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THIS STUCY RELATED TO DISCOVERY METHODS OF TEACHING AND
LEARNING WAS CONCERNED WITH TWO MAJOR QUESTIONS. FIRST, CAN
“WHAT 1S LEARNED®* THROUGH MATHEMATICAL DISCOVERY BE
ICENTIFIED ANC TAUGHT BY EXPOSITION WITH EQUIVALENT RESULTS.
SECOND, HOW COES “WHAT IS LEARNED® CEPENC ON FRIOR LEARNING
AND ON ThE NATURE OF THE DISCOVERY TREATMENT ITSELF. IN A
PREVIOUS STUDY, GAGNE AND BROWN FOUND THAT DISCOVERY GROUFS
WERE BETTER ABLE TO DERIVE NEW FORMULAS THAN WEFRE RUIE-GIVEN
GROUPS. IN THE PRESENT STUDY IT WAS HYPOTHESIZED THAT (1)
WHAT WAS LEARNED BY GUICED DISCOVERY IN THE GAGNE AND BROWN
STUDY CAN BE PRESENTED BY EXPOSITION WITH EQUIVALENT RESULTS,
(2) PRESENTATION ORDER IS CRITICAL WHEN THE HINTS FROVIDEDC
DURING DISCOVERY ARE SPECIFIC TO THE RESPECTIVE FORMULAS
SOUGHT RATHER THAN RELEVANT TO A GENERAL STRATEGY, AND (3)
PRESENTATION ORDER IS NOT CRITICAL WHEN THE FPROGRAM
EFFECTIVELY FORCES THE STUDENT TO LEARN THE GENERAL STRATEGY
IRRESPECTIVE OF THE EXPOSITION CR DISCOVERY LEARNING METHOD.
ONE OR TWO OF FOUR FROGRAMS--RULE GIVEN (R), DISCOVERY (D),
GUIDED DISCOVERY (G), AND HIGHER-ORDER EXPOSITION (E)--WERE
ADMINISTEREC TO SEVEN GROUPS--R, RD, DR, KRG, GR, RE, ANC ER.
ALL STUDENTS WERE REQUIREC TO DERIVE NEW RULES WITHIN THE
SCOPE OF THE IDENTIFIEC HIGHER-ORCER RULE. AS HYPOTHESIZED,
GROUFS R AND RD PERFORMED AT ONE LEVEL WHICH WAS RELIABLY
BELOW THE COMMON LEVEL OF THE OTHER FIVE GROUFS. TWO FOINTS
OF EMPHASIS IN THE CONCLUSION AND IMFLICATIONS WERE (1) °“WHAT
IS LEARNED® DURING GUIDED DISCOVERY CAN AT LEAST BE
IDENTIFIED AND TAUGHT BY EXPOSITION WITH EQUIVALENT RESULTS,
AND (2) IF A PERSON ALREADY KNOWS THE DESIRED RESFONSES, HE
18 NOT LIKELY TO DISCOVER A HIGHER ORDER RULE BY WHICH SUCH
RESPONSES MAY BE DERIVED. (RF)
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ABSTRaCT

"What is Learned" in Mathematical Discovery

Joseph M. Scondura Williar G. Roughcad
University of Fennsyivania and North Georgia College

The concern was twofold: (1) can what is learncd in
mathematical discovery be identified and taught by exposi-
tion with equivalcent results and (2) how does "what is
learned" depend on prior learning anc on the nature of
discovery. It was hypothesized that discovery Sc may
discover higher-order rules for deriving rules. Four
programs, rule-given (R), discovery (D), guided discovery (G),
and higher-order exposition (E) werc administered to seven
groups: R, RD, DR, RG, GR, RE, ER. 41l Ss were required
to derive new rules within the scope of the identificd
higher-order rule. As hypothesized, groups R and RD perforned
at one level which was reliably (p<<.001) below the common
level of the other five groups. Theoretical and practical

implications were discussed.
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Tcaching Collc e Stucdents How to Learn Mathematics
("Jnat is Lcarned" in Mathematical Discovcryl)

Joscph M. Scandura Willian G. Roughecad
University of Fennsylvania and North Georgia College

One of the fundamental assunptions underlying many of the
new nathematics curricula is that discovery methods of teaching
and lcarning increase the students'! ability to learn new content - °
(e.g., Beberman, 1¢58; Davis, 1960; Peak, 1963). The last decade
of rescarch on discovery learning, however, has produced only
partial and tentative support for this contention. Even where
the experiments have been relatively frec of methodological
defects, the results have often been inconsistent (e.g., see
Ausubel, 1961; Kersh & - ittrock, 1962). More purticularly,
the interpretation of research on discovery lcarning has been
made difficult by differences in terminology, thec tendency to
comparc identical groups on a variety of dependent measures,
and vagueness as to what is being taught and discovered.

While most discrepancies due to differences in terminology

can be reconciled by a careful analysis of what was actually

1This vaper is based on a Ph., D. dissertation submitted to
the Florida State University by the second author under the
chairmanship of the first author. The second author was pri-
marily responsible for the conducting of the cxperiment and
the analysis of the data. The first author was primarily re-
sponsible for formulating the problem and for the preparation
of this report. This rescarch was supported, in part, by a
U. S. Office of Education grant to the first author.

We are indebted to Robert M. Gagne and Gabriel Della Piana
for making copics of their experimental matcrials available to
us. Je would also like to thank Joan Bracker and John Durnin
for their general assistance and Joanna i'e Williams for her
comrients on a draft of this pajer. The participation of Bracker
and Durnin was made possible by & U, S. Cffice of Education
Graduate Training Grant to the University of Pennsylvania in
Mathematics Education Research.
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done in the experiments (e.g., Kersh & Wittrock, 1962) and thus
present a relatively minor problem, the failure to equate ori-
ginal learning has often made it difficult to interpret transfer
(and retention) results in an unambiguous manner. Thus, several
studies (e.g., Craig, 1956; Wittrock, 1963) have shown that rule-
given groups perform better on '"near" transfer tests than do
discovery groups. The obtained differences. however, may have
been due to the fact that the discovery groups did not learn the
originally presented materials as well as the rule-given groups.

When the degree of original learning was equated, Gagne
and Brown (1961) found that their discovery groups were better
atle to derive new formulas than were their rule (i.e., formula)-
given groups. They attributed this resulc¢ to differences in
"what was learned" but added that they were unable to specify
precisely what these differences were. On the basis of an analy-
sis of the experimental programs used by Gagne and Brown (1961),
Eldredge (in Della-Piana, Fldredge, & Worthen, 1965) hypothe-
sized that the differences found by Gagne and Brown (1961) were
due to uncontrolled factors. Eldredge conjectured that if the
treatment differences were limited to the order of presentation
of the discovery hints and the to-be-learned formulas, no dif-
ferences in transfer ability would result. However, Eldredge's
results contradicted his hypothesis. In subsequent studies,
Guthrie (1967) and Worthen (1967) obtained similar sequence
effects.

Using the Set-Function Language (SFL)2 as a guide, Scandura

(1966) proposed an analysis of discovery learning that seems to

2In the SFL, the principle or rule, rather than the associa-
tion, is viewed as the basic unit of behavior. In fact, it has
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be in accord with experimental findings. The main point was
that in order to succeed, discovery Ss must learn to derive so-
lutions whereas solution-given Ss need sot. In attaining cri-

terion, discovery Ss may discover a derivation rule by which

solutions to new, though related, problems may be derived. Under
these circumstances, discovery Ss woulG be expected to perform
better than expository Ss on tasks which are within the scope

of such a derivation rule. If the new problems presented have
solutions beyond the écope of a discovered derivation rule, how-
ever, there would be no reason to expect discovery Ss to have

any special advantage.3

This study was concerned with two major questions. First,
can "what is learned" in mathematical discovery be identified
and, if so, can it be taught by exposition with equivalent
results? Second, how does '“what is learned" depend on prior
learning and on the nature of the discovery treatment itself?

The SFL was used as an aid in analyzing the guided discovery-—
programs used by Gagpne and Brown (1961) and Eldredge (Della-Piana,
Eldredge, and Worthen, 1965) to determine "what waslearned," As a

result of this analysis, we were able to devise an expository

been shown that both associations and concepts may quite naturaiiy
be viewed as special cases of the rule. The denotation of a rule
was defined as a set of functionally distinct stimulus-response
pairs--the instances of the rule. The rule itself (i.e., the
underlying unit of knowledge) was characterized as an ordered
triple (D, O, R) where D refers to those stimulus properties
which determine the corresponding responses, and O refers to the
operation or transformation by which the derived stimulus pro-
perties or (internal) responses in the set R are derived from the
properties in D, For more details, the reader is referred
elsewhere (Scandura, 1966, 1967a, 1967b).

3In this discussion, the terms "solution" and "derivation
rule'" may be replaced by the more general terms, "response" and
"rule," respectively.
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statement of the derivation rule. In the manner described by
Scandura, Woodward, and Lee (1967), we were also able to deter-
mine, on an a priori basis, which kinds of transfer item could
be solved by uwsing this derivation rule and which could not.

Assuming that transfer depends orly on whether or not the
derivation rule is learned, the order in which the formulas
(i.e., the solutirns) and the derivation rule are presented
should have no effect on transfer provided S actually learns
the derivation rule. If, on the other hand, a discovery program
s8imply provides an opportunity to discover and does not guide
the learner through the derivation procedure, sequence of pro-
se2ntation might have a large effect on transfer. That is, if a
capable and motivated subject is given appropriate hints, he
might well succeed in discovering the appropriate formulas and in
the process discover the derivation rule. It is not likely, how-
ever, that he would exert much effort when given an opportunity
to discover a formula he already knew. Something analogous may
well have been involved in the studies by Eldredge (Della-Piana
et al, 1965), Guthrie (1967), and Worthen(1967).

In particular, the following hypotheses were made. First,
what was learned by guided discovery in the Gagne and Brown (1961)
study can be presented by exposition with equivalent results. |
Second, presentation order is critical when the hints provided
during discovery are specific to the respective formulas sought
rather than relevant to a general strategy (i.e., a derivation
rule). Third, presentation order is not critical when the pro-
gram effectively forces S to learn the derivation rule, regard-

less of whether the learning takes place by exposition or by

discovery.




METHOD

Materials.-u There were seven treatments. Each consisted of

a common introductory program followed by various combinations of
four basic instructional programs. The introductory program was
designed to generally familiarize the Ss with number sequences
and with the terminology used in the four basic programs, In
particular, four concepts were clarified: sequence; term value, Tn;
term number, n; and sum of the first n terms of a sequence, Z:n'

Each of the four basic instructional programs was based on the
sgme three arithmetic series and their respective summing formu~
1as: 1 + 3 4+ 5 +eset (Zn-l)-_?n? $ 24+ 6+ 10+_,0+ (4n~2)-——)2n2;
1+ 5+ 9+eeet (In=3)—(2n-1)n, Following Gagne and Brown
(1961), each series was presented as a three-row display=—e.ge,

Term number n 11 2 3 4L o6
Term Value T : 2 6 10 14 ,,
Sum Si2 8 18 32 ...

The rule and example (R) program consisted of the three series
displays together with the respective summing formulas, The
presentation of each summing formula was followed by three appli-
cation problems~-eoge, find the sum of 2 + 6 + 10 (=2-32 =18),

S was also required to write out each formula in both wordg and -
symbols, but no rationale for the formula was provided,

The three other basic programs included differing kinds of
directions and/or hints as to how the summing formulas might be
determined, The expository (E) and highly guided discovery (G)

programs were based on a simplified variant of that derivation

' “Copies of the experimental materials used are included in
- Roughead®s (1966) dissertation end in Scandura®s (1967b) final

report,
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rule presumably learned by the guided discovery Ss in the Gagne
and Brown (1961) study. The identified derivation rule can be
stated,
",... formulas for.}E? may be written as the product
of an expression involving n (i.e., f(n) ) and n
itself. The reguired expression in n can be obtained
by constructing a three columned table showing: (1)
the first few sums zn’ (2) the corresponding values
of n, and (3) a column of numbers f(n) =§[F/n which
when multiplied by n yields the corresponding values
offsz Next, determine the expression f(n) =§EF/n
by comparing the numbers in the columns labeled n and
S ®/n and uncovering the (linear) relationship between
them. The required formula is simply 2. ° = n ¢ £(n)."
As Q?aexample, consider the display,
Term number n : 1 2 3 4 .,

Term value T 2 6 10 14 ...

n
Sum z"

The three-columned table would look like,

2 8 18 32 ...

" £(n) _n_ >
2 1 2
. L 2 8
6 3 18
8 [ 32
2n n 2n®

The emerging pattern g8 f(n) = 2n; so, > = 2nen = 2n2.

The E program consisted of a simplified statement of the
derivation rule as it applied to each of the three training

series. To insure that § learned how to use the deriva.ion rule,
¥
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a vanishing procedure was used which ultimately required S to
apply the procedure without an& instructions. The G progranm
paralleled the E program in all respects. The only difference
was that the G program consisted of questions whereas the E
program consisted of yoked direct statements, each followed by
a parallel question or completion statement to see whether S
had read the original statement correctly. For example, the
E statement, "When n = 3, you can multiply 6 times n to get
12:3 = 18. What times n gives ::3 = 182" corresponded to the
question, "When n = 3, what times n gives Z3 = 187" which
appeared in the G program. Since the degree of overt responding
was held constant, the only difference between the E and G
programs was whether the information was acquired by reception
or by reacting to a question (i.e., by discovery). The dis~
covery (D) program, on the other hand, simply provided S with
an opportunity to discover the respective summing formulas.
S was guided by questions and hints which were specific to the
formulas involved (e.g., '"the formula has a 2 in it") rather than
relevant to any general strategy or derivation rule. The questions
and hints were interspersed with liberal amounts of encouragement
(eeg., "Good try," "You can do it," etc.,) to provide motivation.

There were two transfer tests. The withinescope transfer
test consisted of two new series displays which could be solved
by the identified derivation rule. These series and their re-
spective summing formulas were 3 + 5 4+ 7 4eee+ (2n + L) (n + 2)en

and 4 4+ 10 + 16 +eee+(6bn = 2)=3(2n + 1l)en. The extra-scope

tremsfer test involved the seiriesy 2 + 4 + 8 +o00+ Zn->(2Tn - 2)

= (Tn +1=2)and 1/2 + 1/6 + 1/12 4eee+ [i/n(n + lj—)n/(n + 1)

nzTn, which, strictly speaking, were beyond the scope of the
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identified derivation rule.” A series of hints, paralleling
those used in the D program, were constructed to accompany each
test series,

The introductory and treatment programs were mimeographed
and stapled together into separate 5 1/2" x 8 1/2" booklets.
The four transfer series were presented on separate pages in a
test booklet in the same three-row form used in the learning
programs. The hints were put on 5" x 7" cards, bound by metal
rings.

Subjects, Design, and Procedure.-- The naive Ss were 105

(103 females) junior and senior elementary education majors
enrolled in required mathematics education courses at the Florida
State University. Participation was a course requirement.

The Ss were randouly assigned to the seven treatment groups.
In addition to the common introductory program, the rule-given
treatment group (R) received only the R program. The other six
treatment groups received the R program together with one of the
other three basic instructional programs. The RE, RG, and RD
groups, received the R program followed by the E (expository),
@ (guided discovery), and D (discovery) programs, respectively,
while the ER, GR, and DR groups received these same respective
programs in the reverse order.

The Ss were scheduled to come to the experimental room in
groups of four or less and were arranged at the ends of two tables
which were partitioned to provide separate study carrels. A brief

quiz was used to screen out any Ss who were already familiar with

5The derivation rule, however, was potentially generalizable
to the extra-scope series,
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number series and/or formulas for summing them. Then, they were
told,

"This is an experiment in learning mathematics. You
will be given two programmed booklets to study. You are
expected to try to learn. You should work at a good pace,
but read everything for understanding.... If you have an
error, don't change your answer, but write the correct answer
under your original answer. If you camnnot respond to a
question within a minute or so, put an "X" in the blank and
continuc. You should, of course, look back at the question
after finding the answer *o be sure you understandee..'

The S8 worked at their own rate, E recorded the times taken on
the introductory and treatment booklets.

As soon as all of the Ss in the testing group had completed
the treatment programs, they were told to review for a test.
After two minutes, the booklets were collected and the tests and
hint cards were presented. The Ss were instructed,

"On this test you will be timed. You also will be
provided with hints to aid you when necessary. The less
time it takes you and the fewer hints you need on a given
problem, the better your score. You will be asked to find
the formula for four new problems on this test. On each
problem, you will have 5 minutes to find the correct sum=-
ming formula. You should show any necessary work in your
booklet. When you get an answer, raise your right hand
immediately. Like this! Try it!... I'll tell you whether
you are correct or incorrect. If incorrect, continue

searching for the answer. Be sure to show me your answer
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quickly so that you get the best possible time score....

When I tell you that the 5 minutes are up, if you have not

found the formula,. yau may begin using the hints. You may

use as many of the hints as you wish, and when you wish,
after the 5 minute period. But remember, the fewer hints
you use, the better your score,"
Before continuing on to the second problem, each S read all of
the hint cards pertaining to the first problem. The four Ss
in each testing group began each problem at the same time. If
an S solved a problem before the others, he was allowed to read
the rest of the hints for that problem and, then, was required to
wait for the others to finish. Before being released, the Ss
were asked not to discuss particulars of the experiment with
others who might participate.

Three indices of performance on the transfer tasks were
obtained: (1) time to solution, (2) number of hints prior to
solution, and (3) a weighted score similar to that used by Gagne
and Brown (1961). The weighted score was equal to the time to
solution in minutes plus a penalty of &4, 7, 9, or 10 depending on
whether S used 1, 2, 3, or 4 hints, respectively. Theoretically,
a range of scores from 0 to 20 was possible on this measure.
Standard analysis of variance procedures were used to analyze
the data after Cochran's C test failed to detect heterogeneity of
variance.

RESULTS

Treatment Programs.-- All treatment groups performed at

essentially the same level on the introductory program, both in

terms of time to completion ( F(6, 98) = 1.74, p>.05) and number
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of errors ( F(6, 98) = 1.35, p>.05). Since the number of frames
varied among the treatment programs, no overall comparisons were
6

warranted.

Performance on Learning and Transfer Tests.~-- The results

on the within-scope transfer test conformed to prediction. Ir-
respective of the transfer measure used, the group (R) given the
formula program only and the group (RD) given the formula program
followed by the opportunity to discover program performed at one
level ( F(1, 28) <1) while the other five groups performed at a
common ( F(4,70) <1) and significantly higher level (Ftime (1, 98)

(1, 98) = s4.52, p<.001; F (1, 98)

= 32.66, p<0001; F weighted

hints
= 57.99, p<.,001). In particular, only that sequence effect

involving groups RD and DR was significant (p <.0l).

While there were no overall treatment differences on the
extra-scope transfer test (maximum F(6, 98) = 1.31, p>.05), the
contrast between groups R and RD and groups DR, RG, GR, RE, and
ER attained a borderline significance level (F ., (1, 98) = 3.66,

(19 98) = ""002, p<.05; F (1, 98) = "|'061,

05<p=<.10; F weighted

hints
p-<;05).7 There were, however no reliable performance differences

-
6Still, it is interesting to note that those groups which
received the R program first, in each case, spent less time on
the learning program than did the corresponding groups who re-
ceived the R program last. The differences, however, were not

reliable at the .05 level (see table 1),

7In a study on rule generality, Scandura et al (1967) obtained
a similar extra-scope transfer effect. While no extra-scope trans-
fer was almost universally the case, one of the rules (i.e., "50
x 50") introduced was apparently generalized (to "n x n") and
thereby provided an adequate basis for solving an extra-scope item.

While not sufficient as presented, potentially, the deriva-
tion rule introduced in this study could also be generalized. 1In
fact, the first hint available on item 3 provided a basis for making
appropriate modifications in the derivation rule so that transfer
to this item was possible (but less likely than on the within-scope
test). Similarly, although item 4 involved fractional term values,
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between: (1) the guided discovery (RG and GR) groups and the ex-
position (RE and ER) groups (F<«l), (2) those guided discovery and
exposition groups (RG and RE) given the formulas first and those
groups (GR and ER) given the formulas last (F<l), (3) the oppor-
tunity to discover--formula-given (DR) group and the four guided
discovery and exposition groups (F<1l), or, most critically,

(4) bvetween groups DR and RD (F<1).

These transfer effects can not be attributed to differences
in original learning. A learning test embedded within the common
R program, indicated that the Ss had well-learned the appropriate
sunming formulas to the three training series before they took
the transfer tests. The group means ranged from 5.5 to 6.0 with
a possible maximum of 6.0 and.minimum of 0.0,

DISCUSSION AND IMPLICATIONS

Two points need to be emphasized. First, "what is learned"
during guided discovery can at least sometimes be identified and
taught by exposition--with equivalent results. While thkis cop~
clusion may appear somewhat surprising at first glance, further
reflection indicates that we have always known it to be at least
partially true. As has been documented in the laboratory (e.g.,

Kersh, 1958) as well as by innumerable classroom teachers of

the summing formula could be obtained by a relatively simple ex-
tension of the derivation rule presented. Although educated
guesses can be made as to the sources of this transfer, the under-
lying mechanisms are not well understood. John Durnin and the
first author have a study underway which may provide some of the
necessary information.

For these reasons and because the results on the extra-scope
test were subject to possible transfer effects of testing on the
within-scope test, caution is advised in interpreting the extra-
scope results. We originally included the extra-scope test to
obtain experimental hypotheses and not definitive information. It
should be emphasized, however, that these comments in no way apply
to the clear results on the within-scope test,
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mathem@tics, it is equally possible to teach rules (e.g., nz)
by exposition and by discovery. No one to our knowledge, however,
had ever seriously comsidered identifying '"what is learned" in
discovering rules in addition to the (discovered) rules themselves.
' In the present study, we were apparently successful in identifying
a derivation rule--i.e., a rule for deriving first order rules.
No differences in the ability to derive new (within-scope) formulas
(i.e., first order Trules) could be detected between those Ss who
discovered a derivation rule and those who were explicitely given
one.
What we did not do in this study was to consider the pos-
sibility that our discovery Ss may have acquired a still higher

order ability-~-~-namely, and ability to derive derivation rules. A

strictly logical argument would secem to indicate that an indeter-
minate number of higher order abilities might exist. As soon as
one identifies '"what is learned" by distovery in ore situation,
the question immediately arises as to whether there is some still
higher order ability which makes it possible to derive the iden-
tified knowledge. In so far as behavior is concerned, of course,
it is still an open question whether such higher order derivations
rules do exist in fact. Whether they do or not, there are un-
doubtedly a large number of situations where, because of the com-
plexity of the situation, '""what is learned" by discovery may be
difficult, if not impossible, to identify. In these situations,
there may be no real alternative to learning by discovery.
Nonetheless, intuition-based claims that learning by self-

discovery produces superior ability to solve new problems (as

compared with learning by exposition) have not withstood experi-
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mental test. The value to transfer ability of learning by dis- .
covery does not appear to exceed the value of .learning by some
forms of exposition. Apparently, the discovery myth has come
into being not so much because teaching by exposition is a poor
technique as such but because what has typically been taught by
exposition leaves much to be desired. Before definitive pre-
dictions can be made, careful consideration must be given to
"what is learned," the nature of the transfer items, and the re-
lationships between them. As we identify what it is that is
learned by discovery in a greater variety of situations, we shall
be in an increasingly better position to impart that same know-
ledge by exposition.

The second point to be emphasized concerns the sequence
effect--if a person already knows the desired responses, then he .
is not likely to discover a higher order rule by which such re-
sponses may be derived. An extrapolation of this result suggests
that if S knows a specific derivation rule, then he may not dis-
cover a still higher order derivation rule even if he has all
of the prerequisites and is given the opportunity to do so. The
reverse order of presentation may enhance discovery without making
it more difficult to learn more specific8 rules at a later time.
In short, prior knowledge may actually interfere in a very sub-
stantial way with later opportunities for discovery.9

Why and how sequence affects "what is learned" is still open

to speculation. In attempting to provide some clarification,

8Whether the rather vague (non-specific) term "specific,"
used above, refers to lower order rules, less general rules
(e.g., Scandura et al, 1967), or both is an open but extremely
important question.

9In spite of this fact there may be some advantages inherent
in learning more specific rules. Although data are practically
nonexistent on this point, it is quite possible that specific
rules may result in shorter response latencies.
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Guthrie (1967, 48) has suggested that rules in verbal learning are
analogous to the unconditioned stimuli in classical conditioning,
while not giving rules results in behavior more closely approxi-
mate to that observed in operant conditioning. Unfortunately,
the analogy is a poor one. Not only does it provide little i;.‘
the way of explanation, but the analogy itself is incorrect. To
insure learning, for example, unconditioned stimuli must appear
contiguously or shortly after the ton-be-conditioned stimuli; yet,
in learning rules by exposition, the rules (i.e., the "uncondi-
tioned stimuli") are presented first and then the stimulus in-

stances (i.e., the “"conditioned stimuli"). Perhaps what Guthrie

means is that once learned, rules may act in a manner similar

to the reflexes of classical conditioning. Rules (and reflexes)
"tell how to get from where to where"; eliciting stimuli only
provide the occasion for such actions. Yonge (1966, 118) has
offered a more reasonable explanation in terms of the total struc-
ture of prior experiences, but it was formulated in relatively
imprecise cognitive terms.

Our own interpretation is as follows. When S is presented
with a stimulus and is required to produce a response he does not

already know, he necessarily must first turn his attention to

selecting a rule by which he can generate the appropriate re=-
sponse., In effect, S must adopt a secondary goal (i.e., find a
rule) before he can hope to obtain his primary ome (i.e., find
the response). To achgeve this secondary goal, S is forced to
come up with a derivation rule, which might well be adequate for
deriving other rules in addition to the one nseded. The kind and

amount of guidance given Would presumably help to determine the
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priecise nature of the derivation rule so acquired. On the other
hand, if S already knows the response, it is not likely that he
will waste much time trying to tind ~nother way to determine that
response. Under these conditioms, the only way to get S to adopt
a secondary goal is to change the context. Presumablp, the exposi-
tory and guided discovery Ss in this study learned the derivation
rule because this appeared to be the desirable thing to do. Some
such mechanism may prove crucial to any theory based on the rule
construct and framed in the SFL (Scandura, 1966, 1967a, 1967b).
B The obtained sequencing result may also have important prac-
tical implications, as will be attested to by any junior high
scuool mathematics teacher who has attempted to teach the "meaning"
underlying the various computational algorithms after the children
have already learned to compute. The children must effectively say
to themselves something like, "I already know how to get the
answer. Why should I care why the prodedure works?" Similarly,
drilling students in their multiplication facts before they know
what it means to multiply, may interfere with their later learning
what multiplication is. Let me make this point clear, because it
is an important one. We are not saying that we should teach
meaning first simply out of some sort of dislike for rote learning--
for certain purposes rote learning may be quite adequate and the
most efficient procedure to follow., What we are saying is that
learning such things as how to multiply, without knowing what
multiplication means, may actually make it more difficult to learn

the underlying meaning later on.
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NAME

CLASS____

This test is tc see how much you may already know about the topic
discussed in the programs. Do not be disappointed 1if you can not provide
answers. Place an x in blanks for which you are unable to reply to the
question.

1. In order to add up the numberxs as shown here, 1+ 3 + 5 +
7+ .. .+ 199, you could actually add or you could use the rule or

formula, .

2. 1In order to add up the seven numbers shown here, 2 + 6 + 18 +
54 + 162 + 486 + 1458, you could actually add or instcad you could use the

rule or formula, .

3. I have taken and passed the following courses:
I have tsken yeairs of algebra in high school;
I have taken years of geometry in high school;

1 have taken courses numbered ' _in college

or their equivalent; and I also have taken

4. My mathematics programs have used the (traditional, new) approach.
(cixcle one)




INTRODUCTORY FROGRAM FOR SE.UENCES
(FLEALE FRINT ON THIS FAGE)

NAME

CLASS

DATE

PLEASE DO NOT OFEN THIS BUUKLET UNTIL YOU aRE TOLD TO DO SO.

CONGRATULATIONS ! 1 ¢ You have completcd the introduction.

The time shown on the board is now ¢ Turn in this

booklet for another, please,

Lo PR Y 1)



EXAMPLE
Here is a sequence of numbers, The ellipsis ( « o« o ) means
that the pattern shown is to continue on indefinite.y.
1 & 2 10 13 . . o

The next two numbers in this sequence are and >

TURN PAGE AFIER ANSAERING IN THE BL~NKS,.

EXANMPLE

Angwer: 16 and 19.

DO NOT TURN THIS PAGE UNTIL DIRECTED TO DO 50.



1.

Ohviously a sequence may be extended indefinitely.
i b 7 10 13 16 19 22 25 28 3 ...

Each of the numbers in the sequence is called a term-valuz. Thug,

the first term~value is 1, the third term-value is 7, and the
fourth term~value is “

TURN FAGE saFYER aNGWLRING IN THE BLANK.

11,

Answer: {g;

¢ <
&

wIRN KE-DY.
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I2.

The term-values of the sequeace have a position in the

sequence. In the sequence:

1 & 72 w0 13 ...

term-value 1 has the first position, term-value &4 has the second
position, and so on., We call the position of a term-value its

term number, Term-value 7 has the position or its term number

is ?

TURN PAGE aFTER ANSWERING IN THE BLsNKS.

12,

Answer: third.position, term number three.

GO TO0 NEXT FAGE WHEN READY.

PO ;e . o LR
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We can write the term number above each term-value, if we
wish, as shown below.

Term number: 1 2 3 4 5 6 7 o . 6

Term-value: 1 4 7-10 13 , .,

This form shows that term-value 1 iz term nuzber 1, term-value 4

is term numdber 2 and term-value 13 is

IURN PAGE AFTLR aNS4ERING IN TdE BLANKS.

I3.

Ansver: Term nucber five,

GO TC THE NEXT FAGE WwHEN RbaDY.

e
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14,

Just as we can use the letter n to represent the term
number of any term-value, we can use Tp, to mean the actual term-value
assoclated with no In the following sequence of numbers, if n = 3,
then Tn =% and if n = 5, then Tn = 0

Term pumber, n: 1 2 3 4 § 6 7 o o »

Term-value, T,* 1 & 7 10 13 o 6 »

TUR:N FiuGE AFTER ANSWERING IN THE BLANK.

Ik,

Answer: 13.

GO TG THE NEXT FaGls WHEN READY.



15.

Term number, n: 1 2 3 &4 s 6 72 ., ..

Tem-value’ Tn: 1 l‘ 7 10 13 16 o o o

You are going to learn about summing the terme~values of a

seguence., & M means the sum of the first n term-values. For

the sequence above, since the sum of the first three term-values
is 1 + 4 + 7 = 12, then Z? = 12, The superscript 3 on 2_3 tells us

to add the first term~values of the seguence.

TURN FAGE oFTER ANSWERILG IN THE BLANK.

b
I5,
Answer: three,
G0 TU THE NLEXT FaGE wHEN READY,

| A R et oo B , e e R . PN e, N - oy A
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16,

Since :E? means the sum of the first two tern-values or
m 5 Ry @
Ty * T, and ;E means '1‘1 + T2 + 6 a2 0o 4 ng then regardless of the
value given to my &% =T) + T, + o o o + T o (Give the last addead.)

R )

QRN FAGE AFTER ANSWERING IN THE BLalX,

16,

Answer: Tn o

GO TO THE NEXT FAGE WHEN READY.




17.

Let us briefly review our terms. When we write the actual

sequence down, we write its successive term- .

TURN PAGE AFTER ANSwERING IN THE BLANK.

pC

17

Answer: term-valuesg.
e - ]

4]

G0 TO THE NEXT +nGE WHEN READY.

»»»»»»




18.
The position number of each term-value in a sequence may

be called its °

TURN THE FaGE AFTER ANSWLERING IN THE BLANK,

18.

Answer: term nunmber,

GO TO THE NZXT FAGL WHEN READY.



19,
The symbol used to represent the sum of the first n

term-values of a sejuence is written °

TURN EaGlE aFTER ANS4ERING IN THE BLaNK.

I9.

Answer: 0,

GO TC THE NEXT FAGE WHEN REaDY,



110,

If n = 8, " means that we wish to sum the first

term-values of a seguence,

TURN FAGE AFTLR ANSWERING IN THE BLANK.,

110,

Answer: Qiﬁhto

GO TC THE NEXT rAG:z WHEN READY,

‘ . o T T g
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111,

While working with any sequence, you may write out three rows
of information as below. )

Term number, n: 1 2 3 & S 6 7 .. 0

Termevalue, T : 1 & 7 10 13 o o »

n
Sum, 3% 1 5 12 2 ...

This form shows the various sums directly below ithe values of
n ané Tno In other words, 1 + 4 + 7 =12 = 23 so 12 goes below
n =3 and Tn = 7 The correct sun to put under the term number 5

and the term-value 13 in this table is .

TURN PaGE aFTER ANSwLRING IN THE BLANK.,

Ill.

Angwer: 35,

GO TO THE NEXT IAGL WHEN READY.




112,

Complete the three row form for the sequence shown below.

Provide answers for each of the underscored positions in the array.

Term number, n: 1 2 3 o e o
Tern-value, T 0 2 __ 6 8 ¢ oo
Sum, zn: 0 2 6 o & o

TURN PaGE AFTER ANSWERING IN ALL TilE BLANKS.

112,
Answer:

- Term numbery, m: 1 2 3 4 5 ...
Term-value, T: 0 2 4 6 8 ...
Sum, 3%: 0 2 612 20 ..o

GO TO THE NEXT rAGE WHEN READY,.

“ o [, a2 A sk
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SEQUENCES, PART TWO-<STARTING TIME .

(PLEASE PRINT ON THIS PAGE.)

NAME

CLASS

AS SQON 45 YuU HAVE FILLED IN THE ~BOVE INFORMATIUN, PROCEED

AS DIRECTED.

CONGRATULATIONS 1 ! !  You have completed your entire lesson

about sequence summing. The time shown on the board now is °

On the back cover of this booklet, would you make any comments you

wish about these materials, good or bad, too hard, toco easy, interesting
or not, etc.- After you have made your conments, would you please put
down your pencil. You may look over the booklet if you wish. A

test will be given to the class over these materials. Thank you.

YA el e
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In this program, you are to learn how to sum term-values of
various sequences by use of a formula. In each case, it will be
possible to express X as a formula involving n and/or T, instead
of actually adding up T1 + Tz + T3 + 00 o + Tn“ A8 an example, the
sequence 4, 8, 12, + o « may be summed by use of I = 2n? + 2n,
That is, if we wish to sum the first 10 terme-values of this sequence,
b + 8+ ¢ ¢ o ¢+ 4O, we use the formula and get 2 x 10 x 10 + 2 x 10

or is the sum of the first ten terme-values. Different sequences

will have different formulas.

TURN PAGE AFTLR aNSWERING IN THE 8LANK.

Answer: 2 x10 x 10 + 2 x 10 = 200 + 20 = 220.

On the next page is a new sequence which we want you to be

able to sum,

G0 TO THE NEXT rAGE WiEN READY.

RS P A
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Rl.
Term number, n: 1 2 3 4 s5 , .,
Term-value, Tn: I 3 5 7 4«60
Sum, T 1 4 9 16 ..
The rule for summing this sequence is S.n =pxXns nao
That is, to find the sum of the first n term-values, we only need

to nultiply the number of term-values to be summed by

Remember the rule,

TURN PAGE AFTER aANoWwERING IN THE BLANK.

Rl.

Answer: multiply the number of termevalues to be summed

by itself. (or an equivalent statement)

GO TO THE NZXT FAGE wHEN READY.

IO ARt it 15t vt e N



Term number, n: 1 2 3 4 5 ., .,
Té!’ﬁ"value' Tn3 1 3 5 7 o o0 e
Sum, ¥ 1 4 9 16 ...

As an example of the application of the rule £° = n x n for
sunming this sequence, suppose we vanted to sum the first three

terr-vales, Then n = 3 and the rule tells us that Zj is b <

or 23 = ..o Compare this result with tne sum T, + T, + T3'

TURN FAGE AFTER aNSWuRING IN THE BLANKS.

R2.
Answer: 3 x 3 or S0 - 9.

GO TO THE NEXT PAGZ WHEN READY.

Y2 ey 2 o ’




R3.
Perm number, a: 1 2 3 & S5 e e

Perm-value, T : 1 3 5 7 o oo

n
Sum, zn: 1 b 9 16 o o o *
The rule for summing this sequence is f = or in

words, the sum of the first n terme-values is found by

When n = 10, 3" = o

TURN PAGE AFTER ANSWERING IN THE BLANKS.

R%.
n 2
ZAXXXRREREREXEXXXR XX XXX XBX0E B~/ /



RJ.

n 2
Answer: z =axnorn,

mul tiply the number of term-values, n, by itself.

(An equivalent statement is acceptable.)
3 - 100.

G0 TO THE NEXT PAGE WHEN READY.

In this program, you are to learp how to sum termevalues of
various sequences by use of a rule or formula. In each case, it
will be possible to express Zn as a rule or formula involving n
and/or T instead of actually adding up Ty + T, + o » o + T

On the next page iz a sequence we want you to be able to sum,

‘GO TO THE NEXT I'AGi wHEN READY,



Rk,
Term number, n: 1 2 3 &4 5 , .,

Term-value, T : 6 10 14 . . &

Sum, . !fh

The rule or formula for summing this sequence is

2
2 8 18 32 . . .

" = 20° =(2)x(w)x () That is, to find the sum of the first n

tern=values, we need only to multiply together n times n and

Rerember this rule.

TURN tAGE AFTER aNSWERING IN THE BL:aNK.

Rl

Angwer: 2.

GO TC THE NEXT rAG: WHI'EN READY.
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RS.
Term number, n: 1 2 3 4 5 , .,
Term-value, T : 2 6 10 14 . . .
Sum, >% 2 8 18 32 ...

As an example of applying the rule zn = Zna, suppose we want
to find the sum of the first three term~values without actually
adding '1'1 + '1‘2 + '1'3. Since we would have n = 3, then f would be

(Jx( yx( D=_____. Compare this result with the sum shown ia

the table.

TURN PAGE AFT&R ANSWERING IN THE BLANK.,




In this program, you are to learn how to sum term-values
of various sequences by use of a rule or formula. In each case, it
will be possible to express zn as a rule or formula involving n

and/or T, instead of actually adding up Ty + T+ e 0o+ Toe

On the next page is a sequence we want ;ou to be able to sum,

GO TV THE NEXT FaGE WHEN READY.

R5.

Answer: 2 x 3 x 3 =18,

GO TC THE NEXT PAGE #HEN READY.




R6.
Term number, n: 1 2 3 &4 § , ,,
Term-value, T : 2 6 10 14 , ..,
Sus, $% 2 8 18 32 ...
The rule for this sequence is 3 = or in words,
multiply two times .
IZ n = 10, then Y° = .

TURN FAGL AFTER ANSWERING IN THE BLANKS,

R6.

Answer: Z" = .2_9.2 or @ x(n)x(s}. That is, two tinmes
n_squared or two times n_times n agaig., Thus,

vhen n is 10, £ " is 200.
GO TO THE NEXT FAGE wHEN READY.
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R7.

Term number, n: 1 2 3 & s , .,
Term-value, Tn: 1 5 9 13 . ¢ @
Sum, $2. 01 6 15 28 ..
The rule for summing this sequence is ¥ = (2n-1) x (n).
That is, to find Zn for a given valus of n, we multiply the value

of one less than twice n by o Remember the rule.

TURN PAGEL AFTER aNoWERING IN THE BLANKS.

R7.
Answer: ne.

GO TO THE NEXT PAGL ANHEN REnDY.
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R8.

Term nusber, n: 1 2 3 4 5 ...
Term-value, T : 1 S 9 13 . + s

Sum, T O01 6 15 28 o .o

Let us apply the ruie E_n = (2n~1) % (n) to find 23. Since
n = 3, we get £3 = (5) x (3) = 15, Compare this result with the sum

shown under n = 3 in the table, Notice that 2n-1 is found before

multiplying by no For mn = 3, 2nel =E(2) x { )] - 1= .

TURN FAGS AFTCR aNowiLiING IN THE BLANKS.

R8.
Answer: [(2) X (22- l1=6<1=5,

GO TO THE NEXT FAGe WHEN RiaDY,




R9.
Term number, n: 1l 2 3 L S e o o

Term-value, Tn: 1l 5 9 13 ¢ o e

Sum, $% 1 6 15 28 ...
The rule for this sequence is }EF = _ or in words,
the sum is the quaatity times n.
For n = 10, we find‘:En = .

TURN FAGE aFTLR aNSW#LRING IN THE BLANKS

R9,
Answer: }En‘z (2nel) x (n).

The sum is the quantity two n minus one times n.

(Equivalent - atements are acceptable,)
71% (19) x (10) = 190.

GO TO THE NuiXT FAGE WHEN READY.

. P22

.
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R 10.

In review, if asked to sum the sequence 1, 3, Sy 74 ¢ ¢ »

you should use the rule or formula Zn =

To sum the sequence 2; 6, 10, 14, . » . use z" =

To sum the sequeace 1, S, 9, 13, o » - use 2.° =

R 10Q,

2
Answer: n X norn.

2xnxnor2n_?:.

n xjan - 1)0

GO TC THi NEXT FiGh diliN RoslY.




< - ey werandl]

R11l. DO NOT TURN BaCK W0 onRLIE PAGuS FOR THio UELTION.

Term numbsr. n: 1 2 3 &k 5 | .,

To &um Term~-value, Tn: 1 5 9 1i3 ° » o ase zn -
Sum, 2 1 6 15 28 ...
Terz number, n: 1 2 3 & 5 , ,,
To sum Term=-value, Tn: 1 3 5 7 <o e use Z c
- Sum, zn: 1l b 9 16 o o o
Term number, =2: 1 2 3 4 5 ., ,,
To sum Term-value, Tn: 2 6 10 14 , . . use 1:p .
— Sum, 2: 2 8 18 32 ... .
-‘
‘ NO adoweRs anl PROVIDED FokR Tdlo (UESTION,

GC TO THE NEAT . UESTION ~HEN RbADY,.

Rl2. DO NUT TURN BaCK TO LEaRLIER #aGu3 FCR THIL . UBSTION.

Term number, n: 1 2 3 4 5 , ,,
To sum Term-value, T3 2 6 10 14 . . use Zf)
Sum,

i

E;n: 2 8 18 }3 e o ¢

Term number, n: 1 2 3 4 5 . .,

To sum Term~value, Tnz l 5 9 13 o o use :yi ———

Sum, Er 1 6 15 28 ...

Term number, n: i 2 3 & 5 4, .

To sum Tern-value, T s 1 5 5 7 oo use zu =
n
Sum : 2 4 9 16 © o o
| 50 z

NQO ANOwiERS ARE FROVIDED FOR TilIo UeSTICK. _
GO TO THE NEXT FAGE wdEN RLADY. o
) . o ;w.‘«_:,fyeéé«’zmu

P p—— R T



El. Term muber, n: 1 2 3 4 5.. « o
Term-value, Tn: 1 3 5. 7T.. .
Sum, g1 4 9 16... :

" Your job is to find a formula for £.. The férmula for )4
can be written as the product of an expression involving n and

r. itself. When n = 1, you can multiply 1 times n to ‘get. Ll = 1.

What times n gives al. =1? _ Whenn = 3, you can mﬁitii:ily 3 times

nto get ¥ = 9. " What' times n gives £2 = 97 Let's'make & table

showing thede facts: Fill in the blanks. -

That number which when n ED
multiplied times n equals E. ‘
1. - "1 1
—_ . & 4
3. . 3 9 -
: D - 4
p TURN PAGE AFTER ANSWERING IN ALL BEANKS.
El.
‘ Answer: _1 _ o
) . . . _L . . .
' That mmber which when T p n
, . multiplied times n equals X', E
1 - 1 1
2 2 4
oA L e 4 16
. ) - . ) e .
' GO TO THE NEXT 'P.GE WHEN RZADY,

'EC"”

Full Tt Provided by ERIC.




E2, Tem number, n: 1 2 3 4 5. ..
Term-value, Tn:-i 3 5 T...

Cha & e mam e

&m’ znz 1 4 9 16 e o o - . ;
- .  Complete the table below. Do it!
. That which when n n
times ____ equals . : T
o— B 1 . ﬁ.——
‘ - T =
TURN PAGE AFTER ANSWERING IN ALL BLANKS: -
E2.
Answér:- That number which whgn tigh ed gB
times n_equdls _E - o =
. M - __]_- 1 .—1—»
'l 2. A
i 3 2
4 .4 6

NOTE: To shorten the writing, le'c'a just replace the wo
"that mumber which vhen mult:.plied times p equals
wzth "t.he mult:.pher of ne , .

GO TO THE NEXT PAGE WHEN READY.

 Taty S .
O e o
i by ERIC -




E}. Torm number, n: 1 2 3 4 5. ..
Term-value, Tn: l- 3 ¢ "r e o s
Sum, £2:1 4 9 16... ‘
The multiplier ¢fn n I - There is a relationship
2 ; i between:the first two
3 3 9 coluans. . To find it, deter-

. mire how the first column can be obta'ned from the second: If 5 is
the second column humber; the' first column number is 5. If 5 is the
second column number, what is the first column number? .- The
first column numbers are the'.same as those in the second. 'How can
you get the first column numbers from thoge’ in the second?’
If n stands for an drb‘i‘.-trar'.y ‘gsecond column ;;mber;, (i.e., a.ny second
column number we have in mind), “the corréspo‘ndinéfiret column number

is n. If n stands for an arbitrary second coluan number, what is

the corresponding first .co.lumi number?
TURN PAGE AFTER ANSWERING IN THE BLANKS, -

E3. .
Answers 5
They're the same(an equivalent ‘answer is ok.).

n

GO 20 THE NEXT PAGE WEEN READY.




1 s Yriner iy - .. . AR
E:. Tews »umadzr, 2 ¢ 4 . oeT s

Cerm-vraluz, ';‘“: L2 3 T s o o
0 .-
SUI!'., 2, 2 J. 4 5) 17 o o o

Produse the aziive izcle w2 have heen dictcussing. Show in

v

W v .
r

the tavie you cunsiruczt telow tnat | I soa2iling times n Do it
fern=1, 2, % erd 4., Wheirn is tae secand éolumn {'alue, the
first column vaivs ig n. Rwhen n is *tie segend. colamn *mlue, what
it bhe Iirst weitsn vaiver - . Mrite the formais for F.

e
n © . .
z r‘ = . L : : J

P e —— o

[
"

TUBN PAGS AFTER ANSVIRIIC TN BLANED LND MAKING TABLE.

24,
Answers Yo.c table shzull lonk 'smaet’aing like:
qaiered t) X

_{The m 142 (1.)

.‘. J &= l ]
@ x 2 = 4
b ] by >3
3 x5 = 3
4 x 4 = 16

i 2 is the cecini eclwan vaius, the fiost column
valie is _n_

»

-
.
~

z o3 n’ z-n = n‘.. .

P ] -

Gﬂ e '“HL BEX?- D/ GR- WHN R_sADi. _

- -~ Fa "
. T T . ey A
P N T S VR A S DL | »&'t‘WFMW
.




E5. Term number, n: 1 2 3 4 5., ..

Term~-value, Tn: 2 6 10 14. ..

Sum, 12 8 18 .32. ...

Your job is'to find e fomula for t.n The foi'mla for 8“

can be written as the product of an expreasion mvolving n and n
itself:; When n =1, you can multiply 2 times n to get 2'71 = 2,
what times'n gives 81 = 2? ° When n = 3, yoa can sultiply 6
times n to get 8’ 18. What times n gzves 8’ = 18"_';___1 Let's -
make & table elwwing theee £acts. Fill in tbe blanka

The multiplierofm m £ 77

2 . 1. 2
’ U o -, [ - 2 8'--
- - 0 s
: 4 b

TURN PAGE AFTER ANSWERING IN ALL BLANKS.

ES.
Answers _2
6 S
. o The multipliér of n _n : }2 ' . .
L] . . . ¢ 2 ) . 1 2. .
. B - . [ . + 2 L
. . . . 3 .18
| . L R
. ) * ... F .- . | . '
GG TO THE NEXT PAGE WHEN:READY. -
. e . ..
EKC o e i e R

v rovssry enc [L< 2 2P L PO R
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E6. Term number, n:1 2 3 4 5
Term-value, T:2 6 20 14...
Sum, £:.2 65 18 32. .

Complete the table below, Do it!

The - of n _‘__
_ 1 —
= Ea—

TURN PAGE AFTER ANSWERING IN THE BLANKS.

L

-

ES. .
Answer: The muitiplier oif n

™M
=

efolb
=10 IND
et

n

1

2

3 .
: 4 32
GO TO THE NEXT PAGE .WHEN’ READ?.

c &
13

.
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E7. Tern mumber, n: 1 2 3 4 5°. ..
Tera-value, T 5.2 6 10 14 ...
Sum, £7:2 -8 18°32. .. .
The multiplier ofn _n . __}:_ There is a relat:.onship
: % “ & . between the first two
S ' 6 3 _ 18 colums. To find it, deter-
| mine how the firet column can be obtained frow the ‘seconds If 5 is
the second column mmber; the -first column mmber is 10. ‘It 5 is
the second column nupbar. what is the f:u:st eolm number? = The
first column mumbers are twice those in the second. :- Eow can you get
the first colum pumbers rmn those in tho second?
If n stands for an.arbitrgry second. colulm mmber, the corresponding
“first column mmber is 2n, If n stands i‘or an b.rbitrary second col-
umn number, what :ls the eorresponding first aolmn mmber'?

e mmcnmm AVSVERING TN THE BLAMKS.

*

ET7.
Answers’ 10 . :
dou'ble them or mult_:ﬂ.w 2 or an equivalent
) a=2x% n .

) ., * ... )
GO T0 THE NEX? PAGE WLE: ‘READY.




E8. Term number, n: 3 2 3 4 5...

Term-value, T : 2 6 10 14 .. .

Sum, 2 8 18.32...

Produce the entire table we have been dzscusamg. Show in
the table you construct below that 2 is aomething tfmee n. Do it
+- - forn=1, 2, 3, and 4. when n is the second.column- value, the

first colum value is 2n. ' When n is the second columm value,
w;at is the flrst column value" _ wnte the formula for &,
¥ = x Nw ‘e L, . ) ’

- el e ———
)

e
;.
*

TURN PACE AFTER ANSVERING IN BLANKS AND MAKING TABLE.

ES.
Answer: Your table should look someth:lng like:

. (Tke multznlier of n) x (n) -;_ . .
2 x 1l = :
. . 4 3
S i o 6 18
. . 8. . -32

If n is the second column value, the fu'st column
value is 2n. "

g‘agl_l_?(nsgl_. .

RRN
HWLN

M 4
.
e .

.60 TOTHE NEXT PAGE WHEN READY.

.
. Pen 3.5 Gastum e P sy e - . . . . e o X " t R I N T . Ge, o o
] KCW”M"'M e e e . ’ - Lo e s Waie RTINSl s R e B R SR

Aruitoxt provided by Eic:



E9. 'i‘e_mmmber. n: 1 2 3 4 5...

Term-value, T:1 9 6 13. ..

Sum, s 1 6 15 28. . .

Your joo i_.'s‘ to find £ lormula for &'. The formula for z

can be written as the produc ;.0f an expresaion invoiving nand n
1tse1f. When n = 1, you can oultiply 1 tmes n to get t:l = 1],
What times n gives }.'.1 =17 __ Vhernn = '3, ‘you can multiply 5
times n to. get 2? = 15 vhat times n gi\es !.5 =152 . let's
seke a table dhowing thee: facts. Fill & the blanks. ..

Tne m.'ltiglitr ofn _n_ L
1 1 1
—_ .2 %
. % 3 - 19
e 4. _.

.
A

TURN F)GE AFTER ANSWERING IN THE RLAMES.

E9.
Answver: _1_
The multiplier of n L . & .
' , L 1 1
L5 . .2 6
5 . 5 15
W ., 4 2
‘. " ;
‘60 70 THE NEXT PAGE WHEN READ). .
. el . . . .

.
W}M% Tar g WAt o it ¥R A S wa vt G der A m o P - . P Sl N . s [ ) v, 5 5 . . N v <y . . P W ¢ =
]: K N . -7 bt S R R RS i mmﬁmmmwﬁmﬂ.ﬁﬁ,ﬁw/@éwm

Aruitoxt provided by Eic:



' . E0.Termnumber, n: 1 2 3.4 5...
: .. Term-value, T n® 1 5 9 13...
Sua, £ 6 15 B .. ..
.Complete the table below. Do it!
The - _of __ L
1

THI -

[

TURN PAGE AFTER ANSVERING IN THE BLANKS.

A\ J
-

El0.
Answer: The multiplier of a

. L&W!w t-' u’
stk b

b

GO T0 THE NEXT PAGE WHEN READY.

)
o . e e e s

E Mcmwmmwzfmmw«»:w»m-' R N St ek s i A A RN BB R S et SR s et Y e S R
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Aruitoxt provided by Eic:




Ell.'rem. number, n: 1 2 3" 4 9. . .
Term-value, ‘I'n: 1 5 9 13. ..
Sum, ™1 6 15 28..." ,
The ‘multiplier of n n _}f_ There is a relationship
; ' ; é between the first two
.2 .3 .15 columns. To find it, deter-

mine how the.first cplumn can be obtained from. the sesonds If 5 is

the second column number,” the first column fumber is 9.. If 5 is the
second column numbers, what is the first column number? ___ The
first column numbers are one less than two times those .'in;the second.
Ho:i can you get the first columyn numbers .from those in the éecond?

Take 1 away from what timésm? . . If n stands for an arbitrary
"second column number, the ‘corresponding first column number is 2n-l.

If n stands for an arbityary sécond column number, what is the cor-
responding first column number? o
TURN PAGE AFTER ANSYERING 1N THE BLANKS.

Ell.
Answer: 9.

2xn-1z=2n-1

. ——

GO 70 THE NEXT PAGE WHEN READY.

L]

L]
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El2.Term number, n:..1 2 3 4§ S5 ..«
Term-value, T s 1 5 9 13 . . .
Sum, }:Rzl 6 15.28 .. ..

Produce the entire table we have. beeh diacuo"a:lng Show in
the table you construct below that 2 is something times n. Do it
forna 1 .2, 3, and 4. Vhen n is the second colunn val.ne, the
first colusm value is. one -less tha.n 2n. Uhen n is the second ‘col-
umn value,. the firgt column value is one less than what"_____

Write the formula for F.. z X n.

. TURN PACE AFTER ANSWERING IN THE BLANKS AND MAKTNG TABLE.

El2.
Answer: Your table '9hbuld look éomething' like:

(The multipiier of n) x_(g_t) - Q ¥

l .X =
.3 xa.=6
5 x 3. =15
’7 _'. x4 .28

If n :ls the second dolumn value, the first column
value is one less than 2n or (2n-1) .

£ . (_:.l.).x-.no, C

GO 70 THE NEXT PAGE WHEN READY.

L0 s bt e S I B I




O il.Termnmumber, nt1 1 2 3 4 5. ..
Term-value, 'l‘n: 1 3 §5 T ..o
Sum, mMm:1 4 92 16...

Can you write a formula for En for this sequence? If you

can, write it here. . . You are supposed to find a formula
for o If you don't know one, try to find a way to tell what

£® is for each value of n. You may use the margins for any scrit-
bling you wish. Do you see a way? (yes or no).
TURN PAGE AFTER ANSWERING IN THE BLANKS.

© L
Answer: No answer for z." is provided for you on this page.
Whatever you answered for the vhird blank is

probably correct, but if you said NO, keep try-
ing to find a way. YOU CAN DO IT!

GO TO THE NEXT PAGE WHEN READY.

R T S T L R I -

Full Tt Provided by ERIC.



D

e Termmumber, n: 1. 2 3 4 5. . .
Term-value, Tnz 1 3 5 7T...
Sum, £:1 4 9 16...

The desired formula for I involves n. Can you writc a
formule for Zfl ? If you can, write it here. >l — e« You are
to find a formula for zf‘ which involves ____. If you den't know a
formula, try to find a way to get )f‘ from knowledge of what n is.

Do you see a way? (yes or no).

TURN PAGE AFTER ANSWERING IN THE BLANKS.

Answer: No answer for 21:1 is provided for you on this page.

Ne

Whatever you answered for the third blank is
probably correct, but if you said NO, keep trying
to find a way. YOU CAN DO IT!

o

GO TO THE NEXT PAGE WHEN RFALY.




5 Texm number, n: 1 2 3 4 5. ..
Term-value, Tn: 1 3 5 7T...
Sum, %1 4 9 16...

The desired formula for f‘ involvee n and miltiplication.

Can you now write a formula for )Il ? If you can, write it here.

gn = « You are supposed to find a2 formule fox £ which in-

volves . If you dontt know a

formula, try to get one by mult.plication of n. Do you see a way?

(yes or 0).

TURN PAGE AFTER ANSWERING IN THY BLANK 5.

Se
n 2
Answirs ¥ =nxn=n_.

n and muliiplication.

What-ver yow answere: in the third s’lank is proo-
ably correct but if you said NO, bet:er luck on
ine next ~equence-~don't stop tryimsg. YOU CAN DO
IT!

GO TO THE HEXT PAGE #HEN READY.

ey




j. Term number, n: 1. 2 3 4 5 ...
Tem-jralue. Tn: 2 6 10 14...
Snm,_'. f:2 8 18 32...
Can you write a formula for );n for this sequence‘?" if you

can, write it here. g s You are suprosed to fin: a
formula for ____. If you don't know one, try to find a woy to
tell what &' is for each value ¢f n. You nay use the margins for
gny scribbling you wish. Do you see a way? _____ (ves our no).

TURN PAGE AFTER AISWERING IN THL BLANKS.

4-

Ansver: No aniwer for £? is provided lor you on this page.

2.

Whatever you enswered for the third blark is prob-
ably correct, but if you said NO, heep trying to
find e way. DU CAN DO IT!

GO TO THE NEXT PACE WHEF RFADY.
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D S.Termnumber, n:1 2 3 4 S5...
Term-value, Tn: 2 6 10 14 ...
Sum, %2 8 18 32...

The desired formula for 2“ involves 2n. Can you write a
formula for ¥'? If you can, write it here. & = —— e You are
to find a formula for I' which involves —— . If you don't know
a formula, try to find a way to get o fron_n knowledge of what 2n is.
Do you see a way?______(yes or mo).

TURN PAGE AFTER ANSWERING IN THE BLANKS.

P 5
Answer: No answer for & is provided for you on this page.
2.
vhatever you answered for tﬁe third blank is prob-

2bly cerrect, but if you said NO, keep trying to
find & way. YOU CAN DO IT!

GO TO THE NEXT PAGE WHEN READY,

ERIC___

Full Tt Provided by ERIC.

e ]
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Temnumber, nt 1 2 3 4 5. ..
Torm-value, 'l'ns 2 6 10 14...
Sum, £ 2 8 18 32...

The desired formula for t.n involves multiplication of 2n.

- Can you row write a formula for ' If you can, write it here,

P . « You are supposed to find a formula for B which

involves o If you don't know a formu-

la, try to get one by multiplication of 2n. Do you see a way?

(yes or no).

TURN PAGE AFTER ANSWERING IN THE BLABKS.

¥
o 3

Answerz),p-:exnxn-axz.

multiplication of 2n.

Whatever you answered in the third blank is probdably
correct, but if you said NO, better luck on the next
sequence~-don't stop trying. YOU CAN DO IT:

GO TO THE NEXT PAGE WHEN READY.

ERIC
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| (N
Term mumber, n: 1 2 3 4 5 ¢ o e
Term~-value, !n: 1 5 9 13...
Sum, F:1 6 15 8. .,
Can you write a formula for & fer this gequence? If you
can, write it here. % = . You are supposed to find a
formula for ___ . If you don't know one, try to find a way to
tell vhat £ is for each value of n. You may use the margins for
any scrivdling you wish. Do you see a way? ____(yes or mo).
TURN PAGE AFTER ANSWERING IN THE BLANKu.

D 1.
Answer: Neo answer for }f’ is provided for you on this page.

L.

Whatever you answered for the third blank is prob-
ably correct, but if you said NO, keep trying to find
& way. YOU CAN DO IT!

GO TO THE NEXT PAGE WHEN READY.

ERIC

Full Tt Provided by ERIC.
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0 .
Term mmber, n: 1 2 3 4 S5. ..
Term-value, T.:1 5 9 13. ..
Sun, z;%: 1 615 28. ..
"The desired formule for & involves (20-1). Can you
write a formula for }P ? T{ vou can, write it here. P a

You are to find a formula fc: £ which involves . . If you
don't know a formula, trr to find a way to ge’ &' from knowledge
of what 2n-1 is. Do ysa see a way?

k]

__ \yes or no).

TURN PAGE :FT<R ANSWERING IN THE SLANKS.

() 3.

Answer: No answer for zn is provid:d for you on this page.
2n-1 |

Vhatever you answered for the third blank is prob-
&bly correct, but if you said NO, keeyp trying to
find a way. YOU CAN DO IT!

GO TO THE NEXT PAGE WHEN READ:.

ERIC

Full Tt Provided by ERIC.
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e 3.

Term nusber, ns 1 2 3 4 5. ..

Term-value, T :1 5 9 13. ..

Sum, 8331 6 15 280 . . .

The desired formula for & involves multiplicetion of 2n-1.

Can you now write a formule fort®? 1If you can, write it here.
?a. « You are supposed to find a formula for £ vhich
involves « If you don't know a formula,
try to get one by multiplication of 2n-1. Do you see a way?
(yes or no).

TURN PAGE AFTER ANSWERING IN THE BLANKS.

D ).
Answer: & = (2n-1) x (n) or an equivalent.

sultiplication of 2n-1.

Whatever you answered in the third blank is probably
correct, but if you said NO, better luck on the test.

G0 TO THE NEXT PAGE WHEN READY.

ERIC

Full Tt Provided by ERIC.
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€ l.Termnumber, n:s1 2 3 4 S5...
Term-value, Tnsl 3 5 T eeo

&m’ 2118 1 4 9 16 o o o
Your job is to find a formula for . Can you write the

formula for z“ as the product of an expression involving n and n
itself? When n = 1, vhat times n gives 21 =2 1?___ When n = 5, vhat
times n gives £ = 97___ let's make a teble showing these facts.
Can you fill in the blanks? Try it!

That number which when n
multiplied times n equals S
1 1 1

—_— 2 4
3 3 9

— 4 —

TURN PAGE AFTER ANSWERING IN ALL BLANKS.

1 3 1.
Answers _1_
-2
That number which when n n n
maltiplied times n equals » L
1 1l 1
2 2 4
3 3 9
4 4 16

GO TO THE NEXT PAGE WHEN READY.

©

ERIC

Aruitoxt provided by Eic:
N



2, Termnumber, ns 1 2 3 4 S5. ..
Term-value, Tns 1 3 5 7...
Sum, 1 4 9 16...

Can you complete the table below? Try it!
That which when
times equals .

| o] | s
NERREE

TURN PAGE AFTER ANSWERING IN ALL BLANKS.

2.
!"mwerz That number which when gltiglied n
times _n equals L . >
1 1T "1
2 -
2 3
+ A

NOTE: To shorten the writing, let's replace the words,
"that number which when multiplied times n equals
»" with, "the multiplier of n."

GO T0 THE NEXT PAGE WHEN READY.
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€ 3. Temnumber, ns 1 2 3 4 5...
'l'em-value,Tnzl 3 5 T7T...

Sum, g1 4 9 16...
The multiplier of n n 2?
1 1 1
2 2 4
3 3 9

Do you notice any relationship between the first two columns?
If 5 is the second column number, what is the first column number?
How can you get the first column numbers from those in the second?
If n stands for an
arbitrary second column number (i.e., any second column mmber we
have in mind), what is the corresponding first column number?

TURN TO THE NEXT PAGE AFTER ANSWERING IN BLANKS,

¢ B
Answer: _§5
They're the same(An equivalent answer is ok.).
n

GO TO THE NEXT PACE WHEN READY.

ERIC

Full Tt Provided by ERIC.




6 Y

cemnasber, ns1 2 3 4 5. ..
Term--ialue, Tn: 1 353 5 7...
Sum, - £l 4 9 16...
Can ycu produce the entire table we have been discussing?
Can you show in the table you construct beloew that " s something
tines n? Try it turn =1, 2, 3, and 4. When n is the secund
coiurn value, whut is the first column vaiue? ___ Can you writc lhe

fomulaforz’.”? Zne xXn-= .

TURN PAGE AFTER ANSWERING IN BLANKS ARD MAKIHG TABLE.

Answer: Your table should louk something likes

(The multiplier of n) x (n) =_¥
1 x 1 = 1
2 x 2 = 4
5 x 3 =9
4 X 4 = 16

If n is the second c¢~lumn value, the first column
velue i3 n.

. n 2
"= n xn=n".
GO TO THE NEXT PAGE WHEN READY.




G S.Termnumber, n:1 2 3 4 S5...
Tem-value. Tn: 2 6 10 14 e o o
Sum, M2 8 18 32...

Your job is to find a formula for . Can you write the

fo:mule for zn as the product of an expression involving n and n
ituelf? VWhen n = 1, what times n gives 2'.1 = 27 When n = 3, what
times n gives !‘.5 = 187 Llet's make & table showing these facts.
Can you fill in the blanks? Try it!

The multiplier of n _n _5
2 1 2

2 8

6 3 18

4

TURN PAGE AFTER ANSWERING IN ALL BLANKS.

2 5.
Answers _2 .
6
The multiplier of n

SN s

2
4.
6
£

GO TO THE NEXT PAGE WHEN READY.

s
x
)
n—-—m-—-mu-—--—-—-—-u —— B

LI ]
i -
Loue i ———————



¢ 5% Term number, n: 1 2 3 4 §5..
Term-value, T : 2 6 10 14 . . .

Sum, 832'2 6 18 32. ..
‘ Can you complete the table below? Try it!
The of n
1 ~

3

TURN PAGE AFTER ANSWERING IN THE BLANKS.

% 3.
Aagwer: The muliiplierof n n
2 1
4. .
S 3
S A

GO TO THE NEXT PAGE WHEN READY,

I

s
kislel

Full Tt Provided by ERIC.
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G 7. Term number, n: 1 2 3 4 S5 . . .
Term-value, T : 2 6 10 14 .. .

Sum, L:12 8 18 32...
The tultiplier of n n _g_’_‘.
2 1 2
4 2 8
6 5> 18

Do you notice any relationship between the first two columns?
If 5 is the second colum number, what is the first column number? __
Iiuw can you get the firat column numbers from those in the second?
If n stands for an arbitrary second column
mmber, what is the corresponding first column number?

TURN TO THE NEXT PAGE AFTER ANSWERING IN THE BLANKS.

¢ 1.
Answer: _10

double them or multiply by 2 or an equivalent
a=2xn

G0 TO THE NEXT PAGE WHEN READY,

ERIC ;
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S. Temmber, ns 1 2 3 4 50 ° o
Term-value, T : 2 6 10 14 ...

T's2 8 18 32...
Can you produce the entire table we have been discussing?

Can you show in the table you construct below that 2 is something
tines n? Try it forn=1, 2, 3, and 4. When n is the second
colunn value, what is the first column value? Can you write
the formula for £® 2 % = XN = .

TURN PAGE AFTER ANSWERING IN BLANKS AND MAKING TABLE.

3.
Anawer: Your table should look something likes
The ti n} X .(I!_ll = ;_n'_
2 x 1 = 2
4 x 2 = 8
6 x 3 = 16
8 x 4 = 32

g

If n is the second column ue, the first colum

velue is 2n.
En'_@_xn-gl;_z_.

GO TO THE NZXT PAGE WHEN READY.




€ ) Termmumber, n:1 2 3 4 5...
Term-~value, Tt 1 5 9 13. . .
Sum, zgzl 6 15 28 . . .
Your job is to find a formla for ™. Cem you write the

formula for z:“ as the product of an expression involving n and n
itself? When n = 1, what times n gives }} =12 ___ When n = 3,
vhat times n gives E° = 157____ let's make a table showing these
facts. Can you fill in the blanks? Try it!

The multipiierof n n g~
1 1 1
___ 2 6
b 3 15
—_— 4

TURN PAGE AFTER ANSWERING IN THE BLANKS.

6
aAnswer: _1
2
The multiplier of n n _2_’2_
1 1 1
3 2 6
o 5 15
I 4 2

GO TO THE NEXT PAGE WHEN READY.

ERIC
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o 10.Term number, n: 1 2 3 4 95 .. .

Term-value, T 1 5 9 13 . ..

Sum, :1 6 15 28...
Can you complete the table below? Try it!
The of n
- —_— 1
— 3

TURN PAGE AFTER ANSWERING IN THE BLANKS.

e 10

snswer: The multiplier of n n Z "

1 1 T 1

2 2 L

- 3 A2

L 4. 2L

GO TO THE NEXT PAGE WHEN READY.
1 e Ao oA SR S A L ST |
EKTC » e e e e ‘ . )
SO S




€ l.Termnumber, n: 1 2 3 4 5...
Term-value, 'I'n: 1 5 9 13 . .
Sum, sf:1 6 15 26. ..
The multiplier of n n o
1 1 1l
3 2 6
5 3 15

Do you notice any relationship bhetween the first two columns?
If 5 is the second coiumn nunber, what is the first colwm number?
How can you get the first column numbers from those in the second?
Take 1 away from what times n? _____ If n stands for an arbitrary
second colwmn number, what is the corresponding first column number?

TURN PAGE AFTER ANSWERING IN THE BLANKS,

& L1,
Answer: G

2xn-1=2n-l

GO TO THE NEXT PAGE WHEN READY.,

Bt e TR o WS T T T T i PV ) T S B el Rl SRR B LN s < 4%




6 J)2.Term number, n: 1 2 5 4 5. ..
Term-value, ‘I'uz !5 9 13...
- Sum, £l 6 15 8. ..
Can you produce the entire table we have seen diszcussing?
Can you shew in _the table yo» construct below .the; f 15 something
times n? Try it forns 1, 2, 3, and 4. When n < the second
column valve, the first coluwun value is one less tun what?

. n
Can you write the formula §90 %77 P a X n

TURN PAGE AFTER ANSWERING IN THE BLANKS AND 1AKING TABLE.

Answer: Your table s!.uld look something likes
(™e multiniier of n) x (n) P

1 x 1 : 1
3 x 2 = 6
5 x 3 = 15
7 x 4 = 28

If n is the -=20nd colwrr value, the first colvmn
value is one 288 vhan Zn er {2n-1).

£ - (v~1, . 2.

e d
Bt
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One of the fundamental assumptions underlying many of the
nev mathematics curricula is that discovery methods of teaching
and learning increase the student’s ability to learn new content.

The last decade of research on discovery learning, hcwever, has
produced only partial and tentative support for thias contention,
Even vhere the experiments have been relatively free of methodologi-
cal defects, the results have often been inconsistent. More particu-
larly, the interpretation of research on discovery learning has

been made difficult by differences in terminology, the tendency to
compare identical groups on a variety of dependent measures, and
vagueness as to what is being taught and discovered.

While most discrepancies due to differences in terminology can
be reconciled by a careful analysis of what was actually done in
the experiments and thus present a relatively minor problem, the
failure to equate original learning has often made it difficult
to interpret transfer (and retention) results in an unambiguous manner.
Thus, several studies have shown that rule-given groups perform
better on "near" transfer tests than do discovery groups. The
obtained differences, however, may have been due to the fact that
the discovery groups did not learn the originslly presented materials
as well as the rule-given groups.

When the degree of original learning was equated, Gagne end Brown
found that their discovery groups were better able to derive new
formulas than their rule (i.e. formula)-given groups. They attributed
this result to differences in "what was learned" but added that they
wvere unsble to specify precisely what these differences were.

Using the Set-Function Language (SFL) as a guide, Scandura
proposed an analysis of discovery learning that seems to be in accord

©
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with experimental findings. The main point was that in order to

succeed, discovery Ss must learn to derive solutions whereas solution-
given Ss need not. In attaining criterion, discovery Se may discover

a derivation rule by which solutions to new, though related, problems
may be derived. Under these circumstances, discovery Ss would be
expected to perform better than expository Ss on tasks which are within
the scope of such a derivation rule. If the new problems presented

have solutions beyond the scope of a discovered derivation rule, however,
there would be no reason to expect discovery Ss to have any sgpecial

advantage.

OBJECTIVES

This study was concerned with two major questions, First, can
"what is learned" in mathematical discovery be identified and, if so,
can it be taught by exposition with equivalent results? Second, how
does "what is learned" depend on prior learning and on the nature
of the discovery treatment itself?

Assuming that transfer depends only on whether or not the
derivation rule is learned, then the order in which the formulas
(i.e, the solutions) and the derivation rulé &te presented should
have no effect on transfer provided S actually learns the derivation
rule. If, on the other hand, a discovery program simply provides
an opportunity to discover and does not guide the learnmer through
the derivation procedure, sequence of presentation might have g large
effect on transfer. That is, if a capable and motivated subject
is given appropriate hints, he migl'tr?well succeed in discovering the
appropriate formulas and in the process discover the derivation rule.
It is not likely, however, that he would exert much effort when given

an opportunity to discover a formula he already knew.

Q
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In particulsr, the following hypotheses were made. First, vhat
was learned by guided discovery in the Gagne and Drown study can
be presented by exposition with equivalent results. Second, pre-
sentation order is critical when the hints provided during discovery
are specific to the respective formulas sought rather thaa relevant
to a general strategy (i.e. a derivaticn ruie). Third, presentation
order is not critical when the program effectively forxces $ to learn
the derivation rule, regardless of whether the learning takes place

by exposition or by discovery.

PROCEDURE

The SFL was used as an aid in analyzing the guided discovery
. programs used by Gagne and Brown and Eldredge to determine "what is
learned," As a result of this analysis, we wera able to devise an
expository statement of the derivation rule. We were also able to
determine, on an a priori basis, which kinds of transfer item could
be solved by using this derivation rule and which could not,

There were seven treatments. Each consisted of a common intro-
ductory program followed by various combinations of four basic in-
structional programs. The introductory program was designed to generally
familiarize the §s with number sequences and with the terminology
used in the four basic programs, In particular, four concepts were
clarified: sequence; term value, T,; term number, n; and sum of the
firet n terms of a sequengé I°.

Each of the four basic instructional programs was based on the
same three avithmetic series and their respective summing formulas:
1+3454 ...+ 20-1)— 025 246+ 10+ ... + (4n-2) —320%;
1+5+9+,.. + (4n-3)-—) (2n-1)n. Each series was presented as

a three-row display -- e q,,

\)
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Torm number n ¢ 1 2 3 &

Tarm value rn: 2 6 10 14 ‘e o o
Sum % 2 8 18 32 ...

The rule and example (R) program consisted of the three series
displays together with the respective summing formules., The presenta-
tion of each summing formula was followed by three application problems
~e= @,8,, £ind the sum of 2 + 6 + 10 (-2-32'18). S was glso reqnired
to write out each formula in both words and symbols, but no watiomale
for the formula was provided.

The other three basic programs included differing kinds of
directions and/or hints as to how the summing formulas might be
determined. The expository (E) and (highly) guided discovery (G)
programs were based on 2 simplifi~-d variant of that derivation rule
presumably learned by the guided discovery Ss in the Gagne and Brown
study.

The E program consisted of a simplified statement of the derivs-
tion rule as it applied to each of the three training series. To
insure that S learned how to use the derivation rule, a vanishing
procedure was used which ultimately required § to apply the procedure
without any instructions. The G program paralleled the E program
in all respects. The only difference was that the G program consisted
of questions whereas the E program consisted of yoked direct statements,
each followed by a parallel question or completion statement to see
vhether § had read the original statement correctly. The only difference
between the E and G programs was whether the information was acquired
by reception or by reacting to a question (i.e., by discovery).

The discovery (D) program, on the other hand, simply provided
S with an opportunity to discover the respective summing formulas.

S was guided b questions and hints which were specific to the formulas
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involved rather than relevant to any general strategy or derivation

rule. The questions and hints were interspersed with liberal
amounts of encouragement to provide motivation.

There were two transfer tests. The within-scope transfer tect
consisted of two new series displays whizn could be solved by the
identified derivation rule. The extra-scope transfer tect involved
series which, strictly speaking, were beyond the scope of the identified
derivation rule. A series of hints paralleling those used in the D o
program were constructed to accompany each test series.

The naive Ss were 105 (103 females) junior and senior elementary
education majors enrolled in required mathemetics education courses
at the Florida State University. Participation was a course require-
ment.,

The Ss were randomly assigned to the seven treatment groups. In
addition to the common introductory program, the rule-given treatment
group (R) received only the R program. The other six treatment
graups received the R program together with one of the other three
basic instructional programs. The RE, RG, and RD groups received
the R program followed by the E (expository), G (guided discovery),
and D (discovery) programs, respectively, while the ER, GR, and DR
groups received these same respective programs in the reverse order.

The Ss were scheduled to come to the experimental room in groups
of four or less and were arranged at the ends of two tables which
were partitioned to provide separate study carrels. A brief quiz
was used to screen out any Ss who were already familiar with number
series and/or formulas for summing them. They were then given the
introductory and treatment booklets and the necessary instructions
for working through the two programs. The Ss worked at their own

rate. E recorded the times taken in the introductory and treatment
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booklets.

As soon as all of the Ss in the testing group had completed the
treatment programs, they were told to review for a test. After
two minutes, the booklets were collected and the tests and hint
cards were presented. The Ss were given instructions to the effect
that they would be timed, that they would be told whether a particu-
lar answerwss correct or not and that they could use the hints
after 5 minutes. 1t was emphasized that the fewer hints used, the
better the score. Defore continuing on ta the second problem,
each $ read all of the hint cards pertaining to the first problem
etc. If an S solved a problem before the others, he was allowed
to read the rest of the hints for that problem and, then, was
required to wait for the others to finish.

Three indices of performance on the transfer tasks were obtained:
(1) time to solution, (2) number of hints prior to solution, and
(3) a weighted score. The weighted score was equal to the time to
solution in minutes plus a penalty of 4, 7, 9, or 10 depending on
vwhether S used 1, 2, 3, or 4 hints, respectively.

RESULTS
" All treatment groups performed at essentially the same level
-_— on the introductory program, both in terms of time to completion
and number of errors.

The results on the within-scope trsnsfer test conformed to
prediction. Irrespective of the transfer measure used, the group
(R) given the formula program only and the group (RD) given the
formula program followed by the opportunity to discover program
performed at one level, while the other five groups performed at
a common and significantly higher level. In particular only that

sequence effect involving groups RD and DR was significant,

Q
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While there were nc overall treatment differences on the extra-
scope transfer test, the contrast between groups R and RD and groups
DR, RG, GR, RE, and ER attained a borderline significance level,
There were, however,nd reliable performance differences between:
(1) the guided discovery (RG and GR) groups and the exposition
(RE and ER) groups, (2) those guided discovery and cxposition
groups (RG and RE) given the formulas first and those groups .(GR
and ER) given the formulas last, (3) the opportunity to discover---
formula-given (DR) group and the four guided discovery and ex-
position groups, or, most critically, (4) between groups DR and
RD.

These transfer effects can not be attributed to difierences

in original learning. A learning test embedded within the common

R program indicated that the Ss had well-learned the appropriate
sumning formulas to the three training series before they took
the transfer tests.
CONCLUSION AND IMPLICATIONS

Two points need to be emphasized. First, 'what is learned"
during guided discovery can at least sometimes be identified and
taught by exposition--with equivalent results. While this con-
clusion may appear somewhat surprising at first glance, further
reflection indicates that we have always known it to be at least
partially true. As has been documented in the laboratory °
as well as by innumerable classroom teachers of mathe-
matics, it is equally possible to teach rules (e.g., n?) by expo-
sition and by discovery. No one to our knowledge, however, had ever
seriously considered identifying "what is learned” in discovering
rules in addition to the (discovered) rules themselves. In the
present study, we were apparently successful in identifying a
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derivation rule--i.e., a8 rule for deriving first order rules. No

differences in the ability to derive new (within-scope) formulas

(i.e., first order rules) could be detected between those Ss who

discovered a derivation rule and those who were explicitly - given
one,

What we did pot do in this study was to consider the possi-
bility that our discovery Ss may have acquired a still higher order
ability--namely, an ability to derive derivation rules. A strictly
logical argument would seem to indicate that an indeterminate number
of higher order abilities might exist. As soon as one identifies
“what is learned" by discovery in one situation, the question
immediately arises as to whether there is some still higher order
ability which makes it possible to derive the identified knowledge.
In so far as behavior is concerned, of course, it is still an open
question wvhether such higher order derivation rules do exist in
fact. Whether they do or not, there are undoubtedly a large number
of situations where, because of the complexity of the situation,
"what is learned" by discovery may be difficult, if not impossible,
to identify. In these situations, there may be no real altermative
to learning by discovery.

Nonetheless, intuition-based claims that learning by self-
discovery produces superior ability to solve new problems (as com-
pared with learning by exposition) have not withstood experimental
test. The value to tra&bfer ability of learning by discovery does
not appear to exceed the value of learning by some forms of expo-
sition. Apparently, the discovery myth has come into being not
so much because teaching by exposition is a poor technique as such
but because what has typically been taught by exposition leaves
much to be desired. DBefore definitive predictions can be made,

careful consideration must be given to "what is learned," the
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nature of the transfer items, and the relationships between them.

As we identify just what it is that is learned by discovery in a
greater variety of situations, we shall be in an increasingly better
position to impart that same knowledge by exposition.

The second point to be emphasized concerns the sequence effect--
if a person already knows the desired responses, then he is not likely
] to discover a higher order rule by which such responses may be d2iived.
An extrapolation of this result suggests that if S knows a specific
derivation rule, then he may not discover a still higher order deriva-
tion rule even if he has all of the prerequisites and is given the
epportunity to do so, The reverse order of presentation may enhance
discovery withoug making it more difficult to learn more specific
rules at a later time, In short, prior knowledge may actuslly inter-
fere in a very substantial way with later opportunities for discovery.

Why and how sequence affects "what is learned" is still open to
speculation. In attempting to provide some clarification,

Guthrie has suggested that rules in verbal learning are analogous
to the unconditioned stimuli in classical conditioning, while not
giving rules results in behavior more closely approximate to that
observed in operant conditioning. Unfortunately, the analogy is a
poor one, Not only does it provide little in the way of explana-
tion, but the analogy itself is incorrect. To insure learning,

for example, unconditioned stimuli must appear contiguously or shortly
after the to-be-conditioned stimuli; yet, in learning rules by expo-
gsition, the rules (i.e., the "unconditioned stimuli') are presented
first and then the stimulus instances (i.e., the "conditioned stimuli"),
Perhaps what Guthrie means is that once learned, rules may act in &
manner similar to the reflexes of classical conditioning., Rules

(and reflexes) '"tell how to get from where to where'; eliciting

ERIC e eresn ot s
[AFuiTox provided by ERIC -~ e remenm




[N . L et e e SR R TR NG SRR

10

stimuli only provide the occasion for such actions. Yonge
has offered s wore reasonable explanation in terms of the total
structure of prior experiences, but it was formulated in relatively
imprecise cognitive terms.

Our own interpretation is as follows. When S is presented with
a stimulus and is required to produce a response he does not already
know, he necessarily must first turn his attention to selecting 2
rule by which he can generate the appropriate response. In effect,
S must adopt a secondary goal (i.e., find a rule) before he can hope
to obtain his primary one (i.e., find the response). To achieve
this secondary goal, S is forced to come up with a derivation rule,
which might well be adequate for deriving other rules in dddition
to the one needed. The kind and amount of guidance given would pre-
sumably help to determine the precise nature of the derivation rule
so acquired., On the other hand, if S already knows the response,
it is not likely that he will waste much time trying to find
another way to determine that response. Under these conditioms,
the only way to get S to adopt a secondary goal is to change the
context. Presumably, the expository and guided discovery Ss in
this study learned the derivation rule because this appeared to be
the desirable thing to do., Some such mechanism may prove crucial

to any theory based on the rule construct and framed in the SFL

The obtained sequencing result may also have important practical
implicatiins, as will be attested to by any juaior high school mathe-
matics teacher who has attempted to teach the '"meaning" underlying
the various computational algoritims after the children have already
learned to compute. The children must effectively say to themselves
something like, "I already know how to get the amswer, Why should I

care why the procedure works?'" Similarly, Jdrilling students in their
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multiplicati n facts before they know what it means to multiply,

may interfere with their later learning what multiplication is.

Let me make this point clear, because it is an important one. We

are not saying that we should teach meaning first simply out of some
sort of dislike for rote learning--for certain purposes rote learning
may be quite adequate and the most efficient procedure to follow.
What we are saying is that learning such things as how to multiply,
without knowing what multiplication means, may actually mske it more

difficult to learn the underlying meaning later on.

©
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