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FOREWORD

During the past three years, che Cleveland Public $c
Ohio Department of Education have conducted a dem
high school mathematics, This demonstration project h
that were appropriated through legislative action.

hools in cooperation with the
onstration project in junior
as been supported by funds

This junior high school mathematics
Zzontal enrichment of the mathematics ¢
conteni. The teachers’ guides were develop
mathematics courses by the teachers and

Program was designed to augizent the hori-

ed for the seventh, eighth, and ninth grade
supervisors participating in the project.

This teachers’ guide is an outgrowth of that demonstration Project and is pre.
sented to the educators of Ohjo 4s part of vur continued efforts to provide for the

schooi children of Ohio. It js my hope that the schools of Ohjo will Le able to modify
or adopt this guide to meet their needs in the area of mathematics,

E. E. HOLT
Superintendent of Public Instruction
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INTRODUCTION

Background

In September, 1960, the Cleveland Public Schools in
cooperation with the Ohio Department of Education, Di-
vision of Special Education began a demonstration project
in junior high school mathematics for academically tal-
ented students. This mathematics demonstration project
was designed to go beyond homogeneous grouping and
classroom enrichment. An accelerated program was begun
in the seventh grade by combining the seventh and eighth
grade programs into one year. Algebra I and II was in-
troduced to these academically talented students in the
eighth grade, and a combined plane and solid geometry
course was introduced in the ninth grade. By accelerating
the academically talented students in the junior high
school, the opportunity to take an additional three semes-
ters of college preparatory mathematics would be avail-
able to these students in the high school.

After three years, the Cleveland Public Schools have
had an opportunity to evaluate the program bhoth objec-
tively and subjectively. The objective evaluation has been
done through the use of various standardized tests given
to the accelerates, the best regular classes at each grade
level, and the regular classes at each grade level.
In almost all cases the accelerates scored as well as
or better than the groups with which they were compared
on the standardized tests. It should be remembered that
the accelerated students are at least six months to one
and one-half years younger chronologically than the com-
parison groups in the regular curriculum.

A subjective evaluation was made by questioning ad-
ministrators, counselors, teachers, and pupils. The general

concensus of opinion of these people was that the program

IV

has been highly successful and should remain a part of
the junior high school curriculum, however it should be
sufficiently Hexible to meet the changing needs of the
school and the pupils involved.

Suggestions for Using the Guide

This teachers’ guide contains materials for a unified
and accelerated plane and solid geometry course. These
materials are presented in such a way that they can be
easily adapted and modified to meet the needs of most
plane and/or solid geomeiry classes. The suggestions and
supplementary references found in each unit should be a
valuable aid to the geometry teacher in a regular or ac-
celerated class.

This guide has been written with the unifying concept
of mathematical structure in mind. Therefore, the subject
matter cannot be taught in the usual segmented fashion.
Because this guide does not follow any one textbook, the
geometry teacher should become familiar with the entire
guide before attempting to use it. It is also recommended
that the teacher review the materials in the accelerated
seventh grade Mathematics and eighth grade Algebra
courses so that the geometry course content can be inte-
grated into the total program.

It is our hope that this guide can be adapted or modi-
fied to meet the needs of both the experienced and in-
experienced teacher and thereby lead to the improvement
of the secondary school mathematics program.

ARTHUR R. GIBSON

Education Specialist
Programs for the Gifted
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BASIC CONCEPTS
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Unit I - Basic Concepts (13 sessions) ‘

TOFICS AND OBJECTIVES CONCEPTS, VOCABULARY, SYMBOLISM k
SET THEORY set A set is a collection of objects, 1
To reinforce the con- A={a, b, c} f
cept of set notation "

Tre symbol {} is read, "the set of",

universal set A universal set is an appropriate set con- %
taining all the elements under consideration,

element {member) Each object in the set is called an element
of the set,

The symbol € is read "is an element of™,
Read b€ A as "b is an element of set A",

subset Given two sets X and Y, where every element of X is
also an element of Y, X is a subset of Y,

X={l, m, I‘} Y'—‘{jo k, 1, m}

The symbol € is read "is a subset of", 1

Read X Y as "X is a subset of Y", %

czN

disjoint sets Disjoint se{s are sets which have no elements
in common, \Ja

X = {l, m, r}
Y ={n, o, p, q}

X and Y are disjoint sets,

null set (empty set) The set with no elements in it is called
the null set (empty set),

The null set is usually designated by
the symbol @, [}, or/\.

The symbol @ is preferred,

e.g, The set of girls playing baseball
for the Cleveland Indians = @,

B = Ao SN o
. &3 ‘2




Unit I - Basic Concepts

 SUGGESTIONS

ey ey
A

A brief review of set theory should be sufficient, The past
experience of the class should determine the extent of the

review necessary.
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Unit I - Basic Concepts

TOPICS AND OBJECTIVES

CONCEPT'3, VOCABULARY, SYMBOLISM
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infinite set An infinite set is a set whose members cannot

be counted,
e.g. The set of positive odd integers,

A=1{1, 3,517 ...}

finite set A finite set is a set whose members can be

counted ewven though the count may be very great,

e.g. The set of even integers between 10 and 16
B = {12, 14j
€.g. The set of grains of sand on Miami Beach

intersection Given sets A and B where A = {3, 6, 9, 12}
B = {8, 10, 12}
AN B= {12}

union

The intersection is the set consisting of all
the elements common to both sets,

AN B is read "the intersection of A and BW,

B =
AV} B =

g, 10, 12} .
3, 6, 8, 9, 10, 12}

Given sets A and B where A = tBQ 6, 9, 12}

The union of A and B is the set consisting of all the
elements of A and all the elemerits of B,

Al) B is read "tne union of A and B",

e a) -
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Unit I - Basic Concepts

REFERENCES

SUGGESTIONS

1, 3, 5,7, . . . should be read ™1, 3, 5, 7, and so on",
Do not use the word "indefinitely" when referring to the
infinite,

Webster defines imdefinite as "undetermined, unmeasured or
unmeasurable, though not infiniten,

He defines infinite as "without limits of any kind, boundless,
greater than any assignable quantity of the same kind",




Unit I - Basic Concgpts

TOPICS AND OBRJECTIVES

CONCEPTS, VOCABULARY, SYMBOLISM

UNDEFINED TERMS

To clarify the
undefined terms
point, line, plane,
space

10

space

A point has no dimensions, only an exact position in
space, |

A point is usually represented by a dot (the smaller,
the better) and is referred to by a capital letter,

A line is an infinite set of points,

A line has neither width nor depth; only length,

A line is infinite in length, having no end points,
Unless otherwise stated, a line should be interpreted
as being a straight line,

A line is usually referred to by a single lower case
letter placed near the 1ine or by the letters of two
points in the line,

m
f

A 4

A B o

2
Y

A plane is an infinite set of points,

A plane has length and width but no depth,

A plane has the property of being a surface such that
a line connecting any two points in its surface lies
completely in the surface, This makes the plane
infinite because of the line being infinite,

The plane is referred to by a single letter--capital
or lower case,

A line is a subset of a plane,

plane

Space is the set of all possible points,
Space has length, width, and depth,
A plane is a subset of space,

Rty .




REFERENCES SUGGESTIONS
A (31 - 32) What makes a good definition?
A definition which identifies the word as a member of a set
C (6) of certain words and distinguishes it from other members of
the set,
D (15) A definition is reversible,
Example: A pencil is a writing instrument (member of set)
E (4) using a piece of cylindrical graphite usually
encased in wood (distinguishes it from other
F (22) writing instruments),

This definition may be reversed as:
A writing instrument using a piece of cylindrical
graphite usually encased in wood, is a pencil,

Definitions involving such words as point, line, plane, and
space may not be satisfactorily reversed,

Ask the class why a cylindrical surface cannot be considered
as a plane,
A cylindrical surface does not meet the requirements of a
plane since a line connecting any two points does rot
necessarily lie wholly in the surface,

Note that in the figure at the right,
the line connecting points A and B
lies entirely in the surface,
However, the line connecting points
A and C does not lie in the surface
of the cylinder.

A good assignment following a dis~ussion of undefined terms,
particularly with reference to the infinite, is to have pupils
write a paper on "What I Think Infinity Is™. The report need
not be restricted to mathematical implications,

Fmphasize that points, lines, and planes are abstract images
and drawings are merely representations of these abstractions,

S 3




Unit I - Basic Concepts

TOPICS AND OBJECTIVES

CONCEPTS, VOCABULARY, SYMBOLISM

DEFINED TERMS

To develop a vocabulary
of basic concepts

distinct points Consider any point A and any point B different
from A, A and B are distinct points,

betweenness of points Consider A, B, and C as three distinct
points in the same line, B is between
A and C if AB + BC = AC,

A B C

i

¢ ~—

line segment Line segment AB, designated as AB, is a subset
of a line,
A line segment consists of two distinet points,
A and B, and all the points between them,
A and B are called the end points,

length of a line segment The length of a line segment is the
distance between the end points,
Note: The word distance is undefined,
Do not use bars or arrows when
showing the length of a line segment,

e.g. AB = 5% inches

Two line segments are equal if they
have the same length (measure),

bisect To bisect means to divide into two equal parts,

midpoint of a line segment B is the midpoint of line segment
AC if B lies between A and C such

that AB = BC,
A midpoint is said to bisect a line
segment,

Every line segment has one and only
one midpoint,

i




Unit I - Basic Concepts

REFERENCES SUGGESTIONS

(7 - 8) It is recommended that pupils keep a notebook for the purpose of
relating new vocabulary and symbolism to conceptual material,

(16 - 17)

(10 - 11, 13)

(26 - 30)

Distance implies the shortest distance between two points which,
in a plane, is assumed to be a strajght line,

In the original Euclid, the concept of distance was undefined,. 3
Some present day authors define distance, particulc .1y the
distance between two points, as the measure of the line segment
joining the two points,

Measure is defined as the number of units of a particular unit
of measure contained in a line segment.

mmeasure of AB" is written m(AB).
Essentially, there is no difference between:

the length of AB, written AB and
the measure of AB, written m(AB),

In this guide, AB will refer to both the segment AB and the
measure of AB,

N




Unit I -'Basic Concepts
TOPICS AND OBJECTIVES CONCEPTS, VOCABULARY, SYMBOLISM

collinear points A set of pointg all of which lie in the same
line are called collinear points,

half-line Line m is composed of an infinite set of points,
Point A in the line divides the line into three
disjoint subsets,

Set X = {A}
Set Y = all the points in the half-line in which
C lies
Set Z = all the points in the half-line in which
B lies
ray Any point in a line separates the line into two half-

lines, neither of which includes the given point, The
union of the point and one of the half-lines is called
a ray.

A is the end point or origin of the ray and B is any
other point in the ray, 3
The ray is referred to by the symbol AB,

ﬁz refers to the ray whose origin is at B and A is any
other point in the ray,

=

'EKQ is not the same as Kﬁ? ﬂi
ray AB (KE)) A B__,
ray BA (EKQ) | B

opposite rays Rays YX and YZ are said to be opposite if
points X; Y, and Z are collinear and Y lies
between X and Z,

% L

1089
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Unit I - Basic Concepts

REFERENCES SUGGESTIONS
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Unit I - Basic Concepts
- TOPICS AND ORJECTIVES CONCEPTS, VOCABULARY, SYMBOLISM ?

half-plane A line separates a plane into two half-planes,
A plane, the universal set, is an infinite set of
points,

Line r divides the plane into three disjoint
subsets,

|, ,
Bl P
i B

i A

e .c

Set L = all the points in the half-plane in which

B lies

Set M = all the points in the half-plane in which
C lies

Set N = {r|

The line is referred to as the edge of each
half-plane,

r divides P into two half-planes,

r is the edge of each half-plane, i
A and B lie in the same half-plane and on the

same side of r,

B and C lie in different half-planes and on

opposite sides of r,

half-space Space is the set of all possible points,
Plane P divides space into three disjoint subsets,

Set E = all the points in the half-space in which

B i e Rt Bt A i

A lies {
Set F = all the points in the half-space in which

B lies |
Set G = all the points in P oA §

The plane is called the face of the half-space,

16
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. , Unit I - Basic Concepts B
REFERENCES SUGGESTIONS
|
" Note that while a line is an edge of infinitely many half-planes,
it a plane is a face of only two half-spaces,
4
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E
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Unit T - Basic Concepts ‘
TOPICS AND OBJECTIVES CONCEPTS, VOCABULARY, SYMBOLISM k'
DETERMINING POINTS, '
LINES, AND PLANES determining a point A point is determined by: ]
;
To develop an under- 1, two intersecting lines, v
standing of the n n b
conditions necessary Set A = all the points inm i
to determine a point, Set B = all the points in n ‘ i
a line, and a plane g
AN B = {R]
2. the intersection of a line and a plane, pi\ 3
Set X = all the points in n / P §:
Set Y = all the points in P R 4

XN Y = {r} / _

determining a line A line is determined by:

1, two intersecting planes,

Set A = all the points in P
Set B = all the points in S

AN B = all the points in m

determining a plane A plane is determined by:

2, two distinct points. i

1, three non-collinear points,

e 3

2, two intersecting lines,

18

TR T R R T T T T Ve Y Y 2T ot e
AP OrETYINT P



Unit I - Basic Concepts

REFZN7 SUGGESTIONS

A (89) The intersection of any two geometric figures is the set of
all the points common to both,

B (13- 1)
"Determine” means to fix the location of and to limit to a

C (45) specific number,

D (188 - 190)

E  (41)

F (105 - 106)

Three non-collinear points determine a plane,

This can be demonstrated by having three pupils each hold a
pencil with the point up.

Place a book or other flat surface on it,

Why is a stool with trree legs always stable but a stool with
four legs sometimes not?

Because three non-collinear points determine one plane, but
four non-collinear points determine three planes,

Another way to say "two intersecting lines determine a plane" is

"if two lines intersect, one and only one plane contains both
these lines,"

19
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Unit T - Basic Concepts

TOPICS AND OBJECTIVES

CONCEPTS, VOCABULARY, SYMBOLISM

ANGLES

To develop an under-
standing of the
vocabulary related to
angles

3.

a line and a point not in the line,

An angle is the union of two rays with a common end
point,

The symbol for angle is /.
The symbol for angles is /s.

The rays BA and BC are called the sides of angle ARC,

-
The intersection of BA" and EE’ is the point B, called
the vertex of the angle,

Three points in the angle are labeled so that the
point at the vertex is listed in the middle,

The interior of /ABC is the intersection of the sets

—_— _.9
of points >f the A-side of BC" and the C-side of BA;

The exterior of /ABC is the set of all the points in
the plane not in the rays of the angle nor in the
interior of the angle,

measure of an angle The measure of an angle depends upon the

amount of rotation of a ray about its end
point.,

The unit of measure used in this course
is degree, 1

A degree is defined as 525 of a complete
rotation of a ray about its end point,

<

1 minute ='§3 of a degree; 60 minutes = 1 degree

1 second = g% of a minute; 60 seconds = 1 minute




Unit I - Basic Concepts

REFERENCES

SUGGESTIONS

5 H O Q >

(9 - 17, 39 - 45)
(22 - 32)
(33 - 39)
(18 ~ 23)

(30 - 36’
123 - 131)

Let a sheet of notebook paper represent a plane,
Fold the paper in a sharp crease,
Would this represent two planes which intersect? Yes,
Is the intersection a straight line? Yes,
Must two planes intersect each other? No,
Can they be parallel? Yes,
Can they be skew? No.

Where there is no chance for confusion, an angle may be denoted
by a single letter at its vertex.

However, an angle should never be denoted by one letter where
two or more angles have the same vertex,

If the angle in the figure below were called /B, it could

mean:

/DBE,
/EBF, or
/DBF
D
/DBE = /1 -
ZEBF = 12 < 2 —>
B F

Review the use of the protractor,

Mention radian measure, Pi radians equal 180 degrees.

21
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Unit I - Basic Concepts

TOPICS AND OBJECTIVES

CONCEPTS, VOCABULARY, SYMBOLISM

ANGLE CLASSIFICATION
To develop the ability | right angle

according to size

straight angle

= =

betyeenness of rays 65’ is said to lie between OA” and 0OC” if:

1, all three rays have a common end
point,

2, OB lies so that /AOB + /BOC = JAOC.

A _~
B

C

6'-')’

bisector of an angle B is said to bisezt JAOC if.

1, OB’ lies between BK’ and 63?

2, /AOB = /BOC.

A right angle is formed by a ray making one-fourth

to classify angles of a complete rotation,

Its measure is one-fourth of a complete rotation,
or one-fourth of 360 degrees,
or 90 degrees,

perpendicular lines Perpendicular lines are lines that meet

so as to form right angles,

The distance from a point to a line is
the length of the perpendicular from the
point to the line,

The distance from a point to a plane is
the length of the perpendicular from the
point to the plarne,

A straight angle is an angle whose sides are
opposite rays.

Its measure is one-half of a complete rotation,
or one-half of 360 degrees,
or 180 degrees,




Unit I -~ Basic Concepts

REFERENCES SUGGESTIONS

Mention perpendicular lines in conjunction with right angles
and again in conjunction with adjacent angles,

Stress both definitions,.
Also demonstrate that the following relations exist:

'A LA
<0 3
; l
N S0 o
' K Rl w ‘w5
23
}tt
Q _

e o e e mfecmen e 4 yeae pare o et



Unit I = Basic Concepts

TOPICS AND OBJECTIVES CONCEPTS, VOCABULARY, SYMBOLISM

reflex angle A reflex

acute angle An acute angle is an angle whose measure is > 0O
degrees and < 90 degrees,

obtuse angle An obtuse angle is an angle whose measure is
> 90 degrees and < 180 degrees,

angle is an angle whose measure is

> 180 degrees,

To develop the ability | equal angles Equal angles are angles whose measures are ‘he

to classify angles same,

according to their

relationships with adjacent angles Adjacent angles are two angles with the same
one another vertex and a common ray between them,

sup, 2mentary angles

complementary angles

g

g Perpendicular lines are two lines that meet
: to form equal adjacent angles,

Supplementary angles are two angles the
sum of whose measures is 180°,

Each angle is called the supplement of
the other,

If the exterior sides of two adjacent
angles are opposite rays, the angles
are supplementary,

Complementary angles are two angles the
sum of whose measures is 90°,

Each angle is the complement of the
other,

Angles need nst be adjacent to be
complementary or supplementary,

LTS T o g et e m e jewT e eoews
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Unit I - Basic Concepts

REFERENCES

SUGGESTIONS

Mention reflex angles,

The region which is the interior of a reflex angle can be
distinguished by a curved arrow.

.._.‘3; 

interior
Lo of

25
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Unit I -~ Basic Concepts

TOPICS AND OBJECTIVES

CONCEPTS, VOCABULARY, SYMBOLISM

DIHEDRAL ANGLES

To develop an under-
standing of the
concept of dihedral
angles as the spatial
extension of plane
angles

PERSPECTIVE DRAWING

To develop the ability
to use perspective in
representing figures
in space

26

dihedral angle

plane angle of a dihedral angle

A dihedral angle is the union of two half-planes
with a common edge,

Each half-plane is called a face of the dihedral
angle,

The common edge is called the edge of the
dihedral angle,

A dihedral angle is named by naming a point in
one face, the edge, and then a point in the
other face,

v

The plane angle of a dihedral
angle is formed by two rays, cne in each face
of the dihedral angle, and perpendicular to
the edge at the same point,

The measure of the dihedral angle is the same
as the measure of the plane angle,

[MPQ is the plane angle and the measure of the
dihedral angle R-ST-V,

[ v e RN

B poe
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REFERENCES SUGGESTIONS
B (50 - 51) Is it possible to apply the concepts learned about plane angles
to dihedral angles?
D (191 - 194)
Dihedral angles can be classified according to size and ]
E (79 - 81) according to their relationships with one another, using
the same classifications as plane angles,
F  (10)
The side of a plane angle becomes the face of a dihedral angle.
The vertex of a plane angle becomes the edge of a dihedral
angle, 1
Betweenness of planes (with regard to dihedral angles)
In the figure below, plane F is said to lie between ‘
plane G and plane H, if: /
l. all three planes have a common edge |
2, dihedral angle G-VW-F + dihedral angle F-VW-E = 1.
dihedral angle G=VW-H, §
T ™ 7 1
I EHHH”! H?H’ |
' S
N\
Bisector of a dihedral angle Plane F is said to bisect 1
dihedral angle G-VW-H if: il
l, F lies between G and H 1K
2, dihedral angle G-VW-F = dihedral angle F-VW-H,
B (5 - 10) Most pupils have had little, if any, practice in making ;
perspective drawings of sclid figures, A day spent in :
E (insert between illustrating perspective techniques will be of invaluable ]
pp. 184 and 185) | aid to future work, ’
F  (insert between
pp. 32 nd 33 A
| G (8-9)
! g\
§
27
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Unit II - Methods of Reasoning (16 sessions)

TOPICS AND OBJECTIVES

CONCEPTS, VOCABULARY, SYMBOLISM

INDUCTIVE REASONING

To clarify the nature
of inductive reasoning
as a method of proof

To become aware of

the strengths and
weaknesses of inductive
reasoning

To become aware of the
importance of inductive
reasoning in the schermre
of basic assumptions

30

inductive reasoning Inductive reasoning is a method of
reasoning by which a general conclusion
is reached through an examination of a
finite set of examples,




Unit II - Methods of Reasoning

REFERENCES SUGGESTIONS
A (28 - 30) In each of the following experiments, use inductive reasoning
to arrive at a conclusion,
D (2 - 11)
1. Draw a triangle.
E (51 - 56) a. Measure the angles with a protractor,
b, Add the results.,
F (53 - 57’
82 - 83) 2, Follow the same procedure with a quadrilateral,
3. Draw a triangle,
a. Connect each vertex with the midpoint of the opnos te
side,
L. Draw a triangle with two equal sides,
| a, Measure the angles opposite those sides,
5. Find the sum of the first n positive integers using <he

formula S = ELEEi;;J;
a, Evaluate for Swhenn=4, 5, 6, 8, and 10,

Use optical illusions to show that things are not always what
they appear to be to the ey=,

Experiments in inwuctive reasoning, Are the zonciusions

Justified?

1. Each of six collie dogs Ann has seen has been vizious,
Ann concludes all collies are vicious,

2, Mrs, Blake will no longer patronize the corner Frocery
because last week she bought a bag of potatoes marked ten
pounds, tut which actually weighed only nine pounds.

3., All the pupiis 1n this geometry class like ice cream,
Therefore, all pupils studying geometry like ice cream,

L. Jear’'s hair has natural-loo%ing deep waves, If you use
Jean’s shampoo, your hair wil. be wavy, too.

5. Since the beginning of professional baseball, no team has

ever won the pennant without at least one ,300 hitter.
Since Cleveland has no .300 hitters, the team has no chance
for the pennant, (Assume Cleveland has no ,300 hitters,)
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TOPICS AND OBJECTIVES

CONCEPTS, VOCABULARY, SYMBOLISM

» IR e e
- — sy e i o

DEDUCTIVE REASONING

To clarify deductive
reasoning as a method
of proof

To relate deductive
reasoning to the

traditional methods
of geometric proof

deductive reasoning Deductive reasoning is the method of

reasoning by which conclusions are arrived
at from accepted statements,

syllogism A syllogism is an argument made up of three
statements:

1. Major premise - an accepted general statement
2, Minor premise - a specific or particular

statement
3., Conclusion

Or, in set notation:

1., ACB
2. x€ A
3. X€ B

Or, represented in a Venn diagram:

B

A

®©

Essentially Venn diagrams are the same as
Euler’s circles,

R, -y -~ R

I o e, 8

oty - .
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Unit II - Methods of Reasonlng_
REFERENCES SUGGESTIONS

e
-

6. It has rained on every Halloween day for the past four yeasrs. ;f
This year, it certainly will rain on that day. ’

7. Every time 2 + 2 has been added, since the dawning of
creation, the sum has been 4, It 1s, therefore, an ,
indisputable fact. i

While 1t cannot be definitely stated which of the above
conclusions are justified and which are not, 1t seems
prudent to say that the justification for any conclusion
is directly proporiional to the number of exampies

ﬁ examined, There are no fooiproof ruies for induction,

Especially important to the understanding of inductive
reasoning is example No., 7, 2 + 2 = L and other sim.lar
basic "facts™ are inductively arrived at through count-
less trials., Inductive assumptions such as these are the
basis for deductive reasoning., Because of the inherent
weakness of inductive reasoning, we cannot be absslutely
sure of any conclusion reached inductively, For
practicality as well as for convenience, we accept

such "facts",

LA (196 - 198)

D (51 - 59)
E (5 - 59)
F (87 - 90)

: Shute, W, G,, Shirk, 3
% W. W., and Porter, G, F, g

Supplement to Plane z
Geometry, (34-1,3)

The construction of a Venn diagram for each syllogism will aid
in the recognition and prevention of invalid reasoning,

33

L
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TOPICS AND OBJECTIVES

CONCEPTS, VOCABULARY, SYMBOLISM
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REFERENCES

SUGGESTICNS

Examples of syllogisms {1, Majsr premise 2, Minor premise
3. Conclusion)
A, 1., All widgets are gadgets,
2. This glimpf 1s a widget,
3. This giimpf 1s a gadges.

In set notation
. Widgets gadgeu~

. this glimpf :Z widgets
o this PJ_.mef . E’adf’“"t

WA -

In a Venn diagram

All
Gadgets

—

\ This
Glimpf

B. 1. All academically talented pupils study combined plane
and solid geometry.

We are academicalily taiented pupils.

We are studying combined plane and sclad reometry,

o

2

A1l composite numbers can be factored,
3,893,630 1s a composite riumber.
o 3,893,630 1s fa:storablie,

o

Q
o
ut\)!-J W N

Have pupils bring in examples of syllogisms. Another possibility
is to make syllogisms with one ¢f the three statements missing
and require the class ©o suppiy the missing statement.,

Ao ). _ __ o ____
2. Mr. Beasl:y 15 a mailman,
3. Mr. Beasley has sore feex,
B. 1. All medicines con thiz shelf are poison.
20 -----------
3. This bottle of medicine 15 poison,

35




Unit II - Methods of Reasoning
TOPICS AND OBJECTIVES CONCEPTS, VOCABULARY, SYMBOLISM

The deductive process used to arrive at the conclusion of a
syllogism is either valid or invalid,

If both the major and minor premise are assumed to be true,
a true conclusion will result from valid reasoning and a
false conclusion will result from invalid reasoning.

If either the major or minor premise is false or if both are
false, valid reasoning could result in either a true or
false conclusion!

if-then statements Deductive reasoning is the process of
drawing valid ¢onclusions from accepted
statements,
Every statement that we prove can be stated
in the "if-tvhen" form,

hypothesis (Hyp.) The clause following the word "if" of a
statement in the "™1f-then" form is called
the hypothesis of the statement,

conclusion (Con,) The clause following the word "then" of a ’
statement in the "if-then" form is called
the conclusion of the statement.

- i




Unit II - Methods of Reasoning_
REFERENCES SUGGESTIONS

Example of an invalid syllogism: 1. Major premise

2. Minor premise
3, Conclusion

2, Mrs, John Doe has a fur

coat, Mrs,
3, Mrs, John Doe is a cat, John
Doe

Both premises are true, but the minor premise does not
clagsify "Mts, John Doe" as an element of the set of cats,
Therefore, the conclusion is false,

1. All cats have fur coats Things with fur coats "‘

|

|
1, All two-legged creatures are human beings.
2, My canary, Tweety Pie, has two legs, f‘
3. My canary, Tweety Pie, is a human being, ;'

The reasoning is correct, and the minor premise relates 1
correctly to the major premise, but the major premise is
false, Therefore, the conclusion is false,

Pxample of a vglid syllogism with a true conclusion, but with

one or inore false premises:

1. All farmers are residents of the United States,
2, All Ohioans are farmers,
3. All Ohioans are residents of the United States,

The conclusion 1s true and the reasoning is valid, but both
the major and minor premises are false,

A (53 - 62) Example: An obtuse angle 1is greater than an a:ute angle,
C (35 - 38) Rewritten in "if- then” form
If an angle is obtuse, then it is greater than an :
D (59 - 61) acute angle. ;
1T
F (92 - 94) Hyp. An angie 18 obtuse. |

Con, The angle is greater than an a:ute angle,
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TOPICS AND OBJECTIVES

CONCEPTS, VOCABULARY, SYMBOLISM

IMPLICATION

To develop the ability
to use symbolic logic
as a method of
reasoning

ASSUMPTIONS

To become acquainted
with the axioms and
postulates needed in
elementary deductive
reasoning

38

converse

inverse

All statements written in the "if-then" form can
be symbolized,

Let H represent the hypothesis,
Let C represent the conclusion,
H—C

The arrow (—>) means "if H then C" but is
read "H implies C%,

The converse of the statement H—5C 1s C—9H,
The converse of an implication is not necess.rily
true,

The inverse of the statement H—»C is ®not H ~—>
not C", In the notation of symbolic logiz, <his
isrH—> ~C,

The inverse of an implication is not necessarily
true,

contrapositive The contrapositive of the statement H=—C is

proposition

postulate

"not C—>not H", (A~ C—>~sH),

The contrapositive is sometimes called the
inverse of the converse, If an implication
is true, then the contrapositive is always
true,

A proposition is a general statement concerning
relationships,

A postulate is a geometric proposition accepted
without proof,

It is an assumption,
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REFERENCES

SUGGESTIONS

R I S — Pt i ! et

A (124 - 128

282 - 28L)
C (74 - 76)
D (62 - 66)
E (148 - 149,
162 - 164)

Meserve, B, E, and

Sobel, M, A, Mathematics

for Secondary School
Teachers 1192-2205
Brumfiel, C. F.,
Eicholz, R, E., and

Shanks, M, E, Geometry
(21-42)

Example showing implication:
Let | stand for "Mary has a toothache,"®
Let C stand for "Mary visits the dentist,®

Then H—>C means "If H then C," or

"If Mary has a toothache, then Mary
visits the dentist "

Implication: If Mary has a toothache, then Mary visits the
dentist,

Converse: If Mary visits the dentist, then Mary has a
toothache, (Not necessarily true as Mary may
visit the dentist for a regular checkup. )

Inverse: If Mary does not have a toothache, then Mary
does not visit the dentist, (Not necessarily
true as Mary may visit the dentist for other
rreasons, )

Contrapositive: If Mary does not visit the dentist, then

Mary does not have a toothache, (True if
implication is true,)

Examples of Implication, Converse, Inverse, and Contrapositive:

1., H-—C: If the sun shines, I am in a good mood,
C—H: If I am in a good mood, the sun is shining,
~H— ~C: If the sun is not shining, I am not in a good
mood,
~C—> ~H: If I amnot in a good mood, the sun is not
shining,

2, H—C: If x+ 3 =9, then x = 6,
C— H: If x=6, then x + 3 = § (converse is true here)
€

~H=—> ~C: If x+3=+9 then x % 6, (inverse is true here)
~C—~H Ifx#6 thenx+ 3+£9,

o

3. Have pupils make up their own implications and complete
the converses, inverses, and contrapositives,

39




Unit IT - Methods of Reasoning

TOPICS AND OBJECTIVES

CONCEPTS, VOCABULARY, SYMBOLISM

LO

axiom

7.

10,

11,

An axiom is a proposition, general in nature, accepted
without proof, It is also an assumption,

Identity axiom (reflexive axiom) Any quantity is equal to

itself,

Symmetry axiom An equality may be reversedo

Transitive axiom Two quantities equal to the same or

equal quantities are equal to each other,

Substitution axiom A quantity may he substituted for its

equal in any expression without
changing the value of the expression,

Addition axiom If equal quantities are added to equal

quantities, the sums are equal.

Subtraction axiom If equal quantities are subtracted from

equal quantities, the differences are
equal,

Multiplication axiom If equal quantities are maltiplied
' by equal quantities, the products
are equal, Special case: Doubles

of equals are equal,

Division axiom If equal quantities are divided by equal

non-zero quantities, the quotients are
equal, OSpecial case: Halves of equals
are equai,

Powers axiom Equal powers of equal quantities are equal,

Roots axiom The absolute value of equal roots of equal

positive quantities are equal,

Axiom of the whole The whole of any quantity is equal to

the sum of all of its parts,

IR . .
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70

10,

11.

REFERENCES SUGGESTIONS
A (84)
Examples:

c (39 -41)

l. a=a; AB= AB; /F = /F
D (70 - 74)
E (60 - 61) 2, If a=b, then b=a, If AB= CD, then CD = AB,
F (100 - 101) 3., Ifa=b, and a=c¢, then b = ¢,

If a=b, and ¢ =d, and a = ¢, then b = d,
L, Ifa=b+candb=25 thena=5+ ¢,
5. If AB= CD and EF = GH, then AR + EF = CD + GH,

CAUTION: AB + CD # EF + GH,
If AB = CD and EF = GH. *..en AB - EF = CD - GH,
CAUTION: AB - CD .4 EF - GH,

If /b - 4B, then 5(/A) = 5(/B).

If AB = CD, then%g=%g°

If AB = CD, then (AB)° = (cD)2

If x° = y3, theni'ml=| Wl

In the ligure, /1 + /2 + /3 = jDOA,

B e

L1




Unit II - Methods of Reasoning

TOPICS AND OBJECTIVES

CONCEPTS, VOCABULARY, SYMBOLISM

POSTULATES

To become acquainted
with some elementary
postulates

PROVING BASIC THEOREMS

To develop the ability
to prove certain
fundamental theorems
using axioms and
postulates

A line segment has one and only one midpoint,

The shortest distance between two points is a straight line,
An angie has only one bisector,

A point is determined by the intersection of two lines or
the intersection of a line and a p.ane,

A line is determined by two distinct points or by two
intersecting planes,

A plane is determined by three non-collinear points, by

two intersecting lines, or by a line and a point not in the
line,

A1l right angles are equal,

All straight angles are equal,

The shortest distance from a point to a line is the
perpendicular from the point to the line,

If two points lie 1in a plane, then a line counecting the
two points lies in the plane.

theorem (Th.) A theorem is a propos:tion that is proved by

deductive reasoning.

Th, If two angles are supplementary to the same or
equal angles, they are equal,

Th. If two angies are complementary to the same or
equal angles, they are equal.

Th, Vertical angles are equal,

Th, If two dihedral angles are supplementary to the
same or equal dihedral angles, they are equal,

Th, If two dihedral angles are complementary to the
same or equal dihedral angles, they are equal,

Th. If planes intersect, the vertical dihedral angles
are equal,

Symbol for "therefore' is .’
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REFERENCES

(74, 84, 89)
(41 - 46)
(26)

(104, 108)

W O O >

A (47 - 50,
78 - 80)

SUGGESTICONS

|

—
o —

As a good enrichment problem, have pupils find the fallacy
in the following:

2 1b, = 32 oz, Given

% 1b, = 8 oz, Division axiom !

1 1b, m 256 0z, Multiplication axiom

P'/

Introduce formal proof,

Example: Th, If two angles are supplementary (supp.) to the
same angle or equal angles, they are equal,

Hyp. /A is supp. to /C.
/B is supp., to /C,

Con, /A = /B
Statements Reasons
1. /A is supp, /C : 1, Given
/B is supp, /C:
2. /A + /C = 180° \ 2, Definition of
/B + /C = 180° supplementary angles
3, /C=/C 3. Identity axiom
L., /A =180° - /C L, Subtraction axiom
/B = 180° - /C
5, /A = /B 5. Transitive axiom

L3
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Unit III - Triangiss (16 sessions)

TOPICS AND OBJECTIVES CONCEPTS, VOCABULARY, SYMBOLISM

TRIANGLE

To become familiar with| triangle The union of three line segments Jjoining any three
the triangle and itse non-collinear points is a triangle,

parts

A triangle separates any plane into three disjoint
subsets,

Set A = all the points in the triangle (in the three
line segments)

Set B = all the points in the interior of the
triangle

Set C = all the points in the exterior of the
triangle ’

R T

3 € Set A

The interior of a triangle is the intersection of the sets
of points in

the interior of /SRT and the interior of /STR, or
the interior of /STR and the interior of /TSR, or
the interior of /TSR and the interior of /SRT,

HE Set B

The exterior of a triangle is the set of all the points not
in the triangle nor in the interior of the triangle,

G € Set C

&

L6
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REFERENCES

SUGGESTIONS

A
c
D
E

(2, 10, 23, 289)
(58 - 59» 91)
(101 - 102, 107)

(36 - 39
89 - 90

L7
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Unit III - Triangles

TOPICS AND OBJECTIVES CONCEPTS, VOCABULARY, SYMBOLISM

vertex (pl, vertices) In the figure, each of the three points
R, S, T is a vertex of the triangle,

A triangle is named by naming the vertices,

The symbol for triangle is

-

AW, t/). r
Triangle RST or S
, RST . R 5 T
; The iine segments are called the sides of the
- triangle,

Side r is opposite /R. /R is opposite side r and included
between sides s and t,
' Side s is opposite /S. /S is opposite side s and included
between sides r and ©,
Side t is opposite /T. /T is opposite side t and included
between sides r and s,

TRIANGLES CLASSIFIED
BY SIDES

To develop the ability | scalene A scalene triangle is a triangle with no equal sides,
to classify triangles '
according to their isosceles An isosceles triangle is a triangle with two equal
sides sides,

The equal sides are called legs,

The angle formed by the legs is called the vertex
angle,

The side oppesite the vertex angle is called the
base,

| The two angles adjacent to the base are called the
' base angles,

equilateral An equilateral triangle is a triangle with three
equal sides,

The set of isosceles iriangles is a subset of the set of
equilateral triangles, The converse of this statement is
not «true,

TRIANGLES CLASSIFIED
BY ANCLES

To develop the ability | acute An acute triangle is a triangle with three acute angles,

to classify triangles
according to their obtuse An obtuse triangle is a triangle with one obtuse angle,

angles

A
o Ty S e e

L8
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REFERENCES SUGGESTIONS

i ——— = #
. S —————— —

<

|

I

When drawing a tr:angle, a scalene triangle should be drawn
1 unless another type is specifically indicated, The scalene
triangle 1s considered the general form of a triangle, Further-
more, the secalene triangle drawn should not contain a right
angle if the triangle is to be considered general in nature,

[
[
i
|
1
i
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Unit III - Triangles

TOPICS AMD OBJECTIVES CONCEPTS, VOCABULARY, SYMBOLISM

right A right triangle is a triangle with one right angle,
The side opposite the right angle is called the hypotenuse,,-
The sides adjacent to the right angle are called the legs,

equiangular An equiangular triangle is a triangle with three
equal angles,

The set of equiangular triangles is equal to. the set of ;
equilateral triangles, The converse of this statement is K
true, |

u

; LINE SEGMENTS AND
g ANGLES ASSOCIATED WITH

TRIANGLES

To become familiar with| perimeter The perimeter of a triangle is the sum of the lengths ;ﬁ
° special line segments of the three sides, i

and angles associated :

with triangles altitude An aititude of a triangle is the line segment drawn T

from a vertex perpendicular to the opposite side or 1
side produced, :

median A median of a triangle is the line segment
s

drawn from TIf
a vertex to the midpoint of the opposite sid 1 I

€,

o

i

base The base of a triangle may be any side. The base is
generally the side upon which the altitude is
constructed or is thought to be constructed, In an

isosceles triangle, the-'base is the side opposite
the vertex angle,

TRIANGLE CONGRUENCY

To develop the concept congruent triangles Congruent triangles are triangles whose
of triangle congruency corresponding parts; angles and sides,
are equal,

Cengruent polygons are polygons whose
corresponding parts, angles and sides,
are equal, Congruent triangles are a
subset of the universal set of congruent

polygons,

The symbol for the phrase M"is congruent to" is =,
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REFERENCES SUGGESTIONS i
1
]
1 A (64 - 98) According to Buclid, congruent figures are figures which can be
; superimposed so that they coincide, This definition depends on
C (60 - 61) undefined concepts such as motion, the ability to keep an
object rigid during motion; and the ability to move an object 2
. D (116 - 123) to a desired place, In this guide, the procedure is to take
‘ congruence as an undefined concept,
| E (91 - 104)
F (189 - 203)
51 &__"
3
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Uail JIT - Triangles

TOPICS AND OBJECTIVES

CONCEPTS, VOCABULARY, SYMBOLISM

Methods of proving triangles congruent are:
If two triangles have two sides and the included angle of
one equal respectively to two sides and the included angle
of the other, they are congruent,
This is customarily abbreviated s.a.s, = s,a.s,
If two triangles have two angles and the included side of
one equal respectively to two angles and the included side
of the other, they are congruent,

This is customarily abbreviated a.s.a, = a,s,a,

If two triangles have three sides of one equal respecuively
to three sides of the other, they are congruent,

This is customarily abbreviated s,s.s, = s,s,s,

The above three methods are postulated and are to be added to
the postulates previously listed.

Corresponding parts of congruent triangles are equal,

This is customarily abbreviated as C,p.c.t.e,
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REFERENCES

SUGGESTIONS

1

3§

K

4

B

.

.

i

ARl
;

)
§
]
&
)

|

The unit on construction will not be taken until the second
semester, It is sufficient at this time to make triangles
congruent using a protractor and a rule instead of the compass
and straightedge,

As an experiment in showing s.a.s, = s.a,s,, have the pupils
draw two triangles each with sides of 2" and 3" and an included
angle of LO°, Cut out one triangle and see if it fits or
coincides with the other,

Similar experiments can be performed showing a,s.a, = a.s.a.
and s.s.s, = §,8,3,

Another method is to have each pupil draw two triangles to his
own specifications to see if they coincide, Continue these
experiments until the pupils inductively conclude that the
triangles are congruent,

In listing the corresponding parts of congruent triangles, the
order is of utmost importance. Stating that/\ AEC & /\ DEF
implies:

c E
/A= /D
Jc=/F
AC = DF A<
AB = DE
BUL nr B F

In the above drawing, it would be incorrect to state that
A ABC & A\ EFD,

If in the above triangles, /A = /D, then the side opposite
/A is equal to the side opposite /D, ‘

Some congruent triangles are overlapping parts of geometric
figures and are confusing to the eye, When dealing with over-
lapping triangles, it is suggested that the figures be ®pulled
apart" and that colored chalk and colored pencils be used %o
identify the corresponding parts,

It is an aid to pupils to mark corresponding parts of congruent
triangles with any of a variety of identifying marks, An

example is shown below, c F
A 3 e B E —4 n’ D
AB=DE, /A= /D, AC = DF

53
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TOPICS AND OBJECTIVES

CONCEPTS, VOCABULARY, SYMBOLISM

PROVING THEOREMS
USING CONGRUENT
TRIANGLES

To develop the ability
to prove some theorems
by means of congruent
triangles

Th, (prove formally) If two sides of a triangle are equal, the
angles opposite those sides are equal. (This theorem may
also be stated: The base angles of an isosceles triangle
are equal,)

Th, (prove formally) If two angles of a triangle are equal, the
sides opposite those angles are equal, (This theorem may
also be stated: If two angles of a triangle are equal, the
triangle is isosceles,)
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REFERENCES SUGGESTIONS
A (103 - 110, Because of the restrictions of time, it is sugg. “ed that a
112 - 113) limited number of ®key™ theorems throughout the course be
proved formally, The rest should be postulated, Those theorems
C (71 - 84) that should be proved formally are so marked, In the absence
of any directions, the theorem may be postulated,
D (135 - 142}
Pupils should be taught to cutline a plan of action before
E (104 - 117) writing a formal proof,
F (220, 222 - 225) The first two theorems are proved formally for two reasons:

l, To give the pupil much-needed practice in formal
procf

2. To give examples of converse theoremz, The converss
of any implication is not necessarily true, It is
wise to reinforce this concept and convey the idea
that betause a theorem is proved true, the converse
does not automatically follow,

The policy of using spe-ific notation‘ﬁxﬁf Eﬁy and Kﬁé'has
been initiated in order to discipline the pupils in exact
thinking, However, it is a more common practice to simply
use AB where no ambiguity can arise, That is, AB may refer

to EAB9 Xﬁu or Kﬁ?

From time to time, the pupils should be asked to determine
whether a certain notation denotes a line, a line segment,
a ray, or the measure of a line segment,

Similarly, the symbol /X¥Z can be used %o name an angle or to
denote its measure, The context indi:atzs the
meaning,

As soon as a theorem has been proved or postulated, it may be
used as an acceptable reason in proving other theorems,

LN




TOPICS AND OBCECTIVES

CONCEPTS, VOCABULARY, SYMBOLISM

auxiliary line An auxiliary line is an extra line not given in

the hypothesis of a problem, This line is

drawn to help with the proof, The line is

usually broken to distinguish it from the
given lines,

corollary A corollary is a theorem that is easily proved by

Corol., An equilateral triangle is also equianguiar, and

Corol, The medians to the legs of an isosceles triangle are

Th.

Th,

Th,

Th,

Postulate: If two right triangles have the hypotense and an
acute angle of one equal to the hypotonuse and an
acute angle of the other, they are congruent, This
may be abbreviated as "™rt, /8\ h.a, = h.a." This
postulate should now be added to the list of
postulates,

the use of a previous theorem, The abbreviation ie
Corol,

conversely,

equal,

The bisector of the vertex angle of an isosceles triangle
is the perpendicular bisector of the base,

A line segment that connects the vertex angle of an
isosceles triangle with the midpoint of the base bisects
the vertex angle and is perpendicular to the base,

If line segments are drawn from any point on the perpendic-
ular bisector of a line segment to the ends of the line
segment, they are equal,

(prove formally) If two points are each equally distant
from the ends of a line segment, a line connecting the two
points is the perpendicular bisector of the segment.,
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REFERENCES

Unit ITI - Triangles

SUGGESTIONS

A (251)

Report of the Commis-
sion on Mathematics,

Appendices, (166-168)

A (114-116,
130-131, 134-138)]

A common error is t¢ place tou many conditions on an auxiliary
line,

(¢

Example. Draw CD as the | bissster (G
of AB in /\ ABC.” D may
or may not pass through C,
CD czan be the median to AP
or the perpendiculiar from
C to AB, but nct necessarily

both,

The corollary about the medians to the legs of an isosceles
triangle is an example of overlapping triangles,

To determine which pcstulate to use in proving two triangles
congruent, first discove: if there is one pair or if there are
two or three pairs of equal corresponding sides,

If there is one pair, use a,s.a, = a,s,.a,

If there are two pairs, use s.a,s, = s.a,s,

If there are three pairs, use s.s.s, = 3.8.8

Introduce the fallacy, “Bvery triangie 15 1sosceles”, This will
reinforce such concepts as betweenness of points and points

lying inside cr outside of a triangle., Note the two references
at the left,

For superior students and as a chailenge for all the class,
"Problems for Pacemakers' found in reference A are highly
recommended,

B oo U e sy g ampbeo o dpadm L L e e




Unit IIT - Triangles

TOPICS AND OBJECTIVES CONCEPTS, VOCABULARY, SYMBOLISM

Th, If two right triangles have the hypotenuse and a leg of one
equal to the hypotenuse and a leg of the other, they are
congruent, This theorem may be abbreviated as
"rt. A holo = halv"

Th, If the legs of one right triangle are equal to the legs of
another right triangle, the triangles are congruent, This
theorem may be abbreviated as "rt, A 1.1, =1,1,%

Th, If lines are drawn from any point in the bisector of an

argle perpendicular to the sides of the angle and
terminated by the sides, they are equal,

To develop the ability | a line perpendicular to a plane A line is perpendicular to a

to use congruent plane if it is perpendicular to every line in the plane
triangles in proving through its foot, The foot is the point of intersection
theorems in solid of the line and the plane,

geometry




Onit III - Triang}es

o QO w >

REFERENCES SUGGESTIONS
The following unusual proof will be of interest to students as
it was created by an IBM 704 electronic digital computer,
¥
Given: /\ ABC, with AC = BC
To prove: /A = /B
Plan: Prove /\ ACBZ= A\ BCA
Proof A B
Statements Reasons
1, AC = BC l. Given
2, BC = AC 2, Symmetry axiom
3, AB = BA 3. Identity axiom
L. /\ ACBZ /\ BCA L, 8.8,8, =8,8,s,
5. J./A=/B 5. C.p.c.t.e,
(132 -~ 133)
(22 - 23)

(101 - 107)
(141 - 147)

s}
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Unit IIT - Triangles {
TOPICS AND OBJECTIVES CONCEPTS, VOCABULARY, SYMBOLISM

e N

"
R a1

Th, (prove formally as an exercise) If a line is perpendicular |
to each of two intersecting lines in a plane at their point E

of intersection, it is perpendicular to the plane of these
lines,

4 Th, (prove formally as an exercise) If from a point in a

~ perpendicular to a plane, line segments are drawn oblique
to the plane meeting the plane at equal distances from the
foot of the perpendicular, the segments are equal,

Th, (converse to the above theorem--prove formally as an

exercise) If from a point in the perpendicular to a plane
| equal line segments are drawn oblique to the plane, their
I distances from the foot of the perpendicular are equal,




Unit IIT - Triggglea

REFERENCES SUGGESTIONS
B (29) Given: AB_| BC and BD in plane P
D (145) To prove: AB_L P
¢ (1n) Plan: Through B draw any line BM

o

o

o

o

o

o

2
3
L
5
6.
7
8
9

10,

o

in P, Prove AB_| BM., Draw

CD intersecting BM at E,
Extend AB to F sc¢ that
AB= BF, Drzw AC, AD, AE;
FC, FD, FE,

Proof

Statements

AC = CF, AD = DF 1.
CD = CD 2,
[\ ACD = /4 FCD 3.
cZACE = LFCE Lo
CE = CE 5.
/\ ACE = /\FCE 6.
AE = FE 7.
AB = BF 80
AB_L BM 9.
s AB_LP 10,

Reasons

If two line segments are
drawn from the perperdicular
bisector of a line segment

vo the ends of the line seg-
ment, they are equal,
Identity axiom

8.8.,8, = §,5,8,

C.p.c.t.e,

Identity axiom

S.8,8, = 5,8,3,

C.p.c.t.e.

Construction

If two peints are each
equally distant from the

ends of a line segment, they
determine the perpendicular
bisector of the line segment,
Definition of & perpendicular
to a plane,




PERPENDICULAR LINES AND PLANES

PARALLEL LINES AND PLANES
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Unit IV - Perpendicular Lines and Planes, Parallel Lines and Planes (10 sessions)

TOPICS AND OBJECTIVES

CONCEPTS, VOCABULARY, SYMBOLISM

PERFENDICULAR LINES
AND' PLANES

To develop an under-
atanding of the
concepts of perpendic-
ular lines and planes

b n ot s IO Y LN s S e A e o a NN et
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Postulate: In a given plane containing a given line, therc is

Th.

Th,

one and only one line perpendicular to the given
line at any point in the given line,

Given any line and any point not in the line, there is
one and only one line through the given point and
perpendicular to the given line,

Given any plane and any point not in the plane, there is
one and only one line through the given point and
perpendicular to the given plane,

perpendicular planes If two planes intersect so that the

adjacent dihedral angles are equal, the

planes are perpendicular,

{
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Init IV - Perpendicular Lines and Planes, Parallei Lines and Planes

T P P

e e b bt =

Yy

REFERENCES SUGGESTIONS
(27)
(97 - 107)
| (154) This theorem may be proved formally as an exercise,
Given: AB with point P not in
(9 - 13) AB, PC _ AB at C. '
R is any point in AB \\
distinct from C, P N
To prove: PR not _| AB, <3 'C___'R f?
Plan: Extend PC to P’ so that X | y
PC = P'C, Draw PR and P'R, .
W/
; Proof Pt
Statements Reasonsg
i 1, PC = P'C 1, So drawn
2, PP' | AB 2, Given
3, /PCR = /P'CR 3. Perpendicular lines form
equal adjacent angles.,
L, CR =CR L, Identity axiom
[ 5. APCRE /\ P'CR 5. s.a.s, = 5,a,8,
6. /PRC = /P'RC 6, C.p.c.t.e,
7. [/PRC + /P°'RC = /PRP: 7. Axiom of the whole
8, 2(/PRC) = /PRP" 8. Substitution axiom
9, JPRC = Z(/PRP?) 9. Division axiom
10, PCP' i1s a straight line, 10, Given
11, PRP! is not a straight 1i, Two points determine only
line, and /PRP' 1z nov one straight line,
a straight angle,
12. /PRC is not a raight 12, A right angle is one-half
angle, a straight angle,
13. PR is not _| AB, 13, Definition of perpendic-

-

form as a reason,

ularity

The pupil,; when formally proving theorems as an exercise, should
be periodically required to give a complete statement in sentence

65
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Unit IV - Perpendicular Lines and Planes, Parallel Lines and Planes

TOPICS AND OBJECTIVES

CONCEPTS, VOCABULARY, SYMBOLISM

PARALLEL LINES AND
PLANES

To develop an under-
standing of the
concepts of parallel
lines and planes

AT T e et et - "

parallel lines Parallel lines are two lines in the same plane
that do not meet,

The symbol for parallel is " | ",
The symbol for not parallel is " 4%,

skew lines Skew lines are two lines that do not lie in any

one plane,

parallel planes Parallel planes are planes that have no point
in common.

a line parallel tc a plane A line is parallel to a plane if

the line and the plane have nc roint in common.

Th, If two parallel planes are cut by a third plane, the
lines of intersection are parallel,




Unit IV - Perpendicular Lines and Planes, Parallel Lines and Planes

REFERENCES

SUGGESTIONS

A (133, 158)

B (ll»2 = SLH
75 - 81)

Given. Plane Pllplane Q.
P and Q cut by plane
in lines g and h,

To prove. gllk
Plan: Show that lines g and

parallel lines,

Statement =

1. g is a straight Yine
and h is a straight line.

2, Lines g and h lie in one
plane,

3. g, which lies in P, and
h, which lies in Q, have
no point in ccmmon,

L, . gllh.

formal proof of all of them,

BETWEEN LINES AND PLANES,

This theorem may be proved as an exercise,

satisfy the definition of

Proof

R

h

Reason..

+. Two intersecting planes
determine a straight line,
2., Given

3. Definition of parallel
planes

4, Definition of parallel
lines,

There are many theorems about the special relationships that
exist between lines and planes., Time restrictions prohibit

However, it is important that

pupils DEVELOF THE ABILITY TO VISUALIZE SPATIAL RELATIONSHIPS

67
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Unit IV - Perpendicular Lines and Planes, Parallel Lines and Planes

TOPICS AND OBJECTIVES CONCEPTS, VOCABULARY, SYMBOLISM

R

B oL a iy R

s T

INDIRECT REASONING

e R

To develop an under- indirect reasoning If all possible conclusions to a proposition

standing of indirect are listed, and if all but one are proved
reasoning as a method false, then the remaining one is true, It
of proof is assumed that one of the listed conclu-

sions must be true,

Th, If two lines are perpendicular to a third line all in the
same plane, the two lines are parallel,

.
v P e

68




Unit IV - Perpendicu_ar L.nes and Planes, Paraliei Lines and Planes

iy
REFERENCES SUGGESTIONS ¥

C (101 - 110, This can be done by using thin sticks and pieces of cardboard
163 - 172) to represent liines and planes, Overlaying a transparency on
the overhead projector is also helpful, Pupils can draw correct
E (168 - 171) conclusions intuitively,
F (153 - 157) Pupils’ understanding of these spatial relationships can be
tested by careful selection 0f exercises from any of the
@ G (13 - 21) references available, !
A (299, 305 = 307) é Present indirect reasoning as three steps,
1, List all possible :onclusions, one of which must be %rue,
| C (113 - 11i4) 2, Prove that all conclusions except one lead to a |
F contradiction of the hypothesis or contradict a ;
. D (181 - 182) statement previousliy proved true,
{ 3, State that the cne remaining conclusion must be true,
{ E (138 -~ 139) |
; Use indire:t proof as a means of proving this theorem as an ]
| F (163 - 166) exercise,
- X e
Given: x { ¥y, z _L ¥.
ail in the same pians,
To prove: x|z, f 0
\ y
i Plan: Either xllz or X‘++Zo

Assume x H{ 2z, and show that this leads to a
contradiction, Then x must be parallel to z.

Proof
Statements Reason: J
1, x Ly, z Ly X5, 2 L. Guven
lie 1n the same plians,
} 2, Either xilz or xM:, 2. Two straight lines in the
i

same plane either intersect
or do not intersect,
Two intersecting lines

W

3, Assume xJ%%, then x and

§ z wiil mee’ at some determine a point.
5 point P.
f 4, Then there are two per- 4, Givenx _| y, and z | ¥.
| pendiculars from P wo y.
5. This is impossible. 5. In a plane, one and only one

line can be drawn through a i
point perpendicular to a
given line,

6, xllz 6. Since all other conclusions
are false; the remaining

| ) conclusion must be true,




Unit IV - Perpendicular Lines and Planes, Parallel Lines and Plarnes

TOPICS AND OBJECTIVES CONCEPTS, VOCABULARY, SYMBOLISM

PARALLEL LINES ;
To develop compre- Postulate: Through a given point not in a given line, one and E
hension of the only one line can be drawn parallel to the given

vocabulary used in line, E

1 proving parallel
4 line theorems transversal A transversal is a line that intersezcts two or more

straight lines, The word transversal will be used
only if all the lines lie in the same plane, E

a S

SN Y .

s is the transversal of a and b,

1/o '
Consider the eight numbered angles, 3% E
Four of them, /s 3, 4, 5, and 6 are
called interior angles.

E

. b
Four of them, /s 1, 2, 7, and 8 are 56  __——
called exterior angles, __,_————‘1675—* é

alternate interior angles (alt, int, /s) Alternate interior E

angles are pairs of non-adjacent interior angles that
lie on opposite sides of the transversal,

A
&
;
|

alt, int, /s by pairs are: /3 and /6 E
fb and /5

| alternate exterior angles (alt, ext., /s) Alternate exterior ﬁ

il angles are pairs of non-adjacent exterior angles that

| lie on opposite sides of the transversal, E

alt, ext. /s by pairs are: /1 and /8
/2 and /7

corresponding angles (corr, /s) Corresponding angles are angles
on the same side of the transversal and on the same

side of the lines cut by the transversal, Note that
one angle is an interior angle and the other is an
exterior angle,

!
X
corr, /s by pairs are: [f1 and /5
/3 and /7

72 and 76
/4 and /8

interior angles on tre same side of the transversal Interior
angles on the same side of the transversal by pairs
are.

,4’."* and 16
/3 and /5

70




Unit IV - Perpendicu.ar Lines and Planes, Parallel Lines and Planes

REFERENCES

SUGGESTIONS

(141, 146)
(157 - 160)

Pupils can be aided in recognizing alternate interior angles,
corresponding angles, and interior angles on the same side of
the transversal in the more complex geometric figures by use of
certain "code" letters,

Alternate interior angles can be discovered as they form the
letter 2% or a corruption >f this letter,

N T

Corresponding angles can be discovered as they form the
letter "F® or a corruption of this letter,
Exemples:

4 3 W

Interior angles on the same side of the transversal can be

discovered as they form the letter "C" or a corruption of

this letter,
Examples:

Q?;:,m

&f;~=== ¥;&=ai3 e

Have the pupils use :olored pencils and mark the 2's, F!s, and
C’s in their drawings,

71
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Unit IV - Perpendicular Lines and Pianes, Parallel Lines and Planes

TOPICS AND OBJECTIVES

CONCEPTS, VOCABULARY, SYMBOLIM

PROVING LINES PARALLEL

To develop the ability
to prove lines parallel

USINC PARALLEL LINES TO
PROVE ANGLE RELATION-
SHIPS

To develop an under-
standing of the theorems
in which "given"
parallel lines
establish angle
relationships

72

Th. (prove formaliy) If two straight lines are cut by a trans-
versal so that the alternate interior angles are equal, the
lines are paraliel,

Corol, If two straight lines are cut by a transversal sc that
the corresponding ang’es are equal, the lines are
parallel,

Corol. If two straight linesc are cut by a transversal so that
the interior angles cn the same side of the transversal
are supplementary, the lines are parallel,

Corol. If two straight lines are cut by a transversa: so that
the alternave exlerior angles are equal, tLhe lines ave
parallel,

Th, If a line 1s perpendicular to one of two parallel lines, it
is perpendicular to the other line,

Th. If two parallel lines are cut by a transversal, the
alternate interior angles are equal,

Corol, If two parallel lines are cut by a transversal, the
corresponding angles are equal,

Corol, If two parallel lines are cut by a transversal, the
interior angles on the same side of the transversal
are supplementary.

Corol, If two parallel lines are zut by a transversal, the
alternate exterior angles are equal,

Corol, If two lines are parailel to the same line, they are
parailel to each sthex,

=




Unit IV - Perpendicular lines and Planes, Parallel Lines and Planes

REFERENCES SUGGESTIONS

A (1‘&3 < WH
146 - 148)

¢ (119 - 121)
E (150 - 155)
F (167 - 173)

Have the pupils add to lists of methods of proof a summary of
the ways of proving lines parallel.

A (149 - 155, Have pupils discover the angie relationships when given parallel |
‘ 159 - 160) lines, Use the ruled lines on a sheet of note paper as parallel
| lines, Draw a transversal and have the pupils measvre the
i c (122 - 126) angles with a protractor,
D (82 - 90) The theorem, "If two parallel lines are cut by a transversal,
| the alternate interior angles are equal,™ may be proved through
E (L4 - 147) use of the indirect method, D
R
A e«— A . L
| /G — B
Summarizing: ¥
The alternate interior angles are equal or not equal,
; If the angles are assumsd not egqual, then there must be a
f line RHS, distinct from CD, such that /RHG = /HGB,
Then line RHS is parallel to line AB, since the alternate
interior angles are equal,
This means that there are two lines through point H |
parallel to AB, 3
But this contradicts the parallel line postulate, "Through

a given point not in a given line, one and only one line can
be drawn parailel to the given line, ®

Therefore, the given alternate interior angles must be ;
equal, | f

Have pupils add these theorems and corollaries concerning
parallel lines to the list of methods of proving angles equal,

F 73
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POLYGONS AND POLYHEDRONS
20 Sessions
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Unit V - Polygons and Polyhedrons (20 sessions)

TOPICS AND OBJECTIVES

CONCEPTS, VOCABULARY, SYMBOLISM

PROPERTIES OF POLYGONS

To develop an under-
standing of the
vocabulary pertaining
to polygons

76

broken line A broken line is the union of successive line
segments such that:
1, the successive segments are not in a
straight 1line,
2. no more than two line segments have a
common end point,

adjacent segments Adjacent segments are two successive line
segments with a common end point,

closed broken line A broken line is closed if eaczh line
segment is adjacent to a successive line
segment at each of its end points,

polygon # polygon is a closed broken line in a plane,
The line segments are the sides of the polygen.
The end points of the line segments are the vcertices
of the polygon.
A diagonal of a polygon is a line segment joiring
nonad jacent vertices,

A closed broken line separates the plane into three disjoint
subsets,
Set A = all the points in the polygon
Set B = all the points in the interior of the polygon
Set C = all the points not in the polygon nor in the interior
of the polygon
Al) B = the polygonal region

convex polygon A convex polygon is a polygon no side of which
extended will enter the interior of the polygon,
Each of the interior angles is less than a
straight angle,

concave polygon A concave polygon is a polygon having at least
cne side which extended will enter the
interior of the polygon,
One or more of the interior angles is a reflex
angle,

Unless otherwise indicated, all polygons are
to> be considered as convex polygons,
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Unit V - Polygons and Polyhedrons
REFERENCES SUGGESTIONS

(161)
(129 - 130)
(98 - 100)

# o o »

(12, 215 - 216)

e




Unit V - Polygons and Polyhedrons

TOPICS AND OBJECTIVES

CONCEPTS, VOCABULARY, SYMBOLISM

CLASSIFICATION OF
POLYGONS ACCORDING TO
SIDES

To develop the ability
to classify polygons
according to the number
of sides

THEOREMS INVOLVING
POLYGONS

To develop the ability
to prove certain
theorems involving
polygons

78

triangle a polygon
guadrilateral a polygon
pentagon a polygon
hexagon a polygon
heptagon a polygon
octagon a polygon
nonagon a pelygon
decagon a polygon
dodecagon a polygon
pentadecagon a polygon
heptadecagon a polygon
n-gon & polygon

equilateral polygon

with
with
with
with
witt

with
with
wish
witn
wilth
with
with

three sides
four sides
five sides
s1x sides
seven sides
eight sides
nine sides
ten sides
twelve sides
Tifteen sides
seventeen sides
" sides

An equilateral polygon is a polygon all

cf whose sides are equal,

equiangular polyzon

An eguiangular polygon is a polygon all

cf whose angles are equal,

reglar polyegon

A vegular polygon 1s a polygon all of whose

sides are equal and all of whose angles are

equal,

The set of regular polygons is the inter-
section of the sets of equilateral and
equiangular polygons,

Th, (prove formaliy)

The sum of the angles of a triangle is

equal to a straight angle (180°),

Corol,

If two angles of one triangle are equal to two angles

of another triangle, the third angles are equal,




Unit V - Polygons and Polyhedrons

REFERENCES SUGGESTIONS
U

U = the set of alli polygons

A = the set of all the equilateral pclygons

B = the set of all the equiangular polygons

AN B = the set of all regular polygons
(162 - 168)
(131 - 139)
(109 - 110)

79




Unit V - Polygons and Polyhedrons
TOPICS AND OBJECTIVES CONCEPTS, VOCABULARY, SYMBOLISM

Corol, A triangle can have at most one right angle or one
obtuse angle,

Corol. The acute angles of a right triangle are complementary,
Corol, Each angle of an equilateral triangle contains 60°.

Corol, If two angles and a side of one triangle are equal
respectively to two angles and a side of ancther
triangle, the triangles are congruent, (a.a.s. = a.a.s,)

Corol, If one side of a triangle is extended, the exterior angle
thus formed is equal to the sum of the two remote
interior angles,

exterior angle of a triangle An exterior angle of a triangle is
the angle formed by one side of
the triangle extended through a
vertex,and an adjacent side,

80
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Unit V - Pclygons and Poiyhedrons

REFERENCES

SUGGESTICNS

E (156 - 161)
F (176 - 180)

A (156 ~ 157)

G (116)
D (111
E (142)

F (167, 187)

Bell, E, T. Men cf
Mathematics, 321 ~2699
294-306, L48L-509)

Bergamini, David and
the Editors of lLife, '
Mathematics, (1i55-167)

Dresden, Arnold,
An Invitation to
Mathematics,

Eves, Howard. An
Introduction to the
History of Mathematics.
(132-13L)

Kasner, Edward and
Newman, James,
Mathematics and the
Imagination, (131-150)

Kline, Morris,
thematics in Western
Culture,

NON-EUCLIDEAN GEOMETRY _
The acceptance of the procf of the theorem, *The sum of the
angles 1n a triangle equals a straight angle, " as well as many
other theorems involving the use of paraliel lines in their
proof, i3 dependent upon Buclid’s fifth postulate,

This 1s the famcus "paraliel postulate",

Upon examination <f Buclid 5 original postulates, one has the
feeling thav the fifth is not as "“seif-evident®™ as the others,

Euclid himself was cnabis to prove it as a theorem, While he
was also unable tc disprove 1%, there is evidence to the fact
that i1n later years he was dissatisfied with this postulate
and wanted to divorce it from the others,

Mathematicians throughout history have attempted to prove or
disprove this postulatve, all unsuccessiully,

Three mathemat:zians-- Lobatchevsky of Russia, Bolyai of Hungary,
ard Gauss of Germapy--working independently, replaced the
"parallel postu.at®’ with one that states, “Through any point
not in a given Lline morz than orne line can be drawn parallel to
the given line, "

From this pcstulats developed a geometry which is every bit as
vaiid and consistent ac that of Buclid.

In fact, these geometries are i1denciczal with Euclidean geometry
excepting those theorems dependent upon the parallel postulate,
For example, one startling difference is. *The sum of the
angles in a triangie 15 igss than a straight angle.®

Gauss did mach 5f the ea:ly work in this field but failed to
communicate nis findings oo the worid  As a result, most of
the crediv 1Is given tc Bolyar and particularly to Lobatchevsky,
This branth of ron Euslidsan geometry is known as Lobatchevskian
or "hyperbolis™ geomeiry 3since the nature of the geometry is
best suited to a hyperbolic surface {a surface with constant
negative curvature) rather than to a plane surface,

8l
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Uni* V - Fulygons and Polyhedrons

TOPICS AND OBJECTIVES | CONCEPTS, VOCABULARY, SYMBOLISM
|
1
Th, The sum of the interior angles of a polygon with n sides E

is equal to 180°(n - 2),
Corol, The sum of the exterior angles of a polygon made by E
extending each of its sides in succession is 360°, ;
82
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Unit V- Polygons and Polyhedrons

REFERENCES

SUGGESTIONS
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Lieber, Lillian,

Non-F.clidean Geomssyy

or Thrae Moons in
Mathesis,

Smith, D, E. History
of Mathematica, Vol,
II. (335 - 338)

A (170 - i73)
c (0 - 143)
D (112 - 114)
E (218 - 221)
P (63 - 64)

A iittle later, Riemann, ancther German mathematician, replaced

the parallel pcstulate with one that states, "Through a point not

in a line; no line carn bz drawn parallel to the given line.®
This psstulate leads tc the theorem, "The sum of the angles of
a triangle is greater than a straight angle,” as well as other
contradictory theorems, Here again; the geometry is consistent
and valid and has turned cut to be more practical than Euclid
in many modern applications, :
Einstein used Riemannian geometry in his theory of relativity,
v is also known as "eiliptic® geometry (applied to a surface
of conscant pi:iliive turwature) and is very similar to geometry
appilisd to vhe gurface of a sphsre,

Non-EBuzlidean gesmetry, in addition to being a worth-while
logicali exercise for pupils in abstract geometry, plays a vital
roie in advarzed mathematics and science, The question, "Is
space curved?™ may well bz restated, "Is space best described
by Euclidean, Lobatchevskian, or Riemannian geometry?®

See appendix for a lable c¢omparing features of Euclidean and
non-Buclidean geometries,

e o S T

’_’q// P
)
[l

Sphere - A surface on which, Psesudosphere - A surface on

with restrictions, Rismannian wnich Lobatchevskian geometry

geometry may be pistared, may be pictured, A simple
hyperboloid may also be used
as a surface,

83
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Unit V - Polygons and Polyhedrons

TOPICS AND OBJECTIVES CONCEPTS, VOCABULARY, SYMBOLISM

QUADRILATERALS

To develop an under- trapezium A trapezium is a quadrilateral with no sides parallel, |
standing of the A trapezium is the general form for a quadrilateral,
definitions for

different types of trapezoid A trapezoid is a quadrilateral with two and only
quadrilaterals two sides parallel,

If the non-parallel sides are equal, the trapezoid
is called an isosceles trapezoid,

If a trapezoid has one right angle, it is called a
right trapezoid.

The median of a trapezoid is a line segment joining
the midpoints of the non-parallel sides.

The bases of a trapezoid are the parallel sides,

parallelogram A parallelogram is a quadrilateral with opposite
sides parallel,
The symbol for parallelogram is / /
Properties of a parallelogram:
i, opposite sides are equal
. opposite angles are equal
successive angles are supplementary
diagonals bisect each other
. either diagonal divides the parallelogram
intc two congruent triangles

14

2
3
L
5

METHODS OF PROVING
THAT A QUADRILATERAL
IS A PARALLELOGRAM

To develop an aware- Th, If the opposite sides of a quadrilateral are equal, the
ness of the theorems figure is a parallelogram,

which prove that a

quadrilateral is a Th, If the opposite angles of a quadrilateral are equal, the
parallelogram figure is a parallelogram,

Th, If two sides of a quadrilateral are parallel and equal, the
figure is a parallelogram,

Th, 1If the successive angles of a quadrilateral are supple-
mentary, the figure is a parallelogram,

Th, If the diagonals of a quadrilateral bisect each other, the
figure is a parallzlogram,




Jnit V - Polygons and Polyhedrons

REFERENCES SUGGESTIONS

“1
A (174 - 180) Sidelight. 1In Great Briiain, zhe definitions of trapezium and &f
trapezoid are interchanged, i
c (i1 .54,

155 - 161) |
D (151 - 159) Q
E (220 - 228) :
F (65  67)

o Ama .

It .s rov ne.essary Lo prove any vheorem: or exerzises con-
cernang the properties of paralleiograms, methods of proving
tnnL .Ja*~.iiuv.a15 ars paralialograms, or the special
piopertre: ol reitangles . cnombuses and squares, It is better
U nAVE Lhe pap;la “r.:zarch? these items, zompile lists of
trerr wwn, and chen formualav: Correct lists cooperatively,
tars lompiene and 1orve.t Lists nave been compiled, vurils RE
mE asE Lh2za propertie: snd mechode as acceptable reasons for a1k

<

]
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Miovia S,
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Unit V - Polygons and Polyhedrons

TOPICS AND OBJECTIVES

CONCEPTS, VOCABULARY, SYMBOLISM

SPECIAL TYPES OF
PARALLELOGRAMS

To develop the ability
to recognize special
types of parallelo-
grams and to define
the properties of each

SPECIAL THEOREMS
PERTAINING TO CERTAIN
POLYGONS

To develop an under-
standing of theorems
concerning polygons

86

rectangle A rectangle is a parallelogram with one right angle,
‘ A rectangle has all the properties of a parallelogram

plus the following special properties:
1. has four right angles
2, diagonals are equal,

rhombus A rhombus is a parallelogram with two adjacent sides
equal,
A rhombus has all the properties of a parallelogram
plus the following special properties,
1, all sides are equal
2, the diagonals are perpendicular to each other
3. the diagonals bisect the angles
L, both diagonals divide the rhombus intc four
congruent triangles,
square A square is a parallelogram with one right angle and

with two adjacent sides equal,
A square has all the properties of a parallelogram
plus:

1. all the special properties of a rectangle

2, all the special properties of a rhombus,

Th, The midpoint of the hypotenuse of a right triangle is
equidistant from the three vertices,

T e S —

{

4

£

i

A
K




B o S R meEEEAT T e e e SRR T

Unit V - Polygons and Polyhedrons
REFERENCES SUGGESTIONS

Beiow is a Venn diagram c¢f the family of polygons with special
referenze to quadrilaterals,

U

L ———— - A -t —

il

thg set of 211 pulygons

the set oI gi: fgquadrilaterals
the set »f all parallelsgrams
the set of all trapezoids
the set of all rectangles
the set of &ll rhombuses

E = the zer £ all sjuares

OO Om>»

ol

A (284, 193, This theorem may be priv 2l 1% an exertlse,

-‘-93 N 1 9 i’ y
2L - 20%5)
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Unit V - Polygons and Polyhedrons

TOPICS AND OBJECTIVES CONCEPTS, VOCABULARY, SYMBOLISM

Th, If a line segment joins the midpoints of two sides of a
triangle, it is parallel to the third side and equal to
half of it,

Corol, If a line bisects one side of a triangle and is parallel
to the second side, it bisects the third side.

88
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Unit V - Polygons and Polyhedrons

REFERENCES SUGGESTIONS
C (154 - 155, Add this theorem to the list of methods for proving lines
159 - 161, parallel,
182 - 185)
An alternate method for proving theorems is to begin at the
D (159 - 165) conclusion and think backward until reaching the hypothesis,
This method of discovering a proof is called the analytic
E (230 - 236) method of attack,

Example: If a line joins the midpoints of two sides of &
triangle:
a, it is parallel to the tnird side
b, it is equal to half of the third side,

Given: /N ABC with R and T, the nidpoints of AC and BC,
respectively,

To prove: a, RTIIAB
b, RT =

Plan: Extend RT its own length wo V and prove that RVBA
is a parallelograi, 2

Begin at conclusion (b) ani a:ic, //f\\\\\\\‘
: "How can RT = %(AB)?” R [= /r-—----27V
f Since RT ='%(RV) by constrictin, Z// ‘\\\\\\\I’
RT = 2(AB) if AB = RV, . Y

Begin at conclusion (a) and azk,

“How can it be proved that RTIIAR™:

Since RT is part of RV, RTIIAE 17 RV HAB,
RV|I AB and RV = AB if AEVR 1: & parallslspram,
ABVR is a parallelogram -7 4% = BV and ARI BV,
Since AR is part of AC, ARIIBV :7 4llipy,
acllBy ir /1 = /2,

/= /2 if A\ RCT & A VBT, |
LINRCT = A\ VBT if 5,a,5, = 5. 4,0, |
This is true since J/COTR = WTH T = 79 aad RT = TV,

Since AR = RC, AR = BV i1 R - BV,

RC = BV if /\ RCT £ /\ VBT,

This has already been proived so RC = BV sinze C,.p.c.t,e,

Reversing these steps will prove the exercise,

Pupils having difficulcy with the prosf of & problem will cften
be able to clear up any diff:iculty by =nz analytic rethod of
attack,

89
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Unit V - Polygons and Polyhedrons
TOPICS AND OBJECTIVES CONCEPTS, VOCABULARY, SYMBOLISM

Th, The median of a trapezoid is parallel to the bases and
equal to one-half their sum,

Th., The base angles of an isosceles trapezoid are eqﬁalc

Corol, The diagonals of an isosceles trapezoid are equal,

Th, If three or more parallel lines cut off equal szgments on
one transversal, they cut off equal segments on every

transversal.
POLYHEDRONS
To develop an under- polyhedron A poiyhedron is a solid formed by a set of planes
| standing of basic (four or more) which enclose a region of space,
| conecepts regarding The planes are called the faces of the polyhedron,
geometric solids These faces are enclosed by polygons,

i o

Thus, the bases of the polygon are polygoral regions,
The intersection of the faces are the edges of the
polyhedron,

The edge of a polyhedron is the edge of the

dihedral angle formed by the intersection of any

two faces,

The vertices of a polyhedron are the points where
three or more edges intersect,

A diagonal of a polyhedron is a line segment joining
any two vertices not in the same face,

The polyhedron separates space into three
disjoint subsets,

Set. A = all the points in the polyhedron

Set B = all the points in the interior of the
polyhzdron

Set C = all the points not in the polyhedron
nor in the interior of the polyhedron

AU B = the polyhedral region

convex polyhedron A polyhedron is convex if every edge extended
does not enter the interior region of the
polyhedron,
Unless otherwise indicated, every polyhedron
will be considered as being convex,

section of a solid A plane figure which is formed by the
intersection of a plane and a solid is
called a section of the solid,
The section of a polyhedron is a polygon.

90
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Unit V - Polygons and Polyhedrons

REFERENCES SUGGESTIONS

Add this theorem to the list of methods for proving lines
parallel,

An excellent fallacy problem which should be used for enrich-
ment purpcses can be found in the appendix,

The fallacy seems to prove, ™A right angle is equal to an angle
greater than a right angle!"

The fallacy in the problem becomes readily apparent when the
figure is accurately drawn,

A (200) The word "polyhedron" means '"many planes™®,
B (61 - 62)
c  (168)

D (255 - 256)
(126, 2L0)

&5

¢ (27, 29)

91
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Unit V - Polygons and Polyhedrons

TOPICS AND OBJECTIVES

CONCEPTS, VOCABULARY, SYMBOLISM

olyhedral angle

regular polyhedron

A polyhedral angle is a figure formed by
three or more planes that meet in a point, :
The planes must be so situated that they may :]
be intersected by another plane, the section
formed being a polygon,

The meeting point of the planes is called the
vertex of the polyhedral angle,

The portions of the planes which forn the —
polyhedral angle are called the faces,

A face angle of the polyhedral angle is a _
plane angle formed by the edges of any one ;
face,

b g

A polyhedral angle is named by naming the <
vertex point alone, or the vertex po:na% and =
a point on each edge, T

Felyhedral /T
or

e

P>lyhedral /T-ABCDE

/ATB and /BTC are exompies of face angles,

The measure of a polyhedral angle is equal to :]
the sum of the measures of its face angles, ‘

-
1

A polyhedral angle having three faces is {j
called a trahedral angile. '

Polyhedral angles of four, five, six, and :
eight faces respectively are called 7
tetrahedral, pentahedrai, hexahedral, and l'
octahedral angles,

A regular polyhedron is a polyhedron all of |
whose faces are congruent regular pelygons H
and ail of wnose poiyhedral angles are equal,

There are only five regular polyhedrons.
y

1, regular tevrahedron - four equilateral triangles
2, regular hexahedron or zube -

£1X 3QUATES

(<}
3. regular o:tahedron

- eight equilaterazl triangles }f

L. reguiar dodecahedron - twelvs regular pentagons

5, regular izpsahedron -

twenty equilateral triangles




Unit V - Polygons and Polyhedrons

REFERENCES SUGGESTIONS

Other definitions for polyhedral angle are:
5 l. A figure generated by the rotation of a ray about its end
i point while intersecting a polygon in another plane,

2, The configuration formed by the lateral faces of a _
polyhedron which have a common vertex, 1

3. The figure formed by the union of a point and the rays
Joining that point to each point of the sides of a
polygon in a plane not containing the point,

D (257 - 260) The five regular polyhedrons are also known as the Platonic
Solids in honor of their discoverer, Plato,
Cundy, H, M, and

Rollett, A, P, There are many polyhedrons whose faces are regular polygons .
Mathematical Models, and whose polyhedral angles are equal but whose faces are not ;
(77-160) all the same kind of regular polygon, These are known as §

5 Archimedian polyhedrons, B
| Gamow, G, One, Two, An example is the great rhombicosidodecahedron, This sub- i
f Three--Infinity! stantial solid consists of 62 faces, 30 of which are squares, 1
20 of which are regular hexagons, and 12 of which are regular 1

decagons, E

93
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- Unit V - Polygons and Polyhedrons

TOPICS AND OBJECTIVES

CONCEPTS, VOCABULARY, SYMBOLISM

- - -
- -:uur.u/,:w-q.._,.. Y}

PRISMS

To develop the ability
to classify prisms
as polyhedrons

9L

prismatoid A prismatoid is a polyhedron all of whose vertices

lie in two parallel planes,

prism A prism is a polyhedron in which two faces, called bases,

right prism A right prism is a prism whose lateral edges are

oblique prism An oblique prism is a prism whose lateral edges

are congruent polygons which lie in paraliel planes, ;
The other faces of the prism are parallelograms and are %
called lateral faces, ‘
The intersection of any two lateral faces is called a
lateral edge, g

Prisms can be classified according to their bases,
A prism whose bases are triangles is called a
triangular prism, ;
A prism whose bases are quadrilaterals is called a :
quadrangular_prism, ‘
A prism whose bases are hexagons is called a hexagonal
prism,

A prism whose bases are octagons is called an
octagonal prism, q

perpendicular to the bases,

are not perpendicular to the bases,

I R T TR T T TR T i e mngy, (Saadoa s L m—l-'—v—wwv AT



Unit V - Polygons and Polyhedrons

REFERENCES

SUGGESTIONS

Hogben, L, Mathematics

in the Making.
(286-287, 291-294)

Young, F, H, The
Nature of Regular
Polvhedra o Infinity
and Beyond -+ An

Introduction to Groups.
Zl—SS

A (200)
B (84 - 91)

D (261 - 268)
E (240 - 243)
G

(30 - 33)

Have pupils discuss the regular polyhedrons, determining such
features as the number of vertices and edges, the number of
degrees in each polyhedral angle, and so on,

In the chapter on inequalities, pupils will be able to prove
that there are only five regular polyhedrons,

Introduce Euler's Theorem: In any polyhedron which has no

holes;, the sum of the number of faces and the number of

vertices is equal to two more than the number of edges,

The formula is V+ F=E + 2,

Pupils may check this formula first using the regular polyhedrons
and then any irregular polyhedrons,

The proof of Euler's Theorem makes a good project,

Film: Stretching the Imagination (30 min.)
Association Films, Inc,
347 Madison Avenue
New York 17, New York
One of the series, "Adventures in Number and Space',

Bill Baird and his puppets discuss topology and
Euler's theorem,

The relationship among the various polyhedrons may be
illustrated by Venn diagrams,

A

= the set of all prisms

= the set of all right prisms

A" = the set of all oblique prisms
(Set A' is the complement of set A)

U
A

T e e G e e AR T A T AT TR S TG e e e B e
- o “

\ T~y




e LT Ay AR TR Lo Miciante:

Unit V - Polygons and Polyhedrons : ﬂ

TOPICS AND OBJECTIVES

CONCEPTS, VOCABULARY, SYMBOLISM

PROPERTIES OF PRISMS

To develop an under-
standing of the
properties of prisms

96

regular prism A regular prism is a right prism whose bases are q
regular polygons, ;
parallelepiped A parallelepiped is a prism whose bases are ﬁ
parallelograms, |

right parallelepiped A right parallelepiped is a parallelepipedﬂ
which is a right prism,

rectangular parallelepiped (rectangular prism, rectangular solid)E
A rectangular parallelepiped is a f
right parallelepiped whose bases are
rectangles,

cube A cube is a rectangular parallelepiped whose faces are
squares,

right section A right section of a prism is the figure formed
by the intersection of a plane perpendicular to
the lateral edges,

ey W

E
l
Postulate: Sections of a prism made by parallel planes whi:h cut

off the lateral edges or these edges extended are g
congruent polygons, &

Th, Every section of a prism made by a plane parallel to a base
is congruent to that base,

Th. The opposite faces of a parallelepiped are parallel and
congruent polygons.,

Th, The lateral faces of a right prism are rectangles,

Th, The altitude of a right prism equals the lateral edge,




Ynit V - Polygons and Polyhedrons

REFERENCES

SUGGESTIONS

A

ap

U = the set of all prisms
A = the set of all right prisms
B = the set of all regular prisms
C = the set of all rectangular para ..islepipeds
BN C = the set of all cubes
i

A‘?
J = the set of all prisms
A = the set of all right prisms
A'= the set of all oblique prisms
B = the set of all regular prisms
C = the set of all rectangular parallelepipeds
Bfi C = the set of all cubes
D = the set of all triangular prisms
B D = the set of all repular triangular prisms

It is not necessary to prove any of the theorems in connection
with the properties of prisms and pyramids, It is quite
sufficient to postulate these properties,

Pupils will be able tc grasp intuitively the necessary spatial
concepts,

97
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Unit, V - Polygons and Polyhedrons

TOPICS AND OBJECTIVES

CONCEPTS, VOCABULARY, SYMBOLISM

PYRAMIDS

To develop the ability
to classify pyramids
as polyhedrors

PROPERTIES OF PYRAMIDS

To develop an under-
standing of the
properties of pyramids

pyramid A pyramid is a polyhedron with one face a polygon and

the other faces triangles with a common vertex,

The polygon is called the base of the pyramid and the
triangles are called the lateral faces,

The common vertex of the lateral faces is called the
vertex of the pyramid, -
The intersections of pairs of 1ateral faces are the
lateral edges.

The perpendicular distance from tn. = -~ . the base
is called the altitude,

A pyramid is classified by the type of polygon which
is its base, |
A pyramid whose base is a triangle is a triangular

pyramid,
A pyramid whose base is a square is called a square
pyramid,

regular pyramid A regular pyramid is a pyramid whose base is a

Th,

regular polygon and whose lateral faces are
congruent triangles,

The slant height of a regular pyramid is the
altitude of any of its lateral faces,

The slant heights of a regular pyramid are equali.

The lateral faces of a regular pyramid are enclosed by
congruent isosceles triangles,

The altitude of a regular pyramid passes through the
center of the base,

frustum of a pyramid A frustum of a pyramid is the portion of

a pyramid between the base and a plane
parallel to the base,
The bases of the frustum ars:
1., the base of the pyramid
2, the section made by the intersection
of the plane and the pyramid,

The lateral faces of a frustum of a
pyramid are trapezoids,

truncated pyramid A truncated pyramid is the portion of a

pyramid between the base and a plane oblique
to the base,
The bases are:

1, the base of the pyramid

2, the section made by the intersection

of the plane and the pyramid,

The lateral faces of a truncated pyramid are
trapeziums,
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Unit V - Polygons and Polyhedrons

(L0 - 42)

AEFERENCES SUGGESTIONS
A (200) The teacher should use any models available,
The teacher will need to use good judgment in selecting an
B (111 - 115) adequate number of appropriate exercises from the references
listed,
c (10, 277)
D (270 - 275)
E (276 - 277,
LiL - LL5)
F (276, 518)
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Unit VI - Inequalities (10 sessions)

TOPICS AND OBJECTIVES

CONCEPTS, VOCABULARY, SYMBOLISM

INEQUALITIES

To develop an under-
standing of the
terminology for the
order of inequalities

AXIOMS OF INEQUALITY
To develop an under-

standing of the axioms
of inequality

102

inequalities of the same order

inequalities of the opposite order Two inequalities are of the
ter

Two inequalities are of the same !

order if the same inequality
sign is used in both
inequalities,

6 > 5 is in the same order as
7> 2,

opposite order if the grea
inequality sign is in one
inequality and the lesse:
inequality symbol is in the
other inequality,

6 > 5 is in opposite order from
< 17,

1, Addition axiom (equal and unequal quantities) If equal
quantities are added to unequal quantities,
the sums are unequal in the same order,

2, Addition axiom (unequal quantities) If unequal quantities
are added to unequal quantities of the same
order, the sums are unequal in the same order,

L€V )
°

Subtraction axiom (unequal quantities minus equal quantities)

If equal quantities are subtracted from
unequal quantities, the remainders are
unequal in the same order,

L, Subtraction axiom (equal quantities minus unequal quantities)
If unequal quantities are subtracted from
equal quantities; the remainders are
unequal in the opposite order,

La, Corol. Supplements or complements of unequal angles are
unequal in the opposite order,

—
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Unit VI - Inequalities
REFERENCES SUGGESTIONS
A (300 - 303)
c (197 - 199)
D (174 - 178)
E (487 - 490)
F (101)
Examples:
l, Ifa>b, thena+x>Db+x, g8>5
+ (2 =2)
10> 7
2, Ifa>b,and c>d, thena+c>b +d, 5> 2
+(9>38
14 >10
3, Ita>b, thena-x>b - x, 9> 6
5> 2 t
|
L, Ifa>Db, thenx -~ a<x - b, 7 =7
- 5>3)
2 < 4
*’ La. If /A > /B, then (90° - /A) < (90° - /B),
| If /A< /B, then (180° - /A) > (180° - /B),
103 J




Unit VI - Inequalities

TOPICS AND OBJECTIVES

CONCEPTS, VOCABULARY, SYMBOLISM

104

7o

9.

Multiplication axiom If unequal quantities are multiplied
by positive equal quantities, the pi'oducts
are unequal in the same order,

If unequal quantities are multiplied by
negative equal quantities, the products are
unequal in the opposite order,

Division axiom If unequal quantities are divided by
positive equal quantities, the quotients
are unequal in the same order,

If unequal quantities are divided by
negative equal quantities, the quotients
are unequal in the opposite order,

Transitive axiom If three quantities are so related that
the first is greater than the second and
the second is greater than the third,
then the first is greater than the third,

Powers and roots axiom Equal positive powers of positivz
unequal quantities are unequal in the
same order,

Equal positive roots of positive unequal
quantities are unequal in the same order,

Axiom of the whole The whole is greater than any of its
parts,




Unit VI -~ Inequalities

REFERENCES SUGGESTIONS

5. If a>b, then ax > bx, where x > 0, L> 3

20 > 15

If a > b, then ax < bx, where x < 0. L> 13
X S-é = -5}

=20 <=15

6, If a>b, then%>%wherex>0. %>%

If a > b, then _,% < % where x < 0, QL?ZL <_%

7. Ifa>bandb>¢c, thena>2, 8> 5 and 5> 3, then 8 > 13,

8, Ii‘a>bamda>0andb>09 thena2>b2.
25 > 16, then 625 > 256,

Ifa>banda>0andb >0, then v/3 > v, | ]
25> 16, then 5 > i,

a>
then 9 > 4 and 9 >

o

k
50

°
()
L
o
nu

b + k, then a > b and
L + 5,




Unit VI - Inequalities

TOPICS AND OBJECTIVES CONCEPTS, VOCABULARY, SYMBOLISM
, THEOREMS OF
: INEQUALITY
%. To develop an under- Th, (prove formally) If one side of a triangle is extended, the
d standing of theorems exterior angle formed is greater than either of the remote
4 involving inequalities interior angles,
Y
1
i
'
E
. 106 i




Unit VI - Inequalities

REFERENCES SUGGESTICNS
A (303 - 304, Th, If one side of a triangle is extended, the exterior angle
308 - 311) formed is greater than either of the remote interior
angles,
c (200 - 203)
Given: /\ ABC with AC extended to D,
D (178 - 183)
To prove: /BCD > /B, B
E (490 - 495) F

A

Plan: Let E be the midpoint of BC, i
Draw AE and extend AE to F so that AE = EF,

(inequalities)

Draw CF, f
Proof 1
Statements Reasons H
1. BE = EC 1. A midpoint divides a line 5

segment in two equal parts,

2. AE = FF 2, So drawn

3. /BEA = JCEF 3. Vertical angles are equal, ;
L, /\ AEB £ /\ FEC L, s,a.s, = s,a,s. i
5, /B = /ECF 5. C.p.c.t.e, f
6. /BCD = /ECF + /FCD 6, Axiom of the whole ;
(equalities) i
7. /BCD = /B + /FCD 7. Substitution axiom i
g, .. /BCD> /B 8., Axiom of the whole :

The proof that /BCD > /BAC is similar to the above proof, 7
This theorem is proved without the use of the corollary, 1
"The exterior angle of a triangle is equal to the sum of the
remote interior angles," and should be presented to the
pupils in the abov® manner,
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Unit VI - Inequalities
TOPICS AND OBJECTIVES CONCEPTS, VOCABULARY, SYMBOLISM

Th., If two sides of a triangle are unequal, the angles opposite
those sides are unequal in the same order,

Th, If two angles of a triangle are unequal, the sides opposite
those angles are unequal in the same order,

Corol, The sum of any two sides of a triangle is greater than
the third side,

Th, The sum of the face angles of a polyhedral angle is less
than 360°,

Th, The sum of any two face angles in a trihedral angle is
greater than the third face anglie,

i

Corol. The sum of any (n - 1) face angles in a polyhedral angle
with n faces is greater than the nth face angle,
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Unit VI - Tnequalities

REFERENCES SUGGESTIONS
These theorems may be proved indirectly as an exercise,
A (324) To help pupils see this theorem intuitively, a simple but very
helpful model may be made,
B (62 - 65) Use a piece of plywood board of approximately equal length and
width, rubber bands or elasticized string, and thumbtacks,
G (88 - 91) - Fasten three thumbtacks to the board to represent three non-

collinear points A, B, and C in plane M, (See Figure #1,)

- Use three broken rubber bands or three pieces of elasticized
string.

o Tie one end of each piece to each of the three tacks,

* Tie the other ends together at point D and muke a loop at
this conjuncture,

Grasp the loop between the thumb and ferefinger and pull it
up and down,

This will show that while the three lines meeting at D are
in the plane; the sum of the angles formed is 360°, But as
soon as a polyhedral angle is formed by pulling the loop up,
the sum will be less than 360°. (See Figure #2.)

C
NW@NN@N“NNNN®§NNNNNN§N& AR R AR
b

ig, #1 Fig, #2
If two face angles of a trihedral angle are known, the limits of
the third face angle can be found as follows:
1, Lower limit Subtract the smaller of the two known face
angles from the larger,
2. Upper limit. Add the two face angles,
a, If the sum of the known face angles is less than 180°,
the sum 1s the upper limit,
b, If the sum of the known face angles is greater than
180°, subtract this sum from 360° t¢ sbtain the upper
iimit,
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Unit VI - Inequalities

REFERENCES

SUGGESTIONS

« Young, F., H. The

' Nature of Regular

. Polyhedra + Infinity
~ and Beyond . An

~ Introduction to

% Groups, (1-8)

The concept of a limit may be explained concisely by stating
that a-quantity may come very close to being a certain amount
but can never quite reach that amount,

In testing whether any combination of angles can be face angles

of a polyhedral angle, ask:

. Is the sum of all the angles < 360Q°%

. Is the sum of any (n - 1) face angles > the nth face
angle?

N =

Have pupils complete the sacond and third columns of this table,

Can a polyhedral angle Sum of the Asiswer
be formed from: face angles _
three equliateral triangles? 180° Yes
four equilateral triangles? 240° i ;;s
five equilateral trianglea? 300° Yes
six equilateral triangles? 360° No
seven equilateral trianglec? 420° No
three squares? 270° Yes
four squares? 360° No
five squares? 4L50° No
three regular pentagons? 324° Yes
four regular pentagons? 1320 No
three regular hexagons? 3600 No
four regular hexagons®? L8Q° * No ]
three regular heptagons? 38*?‘ No

From this table, pupils will conclude that it is impossible to
form a polyhedral angle using more than five equilateral
triangles, more than three :=quares, or more than three regular
pentagons, No polyhedral angles may be formed using all regular
hexagons, heptagons, ostagons, and so on,

This development should lead pupils to conclude that there are
only five regular pcliyhedrons,
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Unit VII - Ratio and Proportion {5 sessions)

TOPICS AND OBJECTIVES CONCEPTS, VOCABULARY, SYMBOLISM

RATIO AND PROPORTION

To reinforce the ratio The ratio of one quantity to another quantity is their
basic concepts of quotient,
ratio and proportion The quotient is obtained by dividing the first quantity

by the second quantity,

One does not find the ratio of one object to another but
rather the ratio of two numbers which are the measures
of the objects,

| The symbol for ratio is ":", The ratio of a to b may

. a .
‘ be written E or &ib,

proportion A proportion is a statement of equality ol two
ratios, Four quantities are in proportion when
the ratio of the first pair equals the ratic of
the second pair,

This is written as: or a:b = ¢:d,

o'lo
(S H E\"‘J

It is read as. a divided by b equals ¢ divided by d
or .
a is to b as ¢ is to d, «1'

4

In this proportion a, b, ¢, and d are respectively i
the first, second, third, and fourth terms, ]

extremes The first and fourth terms are called the extremes of 3?
the proportion, :

means The second and third terms are called the means of the JZ
proportion, ‘




Unit VII - Ratio and Proportion
REFERENCES SUGGESTIONS

(327 - 329, 334,
336 - 341)

(205 - 207)

(309 - 316)

(259 - 260’
263 - 267)

(229 - 237)
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Unit VII - Ratio and Prcportion

TOPICS AND OBJECTIVES

CONCEPTS, VOCABULARY, SYMBOLISM

PROPERTIES OF
PROPORTIONS

To develop an appre-
ciation of the
relationships con-
cerning proportions

In any proportion, the product of the extremes is equal to
the product of the means,

If the product of two non-zero numbers is equal to the
produzt of two other non-zero numbers, the members of one
pair may be made the means in a proportion and the members
of the other pair may be made the extremes of a proportion,

If the numerators of a proportion are equal, the denominators -
are equal, The converse of this is true,

If three terms of one proportion are equal respectively to
the three corresponding terms of another proportion, the
remaining terms are equal,

The terms of a proportion are in proportion by altecrnation;
that is, the first term is to the third as the second is to
the fourth,

The terms of a2 proportion are in proportion by inversion;
that 1s, the second term is to the first as the fourth is to
the third,

The terms of a proportion are in proportion by addition;
that is, the sum of the first and second terms is to the
second term as the sum of the third and fourth terms is to
the fourth,

The terms of a proportion are in proportion by subtraction;
that is, the first term minus the second is to the second
as the third verm minus the fourth is to the fourth,

In a series of equal ratios, the ratio of the sum of the
numerators to the sum of the denominators is equal to the
ratio of any numerator to its denominator,




Unit VII - Ratio and Proportion

REFERENCES

SUGGESTIONS

If % = %, then ad = bc,

If ef = gh, then -;- = % or E = i-', as well as others,

If%%::%, then x =y, If %=, then x = y.
a_x a_x -
Ifb o a.ndb ot then x = y,
. b

Ir =%, then =3,
112 -5, then 2=2,
a+b c +d
If%=§-,then§;b=cada
a_ ¢ e m
If'g=a=f=o°u=mthen
a+c+e+, . . m a

sis
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Unit VII - Ratio and Proportion

TCFICS AND OBJECTIVES

CONCEPTS, VOCABULARY, SYMBOLISM

118

fourth proportionai  The fourth term of a proportion is called
the fourth proportional tc the other three
terms,

mean proportional When the mean:z of a proportion are the same,
either of them is called the mean proportional
between the other two,

gquare root The square root of a number is one of two equal
factors ¢f the number,
The symbcl for scuare root is %/ #,

proporvional line segments Two lines are dividea prcoportionally
if the segments of one have cthe same
ratio as the corresponding segments
of the other,




Unic VII . Ravio and Proportion

REFERENCES

SUGGESTICNS

(341 - 344)
(208, 216)

(316 - 321)
(261 - 263)

A line segment 1s divided by the golden se:tion if the ratio of
the shorter section to the ionger seztion is equal to the ratio
of the longer se:tion to the whole line segment,

a b = \ b
7

b~ a+b

A line segment 13 said to be most harmoniously divided when it

is divided into extreme and mean ratio by the golden section,
Using these sections to make a rectangle, this rectangle is more
pleasing to the eye than any other rectangle,

The Greeks credit Pythagoras with the discovery of the golden
section,

Many famous painters have used the golden section in their work,
Leonardo da Vinei, Michelangelo, Botticelli, and Dali are a few,
Mother Nature uses the golden ratio in the design of thse
sunflower, the starfish, and others,

Film: Donald in Mathmagi: Land (26 min, - Color)
Walt Disney
Mr, Charles Jessen
237 W. Northwest Highway
Park Ridge. Illinois
An entertaining fiim--excellent material on applications
of ratio and proportion, particularly the golden ratio.

Teacher note. The third proportional 1s the fourth term in
4 proparuion having means which are the same
number
Do not zonfuse third propertional with the
third te:m.
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Unit VII - Ratio and Proportion

TOPICS AND OBJECTIVES

CONCEPTS, VOCABULARY, SYMBOLISM

PROPOSITIONS INVOLVING
RATIO AND PROPORTION

To develop the ability
to discuss certain
theorems and
postulates involving
ratio and proportion

120

Postulate: A line parallel to one side of a triangle and
intersecting the other two sides divides the sides
into proportional segments,

Corol, On any two transversals, three parallel lines cui off
segments, which when taken in the same order, have the
same ratio,

Th. The bisector ¢f an interior angle of a triangle divides
the opposite side into segments proportional to the
adjacent sides,

Postulate. If a line divides two sides of a triangle propor-
tionally, it is parallel t¢ the “hird side,

Th. If two or more straight lines are cut by three or mere
parallel planes, their corresponding segments ars
prcportional,

Th, If a pyramid 1s cut by a plane parallel to the base and
not passing through tne vertex,; the lateral edges and
altitude are d:ivided proportionally,




Uit VII - Ratic and Proportion

REFERENCES SUGGESTIONS

-~

A (330 - 333, 335, Have the pupil prepare a list of ways to prove line segments
347 - 354) proportional,

B (b4 - 45, 116 -
120, selected
exercises)

c (210 -~ 211,
214 - 15, 2
217 - 221)

D (322 - 327) 4
Add this postulate to the summary of ways for proving 1iv:<. j

E (268 - 272, parallel, :
276 - 278) |
G (83 - 85) f

Given: Pyramid V-ABCDE,
altitude VP,
plane R paraliel to the
base and cutting the

. lateral edges at

A';, B", C', D', and E",

VP VA’ VB'_VC'_ YD

To prove: gp = VA = VB = V¢ * VD

. The complete theorem has three zonclusions,
{= If a pyramid is cut by a plane parallel to the base and not
passing through the vertex, .

1, the lateral edges and altitude are divided proportionaliy

2, the section is a pclygon similar to the base :

3. the area of the se:tion 13 Lo thz area of the bass as
the square of its distance from the vertex is to the
square of the altitude of the pyramid,

A : The second conclusica will be discussed in the unit on similar

. polygor:s,

The third conclusicn witl bs discusssd in the unit on areas o
polygons%gnd cirzles,

The teacher should use good judgment in the selection of
exercises from the references listed,
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Unit VIIT - Similar Polygons (14 sessions)

TOPICS AND OBJECTIVES

CONCEPTS, VOCABULARY, SYMBOLISM

SIMILAR POLYGONS

To develop an under-
standing of similar

polygons

To develop an under-
standing of theorems
involving similar
triangles

124

e — ——- .

similar polygons Similar polygens are polygons whose corre:

Th,

sponding angles are equal and whose corre-
spcnding sides are in pronertion,

The symbol for similar is "~ ",

(prove formally) Two triangles are similar if two angles
of one are equal .o two angles of the other,

Corol. Two triang.es are zimilar 17 their corresponding sides

are parallel.

Corol, Two right triangles are similar if an acute angle cof

Th,

Th,

Th,

Th,

Th,

Th,

one is equal Lo an arute angle of the other,

Two triangies are similar if an angle of one is equal to an
angle of the other and the sides including these angles are
in proportion, :

Two triangles are similar if their corresponding sides are
in proportion.

Corresponding altitudes, medians, and angle bisectors of
similar triangles have the same ratic as any two
corresponding sides,

The ratio of the perimeters of two simiiar polygons is
equal to the ratio of any pair of corresponding sides,

If two polygons are composed of the same number of
triangles, simiiar each to each and correspondingly placed,
the polygons are similar,

If a pyramid is cut by a plane parallel %o tne base and
not passing through the vertex, the section formed is a
polygon similar to the base.




Unit VIII - Similar Polygons

REFERENCES

SUGGESTIONS

(355 - 366, 390)
(116)
(223 - 238)

(328 - 333,
337 - 339)

(291 - 303)
(238 - 258)
(84)

b

Note that neither condition alone is sufficient to insure that
the two polygons are similar,

A square and a rectangle satisfy the condition that the
corresponding angles are equal but the figures are not similar
A square and a rhombus satisfy the condition that the

corresponding sides are in proportion but the figures are not
similar,

]

Film: Similar Triangles in Use (11 min., - Color)
International Film Bureau
332 S, Michigan Avenue
Chicago 4, Illinois
Good story film--illustrates practical applications of
similar triangles,
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Unit VIII - Similar Polygons

e T T A R

TOPICS AND OBJECTIVES

CONCEPTS, VOCABULARY, SYMBOLISM

PROJECTION

To clarify the concept
of projection with
respect to points,
lines, and planes

126

projection of a point on_a line The projection of a point on

rojection of a line segment on a line The projection of a

projection of a point or a plane The projection of a point on

projection

a line is the foot of the perpendicular drawn from
the point to the line,

line segment on a line is the segment included
between the projection of the end points of the given
line segment on the given line,

a plane is the foot of the perpendicular drawn from
the point to the plane,

The perpendicular is called the projecting line,
The plane is called the plane of projection,

of a line segment on a plare The projection of a

projection

line segment on a plane is the segment whose end
points are the projection of the end points of the
given line segment on the plane,

of a curve on a plane The projection of a curve on

a plane 15 the projection of each point {; the
curve on the plane,




Unit VIII - Similar Pol, -ons

REFERENCES SUGGESTIONS
(54 - 58) The projections referred to here are orthogonal projections,

In the first drawing below, the projection of P on m is Q.
(108 - 109) In the second drawing P is its own projection on m,

In the other drawings the projection of CD on m is AB, CE, and
(307) FG respectively, D
(259) 1 (2) (3) . |

1
(81 - 83) m_ m m__a____h
(#) D A B

(L) : (5) : \\\\\\\
m N m i1 'z
B

In the drawings below, R is the plane of projection, AB is the
given line segment (or curve), and CD is the projection of AB,

A
1
'||I!|| B
ot T

'

TR
N o I

. | ||IJJ .l “_'1 .l

——t ";TIU'll T l-;\.{‘\\.
5§§§|” Hll,l”ulh{ﬂlgfi
====g.00! Py ==F
\\\||' ||'| I|I||l|‘|l».\~:

A different type of projection, namely a central projection, is
made by starting with a fixed point outside of the given point or
line segment, and from the fixed point projecting lines through
every point of the given line segment onto the plane of
projection, as shown in the drawing,

P is the outside point. r:fffji:’/‘
AB is the given line segment, A . Lo~ -
IN is the projection, P
PoeZie H= = T T ]
S O - -
-~ \\‘§\ \”. - -
B \\-\ 51\~

Lodv
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- Unit VIII - Similar Polygons ‘1P

TOPICS AND OBJZACTIVES CONCEPTS; VOCABULARY, SYMBOLISM

RIGHT TRIANGLES

To develop an under- Th. (prove formally) If the altitude is drawn to the hypotenuse

standing of theorems of a right triangle, the two triangles formed are similar to
pertaining to the the given triangle and to each other, :
right triangle T
Corol. Either leg of a right triangle is the mean proporticnal “
To develop the ability between the hypotenuse and the projection of that leg ;
to prove these on the hypot.enuse, nﬁ
theorems through the |
use of similar Corol, The altitude drawn tc the hypotenuse of a right triangle J
triangles is the mearn proportional between the segments of the i
hypotenuse, T

Th, (prove formally) In any right triangle, the square of the ;
hypotenuse is equal to the sum of the square of the legs, -
(Pythagorean Theorem)
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Unit VIII - Similar Polygons

REFERENCES SUGGESTIONS

A (374 - 389, Problems pertaining to projections should be assigned to pupils
390 = 393) upon completion of theorems concerning the right triangle,

C (239 - 256)

D (342 - 350)

E (308 - 324,
330 - 338)

F (260 - 290)

Glenn, W, H. and
Johnson, D, A,

Pythagorean Theorem,

Kline, Morris,
Mathematics in Western
Culture.

8’9’ 32‘”Lb1

The discovery of the proof of the "right triangle" theorem is
credited to Pythagoras, a Greek mathematician and founder of a
secret society,

There are over 1,000 different proofs of this theorem,

Among the authors of such proofs are Napoleon Bonaparte and
President James A, Garfield,

The Pythagorean Theorem, a book by E, S, Loomis, contains over
370 of these proofs,

A good pupil project is "Other Proofs of the Pythagorean Theorem"®

- P T
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Unit VIII - Similar Polxgons

fOPICS AND OBJECTIVES CONCEPTS, VOCABULARY, SYMBOLISM

Th., (prove formally)

If the sum of the squares of two sides of

a triangle is equal to the square of the third side, the
triangle 1s a right triangle,
This is the converse of the previous theorem,




Unit VIIT - Similar Polygons

REFERENCES

SUGGESTIONS

)
f& the sum of the squares of two sides of a triangle is equal to
the square of the third side, the triangle is a right triangle,

B
Given: /\ABC with sides a, b, and ¢ e
and ¢? = a° + b a
A {

1 C
To prove: /\ ABC is a right triangle.

Plan: Draw a right triangle A'B!C?
with legs equal to a and b
and with hypotenuse x,

(Right angle at C!), A%’//// | ';
[V ’
Statements Reasons
1. a? + b2 = ¢? 1. Given
2, a? + b2 = x? 2, In a right triangle the

square of the hypotenuse
equals the sum of the
5 5 squares of the two legs,

/C is a right angle
o o /\ ABC is a right triangle

Substitution axiom
Definition of a right
triangle

[~}
©

3. ¢ =x" 3. Transitive axiom

L, c=x%x,¢>0 L. Powsrs and roots axiom
5. /\/ABC £ /\ A'B:CY 5. s.s.s. = 5.85.8,

6, /[C=/C’ 6, C.p.c.t.e,

7. /C' is a right angle 7. Given

8 8

9 9

<
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,?{ Unit VIII - Similar Polygons
’; TOPICS AND OBJECTIVES CONCEPTS, VOCABULARY, SYMBOLISM .
= =
g Corol, In any isosceles right triangle (45° - 45° - 90°) the ;
? ratio of the hypotenuse to either leg is -/2:1. j
-
Corol. 1In any 30° - 60° -~ 90° right triangle: 4
1., the ratio of the hypotenuse to the shorter leg is ”
2:1, —
2, the ratio of the hypotenuse to the longer leg is ;
2:/3 (or 2/3:3), X
3. the ratio of the longer leg to the. shorter leg is |
i1, B
g
Th. The square of the diagonal of a rectangular prism is equal 1
to the sum of the squares of the three dimensions, -

132
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Unit VIIT - Similar Polygons
REFERENCES SUGGESTIONS

Pupils should be given enough exercises pertaining to the
L5-45-90 degree right triangle and the 30-60-90 degree right
triangle so that the relationship between the sides becomes
firmly established,

Having pupils menorize the diagrams below will aid in the
understanding and retention of these relationships,

The continved recurrence of these specific relationships in
more advanced mathematics courses amply justified requiring
their memorization, ///

|

I’ i

/ 7 ‘i
50 :

53

=
N
&

.50
j 60°

! B (93 - 95 selected | The proof of the "three-dimensional Pythagorean theorem" is

1

e L TS

1 exercises) simple and may be done as an exercise,
\E E (inserts between
: 312 and 313,
339)
A
/] F  (inserts between

! 272 and 273)

"The sum of the bases of any trapezoid is equal to zero!" is
the title of an interesting fallacy problem which may be

, offered as a challenge to superior pupils,

1 This is a difficult problem,

} The fallacy and its solution may be found in the append ix,

T

133 |8




UNIT IX

CIRCLES AND SPHERES

22 Sessions
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Unit IX - Circles and Spheres (22 sessions) fit
TOPICS AND OBJECTIVES CONCEPTS, VOCABULARY, SYMBOLISM B
CIRCLES AND SPHERES -4
To develop an under- circle A circle is the set of points in a plane which are T
standing of the equally distant from a fixed point in the plane called ]
vocabulary pertaining the center,
to circles and spheres A circle separates the set of points in a plane into T
three disjoint subsets: the circle itself, the interior !

of the circle, and the exterior of the circle,
The symbol for circle is "(@© ",

interior of a circle The interior of a circle is the set of all
the points in the plane of the circle
whose di«tance from the center is less T
than the radius,

exterior of a circle The exterior of a circle is the set of all - .
the points in the plane of the circle
whose distance from the center i: greater
than the radius,

radius (plural radii) A radius of a circle is a line segment - U
from the center of a circle to any point
in the circle,

diameter The diameter of a circle is a line segment which
passes through the center of the circle and whose end
points are in the carcle,

are An arc is the union of two points in a circle and all the
points in the circle between them,
An arc is a subset of a circle,
The symbol for arz is */\?7,
An arc is named by its end points,

, - . » v .
I i ' e n

semicircle A semicircle is an arc which is half of a circle,

minor arc A minor arc¢ is an arc less than a semicircle,
major arc A major arc is an arc greater than a semicircle,




Unit IX - Circles and Sphe-es

REFERENCES

SUGGESTIONS

(2, 3, 206 - 209,
225, 235, 314)

(144 - 154

selected
exercises)

(351 - 352, L52)

(209 - 215)

(14 - 15,

341 - 343)

(68 - 7O~:

71 - 79 selected
exercises,

322 - 327)

(53)

To avoid confusion when naming minor arcs or major arcs, use
at least three letters to name major arcs.

Minor Arg
A

oo

Major Arc

ﬁB is the minor arc,

)
ADB is the major arc,
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Unit IX - Circles and Spheres

TOPICS AND OBJECTIVES

CONCEPTS, VOCABULARY, SYMBOLISM

*
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sphere

radius

diameter

A sphere is the set of all points in space which are
equally distant from a fixed point called the center,
A sphere separates all the points of space into three
subsets: all the points in the sphere, all the points
in the interior of the sphere, and all the points in
the exterior of the sphere.

A radius of a sphere is a line segment from the center
of the sphere to any point in the sphere,

A diameter of a sphere is a line segment which
passes through the center of the sphere and whose
end points are in the sphere,

hemisphere A hemisphere is half a sphere,

Postulate: The diameter bisects the circle and conversely,

Postulate: A straight line cannot intersect a circle or a

sphere in more than two points,

equal circles (spheres) Equal circles (spheres) are circles

(spheres) having equal radii or equal diameters,
411 radii and all diameters of the same or equal
circles (spheres) are equal.

concentric circles (spheres) Concentric circles are circles in

chord

secant

tangent

the same plane with the same center and with
unequal radii,

Spheres are concentric if they have the same
center and unequal radii.

A chord is a line segment connecting any two points in
a circle (sphere),

A secant is a line which intersects a circle (sphere) in
two points,

A tangent to a circle is a line which is coplanar with

the circle and has only one point in common with the
circle,

A tangent to a sphere is a line which has only one
point in common with the sphere,

The common point is called the point of tangency or
the point of contact.

A plane is tangent to a sphere if it has one and only
one point in common with the sphere,

—— F

. R ] . .
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Unit IX - Circles and Spheres

REFERENCES

SUGGESTIONS

enclosed by the surface,

Note that the sphiere is the surface, not the portion of space

Plane Tangent
to a Sphere

©]

Concentric
Circles

=5
e e g & " "




THEOREMS ON CIRCLES
AND SPHERES

To develop an under-
standing of certain
theorems pertaining to
chords and arcs of a
circle

equal arcs Equal arcs are arc¢s in the same or equal circles
which subtend equal central angles,

Since a definition is reversible, this means that
in the same or equal circles equal arcs subtend

equal central angles and equal central angles
interzept equal arcs,

midpoint of an arc The midpoint of an arc is the point in the
arc which divides it into two equal ares,

unequal arcs Uriequal arcs in the same or equal circles subtend
uriequal ventral angles, the longer arc subtending
the greater central angle,

Since a definition is reversible, this means that
in the same or equal circles unequal minor arcs
subtend unequal central angles of the same order
and unequal central angles intercept unequal minor
arcs of the same order,

Th, In the same cir:le or in equal circles, equal chords have
equal arcs,

Corol, In the same circle or in equal circles, the longer of
two chords has the longer minor arc,

Th. In the same circie or in equal circles, equal arcs have
equal chords,

Corol, In the same circle or in equal circles, the longer of
two minor arcs has the longer chord,

Th. If a line through the center of a circle is perpendicular
to a chord, it bicects the chord and its arc.

Corol., A line through the center of a circle and bisecting a
chord (not a diameter) is perpendicular to the chord,

13
ol
Unit IX - Circles and Spheres T
i
TOFICS AND OBJECTIVES CONCEPTS, VOCABULARY, SYMBOLISM 1
line of centers The line of centers of two coplanar circles ﬂ
(two spheres) is the line segment joining the
centers of the circles (spheres), T
central angle The central angle of a circle (sphere) is an i
angle whose vertex is the center of the circle
(sphere) and whose sides are radii of the gr
circle (sphere), i

mm o @
1




Unit IX - Circles and Spheres

REFERENCES SUGGESTIONS
The central angle AOB is said to intercept the arc AB,
The arc AB is said to subtend the central angle AOB,
A
B
Pupils should periodically add to their lists of ways to prove
line segments equal, ways to prove angles equal, and others,
They should now begin a list of ways to prove arcs equa.,
A (209 - 213,
315 - 316)
C (353 - 356)
D (215 - 219,
223 - 224)
E (344 - 350,
1,98 - 501)
F (340 - 344)
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Unit IX - Circles and Sgpheres

TOPICS AND OBJECTIVES

CONCEPTS, VOCABULARY, SYMBOLISM

Th. The perpendicular bisector of a chord of a circle passes
through the center of the circle,

Th., The perpendicular bis.ctors of two non-parallel chords of
a circle intersect at the center of the circle,

Th, In tbe same circle or in equal circles, equal chords are
equally distant from the center,

Corol., In the same :ircle or in equal circles, unequal chords
are unequally distant from the center, the longer chord
being the nearer,

Th, In the same circle or in egual circles, chords equally
distant from the center are equal. Tﬁ

Corol., In the same circle or in equal circles, chords unequally
distant from the center are unequal, the chord nearer
to the center being the longer,

Th, If two circles intersect, the line of centers is the
perpendicular bisector of the common chord,




REFERENCES

Unit IX - Circles and Spheres

SUGGESTIONS

The theorem concerning the perpendicular bisectors of two non-
parallel chords may be proved as an exercise,

In the unit on constructions this theorem may be used to find
the center of a circle,

This theorem may be proved as an exercise,
Use congruent triangles,

Sl Ly T
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Unit IX - Circles and Spheres

TOPICS AND OBJECTIVES

CONCEPTS, VOCABULARY, SYMBOLISM

To develop an under- Th. (prove formally) If a line is tangent to a circle, it is
standing of certain perpendicular to the radius drawn to the point of tangency,

theorems involving
tangents to circles
and spheres

Corol.

Corol,

Corol.

A straight line perpendicular to a radius at ivs outer
extremity is tangent to the circle. (Line and circle
are coplanar, )

A line coplanar to a circle and perpendicular to a
tangent at the point of tangency passes through the
center of the circle,

A lines from the center of a circle and perpendicular
to a tangent passes through the point of tangency.

Th, If a plane is tangent to a sphere, it is perpendicular to
the radius drawn to the point of tangency,




Unit IX - Circles and Spheres

REFERENCES SUGGESTIONS ‘
(214 - 220, Given: DE tangent to circle O at T,
221 - 223 OT is a radius,
selected
exercises) To prove; DE _| OT 0
(149 -~ 151) Plan: Draw a line OV to any
point V distinct from
(356 - 362) T on line DE,

Ot
=3
<
t-mr

Prove OV > OT.
(224 - 233)

(350 ~ 356) Froof ]
(70) Statements Reasons j
1, DE tangent to circle O 1., Given ‘
at T ;
2, OV, from point V 2, Construction ]
on DE and distinct ’
from T V
3, V is in the exterior 3. V is not in the circle f
of circle O, since a tangent has only ;
one point in common with :
a cirecle and V is distinct i
from T, ]
V is not in the intericr :
of the circle since a line
joining V and T would
intersect the circle in
two points. ‘
L, OV > OT ), Definition of the exterior ;
of the circle, |
5. ~OT _| DE 5. The shortest distance from
a point to a line is a
perpendicular,




Unit IX - Circles and S

TOPICS AND OBJECTIVES

CONCFPTS, VOCABULARY, SYMBOLISM

length of a tangent to a circle from an external point The
length of a tangent to a circle from an external
point is the length of a segment joining the
external point to the point of tangency,

Th., The tangents to a circle from an external point are equal,

Corol, If two tangents are drawn to a circle from an external
point, they make equal angles with a line segment
Joining the point to the center of the circle,

tangent circles Twe circles are tangent to each other if they
are coplanar and tangent to the same line
at the same point,

tangent sphereg Two spheres are tangent to each other if they
are both tangent to the same plane at the same
point,

s RTTAI T = r e o e . e g et TIRET R e«
e 5




Unit IX . Cir:les and Spheres

REFERENCES SUGGESTIONS

Note: Two spheres are not necessarily tangent Lo each other if
they are each tangeni to the same iine at the same point,
See drawing,

. Two spheres can be tangent to the same line at the same

i point and intersect in which zase the spheres are not

tangent to each other,
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Unit IX - Circles and Spheres f“l
TOPICS AND OBJECTIVES CCNCEPTS, VOCABULARY, SYMBOLISM v

internally tangent circles and spheres Spheres and coplanar
circles are internally tangent if they are tangent ;
and if one lies wholly within the other, T

externally tangent circles and spheres Spheres and coplanar

circles are externally tangent if they are tangent ;
and if one lies wholly outside the other, K

common tangent A common tangent is a line tangent to each of -
two coplanar circles,

If the common tangent interseects the line of
centers, then it is a common internal tangent,

| If the common tangent does not intersect the d
i line of centers, then it is a common external
. tangent, T

Th. If two circles are tangent to each other, their line of
centers passes through the point of tangency,
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Unit JX - Circles and Spheres
REFERENCES SUGGESTIONS

Do not allow pupils tc¢ confuse internally and externally tangent :
circles with common internal and external tangents, '

These circles are internally tangent,
The line is a common external tangent,

These circles are externally tangent,
The line is a common internal tangent,

A line is a common internal tangent to two circles if the circles
lie on opposite sides of the line,

A line is a common external tangent to two circles if the
circles lie on the same side of the line,

These lines are common internal

These lines are common external
tangents,

Have the pupils discover how many common internal tangents or
common external tangents the following have,
1. two concentric circles
. two internally tangent circles
two externally tangent circles
two coplanar circles that intersect
. two coplanar circles that do not intersect nor contain
each other

2
3
L
5

Determine the maximum number of common internal and external
tangents,
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Unit IX - Circles and Spheres

TOFICS AND OBJECTIVES CONCEPTS, VOCABULARY, SYMBOLISM

To develop an under- Postulate: A central angle has the same number of derrees as
standing of certain its intercepted arc,

theorems pertaining

to measurement of inscribed angle An inscribed angle is an angle formed by two
angles in a circle chords drawn from the same point in a circle,

An inscribed angle is said to intercept the
arc between its sides

An angle is said to be inscribed in an arc i
its vertex is in the ar:c and its sides
terminate in the end poincs of the arc,

Th. (prove formally) An inscribed angle is measured ty half |
! the intercepted arc. ;i

Corol, An angle inscribed in a semicirzle is a right angle,

Corol, In the same or in equal circles if two inscribed angles
intercept the same or equal arcs, the angles are equal,

Corol, The circle whose diameter is the hypotenuse of a right ?f
triangle passes through the vertex of the right angle e
of the triangle,

- ————

Corol. The opposite angles of an inscribed quadrilateral are A

supplementary, ]

inscribed polygon An inscribed polygon is & palygon whose “E

vertices lie in the :ircle, o

circumscribed polygon A circumscribed polygon is a polygon "i

whose sides are tangent to the circle, Ajj

150 j
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Unit IX - Circles and Spheres

: REFERENCES SUGGESTICNS

; A (230 - 258, It is advisable to review the necessary elementary algebra in
1‘ 260 - 262) order to prove theorems and exercises involving angle measurement,
g C (363 - 373) Inscribed /ABC intercepts'ﬁb and is said to be inscribed in KEEO 1
| ? D (234 - 246) j
. E (380 - 392) : i

F (327 - 340)

Have pupils note that an angle inscribed in a minor arc is
obtuse and an angle inscribed in a major arc is acute,

] The polygon is inscribed in the circle, / ]
‘ The circle is circumscribed around h %
(circumseribes) the polygon, \\\\ ;

j

The polygon is circumscribed about the
circle,
The circle is inscribed in the polygon.

T
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T
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Urit IX - Carcles and Spheres
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An angle formed ty two
is measured by half the sum

An angle formed by a tangent and a <hord drouwn

point of tanrency is measured v ralf o “htercerted
arc,

The angle between two secants, *wo tangents, or a tanrent
anu a secant intersecting outside a circie is measured by
half the difference of their intercepted arcs,

Parallel lines intercept equal ar:: in a Lirile,

i... 1

1
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Unit IX - C-rcles and Spheres

110"

REFIRIICES SUGGESTICNS

3 To help pupils remerter these theorems state tra<

: 1., 1if the vertex of the angle formed:is within the circle,
it is measured by half the sum of the intercepted arcs,

2. 1f the vertex of the angle formed is in the circle, it
is measured by half the intercepted arc,

y 3. 1if the vertex of the angle formed is outside the circle,

g the angle 1s measured by half the difference of the

intercepted arcs.

Some texts generalize these four theorems as "The angle formed

| by two intersecting lines, either cutting or tangent to a

circle, is measured by half the sum of the intercepted ares,®

c To apply this theorem, it is necessary to know that:

1. if the intercepted arc is concave when viewed from e
vertex, it s called a posivive ars:,

3 2, 1if the ar: is convex when viewed from the vertex, 1.

is called a negative arc.

n OV

2

is zoncave m 1s concave ﬁ 13 loncave ﬁ 1o

wOnla

- o™ < .
I is concave n 1s zero N is convex N is zers

-




Unit IX - Circles and Spheres
T

TOPICS A'D CBJECTIVES
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To develop an uncder-
standing of certain
theorems prrtaining
to spheres

Th.,

The intersection =2 & plave ard

axis of a circle of a sphere

3 srhere is g cir:

‘e

The axis of a circle of a sphere

great circle of a spnere

is the diameter of the sphere perpeadicular to the
plane of the circle,

The great circie of a sphere is the

| Corol,

Corol,

154

small circle of a sphere

irtersection of the sphere and a plane that pisses
through the center of the sphere,

The small circle of a sphere is the

intersection of the sphere and a plane that dces not
pacs through the center of the srhere,

The axis of a circle of a svhere passes thr
center of the circle,

urh the

All great circles of the same or eaqual spheres are equal,




Unit IX - Circles and Spheres

REFERENCLES

SUGGESTICONS

(225, 259)
(144 - 149)
(454)

(220 - 223)
(362 - 364)
(74 - 76)
(54 - 56)

Prove this theorem as an exercise,
Given:
To prove:

Plan:

Take any two points, A and B, in

the intersection of the plane

and the sphere,

Draw OE perpendicular to P,
Draw OA, OB, EA, and EB,

Proof

Statements

Spnere O intersezted by
plane P
OE | P
OA = OB

OE = CE

JOEA and JOEB are right
angles,

[\ OFA and /\ OEB are
right triangles

/\ OEA = /\ OEB

EA = EB

’. The section is a circle
with E as the center,

=
o

o

(@) (O I o W N
< e

O O~

Sphere O intersected by plane P,

The section formed is a circle,

So constructed

Radi1l of the same sphere
are equal,

Identity axiom
Perpendi:ular lines form
right angles,

Definition of right
triangle

rt, AA h.s. = h,s,
C.p.c.t,e,

Definition of a circle.
A and B are any points
in the intersection,

Tl e e o - ot e e N
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Unit IX - Circles and Sw»heres

TCPICS AND ORJECTIVES CCrCEPTS, VOCABULARY, SYMBOLISM

Corol., Three points in a sphere determine a circle

+ Corol, A great circle bisects a sphere.

| Th, The intersection of two spheres is a circle,
To develop an under- % Th, (prove formally) If two chords intersect within a circle
standing of certain ‘ the product of the segments of one is equal to the product
theorems involving of the segments of the other,
similar polygons
in circles

!

____.,_
N e -

b
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Unit IX - Circles and Spheres

REFERENCES SUGGESTIONS

A (367 - 373) Note that the product of the line segments means the product of
the measures of the line segments,

C (374 - 378)
Pupils often ask about practizal applications of geometric

: D (334 - 336) concepts,

Here is an excellent example of & practical application,

E (396 - 4,02)

This problem might occur in any
F (345 - 350) factory using machines,

A gear wheel is broken during
operation and only a fragment
remains,

A new wheel must be made
immediately,

The diameter of the original
gear is unknown,

Can the diameter of the
original gear be found using
only the remaining fragment?

SOLUTION: A and B are two points on the circular arc portion
of the gear,
Segment AB is measured and found to be 9 inches.
E is the midpoint of AB,
From E a perpendicular line is drawn intersecting

AB at C (the rudpoint of arc AB),
CE is measured and found to be 3 inches,
The diameter CD is fcund as follows.

Let ED = x inches,

Since CE ° ED = AE ¢ EB, :hen

1, 4
3°X=§’ +3
3x=8,—*

4
X = 6%
94

Therefore, the diameter of the wheel is 9% inches,
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Unit IX - Circles and Spheres

TOPICS AND OBJECTIVES

!

CCNCEPTS, VOCABULARY, SYMBOLISM

158

Th,

Th.

If from a point outside a circle two secants are drawn, the
product of one secant and its external segment is equal to
the product of the other secant and its external segment,

If from a point outside a circle a secant and a tangent are
drawn, the tangent is the mean proportional between the
whole secant and its external segment;

or

the product of the secant and its external segment equals
the square of the tangent.

-y

N
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Unit IX - Circles and Spheres

REFERENCES SUGGESTIONS

+ A review of quadratic equations is advisable at this time,

A practical application of this theorem may be illustrated by ?
the following problem:
If one were standing at a point above the earth's surface, for
example at the top of a lighthouse or a tower, and one were
X feet up in the air;, how far could one see to the horizon?

The radius of the earth equals approximately 3,960 miles,

B P N I T T A Py

Let PH, the distance one could see to the horizon, be "d* miles,
i :

d4° = PA > PB
=N\x ,‘:

a2 = == ( E— 4 7920)
5280 \5280 g

a2 =-;(---——x )2 4 1220x 1
3 x_\ ? 3x ;
4 = (‘5’2‘?3'6) 2 B, |
If x is relatively small, the quantity (55%6) will be 3

small enough to be negligible, The following formula is a
close approximation:

X %
2=Z ora\E

where d is the distance in miles to the horizon one can see
when one is x feet above the surface of the earth!

159
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Unit X - Geometric Constructions (5 sessions)

TOPICS AND OBJECTIVES CONCEPTS, VOCABULARY, SYMBCLISM

FUNDAMENTAL

CONSTRUCTIONS

To develop the ability | drawing A drawing is a representation on raper using a

to construct geometric protractor, marked rule, compass, strairhtedge, or any
figures other desired drawing instrument.

construction A construction is a drawing using only a compass
and straightedge,

A straipghtedge only can te used to draw lines,

i
A compass can be used to mark off equal seements 1
and to construct circles or arcs of cirelce. |

' There are four steps to be followed in & on-
: struction problem,
l, State the given, :
2. State what is required, gt
3. State the method of construction,
L. Prove the construction,

Construction #1  Construct a line segment equal to a eiven line ;
segment, mn

162 :
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Unit X - Geometric Constructions

REFFRENCES

SUGGESTIONS

i R «

F (359)

Noerton, M. Scott.
Geometric Constructions

A (4, 6)

Neither a protractor nor the marks on a rule may be used in any
construction problem,

#1 Given: Line segment AB A B
Required: To construct R l
segment RS A A S_m.
equal to AB, /
Method: Draw any line m and mark any point R on it.

Set compass with one point at A and the other
at B,

Without changing the setting, place one

point of the compass at R and mark an arc
cutting m in S,

Proof
Statement Reason
1., AB = RS 1., Radii of the same or

equal circles are equal,

163
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o

Construction #2  Construct the perpendicular bisector of a
given line segment,
This construction is also satislactorw for El:
bisecting a given line segment.

T

P ey

PR ]

R
£
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Unit X - Geometric Constructions

REFERENCES SUGGESTIOKS
\p’/
(5, 27 - 28) #2 Given: Line segment AB 11
A [ B
Required: To construct the s 'j; —
perpendicular \t/
bisector of AB /\
/’Q~\

Method: Open the compass to any position
greater than one-half AB,
With one point of the compass at A,
describe an arc above and below AB, :
With the same setting, place cne point of the ;
compass at B and describe an arc above and below
AB intersecting the first arcs atv P and Q.
Connect P and Q.

Froof
Statements Reasons
l. AP = BP 1. All radii of equal
circles are equal,
2. AQ = BQ 2, All radii of equal
circles are equal,
3. . PQ is the perperdicular 3. Two points each equally
bisector of 'AB, distant from the end

points of a given line
segment, determine the

perpendicular bisector
of the line segment.

165
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Unit X - (Geometric Constructions

TOPICS AND OBJECTIVES

CCNCEPTS, VCCABULARY, S3YMBCLISM
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Construction #3

Construction #.4

Construction #5

Construction #6

To construct an angle eaual tc 1 ~ive; arple

To bisect a given anrle,

To censtruct a line perpendicular e a ~iven
line at a riven point in the lireo.

To construct a line perpendicular to a given
line from a given point not in the line,



Unit X - Geometric Constructions

REFERENCES SUGGESTIONS

A (19, 118) #3 Given: /ARC
Required: To construct an angle equal to /ABC

Method: Draw ray ED, i
Place one point of the compass at B and with any
convenient settiing describe an arc intersecting i
the sides of the angle at G and H, |
With the same setting, place one point of the 1
compass at E and describe an arc intersecting |
ED at K,

Place one point of the compass at G and the other
point at H.

With the same setting place one point of the
compass at K and describe an arec intersecting ]
the other arc at J, |
Draw a ray from E through J,

Draw the auxiliary lines GH and KJ,

Proof ;
Statements Reasons }
1, BG = EK 1. All radii of esqual circles
are equal,
2, BH = EJ 2, Same reason as 1,
3, GH = KJ 3, ©Same reason as 1,
L, [\ GBH= A KEJ L, s.s5,5, = S,8.8,
5, /ABC = /JED 5. C.p.c.t.e,

A (18, 117)

A (24, 118)

A (25, 119)




Unit X - Geometvric Constructions

TOPICS AND OBJECTIVES

CONCEPTS, VOCABULARY, SYMBOLISM

168

Construction #7 To construct two triangles congruent by means of:

a.s,a, = a,s,a,

8.8.8, = 8,8,8,

s.a.s. = 8,a,s,
Since triangle congruency was postulated no
formal proof for these constructions is
necessary,

Construction #8 To construct a line parallel to a piven line at
a given distance from the given line,

Construction #9 To construct a line parallel to a given line
through a given point not in the given line,

Construction #10 To divide a line segment into any number of
equal parts,




Unit X - Geometric Constructions

REFERENCES

SUGGESTIONS

(65 - 66)

(140)

(145)

(191)

#10 Given: Line segment AB

Required: To divide AB into any number of equal parts,
(For example, 5)

Method: Draw any ray AJ at a convenient angle with AB,
With the compass at A, and any convenient setting,
mark off five arcs in succession on AJ so that
AC = CD = DE = EF = FG,

Draw BG,

Construct lines parallel to BG (by means of equal
corresponding angles) through F, E, D, and C,
These parallels intersect AB in U, T, S, and

R respectively,

e

T U B

C

Statements

l, AC =CD = DE = EF = FG

2, BGlIFU|IETIIDSIICR

3, S BU=UT=TS=2SR

Proof

Reasons

1, All radii of equal
circles are equal,

2, If two straight lines are
cut by a transversal so
that the corresponding
angles are equal, the
lines are parallel,

3. If three or more parallel
lines cut off equal seg-
ments on one transversal,
they cut off equal seg-
ments on every trans-
versal,
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TOPICS AND OBJECTIVES CONCEPTS, VOCABULARY, SYMBOLISM

P e

Construction #11 To construct two tangents to a given circle
from a given external point,

- 2

P

T

— '
| i

[
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Unit X - Geometric Constructions

REFERENCES SUGGESTIONS
A (476) #11 Given: Circle O with external point P,
F (369) Required: To construct tangents to circle O from P

Method: Draw OP,
Bisect OP, the midpoint of which is M,
With M as a center and MO as a radius, construct

a circle intersecting circle O at X and Y,
Draw PX and FY,

™

.

Y\K//

Draw auxiliary lines 0X and OY,

Proof
Statements Reasons
l, OM = MP 1. Definition of the
bisector of a line
segment
2, Circle with center at M 2, Definition of a
and radius OM passes circle
through P
3. OP is a diameter, 3. Definition of a
diameter
L, 6&? and 6?% are L, A diameter bisects a
semicircles, circle,
5. /OXP and /OYP are right 5. Angles inscribed in a
angles, semicircle are right
angles,
6, .. PX and PY are tangent 6. If a line is perpen-
to circle O, dicular %o & radius at

its outer extremity,
the 1ine 1s tangent to
the circle,

7;-




Unit X - Geometric Constructions

TOPICS AND OBJECTIVES CONCEPTS, VOCABULARY, SYMBOLISM -

Construction #12 To construct a circle circumscribing a given
triangle,
This construction may also be used to determine Ti
a circle when given three non-collinear points,

Construction #13 To inscribe a circle within a given triangle,

Construction #14 To construct the fourth proportional to three
given line segments,

Construction #15 To divide a line segmer.¢ int»y parts that have o
the same ratio as two g‘ven iine segments,

Construction #16 To construct the mean proportional be“ween two 1
given line segments,

Construction #17 To inscribe a regular hexagon in a circle,
This construction is similar to the con-
struction used when inscribing an equilateral
triangle in a circle, L

Construction #18 (optional) To inscribe a square in a circle,

Construction #19 (optional) To construct a circle through nine ;
points, three of which are the midpoints of the M
sides of a given triangle, three of which are g
the feet of the altitudes of the same triangle, e
and three of which are the midpoints of the |
three segments from the orthocenter to the
vertices of the same triangle, X

Construction #20 (optional) To transform a polvgon of any
number of sides into a triangle equal in area,

Construction #21 (coptional) To transform a rectangle into a
square equal in area,




Unit X - Geometric Constructions
REFERENCES SUGGESTIONS
A (286) The proofs of constructions #12 and #13 are dependent upon
locus theorems and should be omitted at this time,
F o (369)
A (287) A good project for pupils is the "Three Famous Construction ;
Problems" that cannot be solved by the use of the straightedee :
F  (370) and the compass alone, f
These constructions are. :
A (345) 1. the trisection of an angle, ”
2, the duplication of a cube, 1
F (372) 3. the squaring of a circle, :
3 In another sense, these problems have been solved. The - %
A (346) solutions, algebraic in nature, proved that the above 11&1;;J :
: constructions cannct be accomplished using a compass and-_ %
4 straightedge alone, o §
A (375) 4
’ Despite the fact that these problems have been proved impossible ;
] F (373) to solve, periodically someone comes up with a ®solution’” to one ﬁ
] or more of these problems, ;
A (442) The fact that these solutions are published and appear in print :
lends them a certain sense of undeserved authenticity. E
Some of these so-called solutions have even appeared in the :
Congressional Record,
The errors in these solutions generally fall into one of the
A (442) following categories:
. The solution is based on false assumptions, ;
C (491) 2. The solution violates a rule that a straightedge can be 5
used for drawing a line through two known points but ,
cannot be used for anything else,
3. In the case of the trisection of an angle, the
construction will work for certain angles but not for
| all angles,
1 L. The constructions give approximations of the requirements-- :
! sometimes very close approximations--but do not fulfill |
A (429) the requirement exactly,
In recent years, most of the attempts at solution have been ;
guilty of this last error, ;
A (430)
‘ ?
3
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Construction #22 (optional) To divide a line segment into the 1
golden ratio, :

-
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Unit X - Geometric Constructions

REFERENCES

SUGGESTIONS

C  (493)
D (319 - 320)

Cundy, H. M, and
Rollett, A, P,

Mathematical Models,
68--69

#22 Given: Line segment 4B,

Required: To divide AB into two parts, x and y, such that

’;&: ;%“;, i,e,, to divide AB into the golden
ratio,

Method: Bisect AB, Let M be the midpoint of AB,
At B construct BC perpendicular to AB,
On BC, locate point E so that EB = MB,
Draw AE, With E as a center and EB as a
radius, descrite an arc intersecting AE
at F, EF = EB, With A as a center and AF
as a radius,; describe an arc intersectings
AB at G, G divades AB into the goiden ratic
with AG representing y in the ratio and GB
representing x, C

-E

l
A/ Ml - 1\' ___.\__

Outline of proof:
Let x equal the shorter segment and y equal the longer
segment, Let the length of the given line segment,
x +y, equal 1,

X
(1) By the golden ratio, _— %
=X

(2) then y2
But since x + y = 1,

(3) x=1-y

(4) Substituting in (2), y2 =1=«y, y2 +y - i "
> l .i 1/“"}
(5) Solvingz by the quadratic formula, y = —=——*
, . - . _ 21+ w5 )
(6) Discarding the negative root, y = Sty = 613+
1 1

In tihe construction, let AB=1, Then AM=MB= ,, BE =7,
Since [& ABE 1s a right triaangle, by the Pythagorean Theorem
E - -

1 G A .
AR = ‘% FE = EB = 3, then AF = f ) --—-—i
oL _ '
Finally, since AG = AF, AG = ‘-—4--5-—5‘, AG = 613+
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Unit XI - Locus (9 sessions)

TOPICS AND OBJECTIVES CONCEPTS, VOCABULARY, SYMBOLISM
LOCUS
To develop an under- locus A locus (plural, loci) is a set of points and only those

standing of the

points which satisfy one or more given conditions,
meaning of locus

In geometry, this set of points takes the form of

geometric figures such as points, lines, planes, and
solids,

In algebra, this set of points takes the form of the
graph of an equation,

The geometric figure or graph contains all the points
which satisfy the given conditions and no points which
do not satisfy the conditions,

solution of locus exercises A solution of a locus exercise ol
should consist of two parts:
1. A drawing in which the locus is clearly seen, o
Two colors may be used--one color for the given
conditions and the other for the locus,
2. An accurate description of the locus beginning
with the words, "The locus is "




Unit XI - Locus

REFERENCES SUGGESTIONS
A (263 - 268’ The concept of locus may be presented as the path taken by a
moving point,
o (333 - 34L0) This is an extremely important concept,
The literal translation of the word locus, viz,, ™place" is
D (279 - 282) of little help in the understanding,
The correct language involving the use of the word is hard to
E (459 -~ L62) understand,
If pupils have plenty of experience determining loci under given
F (375 - 379) simple conditions, difficult problems will appear less complex,

If the teacher is aware of the trouble spots in the unit, he can,
with skillful direction and assistance, overcome much of the
difficulty experienced by pupils in understanding locus,

For example, how can the following statement be expressed in
words easier for pupils to understand? "The locus of a point
which is the vertex of the right angle of a right triangle with
a fixed hyrotenuse is a circle with the hypotenuse as the
diameter, "

Sugrested method I
If we are given a fixed line segment which is the
hypotenuse of a right triangle, the path taken by a point
which moves so that it 1s always the vertex of the right
angle of this right triangle, will be a circle with the
fixed line as the diameter,

Suggested method II
Start with a fixed line segment and call it the hypotenuse
of a right triangle,
Using this line as the hypotenuse ronstruct a number of
rirht triangles,
The locus of the vertices of these right triangles is a
circle with the fixed hypotenuse as the diameter,
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180

description of a locus In order to describe the locus
determined by certain conditions, state:
1. the class of geometric figures to which the
locus belongs,
2, specific information about the location of
the geometric figure,
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Unit XI - Locus

REFERENCES

SUGGESTIONS

epcoal duout ¢

]
B
1
k|
|

!

]

g

Samples of locus problems:

1, Find the locus of points (in a plane) two inches from a

given point P,

2, Find the locus of points six centimeters from line n,

3., Find the locus of points which are one foot from a givén
point O and which are three inches from a given line m,
Line m is one inch frcm O,

L, Find the locus of points in space which are four inches

from a given line segment MN,

Solutions:

Examples of description of a locus:

WThe locus is . . .

figures to which the
- locus belongs

The class of geometri:

Spezific information
concerning the location

1. oo @& circle

of the geometric figz.ce
w.th center at P and
radias of two inches,?

2, oo two lines

toth parallel to line m
and with one line on
either side six centi-
meters away, "

3. oo four points

- —

which are the intersection
of a circle ad two
parallel lines, The
circle has a center at O
and a radius of one foot,
Th=z two parallel lines

are each parallel to m
with one line on either
side three inches away
fyrom m, @

L, |.. a cylindrical
surface

and two hemispheres

whose axis is line MN and
whose radius is 4 inches,

whose centers are M and N
and whose radii are L
inches ®

181
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LOCI IN A PLANE

To develop an under-
standing of theorems
involving locus

To develop the ability
to visualize
compound loci

Postulate:

Postulate:

Postulate:

In a plane, the locus
from a given point is
given point and whose

In a plane, the locus
two parallel lines is

of points at a given distance
a circle whose center is the
radius is the given distance,

of points equidistant from
the line midway between them

and parallel to each of them,

In a plane, the locus

of points at a given distance

from a given line is a pair of lines parallel to

the given line and at
line,

the given distance from the

Th., In a plane, the locus of points equally distant from two
given points is the perpendicular bisector of the line
segment joining the two points,

Corol. In a plane, the locus of poinis equidistant from two
intersecting lines is the pair of perpendicular lines
bisecting the angles formed by the lines,

Th. In a plane, the locus of points equally distant from the
sides of an angle is the bisector of the angle,

Th., In a plane, the locus of the vertex of the right angle
of a right triangle with a fixed hypotenuse is a circle
whose diameter is the hypotenuse,

intersection of loci When a set

concurreant lines

of points must satisfy two

or more given conditions, then the locus
is the intersection of the loci of the

individual

having one and

given conditions,

Concurrent lines are three or more lines

only one point in common.




Unit XI - locus

REFERENCES SUGGESTIONS

A (271 - 276) Pupils will find it helpful in solving locus exercises to

follow a definite procedure,

C (341 -~ 344) 1, Decide what is fixed in position and make a drawing,

2, Decide what is variable,

D (282 - 283) 3. locate several points (variables) that satisfy the
given conditions,

E (463 - 467) Be sure that there is a sufficient number of points
close enough together so that a general trend can be
clearly seen,

L, Complete the locus by considering any special position
of the variabie; e.,g. the end points of a line
segment,
In the proof of locus theorems, have pupils prove two sets of
points are the same,
1. Every point is an element ¢f the set of points that
satisfy the given conditions,
2. Every point that satisfies the given conditions is a
member of the set of points,

A (278 - 280) Since locus is defined as a set of points, the locus can be a

null set, a finite set, or an infinite set,

C (345 - 350)

When determining the intersection of two loci:
D (289 - 294) 1. construct the locus that satisfies the first condition,
& Call this Set A,

E (467 = L69) 2, construct the locus that satisfies the second condition,
Call this Set B,

F (379 - 381) 3. determine the set of points that satisfy both conditions,
Call this AN B,

If the two loci do not intersect, then AN B = ¢,

A (286 - 235)

D (298 - 305)

E (469 - 476)
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l I TN

To develop an under-
standing of theorems
involving compound loci

IOCI IN SPACE

To develop an under-
standing of theorems
involving loci in
space

184

Th,

Th.,

The perpendicular bisectors of the sides of a triangle are
concurrent in a point equidistant from the vertices,

The point is the center of the circle that circumseribes
the triangle and is called the circumcenter of the triangle,

The bisectors of the angles of a triangle are concurrent
in a point equidistant from the sides,

The point is the center of the circle inscribed within
the triangle and is called the incenter of the triangle,

The altitudes of a triangle are concurrent,

The point is called the orthocenter of the triangle,

The medians of a triangle are concurrent in a point which
is two-thirds the distance from a vertex to the midpeint
of the opposite side,

The point is called the centroid of the trirngle,
The centroid of any plane figure is also the center
of gravity,

A triangle or any plane figure suspended at its
centroid will hang horizontally in space,

Postulate: The locus of points in space at a given distance

from a given point is a sphere whose center is the
given point and whose radius is the given distance,

Pcstulate: The locus of points in space equidistant from two

given points is the plane which is the perpendicular
bisector of the line segment joining the two given
points,

Postulate: The locus of points in space at a given distance from

Th,

Th,

a fixed line is a cylindrical surface with the line
as an axis and a radius equal to the given distance,

The locus of points in space at a given distance from a

given plane is a pair of planes each parallel to the given
plane and at the given distance from it,

The locus of points in space equidistant from two parallel
planes is a plane parallel to each of the given planes and
midway between them,

e oz 1
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REFERENCES SUGGESTIONS
In an equilateral triangle, the altitudes, medians, perpendicular
bisectors of the sides, and angle bisectors coincide,
In an equilateral triangle, the incenter circumcenter, ortho-
center, and centroid are all the same point,
An interesting problem involving locus is "In any triangle, find
which three of the four centers are collinear, "
Have pupils draw a triangle and then construct the incenter,
circumecenter, orthocenter, and centroid,
Let them discover which three of these four points are
collinear, (The incenter is not collinear to the other three,)
The proof of this problem is very involved and willi make a
good project for a superior student,

A (296) Other examples of loci in space.

B (selected
exercises on
31 - 32, 39, L5,
70, 81, 139, 147,

153)
D (283 - 285)
E (476 - 483)
F (376 - 381)
G (70 - 72)

What is the locus of:

l, points equidistant from two parallel walls?

2, points equidistant from two intersecting walls and
two feet from the floor?

3. points equidistant from two points on the floor and
two points on the chalkboard?

L. points equidistant from the floor and one wall and
equidistant from the ceiling and the floor?

5. points on the floor at a piven distance of five feet
from a point on the wall four feet above the floor?

6. points equidistant from parallel planes R and S and
a distance d from a third plane T not parallel to R?

‘7. points equidistant from the faces of a dihedral anpgle?

8. the center of a marble, one inch in diameter, that is
free to roll on a horizontal plane surface?

9. points equidistant from two fixed points and at a
piven distance from a third point?

10, points equidistant from three non-collinear points?
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SPECIAL 1LOCI
(optionai)

The introduction of conic sections offers an excelient
opportunity for pupil projects,

Such projects may include models, research papers, or original
proofs,

This topic is optional but should be called to the attention of
the better pupils,




Unit XI - Locus

REFERENCES

SUGGESTIONS

D (295 - 298)
E (567 - :69)
F (390 - 391)
Johnson, D, A,

Sarves in Spate.
(16-48)

Lozkwood, E. H,

The Book oi Curves.

(2 33"

The Coni: Sections

a good project for pupils,

Four different cusrves of intersection can be developed from
the cutting of a conical surface, which has two nappes or

branches, by a plane,

Cautting a cone paraliel to the base, but not through the
vertex, produies a ¢ir:ie,

/

/

pe T
~——

Cutting ali the slements »f a :one at an angle oblique
to the base produces an ellipse.

Cutting a cone paz€ilel to the slant height produces a

parabola .

Cutting a cone paral.#1 >0 the al.itude and going through

both nappes but not the vertex produces a hyperbola,
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REFERENCES SUGGESTIONS

Al. foar of these :on:cs canm be defined in terms of locus in
& plane,
The cirzle has slready been defined,

A parabola is the locus in a piane of points which are equi-

distant from a fixed line and a fixed point not in the line,
P 4

Parabo.a

An ellipse is the locus of points in a plane the sum of whose
distances from two fixed points is constant,

T
ﬂ N d!
;1/ 2

Ellipse

A hyperbola is the locus of points in a plane the difference
of whose distances from two fixed points is constant,

Hyggrbolg\ﬂ

In certain cases, the interssction ¢f a cope and a plane is a
point, a line, or a pair of intersecting lines, These inter-
sections are known as degenerate conic sections,.

These conics, taken either individually or collectively, make
excellent material for projects
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Unit XII - Coordinate Geometry (10 sessions"

TOPICS AND OBJECTIVES CONCEPTS. VOCABULARY, SYMBOLISM

INTRODUCTION TO
COORDINATE GEOMETRY

To acquaint pupils
with the historical
background of
coordinate geometry

COORDINATE SYSTEM

To reinforce the point in a line For every point in a line there exists one
concepts relating to and ¢nly one real number,
points and numbers There is a one to-one :orrespondence between

tne set of points in a line and the sev of
real numbers,

The number which is used to label the point
in the line is called the coordinate of the
point in the line,

This 15 a one-dimensional coordinate system,

: point in a plane For every point in a plane there exists one
E \of and oniy one ordered pair of real numbers.
i There is a one-to-one correspondence between
- the set of points in a plane and the set of
- ordered pairs of real numbers,

i The courdinates of the point in the plane are |
the ordered pazr of numbers used to labei tha
- point in *the plane,

F - 4 ' This 15 a two-dimensional coordinate zvstem,

To assign a.. ordered pair of numbers to a
point in a plane, use a pair of perpendicular
number (1ines,

Xx=axis The x-axis 15 the horizontal number line,

g S et st & il o

-axis The y-axils 1s the vertical number line,

PR 3
e e T i S el

origin The origin is the point of intersection of the x-axis
and the y-axis, ) :
The coordinates of the origin are {0, 0),

192
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Unit XIT .- Coordinate Geometry

REFERENCES SUGGESTIONS
D (422 4223) Euelid, in his oripinal presentation of geometry, designed it as
preparation for philosophiecal study., He was not interested in
F (L34) the practical applications,
It remained for Rene Descartes (1596 1650) to add immeasurably
Betl, E. T, Men of Lto the uselulness nf peometry from a practical standpoint,
Mathematics, (35 55) Descartes was principally responsible for unifying algebra and

peometry into the system which is known as Cartesian or
coordinate geomeuvry .

Hi: contribution was that of associating an ordered pair of
numbers for every point in a plane,

An oft-repeated story relates that Descartes developed
coordinate geometry in an attempt to describe the path of a fly
azross the wall of his room,

Actually, the essentials of Descartes’ thinking had been .sed :
for many years before him for map making and navigational ;

purposes, f
]
A (485) A review of the concepts pertinent to the study of coordinate é
geometry 1s necessary to the successful completion of this unit,
C (294 - 299) The review should be brief but thorough,
The past experience of the pupils will determine the extent ]
D (423 - 426) of the review, "

F (393 - 404) !

Shute, W, C., Shirk, :
W. W., and Porter, ;
G, F Supplement to J
Plane Geometry ;

(3-9)
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TOPICS AND OBJECTIVES CONCEPTS, VOCABULARY, SYMBOLISM

x-coordinate The x-coordinate (abscissa) of a point is the
number associated wlilth the projecti»n of the 3
point on the x-axis, .-%

y-coordinate The y-coordinate (ordinate) of a point is the
nunber assoziated with the projection of the
point on the y-axis,

Faey

LS

T D T T SR ATT A SR 1] < § 00 e Sy PRy LS

{ quadrants The two axes zeparate the number piane into iour )
. regions cal.ed quadrants,

. COORDINATE GEOMETRY

1 METHODS ,
_2 To develop the under- distance between two points i
; standing of the 1, If the two points iie in the same vertical line, the LY
g methods used in distance between them is the absolute value of the '
4 coordinate geometry difference between their y-coordinates, T
z | 3
‘g 2, If the two points lie in the same horizontal liine, the :
% | distance between them 13 the absdolute value of the B
' ! difference petween Utielr X soorldinates, 3

3, A general method for finding the distance between any ]

two points is derived by means of ine Pythagorean Tneorem: '

a, Find trne difference betweern the X-coordinates and 13

square thi: aiifezrence, 1

b, Find tre difference bevween tne y-coordinates and -1

_ squarc uhis differenze, ‘

1 ¢. Add the two squares and compute Lhe square rodu
1 of their sum,




REFERENCES

Unit XII - Coordinate Geome@zy
SUGGESTIONS

A (4,86 - 492)
C (300 - 312)

D (L26 - L38,
. Li1 - LL6)
G (LO5 - 433,

L37 - 448)

Shute, W. G,, Shirk,

W. W., and Porter, G, E
Supplement to Plane
Geometry, (l0-16,
22-33)

Young, Frederick H,
Pythagorean Numbers -
Congruences, A Finite
Arithmetic ° Geometry
in the Number Plane,

(13-19)

\
0

b-___-Jn
; T-

3

The projection of point P on the x~axis is the point on the
x-axis having an x-coordinate of 2,

The projection of point P on the y-axis is the point on the
y-axis having a y-coordinate of 3,

The coordinates of point P are (2, 3).

Sample: Find the distance between (2, 3) and (7, 5),

Solution: a, (7 - 2)=5

52 = 25
b, (5«3) =2
22 = 4
c, 25+ 1L =29
/29 = 5,385
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Th. The distance between any two points P. (x yl) and
P2(x2, y?) is given by the formula: }
2 e 2
='¢{;Z - X I+ (J? » yL)
Th, The coordinates of the midpoint of a line segment are
equal to the average of the :crresponding coordinates
of the end points of the line segment,
Given a line segment whose end points are P. (x s ¥y) and
P2(x29 ¥5). Let P {X2s ¥y be the midpoint of the segment,
x4 + x - '+y4
then xm= —1—;—“-2-' and ym = 2
slope of a line The slope uf a lint segment wnose ent .. nts

are (xL, y,) and *in y, ! is determices by

the formaia.
m=32_74

.The slope ¢f a line segment is a number,
either pos:itive, negative, or zero,

The slope of a line is the same as the slope
of any segment in the line,

If a line rises as the eye travels from left
to rignt, the slope will be positive,

If the iine falls, the siope wilL be negative,
If the line is horizontal, tne slope is zero,
If the line i1s vertical, the slope is
infinite.

If y increases as x increases, the slope is
positive
If y de:reases asz x 1ncreases; the slope is
negative




e
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Unit XII - Coordinate Geometgz

SUGGESTIONS

. - .

E

Not.e that in the distance formula, it does not matter which
point is labeled Pl and which is labeled P, since the

difference is squared and the result is the same,

The teacher may wish to introduce the concept of "rise" and
“run",

"Rise™ 1s defined as the difference between the y-coordinates

or the vertical change.

“Run" 1s defined as the difference between the x-coordinates or

the horizontal change,

The "delta" notation may be introduced at this time,
/\ ¥y 1s the "rise" or the change in y.
Zy X is the "run" or the chanpe in x,
The formula for the slope becomes:

m=£i
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Th. Two non-vertical lines are parallel if they have the same
slope and conversely,

Th, Two non-vertical lines are perpendicular if their slopes
are negative reciprocals and conversely,

_ o , -
m o= m, ST m m, =

A locus is the set of points and only those points which
satisfy one or more given conditions,

If these conditions are algebraic in nature, the locus is
called a graph.

A graph is a picture of the solution set of an equation .

determining the equation of a line
Given. A point Pi(xlﬂ yl) and slope m of the line passintg

through P‘

To find The equation of the line passing through P,

Method: Take any point Pn(xng ¥pn) 1n the given line,

Substitute the given values 1in the following
formuia-

Yo = ¥, =mlx « x )

(This formula is derived from the formula for
finding the slope of a line,)

Given: Any two points P (x, yy) and Py(x,, y,)
To find: The equation of the line passing through F& and P?
Method: Find slope m,

Substitute the given values in the formula:

Yn " ¥, = m(xn - xl)

X-intercept The x intercept of a line is the x-coordinate of
the line at the point where the line crosses the
X-axis,




Unit XII - Coordinate Geometry

REFERENCES

SUGGESTIONS

Sample problems in coordinate geometry involving equations of
lines, parallel lines, perpendicular lines, and x and

y-intercepts.

1, Find the equation of a line passing through (3, -4)

and having a slope of

Solution: y - (-4) =

..20

_2(x - 3)
2% + 6
2

2, Find the equation of a line passing through (-1, -Z)

and (3, 8),

. 8. (-2
Solution: m = 3_:_%:3%
L0

m=

o4
_ 2
m=3

y 8=%x-3)

<y - 16 = 5x
S5x + 2y = 1
5x - 2y = 1

~15

3. Find the slope and the y-intercept of the line whose

equation 1s L4x -y = .

P

L. Find the equation of a line which passes through (-2, 3)
and is parallel to the line whose equation is

xX=y +7.
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COORDINATE GEOMETRY
PRCOFS

To develop the ability
to use coordinate
geometry as a means of
proving theorems-

(1

200

y-intercept  “he v -intercept of a line is the y-coordinate of
the line at the point where the line crosses the
y -axis,

determining the equation of a circle
Given: A cir:le with a center Pl(x19 ¥1) and a radius r

To find: The equation of the circle with the given center
and radius

Method: Take any point P’n(x.np ¥n) in the circle,

By means of the distance formula determine the
length of the line segment from P; to Py,

Set this distance equal to the radius,
2

r =v/(xn - xl)z + (yn - yl)

Th, (prove using coordinate geometry) The line connecting
the midpoints of two sides of a triangle is parallel to the
third side and equal to one-half its length,




Unit XII .- Coordinate Geometry /
REFERENCES SUGGESTIONS |

5. Find the equation of a line which passes through the
origin and is perpendicular to ax + by = f,

Sample problem in coordinate geometry concerning the equation
of a circle.
Find the equation of a circle whose center is (3, 4) and
whose radius is 8,

Solution 8 = v(x - 3)2 + (y h)?

8 =%  bx+9+y2 . gy + 16
b4 = x°  bx + 9 + y? - 8y + 16
39 - x° - bx + 37 . gy

Some of the theorems of geometry can be proved more easi.y by
coordinate geometry than by Euclidean geometry,

A (493 494 Given. 4ABC with vertices A(O, 0), B(2a, 0) and c(2b, 2¢)
Note that the use of 2a, 2b, and 2c¢ makes the
C (312 - 315) algebra easier, )

D and E are the midpoints,

D (438 - L41) 1
To prove: DEIAB, DE = %(AB)

G (448  457)
Plan: Determine the :ocordinates of the midpoints,

Shute, W, C,, Shirk, Show that DE and AB have the same slope,

W. W , and Porter, Determine the length of DE and AB using the distance

G, F. Supplement to formula,

Piane Geometry. A

(17 18) :
C(zb, 22)

E(a + b, ¢)

(0, 0) " B(2a, 0)
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Unitv XII - Coordinate Geometry
TOPICS AND OBJFCTIVES CONCEPTS, VOCABULARY, SYMBOLISM

Th, (prove using coordinate geometry) The diagonals of a
square are perpendicular to each other,

Th, (prove using coordinate geometry) If line segments are
drawn joining the midpoints of the sides of any
quadrilateral, taken in order, the figure formed is a
parallelogram,

_-—«w

f i as

ey

=
7
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Unit XII - Coordinate Geometry

REFERENCES

SUGGESTIONS

Given: Square ABCD with vertices A{0, 0), B(a, 0), C(a, a),
and D(0, a)

To prove: AC = BD

Plan: Show that the slope of AC is the negative reciprocal
of the slope of BD,

Given: Quadrilateral WXYZ with vertices W(0, 0), X{za, 0),
Y{2d, 2e). and Z(2b, 22)
Midpoints are G, H, J., and K

To prove: Quadrilateral GHJK is a parallelogram

Pian: Find the coordinates of the midpoints,
Show GH and JK have the same slope,
Show KG and JH have the same slope,

A Z(2b, 22)
J(b+d, z +e)

T(2d, 2e)

H(a + d, e)

WY, 0 Gla. 01 X(za, Q)
|
'
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Unit XII - Coordinate Geometry

TOPICS AND OBJECTIVES

CONCEPTS, VOCABULARY, SYMBOLISM

Th,

(prove using coordinate geometry)
rectangle are equal,

The diagonals of a
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Unit XIT - Coordinate Geometry

REFERENCES

SUGGESTIONS

SR g

[T

Given: Rectangle RSTU with vertices R(0, 0), S(a, 0),
T(a, b), and U(0, b)

To prove: RT = SU

Plan: Determine the lengths of RT and SU by the distance
formula,

A

ufo, v) T(a, b)

N
R, 0) S(a, 0)7

Additional exercises that may be proved by methods of
coordinate geometry:

1. The diagonals of a parallelogram bisect each other,

2. Two lines in the same plane perpendicular to the same
line are parallel,

3. The midpoint of the hypotenuse of a right triangle is
equidistant from all three vertices of the triangle,

4., If two sides of a quadrilateral are equal and parallel,
the quadriiateral is a parallelogram,

5. The segment joining the midpoints of the diagonals of a

trapezoid 1s parallel to the bases,

6, If a line parallei to the bases of a trapezoid bisects
one leg, it bisects the other leg also.

7. The perpendicular bisectors of the sides of any
triangle meev 1n a point,
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Uni% XII1 - Areas of Polygons and Circles (9 sessions:

TOPICS AND OBJECTIVES

CONCEPTS, VOCABULARY, SYMBOLISM

AREAS OF POLYGONS

To develop an under-
standing of methods
for finding the areas
of certain polygons

208

unit of area  The unit of area is the surface of a plane
enclosed by a square whose side is a unit of
lengvh,

If the unit of length is a foot, the unit of
area is a square foot,

measure of a surface The numerical measure of a surface is the
number of times a unit of area i1s con-
tained in the surface,

area of a polygon The arsa of a pblygon is the number of units
of area contained in the surface bourded by
the polygori.

equal polygons  Equal polygons are polygons that are equzl in
area,

Congruent polygons are both equal in area and
similar,

All congruent polygons are equal, The converse
is not true,

Postulate: The area of a rectangle is equal to the product of
its base and its altitude when both are expressed
in the same linear units,

A = bh

Th. The area of a parallelogram is equal to the product of its
base and its altitude when both are expressed in the same
linear units,

Corol, Paralleiograms with equal bases and equal altitudes are
equal in area,

Th, The area of a square 1s equal to the square of ong of its
sides,

A == 5‘2

Th, The area of a triangle is equal to dne-half the produst of
1ts base and its al’titude when both are expressed in the
same linear unita,

A = =(bh)

i

N

Corol, Triangles with =qual bases and equal altitudes are
equal in area,




Ilnit XIII - Areas of Polygons and Circles

REFERENCES

SUGGESTIONS

b (410 - 412)
c (259)
D (361 - 362)
E  (417)
F o (L71 - 474)

A (415 - 426,
432 - 433)

C (261 - 275)

D (362 - 369)

E (L17 - 438, Insert
between pp. 312
and 313)

F (474 - 486, Insert

between pp. 27<
and 273)

{

Note: The symbol for congruent, " = W,
the sign for "similar" above it,

is an equal sign with

Pupils often enjoy developing formulas on their own,
A good problem to assign pupils is the development of a
formula for the area of an equilateral triangle whose side

is s,
The formula is:

]

The formula can be developed through use of the general formula
for the area of a triangle and the pupils’ knowledge of the
30-60-90 degree triangle relationships,

209
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Unit XIII  Areas of Polygons and Circles

TOPICS AND OBJECTIVES CCNCEPTS VGCCARBULARY | SYMBOL([SM

Corol, Triangles with a ¢mmon base or equal bases in the same o}
straight line ani wnose oppssite vertices rie 1in a line
parallel to the base, are e&qual, -

6—-——-,- - TS lin . Bt WA TS RS WSS L R EE . -‘ul::bs“d-.mln D N N — .

4T //7r—>

.3

o N
) c B
Th., The area of a trapezcid 13 e2qual to one-nal: the product of »
5 its altivude and tne sam of 1tz bases, -1
’ A= Trie +p -

I.
3
\‘ﬁ-.—J<

Th. The area of a rhombu: 15 egual vc one-hzif the product of
its diagonals,

A= 3(D ql

' 1
T

Th, The area, K, of any :riangle whose sides are a, b, and ¢ -
is determined by the following formula:

K=vs(s - alla ~ b)(s - &),
T
where s = %(a + b+ ¢)

Postulate: The areas of two similar poiygons have the same
ratio as the squares of any two corresponding
linear dimensions, o

e

| I

Corresponding iinear dimensions refer to corre- 1
sponding sides, corresponding altitudes, corre-
sponding diagonals, corresponding medians and others,

-l

REGULAR POLYGONS .
AND THE CIRCLE A4
|
To develop an under- Th. A circle can be :ircums:ribed about any repuiar olygon, ‘
P y POLyg |
standing of certain

properties of regular Th., A circle can be inzcribed in any regdiar po.ygon,
polygons and circles U
center of a regular poigygon The zenter of a reguiar polygon is §
the common center of its inscribed and circumscribed -H
circles, o
) f
radius of a regular priygon The radias of a reguiar polygon is -1
the radias »f iuv: cirsamzcribed circle, 3
b
I—.J.‘
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‘ J ) Unit XIII - Areas of Polygons and Circles
4 )
REFERENCES ! SUGGESTICNS
\ ;
ﬁ | A geometric proof of the Pythagorean Theorem by areas is

. attributed to Euclid. The proof of this theorem by areas
" would be a pood enrichment =xercise,

5K
! 1
j ;
b
This formula is attributed to Hero of Alexandria who 1ived in
the first century A,D, It is known as Hero’s Formula, Hero is
also known as Heron and the formula as Heron'’s Formula. The /
i proof of this theorem is a good project for pupils, ]
|
!
b

LVl
Al !
B | 1
§ |
|
| |
A (137 - 455) |

¢ (415 -~ 420)

.%“ D (370 - 371,
| 375 b 388) !

¥ E (541 - 556)

F (487 - 4L97)

!

W
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Unit XIII - Areas of Polygons and Circles
TOPICS AND OBJECTIVES kN CONCEPTS, VOCABULARY, SYMBOLISM

apothem of a regular poiygon  Tne apsthem of a reguiar polygon §?
is the radias of 1ts ins:riped circle drawn to the -
point of contazt.

As the number of sides of the inszribed poiygon increases, the R

. . . 4
length of the apothem increases and approa:hes the radius of the g
circumscrited circle as a limaiv, =

e~ g

central angle of a regular polygon The central angle of a i
regular polygon is the angle at the center of the o
polygon whose sides are radii drawn to successive 1
vertices, 4

Corol, The central angle of a regular polygon of n sides is
equal to 360° = n,

Corol, The apothem of a reguiar polygon is the perpendirular
bisector of one side of the polygon.

Corol, The radius of a regu.ar polygon bisects the ang.s to B

whose vertex it is drawn. g

Th, Regular polygons of the same number of sides are similar, E

i

Th., The perimeters of two regular polygons of tne same number ;

of sides have the same ratio as their radii or as their B

apothems, -

Th, The area of a regular poiygon is haif the produact of its -
apothem and its perimeter,

. -

= a

A = Zap -

Corol, The areas of two regualar polygons of the same number of -
sides have the same ratio as the squares of their g
radii or as the squares of their apothems, ]

Th, If a pyramid is cut by a plane parallel to the base and ‘
not passing through a vertex, The area 2f the section is -
to the area of the base as the square of its distance 3
from the vertex is to che s3quare of the altitude of the
pyramid, '

circumference of a circie The circumference of a circle is
the limit of the perimeters of the inscribed regular

polygons,

As the number of sides of the inscribed polygon

jncreases, the perimeter of the inscribed polygon
jincreases and approaches the circumference of the
circumscribed circle as a limix,
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Lait XIIT - Areas of Polygons and Circles
REFERENCES SUGGESTICNS
apothem (ap' o - them) is pronounced with the accent on the
first syllable,
|
|
4
j
The theorem regarding the area of a regular polygon may be
proved as an exercise,
&

213
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Unit XIII - Areas of Polygons and Circles

TOPICS AND OBJECTIVES

CONCEPTS, VOCABULARY, SYMBOLISM

PI

To extend the concept
cf pi

214

Th., The ratio of the c¢ircumference (C) of a circle to its
diameter (d) is a constant, n.

Corol., The circumference of a circle equals © times the
diameter or 2w times the radius,

Corol. The circumferences of two circles have the same ratio
as their radii or their diameters,

R .
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Uni: YIII - Areas of Polygons and Circles

REFERENCES . ' SUGGESTIONS

i is an irrational number, Therefore, C and 1 cannot both be
rational aumbers,

A (453 - L54) THE TRANSCENDING NATURE OF m
A discussion of pi may be found in most geometry textbcoks,
C (Lz21 - 423) This discussion generally includes a definition of pi as the
limit of the ratio of the perimeter of an inscribed polygon
D (385 - 386) to the radius of its circumscribed circle,
I (551, 570 - 571) Often the text will mention the irrational nature of pi,
There is generally some historical background on the devel.p-
F (558 - 563, L96) ment of an evaluation of pi, In various ways and by
constantly improved methods, pi has been calculated to more
Davis, Philip J. The and more decimal places,
Lore of Large Numbers,
(55-65) The most recently known large scale calculation of pi was
done in July, 1961 in New York, On an I,B,M, 7090 electronic
Gamow, G, One, Two, computer, pi was computed to 100,000 decimal places in only
Three, Infinity! eight hours,
(213-218) Textbooks give the approximate value of pi from as few as
10 to as many as 5,000 decimal places, Here, generally, is
Kasner, E,;, and where the discussion stops, Pupils tend to think of pi as a
Newman, James, rather curious number related to circles and as « toy to be
Mathematics and the fed into electronic computers, But pi appears elsewhere in
Imagination, (65-80) mathematics, An investigation of pi will give pupils an
insight into the interrelatedness of all branches of
Newman, James R, The mathematics,

World of Mathematics,
Vol, I, (138)

e
Mo
W
V)]

the sum of an infinite series:
1 i, 1 i

, v 1
Young, Frederick H, —-=1-Z+FT -+ + ..
Random Numbers - b 3 > 7 9 11
Mathematical Induction. T 2xhLxbx 6bx6x8x ., .. .
Geometric Numbers, L 3x3x5x5x7x7x, ., |
(5-11) |
A = l ;
LA N |
2+ 3% ;
2 + 52 7
2+ 72
2+, .,

215
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Unit XIII - Areas of Polygons and Circles

REFERENCES . SUGGESTIONS

2
1,1 41,1 .1,
§ T 2t tntat. ..

nm o= 2n¢/; - v/é +v/2+, ., .2 asn increases without

F7 bound

In this series, n is the number of sides of an inseribed regular
polygon. The series is derived from approximations of fr deter-
mined by the ratio of the perimetc. (p) of each n-gon to the
diameter of the circumscribed circle,

A 6-pgon inscribed in a circle whose diameter is L,

I (I T
OV N
DO N

)

.
o
.

Aol wwoe 8 A
[

#

;

~ g

l 1
1’

A 12-pon inscribed in a circle whose diameter is L,

d=4
r=2 |
/BOC = 30° !
BD=1 5
f 0D = /3 ]
;} DC =2 -3
BC =1+ 4 - i3 + 3
] BC = 22 - 3
" BC = s
) s =25 -8
; P = 12s
‘L P=2,/2 -8
P_24-2 -8
d i
|
| o P a3.108
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Unit XIII - Areas of Polygons and Circles

TOPICS AND OBJECTIVES

CONCEPTS, VOCABULARY, SYMBOLISM
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Unit XIII -- Areas of Polygons and Circles

REFERENCES SUGGESTIONS

A general formula for finding the side of a regular 2n -gon
inscribed in a circle having a diameter of L units when the side
of a regular n-gon is known

Let g = % the side of a

regular n-gon s
Let 5 = the side of a 2

regular 2n-gon
2_ 2 2 8
32‘-—-8“*‘(2'“3{) ri
S = g2 + 4 - bx + x° x 2=X
but x° = 4 = g°

X = = g2

/ §
then s° = g% + 4 = ok - g2 + 4 - g /
82 = (2 - /4 - g2) e

J.s = 2/67~ A - g2

Pi as a measure of statistical probability:

Count Buffon’s Needle Experiment:

1, Distribute some flat toothpicks, all of the same length,
one to each pupil,

2, Provide each pupil with a sheet of blank paper,

3. Have each pupil draw equidistant parallel lines so that
the entire surface is ruled, The lines should be the
same distance apart as the length of the toothpick,

L, Instruct each pupil to drop the toothpick on the paper
100 times, (The pupils can do this at home, )

5. Have each pupil tabulate the number of times the toothpick

when dropped on the paper, lies on or across one of the
rulings,

’

If any part of the toothpick lies across a ruling, it is :
to be counted as a success, If the toothpick 1lies |
entirely between rulings, it is to be counted as a
failure,

Occasions when the toothpick does not fall on the paper
are not to be counted,

6. Tabulate the total number of "successes", The ratio of
the number °f successes to the number of trials will

equal %.

A biologist investipating laws of bacterial growth and an

insurance actuary computing probability both use pi in their
work,
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Unit XIII - Areas of Polygons and Circles

TOPICS AND OBJECTIVES

CONCEPTS, VOCABULARY, SYMBOLISM

AREA OF CIRCLES

To extend tne concept
of area to circles

area of a circle The area of a circle is the limit of the

areas of the inscribed regular polygons,

As the number of sides of the inscribed
regular polygon increases, the area of the
inscribed polygon increases and approaches
the area of the circle as a limit,

Th, The area of a circle is equal to the product of w and the
square of the radius,

Corol, The areas of two circles have the same ratio as the
squares of their radii, the squares of their diamevers,
or the sjuares of their circumferences,

sector of a circle A sector of a circle is aqregion bounded
by two radiil and their intercepted arc,

Corol, The area of a sector of a circle whose radius is r and
whose intercepted arc contains n degrees is determined
by the following formula:

Area of sector = =—p= Wr2

360

segment of a circle A segment of a circle is a region bounded
by a chord and its intercepted arc, The
area of a segment can be found by sub-
tracting the area of a triangle from the
area of a sector,




Unit XIII - Areas of Polygons and Circles

REFERENCES SUGGESTIONS
A (L56 - L57,
L59 - 1L62)
C (421 - 430)
D (388 - 391)
E (556 - 559)
F {498 - 503)

The area of segment ACB = area of sector AOBC minus area of

triangle AOB.
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Unit XIV - Geometric Solids - Areas and Volumes (10 sessions)

TOPICS AND OBJECTIVES CONCEFTS, VOCABULARY, SYMBOLISM

PRISMS AND PYRAMIDS

To develop an under- lateral area of a prism The lateral area of a prism is the sum
standing of area and of the areas of the lateral faces,
volume of prisms

total area of a prism The total area of a prism is the sum of
the lateral area and the areas of the bases,

Th. The lateral area of a prism is equal to the product of a
lateral edge and the perimeter of a right section,

L.A; = ep, where e is the latera. edge and p is tihe
perimeter of the right section,

Corol. The lateral area of a right prism is equal to the
product of its altitude and the perimeter of its base,

unit of volume The unit of volume is the space enclosed by a
cube whose side is a unit of length,

If the unit of length is a foot, the unit of
volume is a cubic foot,

volume of a solid The volume of a s0lid is the number of units
of volume convained in the space enclosed by
the solid,

equal solids Equal solids are solids that are equal in volume,

Postulate: The volume of a rectangular solid equals the product
of its three dimensions,

V = abe, where a, b, and ¢ are the dimensions,

Th., The volume of any prism is egual to the product of the
area of its base and its altitude,

To develop an under- lateral area of a pyramid The lateral area of a pyramid is

standing of area and the sum of the areas of th2 lateral faces,

volume of pyramids

total area of a pyramid The toval area of a pyramid is the
sum of the lateral area and the area of the base,

Th. The lateral area of a reguiar pyramid is equal to one-half
the product of the siant height and the perimeter of its
base,

L.A, = 51lp, where 1 is the siant height and p is the

perimeter of the base,

NI
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Unit XIV - Geometric Solids -~ Areas and Volumes

REFERENCES SUGGESTIONS
B (91 - 96, 99 - A brief review of the vocabulary pertinent to prisms and
108 selected pyramids is advisable,
exercises) A list of vocabulary and properties of pvramids and prisms will he

found in Unit V,
C (277 -~ 279)
A formula which mav he used fer finding ‘he total area of a

D (392 - 402) prism 1s
, T A, = ep + 2B
g E (LL3 - Lbb,
i 563 - 561) Film: Surface Areas of Solids, Parts I and II (2 reels -
tetal same ¥ omin., )
F (519 - 521) Cencn Fduezticmil Films
; Cen-ral ZScientific Company
} G (34 - LO) 1700 Irving Park Road

Chicago 1:, Illinoais

Film* Volumes of Cubes, Prisms and Cylinders (Color - .5 min,)
{ Colburn Filr Distributors, Inc,

P (. Box L77

Lake Fereet, Iilinois

Film: Volumes of Pyramias, Cones,and Spheres (Color - 15 min.)
f Delta Film Production

L 7238 West Touhy Avenue

i Chicago 48, Illinois

4 B (122 - 137

y selected

4 exercises)

[ A formula which may be used for finding the total area of a
| c (277) pyramid is: |

) T A, -= <ip + 3

y D (407 - L1L)

l E (Lhb ~ LL5, 565 - :
566 selected |
exercises) ' :

inserts between
pp. 528-529)

225




Unit XIV - Geometric Solids ~ Areas and Volumes

TOPICS AND OBJECTIVES

CONCEFTS, VOCABULARY, SYMBOLISM

CYLINDERS AND CONES

To develop an under-
standing of the
vocabulary involving
cylinders

226

Th, The lateral area of a frustum of a repular pyramid is equal
to one-half the product of the slant height and the sum of
the perimeters of the bases

o

LA, = %l(p + p'), where 1 is the slant height and p and
P' are the perimeters of the bases,

Th, If two solids are included between the same two parallel
planes and if any plane parallel to these planes makes
equal sections of the solids, the solids have equal
volumes, (This theorem is known as Cavalieri's Theorem, )

Postulate: Two pyramids having equal altitudes and equal bases
are equal,

Th, The volume of a triangular pyramid is equal to one-third
of the product of its base and altitude,

Corol., The volume of any pyramid is equal to one-third of the
product of jits base and altitude,

1
V= §Bh, where B is the area of the hase and h is
the altitude of the pyramid,

Th. The volume of the frustum of a pyramid is determined by the
formula:

1 —
V= §h(B'+ B* + /BB'), where h is the altitude and

B and B' are the areas of the
bases,

Th, The lateral areas or total areas of any two similar eolids
are in the same ratio as the squares of any two corre-
sponding linear dimensions.

Th., The volumes of any two similar solids are in the same ratio
as the cubes of any two corresponding linear dimensions,

circular cylinder A circzular cylinder is a cylinder whose bases

are equal circles which lie in parallel
planes,

axis of a cylinder The axis of a cylinder is the line segment

whose end points are the centers of the
bases,




Unit XIV - Geometric Solids - Areas and Volumes

REFERENCES

SUGGESTIONS

6 (L2 - L6)

B (85 - 88
selected
exercises)

C (L47 - L4u8)
D (269 - 270, LOL)
E (359 - 360)

Bonaventura Cavalieri (1598-1647) developed the proof of this
theorem,

The theorem concerning the volume of a triangular pyramid may be
proved formally as an exercise using models if available.

Since any pyramid can be divided into a whole number of trian-
gular pyramids, the sum of the volumes of the triangular
pyramids equals =h(B; + B, + By +. . o ), where

Bl + B2 + B3 + .7, . equals B, the base of any pyramid,

The two theorems concerning similar solids are syntheses of a
number of theorems concerning particular types of solids,

It is suggested that the teacher provide pupils with a sufficient
number of exercises based on these theorems,

Cylinders and cones should be described informally rather than
defined,

The definition of cylinders and cones requires an understanding
of cylindrical and conical surfaces,

There, in turn, require an understanding of concepts such as
generatrix, directrix, ruled surface, and nappes.

Such concepts are not necessary to the successful completion
of this unit,

R e




Unit X1V - GC”T?ECjC H0lids Arear and Volumes

TOPTCS AN

——

L G LCTIVES

CCHCEPTS, VOCABULARY, SYMBOLISM

To develop an under-
standing of area and
volume of cylinders

22¢

altitude of a cylinder The altitude of a cylinder is the

length of a common perpendicular between the
planes of the bases,

right cylinder A right cylinder is a cylinder in which the

planes of the bases are perpendicular to the
axis.

.obligue cylinder An oblique cylinder is a cvlinder in which
the planes of the bases are not perpendicular

to the axis,

cylinder of revolution A rifht circular cylinder is called a
cylinder of revolution because it may
oe formed by revolving a rec*angle
about one of its sides as an aris,

The axis and the altitude of a cylinder
of revolution are equal,

lateral area of a cylinder The lateral area of a ¢vlinder is
the area of the curved surface,

total area of a ecylinder The total area of a cylinder is the

sum of the lateral area and the area
of the bases,

Postulate: The lateral area of a zylinder is equal to the

product of the axis and the perimcter of a rirht
section,

L.A, = ap, where a is the axis and p is the
perimeter of a right section of the
cylinder,

Corol, The lateral area of a cylinder of revolution is equal
to the product of the circumference of the base and the
altitude,

L.A, = Ca or L,A, = 2rmra

Th, The volume of a cylinder is equal to the pfoduct ol the
area of its base and the altitude,

V=Bh or V= ﬁrph, where r is the radius of the
base and h is the altitude,

e sy gy

3
R

Eoonzas

(3

it

I S T




Unit XIV - Geometric Solids - Areas and Volumes

REFERENCES SUGGESTIONS
F (524 - 525) LA cylinder or cone may have any closed curve as a base,
Since the circle is the only closed curve studied in detzil in
G (47 - 50) ! plane geometry, only circular cylinders and cireular cones will

be discussed,
Use of the word cylinder implies circular cylinder unless
otherwise stated,

A circular cylinder may be thought of as a prism with a regular
polygon as its base and an infinite number of lateral faces,

- e mmr -

B (92 - 110 Have pupils make a comparison between the formulas for area and
selected volume of cylinders and the fermulas for the area and volume of
exercises) prisms, They are essentialiy the same,

C (447 - LiB) |
D  (LO4 - LO6)

E (561 = 5639
565 - 566
selected
exercises)

F (525 - 526)

G (73 - 76) A formula which may be used fer finding the total arsa of a
cylinder of revolution is:

T.A, = 2nra + 2mr?
or

T.A, = 2nr(a + r)
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Unit XIV - Geometric Solids - Areas and Volumes

TOPICS AND OBJECTIVES

CONCEPTS, VOCABULARY, SYMBOLISM

To develop an under-
standing of the

vocabulary involving
cones

To develop an under-
standing of the area
and volume of cones

230

circular cone A circular cone is a cone whose base is a circle,

axis of a cone The axis of a cone is a line segment whcse end

points are the vertex of the cone and the center
of the base,

altitude of a cone The altitude of a cone is the perpendicular

distance from the vertex to the plane of the
base,

right cone A right cone is a cone whose axis is perpendicular
to the plane of the base,

oblique cone An oblique cone is a cone whose axis is nol
perpendicular to the plane of the base,

cone cf revolution A right circular cone is called a cone of
revolution because it may be formed by

revolving a right triangle about one of
its legs as an axis,

The axis and the altitude of a cone of
revolution are equal,

slant height of a cone of revolution The slant height of a
cone of revolution is a line segment whose
end points are the vertex of the cone and
any point in the circumference of the base,

lateral area of a cone The lateral area of a cone is the area
of the curved surface,

total area of a cone The total area of a cone is the sum of

the lateral area and the area of the
base,

Corol. The lateral area of a cone of revolution is equal to
one-half the product of the slant height and the
circumference of the base,

L.A, = %Cl9 where 1 is the slant height

or
L.A,

nrl, where r is the radius of the base,

P

g g FOT
S



_Unit XIV -- Geometric Sc _.ds -~ Areas and Volumes

REFERENCES SUGGESTIONS
B (111 - 121 Use of the word cone implies circular cone unless otherwise
selected stated,
| exercises)
: A circular cone may be thought of as a pyramid with a repular
; C (LL9 - L50) polygon for a base and an infinite number of lateral faces,
\ D (276 .. 278)
| |
5 E (359 - 361) |
B F o (524) |
‘¥
G (50 - 52)
4
1
B (121 - 143 Have pupils make a comparison between the formulas for area and
q selected volume of pyramids and the formulas for the area and volume of
v exercises) cones,
; They are essentially the same,
; C (449 - 451
selected
exercises)

A formula which may be used for finding the total area of a

D (414 - 41i9) cone of revolution 1s.

— - — —

E (561 - 562, T,A, = nrl + nr<
565 - 566
selected or
exercises)
T,A, = nr(l + )
F (5?'7 = 5281

inserts between i
pp. 528-529)

G (76  78)

e




Unit XIV - Geometric Solids - Areas and Volumes
TOPICS AND OBJECTIVES CONCEPTS, VOCABULARY, SYMBCLISM

frustum of a cone The frustum of a cone is the part of a cone
included between the base and a plane
parallel to the base,

Corol, The lateral area of the frustum of a cone of revolution
\ is equal to one-half the product of the slant height and
' the sum of the circumferences of the bases,

L.A, = %1(C + C'), where 1 is the slant height and C and
C' are the circumferences of the bases.

Corol, The volume of a cone is equal to one~third ths product
of the area of the base and the altitude,

e B

1 . - T
V - 3 or \') ‘3‘"1‘ h ‘]
Corel, The volums of a frustum of a cone is determined by the
formula: '7
Va %h(B~+ B' + v/BB?), where B and B' are the areas d?
of the bases, wz
q
SPHERES 4
To develop an under- Th, The area of a sphere is equal to the area of four great
standing of area and circles,
volume of spheres 5 j
S = 4nr<, where S is the area of the sphere and r is {1
the radius of the great circle, ¥ 3

The radius of a great circle is the same as the radius
of a sphere,

gzone of a sphere The zone of a sphere is the portion of the
surface of the sphere included between two
parallel planes,

The circles that bound a zone are called the
bases of the zone,

The distance between the parallel planes 1s
called the altitude of the zone,

If one of the parallel planes is tangent to
the sphere, the zone is called a zone of
one base or a dome,
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Unit XIV - Geometric Solids - Areas and Volumes

REFERENCES SUGGESTIONS
|
f
i
4 |
“H
.j. (155 171) A brief review of the vocabulary pertinent to spheres is
v advisable,
49 (452 - 453) A list of vocabulary and properties of spheres will be found
) ' in Unit IX,
. (419 ~ 421)

(562, 565 - 566)

(528 - 530,
533 - 535)

(78 -~ 80)

Altitude

Zone of a Sphere

Dome

233
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Unit XIV - Geometric Solids - Areas and Volumes

TOPICS AND CBJ"CTIVES CONCEPTS. VOCABULARY, SYMBOLISM

Corol, The area of a zone is equal to the product of its
altitude and the circumference of a great circle,

Z = 2nrh, where r is the radius of the great circle
and h is the altitude of the zone,

Th, The volume of a sphere is determined by the fol)uwing
formula:

| V=§m‘3




Unit XIV - Geometric Solids - Areas and Volumes
REFERENCES SUGGESTIONS
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SPHERICAL GEOMETRY
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Unit XV - Spherical Geometry (9 sessions)

TOPICS AND OBJECTIVES

CONCEPTS, TOCABULARY, SYMBCI.ISM

FIGURES ON A SPHERE

To develop an under-
standing of the
nature of spherical
distance

238

Postulate: The shortest distance between any two points in a

sphere is the minor arc of the grsat circle throagn
these points,

spherical distance The spherical distance between two peints
in a sphere in the lensth of the minor are
cf a great cirzle joining the two points,

The measure of spherical distan/e may be
in linear units o¢r in degrees.

poles of a circle of a sphere Tne poles of a ecircle of -

sphere are the intersections of the axis of ine
circle and the surface of the aphere,

Set A = all the points in the sphere

Set B = all the poinrts in the axis of a cirele

AN B = two points called the poles of a ¢or:le of a
sphere

polar distance of a circle of a sphere The polar distance of a
circle of a sphere 1s the spherical distance from any
point in the circle to the nearer Lole,

guadrant A quadrant is an ar: which is one-fourth of the
circumference of a great circle, The are 18 90°,

Th, The spherical distances of all points in a circle of a
sphere from either pole of the circle, are equal,

Corol, On the same or equal spheres, equal circles have egual
polar distances,

Corol. The polar distance of a great circle is a quadrant,

[k
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Unit XV - Spherical Geometry
REFERENCES SUGGESTIONS
B (172 - 173) |
l
G (56 - 57) |
Henderson, K. B.,
Pingry, R. E.,
Robinson, G, A, Modern
Geometry, Its
Structure and
Functicn., (452-456) |
0' is a circle of sphere O,
Line PP' is the axis of circle O',
P and P' are the poles of circle 0O,
?R and'fﬁ-are the polar distances of circle 0°,
PA = 78
239 ;
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Unit XV - Spherical Geometry

TOPICS AND OBJECTIVES CONCEPTS, VOCABULARY, SYMBOLISM
To develop an under- spherical angle A spherical angle 1s the unicn of two great _
standing of the ilriie arcs with a common end point, ?
v E
nature of spherical T
angles measure of a spherizal angie  The measure of a spherical angle Eﬁ
' 1z equal vo the measure of the ancle formed by the -
unicn of two lines tangent to the ares at vheir -
common end point, 14
i
Th, The measure 2f a sphericzal angle 1s equal to the measure ’
of the dihedral anzle formed oy the planes of its sides,
Th. The measure of a :zpherical angle is equal to the measure |
of the ar: that iv intercepts on a zircle whose pole iz the —
vertex of the spheri:al angle, .
-
1"
-
-
) 1
i i 4
* T
1 :
1 1
] -
§ To develop an under- spherical polygon A spherical polygon is a closed figure in a ° o
8 standing of the sphere formed bty minor arcs of great circles, Ik
4 nature of spherical s
] polygons The arcs of the great circles are the sides of the polygon, o
: The end points of the ar:s are the vertices of the polygon, 1
The diagonal of a spherical polygon is an arc of a great L
cirecle joining two nonconsecuiive vertices, :
The angles of the polygon are the spherical angles formed
by the sides of the polygon. i
All spheraical pulygons are to be consiaered as convex unless 3
otherwise stated, QE
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Unit XV - Spherical Geometry

REFERENCES SUGGESTIONS

B (174 - 175)
G (60 - 61)

Henderson, K, B.,
Pingry, R, E.,

Robinson, G, A, Modern
Geometry, Its
Structure and

Function, (456-459)

Schacht, J, F,,
McLennan, R, C., and
Griswold, A, L.
Contemporary Geometry.
(481)

/APB is a spherical angle,

WV is tangent to the plane of arc AP at P,

RS is tangent to the plane of arc BP at P,

The measure of spherical angle APB is defined
as the measure of /VPS,

The measure of spherical angle APB is equal in
degrees to the measure of dihedral angle A-OP-B,
The measure of spherical angle APB is equal in
degrees to the measure of AB,

Note: Spherical angles are adjacent, vertical, supplementary,
complementary, obtuse, or acute under the same
conditions as plane angles,

Two great circle arcs are perpendicular if they form
a spherical right angle,

B (175 - 180) A review of the properties and theorems pertaining to
8 | polyhedral angles should be integrated with the study of

B G (65 - 66, spherical polygons, The review material will be found in
) 91 - 93) Units V and VI, Pupils should be able to discover the
B | similarities between polyhedral angles and spherical polygons,
F(J These similarities will aid in the understanding of spherical
., polygons,




Unit XV - Spherical Geometry

TOPICS AND OBJECTIVES CONCEPTS, VOCABULARY, SYMBOLISM

—

If the vertices of a spherical polygon are joined to the

center of the sphere, a polyhedral angle whosue vertex is the
center of the sphere is formed,

The measure in degrees of a side of a spherical polygon
equals the measure of the corresponding face angle of the
polyhedral angle.

The measure in desgrees of an angle of a spherical polygon
equals the measure of the corresponding dihedral angle of
the polyhedral angle,

spherical triangle A spherical triangle is a spherical polygon
of three sides,

Th., The sum of two sides of a spherical triangle is greater
than the third side,

Th. The sum of the sides of a spherical polygon < 360°,

To develop an under- polar triangle If the vertices of one spherical triangle are
standing of the nature the poles of the sides of another spherical
of polar triangles triangle, the second triangle is the polar

triangle of the first triahgle,

The spherical distance from any vertex in a
spherical triangle to the side opposite in the
pelar triangle is a quadrant,

Th, If one spheri:cal triangle is the polar triangle of another,
then the second triangle is the polar triangle of the
first,

complementary and supplementary angles and arcs A spherical ‘ft
angle and an arc of a great. circle are complementary
or supplementary if their sum is 90° or 180°, f
respectively, g
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_u!. N Unit XV - Gpherical Geometry
REFERENCES SUGGESTICNS

"»",..V
e 1 ISR

.”} O is the center of the sphere, §
N ABCD is a spherical polygon, :
’) The measure of side AD is equal in degrees to the ’

measure of /AOD,

, The measure of spherical angle ADC is equal in degrees ;
i to the measure of dihedral angle A-CD-C, ’

S

Note: Spherical triangles are isosceles, equilateral, equi-
angular, right, or obtuse in the same sense as triangles
in planegeometry., The words median, altitude, and
bisector of an angle have the same relative meaning, All

. spherical polygons have sides which are minor ares of
T great circles,

T B (180 - 184) Pupils often have difficulty in grasping the concept of polar
I‘ triangles, An alternate and perhaps easier method of locating
G (67 - 69, the polar triangle of a spherical triangle is as follows:

92 - 93) 1., Begin with the sides of the spherical triangle,

| 2, Locate the poles of the great circles of which the
8¢ three sides are arcs,
3. Comnect the poles with arcs of great circles,
T L. A polar triangle is formed,

/\ ABC and /\ A'B'C® are :
spherical triangles, Each b
is the polar triangle of ;
the other,
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Unit XV - Spherical Geometry

TOPICS AND OBJECTIVES

CONCEPTS, VOCABULARY, SYMBOLISM

AREA OF SPHERICAL
POLYGONS

To develop an under-
standing of the method
of measuring the area
of spherical polygons

Th, In two polar triangles, each angle of one triangle is the
supplement of the opposite side of the other,

Th., The sum of the angles of a spherical triangle > 180° but

< 51+O° o -

Corol, A spherical triangle may have one, two, or three right
angles,

right spherical triangle A right spherical triangle is one
that has at least one right angle,

birectangular spherical triangle A birectangular spherical
triangle has two right angles,

trirectangular spherical triangle A trirectangular spherical
triangle has three right angles,

Corol, A spherical triangle may have one, two, or three
obtuse angles,

spherical degree A spherical degree is the area of a birectan-
gular spherical triangle whose third angle
is one degree,

spherical excess of a gpherical triangle The spherical excess
of a spherical triangle is the difference

between the sum of the angles of the triangle
and 180°,

spherical excess of a_spherical polygon The spherical excess
of a spherical polygon is the difference

between the sum of the angles of the spherical
polygon and the sum of the angles of a plane
polygon with the same number of sides,

Th, The area of a sphere equals 720 spherical degrees,

Th., The area of a spherical triangle in spherical degrees equals
its spherical excess,

Corol, The area of a spherical polygon equals its spherical
excess,

y S I 3 P RN i
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Unit XV ~ Spherical Geometry

REFERENCES

SUGGESTIONS

B (193 - 204,
selected
exercises)

G (93 -~ 95)

Schacht, J, F,,
McLennan, R, C,, and
Griswold, A, L,
Contemporary Geometry,

(482-1486)

This theorem may be proved as an exercise,

This theorem may be proved as an exercise,

The area of spherical triangle PAB is equal to one spherical

degree,
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init XV - Spherizal Geometry

TOPICS AND OBJECTIVES |

CONCEPTS  VOCABULARY, SYMBOLIGM

(OPTIONAL)
VOLUMES OF SPHERICAL
SOLID:

Tce develop an under-
standing of the nature
of certain spherical
goLlids

To develop an under-
standing of the method
of determining the
volume of certain
spherical solids

June A lune is the surface of a sphere bounded by two rreat

semicarcles,

Th., The number of spherical degreec in a lune erquals twice the
number of degrees 1n 1te angle,

spherical solid A spherical solid 1s a solid whose base i+ 13
pcrticn of the surface of a sphere, The colid
15 formed by connecting every point in the
perimeter of the base to the center of the
sphere,

stherical pyvramid A :pherical pyramid 1s a spherical sc’id
whose base is a spherical polygor.

spherical cone A spherical cone is a spherical solis whose
base 15 a dome,

spherical sector A spherical sector 1is a spherical solid whose
base 1s a zone,

spherical wedge A spherical wedge 1s a spherical 5011d whose
base 1s a lune,

Th. The volume of any spherical solid 1s equal Lo one thard the
product of the area of the base measured In sguare uniis
and the radius of the sphere,

1
V = *Si, where S 1s the area of the base and r 1s
ths radiuz of the sphere.
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k Unit XV 3pherical Geometry
REFERENCES SUGGESTIONS

PAP'B is a lune.

B (162 ~ 163) \ |

[ g
Spherical Sector Spherizal Wedge
(163) Note: The volume of a sphere can be derived directly from this

theorem, If the base of the spherical solid is the
entire surface of the sphere, then S = 4mp<,

V= %(AWPQ)(P) or,

Vo= %ﬁ?j
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FIND THE FALLACY

The following is a fallacious proof--namely, a right angle is eq.cl t5 en CAE L. b

than a right angle!
C H

(xtiven: Rectangle ABCD
AE = AB
HJ | bisector of CB and DA
K | bisector of CE

To prove: [JDC = /JAE

Plan: H is the midpoint of BC, At H, draw a line 1 to CB. This line will alss
be the | bisector of AD and intersect AD at J, Now from A draw line AE
outside the rectangle but equal in length to AB and CD. Draw line CE,
At K, midpoint of CE, draw a line | to CE, Extend HJ and the .l line through
K to meet at O, Draw OA, OD, OB, OC, and OE,

Statements Reasons
1., OE=0C l. OK is | bisector of CE, Lines

drawn from a point on the |
bisector of a line to the
extremities of the line are equal,

2, OA=0D 2, Same reason as No, 1

3, AE = CD 3. So drawn

L. /\ ODC S /\ OAE L, s.3,8, = s,3,¢5,

5. /ODC = /OAE 5, C.p.c.t.e,

6. JODA = /OAD 6. OA = OD, and base angles at the
foot of an isosceles triansiz
are equal,

7. .. /JDC = JJAE 7. Subtraction axiom

BUT, /JDC is a right angle, and /JAE is greater thar a right angle!




FIND THE FALLACY

Proposition: The sum of the bases of a trapezoid is equal to zero!

Given: Trapezoid MNPR, the lengths of whose haces shall be called a and b,

To prove: a + b =0 " a

Plan: Extend each hase the lenpih of :he ,'rt
other and in opposite directions, / ’ \\\\
Figure MSPT is a parallelo.:am, since /
SP = MT and SPiI MT, Draw czagonals / y
ST and MP, These diagonals divide the /
diagonal BN of the original trapezoid 7 )

into three parts whose lengths will be /
called x, vy, and z, (Fig, #1) / ]P
SE - “a~ -

Pro.®, Two pairs of similar triangles are formed-°

R b T M a R ‘

"---”'-I&"”

(Fag, #2) \\\

In both pairs of triangles ~

L. /L= /2 ...Vertical angles are equal,

2, [3 = /b ...If two parallel lines
are cut by a trans-
versal, alternate
interior angles are
equal,

a N 3. The triangles are

simiiar .., a.a, = a.a, 1

I\) | )

+ b
L, In Figure #2, X_E_E S0 siesesesseseesseses 1f two triangles are similar, the corre-
sponding sides are in proportion, 1

5. In Figure #3, x+¥y b ceesessssessesessse Lf two triangles are similar, the corre-
2 a sponding sides are in proportion,

. From (4), y+ 2 = x(g) teesesssncessesesss Multiplication axiom 1
. From (5), x+y= z(g) secresesesessseesss Multiplication axiom

. Subtracting (5) from (L), z - x = (x - z)(g) Subtraction axiom

o B 93 O

b
. Miltiplying (8) by (-1), x - z = (x - 2)( 7) Multiplication axiom
10, Dividing by (x ~ z), 1 = ('&) vessvecesessss Division axiom

11, Hence, from (10), a = -b; therefore, a + b = 0, Q.E.D,

252




Solution for Fallacy: The sum of the bases of a trapezoid is equal to zero,

Since RT = NF and RTII NP, RINP is a parallelcgram,

an a1

RN and sermerts x, v. and 2z are all parallel 1o PT

Consider A\ MPT:

M a [ < T
AN 7
Since z is parallel to PT, %
similar triangles are formeqd, < ,/
a Z ) /
Hence ¢ = pr AN /

\\ /
h%
r)
Now -wcnsider A SFT: -
b L ‘/‘/ -

. . — ,
Since x is parallel to PT, _,//’ ,
similar triangles are formed, s

/

Hence % = %& ’/////’ /
/ ¢ //
=75 - "

a N b

From these two proportions, it is seen that x = 2,
Therefore, x - z = 0, The fallacy occurs in step (10). as davision by zero is

! impossible,

Nt
(¥4
\a




COMPARISONS BETWEEN EUCLIDEAN AND NON-EUCLIDEAN GEOMETRIES

Non-Euclidean geometry differs from Buclidean geometry only with respect to the parallel postulate,
Thus, all proofs of theorems which do not depend on the parallel postulate are the same, while

those which depend on the parallel postulate differ. Some of the differences are shown below.

[ — — —

mmowwammz Riemannian

- -

" Lobatshevskian

3

intersect in one and
only one point.

Any two lines intersect at one point

or are parallel.

intersect in one and only
one point, are parallel,
or are non-intersecting.

no lines through P and
parallel to m,

exactly one line through
P and parallel to m.

Given any line m and any
point P not in m, there
exists

~m

two lines through P and
parallel to m,

AT . e

is separated into two
rsmwwnwwsmm by a point.

]

is not separated into two
half-=lines by a point.

Bvery line

is separated into two
half. lines by a point,.

- et — -

Parallel lines

2 B £ n W~ e ma m - -

are equidistant at all do not exist.

points.

S ememe o mwm e wr wweeas v Wl ——— - —

- l.l.-.ui,#rl,.lulllal\.".lllii. .

If a line intersects one of must intersect the other. e
two parallel lines, it

converge {approach asymp-
totically) in one direction,
diverge in the other,

- ot o

may or may not intersect
the other.

TR N S e S . S———h tn. e eoh M. T, i f— -

equal to a straight
angle.

re———— —— —

greater than a straight
angle.

The sum of the angles in a
triangle is

less than a straight
angle,

o LT Iwe e e e—

B Al L “— . T

All lines perpendicular to are parallel.
the same line

intersect at a single
point (pole of the line).

are non-intersecting
(converge).

A —— v s _—— 2T

e . ey o T——

bounded, and proporticnal
to the excess of the sum

The area of a triangle is unbounded,; and independ-

ent. of the sum of its

bounded, and proportional
to the deficiency of the

angles. of its angles over 180°. sum of its angles from
The greater the excess, 180°. The greater the
the greater the area. deficiency, the greater the
area,
Triangles with corresponding | similar, congruent . congruent,

angles equal are

——r  ——

Similar triangles have the may be of .:fferent sizes. have the same size.

same shape and

have the same size.

s mame ~ -
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TOPICS AND PROJECTS FOR INDIVIDUAL ENRICHMENT
IN
PLANE AND SOLID GEOMETRY

Pupils should be able to do mathematics projects in plane and solid geometry,
There are many reasons which can be advanced in favor of mathematics projects,
They develop independent thinking and self-reliance in the pupils,
They challenge the intellect and encourage gifted pupils to do outstanding
work,
They inspire pupils to study phases of mathematics not normally covered in the
regular course,

In general, projects should take the form of a mod:l. a display or collection, an
experiment, or an original piece of work, A new idea, an ingenious application of an
old principle, or an unusual and attractive display of some advanced concept--all are
high® - desirable,

The best projects are those that grow out of tne interests of the pupils, While the
teacher may guide or suggest, the s2lection of the project should be determined by
the pupil,

The teacher should insist on projects of high quality,

The criteria for judging mathematics projects, as suggested by Science oServices, is
as follows:

CREATIVE ABILITY - 30% Does the work show originality in its
approach?
Judge originality without regard to
the expense of the equipment purchased
or borrowed..
Give weight to clever use of material
and to collections if they serve a
purpose,

SCIENTIFIC THOUGHT - 30% Is the project well organized?
Is it accurate?

THOROUGHNESS - 10% How completely is the story told?
It 1s not essential that step by-
step details about the construction
of the model be given,

SKILL - 10% Is the workmanship good?
Is the exhibit more attractive than
others of the same nature?

CLARITY - 10% Will the average person understand
what 1s being displayed?
Are all labels and other descriptions
clearly presented?
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CRAL PRz o070 ey =% the oryl zrecantaiicn of the

Srolect to well-

whe
'rd“¢“ed, and un
¢

It is recommorded 2t the teacher schedule the zro‘ects 4o be demonzirated cver an

exterted rerion ol Loe,

Perhizs eove “vre o Yomue arransement. can te offernd Lo rurile oo lins Lo oubmit their
rorect: T, —

However, once a due cate is given, it should be adhered to sirictly,

The teacher should have available a wide selection of ideas and sugzestions for projects,
Wherever possible, source material in the form of books and pamphlets should be made
avajilable to the purils,

Below .o a Zist of currested teris: fer pupil
1n nature and .Lend nevsauves te o specializatio s
The L135° =35 ol ~turse incompiete and pupils should f
tope Trr a projoct

It 1: .ugpested itrat the teacher approve all choices of precjects made by pupils ‘efor
the work 1s begun

ects, Mary of “hz Yopics are soneral
whairoa togiz.
eel free to choose any zppropriat

J
)

¢}

(¢ ]

Refererc.es for topics and pro~ects for pupil study will be found in the Bibliography
section,

Cutting squares

A “uute peoneLry

Three dimensional dominoes

Dualaty in points and lines

Geometry of the catenary and tractrix

Desarpue s theorem (both two- and three-d:mens=onal)

Mathemztiss of crystals
Bratoctraree’ magguremant, of 4o circumference of +he ~arth

Model of (a + bi®

Tangrams

Opzical illasions

Triangle of progressions

The r.ine crig.nal postulates of Fuclid

Jre and two point perspectiva

Geomevry of bubblies and ligquid film

Analyw.c rFeomelry

Snells and geometric spirals

Map coioring (the four-color problem)

Topology

Timz cur.es

Measuroment of the distance to the moon ty simpie | -~melry
Praimitive reometry taken from the Indians
P ';‘:roretf* on ¢f sursr verfell numbers
UEMA Lt o 5 SOLLUE

Tne -gnereomater

Piavtomi. ssiwds

Tne sextantv

Tre Tower 5f Brahma

236




b
AN 1]

Proof of Euler's Theorem

The geometry of knots

Feurbach's theorem

The trisection of an angle, duplication of a cube
The conic sections

Menelaus's theorem

Ceva's theorem

Geometric fallacies

Brocard points used in aviation
Non-Euclidean geometry

Geometry of the sundial

Surveying

Macheronian geometry

Halstead’s rational geometry
Archimedian polyhedra

Complex polyhedrs

Duality of polyhedra

Centroids

Geometric paradoxes

Hyperboloid of one sheet

Hypertolic paraboloid

Spheroids, cylindroids, conoids, and ellipsoids
Curve stitching

Cycloads

Different proofs of the Pythagorean theorem
The golden section

The study of p1

Linkages

Geometric foundations of the theory of relativity
Locus in space

Unusual locus problems
Fourth-dimensional geometry

Flatland

Probability

Geometry in aeronautics

Geometry in astronomy

Geometry in architecture

Geometry in engineering

Geometry in the home

Geometry in art

Geometry in automobile designing
Navigation and navigational instruments
Geometry of the slide rule

Vector geometry

Geometry of the infinite

The Fibonacci series

The Simson line

Paper folding

Construction of the pyramids of Egypt
Symmetry

Symmetry in nature
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Mechanical models and teaching aids
/ Geometric inequalities
Geometric transformations
Space geometrics
General quadric or ruled surfaces
Conics as a project
Conics as a locus
v Map projections
Descriptive geometry
Lissajous' Curves
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| Ao

acute
- angle
- triangle
ad jacent
- angles
g - segments
alternate
- extericr angles
= interior angles
altitude
angle
apothem
arc
K area
é -~ of

a circle
~ =i a parallelogram

ol a rectangle
- of a regular polygon

zf a rhombus

~ ©f a sector

- ol a segment

- of a square

- of a trapezoid

= ¢f a triangle
auxiliary lines
axiom
axis of a circle of a sphere
axis of a cone

axis of a cylinder

- o

-B-

base angles
base
= of an isosceles triangle
- of a trapezoid
- of a triangle
bascs
- of a frustum of a pyramid
: - of a truncated pyramid
betweenness
! - of planes
- of points
= of rays
¥ birectangular spherical triangle
I bisect
t  bisector
bisector
= of an angle
- of a dihedral angle
= of a line segment
broken line

GLOSSARY

-C-

Cavalieri's Theorem
center of a regular polygon
central angles of a regular polygon
¢entroid
chord
circle
circular
cone
- cylinder
circumcenter
cirzumference of a circle
circumscraibed
- cirele
polygon
clossed broken line
¢ollinear points
common tangernt
complement
comp.ementary angles
concave polygon
concentric
- ¢ircles
- spheres
conclusion
concurrent lines
cone
cone of revolution
congruent
- po.sgons
trlangles
conic sections
construc¢tion
concrapositive
converse
convex
< polygon
polyhedron 5
coordinate
coplanar
corollary
correspcsding angles
cube
cylip.tor
¢yl..der of revolution

.D-

decagon

deductive reasoning
defined terms
definition
determiie




diagonal
diameter
- of a circle
- of a sphere
dihedral arngle
disjoint set
distinct points
dodecagon
dodecahedrorn
dcme
drawaing
A X
Ly

-E-

element
€llipse
em;Lv set
equ
= R
- eircles
FoLl, gons
sviids
- gphzres
equiangular polygon
equiangular triangle
eguisaieral polygon
equilateral triangle
equation
= of a circle
- of a line
Euler's Theorem
exterior angles
exterior of a circle
exterior of a triangle
externally tangent
extremes

-F-.

face
face angle
face of a dihedral angle
finite set
frustum
-~ of a cone
- of a pyramid

~G=

geometry
great circle
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H-

half-line
half-plane
half- space
hemisphere
heptagon
heptadecagon
Hero's fermula
hexagon
hexagonal prism
hexahedron
hyperbola
hypotenuse
hypothesis

X

icoszhedron
1f~then statement
implication
incenter
indirect reasoning
inductive reascning
inequalatics

-~ oI the same order

-~ of the opposite order
infinite set
inscribed

- angle

= circle

- polygon
intercepted arc
interior angles
interior

-~ of an angle

- of a cirele

~ of a polygon

~ of a solad

of a triangle

1nternally tangent
intersection

- of loci

- of sets
inverse
isosceles

- trapezcid

- triangle

- 1e
lateral area

- of a cone
of a cylinder
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- of a frustum of a cone
of a frustum of a pyramid
of a prism
- of a pyramid
lateral edge
lateral face
legs
- of an isosceles triangle
- of a right triangle
length of a line segment
limit
line
line of centers
line segment
locus
lune

- M-

major arc
means
measure
- of an angle
- of a dihedral angle
- of a line segment
- of a surface
median
- of a trapezoid
~ of a triangle
member of a set
midpoint of a line segment
minor arc

-N-

n-gon
nappes

non-Euclidean geometry
nonagoen

null set

-0-

ob%ique

- cone

~ cylinder

- prism
obtuse

- angle

- triangle
octagon

oltagonal prism
o:tahedron
¢ppizite rays
Crigin
ortho:enter

P

parabola
parallel
lines

< pianes
parallelepiped
parallelsgram
pentadecagon
pentagon
perimeter
perpendicalar

© .ines

© pianzas
perspe:tive drawing
pL (n:
plane
Piane angle of a dihedrai angle
Pratenic solids
pointc
posar

- aistance

- triangle
poies of a circle of a sphere
poliygon
poiyhedral angle
poiyhedron
postuliate
prism
prismatvoid
projection
proportion
proporvional line segments
pPr oposition
p3eudospnere
Py ramid
Pythagorean Theorem

-0

q.sdrangaliar prism
quadrant
in coordinate geometry
- of a sphere
quadriiateral
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R

radius
~ of a circle

- of a regular polygon

- of a sphere
ratio
ray
rectangle
rectangular

-~ prism

- parallelepiped
reflex angle
regular

- polygon

= polyhedron

- prism

- pyramid
rhombicosidodecahedron
rhon.cs
righ

- angle

- cone

= ¢rlinder

- parallelepiped

~ prism

- section

-~ spherical triangle
right

- trapezoid

- triangle
rise
run

=S

scalene triangle
secant
section of a solid
sector of a circle
segment of a circle
semicircle
set
side

- of a polygon

- of a triangle
similar polygons
slant height

- of a cone of revolution
- of a regular pyramid

slope of a line
small circle

264

space
sphere
spherical

- angle

= cone

- degree

- distance

= excess

-~ polygon

= pyramid

- sector

= so0lid

- triangle

- wedge
square
square

- pyramid

= oot
straight

- angle

- line
subset
supplement
supplementary angles
syllogism :

T

tangent
tangent

+ circles

- sgpheres
tetrahedron
theorem
total area

- of a cone

- of a cylinder

- of a prism

- of a pyramid

- of a sphere
transversal
trapezium
trapezoid
triangle
triangular

- prism

- pyramid
trirectangular spherical triangle
truncated pyramid




-Ua

undefined terms
unequal arcs
union of sets
unit

~ of area

-~ of volume
universal set

-V-

vertex
vertex angles

vertices of a polygon

volume of a solid

X

X=ax1s
x-coordinate
x-1intercept

-Y-
y-axis

y=-coordinate
y-intercept

-2

zone
- of a sphere
- of one base
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