(<y) = 0 and we assume each number has one and only

one additive inverse, then {(=x)(-y) = xy.

Guide pupils to see that the rule for multiplying two negative
numbers is a special case of the above generalization, when x and y
-are restricted to positive numbers.

B. Suggested Practice

What is the additive inverse of each of the folldﬁing?
a., =3 be 4% c. 0 de = .6
Complete by writing x or -x,

a. The additive inverse of x is ___.

be The expression _____+x =0,

¢. The additive inverse of =x is .

What is the multiplicative inverse of each of the following ?
8. 3 bC % Ce "'3 do 1

Name the property of numbers which justifies each step in the
following:

6x(3x%)=6x(%x3)
=(6x%)x3
=1x3
=3

-Sx(hx-%)".g ~5x (Jssxl,)
"(-52!-%)::1;
=1xkh
-1




III. Distributive Property of Multiplication Over Subtraction

A, Suggested Procedure
1. Have .pupils consider the following:
Does 3(7-4) = 37 = 3:42 | . |
3(7-4) = 33, or 9
3+7 = 34 = 21-12, or 9
Thus 3(7 = 4) = 37 = 3¢4.

2. After several such illustrations, have pupils realize that multiplica-
tion appears to be distributive over subtraction.

3. Help pupils reach a generalization concerning the d:.stributive property
of multiplication over subtraction.

a. Have pupils suggest a symbolic statement concerming the distributive
property of multiplication over subtraction:

x(y = 2) =xy = xz

. After trying many replacements, they should realize that this is a
true statement for every possible replacement of the variables.

Note: The proof of the symbolic statement in 3a will be found as an
opt:.onal exercise in the Suggested Practice which follows.

B. Suggested Practice |
1. Which of the following are illustrations of the distributive property?
a. (100 - 10)a = 100a - 108 d. (1.5 - ¢)L.3 = (1.3)(2.5) = (L3)e
b. 4(20 = b) = 4(20) - (b) e. by -~y = (16 - 1)y
co 16 = 5x = (16 - 5)x

2. Fill in the blanks so that each statemeant is an i]lustra.tion of the
distributive property.

a. 53-2)=____. | c. a6 = 4) = «
=9,8 - 9,2 de 9x = 9y =9 ( )e

b.
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Prove x(y - z2) = xy ~ xz
Solution: |
x(y -2) = .x[y + (-2 )] (Definition of subtraction)
= xy + x(-2) (Distributive property)
=xy + x{ (-1)z] (Property of -1 Multiplication)
=xy + x[z (-1 )] (Commitative property)
=xy + (xz)(-1) (Associative property)
= xy +[ -(x2) ] (Property of -1 Multiplication)

=Xy -xz (Definition of subtraction)

1V. The Distributive Principle of Division Over Addition; Over Subtraction

A. Suggested Procedure

1.

2

3.

Have pupils consider the exa.mple

24+d= &.___l-"' =
g+ =2

Have them recall that division by 6 is equivalent to multiplication
by g and thererore, —-—-l may be expressed as ']'"(a.'i'l)

Thus, -(2+1) = l (2)+ 1(1) or % +3

Thus, divisioh seems to be distributive over addition provided the
addition is in the dividend.

In the same way, g . 3' 1—'3"-‘;(7 3)
Thus, 2(7 - 3)-%(7)-- 13)or 2.3

Thus, division seems to be distributive over subtraction, provided
the subtraction is in the dividend.

Help pupils reach a generalization concerning the distributive
property of division over addition; over subtraction.

Have pupils suggest a symbolic statement concefning the distributive

property of division.
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Xty _X4+1% =V _X_ X
2 z2 2z 2 z 32

L. After trying many replacements, they should realize that these
are true statements for all values of x, y, z except z = 0.

5, Since subtraction can be expressed as addition, and since
division can be expressed as multiplication, distribution of
division over addition or subtraction can be justified by the -
distributive principle of multiplication over addition.

B. Suggested Practice

1, Which of the following illustrate a correct use of the distributive

property? .
a.b_atbh X _ Y X=X
XY X4 ¥ a=b_a_y

b. 5 5 5 d. x x

I _X Y
e L4 4 °L

Note: It should be pointed out to the pupil that division is not
distributive over multiplication. Although the open sentence
in example l-e is true when x = 0 or y = 0, it is not true in
general,

2. Fill in the blanks so that each statement is an illustration of
the distributive property. ’

x4 _x, 1 (x+y) =
a."3 3773 e 3 =7 "2
o =a_b g+p_=a'+b
be T 3 2 2 dox.x

V. Using the Distributive Property to Simplify Expressions
A. Suggested Procedure

1. Have pupils consider how the distributive property could be used to
facilitate the following computation:

18x7+12x7=(18+12)7=30x7o0r 210

12x3-8x3=(12-8)3=4Lx30rl2




2. I-hve pupils coneider the algebraic expression 3a + 5a

a., Have them realize that by the distributive property the
sentence

3a + 5a = (3 + 5)a is true for every number a

b. Theretore, 3a + 5a may be repla.ced by the shorter expression
(3 + 5)a or 8a. This is a simplification of 3a + 5a.

3. Have pupils consider the algebraic expression: (Zx + 8) + 3x.

Have pupils understand the simplification of the expression

as follows: }
(2x +8) +3x = 2x + (8 + 3x) Associative principle |
o =2x+ (3x +8) Commutative principle
= (2x + 3x) + 8 | 'Associat‘ive' principle
= (2+3)x+8 | Distributive principle
- 5x +8 Arithmetic fact

B. Suggested Practice

"le Which of the following open sentences are illustrations of the
distributive property? .

a.x(3+4) =3x+ Lx
b. 10a = 10b = 10(a = b)

c. 2x+y)=2a'+y Since the multiplication by 2 has not
- been distributed, this is not an illus-
tmtione

de 2x(x +y) - 2x° + xy

e. 3ab - % + (3a = b)b
f. 5xy + 10yz = 5y(x + 22)
g. (2a +5)b=2ab+5+0b
h. 7x(y+z)=7_zy+z
i.6n-mn=(6-mhn

=
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2. Apply the distributive property and write each of the following
in a form without parentheses:

a. 3(a +b) Ce. (2"'3')%y B e. =2(x + y)
be (2 = 4x)y d. .5m(9 + 1.2n) £, =3(2 %x -y)

3. Apply the distributive property and express each of the following
as products:

a. 3y +2y | ~ d. kbe - 2be

be 5r = 2r e 5(xHy) +2(x +y)
c.‘zw+2x -

I, Use the associative, commutative and distributive properties to
write the following expressions in si.mpler form:

. %x + 2‘* - - Solution: (2 )x or 5’:

a

be 8x + 4y + 4 + 3x Solution:8::-?3x+‘ay+4.prll;c+l.y+h
co X+

"d. 968 + 42b + ka + 3b

.. 9+3~x~+3s + ‘§r+t.s

fo 2.4x + 6,8y + 4.9 + 1.6x

g 4(2x + 3x)

h. 30a - 10a

i, 2s = 48

Je x +3x - Ix
L@+1)-4




VI. Using the Distributive Property in Solving Simple Equations

| A. Suggested Procedure

1.

2.

3,

Have pupils review:

Meaning of equations

Equivalent equations |

Solution or root of an equation; solution set

Principles of equation solving - Addition, Subtraction, Multiplication,
Division

Note: See Chapter X of Mathematics Grade 8, Curriculum Bulletin
1961-1962, Series No. b

Have pupils consider the equa.t:.on 3a + 52 = 16.

Have them recall that the distributive property may be used to obtain
a simplification of the left member. That is, we may write

(3+5)a=16 or
8a =16
a =2 (Division principle or multiplication by reciprocal)

2 is the root of the equivalent equation, a = 2, whose solution is
obvious.

The selution set is{ 21 .

Have pupils check to see whether Z is a root of the given equation
3a + 5a = 16,

Check
3-2+5-2=116
6+10 =16
16 =16 True

Have pupils use the principles of equation-solving to think through
the solution of an equation which uses more than one principle.

a. Consider the equation 3x + L =22,

Have pupils observe that more than one operation is needed to
find the simplest equivalent equation in which the root is .
obvious. Have them see that both subtraction (addition) and
division (multiplication) are needed.
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Thus, 3x + 4 = 22

3x = 18 (Subtraction principle or addition of additive
inverse)

x = 6 (Division principle or multiplication by
reciprocal)

Therefore, 6 is the root of the equivalent equation, x = 6,
whose solution is obvious. The solution set is {L ‘6? .

Have pupils check to see whether 6 is a root of the given
equation 3x + 4 = 22,

b. Have pupils consider whether it makes any difference if the
subtraction (addition) principle is applied before or after
the division principle. To determine this, have them solve
the equation 3x + 4 = 22, by reversing the order in which
the principles are applied. ’

Thus,

3x + 4 =22

3255-"2-4* = _2_3& (Division Principle)

%35 + % - .23_2. (Distributive property) Of‘ x + % = 232

x =18 o 6 (Subtraction Principle)

Have pupils observe that the same root was obtained as before.
Have them discuss which order of operations is easier for
solving equations of this kind.

c. Have pupils use a similar procedure to find the root of each
of the following:

| 1) 2x + 4 =10 : L) 2b + 8 = 14
2)3Y.-9=15 5)%n-h=9

3) 7a +10 = 59 6) 1.5x + 3 = 7.5

L. Have pupils consider the equation 2x + Lx + 8 = 38,
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Help them organize the solution of the equation as follows:
2x+4x+8 = 38
(2#4,)x +8 = 38  (Distributive property),or 6x + 8 = 38

éx = 30. (Subtraction principle or addition of additive
inverse)

x = 5  (Division principle or multiplication by
reciprocal)

Therefore, 5 is the root of x = 5. The solution set is{ 5} .

Check (to see whether 5 is a roét of 2x + Ix + 8 = 38)
205 + o5 + 8 £ 38
10 +20 +82 38

38 = 38 True

5. Have pupils consider the equafion 2(x +1) + x = 8,

The distributive, commutative, and associative properties may be used
to obtain a simplification of the left member as follows:

2x+2+x=8 (Distributive properfy)
2x +x+2=8 (Commutative property)
3x +2 =8 (Associative, Distributive)
3x =6
x = 2
Therefore, 2 is the root of x = 2, The solution set is {.2} .

Ewve pupils check to see whether 2 is a root of the given equation
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B. Suggeéted Practice

Solve the following equations by writing simpler equivalent equations.
Check your solutions. ,

1. 2x + 3x = 20 9. Jx + .9x + 8x = 81

2. 8y - 5y = 33 0. % +3- %=1
3.11,a.+a=1,8. ' .99 +2y =10=12
begxtgr=h 12, 4la +1) +a =19

£-£=_3

5¢ 2 13. 3(x = 2) +x= 1

6. .5a + .28 = 1.4 . 2y +32(2y = 4) =17

7. 16y + 2y +3 =39 15. .Okx + .06(1500 - x) = 80

8. LL +9x - 3x =8

VII. Solution of Verbal Problems
A, Suggested Procedure
Note: Help pupils develop skill in solving problems., Before doing

any problem where letters are involved, have the pupils solve
arithmetic problems involving the same situation.

Problems are introduced at this time because the techniques needed
for their solution have now been developed. However, it is intended
that the teacher should distribute the work in problem solving
throughout the remainder of the course. ,

1. Review translation of English phrases into algebraic form. (See
Chapter III, Section V)

2. Help pupils think through and express relationships involving
number problems as follows:

a. One number is 1l4. Another is twice the first. What is the
second number? What is the sum of the numbers?

One number is x. Another is twice the first. The sum of the
numbers is 45. What is the second number in terms of the first?
Express the sum of the numbers in terms of X..
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b. Two times a number is subtracted from eight times the number,
increased by 3. The difference is 27, What is the number?

Illustrative Solution

Let x = the number
2x = two times the number
8x + 3 = eight times the number,increased by 3
(8x + 3) - 2x = 27 (the difference is 27)
& - 2x + 3 =27

bx + 3 =27
6x = 2,
X =

The number is 4.

Check result with the problem. If the number is 4, then
two times the number is 2 x 4 or 8., Eight times the number

increased by 3 is 8 x 4 + 3 or 35. The difference is 35 - 8 or 27.
True.

c. Have pupils practice similar problems.

1) A number increased by 3 times itself equals 8.4. What is the
number?

2) Ann weighs 7 pounds more than Mary.  Their combined weight is
213 pounds., How much does each girl weigh?

3) Jane's mother is 9 times as old as Jane. Together their ages
total 30 years. How old is each?

L) A family's vacation budget allows a certain amount for camp-
ing expenses, three times this amount for food, and four
times this amount for travel. If the total spent is $320,
how much is allowed for each item?

3. Help pupils think through and express relat ionships involving
consecutive number problems as follows:

Note: Review Chapter II of Mathematics Grade 8, Curriculum Bulletin,
1961-62 Series, #4.

a. Devélop meaning of consecutive numbers; consecutive even numbers;
consecutive odd numbers.,

b. Solve problems

1) Thirteen is the first of three consecutive numbers. What are
the next two? What is the sum of the first and third?
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The first of three consecutive numbers is x. Express the
next two in terms of x. Express the sum of the first and
third.

2) The sum of the first and last numbers of 3 consecutive
numbers is 28. What are the numbers?

Illustrative Solution:
let x = the first number

x+1 = the second number
x+2 = the third number
x + (x + 2) = 28 (the sum of the first and third numbers)
2x + 2 = 28 (Distributive property)
2x = 26 |
x = 13

The first number is 13, the second 14, the third 15.

Check result with the problem.
Three consecutive numbers: 13, 14, 15.
The sum of the first and third 13 + 15 = 28. True.

c. Have pupils practice similar problems.
1) The sum of two consecutive numbers is 89. What are the numbers?

2) The first of two consecutive numbers is 13, What is the next
odd consecutive number? What is their difference?

3) Select any two consecutive odd numbers. What is their differ-
ence? —

L) x represents an odd number. Express the next consecutive odd
number in terms of x., Show that their sum must be even.

5) The sum of two consecutive even numbers is 50. What are the
numbers?

6) The sum of three consecutive even numbers is 48. What are
the numbers?

l,. Help pupils think through and express relationships in verbal
problems involving coins as illustrated:

a. Andy has 4 dimes and 2 more nickels than dimes (and no other
money). How many coins does he have? (10) What is their value

‘in cents?
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Value of 1 dime is 1 x 10 or 10 cents
2 dimes is 2 x 10 or 20 cents
3 dimes is 3 x 10 or 30 cents
), dimes is 4 x 10 or 40 cents

Value of 1 nickel is 1 x 5 or 5 cents
2 nickels is 2 x 5 or 10 cents

6 nickels is 6 x 5 or 30 cents
The value of the ten coins is 70 cents. |

If Andy has x dimes and 2 more nickels than dimes, how would you
represent the number of nickels? the total number of coins?
How would you repreéent the value in cents of the dimes?
Represent the value in cents of the nickels,

Represent the total value in cents of all his coins,

Marilyn has a coliection of dimes and quarters. She has 8 quarters
and twice as many dimes. How many coins does she have? What is

- the value (in cents) of all her coins?

If Marilyn has q quarters and twice as many dimes, how would you
represent the number of dimes? the number of coins?

How would you represent the value in cents of the quarters; of the

. dimes?.

Coe

¢

How would you represent the total value (in cents) of all the coins?

A jar of coins contains twice as many nickels as dimes and three
times as many quarters as dimes, The total value of the coins in
the jar is $4.75. How many nickels are there in the jar?

Note: The teacher should elicit what the domain of the variable

will be in the equation.

Illustrative solution:

Let x represent the number of dimes, 2x the number of nickels and
3x the number of quarters.,

Then, 10x = value of the dimes (in cents)

5(2x) = value of the nickels (in cents)
25(3x) = value of the quarters (in cents)
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d.

10x + 5(2x) + 25(3x) = 475 (the total value is 475 cents)

10x + 10x + 75x = 475
95x = 475
X = 5

The number of dimes in the jar is 5.
The number of nickels is 2x or 2 x 5,or 10, and

The number of quarters is 3x or 3 x 5,or 15.
Check results with conditions in the problem.

If there are 5 dimes, there are 10 (twice as many) nickels, and
15 (three times as many) quarters. |

The value of 5 dimes is 50 cents, the value of 10 nickels is
50 cents, and the value of 15 quairters is 375 cents.

Therefore, the total value is 475 cents or $:.75.
Have pupils prectice similar problems.

1) Bob has $8 in nickels and dimes, He has twice as many dimes
as he has nickels. How many coins of each kind does Bob have?

2) A jar full of pennies and dimes contains 3 times as many dimes
as pennies. The total amount of money in the jar if $6.20.
How many coins of each kind are there in the jar?

3) Larry has 2 more nickels than pennies., If he were to spend
one of his nickels and three of his pennies, he would have
68 cents left. How many nickels and how many pennies does
he have? .

4) A piggy bank contained 3 fewer dimes than quarters and 8 more
nickels than dimes, The total value of the coins was $5.95.
How many dimes were there?

5) Amy has $4.08 in pennies, dimes and quarters in her coin
bank., If the number of quarters is 4 more than the number of
pennies and the number of pennies is 2 less than the number
of dimes, find how many coins. of each kind Amy has.

5, Help pupils think through relationships in verbal problems involving

investments as follows: -

Note: Review meaning of interest, investments, income, and i = prt.
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a.

Mr. Smith invests $4000 at 3% and $2500 at 5%. What is the
total amount he invests? What is the income on the $4000
investment? What is the income on the $2500 investment?

" What is the total income on the investments? (income per year)

b.

If Mr. Smith invests $6500, part at 3% and the remainder at 5%,
how would you represent the part he invests at 5%? How would
you represent the part he invests at 3%? What is the income
on the 3% investment? What is the income on the 5% investment?
What is the total income?

A man invests $10,000, one part at 6% and the other part at 2%.
His total income on the investment for cne year is $320. How
much has he invested at each rate?

J1lustrative Solution

Note: Reasons are indicated for the steps in the solution of the
equation. Teachers should not require their pupils to give a.
reason for each step in each problem.

If we let x designate the number of dollars invested at 6%, then

10,000 - x designates the number of dollars invested at 2%
.06x is the income on the 6% investment
.02(10,000 - x) is the income on the 2% investment
.06x + ,02(10,000 - x) = 320 (the total income is $320)

J0b6x + 200 - ,02x = 320 (Distributive property) -
o06x - .02x + 200 = 320 (Commutative properby{ |
OLx + 200 = 320 (Associative and distributive properties)
«O4x = 120 (Subtraction principle)
x = 3000(Division principle
10,000 - x = 7,000

The amount invested at 6% is $3000.
The amount invested at 2% is $7000.

Check results with conditions in the prcblem

The two amounts of $3000 and $7000 total the investment of
$10,000.

If $3000 is invested at 6%, then the income on this part of the
jinvestment is .06 of $3000, or $180. :

If $7000 is invested at 2%, then the income on this part of the
investment is .02 of $7000, or $140.

Then the total income is $180 + $140, or $320. All conditions
of the problem have been checked.
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¢. Have pupils practice similar problems.

1) A man has loaned $4400 to two persons, His income from the
two investments is $192. One note (a written promise to pay)
bears interest at 5%, and the other bears interest at 4%.
What is the face of each note?

2) Tom's father has $18,500 invested in two pieces of rental
property. One yields 12% on the investment, and the other
yields 10%. His total income from the two properties is
$2080. How much is invested in each property?

3) One sum of money is invested at 43%; a second sum that is
twice as large as the first sum is invested at 3%. The total
interest from the sums is $210. How much is invested at each - i
rate? :

6. Help pupils think through relationships in verbal problems involving
geometric figures as follows:

Note: It is helpful to use diagrams for geometric problems.
The domain of a variable representing a geometric length is the set
of positive numbers.

a. The length of a rectangle is four inches more than its width.
If the width is 3 inches, what is the length? What is the perimeter?

If the width of a rectangle is represented by x and the length is
four more than its widith, how would you represent its length? How
would you represent its perimete-?

b. The width of a rectangle is 5 inches. The length of the rectangle ,
is 3 less than twice its width. What is the length of the rectangle?
What is its perimeter? .

If the width of a rectangle is represented by w, and its length is
3 less than twice its width, how would you represent its length?
How w>uld you represent its perimeter?

c. One leg of an isosceles triangle is 7 inches in length. The base
is 3 inches longer than the leg. What is the length of the base?
What is the length of the other leg? What is the perimeter of
the triangle?

If the length of one leg of an isosceles triangle is represented

by x inches, and the base is 3 inches longer than the leg, how
would you represent the length of the base? How would you
represent the length of the other leg? the length of the perimeter?

~85-




d. The length of a rectangle is 5 times its width. The perimeter
is 48 inches. Find the dimensions of the rectangle.

Illustrative Solution

Let w be the number of inches in the width of the rectangle. Then

the number of inches in the length is 5w. Let us draw a
picture to help us analyze and solve the problem:

5w

5w

The number of inches in the perimeter is w + 5w + w + 5w,
Then, w + 5w + w + 5w = 48
12w = 48 (Distributive property)
= 4
Therefore, the rectangle is A4 inches wide and 20 inches long.
Check results with conditions in the problem

The length is 5 times the width because 20 = 5 x 4.
The perimeter is 20 + 4 + 20 + 4 or A48 inches.
e. Have pupils practice similar problems.

1) How long and how wide can a garden be made if it is to be
20 feet longer than it is wide, and its perimeter is to be
680 feet?

2) A triangle that draftsmen find useful has one angle that is
twice as large as the first angle, and the third angle 30°

more than the second. How large are the angles?

3) A rectangle has a pleasing appearance if its width is a
1ittle more than one-half its length. What dimensions will
satisfy this condition if the width is 5 feet more than
one-half the length, and the perimeter is 310 feet?
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7. Help pupils review relationships in problems involving distance,
rate, and time. |

a. Have pupils determine distance a boy walks in 4 hours if he
walks 3 miles per hour. From this and similar problems, the
pupil should gain an understanding of d = rt (distance formula).

b. Have them practice solving distance problems involving only 1
object or vehicle. (if a plane averages 580 miles per hour,
how far will it go at this speed in 4 hours?)

1) Have them solve problem as illustrated below:

S
J't.arb 1 hr. 2 hrs. 3 hrs. L hrs.

-

580 mi. 1160 mi. 1740 mi. 2320 mi.

2) Have them solve problem by formula:

d=rt
d =580 x4
d = 2320

c. Have them solve distance problem involving 2 objects or people.

1) larry and Jennie on bicycles start from the same place at the
same time and ride in opposite directions. Iarry races at the
rate of 5 mph and Jennie at 8 mph. How far apart are they
in one hour? in 2 hours? in L hours?

Encourage the pupils to use a diagram:

dennie larry
2 hr, 1 hr. Start 1 hr, 2 hr.
1 B : —Sim- O,
—TI3les apaTt !
!
[

26 miles apart




2) Two cars start from the same place at the same time and
travel in opposite directions., One travels at 4O miles per
~ hour and the other at 30 miles per hour. What distance will
the first car have traveled in x hours? What distance will
the second car have traveled in the same time? They are 350
miles apart in X hours. Express this fact in terms of x.

3) Jennie and Larry are 45 wiles apart. They start toward each
other at the same time. Jennie rides at an average speed of
9 mph and larry rides at an average speed of 6 mph. In how
many hours after they start will they meet?

Jennie starts Larry starts
\L Distance apart at end of 1 hr. \L
=om. 30 mi. S i,
| I
L _l
Distance apart at start: 45 mi.
How much distance did they cover together in one hour? 9+6=15mi.
Jennie starts | Iarry starts
\L Distance apart at end of 2 hrs. \L
| |
| |
oo =l ,
| -
{ 18 mi. 12 mi. —T
L |
Distance apart at start: 45 mi.
How much distance did they cover together in 2 hrs.? 18 + 14 = 30 mi.
% Complete the problem. They meet in 3 hours.
E Jennie starts larry starts
5.
27 mi. 18 mi.

l 'l'he{L meet \L
= —
: i
| {

Distance apart at start: 45 mi.
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L) Plane A starts from City A for City B traveling at 450 miles
per hour. Plane B starts at the same time from City B for
City A traveling at 500 miles per hour. In how many hours
will they pass each other if the distance between the cities
is 2850 miles?

Let x = number of hours it takes for the planes to meet.
Each plane travels the same number of hours.

Distance plane A travels in x hours is 450-x

Distance plane B travels in x hours is 500ex

City A City B
4L50x 500x

Sk

2850 mis= 1

The facts in the problem may be organized in table form:

Rule  Rate (m.p,h.) x Time (hr,) = Distance (mj.)

| Flane A 450 X 450x
Flane B 500 X 200x
Set up equation: 450x + 500x = 2850
950x = 2850
x=3

They will pass each other in 3 hours.
Check results with conditions in the problem.

The plane from City A traveling at 450 miles per hour will
cover 1350 miles in 3 hours. The plane from City B travel-
ing at 500 miles per hour will cover 1500 miles in 3 hours.
Together they will cover 1350 + 1500 or 2850 miles in 3 hcwrs.

d. Have pupils practice solving problems.

1) Two trains are traveling on parallel tracks toward each other,
The slower one travels at 4O miles per hour, the faster at
60 miles per hour. What distance do the two trains cover in
~ one hour? in two hours? If they start at the same time from
towns which are 500 miles apart, in how many hours will they
pass each other?
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2) Frenk and Sam leave school for home. They go in opposite
directions. Frank walks at a rate one mile an hour faster
than Sam, who walks at 3 miles per hour. In how many hours
will ghey be 3.5 miles apart, the distance between their
homes*

3) A bus leaves Boston for New York City 250 miles away travel-
ing at 35 miles per hour. At the same time, another bus
traveling along the same route leaves New York City for Boston
traveling at 40 miles per hour. In how many hours will they
pass each other?

L) Other problems may be found in any 9th year textbook.

8. lielp pupils think through relationships in verbal problems involving
mixtures as follows:

&, If a certain grade of coffee costs 75 cents a pound, how much will |
10 pounds cost? 15 pounds?

b, What is the total cost of 20 pounds of 75-cent coffee and 35 pounds
of 80-cent coffee?

c. How would you express the cost of x pounds of 75-cent coffee?
of (50-x) pounds of 90-cent coffee? |

d. Of 100 pounds of tea, x pounds are sold at 55 cents a pound
and the remainder at 68 cents a pound. Express the number of
pounds sold at 68 cents a pound. Express the amount of money
received for the cheaper tea; the more expensive tea.

e. A grocer has two kinds of coffee, one priced at 80 cents a pound
and the other at 70 cents a pound. How many pounds of each should

be used to make a mixture of 120 pounds to sell at 74 cents a
pound ?

Lllustrative solution
| Guide pupils to see that the basic assumption of the situation

is that the grocer receives the same amount of money after
mixing the coffee that he would have received without mixing it.
Iét X = number of pounds of 80-cent coffee

120=x = number of pounds of 70-cent coffee |

80 x = value of x pounds of 80-cent coffee (in cents)

70(120-x) = value of 120-x pounds of 70-cent coffee (in cents)
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Have pupils see that 80x + 70(120-x) represents the value
(in cents) of the coffee without making a mixture. Have
them see that the amount of money (in cents) received
after mixing the two kinds of coffee is 74(120).

Then 80x + 70(120 -'x) = 74(120)
80x + 8400 - 70x = 8880 (Distritutive property)
80x - T0x + 8400 = 8880  (Commutative property)
10x + 84,00 = 8880  (Distributive property)
10x =480  (Subtraction priaciple)

x =48 (Division principle)
120- x =72

The grocer needs to mix 48 pounds of 80-cent coffee with
72 pounds of 70-cent coffee.

Check results with conditions in the problem
The two amounts, 48 pounds and 72 pounds, total 120 pounds.

The money received for selling 48 pounds of 80=cent coffee
and 72 pounds of 70-cent coffee is .80(48) + .70(72) or
$38.40 + $50.40 or $88.80, The value of 120 pounds of
7,~cent coffee is .74(120) or $88.80. All conditions of
the problem have been checked.

f. Have pupils practice similar problems,

1) The G.O. store at a certain school sold 240 notebooks the
first day of school, some at 30 cents each and the rest
at 45 cents each. If a total of $85.50 was collected,
how many of each kind were sold?

2) Sally bought some five-cent stamps and some two-cent stamps
for $1.79. She bought 55 stamps altogether. How many of
each kind did she buy?

3) A confectioner mixes two kinds of candy obtaining a mixture of
30 pounds worth 4O cents per pound. If the costs per pound of
the two kinds of candy are 50 cents and 35 cents, find how
many pounds of each kind he should take.

B. Suggested Practice

Problems similar to those in section VII-A-2c, 3¢, 4d, 5c, be, 7d, and 8f.
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CHAPTER V

POLYNOMIALS

In this section the teacher will find suggestions for
procedures to help pupils develop an understanding of the
" meaning of a polynomial, and understanding and skill in
operations with polynomials: addition, multiplication,
subtraction,

I. Meaning of Polynomials

A. Suggested Procedure

1., Have pupils review the meaning of base, exponent and power.
(See Chapter III)

2
Consider 5 . What is the base, exponent, and power?

2. Have pupils consider expressions such as 2x + 2 and L..x2 +1; guide
them to see that these expressions cannot be the names of numbers
since they involve variables. Have pupils see the need for
investigating the set of all such expressions.

3, Have pupils recall that each time a new set of numbers was con-

' structed, it was done by expanding an old one, e.g., the set of

fractions includes the whole numbers, the set of signed numbers
includes the numbers of arithmetic (positive numbers), etc.

We are going to construct a set of expressions such as 2x + 2 and
l..xz + 1. The new set will contain all the numbers already worked

with as well as expressions like 2x + 2 and xR 41, Every member
of this set will be called a polynomial.

4. Have pupils construct polynomials.

a, Have them select any base x and writle some powers of x (the
exponents are limited here to the positive integral values).

X, x‘?', 13 «.oWhere a specific number may be substituted for x.

Note: The letter in our polynomials will be considered, for our

purpose, a variable with a domain. :
| 92~




b. They may now select any numbers they know
{ooo -5, 000-3%, 0000, oool, (XX }and use these to M With
x’ ﬁ’ x3. [ N } [ ]

They will create expressions such as the following:
Tex or Tx; 1203113 or 12x3; ~2.x* or -2xl’

c. Have pupils take some of their creations and add them.
They may also add some of the numbers. Thus, they may have:

T 12603 -2 4173 3x + L2 + (<383) + (1)

Tell pupils that any sucih sum is called a m;xr_l. omial.
Have them suggest other polynomials.

5, Have pupils consider the polynomial Lx? + 3x + 6. What is
contained in it?

a. Tt has the single variable x, which has some set as its domain.

b. It contains the numbers 4, 3, and 6. These numbers are called
the numerical coefficients of the polynomial (usually called
simply the coefficients )

c. Certain operations are used: we multiply 4 and x° and 3 and x3

we add L4x2, 3x and 6. Each of the three expressions that are
added is called a term of the polynomial. The coefficient
6 is given a special name, It is called a constant term.

d. Have pupiis examine the polynomial —2x> + éx° + 2x + 1.
They observe that this, too, contains a variable x which has
some set as its domain., It contains soms coefficients
(=2, 6, 2, 1). The variable and coefficients and terms are
combined by the operations of addition and multiplication.

e. Guide pupils to see that every polynomial (in'one variable)
has the same three characteristics: variable, coefficients,
and operations.

6. Develop with pupil the understanding that a polynomial (in x) is
an expression that can be constructed from the variable x and from
some coefficients by means of addition and multiplication.

The variable in a polynomial need not be x. For example, ky2 + 6
is a polynomial in y, and 3a2 + 2a + 5 is a polynomial in a.
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7. Guide pupils to observe the following about notation:

ae.

We usually do not write a coefficient of 1. For example,
we write l;.xz + x instead of l.xz + Ix.

b. When a term has a negative coefficient, we do not write a

plus sign to imdicate addition. Thus, instead of writing
32 + (=2)x + (<6), we write 3x2 = 2x = 6.

8. Have pupils examine the following to see if they are polynomials:

5x2 +3x = 7 This is a polynomial.
ﬁxz + % + 8 This is a polynomial.
9 This is a polynomial for the set of

polynomials is an expansion of the set
of directed numbers.

249 ' This is not a polynomial since it

X

involves division by x.

9. Develop with pupils an understanding of the degree of a polynomial.

ae

be

Have pupils consider the two polynomials:
2x2 -3x + 2
2%° = 3x + 2

Have them compare the coefficients and exponents of comparable
terms. How are they different? The first one is said to be
of degree 5, the second one,of degree 2.

Have pupils evaluate each pelynomial bjr replacing x by 3:
2}(2-3x+2=2032—3.3+2=]_'|_
o) = dx 4 2 =237 =33 +2=479

' They observe that the value of the polynomial of degree 5

Ce

is very different from that of degree 2,
Develop with pupils the understanding that the degree of a

polynomial ie the number which is the highest exponent of
the variable appearing in the polynomial.

<l
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8:? + Lx -9 is of degree 3
2y7 -8 is of degree 7
5 - 6a is of degree 1
8 is of degree O

Note: The degree of a non-zero constant polynomial is
defined to be zero.

10. Discuss with pupils the desirability of arranging the terms
in some definite order when operating with polynomials.

Consider the polynomial 3x2 + 5xb - 2:3 + 6 + x. The terms
may be rearranged in any order using the associative and
commutative principles. However, it is customary to rearrange
the terms of a polynomial in one of two ways:

ot w20 +3X° +x + 6

Have pupils look at the exponents. Reading from left to right
they are: 4, 3, 2, 1. (x! =x by definition)

Since the exponents become progressively smaller, this arrange-
ment is called "descending order."

6+ x +3x2 - 2x3 + 5

Reading from left to right, the exponents are: 1, 2, 3, 4.
(x = »L by definition) Since the exponents become progressively
larger, this arrangement is called "ascending order. "

11, Tell pupils polynomials may contain two or more variables such as:
a. Bxh + 2x3y -'%ac-zyz - ‘?,xy3 + yl*
be x+y
o X2 = y2

In a the polynomial is in descending order of exponents of x
and in ascending order of exponents of y.

12, Have pupils consider the individual terms of a polynomial
as, for example, the terms of the polynomial, 2x> + 6x2,
The individual terms,2x> and 6x%,are called monomials,

The number 2 in 2> is the coefficient of the monomial and
the 3 in 2x3 is called the exponent of the monomial, or the
exponent of x in the monomial. What is the coefficient and
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the exponent of the monomial xl‘? of the monomial -8x? Guide
pupils to see that the degree of a monomial in one variable is the
number which is its exponent.

13, Guide pupils to see that every polynomial is either a monomial or
a sum of monomials. If a polynomial is a sum of two monomials, it
is called a binomial; if it is a sum of three monomials, it is
called a trinomial.

a3 + 9 L -y are binomials
éy° + 14 - 10y is a trinomial
B. Suggested Practice
1. Which of the following are polynomials?
6x2 -5 L +§ %x -8 11
2. Write three polynomials in x; three polynomials in y.

3. Identify the various coefficients, exponents, constant tems, and
degree of each of the following:

a, 3x° + 2 + Ix d.1+a2-za+5a3 g. 6 = 3x
c.32+a2-7a f.r3-2r2-7 - i. 12

L. Arrange each polynomial in #3 in descending order and in ascending
order.

5. Evaluate the polynomial 3y2 + y = 4 for each of the following
replacenents for y:

2 0 -l 1

II. Addition of Polynomials
A, Suggested Procedure

1. Review the use of the distributive property to simplify expressions.

a. 2x+ 3x = (2 + 3)x, or 5x
52 + 2a = (5 + 2)a, or 7a
5a2b + 7ab? = (5 + 7)ab?, or 12ab?

Have pupils recognize that this results in a procedure for adding
monomials. '
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b. Does the distritutive property help us to simplify the following
. expressions:

3x + 2y
3b2 + 2
5a2b + 2ab?

Are 3x and 2y monomials in the same variable and of the same degree?

Are 3b2 and 2 monomials in the same variable and of the same degree?

Are 532b and 2ab® mor.mials with the same literal factors?

c. In addition of two (or more) monomials with the same literal factors,
the sum can be expressed as a monomial through the use of the dis-
tributive property.

d. Have pupils circle the monomials in the same variable and of the
same degree:

1) 2a 5¢ ~3a 7d 522

2) 3x%  -2x 1 5x2

3) 4 3m =5 3n°

Tell pupils the terms of an expression which have the same variables
and the same exponents for corresponding variables are called similar

- terms or like terms,

e. When possible, write a monomial for each of the following:
1) 1 + 7 3)a-6a 5) 3x°y + 8x%y
2) 13n° + &’ L) =3m + kn 6) Tx + 3x°

2. Using the Commutative, Associative and Distributive properties to add
polynomials of the first degree.

Note: Since a polynomial has been defined in terms of .a variable, with
some set as its domain, the number properties which hold for variable
expressions will hold for polynomials as well. However, -in higher
mathematics a polynomial may be regarded as a form, with x as an
arbitrary symbol to which no meaning is attached. If this meaning of

a polynomial were adopted, it would then be necessary to establish

the Comutative, Associative and Distributive properties for polynomials.
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ae (x+7)+2x=(x+2x)+7 Commutative, Associative properties
=(1+2)x+7 Distributive property

or x+7

(bx +2) + 3x + 5) = (hx + 3x) + (2 + 5) Commutative, Associative
properties

= (4 +3)x + (2+5) Distributive property
or T + 7

Have pupils observe that the sum of two polynomials in x is also
a polynomial. |

b. Have pupils check to see whether (4x + 2) + (3x + 5) and Tx + 7
name the same number when x is replaced by a particular value,
say 2.
d
(b2 +2) + (324 5)=72+7
10 + 1 2u+7
21 =21 True o
3. Using Number Properties to add polynomials of degrée greater than one.

ae (22 + Lx +3) + (3x° + 5x + 6)
=(2x° + 3x2) + (l..x.-i- 5x) + (3 + 6) Comutative, Associative properties

=(2+3% + (4L +5)x + (3 +6) Distributive property |

or5x2+9x+9

Similarly,

(l.x3-6x2+x+1)'+ (2 = 5x° + 2x = 2)

= = 25) + (=622 = 5x2) + (x + 2x) + (1 = 2) Commutative, Associative
| properties

i e S e A e e

=(4 "_2)"3 + (<6 = 5)° + (L +2)x + (1 - 2) Distributive property
or 2.x3 - l:lx2 +3x -1 |

Have pupils realize that in adding polynomiale of degree greater

than one,we combine similar temms and thereby obtain a simpler

but equivalent expression. This is accomplished by adding the
numerical coefficients of similar terms. '
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b, Have pupils realize that it may be helpful to arrange the work
vertically. For example, the sum of

3a2+l,a.+5'and 2a2+3a

may be arranged as:

(382+ha+5)+(2a2+3a) or . 3aR4La+5
= (222 + 232 232 + 3a
(3a“ + 2a<) + (ba +3a) +5 m

=52 +7 + 5

¢c. Have pupils lezarn to check the addition of polynomials by'
assigning a numerical value to the variable and evaluating the
expressions. For example,

2 Check: let a =2
3a¢ + 4a + 5 S ol + L2 + 5 = 25
22° + 3 —> el + 342 =2
582 478 +5 ——F  Seb+Te2+5=39
39 =39 True
Discuss the disadvantéges of selecting 1 or O as nmnberé for

chQCkingo
B. Suggested Practice

Add the following polynomials. Give the degree and coefficients of
each result. " |

1. (3!2+23‘+3)+(hx2+6x+1) L ('6t+h)+(2t2+8‘b-7)

2. BR =Ty +3) + G + Ty - 2) 5. (572 + 2r +12) + (<br = 3)

3, (<362 + 2b + 8) + (b2 + 5) 6. Refer to pages in various
textbooks for additional
examples.,

III, Multiplication of Polynomials
A, Suggested Proéedure
1. The product of monomials

a. Review with pupils use of the commutative and associative
principles in simplification. '
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1) 3xebx = 3elexex Commutative and Associative properties

or 12x2 (superscript Notation)'
2) 3y-2ye5xy = 3+2+5:xyoyey  Wny?
or  30xy° Why?

3) Have pupil practice multiplying monomials.

2a+2be6.ab 6r+ir.8rs

5me3nemn hx+ (<3y) +52
Have pupils consider the meaning of products such as:
a2°a = (a-é.)oa =a.aea = a3

7

x° +X2= (XeXeXoXeX) (XeX) = XeXeXoXeXeXoX = X

Guide pupils to see that in multiplying two powers of the
same base, the product has the same base. The exponent
of the product is found by adding the original exponents,

Have pupils realize that this rule of exponents applies
only when the bases of the powers are the same. It cannot
be used, for example, to write a simplification of the
product x°y< because the bases of the powers x3 and. y<
are different. This is known as the rule of exponents for
multiplication. |

Have pupils use the rule of exponents for multiplication
together with the Commutative and Associative properties
to express the product of monomials.,

1) (42)+(3xb) = 4.3 xRk Wny?

= 6 Why?
Have pupil examine la:z. Is it a monomial?
Have pupil examine 3x". Is this a monomial?

Have pupil examine the product 6. Is this a monomial?

The answer to all 3 questions is, "es."

Have pupils conclude that multiplying a monomial by a
monomial results in a monomial, |




2) (x?)(Bx)(%xz)(-Bxé) = 8-%-(—3)-x?.an?.xA

= 8x9

Have pupils notice that the product of any number of
monomials is also a monomial.

3) Have pupils consider the difference between the two
expressions:

3x2 and (3x)2

3x% = 3exeX

(3x)2= 3x.3x = 320x2 = 9x2

Have pupils note that in raising a produc£ to a power
each of the factors of the product is raised to that
power.

d. Have pupils practice multiplying monomials.

1) (3x2)(7:3) 5) (<3x) (=5:%) (8x°)
2) (~20xk)(6x) 6) (hx)?
3) (<10y7)(-6y3) 7) (hxy)?
1) (5a) () 8) (-3b)

2. The product of polynomials by monomials

a. Have pupils examine the diagram at
the right. They should notice that
the area of the large rectangle
(A3) equals the sum of the areas of 2x

rectangles A, and Ap,or Ag = AjHh,,

Rectangle

b. Have them consider each of the
smaller rectangles separately
and find the area of each.

Ay = (5%)(2x) = 10x° o A

- T T T

[

A2=702x = 1hx

5x 7
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The pupils now find the area of tre large rectangle by
adding the areas of the other two rectangles.

Ay =Ap + Ay =108 + Ux

Have pupils express the area of
the large rectangle (A3) in

terms of its dimensions.

A3 = 1w 2x
Ay = (547)(26) = (2x) (5x47)
5x + 7
Rectangle
As

Have pupils discuss (2x)(5x+7) and decide which property may
be applied to polynomials to find an equivalent expression.

It is the distributive property of multiplication over addition.

(2x) (5x+7)=(2x) (5x) + (2x)(7) = 10x* + lix Distributive property
They should check this with the area found in 2-c.

Have pupils substitute numerical values for x in (2x)(5x+7 )=10x2+1z,x.
For the domain of x use {2, 3}. (Also substitute values of x in

Ay, A,, and A3)

Have pupils determine whether or not true statements result.
After several similar examples, have pupils realize that to
multiply a binomial by a monomial, we use the distributive
property: we multiply each term of the binomial by the
monomial and add these products,

Use a procedure similar to 2a-2g to have pupils learn to find
the product of a monomial and any polynomial. '

Have pupils practice finding products such as:

1) 2(5x + 4) L) =3x(2 - x) 7) <777 (252 + 3y)
2) —3(2a +1) 5) x%(7x = .4) 8) —2(a2 =22 + a)
3) 5x(x2 +y) 6). 5x3(2 - Lxy) 9) b(6b2 + 4b - 8)
10) =3 (- 11x + 6)
=102~
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Huve pupils practice solving equations such as:

1) 2x + 3(x + 2) = 16 L) 2y + 5(3 = y) =45
2) 4n + 3(n - 1) =18 5) (2x +4)+3(x=~-1)=11
3) =2a + 5(a +1) =20 6) 10(x = 2) + 4(2x = 1) =12

Have pupils practice solving problems such as the following by
representing each answer as a polynomial or as & directed number.

1) If x represents the length of a certain rectangle and if
2x + 7 represents its width, how would you represent its area?

2) A man drove for 3 hours at (x + 30) miles per hour, then at
(x + 40) miles per hour for 6 hours. Represent the total
distance traveled.

' 3) An automobile traveled at x miles per hour for 5 hours, then

at (x + 15) miles per hour for 2 hours. It traveled a total
distance of 310 miles. What was its rate during the five-hour
period? the two-hour period?

L) Mary earned y dollars on each of three days and (y - 1)
dollars on each of the following two days. How would you
represent her total earnings? |

5) In the preceding problem, if Mary's earnings total $23, what
were her daily earnings?

3, The product of two binomials

a. Have pupils examine the diagram

at the right. They should

notice that the area of the i
large rectangle (Ag) equals A, | A,
the sum of the areas of f
rectangles Al, A2,A3and Ah' -.....;...__. _.;_._;..-_
3 .
1
2x + 3
Rectangle A

5
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b. Have them consider the smaller
rectangles separately and find
the area of each.

c. The pupils now find the area of the large rectangle.

A <A +A +4A +A
5 1 2 3 b

=2x° +3x +4x +6

=2 + Tx +6

4. Have pupils éxpress the area of the large rectangle in terms of its
dimensions.

a=1lw

= (2x +3) (x +2)

e. Have pupils discuss (2x+3)(x+2) and decide which property may be
applied to polynomials to find an equivalent expression. By first
treating 2x + 3 as a number by which the binomial x + 2 is multiplied,

we obtain:

(2x43) (xc+2) = (2x43)(x) + (2x+3)2 Distributive property
=2x% + 3x + 4x + 6 Why?
=2x° +7x + 6 Why?

Have pupils check this with the area found in 3-c.

f. Have pupils illustrate geometrically the product (x+2)(x+3) and find
an equivalent expression for the product.

g. Have pupils multiply using the associative and dlstributive propertles
as reasons.

=10/~
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Sample: (x+2)(x-1)

Expression Reasons
1) () (x=1) = (x+2 ):é + (x+2)(-1) Why?
2) =x* +2x =% =2 Why?
3) =x2+ (2x =x) =2 Why?
L) =%+ (2-1)x-2 Why?
5) =x2 +x-2

Have pupils realize that the distributive property of multiplica-

" tion over addition is used several times to find a single poly-

h,

i.

nomial that is the product of two binomials.

Have pupils decide wheth;g or not the binomials (x+2)(x-1) would
yield the same product, x* + x = 2, as (x-1)(x+2). Check by
carrying out the multiplication.

Have pupils learn to multiply the binomials when they are in a
vertical arrangement,

1) From 3-e, (2x#3)(x+2) =2x° + Tx + 6
2) Have pupils let x = 10 and examine the following:
If x =10, 2x +3 =23, x + 2 = 12, and 2x° + Tx + 6 = 276

23 = 20 + 3 = 2(10) + 3

x 12 = x10 + 2 = x 10 +2

(2x23) L6 4O + 6 4,{10) + 6
(1ox23) _23 200+ 30 10)(10) + 0

276 200+ 70 + 6 2 + 106+ 7(10) + 6

3) Now have pupils follow the pattern in j-2) and multiply the
binomials from right to left:

2x + 3
x + 2
Ix + 6 2(2x+3)

2x*  43x x(2x + 3)
2x2 +7x + 6

=105-
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L) Tell pupils that in multiplication of binomials it is customary
to proceed from left to right.

2x + 3

x+2

22 + 3x x(2x + 3)
+hx +6 2(x+3)

2_;2+7x+6

Have pupils practice multiplication of binomials. Use both
horizontal and vertical form. Have them check the accuracy
of the multiplication by evaluating the factors and their
product, using any numbers except O and 1.

Guide pupils to see that multiplying two binomials will result
in four partial products. Since similar terms may be combined,
the final product may contain fewer than four terms.

Have pupils realize that we use a similar procedure to multiply
polynomials which contain three or more terms. They should
realize that the number of temms in the multiplicand times the
number of terms in the multiplier detemmines the number of
partial products. For example, how many partial products are

there when the multiplicand is x° + 3x + 5 and the multiplier
is x + 5%

Have pupils try various examples so that they will discover:
1) The product of two monomials is a monomial.
2) The product of a monomial and a binomial is a binomial.

3) The product of two binomials containing similar terms is
generally a trinomial.

(2x +3)(x +2) =22 + Tx + 6

Have them try to find a case in which the product of two
binomials is a polynomial of four terms.

Have them try to find a casé in which the producb of two
binomials is a binomial.

Have pupils realize the product of any two polynomials is a
polynomial.
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B. Suggested Practice

Express the product in each case as a monomial.

1. (3x)(7x) 6. (562) %) (-28)
2. (2x)(53) 7. (2x7)(5%)

3. (3x2)(7x3) 8. (.52%b)(2t°)
be (-ky)(75%)(3) 9. (=72)(2y)(=3y)
5. (%x)(-l.x“)(x) 10. (2r)® 3r)

Have pupils perform the following multiplication. (I1lustrete
examples 11 and 12 geometrically.)

11. (4a +6)(3a) 15. %) Gx - 1)

12. (6b +7)(3b) | 16. (.7)(2b + .3)

13. (5y)(éy - 3) 17. (x)(4x - 6)

. (-3a)(2a + 3) 18. Refer to textbook for

additional practice.

Multiply the following polynomials using the horizontal form.
Give a reason for each step.

19. (x +3)(x +4) 23. (x +5)(x - 2)

20, (x = 2)(x + 6) 2., Illustrate geometrically and
then express the area of a

21, (2a - 1)(a = 2) rectangle whose dimensions

are (x + 5) and (x = 2).

22, (3y +2)(y - 1) | |

25. Check examples 19 and 20 by
substituting 3 for x.




Muitiply vertically:

26, (a +3)(a - 2) 31. (a +3)(a - 3)
27, (x +5)(x - 3) 32, (° = 3x+1)(x+7)
28, (2y +3)(3y = 7) 33. (322 + 2) (o2 = 3)
29. (3m - 8)(2n - 6) 34, (a + b)(a + b)
30, (3x = 7)(kx + .3) 35. (¢ +d)(c = d)

36, (m + 3n)(m + n)

OPTIONAL

Use the properties of numbers to prove that each of the following
is a true statement for all values of the variable,

37. (a +b)(c +d) =ac + bc +ad + bd
38. (x +y)(x +y) =x° + 2x7 +y2
39. (x+y)(x-y)=x2_y2

IV. Subtracting a Polynomial from a Polynomial
A. Suggested Procedure
1. Review the uses of the "=" gign.

a. Signed or directed number: A

b. Sign of the binary operation of
subtraction: (8) - (5) = 3.

c. Indicating additive inverse or opposite (or negative of)

Have pupils recall that the sum of a number and its additive
inverse (opposite) is zero.

Thue, the additive inverse of 3 is =3 because their sum is zero.
«(=3) = ? «=(=3) means additive inverse of =3 which is 3,




2. Meaning of additive inverse of a polynomial

a. Have pupils review that subtraction of a number is performed
by the addition of its additive inverse, .

(+6) = (+2) = (+6) + (=2) since =2 is opposite of +2
(+3) = (=4) = (43) + (+4) since #, is opposite of =4
Thus, for any number @ and b, a = b=a + (-b).

The opposite of b is (~b) where b may be positive,negative, or
ZeIo.

b. Have pupils consider what we shall mean by subtracting poly-
nomials.

Note: Since the set of polynomials is an expansion of the set
of signed numbers, we would like the meaning of subtraction
of polynomials to parallel the meaning of subtraction of
signed numbers. Therefore, let's agree that subtracting a

polynomial shall mean adding its additive inverse.

Ce Findj.ng the additive inverse of any polynomial

1) Have pupils realize we need to lknow how to find the additive
inverse of a polynomial. Does every polynomial in the set
of polynomials have an additive inverse? For example,
can we find a polynomial and add it to i4x and get a sum
of zero?

Guide pupils to see that
bx + (=hx)
= (4= 4)x (Distritutive property)
=0x=0 (lhtltiplicative property of .0)
Then Lx and =4X are additi_ve inverses.

Have pupils practice finding the additive inverse of each
of the following: ‘

7 6a | 2x° -55%

The additive inverse of a term of a polynomial is another
term such that their sum is zero. Pupils should realize
that to find the additive inverse of a term, the coefficient
of the term is replaced by its additive inverse. '

=109~




2) Have pupils observe that in the same way:
(2x + 5) + (=2x = 5)
=(2x - 2x) + (5 - 5)  Why?

=2 «2)x+ (5=~ 5) Why?
=0

Then 2x + 5 and =2x = 5 are additive inverses.
(~ky® + 3y) + (4y® = 3y)

= (~4y? + 132)+ Gy - 3y)

=4 + 4)y° + (3 -3)

=0 .

Then -4y2 + 3y and hyz -~ 3y are additive inverses

(332 - 5a + 2) + (=322 + 53 = 2)
=(3a2 ~ 3a2) + (=5a + 5a) + (2 = 2)
=(3 = 3)a% + (=5 + 5)a + (2 ~ 2)

= 0

Then 3a2 - 53 4+ 2 and --3a2 + 52 = 2 are additive inverses.

The additive inverse of a polynomial is another polynomial
each of whose terms is the additive inverse of the corres—
ponding term of the original polynomial,

Have pupils realize that to find the additive inverse of
any polynomial, we replace each coefficient by the additive
inverse of the coefficient.

Have pupils practice finding the additive inverse of each
of the following:

7% + 5 ~6c + 4d 3b2 + b - 2 -3x° - 12x - 1

=110




3) Have pupils recall that the additive inverse of a number
may be indicated by writing a "=" in front of the number,
The additive inverse of a polynomial may be indicated
in the same way.

Polynomial Its Additive Inverse
3x - 2 («3x + 2) or =(3x = 2) -
10%° - 5x + 3 (-10x2 + 5x = 3) or -(10x* = 5x 43)

Have pupils realize that whereas a polynomial has only one
additive inverse, this inverse can be written in more than
one way. Sometimes it is more convenient to have the in-
verse written in one way, sometimes in another.

3, Subtracting a polynomial
a. Guide pupils te subtract a polynomial from a polynomial, as

follows:

1) (x +7) = (hx = 2) = (5x +7) + (<bx +2) Why?
= (5% = bx) + (7 + 2) Why? 1
ex+9 Why?

2) (2 + 7x - 8) = (6% - &x =5) = (= + 7x - 8) + (-6x° + 8x + 5)
= (22 - 6x2) + (Tx + &) + (=8 + 5)
= —lx? + 15x - 3
3) (ka® - 38 +2) - (2a2+7)=(h32-33+2)+(-2a2-7)
= (1% - 2%) 23 + (2-7)
=28° = 38 = 5

b, Have pupils perform the following subtractions.

1) (3a = 2) - (4a + 3) 5) (3ab® La%b + 6ab)-(7ab>= 2a%b + 6ab)
2) (6b +3) = (5b = 7) 6) (lxX? - 2xy +17) = 32 = 9)

3) (4x? - 3y) - (7x% + 3y) 7) (50312 = 7022 + 3ab)-(4ab + 6at? - 7)
L) (2% - kx) - (3x%y - &)




¢. Subtracting polynomials in vertical arrangement.

1) Have pupils subtract 2::2 - 3x from 4x? + 5x

2) Have them rearrange their example as follows:

Horizontal Form Vertical Form
(sz + 5x) - (2x2 - 3x) Subtract: l..xz + 5x
g;;z - 3x
The vertical form
Subtract Add
b+ 5x Lx® + 5x
becomes
2x% - 3x - 232 + 3x
2x° + &x

3) Have pupils check this example by substituting a numerical
value for x in the minuend, subtrahend, and difference.

For example, when x = 2

4(2)° + 5(2) = 4(4) + 10 = 26 Minuend

222 - 3(2) =2(4) = 6 =_2 Subtrahend

2(2)2 + 8(2) = 2(L) + 16 £ 2, Difference

?

8 +16 =24
24 = 24 True

l,) Have pupils also check by adding the difference and the
subtrahend to see whether the sum is the same as the minuend,

2
Add 2x = 3x Subtrahend

22 + 8x Difference
Lx? + 5% Minuend

5) Have pupils practice subtracting the following polynomials
vertically. Check each example in two ways.

a)3a+b b) =he + 7d Co 6b% = 8 d) 3x° - hx = 2
2a+hb =3¢ = L 4b° + 6c 222 - Lx + 9

e) From the sum of (3x2 + 2x) and (2x2 - 3x) subtract (6::2 - x)

f) Other examples frcm textbook.




B. Suggested Practice

1. What is the additive inverse (opposite) of each of the following?

2.

ko
56

10.

12,

a. =3x d. 6x* = 17

b, 25° o. 82 - 12 - &2

ce 3y = & f.6x2-3x+h

6x = (2x) = ? 6. (8a% - 72) = (=3a)=7?
2 - (=3n2) = ? 7. (2% = x) - (3xR) =17
~lx - (-8x) =7 8. (dy2 +4y) - (By)=7?
(7x + 2x) = bx = 7 9. (652 - 12) - (35°)="?

Do in horizontal form:

a. What must be added to 3x° — 2x to give 5x° - 3x?

b. Subtract 3x° - kx from Ax? - 3x.

c. From 2a®% - 3a + 4 subtract 232 - 2a - 3.
d. Subtract 2x° - 3x + 4 from 2x - 1.

e. Subtract 3x° = 2x + 2 from 4x? = x + 2.
£. Subtract 562 + Tb from 9b° - 8b.

g. Select other examples from textbook.

Do in vertical form:

Check by evaluation: x =2, a = 3, b=4, c =5

Subtract Subtract
a..l.xz-Bx b.'3x2--7x-h
2x2 + 5x 31;2 -3x+3

Other examples from textbook.

Subtract
¢, 8a = 6b - 2¢

=3a + 6b = 2¢




13, Solve each of the equations:
a. bx = (x+2) =10
b. 8r - (6r + 5) =7
c. 5x = (2x = 6) = 20
de 3y = (4 = 2y) =21
ee X = (4 = x) =1,6
£f. (6x +3) - (3x +5) =13
ge (Ra +6)-(a-7)=10
h. (%x-.Z) - (%x+ 5) =1




CHAPTER VI

EQUATIONS AND INEQUALITIES

In this chapter are contained suggested procedures for help-
ing pupils develop understanding and facility in solving equations
which have the variable in both members, and in applying this skill
to the solution of verbal problems. Here, too, are presented
suggestions for developing pupil understanding and ability in the
solution of literal equations and simple inequalities.

I. Equations with Variables on Both Sides of the Equal Sign
A. Suggested Procedure

1. Have pupils solve equations with variables on both sides of
the equals sign by trial and error.

a. Pose problem:

If three times a number is increased by four, the result is the
same as the original number increased by sixteen.

b. Have pupils translate the English sentence into a mathematical
sentence. If n represents the number, 3n + 4 =n + 16.

c¢. The pupils should realize that 3n +4 =n+ 16 {the domain of n
is the set of signed numbers) is an open sentence.

Review meaning of open sentence. Have them notice that in this
case the variable appears in both the left and right members
of the equation. Have them select numbers from the domain and
try to discover the value of n which makes the sentence true
(if such a value exists).

d. Have the pupils try to solve other equations with variables on
both sides by trying to discover the value of the variable
which makes the sentences true.

2. Have pupils realize that a more systematic procedure is needed to
solve equations having the variable in both members.

a., Have pupils recall the use of the additive and multiplicative

jnverses in transforming an equation such as 3x + 5 = 17 to simpler
equivalent equations.
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3+ 5=17
3x + 5+ (=5) = 17 + (=5)

3x =12
1 R 8
xXrRBr 4 L is a root of x =4

Check to show that 4 is also a root of 3x + 5 = 17
b. Have pupils try to discover whether the principles used in 2a
will be helpful in obtaining simpler equations equivalent to
3n+ 4 =n + 16,
c. The discoveries of the pupils should lead to the following form?
3n+ L=n+16
3n+4+ (=4) =n+16 + (-4) Addition principle
3n =n + 12 Why?

3n + (=n)=n + 12 + (-n) Addition principle

2n =12 Why?
3(2n)= 1 (12) Multiplication principle
n=56 Why?

Have pupils check to see that 6 is a root of the equation 3n + 4 = n + 16
and that 6 satisfies the conditions of the given problem.

Have pupils realize that it would be perfectly correct to add -n to each
member as the first step in obtaining an equivalent equation with the
variable in only one member.

B. Suggested Practice

Solve each of the following equations:

l. 9x =3x + 18 7.2.x+2'=1+x
2. 3a +18 = 6a v8.3x-h=11-21:
3. 3n+6=2n+10 9.3x + 5="Tx+ 33
Le 2 +5b=14b +8 10. 2(2y = 4) =y
5.2+ .5=25+y 1. 4x = 2(x = 4)
6. .1+ Tm= .25+ 6m 12, 27 = 4b =15 + 3b

=1l6=




13, 2(x + 3) = 3(x = 2) 17. x = 2(90 = x)

1, 50 = ¢3 = 1.8 = 2r 18. 3(3x + 1) = 4(2x + 2)
15, 25x = 90 + 5x 19. %"(y- 10) +16=§y+12
16, 1 +3x=x+3% 20. 2x = L{x + 2) = 5(x + 4)

Note: 1. When pupils show understanding of the "proof" in 2-c, the
arrangement of work may be condensed as follows:

3n+4=n+16

3n =n+12
2n = 12
n = 6
Check: 3(6) + 4 = (6) + 16
22 = 22 True

2. When using condensed form for solving an egatuion, occasionally
have pupils state how they arrive at each equivalent equation
and the justification therefor. |

II, Verbal Problems
A, Suggested Procedure |

1. Solve: Nine more than twice a number is the same as six times the
number decreased by three.

Solution: let x = the number
then, 2x + 9 = nine more than twice the number

and 6x = 3 = six times the number decreased by 3

then, 2x + 9 =6x - 3

2x +12 = bx
12 = 4x
3 =x The number is 3.

Check results with conditions in the problem.

If the number is 3, then nine more than twice the number is
2x3+9or 15. This is the same as six times the number de-

creased by three, that is, 6 x 3 = 3 or 15.
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2.

3.

Solve: A dealer has 10 radios on sale. Some of these radios were
sold for $25 each and the remainder for $20 each. The total sales
value of the $25 radios exceeded the total sales value of the
$20 radios by $160. How many redios were sold at each price?

Solution: let n = number of radios on sale at $25

then 10-n= number of radios on sale at $20
25n = sales value of all radios sold at $25 each
20(10 - n) = sales value of all radios sold at $20 each
then 25n = 20 (10 - n) + 160 (equation)
25n = 200 = 20n + 160

L5n = 360
n=28 8 radios sold at $25 each
10 = n= 2 radios sold at $20 each

Check results with conditions of the problem,

If 8 radios sold at $25 each, their total sales value is $200.
If 2 radios sold at $20 each, their total sales value is $.0.
It is true that $200 exceeds $40 by $160.

In the figure at the right, the length

of the rectangle is five times the

width, x

If the length is decreased by L, ‘ 5x

and the width increased by an equal
amount, the figure becomes a square. |
Find the dimensions of the rectangle.

Solution: Llet x = width of the rectangle

then, 5X = length of the rectangle

and, x + ‘4

X + 4 = the length of one side
of the square

oX = L4 = the length of an adjacent
‘side of the square

Since all sides of a square are equal, we write

x+4=5x-4
Then, 8 = Ix Why?
2=x :
10 = 5x Dimensions of the rectangle are:
| Width = 2; Length = 10

5x = 4
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rheck, using the conditions stated in the problem.

The length, 10, of the rectangle is 5 times the width, 2.

If the length is decreased by L, we have 10 - L or 6.

If the width is increased by 4, we have 2 + 4 or 6.

The resulting figure is a square.

Solve: A freight train starts out at 12 noon and is followed at
1 p.m. by a passenger train which goes 6 mph faster. If the

passenger train overtakes the freight train at 5 p.m. find the
rates of the two trains.

Solution: Let x = rate of freight train in mph

x + 6 = rate of passenger train in mph
Have pupils organize the facts in table form:

Rate X Time = Distance

(in mgl_m_) (in hours) (in miles)

Freight train X 5 >
- Passenger train x + 6 1 L L(x + 6)

Have pupils draw a distance diagram:

12 Noon bx _‘} Freight train
1 p.m. Lix +6) > Passenger train

Since each train covered the same distance, we have

5x = Lix + 6)

5x = 4x + 24 (Why?)

x =24 (Why?.) The rate of the freight trein is 24 mph.
x+ 6 =230 The rate of the passenger train is 30 mph.

Check results with conditions in the problem.
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B. Suggested Practice

1, If I subtract 15 from six times a certain number, the result will be

three times the number. Find the number

2. Four times a certain number when increased by three is equal to three
times the number increased by five. Find the number.

3. John is now twice as old as Peggy. Ten years ago, John was four times
as old as Peggy. What is the present age of each person?

L. Michael is 2 years older than Barry. Twelve years ago Michael was
twice as old as Barry. Find their ages.

5. Train A leaves a station at a certain speed and travels for three
hours. Train B leaves the same station one hour later, traveling
at a rate 20 mph faster but in the opposite direction, for two hours.
Upon arrival at their respective destinations, the trains have
traveled the same distance. Find the rate at which each train
has traveled. |

6. Car C arrives at a destination after traveling for four hours at a
constant speed. Car D leaves two hours later, traveling at a rate
20 mph. faster than Car C. How fast was each car traveling, if, at
the end of two hours, Car D is still 6 miles from the destination.

7. Two angles whose sum is 90° are said 4o be complementary. If one
of the two complementary angles is 30  more than twice the other,
how many degrees are there in each angle?

8. George invested $500 in two parts. One part is invested at 6% and
the second part at 2%¢. If the interest on the part invested at 6%
exceeds the interest on the part invested at 2% by $14, find how
much money was invested at each rate(interest per year).

9. A man invested $h,200ﬁ part at 5% and the remainder at 4%. The
annual interest on the money invested at 5% is $24 less than the
annual interest earned on the money invested at 4%. Find how much
money the man invested at each rate, -

10, Mr. Jones made a mixture of 100 pounds of candies. Some of the
candy was worth 80¢ per pound and some was worth 60¢ per pound.
The value of the 80¢ candy in the mixture exceeds the value of the
60¢ candy in the mixture by $45. How many pounds of each kind of
candy went into the mixture?




1.

If, in a square, one side is increased by 16, the new figure
has a length 8 inches greater than twice the side of the
original square. Find the length of a side of the original
square. :

If, in a square, one side is increased by 6 and the adjacent
side decreased by 3, the newly formed rectangle has a length
which is 4 more than twice its width. Find the length of a
side of the original square.

A dealer blends 100 pounds of coffee using coffees worth 80¢
and 4O¢ per pound. If the total value of the 4O¢ coffee is

twice the total value of the 80¢ coffee, how many pounds of

each kind of coffee were blended in the mixture?

III, Formulas

Note:

Equations cortaining more than one variable occur frequently

in algebra as well as in the application of mathematics to science
and business.

A. Suggested Procedure for Formulas Having Two Variables

1.

If the equipment can be obtained, the teacher can have the pupils
assist in performing the following simple experiment:

Attach a series of graduated weights to a spring and measure and
record the corresponding stretches in the spring. Thus, when
there is no weight attached to it, the spring reaches a point
that we let correspond to zero. When a weight is attached, the
spring stretches, and the distance it stretches may be measured
using an appropriate vertical scale. A table such as the follow=-
ing can be constructed:

Wﬁ(weight in pounds or grams) |0]1]2(5]4] 5]
S (stretch in inches or centimeters) 0| 2| 4] 6] 8[10]

Have pupils examine this data in search of a pattern. They should

2.

be able to reach the generalization that the number of inches (S)
that the spring stretches is equal to twice the number of pounds (w)
in the weight attached to the spring. (Since different springs and
weights may be used, the coefficient may be different. However,

the relationship will always be of the first degree.) Have pupils
express this relationshir mathematically as: S =2W

Pose question: How does this equation differ from those which have
been studied previously?

Elicit: This equation has two variables, one of which is expressed
in terms of the other.




3.

Le

Se

7.

Have pupils suggest at random possible values for S and W.
Substitute these pairs of values to determine whether the
statement which results is true or false. Since in some
cases a false statement will result, pupils conclude that

S = 2W is like an open sentence ju that it is true for
certain selections of S and W ard not true for others. Thus,
S =2Wis true if Wis 3 and S is 6, but false if W is 3 and
S is 80 ‘

Discuss the solution set of S = 2W. Have pupils observe that
the solution set consists of elements which are pairs of numbers
such that the value for S is always twice the value for W.

For exai:ple, (1,2), (2,4), (4,8) are elements of the solution
set where the first number of the pair indicates a number of
pounds and the second number indicates a number of inches.

Discuss the domain of W from the standpoint of meaningful
replacements for W. Guide pupils to see that it is reasonable
to limit the replacement set for W to non-negative numbers
(positive numbers and zero). Suppose, too, the spring cannot
withstand a weight of more than 10 pounds. Then it would be
meaningless to state that the number pair (11,22) is an element
of the solution set.

Have pupils consider that sometimes we would like to know what
weight will produce a certain stretch. What weight must be used
to obtain a stretch of 2 inches, 3 inches, 5 inches, 8 inches?
Have them realize that we divide the given value of S by 2 to
obtain the corresponding value for W.

That is, W=-§:

Guide pupils to see that in S = 2W, S is expressed in terms of W,
but in W = g, W is expressed in terms of S. The latter arrangement
of the formula is called the solution of the equation S = 2W fo

Solving an equation for one variable in terms of the other is a
convenient way of determining the value of that variable whe
values of the other are given. '

Have pupils realize that since formulas are equations, the rules
for solving equations may be applied to the solution of formulas.
In applying these rules, it may be helpful at first to have pupils
replace the variables other than the one to be solved for by any
numberals other than O, The form of the equation then becomes

recognizable. Example: Solve p = 4s for s.
52 p is replaced by 8, we have 8 = 4s which is solved by using
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the division (or multiplication by reciprocal) principle.
Then dividing both members of p = 4s by A4: % S

B. Suggested Practice
Solve for the variable which is underlined.

l.d=2p (Diameter of a circle)

2, I=,06P (Interest for 1 year at 6% on P dollars)

3, F=6a (Force = mass times acceleretion where the mass is 6)
Le PU=6 (Boyle's law. P and V must be positive)

C. Suggested Procedure for Formulas with More Than 2 Variables

1. Follow the procedure suggested in III-A and discuss the meaning of
the variables whose possible values have limitations. For example,

a, I=PRT
R - often has statutory limitations
P - discuss F.D.I.C. limitation of $15,000 on deposits

T - pension systems limit number of years for which interest is
paid to one who has resigned

b. ETX .08 (Charles Iaw)

T, temperature, must be positive (measured on the absolute scale)
P, pressure, must be positive
V, volume, must be positive
2. Solve p = 22' + 2w for w.
If we replace the other letters (p and 2) by any numerals other than
0, say by 24 and 3, we hove 2, = 6 + 2w (a form recognizable by
the pupils).

Subtracting 2 (or adding the additive inverse of 2 ) from both
members: p = 2A = 2W.

Dividing both members by 2 (or multiplying by the reciprocal of 2):
-2 =W ‘
5 .
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3. Have pupils solve in similar fashion for the underlined variable
in equations such as:

1) A =2—W (Area of a rectangle)

2) p=2a+b (Perimeter of an isosceles triangle)
3) V= '3"_l§h | (Volume of a cone)

LYE=R] (Ohm's Law)

Note: When dividing by a variable, zero must be excluded from its
domain.,

D. Suggested Practice

Solve for underlined variable. Discuss the meaning of each of the variables.

2. d=rt 7. V = | uh
3, I=PRT 8. V=TTr*h
Le p=a+b+c 9.s=§_a_t2

=2 L _ 2
5. p=2L+2w 10. H = vt - 16t

IV. Inequalities
A. Suggested Procedure

1. Review meaning of statements of inequalities; symbols #,< , >
~ open sentences expressing inequalities; order on a number line,
(See Mathematics Grade 8, Curriculum Bulletin #, Series 1961-62,
pages 62-64, 130-140, 156-157).

2. Review graph of equation in one variable on a number line.

a., Have pupils solve: x + 7 = 12 where the domain of x is
{1, 2y 35 by 5¢. Solution set of x +7=121is 5 .

b. The graph of the solution set is | Lt 1
the point corrdsponding to its only l 2 3 4 ?
member, 5.

Note: The graph of the solution set is also called the graph
of the equation.,

3. Have pupils graph inequalities in one variable on a number line.

a. Have them solve: x > 2 where the domain of x is{l, 2y, 3, 4, 5 }.
Solution set is{ 3, by 5}.

12}~




b. The graph of the inequality is the L1
greph of its sclution set. 1 2 f t t
The graph of x> 2 for the indicated
domain appears at the right.

c. Solve and graph: x<2 when the domain is ‘gsigned numbers };

the pupils should realize that 2 is not the solution stt.
The solution set isﬂ{aall signed numbers less than 2 Js .

The graph of this solution set is

| 1
-3 =2 =1 0 1 3 4
This is also called the graph of the inequality x < 2.

Note: 1. The "open circle" at 2 indicates that 2 is not a member
of the solution set.

2. The heavy arrow extending to the left indicates the
graph extends indefinitely in that direction.

d. By testing various elements of the replacement set for x,
have pupils solve and then graph several inequalities such as:

1) x >5 3) x+2>4
2) x>0 L) x+1 =3

The domain of x in each case is the set of signed numbers.

I, Have pupils learn the meaning of the symbols: " <"and 2"

a. Pose problem:

To vote in New York State, one condition a citizen must meet
is that he or she must be 21 years or older. How would you
represent this condition with the use of algebraic symbols?

If a represents the number of years in the age, then
1) a=21

or Why are the two sentences needed?
2)a>21

b. If the two sentences, a = 21 or a > 21 are graphed on the same
number line, the condition for woting may be shown graphically:




Ce

d.

1) Sentence 1) a = 21

2) Sentence 2) a > 21

0
N | g ! l A! —
3) Combining 1) and 2) o 7 L

Then the graph of a = 21 or a 2 21 consists of the point
~which corresponds to 21 and also all points to the right.

L) Have pupil select any number associated with any point
of the graph and check to see if this number satisfies
the condition for voting. For example s point A has the
number 42 associated with it. 42 satisfies the condition.

Tell pupils that the sentence a = 21 or a > 21 is conventionally
written a 2 21 (read "a is greater than or equal to 21"),

Similarly, the symbol < can be used to express the following
statement: The speed limit on the New York State Thruway is
60 mph.

If s = the speed of a car in mph

1) s = 60 is legal

2) 8 < 60 is legal
3) Statements 1) and 2) can be combined s < 60,

Have pupils graph sentences 1), 2) and 3).
Suggested Practice
1) Express each of the following as a mathematical sentence:

a) n is greater than or equal to 5.
b) y is less than or equal to 2.

2) Suppose a represents any number in the set of integers.
Name two replacements for a that will make the sentence
a< 6 true.

Name one replacement that will make it false,

3) What is the meanisg of m< 35, where m is the greatest
number of pupils pemitted in the mathamatics club?

L) Graph the components of m S 35 m=350rm < 35), then
drew the graph of m< 35.
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5. The meaning of combined inequalities such as 2 < x < k.

] | [
a. The graph of 2¢ x is -1 0 1 g ? L 5!

|
b. The graph of x< 4 1is i--:I. 0O 1 2 3 % 5

c. Have pupils suggest
numbers which satisfy
both inequalities, for
example, 3, 2%, 2%, etc.

Have them locate these
numbers on a number line
where x satisfies both
conditions.

|
|
|
t
|
I
l
a

!
] .
(@]
-
WI

Then the graph of 2 x and x{ L consists of all the points
between the points which correspond to 2 and 4. The points
corresponding to 2 and 4 sre excluded.,

d. Have pupils see that 24 x and x < L may be written as 2< x< b
and may be read "x is greater than 2 and less than 4."

e. Suggested Practice
1) Combine 3< m and m& 8 into one expression.

2) What is the meaning of =5 y < 2? Graph the two parts of
-5 ¥y< 2. Graph =54 7< 2.

3) Draw the graph of 0 m £ 6. Discuss the values of m that
satisfy this inequality. ‘

f. Have pupils consider the meaning of 1 S m Sh.

' . | |
1) The graph of 1<mis =2 Tt & 5 -
2) The graph of mSh is ‘-ﬁ -t Wl £l>

3) 'Ihegra.phof 15m_<_l+ is
L L
R t_ﬂ"i_f 5 6

Tt consists of the points which correspond to 1 and 4 and also
all the points between these points.

g. Suggested Practice
1) What is the meaning of -3_<_ mS_ 0? Draw the graph of -3_<_ m SO.
-127=
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2) What is the meaning of 2_<_ 3 S 9? Draw its graph.

3) Which two sentences form the sirgle sentence:. =4 ¢ k S_h?
Draw the graphs of the individual sentences.
Draw the graph of =4 < k< 4.,

L,) Write in mathematical symbols:
b is greater than or equal to a and less than e¢.

5) OPTIONAL
What is the meaning of each of the following inequalities?
a)lxI< +5  (means -5 x< +5)
b)x|> +5 (means x 2 + 5 or x< =5)

Draw the graphs of each of the above.

6. Inequalities related to equations

a,.

be

Ce

Review meaning of inequality by
reference to order on the number p
111'130 O

L
L 5

| L1
1 2 3
4 > 1 because 4 is to the right

of 1 on the number line.

4> 1 means the same as 1 { 4.

Have pupils consider 1 < 4. Which is the smller number? (1)

What must be added to the smaller number to make it equal to the
larger number? (3)

Therefore, 1 « 3 = Le

In 0 <4, what must be added to O to make it equal to 47

In -3 < =2, what must be added to =3 to make it equal to =27

Do you think it is always possible to find a number that can be
added to the smaller number to yield a number that will be equal

to the larger number?

What can you say about the sign of that number that is added to

‘the smaller number in each case? (It is positive.)

Have pupils consider the inequality x y. If the numbers x and
Y are represented by points on the number line, then the point
representing y lies to the right of the one representing x.

X---=->y
ot
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1) For each pair of numbers, determine their order and find
the positive number p which when added to the smaller gives
the larger:

a) =15 and =2l c) %and 1%
b) 1 % and% » d) =.3 and .05
2) Use a + b = ¢ where a and b are positive numbers to suggest

two true sentences involving " ¢ ", relating pairs of
the numbers. (a g ¢; b ¢).

Can we conclude that a b?
7. Principles (postulates) for operating on inequalities
a. Review with pupils the meaning of equivalent equations, i.e.,

two equations are called equivalent if they have the same
solution set.

How can we get from x to y? (We move to the right.) This |
means that y can be obtained by adding some positive number
to x, since a move to the right on the line corresponds to
the addition of a positive number, '

| Have pupils realize that this gives us a way of defining
the relation "greater than" and "less than" in terms of an

; equation.
1) If x¢ y, there is a positive number p such that x + p =y.
2) If x >y, there is a positive number p such that x =y + p.

: These are sumarized: There is a positive number, p, which
when added to the smaller number will make it equal the
larger number.
d. Suggested Practice '

Thus, 2x + 5 =17 and x = 6 are equivalent equations. The
latter equation is one whose solution is obvious.

b. Have pupils understand the meaning of equivalent inequalities.

1) Consider the inequality x + 5< 9. What is its solution set?
Certainly, 4 cannot be a solution, since 4 + 5 equals 9.
Nor can any number greater than 4 be a solution, since the
sum of that number and 5 would be greater than 9.

However, every number less than 4 is a soluticn, since the
sum of such a number and 5 is bound to be less than 9. For
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example, statements gych as the following would all be
true:

1+5<9 3 +5<9 <10+5<9
Then the solution set of x + 5 { 9 is {all numbers h} .

2) Consider the ineguality x< 4. It is obvious that its
solution set is?all numbers < 44§ .

3) Inequalities such as x + 5 €9 and x ¢ 4 are called
equivalent inequalities because they have the same
solution set‘.

Recall with pupils the principles used in solving equations.
Will similar principles hold true for inequalities? Since,
ds we have seen, inequalities can be related to equations,
there is good reason to explore the possibility that similar
principles will hold true. :

Let us experiment to discover which, if any, will preserve
the order of inequality and result in equivalent inequalities:

1) Consider the inequality 6 18
Ad ding 5 to each number 6 +5 18 +5 true
Again, 6< 18

subtracting 5 (adding =5) 6 = 5 18 = 5 true

These two cases can be illustrated by two men walking along
a number line, carrying a 12 unit ladder, one man at each
end. If they move 5 units in either direction, they will
still be 12 units apart. The man originally to the right
will still be to the right. The order or the sense of

the inequality is preserved.

It appears then that: If the same number is addedto or
subtracted from both members of an inequality, the
resulting inequality has the same order as the original.

2) Now examine the inequalities: x + 5 < 9 and x{ 4

; We have already seen these are equivalent. If we add =5
to both sides of the first, we get the second. After
examining many such illustrations, it appears that the
following principle holds for inequalities:

Adding (or subtracting) any number (or polynomial) to both
- sides of an inequality results in an equivalent inequality,
with the order preserved. This is called the Addition

Principle of Inequalities.
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3)

L)

d) If both members of an inequality are divided by the

Consider the inequality 6 € 18

Multiplying by 2, - 12< 36 true

Again, 618
Multiplying by =2, =12 ? =36

Since =12 is gi'eater
than =36 =12 > =36

In the last illustration, what has happened to the order of
the original inequality? Is this an accident? Try some
more.

It seems reasonable to conclude that:

a) If both members of an inequality are multiplied by the
same pogitive number, the resulting inequality has the
same order as the original. '

b) If both members of an inequality are multiplied by the
same negative number, the order is reversed.

Similar experimentation with division leads to the conclusion
that: | | ~

¢) If both members of an inequality are divided by the same
positive number, the resulting inequality has the same
order as the original.

same negative number, the order will be reversed.

e) What happens when both sides of an inequality are multiplied
by 0? (The inequality beccmes an equality: 2<7; 2 x 0="7x0)

Consider the inequalities: 3x< 9 and x< 3

By procedures similar to 7-b 1)=3), these can be shown to be
equivalent. If we multiply each side of the first inequality
by .:L, we get the second. Examination of many such illustra-
tiohs makes it appear that the following principle holds for
inequalities: .

Multiplying (or dividing) both sides of an inequality by the
same positive number results in an equivalent inequality with
the order preserved.

Multiplying(or dividing) both sides of an inequality by the
same negative number results in an equivalent inequality with
the order reversed. :

This is called the Multiplication Principle of Inequalities.
=131~
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8. (OPTIONAL)
The approach used in 7 is designed to have pupils suggest propositions
which appear to be reasonable. These propositions can be proved as
illustrated below.
This proof is recommended for enrichment only. |

Proposition: If x{ ¥y, then for any signed number b, Xx + b y + b.

Proof: 1) x< ¥ 1) Given
2) x+n=y 2) Definition of x y, where n is
positive
3)x+n+b=y+b 3) Addition principle for equations
L) (x+b)+n=y+Db L) Associative principle, Commutative
. " principle
5) x+bd y+b 5) Definition of Inequality

9. Solution of open sentences involving inequalities
a, Have pupils give the solution of inequalities in one variable when 5

the variable alone is on one side of the inequality sign. For
example, (the domain is the set of signed numbers in each case)

n<3 x>h_ 3y -1>n

They will realize the solutions are obvious in the case where the
variable alone is on one side of the inequality sign.

b, Have them use the principles to solve inequalities such as

1)y +2>5
y+2+ (=2) D5+ (-2) Why?
y> 3 The solution set is {all numbers >3}.
2) -3x< 15
—3(-3x) 2 -3(15) Why?
x _>_ -5 The solution set is{ all numbers_>_ —5} .

B. Suggested Practice
l. Solve and graph
a. b=327 be d +4< 15 cem+2< 0
d. 8< d =6 6. 521~y f. Lb> 8
~132-
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g. 34<9 he =ky > 8 . 1. =2b 2 =6

j. =2b 2-6 ke by < -8 1. Jr 2-6
m. ba =11 n.2rr+4 0. 5+3 20
p. 3y - 2 -8 Q. 3b-4<b=-2 r. 8 -2y 16 - by

2. Verbal expressions involving inequalities. Use mathematical symbols
to indicate these quantitative situations. Indicate what the
variable represents.

a, Applicants for a certain job must be (a) more than 21 years of
age: (b) at least 21 years of age.

(a)m>21 (b) m 221  where-m = number of years
' in age.

be The speed limits on this highway are: minimum 30 mph and maximum

60 mph (30< s < 60)

Ce It takes me from 15 minutes to % hour (exclusive) to do my'
homework. 1

(15< mg 45 or £ <8< 2)

de The sum of two sides of a triangle is greater than the third
side. If two sides are 10 and 15, write an inequality describing
the third side. |
(m <10 + 15)

3. Verbal problems involving inequalities

a. Assume 120 pounds as an average weight per pupil. If we are
told that the total weight of pupils in the elevator of a

| building at one time must be less than 24,00 pounds, what

| ‘ is the largest number of pupils permitted in the elevator

| at one time?

Solution: Let n = the largest number
Then
120 n £ 24,00
ng 20

" The dom2in of the variable is the set of positive integers.
Since n must be an integer, the answer is 19 pupils.

be. The post office requires that the length and girth of a
package, under certain conditions, must not exceed 72 inches.
If the girth is 40", find the number of inches that the length
may be.

Aruitoxt provided by Eic:
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Solution: Let n = the number of inches in the length
Then 40 + n< 72 or
ns 32

The length may be any positive number less than or equal to
32 inches, since the problem implies that the replacement
set for the variable must be a positive number.

Note: The solution set may have an infinite number of elements
as in example b, or it may have one element as in example a,
or it may conceivably have two or more, or even no elements.

Betty and Alice were collecting money in a fund-raising
campaign. At present they have collected less than $15.
Alice said she had collected twice as much as Betty. How
much had Betty collected?

Solution: Let b = the number of collars Betty had collected
Then 2k = the number of dollars Alice had collected

3b 15

b 5

Betty collected an amount less than $5. We cannot tell how
much Betty collected until we have more infoimation. We
can only state one fact, that it is an amount less than $5.
If the question were, "What is the largest amovnt Betty
might have collected?" we could definitely say $4.99.

For enrichment only:

A trip will be arranged for a minimum of 10 pupils in a group
and a maximum of 30 pupils in a group.

How many groups might have to be scheduled when 65 pupils apply?
Some pupils méy discover the solution: Any number between

2 and 7, where the domain of the variable is the set of
positive integers 2¢ x < 7.
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CHAPTER VII

SYSTEMS OF EQUATIONS AND GRAPHS

1. Graphing a linear equation
2. Graphing an inequality

3. Solving systems of equations by means of a graph
4. The algebraic solution of systems of equations
5. Application to problems
6. Graphing systems of inequalities

This section contains suggested procedures for the teacher
to help pupils develop the following understandings and skills:

A. Suggested Procedure

then x + 2y

I. Open Senterce in Two Variables

If x = number of pupil tickets
* ¥y = number of adult tickets
= 50
What are some possible values of x? {O,

What are some possible values of y? {0,
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X X x + 2y = 50

I 23 L +2(23) =50
6 22 6 + 2(22) = 50
22 6 22 + 2(6) =50
10 20 10 + 2(20) = 50

1. Have pupils learn that solutions of sentences in two variables
are number pairs. |

Pose problem: Pupils of the longview High School sold tickets
for a music festival and collected $50 in the first two days.
Pupil tickets were sold at $1 each, and adult tickets at $2
‘each. How many of each kind were sold?

Guide pupils to describe the above problem as an open sentence
in two variables as follows:

1, 2, eee) 50}
1, 2, eeey 25}

Have pupils try various replacements for x and y.

true statement
true statement
false statement
true statement
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a. Pupils will realize that whereas a solution of an
open sentence in one variable is a number, a solution
of an open sentence in two variables is a number pair.
Thus, some possible solutions to the problem are
L pupil tickets and 23 adult tickets, or 6 pupil
tickets and 22 adult tickets, or 10 pupil tickets
and 20 adult tickets,

b. Tell pupils that number pairs such as 4 (the replacement
for x) and 23 (the replacement for y) are conventionally
written (4, 23).

c. Have pupils see that if we agree that the value of x is
to be given first, then the pair (4, 23) makes the sen~
tence x + 2y = 50 true, but the pair (23, 4) makes it
false.

d. Tell pupils that a pair of numbers in which the order
is importamt is called an ordered number pair.

e. An ordered pair of numbers which makes an open sentence
true is called a solution of the open sentence. The
solution set of an open sentence in two variables is the
set of all solutions of the sentence.

., After several problems in which pupils find the solution

set of an open sentence in two variables by trying various
replacements for each variable, guide them to realize that
this is time-consuming and that a more efficient method is
needed. Help pupils find the solution set of an open
sentence in two variables as follows:

Find the solution set of 2x + ¥y = & when the replacement
set for both x and y is{O, l, 2, 3, 4¢.

a. Change 2x + y = 8 into an equivalent equation with y
alone as one member:

y =8 = 2x (Addition principle of equations)

b. Replace x by each element of its replacement set, in .
turn, and determine the corresponding value of y.

X 8 = 2x ¥
0 8 - 2(0) 8
1 8 - 2(1) 6
2 8 = 2(2) L
3 8 - 2(3) 2
L 8 - 2(4) 0
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c. Observe which values of y in the above table are members
of the replacement set for y. These are O, 2, 4. Then
the ordered pairs (2,4), (3,2), (4,0) are the solutions of

he open sentence 2x.+ y = 8. The solution set is
(2,4), (3,2), (4,0) ¢,

d. Have pupils realize the solution set may contain an unlimited
number of number pairs. For example, when the replacements
for x and y are the signed numbers, the solution set of the
equation 2x + y = 8 contains an unlimited number of ordered
number pairs.

Note: If the open sentence contains variables other than x and
y as, for example, a and b, the replacement for 2 is usually
given first in the ordered number pair representing a solution.
That is to say, the first number of the ordered pair is the
replacement for the variable which is first in alphabetical
order.

3, Have pupils find the solution set of an inequality in two variables
as follows:

a, Pose problem: The pupils in Miss Andrew's class decided to sell
boxes of candy to raise money for some librery equipment. Each
pupil was asked to take as many boxes as he thought he could
sell. Bob took 2 boxes, and Harry took 6. If, together, they
sold more than 5 boxes, how many did each sell?

Guide pupils to describe this problem as an open sentence in
two variables as follows: ,

If x = number of candy boxes Bob sold
'y = number of candy boxes Harry sold
thenx+y > 5

Elicit that the replacemert set for x 1s{0, 1, 2} 3nd the
replacement set for y isJO, 1, 2, 3, 4 5, 671,

b. Have pupils change x + y > 5 into an equivalent inequality
with y alone as one member:

¥> 5 = x (Addition principle of inequality)

c. Have pupils replace x by each element of its replacement set,
in turn, and determine the corresponding value of y.
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x S=Xx ~yO5=x ¥
O | 5-0 y>5 6
1 5«1 y> h 5,6
2 5 -2 y > 3 ll,536

d. Have pupils see that the solutions of the open scntence are
the ordered number pairs: S | '

(0,6), (1,5), (1,6), (2,4), (2,5), (2,6)
and the solution set is

{0,6), (1,5), (1,6), (2,), (2,5), (2,6)}

e. Have pupils check each element of the solution set against
the problem situation.

Note: An equation (or inequality) containing three variables
has a solution set consisting of ordered triples, etc.
Whereas there is no limit to the number of variables an
equation (or inequality) may have, the work of this course
will, in general, be confined to open sentences with no
more than two variables, .

B. Suggested Practice

1. If the replacement set of each variable is the set of signed
numbers, tell whether the given ordered pair of numbers is a
solution of the open sentence.

.(2;1) Yes, because 2 + ‘1 =3

x+y=3;
3x +y = 63 (1,3) |
a+4b=9;  (3,2)  No, because 3 + 4(2) #9
2x =2y =10; (2,-3)
2u +3n = 2; (12‘:;3‘)
2 =3 >2; (2,1)
a+3b< T; (1,3)

.2. Change each open sentence into an equivalent one which has y
alone as one member; X alone as one member. '

3x+y= 8 X-y= =5
xX-y=12 x+}'>‘3
5x-y= 0 6x 435 > 9

iy = 8- 4 yex <5
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3, Find the solution set of each of the following sentences.
The replacement set for x is {=3, O, 3} and the replacement

set for y is {signed nunbers } . 5

y=x+4
y=3-Xx
z:+y=6
yitx=9
y =ix =8
5x =2y =10
2x 13y =2

L. Find the solution set. In each case the replacement set for
x is indicated first, and then the replacement set for y.

X=-y= 7 {-h} {integers } |
x+3y= 9 0} »{integers}
6-3= 2c {09} | signed numbers}
x + Ly =10 -x{h,G} { signed numbera}
2 - x-5y+3x{o,5}' {aignedmmbers}'
y+1> 3 {0,1} {o, 4 5}
x+3y>9 {246 {357}
y<x+1 {-2,-1,0} {-8, =5, o}
5. Describe each of the following word problems as an open

sentence with two variables, Give replacement sets and
solution sets for each. ! | '

a. If peanuts cost 50¢ per pound and cashews cost 75¢ per
pound, how many pounds of each can be purchased for $5?

b. A storekeeper has $200 to spend for sweaters and blouses.
If sweaters cost $4 each and blouses cost $2 each, how

many of each can he buy?

c. I am thinking of two positive 1nt§gora. If the secord
number is added to twice the first number, the result is

always less than 11. Find the numbers.

II. Coordinates in a Plane
A. Suggested Procedure

1. Review with pupils the _gra.phing of the solution sets of the
following open sentences in one variable on a number line.
. B
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x+h=9 x> 5

X=3= 5 x=-2<16
2 + 5 =13 x< 4
x= 17 2X=-x> 9

2. Elicit that a solution of an open sentence in two variables is
an ordered pair of numbers. '

may be associated with a point in a number plane as follows:

3. Guide pupils to an understanding of how an ordered pair of numbers i
i
1

a. Have pupils examine a map of an imaginary town such as the

following:
| ; G

et . 43_
N.2nd Av E#
N olst Awv
Broadway - -
S.1st A |

st Avi Dk 5
S.2nd AVl <
c‘

W. 2nd St.
1st St.
Main St.
E. 1st St.
E. 2rd St.

hr.

teacher: If preferred, pupils may devise a map
using local streets and places of interest.

Have pupils observe that the streets and avenues cross

at right angles. Have them suggest the directions that
must be given to find the following places in the town,
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b.

using the intersection of Main Street and Broadway as a
reference or starting point: |

A, Art Museum E. Bastern 5.5, Office
(2 blocks east and then 3 blocks F. Falrmont Hospital
north) G. General Post Office

B. Bayview High School H, Hall of Records

G, City Hall

D. Dan's Supermarket

Elicit the number of directives (2) that mmst be given to
find each place. Have pupils consider what is implied when
only one directive is given. . :

Guide pupils to see that Main Street and Broadway may be
thought of as a pair of number lines which intersect at right
angles. The point where the two number lines meet is called

the origin,

T
E
Eal A
T &
NN ERR
D *'i
B
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Have pupils give instructions for finding the Art
Museum (start at the origin, go two blocks east, then
three blocks north). Elicit a method of recording
these instructions very briefly using signed numbers.
We write "two blocks east™" as +2, "three blocks north®
as 43, and enclose them in parentheses (+2,43).

Have pupils note that this is an ordered number pair
which will locate the Art Museum correctly if the first
number, +2, is used as an east-west directive, and the
second number, +3, is used as a north-south directive.
Have pupils try locating the Art Museum when the order
of the numbers is reversed. Elicit that if we agree
that the first number is always to be an east-west dirac-
tive, and the second number a north-south directive, then
each point on the map is associated with one, and caly
one, number pair.

Have pupils state the number pair that describes the
location of

Dan's Supermarket City Hall
General Post Office Fairmont Hospital, etc.

Have pupils see that although the number pair (5,~1)
carries the directives "5 blocks east, then 1 block
south," it makes no difference in what order we carry
out the directives, That is, (5,~1) can be located
Just as well by the directives "1 block south, then

5 blocks east."” We must remember, however, that the
first number of the ordered pair is an east-west number,
and the second, a north-south number,

Have pupils realize that by means of two number lines
drawn at right angles to each other, we can associate
points in a plane with ordered number pairs,

1) Have pupils consider the following:

Suppose P is a point in a plane that is not on a
number line drawn in the plane.

N 4

[ L 4

% 3 =2 a1 0 A R» 8B W
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Have them note that P is directly above (or below)
some point of the number line.

How can we find what point on the number line P is
directly above? (Draw a line through P perpendicular
to the number line.)

In the above diagram, P is directly above the point
on the number line which corresponds to the number 2.
Which other points in the plane are directly above
this same point on the number line? (all other points
on the perpendicular)

How can we distinguish the position of P from that
of all these other points?

Have pupils see that we can solve this problem by drawing
a second number line at right angles to the first in such
a way that their zero points coincide.
+4}-
+3|-

+2

31
14

Have them note that P is dire.cly to the right (or left)
of some point on this second number line.

How can we find what point on the second number line P
is dirvectly to the right of? (Drew a line through P
perpendicular to the vertical number line.,) In the
foregoing diagram, P is directly to the right of the
point which corresponds to the number 1 on the vertical
number line.

Have pupils realize that point P, which is two units to
the right of the vertical line, and one unit above the
horizontal line, may be represented by the ordered number
pair (2,1). The two numbers in a peir assigned to a point
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L.

g

h.

i.

are called the coordimates of the point. The first
coordinate gives the directed distance of a point from
the vertical number line, and the second coordinate

gives the directed distance from the horizontal number
line.

Have pupils state the coordinates of points A, B, C, D, E,

F, G, H on the map (see page 7 . Point H has a first
coordinate of +3 and a second coordinate of 0). Have pupils
describe the coordinates of several points on the horizontal
(E-W) number line, on the vertical (N-S) number line. Elicit
which of the points A, B, ... H have the same first coordinate;
the same second coordinate,

Tell pupils that this system of assigning ordered number pairs
to points in a number plane is called a cartesian coordinate
gystem in honor of the 17th century French mathematician,

Rene Descartes, who devised the system.

Tell pupils that the symbol "x" is used for the first
coordinate and the symbol "“y" for the second coordinate of

a variable point in a plane. The horizontal number line is
called the x-axis and the vertical number line the y-axis

of the cartesian coordinate system. The point of intenr-
section of the axes is called the origin. The first number
in each ordered pair is called the x-coordinate or abscissa;
the second number,the y-coordinate or crdinate of the corres-
ponding point. The coordinates of the origin are (0,0).

Have pupils note that just as folding a piece of paper length-
wise down the middle, and then horizontally across the middle
divides the paper into four parts, so the x-axis and y-axis
divide the number plane into four parts. Each part is called
a guadrant, and the quadrants are numbered counterclockwise,
from I to IV, starting with the upper right quadrant, as
indicated in the figure. :

A4
Quadrant II Quadrant I
(=2 ,l) . (%’ %) ’
) | i | ] 1 'y 3 i A_x
Quadrant III ~ Quadrent IV
o (2,-1%)
.(4&,-2)




.j. Have pupils see that a coordinate system enables us to find

a particular point in a plane which corresponds to an ordered
pair of numbers. The point is called the graph of the ordered
pair. To locate the graph of the ordered pair (=2,1), we
visualize a vertical line through the graph of(=-2,0) (a point
on the x-axis) and a horizontal line through the graph of (0,1)
(a point on the y-axis). The point of intersection of these
lines is the graph of (=2,1). Locating the point and marking
jt with a dot is called "plotting" the point.- Several points
are plotted in the figure above.

B. Suggested Practice

1.

2.

3.

L.

56

6.

7.

A

Name the quadrant containing the points wgos. coordinates are:
(2,3): (ll»:"z): (“9:3): (“L,"S): (gl)) (‘3 )

Name the quadrants in which 'the points described below are locateds:

the abscissa is 5 (Quadrants 1 and L) the abscissa is =l
the ordinate is 7 (Quadrants 1 and 2) the ordinate is -8

Graph each of the ordered number pairs:

o(l,h) . (‘3:3) . (0,0) ) (- :3)
S TR R & e S N (¢ S o25)

Plot each of the points:
A(“B,"‘l): 3(5,-1), 0(5:2) D(’B:Z)

Connect the points A, B, C,. D, A in order. What is the perimeter
of the resulting figure? What is its area?

Plot each of the points:
A(0,0) B(k,4) - ¢(0,8)

Join the points A,B,C,A, in order, and find the area of the
resulting figure.

The following are three vertices of a rectangle. Find the fourth
vertex.

(“2:0): ("2:2), | (3,2)
Determine, by graphing, whether the points (~1,1), (1,-1), (3,=3)

lie on a straight line. If so, find the coordinates of three other
points on this line. .

How would you describe the location of a point it
a. its abscissa is negative?
b. its ordinate is positive?

c. its abscissa is positive and its ordinate is negative?
d. its abscissa is negative and its ordinate is poeitive?
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9.

10.

III. The

Describe the coordinates of a point if

a. the point is in Quadrant I

b. the point is in Quadrant II

c. the point is in Quadrant III

d. the point is in Quadrant IV

e. the point lies on the y-axis between Quadrant I and Quadrant II

f. the point lies on the x-axis between Quadrant II and Quadrent III

What is the abscissa of every point on the y-axis?
What is the ordinate of every point on the x-axis?

Graph of a Linear Equation in Two Variables

A. Suggested Procedure

1.

2.

3.

Review the use of the number line to graph an equation in one variable.
‘(The domain of the variable is the set of signed numbers.)

x=3 x+1l=5 x =2x + 4 22X+ L =x -2

a. Have pupils recall that the graph of an equation in cue variable is
the graph of its solution set. '

b. Elicit that the graph of each of the above equaticns is a unique
point on the number line.

Pose question: Consider the equation in two variables x +y = 3, What
would its graph look like on the coordinate plane?

a. Review the understanding that, with the value of x given first, an
ordered pair of numbers which makes the sentence true is called a
solution of the open sentence. Thus, the ordered pair (1,2) is a
solution of x +y = 3, but the ordered pair (2,5) is not.

b. Have pupils understand that we also speak of the coordinates of a
point as making a sentence true (or false) if, when the coordinates
are substituted appropriately, the sentence becomes true (or false).

c. Guide pupils to realize that the graph of the sentence y = x + 2,
for example, is the set of all points on the plane whose coordinates

make the sentence true. That is to say, the graph of an open sentence

in two variables is the graph of its solution set.

Have pupils learn how to use the coordinate plane to graph simple
equations in two variables.

a. Roview method of finding solutions of an open sentence in two




variables, e.g., finding solutions of x +y = 3. (The
replacement set for both x and y is the set of signed
numbers. )

1) Change x + y = 3 into an equivalent equation which

" expresses y in terms of xt ¥ =3 - X,

2) Make any signed number replacements for x and calculate
the corresponding values of y.

X
-2
-1

0

).

2

(-2,5), (=1,4), (0,3), (1,2), (2,1) are some solutions

3« (~1)

3 - (0)
3 - (1)

3-(2)

of the equation.

HN\»#\nL

Although we cannot find all the solutions, we would
1ike to know what picture their graph presents.

b. Have pupils plot the points which correspond to the solutions

6f x +y = 3 determined above.

Have pupils note tha
on a straight line.

c. Have purils choose several other points (s
close together) that lie on the line, e.g., the points

1,3 1,1

-1L
=21

-3}
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Have them note that the coordinates of these points are
solutions of the equation x + y = 3. Have them test a point
such as (1},13), midway between two points on the graph to
see whether the number pair is a solution of x + y = 3.

They find that it is.

d. Have pupils pick several points that are not on the line,
e.g., (4,1), (24,14). For each such point have them test
the coordinates to see whether they are solutions of the
equation x + y = 3. They are not. Elicit that this line
appears to be the set of all those points and oply those
points whose coordinates satisfy the equation. Tell pupils
that this is actually so, although we are not ready at this
stage to prove it mathematically.

Note: At present, pupils' knowledge is limited to the set of
rational numbers. The continuity of a line, however, implies
the existence of the real number system, including. irretional
numbers, as well as rationals.

e. Tell pupils that the line is called the graph of the equation
x +y=3. The open sentence x + y = 3 is called an equatiopn
of the line,

Note: Each line has many equivalent equations:

2x + 2y =6, =3x =3y = =9, £ + L = 2 are all equations of the
line in the figure. It shoald glsozbe emphasized that the

drawings are incomplete pictures. The line should extend
-indefinitely in both directions.

f. Tell pupils that an equation, such as those we have been
considering, of the form ax + by = ¢, where a and b are not
both O, is called a linear equation. Its graph is a straight
line.

L. Have pupils organize work in graphing a linear equation in two
variables.

a. One convenient procedure is as follows:
Graph the equation x ~ y = -3

1) Change x - y = =3 into an equivalent equation which expresses
¥ in terms of x (or x in terms of y).

X=y=<3
-y=_3.x
y=3+x




(=2,1), (0,3), (3,6), (5,8) are séme solutions of the equation.

3) On graph paper, draw a pair of coordimate axes and plot the
number pairs in2). Note that they seem to lie on a straight

line. Draw the line.

b. Discuess with pupils the number of ordered pairs needed to draw
the graph of a linear equation. Whereas only two points are
required to determine a line, using three or four number pairs
may help reveal an error in computation.

Note: To avoid having pupils think that the graphs of all
equations are streight lines, have them try to graph
y-xz for x=0, 1, 2, 3.

5, Guide pupils to realize that the graph of an equation of the form
y=b (x =a) is a line parellel to the x-axis (y-axis).

a. Have pupils consider the open sentence y = 4. This my be
written as an open sentence in two variables, as follows:

Ox+y=4

Some of the solutions of this equation are (0,4), (=1,4), (2,4),
(=2,4), etc. Each member of the solution set is of the form
(x,4) where the replacement for x may be any signed number.

b. Have pupils represent several solutions as points in the coordinate
plane. They observe that each point has an ordinate of 4, no

matter what the abscissa is.
p 4

—- ——
(=2,4) (=1,4 _(o,z.)(z,z.)




Have pupils note that the graph of y = 4 is a line parallel
to the x-axis. The ordinate of every point on the line is 4.

c. In a similar menner, guide pupils to realize that the graph
of x = 2 can be obtained by considering it as an open sentence
of the form x + O*y = 2, Each member of the solution set is
of the form (2,y), The graph of x = 2 is a line parallel to
the y-axis. The abscissa of every point on the line is 2.

B. Suggested Practice

1, In each of the following equations, solve for y in terms of X;
for x in terms of y,

x+y= 8
XxXey= k4
2x+y=10
X = 2y
y+x= 0
E- -

2. Tell whether the given point is on the graph of the equation.
y+x=2 (1,1) | Yes, because 1 +1 =2
x4y = 5 (1,4)

y =2x =9 (4,1) No, because 1 - 8 ¥ 9
3x +y=1i (%.%)
% -y=5 (h,"B)
X = h (h,5)
y =2 (0,0)

3. Describe in words, using terms abscissa and ordinate, the rela-
tionship expressed between X and y in the following equations.

a. y = x (the ordinate equals the abscissa)

b.y‘*x-ﬁ :
X
Ce Lo
T=3
dey=3x+1
6. y=-x=2
fo =I
*=3
goX+y=0

L. Write each of the fellowing as an open sentence:

&, the ordinate is three times the abscissa -

b, the ordinate 1s equal to 3 more than the abscissa
¢, the abscissa is one half the ordinate

d. the sum of twice the abscissa and three times the ordinate equals 5.
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5, Grapn each of the following equations:

a. y=2x f. 2y =x
bex+y=6 g. 2y +Lx =38
cC.Yy=x-3 he y==x
dey=5 i.y=3x+1
e. y =0 What is the usual Jo x==2
name of this line? ke x = 0 What is the usual

name of this line?

6. Tell, without drawing the graph, which of the following equations
have graphs which pass through the origin:

a.y =x Solution: Since {0,0), the coordinates of the origin,
satisfies y = x, then the graph of y = x
contains the origin.

be ¥ = 4x e.y=6

c.x+y =10 fox==5

d. 3y =x g X=3y=8
hex+y=0

7. What are the coordinates of the point at which the graph of each
of the following equations crosses:

a. the x-axis b. the y-axis

1) x - y = 6 Solution: The ordinate of every point on the
x=-axis is O. Then if we assign
the value O to y inx - y = 6, we
obtain x = 6. Then x - ¥ = 6 crosses
the x-axis at (6,0).

--2y=[.,
y + bx =12
y =2}
2x

wE W
— NN
W

< ™
"

8. Tell, without drawing the graph, whether the graphs of the follow-
ing equations cross the y-axis above, through, or below the origin.

a.x + 2y =4 Solution: The abscissa of every point on the y-axis
is O, Then if we assign the value O to x
in x + 2y = 4, we obtain 2y = 4, ory = 2,
The graph of x + 2y = 4 crosses the y-axis
at (0,2) which is above the origin.

b. y = 3x
c.x-yglh
doy=-2
e. y =47
f.2x+2y=0
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IV. Graphing an Inequality

A. Suggested Procedure

1.

2.

Review the use of the number line to graph an inequality in
one variable (the domain of x is the set of signed numbers):

x#2 x<3
x>5 x+1>4

a. Have nupils recall that the graph of an inequality is the
graph of its solution set. '

b. Elicit that, depending on the domain of the variable, the
graph of an inequality in one variable is represented by
one or more points on the number line.

Pose question: Consider an inequality in two variables, such as
y> x + 1. What would its graph look like on the number plane?

Have pupils learn how to use the coordinate plane to graph
simple inequalities in two variables.

a. Have them draw the graph of the related equality y = x + 1.,
The graph is made by finding several sample ordered pairs
and plotting them on the coordinate plane. The points
corresponding to the ordered pairs lie on a straight line. -
Elicit that all the points on the line, and only these,
satisfy the equation y = x + 1. The line divides the
number plane into two half-planes.

b. Discuss with pupils how we can graph the inequality y > x + 1.
Can we find all the ordered pairs that satisfy the inequality
and plot them on a coordinate plane? Will sample ordered
pairs satisfying the inequality help us determine the com-
plete graph?

c. Have pupils choose some sample ordered pairs satisfying the
inequality y > x + 1, as, for example,

(0,3) (-1,4) (3,-1) (=2,1)

Have them plot these sample ordered pairs on the same coordinate

system that was used to graph the equation y = x + 1.

b




Have pupils note that all the sample ordered pairs which
satisfy the inequality y > x + 1 are associated with points
in the region of the coordinate plane "above" the line.

Have them test other points above the line, as for example,
the point corresponding to (1,4). Substituting this ordered
pair in the open sentence y > x + i, we obtain 4 > 1 + 1,
which is a true statement.

Have them observe that any point between (1,4) (which is
above the 1line), and (1,2) (which is on the line), has
coordinates which satisfy the inequality, e.g.,

(1,3) 3>1+1 true statement

(1,2? >1+1 true statement

(1,2%) 28> 1+1 true statement
etc.

Have pupils test points on the line, e.g.,
(1,2) 2> 141 false statement

Elicit that points on the line satisfy the equality ¥ = X + 1,
but do not satisfy the inequality.

Have pupils test points below the lines

(1,1%) 1% > 1+1 false statement
(1,1 1 >1+1 false statement
(1,0) 0 >1+1 false statement

Guide pupils to see that whereas the pointa above the line
satisfy the inequality y > x + 1, those on the line, and those
below the line, do not,

d. To have pupils genclude that the graph of y > x + 1 is a region
composed of the set of all pointa that lie above the line
y = x + 1, pose following questiona:

Choose any point on the line y = x + 1. What is its abscissa?
What is its ordinate? What is the relationship between the
ordinate and the abscissa for points on the line? (The ordinate
equals the abscisea increased by 1, L., y = X + 1.)
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Consider the set of points which have the same abscissa as

- the chosen point, but whose ordinates are greater than the

ondinates of that point. Where are these points located?
(above the line) What is the relationship between the
ordinate and the abscissa of each point in this set. (The
ordinzte is greater than the abscissa increased by 1, i.e.,
y> x + 1.)

Pose similar questions for the set of points which have the
same abscissa as the chosen point on the line, but whose
ordinates are less than the ordinate of that point.

Have pupils realize that the graphs of y> x + 1 is a region
composed of the set of all points that lie above the line

y=x+1l. It can be represented by shading the region as
shown. A2
l %

| X
yox +1

L [t:}l

7’ L

/

L

Have pupils understand that the shaded portion representing
y > x + 1 does not include the line y = x + 1. The line
serves as a boundary for the region and is shown as a dashed
line to indicate it is not included.

Note: If the graph is that of a combined equation and inequality,
€.8., ¥ 2 X + 1, then the points of the line y = x + 1 are in-
cluded with the points representing y > x + 1. In such a case,
a solid line is used to represent y = x + 1 ard indicates that
the shaded portion actually includes the boundary line.

In a similar manner have pupils choose sample ordered pairs which
satisfy the inequality y < x + 1 and plot them on the coordinate
plane. Guide them to see, using procedures analogous to IV-2-a-c,
that the graph of this inequality is a region composed of the
sets of all points that lie below the line y = x + 1.

Review with pupils that because two points determine a line, we
need only two number pairs which satisfy a linear equation to
determine the graph of the equation. (Three or four pairs are
generally used as a precaution against error.) How many sample
ordered pairs do we need to determine the region of the graph
of an inequality?

-154-




Guide pupils to see that plotting one sample ordered pair
which satisfies the inequality is sufficient to determine
the region of the graph of the inequality. This is so
because all ordered pairs which satisfy the inequality,
and only these, represent points on the same side of the
line which is the graph of the related equality. However,
it is advisable to use a second sample ordered pair as a
check.

g. By using procedures similar to III-A-6, have pupils realize
that the graph of an inequality of the fom y > b(y < b)
is the half-plane above (below) the line y = b; the graph
of an inequality of the form x > a(x < a) is the half-plane
to the right (left) of the line x = a.

L. Have pupils summarize the procedures in graphing an inequality
in two variables, as follows:

a. Replace the inequality symbol ( < or > ) with an equality

symbol and then graph the resulting equation. Represent
the line as a series of dashes.,

b. Choose two sample ordered pairs (one as a check) which
satisfy the inequality. Plot these ordered pairs as points
in the coordinate plane. Note on which side of the line the
two points lie. The graph of the inequality is the half=-
plane lying on that side of the graphed line. Shade this
region.

c. In graphing a combined equation and inequality ( £ or 2 ),
the graph is a half-plane and the boundary line (drawn as a
solid line).

B. Suggested Practice
Graph the following inequalities:
l. x+y <5
Solution

a. Transform the inequality into an equivalent inequality having
Yy as one member,

¥y < 5=xX
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b, Graph y = 5 = x and show it as a dashed line.
y

Y

\
3 .
C K \
N
i
c¢. Choose two sample ordered pairs, e.g., (1,3) and (0,1)

which satisfy the inequality. Plot these as points on the
coordinate plane. Note on which side of the line they lie.

1l

d. Shade the half-plane on this side of the line. The shaded
region is the graph of the inequality x + y < 5.

2.y >2x -3 . 2x+y> 3
3. x> 3y 7. x 2 3y
L.y < 5x ' 8. y2 2x ='3
5. x<y+38 9.y £ 5x

V. Meaning of Systems of Equations

A. Suggested Procedure

1. Meaning of systems of linear equations
Have pupils understand the meaning of systems of linear equations,

a. Pose problem: The sum of two numbers is 12. What are the
numbers?

Have pupils describe this condition as an open sentence in
two variables,

let x = one number
¥ = other number

Then
x+y = 12
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b. Elicit that there are infinitely many pairs of numbers in the
solution set of the sentence x +y = 12. For a unique answer,
a second condition must be imposed upon the numbers.

c. Add a second condition (for example, the difference of the two
numbers is 4). The problem now reads: the sum of two numbers
is 12; their difference is 4. What are the numbers?

Have pupils describe each condition of the problem as an open
sentence in two variables?

x+y=12

d. Elicit that there are infinitely many number pairs in the solution
sets of each of the above sentences.

Some of the number pairs in the solution set of x + y = 12 are:
(l,ll), (h,s), (854), (6,6), (-Z’lh), (19,'7)0

Some of the number pairs in the solution set of X = ¥ = ), are:!

(9’5), (10,6), (S,L), (‘12,-16), (-2,'6)0

e. Have pupils note, by considering these ordered pairs, that (8,4)
is in both sets. We have "solved" the problem of finding a pair
of numbers that satisfies both conditions.

Note: It is not apparent from studying the solution sets above
whether this is the only pair common to both sets. However, in
this particular example it is.

f. Tell pipils that when the conditions of a problem are expressed
by two linear equations, and these conditions must hold simul-
taneously, the set of equations is called a system of linear
equations. To solve such a system, i.e., to find its solution
set, we want to £ind the set of ordered number pairs, each of
which is a solution of both equations.

2. Have pupils realize that for certain systems of linear equations
it is possible to find the solution set with very little work.

a. Find the solution set of the following system:

x=2
y=5

The only replacements that méke both equations true are 2 for x
and 5 for y. Then, i2,5)3 is the solution set of the system.
This is a one-element Set. -
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b. Solve the following system of linear equations:

x+y=3
y=1

The only replacement for y that makes the second equation true
is 1. Then the only replacement for y that can make both equa-
tions true is 1. Replacing y by 1 in the first equation, we
have x + 1 = 3, which is an equation in one variable.

Solving, X = 2. Then if y is to be replaced by 1 in the first
equation, x must be replaced by 2 to make the equation true.
The solution set of the system is {(2,1)} .

B. Suggested Practice

Find the solution set of each of the following systems:

l. x=3 2. x=8 3. x=14
y=1 y=4 y=0
he x+y =9 1
x=3 5e hx"y=7 60 x=§

y=1 =2

Y73

VI. Graphical Method of Solving a System of Equations
A. Suggested Procedure

1. Lead pupils to see that in attempting to solve a system of linear
equations by selecting sample ordered number pairs for two tables,
we might not choose the ordered pair which is the common solution.
For example, if the common solution were (%,5), we would not be
likely to use this as one of the sample ordered number pairs, Have
pupils see the need for solving systems by another method, e.g.,

graphing.

2, Discuss with pupils the fact that, if we graph each equation of a
system of two linear equations using the same coordinate plane,
we get two straight lines. What are the possible relationships
between the two lines? Elicit that:

a. the two lines may intersect in one point, or

b. they may be parallel and have no point in common, or

c. the lines may coincide, that is, they have all points in common
~ (a single line).




3, Have pupils examine examples of these three situations,

y
1)
1 1 1 d ) l/-i/o-‘-fl ] 1 X
4l
- !

Intersecting lines Parallel Lines |
y=2x+1 y=2x+1 |
y=-x+4 y=2+3

y
+1
} I N I//ol [ T .
-1 L
-1}

Coinciding iines (Single ILine)
y=2&+1
2y = bkx + 2
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L. Have pupils study each of the three possibilities:
a. Intersecting lines

1) Have pupils recall that every linear equation in two variables
determines an unlimited set of ordered number pairs. Have
pupils find some samples of ordered number pairs which satisfy
each of the equations of the two intersecting lines. These
ordered number pairs are the coordinates of the points on the
graph of each equation.

x| =2 | =2 |0l 12| 3|4 |
y | =3 -1 i 1| 3 5171 9

L.

y=2x+ 1:

Thus, some solutions of y = 2x + 1 arr.' [.2,-3), (=1,-1),
(0,1), (1,3), (2,5), (3,7), (4,9).

X -2 -1 0 1 2 3 L
y 6 5 L | 3 2 1 0

y==x+ 4t

Thus, some solutions of y = x + 4 are: (-2,6), (-1,5), (0,4),
(1,3), (2,2), (3,1), (4,0).

Have pupils note that there is one ordered pair, (1,3), which
is the same in both sets,

2) Discuss the number of pairs that would be alike in both sets
if all ordered pairs could be examined, instead of just a few.
Jave pypils realize that the solution set of the system is

(1,3§§', a single-element set.

3) Guide pupils to see that the ordered pair (1,3) corresponds
to the point of intersection of the two lines. Tell pupils
that equations such as these, which have at least one common
solution, are called consistent equations. We also label
such equations independent because their solution sets are
not identical. Their graphs are different straight lines.

b. Parallel lines

1) Have pupils find some samples of ordered number pairs which
satisfy each of the equations of the two parallel lines.

As already determined, some solutions of y = 2x + 1 are:
(-2,-3), (-l,"‘l), (O,l), (1,3), (2,5), (3,7), (l&,g)o
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2| -1 o] 1] 2] 3| 4
-] 1] 3] 5[ 7] 9f 11§

y=2x+ 3 :

Thus, some solubions of y = 2x + 3 are: (-2,-1), (-1,1), (0,3),
(1,53, (2,7), (3,9), (&,11).

Have pupils note that there is no pair that is the same in both
sets. Discuss with pupils whether the infinite set of ordered
pairs for each equation would ever have a pair in common. Have
pupils conclude that because parallel lines never meet, there
are no ordered pairs in common. If such an ordered pair existed,
its graph would be a point on both lines, but this is impossible
since the lines do not intersect and thus have no common point,
The solution set of this system is an empty set.

2) Tell pupils that equations of a system which have no common solution
are called inconsistent equations. The graphs of these equations are
parallel lines.

3) Have pupils see that, without graphing, it is possible to tell whether
the equations of a system are inconsistent, i.e., have no common solu-
tion. For example, in the equations of the system

y=2x+1
y=2x+3

the corresponding terms are alike, except for the constant term. It
is not possible for a number (y) to be 1 more than twice another
number (x) and also to be 3 more than twice that same number. These
equations are inconsistent.

¢. Coinciding lines (Single line)

1) Have pupils find sample ordered number pairs which satisfy each of
the equations of the two coinciding lines. |

As already determined, some solutions of y = 2x + 1 are:

- (=2,-3), (-1,-1), (0,1), (1,3), (2,5), (3,7), (4,9).

X -2 -] 0 1 2 3 ll'

bz BT sl alalalsl ]

Thus, some solutions of 2y = kx + 2 are: (-2,-3), (-1,-1), (0,1),
(1,3), (2,5), (3,7), (4,9).

Have pupils note that the sets of ordered pairs for both equations
are identical. Have them realize that when lines coincide, the
set of ordered pairs which are the coordinates of points on the
graph of one line must be exactly the same set as that for the
other line.
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2) Tell pupils that equations of a system whose solution sets are
identical are called dependent equations. The graph of a
dependent system of two linear equations consists of two lines
that coincide (a single line).

3) Have pupils see that without drawing a graph, it is possible
to tell when the equations of a system are dependent. For
example, consider the system

y=2x+1
2y = Lhx + 2

Ask pupils how the two equations are related. The two equations
are equivalent since the second may be obtained from the first

by multiplying both members of the first equation by 2. Equiva-
lent equations have the same solution set and are therefore
dependent. Thus, the equations of the above system are dependent.

d. Have pupils realize that a system of linear equations can be solved
(if a unique solution exists), by graphing the equations of the
system on the same coordinate plane, and determining the coordinates
of the point of intersection.

5. Have pupils solve systems of linear equations by graphing, as follows:

Solve graphically the system of equations:

2&X -y =5
x+3y=6

a. Find several ordered number pairs (solutions) for each equation.

2X = y = x+3y =6
x| O] 2| 4| =2 x| 0] 3] 6| =3
yl=51=1"| 3] =9 yl2]l1]l0] 3
(0,=5), (2,=1), (4,3),(-2,=9) (0,2), (3,1), (6,0), (=3,3)
are some solutions of 2x-y=5 are some solutions of x+3y=b

b. Graph each equation on the same coordinate plane.
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c. From the graph it appears that the ordered pair (3,1) is the

common solution.

d. Check the apparent solution (3,1) by verifying that the ordered
pair (3,1) satisfies both equations.

-y=s5
2(3)-125
5=5

We conclude the solution of the system is (3,1).

set is

{G,1)} .

B. Sﬁggested Practice

a., x+y=5
2x 43y = 12
be 2X =y =17
2 -y =4

Co bXx=4y -2
3x =2y = =1

'x+3y=6
3+43 26
6 =6

The solution

1. Identify the equations in these systems as consistent or inconsistent,
dependent or independent.

If possible, decide without drawing a graph.

de 3x + 3y =4
2y =3x -4

e. X+y=1
2x 2y =3

.f.éx+ y-3=

0
2x + Ly 12

Solve the following systems of linear equations graphically. Check

your answers.

aox-y=3
x+y=5
b. x-2y=h
3x - 5y
Co X=5=0
y+2=0
d. y=2.x-8
x=2y=4

€e Yy
3x
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he 2x= y+1=0
3y - bx =

Write a system of equations in two variables for each of the following

problems, and then solve graphically.

a., The sum of two integers is 14.

Check your answers,

When the larger integer is subtracted

from twice the smaller, the result is 4. What are the integers?

b. Two times a number plus a second number is 13.

Two times the second

nurber plus the first is 17. What are the numbers?
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A truck left a town and traveled eastward at an average speed
of 30 mph. Two hours later, # second truck left the town
traveling 40 mph. in the same direction. In how many hours
will the secord truck overtake the first? How far from the
town will they be?

Illustrative solution:

Let x
y

= number of hours the first truck traveled

= number of miles traveled by each truck

The conditions of the problem can be expressed by the following
system of equations:

30x =y
LO(x=2) =y

The solution set of the system can be found by graphing.

Note: The points on the x-axis represent the number of hours of
travel, and the points on the y-axis represent the number of
miles traveleds For convenience, a unit on the y-axis may
represent a number of miles.

A boy starts along a bicycle path riding at the rate of 3 miles
an hour. One hour later his friend starts along the same path

riding at the rate of five miles an hour. In how many hours will

the second boy overtake the first? How far from the starting
point will they be?

A triangle has sides that lie on the graphs of the equations
2y + 3x =16, y =2, y + 3x = 2, Graph the equations and find
the ordered pairs that reprs:sent the vertices of the triangle.

In the following system of equations, what relationship between
a and b will make the system inconsistent?

ax+y=6
bx +y=2

What values of a and b will make this system dependent ?

bx =2y + 8
ax=y +b

A point whose ordinate is twice its abscissa lies on the graph
of 3x 4y = 10. Find the coordinates of the point.

VII. Systems of Equations Solved by Substitution

A. Suggested Procedure

1. Review with pupils that a system of two linear equations has a
solution when the lines representing the graphs of the equations
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intersect. Discuss the difficulty of using the graphical method
for solving a system of equations when the numbers in the solu~
tion are not integers, e.g.,

45 34

It is difficult to read the values of the numbers in the above
solution from the graph with accuracy. It is, therefore,
necessary to find a method for solving a system of equations
that will avoid the possible inaccurazcies of the graphical
method.

2. Have pupils learn to solve systems of equations by the substitu-
tion method. 1

a, Have them consider the equations:
l) y=2x+1
2) 3x+t2y=9
From previous work the pupils know that these equations are not
inconsistent or dependent and, therefore, there is a unique

ordered number pair which is the solution of this system of
equations.

When the first and second members of the solution are substituted
for x and y respectively in equations 1) and 2), then both 1)
and 2) become true statements. In equation 1), the polynemials
y.and 2x + 1 will become names for the same number. In equation
2) the polynomial 3x + 2y will become a name for the number 9.

b. Have pupils see that equation 2) can be expressed as an equation
in one variable by replacing y by 2x + 1. The result is the
equation 3x + 2 (2x+1) = 9, from which we obtain the equations

3x +4x + 2
Tx
X

9
7
1
Therefore, 1 is the first number of the unique ordered pair

which is the solution of the original system. Replace x by
1 in either of the original equations.




Therefore, the solution set of the system is (kl,f)
The solution should be checked in both of the original
equations.

c. Have the pupils use this method of substitution to solve
pairs of equations, such as the following:

=3x -7 x=3y -1
2 + 3y =12 X +3y=8

d. Now have the pupils consider the pair of equations:

3x+ y=19
bx = 2y = 12

Guide them to realize that before using the substitution
nmethod, it will be convenient to change one of the equations
to an equivalent equation with x (or y) as one member. In
this example 3x + y = 19 may be transformed to y = 19 - 3x.
The substitution method may then be applied as before.

e. Have pupils summarize the pfocess of solving systems of linear
equations in two variables by substitution, as follows:

1) Find an equation which is equivalent to one of the glven
equations and has y (or x) as one member,

2) Substitute this expression for y (or x) in the other
equation.

3) The resulting equation, when simplified, will have as a
root one number of the unique ordered pair that satisfies
both of the original equations.

L) Use this number as a replacement for x (or y) in either
of the original equations to find the second number of
the ordered pair which is the solution of the system.

5) The solution should be checked in both of the original
equations.

3. Have pupils use two equations in two variables to solve verbal
problems.

a. Pose problem: The sum of two numbers is 15. The larger is
5 more than four times the smaller. Find the numbers.




Illustrative Solution

Let x = smaller number
y = larger number

1) x+ y=15 (The sum is 15)
2) y=4x+ 5 (The larger is 5 more than four times the smaller)
x + (4x+5) = 15 (Replace y in equation 1) by 4x+5 and solve for x)
5xt5 =15
x = 2
2+y=15 (Substitute 2 for x in egnation 1) and solve for y)
y=13

The numbers are 2 and 13.
Check
The sum of 2 and 13 is 15. Thirteen is 5 more than four times 2.

b, Pose problem: Three apples and one pear cost 26¢. At the same price,
two apples and five pears cost 52¢. hat is the cost of each?

I1llustrative Solution

Let x = cost of one apple (in cents)
= cost of one pear (in cents)

y
1) 3x + y =26 (Three apples and one pear cost 26¢)
2) 2x + 5y = 52 (Two apples and five pears cost 52¢) |

y =26 - 3x (Solve equation 1) for y in terms of x)

ox + 5(26-3x)= 52 (Replace y in equation 2) by 26 - 3x)
2x + 130 =15x= 52
x= 6 |
18 + y=26 (Substitute 6 for x in equation 1) )
y= 8

The cost of one apple is 6 cents. The cost of one pear is 8 cents,

Check to see if these results satis‘fyv the conditions of the problem.

B. Suggested Practice
1. Solve each of the following systems of equations by the substitution method:

9 C. a = 6b

a. Yy =23x b, 3y +3x
-2 3a + 27 = «L4b

3x + 2y =18 y
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de. y=4 =X €. X=«3y + 4 fo 3c=d=1
Tx + 2y = =2 XX =y =6 5d = Te= 1

2. Write a system of equations in two variables for each of the follow=
ing problems, and then solve by the substitution method.

a. The difference of two numbers is 4. The sum of 1 and the larger
number is twice the smaller. Find the numbers. 1

b. One number is 40 more than three times another. Their sum is 160.
What are the numbers?

c. A man invested $3700, some at 4% and the rest at 3% per year. g
The total annual income from the investment is $123. How much |
was invested at each rate?

d. The perimeter of a rectangle is 146 feet. If the length exceeds
5 times the width by 1 foot, what are the dimensions?

e. A family mailed a total of 50 postcards and letters during one
month, at a cost of $2.32 for postage. If the cost of miling a
letter is 5¢, and that of a postcard 4¢, how many of each were 1
mailed?

f. The sum of the digits of a two-digit numeral is 11. If the tens |
digit is 3 more than the units digit, what is the number?

VIII. Systems of Equations Solved by Addition
A. Suggested Procedure

1. Have pupils consider the equations in the following system:

Have them see the method of solving systems of equations by substitu-
tion is not always a convenient one, especially if, as in the above
system, the transformation for one of the variables in terms of the
other results in a fractional expression. A second method, called
the addition method, may be more convenient in such cases.

2. Have the pupils form an equation by adding the polynomials on the
left side of the equations and by adding those on the right side:

(Bx + 2y) + (2x = 3y)=10 - 2

e__or 5bx -y =8

\\\

3. Have pupils draw the graphs of the equations in the system. Then,
on the same set of axes, have them draw the graph of 5x - y = 8,
Does the graph of 5x = y = 8 have any points in common with the
graph of the equations in the system?

Have pupils see from the graph that the solvtion of the system also
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satisfies 5x - y = 8. Is the equation 5x -y =8 equivalent to
either of the equations in the system? (It is mot, for the graph
of 5x - y = 8 does not coincide with either of the graphs of

3x + 2y = 10 and 2x - 3y = =2.)

Have pupils repeat the procedure of 2 - 3 for one or two other
systems. Lead pupils to the realization that starting with a
system of two consistent equations, we may form a new equation
by "addition." The new equation is not equivalent to either of
the original equations, but the solution. of the system also
satisfies the new equation. All the other solutions of the
new equation are different from any of the solutions of the
original equations.

Have pupils consider the following systems of equations and
their solution sets. For each system, have them form a new |
equation by addition. Have pupils check to see whether the
pair of numbers in the solution set of the system satisfies the
new equation.

Systen Solution Set New Equation

a. 3x + by = 27 {63} hx + 3y = 29
X-y= 2

by 2x +y =6 \ =

Y x:*.y.= 5 ‘{(l,h)J 3!‘+'2Y 11

° + =

: a:x-g=l£ {(2,1)} 3x + 0y =6 or 3x6

Have pupils consider how we could find the solution set of the
system in 5a, if it were not known. They may suggest the following:

a. Try various replacements for x and y in the "new equation"
(obtained by "adding" the equations of the system). Find
several solutions (ordered number pairs) for this equation.

b. Test these solutions to see which, if any, satisfy the system.

Why is this method unsatisfactory when the "new equation" has
two variables?

Have pupils consider whether the above procedure will work any
better for the system in 5-c.
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8.

9.

10.

a. Pose questions:

What advantage has the "new equation” in 5-¢ over those in
5-a and 5-b?

What is the only replacement for x in this equation that makes
it a true statement? (2)

Hew is this replacement for x related to the solution set of
the original system? (It is the first number of the ordered
pair which constitutes the solution of the system.)

Now that the first number of this ordered pair is known, how
can we find the second? (Use 2 as a replacement for x in
either equation of the system and find the corresponding

value of y.)
242y =4 I - 25 =2
y=1 y=1

b. Have pupils see that the solytion of the system in 5-¢ is
(2,1). The solution set 1s'§§2,1) . Have the pupils check
the solution in both of the origindl equations,

¢. Have pupils realize that x = 2 and y = 1 are the equations of
lines passing through the point of intersection of the graphs
of the two original equations,

d. Have pupils conclude that when the equation formed by adding
the equations of the system has just one variable, the solution
set of the system can be readily determined. Elicit that the
variable y is "eliminated" because the y«terms are additive
inverses. A similar procedure could have been used if the
x-terms were additive inverses.

Have pupils practice solving each of the fbllowing systems by
addition:
a. 5x -3y =19 b, 2x + 5y = 20 Ce JSm+ 2n=5
2x + 3y = =5 ~2x+3y= | o2m = J2n = 10
After several examples, have the pupils consider the system:
x+3y=6
& + 4y = 10

Ask the pupils why adding the equations does not seem to help in
finding a solution. Have them see that if we added the left members
and the right members, we would get the equation 3x + 7y = 16 in
which neither variable is eliminated. This equation alse contains
in its solution set the solution of the original pair of equations,
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A

but it is not helpful in finding the actual solution. They
should realize that since the aim of this method is to
neliminate" one of the variables, they might proceed as
follows:

Multiply the left and right members of the equation x + 3y = 6
by -2, obtaining the equivalent equation -2x =6y = =12, Then,
"e]iminate" one of the variables by addition.

=2X -0y = =12
2x iy = 10
Thus, =2x + 2x - 6y + 4y = =12 + 10
-2y= =2
y= 1

Replacing y by 1 in either of the original equations, we get
x = 3, Therefore, (3,1) is the unique ordered pair which forms
the solution of our equations. Again, have the pupils check
the solution in both of the original equations.

11. Have pupils see that it may be necessary to choose a multiplier
for each equation in the system to produce a pair of eguations
equivalent to the original set, which then enable us to obtain
a coefficient of O for one of the variables when we add. For
example , in solving the system
1) 2x=-3y =17
(2) 3x+ 4y =10
We may choose =3 as a multiplier for equation (1) and 2 as a
mltiplier for equation (2). The following equivalent equations
are obtained:

-6x + 9y = =21
6x + 8y = 20
It is now possible to solve by addition.
B. Suggested Practice

Solve each of the following systems of equations by the addition
method :

3x+5y=33 5a+‘}b=-15 ox-o6y’3012

Some systems of equations are easy to solve by substitution.
Sometimes the method of addition is more convenient. Decide
for yourself which method to use, then solve the following
systems of equations:
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ST A ittt

l&o X'f2y=5 50 .2x-y=2 6. .hx-.ByB
2+ y=1 3x+y=3 2x + 5y = 1.6
7. Tx = 6y =9 8e§x+§y=10
9x - 8y =7 X- y= 8

Write a system of equations in two variables for each of the
following problems, and then solve by the most convenient method:

9. Tickets to a school play cost $1.10 for each ajult and 55¢ for each
child. If 330 tickets were sold for a total of $294.25, how many
tickets of each kind were sold?

10. A coin bank contains $3.05 in dimes and nickels. If the number of
dimes is 2 less than twice the number of nickels, how many coins of
each type are in the bank?

11. Tom is 6 years older than Bill. Four years ago, Tom's age was
1 year less than twice Bill's age. How old is each?

12, The difference between two numbers is 8. Twice one number is "
16 more than twice the other. What are the numbers?

Note: Pupils should realize that since the equations which express
the conditions of the problem are dependent, we cannot obtain a
unique solution.

13. Select additional problems from various textbooks.

IX. Solving Systems of Inequalities by Graphing
A, Suggested Procedure

1. Have pupils develop an understanding of the meaning of systems
of inequalities.

a. Have them consider the following pair of inequalities:

x+y>0 |
X+y <10

The replacement set for both x and y in each inequality is
{signed numbers } .

Have pupils find some sample ordered number pairs which make
the first inequality true, e.g., (1,1), (2,3), (4,7), (6,9),
("2:3): (5:8): (4593)0

Have them find some sample ordered number pairs which make

the second inequality true, e.g., (1,1), (2,7), (-1,-2),
(5:3), (3,"2), (2,3), ("2,3)) 10 ,3)0 _

-172-

R ERIC

Full Tt Provided by ERIC.




2.

3.

b. Guide pupils to see that there may be many ordered pairs
which satisfy both inequalities, e.g., (1,1), (-2,3), (4%,3).

c. Have pupils understand that when two linear inequalities
impose two conditions on the variables at the same time,

they are called a system of linear inequalities.

Pose question: How can we find the solution set of a system of
linear inequalities, such as

¥y > 2x =1
x+ y<$b

Have pupils realize that just as graphs are used to solve systems
of equations, so also can they he used in determining the solution
set of systems of inequalities.

Note: Sometimes this is the only practical method of solving a sys-
tem of inequalities. _

Develop with pupils the following procedvre for solving systems of
inequalities by graphing:

Solve the system: y> 2x =1
x+ y<5

a. First, draw the graph of y > 2x = 1, The solution set of this
inequality is the set of all points in the region above, (but
not on), the graph of y = 2x -1,

b. Next, on the same coordinate plane, draw the graph of
x +y < 5. The solution set of this inequality is the set
of all points below, (but not on), the graph of x +y = 5.

Y
\NEEER.
\\ y> 23( -/ l
K /
\ /
= \ /
i - "
| ! N\
| =
N
#r |/ h
/ |\
+ 1 'R j{ ] 1 ) i. \.\ X
m X
};.—:I. x+y4q ;Z\
\‘/\1/ I : QJ\
it
"4

Note: Since the lLines y = 2x - 1 and x + y = 5 are not
included, they are shown as dashed lines.
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c. The graph of the solution set of the system

T>2& =1
x+y < 5

is the set of all points, and only those points, on the plane
which are both above the graph y = 2x - 1 and below the graph
of x +y = 5. (They are indicated in the diagrem by means

of double-shading.) Some points in the common solution set are
(1,2), (0,4), (~2,=3). Do these points have coordinates that
satisfy both sentences in the system?

OPTIONAL

L. Have pupils extend their knowledge of graphing systems of inequalities
to the solution of problems involving "linear programming.,"

B. Suggested Practice

Greph each of the following systems of inequalities. Show the graph of
the solution set as points in a double-shaded region.

lex> 2 2. x=1>y
¥ < 3x y>2+x |
3.y<3x+2 he 2y = x>1 5.y=-420 1
¥y> x-1 X =3y <5 y+2=>0

6. Graph the solution set of the following problem. Then, from the
graph, find three solutions to the problem.

I am thinking of two numbers. The first, when added to 7 » results
in a number less than 12. The sum of the two numbers is greater
than 5. What are the numbers?




CHAPTER VIII
DIVISION OF POLYNOMIAILS

This chapter contains suggested procedures for helping pupils
develop understanding and skill in dividing with polynomials. The
materials presented show the following progression: dividing a
monomial by a monomial; dividing a polynomial by a monomial; dividing
a polynomial by a polynomial,

I. Dividing a Monomial by a Monomial
A. Suggested Procedure

1. Review with pupils that division of signed numbers is related
to the operation of multiplication. Thus,

15 3 3, or%ﬁ

means a number which when multiplied by 3 gives 15. Then,
15 & 3 = 5 because 15 = 53

How can we develop the meaning of division in the set of polynomials
to make it consistent with the meaning of division in the set of
signed numbers?

2, Guide pupils to see that our definition of division in the set of
polynomials should give us the same answer as in 1. Then, to be
consistent, we will define division in the set of polynomials as
the operation related to multiplication with polynomials.

Thus, —;—i% = x because x3 = x2¢x

-3-'57- = x2 because X! = X?.x2
x

—Jx‘%o= x® because x10 = P °x6

3, Lead pupils to discover the law of exponents for division.

a. In each of the above examples, have them compare the exponent
of the quotient with the exponents of the dividend and divisor.

X _ 3.2 x7 _ 7.5 ' 10
= b ke

-175-




b. Have pupils generalize that in finding the quotient of two
powers having the same base, we write the base and use as
its exponent the degree of the dividend minus the degree
of the divisor. This is known as the law of exponents

for division.
c. Have pupils understand the meaning of the Oth power of x.

-£3 =1 because x3 = x3°1
x

But if we apply the law of exponents for division

-Lg-zx3-3=x°
X

Then, if we wish to be consistent, we define x° = 1 for x % 0.

Note: The expression 0° is g:nerally understood to have no
meaning.

d. As a result of c, have pupils understand the meaning of ones
place in the decimal system of numeration. For example,
7x2 + 9x + 8 may be thought of as Tx2 + 9x1 + &x°. If x =10,
this becomes 7:102 + 9.101 + 8.10°, or 798.

L. Have pupils understand how the quotient of two monomials whose
coefficients are not 1 can be found.

a. Have them consider the following:

-%2 = 2y because 4xP = 2x°2x#

% =-4Ly because -By“ = 233 «(~4y)

'2%:"* g ab because 3a2b = 2a-(3ab)

Have pupils observe that in each of the above examples the
coefficient of the quotient is the result of dividing the
coefficients of the dividend and divisor.

b. Have pupils generalize that in dividing two monomials, we

obtain the quotient by dividing the coefficients of the
monomials and by using the law of exponents for division.
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B. Suggested Practice

Perform the indicated divisions and check by multiplication. For which
values of the variables are the following divisions meaningless? (When
the variable is in the divisor, it may not be replaced by zero.)

y, _h2e? 7. 108c2a%e3
3 -12ce2

2. 72b° & 4b g 9ROV
64a2t? 3x? N‘3 2

3. “ b
03 g, AIE-

T

5, Thom 0. det® : 3t
T’ 11, -1.24%t2 & .3d%2

6. 81r2s3 © © ¢
-312s 12, 3mvR & w2

II. Dividing a Polynomial by a Monomial
A. Suggested Procedure |

1. Have pupils recall that division of a number by another number can
be replaced by multiplication of the first number and the reciprocal
of the divisor. For example,

8 %2 can be replaced by 8 x
10& 5 can be replaced by 10 x-];

4 £ 3 can be replaced by -%- x % and, in general,

atb can be replaced by a.% b¥ O
2. Pose puzzle problem:

Think of a whole number from 1 to 10. Square it, add the original
number to this result. Now divide the sum by the original number.
If you tell me yowr answer, I can tell you your original number.

Have several pupils state their answers. Tell them their original
numbers. (The original number is 1 less than the answer.)

Have pupils see that the operations in the problem may be symbolized
as follows:




X = original number

2 = square of the original number

x2+x

-&2_::_22 = sum divided by the original number

How can the original number be determined?

original number added to the square

Have pupils realize that what is involved is the division of a
polynomial by a monomial.

3. Have pupils consider the division

2
(x2 +x),&xor§——ft—35

I

Have them understand this division as follows:

x2_+
X

X e (xR + x) o 4 (Division may be replaced with multi-
plication by reciprocal)

=x?.d+ x .1 (Distributive property of multiplicavion
b S X over a.dd:i.tionsJ

= 5’%2 + 5-’: (Meaning of division)
=x +1 (Division of monomials)

Observation: To divide a polynomial by a monomial, we make use of the
distributive property of multiplication over addition.

L. After several such examples, have pupils note that we are, in effect,
dividing each term of the polynomial by the monomial,

5. Have the pupils perform the following divisions and check by sub-
stitution: a = 2, a = 3, and a = 0.

a, 3022 _+10a 3022 . 108
10 10 10

=32 + a

For which values of the variable is the division meaningful
in this example? (for all values)
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3022 + 10a _ 3022 | 10a
10a 102 10e

=73 <+ 1

b.

For which values of the variable is the division meaningful
in this example? (for all values except a = 0)

B. Suggested Practice

Perform the indicated divisions and check by multiplication. For
which values of the variables are the divisions meaningless?

1, L& Ad 5 7, Baau2 y (o)
-m -m -m
2. lQIl ';' in = + 1
3 25¢c + Sc or
¢ mom _mé _ m
L _"'..2_.%".'_‘.*.‘1 | -n ~m -
=em = (=1)
5. zﬁ3_+_2x
Yy =am + 1
6. 6r3 + 912 + 12r 8. 8s = U
3r -l
g 2+ 18x
¢ -X
10 35¢3d + 7¢2d2 = Uicd?
* ~Tcd

III. Division of a Polynomial by a Polynomial

Note to teacher: Two approaches are suggested for developing division
of a polynomial by a polyromial. The first approach emphasizes the
similarity between the process of division for polynomials and long
division for integers. The second approach stresses the use of the
distributive property of multiplication over addition. Teachers will
select the method which will best meet the needs of their pupils.

A, Suggested Procedure

1. Have pupils understand the meaning of the closure property of a
set of numbers under an operation.

a., Have them consider the result of adding two whole numbers
(the positive integers and 0).

24+7=9 14 + 38 = 52 109 + 217 = 326

These are illustrations of the fact that the result
of adding two whole numbers is always a whole number.
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b. Have pupils consider the result of multiplying two whole
numbers.

2x 5=10 Ox7=0 21 x 19 = 399

These are illustrations of the fact that the result of multiply-
ing two whole numbers is always a whole number.

c. Tell pupils that a set of numbers is closed under an operation
if the result of the operation performed on every pair of
elements in the set is also an element of the set. Thus, the

set of whole numbers is closed under addition and under multi-
plication.

d. Have pupils realize that a set need not be closed with respect to-
an operation.

1) The set of whole numbers is not closed.under subtraction.
i For example, 4=6 does not yield a whole number,
i

2) The set of whole numbers is not closed under division.
For example, 3 2 L does not yield a whole number.

3) The set of odd numbers is not closed under addition since
the sum of two odd numbers is an even number (not in the set).

) Guide pupils to see that to make subtraction always possible,
the set of arithmetic numbers was extended to form the set
of signed numbers; to make division always possible, the set
of whole numbers was extended to form the set of fractions.

2. Have pupils review the meaning of a polynomial and the degree of a
polynomial.

3. Guide them to realize that the set of polynomials is not closed under
division. For example, if the polynomial x2 + 2x + 1 is divided
by the polynomial x, we have

R+l x2 2x, 1
x x  x ' x

= x+ 2 +% This is not a polynomial.

Note: Just as in the past we extended the set of whole numbers to
form the set of arithmetic fractions in order to make division
of numbers always possible, so will the set of polynomials be
extended to form the set of algebraic fractions (rational expres-
sions), in order that division of polynomials will always be
possible. (See Chapter X )




L. Pose problem: The amea of a rectangle is x2 + 3x + 2. Tts

width is x + 1. What is its length? Have pupils see that what
is involved is the division of polynomials.

(x2 +3x +2) 2 (x+1)

a. Have pupils compare the division of polynomials with the
division of integers.

1) Have them consider: 132 & 11

2)

12 10 + 2
11) 132 10+1)100 + 30 + 2

110 0C + 10

22 20 + 2

22 20 + 2

Have purils see that the dividend and divisor may be
written in terms of powers of 10.

10 +2
10+1) 102 + 3.10 + 2

102 + 110

210 + 2
2:10 + 2

If x is used to represent the base 10, the problem
becomes:

x +2

xtl) x2 + 3x + 2
%2 4+ x
2x + 2

2 + 2
0

Have pupils see that when x2 + 3x + 2 is divided by x + 1,
the answer is the polynomial x + 2,

Note: While this procedure was developed by means of a
consideration of division in base ten, it is equally valid
in any other base, and, in fact, the variable x may represent
any number.

Have pupils check the division by multiplication.
Have pupils check the division by replacing x ty any con-
venient number. What numbers, if any, are not permissible

as replacements for x? (-1 is not permissible since it
leads to a zero divieor.)

-181-




3) After several similar examples, have pupils consider a

division problem with a remainder other than zero.

3x + 2
X+ h) 332+ Ux + 10
3x2 + 12x
2x + 10
2x+ 8

The quotient is 3x + 2 with a remainder of 2. Guide pupils
to express the remainder as a fractional part of the divisor:

(3%2 + Ux +10) & (x+4)=3x+2+ r_%h-

Have pupils note that 3x + 2 + ;'_2—‘: is not a polynomial.

b. Alternate approach. Have pupils understand the division of poly-
nomials as follows:

1) When the polynomial x2 + 3x + 2 is divided by the polynomial

x + 1, the polynomial answer,if it exists, must be of degres
one, since i: must multiply a first-degree polynomial (x+1)
to give a second degree polynomial (x2 + 3x + 2) as a product.
Thus,

(x+1)(—mt ) =x2+3x+2
What must the first term of the answer be?

a) Guide pupils to realize that the first term of the answer
is x (that is, x2 & x).

Then, (x + 1) (x +—) =x2 +3x + 2

b) Have pupils use the distributive property of multiplication
over addition to expand the left side.

x+1)x+(x+1) (——)=x+3x+2
R +x+x+1)(—e—) =x2+3x+2

¢) Have pupils add the additive inverse of x2 + x to both sides
of the equation. Then,

(x+1)(—)=xR +3x + 2 -x2 =x
(x+1) (= )=2x+2
What must the second term of the answer be?
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d) Guide pupils to see that if (x + 1)e( = ) is to give
2% + 2 as a result, the second term of the answer must be
2 (that is, 2x + Xx).

o) (x+1)(2) =2x +2

Therefore, when x2 + 3x + 2 is divided by x + 1, the answer
is the polynomial x + 2.

Check by multiplication:
(x + 1)(x + 2) 2 x2+3x+2
(x+1)x+ (x+1)2% X2 +3x+2
R4+x+2x+2 @ xR+3Ix+2

x2 + 3x + 2 = X2 + 3x + 2 and it checks

2) After several similar examples, have pupils see that the work

may be arranged in the following short form:

X see a) x +2 see d)
x+1) x2 + 3x + 2 xtl) x2 + 3x + 2
x2 + X see b) x2 + X
2x + 2 see c) 2% + 2
2x+2 seee)

3) Have pupils consider the following problem: Can the polynomial

3x2 + lix + 10 be divided by the polynomial x + 4 to give a
polynomial as an answer?

Ir (x + 4)( — + — ) = 3x2 + Lix + 10, then the first term of
the answer is 3x (that is, 3x2 & x).
Then, (x + 4)(3x + —) = 3x2 + Lix + 10 or

(x + 4)e3x + (x + 4){ — ) =322 + Lx + 10 or
3x2+12x+(x+h)(——) = 3x2 + Lix + 10 and

(x+4)(—) =2x +10

If (x + 4)(——) = 2x + 10, then the second tem of the answer
appears to be 2 (that is, 2x ¢ x).

Bt (x + 4)(3x + 2) = 3x2 + Uix + 8 # 3x2 + Uix + 10.

Have pupils conclude that 3x2 + 1ix + 10 is not divisitle bty the
polynomial x + &4 to give an answer that is a polynomial.

Have them note that 3x% + Ux + 10 = (x + 4)(3x + 2) + 2.

Have them realize that 2 is a remainder when dividing 3x2 + lx + 10
by x + k- der
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5.

7.

The above division example can be arranged in short form
as follows:

3x + 2 The quotient is 3x + 2 with
xHy) 3x2 + lx + 10 a remainder of 2, This can
3x2 + 12x be written as:
2x + 10 2
+ 8 + 2 + ——
2.1____2 3x + 2 vy

Have pupils see the need for using the descending (or ascending)
order of the dividend and divisor to facilitate the mechanics of
division of a polynomial by a polynomial.

. Guide pupils to see how missing terms in a dividend are provided

for, by using zero as a coefficient,

Example: Divide x3 - x + 6 by x + 2
X2 -2x +3
X+2) 33 + 0ex2 - x + 6
x3_+ 2x2
-2x2 -x
B 334-6

3x + 6

Check by multiplication.

Have pupils practice division of polynomials and summarize the
procedure. Have them check division by multiplication. It may
also be checked by numerical substitution.

B. Suggested Practice

Perform the following divisions and check your answers.

1.

2,

3.

Le

xzﬂﬁl’ 6. p-2)3p2 - Tp + 4
X
¥2 = 3 +2 7. (-2 -a +3a2) 3 (a = 1)
ol 8. x+2)3x3 +6x2 = x = 2
R oW T2
ww“'B 9. (B3-y+6)2 (y+2)
8c2 + 16cd + 642 10. x=3) 33 + 27
2c + 3d
(xR +3x +5) 3 (x-2)
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11. If one factor of 2m2 -mn -6n? is m - 2n, what is the other factor?

12. The area of a rectangle is x2 -x -12, ard its length is x - 4.

What is its width?

13. The volume of a rectangular sold is m +m+m+6,
Find the area of the base.

Its height is m + 2,

14, See various textbooks for additional practice.
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CHAPTER IX

SPECIAL PRODUCTS AND FACTORING

This section presents materials and procedures for helping
pupils develop understanding and skill in factoring algebraic expres-
sions through the use of the basic number properties.

I. Greatest Common Factor of Monomials
A. Suggested Procedure
l. Review meaning of factor

a. Pose problem: The area of a rectangle is 24. What are the
dimensions if they are to be whole numbers?

Pupils will suggest various possibilities:

6 and 4 because 6 x 4 = 24
8 and 3 because 8 x 3 = 2,
12 and 2 because 12 x 2 = 24
24, and 1 because 24, x 1 = 2,

b. Have them recall that when two or more numbers are multiplied
to give a product, each number is a factor of the product.
Thus, 6, 4, 8, 3, 12, 2, 24, 1 are all factors of 24,

Elicit that when a product and one factor are known, we may
find the other factor by dividing the preduct by the known
factor.

Note: The factors of an integer are also called the djvisors
of the integer.

2. Have pupils express a number such as 12 as the product of numbers
(positive or negative) in various ways:

12 = %-%2 12 = 5.2;
12 = 2¢ 12 = 18- 6
112 - é‘:’;’?é"” 12 =(=%)(-24).2 etc.

Have pupils realize that if fractions were considered as factors
of an integer, the number of factors of this integer would be
limitless, since any number (¥0) would be a factor. It is therefore
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3.

L.

5.

customary to restrict the factors of a number to a given set
of integers. (Unless otherwise stated, the factors of a
polyncmial will have coefficients tnat are in the same set of
numbers as the coefficients of the given polynomial.)

Have pupils conclude that to factor an integer is to find
several integers (positive or negative) whose product is the
given number.

Have pupils consider the following subset of the set of
integers:

2, 3, 5, 7, 11, 13, 17, <.

What common properties do these have? Bach number in this set
is greater than one and each number has only itself and one
as positive integral factors. When an integer greater than
one has o jtself and one as positive integral factors, it
is called a prime number.

Have pupils list several cther members of the set of prime
numbers. Have them list the set of all even primes.

Have them consider whether 179 is a prime number. Does it have
any factors other than 1 and 179? Try 2, 3, 5, 7, 9, 11, 13 as
possible divisors or factors. Why do we not use even numbers
greater than 2? Why do we not use any number greater than 137
(142 = 196 which is greater than 179. Therefore, if there were
a factor greater than 13, there would necessarily be another
factor less than 13.) ‘

Have pupils practice expressing positive integers as the product
of prime numbers.

a. 18 = 2.9 = 2.3.3 or
18 = 3.6 = 3.2.3

b. 24 = 122 = [,+32 = 20232 or
Zh - 803 = 20202.3 or
2 = 60"_ = 3020202

Have them notice that in each case the prime factors are
the same except for the order in which they appear. Inform
pupils that it can be proven thati .any natural number can be
written as the product of a unique set of prime factors.
Thus, we would not say that 2.3.3 and 3.2.3 are different
factorizations of 18 (18 = 2.32).

Have pupils practice expressing negative integers as the product
of =1 and prime numbers.

8. =20 = =1°5°2°2 = =1°5°22

b =45 = =1¢3¢3+5 = =1+32+5
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6. Help pupils to find a common factor of a pair of monomials.

Qe

b.

Ce

What is the greatest common factor of 120 and 36? We can
determine this by factoring these numbers into the product

of primes because we know that each has a unique set of prime
factors.

W
o

120 = 260
= 2¢2+30
= 202°2°15
= 202020305
= 23 *3 .5

The largest power of 2 common to 120 and 36 is 22. The largest
power of 3 common to both numbers is 3. There are no other

factors in common. Then the greatest common factor is
22‘3 or 120

Have pupils find the greatest common factor of a pair of monomials,
27a?b and 36a3b.

Have pupils express each numerical coefficient as a product of
prime integers:

33.a2.b and 22.32.a3.b

What is the largest number that is a factor of 27 a2b and 36 a3b?

(32 or 9)

What is the highest power of a that is a factor of each? (a2)

What is the highest power of b that is a factor of each? (b)

Then what is the greatest common factor of 27a2b and 36a3b? (9a2b)

Have pupils find the greatest common factor of this pair of
monomials:

25x%y3 and =50x3y

Expressing each coefficient as the product of prime factors,
we have 5§x2&3 and (=1).2.52x3y

52x2y or 25x2y is the greatest common factor of both.

B. Suggested Practice

Find the greatest common factor of each of the following pairs:

1.

2e

3.
L
5.

12,32 6. 6x3y, =12x3y2
22,73 7. 532b3: et 0a2b
862, 6b 8. L2xyz, 2832
9rs2, 6r2
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II. Finding the Greatest Common Monomial Factor of the Terms of a Polynomial

A. Suggested Procedure

1.

2.

3.

Have pupils find the area of a rectangle whose dimensions are
2 and x + 3.

)
3) Distributive property

Since the product, 2x +:6, was obtained by multiplying 2 and x + 3,
then 2 and x + 3 are the factors of 2x + 6., If 2x + 6 were given
as the product of two factors, how would we determine those factors?
Have pupils see that the binomial 2x + 6 consists of two terms,
ox and 6. Factors of 2x are 2 and x. Factors of 6 are 2 and 3.
Because 2 is a factor of 2x and of 6, it is called the common
factor of 2x and 6.

Then, 2x + 6 = 2+x + 2¢3 and, using the distributive property, we
can write this as

2% + 6 = 2(x + 3)

This sentence is true for any replacement of the variable by a
signed number. The given polynomial has 2 and x + 3 as factors.

In a similar way, have pupils show that
6x2 - 9x = 3x (2x - 3)
Have them note that 3x is a monomial factor of the pclynomial
6x2 - 9x. If a monomial is a factor of every term of a polynomial,
it is called a common monomial factor of the polynomial.

Have pupils consider various ways of expressing 8x2 ~ 12x as the
product of factors, one of which is a monomial:
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8x2 - 12x = 2(4xR - 6x)
8x2 = 12x = 4(2x2 - 3x)
8x2 = 12x = 2x(4x = 6)
8x2 = 12x = 4x(2x - 3)

Have them see that 4x is the greatest common monomial factor

since,of all the common factors, it has the greatest numerical
coefficient and is of the greatest degres. In expressing a
polynomial as the product of factors s one of which is a monomial
factor, it is understood that we use the greatest common monomizl
factor. ‘

he Have pupils complete the table below. Have them check by multi=
plication, or by substitution.

P mial
Folynomial GCF -9-3%%%-—‘*- = Quotient Fh;::;ed
2
a. 5x2 - 10 5 -5%-_.1_59:.-,(2_2 502 - 2)
b 9o - 1eax? Pax 3::2cx - 13::2 =a=-2x 9ax(a-2x)

Coe 1233b + 1632b2
d. Tl'l‘z + T-rrl

8, ab+ b

B. Suggested Practice
1., Write in factored form:

a, 2a + 2b f. a+a2+a3

be 5x - 10y | 8¢ u2v = uv?

G, 3x2 + 6x3 he 7% + 21x3 - 56x

de 4b - 8b2 i. 9a3b2+ 18a2b2 - 6a2b3
e. 10x%y + 15xy2 Jo =t3 4 4t2 + 8t

2, Select additional examples frem textbooks. |
3+ Write each expression in factored form. (OPTIONAL)

& x(x+l) + 3(x+l)  Solution: (x+1)(x+3)
Ce (m-n)rz o+ (m-n)t2

de a2 - a +2ab = b
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III. Squaring a Binomialj Factoring Trinomial Squares
A. Suggested Procedure
Note to Teacher: If preferred, the general case of factoring trinomial
products may be developed first. Following this, the factoring of
trinomial squares and the factoring of the difference of two squares
may be taught as special cases.

1. Have pupils review the multiplication of a binomial by a binomial.

Fefer to Chapter V for the use of the distributive property in
multiplying polynomials.

2. Have pupils consider the special case of mltiplying a binomial by
itself,

a. (x +3)2 = (x +3)(x+3)

(x +3)x + (x +3)3

X +3x +3x+9

='-x2+6x+9

Have pupils note that the area of the square whose side is (x + 3)
is made up of the areas of 2 squares and 2 identical rectangles.

x + 3
X X 3x
2 + 2(3x) + 3%
+
3 3x F
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b. Have pupils perform several multiplications of identical
binomials using the usual method of multiplication.,

Factored Form Product
(y+5)y+5) or y +5R = ¥2 + 10y + 25
(a - 2)(a = 2) or (a - 2)° a2 - la + 4
(b+1)(+1) or (b +1)°2 = R +2b+1

Pose questions:
1) What kind of polynomial is the product? (a trinomial)

2) How is the first term of the product related to the first
term of the binomial in each case? (It is the square of
the first term of the binomial.)

3) How would you describe the last term of each product?
(It is always positive, It is the square of the second
term of the binomial,)

L) How would you describe the second term of each product?
(It is twice the product of the terms of the binomial)

3. Have pupils use the observed pattern to work the following
examples mentally.

(x+2)(x +2) (t +7) (x + )2
(y = 4)3 (r - 10)? (2 +a)(2 +a)

Tell pupils that a trinomial which is the square of a binomial is
called a trinomial square.

4. Have pupils factor trinomial squares.

a. Pose question: How can we recognize a trinomial that is the
square of a binomial? For example, is x2 + 12x + 36 a trinomial
square?

Have pupils recall the relationship between the terms of the
trinomial square and the terms of the binomial,

Is the first term of the trinomial a square? Yes, x2 is the
square of x.

Is the last term a square? Yes, 36 is 62,
Is the middle term twice the product of x and 67 Yes, 12x = 2(x)(6).

Have pupils conclude that the trinomial is the square of a binomial.
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b. Lead pupils to see that the trinomial x2 + 12x + 36 may then
be written in factored form as:

2 +12x + 36 = (x + 6)(x + 6) or (x + 6)?
Have them check factoring by multiplication.

c. In similar fashion, have pupils see that a? - Ua + 49 is a
trinomial square. Have them observe that:

a2 is the square of a a2 = (a)?
L9 is the square of =7 L9 = (=7 )2
~1la is twice the product of a and - 7 ~Ua = 2(a)(=7)

Then, a2 - Ua + 49 = (a -7)(a=17)or (a - 7)2
d. Have pupils consider whether a? - 14a - 49 is a trinomial square.

Is =49 the square of a term? Since (+7)2 = +49 and (=7 )R = +1,9,

then =49 is not the square of a temm and a2 - Ua - 49 cannot be
a trinomial square.

B. Suggested Practice
1. Which of the following are trinomial squares? Explain.
a.x®+6x+9 d. y2 + 10y +25
b. x2 - 8x + 16 8. b2 =-2b-1
c. a2 + La +2 |

2. Factor, if possible, and check by multiplication,

a. x2 4+ 8x + 16 €. X2 + 20y + y2
b. y2 = 10y + 25 £. t2 + 2t - 1 (not possible)
c. b2 + 18b + 81 g. 16 - 8b + V2

d. 1+ 2a + a2 he x2 - 2xy + y2




OPTIONAL
3. Factor, if possible, and check by multiplication.
a. 4x? - Ix +1 . ee 9r2 | 6rt + 22
b. 4x2 + 12xy + 952 d. 25y2 = 10y - 1
4. What must be the value of m, if each trinomial is to be a square?
a.y2 +my + 16 (m = +8 or -8)
b, a2 + 6x + m (m=29)
comy? =10y +1  (m=25)

IV. Multiplying Two Binomials Whose Product Is a Binomial; Factoring the
Difference of Two Squares

A. Suggested Procedure

1. Have pupils recall that the product of two binomials is usually a
polynomial with three or four terms.

Pose question: Can two binomials be such that their product is a
binomial?

a. Have pupils multiply two identical binomials, such as
(x+3)x+3)=(x+3)x+ (x+3)x

=x2 +3x+3x+9

=x2 + bx + 9 The product is a trinomial.

1) Have them observe that the product contains the square of x,
the first term of each binomial,and the square of 3, the second
term. Elicit that if the product is to be a binomial, the
middle term will be lacking.

2) Guide pupils' thinking as follows:

In the above multiplication, the middle term, 6x, was obtained
by adding 3x and 3x. What must be true of these monomials

if their sum is to be Ox instead of 6x7? (They must be additive
inverses.) Then, instead of x + 3 and x + 3, what two bi-
‘nomials ahall we use? (x + 3 and x = 3)
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3) Have pupils verify by mmltiplication that (x + 3)(x - 3)
results in a binomial product. :

b. Have pupils suggest several other examples of multiplication
of binomials which result in a binomial product.

(x+5)(x=5) =x2 =25
G+2)y-2)=y2 -4
(=x + 7)(=x =7)= x< = 49

c. Have pupils realize that if in two binomials, the first terms
are the same and the second terms are additive inverces of
each other, then the product of the binomials is also a
binomial. Have them note that the product in each case can
be described as the difference of two squares of monomials.

d. Have pupils express the following products as bhinomials.

1) (x + 8)(x - 8) 7) (a + £)(a - £)

2) (y -9F +9) 8) R+ r)(R-r)

3) (¢ + .2)(c - .2) 9) (47)(53) or (50 - 3)(50 + 3)
4) (a + 6b)(a - 6b) 10) (62)(58)

5) (y + 2x)(x - y) 11) (36)(4k)

6) 2 +4)&x2 - 4) 12) 25 x 35

2, Have pupils learn to factor a difference of two squaréé.‘

a. Have them recall that the factors of a polynomial have coefficients
that are in the same set of numbers as the coefficients of the
polynomial. Thus, if the coefficients of a polynomial are in-
tegers, its factors will have integral coefficients.

b. Have pupils determine wh:lch‘of the following can be expressed as
the product of two equal factors. Have them then write the
expression as the square of a monomial. :

1) x2 = xx or (x)2 K - 3'y2°3y2‘°1'.(21’r¥2)2
2) o = 22x2xor ()2 5) U952 = (,72)(Ta) or (78 )R
3) mt = plen? 6) 3x2 Cannot be expressed as the

product of two equal fac-

.~ tors since 3 does not have
two equal integral factors.
Then 3x2 is not the square
of a monomial.
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c. Have pupils express, if possible, each of these binomials as the
difference of two squares of monomials as follows:

1) 2 -9=(x)2 - (3)2

2) 12 - 25=(x2 - (5)2
3)y2 - ix? = (y)2 - (2x)2
4) a2 -4 = (a)2 -~ (3)2

5) b2 - 5

6) d2 = .09 = (d)2 - (.3)2
7) x2 4 &

8) 3x2 -~ Ly2

(The monomials are x and 3)

(The monomials are 2x and 5)

(What are the monomials?)

(What are the monomials?)

(Cannot be so expressed. Why not?)
(what are the monomials?)

(Cannot be so expressed. Why not?)

(Cannot be so expressed. Why not?)

d. Have pupils realize that since the product of two binomials whose
first terms are the same, and whose second terms are additive
inverses results in a binomial which is the difference of two
squares of monomials, we may reverse the process to factor the

difference of two squares.

We factor the difference of two squares of monomials into the
sum and difference of the monomials. For example,

R ~9=.(x)2 - (3R
k@ =25 = ()2 - (5)2

¥R - kx%= (y)2 - (2x)2

x -a?= (x)2 - (a)?

B. Suggested Practice

= (x+3)x-3)

= (2x+5)(2x - 5)

= (v +2)(y - )

= (x+2)(x~-a) etc,

1. Factor the following differences of squares.

a., 2 -d2
b, 4a2 - 9b2
c. x2 = Ok
d. 92 - y2
e, RR = 2
fo X2 = 16y2

g 16m2 - 25n2
h, 2 - 32
i. .09Y2 - 52

j. 1972 - 25x2
[ ] 2 -
k. 362 - hob?
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2. Factor each of the following integers.

a. 152 = 1 Solution: 152 = 1 = (15 + 1)(15 = 1) = (16)(14)
b. 2491 Solution: 2491 = 2500 - 9
= (50 = 3)(50 + 3)
= (47)(53)
ce 3596
d. 4875

V. Finding Trinomial Products by Inspection; Factoring Simple Trinomials
(General Case)

A, Suggested Procedure

1. Have pupils use the distributive property to find the product of

the following pair of binomials:
(x +2)(x+5) = (x +2)x + (x +2)5
=x2 + 2x + 5x + 10
=x2+ (2+5)x+10
= x2 + Tx + 10 |
Have them observe the following for this product:

a. The first temm, x2, of the product is obtained by multiplying
the first terms of the binomials.

(x + 2)(x + 5) xXox = X2

b. The middle term, 7x, of the product is obtained by multiplying
the first term of each binomial by the second tem of the other
and adding these products.

(x + 2)(x + 5) 2 + 5x = (2 + 5)x =+ Tx

‘¢ The last term, 10, of the product is obtained by multiplying
the two last terms of the binomials,

(x + 2)(x + 5) 245 = 410
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2. Present additional illustrations and have pupils make these
observations again.

Have pupils use these observations to complete the following table:

Binomial Factors Product
First Term Middle Term last Term

(x +3)(x+ 5) = ? +8x ?
(y - 2)<y +1) = ? -y ?
(a +3)(a-17) = ? -la ?
(r=6)(r=-2) = ? " ?
(b +2)(b+8) = b2 ? +16
(p - 9)(p -11) = P2 ? 499
(x = 5)(x + 7; = x2 2 ~35
(b+2)b-3 = b2 ? =6
(b+4)(b+4) = ? ? ?

Y - 4)y - 5) = ? ? ?
(a - 2)(@a + 8) = ? ? ? |
m+7)@m-11) = ? ? ?

3. Have pupils leamn to fiactor simple trinomials which are the product
of two binomials,

a, Have pupils multiply (x+2) by (x+3). The product is x2 + 5x + 6.
b. Pose problem: The area of a rectangle is represented by x2 + 5x + 6.
What binomial expressions may represent the dimensions?

Elicit that the binomial expressions are factors of the product
xz <+ 5x + 60

Guide pupils' thinking as follows:
1) What is the first term of each binomial? The first term of

each is x, since the product of x and x is x2, the first tem
of the trinomial.

x2+5x+6-(x+?)(x+?)

2) Since 6 was obtained by multiplying the last terms of the
binomials, these last terms must be factors of 6. What are
all the possible pairs of factors of 6? They are:

1l and 6
2anmd 3
=1 and =6
-2 and =3
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3) Which pair must be chosen as last terms, so that the
product of two binomials will have a middle term of 5x?
(2 and 3)
L) Then we can write the factors as follows:
| x2 4+ 5x + 6= (x+2)(x +3)
Have pupils check factoring by multiplication.
Is the form x2 + 5x + 6 = (x + 3)(x + 2) acceptable? Why?

The length of the rectangle may be represented by x + 3;
the width by x + 2,

c . Have pupils factor the following:
x2 +3x + 2 (x +1)(x + 2)
®R+hx+3 - (x+1)(x+3)
x2 + 7x + 10 (x +2)(x + 5)
Have them note the sign of the constant temrm, the patterns of
the signs in the factors, and the sign of thz coefficient of
the middle terms.
d. Have pupils factor the following:
1) x2 = Ix + 3
We can write x2 = 4x + 3 = (x + ?)(x + ?).

l'ha)t are the possible pairs of factors of +3? (1 and 3, ~1 and
"3 L ,

Which pair must be chosen as last terms so that the product
of the two binomials will have a middle term of -4x? (-1 and -3)

Therefore, x2 - 4x + 3 = (x = 3)(x - 1).
Check the factors by multiplying.
2) xR - 3x + 2 (x-2)(x-/l)
3)y2 .8y +7 G-1)F-7
L) x2 - Tx + 10 (x = 5)(x - 2)
Have them note the sign of the constant term, the patterns

of the signs in the factors, and the sign of the coefficient
of the middle terms. '
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e. Have pupils factor the following:
1) x2-2x -8

The product of the numbers which are needed as the second
terms in the binomials (x + ?) and (x + ?) is =8,

What are the possible pairs of factors of =8? (-8 and 1;
8 and =13 L and =2; =4 and 2)

Which pair must be chosen as last terms so that the product
of the binomials will have a middle term of =2x? (-4 ard 2)

%2 -~ 2x = 8= (x = 4)(x + 2) Check by multiplication.
2) X2 = 3x = 4 (x = 4)(x +1)
3)x2+3x =4 G+ 4)(x = 1)
L) x2 = 5x = 6 (x - 6)(x +1)
Have them note the sign of the constant term, the patterns

of the signs in the factors, and the sign of the coefficient
of the middle terms,

B. Suggested Practice
1. x2 + 5x + 6= (x ?22)(x ?3)
20 x2 = 5x 4 4= (x?4)(x?1)
3.3 - 5x=6=(x=6)(x+1?2)
he X2 4 3x = 4= (x + 2)(x - ?)
5.2 + 5y = 6 =7
be y2 = by + 8 = ?
7.2 +8 = 9="?
8.b2 =8b-9="7
9. d2 +6d +9 =7
" yR+tLy+bh=72
N, 82 -a=-2= 7

12. The area of a rectangle is x2 - x = 6, What are the sides of the
rectangle if they are factors of the area?

13. The area of a rectangle is y2 + 2y = 15. What may its base and
altitude be?
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OPTIONAL

Lie If X2 + tx + ¢ is factorable into (x + r)(x + s), what is true of
the signs of r and s, if ¢ is a positive number?

What is true of the signs of r and s if ¢ is a negative number?

signs of r and s?

If ¢ is a negative number, how is the sign of b related to the
absolute values of r and s?

If ¢ is a positive number, how does the sign of b affect the i

VI. Factoring Trinomials of the Form ax2 + bx + ¢, where a = 2 or 3 |

A. Suggested Procedure ’
terms of a trinomial product and the signs of the temms of the

binomial factors.

2, Pose problem: The area of a rectangle is 3x2 + 7x + 2. What
binomial factors might represemt the dimensions?

1, Review with pupils the relationship between the signs of the {
:
|
1

Guide pupils' thinking as follows: |
a. If the first term of the trinomial product is 3x2, what are
the first terms of the binomial factors? (3x and x) Thus,
we may write:
3R +Tx+2=(0Cx+ ?)(x+?)

Note: The first termm of each factor should have a positive
coefficient,

b. What is the product of the second terms of the binomials? (+2)

What are possible pairs of factors of +2? (2 and 1, =2 and -1)

Which factors do we reject? Why*
¢, How may we fill in the blanks in the binomial factors?

1) Have pupils try (3x + 2)(x + 1). Have them check the
result by multiplication to see whether the factoring is
correct.

(3x +2)(x +1) = 3x2 + 5x + 2 It does not check,

2) Have pupils try (3x + 1)(x + 2).

Have them check by multiplication to see whether the factcir-
ing is correct.

Bx+1)(x+2)=3x2 +7x +2 It checks.
Pupils conclude that the correct factors of 3x2 + 7x + 2 are
(3x +1)(x + 2),
-201-
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3, Factor 2x2 + 9x = §
a. What are the first termms of the binomial factors?

b. What is the product of the last terms?
What are the pairs of factors of =5?

c. Which of the following pairs of factors would you select? Why?
(2x + 1)(x = 5)

(2x = 1)(x +5)
(2x + 5)(x - 1)
2x - 5)(x +1)
|
B. Suggested Practice | ' |
Factor:
102&2"‘38'*'1 602t2-9t+‘|.
2, 3¢2 +8c + 5 7. 3x2 + 11x =20 q
3.3 -« Ux = 5 8. The area of a rectangle is i
2:;5'0'53(-12. E‘xpressnihe length
Le 2r2 = v = 3 and the width each as a binomial
in x.
5. 252 + y = 15 9. Wnat are the integral values

of m that will make the
trinomial 3x2 + mx + 3 the
product of two binomials?

VII. Complete Factoring

A, Suggested Procedure

1. Have pupils consider the expression 4x? - 16. Ask them to factor it.
Some may find the greatest common factor. Others may factor it as
the difference of two squares. - Thus,

8o 432 = 16 = L(x2 = &)
be 4x2 = 16 = (2x + 4)(2x = 4)

Ha.ve pupils observe that the factoring in a is incomplete, since -
- I, may be factored further as the difference of squares.,

Have them see that the factoring in b is incomplete, since each
of the factors has a common monomial factor.

2. Have pupils consider how 4x2 - 16 = 4(x®-4) may be factored furthar.

X2 o 16 = 4 (xPl) = h(xt2) (-2)

Have them realize that the factorization is now g_mp],m since each
of the b:l.nom:lal factors cannot be factored further.

-202-

EKC

Aruitoxt provided by Eic:




3, Have pupils factor 2a2 + 6a + 4 completely.

202 +6a + 4 =2(a2 +3a +2) =2(a +1)(a +2)

Why is this factorization complete?

Check by multiplication.

L. Guide pupils to the use of the following steps in complete
factoring. '

a,

b.

Ce

d.

look for a common factor first. Express in factored fomm.
Then examine each factor.

If one of these is a binomial factor, see if it is the differ-
ence of two squares. If so, factor it.

If one of these is a trinomial factor, see if it can be
factored. If so, factor it.

Make sure the binomial or trinomial factors cannot be
factored further. :

B. Suggested Practice

Factor each expression completely.

1. 3x2 - 3y2 6. 83 - a

2, 202 - 8 _ 7¢ 4x2 - 24x + 36
3, 2x2 - 12x + 10 8. a3 - ab2

Lo 582 = 208 = 25 g R-r

5, 2av.2_+6a+3 10, xh « yh

VIII. Using Factoring in Solving Equations

A, Suggesfed Procedure

1. Have pupils see the need for finding methods of solving equations
other than linear equations.

a. Pose problem: The length of a rectangle is three inches more

than its width. The area of the rectangle is 4O square inches.
What are its dimensions?
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b.

Ce

Have pupils describe the conditions of the problem by means
of an equation, as follows:

Let x represent the number of inches in width
x+3 represents the number of inches in length

x(x+3) = LO Area of a rectangle = length x width

Have them observe that this is not a linear equation since
it cannot be put in the form ax + by = ¢, (a and b not both 0).

Have them try to solve the equation by methods they have used
for solving linear equations. They find they cannot.

Have pupils note that in the equation x (x+3) = 40, the
product of two factors is 40. Have them try to determine a
pair of factors of 4O such that one factor is three more than
the other.

After trying various pairs of factors of 40, they will eventually
find that the required factors are 5 and 8, and they will then

be able to solve the problem. They will realize, however, that
it is not always easy to find the factors of a number when these
factors have condivions imposed upon them,

2. Guide pupils to realize that when the product of two factors is O,
the task of determining the factors is greatly simplified since we
now have additional information about one of the factors.

e

Have pupils understand that if the product of two (or more)
factors is zero, then at least one of the factors is zero.

1) Review the multiplicative property of zero.
(6)(0) =0 - (0)(0) =0
(-8)(0) = 0 (2 =0
To generslize:

For every number a2, a0 =0
Oea =0

2) Have pupils consider non-zero factors.

(+2)(+3) = 46
(«2)(=3) = 46
(«2)(+3) = <6
(+2)(=3) = 6

Have them try other pairs of factors to see whether the
product of two non-zero numbers is ever zero. They
conclude it is not.

=204 -




3) Have pupils consider the open sentence a+b = 0,

What replacemsnts for a and b fmn the dom:l.n of s:l.gned
numbers make this true?

ﬂ:i.cit that if a*b = 0, then either a = 0,
orb=0, ora=0and b=0,

b, Have pupils practice the tollow:lng:

1)1:A~b-o 2) It ab=0
b= § - a=1]0
‘q:en'a-? Then b = 2
3) Ifasb=0 | h)Iraob 12

b=0 Then cana = 07 (¥o)

| : can b = 0? (No)

Then a = ? . o -

(a can be ﬁplaced
by any member of
the replacement set)

5) What is the value of 2(x - 5) when x = 5%
6) What is the value 6; x (x43) when x =07  When x = =3?
7) What is the value of (x + 4)(x - 3) when x = =4? When x = 37

8) What value of x will make the first factor of (x - 2)(x 1)
' zero? With this value of x, (x - 2)(x-1)=1?

What value of x will make the second factor zero?
With this value of x, x-2)(x=-1)=12

9) Ifx(x'i-S) O0and x#¥ 0, whnt canyou sayaboubx+3?
about x?

10) If (x + 5)(x - A)-O,&ndx a#o,mtcmmurabout-
x + 5?2 about x?

3. Have pupils loarn to solve eqmtions :I.nvolving factoraeble poly-
nomials.

a. Have pupils understand the nea.n:l.ng of w
Consider the following equations:

'1;x+2‘-9
2) y2 + 5y =17




b.

Ce

What common property do they have? In each case the expression
before and after the equals sign is a polynomial. Such equations
are called polvpomial equations. Have pupils construct several
other polynomial equations.

Have them construct several equations which are not polynomial
equations as, for example, x2 + & = 5, |

Guide pupils to an understanding of the degree of a polynomial
equation,

1) Review the degree of a polynomial.

2) Which is the polynomial of higher degree in x + 2 = 9,
x+2or 9? (x+2)

Since this is of degree one, the equation, x +2 = 9, is
called a first-degree equation.

3) Which is the polynomial of higher degree in y2 + 5y =17,
y2 + 5y or 177 (y2 + 5y)

Since this is of degree two, the equation y2 + 5y = 17 is
called a gecond-degree equation.

L) Of what degree is t3 + 3 =07 Why?
Of what degree is a3 = 2a< + 5a? Why?

Have pupils learn how factoring may be used to solve equations
with factorable polynomials.

1) Solve x(x + 3) = 40. This is the equation which describes
the conditions of the problem posed in VIII-A-l-a.

Pupils have previously solved this equation by & trial-and-
error procedure. Have them now solve it by using their
knowledge of factors whose product is zero., Have them
realize that to apply this knowledge, the equation must

be written so that one member is zero.

x(x+3) = 40
x(x#3)=40 = O Why is this equivalent?
xAH3x=-40 = O
(x+8)(x=5) = O

Then, x +8=0orx=-5=0
Therefore x = =8 or x = 5

The solution set of the equation is {-8, 5 } .

Have ils check each solution in the original equation
x(x+3§u-_ 40,

Note: In terms of the problem, the domain of x would be
restricted to positive numbers. Then =8 must be rejected
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3)

L)

as a solution of the equation. Accordingly, the solution
set of the equation is<¢5 . Thus, the width of the
rectangle is 5 inches ard 'its length is 8 inches.

Solve: xR - kx =0
x(x=4) =0

Then, x =0 or x=-L4=0 Why?
Therefore, x = O or x = 4.
Then the solution set is{ o, A} .

Check each apparent solution in the original equation.

?

? - 4(0) =0 (1)2 - LK) =0

0 - 0 %0 16 - 16 %0
0 =0 0 =0

Why is x2 = bx, X = I, not a correct method? (We cannot
divide both sides of an equation by a variable if zero
is a possible replacement for that variable.)

Solve: 2x2 - 8x + 8 =2
2 - &x + 6 = 0 (an equivalent equation with 0 as
one member

Have pupils see that there is a common monomial factor, 2,
of the terms of the polynomial 2x% - 8x + 6. Since this is a
non-zero number, we may divide both members of the equat ion
by 2. Then we have

2R elx+3=0 or 2(x2 - kx +3)=0
(x=3)(x=1) = O

Thenx -3 =0orx-1=0 Since 2 # O, thenx -3=0orx-1=0
Therefore, x =3 or X = T--pefore, x =3 or x=1

The solution set is {3, l} .

Have pupils check the solutions in the original equation.

Solve: 22 = 16 |

Have pupils realize that if 22 = 16, then z =i or =h.
These are the solutions. Will the solution by factoring
give the same answers?




22 = 16 =0
(z+4)(z<4) = 0

Then, z + 4, =0 or z~,4=0

Z = - 2 =4
The solution set is {-h, h} .
Have pupils check.

Solve: x2 - 8x + 16 =0
3) Solves X - Sy

Then, x « 4, =0 or x=-4 =0

x =} x=/4

Have pupils note that since the polynomial on the left side
is a trinomial square, the factors are identical and we

obtain the same root, 4, twice,

It is therefore called a

root, but is written only once as a member of the

solution set.

Inform pupils that in courses in higher mathematices reasons
will be discovered for considering it to be a double root.

Have pupils check.,

6) Discuss with pupils the number of solutions they expect a

first-degree equation to have;
have,

a second-degree equation to

From the above examples, have pupils conclude that a second-

degree equation has two roots.
number.)

B. Suggested Practice

(The roots may be the same

Find the solution set of each of the following polynomial equations.,

1.
2

3.
by
5.
6,
7.
8.

3(x-5)=0

bx - 20 =0
x(x=-3)=0
x+4)(x=-2)=0
2 -3r=0
72-9+8=0
a2 + ja = 12

t2 - 11t = =18

~208-
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9.b2-l|.=0

10, 4xR = 36

12. wz = 24y- 72
13. x(x +3) = 10
£ LD
15, (x- 2)(x + 5)(x = 10) = 0




IX. Using Factoring in Problem Solving

Solve the following:

1. The sum of a certain number and its square is 56. Find the number.

2. The width of a rectangle is 4 inches less than its length.

If the

area of the rectangle is 117 square inches, what.are the dimensions?

3, The perimeter of a rectangle is 44 inches. Its area is 120
inches. What are the dimensions of the rectangle?

Illystyrative Sojution: 22-x

square

Let x = number of inches in one dimension
x | A=120 8q. in{
If the perimeter of the rectangle is 4L
inches, then half the perimeter or the
sum of one length and one width is 22
inches.,

Then, 22 - x = number of inches in the other dimension
x(22 - x) = 120 |
22x=X2= 120
x2-22x+120= 0
(x=12)(x-10)= 0
x=12=0 or x-10=0
Therefore, x =12 or x =10

If x =12, then 22 = x =10
If x = 10, then 22 - x = 12

The dimensions of the rectangle are 12 feet by 10 feet.
Check the solution against the conditions of the problem.

L. If one side of a square is increased by 4 inches and an
adjacent side is decreased by 4 inches, the area of the

resulting rectangle is 20 square inches. What is the length

of a side of the square?

5. The altitude of a parallelogrem is 3 units less than the
base. The area is 54 square units. Find the base and the
altitude. (The negative solution has no meaning.)

6. The square of a certain integer is 5 more than the next con-

secutive integer. Find the number.
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7.

8.

9.

10.

12,

A window screen is 10 inches longer than it is wide.

is 375 squere inches. Find its dimensions

* \

The sum of the squares of two consecutive numbers is 113.

the numbers.

Its area

Find

John wishes to double the area of his garden by increasing the -
| If the original garden
is 18 feet long and 12 feet wide, by how many feet must each

length and the width by the same amount.
dimension be increased?

A rectangular garden is 6 feet by 8 feet.
About this, a rectangular walk of uniform
width is built as shown in the diagram.

The area of the walk is 72 square feet,
Find the outside dimensions of the walk.

The area of a circle is 154 square inches.
Find the radius and the diameter. (Use

%& as an approximation for .)

Select additional problems from textbooks.
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CHAFIER X
FRACTIONS

This section suggests procedures and materials for help-
ing pupils gain understanding and skill in extending fundamental
operations to fractional expressions, and in solving equations
with fractions,

I. Review and Extension of the Meaning of Fractional Numbers

Note: Although a fraction is a numeral which represents a

Tractional number, in the future the word fraction will be
used to mean the numeral or the number. The context will

jndicate which meaning is intended.

A. Suggested Procedure

1. Review with pupils the various uses of fractions that they
have encountered.

a., Part of a whole: %
b. Ratio of two numbers: 2 to 3, 2:3, -§-

c. Indicated division of two numbers: If 2 is divided by 3,
we can write the result in the form of the fraction %.

2, Have pupils see that when variables are used to represent numbers,
we can use fractions in the same ways.

How do we indicate, by means of a fraction:
a. The ratio of 2 to x ('i'); yto5 (%); atobd (%).

b. The part of a job that can be done in 1 hour if it takes
x hours to do the complete job (}) s the part that can be
done in 4 hours. |

- ¢. x divided by 3 &)
d. 1 divided by b (%)
e. a divided by b (%)

e, (245) 2 x (D)
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3. Have pupils understand that when x represents a signed number,

an expression such as y+ 5 indicates a division with divisor
y - 2. -

4, Have pupils realize that since division by O has no meaning,
a fraction with a denominator of zero has no meaning. |

For what values of the variable are the above fractions

meaningless? Why?

Note: Every polynomial may be considered a fractional expression
with denominator 1. ,

'lhus,2x+5-=&—I—i.

B. Suggested Practice

Express as fractions. Give the value, if any, of the variable
for which the fraction has no meaning.

1. x divided by 8

R -

2. The ratio of the length, 1, of a rectangle to its width, w.
3. x divided by y
ll-o =10 & a

5, The part of a job that can be done in x hours if it takes 5 hours
to do the complete Job.

6., =10+ (a = 2)

7. G +4) 3 ¥

8. 2b % (b-5)

9. The cost of 1 apple if n apples cost 50 cents.
10 13 (x+1)

. (r+3) 3 (r-3)

12, (a = 2) & (a2 = &)




IX. Simplifying Fractions

A. Suggested Procedure

1. Review with pupils that in multiplying the fractions of arithmetic,
the numerators are multiplied to give the numerator of the product,
and the denominators are multiplied to give the denominators of the
product.

5.3=5-71=15-
[ ! b

= 2

15

-l
8

I

W
W

k.

3
5
2=
7

S0 Wi
P
-3
N

In general,

% . % = ?D-’-g is a true statement for any replacement for
a, b, ¢, d by numbers, except b=0ord=0.

Note: In the future, we will assume the dencminator of a fraction
is not zero.

2. Have pupils recall that any arithmetic fraction which has the same
numeretor and denominator is equivalent to the number 1. Thus,

g | D T

2= 4 . 23 =
2 1 A 1 o3 1
In generel,

i = 1 is true for any number replacement of x, except x = 0.

3. Have pupils see that in simplifying arithmetic fractions (finding a
simpler fraction equivalent to a given one), use is made of the
multiplicative identity, the number 1.

For example,

1--3-1

i
2
2,223 _2,2,3.a:12ad
207225 2°2°5 5% 5

=1
2

=213~
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However, in simplifying an arithmetic fraction, it is not always

necessary or desirable to factor the numerator and denominator
- into primes. Thus, noting that 4 is the largest factor common
-+ %0 both numerator and denominator in the fraction

%%, we would factor and simplify as follows:

Eeuah.isl.iga
20 45 475 5 5

Note: A fraction is in gimplest form if there is no common factor
in numerator and denominator other than 1.

L. Have pupils understand that the value of an algebraic fraction is |
considered to be 1, if its numerator and denominator are the same. §

a. Consider the algebraic fraction: %

What is its value when x is replaced by 1? by 37 by 647 by
any number oxcept 0? |

| _ 2
b. Consider the rractions: W =30y ac_t3a
Lab? 33y a2 +3a

What is the value of each fraction for any replacement of the
variable by numbers, except those replacements tha.t make the
denominator equal to zero?

¢. What can you conclude about the value for any algebraic fraction
which has the same numerator and denomimator?

5. Guide pupils to understand the bimplification of algebraic fractions
as follows:

a. Sj.mpliry:-ﬁ

232 = XeXoX (Msaning of exponents)

XX

XXXy X Z . (Meaning of multiplication)
XoX X "X

X, %, w 1:0.x (Any non-zero mumber divided by itself
X X ' is 1)

lelex = X (1 is the miltiplicative identity)

‘numroro, 5 is equivalent to x.

Have pupils try seversl replacements for x (other than zero)
to see whether the same number is ebta:l.nod. :
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b. Simplify: =5t
plify 3’2

ﬂ - -5.2.!.!.2.1 ?
3y2 35y d
am5. 3EX. v, 7

5 375 Y why

= wbeleleleyey Why?

= 5y2 Why?

Therefore, 215& is equivalent to -5yzg

3y2

Have pupils verify for y = 2,

6. After several simila.r'emmples have pupils see how the work of
expressing algebraic fractions in simplest form may be shortened
by using the Jlargest common factor of numerator and denominator.

ﬂ .

ae Sim : T
plify 2

The largest common factor of numerator and denominator is x<2.

We factor accordingly.

x2 x2 * x2 xel
However,

The largest common fagtor of numerator and denominator is 3y2.

Then,
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+ be2e(x +5)
. Stmplify: 2{5:‘32 (c + 5)e2:(x + 5)

. +
x5 * 2x+ 5
- b,

=% L
.

x+5

Why is -5- the simplest form of the original fraction?

Have pupils verify that g-((fé%f? and x_—% name the same number when
X 1s Nplach by 3; ‘-’20
Why cannot x be replaced by =57

+
d. Stmplitys W84

Expressing numerstor and dehomimt.ér in factored form, we huve

as - (n-!-l (a~1)

,_La'.*l
atl

5;‘:-1-..1

a=]

Have pupils verify for a = 4, Which replacements' for the variatle
must be excluded?

. Simplifys *=-%

= -1’1' or =)

. Notes After pupils gain experience in simplification of frections,
- 4t will not be necaossary for them to record all of the intermediate
steps,




B. Suggested Practice

1. Which of the following are in simplest fo>rm? Explain.

% ' e.gﬁ-’-

a

b. 3
c. &
d-ﬁ h.%—,,,-li'*y

2. Express each fraction in simplest form. Tell which replacements

for the variables must be excluded. i
a. %2% & 3m :_ 5 l
0 X2 = b
‘?’ fbgi'c' B 2Tix + b
o, k22 g, g2+ bed + 992 |
* 35rs ‘ 02-9d2
_253-2 2 -2y - 8
5 + 5 x, B=b
6. a2 +Db 2 -x
e, a=1
al- 1

III. Multiplying Fractions
A. Suggested Procedure
1. Have pupils recall the meaning_ of multiplications

% . % = %—:ﬁ- is a true statement for any replacement for a, b, ¢, d

except b = 0 or d = 0 (see IT-A=1)

For example, z"'%-?ﬁ%-%

2. Guide pupls to see that,if we wish to be consistent, multiplication
of aigebraic fractions should be performed in the same way: '

Multiply the numerators to obtain the numeretor of the product and
multiply the denominators to obtain the denominator of the product.

3.37i2"F o#o
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1 7 sidered an algebraic fraction

b. 3y * .‘?x - 3%5! or 3;,.57! =3 . X (Every polynomial may be con-
< 15v2 with denominator 1)
7 .

g — = — = =2 -
c. § - E1 =55 22 &#-)

o3  n=3 _ (nt5)in- 2 -
o 52 W RHEY - BBl etk

Note: In all operations involving fractions, discuss the limitations
on the domains of the variables,

3. Have pupils simplify the product of algebraic fractions whenever possible.
x,.2=2x3
T S il e (Meaning of multiplication)

= lei—:: (Commutative and Associative Properties)
=42 X
8 x
= 185'1, or ;82
For which value of the variable is the fraction meaningless?

k for x = 2

o

o &

iI-o

[ oW
o
ol ofh of o

ol
ol o
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b, A% . %X . 36y
3y &x2  2ix%y
= 32y

2x*12xy

3 .12

=2x 1y

3 3
=2x .1,02‘2x

For which values of the variables is the fraction meaningless?

Have pupils check for x =3, y = 2.

2lx2
1, 2x
2lx

1, or & (x % 0)

= o

M

X

a XN B - IR
"&13 b-J'%)
3. =4

b +

b+

b+ +

- .b_'-i'_%.l’ or %—:—% (b1, -3)

L. Have pupils learn to simplify the multiplication of fractions by
first factoring each polynomial whenever possible, Have them
practice examples such as the following:

x+8 ., x o A4lxt+2).. X
x+2 5

& 5 x+2
| 5(x + 2
_ o kx,xt2
5 x+2
= UXo, or 4% (x#-2)
5 5
Note to teacher: As pupils show ihcreased understanding of

multiplication of fractions, it may not be necessary for them
to raecord each step of their work.

b.”—y—}ﬁ.!-z-i'l oo Kb o d— g 2=k .pll

yi2 .x+2 X -
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B. Suggested Practice
Maltiply and givwe each product in simplest form.

Ez-g"'ﬁ 32- =
9.3‘2_”&_*6.——2&__3 (Check for a = 4)

6b% ,3b -6 -
10. 6-(-1;%%—&'-'_& y 28 (Check for b = 7)

IV. Dividing Fractions
! A. Suggested Procedure

1. Have pupils recall the meaning of a reciprocal (multiplicative
inverse).

The reciprocal of 2 is 4, for 2.4 = 1.

The reciprocal of %is %,for %-% =1,
The reciprocal of x is y, for x ° i'- 1.
What is the reciprocal of Y Why?
What is the reciprocal of x + 27 Wy?

What is the reciprocal of %-.-_13-5? Wny?
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2. Have pupils recall that to divide by an arithmetic fraction,
we multiply by its reciprocal.,

9;%-9:%-27

392" 3%
323 a3, 440
6“& 6x 9, etc.
In general, = ,%canbereplacedby xg- 'Ihatis,%-:-ﬁ-%.%

for any number replacement for &, b, ¢, d except b=0, ¢ =0, d = O,

3, Guide pupils to see that, if we wish to be consistent, division of
algebraic fractions should be performed in the same way:

To divide by an algebreic fraction, multiply by its reciprocal.

2, 2
a.% 3 %-% .% (gﬁ:l.a the reciprocal of %)

= ge+]l¢*]l, or a

boBRElsidl_satl, 5;_% (-52-_-._1 is reciprocal of 2-%1)

£+%x'y+1 ‘frz' _ﬁ-l-?y-l-l -’z?-.u

Complete and check by letting y = 2.

B. Suggested Practice

Divide and check for values of the variables that will make the frec-
tions meaningful.

22]
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6L_.b22' 2 =Db
° ab ° -8

+2, 6y + '
+ 2y + )

XLty
g, G +2d+1 . d+]
* 5d-5 * 15

10 +16ri'63 &ﬁ"ﬂ
* -r - 12 ‘R -16

-—ﬁ:—b-’. 2—:—1 H i‘ﬁ K 2 bl = d éﬁ- -2 [ ) i
11. ¢ 6y2 Solution % s -3—:1y ﬁ—-&” * oy W ~3) Gy
= 2 (y42) y-2 3y ’

-l y-23y
= «2y(y+2)

V. Adding and Subtracting Frections
A. Suggested Procedure
‘1. Combining fractions with the same denominator (like fractions),

a. Have pupils review adding (suybtrecting)arithmetic fractions with
same denominators.

-at2
p+&=232or g

+2
2+5=232r 2

Have them recall that the justification for this is the distributive
property. For example,

i o = Ql.- = 018 1
ke sy 2ol g-

a_.c_1la i.c . 1 (ate)_atc
Guide pupils to realize thatb tE=id 4 & . e

Therefore, % + % - ébﬁ is a true statement for all replacements of
a, b, ¢ by numbers, except b = O,




b. Have pupils see how the distributive property is used as the
basis for combining algebraic fractions,

1)§+§=2-§+3.i Why?

’(2+3)}c Why?

= 5.§, or ,5! Why?

2+3. &__lori

Then,

2-28 ol- ol

)y "y ® - ®
= (3 -a) 2

Then, %-%=&_—_e=2.§.,or 2

¢, Have pupils practice the following:

2)]%- - 6"%

3).2_--_3_+.1 9__3__1 )

10 10 10

)L+L=L1—=&aa
6+1-~3_

5)§B.+5—5 5 b (by‘o) |

6)2‘."-;-—2-.@‘—-—3)--_2-2);@-g).-&;ﬁ5=—£+2=£;g
3

(==

8) 52 f-b *7, Zh-—ihz =

2 -
9) —Ez— Szt X : 29 (To avoid errors in sigus, have
pupils enclose 3x2 - x = 10
‘within parentheses.)
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2. Combining fractions with unlike denominators

a. Review the identity element for multiplication in expressing
Ifractions as equivalent fractions.

1) Change % to an equivalent fraction having a denominator of 8.

« 1 (1 is the multiplicative identity)

o )

S SR o ¥

z- A= 2 (1=% o bWhy was % chosen as a different

* 2
numeral for 1 rather than % ar %?)

.2
L 2

Then, Z- =

i

2 ar % (Multiplication of fractions)

xajos

. b
Have pupils check by expressing 8 in simplest form to see
whether it equals %

2) Change 22 to an equivalent fraction having a denominator

of 9. 3
28 _ 52
3731
==53é .g- (Wny wasg'used to replace 1?)

= 22:3 ordld2
3.3 9

1
Check by expressing "?‘ in simplest form.

3) Change Z‘?’ to an equivalent fraction having a denominator
of 20ay.

=2X 2 (Why was % used to replace 1?)

y
Check by expressing % in simplest form.
L) Practice the following:

2 o2 2 2 g .2 3by _ 2
7 2 5 - 25 x  x2  0Xy T axdy
22y
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b. Have pupils understand L.w to combine unlike fractions with
numerical denominators, as follows:

1)

2)

Find the sun of % and 4. Pupils will know from their background
in arithmetic, that to"add fractions with unlike denominators,
we must first find equivalent expressions for each with a common
denominator.

Have them recall that the common denominmators of two (or more)
fractions are the common multiples of the denominators. Thus,
in the set of positive integers,

{0, 2, 4, 6, 8, 10, 12, 14, 16, «.. pis the set of multiples

of 2 (the denominator of the fractién %). This is so because
each element in the set has 2 as a factor.

{(0, 3, 6, 9, 12, 15, 18, ... pis the set of multiples of 3

the denominator of the fraction %-) since each element in this
gset has 3 as a factor.

The common elements of the two sets 0, 6, 12, 18, ... constitute
a set of common multiples of 2 and 3. The elimentslof this set
are the common denominators of the fractions % and 3. Whereas
any common denominator (any common multiple of the denominators)
can be used to express % and # as like fractions, for convenience
the lowest common denominator; namely 6, is used.

mm:%ai'°§or2
§or g
1+dadeg-2pRorg

Note: When numbers have no common factors, their least common
multiple is their product.

Wi
W

Note: The smallest number in the set of common multiples is zero,
since every natural number is a factor of zero. However, zero
as a common multiple is not useful in mathematics.

Find: § - %
The least common multiple of the denominators 3 and L is 12.

Then to combine the fractions, we must find equivalent expressions
for ;;. and % with denominator 12. Thus,




3) Have pupils practice examples such as the following:

Add or subtract as indicatec.

I~X X 4+ 2

a4 da_ 2 _ xR
2 L 5 3 6 8

3 2

c¢. Have pupils learn to find the lowest common denominator
by prime factorization.

1) Add the fractions =% and

-l
40 18
What is the lc-rest common denominator? Is the product
of 40 and 18 the ICD? This product, 720, is certainly
a common denomimator, for it is a multiple of each
denominator, but it would be convenient if we could find

a smaller number that is a multiple of each denominator,
that is, having 4O and 18 as factors,

Have pupils find the prime factors of each denominator,
LO = 220245 18 = 233

The sum of the fractions can now be written as:

- L _%l. "L'E
% +-1% 2020205+20303’°r 2 05 + 203

What are the prime factors of the LCD? (The LCD must contain
2,3 and 5 as factors.) How many times must 2 be used as a
factor in the 1CD? z'l‘hree times) How many times must 3 be
used as a factor? (Twice) How many times must 5 be used
as a factor? (Once). ' -

Guide pupils to realize that each factor is used in the

1CD the greatest number of times it appears in any denomina-
tor.

Tyen,the 1LD of the fractions fg B ondfs is 2020203345, or

R:pressin.g each fraction as an equivalent fraction with a
denominator of 23 3 o5, we ha.ve

L.l Bl &35 wy
: .22,

- 32, 'z%‘ifi‘ o
% * %
a%o]é_o,or %
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2) Combine: 3‘6 36
 Factoring each denominator into primes, we have:

9O = 2+3¢3.5

36 = 2.2.3.3

x_ox _ __3x_ _ _3.»3_
Then, 55 = 32 = 53375 572.33° 2.3
The ICD is 2-2'-3-3-5, or 22.32.5,

W Eo kL 2o X3
Then, 6~ 36 = 2.32.5 ' 2 22.32° 5

::—Z-T6x ——25%—
2°°3%°5 2%°3%°5

= &x _ X
180 180
_6_12':2. or L.

d. Have pupils combine fractions with variables in the denominators.
1) Combine: 53; +35;- a$o

The factors of .?.a are 2 and a,
The factors of 3a are 3 and a.

Taking each factor the greatest number of times it appears
in any denominator, we have 23.a, or 6a as the LCD.

2
'Ihen,-zla-i-'-}a-}-'l-i-%"é'
_&2 .LO |

:;‘;m, or f.)
2
2) Combine: 15y - 133'5 y#o

' The factors of 15y are 5+3°y
The factors of 10y2 are .5'2'y'y
The LCD is 5-3-2-y-y, or 30y2
Solution may be completed as above.
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3)Con;bine:l23tl+ﬁi—l a¥o0

The LGD is 2a, Why?
Then, Lﬂ.'.’_‘_;__l-:_‘_tl.pl_;_.l 2

28 28 *2
BLZI..I-;?_(E;D.
_xtl+2(x-21)
= %

28 » O

L) Combine: 2 +i-

Expressing 2 as the fraction %, the mmﬁle can be
written in the fom |

24+2 The ICD is x

1 x
.2--]“3.-.2..;4-3.
l x 1 x x
_2.,3
x x
2% + 3
= x

5) Combine: _x%'h * ;25:-:{‘

= "'x-}FE + m The ICD is (ac+)(x-4)
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B. Suggested Practice
2.4+2
187473

Solution:

+-m=§i2.-a+ 'y
|33 v TheLCDis233
at2 2 a3 3
= 2.3° 22 ° 3

- 5§a+22 - Q‘a-l-z!

9. 3-b—b§_2- + 522{_]; (Check for any value of b except ?)

5. kx=-1_x+2

N B
ll. 2 +8 r + 4

12. See any textbook for additional examples.
13. Express each of the following algebreically:

a. Mr. Brown left an inheritunce of x dollars to be divided among
his sons. The first son is to receive s of the sum, the second

, and the third son % of the inheritance. Express the sum
of the three amounts received by the sons. Will this take care
of the entire inheritance?
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b. BEach of two fractions has a denominator of x. The numerator
of the first fraction is 4 more than its denominator, while
the numerator of the second fraction is 1 less than its
denominator. What is the difference of the first fraction

minus the second?

c. Two adjoining vegetable gardens are represented in the diagram

below:
A B
x+2 A =50 . -
A=20 |[x=1
C G

If the area of ABCD is 50 and its width iz x + 2, and the area
of EFGC is 20 and its width is x - 1, express

1) the length of DC
2) the length of CG
3) the length of DG as a single frection in simplest form

d. The sides of triangle ABC are AB = x, BC = 2x, and CA = 2x + 1,
Another triangle DEF has sides

DE-%Of‘B, n'.-‘}or'nc, and FDS% of CA,

Find the perimeter of triangle DEF in terms of x in ite simplest
form,

VI. Equations with Fractions
A. Suggested Procedure

1. Review solution of linear equations of typsax tb=c¢, axt b, =cx £t d,
and ax + bx = ¢ (a, b, c, d, integers).

2, Have pupils use the multiplication principle of equations to solve
equations with fractions.

a. Pose problem: Three-fifths of a nunber exceeds one-tenth of the
number by 20. What is the number? Have pupils describe the
conditions of the problem by means of an equation as foilows:

Iet x represent the number
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b. Have pupils realize that it is often desirable,in dealing
with equations involving fractions, to transform these
equations into equivalent equations having no fractions.

Thus,

10(355 -Z) = 10(20) Multiplication by 10, the LCD of
all fractions in the equation

10(35"-) -10(%) = 200 Distributive property

bx - x = 200
5x = 200
x = J0

The solution set is{l;O} .

Check: It is true that three-fifths of 4O (24) exceeds one-
tenth of 40 (4) by 20,

¢. Have pupils note that unlike the procedure used in combining
fractions, we do not multiply each fraction by 1 when we solve
equations. We do not leave each fraction unchanged in value.
We change the value of every fraction in the equation and
the justification for this is the mmltiplication principle
of equations,

3. Have pupils use the above procedure to solve an equation with
fractions when the variable appears in the denominator.

a. Solve: %'i‘

The LCD of all fractions in the equation is 3x, if x ¥ O.
Then, (31)% = (31)&

2x = ]2

x = 6 The solution set is{é}.
Have pupils check: %3%

Zmi
3 3
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b. Solve: 2y+y i

The ICD of all fractions in the equation is Ly, if y #* O,

Then,hy.zl; + 3-== Ly.% Why?

ol 2 = 01 ‘
wed +ird o= el W

2 + 12 = T Why?
o= W |
2 = 3 The solution set is {2} . !
|

Have pupils check.

JEXL o 3
60801".:-2 2

The ICD of all frections in the equation is 2(x=2), if x ¥ 2.

Then, 2(x-2) oi":;% = 2(x=2) .%

2(x+1) = (x=2)3
2x + 2 = 3x = 6
8 = x The solution set is {8} .

Have pupils check.

Note: When both sides of an equation are multiplied by an expression
containing a variable, we do not always obtain an equivalent equation.
For example, solve

3x -4 2 -
x -2 1+x—2 TheIOD;st

(x-2)(3f'_:%) - (x=2)(1 + .:.;2_3) Multiply both sides by x-2

Ix=ly = X=242

2x = )
x =2

The solution set of x=2 13{2} . However, 2 is not a solution of the
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original equation. Hence ,‘l:Tz' 1+ ;%5 and the equation obtalned

by multiplying both sides by x-2 are not equivalent equations. In
fact, the original equation has no solution. Its solution set is
the empty set.

B. Suggested Practice

1.§+§=‘=11 6."%3-233‘-~§
3. 5-38% 0. 2 +2-3
"‘2""235, =.-%% 9.42-“’375-+‘-'—;ﬁ-55-‘-"-=0

11. The denominator of the second of two fractions is 3 times that of the
first. The numerator of the first fraction is 3 more than its
denominator, while the numerator of the second fraction is 1 less
than its denominator. When the second fraction is subtracted from
the first, the result is ; What are the fractions? '

12, Harry can wash his father's car in 60 minutes. His older brother
can do it in 30 minutes. How long would ‘it take the brothers working
together to wash the car?

Il]ustrative Solution

Let x represent the number of minutes it will take them to wash the
car, working together.

1l is the part of the job Harry can do in 1 minute

GLO°x or -63‘-613 the part Harry can do in x minutes

-1'6 is the part his brother can do in 1 minute

X Or 3’% is the part his brother can do in x minutes

1 = one whole job done by both in x minutes




15.

16.

17.

19.

20.

Then, g%+ £ = 3 The LCD is 60

30
60@‘-04-3’-‘0) = 60°1
x+2x =60
3x =60
x =20

It requires 20 minutes for the brothers to wash the.car, working together.
Check solution against conditions of the problem.

Jean and Evelyn take turns addressing envelopes for their father's business.
If it takes Jean 3 hours to do'a certain mailing, and it takes Evelyn twice
as long to do the same mailing, how long would it take both girls working
together to do the job?

Mr . Wilson can plow a field in 8 hours, while his hired hand can plow the
same field in 10 hours. How long would it take if both worked together?
(Assumption: Each uses his own plow.)

A set of twin boys working together can paint their room in two hours.
If it takes one of them 5 hours working alone, how long should it take
the other if he were to do it alone?

If it takes 5 mimutes to fill a certain bathtub and 9 minutos to empty it,
how long will it take to £ill the tub if the inlet pipe and the outlet
pipe are both open?

Alice's father drives to the railrocad st.tion, a distance of 15 miles.

One day he drove the first 10 miles at a certain speed and the rest of

the distance at twice the speed. If the whole trip took 25 minutes, at
what speeds was he driving?

The distance from Mr. Brown's home to his office is 15 miles. If

Mr. Brown drove the first third of the distance at 50 mph and the
whole trip took 21 minutes, at what rete did he trevel during the rest
of the trip?

How much should a coat be marked (selling price) if the cost is $91,
the overhead is 20% of the selling price, and the profit is 10% of the
selling price?

The numerator of a fraction is 2 less than the denomimator. If 4 is

added to the denominator, the result is %. What is the fraction?
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This chapter presents suggested procedures for helping pupils
develop some basic concepts of rational and irrational numbers,
which, together, form the real number system. Here, too, are
suggestions for developing understanding and skill in determining
decimal approximations of square roots, and in simplifying radicals.

I. Rational Numbers
A. Suggested Procedure
1. Help pupils understand the meaning of rational number.

a. Elicit that the numbers pupils have worked with so far include
the positive and negative integers and fractions, and zero.

Have pupils consider some examples of these numbers:

ﬁ, 2, -8, 4 2, 1.7

Have pupils observe that each of the above numbers can be

expressed in the form % where a and b are integers and b # 0.

%is expressed in the form %, with a =3, b= 4.

2 can be expressed as %

-8 can be expressed as ?i§

L 2 can be expressed as 25&

5
1.7 can be expressed as -i%

b. Inform pupils that numbers which can be expressed in the form %

where a and b are integers, and b # O are called rational
numbers. Have pupils realize that the set of rational numbers

is the set of positive and negative integers and fractions,
and zero.

example,

3::3,= &s_e_

|

i

|

E

[

; c. Have pupils realize that a rational number has many names. For
t 1 2 ), ete.

"'.23 o




2. Help pupils visualize the rational numbers as points on a line.

3.

a.

b.

Have pupils discover that between any two :ational numbers there is

Have them recall that the integers were associated with some
points on the number line.

Have pupils realize that certain points on the number line are
associated with rational numbers.

1) Have them see that between any two points associated with
two consecutive integers, say O and 1, there are many more
points on the number line. Have pupils mark some points
corresponding to rational numbers between O and 1 as in the
following diagram:

e 2 1
8 L

TRy
8

ol
=t
N

2) Have pupils repeat this procedure with other intervals on
the number line, say, the interval between 4 and 5, and the
interval between =2 and =3,

Have them note that of two rational numbers, the larger number
is associated with a point which is to the right of the point
corresponding to the smaller number. For example,

2% > 23

and the point assogiated with 2 % is to the right of the point
associated with 2 %

another rational number. One such number can be found by taking
the average of the two numbers.

Betweenzandlis (3'+1)-:-2, or %

8

Betweeniandlis(z 1) L2, or ﬁ

As the result of the above, pupils should realize that between any

two rational numbers there exists an infinite number of rational
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numbers. Tell pupils that when a set of numbers has this property,
the set is said to be dense. Therefore, the set of rational numbers
is dense. If we associate every rational number with a point on the
number line, have we accounted for every point on the line? It will
be shown later that some of the points have not been accounted for.

Note: The set of integers cannot be said to be dense. There is mo
integer, for example, between 3 and 4.

L. Expressing rational numbers as decimals
a. Review terminating decimals.

2=.5 ﬁ. .75 3= 125

b. Review repeating decimals,

032300' 02222:=' 03;818...
3)1.000 11)3.0000 22)7.0000

Elicit that the above decimals are non-teminating decimals
and also repeating decimals ... the same digit or group of
digits repeats unendingly. The repetend is sometimes indicated
by a bar above it, e.g.,

0-3.’ 05"7’ a'nd 031_8-

¢. Have pupils generalize that any rational number car be expressed
in decimal form. The decimal will be either a terminating decimal
or a refeating decimal. This may be illustrated for the rational

number 7> as follows:

Suppose we are computing the decimal for %. We begin dividing
as follows:

O.

O.1h 1
7)i§3m000 M‘ '7 = .]A2857..o
| .30
| 28
20

The first remainder is 3; the second is 2, If ever we again get
the remainder 3 or some remainder which has occurred before, the
decimal will begin repeating at that point, Since the remainder
after each successive division has to be less than the divisor,
there are only 7 different remainders possible (0, 1, 2, 3, 4,
5, 6). Then if we continue the division process long enough,

<23 =-




we will eventually repeat a remainder.

If the remainder O occurs in a division, the division terminates.

5. Expressing decimals as rational numbers

a. Have pupils express several termlnating decimals as rational
numbers, that is, in the form & p» where a and b are integers,

and b # O,
)
R 0.
706 = J000
198 = 42

Pupils will conclude that every terminating decimal represents
some rational number.

b. Does every repeating decimal represent a retional number? If
80, how do we determine which rational number it represents?

1) .666 = ? rationil number
Iet N = .666...
10 N = 6.666...
N = .666.0.
9N = 6
= 2
N 3
_ 2
0666000 3‘

Compare the terminating decimal .666, which is equal in
value to 1000° m.th the repeating decimal .666 which is

equal in value to -3- Which is larger? Expla:m.

2) .27 = ? rational number

Ilet N = 02—7

100 N = 2702700.
N = 027000

9 N =27

N .l

N =.3.

11

2T =2
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? rational number

3) .16

Let N = .166... or LetN = .1666...
10K = 1.666... 100 N = 16.666...
N o= .166... 10N = 1.666...
9N = 1.5 90N = 15
_ 15=1=1 _ 15 ,pd
No= %55 % N = %
N = %‘ Then .16 = %
Q6 = %

Have pupils conclude that it appears that a repeating decimal |
can be expressed in the form £ where a and. b are integers |
(b # 0). Therefore, they repResent rational numbers. Tell
them that this statement is proved in more advanced courses
in mathematics.

B. Suggested Practice

1. Give two rational numbers between

a. 5and 6 Solution: 5 %, 5.85
b. 7 and 8
c. =3 and =4
1
d. 2 J and 2%
€. -l am -102

5. Which number in each pair is the greater? (refer to number linc)

a. -";3’ 3."5— £. =2.4 and -2%—
2
b.2’ 2 g. .05 and %
c. =, f?' '
l" :22 ho -108, + 108
d. -8, %
-1

€. '-5" -2

3, Express each of these rational numbers as a repeating or terminating

decimal.
2 -5 1 1
z 5 ° % 13 %
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L. (OPTIONAL) Express each of the following repeating decimals as a
quotient of integers.

a. .1l1ll... d. .12
be <0909... e. 3.75252..s
Ce 06-8-3-

II. Irretional Numbers
A. Suggested Procedure
1. Have pupils construct a non-téminating , non-repeating decimal.
a. Have pupils recall that a ratiomal number can be expressed as
a terminating or repeating decimal, and a repeating or terminating

decimal represents a rational number.

Pose question: Are there any decimals that do not termimate or
repeat? ' '

b. Have pupils examine the following non-terminating decimal numeral:
.02002000200002. « «

They see that it is non-repeating since each succeeding 2 is pre-
ceded by an extra zero. Why does this represent a non-rational
number?

2, Have pupils make up several non-terminating, non-repeating decimals.
3, Have them learn a new name for non-terminating, non-repeating decimals.

a. Cuide pupils to realize that since non-terminating, non-repeating
decimals cannot represent rational numbers, a new name is needed
for the numbers they do represent.

b. Inform pupils that the numbers represented by non-terminating,
non-repeating decimals are called jrrational numbers. Irrational
numbers cannot be expressed in the form %, where a and b are
integers.

I, Have pupils realize that jirrational numbers may be positive or
negative. For example, .020020002... represents a positive irrational
number and =.020020002... represents a negative irrational number.

5, Tell pupils that the set of all rational and irrational numbers is
calied the set of real numbers,




B. Suggested Practice
1. Tell whether each of the following is rational or irrational.
Qe 03-?:

b. .813813381333... (Irrational because it is non-terminating
and non-repeating,)

Ce 15073333000

do -2075
2. Tell why each of the following is a real number:
469
a., 1l Ce 873
b. =2.15 de L.A04114111...

III. The Real Numbers
A. Suggested Procedure

1. Have pupils understand how irrational numbers may be appraximated
by rational numbers,

a., Have them consider the non-teminating decimal:
1242204222014, 222201 1111 ¢ « o

It is non-repeating and therefore represents an irrational
number.

Have pupils see that 1.2 is a l-decimal-place numeral, the
value of which approximates that of the irrational number.

1.24 is a two-decimal-place rational approximation
1.242 is a three~decimal-place rational approximation, etc.

What is a ten-decimal-place rational approximation of the
irrational number?

Which is a closer approximation, a one-decimal-place retional
approximation of an irrational number, or a ten-decimal-place
approximation of that same number? Why?

2, Have pupils visualize the irrational numbers as points on a number
line.

a, Have them recall that rational numbers may be associated with
points on a number line, Are there any points on the number
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line that can be associated with irrational numbers?

b. Have pupils consider the irrational number represented by
the decimal 1.242244222L01222210 101, . «

What point on the number line can we associate with this
irrational number?

Have them see that the point corresponding to it on the
number line lies between:

1l and 2
1.2 and 1.3
1.2, and 1l.25
1.2"2 and 102103
1.2422 and 1.,2423 etc,
1.24
S

Iz 13 -
Vo

|

|..ol-

c. Have pupils note that the segment of the line between the points
assoclated with each successive pair of numbers becomes smaller
and smaller. Also, each segment is included or '"mested" within
the preceding one., As the points associated with each pair of
numbers "move" closer together, it appears they will eventually
Uclose in" on one, and only one, point on the line. This point
is associated with the irrational number 1.242244222L1L42222L 1011«

d. Have pupils realize that each real number is associated with a
point on the number line, and each point on the number line is
associated with a real number (rational or irrational).

e, Have them understand that if two real numbers are associated
with points A and B on the number line, the number associated
with B is greater than the number associated with A, if B is
to the right of A.

e T T

3. Tell pupils that just as we add, subtract, multiply and divide with
rational numbers, so also can we perform these operations with real
numbers,

We assume the properties of these operations which hold for retional
numbers also hold for real numbers.

2L, 2=




B. Suggested Practice
1. Graph the following pairs of numbers. Then use one of the symbols
<s >s =to write a correct statement comparing the numbers in
each pair.
a. 2.42000... and 1,5333... (2,42000... > 1.5333...)
b. 1 and =3.555...
c. O and 4.2525
d. =1.373373337... and 2
2. Arrange this set of real numbers in order from smallest to largest.

3, 38, 2, .3e38e3808... }

IV. Meaning of Square Root

A, Suggested Procedure

1. Have pupils review meaning of exponent, base, power, factor, and
square.

2, Tell pupils that the square of a rational number is called a
perfect square, e.g.,

2
R= g, (12 =1, E?=% (-.55% .25
Thus, 81, 1, %, and .25 are each perfect squares.
What is the square of 07 (02 = 0)
Notice that the perfect squares, except zero, are positive.

3. Introduce concept of square root

" a, Pcse problem: The area of a square is 100 sq. ft. What is the
iength of the side of the square?

Solution: A = s? (The domain of s is the set of non-negative
retional numbers.)

100 = 82 Is there a number whose square is 100?

Since the number which used as a factor twicé will give 100
is 10, s =10,

b. Tell pupils that one of the two equal factors of a number is
called a square root of the number. 10 is a square root of
100 because 10°10 = 100.
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4. Number of square roots of a number

a., Elicit from pupils that the square of a positive rational number,
or of a negative rational number, is a positive number.

2 =81 (13;)2 =& ()% = -ﬁ (=2)2 = 4

b. Have pupils realize that since every perfect square, except zero,
is the product of two equal positive numbers or of two equal
negative numbers, every positive perfect square has two square
roots - a positive square root and a negative square root.

The square roots of 49 are +7 and =7 since (+7)(+7) = 49 and.
(<7)(=7) = 49. (Zero has only one square root: O)

How are the two square roots of a positive perfect square related
to each other? (They are additive inverses.)

root. Although +7 and =7 are both square roots of 49, 7 is the

i

|

]

c. The positive square root of a number is called the principal square |
principal square root.

5, Have pupils learn the meaning of the symbol, ",/ " |

a. Since positive numbers may have two square roots, one positive
and one negative, different symbols are used to represent them.

One square root of 16 is +4, and may be represented by J16 .
The other square root of 16 is =4, and may be indicated by - V16 .

Then, (VI8 )? = (V16 )(V/I6 ) = 16,
and (=16 ¥ =(-J16 ) -/16) =16

b. Tell pupils that the symbol /  is called a radical. The
numeral under the radical sign is called a radicand.

Thus, in the expression /169, 169 is the radicand.

. ‘¢. Have pupils note that although positive numbers may have two
square roots, one positive and the other negative, the radical
sign with no sign before it represents only the non-negative
root. Thus,

V36 = 6 and -/36 = -6, or * 36 = 16

Note: We cannot tell whether the principal square root of a?
is 4+a or -a, unless we know whether a is a positive or a negative
number.
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It a=3, then/a2 =V32 =9 =3 = a
Ifa--B,then\/a? = V@R = (/9 =3=-
Thua,/gz = a if a is positive or zero.

/:2 = -3 if a is negative.

6. Have pupil realize: |
a, It x2 =a, then x = _-0_-_\/:- , where a is a positive number.

b (Ja R = (Ja)Va)=a; (Ta = (Sfa)Fa)=a

7. Have pupils consider whether negative numbers have square roots in
the set of real numbers.

a. Does =9, for example, have a square root? That is to say, can we
£ind two equal factors whose product is -9?

Since 3 x 3 = 9 and (=3) x (<=3) = 9, neither 3 nor -3 is a square
root of -9,

b. Have pupils recall that the square of a positive number is
positive, and the square of a negative number is positive. Also,
the square of zero is O. They conclude that no negative real
number has a square root in the set of real numbers. Then -9
has no square root in the set of real numbers.

OPTIONAL

8, The index of a radical

a. Have pupils consider that some rational numbers may be expressed
as the product of three equal factors. For example,

6l = Lkl or i

Tell pupils that in such a case, each factor is a cybe root

of the number, and the number is the cybe of the factor. Thus,
64 is the cube, or third power, of L4, and 4 is a cube root of
é4. Is -4 also a cube root of 64?

What is the cube root of 87 of 277 of =277

Have pupils realize that -27 does have a cube root in the set
of real numbers.
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b. Have pupils see how a redical sign may be used to indicate the
cube root of a number. The cube root of 64 is written as

3
Bk
It follows that \3/5 is a number such that
3. 3 3
Sk o Bl o Sl = 6l

3
The small symbol 3 in /6L is called the jndex and indicates that
one of three equal factors whose product is is the root we
wish to find.

¢. The index of /81 is 4 and indicates that one of four equal
factors whose product is 81 is the root we wish to find.

Since 3.3.3.3 = 81, 3 is a fourth root of 8l. Is -3 a fourth
root of 81?

d. Tell pupiles that it is undeprstood that the absence of an index 1
means the square root.

2
VBl =9  This could be written /Bl.

The number 2 is the index of /81, even though "2" is not usually
written with the symbol.

B. Suggested Practice
1, What is the value of each of the following?
a1 Solution: The prineipal square root is 1.

b. /16 £.v/ (8)2

com

FRV G i L

0:V/2:25 he/ (-7)
1.v (-9)2
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2, what does (VA& ) equal? (V25 22 (/58 )2 ?

OPTIONAL
3. State the index and the radicand. Which rational number is represented?

a.\/36 Solution: index 2, radicand 36. The integer 6 is represented
by /36.

t. 18
25

k. What does (\3/]'.-5 )3 equal? (‘\'/53)4?

V. Approximation of Square Roots
A. Suggested Procedure
1. Review the meaning of tiie closure property of a set of numbers under
an operation. Have pupils recall that the set of rational numbers
is closed with respect to the four fundamental operations. Are there
any operations for which it is not closed?
2. Have pupils realize certain square roots are irrational.

a, Pose problem: The area of a square is 2 square feet. What is the
length of each side of the square?

Solution: A = g2 (The domain of s is.the set of positive, rational
numbers. )

2=382or %= 2, and s =2
What are the replacements for s which make 82 = 2 true?

The pupils will suspect after a number of trials that o retional
number will make 82 = 2 true. It can be proved that this is so.

Thus, the set of rational numbers is not closed under the operstionm
of extracting square root.
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b. Have pupils try to find a rational approximation for.\/2 .

1)1x1=1 Theny/2 is greater than 1.

2x 2= 'l'non\fi_ is less than 2,

1<,/2 < 2 Then either 1 or 2 is a rational approximation
of \/-2- .

Can we find two numbers that are closer together than 1 and 2
and still have./2 between them?

2) Have pupils try squaring some reational numbers between 1 and 2.

1.3 x 13 = 1.69
ldb X 1 = 1096
1.5 x 1.5 = 2,25

Have pupils note that \/5- is greater than l.4, but less than l.5.

1.4 < /2 <1.5 Then either 1.4 or 1.5 is a on imal
place rational approximation of\/2 .

Can we find a better approximation?
3) (1.41)2 = 1.9881

(1.42)% ™ 2.0164
Have pupils note that 1.41< /2 < 1l.42.

Then either 1.4l or 1.42 is a two~decimal place rational
approximation of \/i‘- .,

L) This method may be cont:g.nujd to thyee and four (and more)
decim) places for succeasively closer rational approximations

Qf\/s’o

1ok <\/2 € 1415
L4l2</ 2 € 1443 ete.

5) Inform puplls that no matter how far this work is carried,
the numbor\ﬁ_ cannot be expressed as a terminating or repeating

docilll.

6) Have them conclude that\/? is an irrational number. We can
£ind only retional appreximations of\/2 . )




7) It can be shown that if the square root of an integer is
between two consecutive integers, the rcot is irrational.

For example, /3 /5 »/7 » /8 » /10, etc, are irrational
numbers.

8) Have pupils determine which of the following are rational
numbers and which are irrational:

a) /15 d) Y100 g5
v)/6L e)\/99 h)./225
¢) /30 £) /19 1)J/39

9) Tell pupils that the numberTTis also an irrational number.

The rational numbers 3.14 and %= which they have used are only
approximations of 1T,

3. Have p\)xpils approximate square roots ly successive division. (Newton's
Method

a. Blicit that the square root of a number is one of two equal factors
whose product is the given number. Hive them realize that if the

two factors of a product are not equal, the square root is somewhere
between them.

6°6=36 /36 = 6
L,*9 = 36 V36 is between L and 9
L<\/36 <9
b. Find a retional approximation for1l.
1) Estimate:

Since 11 is between the two perfect squares 9 amd 16, Ji
is between./9 and,/I8, that is, between 3 and 4.

3< /A< 4
2) Divide:

Use 3, the integer whose square is nearest 1l as a guess at V11
and divide 11 by 3, carrying the work to one more digit than
there are digits of agreement in divisor and quotient,

3.6
3)11.0 We do not round the quotient.
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3) Average:

Since the quotient 3.6 is greater than the 3, the guess "3"
was too smll.

V11 is between 3 and 3.6.

3<\/11 < 3.6

We can obtain a better approximation by taking the average
of the original guess and the quotient.

1436 66,
2 2 ¢
Now the estimate is 3.3.
4) To find a closer approximation to,/11l, divide 11 by 3.3 and

carry the work to one more digit than there are digits of
agreement.

3.33 We do not round the quotient.
3.3/11.000

22
110

110
22
110
Then 3.3 <11 < 3.33
3.:3..‘5.19}1 = é:éél = 3,31
Now the estimate is 3.31. Check: 3.31 x 3.31 = 10,9561 (very
close to 11) |
5) These steps may be repeated to obtain as close an approximation
as desired. The approximation is accurate to as many places as
match in the divisor and quotient.

Then,/11 is approximately 3.3 to the nearest tenth. That is,

V11 = 3.3
6) Have pupils approximate to the nearest tenth:
JT V13 N V35 V120

4. Have pupils learn tc use a table of squares and square roots.

a. Inform pupils that mathematicians, scientists, engineers, and
others use tables to find squares and square roots. Since the
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b.

Ce.

d.

needed values can be read from the tables, a great deal of time
is saved.

Have pupils use a table to find the square of 26. Ilocate 26 in
the column headed N (Number) and move to the right until the

column headed N2 (Square) is reached. There we read 676. Then
262 = 676.

Have pupils use a table to find\/26. Locate 26 as before.

Then move to the right until the column headed /N (Square Root)
is reached. There we read 5.099. Then,/26 = 5.099 to the
nearest thousandth.

Have pupils compare the results obtained when finding square root
by sucecessive division with the values listed in the table.

5. (OPTIONAL) Have pupils read square root from a graph.

a.

b.

Ce

Have them use squared paper (ten y
to the inch) to graph the set of
points (x,y) such that y = x2,
where x Z 0.

1) Haivi pupils plog. §he points (O,g),
'Z'SE)’ (l’l)’ (231‘,)’ (2’4’), (gszi)’

(3,9).

2) Have them note that the graph of
y = x2, where x>0 appears to be
a smooth curve such as appears in
the figure at the right: |

How can we read-/3 from the graph?
We draw the line y = 3 and find at
which point it crosses the graph

=l

1 ]
of y = x2, Then the x-coordimate A2 3 b
of this point is /3 . It is read /—
approximtely as 1.7. | 3

Have pupils read \ﬂ:—, J'S_' /3 J’Z_ V8 , \/5- from the graph,
Have them check their results bty reference to a table of square
roots,
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B. Suggested Practice
1. Between which two consecutive integors is each of the following:
a.\/5  Solution: Between 2 nd 3, or 2</5 < 3

b.\/31 c. /BT d.\/85 0.\/137 £../219

2, For any positive integer less than 100, how many digits are there
in the integral part of its square root?

3. What is the smallest positive integer whose square root is a two=-
digit integer?

4. Find the indicated square root to the nearest tenth:

a.\/32 d. /111
be. /17 e.\/6.25
Coe \/903 f. .\°/2009

5. Check the results in 2a and 2b by using a table of square roots.
6., Use a table of squares to find the squares of:
20 22 23 78 99
7. Use a table of square roots to find, correct to hundredths place:
VRN Y SR, N
8. Which of the following numbers will have square roots that aras
a. less than 10?
b. greater than 10, but less than 1007
c. greater than 100 but less than 10007
3 121 6400 16,900 490,000
72 385 5238 22,850 810,000

9. Find, to the nearest tenth, the square root of the number which
is the sum of the squares of 4 and 9,

10. Find, to the nearest tenth, the side of a square whose area is
29 square inches.,




11. Find both roots of each of the following to the nearest tenth:
a2 = 360 bR = 22,6

VI. The Pythagorean Theorem

A. Suggested Procedure

\
1. Have pupil learn how the ancient Egyptian surveyors and engineers
(rope~-stretchers) laid out square commers by means of knotted ropes
(3, 4, 5 triangle). |

2. Review meaning of right triangle, hypotenuse, legs of right triangle.

3, Holp pupils discover the relationship that exists among the three
sides of a right triangle,

a. Have them use squared papser in the construction of a right
triangle whose legs are 3 and 4 units respectively. Have them
build squares on each side. Have them measure the hypotenuse
with a strip of the squared paper. Have pupils note that
(3)2 + (4)° = 25.

b. Have pupils repeat this procedure with right triangles whose
legs are 6, 8; 5, 12; etc. Have pupils denote the hypotenuse
as ¢ and the other two sides as a and b, Have them record the
results of the experiment in tabtular form. Have them make a
similar table for the squares of the sides.
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b
8

12

15

Ce

Have pupils note that a2 + b2 = 2,

c. Have pupils realize that in any righ” triangle, the square of the
length of the hypotenuse equals the sum of the squares of the
lengths of the other two sides.

d. Tell pupils that this relationship is known as the Pythagorean
Theoren.

Have them realize that they have not proved the Pythagorean Theorem,
but have only examined somes illustrations of it. (It will be proved
in 10th Year Mathematics.) The first proof of the theorem is
eredited to Pythagoras, a mathematician of the 6th century B.C.

e, Inform pupils that it can also be proved that if a, b and ¢ designate
the lengths of the three sides of a triangle, with a and b less than
¢, then the triangle is a right triangle if

a? o+ be = o2 |

This gives us a way of determining whether a triargle, the lengths
cf whose aides are known, is a right triangls.

i o Help pupils solve problems using the ‘Pybhagorqan Theoram. (Use numbers
_whose square roots can be readily detemsined.)

&, The legs of a right triangle are 9 inches and 12 incnes. What is
the length of the hypotenuse?

~R5k=




?
92 + 122 = 2 Cneck: ¥ + 122 = 152
2 ?
81 + VAN = C 81 + m : 225
225 = 2 225 = 225
15 = ¢

The length of the hypotenuse is 15 inches. (Here we consider only the
principal square root since our problem cannot have a negative answer.)

b. The hypotenuse of a right triangle is 13 cm, long. One leg is 5 cm.
long. What is the length of the other?

X 13 cm
—5 cm.
al R = 2
52 2 = 13 Check: 52 + 122 % 132
25 + xX = 169 25 + Wk = 169
x = 12

The length of the other leg is 12 cm.
B. Suggested Practice
Note: Some measures of lengths of sides of right triangles are:
3, 4, 5 and any multiples of these
5, 12,.13; 8, 15, 175 7, 2, 25; 20, 21, 29; 9, 40, M
and any multiples of these.
1. Find the length of the missing eide

Leg 1sg Hypotenuse
a. ? 12 15
b. 7 2l ?
Ge 15 ? 17
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2. Illustrate each of the following problems by a diagram before solving:

a. The bottom of a2 valise measures 18" x 24". What is the maximum
length of an umbrella which can be placed on the bottom of the
valise?

b, What is the length of a diagomal brace for an iron gate 24" long
and 27" wide?

c. A pole 4O ft. in height is steadied by a guy wire 41 ft. in length.

How far from the foot of the pole is the foot of the guy wire?

d. The length of a rectangle is twice its width. If the dia onal of
the rectangle i3 10 feet, what are its length and width? (to the
nearest tenth)

e. How long is the dlagomal of a square whose side is 1 inch? Ileave
answer as a radical.

3. (OPTIONAL) Which of the following sets of numbers may be the lengths

of sides of a right triangle?

8.3, 4, 5
Solution: Ifa = 3, b = L, ¢ = 5, does a?
32 4 23 52
9 + 16 2 25
25 = 25

+ b

Then 3, 4, 5 may be the lengths of the sides of a right triangle.

b. 8, 10, 15

c. i, 48, 50

d. 5, 8, 11
Note: A triple of positive integers (a, b, c) is said to be a

hagorea le if a2 + b2 = ¢c2. However, almost all right
triangles have at least one irrational side.
VII, Visualizing Irrational-Cquare Roots as Points on a Number Line
A. Suggested Procedure

1. Review locating ratiomal approximations on the number line for
irrational square roots. (See Chapter XI)

2. Iocating irrational square roots on the number line without using
approximations.
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a. Pose question: How can we find a point on thLe number line to
associate with,/2 , withouwt using approximations?

b. Demonstrate locating /2 on the number line as follows:

constructing a right triangle whose legs are both 1, we can
show that the hypotenuse =./2

Since AC equals /2 , we use the length of AC as a radius and

A as the cunter to find the point D; then AD is the length of __
J2 and D corresponds to the point which is at a distance of /2
from zero. Similarly, many other irrational rumbers can be
graphed on the number line.

B. Suggested Practice
1. Place JS- s ﬁ6, \/1—3- on the number line without using approximations.
Hint: Forfe_', legs are 2, 2
Porde, legs are 1, 3
For\/ﬁ, legs are 2, 3

2.(OPTIONAL) locate the following square roots as points on the number
1ine without using approximationss: J3 T




VIII, Simplification of Radicals

A. Suggested Procedure

1. Square roots of numeral products

a. Have pupils recall that the square root table provided in
their textbook gives the square roots of perfect aguares
exactly, and rational approximations for the square roots
of other integers,

Pose question: Although the table is often limited to
integers from 1 to 100, how can it be used for other integers
as well?

b. Have pupils consider the following products of square roots:

SV = 32, 0r6 J36 = 6
Vi /16 = 2%, or 8 Vo = 8
V16 /9 = L3, or 12 Vi = 12

Have them realize that
ook = 3 = S5
VEVIE = B = /Ji6
Ve = VUL = /169
c. Help pupils reach a generalization concerning the product of

square roots,

1) Have them suggest the following symbolic statement concerne
ing the product of square roots.

va {/b_ = \/5, or \/ab =\/5,—'\/b_, where a>0 and b>0,

2) By trying various replacements for a and b have pupils see
that this appears to be a true statement for every replace-
ment of the variables a and b by a non-negative real number.

3) Have pupils suggest the following verbal brief statement.

Roots are distributed over multiplication., Have them
contrast with Va-i-b . '

VO9H, ¥ 342 and therefore roots are not distributed over
addition.
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d. Have pupils understand how the above gene

e. Guide pupils to see how the square root o

ralization can be used

to facilitate finding the square roots of many numbers not
included in a square root table.

1) Find /200
5% = JI00Z = Ji00 *y2
J20 = 10/2

Referring to the square root table, we find\/z ~1.73

Then /200 =10 x 1.73, or 17.3.

2) Tell pupils that 1Q/2 is said to be the gimplest form of
expressing \/200 because the new radicand 2 has no factor,
other than 1, which is a perfect square.

£ every positive integer

can be expressed in simplest form (as an imteger, or as the
product of an integer and the square root of an integer having

no square factor other than 1).
1) Simplify /576

576 = 4oLk and /576 = Jhlhk

Then /576 = Vi e /14 = 2, (Simplest form)
2) Simplify /75

75 = 253 and\/75 = /253

S5 =425 -3 = 5/3  (Simplest form)

3) Simplify /250 and then approximate it by use of a table of
square roots.

250 = 25°10 and /250 = J25°10
/250 = /25 +/10 = 5/10  (Why is this the simplest form?)

Referring to the tatle, /10 ~—3.16
Then, /250 ==5 x 3.16, or 15.80.
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L) Simplify /L8

L8 = 16°3
Vi = 18 *\f3~ = 4/3

Suppose we had written 48 = 4*12 and /48 = /I, *\/I2 or2/13.
Is this the simplest form of /482 (No, because 12 has a factor,

L, which is a perfect square.) Then to complete the work, we
write:

JB'JIT’\/E'%/T—=Z/IT-J3— =2o2/3—=£,,/3-

Note: A similar method can be used to find square roots of j
numbers which are not integers, e.g., |

V2, /.03, ete.
f. Have pupils express the following square roots in simplest form:

—. ¥

1)VE L) /160 7)/118
2)\/50 5)\/245 8)\/720
3)\/98 6)\/2025 90
Have them use a square root table to appraxim:te 4), 5), 7), ahd 8)
above,
2. Square roots of monomial products (The assumption is that each letter

in the radicand represents a non-negative number. )
a. Have pupils consider

Xex = x2  and /X2 = x

xRex2= xb and fxh = x2

Wex3= x6 and \/E = 13 x20

Have them realize that the above sentences are true statements for
every Treplacement of x by & non-negative real number,

be Simplify\/25x2
\/2-5_13 = /25 *\/x2 = 5x (Simplest form)

Check: 5x+5x = 25x2
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c. Simplify/x2yh

V& = V2 = x2  (Simplest form)
d. Simplify /2x2

Va2 = V2 *Jx¥ = Y2  (simplest form)
e. Simplify\/a>

Va3 = Va2 V& =aJa (Simplest form)
£. smén:y&

W~ ~ R S N Y

—_ 2
Check: @%\/m ) = (m2)2~ (Vm )2 ==ml+-m or m5

g+ Simplifyv/32p3

Vize = Vi -/Eb
= 24/8b (Not in simplest form)
=2v/k */2b
= 2b°2/2b or Lk/2b

Lead pupils to understand that by selecting the largest
perfect square as a factor of the radicand, he reduces
the number of steps necessary for simplification. Thus,

V323 = \V16p2 - V/2b
= Lo/
3

Check: (L4b\/2b )2 = (m:)2 . (V20 )2 = 16b2~ 2b = 32b

B, Suggested Practice
1. Simplify the following:

R R
b Vb VB Vak Vak
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V256xk

%
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d.

o/ VISEE  Voamz Vo2  V.o0e
£./128  Solution: /128 = B *\/2 =82

JIB /32 /5% V2 VI VB VIS /58 2018

PRV~ B = SR SN~ = B = = BV~
nE VES VeSS VaEe Vil Jisd

i. The sides of a right triangle are\/6 and\/6 . What is the length
of the hypotenuse? (Leave answer in simplest redical form.)

J. The sides of a right triangle are\/80 and \/60. What is the length
of the hypotenuse to the nearest tenth?
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CHAPTER XII
QUADRATIC EQUATIONS

This chapter contains materials and suggested procedures for
reinforcing and extending the pupils' ability to solve quadratic
equations in one variable, and to apply these algebraic skills to
the solution of various verbal problems.

I. Incomplete Quadratic Equations
A. Suggested Procedure
1. Review:
a. Degree of an equation
b. Zero product. If a<b =0, then a =0, or b=0, ora and b =0,
c. Bvery non-negative number except zero has two real square roots,

which are additive inverses of each other. (The square root of
gero is zero, and zero is its own additive inverse.

2. Meaning of incomplete quadratic equations

Note: The word guadpatic comes from the Iatin, "quadratus® meaning
"squared". It is used in connection with the second-degree equation

because the highest exponent is 2 - the variable squared.

a. Have pupils compare the following equations:
1) x2+3x+2=0

2) x2+2=0

How are they alike? (Each is a second-degree or qua.dﬁtic equation.
The second-degree terms are the same, as are the constant terms.)

How are they different? (There is no first-degree term in equation 2.)

b. Tell pupils that a quadratic equation is said to be jncomplete if
the linear or first degree term is missing. -

c. Have pupils identify the incomplete QMdratic equations among the
following:

1) x2- 49 =0 3)a2=a +6
2) X2 +9x+8=0 4) 2y% = 50
-263=




3. Solving incomplete quadratic equations
~ a, Have pupils recall how an equation such as x*2 - 25 = 0 wvas solved

by factoring.
| ke
x2 - 25=0 52 _25&0 (-5)2-253-0
(x=5)(xt5) =0 25 -2530 25 -25%0

Then x5 = 0 or x5 =0 Why? 0=0 0=0

x=0 X =5

The solution set is{ 5s -5}.

b. Have pupil see how the foregoing equation could have been solved
differently, as follows:

x-25=0
x2 = 25 (Equivalent equation)

Then, since every non-negative number, except O, has two real square |
roots which are additive inverses of each other, *

25 or 5, or x=3/25 or =5

The solution set is {5 ’ -5} .

c. Have pupils use the method in b to solve the following equations:
1) Solve 3a2 - 21 =0

32 =21
al = 7
a =T or a= YT
| The solution set 13(\/'7_ >y VT }.
; Check: 3(/7)° - Zo /TR -2 =
39 - 21 %0 T P
0 =0 0 =0

=26/ =




2) Solve (y + 5)° = 36

Although this is not an incomplete quadratic equation as could
be determined by squaring the left member, the form of this
equation is like that of an incomplete quadratic.

Since the square of an expression is equal to a number, then
the expression is equal to one of the two square roots of the

number.
y+5=y38 or y+5=.36
y+5= 6 y+5= =6

y=1 y= =11

The solution set is {l, -11} .

Check: (1#5)2 £ 36 (-1+5)° £ 36
62 & 36 (62 % 36
3 = 36 36 = 36

3) Solve X2 + 4 =0
2 = - (Equivalent equation)

Have pupils recall that negative numbers have no square roots
in the set of real numbers.

Have them conclude that in the system of real numbers, the
solution set of the above equation is the null set.

d. Solving formulas for a variable that is squared

1) Have pupiis find the length of a side of a square when the
area is 9 square inches.
A= g2
9 = g2
_-l_-_\/<7-=s, icee, 8 =3 8==3

TR

The nature of the problem requires that the domain of s be
limited to the non-negative numbers. Therefore, the solution

set 13{3 .




2) Solve A = s for s (Area of a square) JA =sor /A =58
Why do we not use the negative root?
The solution set is{‘/ﬂ- }
Check: A < (K )°
A = A
3) Solve W=, for E (Formula for electrical power)
WR=E  (y?)
VWR =E or JWR=C (why?)
The solution set is {\/ﬁ}. Have pupils check.
B. Suggested Practice )
Solve and check each of th; following:

If any root is irrational, express it in simplest radical form. Check.

1.y5%2=1=0 7. 25n2 = 4
2. 3R =16 8. (z-6)° = 19
3.2 =1% 9. (a=7)? =100
Lo a2 = .09 =0 10, (b+5)% = &1
5, 2x2 = 16 = 0 0. (e+.3)? = .04
6. x% = 50 |

12. What is the solution set of x2 + 36 = O in the system of real numbers?
Explain.

13. Solve A = 6e? for e (Fomula for area of the surface of a cube)

" 14. Pind approximate values for all irrational roots in Exercises l-11.
(Use a square root table.) :




II. Complete Quadratic Equations
A, Suggested Procedure
1. Have pupils solve the following complete quadratic by factoring:
Solve x° = 2x + 1 =14
R =-2x-3=0
(x-3)(xfl) =0

Then, X=3=0 or x+1=0

x=3 x ==1
Check: (3)2 - 2(3) +1 %4 (-1)% - 2(<1) +12 4
2 ?
9-6+1=4 14241 =}
L= b =4

2. Solution by taking square roots
Re2x+l=4h |

Since the left member is a trinomial square, we may express it as the
square of a binomial.

(x=1)° = &
Then, x - 1=22 or Xx=1l==2
x=3 X =]

-

Why are we able to use the square root method to solve the above equation?
| (The lei)‘b member is a trinomial square and the right member is a positive
[ number.

3. Solution of complete quadratic equations by "completing the square"
a. Have pupils consider the equation :t?' -2x =8,
Can this be solved by the factoring method?

iﬂ ll-, "'2

Ha pupi}e solve it by factoring. They determine the solution set




]

b. Pose question:
Can x2 - 2x = 8 be solved by taking square roots?

Have pupils realize that inasmuch as the left member is not a tri-
nomial square, we cannot make use of this method, If, however,

we can find an equation which is equivalent to x° - 2x = 8, but
which has a trinomial square as one member, we can easily find the
solution set by taking square roots.

1) Pose question:

What shall we add to ¥ - 2x to produce a trinomial square?

%2 = 2x + ? = a trinomial square :

By trial and error, pupils will arrive at x2

- Z: + 10
Then, 2 -2+ 1=8+) (Addition principle of equations)
or, (x=1)2 =9. |

2) Have pupils now use the square root method to complete the
solution.

X=l1l=3 or X=l=a3
x =/ X = w2
The solution set is {h, -2} .

Ce ;1“211 pupils that the process of starting with the polynomial
= 2x and producing the trinomial square -2x +1 is

called completing the square.
d. Have pupils realize that it is not always easy to tell just what

number should be added in order to obtain a trinomial square,
Therefore, a systematic method for finding this number is needed.

Have them examine the following to see the relationship between the
coefficient of the first degree term and the constant term, when
the coefficient of the second degree term is 1.

1) 32 = x® +2B3x + 9 =P + 6x + 9

Theynote:Biaiof6and9=32

=268




2) (x-5)2 = x2 + 2(=5)x + (=5)° = x* - 10x + 25
They note: =5 is % of =10 and 25 = (-5)2

3) (ath)® = a2 + 2(4)a + 12 = a® + 8a + 16
They note: 4 is % of 8 and 16 = 1
Guide pupils to see that in each case the constant tem
of the trinomial square is the square of half the
coefficient of the first-degree term.

e. Have pupils complete the square for the following. Have them
express the resulting trinomial as the square of a binomial.

l)xz+2x+

Solution: & of 2 4.1 and 12 = 1. Then we add 1 to x° + 2x to
produce 22 # 2x + 1, a trinomial square, |

2 +2x+1m= (x1)R

2)y2-hy+ 5) ¥ +x + »
3) % + 16a + 6) r> - 5r +
4) ¥R - 12b + 7)t% -3+

f. Have pupils solve quadratic equations by completing the square.
1) Solve x° - kx =12 =0 |

2 - lx =12 (Addition ‘principle of equaf.ions) |

2 - Ax + 4 =12 + 4 (Complete the square) |

(x-2)° =16 (Express the trinomial as the square
of a binomfdl)

Then, x=2=4 oOr X=2=<=4

o]

x=6 X ™ w2

ei_ﬂ

Th_e sqlution get is {6, -2} .

Have pupils check by determining whether the solutions satisfy
the equation. .

Note: The solution of a quadratic equation by the methed of
completing the square seems longs: and more involved than the

* factoring method. However, the former is a more general
method which applies also to quadratic trinomials not factor—-
able in the system of rational numbers. Then, too, mathematical
power is increased when pupils know more than one method of
solution. 29
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2) Solve 2x° - Lx = 6

Have pupils realize that since the coefficient of x° is 2, the
procedure that was developed for completing the square will
not apply.

Guide them to see, however, that the given equation can be
replaced by the equivalent equation.

P - 2x=3

This equivalent equation is solved instead of the original

equation. Have pupils solve it by completing the square.
Have them check the solutions in the original equation.

B. Suggested Practice

1. What number should be added to each of the following expressions to
make it a trinomial square? Express the resulting trinomial as the
square of a binomial., .

3, X° = 2x  Solution: Add 1. x° = 2x + 1 = (x~1)2
2

b. b° + 6b £, 2 + 3t
c. y° + 12 ge X2 - x
d. a° - 10b he 12 + r
e. y2 - 20y

2. Solve the following equations by the method of completing the square.

a,y2 -6y =17 det?+t =12
b, a2 - 4a =32 =0 e. 2x° - 8 = 2l
Co X +2x=48=0 £. x2 = 10x + 14

3. In solving the following problems, solve the equatlon for each problem
by the method of completing the square»

a. If 4 times a certain number is subtracted from the square of the
number, the result is 25. Find the number or numbers that satisfy
this condition. ,

b. There are two consecutive positive integers such that the square
of the first decreased by twice the second is 33. What are these
integers? ‘

c. The hypotenuse of a right triangle is 10 inches long. The difference
between the lengths of the other two sides is 2 inches. Find the
lengths of the sides of this triangle.

d. The difference between a number and its reciprocal is
%. Find the number or numbers.
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CHAPTER XIII

RATIO, PROPORTICN AND INDIRECT MEASUREMENT

This section contains materials and suggested procedures for ex-
tending pupils' concepts of ratio and proportion, and for relating these
concepts to the solution of problems in indirect measurement by means of |
similar triangles and the numerical ‘trigonometry of the right triangle.

I. Ratio

A. Suggested Procedure

1. Review
a. The meaning of ratio as the relation between the numbers of two
sets. *
o o O ©C O O

4  doob  dododo

In each of the above diagrams, 1 circle is matched with two
squares. Thus, in each case, the set of circles is related
to the set of squares as 1 is related to 2.

Also, the set of squares 1s related to the set of circles as
2 is related to 1. This kind of relationship between the num-
bers of two sets is called a ratio. :

b. Ways of expressing ratio

In each of the above examples the ratio of the number of circles
jn each set of circles to the number of squares in each set of
squares may be expressed as 1 to 2, or 1:2, or 1 = 2, or %, or
50%, or 050 '

2, Extend the concept of ratio
a. Pose problem: An article in a school newspaper stated that the
ratio of the mumber of girls to the number of boys in the Glee

Club is 4 to 1. Can we tell from this information how many
pupils are members of the Glee Club? .
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1) Elicit that the ratio 4 to 1 does not tell us how many
puplls are in the club, but does tell us that the number
of girls is four times the number of boys, regardless of
the total number. That is to say, for every four girls
in the club, there is one boy.

2) Ask such questions as the following:

If there are 5 members in the Glee Club, how many are girls? boys?
If there are 10 members in the Gles Club, how many are girls? boys?

3) Have pupils £i11 in the following chart based on the conditions
stated in the problem:

NUMBER OF GIRLS AND BOYS IN GLEE CIUB
Girls 64 ? 32 A ? kn ? ?
Doys ? 15 ? ? X ? 2y 16y

L) Have the pupils form the ratio in each case and show that the
ratio in each case remains & to l.

§£L=!L‘l6.=£k.1, orh §.9.=£t_'.].-.'i=.’:'=.1,or5
16 116 1 1 15 115 1 1

5) Have them see that the 6(z)'atio may also be expressed by the.
number pairs 2, 3, 75 "-:5-, and, in general, %:-5(::7‘0).
Since é‘_ uses the smallest integers possible, we say that %

is the simplest form of the ratio.

6) Have pupils recall that a ratio consists of two numbers in a
definite order. Thus, the ratio of 4 to 5 is written 3 or 4:5,

whereas the ratio of 5 to 4 is written 5 to 4 or 5:4. 5A ratio
may therefore be thought of as an ordered pair of numbers.

ax
b. Help pupils generalize that the ratio % may also be expressed as Ly

for any replacement of x other than zero. That is to say, all the

pairs of numbers %‘x- name the same retio.

c. Have pupils express in terms of x two numbers whose ratio is

1)2 Soluion: 3x and Ax 3) &
2)§ L) %
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3, Have pupils learn to solve ratio problems using algebraic methods.
a. Pose problem:

An article in the school newspaper stated that the ratio of
the number of girls in the Spanish Club to the numbe™ of boys
is 5:2. If the Spanish Club consists of 28 members, how many
are girls and how many are boys?

1) Solution through arithmetic
Help the pupils see that the number of boys and the number
of girls derznds upon the total number in the group. At
the same time, these numbers must be in che ratio of 5 to 2.

For every set of 5 girls, thers is a set of 2 boys.

5 + 2 = 7
5 + 2 = 7
5 + 2 = 7
-2 + 2 - -
20 girls + 8 boys = 28 in club

Elicit that there are L groups of each set, making a total
of 28,

2) Solution through algebra

Discuss with the pupils difficulties one would have in solving
a more complicated problem jnvolving many groups, by this
method.

Tell the pupils that an algebraic soiution would be more
direct and simpler. In some cases it provides the only
method of solution.

Help the pupils to see thal since the ratio ¢f girls to

boys is 5 to 2, we can represent the number of girls by 5x,
and the number of boys by 2x, x ¥ 0. It is obvious from the
problem that the domain of x is the set of positive integers.

Let 5x = the number of girls

let 2x = the number of boys .

&x + 2x = 28 (the total number of pupils is 28)
Tx = 28 . | »
x=4; 5x=20; 2x=8

The number of girls is 20, The number of boys is 8.

Check: Is the ratio of girls to boys 5 to 22 Yes, because
20 o 2, Is the total number of pupils 287 Yes, because

8 2 -
20+ 8 = 28,
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b. Have pupils practice similar examples. (See suitable textbooks.)

B. Suggested Practice

1.

2.

3.

Express each of the following ratios in its simplest form:

a, 2to 4 f. x to 4x
2a3
b. 9:27 ge ;3
Ce 05 to 105 3
3x h. 9t:27t
3y 1, AT >y
ax 8xy
€ ay. 2
Jo dxgsdxy

Find the ratio of each of the following. Express each answer in
simplest form.

a2, The number of boys to the number of girls in a school with
700 boys in 1100 pupils. .

be The number of pounds of sand to the number of pounds of clay
if there are 25 pounds of sand in a mixture of both weighing
225 pounds.

¢. The number of pennies tc the number of nickels in a coin bank
containing only these coins, with 15 pennies to 30 coins.

d. The number of apples to the number of oranges in a bag of fruit
- if x represents the number of apples (:%0) and there are twice
as many oranges.,

e. In a classroom the ratio of the number of boys to the number of
girls is 2:3. What is the ratio of the number of boys to the

~ total number of pupils? the number of girls to the total number
of pupils?

Solve each of the following, and check:

a. Helen invited 12 friends to her party. If the ratio of boys to
girls was 1 to 3, how many boys did she invite? How many girls
did she invite? |

b. Two numbers are in a ratio of 3 to 5. Their sum is 72. What
are the numbers?

27
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c. The retio of the number of boys to the number of girls in the
9th grade is 7:8. The total number of pupils enrolled in our
9th grade is 540, How many are boys? How many girls are there?

d. Divide a 15 inch line segment into parts with a ratio of 2:3. How
many inches should there be: in each part of the line segment?

e. See suitable textbooks for additional similar problems.
II. Proportion
A. Suggested Procedure

1. Review meaning of Eroport.:lon. A proportion is the equality of two
ratios, €.g., % - £,

a. Pose problem:

John has a snapshot 4" wide and 5" long. He had an enlarged photo-
graph made from it. The enlarged picture measured 8" in width and
10" in length. |

1) What is the ratio of the width to the length of the original
snapshot ?

Number of inches in width of smapshot _ 4
Number of inches in length of snapshot 5

2) What is the retio of the width to the length of the enlargement?

Nygber of inches jn width of enlargement 8

Number of inches in length of enlargement . 10

b, Elicit that the ratio of 8 to 10 is equal to the ratio of 4 to 5.

c. Have pupils recall that the equality of two ratios forms a proportion.

%=1% is a proportion and is read "4 is to 5 as 8 is to 10."

(4, 5, 8, and 10 are the first, second, third and fourth terms of the
proportion respectively) -

2. Have pupils find the value of a temm of a proportion when the other three
terms are known. :

a. Pose problem: '
John found that he wanted an enlargement of his L" x 5% snapshot to

measure 20" in length. What would be its width?
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1) The ratio of the width to the length of the negative is %.

2) If we represent the number of inches in the width by x, what
is the ratio of the width to the length of the enlargement?

)

3) Pupils should be led to realize that the ratio of the width
to the length is the same in each case., This may be expressed
as a proportion

b X
5 20
16 = x
The width of the enlargement is 16",

L) Check: If Ige enlargement has a width of 16" and a length of 20",
the ratio 20 is equal to the ratio !5* of the dimensions of the

snapshot.
b. Have pupils practice with similar problems.
B. Suggested Practice
1, Find all vaiues of the variable for which each proportion is true.

X - 24
a.11 132 d.-lg-=f
12-22 "'2
b. 2"y 9-5'3'5"35'
c.%=§

2. Solve and check.

a. The width of a rectangle is in the ratio of 5:7 to its length.
If the length is 21 feet, what is the width?

b. A car travels 9 miles in 10 minutes. At that rate, how far will
the car travel in 45 minutes?

Solution: let x represent the number of miles the car will travel
in 45 minutés. Then,

x T L5 °F 10 T 45
10x = LO5
x = 40,5

The car will travel 40.5 miles in 45 minutes.
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c. The ratio of the number of boys to the number of girls in a school
is 9 to 10. There are 720 boys. How many girls are there in the
school?

d.Dan's father drove his car 315 miles in 7 hours on Monday. On
Tuesday he hopes to travel 405 miles at the same rate of speed.
How many hours will he travel on Tuesday?

e. If 78 feet of wire weigh 13 lbs., what will 234 feet of the same
kind of wire weigh?

fo A 13" 1ine segment on a map represents a distance of 350 miles.
What distance is represented by a 4" line segment?

III. Direct Variation
A. Suggested Procedure
1. Have pupils learn the meaning of direct variation.

a. Pose problem:

A train is traveling at a uniform rate Distance | Time
of 40 m.p.h. How many miles will the 40 1
train travel in 1 hour? 2 hours? 80 2
3 hours? 4 hours? 5 hours? 120 3
160 L
5

Have pupils set up the table of values 200
shown at the right. ,

Have puglls realize that each number pair in the table
(1 s 50 3 , ) is a name for the same ratio. That is

to say in each case 8. 4O, or d = LOt., A relationship such
as this is called a 31rect variation. We say that d varies
directly as t. In the relationship d = 4Ot, the value of d
is always 4C times the value of t: Thus, in this rule, 40

is called the gonstant of varjation.
b. Have pupils repeat the procedure with the following:

T TS R

The cost of one candy bar is 5¢. Two such candy bars cost 10¢,
three such candy bars 15¢, etc.

c
Lead the pupils to express the ratio of cost to number bought as .

Then, in each case, L. 5 (a constant ratio) or ¢ = 5n., Elicit
that the total cost of the candy bars varies directly with the
number bought, that is, ¢ varies directly as n. What is the
constant of variation in ¢ = 5n?
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c. Have pupils study the table
at the right for the perimeter
of an equilateral triangle.

1) What relationship exists
between the values of s
and the corresponding
values of p?

2) How would you express the ratio of each valus of p to the
corresponding value of s?

3) Is the ratio fthe same for each number pair?

L) Writez an eqt;ation to express the relationship between p and
8. (p=3s

5) What is the constant of variation?

2, Lead pupils to the generalization that two quantities x and y
vary directly if they are related by an equation.

¥y =kx

where k is a constant (other than zero). We say "y varies directly
as x." k is then called the constant of variation,

B. Suggested Practice
1. State whether each of the following tables expresses direct
variation. If it does, detemine the constant of variation

and then write the equation that expresses this relation.

a.,| s 1 3 7 9

o |4 30 [28 [36

b. X

4 n
Ly | 2 L | 5%

W
®




2, Given that y varies directly as X, determine the constant of variation
in each case and complete the table.

a. [ T T 1 213 °?2]]9]°¢?
_.LﬁLﬁL?AL?JILL

be| X 1 2 3 ? 10

ﬁzgl?i?

3, If y varies directly as x, and if y = 10, when x = 2, what is the value
of y, when x = 7?

Solution: Since y varies directly as X, ¥y = kx. Wheny = 10 and x = 2,
we have 10 = k(2), or k = 5. The constant of wariation is 5 and we may

now write the original relationship as y = 5x. Then, when x =7,
y= 5(7): or 55.

Note: Many scientific laws are expressed as the direct variation of two
variables, e.g., Hooke's law: S = kw (The stretch of a spring varies
directly as the weight suspended from it.)

IV. Similar Figures
A. Suggested Procedure

1. Have pupils recall the problem concerning the enlargement of a photograph.
Help them represent the photograph and its enlargement ,by means of the

following rectangle diagrams:

ENLARGEMENT
E . ¥
ORIGINAL
A B ¢ |
L
U 2 H 10
=27 9-
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2,

3.
b

5e

8 Length of side HG 10’

In the two rectangles. vertex A is paired with or corresponds to

veriex E, B corresponds to F, D to H, and C to G. Then, side AD

corresponds to side EH, AB to EF, etc.; then /A corresponds to /E,

LD to LH, etc,

Have pupils observe that the figures have the same shape, but differ
in size.

Elicit that corresponding angles are equal.

Elicit that although corresponding sides are not equal, the ratios
of the corresponding sides are equal.

length of side DC _ 5 orl
2

Length of side AD _ 4 i .
b. Tength of side EH g® °F 2 » °te

Note: When angles and sides are said to be equal, we mean their
measures are equal,

Have pupils answer such questions as the following:

a. These two figures have equal corresponding angles. Do you think

they have the same shape?
Have pupils see that no mtter what correspondence is set up

between the vertices of the figures, corresponding sides will
never be in proportion.

2 'S

I

b. These two figures have their sides in proportion. Do you think

they have the same shape? Explain,

2
y—]ﬁ_r‘ 2 2
1l 1l
2

1

Elicit that two figures have the same shape only when, for some
correspondence, corresponding angles are equal and corresponding
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sides are in proportion.

Tell the pupils that two geometric figures (polygons) are said
to be gimilap if for some correspondence of the vertices, they

a. have their corresponding angles equal and
b. their corresponding sides are in proportion.

Have pupils practice recognizing similar figures.
a. Are all rectangles similar? Explain.
b. Are all squares similar? Explain.

c. Decide which of the following pairs of figures are similar.
a reason for each answer.

1) Rectangles
3“
2ll
3" 5“
i
2) Rectangles
2“
1n
2" . 1in.,
2

3) Right triangles




L) Parallelogrems

gn 130°
te 17
2 2n

8. Have pupils learn that two triangles are similar when two angles
of one triangle are equal to two angles of the other triangle.

a, Have pupils use graph paper, protractors and rulers to draw
the following pairs of triangles:

Triangle ABC AB = 2 /A = 90° /B'= 60°
Triangle DEF DE = 4" /D = 90° /B = 60°

Note: The pupils will discover that as they draw these
triangles, the three facts given for each triangle will
determine the triangle. This means that if each pupil

, uses the same three facts, in any order, he will get a

i , triangle exactly the same size and shape as the triangle
obtained by every other pupil.

b. Set up a chart such as the following and have the pupils
fill in the blanks, by measuring the three parts which were

not given,
Triangle ABC Triangle DEF
/B = 60° /E = 60°
[ = [F =
AB = 20 DE = 40
AC = DF =
CB = FE =
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c. Elicit that these two triangles are similar because when we
let vertex A correspond to vertex D, vertex B to vertex E,

and vertex C to vertex F, then

1) corresponding angles are equal ~
2) corresponding pairs of sides have a constant ratio (are in

proportion).

9. Have pupils construct a triangle using any length of his own choosing
for a base line, but using the same angles as in 7-a.

a. Have the pupils compare the lengths of the sides of A ABC with
the lengths of this new triangle. (labeled A'B'C')

AB, AC LB
A'B! AC! C'B!

b. Have pupil conclude that the ratios are the same and therefore
the sides are in proportion. ‘

c. As a result of these experiments, have the pupils conclude that
in the case of triangles, if the angles of one triangle equal

the angles of another triangle, (two pairs are sufficient),

the triangles are similar. It appears that if the angles are
equal, the corresponding sides will automatically be in proportion.

Elicit that this does‘ not hold for other figures, just triangles.

Note rectangles in 6.

Note: Proportionality of corresponding sides of two similar triangles,
such as the following, may be expressed in more than one way:

4
A

C -1

If a corresponds to d, b to e, and c to £, then

a_t - or a_4d
a 1 c I

As an optional exercise, pupils may be asked to prove this.




10. Have pupils practice identifying similar triangles when the angles
are given. (Give several examples.)

11. Have pupils learn to use properties of similar triangles in indirect
measurement,

a. Tell pupils story of Thales, a Greek mathematician, who lived about
600 B.C. On a trip to Egypt, he asked the height of one of the
pyramids. No one knew. He soon astounded the Fgyptians by computing
the approximate height, using a method which involved the shadow of
the pyramid.

Today many Boy Scouts use the same method to find the height of a
tree or building. This method is called "shadow reckoning.”

b. Pose problem:

A flagpole casts a shadow 16 ft. long at the same time a nearby
post 5 ft. tall casts a shadow 2 ft. long. Find the height of
the flagpole.

1) Discuss the difficulty one would have in measuring the flagpole
directly and the need for a method of indirect measurement .

2) Have the pupils draw and label a diagram (this is a diagram,
not a scale drawing) showing the conditions of the problem.

B % AN Post s

Shadow Shadow

3) Discuss with pupils the great distance to the sun. Because of
this, the sun's reys may be considered parallel near the earth,
and so the corresponding angles formed in the diagram may be
considered equal. The triangles are then similar,

L) Discuss, too, that as the sun goes down, the shadows get
longer. It is for this reason that the problem must state
that the time of day is the same. Why must the two objects
be located close to each other?
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5) Have pupils set up a proportion between the corresponding
gsides of the two similar triangles.

Height of flagpole _ Length of shadow of flagpole

Height of post Length of shadow of post

Have pupils make the proper substitutions: '355 " ;2'6'
80

Multiplying both sides of the equation by 5¢ x= 2
x =40
The approximate height of flagpole is 40 feet,
B. Suggested Practice

1, Draw the diagram and explain the reasoning that Thales used to solve
the pyramid problem, according to the following story:

He set up a stick of known length near the pyramid. He waited
until the shadow of the stick equaled its length. He then measured
the length of one side of the square base of the pyramid, and the
length of the shadow of the pyramid. The height of the pyramid
equaled the length of the shadow, plus one-half the length of the
base. '

2. An apartment building casts a shadow 75 £t. long when a telephone
pole 22 ft. high casts a shadow 10 ft. long. How high is the

apartment building?

3, The shadow of a church steeple on level ground is 25 ft. long. At
the same time, an 8 ft. lamp post casts a 5 ft. shadow. What is
the height of the steeple?

L. A tree casts a shadow 12 ft. long. At the same time,a man 6 ft.
tall casts a shadow of 3 ft. What is the height of the tree?

5. The sides of a triangle are 3, 10 and 12 inches respectively. The
shortest side of a similar triangle is 12 inches. Find the length
of the other sides of the second triangle.

6. If one acute angle of a right triangle is equal to one acute angle
of another right triangle, the triangles are similar, since they

already agree in their right angles. Tell which of these pairs of
triangles are similar. Explain in each case.

/m 40P
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V. Numerical Trigonometry of the Right Triamigle (Tangent‘ Ratio)
A. Suggested Procedure

1. Have pupils recall that they learned how to solve problems in..
volving indirect measurement through the use of formulas s Scale
drawings, and similar figures.

a. Pose problem such as:

1) Tom and Jim, standing on one side of a river, decided they
wanted to measure the distance across the river., Tom placed
himself directly opposite a large rock on the other side,
Jim walked along the river bank (straight line) until he
reacted a point 100 feet from Tom. dJim measured the angle
noted as J in the diagram. He found it to be 35°. What is
the distance across the river? (Angles may be measured by
protractor mounted on a board, transit, etc.)

Note: Jim walked in a line which is at right angles to the
line between Tom and the rock. Bock
Roc

L/\- TN i

Help pupils solve the problem using scale drawing,
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Since each unit on the scale is equal to 10!, the pupil
finds that the distance across the river is about 70!,

2) At 4:00 p.m., a pole 7 feet high casts a shadow of 10 feet,
At the same time, a tree nearby casts a shadow of 30 feet,
How high is the tree?

Solution: Help pupils solve this problem through the use of
similar triangles. |

7l
— 10" 30!
1_.10 - E.
x 30 or 10 30
x = 2] 10x = 210

x= 21
The tree is 21 feet high.
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b. Have pupils discuss the method used in solving the problems. He
observes that two methods of indirect measurement were utilized:
scale drawing, similar triangles.

c. Have pupils realize that from some known or direct mezsurements
they were able to find other measurements indirectly.

2. Have pupils realize that similar triangles are the basis for the
trigonometry of the right triangle.

a. Help pupils identify the parts of a right triangle, ABC, Have
them recall that the legs of a right triangle are the sides
that form the right angle. The third side is called the hypotenuse.

Angle C is the right angle
¢ designates the length of the hypotenuse A
b designates the length of the side

opposite /B (also the length of the o
leg adjacent to /A)

b
a designates the length of the side
opposite /A (also the length of the ml o 5
leg adjacent to /B) v

Have pupil practice selecting the parts of
various right triangles. (Place the right
angle in different positions and use a
variety of letters to name the vertices.)

b. Have pupils note that in the problem l-a, the ratio of the side
opposite the 35° angle to the side adjacent to the 359 angle was

10
700 or .70.

c. Have pupils draw other right triangles on graph paper, each with
an acute angle of 359, Help them see that the ratio of the length

of the leg opposite the 35° angle to the length of the leg adjacent
to it is always about ,70. :




Have pupils generalize that for a 35° angle in a right triangle,
this ratio is always the same. (Approximately «70)

Have pupils justify the conclusion that the values of the
ratios are the same in each case, through his knowledge of
the properties of similar triangles (corresponding sides are

in proportion).

Have them realize that knowing this ratio enables them to
determine an unknown distance very easily, provided we can
obtain a right triangle with one leg as the unkmown distance,
the other leg as a known distance, and an acute angle of 35%.

However, it may not always be convenient to obtain a 35° angle.
It is, therefore, desireble to determine the ratio of the leg
opposite to the leg adjacent for other acute angles.

d, Have pupils find the ratio of the length of the leg oprosite
to the length of the leg adjacent for angles of 310, 459, 72°,

etc. in right triangles as in 2=c.

e. Have them realize that in each right triangle the ratio of the
length of the leg opposite to the length of the leg adjacent
is constant for any particular acute angle. This is true
because every right triangle containing a certain acute angle
is similar to every other right triangle containing an angle

of the same size.

£. Tell pupils this ratio is called the tangent retio. It may be
approximated as a fraction or as a decimal. For a particular
angle A, we designate this ratio as tan A (tangent of angle A).
Thus, |
A length of leg opposite /A
tan & =3 eongth of leg adjacent /A b
~
The pupils should be made aware that §
the above definition applies to an 2
acute angle A of a right triangle. &
Thus, 0°<A < 90°. There is a one-to- ° A
one correspondence between A and tan A, adjacent leg
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8. Reinforce the concept of the tangent retio by having the
pupils do exercises such as the following: .

1)

[

A L

tan A = 2
tan B= ?

2.0

tan 28° =
tan 520 =

80

/

32

52°

25

L R ey

N B
C
o
b
n - S J

tan N = ? tan B = ?
tan O = ? tan A = 2

2) What is the tangent ratio of each of the labeled angles?

15

G |
10 A

P

100 15

3) Write the tangent ratios for each acute angle in these
triangles. Express as a 3-place decimal. :

tan 48° =
tanh2°=v

36

- 42°
40
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h. Help pupils discover that the value of the tangent retio increases
as the size of the angle increases Wy having him develop a table

of values of the tangent retio.
Have pupils use a base line 10 units long on squared paper.

Have them use a protractor to draw angles as follows:
ANV

/ TY
/ 60°

50°

40°

30° |

20°

to*

Have them see that as f.he angle increases in size, the value of the
tangent retio also increases. : |

| Angle h of Leg h of Leg h
r A Opposite /A |Adjacent to /A | Length of Leg Adjacent
: 10° 1.8 10 .18
| 20° 3.6 10 .36
| 30° 5.7 10 .57
l.2° 8.4 10 o84
eLC.
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i. Help pupils read and interpret a table of tangent values,
Have them compare the values in the table with the ratios

found by using graph paper. |

Note: Since most tangent ratios are irretional numbers, the
decimal representations of these ratios found in B
printed tables are only approximately correct.

2

in the figure at the right is exactly

orv/3 . A rational approximation of
the tangent of angle A is 1,7321.

For example, the tangent of angle A \/-3—
I

A*—T |
J+ Help pupils apply tangent ratio to the B
solution of the problem posed in l-a-l), g
Solution: x |
o
Have pupils draw a diagram for the problem. A i 5 1

<

Have pupils discuss which sides of the triangle
are involved in the problem. They then apply
the tangent ratio. |
tan A = length of leg opposite /A
length of leg adjacent /A

tan 35%= TZ)%
-
7 = x

k. Have pupils practice solving problems using the tangent ratio.

1. Have pupils become familiar with the meaning of angle of
elevation and angle of depression. (Use transit.)
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B. Suggested Practice

1. Have pupils practice finding tangent ratios, given various angles;
finding angles, given tangent ratios. (Use tables.)

2. Have pupils practice selecting the tangent retio for each of the
acute angles in the given right triangles.

T :
c L
2% 5 3
/ X
S

3, VP ve pupils use the tangent ratio to find x in each of the following
diagrams:

470
x 30°f
27°

100! - N\
J07

L. Have pupils draw a diagram and use the tangent ratio in the solution
of each of the following problems:

a. To find the height (AC) of the Empire State Building, a point (B)
vas located 920 feet from the foot (C) of the tuilding, /JCBA was
found to be 58°. Using these data, find the height of the building.

b, Find the height of a tree which casts a shadow 12 feet long when
the sun's rays make an angle of 70° with the ground.

c. A tree casts a forty-foot shadow at the time when the sun's rays
make an angle of 37° with the ground. What is the height of the

tree?

d. A flagpole casts a fifty-fool shadow when the sun's rays strike
the ground at an angle of 407. What is the height of the flagpole?

e, Select additional problems from suitable textbooks.
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VI. Development of Sine Ratio
A. Suggested Procedure
l. Have pupils see the need for a ratio other than the tangent ratio,
a. Pose a problem such as:
A ladder can be used with greatest safety

when it is placed so that it forms ap
angle of approximately 70° with the ground.

Find the height above the ground that a 30!

30 foot ladder can reach if placed in this

position. x
o°

&

Solution:

Have pupils draw a diagram of the problen.

b. Have pupils see that the length of a leg of a right triangle is j
to be computed, given the hypotenuse and an acute angle.

Have them realize that the tangent ratio is not helpful in a
situation such as this, for the tangent does not use the hypotenuse.

2. Help pupils develop the ratio of the length of the leg opposife an
acute angle to the length of the hypotenuse of a right triangle.

Have them use the same procedures as those employed in the developnent
of the tangent ratio.

3. Have pupils use the word gine (abbreviated gin) to describe the ratio
developed. For an acute angle A of a right triangle

length of leg opposite /A

in A i ins constant.
sinlA = 1 h of hypotenuse This rat_o rema cons

L. Help pupils read and interpret a table of sines,
5. Have pupils now solve problem posed in 1 by the use of the sine ratio,
6. Have them practice solving problems involving the sine ratio.
B. Suggested Practice
1. Find each of the following:

gin 20° sin 53° sin A°
sin 30° sin 18° sin 80°
~29L-
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2, Find from the table the angles whose sines are:
407 052 970
3, As an angle increases in size, what happens to the value of the sine?

l,» Complete the following by referring to
the right triangle ABC:

0 )
> 3

A v

5, How high is David's kite if the 200 foot string to which it is

attached makes an angle of 52° with the ground: (Assume that
the string is straight.)

6. Jack went 300 feet into a tunnel which slopes downward at an angle
of 6 degrees. How far beneath the surface was he?

7. Arthur's kite string is 196 ft. long and makes an angle of 1,2° with
the ground, How high is the kite above the ground? Which of the
following would you use to solve the problem? Why?

tan 42° = %
or '
sin 42° = % 1%6
0
b

8. Select additional pi'oblems from suitable textbooks.
VII. Development of Cosine Ratio
A. Suggested Procedure
1. Help pupils see the need for the cosines ratio.
a., Pose a problem such as:
A 25-foot guy wire attached to a pole in a circus tent makes

an angle of 68° with the ground. How far from the foot of
the pole does the wire meet the ground?




Solution: B
Have pupils draw a diagram of the problem.

b. Have pupils realize that the measurements
given do not involve the direct use of 25!
either the tangent ratio or the sine ratio.
Another ratio involving the leg adjacent to
the acute angle and the hypotenuse may be 680
used to solve the problem. 2= E

2. Help pupils develop this ratio by using procedures similar to those
employed in the development of the tangent ratio.

3. Have them use the word cosine (abbreviated cos) to describe this ratio.
For an acute angle A of a right triangle

length of leg adjacent to /A
cos A= ngt & 5% L This ratio remains constant.

length of hypotenuse

L. Have them now solve the problem in 1, using the cosinre ratio.

5. Help pupils see the relationship between cosine A and sine B in the
problem posed in 1.

Angles A and B are complementary angles (their sum is 90°).
Then, cos A = sin B, i.e., cosine A is the sine of the complement of A.

Since /A = 68°, then /B = 22°, The pupil may then use the sine ratio
to solve the problem.

6. Help pupils read and interpret a table of cosine values,

7. Have them practice solving problems involving the cosine ratio.

B, Suggested Practice

1. Find each of the following from the table:

cos 39° cos 14° cos 60° cos 89°

2. Find the angles whose cosines are:

766 «961 500




3, Complete the following by referring to the right triangle ABC:

cos A=%=? /A = ?° B
? 5

cos B=F=7? [B=1° 3

—o

L. A 20-foot ladder reaches the wall at
a point 18 feet above the ground,
What angle does the ladder make with
the house?

5. A diagonal path across a rectangular lot is 180 ft. long. The
longer side of the lot is 140 ft. long. Find the angle this longer
side makes with the diagonal path.

6. Use the table to find the following:
cos 8°

cos 69°
cos 80°
cos 89°

As the size of the angle increases, what happens to the value of
the cosine?

| 7. Find,to the nearest degree,the angle

for which
cos A = 857
cos B = 974
cos A = 242
cos A = 017 | B

8. Refer to the diagram at the right:
a, AC =7 (to the nearest foot )

b. BC = 2 (to the nearest foot)

Check using the law of Pythagoras. C A
9. For right triangle ABC

write the cosine ratio for acute angle A
write the sine ratio for acute angle B

What statement would you make concerning cos A and sin B?
Would this be true of cos B and sin A? Exriain.
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10.

11.

14.

15.

16.

17.

Is the taﬁgent of 50° angle twice as great as the tangent of a
259 angle? Explain.

State whether each of the following is true or false:

a. If sin A = ,988, A is closer to 90° than to 45°,

b. The tangent of L5° is 1.

c. The sine of an angle of 1° is 1.00.

d. As an angle increases in size, both the sine and cosine increase.
e. The sine of an acute angle can be as large as 1.00.

A railroad track slopes at an angle of 8° to the horizontal. What
vertical distance does it rise in a horizontal distance of 1 mile
(5280 feet)?

A rectangle is 161 feet wide and LOO feet long. What angle does
the diagonal make with each side of the rectangle? What is a good
way to check your answers?

In the rectangle ABCD, the angle between AD and AC is 31° and
AD = 16,3 inches. How long is AC?

John's kite string is 24,0 feet long and makes an angle of 2,8°
with the horizontal. How high is the kite? (Assume the string -
is straight.)

Meke up 3 problems in such a way that you would use the tangent
ratio to solve the first, the sine ratio to solve the second, and
the cosine ratio to solve the third.

A television tower in the towrn is 100 feet high and the observer
is 86.9 feet from the base of the tower. What is the angle of
elevation to the top of the tower for the observer?

From the top of a cliff 3500 feet above a lake, the angle of
depression of the nearest shore is 18°. Find the distance

through the air from the top of the c2iff to the edge of the lake.
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INDEX

Abscissa, 144
Absolute value, 16

Addition
associative property, 12-16,62
closure property, 247
commutative property, 10-12,1)4-16,61
of fractions, 222=230
identity element, 66
of polynomials, 96-99
of signed numbers, 10
solving systems of equations,168-171

Additive inverse, 67, 109
Algebraic expressions (evaluation of), 54-57
Associative property of addition,12-16, 62

Associative property of multiplication,
21"'214 ) 63

Average deviation, 41-46
Binary operation, 12

Binomials
factoring differences of squares,194-196
meaning, 96
mltiplication of, 103-107
squaring, 191-192

Closure

meaning, 179-180
operations, 180, 247
square root, 247

Coefficient, 93
Combining similar terms, 97=99

Common denominator, 225

~299-
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Common factor(s)
greatest, 188
greatest monomial, 190
in simplifying fractions, 215-217

Commutative property
addition, 10-12, 1l4~-16, 61
multiplication, 21-2)4, 62

Comparing numbers
equality, 3
inequality, 3-4, 128
number line, 9, 124-128 ,
order relationship, 9, 128, 242

Completing squares, 267-269
Consecutive integers, 80-81

Consistent equations, 160

Constant of variation, 277

Coordinate(s)
axes, 144
Cartesian, ik
first, 44
in a plane; 139-145
of points, 139-145
second, 144
x-coordinate, 144
y=-coordinate, 14l

Coordinate plane, 142-145

Correspondence
one-to-one, 9
number pairs amd points in a plane,l42-145
numbers and points on a line, 9

Cosine ratio, 295-296

Decimal forms

-~ fractions, 238-239
non-teminating, 240
rational numbers, 237
repeating, 237




Degree
linear equations, 206
monomials, 95-96
polynomial equations, 205
polynomials, 94

Denominator, lowest common, 225
Density, property of, 236-237
Dependent equations, 162

Descartes, Rene, 144

Deviation, average, 41-46
Difference, of squares, 194~196
Digit problems, 168

Direct variation, 277-278
Distance-rate-time problems,87-90,119

Distribucive property of division
over addition, 72
over subtraction, 72-73

Distributive property of multiplication
division of polynomials, 178, 182
factoring, 189, 191
multiplication of polynomials,102-105
over addition, 25-28, 63
over subtraction, 39, 71
to simplify expressions, 73-75
to solve equations, 76~79

Division
exponents in, 175=-176
fractions, 220-222
monomial by monomial, 175-177
polynomial by monomial, 177-179
polynomial by polynomial, 179-185
signed numbers, 39-41
square roots, 249-250
by zero, 39, 68

Domain, of variables, 48, 49, 115, 125
Element of a set, 48

Equat:l.on(s)
checking roots, 76
consistent, 160
degree, 206
dependent, 162
equivalent, 76
fractional, 231-234
fractional coefficients in, 230-234
graphing, 148
graphing, to solve inequalities, 152
graphing systems of, 158-163
inconsistent, 161
independent, J.\.O
linear, 148
of lines, 148
multiplication by zero, 207
polynomial, 205
quadratic, 206, 263-270
solving,76-78, 115-117,203-208 263=270
systems of, 156-171
with variable in both members, 115-117

Equivalent equations, 76
Estimating square roots, 247-252
Evaluating algebraic expressions, 54-57

Exponent (s)
in division, 176
in multiplication, 100-101
meaning, 5.4
powers, 101
zero as, 176

Expression(s)
evaluation of, 54=57
simplifying, 73=75

Factor(s)
conmon, 186-190
exponents, 51-54
integral, 186
prime, 187,226
whose product is zero, 204-205

Factoring
combining types, 202-203
common monomial, 186=190
difference of squares, 194-196
distributive property, 189
polynomials, 189-202
quadratic trinomials, 197-203
solving equations by, 203-21C
trinomial squares, 191-193

EKC
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ormulas
evaluating, 54=57
solving for a variable, 121-225

variables in, 50-51, 265-266

ractions
addition, subtrection, 222-229
division, 220-222
multiplication, 217-220
retios, 211
simplifying, 213-217

 Graph(s)

inequalities, 152-156

linear equations, 146-151
open sentences, 146-151
ordered pairs, 46-151
solution sets, 146

systems of equations, 158-163

' Graphing

numbers on lines, 9, 124

ordered pairs in planes, U 2-145

gsolution sets of equations in two
variables, 146-155

solution sets of inequalities, 152-156

gystems of linear equations, 158-163

systems of inequalities, 172-174

Grouping, 5, 59
Half-plane, 152
Hypotenuse, 253
Identity element(s)

additive, 66
multiplicative, 66-67

{ Irclusion, symbols of, 5, 59
' Inconsistent equations, 161
Index of a radical, 245-246
Indirect measurement, 284-298

Inequalities
equivalent, 130
graphs, 124-127, 152-156
solving, 129-134
gsystems of inequalities, 172-17k
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Inverse element(s)
additive, 67
mltiplicative, 67-68

Investment problems, 83-85
Irrational numbers, 24,0-241
Iine, equation of, 148

Linear equation(s)
graph, 148
and straight lines, 148

Monomial
as a common factor, 188

division by, 177-179
multiplication of, 99-101

powers, 101 .
square roots of, 260=262

Motion problems, 87=90, 119
Multiple, 225 i
Multiple roots, 208

Multiplication
associative property, 22-2L, 63
of binomials, 103-107, 197
closure property, 247
comutative property, 21-24, 62
distributive property, 25-28,38-39,102-105
fractions, 217-220
jdentity element, 66-57
polynomials, 99-108
property of 1, €6
property of zero, 68-69
rule of exponents in, 100-101
of signed numbers, 17-21, 28-29
of sum and difference of two numbers,

194-195
Multiplicative identity element, 66-67

Multiplicative inverse, 67-68

Negative number(s)
multiplication, 18-21, 28
opposites, 9
square roots of, 2i5




Noh-torminating decimals, 240

Number(s), 1-3
absolute value, 16 |
comparing, 3-4, 128, 242
decimal, 237243 |
factoring, 187

- grouping, 5, 59
irrationmal, 240-241
names, l-3
negative, 9
numerals, 1-3 |
operations, 3-7, 10-47
order property, 9, 124, 128, 242
ordered pairs, 136-138
positive, 9
prime, 187
retional, 235«239
relationships among, 3=4
roots, 243-246

Number line, 9, 128, 236, 242
Number pairs, 136-138

Numerel, 1-3

Numerical coefficient, 93
Numerical trigonometry, 286-298

One
as coefficient, 94
as exponent, 95
multiplicative property of, 66

One-to-one correspondence
on a line, 9
in a plane, U2-1L5

Open sentence(s)

fractional coefficients, 79

graphs, 124-128, 146-16&, Y72~k

. roots, 76

solution set, 76

in two variables, 135-139

n;un.tiom, Inequalities,

Id.noar Equations, Quadratic
Equations, Solutdon Sets, and
Systems of Equations

Operation(s)
closure, 179~180, 247
order, L4=6

signed numbers, 10=47

Opposite
~of signed numbers, 9

Oréler
inequalities’ 9’ 124
number line, 9, 124-129, 242
signed numbers, 9
Ordered pairs of numbers, 136-138
Ordinate, 144
Origin, 141
Parentheses, 5, 59

Perfect squares
trinomial, 192

Plane
half, 152
points in, 139-145

Plane coordinate system, 139-145

Folynomial equation(s)
degree of, 206

solved by factoring, 203-208

Polynowials
addition, 96~99
additive inverse of, 109
degree, 94
divi'iQQQ 175-185
factoring, 189-202
meaning, 92
multiplication, 99-108
quadratic trinomjals, 192, 197-203
squaring binomials, 19,1-192
subtrection, 108=11,

Power(s)
of products, 101
raising to a, 52=53

Problem(s)
age, 80, 120
area, 209-210
consecutive integers, 80-81, 209, 270
coin, 81-83
digit, 168
geometry, 85-86, 118, 168
investment, 83-85, 168
mixture, 90-91




Problem(s) (Continued)

motion, 87-90, 119

number, 79, 117, 166-168
proportion, 276-277
Pythagoean theorem, 254-256
ratio, 274-275

similar triangles, 285
trigonometric ratios, 293-298

using factoring in solving,209-210

work, 233-234

| Product(s).

of powers, 100

of primes, 187

square of a binomial, 191

of square roots, 258

of the sum and difference of two
numbers, 194-195

See also Multiplication

Proof, 69-70

Properties
addition, of zero, 66.

associative, 12-16, 22-2, 62, 63

closure, 180

density, 236-237

distributive, 25-28, 38=39, 46-L7

division, 46-47

irrational numbers, 240-24l1
multiplicative, of 1, 66
maltiplicative, of =1, 69
multiplicative, of zero, 69

opposites, 9
order, of signed number, 9

subtrection, 37-39
Proportion, 275=277
Pythagorean theorem, 253-255
Quadrent , 14k
Quadratic equations

complete, 267

incomplete, 263
solving, 264=270

Quotient(s)
See also Division

Radical(s)
expressions involving, 258-262

simplification, 258-262
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Radicand, 2k

Ratio(s), 271-274

Regal number system, 240-243
Reciprocal, 67-68
Replacement set, 48

Representation of numbers on & line
See also Graphing

Right triangle, 253

Roots
checking, 76
double, 208 ,
of numbers, 245-24k6, 247-253
principal, 24l
of quadretic equations, 264-270
square, 243-2L5
See also Solution sets

Root index, 245-246
Sense of an inequality, 130

Set.(s)
of polynomials, 92
of real numbers, 240
of rational numbers, 235
replacement, 48
solution, 48, 76, 136

Signed numbers, 9
addition, 10
associative property, 12-15
closure, 179-180, 247

commitative property, 10-11, 14=16

" division, 39-41

meaning, 9

operating with, 10-47

opposites, 9

subtraction, 29-36
Similar terms, 97

Similar triangles, 282-285

Similarity, 279-282
Sine ratio, 294-295




Solution sets
checking, 76, 138
grephing, 124-128, 146-155
of open sentences in two variables,
136-137

Solving equations
by factoring, 203-210
systems, 156-163

Solving open sentences
See also Equations, Inequalities,
Linear Equations, Quadratic
Equations, Solution Sets, and
Systems of Equations

Square(s)
completing trinomial, 267-269
factoring, 191-193
perfect, 243

Square roots
approximation, 247~252
of both members of an equation,267
geometric interpretation,256-259
meaning, 243
negative numbers, 245
principal, 244
product of, 258
simplification of, 258-262

Squaring
binomials, 191~192

Structure, 28-29

Substitution
method of solving systems of
equations, 164-166

Subtraction
of polynomials, 10811
properties of, 37-39
of signed numbers, 29-36 ,
solving systems of equations,l68-171

Symbols
grouping, 5
of comparison, 3

Systems of equations
addition and subtrection method,
168-171
graphing, 158-163
linear, 157
substitution, 164-168

Systems of inequalities, 172-174
Tangent ratio, 286-293

Term
constant, 93
degree, 96
linear, 263
quadratic, 263
similar or like, 97

Triangle(s)
gimilar, 282-285 °

Trigonometry, numerical, 286-298

Trinomial(s)
completing a square, 267-269
factoring a square, 191-193
meaning, 9
square, 192 .
quadratic, 192, 197-203

Uniform-motion problems, 87-90, 119
Value, of expression, 54-57

Variables
to express number properties, 61-66
in formulas, 50-51
in open sentences, 48«50

Variation, direct, 277-278
x-axis, 144
y-axis, 14

Zero
absolute value, 16
additive property, 66
denominator of a fraction, 212
in division, 39, 68
exponent, 176
multiplicative property of, 69
product of factors, 204-205
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