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MODELS AND NUMBERS

A pair of numbers can be used to describe certain drawings. The
number pair is found by:
A, Counting the total number of objects, or counting the total
mmber of equel parts of an objecte
B, From the total, count the number of parts we have shown an
"interest in," This can be done by shading, a line dcawn around

gome part of the total, or in many other ways. You cen usually
tell from the drawing.

Activities

Apply these two ideas and complete the missing values, Compare the
mumber we are "interested in" to the totel as shown in the first example.

Model "Tnterested In" Total Comparison
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Discuss the last 5 problems. Compare ths mmber we are "inierested in"
(part) to the total.




Activities

Give the nmumber comparison for each statement below., Use the first

as an example,
Exemple: 1. Bob passed the football 8 times and completed 3.

Answer: %

2, A class has 30 students and 15 are girls,

Answer:

3, A marksman fired 4 shots and scored 3 pcrfect times.

Answer:

4, A team lost 2 of 10 games.

Answer:

5, Tn the last 3 weeks it has reined 4 days. (Be careful and think, )

Answer:

6. A group of 50 light bulbs contains 3 that will not burn.

Answer:

7. John has 14 hits in his last 28 times at bat.

Answer:

8, One-half of a class of 20 gtudents made an "A,"

Answer:
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Compaxring Rational Numbers--Number Relationships

The mumbers we have been working with are sometimes called fractions.
| They are also called "positive rational mmbers.” They can be described as
| a mumber comparison (using whole mumbsrs) where the bottom number is not
zero. In writing our mumber comparisons, we placed one number above a
horizontal line and one number below the line, The names for these two
numbers are:

Denominator: The number below the horizontal line which tells the
total number of objects or the total number of equal

parts of an object.

Nuneratoxr: The number above the horizontal line which tells how

many of the total that are of syeeclal interest, or
how many of the total we are discussing,.

Three important "relations!" used in compering whole numbers were:

Relation Symbol Meaning
= "is equal to"
> "is greater than'
< "is less than"
Activities

Here are some number sentences using these relations. See 1if you can tell
which ones are true and which ones are false. Circle your choice.

> 3 True or False

1. 5

2
4
24 True or Falsc

Ze True or Falge

ol W
i

vl 1

nﬂc: S

;
|
P




5
4. -g- P 'i:é?' True or False
5e -g- < %— True or False
6 % = %g- True or False
Te -g- > % True or Palse
8 51% 4 72% ?rve or False
% % < % True or False
10, % < ‘Z- True or Palse

Did you f£ind the last three problems easy? Thoy are easy to answer
becausc they have the seme "denominator," Notice that when this is true
you need only to compare numereators.

Notice that the drawings bel~rw show that there ere "many names" for
the same mumber. From this idea maybe we can "rename® rational mmbers
such that they have equal denominators.

N

WY

i
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(1) x (4)
(2) x (4)

ol

// 77
7
77

ol
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X 10

\ N

(1) x (6) _ _6
(2) ¥ (6) ~ 12

-

nﬂc\

L]

Could we contiaue on with this idea? See if you can supply 3 more,
, 6
{1 2 3 4 5 .“.}

§b E? 6? §3 153 i§3 B ] )

These are called "equivalent fractions," that is, different names for the
same .jumber.
Examine the way the equivalent fractions are written below:

(2, 2% (2) 2 X (3) 2 X (4) 2 x (5 }
3 3 X (2) 3 x (3 3 x (4 3 x (5)°°°
Vv N v v J

(2 4 5 8 10 }
3’ 6’ 9? 129 159 ¢ o o

A
Notice that = was multiplied by: 5 -33", —i—, and Z. These ave different

3

names for the same number, What is the most common name for this number?
What happens when you zultiply by one?
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Activities

Use the example below to write equivalent fractions (rename fractions).

Example: -?)- = I:g;l

Solution: 6 X (4) = 5k or ¥ X ) = ‘24

1.

N
] Bt
~N
P’
N
kN |

(o]
]
o
>
1l
mls—-
-4 N

2.

W
P
il

[

n

wmiH
bd

S

L]

21
49

5.%3:

Fill in the missing values for these equivalent fractions

o3, W, o o U
4’ 8’ ’ E'! D! 24’

6
70( ¥ 20? 9; 'Tag o o o}




8, Draw a line between pairs of equivalent fractions. One example

is given.,

2 A&
8 3 12
b, =2 2

10 14

2 4
Ce 2 3

5 10
de € 25

2 2
© 8 10

1 6
f. ",7 -2—6

2 12
g+ 35 16

1 10
he 5 15

1 39
1. 3 54

It was shown earlier that it is easy to compare two fractions if the
denominators are equal. That is, it is easy to tell if the two fractions
are equal or which ig greater,
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Activities

In the problems below, first rename the fractions so the denominators
are equal then place the correct symbol {' »," is greater than, or "<,"
is less than) between them,

. 2. 2
Example: 5 %

. 4 5
Solution: %—&}, 4 (5

]
N
2
N

nﬂ
@)
-
W
L

Since 12 "is less than" 15, then:

12 (15
20 20

ot 2¢2 1
L 3, 1
2% % 5
o b 3
“ % 3

Make all three denominators equal, and arrange the fractions in order from
"smallest" to "largest."

2 3 1 i 2 _9
5% B B 3 T« 2 3 15
5 6 3 2 4 9
6. B ™ % S« B T2 T2




If you want to check quickly and see if two rational numbers are equivalent,
try this way: multiply the numerator of one "times" the denominator of the other,

If your two products are equal, then the fractions are equivalent (different zemes
for the same number),

Activit:..3

Below are two examples. Arrows are drawn to illustrate the pairs w: are

Example 1
3 9 — 4 X 9 = 36
T > 53 112 = 36
These are equivalent (36 = 36),
Example II
Sayl0 ——36 X 10 = 60
6 18—>5 X 18 = 90

These are not equivelent (60 "is not equal™ to 90).

Use the idea of "cross multiplying" to decide if the pair of fractions are
equivalent,

1.

3
!

2

e\
=
N

and ==

oo

301"“ and

11 55

5. and =—

ol

6o

(CeY )

and —=
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Adding Rational Numbers

The drawing below shows how the desks are arranged in a clagsroom.

XXXX
XXXX
XXXX
XXXX
XXXX
XXXX

There are 6 rows with 4 in each row. Vhat rational number would we use if

we were "interested in" the first two rows as compared to the total?

XXXX
| XXX X
YXXX
XXX
XXXX
XXXX

8
It would be: o)

Use the seme idea to describe the third row, It would be: ‘5%

If we add, using these numbers,

what should the answer be? The sum of the number of desks in the "first

three rows" compared to the total.




Then: XXXX

XXXX
XXXX
XX XX
XXXX
XXXX
8, 4 _ 12
24 24 24

We can renarnie whole numbers and show we add "numerstors" when dencuinators

are equal., For example:
8

Ul
+

W
it

2 3 8
or 1t 3 1

In counting our money, rational numbers are often used. For example:

50

1
50¢ or =+ dollar, or 100°

2

A This is called "quarter dollar,™ or
25¢, or -%- of a dollar, or 100°

e

This is called "one dime," and we

know it :i.s----:L of a dollar, or

10 100°

This is called "five cents" or & nickel,

and it is-4l of a dollar, or

20 100°

This is called "one cent," We call it

a penny, and, since there are 100 of

them in a dollar, it is also

100°
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leny times we add these amounts. If we add one dime and one penny, we know
we don't have 2 cents or 2 dimes, What we have to know is that a dime and

a penny have other names. Use a name so the dime and penny have a cormon
denominator,

10 1 11
So: 100 + 00 = 100 or 1l cents

At times we must add two or more fractions where the denominators are not the

sane (equal). We have to rename and set equal denominators before adding. |
Using our examples with mone}, we maey have: |

One-~half dollar + one-quarter dollar =

1 1
-é'+4._
1 1 (2 2
Or, renaming 5 e have: 5 {5%' = 7
. 2 .3
Now: i + 7 = 7

.50, 25 15
Another way would be: 00 T 00 T 106

...Z_S..H -ﬂé.
Is 700 equivalent to 7 ?

Loweat Common Denominators

Suppose we wanted to add: %— + % = !, We would first get a

"comron denominator" (equal denominators)s. To do this, we rename both
fractions. Just for fun, let's write quite a few different names Ffor each.

1 1l 2
% %

2 2
55

Vo] Fa)
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Do you notice any denominators among the different names for % thiat

1
=~ ? Choo<e the ones we

are also denominators of the different names for
conld add (same denominators).

1 2
Por: 5 t 3 =
We have: % + % = %

Or: T

Sl
|

. 9 12 21
O 8 *1is 18

Are %, %—g—, and % equivelent fractions? TIf so, then all answers are

correct as they name the same number,

In many cases, the "smallest" or "lowest" common denominator is used.
Yotice that 6 "is the least" number that both
2 and 3 will divide into and leave a zero rerainder,

In the example above it is 0.

Actlivities

In the problems below, circle which of the numbers in each set is the

M owest" cormon denonminator. Rename the fraction and add,

1. % i (12, 24, 36, 18)
2. 2 + =% = {12, 24, 36, 6)
5. 2 4+ L o= {16, 8, 24, 12}
4'%*%*‘1‘%" (s, 12, 24, 36)

5a (15, 30, 45, 60 }

Ui
.
=
+
[AV]
i

b gt s iR




15

Using addition ideas, solve each of the following problems,

6.

Te

8e

9.

10,

11,

12,

13.

14,

15,

ally spent-% of an hour studying mathematics and %-of an hour

studying history. How long did she study?

In a meatloaf, Ruth used -%- lb. beef and -% 1lb., of pork. How rmuch

did the meat in the meatloaf weigh?

Tom ate-%'of his mother's cake, and his younger brother ate'i% of the
cake, How ruch of the cake did they both eat? ‘

Tom rode his bicycle-g- of a mile and stopped for a coke, Then he vode

-Z— of a mile Parther to Bill's house. How far did Tom ride getting to
Bill's house?

b

SENY

'1'(37 + 23 =

'2‘% * 1'6’36 =

e

Y
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Subtracting Rational lumbers

Suppose I have -%' dollar and I owe John & quarter. How much will I
have left after I pay John?

o

B S
7 =
This, of course, is subtraction. We already lmow subtraction is the inverse

of addition. We can use our knowledge of changing rational numbers to equive-
alent numbers,

%- dollar = %- dollars ( 2 quarters )
2 1 1

To do subtraction with rational numbers we must also express rational numbers
with the same denominator. VWhen we have written both the subtrahend and
minuend with the same denominetor, then we subtract the numerators,

Activities

Suppose we try the subt- ~tion problerxc below,

So far, we have only considered rational numbers whose values were less than
one. That is, the denominator was "greater than" the numerator. These are
called common fractions. In the first arithmetic books they were called
"vulgar" fractions because at that time the words "common" and "vulgar! had
the same meaning.
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Vhat can we do if we wish to work with a rational number where the
numeretor is greater than the denominator? When would we have such a
gituation? Well, we might have to feed pizzas to a crowd of people, If
there were a crowd, we'd need more then one pizza, but we couldn't afford to
give each person a whole pizza., ILet's glve everyone a quarter of a pizza.

e must feed 9 n20ple.

We would use how many fourths?

" -2- " Correct!

Could we say 2 complete pizzas and % more?
% or 2 %
Activities

Example: How would you express these numbers, counting the shaded parts?

= A A

L

] 1
2 N

3

n
+

1"(:L‘titlili!liill

, ) = =
0 1 2 3 ] e
e TN
2-|1|11:|l11cligLu:.l:JlLaJ\=-----
0 1 2 3 47

3. |




— N

b Povv Vb i be gy bt fy v | y =
0 1l [2 (3 7 |!

5. Count the number of fourths that are shaded.

)
//A j // /// = ____ fourths = % = 0133258"75

number of halves that are shaced.

@ @ 5//? ______halves = —_— "é%?%%ts

7. Count the mumber of fourths that are shaded.

\\\\

6. Count %

\'D

i il .
// //V:z / \ %%/% %?//% -
fourths = == = _____ whole objects

L]
8. Coim'i tf;e f:i..n‘i"l:hsi that a}‘e sh?.ded. "
Voo L) i) | 92| -
____ fifths = —=— = _____ whole objects

5

Tach model below shows an addition problem. Use the first ag an example.

9. (Example)

2T DD

1L -
15 =

roll—-'
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Most people find an easy way to rewrite a number when there is a whole
number and a cormon fraction. (We call these mixed numbers.) To change
3 %-to a rational number, multiply 3 X 5 to get 15, which is the number of
5ths in 3 wholes., Now add the 2 extra fifths so you have 17 fifths,.

FEEE (0 )
4 15 i’if'b;s —

15 fifths + 2 fifths = 17 fifths
We write: 3 %- = 'l%

Supply the missing number in each of these.

25 = 2 -2
53 = 5= 5
w3 =G 2. ()
05 = 5 ng -

rn
16,1 17)
it
~~
s’
Ui\
o~
S’
S e’
H]
EJFD
[\ O

Iet's add some mixed numbers.

1 3
23 + 39
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Remember 271-'- can be written as 2 + 71’-.
Then we used the commutative property of addition to make our problem

cagier,
1 1
' * —— ey =
Let's try: 3 2 + 2 3
liethod I Method IT (change to improper
fractions)
L 1 13 i
3 + 2 + 2 + 3 7 + 3
1 1 29 28
3 4+ 2 + ) + 3 % + 15
o] _4 él
5 +i5 *Tp 12
7 —L
> + 73 515
7
5 15
Try some of these:
3 2 L _ 2 15 _
44"'216"'14” 108—:-124-716—-
1 L L oL 2 2 2 -
64+42+16= 216"'116"'18"'28"

Did you use the commutative law? It will meke the problem easler if you will.

In the following problems, write an estimate, and check by adding.

2 2 A

1. 28 24 73 B 8
g— 3

- 1 1
18 2z s
1 1 2

4, 7g 5. 23 6. 92
2 3 Y

23 ‘10 3 1%

1 5

71 6L 5
___2_ 2 1 7
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Now solve these subtraction problems and see how well you estimate.

' . —3- - l —
Example I: 2 ) 1 5 =
1st Method 2nd Method
2%- 1% 3’%—-% (We must have the
) same denouiinator
for our fractions.)
- 3 . 2 1 _ 6
@ -1 + (g -7%) I " %
1 5
1 - 2
1 o+ 3 7
1 1
13 13
Example TI: 2%—- 11%:
02 . 12 i 13
10 10 5 10
132 . 12 2 _ 13
10 10 10 10
9 9
10 10

Which method do you prefer? Both are correct, and it would be a good
idea to be able to do both of them.

How would you do this problem?

16
_ g2
9%

16 could be rewritten as 15 2 or as 15 + -g-.

5

Now: 16 or 15 -g-
- 92 _ g2
2% 75
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Try these:
20 17 6 18
-11% -_12_%_ -_:_L_:g-_ -1 %
16 £ 15% 17 =2 16 &
or or
19 = 18 3 15 =2 2o-$- 20%
-122 '__1_3._-22 -1 £ -102 -__11—?:_
Try these mentally:
j
1. 2 - %2 = 9% 62 - 2 =
;2'%-%' 0. 952 - 5 =
50 2 - 2 = 1, 72 - 22 =
4.%-%= 12.7%-2%:
5.-1-8-..%= 13.10-4%=
6, 2 - £ = 14, 15 - 3% =

15. 18 - 7

ST

16, 32 - 6

N
]




17, 50 - 0% =
18.8-2%—:
19.8-2%.—:
20.8-2%:
21.8-21%'--_—
22, 12-6%:
23, 10 - 2 =

25, 16%- 12;2-=
2. 82 - 22 =
27. i% - %- =
8, 2 - 3 =

29.

30,

51

324

35

344

35.

36.

3T

58,

39.

40,

3 1
16 6
Y A S
12 2 -
1 _ 1 _
3 4 -
3 _ 1
16 4
Y A
12 4 ~
7 1l
83z - 27 =
1
20-54"'
- 2
25 10 g =
3 1 .
36"23
1 1
58—_..4..
1l
5%—2-§=
1
2-»-2-:

Below there are lots of problems in addition and subtraction using

rational nmumbers. The operatiorns are all mixed up, 80 be sure you

read the problem carefully.

6 2
1, 20 7 - 10 7 =
3 5 1

305'2+4':'l-”+-—"5'=

4,

5e

6.

There are some tricky problems.

2 A
33 - 37 =
49 _ 1 _

3 9

1 2
10 5 + 10 7 =

25
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70 26% - 10 170 4"'""'"' 3""'"=

Wi
|

8. 10%- + 10

Wi
+
l_l
Ul

V]
+
U
it

1 2
18, 5-2—+5'4'—-

] 1 1 _ 8 A 9 il
9%. 7 t 3 +t 1 = Ve g+ * 18 * 32 =
2 i _ L 3 2 5 _
1 0 _ 20
11. 252-19%.-. 21, T - 25 =

12, 152 - 152 2, 62 + 2

=
o
il

13, 4T - 15% = 25, 532 + L =
4., 1% + 175 = . B - 1.
1, 2 7,1,
15.-6--{--3-:: 25.58 14...
1
T _ 3 _
6. £ - 2 -

If you did these problems with less than 2 errors, you can do almost

any problem involving fractions,




SUPPLEMENTARY ACTIVITIES WITH RATIONAL NUMBERS

l. In our ice cream store we use 4 ounces of vanilla flavoring in every
can of 10 gallons of ice cream mix, One day we wented to use only
5 gallons of mix., How much vanilla flavoring should we use?

2., In the stock market quotations you read in the paper, the values of
the stocks are shown in dollars and a fractional part of a dollar,
On the following page is a sample of the report from the financial
page of the newspaper. The net change shows the difference between
the closing quotation of the day before and the closing quotation on
the day reported. From the information given, can you find the pre-
vious day's clcsing price or the net change?

3o Betty does baby-sitting for her neighbor. She stays with the children
after school until their mother gets home from work, Her pay is $1.00
per hour. She keeps track of her time. Iast week she worked Monday
E,-hour, Tuesday -;I_,-'- hour, Wednesday ?5,' hour, Thursday % hour, and
Friday -3: hour. How much did Betty earn last week?

4. John's teacher gave a test that had 25 questions, and John answered
20 of them correctly. The test Betty took had 50 questions. How
meny correct answers would she need so that she would have the same
grade as John when the grades are based on 100%?

5 The weight in pounds of a crate of oranges is 41.%} The weight in

pounds of the box alone is 2 ga What is the weight in pounds of the

oranges, without the box?

* 6, Bill has a daily everage of 78, which is %o be -§- of his finsl grade

for the six weeks. His six weeks test grade will be the other %- of
his score. Bill would like to have a grade of "C ‘but to do that
his average would have to be at least 80, What score would Bill have
to make on his test to get the "C" he wants? Hint: 8Bill's scores

must total 240 points in order to average 80.

* If you solved problem number 6 correctly, your understanding of word
problems involving fractions is very good.
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7. TYelof works in the Iiam office. Every day it is his job to sort the
liams into bins. The liems are labeled with rational numbers, and
Yelof's job is to place each liam into the bin that is the equivalent

of the mumber on the liam., See if you can do Yelof's job.

2 1 2 2X1l 1
Example: Put 3 in the bin nmarked Ch As you kncw, g = 5% 3 =3

2/3 3/4
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ILLUSTRATION OF TEHRMS

The examples glven with some of the following definitions are meant
to help you understand the meanings of words used in this bcoklet. They
are merely samples, however, and many other examples could be used.

o o o=~and so forth

Equivalent--any two or more symbols which express the same idea; equal in

value., Por instance, g' nemes the same nmumber as 2, or 'g- is equi-
valent to 2.

Horizontal~-parallel to, or in the direction of the line where the earth
meets the sky; level, opposite of vertical (direction in which trees
grow). When you are lying down or sleeping, you are in a horizontal
position, end, when you are standing, you are in a vertical positi~n,

Inadequate--not enough to meet the need. Iess than that which is required.

Integers——e set which contains all the natural (counting) numbers, their
opposites, and zero.
( "1, Y2, ¥3, Y4, "5 . . .}  naturel mmbers combined with
{ «o. 5 4, 73, 2,71}  oprosites combined with
{0} Zero
These three sets unite to form the set called integers.
(oo 5 T4 73 72 1,0, 7 "2, "5, M, 5L L L

Mimuend-=the nurzbher from which another mumber is to be subtracted.s 1C - 5,

10 represents the mimuend. It 1s the number from which 5 is to be
subiracted.

Rational number--(general definition)--expresses the relation of one

integer (number) with another. For instance, if John ate three of
the five pieces of candy, he ate -%- (rational mumber) of the candy.
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.. Rational number--(mathematical definition):
1. A number which can be expressed as the quotient of i-tegers. The

40

‘ !
: o |
ol Aivisor cannot be zero, but, rather, rust be a natural (counting)

number or its opposite number.
2. An ordered pair, (a, b) when a and b are elements of the set of

"W integers, and b is # {not equal) to zero.

¥ I Subtrahend--a nurber to be subtracted from another number. In the example
10 - 5, 5 is the cubtrahend. It is to be subtracted from 10, the

s minuend.

‘1.3 4
: ?hi Vulgar fraction--identical with the rational numbers we call common
| fractions.
| SRS .
. | In early American arithmetic the name "broken mmbers" wag used to

Lf; name "“fractions". "Vulgar" was applied to "common fractions" to

i e distingnish them from "decimel fractions® or "decimals.!" At that

: :1' time the words "vulgar" and “"common" had almost the same meaning.
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