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MARYIAND ELEMENTARY MATHEMATICS INSERVICE PROGRAM REPORT
Study-Demonstration Phase

Summer, 1966, The Maryland Elementary Mathematics Inservice I'rogram
(MEVMIP) Initiated the develepmental phase of its work during the summer
of 1966. The work was conducted at the University of Maryland by a

summer staff consisting of the Director, two Asseciate Directors, one
Research Assnciate, two Graduate Assistants, and twe Research Assistants.,
The preject team included two college professors in mathematics education,
the state supervisor of mathematics in Maryland, two graduate students in
mathematics education, and two elementary schoel teachers from the
Frederick, Maryland, public scheol system. A list of the staff members
is contained in Appendix A.

The unique commitment of MEMIP is to a conceptual structure whose
axioms of organization are psychological ~-- the orgonizing unit fer a
set ~7 instruectional materials can be reliably observable human behavior.
Efforts directed at the development and imnlementotian ¢f instructional-
materials in mathematics up to the time af the MEMIP effert have nob
specified the desired behavioral outcomes of instruction. Make no mis-
take, objectives are often stated, but these descriptions are not behav-
ioral descriptions. Furthermore, content has been the building block
for curriculum. One nezd enly ask how the decisions are made to include
{ ¢ * exclude topics to make the case for the dominant rele of content.
¢ Content selected for “historical' reasons, or "logical" reasons, or
' "practical" reasons, or "updating" reasons have dominated “he organiza-
tion of instructional materials in mathematics.
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The behavioral orientatien of MEMIP focuses the instructional pro-
grams unequivocally upon learner outcomes. This is not to argue that a
content organizatien will not also accomplish +this fecusing upen the
1earner; it is merely an acknowledgment that the psychslsgical structur-
ing makes such an erientation inevitable. Once the behavioral expecta-
tions are specified, success or failure rests entirely upon whether the
_ learners are able to exhibit the desired behavior after instructien.

4 Another benefit which is realized from the behavioral description ef
: instructional eutcrmes is the potential for organizing the desi- id
behaviors in sequences designed for the high probability acquisition by

the learners.
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It is one thing to pestulate that behavioral description for in-
service mathematics instruction can be constructed and quite another to
actually demonstrate suck a product, Of the summer staff which began
working in 1966, only twe members had ever actually constructed a behav-
ioral objective. The staff was for the mest part naive as to the mechan-
ics of behavioral description, its benefits, and its proposed relation-
ship to the development f the instructional materials -- at the same
time their mathematical sophistication was more than adequate te the
proposed level of mathematical development.

The first task of the project was to help each staff member acquire -
the behaviors related to being able to make a behavioral description and
being able to construct a behavioral hierarchy (sequence of derendent
behaviors intended to optimize acquisition). The program for acquisition
of these bebaviors was initiated by viewing and responding to a self-
instructidnal program on behavioral objectives. The program was presented
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2
in the form of a synchronized filmstrip and tape recording. A concurrent

reading assignment included Magerls’L programmed text on preparing behav-

ioral mbjectives and Gagne's2 volume on learning, As a resvlt of this
audio-visual program and the supplementary readings, the staff members
were now able to distinguish between the description of a behavioral
objective and a non-behavioral objective, This first and simplest of the
behaviors prerequisite to beginning the development phase was acquired by
each staff member during one working session, So much for the simplest
task. ]

LN e e g

The potential use of behavioral objectives was now raised with the :
staff. The expected, and obtained responses, were related to minimizing ]
the 1ikelihood of misinterpretation in the intent ef an objective and ’
providing an observer with a means of being able to identify the learners j
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§ who have successfully acquired whatever the instruction intended the
learners to acquire.

The behavior of being able tuv construct behavioral objectives -~ the
basic performance which each staff member needed to perform if the project
was to succeed -- was the next behavior to be acquired by each of the
MEMIP staff. The first recognition elicited in the acquisition of the :
construction behavior was to recall that performance in English is de-
sceribed by means of a particular part of speech -- verbs, of course.
Hence, if behavioral objectives are to be descriptions of reliably
observable human performance, then every objective must contain a verb. K
In fact, since it is performance or action which is being described, the ]
verb must be an active verb. The identification of active (or action)
verbs as the principal source of performance description followed quickly 1
on the heels of the verb acknowledgment. At this point, the staff had
begun to actively play the "behavieral game."
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But how many action verbs are there in English? Certainly there
are a finite number, since the set of actien verbs is a proper subset
of the set of English words which is itself a finite set. Although the
number of action verbs is finite, it is still a rather large number., If
the purpose of behaviorally stated objectives is to reduce the amount of
; misinterpretation by describing specific behavior, then it would be useful
! to reduce the number of action verbs to a minimum collection and provide ;
; an operational definition of each verb., An added constraint on this 3
reductien is that the consolidation must occur without reducing the variety
of learner behavior it is possible to include as instructional purpose.
This task was accomplished by confronting the staff with a series of
structured instructional settings. Each of the instructional segments
includeds (1) providing a set of meterials for each staff member,
(2) requesting each individual to exhibit some specific performance,
(3) requesting one or more additional performances using the same ;
materials but different verbs, (L) asking the staff to identify and name |
the verbs which initiated each of the perfermances they made, (5) obtain-
ing the acknowledgment that the performances exhibited were similar,
(6) listing the action verbs which could serve as behavioral synonyms for 3
one another, (7) operationally defining a behavioral class by selecting i

1Robert F. Mager, Preparing Instructional Objectives, Palo Altos
Fearen Publishers, 1902.

2ﬁobert M, Gagne, The Conditions of Learning, New Yorks
Holt, Rinehart and Winston, inc., 1965.
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one verb as the class name for all of the behavioral synonyms listed,

and (8) repeating the sequence of (1) through (7) with a new collection
of action verb synonyms.

The action verb classes of behavior developed with the staff were

adapted from the collection described by'Walbesser.3 An approximation
of the procedures used to develop the behavioral action verbs js de~
Scribed as Sessions I and II of the Tnstructional Program for Teachers
found in Appendix B. The aperationa. riefinitions currently being used
by MEMIP are described on pages six through eight of Session II. A1l
objectives of this project now contain one of the action verbs from
this list,

The construction of behavioral hierarchies remained the only behavior
&t To be acquired b the working staff before the development stage could
begin. One small hierarchy was constructed by each staff member who was
first given six stated behoyiswad objecctives. The six objectives were
related to the description and identification of two dimensional projections
of three dimensional objects. The intent of this activity was to illustrate

the distinction between a psychological ordering and a logical ordering
of objectives.

Now the MEMIP staff was ready to begin the identification and descrip-—
tion of terminal tasks for the inservice instructional program. The ques-
tion which confronted the MEMTP staff at this point was what terminal
tasks would have the highest yield for inservice elementary teacher in-
struction. The first few discussions attempted to describe terminal tasks
which would encompass much, if not all, of the mathematical competencies
an elementary teacher should posseLs.,

The staff activity at this time was devoted to small group (twe er
three individuals) or individual effort directed at the construction of a
behavioral hierarchy, presentation to the entire group at one of the
meetings, critical analysis of each hypothesized dependence, and termination
in the rejection of the proposed hierarchy.

This strategy of exploration led to a number of specific excursions.
These excursions are best characterized by saying they were attempts to
construct behavioral hierarchies related to the performance of specific
arithmetic operations, Although these efforts did not yield usable
hierarchies, they did provide the staff with valuable experience in con-
structing behavioral descriptions and sequences of behavioral dependence,
As is so often true in an experiment, these first attempts might be: termed
failures, since they did not yield behavioral hierarchies used in the
program. These "failures", however, did pay handsome dividends, As a
consequence of these initial probings, the first terminal tasks and the
allied collection of subordinate behaviors were identified, constructed,
and ordered.

The first terminal task accepted by the staff related to the presen- —
tation and explanation of algorithms., This is a reasonable choice when

one considers the instructional time devoted to algorithms in the
elementary grades,

3"Science Curriculum Evaluations Observations on a Position,"
The Science Teacher, 23:3)-39, February, 1966.
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A first approximation of the algorithms njlerarchy was presented te
the staff late in the summer of 1966, The analysis, discussion, and
challenges that followed its first presentation put the hierarchy through
a therough examination which led to numerous revisions. The current

working edition of the algorithms process hierarchy is presented as
Appendix C,

The terminal task of the algorithms hierarchy is actually a triple
of behaviors that the teacher will be able to exhibit after being exposed
to the algorithms instructic 21 sequence. The three behaviors which
constitute this terminal task represent the desired instructional output
of the suberdinate behavioral sequence. This triple includes (1) demon-
strating the procedures of an algorithm as they would be carried out by a
machine, {2) censtructing a convincing explanation for each procedure of
an algerithm which appeals to observations based upon physical situations,
and (3) constructing an explanatien for each procedure of an algorithm
that appeals te agreed upon rules of the "eonwrinsing game,i

The first of this triple of terminal task behaviors descr.bes a
familiar activity ef elementary teachers -- the literal demonstration of the
procedures of an algorithm with no explanation of how or why it works.,
Unfortunately some instruction in algorithms at the elementary school level
never proceeds beyond this mechanical level. The second behavier describes
the activity of explaining how an algorithm works by relating the explana-
tion ef each prucedure te observations ef physical situatians., This is
another familiar activity of the elementary teacher when teaching an
algorithm. The third behavior, explaining the procedures of an algorithm
by means of rules of “he convincing game, represents those behaviors more
characteristic of a contemporary mathematics curriculum with its appeal
to the field properties and mathematical structure. This third behavior
is the one whic'1 the elementary teacher has most likely not acquired and
yet, in many ways, it is the most critical to successful instruction in
elementary mathematics today.

The suberdinate behaviers in the algorithms hierarchy reflect this
same triple eof constructing and demonstrating behaviers, but are associated
with a particular operation within a specified number system. The final
task differs from the subordinate ones in that any algorithm could be
presented tw the teacher and he would %e expected to be able to exhibit
these specified behaviors withaut instruction.

Subordinate to the algorithms hierarchy behaviors are the convincing
game rule behaviors. The behaviors assaciated with the identification and
naming of the field properties are develcped in the context of game rules
for two reasens. First, games provide a vehicle for identifying the prop-
erties in a setting which promotes individual investigation and immediate
application of the identified rules. Second, the departure from a formal
mathematical presentation to a game presentation reduces the "mathematical
anxiety" which often accempanies mathematical instruction for t+he elemen-
tary teacher., The development of the game rules are found as Sessions IV
and V in Appendix B.
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The initial development plan which was proposed and adopted by MEMIP
was first to identify the terminal tasks for the instructional materials.
The identification would then be followed by the construction of a behav-
joral hierarchy for each terminal task. Once a hierarchy was constructed
the instructional sequence would be determined by beginning with the
least complex behaviors in the hierarchy, designing instructional materials
to help the learner acquire the specified behaviors, and repeating the pro-
cess up through the sequence until the terminal task is reached. The
jnstructional materials were to be selected by adoptifig existing materials
from commercially published volumes and available experimental volumes.

A collection of pnssible sources Was: gathered as a library of resource
volumes. A partial list of these volumes are listea as Appendix D.

The search of the resource volumes has not proven to be as useful
as was anticipated. It soon became apparent ir the search for appropriate
algorithms material that 1ittle or no instructional material is provided
in the available volumes about elementary school mathematics which would
aid the elementary teacher in acquiring either of the constructing behav-
jors., What is more, little variety was found in the material devoted to
the demonstrating algorithm behavior for any of the operations specified
as the setting for the subordinate behaviors in the algorithm hierarchy.
What could be done to add the needed richness in the algorithms to be used
for instruction? This problem was resolved by expanding the search of the
1iterature to include historical sources (principally mathematical texts
which are not contemporary or algorithms which have historical curiosity)
and the periedical literature.

Fall Semester, 1966-57. The field tryout phase of the pilot study was
ThiTiated during the Tall semester of the 1966-67 schoel year. The first
major decision to be made with respsct to the field tryout phase concerned
the scope of the investigation. Two strategies were considered. One
called for the investigation of the validity of the entire algorithms
hierarchy. The second strategy called for the investigation of select
segments of the algori.thms hierarchy. The purpose of the more limited
jnvestigation would be to evaluate the format of presentation and the
design of the immediate assessment measures. The staff decided to adopt
the second tactic since it possessed a variety of obvious advantages.
Perhaps the most important one was that such an investigation would permit
an adequate trial of the instructional and immediate assessment formats.
Once this step was completed it would be possible to test the validity of
the behavioral hierarchy without the confounding error of difficulties
with the instructional format.

Segments of the algorithms process hierarchy were selected as the
trial behaviers to be studied. The sections selected were the sessions
on the game rules, the acquisition of the triple of behaviors related to
the addition of whole numbers algorithms, and the acquisition of the
triple of behaviors related to the addition of integers algorithms.

The instructional decision was made that for each algorithm triple
(the two constructing behavlors and the demonstrating behavior) two
different algesiblms LOT the operation would be presented to the teachers
and a thire algorithm for the same operation would be used as an assessment
measures
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The next decision to be made was concerned with the format of the

instructional material. The instructlonal materlals could be presented

in a varlety of forms, each with some advantages. After discussion and
examination of various alternatives by the staff, it was decided that

the instructional materials would be written in a narrative and con-
versational form rather than the more formal textbook dialog. A second
characteristic agreed upon was that the reader would be required to
respond at various intervals. The responses would not be as frequent

as a self-instructional program, but would rather focus upon the key
declsions to be made during instruction by the learner, Ths advantages

of this form are two-folde (1) the active rather than passive participa-
tion of the learmner is promoted, and (2) the learner (the elementary
teacher) will be able *n rewvicw the aresa of ifustroucition weeks or months
later with the key decisions contained instructionally in the body of the
text. These instructional materials could be used after a session hed
been taught to the elementary teacher, or the instructional materials
could be used independently. Each of the sessions used in the pilot study:
are included in Appendix B as second experimental editions., Four additional
sessions are included in Appendix B as first experimental editions.

The critical involvement of behavioral description led t5 the decision
that the first three sessions for teachers be devoted to the description
and construction of behavioral statements, the operational definitions of
the action verbs used by the project, and the construction of behavioral
hierarchies. The rules of the convincing game are developed in the next
two sessions with the use of two games, The remainder of the sessions
for the tryout consist of the algorithms for adding whole numbers and adding
integers, For each of these operations on sets of numbers two different
algorithms are demonstrated along with the constructing of convincing ex-
planations based upon physical situations and the rules of the conrincing
game., A third algorithm is then used for assessment of each operation.

An assessment of behavioral acquisition is provided after each instruc-
tional segment. These measures of behavioral acquisition irnvolve new
materials so as to provide a change of stimulus. Direct recall of the mate-
rials in the instructional segment is not tested. The behavioral acquisition
of the learner is assessed, since the concern is with behavioral acquisition,

The fall staff of MEMIP consisted of the summer staff and two new
graduate assistants. The two elementary teachers from Frederick met once
a week with other members of the staff before the tryout of materials,

Two classes of elementary teachers from the Frederick schools were taught
most of the pilot study materials by the two Frederick teachers who served
as project staff members, Their performance was observed by another member
of the project and a recording of various participation dimensions was
tallied. A copy of the instructional observation data sheet is included

as Appendix E, The data provided by these ohservations served as one
source of objective feedback which has helped to guide the revision of the
instructional materials,

Characteristics of the 28 Frederick teachers participating in the
pilot study are summarized in the following data descriptions. The median
number of semester hours of mathematics courses was 5 hours with a range

from O hours to 27 hours. The mathematics methods hours revealed a median
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of 2 hours and a range from O hours to 6 hours. TL:; median year in which

the last mathematics course was taken was 196, Finally, the number of
years of teaching experience varied from 0 years to 30 years with a median
of 8 years. The teacher data suggests that the pilot study sample of
elementary teachers was reasonably representative with the variety of

mathematics preparation and teaching experience one would encounter
throughout the State of Maryland,

The instructional materials were used

d in two different ways. Session
I was distributed to both groups of elementary teachers without instruction,

Session IT was distributed to one group without instruction whils 5

wikdedolo O lllember
of the staff tanght the material to the other group. The elementary
Teachers reacted much more favorably to the staff instruction.

The format of the instructional malerials was also very useful for the
two elementary teachers who taught the remaining sessions in the pilot

study. However, the two elementary teachers also felt that it was impor-

tant that the sessions be taught to them by other members of staff before
they taught the two groups of elementary teachers,

The sesgsions which were assessed included those which were de
for instruction in the following areass behavioral objectives,
rules, and the addition of whole numbers
Are presented in Table T,

veloped
the game

» The results of these assessments
The evaluation data for the behavioral objectives

acquire the behavior of being
Revisions have been wade in th

S0 as to provide additional experiences in helping the teacher t«

these competencies.

The three objectives associated with the game rules sessions are
(1) being able to identify and name examples of each of the game rules
given the game, (2) being able to demonstrate each of the game rules by

moves from a given game, and (3) being able to construct data which support

the presence or absence of a glven game rule for a particular game., The

jective are reasonably
encouraging for a first trial with a 65% level of acquisition. The results

on the assessment for the second ang Third objectives are not as encouraging
with approximately 5% and 30% acquisition levels observed for Objectives 2

and 3 respectively. These data led to the develorment of a second game rule
assessment in order to determine whether the tasks were not clear
first measure or the low level of acquisition was actually attributable to
the failure of the teachers to acquire the desired behaviors. This second
game rule assessment is included in Appendix B after Session V. The second

set of game rule data reports approximately 40% and 50% levels of acquisi-

tion for Objectives 2 and 3. The second testing would appear to support

both the hypotheses that the difficulty was in the failure of acquisition
and in the lack of clarity of the first méasure. On the basis of this
information as well as the tryout feedback, it was decided to develop a
new game which should enhance the acquisition of the desired behaviors,
This game is included as Session IV in Appendix B,
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First Game Rules
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Seecond Game Rules
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Whole Number Addition 4
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Objectives 1 and 2, the demonstrat_.g behavior and the constructing
explanations behavior with physical situations related to whole number
addition, were attained by more than half of the teachers, This is not
unacceptable as a level of acquisition for the first trial although
revision is clearly needed. The constructing behavior related to the
application of the game rules did not meet with equivalent success. The
level of acquisition for Objective 3 was about 54 and such result can
only be described as a disaster. As anyone who has worked with elementary
teachers might have nypothesized, this is the most difficult of the behav-
iors tor the elementary teacher to acquire and, therefore, such a result
on a first trial is not unexpected. Copies of the immediate assessment

instruments are included at the end of the appropriate sessions in
Appendix B,

. P

The second experimental edition makes use of these behavioral
acquisition data to correct weaknesses identified in the desired behav-
ioral acquisitions intended of this collection of instructional materials.

The progress of the pilot study teachers toward acouiring the
desired behaviors of the tryout sessions was also assessed by a terminal
measure adminis*ered at the final pilot study session. The presence or
absence of the behaviors described as instructional objectives for the
sample sessions was tested by means of tasks on this terminal measure.

A copy of this instrument i. included as %the last item of Appendix B.

The behavioral acquisition data for this measure is reported in Table IT.
The level of acquisition for each of the behaviors was greater than 50%,
These data indicate that the teachers demonstrated substantial progress
toward acquiring the desired behaviors,
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TABIE II
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APPENDIX A

Marylard Elementary Mathematics Inservice Program (MEMIP) Staff

Director

Associate Directors

Research Associate

Research Assistants

Research Assistants

Consultants

Mathematics Education
Seminar

- Dr. James Henkelman, Asst: Professor Mathematies and
Edwcation, University of Maryland

- Mr. Thomas Rowan, State Supervisor of Mathematics,
State of Maryland

Dr. Henry Walbesser, Asst., Professor Mathematics and
Education, University of Maryland

- Dr. Robert Ashlock, Asst. Professor Early Childhood~
Elementary Education, University of Maryland

- Mrs. Sandra Shockley, Teacher, Frederick County, Maryland
Mrs. Carol Young, Teacher, Frederick Countv, Maryland

~ Mr. Thomas Bennett, Graduate Assistant Mathematics
Education, University of Maryland

Mrs. Sada Chernick, Graduate Assistant Mathematics
Education, University of Maryland

Miss Arline Engel, Gradvate Assistant Mathematics
Education, University of Maryland

Miss Roberta Engel, Graduate Assistant Mathematics
Education, University of Maryland

- Dr. John R, Mayor, Professor Mathematics and Education,
University of Maryland

~ Mildred Cole, Marvin Cook, William Gray, Rufus Jones,
Genevieve Knight, Ilene Lasher, Ronald McKeen,
William Moody, Neil Seidl




Second Experimental Edition
APFENDIX B
SESSION I

ORIGINATING THE PROBLEM

Notes On this page you may respond by writing on the blanks provided.

Do you recall the word association game? You know, the game is played hy

someone sa2ying one word, and then you respond by saying the first word which
sccurs to you,

For example, someone says table, and you would say

Write somethingl You must participate to derive maximum benefit from this

activity. Now read each of the following words and write down the first word
which occurs to yous

SUN:

KNITFE ¢

REDs

FREEDOM 2

OBJECTIVESs

Did you say "useless" or "ambiguous" or "unimportant" in response to objec-
tives? These are common responses to the word objective.

ACTIVITY ONE

Just what purpose do statements of objectives serve? Do you use the
statements of objectives found in text books or courses of study tr plan
your instructional program?

Yes or no?

Be honest now, no one is going to collect your responses. Suppose you plan
an instructional session from a teacher!s comrentary which contains the usual
statements of objectives. Now suppose all the statements of objectives in
your book were eliminated, for example, by coverinrg them with tape., How
could your instructional planning be observably affected?

Would your planning be different? Yes or nn? From your responses
to the last two questions, it would appear thA% TLS Gescription of enrriculum
objectives does not usually serve an instructicnzl purpose,

There are few teachers from the inexperienced to the experienced who
would say that statements of curriculum objectives (as they are usvally con-
structed) actually contribute to their planning for, or execution of, instruc-
tion. Why is this? Is it simply that objectives ean serve no useful instruc-
tional purpose? Must curriculum objectives remain an instructional window
dressing or can they ve translated into a functional purpose?
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You are about to participate in an instructional program which identifies
certain of the critlcal decisions needed in order to accomplish the transformation
from vague, ambiguous descriptions of objectives %o instructionally functional
descriptions of objectives,

For the remainder of "hi: -ession you will be asked to respond at various
intervals by writing - ""e r. :inse shest which ycu have been provided. If you
are to acquire the competency e:sected Ir:m this portion of the exercise, you
must respond when asked to do so in the program., Plan on responding quicklys for
most of the tasks, plan on making a response in about fifteen seconds., It is
important that you be an active participant. Be certain that you have your
response sheet and a pensil.

The objectiws of . svructional materials should bz stated in & clear,
unambiguous mannur, Certainly there are few who would refuse to acknowledge
this as an important characteristic, applicable to all statements of curriculum
objectives. Do the statements of objectives for mathematics programs satisfy
this requirement of specificity and clarity? What if the statements of math-
ematics objectives don't meet these criteria--what is lost? For one thing,
the intended meaning of an objective may be jeopardized by a variety of inter-
pretations,

Consider the following illustration with the statement of a familiar
objective--one common to many experimsntal and commercial modern mathematics
curricula.

W\e '€amer Wil
bulld ar undersznain
7

of +he 5\/.55'7“1')4 of

Whole mj,mber:-:,
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What characteristics would you ascribe to an instructional prograzm in
mathemavics if it is attempting to achieve this objective? Is the statement
of the objective phrased in such a manner that several other mathematics

teachers, working independently, would arrive at the same interpretation of

O

the meaning of this objective? Yes or no? (1)

Have you made your selection? Go ahead write down a choica! Good! You
will find the correct selection on page L, line Ly word L,

Illustration II identifies a stated cbjective of numerous modern mathe-
matics programs which you are almost certain to recognize,

-

The learner will acq wire
ar O\P P re Cl ai'{on OJJ: th é
OTRUCTURE  of mathematics.




What activities would be nacassary to achieve this dbjective in a mathematics
curriculum? Do JCu suppcss other mathematics educators would identify the same
ry to achieving this objective?

Respond yes or no? (2)

Have you made a written response? Fine!
turn to page 5, 1ine L, word 3,
these two object

Specificity, In fact

To see if your res

ponse is acceptable
Are the variety of possible inte

rpretations for

ments of objectives! Perhaps the most startling observation, however, is not the

wide-spread use of these statements, but rather that most teachers so complacently
accept these statements! As teache t least tacitly accept,
these statements as reasonable descriptions of our goals and use them ags the basis
v & Justifying the selecti

on of certain instructional materials or the performance
of particular instructional acts, Fach of these decisions is made or actions

initiated even though there is this diverse "agreement” as to the meaning of these

objectives, Consider the following statements of an often cited objective of
modern mathematics curriculum,
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What spacific instructiocual activities im mathematics would you design to-
#chisve tiris objeotive? Do you suppose other methematics instructors would
reach a similar decision @s to the meaning of this objective?

Yes or no? (3)

Come on now, meke = cheice. A1l right., When you have made your choice add

you have written it dswn, loock on page &, line §, wowd 3 to f£ind the acceptible.
. response,

Certainly this third objectiwe is unlike the first two in that it names a
particular fisld of study im methematies, nemely artthmetic ekills. However,
pbarrowing thg content frem all of mathematics to arithmetic skills i# obviously
ot an adequate solution to the interpretation dilemma, This is so bacause of
the large number of vayied interpretations which still can be made for the mean-
ing of the objective. BSuch specification is ugeful but is not sufficient,

The three previous illustrations suggest that the description of an ohjective
Aecds to be specific if thers is to be any hope of attaining uniform interpretatian.
The need for each mathematics objective +o be uniformly interpretable is #specialdy
important for those charged with the construction and/or implementation of an
instructional program's objectives. |

However, impleméntors of mathematiocs ourrisula are not alone im the acoeptance
of ambiguous objectives. Consider this statement of a favorite objective of con-
teporary mathematics curriculum developars,

The learrer will
acquire a Famihanh
wﬁ% the ro,a&v'hés
of a feld &f

numbers .
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Now suppose you are one of four committee members charged with the tesk of
indepsndently observing students who have besen expesed to instructional materials
des:igned 0 aid the learners in acquiring this objective., Further, let!s suppose
tha based upon these observations, you are to make a decision as to whether each
student you observed had or had not begen successful, Does the description of the
objective in Illustration IV identify the specific performances which you would
look for ir your observatiocns?

Yes or ne? (L)

Just what performsnces ome woyld be sxpected to observe in learrers who had
acquired a familarity with these propertises is certainly mot comtained in the
stat.ement cf the previous objective., Therefore, the appropriate response to the
question ccnecerning what performances you are dirscied to observe 1s an emphatic
NO.,

The description of an objective must identify the observable behavior which a
leairner, who has suscessfully achieved the objective, is expected to have acquired.
Read the otjective stated im Illustratiom V with the purpose of identifying tise

observable behaviors a student should be able to exhibit if he has achieved the
compatency descrlibed by the cbjective,

The purpose s To
hC‘F the (’earher qain
an  Gpprec afion of
‘H/ne STVucjlufe mc
Poélfx‘ve/ -Fra.chons.
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Are thers obssrvable behaviors identifisd in the statement of this objective?

Are there behaviors describasd in a way that would emnabls you to separate the
successiul from the unsuecessiul ones?

Yes or no? (5]

Since you decided yes, “he deseription dees idencify the desired observable
behaviors, and you can, of course, rams them., 0Oh?{ Yov say you decided fio,
Good for ycu! The statement doss not contaln any such performance specification
and therefore, *he apprcpriate respconse is no,

The statement cf ar cbjective should describs desired learner behaviers, In
order to"ts able %o interpre® an cblaniive, thess behaviors should be clearly
described. The intent of an cblective is rellably communicatsd by descriptions of
observable benavior, Consider this next cbjective im the context of how effectively
the statement communicates the desired behavicr of the objective,
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Does this objective describe ths behavior to be acquired by the learner?

Yes or no? (6) o o

Should you need confirmation of the correctness of your response to this question
for such an objective at this peint, your best ecourse of action would be to omit

the remsinder of the material in Session I,

Does the statement in the previous illustration describe an environment which

requires the presence cf a learner?

Yes or no? (7) .
Have you made a written response? Denti read on untid you have,

As you likely concluded already, this sbiecti-als description does not identify
the behaviors the learner is %o atquire, Norg peculiarly enough, is the learner
even necessary, since one might describs without any learner being present,

Read the description of the objective contained in Iilustration VII and decide
whether the learner is necessary to the achisvemernt of this objective,
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What did you decide about the necessity of a learner in the achievement of this
cbjective? Is he nscessary or is he mot necessary’?

(8)

Cleraly, a learner is necessary to the acquisition of the behaviors desecribed in
T1lustration ¥YII, You don't agree? Good for you, Obviously a detailed analysis
might be given even though no lesrner is present,

e TSNS e PP | N

learner is to do or say, Only fulfilling this descriptive requirement of learner
performance can objectives become functional for the innovator, planner, developer,

teacher, and learmer, Objectives must be constructed so as not to allow for the
exclusién of a learner under any interpretation.

Ambiguity is often closked in the garment of prestigous words. The next
illustration contains statements of objectives for modern mathematics curricula
which reflect examples ¢f the "in" words of this aecade., The fund of ambisuous
words which frequent the pages of newer and older organizations of instructional
materials for mathematics ars legion., A few of the mos. common of thess phrases
are ldentified in Illustration VIIT together with a ringer--one r¥.rase which does
not belong beczuse it conveys specifically a desired behavior,

builds an ur\devs‘fandfnﬁ

&1%7 reclat N

developing a feeling Lo
Powm/:\ﬁ ‘?0 3

%avmg an awareness oF
corweys 'H':e ccmcept

Tllustration I

Objectives must be constructed so as to be specific descriptions of what a
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Did you idan%ify'the'phrase which does describe an observabie performance?

Select one, Don't.hesitate, write it down, Now!

Did you select "builds an understanding"? No, Good for you., Perhaps you
picked out the "appreciating" phrase, or the "feeling" phrase, or the "awareness"

phrase, or the "conveys" phrase. No, Good! "Pointing to" is the appropriate
choice and should have been identified without difficulty.,

Suppose a variety of three dimensional objects such as those in the next
illustration were placed in front of you,

T e B B T 00y 000 T T 1 it e e pepeee
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Let's suppose you have been asked to identify the cone. Would identifying
be interpreted as demanding some sort of an observable or a vague action on your

part? Observable or vague? (10)

It is an observable action of course., You might carry out the identifying by
pointing to an object, or by placing your finger on an object, or by actually
picking up an object.

Up to now we have merely examined statements of objectives &s they are usually
written for mathematics curricula. The descriptions are usvally ambiguous and %end

to have a large numter of possible interpretations. We also have seen that a

description of an objective which is more specific must specify the performances
which the learner is expected to exhibit.

In I1llustration X two objéctives are described. Read them carefully and select
the description of the objective which is behavioral,

The learner !l | =/ The learner will be
COMFY&heV\d and 8 able to zdenﬁ@y the
‘le\\/ understand f%\ closure properfy in

'H’l@ FV‘O’C@C[(AY@S o 'Flhdln7 -f'%e c?uo‘hen‘/'

used in the division Huo ‘Pr'cwuoms,
(}p 4praxirﬂﬂns.

A

B
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Did you select statement A or statement B? (11)

Should you have any doubt about which of these descriptions is behavioral you will
find the acceptable response on page 1k, line 2, word2 , 1st letter bf the word,

Tllustration XI suggests four verbs which might be used in the description of
behavioral objectives. Two of the verbs are attion verbs (which describe learner
performances) and two of them are verbs which do not describe reliably observable
performances. Select the two verbs which describe reliably observable performances.,

(12) L, (13)

u,ndeVSfamda’nq
nam MC)
demonstvatin

Com Prehem df«'r%ﬁ

QC'f'lon

Ve Vbs :
. =/

~~ L
\-”'me»nlv/ -

(‘ behav |oral
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If you selected the words "understand" and "comprehend" you are justnod$ with
it today! The two action verbs which describe reliably obhservable performances are
clearly "naming" and "demonstrating".

Read Tllustration XII and identify the verbs which are action verbs., That is
identify those verbs which could be used in a description of reliably observable

performance.

I.dEr’)"' IA‘R/,I‘ 51(7
censtruch n7 /

dis 'h'mqu ish m?
bel’)avmmj/
action
verbs </ I

N

ordey nr/

1)
Ay

A\

S L

Tlustration XL

Which of the words did you select? (1l)

The correct choices are the lastword on page 18 and the 7th word on page 6.




1l
Illustration XIII contains a description of two objectives--one of the objectives

is behavioral. Identify the behavioral objective by selecting A or B,
(15)

The |earner will be The learer will

able 1 demenstrate
eKam'oles of the
CC:Y)mw"'CLﬁ Ve PYOPGrTy
with sums oF whole
numbers.

A a B

acqm';f@ aFFréclalLl;Dh
of +he dl's.cover\j
method of 'f’eachmc?
ma‘H’\ maj' |é}s ,

J - Tllustration X

Did you identify the appreciating objective as the behavioral one? No., Good!
Obviously the deionstrating objective is the behavioral one.
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Examine Tllustration XIV which contains two descriptions of objectives,
Which of these objectives is a behavioral description of desired learner

performance? A or B? (16)

The learner wll - £
e able 1o t'denﬁ-.fy
Names -COV '{'en,

“The learner wil] he.
able to demonshate.

B

Behavioral

o
hon- behavioral

Thustrahion =TT

I suppose that you decided that neither of these were bshavioral objectives.
No? Oh! TYou made a choice that only statement A was behavioral description or that
only statement B was behavioral destription., No? Good! Did you decide both A and
B are behavioral descriptions of desired student performance? If so, you have
acquired the behavior of being able t0 identify behavioral objectives.

a ;DVOCGC(M.Va jﬁor %{hd,’nq
the sum of Hwo M‘eq

\ usmc? the numbey line,
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ACTIVITY TWO

If you are to acquire the competency expected from this portion of the exercise,
you must agéain respond when asked to do so, Plan on responding quicklys for most of

the tasks plan on making a response in about 15 seconds. It is important that you
continue to be an active participant., .

T S T~

: What functions do behavioral objectives fulfill that nonab@haviorai'obje@tives do
g not? , '

on of illustrations make the point that non-behavioral
objectives tend to be ambiguous and general, while behavioral objectives seek clarity
by specificity, But of what wse is this specificity to the teaacher? One important

instructional benefit of this specificity is that the teacher would possess a descrip-

L tion of the observable behaviors all students should minimally be able to exhibit
. after instrmction,

Certainly the previous collecti

Let's suppose for the sake of argument, you are convinced of the need to com=
municate specific instructional purposes, and further that behavioral objectives
are means you have settled on for accomplishing this communication. Put how do you

ii construct behavioral objectives? What makes the description of am objective
béhavioral? Consider the tasks you have just performed in Activity One, What
are the characteristics of a behavwioral objective as they were described in the

program? Name as many as you can, (18}

o e

 Yes or no? (19) o It would seem after even the most cursory
F

examination that sach description of a bshavioral objectivs
word or phrase, What class of words

does contain some asction
most often describes action in Fnglish--nouns,

. DR | AU

verbs, adjectives, or what? (20)
cummunicated by verbs,

. Of course, most often action is

s

Is there an action identified in the description of a behavioral objective? | !

N 17 a
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It seems rather otvious, then, that cne necessary component in the description of )
a behavioral objective is an action verb., Bul now just wait a minute! How many

possible action verbs are there in English--a few or & great many? (21)

You could decide to use any of this large variety of action verbs. The variety
itself, however, contributes more Lo maintaining the ambiguity than te facilitating
CIarity IS

The problem would now appear to be ome of reducing the number o¢f possible action
verbs used in the description of objectives without reducing the variety of learner
performances being called for by the cbjectives.

Each individual has been given 2 number of packets of materizl. Spread out
the materials in packet A. Tou will be asked to make several performances, Carry
out each task as best you cans

(1) Pick up & triangls,
Go ahead, don't be bashful, pick it up. That's better!

(2) Now select a squars.

Have you made a selection? Good!
(3) Identify the ellipsa,

Notice that three different action verbs were used in initiating the three
performances you made, One of the action verbs was seiecting. What were the other

two action werbs? (22) and (23) oy
Did you write picking up and identifying? Wonderful! Do the three performances you

were asked to make have some common action characteristic? Yes or no? {24)

o Of course, they do!

Why use all three of these actluon wverbs? If behavioral cbjectives are to be
specific and describe observable behavior, would it seem sensible or not sensible %o

use one very in place of gll three? {25)

The sensible thing to do is to have many different verbs describe the same action,
No, of course it's notl! 7The sensible thing is to agree upen omne action verb and
use 1t. Which one of the three verbs shall we agrese %o use? Since 1t does not seem
to make much differemce, let's agree to use ldentifying.

Identify all of the triamgular regiomns from Packet £, Do you have them all?
Arrange the triangular regioms from the ome with the least area to the one with the
greatest area,

As soon &s ycu have completed this task, identify all of the square regions.
Order the sguare regiomns from the ome with the longest side to the ome with the
shortest side.

After identifying the two sets of objects, you parformed two tasks., The
instruction for each involved an action verb,

3



One of the action verbs was arranging. Name the other action verb, (26)

- o Were the performances you exhibitsd alike or diffsrent? (27)

. _ » What do you conslude about the actions called for by these two

action verbs arranging and ordering? (28)

If you are reading this befere you have written a response to the last question,
you are not playing the game., Go back and Lry te write a response to the question,
The conclusion which seems justified is that these two action verbs are bshavioral

synonymg (call for a similar action). Let's agree to use ordering whenever such a
behavior 1s called for in the description of a behavioral objective.

Whet do you call an object shaped 1ike this (::::) T {29)
What is thes name of a three dimemsional cbject shaped like this Ezf:fj ?
(30)_ 0 -
Tell the rmmber of triangles pictursed here. Zﬁ\ /A\ /\\ (31)
Are the performances required by these three tasks similar or different?
(32) o

Similar, of course, What action wverb would you use to describe these behaviors?

(33)__ . Any number of different action verbs are possible

candidates, A few of these behavioral synonyms are tellings starting, calling for,
and naming. Let's agree to use naming,

Heturn the shapes to packet 4.

The agreements about action wverbs made up to now would mean that when you
describe a behavioral objective and the performance is

l. ‘'echoozing ths rectangles” you would write

"{3h) the rectangles”

Ny

o Melassifying the objects from heaviest to lightest” you would say

w{ 35) the objects from heaviest to lightestw®

3o "pelling the colors in this painting” you would write

n(36) the zclors in this painting®

If you're reading this before you hawvs responded to the previous four tasks, go back
and reamond, Did you write identifying, ordering, and naming? That's a collection

of accepleble responses. Now youirs really catching on!

That's all.

T




Second Experimental Edition

MATERIALS FOR SESSION I

Packet A
11 felt pleces:

2 rectangles, L squares, 1 circle, 1 ellipse,
3 triangles

=
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Second Experimental Edition
SESSION 1T

A%t the end of our first session, we were able to identify bshawioral objectives
which describe the specific action that is desired of ths lsarner. We also agreed
on some of the action verbs we are to use %o describe a desirsd ection, The proce-
durs today will be similar to the procedure used in our last session, Bs sure to
write each respomse on the response sheet you have been given., Letl's see how many
of the action verbs you remember from Ssssion I,

If I asked you to pick cut a peneil from a collectien of different objects,

you would be (1) the pencil. Did you say identifying?
Good}

If T required you to t8ll me the color of the psneil you are using, you would

be, (2) the eolor. If you said naming, you are remembering

correctly from the last session. Goodb X=2ep going.

When I arrange & set of objects according t¢ size, I am {3)

the objects. Did you use the word arranging? Net? Good Por you. We agresd to use
the word ordering.

Today we will lsarn the remzining action wsrd-,

Take out the materlals in packet B and place thsm on the table., Show how you
would deeide which of the line segmenm®s - a or b - is longer uging the reetangular
felt shaps., Go ahead and do something. Now demensbtrate how you would decids
whether the sheet of paper is a sgquare by scms folding procsdure., Name the action
verbs whish initiste each of these perfsormances,

(L) and {5) » Are thess two action
verbs behavicral synonyms? Yes or no?

(6) o Of sourse they are, etls sgres 4« use demonstra-

ting as the action verb for this set of behaviers.

Return the materials to packet Bs then sake oub the graph from packet C and
place 1t on the table, The graph records data obbaired on the number of “cz cream
cenes sold at various air temperatures. Maks a prediztion concerning the number
of ice cream cones which will be sold if the temperature is 110°,

(1) » Go ahead, make some prediction.

Now examine the two vials with spheres in them. Invert the two visls and
watch what heppens. Comstruct an explamation which accounts for the diffsrence in

the behavior of the spherss. (8) o New name the actlon

verbs which indtiated each of thsse performamsss. (9)
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and (10) . Are %these two action verbs behavioral synonyms?

Yes or no? (11) o Let's agree to use the action verb

constructing in descriptions of objectives invelving such behaviers. FReturn the

graph to packet C.

Consider the objec’ which is in pecket D, Suppose someone has & group of
objects in fromt of him, one of which is similar to the object you have taken from
packet D. This person 1s able to hear you, bul cannot ses you. TYour task is %o
identify and name as many characteristics of the object s you cam. The descrip-
tion should enable the second person to identify & similar object in his cellec-

tion. Start namings (12)

If you said red and round, your description is uob adequate for it fits most all
of the objects which the second person has im fromt of him., Add a few more char-
acteristics, If you added mass, volume, diametsr, and thickness you would be
much closer to a satisfactory description.

Take the tablet in packet E and drop it in a glass of water. Observe what
happens. Describe what happened so that another individual would be ebls o pick
out (identify) the similar event if he were confronted with the various situations
shown ir Illustration XV,

ﬂ r/—”'—"""—'\-‘




What shall we call such behavior? Wrat action verk showld we use? Could we

"

use idertifying? Yes or no? (1h) o Or naming? Yes or no?

(15) .

Sinee identifying requires the individesel Yo salect an object whlch has been
named for him, +his actiown verb does nob seem satisfactory. In ths same way,
naming doss not seem an appropriate choles since the name of the object or actlon
which is used has been previcusly supplled by swomeone other than the learwsr, The
distinetive characteristic of this new benavicral class is that the lesrmer identl-

z fies and names the characteristics or preperblss. Mors then one characterdstlic 1s
i asually ineluded, and there must be a sufficlent muwber of thess characterdisties
; so that a sscond individual will bz atle Yo ilentiiy wha® is being discussedo
f How “hen shall we name this class of behavicrs? Suggest a possibiiilty?
(16) ) » Meny cholce: could have bsen made, The par-

ticular achion verb which seems most appropriate is deseribing. This deserlbing !
behavior invelves the individual ldsmbifyirg a wulfie I 'E Sumner @f AwrdbLBrLStlﬁs i
of an cbizet or s~tion so that a second person wouls ~

: out having it pointed oub to kim,

Somehimes the behavior is the description of a particular prosedurs, For

exampie, a prosedure for findirg the spess L an object might be stabted as follows
L Y, e o 1 5 R T SY.1F SR A 2 e AT A por it of Hime which can
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Ancther procedure might be or. dsaling wibth fracticns. For exsaxpls, in order
. 3
to find the sun of two fractions w.olch have the same Zex olrato* woa add the nu-
J

merators for the new nuumerator ana kaep the common denomlnator,

ing something.

The two previous paragraphs :escrice a prosedure or ruls for de
2 bad by nawing or

Could the behavier of stating procsduras s as these be Jescrdb
identifying? If so, which one? .7 0

Naming eould be used, buv the sbatements of rilzs, such as glven by the two ex-
amples, are specisl, For this reason i% 1s coavendend to describe This class of
behavior by ealling the category, stating %is ruls.

vwn-mln So—Cea)

wopes: a boy waixg 140 meters in zever minubes. How fast is the object
changing position if ydh use the speel rulsz previously shated?

-
v

(18) o Jush whabt Jid you do to obtain the vesult?

(19) the speed ruls. TUsing or appiying would

ommonly accoptable response,




L
Given the fractional names 3/17 and 5/17 f£ind the sum. ‘rhe sum is

(20) « For your own information, the acceptabls response
g 3 o I“
T7 L

In each of the last two tasks, would you describe your performance as

naming or dewonstrating? (21) « The correct response is, of

course, demonstrating., However, since the demonstration is special, in that
it is based upon a stated rule, this behavior mlght warrant a separate name,
Let!'s agree vo call these applications of stated rules, applying & rule
behavior,

Suppose you were asked to find the density of an object such as a marble.
Let!s also suppose that you were told that the density of an object is found
by determining the mass of the object, the volume of the object, and finally
the quotient of mass divided by volume. This description of how the density
of an object is obtained is an example of which of the following behaviorss
identifying, constructing, stating, or applying a rule?

(22) . Since the description deals with using a procedure,

the most acceptable choice is applying a rule. Was a single mule applied,

c¢> was it necessary to apply more than one? (23) .

Yes, more than one rule was used--in fact, three rules are stated, one each
for magss, volume, and quotient, Now if you are asked to use the three pro-

cedures to arrive at the quotient (den51ty), what kind of behavior would it
be? Applying a rule would be too simple, since this is a sequence of three
rules, interrelated in the process of finding density. The entire behavior
might be described ag a series of related applying a rule behaviors and for
this serial task performance, let!s adopt the action verb interpreting.

The agreements about action verbs made up to now mean that whenever you
describe a bshavicral objective you will use one or more of the action verbs
we agread upon, r 1t no other,

Rewrite the following performances using our list of action verbss

1., Telling how to get to ycur house,
(2L) how to get to your house.

(Check your response with the 1lst undsrlined word on page 3 or the
2rd underlined word on page 3.)

2. Showing how you could decide that the rock is limestone,

(25) that the rock is limestone.

(Check your re .ponse with the underlined word on page 1.)




3, Making a definition for an ac“ien verb,

nL\ K
(26) & definition for an action w

(Check your response with the underlined word on page 2.)
k. Pollowing a procedure for finding the product of two fréctions.

(27) | finding the product of two fractions,

(Check your response with the lst underlined word on page L or
the underlined word on page 1l.)

S. Definiag a prime number as & whole number which has exactly two
dirfbrent whole number factors.

(28) a prime number.

(Check your response with the 2nd underlined word on page 3 or
the 1lst underlined word on Page 3.7

6, Building the graph of & relation,

(29) the graph of a relation.

(Check your response with the underlined word on page 2.)

7. Identifying and naming the reasons which justify the steps in the
long division process.

(30) L the long division process.

(Check your response with the 2nd underlined word on page k.)

Tn performences 1, i and 5 two possible answers were given because the actiom.
verb depended upon what the writer had in mind. In 1, for example, if you were
telling how you, yourself, get home, you would be describing your journeys on the
other hand, if you are giving someone a route to follow in getting to your house,
you would be stating a rule.

Oce. ionally'when the identifying behavior is called for and the stimull are
highiy eonfusabie, it is useful Lo have & spesial action verb. Whenever this
situation arises, the action verb distinguishing is used in the behavioral deserip-
tion in the place of identifying.

Each of the action verbs we have agresd upon is described on the following
three sheets, This may prove useful as reference material for the next activity.




DEFINITIONS OF ACTION WORDS

The action words which ére used in the construction of behawvioral instructional
objectives ares

1. IDENTIFYING, The learner se-
lects (by pointing to, touching,
or picking up) the correct object
of a class name. For example:
Upon being asked, "Which animal
is the frog?" when presented with
a set of smal animals, the learner
is expected to respond by picking
up or clearly pointing to or
touching the frogs; if the learner

'~ is asked to "pick up the red tri-
angle” when presented with a set
of paper cutouts representing
different shapes, he is expected
to pick up the red triangles,
This c¢lass of performances also
includes identifying object pro-
perties (such as rough, smooth;
straight, curved) and, in addi-
tion, kinds cf changes such as an
increase or decrease in size,

2., DISTINGUISHING, Identifying ob-
jects or events which are poten-
tially confusable (square, rec-
tangle), or when two contrasting
jdentifications (such as right,
left) arc involved.

3, CONSTRUCTING, Generating a con-
struction or drawing which iden-
tifies a designated object or set
of conditions. Examples Begin-
ning with a line segment, the re-=
quest is made, "Complete this
figure so that it represents a
triangle."
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NAMING, Supplying the correct
name (orally or in written form)
for a class of objects or events.
Examples "What is this three-
dimensional object called?® Re-
sponses "A cone."

ORDERING, Arranging two or more
objects or events in proper order
in accordance with a stated cate-
gory. For example: "Arrange
these r.oving objects in order of
their speeds,"

DESCRIBING, Generating and
naming all of the necessary cate-
gories of objects, object proper-
ties, or event properties, that
are relevant to the description
of a designated situation., Ex-
amples "Describe this object,™
and the observer does not limit

L] -
the cstegories which may bs gen-

WWAsdaWwil &

erated by mentioning them, as in
the question "Describe the color
and shape of this object." The

learner's description is considered

sufficiently complete when there
is a probability of approximately
one that any other individual is
able to use the description to
identify the object or event,
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7. STATING A RULE, Makes a verbal
statement {not necessarily in
technical terms) which conveys a
rule or a principle, including
the names of the proper classas
of objects or events in their
correct order, Example; '"What
is the test for determining
whether this surface is flat?"
The acceptable response requires
the mention of the application of
a straightedge, in various direc-
tions, to detsrmine touching all
along the edge for each position,

8. APPLYING A RULE, Using a learned
principl. or rule to derive an
answer to a question. The answer
may be correct identification,
the supplying of a name, or some
other kind of response. The ques-
tion is stated in such a way that
the individual must employ a ra-
tional process to arrive at the
answer, Such a process may be
simple, as "Property A is true,

ﬁ property B is true, therefore

property C must be true,"

e

9. DEMONSTRATING, Performing the op-
erations necessary to the applica-

| tion of a rule or principle., Ex-

E. amples ¥Show how you would tell

whether this surface is flat.,"

; The answer requires that the in-

- dividual use a straightedge to

: determine touching of the edge to

E; the surface at all points, and in

" various directions.

il

10, INTERPRETING., The learner should
be able to identify objects and/
or events in terms of their con-
sequ.onces., There will be a set
of rmles or principles always
connected with this behavior,

T T e
Lo b it
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Now that we have agreed upon a set of operational definitions for some
action words in the construction of behavioral objectives, let's turn our
attention to the problem of constructing a few behavioral objectives. Read
the objective in Illustration XVI.

The |eamer wil|
undevstand F‘aae value, ,

Tllushation XU

Is the objective described in Illustration XVI behavioral? Yes or no?

(31) No, of course it is not. With the use of our agreed upon

set of verbs rewrite the non-behavioral objectives described in Illustration XVI and

make it a behavioral objective. (32)

If you have not completed rewriting the objective, do not read this section,
Go back and do it now. When you have completed the task of rewriting the objective,.
read it over to see whether you have: 1) used one of the action verbs, 2) described
the situation in which the learner should exhibit this particular behavior, and
3) indicated the nature of the product the learner is to produce. Learner products
may be quite varied: a sentence, a word, a drawing, a series of check marks, etc,
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Illustration XVII contains a

few of the possible descriptions of behavioral .
objectives which could have been c

onstructed from the non-behavioral objective,

The learner will z'den‘hfy o
the units, tens, and
hundreds Place,) :i‘:'vem a
Numeral, |

'The, /earnev will /d‘eu‘/‘:\c

+Hie (pos."!'.'on of +he 512's

place for base elt)hf"
humem/s

1 u,s‘h’ aj't‘oﬂ XUl
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Now examine the non-behavioral objective described in Illustration XVIII.

Tllustration xytr

Notice that the non-behavioral objective appeals to a word which in general is
supposedly "well understood" by all teachers. When one says "measure the width

of a desk," the statement does not suffer from the same lack of specificity as

did the non-behavioral objective in the previous example, However, the objective
does suffer from the fact that it is not a description of what the learner is

asked to do. How would you recognize whether a learner had acquired this behavior?

(33)
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Notice that it is not a difficult task to translate this particular objective into

a behavioral objective. The translation could be accomplished merely by stating
what one would look for in terms of learner performance rather than in terms of the
non-performance description which the word measure conveys.

‘Examine the objective described in Illustration XIX.

The learner will
a.cqu'wc a -Pami/faviy

with e com mutative
fbrc*xerty.

T llusTrafion XTI

' Rewrite this objective so that it is behavioral.
(3L)
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When you have completed the task of rewriting the objective and making it a
behavioral objective, read these next statements. |

1. Did you use one of the action verbs we have agreed upon?

Yes or no? (35)

2. Is the situation in which the learner is to exhibit this

performance clearly specified? Yes or no? (36)

3, Is the nature of the output which the learner is to provide
clearly specified as well as any restrictions on that

es or no? (37)

1
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If you were not able to respond "Yes" to each of the three questions, go back and
correct whatever difficulties you have identified. Does the description of the
objective in Illustration XIX identify the specific performances which you would

look for in your observations? Yes or no? (38)

Just what performances would one be expected to observe in learners who had
acquired a familiarity with commutativity? It is certainly not contained in the
statement of the previous objective. Therefore, the appropriate response to the
question concerning observable performances in the objective is an emphatic "No,
it does not identify them."

i
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Second Experimental Edition
MATERIALS FOR SESSION II
Packet B
folder containing;
felt rectangle
paper square
sheet witi: 1ines a and b,
: Packet C
folder containings
graph - "Number of Ice Cream Cones #old
in one day"
Packet D
1 red chip
Packet B
1 alka-seltzer
2 vials -
1 containing marble and water
| 1 conta/.ning marble and Karo syrup
!
F.
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Second Experimental Edition
SESSION III

ACTIVITY THREE

Here is an example of an instructional astivity. Lead it over carefully and
decide what actions describe the desired instructional outcomes.

Seglect two or three objects that contain the various
two~dimensional shapes., Have the children point out and
name the circles, ellipses, triangles, rectangles, and
squares for one object at a time,

. Hold up the pyramid in various positions. Asks

| "What two-dimensional shapes can be seen in the pyramid?®
(Triangles, square on the basa,) Have them %trace the
shapes with their fingers.

Pick up the cone and let the children pick out the
shapes they see, If the children have difficulty selecting
the triangles, hold the cone next to the chalkboard and
trace its edges. When the cone is removed, asks '"What
shape is drawn on the board?¥ This same procedure may be
helpful in identifying the rectangle that may be associated
with & cylinder.

Use our action verbs to name at least two actions which are part of this instructional

activity. (1) ~and (2) o

Write one behavioral objective for this setivity, HRemember to use one of the ten
action verbs, At the end of this instructional activity the learner will be

(3)

Have you written a behavioral objective? If not, don't read beyond this sentence
and go back and try! If your description of a behav.oral objective resembles one
of the following statements, you're on the right track.

1. Identifying and naming the following three-dimensional
shapess sphere, cube, cylinder, pyramid, and cone,

2, Identifying and naming two dimensiocnal shapes that are
part of regular three dimensional shapes.,

Now let's suppose you are given a description of a behavioral objective such as:

WThe child should be able toc name the primary colors,”

: What does such an objective communicate about instruction and how will you know when
é you have been successful? Let's take the instructional question first, but in the

‘ cuntext of comparing it to another objective which said "identifying each of the
primary colors,” What would be different in the instructional activity trying to

—— i e T £ et 2y ST e Sy L e AT T T S g P :«i
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help children acquire the naming tehavior as opposed to acquiring the identifying

behavior? What de you think? (k)

e .

Write something, The important thing is to commit yourself, One could conclude that
the "naming objective” would have children saying the names of primary colors when
shown an object, while the "identifying objective® would probably see the children
pointing toc or picking up objects having been asked something such ass "Find a red
object in the room.”

In which of the following behavioral objectives would you expect to see small
groups or individual children doing things?

1., Constructing a bar graph.

2. Ordering cbjects on the basis of similarity; for example, most
1ike a circle, somewhat like a circle, least like a circle,

3, Demonstrating the comparison of volums of containers by determining
how many unit veolumes are regaired to fill each of the containers.

(5)

Tn which ones would you expect only a teacher demonstration? (6)

If you responded that all objectives suggest small groups or individual instructional
activities, you'rs with it., None of the descriptiocns of the belhavioral objectives
are suggastive of only teacher demonstrations.

Ocecasionally, behavioral objectivss are reliated to one ancther in that they can
be sequenced so0 as to construct an ordering from less complex hehaviors to more com-
plex relatsd bsucviors, For exampls, consider the three behavioral objectivess

(1) identifying and naming the primary and secondary colors

(2) describing an object in terms of characteristics such as
color and two dimensional shape

(3) identifying and naming common twe dimensional shapes.
Which of these thrue behaviorsl objectives dc you think describes the most complex

behavior? (7)

Make a choice., The second one is correct. Are the other two behaviors related to
this more complex behavior?

Yes or nc? (8)




And are the other two behaviors subordinate, less complex behaviors? Yes or no?

(9) Ts either of these subordirate to the

other? Yes or no?
to show this relationship and it would look something liks

(10) . You might imagine constructing a

diagram

Objective 2

1

Objective 3

Objective 1

T gEn
:
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Remove the contents of packet F and place them on the table. The five
behavioral objectives represent a collection that can also be ordered into
several levels, Arrange the statements of the behavioral objectives in an
ordering from most complex on top to least complex on the bottom. Your -
instructional sequence should look like the one in Illustration XX,

TLLOSTRATION XX

Just how did you proceed with your ahalysis? Did you atteiipt vo identify the

RS

least complex behavior? Yes or no? (11; » You say you did} Well,

most prople do, the first time they try. Why not? Well; recall that one is
interested in identifying those behaviors which may need to be acquired before
attempting to acquire a complex behevior. That is, the procedure is one of trying
to identify the subordinate behaviors for a given learning task. How is one to
hunt for subordinate behaviors when the tevminal task is mot identified? So, it
would seem, that the most ccmplex task should he identified first. Which of these

five tasksis the most complex? 1, 7, 3, L, or 57 (12) 0

One looks like a good candidate, but let's examine the others, Cecrisinly two, three
and five are not as complicated as one since omly correspondence or matching of some
kind is involved. I guess that leaves only four,
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Considering that one demends at most 99 names and four demands at most nine names

which ome must bs the most complex? 1 or L% (13) o Naturally the

acceptable response is one. What must the learuer be able to do before he can
.agquire the behavior labeled 1? What is the nsext most complex behavior? 2, 3,

Ly or 52 (1k) » Of course, four is the next most complex behavior

and a reasonable subordinate behavior to one., What is the next most complex pair
of behaviors? An examination of the three remsining possibilities suggests whiech

ones as the next most complex pair? 2, 3, or 5?

(15) and (16) o Since ordering three sets

and identifying sets with the same numbsr of objects both require one-to-one .
matching, two and five appear to be the most likely scandidates., That leaves three
as the least complex behavior,

Just making these decislons, does not make the imstructional segquence valid.
The sequence is a series of hypotheses. U{ne now tries out the sequence of
Instruction and determines if it works--~does the learner acquire the desired
behaviors if one follows the instructional segquence? Modifications ore then
made in the instructional sequence on the basisz of observations.

Thus, whenever all of the behaviors desecribed in the various objectives for
a task are arranged in such an ordering and the relationships betwsen levels are
shown, the ordering is called a behavioral hierarchy., Behavicral hierarchies are
-useful in that they describe the behavioral development within a process, Packet G
contains the beghavioral hierarchy which follows from the analysis for the tasks
-described in packet F.

Suppose we were interested in providing instruction that would help a learner
acquire the most complex behavior among these five~-identifying and naming the
namber of objJects in any set with zero to 99 members. How might we proceed
instructionally? Ohl Thatls one of the fascinating applications of bshavioral
hierarchies. The behaviorel hierarchies suggest one possible imstructional path.
For those learners who did not already possess the most complex bshaviors, would
we begin instructlon with the least or most complex task which the learner does

not exhibit? Least or most? (17) o Naturally instruction would

begin by helping those learners acquire the simplest behaviors, the least complex
which they have not already acquired, - Then iastructions would proceed to the mext
level of complexity and so on through each of the behaviors considered prerequisite
to the final task. A rather delightful consequence of having stated each instruc-
tional task as a behavioral cbjective is that you can then identify when your
instruction has been suceessful, All that you as an instructor nsed tc do is to
give the learner a task representative of the described behavior and then observe
whether or not the learmer exhibits the desired behavior.
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MATERIALS FOR SESSION III

Packet F
Hierarchy in 5 pieces

Packet 0
Hierarchy
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List of Objectives




* Appraisal ' .

- Comstruct a description of the behavioral objectives suggested by the instructional
activity in the first three sessionms. In writing these behavioral objectives, consider-
ation should Ye given to the action words which were defined. When you have completed
this task, look at the statement of behavioral objectives which were used in order to
write the first three sessions. The statement of these behavioral objectives is in
packet H, ‘ . :
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SESSION IV
THE GAME OF SUMS

OBJECTIVES+s
At the end of this session the learner should be abie tos

’ (1) didentify and name examples of each of the game rules given the game,
5 elements, and operations of the game.

(2) demonstrate each of the game rules using the elements and operations
from a given game,

(3) construct data which support the presence or absence of a given game
rule for a particular game,

This is a game called Sums., Any numter of players could play, but wetll
start with two players., The play begins with each player spinning the spinner.
The player spinning the .argest number is first., In the event of a tie, each
player spins again., The first player then draws a card from the blue pack,
Play alternates until one player has reached the end,

If the player draws a one spin card, he spins the spinner. The player
then moves his piece the indicated number of spaces on the board,

¥ If the player draws a one spin card, he spins the spinner, records the

f result, spins the spinner again, records the second result, and combines the

: two results. To combine the two results construct their sum, If their sum

is zero to nine, make the movey if the sum is ten or greater, the player moves
the number of spaces named by the units digit., For example, suppose the first
spin was 6 and the second spin was 8. Their sum is 6 + 8 or 1L, Now since 1L
is greater than 9, the number of spaces to move is given by the units digit or
4. So the player who spins a 6 and then an 8 would move L spaces.

result, spins the spinner a second time, records the second result, sping the
spinner a third time, records the third result, and combines the three recvlts.
: To combine the results construct their sums, If their sum is zero to nine,
! make the mo¥es if the sum is ten or greater, the player moves the number of
f spaces named by the units digit, which will be zero to nine., For example,
: suppose the results of the three spins were 6, 9, and 7, Their sum is 6 + 9 +
ﬁ 7 or 22, Now since 22 is greater than 9, the m:mber of spaces to move is
‘ given by the units digit or 2, So ihe player wko spins 6, 9, and 7 would move
Ej 2 spaces.,
|
|
|
|

|
}A If the player draws a three spin card, he spins the spinner, records the
|

If the player draws ome ol the special cards from the blue pack which is
labelled "1 spin repeated twice', he spins the spinner, records the result
twice, and- then combines the twc results in the same way they were combined
when a two spin card was drawn, For example, suppose the spin was 8. Now
since the sum of 8 and 8 is 16, the number of spaces to move is 6,
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Another special kind of card in the blue pack is labelled "} spin repeated
twice followed by another spin repeated ‘tvwice," If a player draws this card, »e
‘'spins the spinner and gets his result in the same way he does vwhen directed te
take one spin repeated twice. Then he takes a second spin and does the same
thing., Finally he coimbines the two results, Perhaps an example here would help.
Suppose the first spin was a 8, Since the sum of 8 and 8 is 16, the player would -
record a 6, Now suppose the second spin was a 9, Since the sum of 9 and 9 1s 18
" the player would record:an 8. He would then combine the 6 and 8 for a move of

4 spaces.

‘ The last kind of card in the blue pack is one labelled "2 spins repeated
" twice," If the player draws such a card, he spins the spinner, .records the -
- result, spins the spinner again, records the second result and combines the
 two results in the scme way they were combined when a two spin' card was drawn,
. Then this combined result is recorded twice, and the two combined rasults are
~ combined .again in the same way they were combined when a two spin card was drawn.
" For example, suppose the two spins were L and 3, Now since the sum of L and 3 1s

- 17, the 7 is recorded twice. But combining 7 and 7 we find tpat the number of
~ spaces to move is L.

NOW PLAY THE GAME FOR AWHILE. When you land on a space on which direcilons
for you are written, be sure and do as you are bold. If you encounter the word
identity or inverse, be sure and read the sppropriate section which follows.

* HIS SECTION I3 NOT TO BE READ UNTIL ONE OF THE PLAYERS MUST ADVANCE THE
IDENTITY OR A PLAYER IS INSTRUCTED TO READ THIS SECTION.

The identity is easy to find in the game of Sums, Im order %o find it ve
look at two spin moves., Let's say the first spin wes a 4. Now is there a second
spinh that is possible so that the combined number of spaces to move is still L4?

Yes or no? (1) , What would the second spin be? (2)

. If you wrote 9, you are close since the combined number of

sSpaces to move would be 3 since the sum of L and 9 is 13. The only mmber which
is possible for the second move is O since the sum of 4 and O is L, |




Fill in the following table and watch the way the number O acts,

Table I
First Spin Second Spin r | Result -
5 0
8 0
0 0 |
9 0
3 3
! 7 -
2 2
1 1 ‘;

Among all the elements - O, 1, 2, 3, L, 5, 6, 7, 8, 9 - there is a secend
spin which will always make the result of a two spin move the same as if the
first spin was a one spin move. We call such an-element the identity. Which

is the element that appears to work out &s an identity? (3)

The correct response is on page 2 ,last line word 8 . Since we can find an
identity in this game, we say that the identity game rule holds for the game of
Sums, '

Now you can continue your play.
THIS SECTION IS NOT TO BE READ UNTIL ONE OF THE PLAYERS LANDS ON A SPACE ;
OR DRAWS A CARD WHICH MENTICNS THE WORD INVERSE.,

Reéad the identity section first. Now that you have found that zero is the
identity, let's fill in some of the blanks in Table II. :

=" oA e . el e A '.".* --, !
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The responses in order should be 0, 0, O, O, 8, 0, 5, 2, 4y and 7. Notice
in the first four examples in Table II that the result of two spins was a move
of zero spaces, R-call that zero is the identity. Now from the other examples
were we able to f*ud two spine @uch that tha' result of the two spins is the identity?

Yes or no? (L) . Let's try another example, If the first
spin was a 1, what would the second spin have to be in order to have the result

the identity? (5) . Since the sum of 1 and 9 is 10, the number
of spaces to move is O - the identity. We call 9 the inverse of 1, Can we find

.an inverse for each of the elements - 0, 1, 2, 3; Uy 5, 6, 7, 8, 97 Yes or no?

(6) ", Let's systematically try them all,
The inverse of: O is (7) , 11is (8)__ , 2 is (9) ’
3 1s (10) , L 1s (11) , 5 1s (12) , 6 1s (13) |
y 7 1s (1L) , 8 1s (15) ; and 9 is (16) .,

When each element has an inverse in this game, we say that the inverse game rﬁle holds

~ for the game of Sums, Now go back to the game and continue your play.
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- Read the identity section first., Now that you have found that zero is the o ,."{
~ 4dentity, let's fill in some of the blanks in Table II. | | ,;;-'{'
J
v
Table II .
.%ﬁﬁ
First Spiﬁ Second'Spin Result  §
— R |
3 7 ¥
i
0 0 J— A
. .,' _": "'
9 1 B 41
e 0 ’
0 0
5 0
8 0
—— 6 0
3 0
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AFTER YOU HAVE PLAYED FOR A FEW MINUTES 3 BEGIN TO SEARCH FOR THE ANSWERS
T0 THE FOLLOWING QUESTIONSs ' . |

Thers. are many intereating pnttafnq which we;identify:uhen we have played
the game awhile., Let's look at onme, . .

When you make & two spin move with 7 the first spin and 5 the seccmd spin,
you recc 'déd the mumbers and combined, Simce the suw of 7 and 5 is 12, the ~
number ol spacas moved was 2, How many spaces would you move if the first epin
was 5 and the second spin 7?7 (17)___ . Surprising, isn't i%. Do you
suppose a similar observation can be made for any other pair of spins? Try & Lew.

Did you find that reversing the spins always seems to give you the alno.rimult?

Yes or no? (18) . The answer is on page 2 , line 27 , word 1 .

When such a characteristic holds for all possible pairs, we say that reversibility
game rule holds for the game of Sums., Some people depcribe ‘this ‘¢haridte tevrictin
as the commutative characteristic, but we will use the nime reversible to reaind
us that we reversed the order of the two spins,

There is another characteristic of tha two spin move which warrants & look.
Was the result of a two spin move ever a number which was not the rssult of a one

spin move? Yes or no? (1%) . o The answ is on page 2

line 27 , word 3 . This is thought provoking., Even thor : we %take two spins;
the result is always a move of O. 1, 2, 3, 4, 5, 6, 7, 8, or 9 spaces, Wuen a |
game has this characteristic, we say that closure holds, Saying that the gam® has
closure would mean that combining numbers for two spin movies does not introduce any
elements which we didn't alreagdy have for ome spin moves, :

Let's take a look at three spin moves, Suppose the resuics of three spins were
7, 6, and 8, The result could be found this way, thinking about the first twc spins
ns a two spin move, : '

1st spin | 2nd spin ~ 3rd spin
7 6 | 8

\3//' /
N

The player would make a move of 1 space.

-+-qhe result could be found by thinking about the second and third spins as a two
spin move, S - | o




1st spin

7 8 S N

The player would again make a move of 1 space, That's interesting! The result
the same. Do you suppose that.ueually happens? Try some throe spins. '

jbo
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Sone people describe this particular characteristic of thres spﬂn nmovas as
the associative characteristic since it seems to associate two of the threg in seme
sord of an arrangement, Others simply call it an arranging game rule, Either ef
these is a perfectly good name. For the sake of consirtency among the various games
whicihi we discyss and describe, it would be useful to settle on one namco Let us '
agree to céll it the arranging game rule,

Now recall those special cards with the unusual directions in theé blue pack
which say - "1 spin repeated twice followed by ancther spin repeated twice"™ and
"2 spins repeated twice." DNotice that there seems toc be a curious characteristis
of these moves, Look at the following example where the first player drew a card
vhich instructed him to take a spin repeated twice followed by another spin repcatod,
twice and he spun a 3 and a 9., A second player drew a card which said to take two'
spins repeated twice, and he spun a 3 and a 9,

lst Player - 1 Spin Repeated Twice Followed by Another Spin Repeated Twice

1st Spin 1.1 Spin Result 2nd Spin 2nd Spin Result Final
n -Repeated Repeated . Result
t L ) § - T - . .
3 3 ¥ 9 9 J L

i P i)

2nd Player - 2 Spins Repeated Twice

.\lst Srin - 2nd Spin Result Result Repeated Final Result

3 ‘ 9 -
- 2 2 N
1 | A

Both players end up with the same move., It doesn't seem to make any difference
which card is chosen, Does this characteristic work for other spins? Try & rfew,

o
e




Did you find thet this characteristic was always trus? Yes or me? (20) |

. The answer is om page 2 , 1ime 27 , wrd ] . Dither blus card

almys seems to result in the sime nmumber of moves whan the ‘twe apime are the same.
Mhen such a characteristic helds in » game, we say that repsating @i @fotwibutive |
wer moves. This game ruls involveés more than combining pumbers; it alsc imvoives
.rapeating., Thus two operaiions are alweys involved with the distriwupive game

mule.

We have found that there are 3ix game rules which appedr %o hold for the Sune
of Swms. List them. o e 3

(21)
(22).
(23)
(24) .
(25) ] S
(26) |

If you can't remember the names; look back through the sessien 'ﬁr the miorlinod
werds, , . o S L
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MALYRTATS FOR SESSION IV

Paakket & - QGame of Sums
1 game bcard

spinner
Pack of

{0-9) and pleces (2)
15 cards in "Number of Spins"

pack labelled as follows;

each
each
each
each
each

Blue

n MRDWwWwW

each

"] apin®

n2 spinst

3 spinan

"1 spin repeated twice™

"l spin repeated twice followed by another spin
repeated twice"

12 spins repeated twice"

Fack of 15 cards in "Special® pack labelled as followss

) Hang from the Tree of Ambiguity
Enjoy Swimming in the Land of Clear Water
Get Lost in the Castle of Confusion

Advance
Retreat
Advancs
Retreat
Advance
Yellow Advance
Retreat
Advance
Retreat
Advance
Advance
Advance

the Inverse of 9

the Inverse of 8

the Inverse of §

the Inverse of I

the Inverse of 3

the Result of 7 and 8

the Result of 6 and 9

the Result of L4, 7, and 9
the Result of 2, 5. and 8
the Inverse of 1

the Identity

the Inverse of the move you have just made
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SESSION V |

THE GAME OF FLIP THE CHIP

OBJECTIVES 5

At the end of this session the lsarper should be gble tog

(1) 4ddentify and nams examples of each of the game rules given the game,
~ elements, and operations of the game,

(2) demonstrate each of the game rules using the elements and operationms
from a given game,

(3) construct data which support the presence or absence of a given game
rule for a particular game, |

- ACTIVITY ONE

We are going to play the game of Flip Tne Chip, You say you do not kriow how to
play this game? Would it help to know the elements and operations of the game?
Open packet B. _

This game is played with twe playerss one sitting to the left of the other,
Fach player menipulates one plece, a chip which is white on one side and brown
on the cpposite side., The two players flip their chips together., The elements
of the game are the flipped chips which of course will heve either a brown or a
white side which are showing., The operation of the game involves a comsideration
of the pattern formed by the two flipped chips. The objsct of the game is to win
ten points before your opponent, Are you ready to start playing? No, what's the
matter? Oh, I see, You don't know how %o win a point, Here is the way you can
win points. If two brown chips are showing at the end of a turn, then both players
win a point. If two white chips are showing, then neither player wins a point.
If che chips show different colors and the right player has a brown chip showing,
then the player on the left wins a point, If the chips show different colors and.
the right player has a white chip showing, then the player on the right wins a
point, '

If you have any trouble while playing, you may refer to the table below.

Table T
Left - Right Who Wins
Player Player Point
White ' White No One
Brown Brown Both
White Brown Léft Player
Brown White Riéht Playér




Now go ahead and play until one player wins the game, Have you made any

observations about which player had the advantage in this game? (1)

You'‘re absolutely correct if you think that you have a 50/50 chance of winning a 
peint, .

Wa can say that at the end of each turm, a resultant chip was determined by
observing the cclor of the chips which had just been flipped. The "resultant
chip® will show the same color as the color of the chip of the player who won the
point. Remember, when both players had a white chip showing, neither player won a point,

New, can you neme the color of the resultant chip? (2) .

The resultant chip had to be brownt! When both players had brown chips showing, both
players won & point. You can easily name the color of the resultant chip.

(3) . Of course, it was brown. When the player on the right

had a brown chip showing, and the player on the left had a white chip showing, we saw
that the left playsr always won a pcint., Therefore, the resultant chip was white.

Now yov try the fourth possibility. The player on the right has a white chip
showings the player on the left has a brown chip showing. We observed that the
right player won a point. Now you name the zolor of the resultant chip.

(L) . Very good! The resultant chip must be white.

Let's summarize our observations in & table.

Table II
Left Chip hight Chip Resultant Chip
White White Brown
Brown Brown Brown
White Brown White
Brewn White White

Observations of the above patterns in Tatle II should snable you to identify certain
generalizations. For example, if the right chip is brown, what color is the resultant
cship? Brown, white, the sama color as the left chip, the color different from the

left chip, or can't decide? (5)

You say, you can't decide? Notice that if the right chip is brown, the resultant
chip is the same color as the left chip. '

If the right chip is white, then what color is the resultant chip? Brown, white,
the same color as the left chip, the color different from that of the left chip,

or can't decide? (6)
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Don't be bashful, You can observe thatl 1¢ the right chip is white, then the color
of the resultent chip is differaent from that of the left chip.

Now consider the tesk of identifying the color of the left, right, or resultant
chip given information about two of the three chips. But first, let's consider
certair questions related to our previous observations.

What is the color of the resultant chip when the right chip is brown? The
resultant chip is the same color as the right chip, the resultant chip is the
same color as the left chip, the resultant chip is not the same color &s .the
right chip, or the resultant cnip is not the same color as the left chip?

(7) "

You may find it helpfwi to review the data presented in Table II.

What is the color of the resultant chip when the right chip is.wﬁite? ‘Again,
it may be helpful to review the data from Table II.

(8)

Having consolidated some of your observations about the left chip, the right chip,
and the resultant chip, consider Table III. Complete as many of the patterns as
you ¢an.

Table III
Color of 1 Color of Color of
Left Chip Right Chip Resultant Chip
brown brown
white brown
brown  white
white white
brown brown
white white
brown . brown
brown | white

Lf

The accaptable responses to the pattern in Table III reading from bottom to top in
the table, are white, brown, brown, brown, brown, white, white, brown.

e
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thing? Was it a 0, 1, 2, 3, L4, 5, 6, 7, 8, or 9 move? (18)

T S i i T e s

- Since there are only twb colors for the chips, the description of what _
results if the left and right are identified and named can now be fully described,
The characteristics of various resultant chips can be summarized by sayings

(1) If the richt chip is brown, then the resultant chip is the

(séme, opposite) (9) color as the left chip.

(2) If the right chip is white, then the resultant chip is the

(same, opposite) (10) ," color as the left chip,

- The acceptable responses are opposite for (2) and same for (1).

ACTIVITY TWO

With the set of elements for the game of Flip The Chip and the method of operating
with these elements identified, there is a subsequent task to set for oneself. The
task is one of investigating which, if any, of the game rules hold for the game,

-:FirSt, perhaps you should attempt to recall from Session IV as many of the game
rules which we have identified and named 48 you can,

(1)___ (1b)
(12)_ | (15)
(13) _ _ as

Your list should have included closure, reversibility, arranging, ideptity,.invarse
and distributivity, S

Let's see which of these game rules do hold in the game of Flip The'Chipa
Recall that there are two spin moves in the game of Sums for which the player
arrives at the same position he started, What did we name the game rule illustrated

by these two spin moves? (17) » Yes, of course, that was

was our inverse game rule, Was there also a one spin move which accomplished the same

The O move fits this requirement. It is a move that keeps a player in identically the
same position., This is our identity game rule, .In the game rof Sums when we spin a 3

and then a O in a two spin move, the result of the move is the same as tha result of

& one spin move of 3, | : : - ' :




I R

5
Is there a right chip (color) which always makes the resultant chip identical

to the left chip? Yas or no? (19) . Let's see if we can find one.

Consider your performances with the tasks of Activity One. Try working with various
chips such as the patterns provided #: Table IV,

Table IV
Left Chip Right Chip Resultant Chip
brown , brown
white white
The candidate for the identity is (20) » The acceptable

response is brown, Hence, the identity game rule holds in the game of Flip The Chip.
Is the game closed in some way? Does the game rule of closure apply? Yes or

no? (21) » How could you investigate this question? What does it

mean to say the closure game rule applies? (22)

Are there any resultant chips which are not brown or white chips? Yes or no?

(23) o Why, of course not! The only resultant chips are brown or

white, So, the closure game rule applies,

How about the reversibility game rule? What would have to be true for this game

rule to hold? (2L)

If you said something like the following you are on the right track., For each color
for a left chip and each color for a right chip the resultant chip's color would have
to be the same if we reversed the left and right chips,




So, this would need to be the case:

Left Right Left Right
brown white These two would  white brown

need to be the

; . / same — AN /
i Resultant 4%———*5"’——f— > Resultant
| ——

Are they the same in this case? TYes or no? (25) o What is the

resultant chip in each case? (26) . The correct answer is

a white chip. Try to construct one pair with colors reversed which does not have
the same resultant chip.

Left Right Left Right

—

Resultant - . Resultant

Were you able to find a pattern for which the reverse of the pattern gives a

i different result? Yes or no? (27) | __o Since your answer to this
i‘ question is no, what can you say abeut the revirsibility game rule with some degree

of confidence? Reversibility holds or reversibility does not hold? (o)

‘ . The acceptable rgsponse is reversibiliit,,,'holdso

F There is a systematic ﬁay you could have investigated all the possibilities for
varicus coler arrangements., Construct aes many of the different color arrangements
es you can in Table V., The first example we tried is already included.:

S T TR T R T T




Table V

Pattern Reverse of Fattern
Left Right Resultant Left Right Resultant
Color Color Color Color : Color Color
Brown White White White Brown White

There are four possible arrangements which you should have examined. Now you
can conclude without any reservations that the reversibility game rule does hold in
the game of Flip The Chip,

Now turn your attention to the arranging gzme rule. Does it hold in this game?
How can you investigate it? We haven't constructed any rules for having three
people play the game, Let's try it now that we are familar with the game for two,

If we have three players, they will sit in a row and all flip their chips at
the same time. We will let the final resultant chip determine which players get
points, A player will get a point if his chip is the same color as the final
resultant chip, But how will we determine the color of the final resultant chip?
We will observe the pattern of the chips for the first two players and use the re=-
sultant chip which the rules for two players prescribed., Then we will look at %he
pattern of the resultant chip and the third player's chip once again using the
rules set forth for two players. Here is am example., Suppose the three players

flipped the following pattern of chips. This is the way the final resultant chip
would be determined.




1st Player

Brown

\

Using rules for Resultant
two players on '
- pattern for 1st White

and 2nd player

Using rules for
two players on
pattern for re-
sultant chip and
3rd player

Naturally, the 1st player is the only one who wiﬁs a point

2nd Player

White

/

/

color as the final resultant chip,

Now does the arranging game rule hold? ¢

player first?

1st Player

Brown

The final resultant is the same as

first, The final resultant chip

this particular pattern of chips,
the color patterns in order to see
regardless of whether the 1st and 2nd players or the 2nd

tegather Tirst, | "
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was brown,

Final Resultant

Brown

Resultant

Final Rgsultant

.,
o "
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when we found the result fo
At least the arra
There is a Systematic: way y
if the final resultant chip

ould we find the result for th
Try £illirg in the following pattern.

o
3.

3rd Playe.:

White

Since he has a chip the same

g 2nd and 3rd

]

T

layer

White

r the 1st and 2nd player
nging game rule works .for
ou could investigate all
is the same color
and 3rd players are arranged




Construct as many of the different color arrangements as you can in Table VI.
example we tried is already included.

Taeble VI

Arranged with lst and 2nd players first Arranged with 2nd and 3rd players first

1st 2nd 3rd Final 1st | 2nd 3rd
Flayer Player Player Player Player Player

i
color color[ " ¢olor Resul- color \‘color color/

e
rant

[}

colior

White Brown

What decision did you reach? Does the arranging game rule hold in the game of Flip

The Chip? Yes or no? (29) . The acceptable response is yes since you

did not find any examples for whic. the arranging game rule pattern was not true, If
you checked all eight possible examples and found them true, then your answer is final,

How about inverse? Is there an inverse for each of the left chips? If the right
and left chips are inverses, the resultant c¢chip will be the identity, .a

(30) | . chip., We observed that the identity is the brown chip.

Letis try one exampls.

chip be in order that the resultant chip be the identity, a brown chip? (31)

. You are correct if you said that the right chip should be a

white chip. Now we have an inverse when the left chip is white.

SRS LN NN | RN




But in order for the inverse game rule to hold; each chip must have an inverse.
Consider the partial data presented in Table VII and try to supply the missing data,

i Table VII
- Left Chip Right Chip Resultant Chip
f brown ' brown i
. white brown i
white ‘ brown
; brown | brown .
j What did you decide about the existence of inverses for every left chip? Does
T the inverse game rule hold? Yes or no? (32) « Excellent}
? The acceptable response is yes.
Since the distributive game rule requires two ways of operating with or
-manipulating objects and there has been oaly one way desci-ibed up to now, it P
does not make sense to explore this game rule. And so, we end up with which 4

i. game rules holding in Flip The Chip? (33)

~ And which not holding? (3L)
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MATERIALS FOR SESSION V

Packet B
10 chips
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Appraisa]l - Game Rules

We ars goimg to begin today's sgssion by talking aboul water, Imagine that
there are four pitchers cf water on tne desk in fromt of you. Are you thirsty?

Be careful! Two of the pitchers are £411led with dirty water and the others &are

filled with clean water, We are going bo investigate the process of pouring
water from one pitcher inte ancther pitcher and we are going to observe the
resultant water to ses if it is drinkable. We might nots that there are four
courses of actionm for us tu taks., We could pour clean waler intc c¢lean watbesr
or ws tould pour clean water into dirty water, On the other hand, we could

. pour dirty water into dirty water or we could pour dirty water into clean water.

Are we ready to comsider 2 few of these?

DWJF\// w cd' er

- Resulfant water
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Name the game rule which best dessribes each of the following actionss

(OBjective 1) (1) The water that results from pouring dirty water into
the clean water is the same as the water that results
if we ware %c pour clean water into the dirty water.

Game rules

By the way, what is the resultant water like?

You ars right. Ugh! We woulo not wani to drink this dirty waler.

(Objective 1) (2) If we pour water from cne plicher Into any other
pitcher cur resultant water is always either c¢lean
or dirty water, Notice that we can never gei
lemonads as & resaldl

Game rules

(Objective 1) (3) The combined acticms of pouring clean water into dirty
water and then pouring this result into clean water is
the same as the combined actions of pouring clean
water into the water that resulis from pouring dirty
water intc clean water, In both cases the resultant
water is dirty!

Game rules

(Objective 2) (L) Using the pitcha=~ of water, describe how you would
41lustrate the identity game ruls,




G

(Objeotive 3) ~ (5-9) Determine which of the game rules hold for the
L & ~ pouring of water (clean or dirty) from one pitcher

} Pour from this Pour into this The resultant’
; pitcher, pitcher. water 1ss -
] Water iss Water iss

% Clean Clsean - | Clean

j Dirty Dirty Dirty

; Clean Dirty Dirty

: 5

; Dirty Clean Dirty

5 Closures

: Reversibilitys

’ Arrangings

— e
'. ]

into another., For each decision which you make,
describe the data which leads you to your decision,
Remember every game rule does not necessarily have

to hold. You might f£ind it helpful to look at Tabla I.

Table I




Identity;

Inverse:
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SESSION VI
EXPANDED NOTATION - ADDING WHOLE NUMBERS

OBJECTIVES e
At the end of this session the learner should be able toe

(1) demonstrate each step of the expanded notation algorithm for
constructing the sum of any two wiwle numbers of two or more

—— = e - -

digits as they would be carried out by a ma&chins.

) construct & convineing explanatidon that appeals to observations
based on a phvsical situation for sach step in the expanded

notation algorithm for constructing the sum of any two whole
numbers of two or more digits.

~
(gv]
'’

(3) construct an explanation that avpeals to agreed-upon game rules

for each step in the expanded notation algorithm for construct-

ing the sum of any two whoie nuinbers of two or more digits.

ACTIVITY ONE
In today's session, we will investigate an old process used to con-

struct the sum of whole numbers of two or more digits. This process is
closely related to our familiar base ten number system.

Tn front of you, you should have packeb A. Orven it now and place
the sontents of bag 1 to your lsft and the contents of bag 2 to your right.
How many objects, letts call them chips, are in the pile to your left?
(1) . How many in the pile to your right? (2)

There should be 2L in the ieft pile and 18 in the right pile, Now, as you
might expect, our process is one way that we can arrive at the answer to
the question "How many chips were in packet A?"

You could easily count the twenty-four chips and then continue count-
ing for eighteen more units to find the answer to this question, but we
want a process that will be easy for combirning any whole numbers, even
quite large ones, and counting could be a trifle laborious. Letls agree
at the start of the process to define a group of ten of our chips as one
stack, This will make combining large numbers a good deal easier, as you

will see.

S 12ttt o nge l't'

Now that we have this new definition, leifs u . 0an you express

your pile of chips which has twenty-four chips in it in terms of stacks?
Arrange your chips so they reflect the new term, stacks. What does your

original pile of twenty-four chips look like now? (3)

et PR SR ST ALY EEER, G S LI S 17 st o g an st Do AT IR ey X I
ad s T ] R s e =




mr

o S oy b b

e e e et i i b etd

\

Since you all know that‘twentyafour has two tens in it, you dhould have no trouble
making two stacks and then having four single chips left over. Now go on to the
pile of eighteen c¢hips. Arrangs these chips using the idea of stacks, How did

this pile end up? (L)

/

(

Fine'! OSince eighteen has only one ten in 3t, you could form only ons steck and so had
aight chips left over, '

- Now that we have our chips in groups reflecting our new term, we can proceed on
. our way to finding out how many chips there ara, We said that we formed

(5) stack /s) from the original pile of twenty-four chips and (6) ~

stack (s) from the original pile of eighteen chips. You should

* have no problem rsmsmbering two stacks in twémty=four and one in'eightéen. Now look :
‘at the chips in fromt of you. Move the stacks together. How many stacks are there?

(7 . You have formed, sc far, a tobal of three stacks, How many
single chips are there that are not part of anmy stack? (8) _. You

can easily see that you have four sirgle chips left from the original pile of twenty-
four chips and eight single chips from the origimal pile of eighteen chips. None of
thewa chips ars im & stack. Sc we have twelve chips that are not in stecks., Can

you form any more sStacks out of thess "extral” chips? Yes or no?

(9). .. Weire not trying 4o triek you, certainly you can. How many?

(10) . No problem hers, esither, is there? One more stack

can be formed out of the twelve "exitra" chips., Now ars there any chips that are

still "extra*? Yas or no, if yes, now many? (11)

Since we agreed that one stack had ten chips.in it and not twelve, there are two
chips that are still nct in any stack. -

Tet's now see whera we stand. We had %wo stacks in one place and one stack in
another and we combined them end had thres stacks, At the same time we had twelve
ngxtra" chips. Arrange the stacks together. How many stacks do you have in front

of you now? (12) . Right, one more than you had lsz. .ime you

, Checkedo You only had three last time and one more makes four, After the last
time we looked at the number of stacks we had, we asked how many chips were not -
in stacks, It seems like & sensible thing to do here, too. How many "extra

' ehips did we say we say we had? (13) . Ah, yesl It was - i

:";<on1y two, wasn't 1%, So our\question. is answered. _There wuri (1h)

 stacks-and (15)___ | chips in the b&cket A that we started with,
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Yes, four stacks ard two chips. If you were asked, by someone who didn't know our
terms, what the answer to the problem was, what would you tell him? (16) E
. GCertainly, you would say forty-two chips. Bi

Let's quickly summarize the steps we t: k.

stacks and L chips
-tack and 43 chips
stack. and 12 chips

Wi N

gl

3 stacks
3 1l stack and 2 chips
& i stacis a°d 2 chips
Just take a momen* now to line-up your sitacks and chips like thiss
X s oLmos
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One thing we want *~ -o is to get cur stacks together, but like any game, we must follow
' rules, Are t' - e anr game rules that allow us tc reverse the wositions of the

o g el e
ct
)
(0]

single strck and the ‘o~ c"ips? Yes or no,.and if ves, name it? (17)

» Sure, we hav~ —evarsibilits. But we skipped

something, Remerber the four chips really are arringed with the two stacks, and the
one stack goes with th> eirht chips, What game rile may we use to take the four chips
and one stack out of 'hei:r arrangements and ge% thein together before we

reverse? (18) o Good! The arranging game rule will

do it. Let's see what ovr line-up of the chips would look like after using the
arranging game rules
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Then using the feveraing game rule, the line up of chips would look sor.ething like
g thiss .

(3% -
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n S next step involves arrznging %ha four chips and eight chips together, What gams
" rule are we using? (19) » Once again we are using the
® arranging game rule and our line-up will lock like thiss
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B But now the twelve chips can be formed into a stack and two "extra™ chips. The
_B 11213...1_;? i1l Joglk 1ike this:
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Once again we want to arrange all the stacks
we would have the following line-up:

together. Using the arranging game rule
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ACTIVITY TWO

Let us now take a look at what this process looks like in regular numerical
notation.

Step 1. 24 + 18 = (10 + 10 + L) + (10 + 8)

Step 2. (10 + 10+ L) + (10 + 8) = (10 + 10 + L, + 10) + 8

A

Step 3. (10 + 10 + L + 10 (10 + 10 + 10 + ;) + 8

o
S

£ § =

Step 4. (10 + 10 + 10 + L) + 8 =7 10 + 10 + 10) + (L4 + 8)
Step 5. (10 + 10 + 10) + (L + 8} = (10 + 10 + 10) + 12
Step 6, (10 + 10 + 10) + 12 = (10 + 10 + 10) + (10 + 2)
Step 7. (10 + 10 + 10) + (10 + 2) = (10 + 10 + 10 + 10) + 2
Step 8. (10 + 10 + 10 + 10) + 2 = }j0 + 2 = };2

Where do you think our zzme rules were used in this process? Look at the eight steps
above arnd ask yourself why each step was permitted.

Now, was closure used? Why or why not? (20)

———

Closure means that we can find the results with our system. Here we begin with whole
numbers, and our answer is a whole number, SO closure was used.

RS )/;Z’xﬁé,’ R RN




Was the arranging rule involved in our eight steps above? Yes or nog if yes,

in which step or steps? (21)

The answer to this question is quite clear since the arranging rule ws. used in three
different steps, 2, L, and 7.

Probably the next rule to be investigated should be the reversibility rule, Did we

use it anywhere? If so, where? (22) . Good for you, step three is

correct.

If you look at the remaining four steps, 1, 5, 6, and 8 you will see that you can
justify them merely by appealing to the renaming of numbers.

Notice that we have used our game rules as a convincing argument for the algorithm,

ACTIVITY THREE

Let's examine this expanded notation algorithm in its usuel form when we don't use
chips to explain it. The addition problem would usually be written like thisg:

2, 3 or thiss 24 + 18, Since we are using the expznded notation algorithm, we
18

will rewrite 2} in expanded notation. What will it look like? (23)

13 would be writtcn in the same way. The whole algorithm would look like one of these:

2h 2l + 18

10
2 tens + v 2 tens + I + 1 ten + 8

+
; ::gs + 12 2 tens + 1 ten + )} + 8
3 tens + 1 ten + 2 3 tens + 12
L, tens + 2 3 tens ¥ 1 ten + 2
i tens + 2

The vertical procedure is probably easier to keep track of from the standpoint of
bookkeeping. The horizontal procedure tetter fits an explanation based on the game
rules,




PRACTICE EXERCISE
In case you should feel the need, at some future time, to review this session,
here is a practice problem for you to work out.

Use the expanded notation algorithm to demonstrate the sum of 39 and 59, Use
the idea of the stacks, or some other physical situation to explain adding 39 and

59. What game rules did you use to justify the different steps? (21)

ANSWERS
For your Activity One, you should have something that looks like thiss

39 = 3 stacks and 9 chips
59 = 5 stacks and 9 chips

8 stacks and 18 chips

8 stacks
1 stack and 8 chips
9 stacks and 8 chips
Your Activity Two should have the same rteps as we had for our example today, but N

with different numbers. Since the steps are the same, your rules to justify each
step will be the same as we used to justify ours. Refer to the material in
Activity Two after the listing of the eight steps.

3, Eon i
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MATERIALS FOR SESSION VI

Packet A

bag'l - 24 chips
bag 2 - 18 chips
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Second Experimental Edition
SESSION VII

RULE OF COMPENSATION - ADDING WHOLE NUMEERS
OBJECTIVES s

At the end of this session %he learner should be able tog

(1) demonstrate each step in the algorithm of compensation for
constructing the sum of whole numbers as they would be
carried out by a machine,

(2) construct an explanation based on a physical situation for

the algorithm of compensation for constructing the sum of
whole numbers,

(3) construct an explanation based on the game rules for

the algorithm of compensation for constructing the sum of
whole numbers,

Recall that there are many names for the same n nber, such as
5=3+2,3+1+1, L+ l, 1 +L4, 2+ 2 +1, and ’ + 3. This is
aite a few names, so, for the present, let us limit the number of
names by restricting ourselves to names with no more than two addends
greater than zero. What other name can you think of for the number L7

(1) o Are there any other possibilities?

(2) « If so, list them, (3)

Did you 1list 3 +1, 2 + 2, and 1 + 37 These are common acceptable responses.

ACTIVITY ONE

Place the materials from packet B on the table, Now before you is
& group of phyelcal objects. How many are in the total group?

(L) « You should have 8 objects. Regroup these objects
S0 they express one of the other names for 8. Write how you regroup them,

(5) - What other possible regroupings

are there? Regroup the objects and write your answers, (6)

All the possible regroupings ares 7 + 1, 6 +2, 5+ 3, L + b, 3 +5,
2 +6, and 1 + 7, Return the materials to packet B after you have
finished.,
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ACTIVITY TWO

Since we are going to base the physical representation of ocur algoriihm on regroup-
[

iny of objects, lett!s try a second example of régrouping Place the contents of packet
C on the table., There are 16 objects this time., Regroup these 16 ocbjects so vhey

express another name for 16, Now write down all tha posqibilities as you identifly them,

(7)

Check to be sure your answers are complete., The .orrect regrcupings ares 1 + 15, 2 + 1),
3+13, L +12,5+11, 6 +10, 7+ 9, 8+ 8,9+ 7,10+6,11+5, 12 + Ly 13 + 3,
14 + 2, and 15 + 1, Please replace the objects :n packet C,

ACTIVITY THREE

Place the materials from packets D and E i: separate grOups on the table, How many

objects are in each group? (8) ‘ » We want to construct the

Sum for these groups of 13 and 18 objects. The procedureswe might ordirarilv use to
combine these groups are not nececsarily t+ ea.les* ones, What way of rigroup:ing these

objects can you think of so as to ma e t ~ombl.ing easier? (9)

It is wsually quite easy to work wi.: muitiples of ten, isn't it? H-ow could ycu regroup

one of your groups so asvto make the oth:r group a multiplz of ten? 10)

. There seem to bs twc possibilities,  a} :egroup the 13
P 9 P

A . 1i
group as 11 *+ 2 and then combine th=> 2 with the 18 group; or (b) regto.p 18 as 11 + 7

: {9
and then combine the 7 with the 13, Since (a) makes it necessary o .ove cnly two objects,

lett's use it,
We now have a group of 20 objects, FH.t ~hat is ths advantage of ...ving 20%

(11)

Don't you think that having that zero to work with is easier than working with the 8

Y 4 ~meiy iy e

you had before in 18, What is the total number of objects? (12)
The answer is obviously 31, Please return the objects to the packets before going on!
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ACTIVITY FOUR

Let's identify how this regroup:ng facilitates find:ng the sum with . "re than two
addends. Place the contents of pac-et. F, G, H, and I in seyuarate group. on the table,
One packet has 28 objects in it, one 172, one 94, and th. ‘ast 79 You will notice
that we have three types of objects, i.ndred bundles, ten bu :.s, and units, Using
the~e objects in groups, let's work a pi~b.-m step by step an: - -te the procedures we
go through, :

The problem is 28 + 172 + 94 + 79, (We will use the horizon.al form to :ake
identifying the game :ules easier.) How could y-u regroup to make some of th: addends

a multiple of ten? Don't hesitate to try it. .t i:n't really very hard. (13)

» One possible solution would be
28 + (2 + 170) + 9) + (6 + 73) = (28 + 2) + 170 + (94 + 6) + 73, From where did the

2 come? (1) o Ps 6? . 15)
You can see that the 2 came from the 172 and the 6 fr-om the 79, After combining the 6

and 9L, what would the problem be? (16)
Did you get 30 + 170 + 100 + 73?2 Good!

Can we regroup this new set&of addends tc com:z up with some addends that are

multiples of a hundred? Try it! What was you corclusion? Yes or no? (17)
When you regrouped did you get the result (30 + 1,0) + 100 + 737 Fine! Why was the 30

grouped with the 170? (18)

Naturally, the 30 was regrouped with the 170 to get un addend of a multiple of a hundred,

- What do you get when you regroup 30 and 1707 (19)
Naturally, you get 200, Now then, what will the final addenus be? (20)

. Sure, they're 200 + 100 + 73. What result do you get

when you carry through this addition? (21) . Right!{ 373,

If you were skeptical as to the advantage of our regrouping when we used only two
addends, the advantage should be clearer now, Compare the ease of seeing the final
answer in the original problems 28§ + 172 + 9L, + 79 with 200 + 100 + 7%. You should
agree that the answer is seen much easier with the zeroes than without. Flease return
the materials to the packets, :
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ACTIVITY FIVE
Let's now discuss the fame rules. Did we use the game rule of closure? If so,

how? [22)

Of course, when we combine Lwo groups of objects each of which has a whole number of
objects in it, we will always get the result of g third group that also ha. a whole

number of objects in it, Did we use arrangement auyy place? If so, where? (23)

. We used the arrangement gamé rule to put the 2, which was originally wizh the 170, with
the 28, and alsoto put the 6, which was first with the 73, with the 94. This is shown
in more detail in the example below,

28 + 172 + 9l + 79 28 + (2 +170) + 9L + (6 + 73)

(28 +2) + 170 + (9 + 6) + 73

= 30 + 170 + 100 + 73 '
= (30 + 170) + 100 + 73

= 200 + 100 + 73

= 373

Renaming is not a game rule, but did we use 11? Yes ~r 0?7 (2))

Where did we use renzming? (25)

We renamed where we regrouped, so we renamed 172 as 170 and 2 and also we ranawad 79

as 6 and 73. Did we use any other game rules? (26)

Since we are not interested in whether or not any othsr game rules hold for this method
of combining, but whether or not any others were actuaily used, the answer is no,

AN | T 118 A T | GO Ao [t | vard o SR T T MT’"»'T'"‘""»""5.7’{3"7“:;5,1;‘:;:1 e R R T e s




PRACTICE EXERCISE

1. Place the contents of packet J on the table, Physically regroup the 18
objects which are in front of you. Write down as many different regroupings

v
' e

as ‘you can,

2. Demonstrate the algorithm of compensation as shown in the example in
Activity Five using 276 + L5L + 82 + 69, Show all steps,

3, Identify each step in which you used a game rule in the demonstration of ;
the algorithm in part two above. Name the game rules and 1list the steps in 5

which they were used.




1,

2,

3.

e e e e L e e e e bt e \)

ANSWERS

17 +1, 26 + 2,15 + 3, 1, + L4, 13 + 5, 12 + 6, 11 + 7, 10 + 8, 9 + 9, 8 + 10,
7+ 11, 6 + 12, 5 + 13, 4, + 1,4, 3+ 15, 2 + 16, and 1 + 17,

This is a possible procedure:

276 + L5l + 82 + 69 =

Step 1. 276 + (L + L50) + (81 + 1) + 69 =
Step 2. (276 + L) + 450 + 81 + (1 + 69) =
Step 3. 280 + L50 + 81 + 70 =

Step L, 280 + (20 + L430) + 81 + 70 =
Step 5., (280 + 20) + L30 + (81 + 70)
Step 6, (280 + 20) + L30 + (70 + 81)
Step 7. (280 + 20) + (L30 + 70) + 81
Step 8, 300 + 500 + 81 =

Step 9. 881 ‘

(I

e -

Arranging was used in order to get steps 2, 5, andv’]°

Reversibility was used in order to get step 6.

Closure was actually used in order to write all the steps since closure
is needed to be sure the sum of whole numbers is a whole number,
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MATERIALS FOR SESSION VII
/ Packet B
| 8 chips
Packet C
16 chips
% Packet D
i 13 chips

Packet F
18 chips

Packet F
2 bundles of 10 toothpicks + 8 single toothpicks

Packet G

1 bundle of 100 toothpicks, 7 bundles of 10 toothpicks, + 2 .
single toothpicks

Packet H
9 bundles of 10 toothpicks *+ ) single toothpicks

Packet I
7 bundles of 10 toothpicks + 9 single toothpicks

Packet J
18 chips

Packet K

L bundles of 100 toothpicks, 13 bundles of 10 toothpicks,
+ 13 single toothpicks

e e e e T
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Appraisal - Adding Whole Numbers

Have you ever seen people solving arithmetic problems in ways that looked quite
unusual to you? There are many unique procedures for the arithmetic we usually take
for granted. The interesting and valuable fact, thou,n, is that these procedures can

all be explained in terms of the game rules., This is one reason these rules are so
useful and important. |

Consider the following algorithm;
Y48
4
+

44
70
p4

+--3
306

The steps taken in performing the above algorithm might have looked like thisg

1. 168 2. Y68 3. Xg8 L. 768 5. 168 6. 18¢
+ zlz + ilz + glz + yl + 9(1' + yz

1 19 ié: igé’ 7%6

: : P

1

XX 1Y

Z0 70

: :
306

This is called tr3 scratch method for adding whole numbers.




Now look at this example:

1. ko 2. ig,z 3. Mi b Ud 5. M7
3 32 “%22{““ 55 %9 32
S S S

(Objective 1) (2) Demonstrate this example in horizomtal formg

4

(6bjective 1) (3) Now name the game rules that were used in going from one step
to ancther in your horizontal form, This response can be

recorded below or beside the steps in your horizontal example
above, ’




(Objective

2 (1

Open packet K. Use the objects that you find in this
packet to comstruct an explanation for the algorithm you
have just seen, Draw pictures and/or write an explanation
below to tell what your explanation is. -




(Objective 1) (L) Solve the following problem, d@mons%rating the same algorithm
(scrateh msthod) as we used at the begimning of the appraisals

‘ 328
169
f | sl3
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SESSTON VIII

WHERE?

OBJECTIVES ¢
At the end of this session the learner should be able tos
(1) demonstrate the addition of ordered pairs of whole numbers.,

(2) construct a physical explanation for the algorithm for adding
ordered pairs of whole numbers. |

(3) demonstrate some of the game rules for adding ordered pairs of whole numbers.

Last week I took a trip to a fascinating town with some rather unusual features.,
It is called "Where', and there are several outstanding sights to see thereg but before
we were able to see any of them, we had some problems to solvs., The bus had let us
out at the corner formed by the intersection of two streets, both of which seemed to
be named "O", We hailed a cab and then took a look at the map we had been given. The
map indicated the locations of some of the places to see, and -:= deciled wa would like
to go first to the Cathedrals that's when our troubles began., The streets were laid
out and labeled as shown below, What should we have told our dr.ver?

|
pan # F Cathedral ¥
|

i - ﬁ*’— Museum @
3 fAieﬁ Art fallery v
| O

X

Catacombs

0ld Castle

R

3 4 s 6 7 8 ¥4

How would you have directed someone to get to the Cathedral? (1)

Sure, I knows and we did try by-passing directions 2.:d said, "Take us to the Cathedral,”
The cabdriver answered, "Which one?" Of course, at that point we almost resorted to
pointing to the map, but somehow that didn't seem fair. Anyway, it wouldn't help for
the next time., The result was that everyone tried a different set of directions and no
one understood anyone else, By this time we weren't even sure of East-West, so that
suggestion went down the drain, Then came the gripping. Why didn't they letter or name
one set of streets??? We couldn't even use going "ahead" or "left" since we didn't
know how to say which was our position, However; in our discussivn, the reason for
having two sets of names for two sets of streets did become apparent.,

)




A’ter all, everyone would know how to go to 2nd & d B Sts., Our driver, who had been
taking all this in as he smoked and lounged, suddenly stuck his oar in and asked "What
is clearer about te'ling a place by a lettsr and numbsr rather than using 2 numbers .’
It's perfectly clear to us:" What kind of rule or ¢lue do you think they had that made

it clear to them? (2)

Come on, guess., And what would you have said tn the driver? BEveryone turned on him and
demanded "How do you know which of the two strs:t3 with the same name to go to?" To our
chagrir, he . aughed till he wept and said, "Dc.'t tell me no one remembered to tell you?"
"Tell us? Tell us what?", we cried in fury. I guess he decided it would be safer to
tell us the secret. What do you think he said? ..ny of a number of methods might work,

so list a few and see if one agress with the people of ‘Whers", (3)

When they spoke of an intersection, the natives us:d ihe numbers of the two streets;
but they always gave first the number designating tne labels on the horizontal of the
grid shown below., Sometimes this direction is calied ‘'Uver‘; aid the second direction
'Up". So, for the remainder of our stay in "Where®; wien we saw something like "five,
three” or (5,3), we knew we first went five street: in -he direction of the arrow,

a"”}
S R |
e
+ ,%.. ? ......J;........-.L-.‘._. __.-_i
-Z-m. ; t P po—

= -+ - First number

Mﬁ{}i )

Despite the wasted time, ws had a lovely visit, and what's more we learned to recsive
and give directions for getting around "Where',

Just in case you decide to visit this delightful place, let's practics getting around

there. First; this notation has a name, and since it involves a pair of numbers written
in a specific order, what is more natural than "ordered pair", The ordered pairs (1,2)
and (L,3) have been graphed below.

« - — wm Donngps - -ﬂl--—-ct- m“r» - e Nl
Ot ! ! [
/3‘ ’§ ) . ,__;_.*__Mﬂ S S 3 ———
? BN
L TR IR T T SRV SN . e
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¥rns the packet of graph papers, take Grid I and onz it mark (3,1}, Come on, don't
hold back, Give it a try and. if necessa. - -uess, Wnhen you have marked it, look
~t Grid IZ tc see if you agree, Tf your d- .=n't in the same place; go to Grid Til
and try scme more, If ycv. were rcht; 6 o .

Using th>» ordered pair nota™: , !~''8 “aks & few trips., This no%tetion allows
moving on struets only (no cressing .mpty io%st)., Before we start, taks our Grid IV,
On the £'vs° trip, we'll start abt (7,9, hh,h des*ination (8,7)=-but dontt move yet,
becarse W ha e to make a sitop on ta¢ w.yz s0 let's go to (2,5}, which cvan z2ls0 be
read as 2 'Ove: ' a d 5 "Up¢, You'l:. see this part of the trip marked on Grid IV,

T2 secon. p . of the trip to (8,7 will be written in the same way. What trip would

yce teke from (2,5) to get to (8;7.? (&, “Over” and (5)

“jp*, Do we agree? Did you get (6,2)? Good, you've garned the

trips starting where e marking encs at (2,5:  Grid IV, you put in the second part of
the trip. /e made this urip to (8 ,7) in two paris; but what if we didn't need to make
a stop on the way? What single 'Over and Up* trip would ycu take?

(6) . Was “t {8,7)7 Of course., Mark i% on Grid IV,
You!re d-in~ so well, it's time fcr a sols, Us:irg Crid IV and starting at (0,0)
again, mark thi: two-part trip on the trest plan: )i, ) and then (L,kL).
And whers did you end this time? ) Same place (8,7)7

Very gcod, We've oaly taken two trips ~ith different stopovers but the same destination,
Now look &t tpe G.id and just think of ths number of trips rou could take in two parts
and a:wzys enc on (8,7). Quite a few,ar-.'% there? And I've been wondering, did we
wravel sn7 further, or perhaps less, in & two-part irip tn:n a one-part trip to the

same place? 1) . If we look .t *he Grid, it shows that you travel

the same number cf streets over and the same number .p whsther we go there In the moest
direct manner or mazka a stopcver on the way. There ough+ tc be some kig discovery
we can make from this! Let's lock again &t *ne ordared pairs,

First trips (2,5., then {¢,2), %o (8,7)

Second trips (L,30, “h .u (L4}, to (8B,

Our mark‘ngs on th® grid and t e ordered pairs seem to be zaying the same thing. Take

s crac- at wo-di~:. wha* ycu see., (9)

How doss the “ollaowing compare wirth w-at you .a1i? |ine sum cf thz "Ovess® _n the two-
part tcin equelstne “rer' on the one-part trip, and the same is true of the “Ups"),

No? Y v don't agree’ rlease, say it isn't so, vuab 1f you ~=1ly think t.e statemeat
is false, please g- over the last couple of paragrapns. Whe:: this .s clear, see 1f
your agreerent will Include replacement of the word then with plus and the word fo
with egquals?
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This would give us (2,5) + (6,2) = (8,7 and (L4,3) + (L,h) = (8,7)., Has this been

true for every example you have tried? Yas or no. (10)

Then, for the time being, can we agree that for two ordered pairs o. whole numberss

(ayb) + (cyd) = (a +c, b+ d)? Yes or ro? (11) . If you would like

to test more or just practice use Grid V to graph some of the trips listed there. Be
sure to fill in the blanks for the trips a.d compare with the trip checks at the becttom
of the grid AFTER you graph and write each trip.

i all of this exploration today whar have e been working witkr? What elements?

(12)

Sure, crdered pairs., What operation have we -e:n per’ovming? (13)

. What, all this time and we'!-e still on additiont! So our
9

objects or elements are ordered pairs and our o,era*.on is addition. When we add two
or wore of our elements will we always get arothcr element? Or put another way - when

we add tw:> crdered pairs will we always get anot er pair? Yes or no? (1) o

It is trus that we have not tried all pairs or carrizd out a formal procf, s0 we must
hedge cur znswer and say that as far as our expse:ience goes, we always get ancther
ordered pair when we add two or more ordered p-irs. Hence, we can say that the game
rule of clcsure appears to hold for adding orderec pairs,

Now add (3,2) and (5,8). (15) . Try it in reverse by

adding (5,8) and {(3,2). Does it matter in whic: order you do tne addition? Yes or
’ \ Yy

no? (16) o Try at least o-e ro-e example with otlier pairs and

check, (LT

Which game rule are you testing? {.8)

The reversible game rule is being testea here. Ca wou find an example of addition of

ordered pairs which is not reversib’e’ Yes or no? (19)

Since your answer is no, you probabl: feel that the reversibility game rule holds for
adding ordered pairs. We do have a fairly good srgument, but we cannot be sur> that
an example will not turn up sometime later which will force us tc a diff=rent conclusion.

TIry adding any three ordered pairs. D:id the answer depend upon which two pairs you

arranged together and added first? Yes or ro? (20) . What support

do you have for your answer? (21)
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‘oL exampa. 8 pr o.ably look something like thiss

293) * (1),9“] + (1,5) (2,3) |\ (L;7) + (19’5)
\ / I ~. /"

(6, LO) + (1,5) (2,3\)\+ (5512)
1) (7,15)

Wnat game rule are you testing? (22)

o

3)

Does this gama r.le hold for addition of crdered pairs?

Did you place an' restrictions on y.ur conclusions. (2L)

. If yves, which rest ictions? (25)

You can a..a.s suppolrt your answers by trying sore examples. However; our use of
a few examyles does not prove that it holcds for alil cas s, so again it is best to add
rnstrlct onc. Th.n let's say, until we f'nd evidence to the conirary, the reversibility
and arrangerent game rul.es hold. In tha®t case; we have constru.ted the sur -f ordered
nrairsy we have cons .ructed a convincing wxplaration of the acdi.ion using the physical
representatio. of the prids we have demo:.strated s:me of the game ru.es for the operation

of additior.

Congratulations!

e, s T I - S X I S T

I
.

i
5
K




r

. R e U e S

Performarnca Tasks

(Using the algorithm for addition of ordersd pairs of whole rumbers.,)

1)
2)
3)
L)
5)

1)
2)
3)
L)

5)

(20,12} + (72,91) =

(13,16} + (7,8) + (22,41)

(L132,271) + (2,3} + (7,3C) + (21,420) =

Which "game rules" can we demonstrate in +this addition?

Can ycu “hink ¢f ancther way to physically represent this algerithm?
If you can, construct an cutline of the procedure,

Answers to Perfu-mance Tasks

(92,103)
(L2,65)
g )-Lléz ) 72U-,

An additive identivy existss every element has an additive inverseg
the ":zlosure!, "arrangement" and "reversidiii'y" zame rules apply.

We canno® state a "correct" answer for this item since there may be many answers.
If you could not think of an answer, just keep in mind the grid idea which we used.
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"GRID TIL

Remembers The first component of an ordersd pair means "go to the right
along the horizontal line". Go to 5 along the horizontal
O-line on the grid belows now go "up" from there 3 lines. 7You
just plotted (5,3). Try another; (2,4). Want, more¥ Okays
(12,7), (L,6), (8,2). Answers are on Grid III-A.
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RIS SO Do

: G’R' D XZ Fili in blanks for the 6 tr 4ps to the right of the gridg
graph each trips; check trip notation at bottom.
/3 , ' ' Trip notations
/2 ' ' \
} 1o (2,1)5 ( )s (10,3)
" ’ . _ 12, € ), (10,2)4 (10,3)

/o'f | ‘ : . , 3. (8,4); (5 8): ( )l R

S T | b £68)y £ e (13,12) 0
7, N I ) O — — 5 (1,8), fllsijs'( ke
B , N D B A 6o ): (Sbéai (12:9) Ly

T3 4 - ¢ 7. § 57‘ AR
Checks 1. (2,1), (8,2), (10,3)
2. (0,2),(30,1), (10,3)

3. (89)4)9 (598)9 (139'12)

Lhe (6,6), (7,6), (13,12)

5. (1,8),(11,1), (12,9)

6. (7,3), (5,6), (12,9)
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Second Experimenial Edition
SESSION IX
MORE WHERE?

OBJECTIVES3s
At the end of this session the learner sheuld be able tos

(1) demonstrate the addition of in“egers ramed.by ordered pairs of whole
numcers.

(2) construct physical zxplanatior. for the algorithm fo adding integers
named as ordered pair:s orf whole number.s,

(:) demonstrate the game rules fcr a’iing integers named as ~rdered pairs of
Ww..2le numbers.
L7 -+ session we visited the tow ¢” ™rer ' 'd made - s lnleresting
discoveriz. about the streets and trips = "% could be nrmadr. or: “hem. Look at
Grid VI and letts review briefly. If we wante” to maks : trin *r ‘e X on

this grid, 2 c-ould 4o it by naming an (1)

which wow.d telil vs how ©. ge” “here if we started aht the point of inlterz=c-

tion (2) » Jru are remembering accurately if you said

we wouid wame an ‘ordered pair: ané that our starting point would be {0.0).

What srdered pair would name t-= ~ca*iua of theA or Grid VI? (3)

. We should keep ".©. 7= v°t an ordered palr can be used

in two wayss it can name the parts .f a - .7 or "t ~ar name 3 particular loca-
tion cn the grid or map. If you said the A loc: s culd be rarsd by (10,5)
you were correct.,

Amother thing we did with the btrips last session ra. to c¢ombineg Two or
more trips to get to some specific .nzation any to study the varicus ways this
could be dorne. For example, on Gr.d VI again a trip of (L,1) followed by a

trip of (1,3) would get you to which poixt orn ths grad? (L)

» The correct point is toe c¢ire °d po.nt ¢n the grid. -the

ordered pair (5,4). We represeiite: tb' *.::1 trip as (Lsi) + (1,3) = (5,4)

4

and notice that (a,b) + (c,d) = .5) , for any

case of adding ordered pairs or maxing iwo consecutive trips with the first
one starting at (0,0). The last answer should have been (a +¢, b + d). If
you did not get this it might be weil to get out Session VIII again and review
the first few pages.

There are some other interesting zaaracteristics of travelling in "Where"
that can be brought out more clearly if we study the map or grid which we have
been using to indicate our trip. Lok at Grid VII. This is a grid of the
town on which some diagonal lines have been drawn., We shall call these diago-
nal lines, "avenues", but they shall differ from ordirary avenues in that we

e Edene.
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shall not travel cn them. We shall use them only to call cur atterntion to the
particular street intersections which they connect. Choose any vne c¢f +the ave-
nuessy say perhaps the one through the point (2,0). Have you located it?

(6) . If not, you may notice that there is an arrow pointing

to it along the lower edge of the grids Is that the one you had already picked?
Goodl Write ordered pairs which name two of the points on the avenue.

(7) _ | . You may have written 72,0}, or (3,1), or (4,2), or (5,3),

or (10,8), or any of many other choizes. Now, use the two psints (L,2) and (5,3)
to take two tripssy first, use one of the ordered pairs to take your first trip,
then the other for your second trip as we havs done previous:y by starting at

{0,0). What is the ordered pair? (8) o What avenue did
you land on? (9) o I'1l bet | can tell youb It11l bet you

landed on the avenue which goes through the point na -d by +he ordered pair (9,5).
Right? Now pick any other two points cn thls avenue throuzh {7,0) and use them to

make two more trips in t'e same fashion., 10)

o what a enue did you 'and on this time?

(1) . You may not .lieve it, but I'11l bet I can still tell
you. You landed on the avenue throug:: th= point (L4,0) didn't you?

(12) . Remerber I am just naming the avenue, not the

specific pointl Now, am I right? (13) o Good} It's the

same avenue as we previously landed on, isn't it? (1) .

Do you wonder how I guessed that since I didnft 'mow ~h: pariisular points you
had named? No, it's not magic, and I did-tt peex over your shculder., Letts try
some other cases., Consider the avenue through the point (3,2). Name any point
on that avenue. Have you made your choice? Now name any point on the avenue

through the point (7,4). (15) - o Us=ing the ordered

pairs that name the points you have chc:nin, take the indica.ed .. s and decide
which avenue you land on., Remember that yo. may ac.ually coun. .*Z the trips <n
the grid or you may add the ordered ralrs as we did last secsic. . hich avenue

did you land on? (16) _ o I'1? bet itls tie same

avenue that the location (10,6) is on. Is it? How could I predict your answer

not knowing the specific points you started with? (17)

Do you still have some uncertainty as to my method? If so, let's look at another
example. Corisider the avenue through (6,1) and the avenue through (2,1). Name a
point from each one. We could use (6,1) and (2,1) themselves. Take the trips or

add the ordered pairs. (.8) » Did you write
(6,1) + (2,1) = (8,2)? Goodl Try twe sther locations on these same
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avenues. Say (8,3) and (3,2). Add the trips or add the ordered pairs.

(19) » Is your answer the same as mine?

I got (11,5). Goodl Now try two other locations on the same two avenues.
Let's use (9,4) and (1,0). This time the sum or result of the trips is

(20) o I got (10,4). Did you? Good}

Now, what were the three answers? (21)

Rightt We have (8,2), (11,5), and (i0,L4). Locate these three points .n the
grid if you haven't already done sc. What do you notice about them?

(22)

Did you notice that all three answers lie on the same avenue? Gocdd Now do
you see how . knew what your answers were in the previous examplss? Can you

make a statement about these results? (23)

You should have said sometiing like the foilowirgs Any time you are zllowed to
name points from a given palr of averues nr a single avenue and add them the
resulting locations or poin*s will be on “%ie same avenue, whatever the choice

of ordered pairs. Let'!s see theny if we add ordered pairs on the avenue thrcugh
(L,7) to ordered pa%ps on the averue through (4,3), the result will be on the

avenue through {2&)5?

Did you give as an answer (8,10) .r some cther ordered pair on that same avenue?
It is as though we were aclually aiding the avenues when we added the represen-
tative ordered pairs. We act-ally .an think of ‘t in that way. Do you see why
the avenues seemed rather interestiny ts me?

Last session we added ordered pairs and diszovered what seem=ad to be
some appropriate game rules for the addl*ion. What were these game rules?

(25)

Did you write down Jjust three game rules? !hey were -losure, reversibility and
arranging, Consider the following examples., Write the name of the game rule
which each example illustrates,

1. (8,6) +(3,2) = (11,8) = (3,2) + (8,6) (26)

2. [(3,1) + (L4,2)] + (5,3) = (7,3) + (5,3} = (12,6)
and (3,1) + [(L,2) + (5,3)] = (3,1) + (9,5) = (12,6)

(27)
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3. (3,5) + (6,1) = (9,6)
and (a,b} + (c,d) = (a + 2, b + d)
for all ordered pairs (a,t), (c.d}
and (a + ¢, b + d)

(28)

Did you write in your answers? If n:t be sure to do so before loocking at my
answers. The first one is an example ot reversibility and the rule of closure.

The second one illustrates arrangemert a-d the rule of closure. The last one
illustrates the rule of closure.

Do ynu think that these same game r.les would hold if we werc thinking of

avenues instead of just the ordered pairz? (29)

How could we distinguish between addirg :rdered pairs which represent avenues
and just adding ordered pairs? Well, we mrght make a speslial mark cn the ordered
pairs representing avenues. For exarple, we might say the ordered pair (3,2)

represents the avenue when we write it this ways (5:5). Now, if we put these
marks over the ordered pairs which represeni avernues, will the previcus three
examples hoid for avenues as they did f:r ordered pairs?

1. (8,8, +(3;2) = (I1,8) = (5,2; + /B,8)

2. [(3,1) + (L] ~ (5,3) = (3,7 « [(5,2) + (T,3)]

3. (a,b; +(c,d) = (a<+3, b +4,

Has the reasonableness of the answers changed? Yes or no? ¢ 30)

Nol It appears that everything stiii hcldse Does this prove +that closure,

reversibi ity and arranging hold icr the addition of avenues? (31)

. Well; we wzuld have to say it does not really prove

the fact, but it does give us evidence “¢ make us cornfident +that they probably
hold. As a matter of fact, until someore proves they do not hold we shall
accept thsm ard use them as if tney do kel T

Now, do we have any cther i.teresting propertics when we add these ave-
rues? Get cut Grid VIT again. Congidor the follewing examples aud find the
answers by taking the trips or by addiig the ordered pairs and then locating
the resulting avenue.

(3,13 + (2,2) = (32)

(5,2) + (1,1) = (33)
(7,2) + (5,50 = (3L)

Did you get the answers (5,3), (6,3), and 712,7) respectively? Compare the
avenue you started on in each case to the avenue you landed on. What seems

to be true? (35)
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Did you find yourself ending up on the same avenue as was named by your first

ordered pair? In other werds (5,3) 1s the same avenue as (3,1) and (%,3)

is the same avenue as (36)

Did you write (2,2)? Goodl Firally (12,7) is the same avemue as (37)

« Yes, it is the same as the one we started with
in that example, (7,2). Now what about the avenues named by {(2,2), (1,1) and

(5,5)? (38)

Did ycu notice that these names were all feor poirts on the same avenue? Goodl

an avenue and we landed on (39)

Yes, we landed on the same avenue, Ir sach case we were adding the same avenue
to vhe avenue we started with. This avenue could be identified by the fact

that the first and second numbers in the ordered pair were (LO)

o Yes,. they were the same. We could put these two facts

together and says (L1)

b}
In the above statement you might have saids Whenever we add the avenue which is

represented by ordered pairs with the same first and second elements to any other
avenue the result is the same avenue." What game rule does this resemble?

(L2)

When we added a number to another number, and the result was the same rnumber we
started with, we called this the identity game rule. We might call the avenue

with this same characteristic, "identity avenus"., Try some mores

(2,5) + (gjg) = (L3) o Is the result the same avenue
remed by (2,5)? Yes, since the result is (10,13),

(E:ﬁ) * (3:3) = (Lb) o Is the result the same avenue
named by (E:E)? Yes, the result is (?:7) which represents the same
avenue,

Now, with "identity avenue" which game rules hold? (L5)

Did you write closure, reversibility, arranging, and identity? Good}

¥ S
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What other game rule did we know which involved a single operation?

(L46) ) . Remerber it was closely tied in with the iden~

a , that hint heip? Yes, we had an inverse game rule for
f our gamss. Did the inverse game rule hold for the addition of whole

9]
o
=]
@

numbers? Yes or ro? {(LT7) . Write an example

..

to illustrate wha- we would look for if we were itrying to find an inverse for

a whole number. (L8)

Did you write something like 3 - [ = 0?7 What can go in the bex? (L9)

» Tha*'s right., There is no whole number which will

go in the box and give us a true sentence., Therefiore, we say that the inverse
game dees not hold for addition of whele numbers. To have an inverse we must

get the (50) - for our sum. Did you write "identity"
in the blank? Goodl

Do we have inverses in this new system of avenues? What is the "identity

avenue''? (51; o » Yes, we recognize

that "iden%ity avenue" is (5:3) or we 2oald name it by any cther c¢rdered pair
whose first and second elemenss are the same. Could we get “identity avenue"
as a result when we add two other avenues? Ccusider (2,3) in the following
examples

(2,3) + (52, = (5.5 . We used one of the names for
"idertity averue", but we know we 2ould have chosen from many other names. Did
you £ill in the blank? Go_back and try if you haven't done co. The blank
could be filled in with (3,2) couldntt it? Try ansther examples

(5;1) + (53]
filled in with (2,6,

= (7,7)s This time the blank can be

Do you suppose we can always gebd "identity avenue®" as a result, no matter
what avenue we start on? If you are uncertain, try several examples like the
ones just given.

Sinte we can start with any avenue and find an avenue to add to it and get

ridentity avenue" as a result which game rule appears to hold for these avenues.

(54) » Yes, the inverse game rule, which we did not

have for the whole numbers, appears to hold for these avenues.
We can now summarize again by lisbing all the game rules which appear to

hold for addition of these avenuess (55
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| Did you list closure, arranging, reversikility, identity, and irverse? Goodl %

- PRACTICE FXERGISE

l. Show the following exampies as %wrips on Grid VIIL. é

a) (378) « (WJ7y = (L5750 + (3,8) i

' b) (T3« (I« B0 = (LA + (5D + (2,W)]

0} (518) + (7,2) = (15,3)

a) (30 + (T3 = (87) |

5 . 2. Find the sum of the *wo avenues by using the algorithm for adding avenues g

named by ordered pairs. z

a) (I7,9) + (72,91) =

| by (T + (7,8) + (Z1,00) = :

H ) (BI3E,271) + (T;2) - (7,30) + (IT,L18) =

i d) Which game rules can we dsmonstrete hold for this additicn of avenues?

3) Can you think of another way teo physically represent this algorithm?
if you can, wonstruct an cutline of the procedure,

ANSWERS
] 2, a) (89,100)
§
v) (39,82
¢) (1157,719)

d) An identity erists for additicng every elemsnt has an inverse for
additions the closure, arranging, and reversibility game rules apply
for add.&. v-n- h 7]

|
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SESSION X ‘

ADDIN'i ARROWS

BJECTIVES ;
At the end of this session the learner should be able toi

(1) Cceronstrate t-: procedures of an algorithm for finding the sum of two
p.sitive integers, uwo negative intvegers; a positive and a negative integer
when they have the same magnitude, and a positive and a .egative integer
when the positivs integer has the greater magnitude,

(2) construct a convincing explanation that appeals to observations based upon
the manipulation of arrows for each procedure in the algori “m for construct-
ing the sum of two intugers.

(3) construct a convincing explanation that appeals to the game rules for each
procedure in the algorithm for constructing the sum of two integers.

Wien te were examining some of the algorithms for adding whole numbers, we made
se of three of the game rules. The game rules of closure; arranging, and reversibility
rere all used to explain the algorithms with whole numbers. There are three other game
wles which we didn't mention in conmection with the algorithms for additicn with whole
umberss identity, inverse, and distributive. However, we have observed that the identity
rame rule holds for addition of whole numbers.

hat is the identity for addition of whole numbers? (1)

'he number is zero of course. In the last session we observed that the inverse game
«ule did not hold for adding whole numbers. The whole number 5 does not have an inverse
ror the operation of addition since there is no whole number which we could find which
men added to 5 results in zero - the ideatity for addition.

Well, this %akes care of the identity and inverse game. rules, The identity game
ule holds and the inverse game rule doesn't hold for whole numbers, What about the
jistributive game rule? Does this game rule hold for addition of vwhole numbers?

I N
fes cr no? (2) . We can't answer yes to;this‘B%cause the

jistributive game rule involves more than addition of whole nﬁmbers° It involves t.;0
yperations. '

We can see that our set of whole numbers is deficient for the operation of
yddition. One of the game rules simply doesn't hold for addition of whole numbers - the
inverse game rule. Notice something else. One of the following number sente.ces cannot
he made into a true sentence by writing the nams of a whole number in the boxs

2+I1 =8 - []*5=8 Hrs=17 3+p3 =7 3+ =2

thich ones rannot be made into true sentences? (3)

3 +I] = 7 can be made into a true sentence by writing }} in the box., However, you are
right if you said that there was no whole number which you could add to three so that the

resul. would be two.




What we need is a better number system than the whole numbers, The addition of
avenues named by ordered ‘pairs which we looked at in _the last session doesn't

give us this trouble, For instanee, examine (2,1) +Efij = (L,5). What is the |
ordered pair which we would write in the box in order to nams an avenue that makes

o (L;2) wouldn't be correct,, but

(2,L) would be,. There are_other names for the avenue named by (2,1), (L,8) would be
one of those names since (Z,1) + ([,8) = (6,7) and (8,7) is another name for the
avenue named by (H:?). In fact, we can always find an ordered pair that will make
any sentence involving addition true.

the sentence a true sentence? (L)

The system of numbers involving avenues named by ordered pairs with addition seems
to be superior to whole numbers with addition, Can you recall what game rules appeared
to hold for adding avenues named by ordered pairs? Examples for these game rules are
given below, See if you can supply the names, :

There is an avenue named by (2,2) such that (3,L) + (2,2) = (5,8) where (3,L) and

(5,8) name the same avenue, (5)

The sum of two avenu@é, such as (2,1) and (3:5),~is an avenue, (5,9). .(6) -
. G @B =@ + (5B (n °

For each avenus such as (3,7), there is an avenue |~ such that (3,7) +E::] =

(5%). (8)_ ° "

(2,1) + (3,9) +(T,) =(Z;1) + (T3). % (LL) . (9)

The correct responses in reverse order are: arranging, inverse, reversibility, closure,
and identity, '

All of the game rules ﬁhich held for the whole numbers - remémber we listed them
eariiers closure, arranging, reversibility, and identity - also hold for addition of
avenues named by ordered pairs. Since the inverse game rule also holds for addition

of avenues named by ordered pairs, it looks like these avenues are really superior to
whole numbers,

We call’ this new set of numbers which we created in the last session integers. All
the game rules hold for addition of integers.,

Last session we talked about integers as avenues named by ordered pairs. Another
way we can represent integers is to use arrows., There are a number of arrows in packet
A. Take them out and we'll see how wWeé can use them. First, arrange them by size., We'll
call the shortest arrow a one arrow, What is the relationship between the shortest

arrow and the next longer arrow? (10)

Since the next longer arrow is twice as long as the shortest arrow, we will call it a two

arrow. The next longer we will call a three arrow, the next a four arrow, and the longest

. a five arrow,




In the packet you should have found two each of the following: one arrow, two arrow,
three arrow, four arrow, and five arrow, There is another kind of arrow in the packet.
Since it didn't take up any room, we slipped in a zero arrow. It might be handy to
have an arrow which has no length at all.

Now let's try to add two of these arrows. Take a three arrow and point it to the
right. Now place a two arrow with its tail at the head of the three arrow and point it
to the right-as'‘in the diagram below.

AN

X L3
(T D ,

What arrow could be used in place of both of these arrows so that it begins at the tail f

of the three arrow and ends at the head of the two arrow? (11)

You are right that the five arrow could be used to replace the three arrow and the two
arrow laid end to end. But since we have introduced the idea of direction for the three
arrow and the two arrow, we must consider the direction of the five arrow. Naturally, 4
we would want it to point to the right. Hence, when we add a three arrow pointing to
the right, and a two arrow pointing to the right, the resultant arrow is a five arrow
pointing to the right.

L r en s A e s

What would be the resultant arrow if we added a two arrow pointing to the right:and

a one arrow pointing to the right? (12) o You are right, This

is a three arrow pointing to the right. What would be the resultant arrow if we added a

‘three arrow pointing to the right and a zero arrow? (13)

3

Note that we did not have to supply the direction of the zero arrow. You just can't tell
which way a zero arrow is pointing. Hence, the sum of a three arrow pointing to the right
and & zero arrow is a three arrow pointing to the right. Of course the question can be
asked the other way around. What two arrows could be added to give a resultant three

arroﬁﬁﬁbinting to the right? (1L)

% Naturally, one of the possible pairs of arrows would be a three arrow pointing to the g
right and a zero arrow. Other possible pairs would be a two arrow pointing to the right
and a one arrow pointing to the right, a one arrow pointing to the right and a two arrow
pointing to the right, and a zero arrow and a three arrow pointing to the right.

.« The two arrow pointing to the right represents an integer. We could write the ;
-ﬁihﬁggér in a shorthand notation. We need to talk about two things in connection with ?

fhe.integer. What are they? (15)

We are concerned with both the magnitude of the arrow and the direction. There are many ¢
ways in which we could express this., One way would be to write 2. How could we write i

the number sentence which expresses the sum of a three arrow pointing to the right
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and & two arrow pointing to the wight as a five arrow pointing to the right?

. -
(15) o LLINE Corrert response ;§“3,+-E?ﬂ 5o
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Write in the integer in shorthand nctation which will meke each of the following
sentences truss '

S e

rof 4:.-—i
-
jt
5
—
—

t
1

|
&

- &
=

#

™

o
=2 T e —n ";‘3‘ iy
The corract respcnses are 5, L, 5, lf; Zg and 2,

Writs in the pamés of a pair of integers in shorthand nctation which will make
gach of the following sentences trues T

-3

Je [ e
RV AN zé—;
bty
R T
Ihqg@ are many pairs of integers for. sach sentencg, 4¥kKE$Q$9 ggy'§’='§’+ 0
Oor 3 =2 + 1 for the first one, We ‘could write L = 3"+ I, 4y =1 +"§; or even

{ =72 +'7 for the third one., We could call all of these number sentences
1 examples of adding right numbers, |

Did we need any game rules in order to add a couple of right numbers?

Iist them, (17)

cat 2

Lf you think about it carefully, yon will realize that ths only game rule that was
used was closure, When you add two integers, you always end up with an integem,
in vast, in this case when you add two right numbers, you get a right number as a

e PR 5
.L‘G:SL.J. ﬁal] t Y

HOWeVeIr'y Wwe can observe that cther gams rules hold for additicn of right
rumbers, Give an example of & number sentence invelving addition of right
nunbers using the reversing game rule in shorthand notation,

(18
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Your sxampls might losk like {hls; + J B AT or (v e * I NN TR 2;.
Nota %28t in this last oeample tie [L37) wag reverssd with %he T) OSan you

bl .
glve bri ¢vample of & purter sevisase dnvslvbog euditisr ~F richt numbers using

iﬁ&-

Yha srrapglre game vule? Yoz or wel {19 o Your answer should

cnce agalin be yas, and you saculd o abls tc write the example using the

sherthand notaticn, (20)

Thers are many examples you mig*t have ot »:-r Fere, Perhups yoﬁdpickad an

- = "",’? ety -~y =, W e
examnle like thiss 7+ {2 + 7 1 fd Droh Vor (v (24 2))+ Lw]+ (3 +f§5
4'33. Here in the last exampls ! 3 4“33 was considered as a single mamber ir the
arrunglne gare ruls,

A Ceva ar !ietity when you sod Integers? Yas or ne? (21,

Lo e by you ware probably thinking of zero since zerc Y3 the number
whic o v v oacded to any number, gay n, gives & result which is ne 19 vou said
oy you ware probably net thinkivg of zere es si: integer, In any caseé, we really
want to have zero as an integar even though we cannot determine the directicn of
zero, Thus, zerc is the iderntity when adding integers,

-Xe
New rocsll ohe game tule which was found t. Lu1d for integers when written as i
ordsreu pairs even thougn it did rot hold for whole numcers, What was the
pame crlat 192 o The only game rule which } lds
for adiltion of irtegers written &3 srdered pairs bt does ne* hold for addition
of vhole rumbers is the irverse game  .le, How cuuld we snew this game » le

R o v Ith arrows? (24
Did youv - 4hilnmiing go sometnine 1Ly »37 If you are locking for the inverse 3
an arre ,you want ¢o find an arvev 4 <z when added to ine given arrow results
in t o saro arrow, If there was : ¢ arr:w peinting ic the right, you cou’
plaze & two arrow pointing 4c ‘s "2 4n order to rave a result “hat 18 the ov.
arr-i. 8 indicated in the dia,-ar o 1,

[zdfffﬁ

Now, we - ee¢ that there are vct @iv ~lph* arrow &ni & zero & r~w, Lut also
left ar us, If there werse a frar : ww poivti-~ + 4o »igh-, what arrow B
ccul. " acdel to 1t in order % gen 4+ zero acsc oA resuldd ;

(L) o 1f there were a three arrow peinting to the left, .

o ould be addad do it in orde to get the zerc arrow for a result?




1f thers were & zero arrow, what arrow could be added to it in order to get

the zero arrow for a result? (26) . Tha correct responses

to these last three questions are "four arrow pointing to the left," three
arrow pointing to the right', and “zero arrow',

How could ybu write these expressions of the inverse game rule in short-
hand notation? Let's try with the first example when ycu searched for the

inverse of a two arrow pointing to the right, (27)

The number sentence which you start with looks like thiss 7?-+£:]

i3 the inverse of a right two. The
¢ .
2o ?+éé_= O expresses

= 0, The

nurber which makes this number sentence true
inverse of a right two is left two., This could be written
an example of the inverse game rule.

Write in the integer in shorthand notation which will make each of the
following sentences trues

.T?-vt:j = 0
‘3-4'E3 = 0
o+ =0

‘I'é'-»’n = 0
' The correst responses are b, 3, 0, 12.

Write in the names of & pair of iptegers in shorthand motation which
will make each of the following sentences trues -

o= A+ [
. [:14-‘§:7 = 0

| €«
There sre many pairs which could be chosen. 0 %.§’+ o is one true sentence.

- —>
0O=7+ 7 is another,

Wa can now construct the sum of any two right numbers, Ws also can add a
right number and & left number as long &8 they can be represented by arrows
th.® are the same length, Let's try some of the examples for adding arrows
" when we have one zrrow pointing to the right and ons arrow pointing tc the left.

Take a _five grrow and pojnk 4i to e righf. , Now add a three arrow
pointing to ¢he’ 1&@%%@5%’ am«wg} ng%*@i‘gﬁ‘é% W e theee Relow

~ at the head of the five arrow, Tha resuliant arrow is an arrow which could be
é ": placed such that its tail would be at the %ail of the five arrow and its head
: *".at the head of the three arrow as in the diagram below, '




k2%t is the resultant arrow? (28) . . . . What is the magnitude?

{29) ' . What s the direction? (39)

7

Let's systematically write down how you would use arrows to explain this ‘
result, T'r.%, since the three arrow ic point#ngto the lef%, is there an arrow.

I can put vith it which will result in only the zero arrow? 31!

Natwurally, -ucn an arrow is a three arrow ﬁoin%ﬁngto the -ight, Could I then
replace ti2 five arrow poinifngto the right witn s '+ ¢ arrows - one of which
1s the thiree a:row pointingto the right? Try cras .. - grar for -he

replaceme: t for the five arrow pointea to the .~ 1,

The five arrow could be replaced by a twc arrow and a three ar, w a8 In the diagram
below, o x ’
T

Vas

H

New arrange the arrows so that the pair of % -ce » -rows are groime rolher,

What is the result of adding tie pair of three 2+ -us? (33°

Since the pair are pointing in cpposite directi. -, the result :. -* - ,sro
arrow, Now tie only remaining arrcw is the tyc oW peintiag ¢ coe  ight,
This is the reésulting arrow when a fiva Arrow 5ol ing to *the ric -3

‘. added
to a three arrow pointing to the left, . :

Ncw go throush this algoritnm 2gain u in: the example o¢ in- + t e
arrow piinting to the left and a Jour arrow pointing to the right as < © the
diagram below,

"
L )
[L“""«-"‘ Inme "'
g w4

Which arrow would be replaced with two separate arrows this t..e? (34)

.

. The four arrow should | . replaced. The longe t - Ioine
obvious ~hcice for replacing., What wo :1d you replace i w't
. Since you want ore of the replacement & be a.three

arrow, you should replace the four arrow with a thres arrow and a one arrow both
pointing to the right. Now arrangs the two three arrows ir a grouping. What
is the result of adding a three arrw pointing to the left ard = three arrow

pointing to the right? (36) | o Your rrsult is the

zero arrow Jjust as planned,

S M R N R e e 3




And now what is the remaining arrow? (37) o Jfou have a

resultant arrow which is a one arrow pointing to the right.

We can also expect to write examples of adding arrows using our =horthand
notation. Let's look at the last example. How would you write the example in

shorthand notation? (38)

&~ —
Your response should be similar to thisg 3 + L = E_] . The first thing that
you did when you added the arrows was fto replace the four arrow with a three
arrow and a one arrow both pointing to the right. We could now write

¢._
h S—+ (—b'*_ﬂ. The next move you made with the arrows was to arrange

the 3 and the_? together. How would you write this? (39)

The best way to show the S‘and the ?together is to use parentheses. We could
write 3 + (3 + 1) (-.3’ +-.') +?. But we know - i1t the two three arrows added
together result in the zero arrow, Therefore, we could write 6—4-33 + 1

0 +-]-.). And finally the remaining arrow is the one arrow pointing to the right.

We could write O +?=-]-.’.

If we summarized the steps aboce they might look like thiss
G - £ - —
Step 1. 3+ L =3+ (3+1)
Step 2, T+ 3+ D =3+ +7
— -
Step 3. S’f.?) +1=O+_1)

-’
Step L. 0 + 1=?

What are the game rules for integers which we are using J_a finding the sum
of two integers? Let's look at each step. In the first step )’ was renamed as

'3 + 1, This is not a game rule, but notice fhat this depends on our being able

to add two right numbers., In the second st:p what is the game rule invclved?

(Lo)

Here we used the arranging game rule to group the two threes together. In the
third step, the two threes were added. Since one is a left number and the other
is a right number, they are inverses of each other and their sum is zero. Henre,

we ar- using the inverse game rule in the third step. What is the game rule in

the fourth step? (L1)

Here we used the identity game rule, Remember that O is the identity for integers.,

lgc_)_w use the algorithm we have developed in shorthand notation to add
3 and 1.

(42)
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Now go back and supply the game ru“es for each step.

Your steps should loox something like thisg

e D2 & -
1) 3+ (2 +1) +1 Renaming 3
) -~ S P
2) (é’+-1) +1-2+(1+1) Arranging
> - e -
3) 2+ {1+ 1)=2+0 inverse

L 2+0= Tdentity

Let's see how we would add to arrows when they both point to the left.
Take a two ar.ow ~nd point it to the left. Now place a three arrow pointing
to the left with its tail at the head of tne two arrow as in the diagram below.

What arrow could be used in place of both of these arrows so that it begins at
the tail of the two arrows and ends at the head of the three arrow? (U43)

. You are right if you said a five arrow pointing to thee

left would do th: Job.
Whet would e the resultant arrow if we added a three arrow pointing to the

left and a one arrow pointing to the left? (L)

What would »e the resultant arrow if we added a twe arrow pointing to the left and

a zero ar o-? (L&)

These are easy. The first answer was & four arrow poin.ing to the left and the
second answer was a two arrow pointing to the left,

Naturally, these additlon examples can be written in our shorthand notation.

Try writing the addition ex mple in the la<* Jdiagram in this form, (}46)

ﬂ . - &~ &~
. You m_ght have writt + 2 = 5, However, this is not
k*—
correct, e actually started with the two arrow, 2 + 3 =5 is the correct

response,




10
What game rnles did we use in adding left numbers? List them, (L7) -

Just as when we added right numbers, the only game rule used was closure for :
integers, When you add two integers, you always end up with an integer. In
this case we added two left numbers, and the result was a left number. |

We have now added several different combinations of integers. We have
added two left numbers, two right numbers, a right number and a left number
which can be represented by arrows of the szme length, and a right number
and a left number with the arrow for tre right number longer than the arrow
for the left number., We have also presented an argument for these algorithms
based upon arrows as well as the game rules,

Try a few of theses

zz-+2?== ] 24+ = ] 6;-:?§'=‘j:9
6 +<5'== ﬂ:] 53?-+€7'= ?? r 0 =
- - -

0= ] 0 7= ] L=

In this sesslon we mentioned that the avenues named by ordered pairs
that you learned to add are called integers. Certainly if both ordered pairs
and arrows represent irtegers, we should be able to show the relationship be-
tween them. £o let's look. We demonstrated that the same game rules hold
for addition as for integers expressed as ordered pairs and integers expressed
as arrows. Now let's play around a little and sze if we can figure out which
arrow belongs to which avenue named by an ordered pair.

277 247
(2,8) + (1,3) = (3,11) (2,8) + (3,1) = (5,9)

TG -0 Tro-T
(3,7) + (7,3) = (10,10) (3,7) + (0,0) = (3,7)

(3,7) + (555) = (5,12)

As you look at these puzzles, can you see that the pair of sentences in each
bracket says the same thing? This is also true cf the three sentences in
the last beacket, because an integer can be named by more than one ordered

pair. 6°and (2,8) are simply two different names for the same integer which
is often called *6, positive six. Similarlyyéz—and (351) are just different

names for the integer "2, negative two. Of course (3,7), (5,12) and‘z?are
different names for the integer +h, positive four, |

(3,L) + (B,7) = (TT,11). How would you write this sentence using arrows?
(L8)
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1+ 1 =0 1s correct. How would you write this sentence using positive and

negative integers? (L9)

*1 + -1 = 0 is correct, Try another, (3,7) + (L,1) = (7,8) using arrows.

(50)

- e~ =
Thils would be 4 + 3 =1,
- =y R
Now, reverse the process and go from arrows to ordered pairs, 3 + 2 =5,

Express this sentence about integers using ordered pairs, (51)

Can't declde which pairs to use? Just pick any uwnat name arrows, Althoagh it
is true that many ordered pairs can be used to name each integer, in this case
any one will do, so long as your result agrees with the integer named by ths
resultant arrow, Also express this sentence using posltive and negative

integers, (52)

& D >
How about 6 + 7 = 1 expressed as a sentencs using ordsred palrs? (53) __

What you just did indicates that anything you can wr ‘s with arrovs that
name integers, you can also write with ordered palrs and ..ce vaersa, Ervery
arrow can be named by an order~d pair and vice versa.
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First Expe:rimental Edition

MATERIALS FOR SESSION X

Packet A
10 arrows:

orange 5 inch arrows
yellow L inch arrows
green 3 inch arrows
2
1

red inch arrows
blue inch arrows

NN




SESSION XTI
IHE CASE OF THE MISSING ARROW

-EJETIVES $
At the end of this session the learner should be able toj

(1) demonstrate the procedures of an algorithm for finding
the difference of two integers,

(2) construct a convincing explanation that appeals to
observations based upon the manipulation of arrows
for each procedure in the algorithm for constructing
the difference of two integers,
(3) construct a convincing explanation that appeals to the
£ 1.9 rules for each procedure in the algorithm for
constructing the difference of two integers.
Last session we represented integers by arrows and constructed the
Sums of different corbinations of integers. Let us review briefly. What

would be the resultant arrow if we added a three arrow pointing to the

right and a two arrow pointing to the right? (1) You are

remembering correctly if you said a five arrow pointing to the right., Don't
forget., We were concerned with not only the magnitude of the arrow but aiso
its direction, A three arrow pointing to the right was represented by '§Z

Were there any cther arrows? (2) Sure, Remember the arrow

in the packet that you couldn't find. This was the zero arrow, If there
was a three arrow pointing to the right, what ariow could be added to it to

get the zero arrow for a result? (3) The correct

response is a three arrow pointing to the left. So we see that we also have
G

left arrows, A four arrow pointing to the left was represented by L. The

resultant of a one arrow pointing to the right and a five arrow pointing %o

the left is (1) ? Good, The resultant is a four arrow

pointing to the left,

(o
L
|

e oty R bbb L L e




In shorthand notation, our three above problems would look like the
followings |

=5 > 7
(a) 3+2=5
w)?+§=o
-5 &« &
(¢) 1+5=14

< 2
We should note that in senternce (b) above, 3 1s the inverse of 3.
We ars now gcing to introduce a new operation into our set of integers,
We are already familiar with the operation of addition which assigns to a

pair of integers, a third integer called the sum: Subtraction is the opera—~

tion of finding the missing addend when the sum and other addend are known,

We agree to call the missing addend the difference. So wa can see that

solving a subtraction problem is really undoing an addition problem. It 1s
said that subtraction and addition are inverse operaticns., We already said
that we can represent integers with arrows. Now let's try to find the differ-
ence of two arrows. Remember, the difference was out name for the missing
addend, In working with arrows, let us agree to name the difference, the
missing arrow, Take out our familiar packet A, In it, you will find arrows
of different sizes. Don!t forget about the zero arrow, They get lost among
the larger arrows, In finding the difference of two arrouws, it will be help~-
ful to keep in mind what we learned from out experlences of adding arrows.
When we add two arrows, the second arrow is placed at the head of the first
arrow, and the resultant arrow begins at the tail of the first arrow, and
ends at the head of the second arrow,

Consider the problem of finding the difference of a three arrow pointing
to the right and a one arrow pointing to the right. Let us agree to name
the first arrow in a given subtraction problem the resultant arrow and the

second arrow the known addend.
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We alrsady agreed that 'the difference is the missing arrow, Our definition
for subtraction tells us that our problem is to find the arrow, such that
when added to the one arrow pointing to the right we obtain the resultant
three arrow pointing to the right, Take the resultant three arrow and point
it to the right. Now take the one arrow pointed to the right, and place

it at the tail of the resultant three arrow,

>

T

e

Now what arrow can we place at the head of the one arrow so that its head

is at the head of the resultant arrow? (5) You are doing

great if you said that the missing arrow is a two arrow pointed to the right.

‘ >4<“Y€sul1'amT aYrow

- - w—————

r— e e e

. 4 . .
L“/>;-_ L "_ > l(“TY)aSSlng AYTow

Let's try another problem, We want to find the difference of a three arrow
pointed to the right and a five arrow pointed to the right., Again, our
problem is finding the arrow sucl that when added to the five arrow pointéirg
to the right, we obtain the resultant three arrow pointing to the right,

Take the resultant three arrow and point it to the right, Now take the five
arrow pointed to the right and place it at the tail of the resultant three
arrow. Now what arrow can we place at the head of the five arrow so that its

head 1s at the head of the resultant arrow? (6)

Excellent! The missing arrow i: a two arrow pointed to the left,
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In shorthand notation, our problems look like thiss

v 3-1=0

(2) 3-3=0]
Note: We represent the operation of finding the difference of two arrows by
the symbol ' - ', Did we need any game rules in order to find the difference
of two arrows? Let us consider what we have done in problem (1), Our first
step was to change the form of our subtraction problem to a form which uses
the familiar operation, addition, How would you rewrite our subtraction

problem using the operation of addition? (7)

-9‘
Your response should be similar to this: ?4- |:| = 3, Our problem is

now one of finding the missing arrow, represented by D , which will make

the statement --],.’4- C = —3 true. We might note the similarity betwesan
such a statemant as—z + [:] = 7and a balance scale, The sum of_]?-l- D
balances _5 as do the weights on a balance scale, If we add some quantity
to the left side of our statement we muet add the same quantity to the right
side in order-to "keep things balanced.” Since we are looking for the miss—

ing arrow represented by D , 1t might be helpful to do something to the

left side of our statement to gat [:|to stand alons, What arrow can we add

to the left side of our statement so that is all that remains on the

left side? (8) Oh, so you say we should

-
get rid of 1, We can't just make it disappear! Now you are thinking., If
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If we add the inverse of 1, namely 1 to 1 we get the zero arrow for.

a result., Donit think you're finished. What heven't we done? (9)

é....
Right., We must also add 1 to the right side of our statement to balance

the left side, Our move would look something rlike this:

€~ =D é—- -
1+(T+[J) = 1+3
The next move you made was to arrange the '1 and the 1 together. We could

write 1 + (1 + ) = (1 + 1) + [| . But we know that the two one

arrows added together rasult in the zero arrow. Therefore, we could write

—>
G_+ 1)+[:|=O+ . We could write O + = .

. &
Our final statement 1is C = 1 + —3? Welre almost done now,

You can easily name the missing arrow. The missing arrow would be a

-
(10) The correct response is 2 since the sum of 1 and

a
318—?.

If we sunmarized the above stups they might look like this:

Problems —? - —1? = |:|
Step 1 70 =7
- €«
Step 2 e Te[]) =T+
Step 33 f_l_+‘3+D T3
C—
Step L 0+|:=1+_?
P -
Step 5 =1+?
-—)
Step 6 = 2
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What are the game rules for integers which we are using in finding the
difference of two integers? Let!'s look at each step. In the first step
%we r« srote our problem using the definition of subtractlon, What gams

rules are involved in the second step? (11)

Very Good, We used the game rule of closure. In the third step what game

rule is involved? (12) Here we used the arranging

game rule to group the two ones together, In the fourth step, the two ones

i are added and their sum 1s zero, Which game rule is involved here? (13)

Right, We are using the inverse game rule in the

fourth step since the two ones are inverses of each other. In the fifth

step, we used the identity geme rule, Finally, what did we use in the sixth

PR RO

step? (1hL) We used the algorithm we developed

for the addition of arrcws.
; Now use the algorithm we have just developed in shorthand not “lon to
| find the difference of —? and —5;. Also, supply the game rules for each step,
(15)

Your steps should look something like this:

Problems _;’ - ? =

1) —5—) + = —_‘? Definition of subtraction
2) €5— + -(—? + ) = ? + —? Closure
3) (<5_. + —?) + = ?_4- -? Arranging




b o +| | = + 3 Inverse
S) = <-5—- + ? Identity
&
6) = 2 Addition of arrows

Let's consider the problem of finding the difference of two arrows when
they both point to the left, Suppose we are given the problem of finding
the difference of a two arrow polnting to the left and a four arrow pointing
to the left, Can you restate the problem using the definition of subtraction?

(16) Exactly, Our problem is finding the

arrow such that when added to the four arrow pointing to the left, we obtain
the resultant twe arrow pointing to the left. Take the resultant two arrow
and point it to the left. Now take the four arrow pointed to the left and .
place it at the tail 5f the resultant two arrow, Now what arrow can we place

at the head of the four arrow so that its head is at the head of the resultant

arrow? (17) You say you're not sure, Then

take a .peek at the picture below,

mMi Ss'ihj = ==~ \'esun.cz,nT
arrow A - Jd ~ arrow

<

The missing arrow is a twe arrow pointed to the right.

What would be the missing arrow if we found the difference of a one
arrow pointing to the right and a four arrow pointing to the left? (18)

The correct response 1s a five arrow pointing to the

rigaht. For those of you who had some difficulty, refer to the diagram below,

| > & "E'SUiTcmT
arvroWw
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Try writing th- subtraction exampl: in the last diagram in shorthand

notation _(19)

.

S5 >
Your response should look like this; 1 =~ L = 5.

We might summarize by looking at the game rules tvhich hold for the
subtrection of integsrs, We will show that althcugh certain of the game
rules hold for the addition of integers, it iz not true that these game rules
will also hold for the subtracticn of integers, Sincae the difference of
two integers 1is always an integer, we know that closure holds for subtraction.

—- =5 _ €& —
In one of our examples we found that 3 - g = 2, Whatis 5 - 37

&

(20) The answer is not 2! The correct answer
- - = =2 >

43 2. Therefore, we see that 3 =~ 5 # 5 =~ 3, and subtraction is not

> = =

reversibist%y in the integers, Look at the problem: 3 - (4y - 2), The

resultant arrow is if? Do we get the same result when we consider

- - =

(3 - L) - 27 (21) Of ccurse not! The

- N
resultant arrow is {3_.- Since ?-— (—).-? - 2) % ~(-3? -—Z) ~ 2% we can

conclude that the game rule of arranging doss not hold for the subtraction

of integers.

What is the identity for subtraction of integsrs? (22)

The zero arrow of course,

Before we conclude this session, let's take a look at the statement

= =
a - b = whare a and b are positive integers, Restating this
problem, using the definltion of subtraction we get _g>'+ = ai?

Recall, to find [::? , we must addéf; to both the left side and the right

side of our statement.

T~ —> &~
b + (b + ) = b + a

“— — S
By the associativity of integers ( b+ b) + = b+ ;f? Since

&— <
i b + b = 0, we are left with l | on the left side and that =b +
& _é ammam——

ar
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By the reversibility of addition of integers we get ==_;? + “b,
The origlnal statement and our final step show us that ~E> - .Sa = [::

N, y

= o/ + Db, We can ge* a similar result by taking any comblnatlon of

integers which leads us to the general statement: (23)

Very Good, Subtracting an jnteger is the same as adding 1ts additive inverse.

Performance Zasks
Use tha algorithm we have Jjust developed in shorthand notation to find

—> P
the difference of 1 and L. Also, supply the gama rules for each step.

Answers to Performance Tasks
—>
Problems 1 - L4 =
< —>
1) L + = 1 Definition of Subtraction
- —_ >
2) L4 + fﬁ' + [:: y = L + 1 Closure
—> & =
3) (b + L) <[]= L4 + —;9 Arranging
—>
) o +| | = L4 + 'Ei> Inverss
) -_ =
5) —J =L *1 Identity
— D
6) L__J = 5 Addition of arrows
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SESSION XII

S0, WHAT'S THE DIFFERENCE?

OBJECTIVES ¢
At the end of today's sassion the learner will bes

(1) demonstrating each step of the equal-additions
methed of subtracilon algorlithm.

(2) constructing an explanation for the algorithm vsinz
whole numbers and based on a physical situation,

(3} constructing an explanation for the algorithm using
whole numbers and based on the rules of the
"convincing game",
In our last sesslion we observed that solving a subiractlon problem
1s very similar to solving an addition problem, We dafined suvbtraction
as the operation of finding the mlssing addend when we are given the sum

and the other addend. The given sum was named the recultant and the

given addend was named the known addend. The number we are interested

in finding, the missing addend, was named the differsnce. Jn our last

seosslon we stated that the set of integers 1s closed undsr the opsration
of subtraction. Since we are working within the set of whole numbers in
thls sesslon we must note one very important limitation, We are not
always able to subtract within the set of whole numbers. Can yom say

why not? An example would be fine. (1) Fxactly.

Consider the exampls 2-L. The difference 13 not a whole aumber. Wian

will the difference be a whole numbsr? (2) You raally are

sharp today, We &re abls to pesrform the operation of subtraction within

the set of whole numbers, when the rasultant is grestar-than or equal to

the glven adderd.
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When we were working with the rule of compensation, we arranged

nukhers so that we could cunstruct a sum in an easier manner, Let!s
look cnce again at the total arrangement in this problem,
28 +172+9h+89=28+(2+17o)+9L;+(6+83)

= (28 +2) + 170 + (5l + 6) + 83

= 30 + 170 + 100 + 83

= (30 + 170) + 100 + 83

= 200 + 100 + 83

= 383
Constructing the sum was made easier by regrouping the numbers to the
nearest ten and to the nearest hundred. Where did the six that we added
to the ninety-four in order to regroup to the nearest hundred come from?
(3) Come on, we didn't pull them out of = hat. Good! The six
came from eighty-nine., In order to add six to ninety-~four we had to take

the same number, namely six, from eighty-nine,

Similarly, the rule of equal~-additions will enable us to solve a
subtraction problem more eaglly. The result of a &ubtraction problem
remains unchanged if the same number is added to both the resultant send
the given addend. Consider the following examplees

76-18=(76+2)-(18+2)=78-2o==58

How are we using the rule of equal-additions? () You are

absolutely correct if you sald that we added two to both the resultant
and the given addend, Let's try one on your own now, Show an easy way
to compute 421 ~ 97, What number did you add to both the resultsni and

the given addend? (5) « ILf you said three, you are doing fine,

421 = 97 = (421 + 3) = (97 + 3) = L2} ~ 100 = 324,
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The method of equal-additions is based on the principle that if the same

number is added to two numbers, the difference between them remeins unchanged.
Activity I

In Packet A you will find red, blue, and yellow chips. Let us agree
to name a blue chip Ya unit" and a red chip "a ten." One red chip is
equivalent to how many blue chips? (6) . Thatts the ideal Since
one ten is Lhs samc as ten units, the correct respense is ter. We are now
going to set up a subtraction probiem using our chips in which our resulitant
is forty-three and our given addend is sixteen. Mzke sure that you have
working space in front of you. Set up the resultant by placing three blue
chips to the right of four red chips. Let us set up the given addend right
below the resultant. Place six blue chips below the three blue chips of the

resultant and one red chip below the four red chips of the resultant,
OO &\
O O & &/ Resultant

- e M s
o ot v ———

o TS A M T T e e

Ko g gj & Given Addend

We are ready to begin. Note that the blue chips form a units column and the
red chips form a tens column. If we look at the units column, we observe
that the upper digit is smaller than the lower digit. In order to subtract
six, we are going to have to place .dditional blue chips with the three blue
chips we started with. Place ten additional blue chips with the three blus
chips. Suppose we all do this now. According to our principle of increasing
the resultant and given addend by the same number, we are going to have to
add ten to the given addend. We could join ten blue chips with the six blue
chips, but we would again have more blue chips in the given addend than in
the resultant. How can we add ten to the given addend? Could we join one
red chip to the one red chip that we started with? Would this be adding ten
to the given addend? Surel Add one red chip to the one red chip that we

started with in the given addend.

e e A A TR 4T ST L T e S T
T e T Y R TR T T T R R T R

L AT R o A T e
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In order to subtract we must compare the number of chips in the
resultant with the number of chips in the given addend. Pair each of
the blue chips in the resultant with a blue chip in the given addend.

What is the remainder? (7) . Pair each of the red chips in the
resultant with a red chip in the given addend. What is the difference?

(8) . If you are with us, you should be left with two red chips

and seven blue chins or twenty-seven.

Activity II
In addition to what we previously said, let us agres to name a yellow
chip "a hundred.," One yellow chip is equivalent to how many red chips?

(9) . Since, one hundred is the same as ten "%ens," the correct

answer is ten. Now let us take a look at a more complicated example in
which our resultant is 30L and our given addend is 167. Set up the
resultant above the given addend, as we did in the previous example, Note
that the yellow chips form a hundreds column, Once again we observe that
the upper digit in the units column is snaller than the lower digit. 1In
order to subtract seven, we are going > have to place ten blue chips with
the four that we started with in the resultant. Let us do it together,
We know that we must also add ten . the given addendy so let us join one
red chip to the six red chips that we started with. But now we observe
that there are no "ed chips in the resultant but there are seven red chips
in the given addend. In crder to proceed with our subtraction, we are
going to have to add ten red chip: to what we already have in the resultant,

How much did we add to the resultant? (10) » Goodl Since we

joined ten red chips or one hundred to the resultant, we must also add one
hundred to the given addend., Go ahead. Place one yellow chip with the
yellow chip in the given addend. We are finally able to subtract. Again,

we must compare the number of chips in the resultant with the number of
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chips in the given addend, Pairing the fourteen blue chips of the resultant

with the seven blue chips of the given addend leaves us with a remainder of ‘
seven blue chips, Similarly, pairing the ten red chips of the resultant !
with the seven red chips of the given addend leaves vs with a remainder of

three red chips. Last but not least, pairing the three yellow chips of the

e sy S

resultant with the two yellcw chips of the given addend leaves us with a

remainder of one yellow chip., Our difference is 1 yellow chip, 3 red chips
and 7 blna ~hipg or 137.
Activity III

Look at the steps we have taken in the problem in order to discuss the

|
i
E
} “xample 13 43

game rules,
16

(1) L3 - 16 = (4O + 3) - (10 + 6) Renaming |

(2) = (Lo + (10 + 3)) - (Klo +10) + 6) Rule of Equal-Additions ;

(3) = (4O + 13) - (20 + 6) Addition é
| (L) = (4o - 20) + (13 - 6) Rule of Subtraction and ?

Reversibility & Arrangement
for Addition A

(5) =20 + 7 Subtraction ?£
; (6) = 27 Addition ’
; Now, let us look at our second examples

367

i (1) 30Lh - 167 = (300 + 0 + L) - (100 + 60 + 7) ]
| (2) = (300 + 0 + (10 + L)) - (ioo + (10 + 60) +7) ;

(3) = (300 + 0 + 1k) ~ (100 + 70 + 7) ;

(L) = (300 + (100 +0) + 1b) - (gloo + 100) + 70 + f) f

(5) = (300 + 100 + 14) - (200 + 70 + 7) ;

(6) = (300 - 200) + (100 - 70) + (14 - 7) ﬁ

(7) = 100 + 30 + 7

(8) = 137




In what way did we use renaming? (11) .

In Step (1) e.g., we

renamed 167 as 100 + 60 + 7, In what way did we use the rule of equal-

additions? (12)

In Step (2) we added ten to the resultant and to the given addend. In

Step (L) we added a hundred to the resualtant and to the given addend. 1In

Step (6) we used what "game rules" in addition to the rule of subtraction?

(13) .

Yes, we used reversibility and arrangement for

addition, Finally, what process did you use to get an answer?

(1) .

P LT

DA A L

Of courge you constructed the sumi

B AR A

Performance Task

Demonstrate the solution to this problem using the algorithm of equai-

additions. Make use of your chips. Also, demonstrate the solution in

horizontal form and identify the game rules that you used.

416
=277
Answers for the Performance Task

: 116 - 277 = (LOO + 10 + 6) - (200 + 70 + 7) Renaming

= (LOO + 10 + (10 + 6)) - (200 + (10 + 70) +7)  Rule of Equal-
| Additions

L = (LOO + 10 + 16) - (200 + 80 + 7) Addition

”

= (100 + (100 + 10) + 16) - ((100 + 200) + 80 + 7) Rule of Equal-
Additions
= (LOO + 110 + 16) - (300 + 80 + 7)

| Addition
i (400 - 300) + (110 - 80) + (16 - T7)

Rule of Subtrac-
tion and Reversi-~
bility & Arrange-
ment for Addition

L e e e aal o~ e

= (100 + 30) + 9 Subtraction
= 130 + 9 Addition
= 139 Addition

YR s provided by e
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APPRATSAL

The following is an illustration of one method of finding the pr

wo wholc numbers. Suppose we wished to find the product of 2L and 3.

ow we would proceeds

2l
X3

= (20 + L) x 3

= (20 x 3) + (L x3)

= 60 + (10 + 2)

; (60 + 10} + 2

= 70 @« 2

= 72

ety g o AT A AT 3 ettt R

oduct of any

This is

Now show how you would use this same procedure to find the product of

1l and 6.

1L
x6

EEm—
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Suppose you were now called upon to provide an explanation of this method of
multiplication using some kind of physical ob

. re o PILE L0 s
I It e e e

i g

a series of drawings to illustrate your explanation.
the objects, might look something 1like thiss

XXXXXXX

X

X

First Drawing

X

X

X X

N

X

L

X

X

X

Jects such as blocks or chips. Make

The first drawing, showing

2

T o




We would be able to agree that the product of 1L and 6 is a whole number be=
cause 1L, and 6 are each whole numbers and because we have a certain game rule.

Which game rule would we be using?

]

An explanation of this multiplication procedure was provided by someone else
and his explanation in terms of our game rules is glven below, However, there is

one game rule which has not been identified, -

information.

72

Your task is to supply the missing

Glven

Writing an expanded numeral for 2L

- & o - -
Multiplicatbtion is distributive over

addition

Writing another name for products
3*

Writing another name for sum of
(60 + 10)

Writing sontracted numeral

*ﬁctes Regroupdng is not an acceptabls game rule. The game rules we have tgrood
to use inelude closure; reversibility or c@mmutaxﬂvitvs arranging or
assooiativity, identity, and inverse. |

There are few adults who have not observed the unusual character of the

number zero when performing the operation of addition. For example, 6 + 0 = 6
and O + 27 = 27, What have we named this particular game rule?
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L4 i__'!-ﬁﬁuppcb:se we were constructing sums with integersp numbérs sush as g, +¥ -,
. 2, 2, and so on. Someone was asked tc shoW how to somdtruct the sus ef fi and -3,

'This 4s the procedure he wrotés

. “'.. - + -

| ‘ L+ 3
. 4 (+1. + +:3‘) + —3}
" + +; '—
i L+ (73 +73)
E : 1 4+0 , i
*

BY which of the gams rules would we bs abls to sxpleda {3 + “3) = ot

- S —
. When asked to provide an explanation ef this addition procedure in terms of
- the game rules, this is what was provideds |
+3-1 + _3 . Glven S
; : _' (‘i + +3) + ‘i Writing another ﬁgm@ for +h
b - .
'= *l - ( 3 * 3) - _-'
- -
[ 140
i : Your task ls to supply the missing game rules.

. Read the fallowimg descriptions of objectives and identify those whiech are
behavioral eébjectives by placing a check (V) before those which are behavioral,

1, The student will acquire a better understanding of the addition processe.

2, The studeat will demonstrate a process for finding the eustlenmt &f two
natural numbers. S |

3, The student will construct a har graph givén a table of data,

4s 'The étudent will gain insight into the golution of eqnaﬁionSo

| '. [

5; The student will inductively discover and use the propertiss of numbers,
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Read the following description of a :tudent performance and then 1nsert the
correet action verb in the statemer.t of the objective.

: ls The student i1s asked to illustrate a procedure for finding the product of -
© . '1l2 and 7. The student said nothing but did writes

T T 12
- x7

L 8L
Objectives ‘The student will be able to

- a procedure for
finding the product of two whole ntmberso

. 2. The student is asked to seleect the largest number, given the set
%’ %' %’ and 5 ' Lne student says nothing but writes » 2.

E ~ Objectives The student will be able to

fraction ‘given several fractional numeralso

the largest

The aestion verbs we have agreed to use include 4dentify, hname, construct,

j demonstrate, order, describe, applying a rule, stating a rule, interpret, and
( ) distingu_sho




APPENDIX C

ALGORITHMS PROCESS HIERARCHY

oooooooooooo.oooo.oooo..oooooooooooo.oooo.oooo..oeooo.ooooooooooo.ooooooooooo.oo.....ooooo.oho..oonoooo
.

Constructing a convincing
explanation for each pro-
cedure in an algorithm that
appeals to observations based
upon physicel situations.

Constructing an explanation

algorithm that appeals to
agreed upon rules of the

for each procedure in an

“convincing game."

8080000000000 000s00EstsBRsIRRRRRRRRERROS

1

of an algorithm as

pDemonstrating the procedures

be carried out by a machine.

they would

Cois

J L

,——
1 Subtracting

ssecscssaecsssccessssetscssssstsstectantsssste

GsscssntesssscesettItccceed

Messsssssscttv-vas

! Hulciplying’r“: b——- | ol

Adding rational ™|

T
!
| pogitive numbers

N JU

| Dividing rational”|
| positive numbers |

Lo ———-
r——-i:-““i

)

l Subtracti

nﬁ
rational )
positive |

e |

*1

————p ==

*  incegers : integers | e el e -y
- —r— -= s S { Multiplying rational™ { Dividing whole *|
I | positive numbers 1 numbers |
g B L
| Adding : I Multiplying ! Subtracting
integers : whole numbers | { whole numbers
S R
i Adding whole ¥
- ]“L"”ff‘_'l__'
nstructing an explanation for
ach procedure in an algorithm
r finding the number of members Identifying, naming and
1 a collection that appeals to describing game rules.
sservations based upon physical
jituations.
I I I
- |

Demonstrating the correspondence
procedures for naming the number
of members in a collection as
they would be carried out by a

machine.

Identifying, naming and
describing the "inverse"
game rule.

Identifying, naming
and describing tlte
"distributive"
game rule.

Identifying, naming
and describing the
"identity"
game rule.

Identifying, naming
and describing the
"reversibility"
game rule.

Identifying, naming
and desciibing the
“closure"
game rule

Identifying, naming
and describing the
"arrapgement"
game rule.

Identifying, naming
and describing the
"two operation"
game rule.

‘IIIIIIIIIIIIIIIIIIIIIII..IIIIIIIII.IIIIIIIII..I.IIIIII

:*: Each operation in a set of aumbers is represented
by a triplet of objectives as follows:

sssg
b

Identifying, naming and

éonatructing a convincing explanation

for each procedure in an algorithm

for the operation in the set of numb-

 ars that appeals to observations
baced upon physical situations.

Constructing an explanation for
each procedure in an algorithm
for the operation in the set of
numbers that appeals to agreed
upon rules of the "convincing
game,'

operations which can be

of the game.

demonstrating the various

performed with the objects

N |

machine,

Demonstrating the procedures of
an algorithm for the operation
in the set of numbers as they
would be carried out by a

L ERIC

A v 7ex provided by ERiC

be used in the game.

Identifying and naming the
collection of objects to

._._.4...................l..ll!..l
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APPENDIX D

Partial List of Resource Volumes

Banks, J. Huston, Elementary School
Mathematics, A Modern Approach for
Teachers. Boston, Mass.: Allyn and
Bacon, Inc., 1966.

Brumfiel, Eicholz, Shanks, O'Daffer,
Principles of Arithmetic. Reading,
Mass.: .ddiswn-Wesley Press, 1963.

Crouch and Baldwin, Mathematics for
Elementary School Teachers. New
York: dJohn Wiley and sons, 196l.

Crcuch, Baldwin, and Wisner;
Preparatory Mathematics for Elemen-

tary School Teac.iers. New York:
Tohn Wiley and Sons, L9C5.

DeValt (ed.), Improving Mathematics
Programs., Columbus, Ohio: Merrill
Books, 1961,

Fehr and Hill, Contemporary Mathe-
matics for Elementary Teachers.
Boston, Mass.: D. C. Heath and

Company, 1966.

Hartung, Van Engen, Knowles, and
Gibb, Charting the Course for
Arithmetic. Chicago: Scott,
Foresman and Co., 1960.

Heddens, Jawes W., Today's Mathema-
ties: A Guide to Concepts and
Methods in Elementary School Mathe-
matics. 9Science Research
Associates, 196L.

Keedy, Mervin L., A Modern Intro-
duction to Basic Mathematics.
Reading, Mass.: Addison-wesley
Press, 1963.

Keedy, Mervin L., Number Systems:
A Modern Introduction. Reading,
Mass.: Addisen-Wesley Press, 1965.

Moise, E. E., Number Systems,
ygasurement and Coordinates.
Reading, Mass.: Addison-Wesley

Press, 1966,
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13.

16.

17«
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National Council of Teachers of
Mathematics, Instruction in
Arithmetic, 25th Yearbc: .
Washington: National Council of
Teachers of Mathematics, 1963.

Ohmer, Aucoin, and Cortez,
Elementary Contemporary Mathe-
matics. New York: Blaisdell
Publishing Company, 196lL.

Osborn, DeVault, Boyd, and Houston,
Extending Mathematics Understanding.
Golumbus, Onioc: Merrill BOOKSy
1961 .
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tary School Teachers, Books I and
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Maryland Mathematics Project, 196L.

Webber and Brown, Basic Concepts
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APPENDIX E
Instrucwional QObservation Data Shee*

s5sion Observer

e Group

me in|Instructorts|{Instructorts|Instructor Lecture|Student
nutes|{ Questions Responses and Directions Quest.

Student
Respe.

Nothing

Comment




QObservation Sheet-2

KRR s Y L SRR IS A G R TN S e T GBI e 2 S T

T}me inéInstructor!s!Instructor!s Tnstructor Lecture Student| Student
mlnutes‘ Questions Responses and Directions Quest: Resp.

' N et g o et l o ___.__..p-—‘

26 . T ]
27

PRt T ACT S DY

Nothing Comment

TSN
O Vv

. — [

=
=




