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SYLLABUS OUTLINE
Mathematies 9X

Unit Topies Time Allotment
days

Optional topics are indieated by an asterisk (*).

Sets (finite and infinite)

Universe, subsets, null set

Union and intersection of sets

Disjoint sets

Complement of a set

Matching sets and one-to-one correspondence
Euler circles and Venn diagrams

Cartesian product of two sets
Solution sets

2. Algebraic Expressions 9 - 11
Algebraic symbols
Addition, subtraction, multiplication, and

division of algebraic expressions
Value of an expression

3. The Set of Integers . 5«6
Properties of the natufal numbers
Operations in the set of integers

Properties of the integers
Absolute value

4.  Open Sentences 30 - 35
Equations
Identities
Equations with no solution
Inequalities
Solution of equations
Solving problems by use of equations
Solution of inequalities
Solving problems by use of inequalities
Solution of equations and inequalities

involving absoliite value

5. Algebraic Problems 25 - 30
Formula problems
Motion problems
Value problems
Mixture problems
Business problems
Work problems
Geometric problenms

6. The Set of Real Numbers
The set of rational numbers
Irrational numbers :
Properties of the real numbers :
The real numbepr line

9-11
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7. Exponents and Radicals 15 - 17
Non-negative exponents
Negative exponents
Operating with expressions containing
- exponents
Factoring and prime factorization
Equations in fractional form
Radicals
Simplification of radicals

Operating with expressions containing
radicals

Fractional exponents

8. Polynomial Expressions 10 - 12
Addition, subtraction, multiplication, and

division of polynomial expressions
Factoring polynomial expressions

9. Quadratic Equations 10 - 12
Solution by factoring
*Solution by completing the square
*Solution by quadratic formula
Graphing quadratic equations
Simple proofs

10. Open Sentences in Two Variables 9 - 10
Algebraic solutions
(addition and subtraction of equations)
(substitution)
Solution by graphing
Solution of inequalities

1l. Relations and Functions 7
Relations
Functions
Range and domain
Graphing relations and functions
Slope and intercept

*12. Trigonometric Functions
The unit eircle in coordinate geometiry

Sine, cosine, and tangent defined in terms
of unit circle
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FOREWORD

In April 1961, an advisory committee on secondary school k-
mathematics convened at the Department to discuss the direction ;
that secondary mathematics curriculum revision should take.
This committee consisted of college and secondary school E
teachers, Supervisors, administrators, and a consultant from one b
of the national curriculum programs. As a result of this
meeting, the recommendation was made that a revision of the
mathematics 7-8-9 program be undertaken immediately.

This publication represents the third of a series of ]
experimental units for a course in mathematics for the ninth :
grade. The first publication consisted of units 1-l%; the second, *

units 5, 6, and 7; and this one contains materials for units 8 ¥
and 9. The remaining units, 10-12, will be distributed in one F
final publication during the 1964-65 school year when it is &
completed. e

The materials in the 9X experimental syllabus are based
upon the foundations 1aid in the 7X and 8X experimental
syllabuses. Therefore, it is to be understood that the 7X and
8X experimental courses are a prerequisite to the 9X experi- ,
mental course. As in the 7X and 8X syllabuses, the chief s ]
emphasis 1s placed upon the understanding of basic mathematical
concepts as contrasted with the all-too-frequently used program
in which the mechanics of pathematics receives the greatest
stress. The general approach and content used 1is that agreed
upon by leading mathematical authorities as the most desirable.
In the actual teaching of the program major emphasis is placed
upon the "discovery process.” The principal function of the
teacher is to carefully set the stage for learning in an
organized fashion such that the pupils will "discover" for
themselves the fundamental concepts involved.

The materials in the oathematics 7X, 8X, snd 9X experi-
mental syllabuses include much of what today are called the
basic ideas and concepts of mathematics. These concepts are
those which the pupils will use throughout their study in 3
mathematics. With this material the teacher should be able to 4
aid the pupils to see the beauty of mathematics in terms of the -
fundamental structure found in mathematical systems. The
jmportant unifying ccncepts included in the new course of study
for the ninth grade are:

o B i e A

Algebraic Expressions and Open Sentences
Analysis of Algebraic Prcblems

The Set of Real Numbers

Properties of Exponents and Radicals
Operations with Polynomial Expressions
Quadratic Equations

Open Sentences_in Two Variables
Relations and Functions

Trigonometric Functions

A nev mathematical curriculum is not the sole answer to
the improvement of mathematlcs instruction. Most important
perhaps is the method of presenting the material. If the

vi




teacher develops lesson plans that will allow the pupils to
discover concepts for themselves, the teaching and learning
of mathematics will become excitingly different and no longer
remain the dissemination of rules and tricks.

A special committee was formed to review the 9X syliabus
and to make recommendations for the writing of materials. This
committee consisted of the following: David Adams, Liverpool
High School; Benjamin Bold, Coordinator of Mathematics, High
School Division, New York 61ty Board of Education; Mary Challis,
Plattsburgh High School, Francis Foran, Garden City Junior High
School; Eleanor Maderer, Coordinator o} Mathematics, Board of
Education, Utica; William Mooar, Benjamin Franklin Junior High
School, Kenmore; Verna Rhodes, &orning Free Academy; Leonard
Simon, Curriculum Center, New York City; Joan Vodek, Chestnut
H1ll 5unior High School, Liverpool; Frank Wohlfort, Coordinator
of Mathematics, Junior ﬁigh School Division, New York City Board
of Education.

The materials for the 9X syllabus were written by Charles
Burdick, ccordinator and teacher of mathematics, Oneilda Junior
High School, Schenectady. The project has been developed under
the jJoint supervision of this Bureau and the office of Frank
Hawthorne, Chief, Bureau of Mathematics Education, who guided
the planning. Aaron Buchman, associate in mathematics education,
reviewed and revised the original manuscript. Herbert Bothamley,
acting as temporary curriculum associate, edited and prepared
the final manuscript for publication.

Gordor~ 2. Van Hooft
Chief, Bureau of Secondary
Curriculum Development

William E. Young
Director, Curriculum
Development Center

vii




UNIT 8: POLYNOMIAL EXPRESS IONS

PART 1. BACKGROUND MATERTAL FOR TEACHERS

8.1 INTRODUCTION

One of the first difficulties to be encountered in
teaching this uynit is that of explaining the meaning of the
term "polynomial." The technical definition is that a poly-
nomial is a rational integral algebraic expression of the

forms (1) ap or (2) ax? + a, Xl o+, 4+ a,.1X + a, vhere n is

any positive integer and ag # 0. The form a, is included for
completeness. In the standard form x itself shall be simple,

This definition requires that the expression be rational,
This means that no variable is in an 1rreducib15 radical or is
under a fractional exponent. The expression 2x< + 1 and

2x + 1 are rational expressions but Vx +1 and x¥ + 1 are not.
x

The variable cannot be under a radical nor have a fractional
exponent,

Thig definition requires that the expression be integral.
This means the varisble when written with a positive exponent
cannot appear in any denominator. This of course also means
that any variable written with a negative exponent cannot
appear 1n any numerator, Howvever, to be a polynomial, the
variable must be expressed with only positive exponents.

The expression 2x + 1 is a rational expression, but it is
x

not an integral expression because the variable appears in a
denominator, '

The three major restrictions contained in the definition
ares

(1) The exponents of the variable must be positive integers,
(2) The variable cannot be under an irreducible radical,
(3) The variable cannot be in a denominator,

The following are examples of expressions which are not
polynomials,

(a) x2+3 , 3 The variable is in a denominator.
X -

() 2yX +9  The variable 1s under a radical.

() 2x2 + 3x - 6 The variable has an exponent which is
not a positive integer.

2
{a) 3x§ + 4 The variable has a fractional exponent.
This is the same as being under a radical.
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Notice that the restrictions apply only to the variable.
They do not agply to the coefficients or the constant term.
In the general definition of polynomials, no restrictions are
placed on the coefficients, but such restrictions may be
imposed to limit the polynomial to any desired set of numbers.
If the coefficients are to be restricted to the st of integers,
rationals, or real numbers, then the polynomial being defined
is called "a polynomial over the integers," "a golynomial over
the rationals," or "a polynomial over the reals respectively.

In this unit, the topics relating to pelynomials have been
restricted almost entirely to rational coefficients which for
the most part are also integral. However, just a few of the
exercises involve irrational coefficients to clearly indicate
to the pupils that there 1s no inherent prohibition against
the coefficients being irrational numbers. Such exercises glive
the teacher an opportunity to explain the difference between

x and |2X as far as the definition of polynomial is

concerneds |2'x is a polynomial but [2x is not a polynomial.

The question sometimes arises as to whether or not expres-
sions such as 3x or 19 are polynomials. Monomials are poly-
nomials; therefore, both 3x and 19 are polynomials.

Much of the work in this unit on polynomials, particularly
the work on factoring, forms the foundations for the study of
the topic of solving polynomial equations in che mext unit.

8.2 ADDITION AND SUBTRACTION OF POLYNOMIALS

This unit begins with a development of the concept of what
is meant by the term "polynomial." The definition developed is
not the technical definition just described, but it is mathe-
matically correct and sufficient for this course. The simpler
definition is restricted to a polynomial over the reals.
Polynomial is defined as a term or sum of terms, each of which
is a real number, or an integral rational algedbraic expression
coneisting of a product of a real number and a positive integral
power of the variable, This definition requires in its devel.-
opment exrilanation of the phrase "integral rational algedbraic
expression.” - The meaning of this phrase was discussed in the
introduction to this unit.

A polynomial, as defined above, must be a term or sum of
termss Therefore, an expression such as y2 - 57 - 3 nust be
considered as being y2 + (-5y) + (-3) before it can be accepted
as a polynomial. This is an important consideration in

determining the coefficient of a variable. For example, a
pupil might consider the coefficient of the x term in the

expression x2 - 5x - 3 to be 5, vhen actually the coefficient
is -5. If the expression is first considered as being

x2 + (-5x) + (-3), there 1s no such confusion as to the
coefficients of any variable., The same applies to the constant

term. The constant term in x2 - 5x - 3 1s -3, not 3.
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The above definition of a polynomial also means that an
expression such as (x + 2)(x + 3) is a polynomial but it is not
in standard polynomial form when written in this form. However,
when it is written in the form x2 + 5x + 6, it is in standard
polynomial form. This is a technical poin%, but it does have
an important application later in the unit when the expression
"degree of a polynomial®” is defined.

The restrictions on the variable contained in the defini-
tion of a polynomial and the lack of such restrictions on the
coefficients is a very common point of confusion to many pupils.
Some time should be devoted to preventing or clearing up any
such confusion. The difficulty is usually in identifying
expressions which are polynomials but which resemble expressions
which are easily recognized as not being polynomials. Below
are a few examples of such pairs of expressions.

Not polynomials Po mia
10x-h 10"z
3lx 3=

2 2
6¥§ 6§¥

3= +203 3+ 203

The terms monomial, binomial, and trinomial each describe
a particular type of poiynomial. As indicated by their pre~
fixes. each is a name for a polynomial of one term, two terms,
and tﬁree terms respectively. Defining a monomial as a poly~-
nomial is consistant with the definition of a polynomial
because a polynomial may be a term as simple as merely any
real number,

The degree of a polynomial is the greatest exponent of the
variable contained in the polynomial when written in standard

polynomial form. For example, the degree of y2 - 6y5 +7y -9

is 5., There is sometimes confusion at first as to the degree
of expressions such as (x2 + 5)(x2 - 5) or (x3 - 6)3. A pupil

may indicate that the degree of (x2 + 5)(x2 - 5) is 2 because 2
is the greatest exponent contained in the expression, and that

the degree of (13 - 6)3 is 3 because 3 is the greatest exponent,
Such confusion can be quickly cleared up by reminding the pupil
that these expressions are not written in standard polynomial
form as the sum of terms. When written in standard polynomial
form, the degree of the polynomial is easily determined.

The topic of addition andsubtraction of polynomials is not
new as it was introduced in previous units. Performing addition
andsubtraction of polynomials simply requires the application
of the commutative and distributive principles and application
of the concept of subtraction being performed by carrying out
the equivalent addition. For example,
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(3x2-6x49) . (2x2+4x.3) = 3xa+(-6x)+9+(-1)[21244#:'*(-3)]
= 3xz+(-6x%+9+(-2x2)+(-‘*x)+3

= 3!2'*(-2:_ )+(-61)+(-!+x)+9+3
= x24(-10x)+12
= x2.10x+12

It 1s not necessary that the pupils perform all of the
Steps indicateq above when performing sueh addition oy sub-
traction of pPOolynomials, The pupils should be encouraged to
use efficient short cuts ag long as they underst

and the mathe-
matics involveq and conld farnish a3 such steps ifr requiyed
to do so,

8.3 MULTIPLICATION OF POLYNOMIALS

Mhltiplication of a polynomigl by a monomial is g4
application of the distributive Principie, For example

(A)2x® + 3x 46y - (QA)(2x®) + (A)(3x) + (Q)(6), where p
represents any monomial,

mply an

The principle &pplies to the multiplication of a polynomia)
by any binomial, I

s 1n the above equation, A\ represents the
binomial x + 3, then
(x +3)(222 + 35 + 6

(x +3)(2x2) + (x + 3)(3x) + (x + 3)(6)
2x3 + 6x2 + 3x2 + 9x + 6x + 18
= 2x3 4+ 9x2 + 15x + 18

The multiplication may also pe
order of the two factors,

(2x2 + 33 + 6)(x +3) = (22 & 3x +6)(x) + (2x2 + 3x +6)(3)

2x3 + 3x2 +6x + 6x° + 9x + 18
2x3 + 952 15x + 18

In each of the above examples, the final
performeqd horizontally. The additio

performeq by reversing the

addition is

N may also pe performeq
vertically qag shown below,
x + 3 2x2 + 37 + ¢
2:2 +3x + 6 X +
2::3+6::2 2x3+3x2+6x

32 + 9z | ~—— 622 + or 4 18

éx + 18 223 + 922 4 155 4 13

2:_3+9x2+15x+18
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A few exercises requiring the multiplication of poly-
nomials with irrational coefficients have been included in the
questions and activities to give the gupils an opportunity to
maintain their skills in operating with irrational numbers.

The last part of this section is a study of the patterns
in the multiplication of two binomials. This study has a two-
fold purpose. First, it teaches skill in multiplying two
binomials on sighte Secondly, it teaches recognition of the
patterns in polynomials necessary in factoring polynomials.
Factorization of polynomials is the ne..t topic in the unit.
Factorization of polynomials is, in turn, used in solving some
quadratic equations efficiently. Therefore, the study o
patterns in the multiplication of binomials bears a very
important relation to the work that follows.

The first pattern studied 1is:
(x+[Dx+ A) =22+ [T+ A +[].A, where [] and A

represent the constant terms in the binomials x + [[J and x + A
Special cases of this pattern are:

(1+D)2=32+2D1+D2
and (x - AM(x + A) = 22 - A2

The next pattern studied is:
(ax + [N (bx + A) = abx® + (a A + [)x + [JA

Special cases of this pattern are:
(ax + [1)2 = 422 + 2o[7Jx + [°
and (ax + A)(ax = A) = a2x2 - A2

Mastery of these patterns enables a gupil to multiply two
binomials on sighte Even though a pupil is not able to master
these latter patterns to such a degree that he can multiply

two such binomials on sight, at least he should be adble to
perform the aultiplication with much greater ease and
efficiency vhan he would have been able to do without the study
of such patterns. A reasonable effort should be made to have
the pupils master these patterns so that they will be able to
perfora the factoring of polynomials in the next sectione

By applying the concept that x2 = (-x)2, pupils can learn
to identily as identities on sight such equations ass

(x-3°=@G-12°2
and (x + 3)2 = (-x - 3)2
The proofzof the theorem x° = (-x)2 is quite simple.
R =
=1)(-1)(x)(x
1) (x) (x)
x2
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8.4 FACTORING POLYNOMIALS

A factor of a polynomial is defined as one of two or more
polynomials whose product is the given polynomial. To factor
means tc resolve into factors such that the coefficients lie
in a certain set of nuabers. In this course the set is
usually the set of integers, gsometimes the rationals.

The main purpose of the material in this section is to
teach factoring of polynomials by applying the distributive
principle and apply knowledge of the patterns of multi-
plication of binomials studied in the previous section.

Factoring is used in the next unit in the solution of
polynomial equations, and such factoring does not require use
of irrational coefficients. For this reason, the coefficients
in the polynomials and the coefficients in the factors in
these exercises have been limited to rational numbers,

particularly integers. For example, although x? - 2 may be

¢actored into (x + J2 )(x - (2 ), knowledge and experience
in such factorization is not necessary in solving polynomial
equations in this course, thus such factorization is not

geve%Oped in this unit. It may, however, be mentioned by the
eachere

Further factorization of factors that are constants is of
no value in this work and such factorization is not performed.

For example, 12:2 + ox - 60 may be factored into

(12)(:? +2x - 5), but it is of no value to factor 12 into its
integral factors. This would only complicate the expression.
Such factorization is called trivial factorization. Again it
is emphasigzed that factorization is performed so that the
factors are in a certain set of numbers, usually the integers.
In the set of rationals even 1l can be factored; for instance,

l= “-&. In the set of reals, more complicated factors of 1l
3
can be vritten; thus, 1 = {7 + ¥3)(7 - YE

vhen directions are given to factor a polynomial as
completely as possible, it is understood that the polynomial
is to be expressed as a product of polynomials with integral,
or sometimes rational, coefficients, such that no factor can be
further factored except in a triviai way. If one of the factors
is a constant, it is not intended that this be factored furthere

The factorization considered in this unit is that
requiring the application of the distributive law, This is
often referred to as taking out all common factors. An example

133 3x° + 6x% + 9x = (3:)(:? + 2x + 3)
The remaining factorications are applications of the

patterns of multiplication of binomials studied in the previous
section. Thesge are:
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G+ + A =22+ Q+ Ax +[TA

(x + A)2 = 22 + 2Ax + A2

(x-[Dx+D =22 - P

(ab + D (bx + A) = abe? + (aA + [I)x + [J-A

(ex + D2 = a2 + 2] +D2

(ax + A)lax - A\) = 22x2 = 52
POLyhoATaL LoSeatia so tae ciihy Lobie of factoring, the
equations is given and the left member must be determined.,

Sufficient time should be devoted to this topic to enable the
pupils to acquire reasonable skill in such factoring.

8.5 DIVISION OF POLYNOMIALS

The questions and activities develop the common method
used for gertorl:lng the division of one polynomial by another
polynomial. The gequence of exercises used to develop this
concegt begins with the application of the distributive
principle.

If 2x + 5 1s a factor of 6x3 + 23x2 + 30x + 25, thon their
quotient is a polynomial which may be represented by [} +\+ 0
that 1s, 635 + i: X225 2 unne AL
This may be written in the equivalent relation,

(2x + 5)(J +O+ A) = 655 + 23x° + 30x + 25,

Applying the distributive principle,

@x +5)[CD + (2x + 5)(QY) + (2x + 5)CA\) = 6x3 + 23x2 + x+ 25,
If 2x + 5 1s to divide into 6x3 + 2322 + 30 x + 25, then the first

term of the quotient must be g_ﬁ or 3:2 o Thus [[] must equal

3820 x

(2x + 5)(32%) + (2x + 5)(Q) + (2x + 5)(A) = 623+ 232+ 30x +25

(62 +155°) + (22 + 5)(Q) + (2x + 5)(A) = 6x3+ 2332+ x + 25
(2x + 5)(AQ) + (2x + 5)(Q) = 822 + 30x + 25

It 1s important to explain this last step clearly. The divisor

and the first term of the quotient are maltiplied and the

product subtracted from the dividend., It i1s this step that is

the basis for the formal method of dividing polynomials which
the pupils will use eventually in performing such division,

Following the same analysis, .\ must equal g_;_g or kx,

X

(2x_+ 5)(bx) + (2x + 5)(A) sxg + 30x + 25

(5x° + 20 x) + szx + 5)(A) = 8x° + 30x + 25
2x + 5)(A 10x + 2%
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Finally A must equal 10x or §.
2x
Therefore, 6x> + 23x° + 0Ox + = 3!2 +hx + 5,
2x +

Each time a new term of the quotient is determined, the
product of this term and the divisor is subtracted from the

hew dividend. This process can be simplified by performing it
in a systematic vertical arrangement as follows.

2+1+ +
2x + 5 ’6;3 + 23:2 + 30x + 25
8x° + 30x + 25
2 . 2
’igx-&i;
10x + 25
In order to keep the arrangement as simple and as orderly
48 possible, terms in the divisor and dividend should be
arranged in descending order of exponents, If either poly=

nomial has fewer terms than one more than the greatest exponent,
the missing terms may be inserted into the polynomial and given

& coefficient of gzero. PFor example, ;5 + 6§& + 6x - 3 may be
-4
written as ;5 + 6§“ + 0§3 + 0;2 + 6x - 3 before the devision is
+ 0x° + Ox -4

performed.

:

Teacher Notes
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UNIT 8: POLYNOMIAL EXPRESSIONS
PART 2, QUESTIONS AND ACTIVITIES FOR CLASSROOM USE

8.1 INTRODUCTION

In the questions and activities in this unit, the coeffi-
cients and constant terms in the polynomials have been limited
almost entirely to integers and in some cases to rational nunm-
bers. The reason for this is that the unit is primarily a
preparation for the following unit on solving quadratic equa-
tions, particularly by the factoring method. It is not neces-
sary to work with irrational numbers for such factorings; there-
fore, the teacher may feel free to delete all exercises involv-
ing irrational numbers contained in this unit. However, the
teacher may prefer to have the pupils maintain their skills in
operations with irrationals and should feel free to implement
the exercises in this unit with additional exercises involving
irrational numbers. In all cases, 1t would be wise to bring
out that factoring depends on the set of numbers used. For
example, while studying the topic of factoring, the polynomial

x2 - 3 may be considered as being the product of two binomials
in the set of real numbers. The pupil might well be able to

see that one pair of factors could be x + |3 and x - |3 but
may not at once realize that in this enlarged set there are noy
an unlimited number of pairs of factors, another representative

pair being, 2x + |3 and % - _é__j'. Again, this area is optional,

8.2 ADDITION AND SUBTRACTION OF POLYNOMIALS
Concept: Definition of polynomial.

(1) Indicate the base, the exponent, snd the coeffi-
elent in the expression 3x’.

Answer: The base is x, the exponent is 7, and the
coefficient is 3, ’ ’

(2) Indicate the coefficjents and the constant term
in the expression -tx2 + 5x + 7,

Apswer: The coefficient of x2 1s -k, the coefficient
of x is 5, and the constant term is 7.

(3) Each of the following expressions is called a poly-
nomial,

x3+11x2+gx+6, /3 A3+124+1, -3p+9,
-141 K, 32, 62
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(4)

Answer the following .

(a) T1If the variablies represent real numbers, is each
term in every expression above a real number?

(b) 1Is every expression a term or sum of terms?

(c) 1If an integral algebraic expression is one which
does not contain a variable in a denominator nor
a negative exponent in the numerator, is every
algebraic term in each of the above expressions
an integral algebraic expression?

{(d) Does every term in each of the above expressions
which contains a variable have a positive integer
as an exponent?

(e) To be classified as a polynomial in the set of
real numbers, an expression must meet all of the
following requirements:

(1) It must be a term or sum of terms.

(2) Coefficients and constant terms must be
real numbers.

(3) Variables, if present, must have positive
integral exponents. éuch exponents cannot
be negative nor fractional, nor can the
variable be written in any way which is
equivalent to having a negative or frac-
tional exponent.

Summarize these three points to form a definition

of a polynomial in the set of real numbers in a

single sentencs.

Angvers:
(a) Yes (b) Yes (c) Yes (d) Yes

(e) A polynomialyin the set of real numbers, is a
term or sum of terms, each of which is a real
number or an 1ntegrai algebraic expression con-
sisting of a product of a real number and a
positive integral power of the variable.

Jndicate for each of the following whether or
pot the expression is s polynomigi. If expression
nmz%.mmmgﬁsmm
meet the 2 polvnomisl. (In this exer-
cise and the following ones, it is understood that we

are referring to polynomials in the set of resl
numbers.)

(a) 2x2 - 5x + [
7

Answer: This is a polynomial. It is equivalent to
the sum of terms 2x2 + (-5x) + 6.
7
(b) (2x + 2)(3x -6)
Angwer: This is a polynomial but 1% is not in stand-

ard polynomial form. This product .xpressed as
6x2 - 6x - 12 would be in standard polynomial form.
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(5)

(6)

(7)

B R MG 3

%

() |3 x2-\Y7x-6

Angwer: This is a polynomial. The coefficients are
real numbers,

(d) x+.1
X -1

Ansvwer: This is not a polynomial. The term is not
an integral algebraic expression. The variable is
in the denominator.

3
(e) 6x2

¢ This is not a polynomial. The exponent of
the variable is not an integer.

(£) 107
Angwer: This is a polynomial. It is a real number.

Opposite zgllg ing polynomials
iﬂ.l&ﬂ&lgﬂ S 2!23 31 e _zieggg;ziaz Rﬂéiﬁig

BQ.!QQEI!_ and 1&1 _s%ezmine
QSEBE by the degree of 3 29.!92!1!. _!Ilﬂhlﬂ)
16x° - Lux* + 13x2 -9 has degree §
-9a® has degree 6

7%2 + 6x - 4 has degrea 2
6d - 9 has degree 1

Apgwer: The degree of a polynomial is the highest
power of any variable appearing in the polynomial.

Ansver the following.
(a) What do the prefixes mon, bi, and tri mean?
(b) What kind of polynomials would each of the terms

monomial, binomial, and trinomial seem to
indicate?

Answers:

(a) Mon means consisting of one.
Bi means consisting of two.
Tri means consisting of t*-ee.

(b) A monomial (note only one n) is a polynomial
consisting of one term, a bincmial of two terms,
and a trinomial of three terms.

_l_giizx _asn of the following ag ejther g
monomial, binomjal, or trinomisl.
(a) -V17x3yz (b) 2w (0 3x2 + 5% - 6
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Answers:

i (a) Monomial
4 (b) Written in standard polynomial form §§,+ é y

jt is a binomial,
(¢) Trinomial

Concept: Addition and subtraction of polynomials.

(8) Add the following pairs of polynomjals, applving
where gecg;ggrg the commutative gnd distributive
principles, gnd the principle that subtraction may be
performed by carrying out the equivalent addition.
(a) (6a2 - ka + 10) + (L0a2 + k)

(b) (-5y2 + 3y - 6) + (5y2 - 3y + 6)
(¢) 3x2+2x+ 5 (d) =7v3 - 1ov + 12

512 -6x = 6 8v -~ 14
Ansgvers:
(a) 16a2 - 4a + 14+ (e) 8x2 - 4x - 1
(b) © (@) =7v3 - 2v -2
(9) Angwer the following.

(a) 1Is it possible for the sum of two polynomizls to
be of higher degree than the highest cegree of
the two polynomials being added?

(b) Is it possible for the sum of two polynomials to
be of lesser degree than the degree of either
polynomial being added? Give an example.

Ansgvers:
(a) No
(b) Yes. For example, (2x2 - 6x) + (-2x2 + 10x) = kx,

(10) Determine the addjtive inverse of each of the
following.
(a) a% - 382 + 9 (b) k5 + 105  (¢) -3x3 - m’

Angwers:
(a) -a% + 382 -9 (b) -k - 106 (o) 33 + m7
(11) ‘How gcan the principle -x = (-1)(X) be applied to
performing the subtraction x2 - (3x2 - 2)?
Answer: x2 - (3x2 - 7) = x2 + =(3x2 - 7)
x2 + (-1[322 +(-7)]

x2 + (-322)+ 7
-2x2 + 9
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(12)

(13)

(1%)

(15)

In each of the following perform the indicated
subtractjon.

(a) (y3-y2+1)-(y-6)
(b) (722 + 132 - 12) - (22 + 2 + 1)
(¢) (-4p2 + 5p - 11) - (4p2 = 5p + 11)

Ansvers:

(a) y3-3y2-y+7
(b) 622 + 12 z - 13
(c) =-8p2 + 1l0p - 22

Jn each of the following, subtract the lower
Dolynomial from the upper one, by performing the
equivalent gddition.

(a) -6p3 +3p2-p+9 (¢) k3 -2k2+k -7
3p3- PPehp-6 MS-k2rk-7

(d) -3t2 +5¢t + 8

352 + 5t -8
Answers:

(a) -9p3 + 4p2 - 5p + 15
(b) -6t2 + 16
() -3k3 - x2

of ;g%‘fﬁ%%éa%ﬁg? polvnonial, the perimoter of

(a) A triangle whose sides a>s 2x2 + 6, 6x - 4, and
6x + 4

(b) A rectangle whose width is 7y + 7 and whose
length is ye + 2y - 6

(¢) A square one of whose sides is y2 + y

(d) By how much does the perimeter of the square in
exercise (c) exceed the perimeter of the rec-
tangle in exercise (b)?

Answers:
(a) 2x2 + 12x + 6 (c) LWy2 + Ly
(b) 2y2 + 18y + 2 (d) 2y2 - 14y - 2

I5
{
E§
=2
I3

Ihe surface of g cube 3x units - an
edge 1s pajnted red. The
Smaller cubeg each x units on an edge. For each of

ks et Kn e e oo
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hecﬁgsﬁigg utnz'n%£§g§§2 e 3,§§n‘ gygh—%f%ll

ing the tota d area o

(a) Four faces painted
(b) Three faces painted
(c) Two faces painted

Answers:
(a) 0, 0 (b) 8, 24x® (e¢) 12, 2kx2 (d) 6, 6x2

(e) 1, 0 (f) 6(3x)(3x) = 54x2,
24x2 + 24x2 + 6x2 = HYx2

(dQ) One face painted
(e) No face painted

8.3 MULTIPLICATION OF POLYNOMIALS

Concept: Multiplication of a polynomial by a monomial.
(1) By the gppljcation of what principle could the

product (3x2)(2x2 - 3x + 2) be determined?
Angwer: By the application of the distributive

principle
(2) gterg;n the product of the following pairs of

polynomials by applying the distributive principle.
(a) 7x3( 1x2 - 2x + h)
el 7

-%y3(10y2 - 5y - 6)
‘(c) 100x2(0.17x3 - 0.03x2 + 0.33x - 0.9)

. Answers:
(a) %x5 - 22 + 28x3

(b) -6y + 3y + 18y3
]

(e) 17x5 - 3x% + 33x3 - 90x®

(3) Perfornm indicated operations and express the
answer in g;ﬁETgsg form.

(a) 3x(2x3-4x2+6x-2)-5x(x3+7x2-5%+7)
(b)  5¢7(19¢5-Uec3+1)+3c2(cl0-2¢7-506-505+6)
(e)  3k2(kB-k*+12-1)+3(kB-t*+k2-1)-3(kB-1)

(a) xﬂ - 47x3 + 43x2 - 4ix
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(4)

(5)
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(b) 98e¢l2 - 20c10 - 69 - 15¢8 - 10¢7 + 1802
(e) O

Write apn expression for the area of a rectangle
whose width is 6x° agd whose length is x3 - 6x2 + 6.

Angwer: 6x° - 36xu + 36x2

mem&hﬁmm.amﬁm
uhose base is 3x2 - x - 6 and whose gltitude to that
base is 7x.

Answer: 21x3 - 7x2 - 21x
2 2

Concept: Multiplication of a polynomial by a binomial.

(6)

Answer the following.
(a) Express the following in simplest form, applying

the distributive principle: ([J)(3x2 + 4x +5)
Answer: [3x2 + [Jux + [J5

(b) Replace [] by x + 2 and express the product in
simplest form.
Answer: (x + 2)(3x2) + (x + 2)(4x) + (x + 2)(5) =
3x3 + 6x2 + 4x2 + 8x + 5x + 10 =
3x3 + 10x2 + 13x + 10

(¢) Express the following in simplest form, applying
the distributive principle: (A)(x + 2)

Angwer: A x + A2

(d) Replace A with 3x2 + bx + 5, Write the product
of the second pair of factors under the product
of the first pair of factors in such a way that
like terms are in vertical columns. Express the
answer in simplest form.

Answer: (3x2 + bx + 5)(x) + (3x2 + Ux + 5)(2)

3x3 + 4x2 + 5y
6x2 + 8x + 10
3x3 +10x2 +13x + 10
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(e) Perform the multiplication (~6x2 + x - 3)(x + 2)
first by horizontal addition and then perform
the ssme multiplication by vertical addition,

Answer: (-6x2 + x - 3)(x) + (-6x2 + x - 3)(2) =

~6x3 + x - 3x + (-12x2) +2x - 6
-6x3 - 11x2 - x - 6

-6x3 + x2 - 3x
=12x2 + 2x - 6
-6x3 - llx2 -x-6

(£f) Which is easier to perform, the horizontal
addition or the vertical aédition?

Answer: The vertical addition

(g) Perform the multiplication (-3x2 + 2x - 5)(x - 3)
by the vertical addition method, first expressing
X - 3 as the equivalent addition x + (-3).

Answer: -3x3 - 7x2 - llx + 15

(7) Perfory each of the 59119!133‘mnlfinlisaiiens,
fie e e sl e ey
exponents.

(a) (x + 1)(x6 - x5 + x4 _ x3 +x2 . x4+ 1)
(b) (482 - a + 3)(3a + 7)

(e) (2y + 552 - 5)(3 + 2y)

(@) (3x + 2)(kx - 5)(3x - &)

Answers:

(a) x7 +1

(b) 12a3 + 2542 + 25 + 21

(e) 1loy3 + 1952 - 4y - 15

(d) 36x3 - 69x2 - 2x + 4o

Concept: Multiplication of two trinomials,
(8) D
_s&szg%ng the £911§¥1nz kreducts, using the

(a) (r2 + 7p - 3)(3r2 + 50 - g )
(b) (3y2 + 6y - b)(-3y2 - 6y + 4)
(e) (2" +3x2 - 2)(x2 - x + 1)
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Answers:

(a) 3r'* + 2603 + 18r2 - 71r + 24

() -9y - 36y3 = 1252 + 4gy - 16

(c) 2x6 - 2x5 + 5u - 333 4 32 4 25 - 2

Concept: Multiplication of polynomials containing
irrational numbers,

(9) Express each of the following products in simplest
form,
(a) 3 (f2x2 + 6x - 7)
®) (F2x+7)(3x2 - Y2x - |18)

Answers:
(a) (6x2 + 6 3x - 3
(0) 3 {2x3 + 19x2 - 7 {2x - 6x - 21 'E}

Concept: Patterns in multiplication of binomials.
(10) Compute the product of gach of the following.
(a) (x+ &5(x + 2)

(0) [x+ (-2)] (x + 9)
() [y + (-3)] [y + -7)]

Angvers:
(a) x2 + 6x + 8

(b) x2 + 7x - 18
() y2-10x+ 21 {
(11) n each of the exercises in (10), the product of

3%% ﬁ!% sgggtgnt terms is equal to what term in the

Answer: The last or constant term

(12 ach of the exercy (10), th
the polynomial?

Angwer: The coefficient of the middle or x term

(13) Ansver the following.

(a) Express the product (x + CNx+ A) as a
polynomial,

(b) Combine the second and third terms in this expres-
sion, applying the distributive prineciple.
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(1%)

(15)

(16)

(17)

(¢) Describe how the product (x + [J)(x + A\) can be
expressed as a polynomial on sight, where x
represents the variable and [] and A\ represent
the constant terms,

Answers:

(a) x2 +[x + Ax + A

() x2 + O+ A)x+A ‘

(¢) The first term of the polynomial will be equal

to xa, or the product of the first terms of the
factors. The second term will be the product of
the sum of the constant terms and the variable.
The third term will be the product of the con-
stant terms.,

Applyipg the principle that (x + D (x+ Q) =

x2 + (B + A)x + DA, perforn the following multi-
plications by inspection.

(a) (y + 7)(y - 3) (¢) (k +9)(k +9)
(B) (x ~ 3)(x = k) (@) (x - 6)2

Apswers:
(a) y2 + hy - 21 (¢) k2 + 18x + 81
(b) x2 - 7% + 12 (d) x2 - 12x + 36

. Express the product (x + 8)(x - &) in simplest
g:m.

Angwer: x2 - A2

Applving the principle that (x + Q)(x - Q) =
x2 - A2, determine bv inspection the following
products,

(a) (x+9)(x-~-9) (¢) (x+ L)(x~1)
(b) (x - ll)(x + 11)

Ansvers:

(a) x2-8L (b) x2-121 (¢) x2 -1

Angwer the following.
(a) Determine the simplest form of the product

(-1)(x)2.

(-1)(x)(~1) (x)
(=1)(=1)(x)(x)
x2

Apswer: (-1)(x)2
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(18)

(19)

(b) (-1)(x) 1is equivalent to what simpler expression?
Angwer: -x
(¢) What 1s the relationship between (~x)2 and x2?

Angsver: (-x)2 = x2

(d) Express the relationship (-x)2 = x2 in the form
of : Yord sentence, x representing any poly-
nomial.

Answer: The square of a polynomial and the square of
its additive inverse are equivalent.

(e) Can the equation (x - 3)2 = (3 - x)2 be recog-
nized as an identity without actually performing
the indicated multiplication?

Answer: Yes. It can be recognized as an identity as

it is an example of the identity x2 = (-x)2, (3 - x)
1s the additive inverse of (x - 3). That is,
“(x-3)=-x+3=3-x

(£) Is the equation (h + 5)2 = (-h -5)2 an identity?

Answer: Yes. (-h -5) is the additive inverse of
(h + 5); therefore, (h + 5)2 = (-h -5)2,

Answer the following.

(a) Express the product (ax + [])(bx + Q) as a
polynomial, a and b representing the coefficients
of the variable x and [] and A representing the
constant terms.

(b) Combine the second and third terms into a single
term by applying the distributive principle.

Angwers:
(a) abx2 + b[Jx + aAx + CO-A
(b) abx? + (b[J + aA)x + [1-A

Applyine the principle (ax + L) (bx + A) =

¢ + (b + aQ)x + CJ°A, express by ins o
B oy SS)E 1 SiA, sxress by dnspectiog

(a) (Ix+M)(6x+ 1) (e) (3k - 5)(7k - 11)
(b) (2y+ 7)(y - 3) (@) (4y - 7)2 -

Answers:
(a) 18x° + 27x + 4 (¢) 21k° - 68k + 55

(b) 2y2 +y-21 (d) 16y2 - 56y + 49
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(20)

(21)

(22)

(23)

(24)

Express the product (ax + J)(ax - [J)
[oapress Lhe product (ax + &) (az in

Apsver: a2x2 - [JR

Applving the principle (ax + ) (gx - Q) =

4%x2 - 2, determine by inspection the products of
the following.
(a) (5x = 7)(5x +7) (c) (=x + 8)(-x - 8)

(b) (%x +4) (-%x -¥) () (0.1x + 0.1)(0.1x - 0.1)

Angwers:
(a) 25x2 - k49 (¢) x2 - 64
(b) ,ltxz - 16 (d) .0lx2 - .01

Replace the frames in the following equations
with numbers to make each equation an Jldentjity.

(a) (x-3)2=x2+Ax+9
(b) (x +[P2 = x2 + 8x + 16
(e) (y-D)2=Y2~A.V+%
(@) (k+[D%2=x2+ Ak + 81

Apsvers: s o
(a) (x=3)" = x“-6x+9 (c) (y--%)2 = ya-y*&

() (x+4)2 = x%:82+416 (@) (k+9)2 = K2+18K+81

Indicate what number must replace the frame in
each of the following if the polynomigl is to be the
square of 3 binomjal.

(a) s2 + As+1 (e) y2- .2y +[J

(b) t2+§t+C) (d) x2-3x+ A

Answers: (a) 2 (e) o0.01

(b) %g (d) 3

oln_LH:e each of the following products ag a

(a) (x + A)2 (b) (ax + [P2

Answvers:

(a) x2 +2Ax + A2 (b) a2x2 + 24 x + 32
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(25)

M
S

(2)

(3)

Summerize, by listing, the patterns found in the
multiplication of two binomiasls.
Angwer:
(1) x+[Px+A) =x2+ O+ Nx+[11AD
(2) (x+ A)2=2x2+2Ax+ A2
3) (x+[Nx-0D = x -2
&) (ax + [Dox + A) = abx? + (o7 + aA)x + (A
(5) (ax + A\)2 = a2x2 + 2a/Ax + 2
6) (ax + [P(ax - [ = a2x2 - E]z

8.4 FACTORING POLYNOMIALS
Concept: Factoring by applying the ‘istributive principle.

h (1)

Below are several polynoajals and te each
are two or more polynomials which are called factors
of heuvnmiLgAs.rlnm . Wiat does the phrage
wfactor of a polynomial" gpem to mean?

1 1 Fgctors of ve 1
3 and 7

17y2 17, ¥, and 2
ac + be ¢ and (a + b)

x2 + 7x + 12 (x + 3) and (x + &)

x3 - x x, (x + 1), and (x - 1)
30 2, 3, and 5

ct

E

\'J

N I
b
&)

Angwer: A factor of a polynomial is one of two or
more golynomials whose procuct is the given poly-
nomial.

What principle could be ggp%igg to the expregsion
ak + bk so that it could be resolved into two factors?

Angwer: The distributive principle. ak + bk =
(k)(a + b)

Note: In the previous and the following exercises in
factoring, if the given expression contains only
variables and integers, then it shall be required that
the factors contain oniy variables and integers.,
Denominators in factors of expressions containing

fractions shall not be greater than those given.

Resolve each of the following into twe factors
by applying the distributive principle

(a) ax2 + bx (b) 3y3 - 6y2 (¢) 9%abe + lOcde
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Concept: Factoring an integral (rational) polynomial that

)

(5)

PO s UL e Lo

(d) Ya* - x3 + 22x2  (e) ¢99 + c100

Angwers:
(a) (x)(ax + b) (@) (2x2)(2x2 - 7x + 11)
(b) (3y3)(y - 2) (e) (c99)(1 + ¢)

(¢) (5c)(ab + 2de) (£) %? (3m - 2)

is the product of two integral (rational)
bincmials,

Ansver the following.

(a) 1If the expression x2 + 13x + 42 is the product
of two binomial factors containing only variables
and integers, what must be the product of the
two constant terms in the factors? What must be
the sum of the two constant terms?

(b) What two integers have a product of 42 and a
sum of 137

(¢) 1If the constant terms of the factors are 6 and 7,
express x2 + 13x + 42 as the product of two
binomial factors containing only variables and
integers.,

Answers:

(a) The product of the two constant terms must be 42
and their sum must be 13.

(b) 6 and 7

() (x+6)(x+7)

Agflx;ng the principle x2 + (O3 + Q)x + T'4Q =
<+

(x+ 2 + 4), zeiflzs each of the following into
two 1ase§£al factors (containing only variables and
integers).

(a) h®-7h+6 () x2 + Bx + 12

(b) x2 + 7x - 18 (f) x2 - 11x + 18

(¢) x2 + x - 12 (g) 22 -2 =30

(@) y2-3y-18 (h) £2 - 13f + 36

Angwvers:

(a) (h=-6)(h-1) () (x + 6)(x + 2)

(b) (x+ 9(x - 2) (£) (x = 9)(x - 2)

(e) (x+ W)(x - 3) (g) (2 -6)(z+5)

(@) (y - 6)(y + 3) (h) (£ - 9)(f = 4)
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(6) Answer the following,

(a) If the polynomial we + 6w + 9 is the square of
an integral binomial, what informa%ion concerning
the constant term of the binomial <an be deter-
mined by inspecting the polynomial?%

Answer: The square of the constant term must he 9
' and two times the constant term must be 6.

(b) What must the constant term of the binomial be in
the above example?

i Answer: 3

(c) Write the trinomial form w2 + 6w + 9 in the form
of a binomial squared.

Answer: (w + 3)2

(7) Indicate the two equal factors of each of the
following by writing the equivalent binomial squared.
(a) x2 + hx + L (d) a2 + 224 + 121
(b) a2 + 12a + 36 (e) ¢2 - 12¢ + 36
(¢) y2 - 10y + 25

Answers:
(a) (x + 2)2 (¢) (y - 952 (e) (c - 6)2
(b) (a + 6)2 (d) (4 + 11)2

(8) Answer the following.

(a) If the expression x2 - 9 is the product of two
integral binomials, what must be the sum of the
two constant terms?

(b) What must be the product of the two constant
terms?

(¢c) What two integers have a product of -9 and a sum
of zero?

. (d) What are the two factors of x2 - 9%

Answvers:

(a) Zero

(b) -9

(¢) 3 and -3

(d) (x+9) and (x - 9)

(9) Express x2 - A2 as the product of two factors.
Answer: (x + A)(x - A)
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(10)

(11)

(12)

(13)

Following the note nrgced;nf exercise (3) of this
section, eXxpress each of the following as the product

of two integral or Tational binomials.

——————————

(a) x2 - 4 (¢) k2 - 16 (e) 22 - %
(b) y2 -% (@) y2-8L (f) w2~ 0.04
Angwers:
(a) (x + 2)(x - 2) (@ (y+ 9y -9
(b) (y + L(y - 1) (e) (z+2)(z~-2)

2 2 3 3

(¢) (k + 4)(k - W) (£) (w + 0.2)(w - 0.2)

Answer the following.
(a) Express (ax + [])(bx + [\) as a trinomial,

Angwer: abxe + (CJb + al\)x + (1A

(b) 1If the expression 10x2 + 21x + 9 is the product
of two binomials, what must be the product of
the two constant terms?

Answer:

Answer: 9

(¢) What must be the product of the two coefficients?
Ansgwer: 10 -

(d) What pair of integral constant terms whose
product 1is 9 and what pair of integral coeffi-
cients whose product is 10 can be chosen so that

(Co + af\) equals 212

Answer: If the two constant terms are and the
coefficients 5 and 2 so that (5x+3) and (2x+3) are the
two factors, the conditions will be satisfied.

Agplxing the principle in (11), resolve each cf
the following jnto two integral binomial factors.
(a) 16x2 - 8x + 1 (¢) Sy2 + lly + 6

(b) 6y2 + 25y + 25 (@) 3x2 + 2x - 21

Angwerss:
(a) (ux - L)(4x - 1) (c) (5y+ 6)(y + 1)
(b) (2y + )3y +5) (4 3x- 7)(x + 3)

Answer the following.
(a) Express E]? - [32 as the product of two binomials.

Answer: (|:I + ADO- A
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(b) Express 9x2 - 100 as the product of two integral
binomials.

Apgswer: (3x + 10)(3x - 10)

(4) 11 note preceding exercise (3)
sectioe, ouing the aﬁhr-“ TR %3_59 this
1g_gg£gi o> rational binomjisl fgctors (product form).

¥ (a) k2 - 121 (e} hox" - 36

! (b) 1f2 - 0,01 (d) 9a2 - 1

: 9 |

‘ Answersg:
(a) (2k + 11)(2k - 11) (¢) (7x2 + 6)(7x2 - 6)

| (b) (1f + 0.1)(1f - 0.1) (d) (3a - 1)(3a + 1)

I 3 3 2 2

i (15) In the set of intepers, factor each of the fal-
lowing completely (as the product of prime factors).

i (a) 5ab + l0ac + 15a2b
(b) x3 + 3x2 + 2x

(¢) 1luxy + 7x2y - 21x3y
(@) 6xy> - 2hx

(e) 5m? + 4om - 4§

(r) x* - 16

(g) a* - 342

[N —"

Answers:

(a) (5a)(b +2c¢ + 3ab) (e) (5)(m + 9)(m -~ 1)

(b) (x)(x + 2)(x + 1) (£) (x2 + ¥)(x + 2)(x - 2)
(e) (7xy)(2 + 3x)(1 - x) (g) 42 (42 - 3)

(@) (6x)(y + 2)(y - 2)

(16) Simplify each of the following by first factoring
the numerator and enom;gatgr and reducing the expres-
sion to lowest terms by applying the cancellation law.

) (a) 42 -9 (b)) x2 + 9x + 14 (e) (x + y)2
c + x° + 5x + 6 2

X€ -y
y Angwers:
(a) 2¢c =~ (b) x + (¢) x +y
2 X + X~y

8.5 DIVISION OF POLYNOMIALS

Concept: Division is the inverse of multiplication.
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(1)

(2)

(3)

How gggglg be determined whether or not 19 is a
f ?

factor o

Answer: If 19 is a factor if 589, it will divide into
9 without a remainder.

Angwer the following.

(a) Express the division 5%2 . 31 as an equivalent

5 =

multiplication.

(b) How can this principle be used to check the
accuracy of division?

Answers:

(a) (31)(19) = 589

(b) If the product of the quotient and divisor equals
the dividend, the division was performed
correctly.
Answer the following.

(a) How can it be determined whether or not (2x + §)
is a factor of 6x3 + 23x2 + 30x + 257

Answer: By dividing 6x3 + 23x2 + 30x + 25 by 2x + 5.
If there is no remainder, then 2x + 5 is a factor.

(b) If 2x +_ 5 is.a factor of 6x3 + 23x2 +30x + 25,
then 6x3 + 23x2 + 30x + 25 - (O + A+ A) vhere
2x +

(0 + Q + A) represents a polynomial. Express
theiabove equation as an equivalent multipli-
cation.

Answer: (2x + S)([J+ O+ A )= 6x3+23x2+ 30x +25

(c) Express the left member of the above equation in
an equivalent manner, applving the distributive
prineciple.

Angwer: (2x +5)([C]) + (2x + 5)(Y) + (2x + 5)(/\) =
6x3 + 23x2 + 30x + 25

(d) If 2x + 5 1s a factor of the given polynomial,
what must ([C]) represent?

Answer:s ([C]) must represent 6x3 or 3x2,
2x
(e) Substitute 3x2 for ([]) in the above equation

and simplify the equation.
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(&)

(5)

(6)

Answer: (2x + 5)(3x2) + (2x + 5)(QY + 2x + 5)(A) =
6x3 + 23x2 + 30x + 25
6x3 + 15x2 + (2x + 5)(QN) + (2x + 5)(A) =
6x3 + 23x2 + 30x + 25

(21 + Y + 2x + 5D = 8x2 + 30x + 25

(f) What must (0)) represent in the answer to (e)?

Angwer: (/) must represent 8x2 or ux,
2x

(g) Substitute 4x for () in the equation in (f)
and simplify the equation.

Answer: (2x + 5)(4x) + (2x + 5)(A) = 8x2 + 30x + 25
8x2 + 20x + (2x + 5)(A) = 8x2 + 30x + 25
(2x + 5)(A) = 10x + 25

(h) What must (/\) represent in the answer to (g)?
Apgwer: (/\) must represent Lg; or 5,
x

(1) What is the quotient of 6x3 + 23x2 + §Ox + 25 ?
+

Answer: 3x2 + 4x + §

After each new term of the guotient ]s deter-
mined, what 1s the next step?

Angwer: The product of this new term and the divisor
is subtracted from the portion of the dividend remain-
ing from the previous step.

In what operation with numbers is this same
procedure performed?

Ansver: In the procedure for performing long
division of numbers.

Show how the procedure for nszﬂgzming lgng
._L_Laiga of pumbers can be used to perform the long
division of polvnomials.

Answer: __3;? +L4x +5
2x + 5)6x3 + 23x + 30x + 25
6x3 + 15%2
8xc + 30x + 25
8x2 + 20x
10x + 25
10x + 25
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(7) ?9&;9;5 the following divisions using the form
in (6
(a) 12x3 + 11x2 433____1_

“3x + 5
b) =bw3 + 14wl - 16
(b) __!L_fw.:_z _20w + 16

(¢) 88p3 + 157p2 + 1W2p + 63
8p +

(a) 4x2 - 3x - 6 (¢) 11p2 + 10p + 9

(a) x3+6x2+2x-U=(x+5)( )+R
(b) -30x3-38x2- 60x-16=(6x2+10x-4) ( )+R
(c¢) 6a%*+35a3+39a2-27a-28=(2a+7)( )+R

Angwers:

(a) (x+ 5)(x2 + x-3) +11

(b) (6x2 + 10x - 4)(-5x + 2) + (-100x - 8)
(¢) (2a + 7)(3a3 + 7a2 - 5a + k) + (-56)

Angwer the following.
(a) What difficulty arises in performing the disivion

x* + 2x3 + 4x + 15 2
X+ 3

Angwer: There is no x2 term.

(b) How can an x2 term be inserted into the poly-
nomial without changing its value?

Answer: By expressing the x2 term with a zero
coefficient

(¢) Perform the division ;& + 2x3 + ;hx + 15 by
X +
first inserting x2 term with coefficient of zero
into the numerator.
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(10)

(11)

(12)

Answer: x3 - x2+3x+ 5

x+3)xl'+2x3+0x2+ lkx + 15
x* + 3x3 :

-x3 + Ox2

-x3 - 3x2

3x2 + lix + 15
3x2 + ox

5x + 15

Sx + 15

+ lix + 15

Perform the following divisions, first inserting
terms with g zero coefficient where ﬁg;gg are missing.

(a) 8x2 + 7 Jgkxh + 8x3 + 7x - 49

(d) x6 + 6x3 - 91
x3 + 13

(e) (a* - 4a2 - 45) + (a - 3)

Answers:

(a) 8x2 + x - 7 (¢) a3 + 332 + 53 + 15
(b) x3 -7

In performing the division 6x2 + 6x + 10 - Lx3,
X =
what should first be done to the numerator to make the
division as neat and as simple as possible?

Answer: The terms of the numerator should first be
arranged in descending order of exponents.

Perform the following divisions, first arranging
the terms of the polynomials in descending order of
exponents.

(a) X - x3 - 2 _

-X
(b) (-30x + 8 + 15x3 + 19x2) + (4 - 5x - 3x2)
(e) 6x3 - x* - 10x2 + 22x + 15

——

5 -x
Answers:
(a) x2+6x-l+ (c) x3-x2+5‘x+3
(b) -5x + 2
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UNIT TEST

Subtract x2 - x + & from 2x2 - x + 3,

Apgwer: x2 - 1

Divide -3k° + 5k + 2 by -k + 2.

Answer: 3k + 1
%ﬁ%%ﬁﬁmﬁaww
Apngvwer: 6s - 36

Write an expressjon for the perimeter of 3 sguare whose
area is 16w? + 4ow + 25.

Ansver: 16w + 20

Write a T n fo erjmeter and for the areg of
521_2 an s;n;sggiga EEz igga; hand %__ _QT the areg of
3x2 + bx - 10.

Apswer: Its perimeter is 6x2 + 12x - 12.
Its area is 6x3 + 20x2 - Lx - 40.

Factor completely in the set of integers: 3a2 - 12,

Answer: 3(a + 2)(a - 2)

Berform the indjicated opergtions spnd express the result in
standard polynomial form: (3x + 5)(x - 2) - (x - 1)2,

Apswer: 2x2 + x - 11
Express x2 - 7x + 12 in lowest terms.
B
Ansver: x -4
X
u;ws&yﬁ%&,.ﬂ_f d the product of the pext

Xhree greater
Answer: x3 + 6x2 + 11x + 6
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10,

11,

12,

13.

4,

15,

Perform the indicated operations and expregss the result in
simplest form. ‘

2
6 + X +
_.:Ey_iaéx_n +Fl

x° + xy

Answer: 9y3

Express _y2 -4 4in lowest terms.
ya + 3y - 10

Apswver: +
y+

.I.aiﬁ;a*fé&x-?"*nmm?
Apswer: Yes

given polynomjal contgins ariable, multi-
§£1%3t1:: inverse gz gfg polgngﬁizlfg ng;xgéilgig Why?

Apswer: No. The inverse will contain a varisble in a
denominator.

Is the equation -x2 = (-x)2 ap identity? Wny or why got?

Answer: No. '-xa means -(xa)iand is therefore a negative

number except when x 1s zero., (-x)2 is a positive number
exgept when x is zero. The equation is false except when
X 1s zero.

Factor completely in the set of integers: 256x8 - 1,
Ansver: (16x* + 1)(4x2 + 1)(2x + 1)(2x - 1)
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UNIT 9: POLYNOMIAL EQUATIONS
PART 1. BACKGROUND MATERIAL FOR TEACHERS

9.1 INTRODUCTION

Three common methods of solving polynomial equations are
the factoring method, the method of completing the square, and
the use of the quadratic formula. Completing the square is an
application of the factoring method, and the derivation of the
quadratic formula involves completing the square. Therefore,
all three of these methods of solving polynomial equations are 1
based on the process of factoring. It is essential that the
pupils have mastered the concepts of factoring before attempting
the work in this unit.

The concepts in this unit pertain almost entirely to the

solving of quadratic equations. Kowever, some of the concepts

are applicable to equations of higher degree than quadratic
equations. For example, the concept of solving quadratic equa-
tions by the factoring method is applicable to the solution of
a polynomial equation of degree three that can be factored into

three first degree factors. The equation x3+2x2+x = 0 can be
solved by first performing the factorization (x)(x + 1)(x + 1)
= O, Because the questions and activities contain # few equa-

j tions of degree higher than the second, this unit has been

| entitled "Polynomial Equations" rather than "Quadratic Equat-

j tions." However, this does not mean that the unit contains an

| extensive discussion of the solution of equations of higher

I degree than quadratic equations, nor that the unit contains a

§ development of the concepts involved in the solution of such

! equations,

9.2 SOLVING POLYNOMIAL EQUATIONS BY FACTORING

The concept of solving a polynomial equation by factoring !
is based on the principle that the equation ([3)( = 0 if ,
(C)) = 0 or if (A) = 0. The equation is true if ([}) = O,
regardless of what number (/\) represents, and it is true if
(A) = 0, regardless of what number ([C]) represents. The pro-
duct of any number and zero is zero. The roots of the equation
() (A) = 0 are determined by solving each of the equations
(C1) = 0 and (A) = 0. The union of the solution sets of these
equations forms the solution set of the given equation. If the
left member of an equation is a polynomial and the right member
1s zero, and if the polynomial can be factored into two or more
firstigegree factors, the equation can be solved in the manner
described.

The first type of polynomial equation to be solved by
factoring is the quadratic equation, A quadratic equation in
standard form is one in the form ax“ + bx + ¢ = O, where a, b, ;
and ¢ are real numbers and a ¥ O. It is important to emphasize i

that an equation of the type 6x2 - 3x - 6 = 0 which involves
subtraction must first be written as the equivalent equation
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involving only addition. That 1is, only if the equation 1is

expressed as 6x2 + (-3)x + (-6) = O is it in the standard form
of a quadratic equation. The importance of this arises later
in the section pertaining to the use of the quadratic formula
which involves the coefficients of the x term and the constant
term. The coefficient of x is -3 and the constant term is -6.
Ir 6x° - 3x - 6 = 0 were considered to be in the standard form
of a quadratic equation, the pupils would be justified in
assuming that the coefficient of x is 3 and the constant term
is 6. The quadratic formula would then have to be modified
before it could be used for solving such equations. For this
reason, 1t is important to make it clear to the pupils that the
standard form of a quadratic equation does not involve sub-
traction. An equation involving subtraction must be replaced
by its equivalent form involving only addition.

Any quadratic equation that can be factored into the form
(CP(A) = 0 where and /\ each involves the placeholder, can
be solved by the factoring method. Each factor is written equal
to zero, and the union of the solution sets of both of these
supplementary equations forms the solution set of the original

equation. For example, x° + 7z + 12 = 0
(x+U4)(x+3) =0
x+h=0 x+3=0
x = =k x = =3
{'lﬁ '3}

The eauation must be written in standard quadratic form before
the factoring is performed. The equation x2 + bx = 12 should

first be replaced by the equivalent equation x2 + bx + (-12) = 0
before factoring the left member of the equation.

If the coefficient of the x term in the quadratic equation

ax2 + bx + ¢ =0 is zero and the constant term is negative,
there 1s a second method that may be used feor solving a quad-

ratic equation. If x2 - 2\ = 0, then (x + V:ZS)(I - ) =0
and x = - VA, x= A . Thus in the second method if
-A=0thenx2=A,andx=2 [A. If x2 -7 =0, then
x2=97and x=+ 7 . This development may be carried one step
further in applying the alternate principle that if (]2 - A =
then D2 =Aand[J=2+ JA . We may let [] represent a
binomial. If (] represents x + § and /\ represents 36, then

(x+ 52 =36
x+5=3% |36
xX+5=6 X+ 5= -6
x=1 X = -1l
{19 '11}

A quadratic equation of the type [J2 - A = O may be solved
by either the factoring method or the square root method just
described, which 1s an application of the factoring method. It
probably is best for the pupils to have experience in the use

2u3
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of both methods and to be given free choice in the use of either

method in solving equations of this type. The factoring method
of solving quadratic equations may be applied to solving
polynomial equations of higher degree than quadratic if the

gupils are able to factor the gziven polynomial into first degree
actors.

The equation (CN(A)(Q) = 0 is true when [} = 0, when
Z& = 0, or when ) = 0, regardless of what numbers the other
two factors represent. Such an equation may be solved by
writing each factor equal to zero and solving each of the three
resulting equations. The union of the three resulting solution
sgts fogms the solution set of the given equation. The equation
x

+ 5X€ + 6x = 0 may be solved in this manner. The left member
~f the equation may be factored into (x)(x + 3)(x + 2).
If x> + 5x2 + 6x = 0, then (X)(x + 3)(x + 2) = 0. This is true
Iftx=0,0orx+3=0,0orx+2=0
X = =3 x
The solution get is {0, -2, -3}.

-2

The questions and activities in unit 8 did not contain
exercises requiring factoring polynomials whose factors con-

tained irrational numbers. The equation []2 - A = O may be
solved, as Just explained, by writing the equation in equivalent

form = A, the roots of which are [J = A and (J = - VA.
However, in the set of real numbers this quadratic equation may
also be solved by factoring, and the factors may contain
irrational numbers. Such factoring is quite simple, and this
affords an excellent opportunity for the pupils to gain experi-

ence in the use of such irrational factors. Thus, if (]2 - A
=0, then (O+ Y2 OA- yA) =0
O+ /a=0 _ O- V&
O=-/Va 0

The solution set 1is { /A, - /Al.

0

- V&

9.3 COMPLETING THE SQUARE

Solving a quadratic equation by completing the square is

an application of the principle that 1f’E]2 = 4\y then
[0 =+ YA where [] represents a binomial and A 1s a positive

constant. The equation (x - h)z = 2 may be solved as follows:

(x - )2 =2
x-h4=4+ \2
x-h4=\2 x-4=-\2
x=L4+ V2 x=k- \2
The solution set is {4 + \2 , 4 - \2 }.
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resulting equivalent equation the square of_ a binomial. The

left member of the equation equivalent to x“ + 8x + 10 = o will
be the square of the binomial (x + k) 1f € is added to both
members of the given equation.

x2 + 8x + 10

=0
xX“+8x+16=6
(x + 4)2 = ¢
x+h=4+ |6
x+4h= 6 x+h=-. |6
x=H+ (6 x=[F

The solution set is {-h + & , -4 - (5},

The method of solving a quadratic equation by completing
the square has the advantage that it can be used to soive equa-
tions which cannot be solved by the first factoring described,

Of course, its application is limited to those quadraties in
which the polynomial can be replaced by one which is a square
of a binomial, by adding the same number to each side of the
equation. There are instances in which completing the square
can be used to solvz a quadratic equation by subtracting the
same number from each side of the equation. However, this must
be done with caution so that the number on the right side of
the equation does not become a negative number. If []2 = D,
where A\ is a negative number, then (] cannot represent a
number in the set of real numbers, as the square of any real
number i1s non-negative. One important reason for studying the
use of the method of completing the square is that it is used
in the derivation of the quadratic formula.

9.4+ THE QUADRATIC FORMULA

The quadratic formula may be used to solve any quadratic
equation. The derivation of this formula is as follows:

(1) ax? + bx + c=0 This is the standard form of a
quadratic equation.
(2) 2 ., bx, ,ec=0 Each member of the original
a a

equation is divided by a,
yielding an equivalent equa-
tion in which the coefficient
of the 12 term is unity.

(3) 2, bx _ - & 1s added to both sides of
a a

L

+

!

i
oo

the previous equation.
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4)

(%)

(6)

(7)

(8)

turn is equal to + ! 52 - h;c « One point needs to be made

2a
clear. We know that V%a2 = |y Va2 = 2 Va2 = 2|la|. However,

in this case, we may use the denominator 2a since, whether a is

Step 7 above is actually the combination of several steps
that have been combined for the sake of simplicity. This step

implies that + pf_;iﬁag is equal to + l[;é:;:;;; which in
F 4a

 em e PR TR 0

If the left side of the resulting equivalent equation
is to be the square of a binomial, b must be two times

a
the constant term of such a binomial. The constant term
of the binomial must be D and the constant term in the

2a
square of such a binomial would be _gg.
4a

_gg is added to both sides of
La

the previous equation to yield
an equivalent equation in which
the left member is a perfect
square; this is called com-
pleting the square.

(? + _b)2 _ b2 - kge The left side of the equation
2a 42 1s expressed as a square of a

binomial, The terms on the
right side are combined under
the operation subtraction.

2 2
2 L S -
e % * 4a2 La

(M
olo

2
b _* /b5 - lUac This is the application of the
X+ 2a - principle that if (]2 = A,
thenD':: VA .
_-b=x v b2 ~ lac - P 1s added to both sides of
X =" 2a 2a 2a

the previous equation, and the
right side is simplified by
applying the principle

l/a = Va_,
b Vo
/2
=b + J b° - kac Both terms on the right side

——

2a of the equations are combined
under the operations of

addition and subtraction.
b - V b2 - hac

2a

]
n

X

Via?

2u6
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positive or negative, + 2lal] = + 2a, in some order. Thus the
two fractions in step 7 are written with the same denominator
and are combined in step 8.

Below is an example of how the quadratic formula may be
used to solve the equation -Ux2 - 2x + 3 = 0.

A4x2 + (-2)x+3=0 a=-%, b=-2,¢c=3

=2+ V2?2 - mEwa)
x= 2(-k4)

2+ V b + 48

o
1
1
oo

This last expression may be simplified by factoring the numer-
ator by application of the distributive principle and then
reducing to lowest terms by application of the cancellation law.

2(1 + f13)
x = 72(-h)
L+ 13 1+ {13

"
The solution set 1s¥,_ 1+ 13, _1- !13;.

b2 - hac in the expression =-b + / b2 - tac 4s called
2a :

the discriminant. An examination of the discriz’nant of a
quadratic equation furnishes much information as to the nature
of the roots of the equation. There is no real number x such
that = =3, The square of any real number Eg.non-negative.
The roots of x2 = =3 are x = V-3 and x = - |/-3. Therefore,
+ -3 cannot be real numbers. The square root of any negative

number cannot be a real number. Therefore, if b2 - hac i
negative, then Vbz - hac is not a real number and -b 1Vb2-¥ac

“2a

cannot be a real number, If the discriminant of a quadratic
equation is negative, the equation has no real roots.
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If b° - Yac 1s zero, then -b + Vbz - 4ac becomes _ }'Q .
~2a a

Now, b and a are real numbers so _,59 is a real number.
8

Therelore, 1f the discriminant of a quadratic equation is zero,
the equation has only one root and that root is the real number

2a

Ir b2 - hac 1s positive, then both roots @ _ «b + Vbzokac
x = 2a
and X = -b - Vbz - 4ac are real numbers because the square
- 2a
root of a positive real number is a real number.

Ir b2 - hbac is the square of an integer k, then -b + ikz

2a
will equal -b + k . If a, b, and ¢ are rational and if
2a
X = -b* k then the roots of the quadratic equation wlll be

2a :
rational numbers. All the exercises in the questions and
activities involve quadratic equations whose coefficients and
constant terms are rational numbers. However, the teacher may
wish to bring up for class discussion the topic of equations
containing irrationals.

When both sides of an equation are multiplied by a variable,
or when both sides of an equation are squared, the resulting
equation may not have the same solution set as the original
equationythat is, it is not an equivalent equation. The
solution set of x - 3 = 10 1s {13}. 1If both sides of the equa-

tion are multiplied by x, the equation x° - 3x = 10x results,
The solution set of this equation 1s {0, 13}. 1If, in solving

an equation, both sides of the equation are multiplied by a
variable, each element in the solution set of the resulting
equation must be substituted for the variable in the original
equation to determine which of these elements is in the solution
set of the original equation. The solution set of the resulting
equation usually has more elements than the solution set of the
original equation. The additional numbers which have been
involved as ostensible roots of the original equation are often
referred to as extraneous roots,

This same caution applies when both sides of an equation
have been squared., The equation x + 5 = 8 has only one root,
However, if both members are squared, the resulting equation,
x® + 10x + 25 = 64, has two roots, only one of which is an

element of the solution set of the original equation. Again,
these are not equivalent equations.
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Care must be taken in solving an equation of the type

x2 = ya. If x2 = y2, you cannot conclude that x = y, For

exanple, (-3)2 = 32, but it is not true that =3 = 3.

Ir x2 = y2, then x = + /;52 Therefore, 1if x2 = y2 then

x = + | y| which is equivalent to saiing x = + y. If x° = y2 it
can be concluded that x = + y, yet it cannot be concluded that
X = y and it cannot be concluded that x = -y. This is a very
fine point and a cause of some serious confusion. The key to
clearing up this confusion is the word or. x = + y means that
X equals y or that x equals -y, In this instance the word of
means that it 1s possible that x equals y; it is possible that
X equals -y; it is possible that x is equal to both y and -y.
It does not mean that x does equa® y; it does not mean that

X does equal -y; it does not mean that x equals both y and -y.
If the square root of each side of an equation is taken when
solving an equation, it is very important to understand what
conclusion can and what conclusions cannot be reached concerning
the results of such an operation.

9.5 VERBAL PROBLEMS

This section consists of solving verbal problems by the use
of quadratic equations. It is important for the pupils to
realize that the solution set of the quadratic equation used
in solving a verbal problem may contain elements which do not
meet the requirements of the problem, The problem may contain
stated or implied restrictions. Below are some examples of
verbal problems that contain such restrictions.

(1) e uct greater thap a given integer and

%ﬁ& Brester Shan Suostrer dntomsyed equal to 25.
Determine the given integer.

This problem contains the stated restriction that the number

must be an 1nte§er. When the problen is solved by use of the

equation (x + 3)(2x + 1) = 25, it is found that the solution

set of the equation is {_ ;%, 2). The number _ L% is a root of

the equation but it does not meet the requirements of the
problem because it is not an integer, and must therefore be
discarded as a solution to the problenm,

(2) length of t s 4 than twice t
S L AL R e
n and the width,

This problem contains the implied res” —iction that the measure
of : dimension cannot be expressed as a negative number, A
rectangle cannot have a width or length that is negative. The
problem may be solved by use of the equation (x)(2x + 4) = 48,
The roots of this equation are -6 and 4., The root =6 must be
discarded because the width cannot be negative,

These two problems illustrate the importance of determining
whether each of the roots of the quadratic equation used to
solve the problem meets the stated or implied restrictions
contained in the problem.
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Almost all the verbal problems in this unit have one or
two answers, However, pupils may find it interesting and
challenging to solve problems whose solution set is the null
set or whose solution set is an infinite set, Below are two
problems, the solution set of the first being the null set and
the solution set of the second being an infinite set.

(3) ZIhe square of a pumber is egual to the square of
one more &h!ggiﬁg number decreased by twice the ,
the number. the gumber.
If the problem is solved by use of the equation 12 = (x-+1?-2x
then 0 = 1. This is an internally inconsistent equation so
therefore the equation x2 = (x + 1)2 - 2x must be an internally
inconsistent equation and the solution set is the null set.

There 1s no number that can meet the requirements of the
problenm,

(M) m&hﬁfgg;ggnziummwﬁﬁm
of the number is one less than half the sun
of the squares of the other two numbers.

This prcblem may be solved as follows: 1

<x+1)2+1=;3+_2(;;a3-_ /

12+2x+1+1=;g+;2+ﬂ+l+ i

xX+2x+2=x24+2x+2 I

This equation is an identity; therefore, its solution set is
the set of all real numbers, The problem contains the restric- ‘
tion that the answer must be an integer so the answer to the
problem is the set of all integers.,

The topic_of solution of quadratic inequalities is not
introduced until unit 10. The solution of such inequalities
is based on the same factoring method used in this unit for
solving quadratic equations,

leacher Notes
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UNIT 9: POLYNOMIAL EQUATIONS
PART 2. QUESTIONS AND ACTIVITIES FOR CLASSROOM USE

9.1 INTRODUCTION

The major purpose of the questions and activities in this
unit is to develop the concepts underlying the various methods
that may be used to solve quadratic equations and to give the
pupils experience in solving verbal problems ieading to quad-
ratic equations. The questions and activities should be con-
sidered only as a guide to illustrate to the teacher how such
concepts can be developed by a systematic series of questions,
and as a guide to illustrate what types of problems the pupils
should be able to solve after mastering each concept. Supple-
mental exercises for classroom drill, homework assignments, and
testing may be obtained from availabie texts or developed by
the teacher. The topics of graphing quadratic equations and
quadratic inequalities are both introduced in a later unit.
This unit does not contain a unit test. The last section on
verbal problems serves as a good instrument to determine how
we}% the pupils have mastered the concepts developed in the
un .

9.2 SOLVING POLYNOMIAL EQUATIONS BY FACTORING

(1) Solve each of the following problems.
(a) What number substituted for k in the equation
(k)(m) = O will make the equation true, regard-
less of what number m represents?

Apswer: Zero

(b) What number substituted for m in the equation
(k) (m) = O will make the equation true, regard-
less of what number k represents?

Angwer: Zero

{¢) What number substituted for the first factor in
the equation (x + (J)(x + A) = O will make the
equation true, regardless of what number the
second factor represents?

Apswer: Zero

(d) What number substituted for the second factor in
the equation (x + ) (x + A) = O will make the
equation true, regardless of what number the
first factor represents?

Answer: Zero

(e) Under what two conditions is the equation
(x + 4)(x - 6) = O definitely true?
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(2)

(3)

(%)

(5)

Answer: The equation is definitely true when
X+%=0or whenx-6= 0,

(£) If the equation (x + &)(x - 6) = 0 is true when
X+4=0o0r whenx - 6 = O, then what numbers
must x represent to make the equation true?

Ansver: x =<4 or x = 6

(2) When -4 is substituted for X in the equation, is
the equation true?

Angver: Yes

(h) When 6 1s substituted for x in the equation, is
the equation true?

Apswer: Yes
Ifaamm@niamm(k)(m) = O, how
mmmmgsmm@mwmp

Answer: The solution set can be determined by writing
each factor equal to 0 and solving the resulting
equations, The union of the two solution sets forms
the solution set of the given equation,

geh of t 1 determine what lyes
of ;nénbfgfagfg Eﬁft‘ﬁ;%ﬁ%éﬁg eeuag <] 'gwt;uev:ta:g-
Dent.

(a) (x+9)(x-~9) =9 (¢) (x=3)(x=-11) =0
(b) (x)(x+U4) =9 (d) (~x+ 8)(-x-3) =0

Angvers:
() 9, -9 (v o0, -4 (e) 3, 11 (d) 8, -3

How can the egquation x2 - 11x + 30 = 0 pe
mm,ammmmmnmmmw

Answer: The equation can be solved by factoring the
Teft member of the equation into two factors, setting
each factor equal to zero, and solving these resulting
equations, The union of the two solution sets is the
solution set of the original equation,

Mwnmmmmm
ac the Rolynomial which is the left member of
the equatjop.

(a) x2 + 10x + 16 = ¢ (¢) wl - léw + 48 = ¢

(b) a2 - 9a - 36 = ¢ (d) x2 . 25=g

Angwerg:
() -8, -2 () 12,-3 (o) 12,4 (q) 5y =5
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(6) pust be done to the equation x2 + 15x = ~56
D&&mm&mbﬂ&lm Dy the factoring method?

Apsver: The equation must first be replaced by the

equivalent equation having the form x2 + 15x + 56 =
before it can be solved by factoring.

(7) Solve each e following using tne fact
method, fipst {LL the eguation by an va
equstion in correct form.

(a) x2 = - 10x - 21 (d) x2 + 4x « 16 = Ux
(b) =0.9x = =0.2 -~ x° (e) x2 =121
(¢) x2+ 19 =10 - 10x

A (a) -7, - (b) 0.5, 0.4 (e) -9, -1
Tﬂfggffz-h a(‘) 711’3_11 5s e) -9,

(8) Solve the equation x° = y for x.
Aggwer: x = +.\fy
(9) Is factoring pecessary to solve the eguation
22 = 1217
_lm_g_g_gz No. If x2 =121, then x = + |12 or
x = + 11.

(10) mmu%n_m&unxpumnmm ‘
principle that if x“ =y, thenx =+ VY. |
H (a) x2-86=1‘+ (b) ::2+19-68 (¢) 49 -2 =148 '

(a) 10, =10 (b) 7, =7 (e¢) 1, -1
(11) each following, applving the sapme
mﬁggum?ﬁfm

(a) x2-3=0 (b) x2= (¢) x2+ 17 =

 Angwers:

(a) r"ﬁ (v) ﬁ—,-ﬁ'? (e) r’“r
(12) Hg.m_nmm.qnms.h_;u(;*i)z‘.‘i_m

Solved by the factoring method?

Answer: The left member is first written as a poly~
nomiaE. Then 36 is subtracted from each side of the
equation. The resulting equivalent equation can then
be solved by the factoring method.

(13) Show how the eguation (x + 5)2 = 36 e solved
mmmmmmﬁ. 4 ean be
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Answer: (x + 5)2
x2 + 10x + 25
x2 + 10x = 11 =

(x + 11)(x - 1)
x+11 =0 x-1
x = =11 x
The solution set is {-11, 1}.
Check: (-11 + 5)2 = 36, true; (1

in s n
(V]
o O ol
wn
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+
N
N
N
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W
[}
-
ct
s
s
[
*

(1) Solve each of the following.

-7)2 = 2 _ )
E (a) (x=-7) 36 (e) (k+.]3.) =2
9

(b) (w+ 0.2)2=0.25 (d) (x+2)32=

Answerg:
(a) 13, 1 (b) 0.3, =0.7 (e) %, -1 (@) 1, -5

(15) (a)- Solve the eguation A2 =y for A.
Apswer: A =31 (v :
(b) In the equation A2 = y, replace & with 1

X + 5 and replace y with 16. Solve the resulting L
eguation.

Answer s (x + 5)2 = 16

x+5=2% V16
x+5=+h
x+95=hk x+ 5 =<k
x= -1 x= -9
The solution set is {-1, -9}. ‘
Check: (-1 + 5)2 = 16, true; (-9 + 5)2 = 16, true,

(16) Solve each of the following, applving the H
principle that 42 A% =y, then B =+ VT . |
(a) (k+92=1k () (w-1)2=1
(b) (y-§)2=%g (@ (x+ 0.1)2 = 0.04

Answers: (a) 3, -21 (b) g"l‘% (e) 12, 10
(d) 001, "003
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] (17) Can the egua 2x2 + 15x + 18 = O be solve
by the factoring method?
Apswer: Yes. 2x2 + 15x + 18 = 0
(2x + 3)(x +6) =0
2x + 3=0 x+6=0
x= = =6

- x
The solution set is { _,%,%-6}.
Check: 2 (~- ,3)2 + 15 (- %) + 18 = 0, true,
2 (- 6)2 + 15 (= 6) + 18 = 0, true.
as) up olvs sush of the followias, saias the festorias

(a) 312 -2x=-1=0 (ec) 4x2=7x + 3 =0
(b) 5x2 + 16x = =3

Apswers: (a) 1, _ 1 () =3, ..% (¢) 1, a
‘ 3
(19) Apgwer the following

(a) Is the equation ([J)(A) (D) = O true when
(C)) = 0, regardless of what the other two
factors represent?

(b) Is the equation true when (A\) = 0, regardless
of what the other two factors represent?

(¢) Is the equation true when (&) = O, regardless
of what the other two factors represent?

Answers: (a) Yes (b) Yes (c) Yes

Degc no.gammmmm
form (2) (&) (&) = 0 can be solved.

Answer: Each of the three factors is written equal
to zero. The union of the three solution sets 1s
the solution set of the original equation.

(d)

(e) Show how the equation x3 + 532 + 6x = 0 can
be solved by factoring.

Ansver: x3 +5x2 +6x=0
(x)(x2 + 5x + 6) = 0
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(20)

(21)

(x)(x + 3)(x+2) =0

x=0 x+3=0 x+2=0
x=-3 x = =2

The solution set is {0, =3, =2¥.

Check: 03 +5 (0)2 +6 (0) = 0,true.
(-3)3 + 5§ (=3)2 + 6 (-3) = Q, true.
(-2)3 + § (-2)2 + 6 (-2) = O, true,

%91!9 each of the following by using the fector

(a) y3 + l0y2 = =21y (c) oy¥ + 10y3 + izya =0
() x3-x=0 (a) (3:3-612+x)-(-x?+3x)=0

Apgvers: (a) 0, =3, =7 (b) 0,1, -1
(¢) 0, -2, -3 (@) O, __%, 2

Solve each of the following, applving ihe
principle thet 4£ 12 = k, then D =+ [k .
(a) (a-=-22=7 (¢) (k-6)2=5
(b) (x+§)2=2 (@) (y + 0.2)2 =3

Angvers:
@) 2+ y7,2-f7 _§+ '3',_?- fz

@ 6+f5,6- 5 (@ -0.2+ ¥3,-0.2-V3

9.3 COMPLETING THE SQUARE

()

Answer the following. -
(a) The polynomial x2 - 8x + 16 is the square of what

binomial?
Answer: It i= the square of x - 4,

(b) How can the gquadratic equation x2 - 8x + 16 = 2
be solved by applying the principle that if

CR=k then(Q=2 Vx?
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(2)

(3)

Answer: The equation may be written in the form:

(x - )2 =2
(x-% =2 f2
x-u= V2 x-4=- |2
=k + 2 x=4- |2

The solution set 1s {4+ 2 ;4 - (21,

1 (lyglzs.sasn of the 12119_158, applving the prin-

(a) y2 -6x+ 9 =3 (c) a2 + 6a + 81 =7
(b) w2 -2w+ 1 @ x+6x+_9=11
’ TEC

Angwers:
(@) 3+ ¥3,3-03 (&) -9+ ¥7,-9- |7
™ 1+ ¥5,1- 5 ( - -3 ’_,? m

Ansver the following.
(a) Is the polynomial x2 + 8x + 10 the square of a
binomial whose constant term is an integer?

Answer: No. The constant term must be 16 if the
first two terms are x° + 8x.

(b) What number could be added to both sides of the

equation x2 + 8x + 10 = O that would make the
left side of the resulting equivalent equation
the square of a binomial whose constant term is
an integer?

Apgwer: If 6 is added to both sides of the equation,
the resulting equivalent equation is x2 + Bx + 16 = 6.
This can be written as {x + ¥)2 = 6,

(c) Solving an equation by first adding some number
to both sides of the equation so that the left
side of the resulting equivalent equation is the
square of a binomial is called completing the

.square. Show how the equation x2 +4x+1=0
may be solved by this method of completing the
square.

Angwer: x2+U4x+1=20
X2+ 4x+ h =3
(x+2)2=3

x+2=: 3
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9.4

x+ 2
x

K} x+2=.f3
2+ |3 x=-2. (3

The solution set is {2+ (3, -2 - f§-3.

(4) v '
ﬂmmsgmumummm

() 224+ 102+ 15= (¢) ¥ - 8k- 1
(b) a2 +24-2=¢ (@) x2-12x+18= ¢
Ansvers:

() -5+ Y10, -5 - 16 (c) 1 + Nz, s - fi7
) -1+ 3, 143 (a) 6+3)2,6-3 2

THE QUADRATIC FORMULA

1) An equation in the form ax2 + bx + ¢ = 0, where the

left member of the equation is polynomial of socond
degree, is called & quadratic equation,

(a) = Q, + =
a) It a .Q?uuz X+ ¢ =043 gusdratic

Anggfg: No. The left member of the equation is not
& polynomial of second degree.

(b) If a, b, AQQQ.Q&&Q!IEQML_J_I‘OV ded
220, 1s ;;2 *bx +¢ =0 a gyadratic eauation?

A ¢ Yes. The left member of the equation is a
poiynomial of second degree. The cosfficients and
constant term in a polynomial may be any real numbers,

(2) Answer the foliowipg.
(a) What operation may be performed on the equation
8X" + bx + ¢ = 0 s0 that the coefficient of the

x2 term in the resulting equivalent equation is
unity? Write the resulting equation

Angver: Both sides of the equation may be divided
by a. The resulting equivalent equation is

xa+hx+£=0.
a a

(b) What operation may be performed on this equation
so that ¢ does not appear in the left side of

a
the resulting equivalent equation? Write the
resulting equation.
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Answer: _ ¢ may be added to both sides of the
a
equation. The resulting equivalent equation is

x2+px=_¢.
a a

(e) If this equation is to be solved for x by the
method of completing the square, the left side
of the resulting equivalent equation must be in
what form?

Answer: The left side of the equation must be the
square of a binomial.

(@ 1£ x2 + B 4 A the left side of the equation,
1s to be the square of a binomial, what must be
the relationship between D and the constant term

of the binomial? y
Ansver: b must be equal to twice the constant term
of the biaomial.
(e) What must be the constant term of the binomial?

Angver: b
2a

(f) If the square of the binomial is x2 + bx + A
a
and the binomial is x + EQ, what must A
a

represent?
Apswer: _b2
n?

(g) What operztion must be performed on the equation
+bx=_ f So that the left side of the

a
resulting equivalent equation is the square of a
binomial? Write the resulting equation.

Angwer: _2; must be added to each side of the equa-
ba
2 2
tion. fThe resulting equation is x2 + ex + ;95 -
a
_!§ -
4a a
(h) Write the equation in an equivalent form, com- C

bining the two terms on the right side into a
single tern.

-
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Ansver: X2 + B 2_3;__5&::;2-
wer: x© + ax + Ehi = -

(1) Solve the above equation by the principle that
if y2 = zythen y = + ¥z .

s ¢ ) - B

x + ib <+ b2 - lac
a L 2
a
= £ fp2 - b
x== 5% 2a
- b+ Jb2 - lac
x= 2a
(3) Answer the following.

(a) This last equation in (1) above is called the
quadratic formula and it may be used to solve
any quadratic equation. In solving the equation

292 + 12x + 6 = 0 by the use of this formula,
the letters a, b, and ¢ in the formula will
represent vwhat numbers?

Apswer: a =2, b =12, ¢ = 6

(b) Solve the equation ox2 + 12x + 6 = 0 by use of
this formula.

Apswer: -12+ Vlhh-h8=-12_t\/;€

x= m b
-12+ 4 {6
= ——
(¢) By the application of what principles can the
expression -12 2 t Vghbe reduced to lowest terms?

——————————————_

Answer: The numerator can be factored by the appli-
cation of the distributive law, and then the expres-
sion can be reduced to lowest terms by the appli-
cation of the cancellation law.

2 s ufE _ M-3: [6)
u ¥
= -3+ V6
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() . Solve each of the following.

(a) In solving the equation 4x2 - 2x + 3 = 0, how
must this equation be revritten in order to be
in the standard form of a jyuadratic equation?

Apswer: It must be writfen ia the form

(-4)x2 + (~2)x + 3 = 0. A quadratic equation contains
a polynomial which is a sum of terms.

(b) 1In solving the equation in (a) by the use of the
quadratic formula, what numbers would the letters
a, b, and ¢ in the formula represent?

Angwer: a = -"f, b=-2,c¢c=3

(c) Solve the equation in (a) above by use of the
quadratic formula. :

Answer: 214%-(-“8) 2:\/75-5
= =B T3

X
2+2 f13
=

2(1 + J13)

n
§
o

;i

(5) Solve each of the following .bxsm_lxmzmé
guadratic formuls.
(a) 3x* -5x-9=0 (¢) -8x - 2 = 5x2

(h) 2(3 + x) = =3x(2 - x)

Apswers: (a) S5+ V133 (b) 4+ 3% (c) -4+ (6
- -3 s

Concept: Use of discriminant.
(6) Apswer the following.

(a) The expression b2 - kac in the quadratic formula
x = -b + Vb2 - hac 1is called the discriminant.
~ 2a
What restriction must be placed on the value of

the discriminant if -b + Vb2 - bac is to repre-
aa :

a real number?
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Angver: b2 - Yac must be non-negative.

(b) If the discriminant is negative, what can bpe
concluded as to the nature of the roots of the
quadratic equation?

Answer: The roots of the equation are not real
numbers, '

(¢) If b2 < Lac 1s equal to zero, what will the
quadratic formula simplify to?

Answer: If b2 - Yac is zero, then the quadratic
formula becomes x = - 55'

(d) Does _ Eh represent a real number?
a

Answver: Yes, because b and a are real numbers.

(e) Is the square root of a positive real number
always a real number?

Answer: Yes

(£) If b2 < hac is positive, describe the nature of
the roots of ax2 + bx + ¢ = 0,

Answer: The roots will be real numbers.

(g) Summarize the description of the roots of the

equation ax2 *+ bx + ¢ = 0 when the disceriminant

1s negative, when it is positive, and when it is
zero.

Answer: If b2 - lac ig negative, there are no real
roots. If the diseriminant is zero, there is only
oné root and this is a resl number. If the discrimi-

nant is positive, there are two roots and they are
both real numbers.

(7) Determine whether discriminant gggnf
fgélgw;gg is nos%t;ve,dﬁggggigg, gghzgrdéggg tg;eﬁ‘ﬁtr"ng
13 1C§§e er gn na ure e rgg;g w u
solving ;ﬁﬁgegﬂztiodﬂt' ¢ the

(@) 352 -6y +3=0 (o) 1722+ 52+ 10= o
(b) 22 -2x-5=¢

Agswerg:

(a) The discriminant is Zero. The equation has one
root and it is a real number.
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(b) The discriminant is positive. The equation has
two roots and they are real numbers.

(¢) The discriminant is negative. The equation has
no real root.

Concept: Extraneous roots.

(8) Angwer the following. i
(a) State the multiplication axiom of algebra as
used in solving algebraic equations.

Apgwer: If both sides of an equation are multiplied
by the same number, except zero, the given and result-
ing equations are equivalent, that is, the solution ) e
set of the resulting equation is identical to the ‘
solution set of the original equation.

(b) What is the solution set of the equation 3x = 13?
Answer: {;3}
3

(c) When both sides of the equation 3x = 13 are
multiplied by x, what is the resulting equation?

Answer: 3x2 = 13x

(d) Compare the solution set of this equation with
the solution set of the original equation.

- A

Answer: The solutiosn set of the original equation is
ZI%;. The solution set of the second equation is

{©
(e

5

) When both sides of an equation are multiplied by
a variable, are the given and resulting equations
equivalent, that is, is the solution set of the
resulting equation identical to the solution set
of the original equation?

Answer: No

(9) Answer the following.
(a) What is the solution set of the equation
x~-3=10%
Angwer: {13}

(b) What is the solution set of the equation
X -3 = =107

Angwer: {-7}

1.
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(10)

(¢) Square both sides of the equation x - 3 = 10 and
determine the solution set of the resulting
equation.

Answer: (x - 3)2 = 100

X ~-3= '100

*
x=3+10
The solution set is {13, -7}.

(d) Are both elements in the solution set of

(x - 3)2 = 100 also in the solution set of
x~3=10%

Answgr: go. -7 is not in the solution set of
X = =l.o

(e) When both sides of an equation are multiplied by
a variable or when boih sides are squared, the
original and resulting equations are not equiva-
lent, that is, the solution set of the resulting
equation contains an element (or elements) that
is not in the solution set of the o:iginal equa-
tion. This element is often called an extraneous
root of the original equation, but it is in no
sense a root of the original equation; it is only
an ostensible root, a number that seems to be a
root because the equations are assumed to be
equivalent when they are not. Solve the equation

V x + 20 = x by squaring both sides. Determine
whether or not the solution set of the resulting
equation contains an extraneous root of the
original equation.

Ansver: x + 20 = x2
x2 -x=-20=0
Apparent solution set is {5, -u4}.

The root x = =4 is an extraneous root because it does
not check in the original equation.

The solution set is {5}.

Answer the following.

(a) Is the statement "If x = y, then x2 = y2" always
a true statement?

Answer: Yes. If x =y, then X may be substituted for

y in the equation x2 = y2 and the equation x2 = x2
results. This resulting equation is an identity so

the equation x2 = y2 must always be true when X = y.
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(11)

(12)

(b) 1Is the statement "If x = -y, then x2 = y2»
always a true statement?

Answer: Yes. If x = -y, then -y may be substituted
for x in the equation x2 = y2 and the equation

(-y)2 = y2 results. This last equation is an identity.
Therefore, x< = y2 is an identity when x = -y.

(¢) Determine whether or not the statement

"If x2 = y2 then x = y" is always true by sub-
stituting -3 for x and 3 for y.

Apswer: If x = -3, and y = 3, (-3)2 = 32 is true;
but -3 = 3 is false. Therefore, the statement is not
always true.

(d) Determine whether or not the statement

"If x2 = y2, then x = -y" is always true by sub-
stituting 3 for x and 3 for y.

Answer: If x =3 andy = 3, 32 = 32 is true; but
3 = -3 is false. Therefore, the statement is not
always true.

Indjicate whether each of the following statements
is always true or is not always true.

(a) If x - 3 = 10, then (x - 3)2 = 100.
(b) Tf (x - 3)2 = 100, then x - 3 = 10.
(¢) If x - 3= -10, then (x - 3)2 = (-10)2,
(d) If (x - 3)2 = (-10)%, then x - 3 = -10.
(e) If x - 3 =10, then x2 - 3x = 10x.
(¢) If x2 - 3x = 10r, then x - 3 = 10.

Ansvers:

(a) Always true (d) Not always true

(b) Not always true (False when x = 13)
(False when x = =7) (e) Always true

(¢) Always true (f) Not always true

(False when x = 0)

Indicate for each of the following whether the

statement is true or false.

(a) If both sides of an equation are squared, all
numbers which check in the original equation
check in the resulting equation,

(b) If both sides of an equation are multiplied by
the same variable, all numbers which check in
the original equation check in the resulting
equation.
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: ( If the square root of both sides of an equation
1s taken, all numbers which check in the original
equation check in the resulting equation.

(d) If both sides of an equation are divided by a

variable, all numbers which check in the original
equation check in the resulting equation, in

general.
Apgwersg: h
(a) True (b) True (c) False (d) False

¢
Notg: The phrase, in general, 1s needed in part 4
bzcause there are some speclal cases involving
muitiple zero roots; thus, all the nuasbers which check

in 13 = x2 also check in 12 = x. The solution set of
each equation is {0, 1.

9.5 .VERBAL PROBLEMS INVOLVING QUADRATIC EQUATIONS

For each of the following problems, represent the unknowns
as algebraic expressions, write an equation that may be
used to determine the unknowns, solve the equation, and
determine which root or roots meet the requirements of the

problems.

(1) The product of one more than a gertain number and
three less than this number is 12. Determine the
given pugber.

Apgwer: x = the number

(x + 1)(2x - 3) =12
x=3,x=_ g. The solution set 1s

{3y - gg since both roots meet the require-

ments of the problem.
The number is either 3 or _ g.

(2) The product of three greater thep a given
apd seven less than iwice the integer 1s equal to l2.
Determine the glven integer.

Apgwer: x = the given integer
(x +3)(2x - 7) =15
X = %, x = <%, The solution set is {-l}

since 9 does not meet the requirements of the
2

problem as it is not an lnteger.
The integer is -k.
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(5)

he length of 3 rectangle exceeds twice the
wideh by 5 nones “rhe sean e “pnecas tules the
Square ipcheg. Find the length and
Ansver: w = the width
2w + 5 = the length
w(2w + §) = 52
w=bhk, w=_ 1; . The solution set is {4}

since _ 13 does not meet the requirements of
2

the problem as the measure of the width of a
rectangle cannot be a negative number.

The length is 13 inches and the width is 4
inches. &

and t_h_Ié regults ulu 3_5595, the gum is 20- _Lm.Lge ermine _._ghe
three integers.

Apswer: x = first integer
, X + 1 = gsecond integer
x + 2 = third integer

x2 + (x+1)2+ (x+2)2 =50
x=3 X = -5, The solution set

is §3, -5} since both roots of the equation
satisfy the requirements of the problem.

The three consecutive integers are either
3’ "’, 5 or "5’ ‘h’ "30

Solve the following problenms.

(a) The sum of the length and width of a rectangle
is what fractional part of the perimeter?

Answer: one-half

(b) 1f the perimeter of a rectangle is 40 feet, what
is the sum of the length and width?

Answer: 20 feet

(¢) If w represents the width of the rectangle whose
perimeter is 40,write an expression for the
length in terms of w,

Apswer: 20 - w

(d) The perimeter of a rectangle is 40 feet and its
area 1s 96 square feet., Find its length and
width if the length is greater than the width.

Angwer: . w = width
20 - w = length
w(20 - w) = 90
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w=2_8 w = 12, The solution set is

{8} since if w = 12, then the length of the

rectangle is 8 inches which does not meet
the requirements of the problem that the
length be greater than the width.

The length is 12 feet and the width is 8
feet.

(6) &Lam@zmm&mmﬂmm
and 6 times its reciprocal is 2

Apswer: x = the number
x+6=7

x
x=1, x=6. The solution set is {1, 6}

since both roots of the equation satisfy the
requirements of the problem.

The number is either 1 or 6.

(7) d;;ference between two numbers is 5 and their
product 1§ 36. Find the numbers.

Answer: x = the first number
x + 5 = the greater number
x(x +5) =
= -9 x = 4, The solution set is

{-9, 4] since both roots of the equation
satisfy the requirements of the problem.

The two numbers are either -9 and -4 or

4 and 9.

(8) mmﬂ right triangle is 4 inches
longer thap one 1 and 8 inches lon th than the
other leg. How long is g_gg slde triangl e?
Answer: x = length of the hypotenuse

x - h = length of one leg
x - 8 = length of the other leg
(x -4)2 + (x - 8)2 = x2

= 20 x = h. The solution set is
{20} since the root x = 4 of the equation
does not meet the requirements of the
problenm.
The hypotenuse is 20 inches and the legs are
16 inches and 12 inches.

(9) The gltitude of g triangle is 8 % es longer
than the base to wﬁIch it is drawn. ng area of the
triangle is 24 square inches. Determine the length
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Answer:s x = length of the base
| . X + 8 = length of the altitude
; Ix(x + 8) = 24
% 2
: x=. x = -12. The solution set is

{4t} since the root x = -12 does not meet the
requirements of the problem as the measure
of a base of a triangle cannot be a negative
number.

The base is 4 inches and the altitude is 8
inches.

(10) Find two consecutive integers such that the
sguare of the first integer is egqual to the sguare of
the second integer.

wer:

= first integer
+ 1 = second integer

x2 = (x + 1)2
X = % . The solution set is @ since there

:

X
X

is only one root to this ¢quation and this
root does not meet the requirements of the
problem as it is not an integer. There is
no integer that can satisfy the requirements
of the problem.

(11) Find three consecutive even integers such that
the square of the middle integer is 4 less than half
the sug of the squares of the other two integers.

Answer: x = first integer

x + 2 second integer
X + 4 = third integer

(x +2)2 +4 = x2 + (x +4)2
2

x2 +4x +8=x2+4x+8

The equation is an identity so therefore the
solution set of the equation consists of the
set of all real numbers. Any three con-
secutive even integers will meet the require-
ments of the problem.
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