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ANALYZING DIFFERENCES
IN THE GROWTH OF TWO RATIOS

Edward K. Zabrowski

Purpose and Background

This note offers a means for analyzing the differences in the levels of

two ratios over a period of time, when those ratios come from empirical data.

For example, in a study of white-nonwhite personal income differentials over

a time interval, one might postulate that the differences between the respective

levels are due to four factors:

1. Differences present at the beginning of the time :Interval

(intercept-level difference);

2. Differences in the respective rates of growth of total income

(numerator);

3. Differences in the respective rates of growth in the numbers

in the cell (denominator);

4. Covariance in (2) and (3).

The solution to this problem was sought because it may be found necessary

at some point in the future to attempt to put a dollar measure on white-nonwhite

discrimination. The most probable course of data for such a study would be some

type of per capita income, preferably adjusted for differences in productivity and

differential living costs, at a minimum. Some work along this line has been

undertaken by Becker, but the main reference work was not conveniently available.1/

Therefore it was decided to explore the problem directly.

1 ./Becker 1 pp. 96-100, presents a measure of white-nonwhite discrimination

which irderived from relationships between the rates of return and costs

of education for the two racial groups. A more complete discussion should

be found in his Economics of Discrimination, Chicago, 1957.
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The basis of the problem is shown in the chart below, with the

following symbols representing the specific variables:

Y = numerator of the. ratio of the variable of primary

interest, e.g., total nonwhite income in a stratum;

the denominator of the ratio of the variable of

primary interest, e.g., the total number of nonwhites

in a stratum;

t = the actual level achieved by the ratio of primary interest

Nt
after t periods, e.g., nonwhite per capita income in

period t;

Y' = the numeraton in the ratio of the "reference" variable,

i.e., the variable against which the variable of prime

interest is being compared: e.g., total 'white income in a

stratum;

N' = the denominator corresponding to Y' in the reference ratio,

e.g., the total number of Whites in a stratum;

Yt
= the level of the reference ratio after t periods, i.e.,

Nt
Yt

= (1 + 0 ;

N' N'
t 0

' Y'

t Y= the theoretical ratio representing the level of had itY*

Nt yo Nt

grown at the same rate as did o, i.e.,

Y Y
t = 0 (1 + g).

Nt
t 0
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From the chart it can be seen that, had grown at the same rate

No

Y' Y'
as did Yo, that is, from o to t, the proportionate difference in

N(') N' N'
o t

their levels would have been the same as at t = 0, since the level would

have been t = o (1 + g). In that case, the difference in their

N* NC

levels would have been attributed to differences in their original levels,

that is, to intercept differences.

In most instances, it is reasonable to assume that differences

between two such time series will not be allocable solely to intercept

differences. This is so because there is room for the numerators and
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denominators of the respective ratios to vary disproportionately, and

there is also the possibility (in empirical series, at least) for a pair

of ratios to be correlated with time, i.e., the ratios may covary to a

Yt/
significant degree, yielding a time trace such as that from 4/No to

Nt.

In developing the simple method described below, it is necessary

to consider all these factors and to combine them in one analytical

framework that has a logical foundation.. The foundation chosen has its

roots in the equation of the total differential:

df = dx dy, or in empirical terms1/41-0- itX-d-S 4. itg-4./
,4 a y '61-

4y

In nonmathematical terms, what this formula says is this: to find

the change in a function of two variables, first find the change in the

function contributed by each of the variables with the other held con-

stant, then find the change contributed by their interaction. Con-

ceptually, the total change in a function f caused by a variable, say

x, independently of y is the rate of change in x (represented by the

partialderivative)times the amount of change in x (represented by
r4

dx).

The Analytical Model

The model chosen is stated as follows:

y - y* = (y - Y * '+ Y - Y;)+ R = 1/N (Y - Y*) + Y (1/N - 1/N*) + RI

N N* N N N N*

Most textbooks on differential calculus omit the final remainder term

"R" in presenting the total differential because the true differential

(dx say) is discussed instead of the difference value. Without this "R"

term, the total differential for empirical purposes is a linear approxima-

tion which is considered to be suitable as long asbx and Ay remain "small".

Cf. /2/, p. 82, and /3/, pp. 161-164. The term is of interest in this

problem because it is analogous to the covariation in the ratios.
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of

that is, the difference between the ratio of the variable/interest and

the theoretical or "expected" ratio (analogous toi1f) is heroically

asserted to be due to the difference in the numerators with the denominator

held constant (analogous to AX ), plus the difference in the de-

nominators with the numerator held constant (oir. 64.), plus some
air v

remainder R, which in this case reflects covariance between the variables.

This completes the weak analogy to the equation of the total differential.

The real key to the utility of this formula lies with R, since if

R is large relative to the other two sources of difference, most of the

potential advantages of partitioning will be lost. To test the sensitivity

of the model, it is necessary to solve the equation shown above for R.

With some wiggling around of the symbols, R can be shown to be:

R = (Y* - Y)G-;11

Thus, as N (and N*) get larger, R will tend to decrease. Similarly,

the smaller the discrepancy between the actual and theoretical values of

the numerators Y and Y*, the smaller the value of R, and hence, the more

accurate will be the factoring of the differences into sources due*.to

numerators and those due to denominators.

Going back to the chart, then, it can be seen that the difference

between
Yt and t is due to (a) the original difference multiplied by a

N' N
t

Y*

factor (1 + g) which is shown by the point t; and (b) a remaining portion

Nt

which can be explained by deviations in the numerator and denominator

from "expected" values, plus (c) a remainder representing covariance, as

discussed above.
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Within any particular time frame, of course, the difference between

Y' Y*
t and t is not relevant to many types of analysis as, for example in

N' N*

the case of discrimination. This is both an advantage and disadvantage.

It would be particularly knotty in the case of discrimination, because

while we have measured the amount that has taken place during the time

interval, we could not state the level of entire discrimination at time

t without outside information as to how to partition the difference

Y*
between t and t into discriminatory and other factors.

N' N*
t t

Uses

When might this type of analysis be used? The most obvious applica-

tion would be when the item in the denominator of the variable of primary

interest exhibits a chronic relationship to the denominator of the re-

ference variable. For example, assume that the number of employed Negroes

is in nearly constant proportion to employed whites in periods of "normal"

activity. Now-assume that the number of Negroes employed suddenly

increases. If the hypothesis can be entertained that the Negroes will be

remunerated in accordance with the "expected" numbers, then it is possibld

to use this technique to factor the differences in Negro per capita income

into that which is due to "pure" discrimination as reflected in income,

and into that which is caused by variation in the numbers in the group.

Another area where this technique may be useful is in input analysis,

where, for example, different levels of skills may be used in more or less

fixed proportions by employers of these skills. You may think of others.
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Final Caveat

No claim to originality is made concerning this technique. No

literature search has been conducted, since the potential sources of

publishers of such a technique are very numerous. Because this type

of derivation represents rather low-level creativity, it is highly

probable that it has been done elsewhere at some time.
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