U.S. DEPARTMENT OF HEALTH, EDUCATION & WELFARE
OFFICE OF !DUCAI&I

THIS DOCUMENT HAS BEEN REPRODUCED EXACTLY AS RECEIVED FROM ThE
PERSON OR ORGANIZATION ORIGINATING 11. POINTS OF VIEW OR OPINIONS
STATED DO NOT NECESSARILY REPRESENT OFFICIAL OFFICE OF EDUCATION
POSITION OR POLICY.

units 1,233 &4

A experimental course in

' NATHEMATICS

for the ninth year

THE UNIVERSITY OF YHE STATE OF NEW YORK' THE STATE EDUCATION DEPARTMENT
BUREAU OF SECONDARY CURRICULUM DEVELOPMENT ' ALBANY 1964

SEF003 For

%




An Experimental Course
in

MATHEMATICS

for the
Ninth Year

E

]

] J Unit 1. Sets

Unit 2. Algebraic Expressions

Unit 3. The Set of Integers
Unit 4. Open Sentences '

BUREAU OF SECONDARY CURRICULUM DEVELOPMENT
NEW YORK STATE EDUCATION DEPARTMENT
ALBANY 1964




THE UNIVERSITY OF THE STATE OF NEW YORK

Anb UhivhhoAl s & e e — ————

Regents of the University (with years when terms expire)

Edgar W. Couper, A.B., LL.D., L.H.D., Chancellor, Binghamton,
Thad L. Collum, C.E., Vice-Chancellor, Syracuse,

Alexander J. Allan, Jr., LL.D., Litt.D., Troy,

George L. Hubbell, Jr., A.B., LL.B., LL.D., Litt.D., Garden City,
Charles W. Millard, Jr., A.B., Buffalo,

Everett J. Penny, B.C.S., D.C.S., White Plains,

Carl HB. Pforzheimer, Jr., A.B., M.B.A., D.C.S., Purchase,
Edward M. M. Warburg, B.S., L.H.D., New York,

J. Carlton Corwith, B.S., Water Mill,

Joseph W. McGovern, A.B., LL.B,, L.H.D., LL.D., New York,
Allen D. Marshall, A.B., LL.D., Scotia,

Joseph T, King, A.B., LL.B., Queens,

Joseph C. Indelicato, M.D., Brooklyn,

Mrs. Helen B. Power, A.B., Rochester,

1968
1967
1978
1966
1973
1970
1972
1975
1971
1969
1965
1977

1974
1976

President of the University and Commissioner of Education
James E. Allen, Jr.

Deputy Commissioner of Education

Ewald B. Nyquist

Associate Commissioner for Elementary, Secondary and Adult Education
Walter Crewson

Assistant Commissioner for Instructional Services {General Education)
Warren W, Knox

Chief, Buresu of Secondary Curriculum Development
Gordon E. Van Hooft

Supervisor of Mathematics Education
Frank S. Hawthorne

H733<My64~15,000




Mathematics 92X

CONTENTS

SYllabuS Outline - M&thematics 9x o o o o o o

PO e —

FOoreword . o o o o o o s ¢ s o ¢ o o o o o
Unit 1-: Sets [ ] [ L[] [ [ [ L[] [ ] [ ] [ ] o [ [ ] [ ] [ ] [ ]

Part 1. 3Background Material for Teachers

§ 1,1 Introduction . « ¢ ¢ 3 o o o o
1.2 Review of Sets ¢« o ¢ o o o o o o
l.a Matching Sets . . e o o s e
Pictorial Representation of Sets

M 1.5 carteSian Sets [ [ [ [ [ [ [ [ [
F 1.6 SOI.ution Sets e o o o o o e o o

1.1.Intro‘iuctionoooooooooooo
1.2 Review of Sets « « ¢ ¢ ¢ o ¢ o o o
loa MatChing Sets e o & e o o o
1

1.5
1.6

Pictorial Representation of Sets .
Cartesian SetsS ¢« ¢ o ¢ o o s ¢ o o
Solution Sets e o o o o o o o o o

Unit 2: Algebraic Expressions .« « ¢ ¢ ¢ o »

Part 1. Background Material for Teachers .
2 1 Introduction [ [ L[] L[] [ L[] o [ [ L[] L[] L[]
2 2 variables L[] [ ] L[] [ L[] L[] L[] L[] [ L[] L[]
2.3 Operating with Algebraic Terms . . -

2. 1 IntrOducti Ol o o o o o o o o o o o 0
2 2 variables [ L[] L[] [ L[] L[] [ [ L[] L[]
2.3 Operating with Algebraic Terms o« o e

Unit 3: The Set of Integers . « « o« ¢ ¢ o &

Part 1. Background Material for Teachers .
3.1 Introduction ¢ ¢ ¢ o o o o o o o o
3.2 The Set of Natural Numbers . . . . .
3.& Addition in the Set of Integers . .
3.5 Subtraction in the Set of Integers .
3.
3.

6 Division in the Set of Integers . .

114

A e e e e i e

Multiplication in the Set of Integers
7 The Properties of the Set of Integers

Part 2. Questions and Activities for Classroom

Part 2. Questions and Activities for Classroom

S

AN EXPERIMENTAL COURSE IN MATHEMATICS FOR THE NINTH YEAR

Page

. vii

n N N r-
O ON A%, 1 O~ oMW~

W
0

e ®© o © ® ®© & o
-

e ————————-




Part 2. Questions and Activities for Classroom

301 Introduction « ¢« ¢ o o o o ® o ¢ o & o o
302 The Set of Natural Numbers " o o o o o o
3.a Addition in the Set of Integers , . . .
3.4 Subtraction in the Set of Integers . . .
3.5 Multiplication in the Set of Integers .
3.6 Division in the Set of Integers , . . .
3.7 The Properties of the Set of Integers .
Unit I"‘S Open Sentences « « « o ¢ o ¢ ¢ o o o o o
Part 1. Background Material for Teachers . . .
"*o]- Introduction « « ¢ ¢ ¢ ¢ ¢ ¢ ¢ ¢ ¢ ¢ o o
'hZEquationl ® 0 o o o o 0 0 0 0 0 0 6 0 0
I+o3 Inequalities ., . o o ¢ ¢ ¢ ¢ ¢ ¢ ¢ o o &

"fo]. Introduction « ¢« ¢ ¢ .
4,2 Equations . . . .

Part 2. Questions and Activities for Classroom
4.3 Inequalities . . . » o o v o v o

iv

Use




1,

5e

6.

SYLLABUS OUTLINE
Yathematics 9X

e ]
Jopics Iime ALl
Crrome
Optional topics are indicated by an asterisk (*).

Sets 5 -6
Sets (finite and infinite)
Universe, subsets, null set
Union an& intersection of sets
DisjJoint sets
Complement of a set
Matching sets and one-~to-one correspondence
Euler circles and Venn dlagrams
Cartesian product of two sets
Solution sets

Algebraic Expressions 9 - 11
Algebralc symbols
AGdition, subtraction, multiplication, and
division of algebralc expressions
Value of an expression

The Set of Integers ' 5 -6
Properties of the natural numbers
Operations in the set of integers
Properties of the integers
Absolute value

Open Sentences 30 - 35
Equations
Identities
Equations with no solution
Inequalities
Solution of equations
Solving problems by use of equations
Solution of inequalities
Solving problems by use of inequalities
Solution of equations and inequalities

involving absolute value

Algebraic Problems 25 - 30
Formula problems
Motion problems
Value problems
Mixture problems
Business problems
Work problems
. Geometric problems
The Set of Real Numbers 9 - 11
The set of ratilonal numbers
Irrational numbers
Properties of ths real numbers
The real number line




7. Exponents and Radicals
Non~negative exponents
Negative exponents
Operating with expressions contailning

exponents
Factoring and prime factorization
Equations in fractional form
Radicals
Simplification of radicals
Operating with expressions containing
radicals
Fractional exponents

an e 3

8. Polynomial Expressions 10 - 12
Addition, subtraction, multiplication, and
division of polynomial expressions

Factoring polynomial expressions

9. Quadratic Equations 10 - 12
Solution by factoring
*Solution by completing the square
*Solution by quadratic formula
Graphing quadratic equations
Simple proofs

10. Open Sentences in Two Variables 9 - 10
Algebraic solutions
(addition and subtraction of eqaations)
(substitution)
Solution by graphing
Solution of inequalities

’ 1ll. Relations and Functions 7 -9
) Relations

Functions

Range and domain

Graphing relations and functions

Slope and intercept

*12, Trigonometric Functions

The unit circle in coordinate geometry

Sine, cosine, and tangent defined in terms
F ! of unit circle
!
]
|
|
]

vi




FOREWORD

In April 1961, an advisory committee on secondary school
mathematics convened at the Department to discuss the direction
that secondary mathematics curriculum revision should take.
This committee consisted of college and secondary school
teachers, supervisors, administrators, and a consultant from one
i of the national curriculum programs. As a result of this
meeﬁingéithe recommendation was made that a revision of the
mathema

L e

cs 7-8-9 program be undertaken immediately.

This is the first of several experimental editions contain-
ing materials and methods in the teaching of a revised mathe-
matics program in grade 9. These materials will be tested in
the schools of the State and carefully revised when adminis-
trators and teachers have had an opportunity to evaluate them
vhile in operation in their schools. The material will serve
as an optiorial alternative course of study for mathematics in
grade 9 until such time as the necessary revisions have been
completed,

STy s T v

The materials in the 9X experimental syllabus are based
upon the foundations laid in the 7X and 8X experimental
syllabuses, Therefore, it is to be understood that the 7X and

experimental courses are a preroquisite to the 9X experi-
mental course. As in the 7X and 8X syllabuses, the chief
emphasis is placed upon the understanding of basic mathematical
concepts as contrasted with the all-too-frequently used program
in which the mechanics of mathematics receives the greatest
stress. The general approach and content used is that agreed
upon by leading mathematical authorities as the most desirabla.
In the actual teaching of the program major emphasis is placed
} upon the "discovery process." The principal function of the
{

teacher is to carefully set the stage for learning in an
organized fashion such that the pupils will "discover" for
‘? themselves the fundamental concepts involved, |

The materials in the mathematics 7X, 8X, and 9X experi-
mental syllabuses include much of what éoday are called the
basic ideas and concepts of mathematics. These concepts are

} those which the puplls will use throughout their study in
mathematics. With this material the teacher should be able to
aild the pupils to see the beauty of mathematics in terms of the
, fundamental structure found in mathematical systems. The

l important unifying concepts included in the new course of study
4 for the ninth grade:are:

Algebraic Eerossions and Open Sentences
Analysis of Algebraic Problems

The Set of Rea’ Numbers

Properties of onents and Radicals
Operations with Polynomial Expressions
Quadratic Equations

Open Sentences in Two Variables
Relations and Functions

Trigonometric Functions

2 & © & o © ¢ o o

vii
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UNIT 1: SETS
PART 1: BACKGROUND MATERIAL FOR TEACHZTRS

l.1 INTRODUCTION

This unit is a quick review of the topic of sets as
covered in the Mathematics 8X course and is an extension of the
basic concepts of sets to include matching sets, complements of
sets, Cartesian sets, and further work with Venn diagrams and
Euler circles, It is nut intended that a great amount of time
be devoted to this unit. A day or two devoted u review and a
few days for the new material should prove sufficient. It is
assumed that the pupils have coampleted the Mathematics 8X
course and are familiar with the basic concepts of sets
included in “hat course.

1.2 REVIEW OF SETS

This section i3 a review of the concepts of sets contained
in the Mathematics 8X course. Before beginning this review it
may be adg;able for the t..lc.h.r to read f_gg i %ﬁnmng
Material Ignh;n, Unit H.ﬁhmﬂ,u e in s section,
more use is made of set notation symbois than in the Mathe-
matics 8X course., Such symbols include: € , ﬁ ¢ ' G
$ » and {‘x" * eA}o

The symbol € 13 used to identify un element as being a
member of a certain set., " & € A" is read "a is an element of
set A." The capital letters are used to represent sets snd the
lower case letters are used 4o reprezent elements in a set.

The symbol g 138 used to identify a set which is a subset
of a set, AS B means that set A is & subset of set B. Every
element in set A is also an element i~ set B, Set A is a
proper subset of set B if set B contuins every element that is
in set A plus at least one additional element. If A is a
proper subset of set B, the symbols A B are used. The
symbols ’ and# are the negations of the symbols € ,c ,
& resp ctively.

The symbols {X| % € A} desecribe a certain set. The
braces {] are a symbol for a set. [ | % A} is read
"all x such that x 1s an element in set A." {2 (X > 2}
is one way of identifying ths set of all x greater than the
number 2. If the universal set is the set of all real numbers,
then Z x> 21 is the set of x, where x is o real number,

such that x"1s greater than 2.

The distinction between the use of the symbol € and the
symbol © should be made clear to the pupils. The symbol € is
used in reference to an element; the symbol & is used in
roﬁ;rongo to a subset. Sometimes pupils get these two symbols
confused,

R —— et
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1.3 MATCHING SETS

Two sets are called matching sets if for every element in
the first set there is a corresponding element in the second
set and for every element in the second set there is a corre-
sponding element in the first set., When the elements of two
sets can be matched in this way, the relationship is called a
one-to-one correspondence between the twc sets.

Two sets with the same number of elements are matching sets.
Also, many infinite sets are matching sets. For example, the
set of natural numbers and the set of even numbers are matching
sets. There is a one-to-one-correspondence between the elements

of the two sets. .
{1’ 2’ 3’ l"! 5"“}

1Tl

1.4 PICTORIAL REPRESENTATION OF SETS

The most common method of representing sets pictorially is
by the use of Euler circles and Venn
diagrams., The eighteenth-century Swiss S
mathematician Euler introduced the idea A B
of using circles to represent sets and
the nineteenth~century British logician
Venn introduced further refinements,
notably the use of three intersecting C
circles enclosed in a rectangle to
illustrate all possible intersections
of the sets. The rectangle represents the universal set and
the three circles the sets A, B, and C.

Since the pupils have already had experience with Buler
circles and Venn diagrams, it may be more interesting and
challenging for them to use geometric figures such as triangles
to represent sets., Below are two diagrams showing how various
geometric figures may be used to represent sets.

D

The union and intersection of sets may be shown in Euler
circles by shading in appropriate portions of the diagrams.
This method may be used to demonstrate the following properties
of union and intersection.

(a) AUB = BUA Commutative property of union

T




(b) ANMB = BNA Commutative property of intersection
(¢) (AUB)UC = AU(BUC) Associate property of union
(d) (ANB)NC = a(BNC) Associate property of ‘
intersecticn
(e) AUBNC) = (AUB)i{AUC) Union distributive over
intersection

(ANB) U(ANC) Intersection distributive
over union

For example, to demonstrate ANV (BUC) = (anB)u(AfC)

(£) AN((BUC)

(ANB) Y (ANC)

AN (BUC) = (aNB)VU (aANC)

This is not a proof that intersection is distributive over
union; it merely demonstrates the property. The proof would
have to cemsider all possible arrangements of three subsets of
a universal set. Such a proof would be quite an undertaking
due to the large number of possible arrangements of three sub-
sets in a universal set. There are over 20 different possible
arrangements, three of which are illustrated by the following

Euler dlagrams.
U 7| Y]

a Q20

One interesting fact is that there are two distributive
laws. Union is distributive over intersection and intersection
is distributive over union. For this reason, union is not
analogous to addition and intersection is not analogous to
multiplication. Union is distributive over intersection but
addition is not distributive over multiplication;

2 +(3°4) # (2+3) + (2+4),

Y




The complement of a sat with respect to a given universe
is the set of all elements in the universe that are not in the
given set. The complement of set A is the set of all elements
in the universal set that arg not in set A, Symbols used for
the complement of set A are A, A', and~A., In this unit the
notation X is used but_A' and~A may be used if desired. The
reason for the use of X is that this type of notation makes
complements of intersectic nd unions easily recognizable.
The complement of AUB is AUB. This may be more easily
recognizable to the pupil than (AUB)'., The use ofvA is
usually restricted to negations of propositions in logic.
ngever, this notation may also be used to indicate a complement
of a set.

Euler circles may be used to demonstrate two interesting
relaticnships involving complements. The complement of the
union of two sets 1s equal to the intersection of the comple-
ments of the two sets. The complement of the intersection of
two sets is egual to the union of the complements of the two

sets., —  ww p =—

AUB=ANB

ANB=AUB
! These two equations express what are called de Morgan's
aws.

<

AUB AGB AN
{ |ﬁ |
% = %
| | =
Iy B ANB

v
8

A

ANB ANB




e A e L e A A A

il

r

lll
|

X B

ANB = AUB

1.5 CARTESIAN SETS

The set of all possible ordered pairs formed from the
elements of two given sets is called the Cartesian product of
the two sets or the Cartesian set.

For example A= 12 3
MMPE®r B - 1) 5 9, 11

The Cartesian product, written A X B, is the following set
of ordered number pairs.

(2, 1) (3, 1) (4, 1)

(2, 5) (3, 9) (4, 5)

(2,11) (3,11) (4,11)
The elements in set A are the first numbers in the ordered

numbe: pairs.

AX B is read A cross B or A crossed onto B, A set may
also be crossed onto itself. For example, the Cartesian set
A X A where A = {1, 2123,1‘)0} is

(1, 1) ’ (3, L) (4, 1)
pg @y @s W3
(o G, B a, B ) )
5\ Cartesian sets may be
4 e o o o ¢graphed using a set of co-
ordinate axes. The graph A X A
3 ° ° ® °
where A = {1, 2, 3, 4} is
2r & & o ¢ shown at the left.
1 ° ° ° °
0 1 4

T2 3 4 5

The set or sets being crossed may also be infinite sets.
A={x|1&£x <5}

B={y|2&y &3}

o o




It is impossible to list all
the ordered number pairs in
such & Cartesian set but it 4?

may be graphed as shown at
the right. 3r
2t
1
0 A L el

The Cartesian product A x B mey also be described as:
AxB={(x,y)|x €A, y €B,}] or

AxB={(x,y)|1£x£5and 2&y &3]}

1.6 SOLUTION SETS

The answer or answers to a problem may be called the solu-
tion set to_the problem. For example, the solution set of the
equation x2 = 16 is {4, "4}s Until quadratic equations are
introduced in unit 9, the solution set of almost all problems
will consist of a single element. It may take some effort to
develop the idea that a solution set may consist of only one
element. The soluticn sot may also consist of the null set.
Pupils must be careful not to confuse the set {0} with the
set @, The solution set of x + 1 = 1 1s {0}. The solution set
of x=x+ 1 is #. The pupils must also be careful not to
confuse {0} with {all real numbers}. The solution set of the
equation x +1 = x_+1 is not {0}; the solution set is
{all real numbers}.

The topic of sclution setc is covered in much more detail
in later units. In this unit, the term shouid ta introduced
and used so that the pupils will be familiar wilh the concept
when it is used in later units.

eacher Notes
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UNIT l: SETS
PART 2. QUESTIONS AND ACTIVITIES FOR CLASSROOM USE

l.1 INTRODUCTION

The questions and activities in this unit may require the
use of ruler and compasses for drawing Euler circles, Venn
diagrams, and other pictorial representation of sets. The
graphs to be drawn are simple enough not to require the use of
graph paper. Questions and activities contained in ﬂhi* 1l
Mat 8X and questions and activities from other Cexts may
be used to supplement the material in this unit,

L.2 REVIEW OF SETS

Concept: Set notation.

(1) Ansver the followine gueations.

(a) Wwhat is a set?

(b) What name is given to the things or concepts that
comprise a set?

(c) Nsme two ways of describing a set.

(d) How may the set of numbers 6, 8, ll, and 1%, be
expressed in set notation?

(e) If the set of numbers 6, 8, ll, and 1% is
jdentified by the letter A, how may this be
expressed in set notation?

(£) How may the fact that 6 is an element in set A
be expressed in set notation?

?nggg*;:

a set 1s a groug or collection of objects or

concepts which have some property or character-
istic in common.

(b) The things or concepts comprising a set are
called the members or elements of the set.

(c) A set may be described by listing each element
in the set or by describing the common property
of all the elements in the set in such a way
that there is no doubt as to which elements are

(d) ig N {:t°1h}
218, 8) 11, i
(9t Bt
(2) Indicate whether each of the following is trus
SRR
(c) scﬁarc’e lalf. p;ra lelo

irans}

(4) 1 11 1
(4] L E a1 prine nushens

Ansvers:
a a180

0

(b) Palse (c) True (d) False (e) True




(3) Sets may also be expressed in notation such as
{x | x 1s a book}. This notation is read "the set of
all x such that x is a book." The set of all numbers
greater than 10 may be expressed as {x | x >10}.

sach of the folloving in Lype of

9-; %he set of all numbers that are real numbers.

(b) The set of all y such that y is a planet,

(c) The set of all x such that x is greater than 5
and less than 1z,

(d) The set of all b such that b is red.

a real number}
a planet}

Concept: Finite and infinitve sets.

Answer the following
(a) Wwhat 1s a finite set?
(b) What is an infinite set?
(c) Identify each of the following as being either
a finite or an infinite set:
l. The set of all molecules of gases in the
atmosphere.
2. The set of all natural numbers less than 100.
3. The set of all real numbers greater than 5
and less than 10,
4, A = {6, 8, 10, 12, .68}
50 B = 2, l", 6, 8...i

5-9 A finite set 1s a set which contains a finite
nunmber of elements.

(b) An infinite set is a set which contains an end-
less number of elements,

(e¢) l. A finite set 2. A finite set
3. An infinite set 4, A finite set
5. An infinite set

Concept: Equal sets and null set.

(%) (a) let fsiazant by equn! sets% )

(b) If two sets contain the same elements but in dif-

ferent order, are the two sets equal sets?

(¢) If two or more sets contain no elements are they
equal sets?

(d) What is the name and symbol for a set which
contains no elements?

(e) How many null sets are there?

engggig:

a ual sets are sets which contain the same
elements,

(b) Yes, two sets are equal sets if they contain the




same elements even though the elemants are in |
different orders in the two sets. |

(c) Sets with no elements are equal sets. z
(d) A set with no elements 1s called the empty set |
8r thf null set. The symbol for the null set is |

or . t

(e) There is only one null set. It 1is alwvays ;
referred to as the null set. }

|

Concepts Subsets.

(6) agmmm:mmm |

(a) at is the name given to the largest set under |
consideration? ’

(b) The elements of a universal set may be grouped !
in various ways to form several sets. What are ‘
these new sets called? '

(¢) How may the fact that set A is a subset of B be |
expressed in set notation? E

(d) If a set A is a subset of set B, and set B ! |
contains one or more elements not contained in
set A, what special type of subset is set A?

(s) How may the fact that set A is a proper subset
of set B be expressed in set notation?

H
Qa! The universal set

(b) Subsets of the universal set : ‘
(c) ASB ! i
(d) Set A is a propei subset of set B :
(e) AC B

(7) egn!g: ‘31%9¥1n‘ 9ns¥&1nnlz
at 15&¥%o efinition of a subset?

(a)

(b) Is any set A a subset of set A?

(¢) Is the null set a subset of every set? ,
) List all possible subsets of the set {1, 2, 3}.

! en§!g§¥=

¥ a every element in set 4 is also an element in
j set B, then set A is » rubset of set B.

[ (b) Every set is a subscc or itself, ‘
(¢) The null set is = subset of every set, r

(d) L'l!: §1,3}6 (1}, {23, 3}, {1, 21, {1, 3} |

e |

4 O L MR

3.7 (a, b, ¢, 4, e, 1}
“ §§§ s: — T a; b, c, d, e, £} \
[ (o) t- BT {a, by e}
, | (© [ T by
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or &
(9) m::tmm:augi Indicate which sets are
A=1{1, 2 g?’k?:m =f?5 E=¢ ‘
B {1, 3} D=1{3,1

: Set E is a subset of each of the other sets.
ot 1s a subset of set A and of set D, Set D is a
subset of set B and of set A, Set C is a subset of
set A, Each of the sets is a subset of itself,

(10) mmm%m*
A={l 7} B {3, 5y C= {1, 3,5, 7, 9 n}

iabel

9 3, 5’
L sach of the following statements a3 true or
a) B&A d) ¢<B (g) B<A
(b) BgC e) A&SC (h) C<A
(c) A<B (f) AcC (1) B<=B
U fr:xe (d) True (g) True
(b) True e) True (h) PFalse
. (e¢) PFalse f) True (1) True
' (11) H = {w, x, ¥} I={k, 1, my W, Xy ¥,y 2} KCH
or whether each of the following is true
(a) I<K (d) HCK
I (b) K&l (e) ICH
(e) HCI
s
2-; False (d) PFalse
(b) True (e) False
(c) True
(12) Given AC B, BCC, and CC< D answer the follow-
%% s D’i.'
(b) Is AcCD?
(c) IfT xX€A, 158 x € D?

em!gzg:

a) Every element in set B is also in set C. Every
element in set C is also in set D, Therefore,

E ;vg;l; element in set B must also be in set D,

(b) Every element in set A is also in set B. Every
element in set B is in set D. Therefore, every
element in set A is also in set D, AC f).

(¢c) Yes, because AC D,

Concept: Relationships of sets.
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(13)

(14)

(15)

ms%l% m&mo sets?

How may the union of sets A and B be expressed?
What is meant by the intersection of two sets?
How may the intersection of sets A and B be
expressed?

(e) 1If the union of set A and set B is expressed in
set notation as AUB = f{x| x €A or x € B}
how may the intersection of set A and set B Be
expressed?

(£) What is meant by disjoint sets?

AN
XA
e Nt

Q.ng:giaz

a he union of two sets A and B is the third set C

formed by grouping the elements in set A with

the elements in set B without repeating elements
which are in both sets.

(b) AU B,

(¢) The intersection of two sets A and B is the
third set C composed of every element that is
an element in both set A and set B.

) AQ B,

) ANB={x| x€Aandx€B

) Disjoint sets are sets that have no eiements in
common. Their intersection is the null set.

g o8 15,08 1 Bl U 507 9D

(a) AUB ic Al B (¢) BUC
(b) AUC d) ANC (£) BNC
Ansvers:
(a) AUB = {11, 13, 15, 17, 19}
() AUC = {11, 13, 1k, 15, 16, 18, 20}
(¢) AMB= {13, 15
gﬂ A8c=? 4, 15, 16 8
e) BUC = {13, 14, 15, 16, 17, 18, 19, 20
() BAC=# » 18, 19, 20]
= {4, 6}, B={6, 12
and €= T, g.’aoi.amy{’ b
(a) (AUBUC (£) AU (B NC)
(b) A U(BUC) () AUBN KU
(¢) (ANBNC (h) AABUC
(d) A M (B NC) (1) A N(BUC)
() (AUBYDC () ANBUKNC
Angvers:
(a) GAUBUC= {4, 6, 12, 20
(b) A U(B UC) = {k, 6, 12, 20
(e) (AABNC = {6
(@) AN®Nc) = {6
(8) (AUBYNC = [k, 6
(£) AU(BRNC) = {4y 6
(@) (AUB N el = [46]
(R) (AR B) L C = {h, 6, 20]
(1) AN (BUC) = {4, 6}
(1 AAB U NG = (4, 6]
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1.3 MATCHING SETS
Concept: Definition of matching sats.

(L

Given two sets, if for each element in the first set
there is one and only one corrosfonding element in
the second gset and if for each element in the second
set there is one and ¢nly one corresponding element
in the first set, the two szsts are called matching
sets. There is no particular order in which the
elements are to be pajired., For example, the elements
in the sets {1, 2, 3] and {A, B, C] may be matched

in a number of ways.

{1’ 2’ } {l’ 2’ 3} {" 2’ }
P ¥ £¥i pEd
, 3} (1, 2, 8} {1, 2, 3}

ﬁ} : i, c) {8 * 3}

When the elements of wo sets can be matched in this
manner, the relationship is called & one-to-one cor-
respon&enco between the two sets. When a one-to-one
correspondence exists between two sets, they are
matching sets,

gach
R R E mmg;m

(b)
(e)
(d)
(e)

2E
o

Bill, Mary, Jane, Joan}
1, 2, 3,000}
102, 104, 106, 108, 110,...}

HuoNnKXEUDQ

nuannnununnan

[

-
N

-

-
L]
L]
L]

s
(a) They are matching sets.
A: {16, Texas, 32, 7, Bi}l}

B: {6, y 10, b )
(b) They are matching aot:.

. dEEEE

They are not natching sets,
They are not matching sets.

~e
=0
~~

o P RS
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(¢) They are matching sets.
H i 5, o0 o}

T {102, ld“, 1 ’ 108, 1 0,.00}

(3) A:n;igi et of natural pumbers.and the set of
even natural pumbers matching gots?
Ansver:

Yes they are matching sets.
(1’ 2’ [] [] 50.0}
W f
[2’ “', ] 9 o...}
1.4 PICTORIAL REPRESENTATION OF SETS

Copncept: Use of geometric figures to represent sets.

(1) Circles, rectangles, and other geometric figures may
be used to roproson% ets and the relationships among
the sets. For examplé, if A = {1, 4, 7, 10, 11, 17},
B= {7, 10, 11}, and ¢ = {4, 7, 10, 11, 25, 36}, a
rectangle may be used to r;grosont soet A, a circle
used to represent set B, snd a triangle used to
represent set C., The relationships among the three
:;ts may be represented as shown in the following

agram.

!iih‘zgzszgnsn %o the above diagram, dc the
e in A U B.

a

(b) Lis* the elements in A U B.

(c¢) Shave in A UC,

(d) List the elements in AUC,

(e) Shade in A N B.

(f) List the elements in A f) B,

(z) Shade in (AN B)U C.

() List the elements in (AN B)U C.
(1; Shade in (A N B) .

(§) List the elements in (AN B) N C.

13




(2)

Answerg:

(a) ‘
% \

(b) AUB= {1, 4, 7, 10, 11, 17}

(e)

é ——

(@) aUcC = {1, &, 7, 10, 11, 17, 25, 36}

’ /%
AN

(r)- ANB= {7, 10, 11}

(g) %

(h) (ansuJc={+, 7, 10, 11, 25, 36}

(1)
N

() (anB Nc-={7, 10, 11}

It is common practice to use a rectangle to represent
the universal set and circles to represent subsets

of this universal set. These are called Euler
circles. On the following page are five possible

relationships between two sets that can be represented
by Euler circles.

C e —
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No. 1

No.

(3)

Answ

Angvers:
(a) No. 1 (b) No. 3

In diagram No.
In diagram No.

(e) No., 2 (f) No. 1

(h) No. 2

(1) (3
v

l\l“l\l\l\l"\'“\

(

]}

Below are representations of t
and some possible relationship
No. 5 which shows the three set
section with the other two 1s ca

(¢) No. 1 and No.2
(g) No. 3, No. “", Bnd No.

(d) No.2

A

v

Diagram

v

v

Noe. 1

Noe. 2

5

hree sets D, E, and F
s among them.
s each having an inter-
lled a Venn dlagram.
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(e)

A B V| ()]

~uu|||||m».
i

goncept:

(&)

(a)
)

ANC BNC
Properties of union and intersection.

ngfmmxawmnmmm

BUC (d) CUB

(e) Does union appear to have the commutative
property?
Ansvers:
(a) (d)
v vl
Al \B A | B
‘% = = -q = 4
~ % ¢
(ec) (d)
v v
A . S B A p= B
C C

(5)

(e)

Union appears to have the commutative property,
because AUB =BUA and BUC =CUB,

mmm&"m?a mmm%ng)gfn.’_nh"&z e). Lo

(a)
(e)

Answers:

(a)

ANB (b) BNA (¢c) BNC (d) cNB
Does intersection appear to have the commutative
property?

(b)

A

B A B




(6)

(7)

(e)

(e) Intersection appears to have the commutative

property, because AN B =B N A and
BNC=¢N B,

() M:ﬁnmgn .qf;hnn diagram to represent

(a) (AUB)UC (b) AU(BUC)
(c) Does union appear to be associative?

(b)

Union appears to be associative, because
(AUB)UC=4aU(BUC).

Associativity of intersection.
m.?,!nmm.tnnmn& (a) and (b)) and

ansver (g).

(a) (ANBNC (b) AN(BANC)

(c) Does intersection appear to be associative?
Angvers:
(a) (b)
A B A T
C C




(c) :([ntﬁrsection appears to be associative because
A

BIN c=AN(BNC).
Copcept: Union distributive over intersection.
(8) m?’mmmmmms"(a)m(h)m
answer (g).

(a) AU(BNC) (b) (AUB)N (AU C)
(c) Does union appear to be distributive over inter-
section?
Answvers:
(a) (b)
v v

A B A

C

(c) Union appears to be distributive over inter-
section because A U(BNC) = (AUB)N(AUC)

Concept: Intersection distributive over union.

(9) m??mnnummwmmwm
ansver (g).
(a) AN(BUC) (b) (ANB)U (ANC)
(c) Does intersection appear to be distributive over
union?
Angwers:
(a) (b)
A B A B
C C

(¢c) Intersection appears to be distributive over
union because A N(BUC) = (ANB) VU (ANC).

Concept: Complement of a set.

(10) The complement of set A is the set of all the elements
in the universal set U that are not in set A. The

symbol for the complement of set A is A. Sometimes
the symbol A' is used, or the symbol ~A,

19




(11)

(12)

Ansver the following. -
(a) To what is the intersection of set A and set A

equal?

(B) To what is the union of set A and set A equal?

Ansvers: _
(a) ANKX=¢

(a)
(b)
(e)
(d)

(a)
(b)
(e)
(d)
(o)
(r)
(g)
(h)
(1)
(&)
(k)
(1)

It v-={1, 2, 3,...10}, B = {1, 3, 5, 7, 9}, and
c= (%, 4, 6, 7, 8},

(e)

(b) AUR=T

14 the folloving sets.
BNEC (1) BUC
BUC () BNT
BUGC (k) BNc
BUC (1) BNB

5, 6, 8, 9, 10}

1,2, 3, 4, 5, 6, 8,9, 10}

9y 10}

2, 4, 6, 7, 8, 10

(a)
(b)
(e)
(d)

Angwe

(a)
(b)
(e)
(d)

At the left is a Venn
diagram representing the
following sets,

= {1, 2,
A={1, 2,
= {2, 3,
c={u, 5,

3y0..13}
5, 6, 11}
k’ 5’ 9’ 10}
6, 7, 8, 10}

List the elements in each of the following seis.

A (¢) AMC (1) vnNna
AUB (r) (AUBUJC (3) aNT
A0V B (¢) ANB (k) AN (BNC)
AUC (h) AUB (1) (AUBNC
'd H

‘3’ k’ 7’ 8’ 9’ lo’ 12’ 13}

7y O 12, 13}

1, 3, 4, 6, 7, 8, 9, 10, 11, 12, 13}

3, 9, 12, 13}
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(o) {1, 2, 3, &4 7, 8, 9, 10, 11, 12, 13] |
(£) {12, 13} |
() {7, 8, 12, 13} |
(h) {19 2, 5,6, 7, 8, 11, 12, 13] i
(1) {3, %, 7, 8, 9, 10, 12, 13} ‘
(M {3, 9, 12, 13} |
) {5) |
(L {7, 8 |
(13) Members of an English class had been assigned three %
books (A, B, C) to resd during the semester. After ;
eight weeks, a poll was taken, It shoved that each :

upil in the class had read at least one of the books.
he poll also gave the following data.

I
Ten pupils had read all three books. i
Pifteen pupils had read both book A and book B.
Seventeen pupils had read both book A and book c.
Thirteen pupils had read both book C and book B.
Twenty-eight pu{ 1s had read bhook A.
Twenty-one pupi z had read book B,
Twenty-three pupils had read book C.

yge (258 4 Yoo diacran Lo analice ihe orabisd .
Anaver:

There were thirty-szeven pupils
in the class.

(14) A group of pupils were interviewed to determine how
many of them would be studying mathematics, biology,
and French the following year.

All the pugila plan on taking one of the courses.
Eight pupils plan on studying all three subjects.
Six pupils plan on studying mathematics and
biology but not French,
f Three pupils plan on studying mathematics and
‘ French but not biology.
Two pupils plan on studying biology and French
: but not mathematics.
4 Five pupils plan on studying biology but not
mathematics nor French, ;
Four Eupils plan on studying mathematics but not
; biology nor Frenah.
1 One pupil plans on studying French but not
mathematics nor biology.

T R TN T R T @ TR e T T e e
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Twer.ty-nine pupils were
incervieved,

1,5 CARTESIAN SETS
Concept: Ordered number pairs.

(1) The topic of ordered number pairs was covered
previously in the study of coordinate geometry.
Ordered number pairs were used to identify points on
a number plane. Consider the set of natural numbers

less than 6. U = {1,2,3,4,5}.
1

List sll the possible ordered pumber pairs that
may be formed from such s set of elements.
Angwers:
(1, 1) (2, 1) (3, 1) (4, 1) (5, 1)
ng o m4 g4 mR B
(1, &) (2, &) (3, B () &) (5, &)
(1, 5) (2, 5) (3) 5 (%, 5) (5, 9)

Concept: Carteslan Sets.,

(2) The set of all ordered number pairs that may be formed
from a given set U is called the Cartesian set of U.
This is written UX U, and is read U cross U, It is
often called the Cartesian product,
Dragw the following:

(a) A graph of Ux U where U = {1, 2, 3, 4 5}.
(The number pairs are (x, y) with x and y
belonging to U.)

(b) A graph of Ux U where the universal set U is the
set of all real numbers from 1 to 5, including
1 and 5, (The graph vill be the graph of all
ordered number pairs (x, y) for which x and y
are such that l1{x<£5and L&y <5.)

e e e e A e &
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Apswers:
(a) %
5} e o ™ ) ™
A4} ) ) ) ) )
3 ) ™ ) ™ ™
2 o ™ ™ ™ )
1 e e o o o
1 I 1 [l 4
O— %3 4 5 %
(b)
51
4.
3k
2-
]- ==m_
[l [ [l [ 1
O 273 4 5 > X

;g]lgfjng ”f%’ v=_{1, 2, 4, 5, 7
891°i’5=%9 y 739 B = 9"’98}’.;39.’ S
c = {1, 2, 10}, ansver the following.

E List the elements in the Cartesian set A X

(

a) C.
b) List the elements in the Cartesian set B x C,
c) Graph the elements in the . artesian set A x B,

Answers:
(a) (1,1) (5,1) (7,1)
Yo (552) (7,2)
(1,10) (5,10) (7,10)
(v) (2,1) (4,1) (8,1)
(2)2) (472) (8,2)
(2)10) (4110) (8,10)
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1.6 SOLUTION SETS

Solution set notation.

?E

\
\
(1) The set of answers to a given problem or equation ]
may be called the solution set. Consider the problem
"What natural numbers are greater than 6 and less
than 117" The solution set to this problem would be

{7, 8, 9, 10}.
Ingigﬁig the solutjon sets to the following
brovlems equations.

(a) In the zet of natural numbers, the set of all x
such that 18 £ x <21,
(b) x+ 3 =6 in the set of natural numbers.

(¢) x2 = 9 1in the set of integers.,
(d) x + 6 = 3 in the set of natural numbers.

Angwvers: ‘
(a) {18, 19, 20, 21} (b) {3} (ec) (-3, +3} () ¢@

Teacher Notes
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UNIT 2: ALGEBRAIC EXPRESSIONS
PART 1. BACKGROUND MATERIAL FOR TEACHERS

2.1 INTRODUCTION

The purpose of this unit 1s to introduce the concept of
variable and the use of variables in algebraic expressions.
The pupils have had experience in previous years in the use of
placeholders or symbols to represent numbers in equations. In
the elementary grades some pupils are given experience with

equations such as [J+ 4 =7 or m - 6 = 3, However, in this

unit the approach to the use of variables is somewhat more
forma 1.

f Sometimes a puPil may ask the teacher "Why do I have to
learn this algebra?" or "What value will aigobra be to me in my
daily living?" Such questions are an expression of the concern
many pupils have when they first begin the study of algebra and

realize that the course pertains to a body of mathematics not

f usually required in ordinary daily activities such as shopping,
banking, and computing income tax. It mcy be advisable for

the teacher to explain right at the beginning of the course the

purposes of algebra and the reasons for mastering the material

contained in the course.

One of the most important purposes of algebra is to prepare
the pupil for high school courses that require a knowledge of
algebra, such as chemistry and physics. Many pupils do not
realize that the solution to a large number of scientific
problems even at the high school level requires the use of
algebra. Science courses at the college level very often
require the knowledge of calculus. A knowledge of algebra is
necessary in almost all mathematics courses at the senior high
school level. These courses in turn are necessary for the
study of analytic geometry and calculus required in many
iciegtific, engineering, and mathematical courses at the college

evVel.

In addition to its value in terms of preparation for the
sciences and for further mathematics, the study of algebra has
important values of its own, It gives pupils an opportunity to
study and oxglore an important and intrinsically interesting
structure. It gives pupils further practice in the tochniguos
of problem solving, inc uding such areas as organization o
data and plans of attack. In this course, pupils become
» familiar with many concepts of variation and various relation-

ships between numerical quantities. And algebra ives pupils a

talking acquaintanceship with mathematical vocabulary and

concepts important in the background of a well-grounded member
. of society.

Rather than being mainly a preparation for ordinary daily
activities, the study of algebra is for many pupils one of the
first important steps on the road to college or preparation
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well-rounded education and its importance should be made clear

for some lifetime occupation. It is an important element of a ﬁ
to the pupils taking the course., E

2.2 VARIABLES

After the concept of set has been developed, it becomes
necessary to develop some convenient method for referring to
arbitrary elements of the set, This may be done verbally, but
it is far easier to use symbols and apply the concept of ;
variable. A variable is a symbol and is usually a letter of the§

¢

1_
i
|
\
|

e a

alphabet, The symbol occurs in a mathematical phrase or
sentence and acts as a spaceholder or placeholder in that it
holds a space or place in the phrase or sentence which can be %
filled by some one or more of the numbers in a given set, calledi
the replacement set. For example, consider the sat of natural
numbers and the phrase 7x. The symbol x is a variable. The ‘
set of natural numbers is the replacement set for x, in that x
may be replaced by any element in the set of naturai numbers., 1
The expression (7)°(5) shows a particular replacement of x from '
its replacement set. The number 35 is the value of the ]
expression 7x when the variable is replaced by 5. !

There are several concepts in this earlier material that
serve as an introduction to algebra. There is the concept of a
symbol, usually a letter, being used as a placeholder for a
number. The phrase in which the symbol or symbols occur is
called an expression. 3x and 5x + 3y are expressions. There
1s the concept of variable. A symbol in a phrase or sentence
is a variable only if it is replaceable by a number belonging
to a defined set of numbers called the replacement set of the
variable., If the replacement set is not given, it is usually
assumed to be the set of real numbers. There is the concept of
the value of an expression when the variable is replaced by an
element in the replacement set.

The next concept introduced is that of open sentences and
phrases, A sentence that contains one or more variables so
that it is neither true nor false as it stands, and becomes
either true or false only when the variable 1s replaced by a
number from the replacement set, is called an open sentence.
The equation y + 3 = 19 is an open sentence., It is neither
true nor false as it stands. If the variable y is replaced by
the number 5 from the set of real numbers, the equation becomes
5§+ 3 =19, and this is a false sentence. If the variable y
is replacea by the number 16 from the set of real numbers, the
equation becomes 16 + 3 = 19, and this is a true statement,
The statementsx = 3 and 3x + 2y = 19 are examples of open
sentences,

An algebraic expression that does not contain the operation
addition nor the operation subtraction is called an algebraic
term. 9abc is a term. An expression may contain several terms.
Thus, x + y is an expression consisting of two terms,

oGl
An expression consisting of only one term is called a

monomial. An expression consisting of two terms is called a
binomial. A trinomial is an expression consisting of three

26
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terms. Any expression involving two or more terms may also be
called a polynomial. Thus 16xy is a monomial., Also 2x + y 1is
a binomial and may also be called a polynomial.

Algebraic terms may also be classified as like and unlike
terms. If two terms have the same identical variable or
variables and the exponents of corresponding variables are the
same, these terms are called like terms; otherwise, they are
called unlike terms. The terms 24ab and 6ab are like terms.
The terms 9a and 9x are unlike terms. The ternms 3x and 3x
are unlike terms.

2.3 OPERATING WITH ALGEBRAIC TERMS

The pupils should be given experience at translating
English phrases into algebraic phrases. This experience should
include phrases involving addition, subtraction, multiplication,
and division. Most difficulty is usually experienced in trans-
lating phrases involving the noncommutative operations of sub-
traction and division. In noncommutative operations, the order
of the terms is of great importance and often the pupils place
the terms in reverse order. This 1is particularly true of
subtraction.

The phrases "a diminished by b® and "a less than b," where
a and b are variables, are sometimes difficult. The first
phrase is written as the algebraic expression a - b, and the
second phrase is written as b - a, The phrase "“"the number of
miles in f feet" is also often written erronsously as 5280¢.
It is correctly written as é .
280

The pupils should be given experience at translating such
English phrases into algebraic phrases in sufficient number and
variety as to make them aware of the common errors made in such
translation.

Almost the entire remainder of this portion of the unit is
devoted to the development of the concepts that the sum, dir-
ference, product, and quctient of two like terms can be
expressed as a single term and also that the product and quo-
tient of two unlike terms can be expressed as a single term.
The sum and the difference of two unlike terms cannot be
expressed as a single term. One method of showing that the
sum of two like terms, such as 3x and 4x, can be expressed as
a single term is to first express 3x as x + x + X and Lx as
X + X+ X +x., The sum of 3x + Ux is therefore
xX+X+X+X+X+Xx+xor 7x. The second method of
arriving at the sum of 3x + 4x is by application of the dis-
tributive and commutative principles, ab + ac = a(b + ¢) or
(b + c)a. Applying this principle, 3x + 4x = (3 + 4)x and is
equal to 7x.

The distributive principle is also used for demonstrating
how to find the difference of two like terms. By applying the
distributive and commutative principles, ab - ac = a(b - ¢c) or
(b - c)a, the difference 6x~ 3x can be shown to equal (6 - 3)x

or 3x.
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If the pupils have not had subtraction of integers,
examples of subtraction of like terms must be restricted to
examples where the coefficient of the minuend is greater than
the coefficient of the subtrahend so that the coefficient of

the difference is not a negative number. In unit 3, subtraction

of integers is introduced for those pupils who did not have
this optional topic in Mathematics 8X and is reviewed for those
pupils who did cover the topic the previous year. After this
topic has been covered, examples of subtraction of like terms
need not be restricted to those resulting in differences with
positive coefficients.

The application of the distributive and commutative prin-
ciples in collecting like terms 1is used in developing the
concept of simplifyling the sum of a series of terms if the
series includes two or more like terms. Applying the commuta-~
tive principle, the terms in the expression 3x + hy + 5x + 3z
may be rearranged to read 3x + 5x + 4y + 3z so that the two
terms 3x and 5x may be combined into the sinﬁle term 8x,
resulting in the simplified expression 8x + 4y + 3z. The
process of collecting and combining like terms 1s restricted to
the operation addition in this material. The discussion of
collecting like terms involving subtraction is not covered
un:il after the topic of subtraction is covered in the next
unit.

The concept of multiplying two like or unlike terms
includes the ideas that the numerical coefficients are written
first and then the resulting letters are arranged in alpha-
betical order. If two numerical coefficients are contained in
the final product, they are combined into a single numerical
coefficient. For example, (3abc)(i4d) = 3-tabed = 1l2abcd.

The pupils may be given some experience at expressing the
product_of two like factors by the use of exponents such as
XeX = X2 and yeyey = y3., It is not intended that the topic of
exponents be pursued very far at this point as this topic is
introduced in a later unit.

The quotient of two like or unlike quantities can be
expressed as a single term and expressed as the ratio of the
dividend to the divisor. The quotient may be reduced to lowest
terms by the application of the principle of equality of
rational expressions and the principle that g3 - %. Any factor

be

common to the numerator and denominator may he dropped or
canceled in reducing the expression to lowert terms. Such
factors include numbers and variables; for example,

Ux8y _ hexexey _ XY.
12Xz LGe3eXez 3%

One important fact to emphasize is that division by zero
is undefined and not permitted. The denominator of the expres-
sion __a is zero and it is therefore not a valid expression.

X - X
This topic is discussed further in later units vhere expres-
sions such as __3  are considered. Such an expression is a

x

valid expression only if x # 1, If x = 1, then x - 1 1s_zero.
This is not permitted., Therefore, the replacement set of the
variable x does not include the element 1.
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UNIT 2: ALGEBRAIC EXPRESSIONS &

i
PART 2. QUESTIONS AND ACTIVITIES FOR CLASSROOM USE

2.1 INTRODUCTION

This unit has been placed before the units on the integers {
and the real numbers in order to involve the pupils in the |
study of actual algebra as gquickly as possible, The questions :
 and activities pertaining to variables, open sentences, and t
| operating with algebraic teras have been restricted in this %
unit so as not to include negative integers or quadratic [
expressions other than the very simplest. The concepts con- !
tained in this unit may be extended to include negative

integers after Unit 1, Ihe Integers, has been completed.

J These concepts have leen extended to include quadratic expres-

sions in Unit 2, Exponents and Radicals and in other later
units.

2.2 VARIABLES
Copcept: Definition of a variable.

(1) The following statement appeared on a history test.
"The second president of the United States was .
Possible replacements are: Madison, Monroe,
Washington, Adams, and Jefferson,

.,__Anmzmm?nﬂﬂmu .
(a) What 1s the purpose of the rectangle?
(b) The rectangle is a placeholder for one of five

names. Which are the five names?

(c) May the name Monroe be substituted for the
rectangle? Will the resulting sentence be true
or falise?

(d) May the name Adams be substituted for the
rectangle? Will the resulting sentence be true
or false?

Angwers:

The rectangle is a placeholder for one of the

possible replacements.

(b) Madison, Monroe, Washington, Adams, Jefferson

(¢c) The name Monroe may be substituted for the

rectangle, but the resulting sentence is false.

(d) The name Adams may be substituted for the
rectangle, and the resulting sentence is true.

e T
~
»
~|

»

(2) Consider the following statement.

In our algebra class, Z\ sits nearest the door.
Possible replacements are: any pupil in the classroam,
%he following guestions.

(a) Describe the set of possible answers by listing
each el¢ment in the set,

(b) Which element in the set of possible answers is
the element which, when substituted for the
triangle, results in a true sentence?

B
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a) The answer will be the set in which the name of
each pupil in the classroom is listed.

(b) The correct answer will be the name of the pupil
who sits nearest the door,

(3) Angwer following guestions.
3 (a) Tge num%gg of grains of sand in a quart jar is

[C—]. can a negative number be a possible
replacement? Describe the set of possible
replacements to this question.

(b) Given x + 3 € 10. Possible replacements are
any non-negative integers. What number may be
substituted for x? What numbers, when substi-
tuted for x, will result in true sentences?

iai The replacement cannot be negative, The set of
possible replacements is the set of non-
negative integers.

(b) Any non-negative integer may be substituted for
X in the inequality. Any of the numbers 0, 1,
2, 3, 4, 5, or 6 may be substituted for x and
the resulting statement is true,

(4) Any symbol, including frames and letters, that is '
used @s a placeholdsr for some word, phrase, or num-
ber is called a variable. The set of possible
replacements is called the replacement set of the
variable, The set of elements in the replacement set
that will, when substituted for the variable, result
in a é;:e statement is ialled the solution set.

Mﬁmwﬂ‘%ﬂmm ’
ihe reclacement set, and the set.
(a) [ was the thirty-fourth president of the

United States. Possible replacements are:
Truman, Eisenhower, Hoover, Kennedy, Roosevelt.
(b) The boy next door owns 13 marbles. I own more
marbles than he does, but I do not cwn 15 ‘
X
A

marbles, I own /\ number of marbles.
(e) y+9¢ 13, where y is = non-negative integer,

?ff”%ﬁi variable is [].

The replacement set is {Truman, Eisenhowver,
Hoover, Kennedy, Roosevelt},
The solution set is {Eisenhower},

E (b) The variable is A\.
The replacement set is {any natural number}. l

The solution set is {14},

(¢) The variable is y.
! The replacement set is {0, 1, 2, coele

30

The solutisn set is {0, 1, 2, 3.
E Concept: Open sentences and phrases. ‘ //’
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(%) The sentence "George Washington was the £ifth 1
president of the United States" is false. Ihe staie- ,
ment 2 + & = 2 is true. What can you sav about the
truthfulness of the statement "He ls a leacher?
wer: The statement cannot be determined to be
true or false until we know to whom the pronoun, he,
refers.

(6) Under what conditions is the statement x + % = 9
true? Under what conditions is it false?

wer: The statement x + 4 = 9 1s true if and only
1f the placeholder x is replaced by the number 5. If
x is replaced by any number other than 5, the state-
ment is false.

(7) A sentence contains a variable is called an
open can you say about the truthful-

sentence.
ness of an open sentence?

¢ An open sentence is neither true nor false
as it stands.

(8) When does an gpen sentence become true or false?

wer: An open sentence becomes true or false only
en the variable is replaced by an element in the
l replacement set.

(9) For each of the following stat y iAndicate
whether the sentence is true or xg.mmxm-
able 1s the placeholder for the number 2.

*J () 1+ 11> 16
(b)
3&‘%_2_5 (15

(e) S5(x +3) = 13x - 25 :

Answvers:
Iui False (b) True (c) True

!m&mupfémnmmm;mm
contains § variable

Ansver: An open phrase

(11) Using the letter n as the varisble or rlaceholder,
write an expression for each of the following.
(a) 8Six more than the variable
(b) Seventeen less than the variable
(c) Three times the variable
(d) The quotient of the variable divided by 3

Ansvera:
(a) n +

(c)
(b) n-17 (d)

(10)

e et e i i Tt At e ot ot o At e e

n

wh W
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(12)

Concept: Value of open phrases.

(13)

Concept: Algebraic terms.

(14)

“ﬁ%ﬁi an sexcression for each of the following

(u) The nunber of feet in y yards
(b) The number of miles in f feet
‘(¢) The number of feet in m miles

Determine the number represented by sach of the
folloving open phrases yhen the variable ==J 1
replaced by 2, the variable £ replaced by 3, and

the variable O replaced by 5.
(a) +A-0

() 3 A+ 0)
() C1-a+D

(d) (6— - uA)._g_

(e¢) O -0 - 6A +1 ] - C ]

A
PRt ) 16 () § @o u r

Zalov A8 bt

.:xnrnnun mmm of ons .tlr.l
ihe n&hnzl nxa 1lhslnﬂ 9___11&1n£ of
«oo Lorms." By gbserving Onlr

c dn sach gpen

st 1y ok e e AL 2

(a) Sxy expression consisting of one tor-
(b) 3abc - 7x expression consisting of two terms
(¢) 156 expression consisting of one term
(d) 17w + 52 expression consisting of two terms
(e) %f expression consisting of one term
(£) Ya + 3b - 2¢  expression consisting of thres teras '
(g) x+1 expression consisting of two terms
An§¥g§: An algebraic term is an expression which
contains neither the operation addition nor the

operation subtraction.
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Concept: Like and unlike terms,

(15) The column below contains

pairs of terms that are
called like terms.

(a) 6xy and 9xy
(b) 16ab and Sba
(¢) l4x and %?

(4) 167 and 42
(e) 17a and ka

The column below contains
pairs of terms that are
called unlike terms.

{(a) 6xy and 9x

(b) 7y and 5c
1‘2 and 17a

(d) bk and 5

(e) x and x2

) appears to be the difference between like
terms?

Answer: Like terms contain

same variable or variables,
tain the same povers of the

2.3 OPERATING WITH ALGEBRAIC TERMS
Concept: Algebraic expressions.

the same powers of the
Unlike termsz do not con-
same variables.

(L) Using the letters a and b as placeholders for

!a; Eho sum of the two numbers

(b) The difference of the two numbers, the letter, a,
representing the minuend and the ietter, b,
the subtrahend

(¢c) The product of the two numbers

(d) The quotient of the two numbers, the letter, a,
representing the dividend ani the letter, b,
representing the divisor

(e) The sum of the squares of the two numbers

(f) The quotient obtained by dividing the sum of the
two numbers by the product of the two numbers

(g) a diminished by b

(h) b more than a

(1) Db less than a

(3) a times d

Anzvers:

(a) a+Dd (f) atDd

(b) a-b» ab

(c) ad (g) a-=-D»

(d) a (h) a+bd
b (1) a-Dd

(o) .2+b2 (J) ad

Concept: Addition of like and unlike terms.

(2)

e ———— T T

Ansver the following

(a) Write an expression equivalent to 6x + 7x
making application of the distributive principle.
(b) Perform the addition indicated within the
arentheses., What is the resulting expression?
(¢) Is 6x + 7x = 13x a true statement?
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(3)

(%)

(5)

(6)

(7)

R N T N R Ty T |
g e

(a) (6 + 7)x
(b) 13x
(ec) VYes
By applving the principle, find the

E;; igl ++IZ& (d) Skmp - 3kmp
x

(c) 7xyy+ 2xyxy (¢) 33+
Anavers:

f 3 19a + 17a = (19 + 17)a = 36a

g I5xy + 2lxy = (15 + 2l)xy = 36xy

(e) 7xy - 2xy = (7 - 2):{ = §xy

(d) Skmp - 3kmp = (5 - 3)kmp = 2kmp

(&) 31+ [J=G+wJ=7C1

san be to f£ind a expreasion for the
aum of the unlike terps 3x + 4y?
Answer: No

An;gg;: Yes, addition is commutative and the terms
may be rearranged as 8x + 7x + 9y + 7y.

Applving the distributive principle, perform
ég: addition of like terms to simplify the expression
+7x + 9y + 2¥.
Angwer:

Bx +7x + 9y + 7y = (8 + 7)x + (9 + 7)y = 15x + 16y

The process in which terms in an expression are re-
arranged so that like terms are adjacent to each other
and then the addition of the like terms is performad
by applyin{ the distributive principle is sometimes
called collecting and combining like terms.

Determine a simcler expression for each of the

collecting and combining like teras.

(a) 7ab + 6a + 4b + 3ab + 9b + 5Sa

m 2aA+60+vA+304+9A

(a) 7aé + 6a + 4b + 3ab + 9b + Sa
= 7ab + 3ab + 6a + Sa + U4b + 9b
= (7 + 3)ab + (6 + 5)a + (4 + 9)b
= 10ab + lla + 13b
34




(®) 214 +16[00+%A+30+9A
= (2L + 4 + 9)A + (16 + )
= 3wA + 9]

Caoncept: Multiplication of like and unlike terms,

(8)

(9

(10)

(11)

The product of x and 9 is written 9x,

The product of 3b and ac is written 3abc.

The product of y and 9k and p is written 9kpy.
By ghasrving ihe

: The product of unlike terms is written with
the number first. (The variables are usually
arranged in alphabetical order.)

W &gs folloving products in simplest fora.
(a) x) (4y

(b) (16x)(ab)

(e) (3x)(4y)(52)

Anavers:

(a) (3x)(ky) = 3°ktexy = l2xy

(b) (16x)(ab) = l6abx

() (3x)(4y)(52) = 3°45xyz = 60xyz

xox = x° and bebeb = b,
Complete the following:

(a) WeWeWsw =

(D) YeFoYeyey =

Angvers:
(a) wewewew = wit
(b) yeyeyeyey = y5

Exnz%g%i&hl zroduct of each of the folloving in

(a) (3y)(4y)
(b) (16ab)(3a)(k4b)(2¢)
(e) (3a)(labc)(6ac)

Apsvers: 2
(a) (3y)(4y) = 3eleyey = 12y
(b) (16ab)(3a)(4b)(2¢c) = 16¢3<4e2.aabbc
= 384a2bc
(e) (3a)(4abe)(6ac) = 3°4+6°aaabee
= 72-3bc2

Concept: Division of like and unlike terms,
(12)

s g oo s st o
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(13)

(14)

(1%)

(16)

(17)

Under what are tyo rational oxpres-
m%mﬁuﬁ%ﬁ?

Apawer: The two rational expressions % and % are

equivalent if and only if ad = bec. The cross products
must be equal.

nmmmm%%gsbuﬂum?

Apswer: Yes, %% = % is always true because the cross

products are equal; acb = bca.
!gl& Lhe nnnz‘xézsn to the principle
%g = % !ﬁi i3 1§?§2§2¢1 this

: The cancellation law, Any factor common to
the numerator and denominator may be dropped or
canceled in forming a new rational expression
equivalent to the given expression.

what i3 meant by "raducing a rational expression
Lo lowest terms?"

Ansyer: By "reducing to lowest terms" is meant that

an equivalent expression is formed which has no factor
gou:on io the numerator and denominator, except the
actor 1.

mmmmmammnnmu

2 expressin reduced to lowest terms.
ia 14x + x
b) 2lab + 7b

(¢) 136x% + bxy

e x = ux = 1k

x
(b) 2lsb + 7b = = 3a
(a) 36x2 + 6xy = =
? -5
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(18)

(a)

(b)

(e)

(a)

(v)
(ec)

If it is Lo do 39, sach of Lthe
a3 a Lern to Leras.

é2;2_§;l3lh

lgxy t i§;5(§§¥

+
ab - a

s
m.g;ulbg.agh___eg,
(gulon) = sgay . Ry - lowy . QY - 2
y + (3x)(3y l12xy + 9xy 21xy 3
ab - 7 2 = g;sﬁfhg;g = ﬁ%h =z meaningless.

This algebraic expression is mearningless because
division by zero is undefined and not permittsa,
so no valid expression can be written,

Tescher Notes
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UNIT 3: THE SET OF INTEGERS
PART 1., BACKGROUND MATERIAL FOR TEACHERS

}
3.1 INTRODUCTION \

The properties of the set of integers and the operations
in this set of numbers were presented in detail in the Mathe-
i 8X course, However, some topics pertaining to negative
integers were indicated as optional and were to be introduced
at the aiscretion of the teacher. Due to the limited time that
can be devoted to the study of each of the units in Mathe-

9X, the concepts of the properties of and operations in

the set of integers cannot be presented in such detail or with
such emphasis as was done in the Mathempatics 8X course.

In this unit the concepts are presented in such a way so
as to be used as a review for those pupils who studied the
concepts in Mathematics 8X and to be used as an introduction
to these concepts for those pupils who did not study the nega-
tive integers in the Mgthegg;;ci 8X course, Care should be
taken to cover the topics in this unit within the suggested
time allotment so as to leave sufficient time to cover
properly the other units in the course.

3.2 THE SET OF NATURAL NUMBERS -

This section is a concise review of the properties of the
set of natural numbers and definition of the operations in this
set of numbers. The concepts pertaining to these properties
and operations were presented in Mathematics ZX and Mathe-
matics 8X. In these courses it was recommended that the dis-
covery approach be used as much as was practical. This section
1s simply a summary and review, with care being taken to define
, the operations of addition, subtraction, multiplication, and
;- . , division so that these operations may be defined in the set of
' ' integers with as little modification as possible.

The first operation to be performed in the set of natural
numbers is counting. Counting may be carried out indefinitely
in the direction of greater numbers but can be carried out in
the direction of smaller numbers oniy as far as the number 1.
The number 1 1s the least natural number.,

The next operation considered is addition. Addition may be
defined in terms of counting. If the letters a and b represent
any natural numbers, the sum a + b may be determined by
cmating "b" successive numbers from a in the direction of
greater numbers. The last number so counted is the sum a + b. ¥
For example, the sum 3 + 5 1s determined by counting five num-
bers from the number 3 in the direc¢tion of greater numbers.

The last number so counted is 8; therefore, the sum 3+ 51s 8,
In addition of natural numbers, the counting is always carried
out in the direction of greater numbers. Counting in this
direction may be carried out indefinitely so there 1s no

1
3
1
3
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restriction on such counting. The sum of any two natural
numbers may be determined in this manner. Therefore, the set
of natural numbers has the property of closure under additiocn.

Subtraction is defined as the inverse operation of addi-

tion. The subtraction a - b =[] 1is carried out by performing
the corresponding addition ] + b = a, For example, to find
the difference 12 - 8 = [}, the corresponding addition 1is
3+ 8 =12, The problem is to determine what number must be

added to 8 to result in a sum of 125 the answer is 4. Sub-
traction requires the use of an addition table., Difficulties

in performing subtraction sometimes indiczte lack of pro-
ficiency in performing addition or fallure to memorize an
addition table properly. Subtraction may alsc be defined in
terms of counting. The difference a - b may be determined by
counting "b" successive numbers from a in the direction opposite
to that used in performing addition. That 1s, the counting is
carried out in the direction of smaller numbers.

Of these two definitions of subtraction, it is essential
that the pupils master the concept of subtraction as being the
inverse operatica of addition. It is this concept which is
generalized for operating with all numbers in the real number
system,

In performing the subtraction 8 - 9 = (], the corresponding

addition is ] + 9 = 8, There is no natursl number that, when
added to 9, will result in a sum 8, If the subtraction is
performed by the counting method, the counting cannot be carried
out. In attempting to count § numbers from the number 8 in the
direction of smaller numbers, it is soon discovered that there
are only 7 such numbers to count. The difference 8 - © is not
in the set of natural numbers and so the set of natural numbers
does not have the property of closure under subtraction.

Multiplication in the set of natural numbers is defined in
terms of addition. To find the product of ¢ and d, where c and
d are any natural numbers, add "c" addends each of which is d.
The product of 4 and § 1is found by performing the addition
5+ 5+ 5+ 5s the answer is 20, Short cuts in performing
multipiication, with which the pupils are alreacly familiar,
involve the use of a memorized multiplication table and
application of the distributive principle. This is discussed
later. In the sat of natural numbers, multiplication is
defined in terms of addition. There is no restriction on
addition in this set of numbers and so there is no restriction
on multiplication. The set of natural numbers has the property
of closure under multiplication,

Division 1s defined as the inverse operation of multi-
plication. The quotient a + b * ] is determined by solving
the corresponding multiplication problem (J)(b) = a. For
example, the quotient 12 + % =[] is determined by solving the
multipiication problem (CJ)(4) = lz; the answsr is 3. Division
requires the knowledge of a multiplication table. In the set
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of natural numbers, division may aiso be defined in terms of
repetitive subtraction, The quotient 12 + 4 is the number of
successive times that the number 4 can be subtracted from 12
and the resulting differences such that the final remainder is
zero. The number 4 may be subtracted from 12 and the resulting
differences 3 times with a final remainder of zero. The 4
quotient 12 + 4 is therefore 3.

Of these two definiticns of division, the one of greatest
value is that of division being the inverse operation of multi-
plication. This definition is valid in all the sets studied,
the integers, the rationals, and the real numbers.

For some pairs of natursl numbers there is no quotient in
the set. For example, in determining the quotient 5 + 3 =[]

the corresponding multiplication is ([)(3) = 5. There is no
natural number that, when multiplied by 3, will result in the
product 5. Therefora, the set df natural numbers does not have
the property of closure under division.

In this set of numbers, multiplication is distributive over
addition and it is also distributive over subtraction. If a,
b, and ¢ represent any natural zumbers, then a(b + c) = ab + ac
and a(b - ¢) = ab ~ ac, This distributive principle may also
be written ab + ac = a{b + c) and ab - ac = a(b - c) or even as !
ab + ae¢ = (b + c)a and ab - ac = (b ~ c)a, Thus multiplication 1
is distributive over addition from the left or from the right.
This principle has been used by the pupils for several years in
performing multiplications such as (g67)(23h). The number 234
may be considered to be the sum 200 + 30 + 4, The multi-
flication 1s (567) (200 + 30 + 4) = (567)(200) + (567)(30) +

567)(4). This is written as:

56Z 56£
2%23 or as 2%%8

17810 1781
HiA e

Addition is not distributive over multiplication and sub-
traction is not distributive over multiplication.

a + (vec) # (a + bj(a_+ c)
and
a~-(bc) ¥ (a -Db)a--c)

Multiplication is not distributive over division and
division 1s not distributive over multiplication.

a (b+c)# (ab) + (ac) ]

c 3

s Canaunllane

and
a+ (bc) # (a + b)(a + q)

Division 1s not distributive over addition nor subtraction
from the left, but division is distributive over additior and
subtraction from the right, wheh the replacement set of the
vur%ables is such that the indicated quotients are all natural
numbers,
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a+(Mb+c)7(a+b)+ (a+ec)
and
a+(b=-c)7 (a+b)
But (a +b) +c=(a +¢c) + (b+ec)
and (a -b) +c=1(a+¢) - (b+c)

This can be demonstrated by substituting natural numbers for
the letters a, b, and c and performing the indicated operations.

(a ¢+ c)

The Set of natural numbers also has the property of the
existence of an identity element under multiplication. The
product of any natural number a and the number 1 is the number

a. Thus (a)(l) = a.

: The natural numbers are commutative and assoclative under
the operations addition and multiplication., a + (b + c) =

. (a + b) + c and a(be) = (ab)c. ‘The properties of the natural
numbers such as closure, commutative property associative
property, and distributive property are actuaily axioms of the
system. They are not proven to be trus; they are accepted as
true for the purpose of establishing a useful number system,

The teacher may wish to establigh this fact that the properties
of the natural numbers are accepted axioms at the beginning of
the algabra course so that the pupils will have an understanding
of axioms and their purpose in our number system when other sets
of numbers are studied.

The pupils may also benefit froa a discussion of inverse
operation, Addition and subtraction are inverse operations of
each other, and multiplication and division are inverse opera-
tions of each cther. Using the symbols @ and # to represent
operations and the letters a, b, and ¢ to represent numbers,
"o is the inverse of #' means that if a@ b = c, then c #b=a,

Afplying this concept of inverse operation, the pupils may be

given the task of showing that certain pairs of operations are

not inverse operations, such as addition and division, sub-
traction and multiplication; subtraction and division, addition
and multiplication, For example, it can be shown that addition
and division are not inverse operations because 12 + 4 = 16

3.3 ADDITION IN THE SET OF INTEGERS

Additicn in the set of integers, like addition in the set
of natural numbers, may be defined in terms of counting.
Counting in the set of integers can be carried out indefinitely
in the positive direction or indefinitely in the negative
dirsction. Before addition is defined; certain terms and symbols
should be discussed. The positive integers may be written with
a "+ sign in front of the number such as +3 or with the "+"

i raised slightly such as *3 o as not to be confused with the
symbol for the opersztion addition. However, it is common
practice to drop the "+" sign and write the positive integers

in the same manner as the natural pusbers. That is, the 1ateger
+5 may be written as 5.

L1




The negative integers are written with a "-" sign in front |
such as -3 or with the sign raised slightly such as -3. Zero |
is neither positive nor negative,

The integers may be represented by points on a number line
such as:

... 1§ | B [ ] [ 1 4 1 '] [ [
(..5-4-3-2-17 1 2 '3 4 ?’

In such a graph any integer 1is greater than any integer to its
left. The integer 3 is greater than the integer -31. This is
indicated in symbolic form by writing 3 > -~31.

The absolute value of an integer is the number of units an
integer is from zero on a number line. The integer +6 is six
units from zero so its absolute value is 6. The integer -8 is
eight units from zero so its abgsolute value is 8. The symbol
for absolute value is two short vertical parallel line segment
one on each side of the number guch as |-8|. If the letter b
represents a positive integar, |b| = Db and |-b| = b. The
absolute value of zero is zero,|thus{ O] = O.

When the integers are repr¢sented by points on & number
line, any two integers which are the same distance from zero ]
are called opposites or inverses of each other. For every
integer a there is an integer b such that their sum is zero.
a+b=0, The integer b is the additive inverse or opposite
of a. If an integer is represented by the letter x, it3s inverse
is represented by -x. The symbol -x is read "the inverse of x."
The letter x may represent any integer. If x is a positive
integer, -x 18 a negativs integer. If x is zero, -x 1s zero,

If x 1s negative, -X must be positive. The symbol -(-3) is g
read "the inverse of negative three.," The inverse of a negative '
integer is the corresponding positive integer, thus -(-3) = 3.

The sum a + b in this set may be determined by counting.
If b is a positive integer, the counting begins at the integer
a and is carried out "b" consecutive integers in the positive
direction. If b 1s a negative integer, the counting begins at
the integer a and is cerried out in the negative dirsctiion &
number of consecutive integers equal to the absolute value of
b. If b is zero, the sum 13 the integer a.,

A number line is a very useful tool in teaching addition
of intcgzers. The addition 5 + -8 may be represented by the
arrow below. k__ -8 ]

'
'l 1 W | L L (1 - | A ' —r
<L'-5 -4 -3 -2 -1 0 1l 2 3 4 5 ﬁﬁ’ -

The addition is performed by counting eight consecutive integers
in the .:egative direction from 5; the sum is -3. The addition
-1 + -6 may he represented as:
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=7 =6 <5 <4 -3 2 <1 0 1

The sum is -7,

The use of such a number line clearly demonstrates that the
sum of two positive integers must be a positive integer and the
sum of two negative integers must be a negative integer. In
both instances, the absolute value of the sum is equal to the
sum of the absolute values of the integers being added. The
pupils can be led to discover this by doing a few such addition
problems. The sum of two integers of opposite signs, one
positive integar and one negative integer, is a little more
difficult to calculate. However, by doing a number of such
addition problems most pupils can soon discover that the
absolute value of the sum of twoé integers is equal to the dif-
ference of the absolute values of the integers being added,
and the sign of the sum of the two integers is the same as the
sign of the addend that has the larger absolute value.

These rules for adding integers are sometimes stated as
follows:

(1) To add two integers with the same sign, add the absolute
v;lues of the two numbers. The sum viil have the common
s1ign.

(2) To add two integers having unlike signs, find the dif-
ference between their absolute values, The sum will have
the sign of the addend having the larger absolute value.

These rules are very convenient but emphasis must be placed on

having the pupils discover these rules for themselves after

having mastered the basic concept of addition, instead of
having the teacher give them the rules.

One interesting relation that may be discussed is that the
sum of absolute values of two integers does not always equal
the absolute value of the sum of the integers. That is,
val + |bj = |a + bl 1s not true for all integers a and b,

For example, |-6] + 4| # |-6 + 4|, |-6] + |4 | = 10 while
[-6 + 4] = |-2] = 2, and 10 ¥ 2.

Under addition, the set of Aintegers has all the properties
of the set of natural numbers under the same operation, plus
one additional property. Under the operation addition, the
set of integers has an identity element. The sum of any integer
a and the integer zero is the integer a. Thus a + 0 = a, The
number zero is the additive identity element.

3.4+ SUBTRACTION IN THE SET OF INTEGERS

Subtraction in the set of integers, like subtraction in
the set of natural numbers, is defined as the inverse operation
of addition. Ifa+b=c¢c,thenc-b=zagandif d-e=¢

hen £ + ¢ = d, The differen -b be found d -
ing wgat Intoger must be ad os.tg b ton;{voea 232 o y..otgggin
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example, (-6) - (-9) =[] has the same solution set as

0+ (-9) = -6. The integer 3 must be added to -9 to give a
sum of -63 therefore, (-6) - (-9) = 3. Subtraction may also
be defined in terms of counting, The difference a - b may be
found by starting at the integer a and counting in the direction
opposite to that used in addition a number of consecutive
integers squal to [bj. If b is a positive integer, counting
is carried out in the negative direction. If b is a negative
integer, cousting is carried out in the positive direction.
This can be demonstrated by use of the number line, For
example, to find the difference (-6) - (-9), the counting
begins at -6 and 1s carried out nine consecutive integers in
the positive direction.

- 2 =
( i 2 ' A i s [ i ;. ; 43-)

-7 -6 -5 :-,-»‘s -3 -2 -1 Q
The difference (-&: - (-9) is 3.

Counting n:iné numbers from -6 in the positive direction is
the same as adding 3 to -6. The difference (-6) - (=9) and
the sum (-6) + (9) are the same number. Therefore, (-6) - (-9)
= (-6) + (9). Subtracting a negative integer -b from an integer
a gives the same result es adding the inverse of -b to a..
a - (-b) =a+b, The difference -5 - 9 is determined by
counting nine numbers from =5 in the negative direction.
Counting nine numbers in the negative directioa from -5 gives
the same result as adding -9 to -5; that 1s, -5 - 9 = -5 + (-9).

kf -9

( 2 2 ' 2 3 -5 2 2 9 3

(]
!
[ ]
-4 =13 =12 =11 =10 =9 -8 7 -6 =5 -4

The answer is -1%., =5 - 9 = =14 and -5 + (-9) = -1%, Sub-
tracting a positive integer b from any inteser a gives the same
result as adding the inverse of b to a. Thus a - b = a ¢ (-b).

These two 7ules may be summarized as "gubtracting any
integer b from any integer a is equivalent to adding the inverse
of btoas s~-b=a+(-b)." Again the emphasis is on having
the pupils diztnver this rule for themselves by applying the
basic concept of subtrsction in the set of integers.

In.u.;nglmgziﬁdﬁx, subtraction of nagative integers ias an

optional topic. se pupils who studied subtraction of nega-

tive integers Zasi year will n«ed only a quick review of the
topics. Those pupils who did not study this topic will need a

?cio careful developsent of the concept of subtraction in the
ntegers.

The difterence of the absolute values of two integers is
not always equal to the absolute value of the differenca of the

Ly
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two numbers. The statement la] - Ibj = |a - b | is not always
true, 191 - |-6] # 19 - (-6)|. 9]~ |6} =3. 19 - (-6) |
= 15, and 3 # 150

3.5 MULTIPLICATION IN THE SET OF INTEGERS

Multiplication of two positive integers is defined in the
same manner as multiplication of two natural numbers. The
product of a and b, where a and b are any two positive integers,
is found by addin{ a addends each of which is b, just like in
the set of natural numbers. The sum of any number of positive
integers is a positive integer so the product of two positive
integers is a positive integer. Its absolute value is equal
to the product of the absolute values of the two numbers being
multiplied, The product of any integer and zerc is therefore
Zero.

There are several ways of presenting the concept of multi-
plication of two integers, one of which is positive and one
negative. Such a multinlication may be defined in terms of
addition. If +a represents a pesitive integer and -b represents
a negative integer, the product (+a)(-b) may be determined by
adding a addends each of which is -b, Tha product (E)(-k) Eay
be found by performing the addition (-4) + (-4) + (=4) + (-k) +
(-4); the answer is -20. The integers have all the properties
that the natural numbers have including the commutative property
under multiplication. The prodact -3)(2) is equal to the
product (2)(-3). Regardless of whether the negative integer
comes first or second, the product may be found by performing
the sppropriate additlon of equal negative addends. The sum of
any number of negative integers is a negative integer. There-
fore, the product of any two integers, one negative and ona
positive, is a negative integer. The absolute value of the
product Is equal to the product of the absolute valies of the
integers being multiplied,

Another method of {rosanting the concept of multiplication
of two integers with unlike signs is by making use of the
distributive prinfiple. %Fero are two ways o% performing the
multiplication § (4 + (-4)]. One way is to first perform the
addition within the brackets and then perform the multiplication.
5 &+ + (-4)) = (5)(0) = 05 therefore 5 L4 + (-4)] = 0. A
second way of purforming the indicated oporations is to apply
the distributive Erincipl .

) bt (53 = ¢
+ - b
20 + (5)(-4) = 0

The only number that when added to 20 will result in the sum
zero, is -20; therafore, {5)(-l4) must equal -20.

The product of any positive integer (4a) and any negative
intsger (~b) may be found in this way.
(+a) [(+b) + (-b)] = O
(+a) (+b) + (+a§(-b =0
+ab + (+a)(-b) = O
Thus, the sdditive inverse of +ab is (+a)(-b). But the addi-
tive inverse of +ab is -ab. Thérefore, (+a)(~b) must equel -ab.
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The product is negative and its absclute value 1is equal to the
product of the absolute values of the numbers being multiplied.

A third method of demonstrating the product of two
integers with unlike signs is by the use of a number pattern,
To demonstrate the product (3)(-2) the following may be used.

(3)(3) =9
(3)(3) =6
(3)(1) = 3
(3)(0) =10

(3)(-1) =]

(3)(=2) = A

The pattern of the product is pointed out to the pupils. They
can recognize this pattern and see that if the pattern is to
continue, the product of (3)(-1) must be -3 and the product of
(3)(~2) must be -6, They can be shown in this way that the
product of two integers with unlike signs must be negative.
This number pattern method may slso be used to show that the
;roduct of two negative integers must be a positive integer.
or example,

(-3)(3) = -9
P 3
(-3)(0) =0
(-3)(-1) =
(-3)(=2) = A

The pupils can be led to see the pattern of the products and 1if
the pattern of these numbers is to continue, the product of
(=3)(~1) must be +3 and the product of (-3)(-2) must be +6.
They can see that the product of two negative {ntegers must be
a positive integer.

Tho concept of multiplication of two negative integers may f
be presented by making use of the distributive principle. !

-6 + (=5)) =0 i
(-6)(3) !5(-5)(2 ) =0
=30 + (-6)(-5) = 0

Thus, the additive inverse of -30 1is (-6)(-5), But the additive
inverse of =30 is +30. The only number that will result in the
sum zero when added to -30 is +30, Therefore, (-6)(-5) must
sqnal +30. If -a and -b represent any negative integers, then

-afb+ (D)} =0
(-a)(b) + (-a)(~b) =0
-ab + (-a)(-b) = 0

Thus, the additive inverse of -ab is (-a){-b). But the additive |
inverse of -ab is +ab; therefore, (-a)(-b) must equal +ab.

The product of two negative integers is a positive integer |
and its absolute value is equal to the product of the absolute
values of the integers being multiplied. The set of integers
has an identity element under the operation multiplication.

(+a) (+1) = +a
(-a)(+1) = =a
(Q(+1) = 0




The product of any integer a and the integer +1 is the integer
a. The integer +1 i3 the identity element under multiplication.

Very often teachers attempt to select some common every-
day living experience with which the pupil is familiar and use
this experience as an example of multiplication by a negative
integer. There are very few if any, common every-day experi-
ences which are actual exanpies of multiplication by a negative
integer. Such multiplication is a mathematical operation and
1t is probably best to discuss it in terms of pure mathematics
rather than attempt to relate it to some common experience when
suck an experience actually does not involve multiplication
by a negative integer. This will lessen the risk of confusing
the pupil about this operation. The product of the absolute
values of any two integers is equal to the absolute value of
the product of the two integers. If +a and +b represent
positive integers and -a and -b represent negative integers,

then
f+al « 1+b ] = J(+s) (+D)]
j+al o 1=b ) = [(+a)(-b)I
j=al o« I+b 1= 1(-a)(+b)|
{-a) ¢ |=bj= [(-a)(-b)|

3.6 DIVISION IN THE SET OF INTEGERS

Division in ths set of integers is defined as the inverse
operation of multiplication. Foér all allowable re lacements
the division a + b = ¢ has the same solution set {(a,, b, ¢ )y
cesees] as the corresponding multiplication cb = a, and the
multiplication de = £ has the same solution set as the cor-
responding division f + e = d, division by zero being excluded. ‘
The division -14 + =7 = may be solved bx first writing the
corresponding multiplication ([CJ)(~7) = -1k and determining what
integer multiplied by -7 results in the product -14; the answer
is +2., After the pupils have mastered this concept of division,
they can then be led to discover the common short cuts in
performing division.

e

If the quotient of two positive integers is an integer, it
is a positive integer. If +a and +b reyrasent positive lntegers
and -a and -b represent negative integers, the corresponding
multiplication for the division +a + +b =[] is ([J)(+b) = +a.
The symbol must be a placeholder for a positive integer
becauss if{ it were replaced by a negative integer, the product
would be negative and if it were replaced by zero, the product
would be zero. The product is neither negative nor zero, sc
C] must be a placeholder for a positive integer.

If the division is possible, the corresponding multi-
plication for the division +a + -b = [ is (D (-b) = +a, If

ware to represent a positive integer, the product would be
negative, If were to represent zero, the product would be
zero. If represents a negative integer, the product is
positive. The product is positive so [] must represent a
negative integer, if the division 1is possible. In this same
way it can be demonstrated that the quotient -a + +b must be a

W7
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negative integer, if the division is possible. Therefore
the quotient of éwo integers, one of which is positive and one
nogativei is a negative integer, if the division is possible

®

in the field of integers.

If the division is possible, the quotient of two negative
integers is a positive integer. The corresponding multiplica-
tion for the division -a + -b = [J is CJ)(-b) = -a. The
number which replaces [C] cannot be negativa because if it were,
the product weuld be positive. It cannot be zero because the
product would then be zero. It can be positive because the
product of a positive integer and a negative integer i1s a nega-
tive integer. Therefore, the quotient of two negative integers
{s a positive integer, 1f the divizion is possible in the field

of integers.

If the dividend is zero, the quotient is zero., O + a = (|
where a is any integer except zero. The corresponding multi-
plication is (C))(a) = O. Since a is not zero, the number
which replaces must b2 zero in order for their product to be
zero. Therefore, the quoti nt of O + a must be zero.

foll The rules for division of integers may be summarized as

ollows:

(1) The quctient of two integers with like signs is a positive
1n§eger, if the division can be performed in the field of
: tegers,

(2) Tue quotient of two integers with unlike signs 1s a nega-
tive integer, if the division can be performed in the
field of integers.

(3) The quotient, which results when zero is divided by any
integ..> other than zero, is zero.

() Divisicn by zero is undefined ard not permitted.

(5) The absolute value of the quotisat is equal tc the

:o:ient of the absolute values of ths dividend and
vV1i8sor.

If the quotient of tho abstlute values ~f twd integers is
an integer, it is squal to the absolute value of the quotient
of the two integers.

I+a)l + 1+b)= [+a + +bl

I+ay + |=bi1= i+a + =bl|

{-a| + |+b= |-a + +D|

I-al + |-bi= )~-a + -b|
Here +z and +b represent any positive integers and -a and -b
repressnt any negative integers such that the indicated
quotients are also integers.

3.7 THE FROPERTIES OF THE SET OF INTEGERS

The set of integers has all the properties of the set of
natursl numbers plus some properties in addition to those of
the natural numbers. The set of integers has the froporty of
elosure undey subtraction. Subtraction may be defined in tarms
of counting, and counting may be carried out indefinitely in
either the positive or the negative direction. There is no
limitation on counting in the set of integers sc subtraction

48
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will have closure in this set of numbers. The set of integars
does not have the property of closure under division. There is
no quotient in the set of integers for the division -7 + -5.
There is no integer y such that (yi(-5) = -7. The sat of
integers has the property of having an additive inverse for
every element in the set. For every integer a thare exists an
integer -a such that a + (~a) = O. If a is positive, -a is
negative., If a is negative, -a is positive. If a is zero, -a
is zero. Tre symbol -s is the symbol for the inverse of the
integer a. JThe symbol ~-a may represent a positive integer, a
negative integer, or zero, This sometimes causes confusion

on the part of the puplls. They often tend to consider ~a as
representing only a negative integer. The symbol -a should not
be read "negative aj" it should be read "the inverse of a."
This will lessen the chance for confusion about this symbol.

The set of integers has an additive identity element, \‘he
integer zero. The sum of zero and any integer a is the integer
a. Thus a + O = a.

The set of integers has three properties not found in the
set of natural numbers.

(1) Closure undexr aubtraction
(2) The oxistence of the identity element under addition

(3) The existence of an inverse element for ¢very element
under addition

Teacher Notes
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UNIT 3: THE SET OF INTEGERS

PART 2. QUESTICNS AND ACTIVITIES FOR CLASSROOM USE

3.1 INTRODUCTION

The questions and activities in this unit have been
selected té permit coverage of the essential concepts of the
properties of the set of natural numbers, the set of integers,
and the operations in these sets of numbers in the length of
time suggested in the course outline. This means that the
concepts must be presented with an efficlent use of class time.
If additional questions and activities are needed or if the
teacher desires a slower, more systematic presentation of any
of the concepts 1t 1s suggested that pertinent material from

Mathemgtips 8X be used.

3.2 THE SET OF NATURAL NUMBERS

Concept: Use of the natural numbers.
(1) For what purpose was the natural numbers
developed?

Ansver: The natural numbers were developed for
counting and indicatipng quantities.

4 Concept: The properties of natural numbers.
(2) Angwer the folloving guestions.

(a) 1Is there a least natural number?
E (b) 1Is there a greatest natural number?

Apswers: &
za; Yes, the least natural number 1s 1. !
(b) No, there is no greatest natural number. ,

(3) Hovw may the sum of any iwo natural numbers such
as % and 7 be obtaiped?

Answer: The sum of the two natural numbers 5 and 7
may be obtalned by counting 7 consecutive numbers
from 5 in the directien of the larger numbers. The
sum would be 12,

(&) W £ 1
v _hgﬁpm‘gsﬂj%i%iméﬂs_mm

Answer: Under addition, the set of natural numbers
has the closure property, the commutative property,
and the associative property.

(5) !hg%,i; meant by the closure proverty upder
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Answer: The closure properiy for addition in the set
of natural numbers, means that the sum of any two
elements in the set of natural numbers is an element
in the set. The sum of any two natural numbers is a ‘ ;
natural number.,

(6) What 1s meant bv che commutative propertv upder
addition in the set of natural numbers?

Afgwer: The sum of any two natural numbers is the
same regardless of the order in which the addition is

performed.
(7) What is meant by the assoclative property under
addition in the set of natural numbers?

Answer: The sum of any three natural numbers is the
same regardless of whéther the sum of the last two
numbers is added to the first or whether the sum

of the first two 1s added to the last.

(8) How mgy the product of any iwo patural numbersg
such as 3 and 5 be obtalned?

Apsvwer: The product of 3 times 5 is obtained by
adding three 5's. 3x 5§ =§+ 5 + § = 15,

W £ t
(9 hm_hg& r ég_ggﬁs_gtaﬂm.lnmb.eu

Apnswer: The natural numbers have the closure property,
the commutative property, and the associative property
under multiplication. Aiso, the set has the identity
element, 1, under multiplication.

(10) . mumgammﬂmmmm_mm
multiplication

Answer: For every element a in the set of natural
numbers, a ¢ 1 = a,

(11) Describe the concept of subtraction in the set
of natural numbers.

Apngwer: Subtraction is the inverse of addition.
Where a, b, and ¢ are natural numbers, a - b = ¢, if
and only if, c + b = g,

R (12) ! &w%mmﬁz_aﬁm_m_mmmm

Answer: 16 - 4 =[] has the same solution set as
O+ 4 =16,
The problem is solved by determining what number

must be added to 4 to result in a sum of 16; the
answer is 12,

o T e TR T e TR T e T T TR T T T e e T TR T TR TR T TR T e e e e TR T TR e TR TR T T e
L]

51

B




(13)

(1k)

(15)

(16)

(17)

(18)

(19)

(20)

(21)

Does the gubtraction problem Z - 9 =[] have
a solution in the set of natural pumbers?

Angwer: No, this subtraction problem has no solution
in the set of natural numbers. 7 = 9 =[] has the
same solution set as [ + 9 = 7. There is no natural
number that can he added to 9 to give a sum 7.

What restriction is there on the operation sub-
trection in the set of natural numbers?

Answer: The minuend must be greater than the sub-
trahend.,

Doeg the set of natural pumbers have the
property of closure for subtraction?

Answer: No, if the minuend is equal to or less than
the subtrahend, the difference 1s not in the set of
natural numbers.

Is the statement 7 - 3 = 5 - Z true? ;
: No, 7 -95%#5-7. 7 =5 1s equal to the

natural number 2. The difference 5§ - 7 1s not in the
set of natural numbers,

Does the set of patyral numbers have the
commutative property uynder subtraction?

Angwer: No
Is the statement 8 -(5 - 2) = (8 - 2)~ 2 true?
¢ No. 8'( '2)=8' =5
foswers Moo Bgr 1553 270y %,
therefore, 8 - (5 - 2) # (B - 95) -2
Does the set of pstural numberg have the
agsociative propertv under subtraction? )
Apgwer: No

What is the concept of division in the set of
natural numbers?

Answer: Division is the inverse operation of multi-
plication.

@m&hﬁmms’ldv on be gpplled to
calculating the guotient of 18 + & = 7

Answer: 18 + 6 =[] has the same solution set as

(C3)(6) = 18, The problem is to determine what
number multiplied by 6 gives a product of 18; the
answer 1s 3.
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(22)

(23)

(24)

(25)

(26)

(27)

(28)

(29)

(30)

IRt R T T

Does the division probleg 3 + 2 = [J have an
answer in the set of natural numbers?

Answer: No, this does not have an answer in the set
of natural numbers. 3 + 5 = 3 has the same solution
set as () (5) = 3. There is no natural number

that will produce a product of 3 when multiplied by

What restriction is there on ithe operation
v in the set of patural numbers?

Answer: Division in the set of natural numbers 1s
gestriﬁted to dividends that are multiples of the
ivisor.

Does the set of natural numbers have the
property of closure under division?

Answer: No, if the dividend is not a multiple of the
div%sor the quotient is not in the set of natural
numbers.,

Is the statement 12 + 4 = 4 + 12 irye?

Apswer: No. 12 + 4 = 3, The quotient 4 + 12 1s not
in the set of natural numbers; therefore,
12 + 4 # 4+ 12,

Does the get of patural pumbers have the
ve property under divigsion?

Answer: No
I3 the statement 48 + (12 + 1) = (48 + 12) + 4
true?
Apgwer:
No
1+8+(12+l+)fl+8+3_= 16

(48 + 12) + 4% = 4 + 4 = 1;
therefore, 48 + (12 + k) # (48 + 12) + k4,

Does the set of natural numbers have the
ve property uynder division?

Angwep: No

What propertv of the pmatural numbers involves
both multiplication and addition and both multiplica-
tilon and subtrastion?

Angwer: The distributive property. Multiplication
is distributive over addition and multiplication 1s
distributive over subtraction.

Summarize the properties of the natural pumbers.
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Angwer:
TT§ Glosure property under addition and multiplica-

tion
(2) Commutative property under addition and multi-

lication
(3) gssociative property under addition and multi-
plication
(4) Property that multiplication is distributive
over addition and subtraction
(5) Existence of an identity element under multi-

plication
(31) M&% property of which gach of the following
ds an .
(a) 3°(45) = (3:4)°5
(b) 5+9 =9+
(e) 1l°1 =11
(d) L+ (8+17) = (L+ 8) + 17
(e) 817 = 178
(£) 6(4% + 3) = 6k + 6°3
(g) 7(% = 2) = 7k = 7°2
wers:

%ﬂ? Associative property under multiplication
(b) Commutative property under addition
(¢) Identity element under multiplication
(d) Associative property under sddition
(e) Commutative property under multiplication
(f) Distributive property
(g) Distributive property

3,3 ADDITION IN THE SET OF INTEGERS

Concept

(1) Banmsnt&lm:ﬁniinﬂmhx&hsmaﬁn
mmbﬂzlmgnmmhmnllxmmhmmw

the integers. How does counting in the set of

,mwgmmmmmmgznmm

Counting in the intégers.

al-e

Answer:

( I A 1 1 A 4 1 1 I

g =3 -2 =1l 0 +1 +2 43 +4

Counting in the set of natural numbers can be per-
formed indefinitely in the direction of greater
numbers, but can be performed only as far as the
number 1 in the direction of smaller numbers. In the
set of integers, counting may be performed indefi~
nitely in either the direction of greater numbers

or the direction of smaller numbers.,
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Concept: Order in the set of integers.
(2) Given apy two integers, how can the greater
nugber be determined? ’
Angwer: When the integers are represented as shown
on the previous page with the positive integers to
the right of zero and the negative integers to the
left of zero, any integer 1s greater than any other
integer %o its left, |
(3) {g €ach of the followine, indicate which in the
‘Eﬂfa . 0, 3'29 gmmfbm-lz; +1 (e) -5, +5
Angwers:
(a) 0> -6 (b) +1 > -13 (c) +5 ) -5
Concept: Absolute value of an integer.

(%)

(6)

(7)

wer the following guestiorns.

(a) When the integers are represented on a number
line, how many units from zero is the integer
(b) How many units from zero 1s the integer +6% ;

Answ. H
(ag ghe integer -6 is six units from zero.
(b) The integer +6 is six units from zero.

of +6 o
of -6 oM

The symbol | +6| 1s read "the absolute value
The symbol | -6| 18 read "the absolute value

By observing the W wWhat would you think
u&zlzamaxnuﬁ% alua
6l = 6
i
|+171 = lz
)2k = 2
10] =0

Apswer: It appears that the absolute value of an
integer is the number of units from zero the integer
is on a number line.

Would it e possible for an integer o have a
negatjve abtsolute valye? Why? |

¢ No, the distance of an integer from the
integer zero can be a positive number of units or
zero units, The integer may be located in the nega-
tive direction from zero but its distance from zero
cannot be a negativs number of units.

For esch of the indicate whether the
atatement Lo tase oy folaarks
(a) |[-16] > 15 m -1 < |1}
(b) o] > =1 d) %+ 7] # |4 + =71
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Concept: Addition of two positive integers.

(8)

(9)

(10)

(11)

Answers:
(a) True (b) True (¢) True (d) False

Ihe lntegers closely regemble what set
of numbers studjed previously?

Angwer: The set of natural numbers f

The operations with two positive integers are Y
1degt1cal to the same operations with the natural :
numbers,

Degeribe how the addition (+5)+(+Z) gould be
performed,

Angwer: The addition (+5)+(+7) could be performed
by counting seven numbers from +5 in the direction
of greater numbers; the sum would be +12,

Would the su two positive intepers always
b_e.ammé_égigﬁz%zt? Wpy?

Angwer: The sum of two positive integers 1is always
a pocitive integer., To add two positive integers,
counting begins at a positive integer and is carried
out in the positive direction. The sum, therefore,
must be a positive integer.

Describe the absolute valye of the sum of two
positive intepers in terms of the absolute values of
the integers.

Answer: The absolute value of the sum of two positive
integers is the sum of their absolute values.

Concept: Addition of two integers with opposite signs.,

(12)

(13)

(14)

AL the sum of (+2) + (+2) ia found by
soven ve integers
s il ity g% e A
Ansyer: The sum (+5) + (~7) could be found by

counting seven consecutive integers from +5 in the
negative divection,

v thgons S3°3E5S fofyed of additlon, vhat would
Answer: -2

Ang!gfz Closure, commutative property, and
associative property
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(15)

(16)

(17)

(18)

(19)

B
conld on e a8 O S R e ternineny ey ho

Apswer: (-9) + (+6) is equal to the same sum as
(+§5 + (~9)., The sum may be found by counting 9
cgnsecutive integers from +6 in the negative airec-
tion.

Find the sum of each of the following.
(a) (+17) + (-16) (¢7 (-642) + (+600)
(b) (-21) + (+10)
Angwers:
(a) +1 (b) -11 (¢) 42

Examine the three examples below.
(+17) + (-16) = +1
(-21) + (+10) = -11
(-642) + (+600) = -U2
ow doesg the abgglute value of the angwer
n f'%&g the gbsolute value of the integers being
added

¢ The absolute value of the sum is equal to the
difference of the absolute values of the integers
being added.

When adding two integers with opposite signg
how can you tell whether the answer will be ngziiixg
Or neeggtive?

¢ The answer will have the same sign as that
addend that has the greater absolute value,

The positive integers have all the properties of the
natural numbers and are often written without the
"+t sign., For example, +5 is often written simply
as 5. This simpler notation is used throughout most
of this unit,

Find the sym of
(a) (-1449) + (16L44)
(b) (-8765) + (9341)

ch, of the following.
(e) (7733) + (~8389)

:
(a) 195 (b) 576 (c) -656

Concept: Addition of two negative integers.

Answer the following avestjions.

(a) How is the sum of 3 + (-6) found?

(b) How do you think the sum of (=3) + (=6) could
be found?

(¢) What would be the sum (~3) + (-6)?

s
(a) The sum of 3 + (~6) is found by counting six
ggnae%utive integers in a negative direction
om 3.
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six consecutive integers from -3 in the nega~-
(@) tive direction.
c

-9
| (21) . Figd the sun of each of the foNauiRl; .,

a
(b) (-16) + (-24)

Angwerg:
| (a) -9 (b) -ko (e) =3006

(22) Examine the following three examples.
| (-8) + (=1) = =9

;; (-16) + (-24) = -ko

; (-1423) + (-1583) = =3006

| ‘ Now
| angwer the questions.
i ‘ (a) W%En adding two negative integers, how does the
absolute value of the answer compare with the
absolute values of the integers being added?
(b) When adding two negative integers, how can you
;:ll?whether the sum will be positive or nega-
ve

(b) The sum (-3) + (=6) could be found by counting

A H
(a) The absolute value of the answer will be equal
to the sum of the absolute values of the integers
being added,
| (b) The answer will always be negative because the
counting begins at a negative integer and is
carried out in a negative direction.

(a) Describe briefly how aggition is performed by

‘ counting in the set of integers.
3 (b) Describe briefly how the sum of any two integers
| with like signs can be determined without using
f the counting process,
(¢) Describe briefly how the sum of any two integers
with opposite signs can be determined without
using the counting process.

%ngwgﬁgz

: a hen adding a positive integer to any integer a,

| counting is carried out in the pogitive direction

| from a. When adding a negative integer to any

; integer a, counting is carried out in the nega-

' tive direction from a. The counting is carried
out a number of consecutive integers equal to
the absolute value of the second given integer,

(b) The absolute value sum of two integers with like
signs is equal to the sum of the absolute values
of the integers being added., The sum of two
positive integers is positive. The sum of two
negative integers 1is negative.

(¢) The absolute value of the sum will equal the
difference of the absolute values of the integers

58




being added. The angwer will have the samé sign
aslthat addend that has the greater absolute
value.

Concept: Additive identity element.

(24)

Does there exist an integer L such that tne sum
of any integer g and b is 3% That is, for every
integer 2, 2 + b = 27

r: Yes, the integer zero. Zero is the additive
jdent ity element.

Concept: Additive inverse or opposite.
(25) Answer the following guestions.

(26)

(27)

(28)

(a) How many units from zero is the integer 13 on
the number line?

(b) In counting from 13 to zero, in what direction

is the counting performed?

Counting 13 units from 13 in the negative direct-

tion is the same as ad¢ing what integer to 132

What is the sum of 13 + (-13)?

In what direction and for how many units must

counting be performed to count from -17 to zero?

This is the same as addiag what number to -19?

Therefore, what is the zum of ~17 and 177

~~
Q
~

| o
[N R

i

3 units

The negative direction

It is the same as adding ~13 to 13.
13 + (=13) = O,

17 units in the positive direction
This 4s the same as adding 17 to ~17.
-1.7'.'1-7:00

For every ipteger x iz fhere an integer ¥ such
that the sum X + ¥ i3 zero? Explain.
: Yes, If x is any given integer and y has

the same absolute value as X but opposite sign, the
sum x + y is equal to zero.

PN~
mroe 0ok
PRI

Ifx+y=0,¥is called the additive dnverse
or opposite of X. Indicate ihe oppoaite of each of
the followirg.

(a) 16 (b) =9 (ec) O
AI( .L)m:u_zalé (b) 9 (e) ©
Answer thg following guestlons.

(a) 1If the replacement set of the variable x 1s the
set of integers and the symbol -x represents the
opposite of x, what integer does X represent
when x is the placeholder for the number -3?
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3.4+ SUBTRACTION IN THE SET OF INTEGERS
Concept: Definition of subtraction.

(1)

(2)

(3)

)

{b) Does the symbol -x always represent a negative
number?

(c) The integer -3 is read "negative three." Should
the symbol -x bhe read "negative x"

Answers:

(a) If x = -3, then -x must be the opposite of -3,
or 3; therefore, -x = -(-3) = 3.

(b) No, -x represents a positive integer when x is
the placeholder for a negative integer.

(¢) No, -x may be positive. -x should be read
nopposite of x" or "inverse of x."

What is the concept of subtraction as used ln
set of patuyral numbers?

Angwer: Subtraction 1s the inverse of addition. If
, then ¢ - b = a. Also, if a = b = ¢, then

Applvine this soncept of Yo the set
umw,m@mmmm%.) -3

Answer: If (-6) - 3 =, then [J + 3v= -6,
The problem is to determine what number added to 3
would give a sum of -6; the answer is -9.

Applying the concept that subtraction is the
inverse operation of addition, for each of the
following write a corresponding equatjon jnvolving
addition and indicate the answer Lo the subtraction

problem.
(a) -3-8=33 () -89 - (-89) =D
(b) 3-(-8) = (e) =100 - 194 =
(e) -9-(-6) =[]
Answers:
(a) [J +8=-3 0 = -1i
by g +(8) =3 0O =11
(e) O3 + (-6) = =9 0o = -3
@ 3 + (-89) = -89 0O =0
() [J + 9% = -100 3 = -29%
Each of the following is a subtraction problem

and a corresponding addition problem., Obgserve that

the second term in the addition problep is the additjve
or opposite of the subtrahend in the corresg-

ponding subtraction problem. Find the answer to each

problem and compare the fwo gnswers in egch palr of

/,!
) |
|
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(5)

(6)

-3 + (-6) =3

(v 5-9=013 5+ (-9) =133
(¢) 6 -4 =] 6+ (=4) = 3
(a) +8 - (-7) = -8 +7=01
(e) -10 - (-17) =3

-10 + 17 = [

(e) =10 - (-17) =1 -10 + 17 =
0 o+ (-17) = -10 0] =7
a =7

In each of the pairs of examples the two answers are
the same,

The previous examples indicate that the subtraction
X - y may be performed by carrying out a corres-
ponding addition.

What addition corresponds to the subtractjon
X - ¥?
Answer: x + (-y)

Solve each of the following subtractiong by
carrying out the corresponding addjtjon.
(a) (-18) - 9 (c) U4 - (-50)
(b) (-35) - (-26) (d) 8l - k2

Answvers:

(a) ~18 + (-9) = ~27 (c) U4 + 50 = 9k

(b) =35 + 26 = =9 (8) 8l + (=42) = 39
Concept: Closure under subtraction.
(7) Does every integer have an opposite? For every

integer x is there a -x?%

Yes, for every integer x there is an integer

Answer:
Every integer has an

-x such that x + (-x) = O,
opposite.
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(8) If every subtraction x - y in the lntegers may
be performed by carrving out the corresponding addji-
tion x + (-y), does the set of integers have closure
under subtraction?

Answer: Yes, the set of 1lntegers has closure under
subtraction.

(9) Answer the follow .
(a) Is the E%Etement _3)3%&%%&%3& (=4) - (-3) a

true statement?
(b) Does the set of integers have the commutative
property under subtraction?
(¢) I1s the statement {-3) - L4 - (-25] = 1
(=3) = 4] - (-2) true?
(d) Does the set of integers have the assoclative ,
property under subtraction? Q

Apgwers:
(a) No, (-a) - (=) = (=3) + 4 =1
(-B) = (=3) = b+ 3 = -1
Therefore, (=3) - (=l4) # (<4) = (=3)
(b) No
(¢) No. (-3) - [4-(2] =-3-[u+2]=-3-6 i
= -3 + (=6) = -9But [~ 4] - (=2) = [-3 + (W]

- (=2) = =7 = (=2) =<7 + 2 = -
Therefore, (=3) - L4 - (-2)] # [(-3) - 4} - {-2)
(d) No

3.5 MULTIPLICATION IN THE SET OF INTEGERS
Concept: Multiplication of two integers by addition.

(1) In the set of patural pumbers, mul
was defined in terms of what other operation?
Answer: Addition

(2) Applying the concept of multiplication ag belng
a form of addition, describe how to find the products
of the followine. -

(a) (3)(6) (b) (3)(-6)

Answers:
(a) The grodgct (3)(6) 1s found by determining the
+

sum + 63 the answer is 18,
(b) The product (3)(-6) is found by determining the
sum (-6) + (-6) + (-6); the answer is -18.

(3) The set of integers has all the properties that the
set of natural numbers has, including the commutative

property under multiplication.
How could this princ be aspplied to solving
?

the multiplication (-6

Angver: Because the set of integers has the commuta-
tive property under multiplication, (-6)(5) = (5)(-6).
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This product can then be found by determining the sum
(-6) + (-6) + (-6) + (~6) + (-6); the answer 1s -30.

Apgwer the following gyestions.

(a) The product of two positive integers will always
be what type of integer? Why?

(b) The product of a positive integer and a negative
integer is always what type of integer? why?

Answersg:

(a) The product of two positive integers will always
be a positive integer because the product is
found by adding a number of positive integers.
The sum of any number of positive integers is a
positive integer.

(b) The product will be a negative integer because
the product is found by adding a number of nega-
tive integers. The sum of any number of neg=ative
integers is a negative integer.,

Concept: Multiplication of two negative integers.
(%) Find the product of each of the following.
(a) (-3)(4) (d) (=3)(1)
(b) (-3)(3) (e) (-3)(0)
(e) (-3)(2)

(6)

(7)

the left continues for the three products at the
-3)(W) = -12 (-3)¢-1) =[]
(-3)(3) = -9 -3)(-2) = A
(-3)(2) = -6 (-3)(-3) =3
(-3)(1) = -3
(-3)(0) = 0

Angvers

O OV

Answer the followine gyestiong.

(a) To what is the product (-3)(0) equal?

(b) Is 0= (-3) + 3%

(c) In the equation (-3)(0) = O, substitute (-3) + 3
for the first zero.

(d) Every property of the natural numbers 1s also a
property of the integers. What property could
be applied to the above multiplication?

(e) Apply the distributive property to the left side
of the equation (-3)f{(-3) + 3] =0

(f) To what is (-3)(3) equal?
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(8)

(9)

(10)

(g) Substitute -9 for (-3)(3) in the equation
L(-3)(-3)] + [(-3)(3)) = o.

(h) What is the only number that, when added to -9,
gives a sum of zero?

(1) Therefore, (-3)(-3) must be equal to what

number?
(J) The vroduct of two negative integers will always

be what type of integer?

Answers:
Za§ (-3)(0) = 0

(b) Yes

(e) («3)[(-3) +3] =0

(d) The distributive property
(e) (-3)L(-3) +3]=0

) [(53)(-3)] + (-3 =0
(g) (-3)(-3) +(-9) =0

(h) 9

(1) (-3)(-3) =9

(J) The product will always be a positive integer.

How does the gbsolute value of the product of

lwo integers compare with the absolute values of the
lntegers beipng multipljied?

Answer: The absolute value of the product is equal

to the product of the absolute values of the integers
being multiplied.

of the following what

Indicate in each integer
muﬁ% be used in zgn%ﬂslng the varjsble to mgke the
ente a rue S a g!ng!! .
%37"?5517(-30 = x (d) (-6) (b) = 12

() (-12)(7) =y (e) (A (9) = =27
(c) 2a = =16 () (-1 = 99
Apswers:

(a) x =630 (d) b= =2

(b) y = -84 (e) A = =3

() a=-8 () o= -9

In each of the following, what word must be
inasr&gﬂt%n the blank to make the sentence g true

ia; The product of any two positive integers 1is a
an integer.

(b) The product of any two negative integers is a
(an) integer.

(¢c) The product of any two integers, one positive
and one negative, is a (an) integer,

(d) The product of any integer and zero is .

Angwers:
(a) Positive (e) Negative
(b) Positive (d) Zero
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(11)

(12)

Concept: Identity element under multiplication.

Answer the following guestions.

(a) What was the identity element under multiplica-
tion in the set of natural numbers?

(b) What integer is the identity element under multi-

plication?

s-; Thé natural number 1

(b) The integer +1

Answer the foilowing guestions.

(a) What is meant by additive inverse?

(b) What would be meant by multiplicative inverse?

(c) Does there exist an integer u such that the

roduct of -3 and u is the identity +1°?

(a) oes the set of integers have the property of an
inverse element for every element under multi-
plication?

Ansvers:

(a) If for every element a there exists an element b
stich that their sum is the additive 4identity,
then b is the additive inverse of a.

(b) If for every element a there exists an element b
such that their product is the multiplicative
1gent1ty, then b is the multiplicative inverse
of a,

(¢) No, there is no integer u such that -3u = 1.

(d) No

3,6 DIVISION IN THE SET UF IRTEGERS
Concept: Definition of division.

(1)

(2)

Concept

(3)

.

Division in the set of integers is defined the same
as in the set of natural numbers.

MMW’M.
a+b=c if and only 1if R

Answer: a + b= c, if andonly if bc = a,.

What restrictions are placed on the replacement
the variables in the division a + b = ¢ in the

ast for
set of integers?

¢ The replacement set for the variable b does
not contain the element zero. Division by zero is
undefined and not permitted. The replacement set for
the variable a includes only multiples of b.

Division involving two positive integers.

e

Complete the IQlLQ!in% g§s:s%§g§.
(a) Rewrite the equation (+6) + (+1) = X as a cor-

responding equation involving multiplication -
one having the same solution set as the original
equation.
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(b) What integer must be used to replace x to make i
the equation a true statement.

(¢) Rewrite the equation (+a) + (+b) = x as a cor-
responding equation involving multiplication.

(d) If +a and +b represent any positive integers,
what type of integer must be used to replace the
placeholder x if the equation is to be a true
statement?

(e) 1Is the quotient of two positive integers always
a positive integer?

Answers: x

(a; (x)(+3) = +6

(b) x = +2

(c) (x)(+b) = +a

(d) The placeholder x must be replaced by a positive
integer. The placeholder x cannot be replaced
by a negative integer because the product of two
integers, one positive and one negative, is a
negative integer, Also, x cannot be replaced by
zero becasuse the product of zero and any integer
is zero. Therefore, x must be replaced by a
positive integer,

(e) The quotient of two positive integers must be
a positive number for the reason stated in (d).

e T T

Concept: Division of two integers, one positive and one
negative.

(W) Complete the following exercises. |
(a) Rewrite the equation (+18) + (-3) = x as a cor- i
responding equation involving multiplication.
(b) What is the only integer that can be used to
replace x to make the equation a true statement? j
(¢) Rewrite the equation (+a) + (-b) = x as a cor-
responding equation involving multiplication, 1
assuming that a is a multiple of b, i

e e gy gy TR

(d) 1If +a represents a positive integer and -b
represents a negative integer, what type of
integer must x represent?

(e) Rewrite the equation (~-a) + (+b) = y as a cor-
responding equation involving multiplication, W
assuming that a 1s a multiple of b, i

(f) If -a represents a negative integer and +b
represents a positive integer, what type of !
integer must y represent? j

(g) If the quotient of two integers with unlike signs
is an integer, what type of integer is 1t?

|
Answers: |
(x)(~3) = +18

|

(ag

(b) x= -

(e) (x)(=b) = +a

(d) The x must represent a negative integer. If x

were the placeholder for a positive integer, the
product of (x)(-b) would be a negative integer,
If x were replaced by zero, the product would be
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(6)

(a)
(b)
(c)
(d)

zero, The prodvct is a positive integer so X
must be the piaceholder for a negative integer,
(y)(+b) = -a

The y must represent a negative integer. If ¥y
were the placeholder for a positive integer, the
product (y)(+b) would be a positive integer. If
y were replaced by zero, the product would be
zero. The product is a negative integer so y
must be the placeholder for a negative integer.
If the quotient of two integers with unlike signs
is an integer, 1t is a negative integer.

The quotient of two negative integers.

Complete the followinz exerciges.

Rewrite the equation (-18) + (-3) = y as a cor-
responding equation involving multiplication.
What integer must y represent?

Rewrite the equation (-a) + (-b) = x as a cor-
responding equation involving multiplication.
Assuming that a is a multiple of b, what type of
integer must x represent?

If the quotient of two negative integers is an
integer, what type of integer must it be?

(y)(-3) = -18

y = +o

(x)(=b) = -a

The x must represent a positive integer, Ir x
werethe ?laceholder for a negative integer, the
product (x)(-b) would be a positive integer. Ir
x were replaced by zero, the product would be
zero. The product is a negative integer so X
must be the placeholder for a positive integer,
A positive integer

Complete the following ses.

Rewrite the equation O + (-6) = k as a corre-
sponding equation involving multiplication.
What integer must k represent?

Rewrite the equation O + (-a) = k as a corre-
sponding equation involving multiplication.
What integer must k represent?

Rewrite the equation O + (+a) = m as a corre-
sponding equation involving multiplication.
What integer must m represent?

The quotient zero divided by any integer other
than zero must be what integer?

0

k)(-a) = 0
k must represent zero. If k were the laceholder
for a positive integer, the product (k)(-a) would
be a negative integer. If k were the placeholder

~

=

]~

~~
ot

O

~
H]
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for a negative integer, the product would be a
positive integer. The product is neither posi-
tive nor negative so k must be the placeholder

for zero,
(e) (m)(+a) = O
(f) m=0
(g) 2ero
(7) What terp must be inserted in each of the follow-
Hmmmmmnmmw
a) If the quotient of any two positive integers is
an integer, it is a (an) ______ integer,
(b) If the quotient of any two negative integers is
an integer, it is a (an) integer.
(c) If ths quotient of any two integers, one positive
and one negative is an integer, it is a (an)
integer,
(d) The quotient of zero divided by either a positive
integer or a negative integer is the integer
Angwers:
(a) Positive (b) Positive (c) Negative (d) Zero
(8) Indicate what integer must be ased to rsplace the
variablo n sath of the FolIowiie to make it 8 &Tue
Stategent.
(a) (-16) + (-4) = a (e) 3 +6=-36
(b) (-24) + (3) =k (£) 49+ A =17
(e) (144) + (=-12) = m (g) 72+ =9
(@A) A+ (-5 =25 (h) ~102 + x = ~17
Angwers:
(a) a=M4 (e) .3 = -216
(b) x = -8 (£ A=-7
(e¢) m= =12 (g) =8
(d) A= -125 (h) x=6
Concept:: Properties of the integers under division.
(9)

(a) %h?ﬁi% %‘5 quotient in the

set of integers?

(b) Does the set of integers have the property of
closure under division?

(c) I3 the following statement true?
12 + <4 = 4 + ~12

(d) 1Is division commutative?

(o) %s t?o statement -48 + (12 + 4) = (=48 + 12) + 4
rue

(f) 1Is division associative?

Answera:

(a; No, there is no integer x such that 3x = -5,
(b) No
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(¢) No, =12 + =4 =3
_4 +-12 has no quotient in the set of integers
12 + =4 # =4 + =12

(e) No, -48 + (12 + 4) = =48 + 3 = -16
(<48 + 12) + 4 = =k + h = -1
48 + (12 + 4) # (=48 + 12) + 4

(d) No

(f) No

3.7 THE PROPERTIES OF THE SET OF INTEGERS

The set of integers has all the properties of the set
of natural numbers and it also has additional proper-
ties that are not valid in the set of natural numbers.

Below is a list of some possible properties of
numbers.

Closure under addition

Closure under subtraction

Closure under multiplication

Closure under division

Commutative property under addition

Commutative property under subtraction
Commutative property under multiplication
Commutative property under division

Associative property under addition

Associative property under subtraction
Associative propsrty under multiplication
Associative property under division
Multiplication distributive over addition
Multiplication distributive over subtraction
Identity element under addition

Identity element under multiplication

Inverse element for every element under addition
Inverse element for every element under multiplication

the following guestions.

(a) Which of the above properties are valid in the
set of integers?

(b) Which of the above properties are not valid in
the set of integers?

(¢) Which of the above properties are valid in the
set of integers but are not valid in the set of
natural numbers?

Angwerg:
(a) Closure under addition, subtraction, and multi-
plication
Commutative property under addition and multi-
plication
Assoclative property under addition and multi-
plication
Multiplication distributive over addition and
subtraction
Tdentity element under addition and multiplication
Inverse element for every element under addition
(b) Closure under division
Commutative property under subtraction and
division
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Associative property under subtraction and
division ‘
Inverse element for every element under multi-
plication

(¢) Closure undar subtraction
Identity element under addition
Inverse element for every element under addition

Teacher Notes
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UNIT 4: OPEN SENTENCES

PART 1. BACKGROUND MATERIAL FOR TEACHERS

4,1 INTRODUCTION

This experimental course differs from the traditional
courso in several ways. One of the purposes of this course is
to toach the ¥h! of the fundamental princi les of algebra. For
example, the fact that the product (-x)(-y) 1s equal to xy 1is
a simple fundamental algebraic principle whick almost any
algebra pupil can learn without difficulty. Howevor, many
pupilas fail to master the mathematical concept upon which this
principle is based. The pupil may know that the product
(-x)(-y) i3 equal to xy, but when he is reguired to justify his
answer, he may reply "The product of -x ¢nd -y is xy because
the product of two negative numbers is & positive number."
Such an incorrect answer would indicate that the pupil has
failed to master the concept of the meaning of the symbols -X ;
and -y and why their product is xy. The symbol =X represente 1
the acdditive inverse of X. If x is positive, -x 1is negative. 3
If x is negative, -x is positive, If x is zero, ~x is zero.
Therefore, -X may represent a positive number, negative
number, or zero., The same is trus for ~y. Determining the
produc% of -x and -y cannot be based on the assumption that
they represent negative numbers or that xy is a positive number.

The concept that (=x)(-y) = Xy 1s developed from the
principle that -x = (-1)(x).

(-x)(-y) = (-1)(xs(=1 (y)
Nz ERENRE
1(xy)

xy

Pupils can bs taught to solve an algebraiz equation simwply |
by memorizing the mechanical operations involved in deriving f
the solution to such an equatdion. However, if algebra is to be
at all meaningful to the pupil, he should msster the mathemati-
cal concepts upon which the mechanical orerations are based.

HRUH

This experimentesl course also includes the topic of
inequalities and the solution to inequalities. The presentation
of this topic may answer for the teacher (or pupil) the
question of why the topic of sets has bsen given so much
emphasis in the so~called modern mathematics. One of the
»easons for the stress on sets is the fact that the solution
sot of an ineguality is usuall{ the union or intersection of
two sets of numbers. The pupil should have an undeérstanding
of set notation in order to present his solution to an
inequality concisely.

The fundamental concepts of equations and inequalitiez
and their solution are presented in this unit. However,
these topics are also discussed further in later units.
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4,2 EQUATIONS

Equations are classified as identities, conditional
equations, or internally inconsistent equations.

An identity is an equation that is always true regardless
of what element from the replacement set is substituted for
the variable. The solution set and the replacement set are
identical. x + 3 = 3 + x is an identity. It is always true
regardless of what number is substituted for the variable.

A conditional equation is an equation whose truthfulness
depends on which element or elements from the replacement set
are used to replace the variable. y + 2 = 6 is a conditional
equation. When the number 4 is substituted for the variable,
the equation is a true statement. When any number other than
% is substituted for the variable, the equation is a false
statement. The solution set of a conditional equation is a
proper subset of the replacement set. The solution set ¢ ntains
at least one but not all of the elements in the replacement set.
Care should be taken not to say that the solution set of a
conditional equation is a subset of the replacement set. Every
set 1s a subset of itself. A subset of a set may te the set
itself. The solution set of a conditional equation is a proper
subset of the replacaoment set. There must he at least one
element in the replacement set that is not contained in the
solution set.

An internally inconsistent equation is one whose solution
set 1s the null set, n - 3 = n is an internally inconsistent
equation. There is no number that can be substituted for n to
make the equation a true statement.

Equations are classified according to their solution sets.

Identity - the solution set is identical to the replacement set.
Conditional equation - the solution set is a proper subset of
, the replacement set.
Internally inconsistent equation - thg solution set is the null
set,

An identity is always trues an internally inconsistent
equation is always falsej; the truthfulness of a conditional
equation depends on what number is substituted for the variable.
It might seem that there would be little chance of confusing
an identity with an internally inconsistent equation. However,
this sometimes happens. For example, in solving the equation
x+4h=x+6-2, x=x, When pupiis get to the place in the
solution where they have shown x = x, some pupils indicate that
the equation has no solution. Quite to the contrary, the
equation 1s an identity. 1Its solution set is the replacement
set. Giving the pupils adequate experience at recognizing
identities helps prevent such errors.

The question arises as to how one can prove that an equa-
tion is or is not an identity. It is easy enough tc prove it is \
not an identity., Just solve the equation to determine the
solution set. Then substitute for the variable in the equation
any element that 1s in the replacement set but not in the
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solution set. Such a substitution will result in a false
statement. This proves the equation is not an identity. Often
it will not be necessary to solve the equation, as it may be
possible to determine a number that will result in a false
statement when substituted for the variable just by inspecting

the equation.

In attempting to prove that an equation is an identily,
pupils sometimes suggest the process of substituting numbers
for the variable. The only way that an equation can be proven
to be an identity by substitution is to substitute every ele-
ment in the replacement set for the variable. It must be
demonstrated that each element in the replacement set results
in a true statement when substituted for the variable. If Just
one element in the replacement set results in a false state-
ment, then the equation is not an identity. This process could
be used only if the replacement set contains a finite number
of elements. And even then, the substitution method 1s not
practical if the number of elements is large. If the replace-
ment set 1s infinite, then the substitution method cannot be

used.

By far the easiest method of proving an equation is an
identity is by showing that the equation 1is an application of
ocne of the axioms, postulates, or definitions of our number
system. Examples are commutative property, assoclative

property, distributive property, definition of equality and
1nequali€y. The equation t + 11 = 11 + t is an identity because

it 1s an application of the commutative property under addition.
The equation k = k is an identity because it 1s an application
of the reflexive property of equations. From this it can be
seen that it 1s necessary for the pupils to be familiar with
the basic properties of equations, including the reflexive,
symmetric, and transitive properties.

The definition of these three properties of equations
are as follows:
Reflexive =~ for any expression a, a = a.
Symmetric - for any expressions a and b, 1f a = b then b = a.
Transitive - for any expressicn a, b, an& ¢, if a = b and
b = c then a = c.

One of the classroom activities given in part 2 of this
unit is to determine whether the relations "#", " L ", and
v ] v ape reflexive, symmetric, and transitive. The relation
n#" 4g not reflexive. For any expression a, a # a 1s never
true. This is a negation of the reflexive property of equa-
tions a = a which is an identity and 1s always true. The
negation of a true statement is always a false statement.

The relation "#" is symmetric. The proof. of this 1is
simple. If a # b, there are only the two possibilities that
either b = a or b # a. The statement b = a must be false
because 1f b = a then a = b. This is contradictory to the
given statement that a # b; therefore, b # a. This method of
1 proof involves showing that there are only two possibilities

and then proving one of these 1is false; therefore, the other
possibility must be true.
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This material gives the tezacher an excellent opportunity
ta bring up the topic of proof and methods of proof for dis-
cussion., The purpose of this is to begin laying the foundati
for the understanding of methods of proof which is so funda-
mental to the work in tenth year mathematics. Many classroom
activities in this and later units involve one or more methods
of proof.

The relation "#" is not transitive, The method of proof
used is proof by counter example. A statement can be proven
not to be true by demonstrating one examgle in which it is
fa;se. If "#" were transitige, then 1; a's b ind g L g then ‘
a # ¢ for any expression a and c; howevey 1 _, 2 an
’ ? ’ *2;43 %#-1%,

yet it is false that 1 4 Ig. Therefore, "#" 1is not transitive.
2

The relation " € " can be shown not to be reflexive or
gymmetric by use of counter examples. The statement 5 € 5 is
false so the relation " " 18 not reflexive. he statement ,
it 4 € 5 then 5§ € 4 is false so the relation " £ " is not 1
symmetric. However, the relation " { " is transitive. A
discussion of the proof of this must be put off until the i
section on inequalities is introduced.

The relation "perpendicular to" is symmetric but not
reflexive or transitive.

An equation can be proved to be an identity if 1t is an
application of, or if an equivalent equation is an application
of, one of the axioms, postulates, or definitions contained in
our number system. An equation can be proved to be an inter-
nally inconsistent equation if it or an equivalent equation is
a statement that is contradictory to any axiom, postulate, or
definition of our number system. X + 3 = x is an internally
inconsistent equation. When -x is added to each side of the
equation, the equivalent equation 3 = O results. This is
contradictory to the fact that the integers are unique. No
two integers are equal to each other; therefore, the statement
X + 3 = x is never true,

An equation can be proved to be a conditional equation by
proving that at least one element in the replacement set is in
the solution set and that at least one element in the replace-
ment set 1s not in the solution set. This may be done by
inspection or by solving the equation to determine the solution
and then choosing an element from the replacement set that 1s
not in the solution set, substituting it for the variable, and
showing it is not in the solution set by showing it results in
a false statement when substituted for the variable.

Attempting to prove that equations are or are not
identities, conditional equations, or internally inconsistent
equations ieads to the problem of solving equations. The
solving of equations is based on the additive property of
equations and on the multiplicative property of equations. The
additive property states that if the same number is added to
both sides of an equation the result is an equivalent equation;
that 1s, the solution set of the new equation is identical to
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the solution set of the given equation. Any number may be
added to both sides of an equation, Adding a negative number
is equivalent to subtracting a positive number. Adding a posi-
tive number is equivalent to subtracting a negative number,

The additive property of equations may be expanded to include
the fact that if any number is subtracted from both sides of an
equation the result is an equivalent equation. Again, the
solution set of the new equation 1is jdentical to the solution
set of the given equality.

Equations may be solved by using either addition or the
equivalent subtraction. For example:

x+ 6 =13 x + 6 =13
x + 6 + (-6) = 13 + (-6) x+6-6=13-6
x =17 x =7
Solution set is {7}. Solution set is ﬂ
Check: 7 + 6 = 13 true Check: 7 + 6 = 13 true

Many teachers prefer having the puplls solve this type of
equation by the use of addition as they find it is simpler.
Subtraction often must be changed to the equivalent addition
before the computation 1is performed.

The multiplicative property of equations 1s a statement
that if both sides of an equation are multiplied by the same
numbor, the result is an equivalent equation; that is, an
equation with the same solution set as the original equation.
For every division there is an equivalent multiplication, To
divide by 3 is equivalent to multiplying by l. The multi-

plicative property therefore includes multiplying or dividing
both sides by the same number, other than zero. The equation
l4y = 28 may be solved by multiplying each side by %t or

dividing each side by 4. In both cases the solution set 1s
{2}. The multiplicative property of equations may be stated
as: for every a, b, and ¢ (c # 0), a = b if and only if

ac be. The "if and only if" phrase means that if a = b then
ac = bc and if ac = be (c # 0) then a = b.

The additive property of equations may be stated as: for
every a, b, and C, a=">oif and only 1f a + ¢ = b + c,
The "if and only iI" phrase means that if a = b, then
a+c=b+cand if a +Cc = b + ¢, then a = b,

The additive property also applies to adding or subtracting
the same multiple of the same variable from each side of the
equation, Usually this 1s the same as the variable which is
already in the equation. In e uations such as 3x = 2x + 9,

-2x may be added to each side (or 2x subtracted) so that all
variables are on the same side of the equation and then the two
like terms are combined into a single term.

Ix=2x + 9 check
3x + (-2x) = 2x + 9 + (-2x) 3.9 = 2:9 + 9
X = gx + (-2x) + 9 27 =18 + 9 true
x:
Solution setis {9}.
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The multiplicative property for equations does not always
apply to multiplying both sides of an equation by a variable. :
Sometimes this will result in an equation whose solution set i
different from the solution set of the original equation. 1In ?
multiplying each side of the equation x = 1 by x, the new |

equation is 12 = x, The solution set of the¢ original equation
1s {1}. The solution set of the second equation is {0, 1}.

Thus the equations x = 1 and x2 = x are not eguivalent equation%
This is discussed later in the unit on quadratic equations. }
However, both sides of an equation may be multiplied by a vari-!
able as long as the solution set is not changed. One example !
of the type of equation in which this is true 1s that in which
the variable is in the denominator of a fraction.

h = -2 check
X _4 = -2 true
x (}g = x (-2) -2
x |
4k = -2x |
2 =X

Solution set is {-2}.

In this case both sides of the equation may be multiplied
by the varlable because the solution set of the resulting
equation is the same as the solution set of the original
equation,

When solving equations such as 3m + 4 = m + 7 which
involves use of both the additive property and the multiplica-
tive property of equations, it i1s usually advisable to first
apply the sdditive property and then apply the multiplicative
property. This usually makes computation simpler because ;
fewer fractions are involved.

The use of absolute value can make the solutions of simple
linear equations challenging and interesting and affords an
opportunity to give the pupll experience with identities and
internally inconsistent equations,

The equation |[::j| = k where k 1s non-negative 1s true
1f ] =k and [ = -k.

If k 1s negative, the solution set of '[::jl = k 1s always
@ , because there is no number whose abso}ute value is nega-
tive. For example, the solution set of |x| = -6 1s @ . This
is an internally inconsistent equation.

e e S e e

If k 1s non-negative, an equation in the form LF::j' =k
may be solved by determining what two equations without
absolute value signs ure equivalent to the given equation, and
hen these equations are solved, For example, the equation
5x + 7| = 22 may be solved in the following manner.
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[sx + 7] = 22
5x + 7 = 22 5x + 7 = =22
SZ = 15 5x = -29
x=3
Solution set is {3}.

x=-?
Solution set is {_ §2 .

The solution set of |5x + 7| = 22 is {3, - %g}.

chec
|5.3 + 71 2 22
j22] = 22 true
+7] 222
|]-29 + 7| = 22
|-22] = 22 true

Care must be taken when solving equations as |2y + 4] =
y - ﬁ, in which there is a variable on each side of the equa-

tion. The left side of the equation can never be negative ir
the equation is to be a true statement. Therefore, the right
side, the expression (y - 4), cannot be negative, so y must be
equai to or greater than 4. Any number less than 4 is not in

the solution set.

Attempting to solve the equation by the usual method leads
to the following.

2y + b=y - 4
2y + W + (-4) + (-y) Yot (-4) + (-4) + (-y)

y—-
Solution set is {-8}.

2y + 4 = -(y - W)
2y + b = -y + &
2y + b+ (<4) + y = -y + b+ (4) +y
3y =0
=0

y—
Solution set is {0}.

At first it might appear that the solution set of the original
equation is {- , 0}, However, substituting each of these num-
bers for the variable in the original equation results in
false statements. Therefore, they are not elements of the
solution set. The reason for this is that they are less than

, and any number less than 4 will make the right side of the
original equation negative. There is no solution, so the
equation |2y + 4| = y = 4 is an internally inconiistent equa-
tion and its solution set is ¢.

Equations containing absolute values should first be
inspected to see if there is any obvious restriction on what
values may be used for the variable., Then any solutions to the
two corresponding equations must be substituted in the original
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equation to determine whether or not they are elements in
the solution set of the original equation.

This section contains the proofs of several of the funda-|
mental theorems of algebra, a subset of which 1s necessary in
the solution of most algebrsic equations. Included among the
theorems are the following:

(1) (=1L)(x) = -x

(2) ax - bx = (a - b)x

(a) (=1)(-x) = x

() Xz x

(5) -(x+y)=-x-y%

(6) -(x-y)=-x+y

(7) -(x+y=-2)==X=-y+2
(8) (-x)(y) = —(xy)

(9) (-x)(-y) = xy

The simple proofs of these theorems afford an excellent
opportunity for the discussion of certain topics in algebra
about which there is often some misunderstanding. One such
topic 1s the meaning of the symbol -x. The symbol -x is read
"the inverse of x." It should not be read "minus x" and 1t
should be not read "negative x." If -x is read "minus x" or
"negative x," it may tend to imply that it represents a nega-
tive number, If x represents a negative number, then -x
represents a positive number. If x represents O, then -x
represents O. The symbol -x is the inverse of x and it may
represent a positive number, a negative number, or zero.
Therefore, it should not be called "negative x" nor "minus x."

The proof of (-1)(x) = -x shows that the inverse of an
algebraic expression is equal to the product of that ex ression
and -1, Therefore, -(6x + 3y - 2z) = (-1)(6x + 3y - 2z). The
inverse of any expression can be found by multiplying that
expression by -1 and then applying the distributive principle.

Subtraction problems can then be solved by adding the

inverse of the subtrahend tgo the minuepd. For example,
6x - (3y + 4z) = 6x + §3(§y + hzér
= 6x + (-1)(3y + 4z)
= 6x + (-3y) + (-kz)
=6x - 3y - bz

The last topic in this section is that of collecting like
terms and combining them under the operation of addition. 1In
an expression such as 6k - lm - 8k - 2m the terms cannot be
rearranged because the expression involves subtraction and
subtraction is not commutative. In order to rearrange the
terms so that like terms are adjacent, the subtractions are
written as the equivalent additions:
6k - 4m - 8k - 2m = 6k + (=km) + (-8k) + (-2m).

Since addition is commutative, the order of the terms may be
rearranged so that like terms are adlacent to one another:
6k + (~m) + (~8k) + (-2m) = 6k + (-8k) + (~bm) + (-2m).
Like terms can then be combined under addition:

6k + (-8k) + (-4m) + (-2m) = -2k + (-6m)
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The addition in the final answer may be written as the equiva-
lent subtraction so that the final answer will contain no

parentheses:
-2k + (-6m) = -2k - 6m,

The topic, equations and methods of solving equations, is
discussed sufficiently in this section to give the pupil the
tools necessary for solving the problems in unit 5 by means of
algebraic equations. However, the topic is explored more
extensively in later units.

4.3 INEQUALITIES

Open sentences are classified as equations and inequali-
ties. Equations are classified as either identities, condi-
tional equations, or internally inconsistent equations accord-
ing to their solution sets. Inequalities are also classified as
to their solution sets. If the solution set of an inequality
{s identical to the replacement set, the inequality is called
an absolute inequality. An absolute inequality is always true,
regardless of what element from the replacement set is sub-
stituted for the variable. The inequality x <+ 3D x is an
absolute inequality. It is always true, No matter what ele-
ment from the replacement set is substituted for the variable,
the inequality will be a true statement.

If the solution set of an inequality is the null set, the
inequality is an internally inconsistent inequality. Xx ( x 1s
never true. No matter what element from the replacement set 1is
substituted for the variable, the inequality will be a false
statement. The solution set of x { x is the null set so X {x
is an internally inconsistent inequality.

If the solution set of an inequality contains at least one,
but not all, of the elements in the replacement set, t2?
inequality is called a conditional inequality. b -24&5 is a
conditional inequality. If any number less than 7 is substi-
tuted for the variable, the inequality is a true statement.

If any number equal to or greater than 7 is substituted for the
variable, the inequality is a false statement. The solution
set is a proper subset of the replacement set.

The discussion of the solution sets of inequalities leads
quite naturally to the topic of the methods of solving an
inequality. Solutions of inequalities are based on the follow-

ing definition of inequality:
x (y if and only if y - x > O

This means that if x is iess than y, then the difference y - X
1s a positive number; and if the difference y - X is a positive

number, then x is less than Y.

Inequalities are solved by applying the additive property
of inequalities and the multiplicative property of inequalities.

The additive property of inequalities is stated as follows:
x {yif and only if x + 2y + 2
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This property is developed in the following manner.
(1) (y+2)-(x+2)=y-x
(2) Ifx{y,theny -x >0
§3§ Ify-x)0, then (y + x) - (x+2) )0
5

If (y +2) = (x+2)» 0, then x+ z {y + z
(5) Ifx{ythenx+z2gy+z

This proves that if x { y, then x + z {y + z. The second part
of the additive property of inequalities is that if
X+ 2{y+ 2z, then x {y. This property is developed in the
following manner.
() (y+2)-(x+z)=y-x
(2) Ifx+ 2z y+ 2z, then (y + z) = (x + 2) > 0O
(3) If (y+2) = (x+2)>0, theny -x5 0
() Ify -x) 0, thenx ¢y
(5) Ifx+ 2z ¢y + 2z, then x {y

The additive property of inequalities may be stated as " if
the same number is added to or subtracted from both sides of an
inequality, the solution set of the resulting inequality is the
szme as the solution set of the original inequality."

Inequalities such as d + 4 { 4 or h - 9> - 8 are solved
irn much the same manner as equations are solved, by using the
additive property. For example,

d + 4% {1 h-9)-8
d+ 4+ (<b) {14 + (=4) h+(-9) +9) -8+9
d €10 h> 1l
{ Solution set is {d]d € 10}. Solution set is {h|h > 1},
Notice that the solution set may be written in set-builder
notation.

The multiplicative property of inequalities is somewhat
more complicated than the additive property. The multiplicative
property of inequalities may be stated as follows.

If 2> 0, x {y 1f and only if xz £ yz.

If 2 {0y, x {y, if and only if Xz ) yz.

If both sides of an inequality are multiplied or divided by the
same positive number, the solution set of the new inequality is
the same as the solution set of the original inequality. If
both sides of an inequality are multiplied or divided by the
same negative number and the inequality sign is reversed, the
solution set of the resulting inequality is the same as the
solution set of the original inequality,

The proofs of all parts of this property are not difficult,
and the teacher may wish to have the pupils learn some of these
proofs. The teacher may even assign one or more of these
proofs as original exercises for the pupils to perform,

10 PROVE: If x {y and z ) O then xz { yz

(1) If x {y theny - x 0

(2) If y-x>0and if z > 0, then (y - x)z > 0
(a) If x 4 y and 2> 0 then yz - xz> 0

(4) If yz - x2 0 then xz { yz

(5) If x <y and z> O then xz { yz
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TQ PROVE: If xz € yz and z2 >0, thenx{y
(1) 1If xz { yz, then yz - x22 O
(2) If yz - xz » O, then (y - X) 2> 0
(3) If(y-x) z2» 0Oand 220, theny =~ x> 0
() If xz€ yzand 2> O, theny - x> 0
(5) Ify -x> 0, then x{y
(6) If xz {yzand z>» O then x{ Yy
TO PROVE: If x { y and z £ O then xz > yz
(1) Ifx¢ytheny-x>»0 |
(2) If z &0 and y - x > O then (y - x) 240
(a) If (y - x) z £0 then yz - x2€ 0O
() If x £y and 2z €0 then yz - xz2 £ 0
(5) If vz - xz £ 0 then -(yz - x2)> 0 i
(6) If =(yz - xz) > O thenxz - yz2>» 0 ‘
(7) If xz - yz» 0 then yz < xz
(8) If yz € xz then xz > yz
(9) If x £y and z £ 0 then xz D y2 |
TO PROVE: If xz ) yz and z { O then x {y
(1) If xz S yz then yz £ xz
(2) If yz {xz then xz - yz > O ,
(a) If xz - yz» O then -(xz - y2) £ 0 ;
() If -(xz - y2) 0 then yz - x2 £ 0 '
(5) If vz - xz2 <0 then (y - x) 2<0
(6) If z €0, and (y ~ x) z {0, then (y - x) > 0
(7) If (y-x)> Othenx<{y |
(8) If xz» yz and 2 O then x{y |
The methods of solving inequalities may be summarized as: |
e If the same number is added to or subtracted from each side ‘
of an inequality, the solution set of the resulting ,
inequality 1s the same as the solution set of the original |
inequality. ‘
e If both sides of an inequality are multiplied or divided
by the same positive number, the solution set of the
resulting inequality 1s the same as the solution s&t of
the original inequality.
e If both sides of an inequality are multiplied or divided
by the same negative number and the inequality sign is
reversed, the solution set of the resulting inequality is
the same as the solution set of the original inequality.
Below are examples of solutions to typical inequalities.
2x - 3¢5 -3x + 4 €8
2x+(-3)+g<5+3, “3x + b+ (<4) £ B+ (-W)
2t N
x — ———
Solution set is {x|x { &j. =3 ? -3
X ) _-5_
Solution set is{xlx > _-__}_»}.
3
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The last topic in this section pertains to the solving of
inequalities that contain absolute value.

The solution set of an inequality of the type
consists of the union of the sets {ala > 8} and fa|a -8%.
The selution set of an inequality of the type Ja] { 8 consists
of the intersection of the sets {aia < 8} and fa|a > -8}.

This set may also be written {al-8 { a {'8}.

al >.8
|(

Teacher Notes
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UNIT 4: OPEN SENTENCES

PART 2. QUESTIONS AND ACTIVITIES FOR CLASSROOM USE

4,1 INTRODUCTION

The questions and activities in this unit are designed as
a gulde to show the teacher how a particular line of questioning
can be used to present the various concepts of equations and
irequalities through the discovery a{proach. However, this does
not mean that these questions and only these questions must be
used to elicit from the pupils the answer indicated. The
teacher may actually have to ask several questions for every
Jne furnished in this unit in order to receive the answer
indicated, but the questions furnished will serve as a guide
for the line of questioning to be used by the teacher, 1In
teaching elementary algebra, the discovery approach has certain
limitations but it will be a method of great value if the
pupils are given a firm foundation in the basic fundamentals
of the symbols used, definitions of terms, and basic properties
of equations. If the pupils have a good mastery of the funda-
mental mathematical concepts of algebra, they can use the dis-
covery approachin a good part of the course, and each new dis-
covery can be a reward with satisfaction.

L

4.2 EQUATIONS
Concept: Classification of equations.

(1) A%memum
(a) What is an equation?
(b) What can you say about the truthfulness of the

equagion X+ 3=x? Is it always true, or never ‘
true i
(c) An equation that is never true is called an ,
internally inconsistent equation. Describe the
solution set of an internally inconsistent
equation.

engggﬁgs
a statement of equziity between two exp:ressions
gb) It is never true.

c

) The solution set is the null set.
(2) Angwer the followine guestions.

(a) Describe the truthfulness of the equation
X + 3 =3 + x when any element in the replace-
ment set of real numbers is substituted for x.

(b) An equation that is always true regardless of
vhat element from the replacement set 1s sub~
stituted for the wvarlable is called an identity.
An identity 1s nlways true, ' Describe .w.e solu-
tion set of an identity by comparing 1t to the
replacement set of the variable contained in
the identity.
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Answers:

(a) The equation x + 3 = 3 + x 1s always true
regardless of what number is substituted for x.
This is the commutative property under addition.

(b) The solution set of an identity contains all
the elements of the replacement set of the
variable.

Answver the following aguestions.
(a) Describe the truthfulness of the equation

X + 2 = 3 when an element from the replacement
set 1s substituted for the variable.

(b) An equation such as x + 2 = 3, which 1s not
always true and not always false but whose
truthfulness depends on what number is substi-
tuted for the variable is called a conditional
equation. Describe the solution set of a con-
ditional equation by comparing 1t to the
replacement set.

An s

(a§ The equation may be true or it may be false,
depending on which number is substituted for x.
If the number 1 is substituted, the resulting
equation is true. If any other number 1s sub-
stituted, the resulting equation is false.

(b) The solution set 1s a proper subset of the
replacement set. The solution set consists of
at least one, but not all, of the elements 1n
the replacement set.

Classify each of the following equations. The
replacement set i1s the set of natural numbers.

Indicate the solution et)gg each equation.
(c -X=

a) x=x 3 5
(b) x+3=7 () y2 =16
Answers:
(a) Identity. The solution set is the entire replace-
ment set.

(b) Conditional eguation. The solution set is {&}.

(c) 1Internally inconsistent equatlon in natural num-
bers. The solution set 1s @ in this set..

(d) Conditional equation. The solution set is {4} if
the replacement set is the set of natural numbers.

Classify each of the following eguations. The
replacement get is the set of integers. Indicate the

solutjon set of each equatjon.
3 -x= c) 3x=1

a
(b) y2 =16 (@) 8(C1+A) = 81+ 8A

Answers:
lai Conditional equation. The solution set is {-2}.
(b) Conditional equation. The solution set is

(¢) Internally inconsistent equation in integers.
The solution set is the null set if the replace~-
ment set is the set of integers.
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(d) Identity. The solution set is the entire
replacement set. This is the distributive

property.

(6) Classifv each of the following eayations. Ihe
replacement set is the get of regl numbers. JIndjcate
the solution set of each eguation.

(a) |AIl=-3 (d) 6+ (x+U4) =(6+x)+Wh
(b) x2=1 (e) |k+9|=9

(¢) 3-a=a-3

Ansvers:

(ag Internally inconsistent equation. The solution
set is @ .

(b) Conditional equation. The solution set is

1, -1}.

(¢) Conditional equation. The solution set is £31.

(d) 1Identity. The solution set is the entire
replacement set. This is an application of the
associative principle under addition.

(e) Conditional equation. The solution set is
{_18, 0}0

Concept: Properties of equations.

(7) Three important properties of equations are the
reflexive, symmetric, and transitive properties.
Following is the definition of each of these terms
as applied to equations.

Property Definition (in terms of the relation,
equals)
Reflexive For any expression a, a = a.
Symmetric For any two expressions a and b, if
a=b>bthen b = a.
Transitive For any expressions a, b, and c if

a=band b=c, then a = ¢,

Make a table with four columns labeled respec-
vely, Relation, Reflexive, Symmetric, and Transi-
tive. Use "yes" or "no" as entries in the last 3
columns given the following relations: not equal to
(7), less than ( ), and perpendicular to (| ).

:

Answer:
Relation Reflexjive Symmetric Transitive
No Yes No
4 No No Yes
1 No Yes No

There are other properties of equations that are dis-
cussed later.

Concept: Identities.
(8) Which of the following describe ap identity?

(a) The solution set is a proper subset of the
replacement set.
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(9)

(10)

(b) The solution set is a subset of the replacement
set,

(c) The solution set contains at least one element
not in the replacement set,

(d) The replacement set contains at least one ele-
ment not in the solution set.

(e) The solution set is the null set.

(f) The solution set and the replacement set are
identical sets.

Answers: (b) and (f)

Answer the following guestjons.
(a) One pupil claims the equation A A + 6 = 5. A
is an identity because when the number 2 is sub-

stituted for A, the equation 1s a true state-
ment. Is the pupil correct? (The replacement
set is the set of real numbers.)

(b) Another puril asked whether it would be possible
to prove that an equation is an idencity by
substituting numbers for the variable. How many
substitutions would have to be made to prove an
equation is an identity?

(c) How can we prove an equation is not an identity?

(d) 1Is the equation x + 3 = 3 + x an identity. How
do you know?

(e) How can you prove an equation is an identity?

Answers:
(ag No, the pupil is wrong. The solution set is
{2, 3}. If for instance A 1is replaced by 5,

the statement is false. The solution set and
replacement set are not identical, It is not
an identity; it is a conditional equation.

(b) Every element in the replacement set would have
to be substituted for the variable. If the
replacement set contains an infinite number of
elements, an infinite number of substitutions
would have to be made, which is impossible.

(¢) By showing there is at least one element in the
replacement set which is not in the solution set.

(d) It is an identity because it is a statement of
the commutative principle under addition.

(e) An equation is an identity if it is a statement
of or an application of one of the axioms,
postulates, or definitions of our number system,

Which of the following are identities? State

the reagon for your conglusion
(a) (x+3)+8=x+ (3 +8)
(b) 3-A= A3

(e) x=x

(d) 11l +y=y+ 11

(e) 6 (A+D =6A* 60
(f) xe0 =0
(g) 3:(2x) = (3-2)x
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(h) x-6=6~-x
(1) 2x + 3x = x*(2 + 3)

(3) (A-6)-8=/A-(6-8
(k) y+0=y

1) A-AF0

(m) a-=
2 =0

Answers:

(a) An identity. Assoclative principle under addi-
tion

(b) An identity. Commutative principle under multi-
plication

(¢) An identity. Reflexive property of an equation 1

(d) An identity. Commutative principle under
addition

(e) An identity., Distributive principle

(f) An identity. Multiplicative property of zero

(g) An identity. Associative principle under multi-
plication

(h) Not an identity. The solution set {6} is not
jdentical to the set of real numbers,

(1) An identity. Distributive and commutative
principles '

(jJ) Not an identity. Subtraction is not associative,
The solution set is @ not the set of real numbers.

(k) An identity. Definition of additive identity
element

(1) An identity. Definition of subtraction

(m) Not an identity. Division by zero is undefined
and not permitted. This is an internally
inconsistent equation,

Concept: Equivalent equations.

(11) What do you think is meant by "equivalent
equations?"

Answer: Equations with the same solution set
Concept: The additive property of equations.
(12) v!l{ishgﬂmwélw palrs of equations are
3and x + 9=3 +9

a) x =

(b) x =51 and x + (-21) = 51 + (-21)
(¢) x+3=6andx+3+3=6+(-3)
(d) x=8and x+4%=8+3

() x+3=7andx+3+0=7+0

Angwers: (a), (b), and (e)
(13) What does the equation g = D mean?®
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(14)

(15)

(16)

(17)

(18)

(19)

Ansver: a and b are different symbols for the same
number,

JL a and b are symbols for the same number,
sompare the sum a + ¢ with the sux b + ¢.

Ansver: The sum a + ¢ and the sum b + ¢ must be the
same.

| ,

The additive property of equations is stated as
follows: For every a, b, and c, a = b if and only 1if
a+c=D9d+c,

Restate the above property in two sentences.

Apsver: For every a, b, and ¢, if a = b, then
a+b=D>b+ c. For every a, b, and c, 1if
a+c=Db+c¢cy, then a = b, 1

1L the same number is added to or subtracted from

both sides of an eguation to form a new eguation, how {
doeg the solution

that of the origipal equation?

Aggwor: The solution sets of the equations will be
identical,

- 1L the same number 1s added fo or subtracted from
both sides of an eguation fo form a new equation, are
the two equations equivalent?

Apswer: Yes, because they have the same solution set.
Do the following exercises.

(a) Write an equation equivalent to x + 3 = 9,
formed by adding -3 to both sides of the equation,
(b) Write an equation equivalent to x + 3 + (-3)
=9 + (-3), formed by performing the indicated
addition of like terms.

Answers:

(a) + 3+ (=3) = -
(g) : g 3) =9 + (=3) i

@i @i,
+ = e ~3,0 + = =3
(e) k+¥-6) = =0 () x+3=yx+3
Answers:

(a) oL

y+ 8=
y + 8 +(-8) = %2 + (-8)
y:
Solution set is {16},
Check: 16 + 8 = 2L true
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Solution set is f—
Check: 7 + (-2) =

(c) k + (=6)
kK + (=6) + 6

Solution set 1is {-S}j
Check: (-3) + (-6) = -9 true

(d 1
) 19 + <-t]+_c>’

}

Solution set is {1
Check: 19 = 15 +

R
F o

( ) - 08 + = - 08

° -308 + 3 + 30g = 'gos + 308
y + (-3.8) +3.8= 53'8 + 3.8
Solution set 1sy[o}.

Check: =-3.8 + 0 ==3.8 true

3
)
X
Solution set is {all real numbers}.
The equation 1s an identity.

r (20) Do the following exerclses.
, (a) Write an equation equivalent to x - 6 = 8 which
! ’ involves addition rather than subtraction.
; (b) Find the solution set of x + (-6) = 8 by using
|
i
:
|
|
|
t
E

() +3
+ 3+ (-3)

x +
x+ 3+ (-3

nun
MM

the additive property for equations.

Angwerss:
(a) x + (-6) =
(b) x + (-6

1
Solution set is {14}.
Check: 1% + (-6) = 8 true

(21) mxggummmumamwu
gsing the additive property of eguations.
(a) £-3=9 (@) A= (-7

(b) y - 0.97 =3 (&) O-%=-3
(C) 9."“ =2 - 807

13
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Angwers: L
(a) -3=9 y
f + ( 3) = 9 ]
+(-3) +3=9+3 i
£ =12 \
Solution set is {12}.
Check: 12 - 3 = 9 true ‘
(b) y - 0,97 = a (
y + ('0097) = 5 g
y + (-0.97) + 0. 97 = g.gg + 0.97 3
Solution set is {1 72}: !
Check: 1,72 - ,97 = é |
79 = 3 tr §
é ue Hl
."‘ = - 80 {1

(e) g.u i o *f
9.4 + 8,7 = z + (-8.7) + 8.7 .

18,1 = 2z ;

Solution set is {18.1}.

ChOCk= 9."" = 18.1 - 8.7 true
(d) A - (-7) =13
A+7=13

A +7+(-7) =13+ (-7)

Solution setis {6}.
Check: 6 - (-7) = 13 true

(o)

O
-
|

V]
-~ N
n
|

O+ (-
O+ (-1).

]
i
+

Nh= OI= I~
N

D o

= 0
Solution set is fo0}.
Check: 0_%_2__%

0+ (-%).—.— __:le,true

Concept: Multiplicative property of equations.

(22) Write an equation containing one variable.
Multiply hgih sldes of this annn&ign by any number
éggggggni ﬂgg?_g the solution sets of the two

90

e

—




(23)

(2k)

(25)

(26)

(27)

(28)

(29)

(30

Answer: The solution sets are the same,

b .m:s %ﬂﬁﬂmbi &gmunmagmﬁmlm
$ion eqgtvslent to the original equation?

Answer: Yes

The multiplicative property of equations may be
stated as follows: For every a, b, and ¢ (c # 0),
a =bif and only if ac = bc,

Restate the above principle in two gentences.

: For every a, b, and ¢ (¢ # 0) 1f a = b then
ac = bc, For every a, b, and ¢ (¢ # 0), if ac = be
then a = b,

mmumhx%umuummmu
what number?
Answer: It is equivalent to dividing by 3.

Dividing by 9 is equivaient to multiplvineg by
¥hat pumber?

Apswer: It is equivalent to multiplying by %.
mmnmmmmammammﬂ}

in a word gentence in terms of multiplving or divid-

ing both sides of an equation by the same number.

Apswer: Multiplying or dividing both sides of an
equation by the same number (except zero) results in
a new equation having the same solution set as that
of the original equation,

W an egquation egquivalent to 16y = 48, forged
g-ﬁg both aides of the original eguation

Answer: (—11'5)(163') =(,Ea('+8)
Mmmﬂmmm(ﬁ)(M)
=(ﬁ)<ﬁ>mummmmﬂmﬂm-
plication and reducing all terps to lowest terms.

Apaver: y = 3
mgﬁgummmnmm

Angwer: {3}.
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Find the solutjop set to egch of the following
applying the pultiplicative property of

e 3 .
(a) 21x = -84 (d) = -
Egg leﬁ Z 3 () 5o
c . = =3 e =
g

Answers:
Zag 2lx = -

1 \(21x) = _SL‘f (-84)
( (3

x = =k
Solution set is {-4}.

Check: 21(-4) = -8k true
(b) -13x = -6%

()5-(3)

Solution set is {5}.
Check: =~13(5) = -65 true

(c) loek = -306
( 1 \(1.8k) = /1 \(-3.6)

Solution set is {-2}.
Check: 1.8(-2) = -3.6 true
(8)(~2)

5
53) @

Solution set is {-16}.

(e) YA 4
9

(- 9k 3 -

y

(d) = -2

1
1Y
ko,
[
Wi
q

Solution set is 6

7
Check: 6 79_)(2) 2 - %
56 __ 2 true
-3
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(32) Complete the following exerciges.
(a) Consider the equation 3 - 5, ~What is the
x

restrictiononthe replacement set of the variable
x?

(b) What does x represent in the equation_;_= 29
(c) If both sides of the equation 3 _ , are multi-
X

plied by the placeholder x, 1s this an applica-
tion of the multiplicative property of equations?
(d) Multiply both sides of the oquation_i_z > by x

and reduce all terms. What is the resulting
equation?

(e) Find the solution set of the resulting equation
in (d). Is this the same as the solution set of
the original equation?

Answers:

(a) x#0 |
(b) x is a placeholder for a number in the set of |
real numbers., i
(¢c) Yes. The placeholder x represents a number |
(other than zero) and both sides of this type of
fractional equation may be multiplied by the
placeholder without changing the solution set.
Ed; 3=2x
e

3 =2x
(%) 3) = (.%-)(2:)
= x

3

Solution set is {%&-

Check: _g_ 2.0
3(%) = 2 true

This is the same as the solution set of the

original equation.
(33) Find the solution set of each of the following ;
esquations. ;
(a) -2 = (b) 2 = - (e) _5 - |
x =5 lis' 6 ¢ %"J;a
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x (‘:2) -‘=- x5

(a) =2 -5 {

-7 = 5%

G)(-?) =(?)(5x) {
Solution set is {_;}. I

Check: -7 2
-%

-7(.;)= 5 true

(b) ;ii = -6
k f1,5) = ke(-6)
)
(.%)(1.5) =(.%)(-6k)
-
Solution set is [ 1].
Check: 'Lf.i 2 -6{ &}
"

(1.5)(-4) £ -6
=6 ==6 true

(e) -g: -1.3
a 6§)= "(32)

(_g) a =12
$619--3(%)

Solution set is {_?_h}.
Chetk: __g 3:% _g,. (12)(_§£) true,
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Concept: Adding and subtracting variables from each side

(3w)

(35)

(36)

(37

(38)

(39)

(40)

(41)

of an equation.

Whet iz the solytion get of the equation
LA =207

Jnsuer:  §5)
4 Lo each side of the equation.
¥hat is the set of the nevw eauation?
Ansver: {5}
74 mmamm%a-m.
What is the set of the nev eguation
Answer: {5}

Anaver: {5}
When the or the same of
gggi v is ad Lo or , doth
iihiu equation = 20, he
mumwmmnm

Angwer: No, the solution set remains the same.

g 25 i et

:+ Yes. The variable represents a number and
any number may be added to or subtracted from both
si%es of an equation without changing the solution
sev.

,Jio¥ g0 She pringiale ia (3) be ammlied 10

Qngggz: By adding -2x to both sides of the equation
or subtracting 2x)

6
3x - 2x = gx + 6 + (-2x)
x =
Solution set is {6}.
Check: 36 3 2¢6 + 6
18 = 12 + 6 true

mmmmumwm.

(a) 9x = 7x + 10 (c¢) Ub + = 25 « 4b
(b) 3y~2=y+U (d) 3(m +9#) =5u -7
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(b)

(e)

(d)

Concept:
(42)

(43)

A2§wer§:

noau

9x
9x + (-7x)
2x

5
Solution set is {5}

Check: 9 5 2 7.5+ 10
45 = 35 + 10 true
3y-2=y+ b
3y +(<2) + 2+ (-y) =y +h+2+ (-y)
2y =6
=3
Solution set is {3}
Check: 3° 3 -223+4
- 2 =7 true
kb + 9 = 2 4b
4bb + 9 + (-9) +.gg = %5 (<4b) + (-9) + 4b

Solution set is {2}

Check: M4¢2 + 9 2 25 - W2
8+9225-8
17 = 17 true
3(m+4%)=m-7
3m+ 12 =m + (=7)
3m + 12 + (-12) + (-m) = m + (-7) + (=12) + (-m)

2m = =19
m=_19
2

Solution set is ( _2}
Check: 3(_%2 + h) 2

Solution to equations involving absolute value.

Applying the

_elmm@
is the golutjon set of the eguatjon I|x1 =
Answver:

5, -5}.

ﬁ!DEEEElQQ 3x + &hﬁ is sn_i_a_enz
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7x + 10
7x + 10 + (=7x)
10
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Answer: The expression 3x + 4 is equivalent to 10
=nd to -10 because | 10| = 10 and |-10] = 10.

Write two eguations that do not contain absolute
values and which together are equivalent to the equg-
tion [3x + &1 = 10.

Apsyer: 3x + 4 =10 or 3x+ 4 = -10

Find the solution set of the eguatign
3;+_'1=.L.Q_aml.9£m;q_@u_ofk+_=-.l.9-

wer: 3x + 4 =10
Anzue 3x + 4 + (=) = 10 + (=W)
3x=6
.6
3 3
x =2
Solution set is {2}.

Check: 3°2 + 4 = 10 true

3x + 4
3x + 4+ (-4)
x

-10
-10 + (-4)
-1k
L
3

=_1h
3
Solution set 1is {__]_._3&}.

Y] ‘”bf““

Check: 36 _13_1+) + 4 =-10 true

equations

x 2
Solution set is {-2}.

5+x=-3
5 +x + (<5) = =3 + (~5)
x = -8
Solution set is {-8}.
Solution set of |5 + x| = 3 is {-2, -8}.
check first

Is + (-2)1 2 3

131 = 3 true
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check second

I5 + (-8)12 3
|-31= 3 true
(b)
6x + 1 =11
5 é;_f_l.) = 5(11)
( 6x + 1 = 55
6x + 1L + (-1) = 5E + (=-1)
1(62? f {(SH)
[ ) [
Solution set isxig}.
éxf?.l = -11
5(§;__5_1) 5(-11)
6x + 1 = =55
6x + 1 + (-1) = =55 4+ (1)
1(6%) = 1o56)
[ [
x = =28

3
Solution set i1s {-28

3
Solution set of lg;_;_;l = 11 is.{9

check first

IQ(Q) + ]l 211

11| = 11 true
check second

-28
6(%-+1|211

|5£§_2

|-11] = 11 true

(c)
2y = %
I(Zyi ] %(é)

Solution set is {é}.
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2y = =1

2
12y) = 1L L
2 2 2

Yy = &
Solution set 1is ,&_ &}

Solution set of |2yl = 1 is {1 - l]:}.
2 L,

check first

|2(‘]:)| =:215 true

check second
|2<_ 1) 1 true
§ 2
Concepf: Writing equivalent expressions.

(47) Applving the distributive principle, deteralne
eguivalent Lo each of the followipg that

an expression
OB Lg% oD marentheses. (o) -3(k - m + 11)
U -lzax + 5) : -2x + (-5)

2x - §

(b) 12(y - 6) = 12y - 72

(e) -3(k -m+ 11) = =3(k + (=m) + 11)
-3k + (-3)(-m) + (-3)(11)
-3k + 3m + (-33)

-3k + 3m - 33

(48) z%ngmmummumummmm
0+ 2(b-6) =k + 2(3b +5)

(%) (8x - 12) + 2(-15 - x) =0
(¢) 3(k+5) + Wk-5) =23

*

i

30 + 2(b - 6) =k + 2(3b + 5)
30 +2fb + (-6)] =4 + 6b + 10
30 + 2b - 12 = 1k + 6D
18 + 2b = 14 + 6b
18 + 2b + (-14) + (-2b) = 14 + 6b + (-14) + (-2b)
1{3 b
Solution set is {1}.
Check: 30 + 2(L - 6) 2 4 + 2(3+1 + 5)
30 + 2(-5) 2 & + 2(8)
30 - 102 4 + 16
20 = 20 true
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b) (8x - 12) + 2(~-15 - x) =0
[8x + (-12)] + 215 + (-x)] = O
8x + (-12) + (~30) + (-2x) = O
6x + (=42) = 0
6x + (=42) + 42 = 0 + 42
6x = W2
x =17
Solution set is {7}.
Check: (847 - 12) + 2(-15 - 7) 2 ©
(56 - 12) + 2(-22) 2 0
L4 + (-44) = O true
(c) 3(k + 5) + W(k - = 23
¢ I+ 5) * N +<-5i=23
3k + 15 + 4k + (-20) = 23
7% + (=5) = 23
7k + (-5) + 5 = 28 +5
7% = 2
k =k
Solution set is {4}.
Check: 3(4 +5) + (4 - 5) 2 23
3(9) + W(-1) 2 23
27 + (=4) = 23 true

E

(49)

P PSPPI PN
s kHm O 0 oL
N2 2O R S L 2 W W

e

(k)
(1)
)
)

a
(b
(c
(a

To prove that (-1)(x) = -x for all x.

Answer the followine guestions.

What does the symbol -x represent?

If x represents the number 3, what number does
-x represent?

If x represents -6, what does -x represent?

If x represents O, what does -x represent?

Can -x represent a positive number?

Should the symbol "-x" be read "minus x?"
Should it be read "negative x7?"

How should the symbol "-x" be read?

What is the sum of x + (-x)?

Is the equation x + (-1)(x) = (1)(x) + (~1)(x)
an identity?

Write an equation equivalent to the equation in
(1), applying the distributive principls to

the right hand side of the equation.

Write an equation equivalent to the equation in
(3), performing the addition and wmultiplication
1ndicated oni the right hand side of tiic equation.
If x + (-1){x) = 0, to what must (~1)(x) be
equal?

fap

-x represents the additive inveraze of the number

represented by x.
The inverse of -6, or 6
The inverse of O, or O
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(50)

(51)

(52)

(53)

(54)

(e) Yes, it can represent a positive number, a
negative number, or Zzero.

(f) No. Reading -x as "minus x" or &s "negative x"

may tend to imply that it is the symbol for a

negative number, while it may represent a posi-

tive number, a negative number, or zero.

It should be read "the inverse of x."

X + (=x) = O because the sum of any number and

jts additive inverse is zero.

Yes, because (1)(x) = x.

x + (-1)(x) = x [1 + (-1)]

x + (-1)(x) =0

(-1)(x) must be equal to -x, because if

x + (=1)(x) = 0, then (-1)(x) meets the defini-

tion of the additive inverse of x. Therefore

the product of any algebraic expression and -i is

equal to the inverse of the expression. This is

a fundamental principle of algebra.

the principle that -x = (-1)(x), gprove

=Kok N
e e N e s’

Answers 3x - x = 3x + {=Xx)
= 3x + (-1){x)
= 3+ (-1)] x
= 2%
Prove that ax - bx = (a - D)X.
Apswer: ax - bx = ax + (-b)(x)
= Ea + (-b)] x
= (a~-b) x

To what i3 -1(-X) equal? FProve your answer.
Apngvwer: (=~1)(-x) (1-1)(-1)(::)
X
X

te the following s{zLeLm
(a) Write an equation equivalent to,{_,D vwhich

involves multiplication,
(b) To what must be equal?

Angwerg:
(a) -1 =x
(b) [ = -x because (-1)(-x) = x; thoreroro,{_. X,

Applying the principle Lthe inverge of any
: to the of

algebraic is v

the expression - not
ShASTAiaE SaPelfosss MEEESR Shitiatant & daen o
(a) ~(x+Yy) (d) =~(-6x + 7y)

(b) =(x ~y) (e) -(-5: - u§)

(¢) ~(x+y =~ 2) (£) =(=2x = 7y + 32)

1cl




| %‘a"}“ﬁ;w

(-1} {x + y)
-x + (=-y)

< {x + (=y))

(b) -(x -1y)
-x + y
(¢) ~(x+y=2)=(1)[x+y+ (-2)]
=X + -Y) + z

X =

(- 1)(-6x + 7y)
6x + (-7)¥

(flz Ez5x + (-ky)]
1) [-2x + (- Zy) + 3:]

2x + 7y + (-3¢

2x + 7y - 3z

(5%) Prove or disprove: -(x - ¥) =X - X.

Angwer: -(x - y) = (-1) [x + (-y)]

-X + y

(d) =(-6x + 7y)

(e) =(-5x - hy)
(f)

[}
”~
n
]

[}
~
<

+
Tyv~o

]

"

nuynu
<
+
A
U
)
~

Therefore, {he statement is true.
(56) Prove or disprove: (-x)(y) = -(x¥)
Answer: (-x)(y) = (-1)(x)(y)
-1) (xy)

-(xy)
Therefore, the statement is true.
(57) Prove or disprove: (-x)(-¥) = x¥.

(-1)(x)(-1)(y)
( 1)( 1) (x) (y)

Therefore, tho statement is trus,

Apswer: (-x)(-y)

nmuan

(58) . Match each Qm.m A with m
; SR SO S 0] R e
scedes the m , (-] e 1SN0,
} Column A Column B
1. 3a + 7k A, -(3a - 7k)
—___ 2. -3a-7k B. =-(3a + 7k)
E —— a -3a + 7k C. =(=3a - 7k)
—— 1o 7k - 3a H
9% 7k + 3a
i rv—— 60 7k - 38

Anmu: 1. C 2. B 3. A “. B 5. c 6. A
(59) Prove or disprove: =-(3x) = -3x.
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(60)

(61)

(63)

AR S 2R R e e -
. .

Concept:

Answer: -(3x) = (-1)(3)(x)
-3x

Therefore, the statement 1is true.

Combining like terms.

%gnnlgzs the following sz:zs&:s:-
riting expressions such as “4x + 7y - 3x - 5y in

simplest form is sometimes called combining like
terms or collecting like terms., Write an expres-
sion equivalent to 4x + 7y - 3x - 5y which
contains only the operation addition.

Applying the commutative law of addition
rearrange the terms in the expression on the
right side of the equation so that like terms are

ad jacent to one another,
Perform the addition indicated on the right side

of the equation in (b).

a X +77 -3x -5y =lix+ 7y + «-(31)]+

Yx + 7y + (-3x) + (-
(b) Yx + 7y - 3x - 5y = bx + (-3x) + 7y + (-5y)
() 4x + 7y - 3x - 5y

|

x + 2y E
v i3 for each of \

terns.

|

|

|

|

|

|

(a)

(b)
(c)

-.(52)
5t>5z]

retladn 37"
et = S

a-3b-a+}H

hxy + Sab - 7xy - 335 +9

) 9d
(b) =3b+5
(¢) =3xy + 2ab + 9

a \
b) Not an identity z
¢) An identity ?

Find the solution set of each of the followink

squations.
(a) % = (3x - 2) =8 + (-bx + 2) v
(b) 6a - (-2a - %) = 2a - 2(a + 6)

(¢) -3A -8 +6A=A-(A-% - (-2\) -7




Ammwesomesin o e o R R - iipe i e

%ffggzi:h - (3x - 2

=8+ (-bx + 2)
b+ (-1)[Bx + (-2)] = 8 + (~hx + 2)
b+ (=3x) + 2 =8+ (-4x) + 2

6 + (-3x) = 10 + (-kx)

6 + (=3x) + x + («6) = &0 + (=lx)

Solution set 1sx[£}.
Check: 4 = (3¢ - 2) £ 8 + (=l°k + 2)
b -102 8 + (~-1%)

+
g
o
+
”~~
[

[« )
e’

-6 = -6 true
(b) 6a -~ (-2a - 4) = 2a - 2(a + 6)
6a + (-1)[-2a + (-4)] = 2a + (-2)(a + 6)
6a + 2a + & =25 + (=2a) + (=-12)
8a + 4 = -12
8a + 4 + (=) = =12 + (-k)
8a = -16
*(8-) = é(-16)
= -2

Solution set 15.{-2}.
Check: 6(-2) - [-2(-2)-4] 2 2(-2) - 2(-2 + 6)
<12 - 0 & -b + (-2)(4)

=12 = =4 + (=8) true

() -3A -8)+6A=A-(A-4 - (-2A) -7

(-L3A + (-8;] +6A = A + (-1)(A - W) +(-D (2D - 7
“3A + 8+ 6/ = A+ (=QA) + %+ (2Q) + (-7)
3A + 8 =2A + (=3)
3\ + 8+ (=2A) + (<8) = 2\ + (=3) + (<2/\) + (-8)
D = -11
Selution set is {-11}.

Check: =[3(~11) - 8] + 6(-11) 2 =11 = (-11 - &) = [=2(~-11)] - 7

-(<41) - 66 £ -11 - (-15) - 22 - 7
=25 = .24 true

i HO R

i 4.3 INEQUALITIES
Concept: Classification of inequalities,
(1) What iz an ineguality?
¢t An inequality is a statement that relates

one quantity to another quantity as indicated by any
of the following symbols or their equivalents: g

D1& 12y %

1ok

ERIC
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At A i

(2)

(3)

(W)

(5)

(6)

(7)

(8)

Mﬁmumwlv algebraic
S .

b (¢c) g£p (¢) a#Dd
y (d) k2 n

¢ b 1s read "a is less than b,"

> y 1s read "x is greater than y."

S p is read "g is less than or equal to p."

> m is read "k is greater than or equal to m."
# b is read "a 1is not equal to b."

san say truthfulness of the
P 4%gn<'l? ‘gggiﬁ &Zﬂ%ﬁﬁig’ggégig_

irue, neyer as x is in
Teplacegent et

Apgver: It is never true.
Ap that is lrue i3 D
Mm&mﬁmmﬂm-

Angver: The solution set is the null set,
mmmmmmnmu ineguality
1-3<x:n=num&n£mm aet of

mmmmmmmmmn X.

s+ The inequality y - 3 < ¥ is always true
regardless of what number is substituted for y.

t The solution set is identical to the replace~
ment set of the variable.

Dosgripe shs Lhuhtyioset of, S8, 1000t 2ot are

k-2
substituted in turn for the variable.

Ansvers If any number less than 7 1is substituted for
the variable k, the inequality is true. If the num-
ber 7 and any number greater than 7 is substituted for
k, the inequality is alse.

comparing it to the set.

: The solution set is a proper subset of the
replacement set. The solution set consists of at
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(9

least one, but not all, of the elements in the
replacement set,

Classify each of the following as an absolute
ineguality, an internally inconsistent inequality,

Answers:
T§§_§I%solute inequality
(b) Conditional inequality

(¢) Internally inconsistent inequality
(d) Conditional inequality
(e) Absolute inequality

Concept: Properties of inequality.

(11)

(12)

(13)

(k)

Evz&x,um_u_&max X positive,

Angwer: The difference y - x is positive. y - x > O,
Ihe definition inequality, less than, 1s
fhat 3 <xumﬁ%’x-;>g. "Restats this

Answer: If x (y,thcny-x)o.
Ify~-x >0, thenx { v,

¢ SRt A R e ¢

Angwver:

Relation Reflexive Symmetric Transitive
# No Yes No
< No No Yes
< Yeos No Yes

mn?ummmmumwmm

he solution set is the null set,

(b) The solution set is a proper subset of the
replacement set,

(c) The solution is identical to the replacement set.

Angwer: (c)
nnnnnumim&m Mnuﬂz+l§>5

g -2y g 39, nnﬂ 12 Ansh dn furn for
atatement

a true each
.uu mmiummﬂmmn& t
1ang:, tas zﬁfiﬂ 2

%ng!i;: No, the pupil was not correct. When any num-

ess than -1l 1is substituted for the varigble, the
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(1%)

(16)

(17)

(18)

(19)

(20)

(21)

(22)

(23)

(24)

inequality is false, X + 16 2 5 is not an absolute }
inequality because its solution set is not identical
to the replacement set.

um.s%nanmumunnmnm

By showing there 1s at least one element in
the replacement set which is not in the solution set.

What is the definition of the ineguglity a < 2%
Angwer: a {b if and cnly 1f b - a > O.

If we can prove that k - m > Q, bave we proven
that m <K*

: Yes, according to the definition of this
inequality

How cap we prove that (x + 2) £ (¥ + 2)7?
Apsver: By proving (y + 2) - (x+2)> 0,

Eg.nnx inegqualitr involving iwo pumbers, such as
10 £ ,agdmmmmmmummm-
ty. JIs the resulting ineguaiity true?

Angver: Yes

s 38 A dneaialdis Aeng o8 e 1"
inequality ¢ﬂ£ﬂnif%

. X8 the resulting i Lty tryet
Angwer: Yes
muwwm%mNm;m
mmmwm ive property for
eguations

Apgwer: It appears that this may be true.

If X € ¥, yhat can be sald about ¥ - X7
Apgwer: If x {y, theny - x> O,

x + R e szresalon Lo (v * 2) -

Answer: (y + z) = (x +2) =y +z+ (-X) + (~2)
=y -X

x4€x -X %0, tate
(x+5-(51%%m§wﬂmmx-z
in Y -x> 0 X <Y, yhat can be
about (¥ + 2) - (X + 2)?

Apsver: If x £y, then (y + 2) - (x + z) > 0,
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(25)

(26)

(27)

(28)

(29)

(30)

z) - (x+2)>0 If(y+2-

then (y +
t is the re

X+ 2z , e relation between (y + 2
and (X + 2)7
Apswer: x + 2z <y + 2.
Therefore, if x € y, what is the relatjon between
x + 2) and (y + 2)?
Angwer: If x {y, thenx + 2z ¢y + 2.

. Summarize the proof that if X { ¥ then x + 2 £
X + z.
Answer: If x £y, theny - x> 0

(y +2) -(x+2)=y-x

If y-=xD>0then (y + 2) - (x + 2)
If (y +2) = (x+2)) 0 then x + 2
Therefore, if x { y, then x + z { ¥y

Prove that if x + z ¢ ¥ + 2z, then x {¥.

Answer: If x+ z{y + 2z then (y + 2z) - (x + 2) > 0.
(y+2) -(x+2)=y =-x
If (y+2) -(x+2))» 0Op theny « x>0
Ify -x)>0, then x { y.

>0
{y +z2
+ Z

[ ]

statemepnt " +2 €Y +3"
13 %gmﬂmé&“-i&mu_ S % Rotate tho
prineciple in two
Answer: If x { y thenx + z {y + z.

Iftx+2z24{y + 2z, then x (.

Restate the additive property of inequglities
in a word sentence.

Apswer: 1If any number is added to or subtracted from
both sides of an inequality the solution set of the
resulting inequality is the sasme as that of the
original inequality.

Applvyin dd er 1 e
riga $PELARE $08 alithye prpuery of Lpsmuslitley,
ML%i'_ bemmumm
such as {xix '%

(a) x+3 &£-11 (b) y-9>-6 (c) 2b-54£b+3
(a;i : x + 3 <-11

x+ 3+ (-3) {-11 + (~3)

x { -14
Solution set is {x|x { -14}.
(b) y=-9)>-6

y+(-9) +9>-6+9

>3

Solution

!
)

E




(¢) 2b -5 £b

£b+3
2b + (-5) + 5 +(-‘b)§_b +3+ (-B)+5
b £3
Solution set is {bjbt & 8}.
Concept: If x { vy, and 1f 2 > 0, then xz £ yz.

(32) mmmmum;¢mma_uus<zu
6. Is the pew inequality true?

Apgwer: 5:6 £ 7+6
30 { &2
The new inequality 1s true,

(33) Multiply both sides of the inegualitv 5 € Z by
zero. ls the pew inegualitv true?

Answer: 50 £ 70
0<0
The new inequality 1s not true.

(34) Answer the following guestjons.

(a) Can both sides of an 1lnequality involving the
relation, less than, be multiplied by zero with-
out creating a false statement of inequality.

(b) What other types of inequalities have the same
property?

Ansverg:

(ai ¥c. When both sides of any inequality involving
the relation, less than, are multiplied by zero,
the new inequality formed becomes O € 0, which
is false.

(b) When both sides of any inequality involving the
relations, "is greater than" or "is not equal
to" are multiplied by zero, the resulting
relation is false.

(35) Multiply both sides of the inequality 5 <Z by
-3. Is the pew inequaiity true?

Angwer: (5)(-3) £ (7)(-3)
-15 £ -21
The new inequality is false.
(36)

(37) 1§x<x,&hgnz-.x;>9.- If z> Q, then must
(y - Xx)z be positive or negative? Why?

: If2>0Candy - x> 0, then (y - x)2 must

be positive because the product of two positive
numbers is always a positive number.

(38) If x €y what can be said about (¥ - X)z?
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(39)

(40)

(1)

(¥2)

(43)

(44)

(45)

(46)

(47)

Angwer: If x {y, then (y - x)z > O for all z > 0. \
firite an expression eguivglent to (y - X)z.
Apsvert yz - xz
4£ X € ¥, what can be said about yz - xz?
Answer: If x { y, then yz - xz » 0 for all z > O,

Jf ¥z - xz ) O, what 13 the relation between xz
and yz?

Ansver: xz { yz.

IL x <Y and z ) Q, xhat i1s the relation between
Xz apnd yz?

Aiswer: If x Ly and z ) O, then xz £ yz.

Write g summary of the proof that if x ¢ x and
Z > 90, then xz ¢ ¥z.

Angvwer: If x {y theny -~ x>0
If 2 >20and y - x> 0 then (y - x)z 0
If x ¢yand z) O, then yz - xz > 0
If yz - x2 ) O, then xz ¢ yz
Therefore, if x { y and z ) O, then xz {yz.

Prove that if xz ¢yz and z » 0, thep x ¢ ¥.

Apnswer: If xz { yz, then yz - xz > 0,
If yz2 - xz >0 then (y - x)z 30
If (y -x)z >0 and z>0, theny - x> 0
Ify-x>0, then x €y.
Therefore, if x2 { yz and z »0, then x(y.

£z>0, .thgggh:.gqiizmlmm%urn <!&ﬁ
inequalf wal gn_ii _E_ges te t_jl'u‘.a property in two sentepces.

Answer:s If z » O and x { y, then xz ¢ yz.
If 2z 0 and xz<§z, then x { y.

Restate this part of the multiplicative property
of lneguglities in a word sentence.

Angwer: If both sides of an inequality are multiplied
by or divided by any positive number, the solution set
of the resulting inequality is the same as the solu-
tion set of the original inequality.

Using thls part of the

multiplicative property
gz&nma}mu,nmmmmmmn:mum

(a) 6x > -12 (b) g(y-‘} (¢) 7b~-5%53b+38
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(48)

(49)

(50)

(51)

(52)

(53)

(54)

(55)

Answvers:

() fxlx>-2} () {riv >4} (© {oiv <13}

{ Concept: IT x €y and z £0, then xz > yZ.

mmmmmamw-h {0y
-5. Multiply both sides 29by
-3. Are the new inegualities true?

Answer: No, the new inequalities are false.

Answer the following:

(a) If we multiply both sides of any true inequality
involving ™"s greater than" or "is less than,"
such as § < 6, by a negative number, is the
resulting inequality true?

(b) What change must be made in the resulting
inequality to make it a true statement?

Angwers:

!ai No, the resulting inequality is falss,

(b) The inequality sign must be reversed, The " <
sign must be changed to " > " and the " > " sign
changed to " { ",

If x <Y, then ¥ - 3> Q. 1L 2 <Q, must
(y - X)z be positive or negative? Why?
Answver: Ifz(Omdy-x)Othan(y-x)zmustbe

negative because the product of a pcsitive number and
a negative number 1s alvays a negative number,

If x <y and 2 <Q then (x - X0z £ Q. Write an
that does pot contain parentheses.

statement
Answer: If x {y and z { O then yz - xz {0,

nu-ntﬁnmw-(m-u)
positive or nesative?

: If yz - xz 1is negative, 1its opposite or
inverse -(yz - xz) is positive. -(yz - xz) > O.

1f ¥z - xz < Q then -(y¥z - x2) > Q. !xinag
mmmm-(u-n) Q.

Angwer: -(yz - Xz) = X2z = yZ,
Therefore, if yz ~ zz { O then xz - y2 > 0.

If vz - x3 €9 Xz -yz> 9. Whai 1s the
relgtion between x2z xz?

Answer: If xz - yz >0, then yz £ xz or xz > yz.

If x <y and 2 <9, shat ls the relation between
Xz and yz*? .

Apswer: If x {y and z ¢ 0, then xz » yz.
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(56) Write a summary of the proof that if x <y and
Z €90 then Xz > yz.

Answer: If x {y theny - x >0,
If 2€0and y - x >0 then (y - x)z €O
(y - X)z = yz - xz
If x {y and z €O then yz - xz € O,
If yz - xz € O then -(yz - x2) > 0
-(yz - x2) = xz2 - yz
If x {yand z 0 then xz2 - yz> O
If xz - yz > O then yz ¢ xz
If yz { xz then xz > yz
If x{ y and z € O then xz ) yz.

(57) Brove that if xz > ¥z and 2 € QO then X & ¥.

Angwers If xz » yz then yz { xz
If yz { xz then xz - yz > O
If xz2 - yz > 0 then -(xz - yz) O
-(xz - yz) = yz - X2
yz - xz2 = (y - x)z
If xz2 - y2 > 0 then (y - x)z {0
If 2 LG and {y - x)z €O then (y - x) >0
If (y -x)> Othen x ¢y
Therefore, if xz » yz and z {0 then x {vy.

(58) If z <Q then x <y if and opnly if xz >_vz. Ihis
nmm%ﬁmmwu

ineguslities. R this propertv in %o

Ansyer: If 0 and x {y th .

If : 20 :gd :z )yyz gge:zx><y;.

. multiplicetion
(59) B&j&ﬁ.ﬂ&mm.uﬁg!!ﬁ ;

Angvwer: If both sides of an inequality involving

"is greater than' or '"is less than'" are multiplied or
divided by any negative number and if the inequality
relation i1s reversed in the resulting inequality,

then the solution set of the resulting inequality will
bes the sam2 as the solution set ¢f the original
inequality.

(60) z%mmmmmumhummm

PP ) w0 (e) o1 <2c+ 3
EX3 > legl g

Angvers:
(a) Ptlx > 12}
(b) {wiw L0}

(e) {clcz_ %}

Concept: So{ution of inequalities containing absolute
value,
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(61) Write two equations not ¢ in eclute
value rite tuo squstions net SRICAIELE DAl e,
Answer: a=8anda=-8

(62) nmmmmlxl=s,xnnmmm
S is a given mmmm;mmmu

pumber,
the equation if ¢ is positive? if ¢ is zero? IfL ¢
is pegative?
Aﬂ%‘.’.ﬂ‘.* If ¢ 1s a positive number, the variable x
will equal c and the inverse of ¢, and the solution
set is {c, -c}. If c is zero, the solution set is
{0}. If c is negative, the solution set is @.

(63) Consider mw > 1. Which :&ﬂﬁn
in the M’ﬁ set ’ 93!%!1’0%'1”29'3" '3
are elepents in the solution set of this inequality?
Angwer: The solution set 1s {5,%,3,2,-2,-3,-‘0,-5}.

(64) Write s Statement not conteining absolute velye |
that 1s eguivalent to 1¥1> Z.
Apswer: y » 7 or y & -7. The solution set consists . ¥
o% any number greater than seven or less than -7,

(65) mmm:ﬂnﬂmmgtlxhkinmnnﬁ
wmmummnan
positive number.

Apgwer: The solution set of Jy| >k is_the union of
tae set [yly 9 k] and the set fy vy £ -k}, where y 1is
the variable and k is a given positive number.

(66) mmm&mmumummﬂ.
() |A|>H (B [v+21>5 (o) I7g | > 10
Ansyers:

(a) b 4
(;) £A+|2A>>5 o Aor‘v +}2 < -5

vf3 v {-7
Sofution set is {vljv 33 or v{ -73.
{e) 7g P10 or 7g¢ £ -10
oy R

Solution set 1is {glg )_]'.79 or g { -~ l'? .

A sﬁ%%&falﬂffil,%ﬂmﬂﬂh

are in the solution set of this
Answer: {3921190"19"29'3}
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(68)

(69)

(70)

yitb op sbselute

e A A A Bt i

Write 3 ) n pg two inegualities
mﬁ that is equivalent to

wers X < % and x ) -4, The solution set consists |
of any number less than 4 and greater than -k,

Describe the solution set of x| < k in lerms of
intersection or union of iwe sets 1f x represents a
Varisble and k represents a positive pumber.

Apswer: The solution set of |x] { k where k is a
positive number is the intersection of the set
{xix < k} and the set {x|x ) -k}. The solution set

1z {xl-k ¢ x {k}.
Find the solution set of each of the following.

(a) Al (c¢) I7n I€ 10

(b) |v+2]|5 (@) Jw|€ o

Apswers:

() (Al <A (W

(b) v+2 <% and v+2)-5
v €3 v o7
Solution set is {v]-7 < v ¢ 3}.

{(¢) 7n £ 10 and 71 ) -10
"y "4

Solution set is {nl_ _],7Q {n (_Léz}.

(d) @. There is no expression whose absolute value
is a negative number.

Teacher Notes
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