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CHAPTER I

Multidimensional Stimulus Control of the Discriminative
Response in Experimental Conditioning and Psychophysics

Aspects of Stimulus Control: Generalization and Discrimination

An animal that learns to emit a particular. response in the presence
of a specific combination of stimulus properties will emit the same re-
sponse when one or more of these properties are altered or varied along
underlying continua. Thus, a rat that learne to avoid electric shock by
Jumping over a berrier upon presentation of a 750 cps tone will also jump
“when a 2,500 cps tone is presented, even though the latter tone had never
been paired with shock. Or the key-pecking behavior of a pigeon that is
reinforced only when the respcuse key is trans-illuminated by a red light,
and is extinguished when the key is dark, ma; also be evoked when i green
light illuminates the key. A response is said to be under stimulus con-
trol when its rate or probability of emission is observed to varj with
the presence and absence of a stimulus. As exemplified above, when stimu-
lus control is established experimentally, the fact of control is not
restricted to the‘3pecific combination of physical stimulus properties
initially correleted with reinforced‘reepondiug, but is diffused over a
wide class of specifiable stimuli. This lack of specificity that charac-
terizes the discriminative (response-evoking) function of a stimulus is

called stimulus gencralization.

Generalization is exhibited in the behavior of the monkey that avoids

all tigers, not just the first one with which it had an unpleasant en-

‘counter, and of the child who learns to call its father "Daddy" and ther

calls all men "Daddy." An object vieqed under diffe:ent light conditions
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~or from different angles of perspective may present widely disparate con-

ditions of stimulation yet evoke the same previously learned identifica-

tion response., In a perpetﬁally changing environment in which stimulus
conditions seldom recur in identical form, it is through generalization
that an organism's behavior exhibits consistency aﬁd stability.

On the other hand, behavior‘may'show remarkable specificity with
respect to stimuli. Animals can learn to respond differentially in the
presencewof very slight stimulus differences. Pigeons can be trained to
discrimirate monochromatic lights differing by as little as one millimi-
cron in wavelength (Hanson, 1956). The .pre-uiedical student who is ini-
tially unable to discern even the gross features of a tissue preparation
viewed through a microscope may become, through extensive training, the
path;logist who is able to detect the slightest abnormalities in cell
structure that indicate the presence of malignancy iq‘a tumor. When
- differential responding develcps in the face of generalization we call
it stimulus discriminatiou. The professional wine-taster can make very
fine discriminations; he shows little generalization among various wines.
The phonetician discriminates speech sounds vhich seem identical'to (or
are generalized by) most untrained listeners.

The operations entering the above defiaitions of generalization and
discrimination serve, at one level of analysis, as dichotomous classi-
fiers of stimuli with respect to some arbitrarily sﬁecified behavior.
Two different siimuli may evoke either the same behavior (generaliza-
tion), and thus be classified as equivalent'withirespect to the class of

responses they control, or they may evoke different behavior (discrimina-

" tion) and be asgigned to distinct classes. The set of all experimentally

.spécified stimulus events are thus;pattitianed“into two classes, with

. ¢1$§s membership contingent upon the response-evoking (discrimina;ive)r

o
M

1
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function of the stimulus. This analysis by classification is not restrice
ted to’the sccurrence versus non-occurrence of a single unit of behavior.
Consider as an example of more complex classification an experiment in
which a human subject is instructed to label by color name each of a large
set of Munsell color patches. Since there are fewer commonly-used lebels
than there are samples in the Munsell system, the subject's behavior will
pactition the ;timulus set into response-specific subsets or classes.
Generalization with respect to the verbal response "blue" is evidenced by
the large number of different color patches assigned that label, whereas
discrimination is evidenced when two stimuli are assigned different labels.
In"quantitative analyses of stimulus?response relations generalization
and discrimination are viewed not as dichotomous apsects of stimulus con-
trcl but rather as quantitative variables representing the amount or de-
gree of discrimirative control a stimulus #xeris over behavior. A stimu-
lus which consistently evokes a particular response is said to have
greater control over that response than does a stimulus which evokes the
response only part of tnc time, that i1s, with.smaller probability. Or
two different stimuli may evoke the same response but the latency of
response (the time lapsing from stimulus onset to occurrence of the re-
sponsej may be short for one stimulus and long for the other. A pigeon
may key-peck at a steady and continuous rate in the presence of one stiﬁu«
lus, whereas key-pecking in the presence of a generalized stimulus may be
characterized by breaks in rate, that is, by periods of responding inter-
spersed with not responding. Measures of response strength derived from
these observations (or from other experimental operations) provide a
basis for differentiating stimuli which are otherwise given the same

classification. The stimulus generalization gradient~—defined operation~

nlly in relation to changan in the discriminative stimulua as a auccession

B



of decrements In response probability or in some other measure of response
strenyth--identifies the class ¢ stimuli that are effective in evoking a
particular response and, in addition, defines the degree of menberahip for
each stimulus in that class.

From a strictly operational point of view generalization anrd discrimi-
nation may be considered alternative and opposite ways of describing the
same set of stimulus-response relations (a view either explicitly or im-
plicitly held by numerous investigators: e.g., Lashley & Wade, 1946;
Gibson, 1959; Mednick and Freedman, 1960; Prokasy & Hall, 1963; Brown,
1965). "The experimentally conditioned [stimulus], and any other stimu-
lus on a physical~pioperty continuum with it, are sald to generalize to
the extent that they overlap in capacity to evoke R; to the extent that
they differ in evocative capacity, they are said to be discriminateda" 
(Schoenfeld & Cumming, 1963, p. 225) If two stimuli set the occasion for
different levels of responding (represented by different points on the
generalization gradient) they are exerting differéntial control over
behavior (discrimination) and the difference in their response measures
may be interpretedléither as a measure of discrimination or as a measure

of generalization difference.

Rules of Combination Jin Multidimensional Stimulus Control

Stimulus generalization and discrimination have a long and interest-
ing history of experimgntal study and they have been investigated from
many viewpoints, but little attention has been directed toward the prob-
lem of how generalization (or discrimination) occufs in fhe presence of
stimuli that vary simultaneously on two or more dimensions as compared

with generalization (or discrimination) occurring in the presence of

, stimuli what vary along single dimensions only. What rule of combination
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predicts the behavioral control exerted by a multidimensional stimulus as

a function of the control exerted separately by each of its component

properties? This problem pervades all levels of tehavior, simple and com-

plex, animal and human, since the stimuli which set the occasion for dif-
ferential responding outside of the laboratory characteristically differ

on two or more dimensions and may even involve different sensory modali-

ties. How does the behavior evoked in these situations compare with
discriminative behavior that is under the control of unidimensional stim=

uli? What are the rules that govern how unid.mersional stimulus effects

combine to produce multidimensional stimulus control? These questions

may be raised with regard to a variety of experimental problems: whether

we are concerned with the course of development of stimulus control, as

in ﬂiscrimihationalearning experiments; with the specifity of stimulus

control as in generalization experiments; with the relation between spe-
cific prop. rties of stimuli and presumptive measures of sensory magnitude,
as in psychophysical experiments; or with the general question considered
in multidimensional scaling theory of how different stimulus attributes
combinepto affect the total similarity of perceived objects.

“' Experimental Conditioning with Compound Stimuli. Research in the ;rea
of experimental conditioning has been concerned with the operations that
establish a stimulus-response relation where none, or a different one,
existed before, usually with emphasis on the course of development or the
specificity 6f control as a function of other variables (e.g., drive lev-
el, reinforcement schedule, etc.). These experiments include studies of
stimulus generalization, in which d response is brought under the control
of a particular stimulus complex and then tested in the presence of other
stimuli sampled from a common physical-property continuum. Included also

are conditioning experiments and discrimination~learning expériments in

vhich the dependent variable is either the different number of stimulus




presentations or trials required to establish control, or the degree of
control established as measured by differential amounts of conditioning

or the number of correct discriminations obtained. Few of these studies
have investigated conditioning as a function of the dimensionality of the “
stimulus variable,

The studies referred to here were not concerned with the specific rule
of combination that predicts multidimensional stimulus control but rather
with the more elementary question of whether & imuli differing on two or
more dimensions exercise more behavioral control than do stimuli which dif-
fe. oa ohe dimension only. In spite of the quantitative limitations, the
results of these studies provide a basis for some rather broad inferences
about rules of combination in the multidimeneional case. For example,
Miller (1939) found that a combined auditory and visual stimulus (a drop
in pitch of a continuous tone, and the movement of a pointer), paired
with electric shock to the cheek, resulted in faster and stronger condi-
tioning of an eyelid response in humans than did either stimulus property
used alone. Similarly, Eninger (1952) found that rats tormed a discrimi-
nation much more rapidly when auditéry and visual cues were cambined(

(tone vs. no-tone, and white vs. biack) than when either of these sets of
cues was presented alone. In a generalization study, Fink & Patton (1953)
controlled certain visual, auditory, and tactile characteristics o’ the
stimulus situation in which rats learned to drink water from a tube.
After establishing a stable baseline of drinking rate, the investigators
altered one or more of the stimulus properties under their control. They
found that any change led to a decrement in drinking: 1light changes were
most effective, sound changes were moderately effective, and tactual
changes were lecast effective in modifying the strength of the learned

drinking tcoponic. More important, however, they found that a change in




any two stimulus properties resulted in a greater response decrement than
a change in any single property: when all three stimuli were changed,
maximum response decrement occurred. White (1958) trained children to
pull a handle to get marbles, using a card of a certain hue and saturation
(Munsell 10GY 8/6) as a discriminative stimulus. Then, for different
groups of subjects, he changed the hue of the stimulus card, its satura-
tion, or both, in a séries of'uhreinforced test trials. There was great-
er generalization decrement to test stimuli which differed from the
training stimulus in both dimensions than to those which differed in
‘either of the dimensions alone. That is, the properties of hue and
szkuration combined to exert more control over differential responding
than either property exerted alone. A generalization suggested by these
results is that every stimulus property that happens to be correlated
with the contingencies of reinforcement requiring differential responding
acquires some Aegrée of étimulus control; when stimulus properties are
ptesented in combination, their effects combine in some manner to exert
an even greater degree of coﬁtrol.

On the other hand, it has been found, in some discrimination experi-~
ments, that stimuli differing in two properties are discriminated with no
greater ease or efficiency than stimuli differing in the single one of
these properties which is most readily discriminated. In other words,
the degree of behavioral control exerted by the several properties of a
compound stimulus is no greater than that exercised by the component
property which, by itself, i1s most effective. Harlow (1945) trained
monkeys to respond discriminatively to stimuli differing in either color,
form, or both. Stimuli differing in both color and form, or in colo:-
alone, were discriminatedwequally well, although both were discriminated

more readily_than=£orms~fThfgfxgnulm was also found by Warren (1953) who




tested monkeys on discrimination problems involving stimuli which dif-
fered in color, form, size or in the four combinations of these properties
taken two or three at a time. Stimuli which differed in color and some
other property were little, if any, more discriminable than those differ-
ing in color alone. In a later experiment, Warren (1954) trained monkeys
to discriminate pairs of stimuli which diffexed simultaneously in color,
form, and size. After establishing stimulus control, the number of dis-
criminative cues was reduced by eliminating stimulus differences in oue
or two dimensions. In each instance, performance scores were depressed.
Discriminative control was almost completely lost when color differences
were eliminated, regardless of which other property or combination of
properties remained. Some control was lost when form and size differ-
ences were both eliminated, and the smallest decrements in performance
occurred when only form or size differences were eliminated, size being
the least effective.

Thus, results of some experimental studiee indicate that behavioral
control is distributed over the several dimensions of a complex discrimi-
native stimulus, while the results of others suggest that a single dimen-
sion cvershadcws the rest and is dominant in controlling differential
responding. In other words, the combination of stimulus properties re-
sulgsLnot in a summation of their separate effects but in an effect
equal to that of the property which, alone, is most effective. It is
evident that no one combination rule can account for these contradictory
findings.

Metric Analyses in Mhltidimensional Psychophysics. Traditionally the
study of "similarity" relations imposed by behavioral measures on pairs

of stimuli that differ with respect to several physical properties at onée

has been called "multidimensional psyghophylicn.“ Analysio of prcrimantal




data obtained in this line of research has almost universally been guided
| by the assumption that the collection of N stimuli employed in an experi-
| ment can be represented by a spatial configuration of "points" in a
multidimensional Euclidean space. The configuration is determined by the
(gb irter-point distances which are derived from behavioral measures ob-
tained on each stimulus pair. The experimental data can ba displayed in
en N x N matrix, with each row and corresponding column associated with a
particular etimulus and each cell containing a response measure, Pij (per-

taining to the row stimulus Si and the column stimulus S ), which depends

h
on the experiment and behavior sampled. These are called proximity
measuces by Coombs (1960) because they are interpreted as indicating how

closely stimuli Si and Sj“are reluted. In a generalization experiment P

13

may represent the amount of generalization between a training stimulus Si

and a test stimulus Sj, as meaxured by response probability, latency or
rate; or Pij may correspond to the percent "same~different" judgments
evoked in a discrimination task; or to the "similarity" of Si and Sj as
rated by subjects on a scale from, say, 0 to 10. These measures were
later classified as gymmetric or conditional proximity data, depending on
whether Pij - Pji’ or Pij ¢ Pji {Coombs, 1964a).

Whatever the behavioral measures obtained in a given experiment a
function is postulated which transforms them into a set of presumptive
distances Dij which may be analyzed by a multidimensional scaling algor-
ithm, first proposed by Young and Householder (1938), and subsequently
refined by Torgerson (1952), and by Messick and Abelson (1956). The pur-
pose of the analysis is to determine‘éhe effective dimensionality of the
space in which the stimuli are assumed to be imbedded and to determine

the projections of the stimuli on each of the dimensions involved. The

. v ; ' ‘ ; ‘
method invokes the law of cosines in order to transform the matrix of
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distances [Daj] into a matrix [Bij] of scalar products of stimulus vectors,
having as thelr common origin the centroid of the points. The matrix
[Bij] is then factor-analyzed in much the same way as correlation coeffi-
cients. The coordinates for each stimulus on orthegonal axes in psycho-
logical space are then given by their factor loadings.
A study by Shepard (1958) will serve to illustrate this procedure.
The study was an identification-learning experimen£ in which subjects
were required to learn a different arbitrarily-specified response to each
of nine Munsell colors, varying in brightness (value) and saturation
(chroma). In the course of the experiment generalization occurred, that
is, the response appropriate to, say, stimulus Si was also evoked by Sj.
Generalization from si to Sj’ denoted by g(i,3j), is represented by the
ratio g(i,j) = nijlnii where nij is the number of Sj presentations result-
ing in the response appropriate to Si, and n,, is the number of times the
response is correctly evoked by S, Shepard postulated, after Hull (1943),
that g(i,j) is an exponential decay function gf the psychological distance
between Si and Sj, that is, *
kD, \
g(1,1) = e or Dij - -k loge g(i,3) .

Thus, the distance between the points, in "psychological space", corres-
pouding to Si and Sj is given by the logarithm of the corresponding meas-
ure‘of generalization. However, two separate measures of generalization
were obtained for each stimulus pair, g(i,}) and g(j,1), and each gave
rise to a different estimate of the same distance. So, in order to obtain

a symmetric distance-matrix, Shepard simply averaged the two. The result-
| ing distances were then reduced to an orthogonal sét of coordinates by the

method indicated above. Actually, this is a éomewhat simplified account,

Shepard also c¢alculated weights for each otinuius, whichxitrc intended to




11

correct for response biases.and the asymmetries that occurred, and deter-
mined a constant which theoretically took account of the essentially»
random responses occurring during early learning trials. In an attempt
to evaluate the goodness-of-fit of the scaling model to the empirical
data, Shepard reconstructed response measures from the weights and final
factor loadings computed for each stimulus. He reported that approximate-
ly 99 percent of the variance in the original reéponse measures was
accounted for by reconstruction.

Two important theoretical sssumptions guided this analysis. The
first concerns the form of thf generalization function, and the second
concerns the rule that governs how differences along two or more dimen-
sions combine to determine the overall difference between two stimuli,
The assumption that psychological space is Euclidean in character re-
quires that the total differencg between two stimuli be defined according
to the Pythagorean theorem, as the square root of the sum of squared dif-
ferences in projections upon orthogonal reference axée (dimensions).
This is the combination rule adopted explicitly, or implied, by most mul-
tidimensional scaling models. On the face of it there appears to be no
good reason to believe that this is in fact how stimulus control is dis-
tributed over the various dimensions of pscyhological space. There is
certainly no conclusive experimental evidence to indicate that this is so.
The truth of the matter is that the adoption of the Euclidean combinacion
rule has simply followed the dictates of mathematical conveniénce. The
analytic procedures of most scaling models exploit certain mathamatiéul_. .
relations that are valid only in Euclidean spaces.

The methods of multidimensional scaling have been and will cqqtinue »

. to be useful techniques\for: (1) the construction of coordinate systems

dqocrip&ive of stimuli of unknown dimensionality or of stimuli on which
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the physical measuremen’s that can be made are not directly related to
the behavior under investigation; or (2), for reducing a large set of
correlated measures to a sualler set of orthogonal linear components which
acoount for mest of the variance in the original measures. However, the
practice of demanding reference to a Euclidean metric for behavioral data
that come equipped with their own metric (the combination rule that ac-
tually generates the data) imposes comstraints upon the analysis that may
result in an unwanted misrepresentation of the behavior, in terms of both
the combination rule and the dimensionality of the solution. If the se-
lection of a particular metric embedding is to have any heuristic value
it should provide not only a convenient multidimensional representation
of the stimuli, but also a valid description of the behavior in question,
and a basis for important theoretical conclusions and techniques for
comparing and testing alternative theories of behavior.

Unfortunately, very few studies have approached the problem of multi-
dimensional data analysis from the point of view of evaluating the metric,
or combination rule, that actually generated the data. Several authors
have suggested that a non-Euclidean metric may be appropriate (e.g.,
Attneave, 1950; Coombs, 1951; Galanter, 1956; Torgerson, 1958; Shepard,
1964). Coombs (1964b) has discussed the advantages of exploring alterna-
tive metric representations of behavioral data. In his own words "one of

the most desirable consequences of developing alternative models and their

algorithms for data analysis is that their existence’destroxs any naive

complacency with any one model and leads to a search for ways of testing

and comgaring alternative theories." (p. 206, italics in original) The
point is that the algorithms used in multivariate data analysis and the
metric embeddiugs of multldimensional scaling models are, by their nature,

theories about behevior. They are theories about how unidimonaionally-
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st led stimulus-effects combine to determine the behavior evoked in
ultidimensional situations. There is not necessarily just one combina-
tion rule o which all behavior conforms, but rather alternative rules
which may correspond to alternative theories about behavior, or to alter-
native behaviors, or to behavior under different circumstances, or under

the control of different kinds of stimuld.

Metrization of Multidimensional Stimulus Control

If the properties of discriminative behavior under multidimensional
stimulus contrel can be suitably represented by the mathematical proper-
ties of metric spaces, they can then be analyzed in ierms of the mathe-
matical procedures of the geometries associated with these spaces. This
would not only assist us in the practical business of dealing with multi-
dimensional stimulus variables, but also provide a formal basis for
characterizing and contrasting alternative theories or hypotheses about
behavior.

The basic concept underlying the notion of a metric space is that of
the distance between two points. The properties of distance wiil depend
toxsome extent on the space considered; but certain basic properties are
definitive and assumed always to hold. These are: (1) the distance
between any two points is non-negative and only the distance of a point
from itself is zero; (2) the distance between any two points is symmetric,
that is, the distance from the first point to the second is the same as
that of the second to the first; and (3) for any three points the distance
between one pair is no greater than the sum of the other two distances, a
condition called triangle inequality.

These assumptions can be stated a little more exactly by formulae.

A set S 13 metrizable if and only i to each peir X, y of its elements we
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can associate a non-negative 1. .1 number d(x, y), nalled their distancé,
which satisfies the conditions: (1) d(x, y) = 0, if, and only if, x = ys
(2) d(x, y) = d(y, x); (3) d(x, 2z) < d(x, y) + d(y, z), for all x, y, z,
in S. The function d(x, y) is said to be a metric for S.

The ordimary physical space of three dimensions is a metric space
with Euclidean distance. The above conditions are quite general, however,
and are also satisfied by the following example. Take a set of color
patches and for each pair x, y define the distance d(x, y) = 0, if’both
members of the>pair are labelled with the same cnior‘name, and define
d(x, y) = 1, if labelled differently. The function d(x, v) could serve
as a metric for the color domain, but it does not provide a basis for a
very interesting or gSpecially informative model foi color perception,

The metric exioms clarify the coaditions under which measures of
stimulus control may be treated as measures of distance. However, in the
collection of single stimulus data, as in generalization and some discrim-
ination training paradigms, the- task ofiempirically verifying each of
these conditions for all stimulus pairs can be formidable. Consider a

stimulus generalization study involving N stimuli and yielding measuree

of generalization decrement, defined as the difference‘in the response

" measure produced by the training stimulus and each test stimulus. The

qnestion, here, is whether these quantities can serve as measures of dis-
tance between stimuli, Direct nests of the symmetry~and'triangle inequal~-
ity properties of distance requires N replications of the study, each time
with a different training stimulus, in order to fill in the N2 cells of

the data matrix, This undertaking can be expensive in terms of research

time and in the consequences of failure to control all variables affect-

ing stimulus control in the aeparate replications.

On the other hand if the effective dimensions of stimulus control
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are presumed to be known (or at least referable to the physical dimen-
sions of the stimulus), then the question of whether measures of generali-
zation decrzment define a metric for the stimulus set can be answered by
vevaluating empirically the combination rule that relates the amount of
generalization decrement for each unidineasional stimulus change to the
total decrement obtained when all changes are effected simultaneously.

If we denote by g(S) the generalization measure correspoqdiné to the
discriminative stimulus, S, that maximally evokes R during generalization
testing, and we let g(SAxi) cepresent generalization to a test stimulus

differing from S along dimension Xy only, by an amount Axi, then the gen-

eralization decrement produced by Ax, is defined as

i

and the combination rule we seek can be expressed as the function, F, that
relates these measures to the total generalization decrement produced by
the stimulus differing from S simultaneously with regard to all Ax‘i (1=1,

seey n); that is

. .E(SAxlg evey Axn) - F [-g-(sAxl) pese ,-S-(SAxnﬂ

In the space, P, defined by the phyeical‘coordinatés of the stimuli,
the configutation of points corresponding to a givea level of § (with ref-
erence to the fixed point, S) depends on the function F. Different combin-
ation rules result in different configurations or "level-surfaces" and the
shape of these surfaces determines the metric, if any, imposed on the
stimulus space by §. In the Euclidean space of two dimensions, for

i

example, systems of points that are equally distant from a fixed ﬁoint'lie

~ on concentric circles with the fixed point as centef}'fhe circlé»xzﬁ+'y2 =1

baing, so to opcak;ltherltandgrd unit dircle;y' R
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But the Euclidean space is only a special case of a general class of
metric epaces for which consistent geometries have been developed and

which may serve to characterize the properties of behavior under multidi-

mensional stimulus control. These are called Minkowski gpaces and their

geometries require only that the level-surfaces in P be of the same cen-
trally symmetric and convex shape. These conditions are discussed in the
following section.,

Metric Implications of Equal-level Surfaces. Let ?1, coey Pn’ respec-
tively, denote each of the n physical-property continua or dimensions
(e.g., wavelength, intensity, size, etc.) called upon to operationally
characterize the stimuli involved in, say, a generalization experiment.
Each stimulus can be represented by a point in a physically-defined

space P, where
PSPy X0 XP = {pl, ceoy pn): P; € Py 1=1, ..., n)} .

The space P may be viewed as an n~dimensional Cartesian space with
orthogonal rgference axes Pi (1 =1, ..., n) intersecting at a common
p01n£ 6 which is taken as the origin of the space. If we take as 0 the
poinc representing the particular combination of physical aspects that
specifies the initial training stimulus i; the generalization experiment,

then each test stimulus p may be represented by the ordered n-tuple

P = (pl, coey pn), the components of which pertain to the signed physical
differences between p and 6 on each of the n dimensions of P; the quanti-
ties p, (1 =1, ..., n) are the relative coordinates of p with regard to 0.
Each P, is a unidimensional metric space with the metric defined’by
a,(py, q,) = IpiwaQil for every pair of points p,, q; € P,; in other words,

\di(pi’qi) is the physical se;arafion of p, q € P on the single dimension

By "Since the Cartesian product of n metric spaces is also a metric space,
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it is possible to define a function d: P x P + R (the Fuclidean distance
function, for example) which assigns to each pair of points p, q ¢ P a
real number r ¢ R (the set of real numbers) interpreted abstractly as the
physical distance between the stimuli denoted by p and q. We might ask
the following question: under what conditions is it possible to construct
a metric for P in such a way that the distance d(6, p), defined for fixed
0 and any p in P, is equivalent to the difference in behavioral control
(e.g., generalization decrement) exerted by the two stimuli represented
by 6 and p.

Let ¥(0, p), or simply F(p), represent the difference in behavioral
control exerted by 6 and p in stimulus generalization, tha: is, F(p) =
g(0) - g(p), where g 18 the generalization function which we assume has
its maximum valuation at 6. Consider the point set U = {p ¢ P: ¥(p) < u},
containing only those points in P that produce a generalization decrement
relative to 0 less than or equal to some arbitrary positive value u. The
measure of generalization decrement ¥(p) can be taken as a Minkowski metric
for P 1f and only if:

(1) the point set U is symmetric with respect to 6,
(11) the point set U is convex, and
vﬁ(iii) the boundary of U is homothetic to the boundary of
_every polut set generated by a different valuation of the
";fégramater u.

‘th; condition of s ymmotry simply requives that, if the point p velongs
to ﬁ, then the point -p = (-pl, sev 5 =Py ) also belongs to U. The con~
‘vezity condition requires that for each pair of points p. q ¢ U the line -
om.pent joining them is entirely in U; in other words, each point r =
p+c1;a)q-(p1+(1-x)q1, cee s P * (1= Nq), 05451, 18 also

tb ‘»;
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The boundary of U, which we will denote by U', is the set of all
points p for which g(p) = u. If (1) and (i1) hold, then this set con-
stitutes a centrally symmetric, convex surface ia P, Condition (iii)
requires that all such surfaces in P be of the saue¢ shape, that is,
encased one into the other and produced through dilations or contractions
in the ratio u:l, where u is a positive real number.

For u = 1 the set U' is called the standard unit surface for P (the

set of all points that are unit distant from 8), and it enters the
definition o. a distance function for P in the following way: for any
two distinct points p, q € P, let the ray with initial point 6, which
is parallel to the directed line segment EE (and with the same sense),
meet the surface U' at point r. The Minkowski distance of the points p
and q, denoted m(p, q), is defined in terms of the Buclidean metric

associated with P in the following way:

n(p, q) = (e, @)
e(6, r)
where e(p, q) and e(6, r) are the Euclidean distances in P of the points
P, q and 6, r respectively. If p = q we put m(p, q) = O,
1f #¥(p) = t, then t = m(6, p) = e(6, p)/e(6, p'), where p' is the
intersection of the surface U' with the ray [6, p), and t is the ratio
of similitude of a homothetic transformation of P with center 6 which
carries U' into a surface passing through the point p. |
For the points on any Euclidean line L in P, the change to Minkowski
metric is merely a change of scale; the distances m(p, d) and 2(p, q)
are proportional on each line L.
A Minkowski metric in P is inveriant under translations and central
reflections of the coordinate axes of P. It is not, however, invariant

 under rotations of the axes about the origin. The Euclidean metric is

9
\
|
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the only specialization of Minkowski distarce that has rotation invariance.
Two Minkowski metrics ma(p, q) and mb(p, q) in P are isometric if
and only if an affinity exists which maps the unit surface U;t mh(e, p) =1
on the surface Ug: m (8, p) = 1. Special cases of such affine transforma-
tions are rotations of the coordinate system, homothetic transformations
(a uniform stretching or shrinking of ﬁhe‘coordinate axes) and simple
elongations and compreaaioﬁa of single axes, sometimes called one-dimen-
sional strains. A Minkowski metric in P is isometric to a Euclidean
matrization of P' (where P' results from an affine traneform;ticn on the
points of P) if and only if the unit surface of P is an ellipsoid.
These properties of Minkowski spaces are discussed in greater detail
by Hancock (1939) and Busemann (1950, 1955).

It is readily seen that if F(p) represents a Minkowski metric for P,

then § must be a positive definite, convex and homogeneous function of

the first order in its n variables Pys *eos Ppe That is:

(1) E(p) > 0 and only §(6) = 0

(2) B(tp) = F(tpy, ooy tp) = |t] B(p) for any real number t

(3) E@+a) TRy +ag oo By +q) S TG +EQ@.
In this form the Hihkowaki distance of p and q in P is defined as m(p, q) =
T - =Fp+ (D 2B, - 4gp 05 Py - 9

| Conversely, auy combination rule or function P that is defined in P

and has these;propertias is a Minkowski metric. It is evident that the
metric exioms :taé;d previously are satisfied by the function F(p - q).
The symmetry of distance follows from (2) by setting t = ~1, From the
convexityprbpérty (3) the law of triangle inequality fqllowa,‘for if we |

set p' = p - r‘lndiq' -‘r - q then

f?(‘p'*-}- q.) < F(pl) + F(q')
{ Mp-q $Pp-1)+Fx-q

or . alp @ an) +al, Q.
R SR I _,,f , ‘ b : ‘
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Treatment of Nonlinear Stimulus-Response Relations. Shepard (1964)

was the first to propose that the combination rules governing multidi-
mensional stimulus control can be determined empirically by investigat-
ing the shape of the surfaces in P, corresponding to prescribed levels
of control:
with respect to the physically defined space, a knowledge of
these rules is equivalent to a knowledge of the shape of the locus
of all stimuli that have any prescribed degree of similarity to any
prescribed standard stimulus ... the question of this shape turns
out to be equivalent to the question of just what metric is appro-
priate for the psychological space. (p. 56)

Shepard points out that if psychological space is Euclidean in nature,

then (providing the unidimensional psychological scales involved are
affine transforms of the corresponding physical continua) the isosimilar-
ity contours in physically-defined space of two dimensions must be affine~
ly equi—alent to circles, that is elliptical in shape. If these contours
are found to have some non-elliptical form, then psychological space can-
not be Euclidean.
However, if generalization decrement is not symmetrically linear

with changes in the physical stimulus on each physical property continuum
then neither a Euclidean nor any other Minkowskian metrization of P is
possible. Unfortunately, this appears to be the rule rather than the
cxception in most investigations of stimulus control. Where intengive
physical continua are involved, it is notoriously the case that discrimi-
nation is not ar invariant function of the physical separation of two
stimuli, but depends on their location on the continuum. ‘Collaterally,’
the generalization decrement produced by an increase in stimulus intensity

~ does not invariably match that produced by an equivalgnt deéreaseAin inten-
sity. Furthermore, the generalization decrement produced by a stimulus dif-
ference of two units is not 1nvafiab1y twice that produced byﬂa atimnlus dif-
ference of one unit. These outcomes obviously violate the homogeneity property

ERIC
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of metric funétions, and in some instances may lead to a violation of
convexity (hence triangle inequality) as well., However, nonlinearity of
stimulus-response relations does not preclude the possibility of mapping
P into a space that ig metrizable in terms of stimulus-response relations,
and which is Minkowskian.

Special cases arise in the metric treatment of multidimensional data
in which transformations of the stimulus variables or transformation of
the response variable (or both) may te required in order to transform
the coordinates of P into the coordinates of a metric space P' (defined
as psychological space), wherein these variables may enter relatively
simple and psychologically meaningful relations, and wherein a combina-
tion rule may obtain that has generality as a vrinciple of behavior.
The cases follow:

1. Choice of stimulus scale. The space P may not be metrizable
because of nonlinear deformations of the equal-level surfaces of P in
directions parallel to one or more r;ference axes. See, for example,
the two-dimensional equal-level contours plotted in Fig. l(a). These
contours are neither centrally symmetric, homothetic, nor convex. This
outcome may occur if generalization gradients are symmetrically linear
'when the stimuli are "appropriately" scaled in logarithmic units, and a
simple "additive" combination rule holds for generalization decrement in
two dimensions. In this instance a Fechnerian (logarithmic) transforma- 1
tion on both axes of P maps P into P' that has level contours likethoje
depicted in Fig. 1(d).

The empirical operations involved in the measurement and contfol of
'physical stimuli result in quantities or‘magnitudes, such as sound

1n§ensity, frequehéy, wavelength, etc., which generally enfér very complex

~ relations with behavior; on the other hand, relations defired in terns.
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Fig. 1. Level contours arising froh nonlinear stimulus-response relations.




| gator may never discover important principles that relate behaviors |

P in units of generalization decrement, thus mapping P into P' = {(pi,

is equal to 1 for Py > 0, 0 for Py = 0, and -1 for Py < 0 (recalling,

,decrement would result in contours in P' affinely equivalent to those in
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of "loudness," "pitch," or "hue" (represented by psychophysical trans-
formations of the corresponding physical scales) are likely to be
simpler and to have greater generality. By insisting that principles
of stimulus control be taken at the level of the physical operations

involved in specification of his experimental variables, an investi-

evoked under different stimulus conditions.
However much we wish it were not so, we shall not be able
to make sense out of data in animal psychophysics {this includes
generalization) without taking account of functions that are
usually attributed to the 'sensory syatems. The transformations
imposed by the sensory system must be ‘subtracted out,' as it were,
before other regularities will become clear. (Blough, 1965, p. 35)
Although we may not know in advance what psychophysical function is
appropriate for each physical continuum, we can "subtract out" this source

of non-linearity in stimulus control by rescaling the coordinate axes of
voe, p;)z pi e)Pi(i -1, ;.;, n)} where pi = ggn pi‘ETpi) and sgn p,
here, that pi was defined as the signed physical difference between ©

and p on P,). This transformation has an effect equivalent to that of
i

initielly scaling the stimulus continua in appropriate psychophysical units.

P

1f the level contours obtained in P are affinely equivalent to those

in Fig. 1(a), then a rescaling of the axes in units of generalization

Fig. 1(d). The Minkowski distance from 6 to x in Fig. 1(d) is equal
to the ratio of the Euclidean lengths 6x' and 6x (where x' lies on ehe_
"unit contour")

C 2. Choice of responsescale. Rescaling the etimuli in units of

behavioral control forces symmetry on each separate dimension of P' and

uay 1npope oymnetry in the large, #0 ;het'!(p') -'!(-p') for nll p' e P,
‘ S o Lo o
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However, this outcome does not guarantee that P' will be metrizable in

terms of g. Consider the level contours shown in Fig. 1(b). Rescaling

the axes of P in behavioral units transforms P tc the space represented

in Fig. 1(c) that has level contours which are centrally symmetric and

convex, but not homothetic. The shape of these contours changes gradually

with level of generalization decrement. This means that the behavioral

measures leading to this result cannot serve as Minkowskian distances

between stimuli.

In order to succinctly express these hypothetical findings in terms

of a suitable metric, it is necessary to transform the original generali-
zation measures, that is, to redefine stimulus control in terms of an
alternative response scale. In the example at hand a logarithmic trans-
formation of the dependent variable changes the structi.ce of P as repre-
gented in iig. 1l(c) to the simple metric structure depicted in Fig. 1(d).
In fact, this is the only transformation that will simultaneously map all
level contours of Fig. 1(c) into a set‘of contours that have; regardless
of level, the same centrally symmetric and convex shape. Ne alternative
transformation exists, for example, that will-map the contours of Fig. 1(c)
intora set of concentric circles. If this outcome is observed with real
dataﬁthe suggested transformation need not be viewed as an arbitrary
handling of data, but rather as impl&ing that the response measures are
related exponentially (in this par*icular example) to alternative\response
‘measures in terms of which thie aimple metric atructure would hame been

obtained directly.

- i

Recalling‘thet generalization decrement was defined as B(p) = g(0) -
Vg(p),‘where g is the generalization function, we must turn our attention
to the measurement operations entering the experimental definition of

ﬁvmwegenerelizetion. It 1is clear thet the form of the empirieel generalizetion”%
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gradient and the questions of whether generalization decrement is linear
or nonlinear with the size of the stimulus difference in psychophysical

units, and of whether a metric combination rule applies, depends on

what property of behavior is being measured, and how it is measured.

Generalization can be, and has been, empirically defined in terms of a
variety of response measures: response probability, number of responses
emitted in a fixed interval of time, response latency, rate, amplitude,
number of responses to complete extinction, etc. These variables are

typically not linearly related, but they are presumed to be mutually

‘interrelated in such a way that if a metric can be established for onme,

then appropriate transformations on the other measures will result in
the same metrization of stimulus control. As Coombs pointed out in
connection with the development of mathematical modeis for analyzing
behavioral data:

The problem is not to be formulated in terms only of tramss,
forming these response measures to construct psychological spaces,
but rather of transforming them to construct interlocking systems
which mutually relate the response measures to each other so that
we would obtain the same metric space from zach. The models for
processing these several measures should be mutually compatible
in the sense of yielding at least the same metric relations.
(Coombs, 1964b, p. 526-527)

Metric Models for Multidimensional Stimulus Generalization

There are three major points of view concerning rules of combination .
in multidimensional stimulus generalization. Two-dimensional models
of these views arelpresented graphically in Fig. 2. The two stimulus
dimensions are labelled S1 and S2, respectively, and their point of |
intersection represents the training stimulus. ‘Thewamount of generali-
zation is depicted as a third dimension, labelled R, orthogonal to the

other two. The stimulus dimensions are asaumed to be appropriately

”scaled in units of behavioral control so that the generalizatioa gradients

qor‘the sepa:ape dimbnsions are l;nea:;gnﬂ of equgl slope,j The task of
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Fig. 2. Possible forms of the generalization surface in two dimensions. 1
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the models is to predict the height of the generalization surface at
any point in the four quadrants of the stimulus plane.

Thecretical justification for the first model, the excitation model,

comes initially from Pavlov who proposed that generalization was due to
a wave of excitation irradiating from the spot on the cortex stimulated
as a result of the presentation of a stimulus:

It may be assimed that each element of the receptor apparatus
gains representation in the cortex of the hemispheres through its
own proper central neurone, and the peripheral grouping of the
receptor organs may be regarded as projecting itself in a definite
grouping of nervous elements in the cortex. A nervous impulse
reaching the cortex from a definite point from the peripheral re-
ceptor does not give rise to an excitation which is limited within
the corresponding cortical element, but the excitation irradiates
from its point of origin over the cortex, diminishing in intensity
the further it spreads from the center of excitation. (Pavlov,

1927, p. 186) *

A somewhat over-simplified interpretation of this view is that generali-
zation between two stimuli is a function of the physical distance between
their cortical iepresentations. The important point, however, is that
generalization is not referred to fixed sensory dimensions but occurs as

"spread of excitation" in all directions in the cortex. Stimuli are
presumed to "acquire" the capacity to elicit a response because of certain
electro-chemical effects which "gpread out" from the initial point of
stimulation.

Generallzation was given a.similar interpretation in Hull's neural-
interaction theory. Hull (1943) postulated that generalization represented
a "spread of habit strength" from the neural elements involved in stimula-
tion by the conditioned stimulus to those activated by the test stimuli.
This "spread of habit strength" from one physical stimulus to another was

assumed to occur along innate afferent neural continua as an exponential

decay function of the psychophysical aimilarity of the .tinuli,

noanurcd in discrininntion units (j.n.d.'s).
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These "spread of effect" theories imply that a generalization surface
for two dimensions can be generated by rotating a unidimensional gradient
around its peak, resulting in a surface which is conical in shape, as de-
picted in the first panel of Fig. 2. The most important psychological
implication of this structure is that for a generalization surface of
given dimensionality, one set of orthogonal dimensions, or one frame of
reference, 1is as gnod as any other in predicting generalization behavior,
Each pair of stimu.i in the space defines a dimension along which gener-
alization may occur.

According to the views of Pavlov and Hull, prior differential train-
ing along specific stimulus dimensions is not necessary to obtain gradi-
ents of generalization. A contrasting view, proposed by Lashley and Wade
(1946), is vhat generalization is a performance phenomenon reflecting only
an organism's failure to discriminate relevant aspects of a stimulus.

They specifically reject Hull's claim that generalization represents a
gradient of habit streng.’ developed during conditioning. They argue that
if an organism responds (generalizes) to a test stimulus it is only be-
cause it has not yet been conditioned to respond differentially to that
stimulus difference along the relevant continuum, or it is not attending
that aspect of the stimulus. If discrimination occurs, as reflecﬁéd in
generalization decrement, it occurs along stimulus dimensions previously
established for the oxrganism by differential training.

This view, according to Guttman (1956), predicts that generalization

4

‘decrement for any stimulus varying in two dimensions is simply the sum of

the decrements occurring along each of the component dimensions. This is
the discrimination model depicted in the second panel of Fig. 2 and it is

represented by a generalization surface that has the appearance of a

pyranid, with its four corners on the stimulus axes. A significant
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feature of this structure is that it is determinsZ by a fixed set of di- .

mensions which are not subject to arbitcary rotation,

]

~ The dominsnce model is suggested by the results o; the experiments,
discussed earlier, in which sowe one stimulus property appeared to be
"dominant" in exerting behavioral control. This model states that stimu-
lus control is selective--exerted only by the dimension along which the

most discriminable stimulus change occurred. Theoretical background for

this model may be found in Lashley's "principle of dominant organization."

Lashley (1942) proposed that the mechanism of nervous integration may be
such that, when any complex of stimuli arouses nervous activity, that ac-
tivity is lmmediately organized and certain stimulus properties become
dominant for reactlon while others become ineffective. The generaliza-
tion surface predicted by the dominance model is depicted in the third
panel of Fig. 2; it is also a pyramid with its corners at 45° to the
stimulus axes.

If we look at successive sections through the generalization sur-
faces of Fig. 2, sections taken horizontal to the respective stimulus
planes, sets of concentric contours are revealed. The contours are cir-
rular for the excitation model, diamond-ahapéd (rotated squares) for the
discrimination model, and square for the domiuanée model. Each contour
corresponds to a prescribed amount of generalization decrement and de~
scribes a locus of equally effective stimuli. That is, all stimuli on a
prescribed contour are equivalent with respect to the amount of control
exercised over differential responding, and thus are equally substitut-
able, one for another, to produce the prescribed generalization decrement.
These are the level contours discussed in the preceding section, whose

shape uniquely determines the metric appropriate for a given set of

measures. Thus, the assusption of the axcitation model that all contours

[

e o
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are circular is equivalent to the very special assumption that distances,
in units of behavioral control, are Euclidean, and the combination rule
predicting the generalization decrement to stimuld varying in two dimenw-
sions is the square root of the sum of squared decrements occurring on
each component dimension. This is the combination rule adopted by most
multidimensional scaling models.
The metric underlying the discrimination model provides an engaging-
ly simple rule for combining distances along component dimensions.
-Namely, the distance between two points is equal to the sum of the dif-
ferences between the projections of the two points on eacﬁ of their coor~
dinate axes. This is often called the "city-block" metric because the
distance between two points is the total distance that must be traversed
in a north-south direction, plus the distance that must be traversed along
an east-west direction in order to get from one point to another. Theo-
retical arguments for this rule of combination have been proposed by
Landahl (Hausehplder and Landahl, 1945, p. 76; Landahl, 1945) and by
Restle (1959),
The dominance metric requifes that the distance between two points

is'simply the greatest of the distances separating their projections on

. !
L}

. each of the coordinate axes. Although this combination rule differs
marﬁedly from that of the "city-block" metric, in terms of its psycholcg-
ical implications and ﬁith‘regard to the question of how behavioral con-
trol is distributed among ﬁhe component dimensions of a complex stimulus,
mathematically the "cityublockf space and the "dominance" space are 180~
metric. Their isometry is evidenced by the observation that a 45°
rotation of the stimulus plane (stretchéd by a factoy‘/§3 maps the level

contours of the "cityfblock" metric into those of the "dominance" metric.

; | i
Tvb‘pointc are served by this observation: (1) distances are not preserved

| {
i




under rotation of axes, that is, "city-block" distances are mapped into
"dominance" distances, thus the dimensions of stimulus control for a
given combination rule are unique; and, (2) unless the effective stimulus
dimensions are known in advance of analysis, the combination rule gener~
ating the data cannot be uniquely determined. Square equal~level contours
may imply the appropriateness of a "city~block" combination rule with ref-
erence to one set of axes but with reference tc an alternative set of axes
the "dominance" combination rule is implied.

A General Minkowski Model for Multidimensional Stimulus Generalization.

Each of the three models considered for stimulus generalization provides
differential predictions of tﬂé quantitative properties of behavior uander
complex stimulus control. It turns out that the metrics associated with
these models are special iustances of a single parameter family of dis-
tance functions known as the Minkowski r~metrics. For any r > 1 the r~
distance betwccn pointc u= (u s seey U ) and v = (vl, coey V ) is defined

to be

4

n 1/x
d (v, v) = [2 'ui - Vilr] “

where the index 1 xanges over the n dimensions of the space and Iu - ”il

is the distance bptw»en the projections of u and v on the 1t th dimenaion.
In application to two~d1mensional atimulus generalization we equate

the measure of generalization decremcnt from 3 to stimulus p - (pl, pz)

with the diutance d (e, P), h-ncc

P o 1/ o \“
I(P) - dr(e, p) = [xl'+yr] | | S

. where x = ‘i‘(pl) and y = 'f(pz). ‘Thu-’, in tbi- application, x and y are

S S W
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assumed to represent only positive quantities.
In the ordinary (x, y) plane the level contours corresponding to
|x|* + |y|¥ = 1 are called the "unit circles" (U) for different valua-
tions of r. As shown in Fig. 3, U2 1s the Euclidean circle of radius 1;
U1 is an inscribed square with vertices (:1l, 0) and (0, t1). As r increas-
es to infinity, dr approaches the distance
Hu 4 = oax {|x], Iy}
Thus, U, is a circumscribed square with vertices (1, t1), A r increases
from 1 to =, u. deforms in a continuous manner from the square correspond-
ing to d1 to the square corresponding to d_. Intermediate values of r are
represented by contours bounded by Uy and U . The unit circle for any
fixed r contains those for smaller r; as shown in Fig. 3, U, c U, < v, c u,.
The significance of r as a parameter 6£ multidimensional stimulus

control may be understood in connection with the question: How much does
each component property of a compound stimulus contribute to the total be-
havioral control exerted by that stimulus? Or, more precisely: How are
each of the effects that are attributed to the separate stimulus compo-
nents weighte< in the combination rule that predicts multidimensional
stimulus contrél? If, for the compoind stimulus p = (pl, veey pﬂ), which
we assume to have only positive components, we let x and x, represent the
‘positive quantities'ﬁ(p) and‘ﬁ(pi), reppeétively, then the Minkowski r-
metric defined for g can be represented as a wu%ghtod sum of all component

- effects, namely

x = 2rmixi-

where 0 5/”i S1(i=1, ..., n), 1<tow is the weight

1

£ n, and‘wi

t
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associated with x, and dependent upon X, in a manner determined by the
parameter r.

If r = 1 (the discrimination model), then wy is a constant equal to 1
independent of Xy All effects summate without differential weighting.

On the other hand, if r = «» (the dominance model), tnen w, = 0 for all x

i i
except max {xi}, for which w, = 1. In this case behavior is interpreted -
as beingicontrolled exclusively by the unidimensional stimulus change
which, when occurring alone, produces the most generalization decrement.
In the case of the Euclidean combination rule, r = 2 (the excitation

model),

X = I cos a, X,
that is, w, = xi/x = Co8 ai”(i =1, «¢e, n) are the direction cosines of
the p'-vector in psychological space, and e, is the angle formed by the

p'-vector and the pl—vector at their origin 6. This means that the weight

“assigned to each comﬁoneqt Xy is proportional to the magnitude of X, o

Thus, large effects are proportionately weighted more than small effects
‘in the prediction of E(p).

- For arbitrary r, since x*

| c":I.:l.

!

=3 xﬁ, x can be writtenﬁas , 1
X = Z(x /x)r -1 x, or x = Tem L, x R

! | | | 1

where cm a, denotes the Minkowski coeiﬁe of the angle ) pertaining to l
the relative position of the piévector to the p'-vector in Minkowski space 1
(see Putty, 1955). (Definitions of trigomometric functions in Minkowski !

- geometry are analogous to thoue of their Euclidean counterparts. The Min~

ff —_—

. kowski cosine entars some of the same trigonomctric idontitiea as does the : ! 1

Buclidean coaina, however it cannot be interpreted as a function of a rugl *

nnnﬁcr; "tho an;lc formad by arbitraty vlctorn A and' B," bcaaulgwitc

«u. ot
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valuation depends on the order in which the vectors are considered. 1In
general, cm(A,B) ¥ cm(B,A); however, if cm(A B) = cm(B,A) for all A, B in
the vector space, then its geometry is Euclidean.)

As r increases, the separate unidimensional effects become increas-

-

ingly disproportionately weightéd by the combination rule that predicts

multidimensional stimulus control (to the emphasis of relatively large
effects and de-emphasis of relatively small effects). ‘For‘example, if
0 <« X; < X, then their respective weights 0y and w, are related in the

following way:

M r-1 r-1

wllwz -‘ (cm'ullcm az) - (xllxz)

or | | 4

r-l
W, = (xllxz) Wy

| Ihus w, < w, for any x, < x, and r > 1, since (xllxz)r-l is always less

than 1L (when r > 1) and specifically tends to zero as r increases to +,
Consequently, as r increases, the weights'become 1ncreasingly‘dispr0pbr—
tionately distributed over the terms of the summaticn formula.

This formal result may serve the informel psychological notlon that

the extent to which an organism "attends" a' given unidimensional stimulus

- change may depend on the changesythat occur simultaneously along alterna-

tive dimqnsions of the stimulus. An organism is'said to "attend" a par-

ticular dimension or property of a stimulus if its behavior is at all

Auhder coatrol of variations along that dimensicn. "Attention is a con=

trolling relation--the relation between a response and a‘diecriminatxve/ “

v dtimulus.... The criterion [of attending] is whether the stimulus is

oxerting any effect upon our behavior*"‘ (Skinnar, 1953, p. 123-124) A

giwtn unidinanaional ttimulus changc mny ba attcndod whon occu:ring qlonq‘*

iv‘
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but not attended (or attended less) when occurring simultaneously with a
more discriminable change along another dimension. In other words, the
controlling relations between unidimensional stimulds changes and the re-
sponse may alter when these changes occur in concert. The dominance
metric applies to outcomes in which only a single dimension ie attended,
namely, that dimension along which the most discriminable change occurred.
On the other hand, the city-block metric applies when these controlling
relations remain constant, regardless of whether a given unidimensional
change occurs alone or in the context of other changea. A Euclidean:
“metrization may be interpreted simply as meaning that the organism attends
separately each component dimension of a stimulus in proportion to the’
relative magnitude of the change in that dimension. By extension, inter-
mediate forms of Minkowski r-metric may represent (by the weights wl) |
other ways in which attention may be distributed among thecomnonent»

3
H

properties of a compound stimulus.

Empirical Evidence of the Metric Properties of MnltidimensionalﬁStimulus

Control
Butter (1963) conducted two opersut conditioning experiments with
pigeone (10 Ss in the firet experiment and 27 Ss in the second) in order
to compare generalization to stimuli varied in one and in two dimensions.
In both experiments the pigeons were trained to peck at a circular trane- w'
~'1ucent key upon which was projected a narrow (1/16") vertical strip of
monochromatic (550 mm) light. The birds were tested under extinction con~
"‘ditions for generaltzation to stimuli varied in the wavelength dimension,
in the angular orientation (tilt) dimension, and in both dimensions. In
B the firat experiment three 1evels of wavelength (520 550 and 580 mp)

‘nwere crosoed with three levela of angular orientation of tho band of lighth
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(40, 90, and 140°), resulting in 9 different stimuli, plus a tenth con-
sisting of a lLorizontal (0°) band of light (550 un)s The stimuli were
presented separately, 24 times each, for periods lasting 30 seconds. The
second experiment was performed in the same manner with nine replications
of each of 25 different stimuli, produced by crossing five levels of wave-
length (530, 540,7550, 560, and 570 mp) with five levels of angular orien- -
tation (30, 60, 90, 120, and 150°). In both experiments generalization to

each wavelength-tilt combination was measured in terms of the average num-

- ber of responses emitted during the 30-second presentations of the stim-

ulﬁs .
Butter found that relative generalization along the separate dimen-

sions of wavelength and tilt combined multiplicatively to predict relative

generalization in both dimensions; that is, the obtained generalization

measures entered the following relation: - | | )

“ij/“oo = (“10/ oo) x (n j/n )

where n, denotes the number of responses emitted to the tral ning stimulus,

and n, noj‘ and n,. denote, respectively, the number of responses emit-

&
ted to a given change in wavelength, angular orientation, and both,
fespectively. This relation appeared to hold for the responses of indi-

vidual 8s, as well as for group meuns 1n the firat experimento In the

second experiment, predictions were less accurate for the results ‘of indi—

- “‘vidual Ss, but the relation held up very well for group means.

The contoura that represent qual levels of generalization decrement :

in a graphic preeentetion of thia combination rule have the ehape Bhown Ny

© in Pig. 1(0).

Although it was concluded that thme findiug is not consietent witn ;‘ti“

gew thet multidimenaional generalizetion 1: the reeult of the
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algebraic summation of generalization decrements to all discriminable
stimulus changes, a logarithmic transformation of the obtained generali-
zation measures renders a simple additive relation between the correspond-
ing measures of generalization decrement (hence, support icr the discrimi-
nation hypothesis). This means that the response measures serving the
definition of generalization‘in this experiment'may enter a simple expo-
nential relation with an alternativeresponsevariable, in terms of which

nultidimensional stimuluspkeneralization has the simple metric properties

‘implied by the discrimination model.

Blough (1965) hasﬁpointed out that response rate, that is, "the num-

ber of operants emitted in a fixed period of time," may be a poor choi.ce

of dependent variable for defining stimulus generalization because it is

not a simple measure of response strength but, rather, is a composite

' measure containing a "number of - responses to extinction" component, a

"rapidity of response in theapresence~of~the stimulus" component, a
"1atency~following-stimulus-onset"‘component, and a "response—probability,

havinguonce-responded" component.’ How these separate components combine

to determine the total number of operants emitted during an interval of

time to a generalized stimulus is in no way c]early understood. The prac-

‘tice cf averaging response rates over separate presentations of the stimu~

"':desire.

lus (occurring at different times during extinctiou) and over separate

‘gsubjecte (for whom the: response components'may interact in different ways)

- |

. -+ makes- the- measure even: more difficult to interpret simply.  In view of

- y:these complexities there is no reason to prefer the initial form of rhis

l

‘response variable, as a measure of generalization, to . a logarithmic func-

."tion of it--particularly since the latter has the metric properties wei

Evidence ror a simple additive rule of combinatign in terms of log il
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response rate was also obtained in a generalization study cited earlier
(White, 1958). White trained three groups of 24 kindergarten children to
pull a response handle freely during 3.8-sec presentations of a colored
stimulus (Munsell patch: 10GY 8/6). Candy was used as reinforcement,
One group was tested on the training stimulus and three novel stimuli of
the same lightness (value) but having graded differences in hue (5GY, 10Y,
and 5Y 8/6). A second group received test etimnii identical to the train-
ing stimulus in hue but differing in lightress (10GY 7/6, 6/6, and 5/6).
The test stimuli administered to the third group differed from the train-
ing stimulus in both hue and lightness (5GY 7/6, 10Y 6/6, and 5Y 5/6).
White reported that there was less generalization to stimuli differing in
both dimensions than to those differing in elther dimension alone. Con-
verting the reported response measures to measures of relative generali-
zation (response rate to training stimulus divided by response rate to
‘test stimulus), it turns out that the generalization functions for the
three grouﬁs are almoétqberfectly related multiplicatively, that is,
relative genefalization to a given change in hue and value equals the
product of relative generalization to hue alone, times that to value
alone. This relation is the same as that found by Butter.

Numerous studies have been undertaken in the area of multidimensional
psychophysics in order to determine what dimensions or psychological at-
tributes of éomplex stimuli control human judgments of stimulus similarity
qnd dissimilaritv», and to derive, from these judgments, scales for the
attributes in question. By what principle subjects combine, in a singlé
judgment, differences along several stimulus dimensions has, in general,
not been the problem under investigation. Attneave (1950) was the first
in this area to investigate directlyvthe combination rule pertaining co

L

multidimensional stimulus similarities. He queotioqed,thq appropfiateuaai

A
I
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of the Euclidean assumption underlying multidimensional scaling procedures
on the grounds that it implies either that perceptual judgments are not
referred to a unique set of psychological dimensions or that in a single
Judgment subjects combine differences along several stimulus dimensions,
according to the square root of the sum of squared differences on each
dimension. He viewed both alternatives uas objectionable and argued, in-
stead, for an alternative hypothesis which holds that the dimensions of
psychological space are unique, and that the perceived difference between
two stimuli is equal to the simple arithmecic sum of their differences on
the individual dimensions.

Attneave undertook one experiment in which 100 Ss were asked to rate
on aveeven-point scale the pairwise similarities of seven squares differ-
ing in size and/or brightness. The squares were cut from grey paper and
mounted in pairs on black cardboard rectangles. Three squares were 1.5
inches on each side with rzilectances of 5.3, 8.8, and 37.3 percent,
respectively; three squares had a reflectance of 20.7 percent, with aides
of 1.0, 2.0, and 2.5 inches, respectively; and a seventh square had sides
of 1.5 inches and a reflectance of 20.7 percent. Thus the stimuli formed
a "plus" configuration in physical coordinates.

The ratings obtained for the similarity-dissimilarity of each of the
21 stimulus pairs were scaled by the Method of Graded Dichotomies (see
Torgerson, 1958). To be considered as "distances", behavioral mehsurés
of stimulus differences along any single continuum must be linearly addi-
tive. Attneave, however, was unable to fix a zero-point for th2 judgment
scale that would satisfy this condition for the stimulus Jdimensions
involved. Rather, it was found that the judged differences between pairs
of stimuli were linear with the differences between the logarithms of

their'corresponding»physical'valueﬁ. Thus the appropriate puychblogical
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dimensions appeared to be the log (Fechner) transforms of the correspond-
ing physical continua. In the face of this non-linearity a consistent
metric treatment of similarities would have been virtually impossible had
not the physical dimensions of the stimuli been known.

Judgments of the overall difference between stimuli differing in both
dimensions were found to be related to the physical variables of area and

reflectance by an equation of the following form:

X

14 Wllog(Ai/A ) + Wzlog(Ri/R ) +C

] 3

in which xij

represents the additive constant, fixing the origin of the judgment scale;

represents the scaled difference between stimuli i and j; C

W, and WZ are constants, optimally weighting the two dimenaions; and A and
R repregeﬁt area and reflectance, respectively. The ilinear correlation
between obtained measures and those predicted by the equation was 0.967.

In log-log coordinates of physical space the level contours corres-
ponding to this outcome are affinely equivalent to the unit circles of the
city~block metric.

Similar findings were obtained in two other experiments reported by
Attneave: in one, parallelograms, diffcying in length of base and in
angularity, with one also differing iﬁ color, served as stimuli; in another,
triangles differing in size and in ahépe served as stimuli. Attneave con-
cluded: "...the psychological differences between [stimuli] may be con-
ceptualize& as distances in a non-Euclidean space; this space has an axis
svstem which 1s psychologicaliy fixed, and henéé not subject to rotation
in the treatment of data; and a multidimensional distance in this space
does not differ greutly-from~the‘-um'of 1tnﬁproj¢ction. on the uxna.“
(1958, p. 551) |

In thc<iigbt of this outcome, and in view of the fact that the

©
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multidimensional scaling methods (despite their restriction to the Euclid-

ean metric) have apparently achieved satisfactory solutions to data obtained

with color stimali, Torgerson (1958; p. 254) and Shepard (19643 p. 80) sug-
gest that the form of the metric approrriate for a given set of data may
depend upon the extent to which the stimuli differ with respect to "obvi-
ous and compelling" dimensions, or whether they are perceived as “homogen-
eous, unitary whics.” Torgerson (1958) pointed out:

Attneave's choice of dimensions and of the stimuii along these

dimensions presented very favorable conditions for obtaining

the 'simple sum' type of judgment required by his model. The

dimensions varied were simple, obvious, and compelling.... In

addition, the stimulus pattern itself [a 'plus' in physical co-

ordinates] would emphasize the 'given dimensions.' (p. 292)

Under these conditions a city-block metric might very well apply. On the
other hand, when subjects are confronted with homogeneous patches of color
a "different dimension of comparison is 1iké1y to be invoked for each pair
of“colors." (Shepard, 1964; p. 80) Under these conditions a Fuclidean
metric should be most appropriate.

The difficulty in this analysis lies in the fact that color stimuli
do not always result in behavioral data that conform to a Euclidean metric.
In White's experiment described above, for example, an additive metric was
found to hold for generalization to Munsell color patches. This was also
true in the Jones (1962) study. Jones showed a particular Munsell color
(7.5PB 5/6) to 30 human Ss. Test colors were then presented, varying in
saturation (chroma) only, brightness (value) only, hue only, or in all
combinations of these properties, taken two or three at a time. Subjects
were required to sort the test colors into compartments labelled +, O,

and ?, indicating, respectively, that they were the same as the standard

color, different from it, or that § was uncertain whether they were the |

same or different. A score of 2 was arbitrarily assigned to the test

£
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color if it was sorted into the + compartment, a score of 1 if it was
sorted into the ? compartment and a score of zero if sorted into the 0
compartment. Three presentations of each stimulus allowed a maximum pos-
sible score of 6. A measure of stimulus genmeralization was defined as
the sum of scores assigned to each color averaged over all 30 Ss. Corres-
ponding measures of relative generalization to colors differing from the
standard stimulus in only one property were found to combine multiplica-
tively in predicting relative generalization to colors differing in two
or more properties. A metric treatment of these results in terms of log
transformations suggests that Attneave's additive model applies to the
color domain as well as to stimuli haviﬁg “obvious and compelling" dimen-

sions,

Summary

A response 1s said to be under stimulus control when its strength or
probability of emission is observed to be greater in the presence of one
stimulus than in the presence of another. The amcunt of control exerted
is measured by the change in response strength corresponding to a given
change in stimulus value. When the atimuli differ with respect to a
single physical property only, the control is ascribed to that property.
It 1is when‘behaviorhia under the control of stimuli that vary along two
or more dimensions simultaneously that the basic question to which this |
thesis is addressed arises: namely, what rule of combination predicts
the behavioral control exerted by multidimensional stimuli as a function
of the control exerted separately by each component property?

The view presented here is that the answer to this question should
not be dictsated by mathematigal conveﬁience, as is théhcale in conven-
~ tional approaches to multidinnhuionallqg;ing.but rather should be

4
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viewed as an empirical question allowing that alternative bchuviorn or

4
behavior evoked under different circumstances or under the control of
different kinds of stimuli may conform to different combination rules.

The conditions were discussed under which measures of stimulus con=
trol may be treated as Minkowski distances and may be embedded in the
particular member of a general class of metric spaces tnat has the struc-
tural properties dictating the combination rule to which the behavior in
question conforms so that it may serve both as a multidimensional repre~
sentation of the stimuli and as a description of the behavior in question.

speccial class of such spaces is characterized by the single parameter
family of distance functions known as the Minkowski r-metrics. These
show great promise in application to the problem of metrizing multidimen-
8ional stimulus control because, on the one hand, as r takes on the values
1, 2 and » the resulting distance functions represent three conﬁrasping ”
hypotheses concerning multidimensional stimulus generalization., When
r = 1 the metric implied by the discrimination model is obtained; this
model states that the generaiization decrement produced by a multidimen-
eional stimulus change is the simple sum of concurrent unidimensional
discriminations. When r = 2 the excitation model is represented which
asserts that generalization results from a "spread” of the effects of

reinforcement in all directions about a conditioned stimulus. The

dominance model is represenpgd by r = »; this model specifies that a |
given unidimensional stimulus change "overshadows" the rest and exerts
exclusive control if, alone, it is the moit r§adilyidiscriﬁ1n§ted. |
| On the other hand, each of these three Minkowski metrics--and an
indefinite number of intermediate forms--may be regarded as formal hy-
- potkeses concerning how each sf the effects that are sttributed to thé

separate stimulus componeate are weighted in predicting multidimensional

‘i‘
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stimulus control. In this context r is interpreted as a parameter of
stimulus control, and as r increases the separate unidimensional effects
becon > increasingly disporportionately weighted by thc*combinition*rulo
that predicts multidimensional stimulus control.

‘Sevsral q‘gntitntive studies of multidimensical stimulus control
were reviewed. The collective findings indicate that when the relevant
dimensions of control are presumed to bg known behavioral measures of
multidimensional stimulus control are amenable to metric treatment.

This outcome holds for stimulus control established through experimental
conditioning by the restriction of reinforcement contingencies to spe-

cific stimulus-response rslations, as well as for stimulus control eg-

tablished, in the case of human §s, through verbal instructions that

e
e

serve to tap the pre-experimental history of each S. Rather than prov-
ing the need for alterrative metric representations for data collected

under <ifferent cond ‘tiong, h. sever, the findings tend to converge on

the gencral appropriate. .s of a gimple additive rule of combination.-
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CHAPTER II
Attextional Factors in Multidimensional
Stimulus Control

Exceptions to the additive combination rule were discussed in an
earlier section of Chapter I where it was infevred that the visual dis-
criminations of monkeys conform to a dominance metric rather than an
add:tive wetric (Harlow, 1945; Warrem, 1953, 1954). In other words, the
combinavion of stimulus properties results not in summation of their
beparate effects but in an effect equai to that of the property which,
alone, 1s most effective.

This inference is based on the assumption that color was a dominant
cue in these exﬁeriments'because the color differences between the ex-
pe: imental stimuli were more discriminable than the effective size or
f rm differences; it was presumed that if stimuli with sufficiently large

size or form differences had been presented the hierarchy of controlling

- relations would have reversed and size or form would have emerged as dom-

inant cues.

This assumption may be quite invalid and dominant control by color
of the visual discriminations of monkeys may occur regardless“of the pres-
ence of large differences in othér stimulus properties. In general, an

animal may selectively and exclusively attend stimulus differences along

~ single dimensions regardless of simultaneous variation aibng other dimen-

sidﬁq.

This presents no special problem in the metric treatment of behavioral

. data if the response surface arising from a multidimensional stimulus space

uniformly collapses along irrelevant dimensions of stimulus variation. In

the ffce of this result it is,eimpiy concluded that stimuluslcéntrol is

e

unid#nnnsionalg"A‘problep arisdnwhcn»otimulu:,cont;bl 1s unidimensional e
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but the stimulus property controlling the response changee from one in-
stance to the next or differs between Ss. 1In pooled data these occur~
rences are likely not to be detected and the conclusion that stimulus
control is multidimensional is misrepresentative uf the relations Ehat
actually occur in any single S-R episode.

Experimental Evidence for Attentional Factors in Stimulus Control

Crosswand Lane (1963) found that when human Ss form identifications
for complex tonvs that differ systematically in both fundamental frequency
(fo) and first formunt center frequency (Fl) they selectively attend only
one stimulue property (fO or Fl) depending on the direction in which the
stimuli vary in tﬁeir physical characteristics during training. Twelve Ss
wefe given an identification task requiring the press of a different button
in response to each of five different stimuli. For 6 Ss (Group I)_theM‘
stimuli incveased in Fy directiy as they increased in fo. Thus, during
training, Group I Ss were presented stimuli along the principie diagonal
of a stimulus matrix and Group II Ss were preseﬂted stimull along the
minor diagonal. Otherwise trainin& conditions were identical for the
two groups.

The identification structure inducéd on‘the extéﬁded stimulus set was
examined through a gegeraliZation\testing procedure in which 25 stimuli,
comprising all crossings of fo (110, 130,'i50, 170, and 190 cps) with Fl
(514, 819, 1192, 1645, and 2160 cps), were presented 10 times to each §
in a randomized schedule. | /

For each. individual § in Group I the relative frequency of émission

of each of the five response alternatives was approximately constant
across levels of F, and varied only with level of £ . In other words, a

éorrespondeuce was,eatabliehgd betqeen‘therfive response alternativnr*imdzgu

" th‘“fiv‘fldéél!«°f/fewkEteliﬂdiﬁfltenees—wirgftgﬁbrii;“

[
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Vo

The opposite outcome was observed for Group II Ss who disregarded fo
variations and based their identifications only on levels of F,.

A multivariate uncertainty analysis of the corresponding four»dimeﬁ~
sional contingency tables (6Ss x 5 levels of fo x levels of Fy x 5 response
alternatives) showed, for Group I, that classification according toffo
aceounted for 40.0% of the total uncertainty among response alternatives

in contrast to only 1.2X% uncertainty accounied for by F. and 2.4X by clas-

1
gification by S. The information transmitted jointly by all three inde-
pendent variable: accounted for 63.3% of total response uncertainty.
On the other hand, analysis of Group II data showed that f classifi-
cation accounted for only 1.8% of response uacertainty and levels of Fy
accounted for 30.9%. Classification by'§.accounted for 1;7%. The total
information transmitted jointly by all three variables accounted for 53.8%
of the total uncertainty in response classification.
Selective attention to single aspects of a stimulus situation has
also been observed in the discriminative behavior of animals. Jenkins &
Harrison (1960) trainsd pigeons to keypeck with reinforcement contingent
on the presence ef a 1000 cps tone and the chambef 11ghts$on (S+). The
abeence of tone and a darkened chamber together ¢onatituted S-. Subse-
quent generalization testing with chamber 1ighte on evoked equal 1evels |
of responding (flat generalizaticn gradients) aeross several values of

tonal frequency and also under the condition in which no tone was present.

}; Thus, the auditory compenent of the stimulus situation exerted no control

over responding, the visual component exerted exclusive controdi.

Newman (in a study described by Baron (1965) also found that a single
component of a compound stimulus gains control of a pigeon s keypecking
behavior in a Succeasive discrimination.( Four . groupe of birds were trained

‘t° k‘YPGCk in th‘ precuace of a vhite vartical 1ine on a green beckground
“ | . . ‘ ; I \ P |
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(S+). TFor one group S~ was the abgence of S+. For a second group S- was

a green background with no line.(the discrimination had to be learncd on
the basis of presence or absence of the verrical line). For a third group
S~ was a red background with a line (the discrimination had to be learned
‘von the basis ofeolor). For the fourth gfuup S~ was a red background with
no line (the discrimination could be learned on the basis of either color
or the presence or absence of the line). |

Tﬁe discrimination was established for all greups of Ss. They were
then tested for generalization in the presence of lines varied in orienta-
tion on a neutral grey background. Evidence that the position of the line
exerted differential control over responding was found only for the group
that had to learn the discrimination on tde basis of presence or absence
of the vertical line. Level of responding was suppressed and equal at all
orientations of the line for the other three groups indicating that the
initial discrimination was based only on color.

- These experimental findings clearly‘establish the fact that selective
.attention to component properties of compound stimuli may occur and that |
not all aspects of the stimulus situation present when a reinforced re- |
sponse occurs subsequently provide the occeston'for the emission of that
response, |

There is also evidence‘that the controlling relations between stimr
uli and responding may differ from one instance to the ‘next or for differ~
ent Ss. It has been found in severaiJanimal ‘experiments that different
aspects of a stimulus may be important in controlling the behavior of
different Ss, or of a single S duriné separate presentations of the same
stimulus.. For example, Revesz (1925) trained monkeys in a 4-box Yerkes ’
anltip1e~Choice apparatus on a simultaneous discrimination in which re-

'sponses to a yellow circle (S+0 were reinforced and reapﬁnaea to a blue -

bk
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rectangle, a red triangle, or a green trapezium, presented simultaneously
with S+, were not reinforced. When the same four colors were presented on
other forms no S responded to a stimulus that was not identical to 5+ in
either color or form. On some trials, however,~it was found tﬁat the re=-
sponse was under control of the ferm of the stimulus and on others it was
under control of its color. Attention appeared to alternate tetween the
tw0”stimulus nroperties.

Lashley (1938, 1942) showed that when rats form a‘simultaneous dis-
crimination different»aSpects of the discriminatcive stinnlus gain eontrol
over responding for different rats. Reynolds (1961) obtained the;eane
results. He trained two pigeone nn‘a successive discrimination in nhieﬁ
S+ was a white triangle on a red backgrqund and S~ was a white circle on
a green background. When the stimulus components were presented sepa-
rately (that is, white triangle alone, red background alone, etc.) one S.
responded only when the white triangle was presented, and the other'g.re-
eponded cnly when the red background was nresented. Thus, only one aspect
of S+ acqnired control ef responding, but it was a different one for each
,§-' - |

Shepard- (1964) investigated the "match to sample" behavior of human .
Ss in an attempt to determine the shape of the isosimilarity contour and
by implication, the particular Minkowski metric that determines how dif-
ferences in size and tilt combine to control choices based on overall i
| ;eimilarity. Schematic oreuspoke wheela (circles with single radial lines)‘:

- served Es stimuli.‘ The dimensions of‘variation were the diameter of the

m~v:circ1e and the inclination of the radial spoke.

The standard etimulus was 3/4" in diameter with its spoke inclined
.45° from.horizental, Twenty~four series of 15 different 2 mparison stimr“

‘uli were preaented to eaeh of 60 Se wit\ inatructions to pick tbe one
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stimulus from each series thét had the "clo&éat‘averall regsemblance” to
the standard stimulus., In physicallyaﬂefined space with coordinates of
size and inclinatibn the .5 stimull in each series were uniformly spaced
along straight lines taﬁgential, at}2& different clockwise positions, to
an imaginary circle with a center corresponding to the standard stimulus.
Thé middlé stimuli in the 24 series were all equidistant (in a physical
'seﬁse) from the standard stimulus. | W

 The distributions of frequency éfchoice were plottéd separately for
each of the 24 stimulus arrays. These distributions appeared to pass
through four cycles of change as the test arrays rotated clockwisz around
the standard stimulus. At the four positiona corresponding to unidimeﬁu
sional stimulus variation (conetént size, varying tilt; or constant tilt;
varying size) the distributions were sharply peaked at the middle stimulus
of each array. As the arrays were rotated through positions at 45° angles
- to the physical axes (corresponding to simultaneous variation in both size
and tilt) these distributions flattened out‘coneiderably; in fact, they
appeared to become slightly bimodal. This re: 1lt implied that the isosim-
ilarity contour had four reglons of sharpest curvature. 1lastead of con-
forming to a Euclidean ellipse, it presumably resembled a roughly "four-
cornered” figure. In addition, the tendency towsrd bimolality of the
distributions of choices along the four tangential eeries that ran at 45°
through the physical representation implied that the "four-cornered" con-
tour must in fact have been concave, indicating a breakdowm of metric
structure.

Shepard suggested that this anomalous result was due to the indis-
criminate pooling of data from subjects who were attending different
aspects of the stimuli. The Ss were divided irto two groups; the data

from 32 whose behavior appeared to be under the controi of both stimulus
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 propef£1es were analyzed‘aeparagely from the data of thoaa‘whoee behavior
‘appeared to be predominantly under the control of one or the other stim-
ulus property.” The Ss in the latter group wgrgﬁdescribed‘asfadopting a
"matching str#tegy" which essentially involved "finding the best match
along one of the two dimensions." Data from S8 of the other group, who
were presumed to be ;ttending both dimenaioné, indicated fhat the isosim-
ilaritytcontour was convex, but still roughly "fourncornered,"indicating
the apprOpriateneés of a Minkowski metric somewhere between the Euélidean
and the city~block varieties. |
In the second experimeut, similarity was defined in terms of the pro-

portion of times that two stimuli were confused during identification

| t}aining. As in the preceding experiment, each&atimulus wonsisted of a
circle of a certain size, together with a single radial line inclined at
a certain angle. Only eight stimuli were used, however, and they were
chosen so as to form the vertices of a regular octagon in the two-dimen~
sional physical representation of the stimuld, Twenty Ss were required
io learn a different, arbitrarily specified letter of the alphabet as a
label for each of the eight stimuli. The errors made during the learning
of these stimulus-response assiguments provided a “measure of similarity"
for each pair of stimuli, based on the number of times either stimulus in
the pair led to a response asﬂignéd to the other stimulus in that pair.

Shepard reasoned that "the assumption of a Euclidean metric would

predict that about the same number of confﬁsionu should occur between any
two stimuli that are represented by adjacent points around the octagon"
because the two dimensions were scaled with respect to each other in such
a way that equal displacements along either physical dimensions would pro~
duce equivalent psycnological changes. Even if some eccentricity remained
in the isosimilarity contour the "aumber of irroru botwtcﬁ adjacent stim-
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~ uli should pass through only two cycles ds one ravolution is compieted |

- about the octagon.” On the sther hand, the’ausumption of a city~block
- metric would pxedict tﬁat‘the‘number of confﬁsiona.betwegn théyfourwpairs
of édjacent stimuli that differed along only one dimension would always

?gxceed the number of confusions between the four pairs of adjaceht stim-

 ull that diffeced along both dimensions at once. In this case the number

of errors between adjacent stimulus pairs should pass through fourcyélee'
~as one revolutiocn is completed about the octagon.

'The outcome was strongly in support of thé second of these two pré—"
dictions. Shepard found; however, that this outcomé (based én”aVeraged
data) was not representative of the results thaﬁ appeared to hold for in-
dividual‘gp.k‘A corrclational analysis showed that Ss who frequently con-
fused stimuli differing along one dimension on one side of the octagun
also tended to confuse stimuli differing along that same dimension on the
opposite side cof the octagon, but confusions between stimuli differing
along the other dimension were not correlated across sidee. Approximately

half. of the Ss teanded to confuse differences in size‘predominantly; and

the other half confused differemnces ja tilt., Thus, the metric aﬁggested
by the averaged data resulted from pooling the responses of Ss who were
attendiny diffeveut properties of the stimulus.

These results lead us to suspect that attentional factors may huve
beer operating in other experiments only to be disguised by the practice
of averaging data. If attentional factors axzs operating, averaged data
is likely to have characteristics not to be found in individual data and
it 1s likely not to be representative of momentarily effecﬁive S«R rela-
tions. This does not mean that valid inferences cannot be drawn from re~
sults based on avaraging, buc it does mean that the nature of these inferu‘

ences nnd the interprotation of rcnulta must be conaistcnt with the facts
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‘fof éttention. Iﬁ-ﬁther wotds;:in interprdtingrésultait sust beallowed
;tﬁat meagures may not represent the homégenéoua effects of all stimulus
: ~ properties operatinésimultaneauslyjbut;rathdr the compqsite sffect of
pﬁoling separate S—R,bccurrences,’w(. ;/’;Mf 3
s o The occurrence of different controlling relations betweenAthe stim-
‘ulus and response upon different presentations of ﬁhe s;ﬁe physical stim~
ulus during generalization testing doés not preclude the‘poss;bility of
achieving a multidimensional metric solution for averaged data. Indeed,
canditions are discussed below under which a simple‘additiye metric for
multidimensional stimulus generalization defined in terms of response |
probability follows from the explgcit assumption that the component prop-
erties of stimuli are selectiveiy attended and that for any single S-R |
episode the response is controlled by only one discrﬁminativé‘aspect of
the stimulus, o ' - *'j
Attention and the Metric Structure of Pooleﬁ bata

Generalization testing procedures have been used in both experimental
conditioning and psychophysics to obtain information regarding, on the one
hand what properties of a stimulus are important in controlling bnhaviar
and, on the other hand, how much com;rol 1s exerted by a stimulus that
differs’(with regard to these properties) from‘the stimulus initially des-
ignated as the SD or as the[standard. Because of the unreliability of
single observations, the measures of stimulus control obtained in these
studies are invariably based on pooled data, whether the‘pooling is done.
over Ss or over separate presentations of the stimulua for a single §, orv
both. If we allow that different cqntrblling relations may occur between
the separaﬁe components of the‘atimulus and the reéponse upon‘different

\presentationa of the stimulus, or for different Sa, (as is the case when |

a subject'- attention uhifto from one stimulu- property to another upon
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‘diffetent stimulus pmesentationa or when the data are 1ndiscriminant1y
: fpooled over Ss who are attending different properties of the stimulue)
~.fthen the-resulting Heasure of atihulus‘tontrol ia‘actualLy‘a composite
'maasure whith.is, in principle, analyzable into separaté components éﬁch
~of which represents a separate and distinguiShablé outcome with respect

to the controlling relations that might obtain between stimuli and a

response.
We will consider these vutcomes in the context of a stimulus genex-
alization study wherein generalization is operationally defined and

measured in terms of the relative frequency of stimulus presentations

that lead to R, a response appropriate to the training stimulus, h

We assume that géneralization represents a failure of discrimination;
that is to say, if a test stimulus, S, differs from the training stimulus,

8, with reSpect to, say, twc properties X and Y, then the evocation of R

by S implies that neither the difference in X between S and 0 nor the

difference in Y exercises differential control over behavior. On the other”
hand, if R is not evoked by S (or aﬁ alternative response not conditioned
toré is evoked) then a discrimination is said to occur and it is assumed

that‘this can happen in either of three ways: differential control mAy be

exerted by the difference in X alone, in Y alone, or in both X and Y

|

‘simultaneously. In accordance with the previous definition of "attention"

these outcomes may be equated with the following statements: (1) §.fails

- to attend the difference in either X or Y, (2) § attends the difference

'in X but not in Y, (3)‘§_attends‘the difference in Y but not in X,v(4).§

attends the difference in both propertieéfx and Y simultaneously. The

. first outcome results in generalization and the‘remaining‘three result in

dftcriqinqtion.,'
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Theee comprise four mutually exclueive and exhaustive evente with

«regard to the controlling relations that can obtain between e responne

. and two~dimeneional stimuli. Accordingly, the aet of N experimental pre~

eentations of a given etimnlue can be partitioned into fonr distinct sub-

sets so that

() \ N = nlcxy) + nz(x"f)-i- n3(3'é!) +\n4(‘ﬁ)

where

nlcxxiga the number of $ presentations resulting in“generalinationt

n2(2§5 = the number of § presentations reeulting in discrimination
: ~ under control only of Y. ) «

n3C§Y)- the number‘of S presentations resulting in discrimination
under control only of X.

n4C§§) = the number of S presentations resulting in discrimination
under control of both X and Y. ‘

Taking the relative frequency of each of these joint events as a

measure of the ptobability of its occurrence (1) becomes
2> 100 = P(XV) + PG + (W) + pFD).

We assume that Rlis consistently evoked by 6 so that generalization decre-
ment to S can be defined as 1 - P(XY).

If it is not allowed that the separate properties of the stimnlne may

be selectively effective in controlling behavior and that multidimensional

stimulus control“elnayS‘representn the combined effect of all stimnlua

" differences then P(XY) - P(YY) = () and generalization decrement to S is

| qqual to the probability of the Joint event of both propcrtieo exerting
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*;On the other hand, if it is allowed that ‘the eeparate properties are ge-
| “lectively attended and that discriminetion 1s never under the control of

eboth prOperties simultaneously then
(4) o 1- p(m -,\&P(“iY) + P(XY).

Nonzero measures for both of the two terms on the right 1mp1y that either
a subject 8 attention ehifts from one stimulus property to. anothev upon
B different presentations of the stimulus or the data are indiscriminantly
pooled over Ss who are attending different properties of the stimulus.

. Assuming the absence of interaction effects, namely, that for a given
‘Ax, P(XY) = P(X) = [1 - P(X)] is constant regardless of ihe size of AY then

(4) can be written in general'form for all S

13 #°

(XY) = [1-P,(X)] + [1-P,(V)]

) 1-r 0 = (1- R0 3

where i indexes the difference hetween S,, and 0 with respect to X and j

ij

‘indexes the difference betweenhsij and ewith respect to Y.

This cutcome means that the generalization decrement produced by a
stimulus changed with reSpect to two properties equals the eum of tﬁe
decrements produced by stimuli differing from 6 with respect te a eingle‘
property only--~the prediction made‘by the discrimination”hypotheeie and
represented by the city~block metric. In this‘caee, hewever,“a two~dimee~
sional metric structure doee not represent the homogeneous effect of both
.etimulus properties eyerting simultaneoue control but, rather, it arises
Aftom the pooling of 1ieearly independent'unidimensional‘metric relations.
,.4 discrimination ie evokeq_becauseeither onr‘Yhie exelueivelyattenéed

b

~ and the particgler»ﬁtopegtyfegerting_contre;depende'not;on‘there}etive
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‘”diecriminability of the two properties but 4a, instead a fnnction of

-

'fextraneous factors. For example, a subject s prior re cnforcement historyi
c'witﬁ'reger& to the dimeneicns involved may result in conditionedreepon- |
B sivity to stimnlusevariationa along only e eelected dimension.:Fiuctuaw

f ting sensory processes such as those underlying the perceptien of revers-
'ible visuul figures, like the Necker cube, might produce shifts in atten~
tion from one stimulus property to another on separate occasions,

IfA on the other hand, the controlling relations are such%that the

property attended depends strictly on the relative discriminability of the
j(XY) =0 4if P, (X) > Pj(Y) then

6) 1- Pij(XY) - nax @Pi(X), PJ(Y)} :

component properties in euch a way that P.

which is the prediction made by the dominance model, It is recalled that
equations (5)»and (6) reSpectively represent the twobliniting cases of the
Minkowski r~£etric disCuesed in Chapter I, and that these have related | ‘
etrnctural properties--that is,,both have sQuare,unit-levei,contoursjthat
differ onl& in" their orientation and extension in‘the coerdinate space.,
Interaction of Continua and Effective Dimensions of Control. The | 1
derivation of an ad&itive‘;etric-for Behavioral data arising fron tﬁé in- |
discriminate pooling of .different unidimensional S~R occurrences involves”
the assumption that the effective dimensions of stimulus control are col- -
'linear with the physi eal dimensions of the stimulus epace. In other words,
the level contours pertaining to a given statec: of attention are linee
parallel to one of the axes of the stimulus space,‘ Thie condition‘is
faIQO'required by thevdeminance metric, | B |
Deper*uree from this condition may oceur as a result of an intcraction
r“between the: phyeical prOpertiea of the stimnli that gives rise to effective

dimeneione»of Lontrol that~arefnotrrelated inga'uimp1e~way;t9»the‘phyaieal - 4
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'parametere of the space. “The: Fletcher~Munoon equalmloudness contoursin Un
tonal space is a well known oxample of this. The‘apperent 1oudness of a
pure tone ie‘not‘a‘simple functlonrof\its physical ilatensity bnt depends ]?
as well on tonal frequency. I Ss are attending the"loudness-ofppure‘

{ tones in adiscrimination,task, then a given change in intensity at‘one
level of tone frequency represents a loudness change different from that
corresponding to the same‘intensity change at a different firequency level.

,Similarly,epitch is an attribute of sensory behavior that corresponds

 closely to tonal frequencv but is also dependent upon intensity 1evel 80
the equalupitch contours are not lines parallel to the intensity coordi‘

‘nates in,physical space.

Either of the "selective-attention" models discussed above nay give
rise to anwempirical generalization eurface on the tonal space with struc-
tural properties characteristic of neither tbe discrimination model nor
the dominance model 1f pitch and louduess are the effective dimensions
of behavioral control then the 1sogimilarity contours about a given stand-
ard stimulus may be neither diamond nor squanevehaped but will be deter-y
mined by the shape of the corresponding pitch and loudness contours.

Thus, an entirely different Minkowski metric may be implied° or the pre-

u ﬁsumptive interstimulus distances may exhibit violations of the homogeneity
‘For triangle inequality properties of true‘distance._p

| To complicate the'problem even further, the number of potentially

effective dimensions of stimulus control may exceed the number of physical

fvariables that define the stimnlus space. For example, pure tones dif—'

| 4U‘fering only in frequency and intenstry may be compared not only on the

basis of loudness,or pitch but also on the basis of volume, brightness,
ckdensity or chxoma (referring to the uctave effect) Each of thwse attri-

5butes represents a different ordering of the e]emcnte of the tonal apace,
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% kthe level contours corresponding to each sttriboss have different shapes ’
1nand directions when plotted in coordinates of frequency and intensity
ln addition, the contours corresponding to levels of a given attribute

for one listener way differ appreciably from contours characteristic of a

N second listener (Ross, 1964,. Thus, the discriminative rtsponses of two

Aﬁlistenersg presumably attending the game tonal attribute, may imply”dife
ferent dimensionalizations of the tonalcspace with respectto the direc-’
| -tion in which control is exerted. | o | |
The shape (in a two~dimensiona1 coordinate space) of the isosimilar~
ity contours about a given reference stimulus will depend upon the number
of different directions in the space in which coatrol is- exerted. The
four-cornered contours characterizing the additive and dominance models
and‘representing two directions of control deform into six~cornered con-
tours with the introduction of a third direction of control, or into an
eight-cornersed contour with the introduction of a fourth. In general, ifi
there are n possible reference directions in'a two-dimensional,stimulus

space the controlling relatione characterizing the two selective—attention

models for pooled data will combine to determine polygonal isosimilarity

- contours with 2n vertices or regions of sharpest curvature. As n increases

to the limiting case wherein every potential stimulus pair represents a
different dimension of comparison the contours. will converge to- Euclidean
circles. |

Thus, a breakdownofsimple metric strncture for pooled data collected
under conditions of selective attention to single stimulus properties may |
simply indicate the lack of dominant directions of control~~that is, the
‘uemergence of alternative dimensions of comparison that may be peculiar to
A:!inoividua1 Ss snd thst differ in direction in the physical space.“ Under

these circumstances the Euclideeh metric msy serve as a better approxims~ S
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tion to the data than either of the metrics represented by equations (5)
and (6).
Summary

There is an accumulation of evidence that the component properties of
compound stimuli are selectively effective in the contrel of discriminative
behavior and that control may be exerted by differeat stimulus properties
for different Ss or for the same S upon different presentations of a stim-
ulus. Thus, measures of stimulus control based on pooled data--whether
the poéling is done across Ss, stimulus presentations, or both--are likely
not to represent the effect of all properties simultaneously exerting con-
trol but, vather, the composite effects of pooling mutually exclusive uni-
dimensional S-R relations. This fact does not preclude a metric represen-
" tation of the data. In point of fact, it was shown that when the effective
dimensions of control are collinear with the physical dimensions of the
stimuli and that when a discrimination is under exclusive control of one
or another dimension upon any one stimuius presentation and never under
simultaneous coantrol of two or more dimensions then discrimination proba-
bilities conform either to an additive or a dowinance vombination rule
depending on whether the dimension attended is a function of the relative
discriminability of the altgrnatiVes.

A breakdown of these simple structures may occur through an intersc-
tion of stimulus continua or the availébility of alternative dimensions
of control that are not collin;ar with the physical dimensions of the
- stimuli, Under these conditions a Euclidean metric may serve a close »

approximation to thédempiricnl structure of thcf@;;h.«




CHAPTER 11X

An Experimental Comparison of Alternative Measures of Stimulus
Control Under Conditions of Selective Attention To Single '
Stimulus Properties

Introduction

Stimulus control can be, and has been, empirically defined in terms
of a variety of response measures: response probability, latency, rate,
etc. These measures are typically not linearly related but they are pre-
sumed to be mutually interrelated in such a way that if a metric can be
established for one, then appropriate transformations of the other meas-
ures will result in the same metric combination raule., Metric treatment
of the data from three generalization studies reviewed in Chapter I
required, in each case, a logarithmic transformation of the experimenfal
regsponse measures (average rate of emission of a free operant in two
cases and what was essentially a 3-point category scale measure in the
third case). It was argued th.t the multiplicative structure of the data
implied that these measures were related exponentially to alternative
response measures in teims of which a simple additive metric would have
been obtained directly. in the absence of research designed to simultan-
euuelyucompare alternative measures of stimulus control this point is
only argumentative and there is no reason (short of the theoretical ones)
to prefer the metric combination rule over the multiplicative rule as a
general principle of behavior.

The purpose of the present study is twofold: (1) the comparison of
response probability aad averagekrespOnse latency as uieasures of two-
dimensional stimuius conﬁrol and (2) comparisoﬁ of the metric structure

- of pooled data under conditions in which Ss are free to attend both
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stimulus dimensions with the gﬁtric structure grising from conditions in
| which selective attention to one or the other dimension is under atrict
experimental control.

The technique employed to establish experimental control of the pro-
perty attended is a discrimination training procedure in whi. i the pattern
ofxreinfcrcemént for the emission of either of two mutually exclusive re~
sponses to successive presentutions of three two~dimensional auditory
stimuli (S, S ax? SAy) is contingent upon the presence of one or two visual
cues (A or B) in accordance with the following stimulus-response assign-

ments:

+> i Ay . !
(s|ay » Ky (SMIA) * Ry, (SAy,A) > R,

(s|B) + Ry, (5, 18) ~ R, (sAy!B) + Ry
Under this paradigm Ss are trained to generalize‘qng dimension of stimulus
change and discriminate the other in the presence of one visual cue and to .
reverse this relation in the presence of the alternate cue.

The structure induced on the extended stimulus set can be examined,
using generalization  testing procedures with the two visual cues prescnted

singly (to control selective attenticn) and in combination (setting the oc-

casion fo- simultaneous control by both dimensions).
METHOD
Subjects
Twenty male University students served 46 S8 in individual sessions

lasting approximately 80 mihutoo. None had previous experience as a par-

‘ ticibant in a generalization or discrimination oxpcrinnnt. 5 .

Stimuli and apparatus "
' The ;éinnli vere frcqnoncy'nodulitcd~-1nuloidul tones varying in both

-
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center frequency and the rate at which they were frequency-modulated
$20 cps. The tones were generated by a beat frequency oscillator with a
built-in saw-tooth modulator (Bruel and Kjaer 1014) snd pre-recorded on
magnetic tape (Ampex 351-2U) atlfcur different levels of center irequency
(¢f), 500, 600, 750, and 900 c¢ps, and of modulation rate \mr), 2, 4, 8,
and 16 sweeps/sec (sps). All combinations of center frequency with modu-
lation rate were used, yielding a set of 16 different otimuli.

The experimental space was a sound-attenuating room containing a
rack-mounted panel and shelf. On the front of the panel were two pilot
. lamps of different colors, amber and blue, and a tray for receiving pen~
nies, An electrically-operated coin dispenser, obtained from a vending
machine and modified for experimental use, was mounted behind the panel,
A response key (Poucel Electronics) that could be pressed either to the
left or to the right was mounted on the shelf. The key wus adjusted so
that a lateral displacement of 1/16" in sither directiou (left or right)
wouid actuate the response mechanism. The chamber was dark except when
one or both of the pilot lamps was lit. The control equipment was in an
adjoining room.

The stimuli were reproduced by the tape recorder and presented to S
through caliﬁrated*earphonea (Grason-Stadler TDH-39). Interposed between
the tape recurder and the earphones was an electronic switch (Grason-
Stadler 829D) that closed upon presentation of the stimulus and opened
when the response key was pressed thus terminating the stimulus. The
electronic switch, as well as occasions for reinforcement and other ex-
perlmental events, was controlled by voice-operated relays (Miratel),
which were operated, in turn, by coding tones synchronized with the atim~
\uli and pre~-recorded on a second track of the magnetic tape. Rnaponse

latencies were messured by recording, on d second tapc‘rocordot (Ampex 601),

RN
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1000 cps tones passed through a second channel of the electronic switch.
The duration of these tones corresponded exa<tly to the time interval from

the onset of the stimulus to its termination by a response. On subsequent

play-back these durations were msasured by a frequency counter (Hewlett-

Packard) and automatically punched on IBM cards for analysis.

Procedure
The Ss were seated individually in the experimsntal chambec and the
following instructions were read:

You can earn money fn thic experiment if you can learn to
correctly respond to certain properiies of sounds that you will
hear in these earphones. Vou will respoud by pressing this key
either to the left or to the right. If your response is correct, a
penny will be dispensed to you; if it is not, you will get noth-
ing. In either case, the response you make, right or wrorg,
will terminate the stimulus. The basis for a correct discrimin-
ation will depend upon which of these two lights is on at the
time. The faster you learn and the fewer errore you make, the
more money you will earn,

Digscrimination training. ounly three different stimuli were p:iesentad
to S during the training phase. The actual combinations of center frequen-
cy and modulation rate used were the following: (500 cps/2 sps), (500 cps/
16 sps) and (900 cps/2 sps). 1In the following schematic representation of

the complete stimulus set the craining atimuli are identified by the x's,

ur (sps): 16 -+ X e . .

8-’» [ . [ [
4 » . . . .
2 » x . . X

TSR SR S | |
cf (cps): 500 600 750 900 T

These three stimuli were precented to 8 in 10 randomized ssquences each

co-priaing 15 -tinnlus prnlcntationn (fivl prouentntionn of cach training | 1




stiwulus) for a total of 150 stimulus presentations. Duriag five sequences
the blue 1light was on. (The ovder was randowized.) Under either light
condition, a 500 cps/2 sps signal was an s? for the response of pressing
the key to the left, R 1 A 500 cps/16 sps wnignal was also an SD for Rl
vhen the amber light was on, but it was an Sﬁ for a key press to the right,
R,, when the blue light was on. A 900 cps/2 sps signal was an § D tor R,
when the awber light was on, and for R, when the blue light was on. These
stimulus-response assignments for the two light conditions are aumpnrizcd

below.

AMBER LIGHT ON  BLUE LIGHT ON

500cps/ 2sps - R, | Rl
500cps/16sps ~+ Ry | R,
900cps/ 2sps + R, R,

The stimuli were presented at 10-sec intervals for a maximum dura-
tion of 5 sec on each presentation. If at the end of 5 sec § did aot
respond, the stimulus t?rminatad and the reinforcement mechanism was
inoperative. Otharwiuﬁ the stimulus w&- téfﬁinated by the response,
whether it was correct'or nbf; If correct, a psuny was diapensed and a
bell, with a sound similar to that of a cash register, was rung. There
vas a 30-gec time-out period between aach nequeucc ‘of 15 ctiuulus prcocn-'
tations. During these petiodc'gp were 1n total darkneln.hﬂ . |

Generalization testin & At the' completion of training, the c:ncri~

menter re-enteréd the chamber and told s that, far the reuainder of the

oxparimnnt. the coin dinpen.cr and bell would be disconnccted “1n ordct

to test whether. (£1) could continuc to- rhapond appropriutoly without fecd- o

bnck as to the correccnesa of [hiu] re-ponUQ." In additiou, S vun inatruc-' '\ f'

“‘tad to respond to each :tinnlua. A11 s: were prcscntod le'randomly

—g 'p.t-utod -cqunncoo of the 16 tdot nttnnli uith,u Bo—acc tinn out pcriod

' ‘ )
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between each sequence. Within each sequence the stimuli occurred at 10-
sec intervals for a maximum duration of 5 sec on each presentation i¥f S
failed to respond. Responses with latencies shorter than 5 sec terminated
the stimulus. For ten Ss (Group I) the amber lighy was on during five of
the presentation sequences and the blue light was on during the other five
in a randomized order. For the other ten Ss (Group II) two of the first
four stimulus sequences were presented with the amber light on alone and
the other two with the blue light on alone. For the remaining six stimu-
lus sequences, however, both the amber and the blue light were on. Thus,
Group II Ss served as their own controls with regard to the cowparison of
the results of generalization testing under conditions of selective atten~
tion to single stimulus properties with the results of testing under condi-
tions aettihg the occasion for simultaneous control by both stimulus

propertiel.

Results

Discrimination training. The course of development of stimulus control
was rapid for all 20 Ss. The median number of incbrfect responses evoked
in the course of 150 stimulus presentations to each S was only 6. As few
as 2 errors were made by one.§;anﬂ qhg greates’ aumber of errors made by a
iingle'g.uaa 17. Nearly all errors were mh&e during the first four stimu-
lus aequences.‘ This malns that‘the itimﬁlua property attended by each 8

wnn readily brought under experimental contyrol of the visual variable. Ss

learned to emit Rl tonsietently in rcsponae to the 590 cpslz sps tone under
“both light conditions and to respond difrcrontly (umit Rz) only to the cen-
ter ftequency (cf) difference vhen the amber light vas on and only to the

todulaticu rate (mr) differance vhen the blnz light was on.

W _g_gi_o‘z Grm 'l‘ho tumftr of nt:hulu control
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to stimuli varying simultaneously in both ¢f and mr was measured in terms
of Ri (generalization) and R, (discrimination) frequency and also in terms
of Rl and R2 latency. Generalization gradients of R.l frequency for Group I
are shown in Fig. 4 as a function of cf, with mr as the parameter, and as

a function of mr, with c¢f as the parameter, under both the amber and the
blue 1i§ht conditions. Each data point represents the total number of Rl
responses evoked in the course of 5 presentations of each test stimulus to
each of the 10 Ss in Group I for a maximum frequency {pooling over atimulus
presentations and over Ss) of 50. The top graphs in Fig. 4 show clearly
that when the amber light was on differential responding was exclusively
under the control of changes in c¢f; changes in.mt did not produce eignifi-~
cant changes in R1 frequenéy. On the other hand, the bottom graphs show
that mr exercised exclusive control when the blue light was on and that
changes in cf were not attended.

The dependence of auditory stimulus control on the color of the visg-
~ual cue is represenied by light condition x center frequency and by light
condition x modulation rate interaction effects in an analysis of variance
of total R1 frequency. These effects prove to be extremely significant
- (see Table‘i). on the othet hand,‘the,variance attributed to interaction
of the primary stimulus dlmensions (cf x mr) is not s gnificantly differ—
ent from error variance (¥ = 1, 26), indicating that the differential main
' effects of cf and mr variation combine additively across light conditions
1n detarmining the totalwdifferential‘effect of simultaneous ohange in
- both stimulus dimeosionss This total effect is measured in terms of total
M Rl probability, as eatimated by the relative frequemcy of R to all presen-
tntions of a given stﬁmulus (pooling over Ss and over light conditions).

1t is evident from these reoults that experimental control of atten-

tion wuo ochievod ond thot, undhr conditiono of ooloctivo nnd oxcluoivo |
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GROUP I: (o) AMBER LIGHT ON ; (b) BLUE LIGHT ON
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~ Fig. 4. Auditory generalization under visual contrci. Each point repre=-
~ sents the total number of R; responses emitted in the course of 50 pre-
sentaticus of the correspoading stimulus value (pooling over 10 $s), as
a function of color of the visual cue. The grapha on the left represent
. generalization to cf with mr as a parameter. The same data are represent-
'ed on the tight as a function of mr, v rith cf as a paraneter._ ‘ |
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TABLE 1

ANALYZIS OF VARIANCE OF AUDITORY GENERALIZ TION
MEASURED IN TERMS OF TOTAL R, FREQUENCY:
GROUP I -+

SOURCE

Light coz Mtion (L)
Center frequency (cf)

Modulation rate (mr)
L X cf . | | | 150.96***
L X nr o 164, 52***
éfXwr e - 1.26

Residual

‘Tofal

v

i
A

#hk p < .001
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attention to single stimulus properties, stimulus generalization (measured

in terms of total response probability) can be represented by an additive

metric in accordance with the discrimination hypothesis.

Generalization gradients of Rl‘latency and discrimination gradients

of R2

and in Fig. 6 for the blue light condition. These gradients result from

latency for Group 1 are shown in Fig. 5 for the amber light condition

pooling the dataibver stimulus presentations and over Ss for eack light
condition separately. Each data point represents the geometric mean la-
tency of all R1 or all R2 responses evoked by a given etimulus, The num-
ber of separate latency measurements entering each mean determination

‘varied (for the latencies actually plotted) from 9 to 50, depending on the

number of Rl or Rz,response evoked by each stimuius. Generalization laten-

cies at the 90i) cps level of cf under ihe amber light coudition and at the

16 sps level of mr under the blue light condition were not plotted, because

either no Rl responses were evoked by the corresponding stimuli or too few

responses were evoked to determine latency reliably. The same was true
for discrimination (R ) latencies at the 500 cps level of cf under the

amber light condition and at the 2 sps level of mr under the blue light

condition. Analyses of generalizarion and discrimination responseﬂlatenw

cies under the different light conditiona were thus undertaken on reduced
data tables resulting from the deletion, in each case, of the stimulus lev-
el indicated above.

It is evident in Figs. 5 and 6 tnat, in accordance with the findings‘

for response frequency, gradients of ‘response latency are steeper along

- the attended stimulus dimension under each light condition thau along the
| .unattended dimension. This result ahows up particularly well for discrim—

i f ination latencies. With the exception of one outlying observation (repre~

’ ) _

ﬁ‘; ”Vaented in the bottom graphs of Fig. 5 by the point correnponding to the
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Fig. 5. Response latency 'under the amber 1light condition. Both Ry la-
tency (top graphs) and Ry latency (bottom grapks) are shown as a function
of cf, with mr as a parameter (left), and as a function of mr, with cf as

a parameter (right).

Each point represents the geometric mean lateacy of

all Ry's (or Ry's) evoked in the course of 50 presentations of the corres-
ponding stimulus (pooling over Ss). Ordinates are scaled in logarithmic
units and labeled in linear units. L S o o
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Fig. 6. Response latency under the blue light condition. Both Ry laten-
cy (top graphs) and Ry latency (bottom graphs) are shown as a function of
~cf, with mr as 2 parameter (left), and as a function of mr, with cf as a
parameter (right). Each point represents the geometric mean latency of
all Ry's (or Ry's) evoked in the course of 50 presentations of the corres-
- ponding stimulus (pooling over Ss). Ordinates are scaled in logarithmic
units and labeled in linear units. o :
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600 cps/16 sps stimulus) discrimination latencles at all levels of the
unattended sfimulus dimension under each iight condition do not overlap
with those at different levels of the attended dimens;on.

The results of separate analyses of variance of the log transrforms
of latency measures of generalization and discrimination under the two
light conditions are summarized in Table 2. In each case only .he atten-
ded stimulus dimens;on was found to have significant effect on response
latency. The extremely small F-values for the one degree of fre¢~dom tests
for removable nonadditivity (Tukey, 1949) indicate that, in terms of log
latency, the main effects are additive. This is represented in Figs. 5
and 6 by approximately parallel latency gradients (with allowance for non-
systematic deviations from additivity); in other words, the effects of
changes along one stimulus dimension do not anpear to depend in any sysg-

tematic way on level ¢¢ the orthogonal dimens?on. Preliminary tests per—

" formed on untransformed latencies resulted, in each case, in substantially

greater F-values for nonédditivity, although only in the case of R2 laten~
cies obtained under the amber light condition was the effect gsignificant
(r(1,5) = 37.63, p - .005).

| It is indicated that discrimination latencies are more sensitive
measures of stimulus change than are generalization latencies: the range
of systematic var%ation in R2 latency is almost double that for Rl laten-
ey, in spite of tﬁe‘fact that the corresponding differences in response
frequency are approximately equal. For example, under the blue~1igﬂt
condition the geometric mean Ry latency (resulfing from pooling acrcss
levels of cf) ranges from 112 csec (based on 200 responses) for the 2 sps

level of mr to 144 csec (based on 63 résponses) for the 8 sps level. 1In

- contrast, overall geometric mean R, latency ranges from 95 csec (based on

185 responses) for 16 sps to 167 csec (based on 53 responses) for 4 sps.
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TABLE 2
ANALYSIS OF VARIANCE OF MEAN LOG RESPONSE LATENCY TO STIMULL
VARYING IN CENTER FREQUENCY AND MODULATION RATE

UNDER AMBER AND BLUE LIGHT CONDITIONS:
GROUP I

A. GENERALIZATION (Rl) LATENCY

AMBER BLUE
SOURCE £ - _—
Center frequency 2 28,644 8.36% 3 1,889 3.50
Modulation rate 3 374 12 2 12,283 | 22.81%*
Residual 6 3,185 6 538
Nonsdditivity (1) 502 14 (1) 148 .23
Balance (5) 3,722 (5) ] 616

B. DISCRIMINATION (RZ) LATENCY

T AMBER ‘I BLUE
| SOURCE - S—
| de s | F | at | s ?
Center frequency 2 59,824 35.09***i 3 3,819 4.48
Modulation rate | 3 | 4,984 | 2.2 || 2 | 59,918 | 70.27%4
Residual 6 | 1,705 6 | 853
Nonadditivity (1) 781 A4l (1) 215 o22
Balance | 1 (5)l 1,890 ll (,5) 980
* p < .05
% p < .01 ‘

% p < ,001
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These comparisons renresent a main effect difference of 32 csec for gen=
eralizaticn latency and of 72 csec for discriminaiion latenay. Although
the differences pertain to different levels of mr, the stimulus changes
involved are equal in log units. More to the point, however, as indicated
above, both stimulus differences give rise to approximately the game dif-
ference in response frequenéy measared in relatidn to these levels,

The question concerning the form of the metric appropriate for meas-
ures of multidimensional stimulus control arising from the indiscriminate
pooling of data over different occurrences of selective and exclusive
control by single stimulus properties is served by these data by pc-iing
experimental observatioans across light conditions. ‘It was aléeady shown
by the absence 6f cf x mr interaction effects in the analysis of variance
of generallzation (Rl) probabilities that a simple additive metric is
appropriate for this measure of stimulus control. This result is shown
for the compizmentary measures of discrimination (Rz) probability in Fig.
7(a) in the form ot a scatter plot, relating obtained P(Rz) for each test
stimulus to fitted values f{Rz) derived from the analysis of variance
assumption of simple structure, that is, the assumption that each cell
(stimulus) effect represents the simple suz of the corresponding row and
column effects. The linear correlation between obtained and fitted vale
ues is ,.993 which means that simple structure accounts for 98.6% of the
total variation in obtained measures of discrimination probability.

The pooling of R1 latencies across Ss, stimulus presentations and
light conditionéﬁresults in measures of generalization latency that show
relatively little systematic covariation with stimulus change. This 1s
indicated in the scatier plot shown in Fig. 7(b) which relates mean log R

1

latency for each of the 16 test stimuli te the corresponding measure of Rl

probability. The coefficient of linear corrclation‘botwoch these
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Fig. 7. Group I measures of response probability and latency pooled
across light conditions: (a) obtained P(Ry) for each of the 16 test
stimull as a function of theoretical values, P(Ry), derived from the
assunption of simple structure; (b) geometric mean R; latency (repre-
sented in log scale) as a function of obtained P(Ry) for each test
stimulus; (c) geometric mean Ry latency == a function of obtained
P(Ry) for each test stimulus; and (d) propostion of total variance
in transformed Ry latency (L)) unaccounted for by rectilinear co-
variation with P(Ry), as a function of the parameter A.




in pooled discrimination latencies is attributable to covariation with R,
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alternative measures of stimulus control is -.541.J‘In other woré;, only
29.3% of the total variation in transformed latencies is accounted for by
rectilinear covariation with Rl probability. |

Examination of the relation between log latency and probability for
measures obtained prior to pooling . across light éonditiOﬁs shows that the
percent of total variation in mean log Rl‘iatencies, explained iy recti~
linear covariation with R, probability, was 53.1% under the smber 1light
condition and 53.2% under the blue light condition (representing a product
moment correlation in each case of approximately = .729 based on 15 stim-
uli for each light condition). The effect of pﬁnling generalization laten-
cies over different statéi of attention, consequently, is to substantially
increase the proportion of total variance due to nonsystematic sources of
control. In the face of this large error component a precise determina-
tion of the transformation that maps generalization latencies into the
same metric obtained for probabilities is impoasible.

By comparison, a relatively high proportion of systematic variation
2
probability. In Fig. 7(c) a scatter plot relating mean log R, latency to
R, probability for each of the 16 test stimuli is shown. A linear corre-

lation of —.847 was obtained for these ueasures, indicating thac 71.7%

- of the total variation in log latency is explained by linear regression

on P(Rz). This result is not substantially different from that found for

latency and P(Rz) covariation, determined separately for the two light

conditions prior to pooling. A product moment correlation (based on ~ l
response measures for all 16 test stimuli) of - .879 was obtained between

mean log latency and R2 frequency under the amborﬁlight condition and of 1

- ,868 (for 12 stimuli since no‘R2 emissions occurred to 4 of the 16 test

stimuli) under the blue lijht condition. It is notiblo that the do&roc
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of linear rolaiiun between discrimination latency and probability is prac~
tically identical for the two light conditions, as was the case for the
corresponding generalization measures.

Examination of the residuals about the line of regressica of pooled

mean log latency on P(Rz) revealed neither a systenmatic pattern of depen-

dence on level of P(Rz) nor any detectable evidence for the picsenct of a
curviiinear relationship. This is partial evidence for the aﬁpropriate—
ness of the chosen mode of expressiun for obtained latency measures.

A more systematic analysis was undertaken in which linear correlations
between P(Rz) and alternative transformatiuns of response latency were
separately detzrmined in order to find a mode of axpression that maximizes
the proportion of variance in tran&formed latencies explained by linear
reégression on P(R2)~ Attention was restricted to the single parameter o
family of power transformations, resulting from: replacing observed L by
LA and determining its correlation with P(Rz) for various values of A
(Anscombe & Tukey, 1963; Box and Cox, 1964). The proportion of total
variation in L’t unexplained by linear regression on P(Rz) is plotted in
Fig. 7(d) as a function of A (A = 0 is to be interpreted as the logarith-

mic transformation). The smooth curve fitted to computed values of 1~r2

for various I.1 and»P(Rz) indicates that the component of residual (unex-
plained) variance is minimal when response latencies are scaled in log N
units. In this sense, relative to the family of transformations consid-
ered, a log transformation may be aonaidergd to be the most appropriate
choice of scale for diséttmin&tion latencies. This outcome is only sug-

gested by the analysis and can hardl& be considered conclusive. In fact, | |

both reciprocal latency and latency expressed in linear scale enter near-

‘ly as close a relation with P(Rz) aa~&oeé<log latency.

;Thd large nonsystematic variation in latency measures of stimulus’




' an appropriate linear model to the data.

mean of 103.3 csec with a standard deviation of 44.0 csec. The distribu~

‘deviation of 45.3 csec. This distribution was also poaitivély skew with
81 « 4+ 1,637, Théée latenciles pertain to the gtimulus that served to
‘maximally evoké R2 éuring testing. Thus. for the two stimuli that most
Aeffectively controlled R1 and R2 responding during testing, with minimum

overall latency of rccponding,+tha distributiens of generali:ation and
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control is not surprising, in view of the fact that these measures were

based on pooled observationq:obtained under conditions of selective atten-
tion to different stimulus properties by different Ss and over repeated
stimulus presentations. At the level the‘foregbing analyses were carried
out these sources of experimental error were not:analyzed. Each mean la-
tency determination was treated as a single observation and given equal
weight in the analysis in spite of the fact that the number of responses
entering each determination differed greatly between stimuli depending on
th§ number of Rl‘or R2 responses evoked, The stimulus effects (defined
in terms of mean laténcy) were evaluated by comparison with estimates of

measurement error based on the residual variation remaining after fitting

The variability of individual latency determinations was quite large
in relation to overall effects measured by mean latencies. For example,
pooling{acrcsa Ss and all test precentations of the 500 cps/2 sps tone
(which served as s? for R, during training), regardless of light condi-
tion, a total of 98 R; responses were emitted. The latencies of these

responses were distributed over a range of 43 to 292 csec and about a

tion was positively skew with an index of skewness, Bl (calculated from
the moments) » equal to + 1.649. . The individual R2 latency determinations
for the 85 responses evoked by the 900 cps/16 sps tone were distributed

over a range of 47 to 292 csec about a mean of 98.6 csec with a standard
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;diaérimination latencies were very similar. The choice of éeometric mean
latency, as a measure of stimulus control, rather than the arithmetic
mean of each sample, was based on the presence of positive skewness.

Estimates of standard error df‘the mean based on these specific
samples of R, and R, latency was 4.5 and 4.9 csec, reéfectivaly. These
estimates compare with root mean square error measures obtained in anal-
yses of variance of geometric mean R, and R, latencies to all stimuli of
6.4 and 5.7 csec, respectively.

A large component of variation in both generélization and discrimi-
nation latencies can be attributed to differences between Ss. This source
of variation in generalization latencies is highly significant comparéd
with pooled within Ss variation [#(9, 88) = 5.06, p < .001]. Between S
differences in discrimination latencies is also highly significant
[F(9, 75) = 5.50, p < .001].

Generalization testing;” Group II. Test conditions for the 10 Ss in

Group II were identical to those for Group I with one important exception.
Rather than controlling selective attention to single stimulus properties
throughout generalization testing, the last 6 sequences of test stimuli
were presented with the amber and blue lights simultaneously illuminated.
Thus, after training and initial testing with operations inguring sclec~
tive attention to singlc stimulus properties, the visual cues were com-
pounded (an operation formally analpgous t§ verbally inctfucting S to
attend both discriminative aspects Bf the stimﬁlua) |

The results of generalization testing with the amber or blue 1ight
on alone were essentially in accord with the pri&ious findings. Sa
attended cf differences only when the amber light was on and mr differ~ -
;i”enuea only when the blue light was on. Although basad on only two pre~

ﬁ_-cntationa of ench test atimuluo to eadh s, mmasurno of racponse latency,




82

for both Rl

by the attended stimulus property under each light condition. The corre-

and Rz, also showed that differential control was exerted only

lation between generalization latency (pooled across light conditions) and

R, frequency was on the order of =~ .45. The correlation between the la-

1
tency of a discrimination (also w '0oled across light conditions) and ]R.2

frequency was — .70, Thus, in accordance with Group I results, the la-
tency and probability of a discrimination show a greater degree of sys-
' tematic oovariation than do the corresponding measures of generalization.
Figure 8 shows the results of testing with both the amber and blue
lights on simultaneously. The bottom graphs show the relative frequency
of R2 responding to each of the 16 combinations of c¢f and mr. The left
graph shows percent discrimination to stimuli varying in cf (with levels
‘of mr as the parameter) a.d the right graph shows the same measures as a
function of mr (with levels of cf as the parameter). It is apparent that
both dimensions exercise behavioral conﬁrol, although changes in cf
appear to be more effective overall than changes in mr. The gradients
appear to be reasonably parallel, that is,uthe effects of changes in one
dimension are approximately constant across levels of the second dimen-
~sion. This indioates that the effects of stimulus changes, as measured
by reSponée frequency, can be represented by additive row*andﬂcolumn con-
stants. A scatter plot relating obtained P(Rz) for each test stimulus to
 fitted values f(R2) derived from‘the‘aésumption of simp1e additive otruoe
‘ture is shown in Fig. 9(a).¢fThe 1inéar corfel&tioo‘betwéen obtained and
fitted values is .994; in other words, simple structure accounts for 98 92
of the total variation in obtainad measures of discrimination probability.

This outcome is practically identical to that obtained previously under

conditions of conttolled attention to single stimulus properties. (cf.,, )

Fiz' 7(a) )
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GROUP II : AMEER AND BLUE LIGHTS BOTH ON

R, GEOMETRIC MN. LATENCY (SEC)
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Fig. 8. Response probability and latency under the combined light condi-

tion: Group II. Geometric mean Ry latency is shown (top graphs) as a

function of c¢f, with mr as a parameter (left), and as a function of mr,

with cf as a parameter (right). Bottom graphs show corresponding meas-

ures of Ry probability as a function of cf, with mr as a parameter (left) ,
" and as i function of mr, with cf as a parameter (right). Each point is 1
based on the total number of Ry responses emitted in the coutggﬁgf 60 pre-

sentations of each stimnlus (pooling over Sl) - ‘ l




AT e . . ' T ! o D AR |
4 3

84

r ' TABLE 3

SUMMARY OF RESULTS FOR GROUP II. Cell entries represent total response
frequency (in parentheses) and geometric mean latency (in csec) to each
combination of center frequency and modulation rate under the combined
light condition. Row and column response totals are given along with
corresponding geometric mean latencies.

} A. GENERALIZATION (R ) MEASURES :

cf
mr 500 6500 750 900 row effects

2 (59) 126 (45) 178 (21) 177 (14) 214 (139) 156.5

6 | ) 148 |G 158 a9 176 | o) 190 | 1200 158.0

8 (45) 152 (35) 177 (10) 173 | (5% 151 ( 95) 163.0

| 16 |38 144 @8 159 J(2> 207 | (o -— | (58 150.2

column ,
effects | (196) 139.6] (135) 169.5] (52) 176.3| (29) 193.5

'B. DISCRIMINATION (R,) 'MEASURES :

cf ‘
mr \_ = 500 600 750 | 900 row effects

2 (v 385 |as 191 |Ge) 200 L) 156 [ (96 181.6

o | 32 | 196 (G 183 |0 13 | 1616

8 (14 263 | (25) 2 5o 136 | (55) 122 (144) 150.7

16 |22 196 |2 166 |(58) 148 |(59) 113 | (181) 144.1

:‘Coltf!mn ' . | o | , : o . :
effects | (42) - 233.0 (103) ‘186.0 (185)1?8.2 (208) ' 129.8 |
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13

Geometric mean R2 latencies are plotted in log scale in the top
graphs of Fig. 8. The number of rzsponses entering each latency determin-
ation varies from 1 to 59, depending on the number of 32 emissions to each
stimulus. In spite of the small n involved in some of these determinations,
discrimination latency appears to be systematically covariant with stimu-
lus change along both dimensions. A one degree of freedom test for remov-
able nonadditivity (Tukey, 1949) indicates the existence of a significant
linear x linear component of c¢f X mr interaction for effects measured in
linear units (centiseconds) of discrimination latency [F(L, 8) = 12,98,

p < .01l]. Conversion to logarithmic scale, however, renders main effects
essentially additive; the corresponding F-value for nonadditivity is re-
duced to an insignificant level [F(1, 8) = 2,10, p < .20]. 1In log scale,
both cf effects and mr effects are significant; F(3, 9) = 24,58, p < .001,
and F(3,9) = 5.81, p < .05, respectively.

Geometric mean R1 latencies and geometric mean R2 latencies for all
16 test stimuli are presented in Table 3, along with the number of re-
sponses entering each determination. Geometric mean response latency at
each level of cf (pooling over levels of mr) and at each level of mr
(pooling over levels of cf) is shown in each row and column margin. In
accordance with the findings for Group I, discrimination latency appears
to ﬁe a much more sensitive measurz of stimulus change than generalization
latency. The change 1n‘discrimination latency from 233.0“csec (based on
42 responses) to 129.8 csec (based on 208 responses) for the 500 cps and
900 cps levels of cf, respectively, represents a differential effect of
103.6 csec. In contrast, the corresponding generalization latencies are
139.6 csec (based on 196 responses) and 193.5 csec (based on 29 fesponses),
*§;§ren&iting a differential effect of only 53.9 csec. Although these com~

parindno correspond to alnmot‘1dinticalwdfff¢r¢nceo'1n response frequency,
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Fig. 9. Grbup II measures of response probability and latency: (a) ob-

tained P(Ry) for each of the 16 test stimuli as a function of theoretical
values, P(Rz) derived from the assumption of simple structure; (b) geo-
metric mean R; latency (represented in log scale) as a function of obtain-
ed P(Ry) for each test stimulus; (c) geometric mean Ry latency as a func-
tion of obtained P(Ry) for each stimulus; (d) F-value for the one degree

* of freedom test for nonaddi*ivity performed on transformed Rz latency L)

as a function of the parameter A; and (e) proportion of total variance in

~ transformed R, latency (L)) unaccounted for by rcctilincar covariation
with P(Ry), as a function of the parameter A..
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and to the same stimulus change, the difference in discrimination laten-
cles in almost double that of generalization latencies.

The variability exhibited by the latsncies of generalization and
discrimination responses evoked by the two stimuli that, respectively,
wvere most efiective in their evocation, is much greater than that ob-
served for the corresponding stimuli for Group I. Individual latency
measures for the 59 Ry emissions to the 500 cps/2 sps tone ranged from 66
csec to 368 csec and were distributed about a mean of 138.6 csec with a
standard deviation of 68.4 csec. The distribution was positively skew
with 81 = 1.74*. The stendard error of the mean is estimated to be 9.0
csec. Discrimination latencies measured for the 59 R, emissions to the
900 cps/16 sps tone range from 56 csec to 328 csec and were distributed
about a mean of 127.2 csec with a standard deviation of 74.0 csec. This
diétribution was also positively skew with By = 2.17F. Standard error of
the mean is 9.7 csec.

Comparison of the variance associated with individual S mean R, la-
tencies, in the above sample, with pooled within-S variance indicates
highly significant-betweenég.diffegencel [F(9, 49) = 15.85, p < .001].
The between-S source of variation in R, latencies is also significant
[?(9, 49) = 3.02, p < .01].

| In spite of the variability in individual latencies and the small
number of responnas‘iﬁvolved in the estimate of response probability, a
relatively high degree of systematic covatiagion 1s indicated between
measures of stimulus control, based on geometfic mean latencies (pooling

across stimulus presentations and Ss) and corracpondiﬁg measures of re-

~ sponse probability. In Fig. 9(b) a scatter plot'ig shown, relating mean

log R1 latency and obtained P(Rl)forls test atinﬁli (no4R1'wac euitted

to one ltinulul).f;Alﬁhou;honly 44,9 X of Ehc‘total]vaiiatioq in -

L
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generalization latency is explained by rectilinear covariation with P(Rl)
(as indicacted by a product moment correlation of = .667), examination of
the scatter plot reveals no detectable curvilinearity. The covariation
between discrimination latency and obtained ?(Rz) is shown, in scatter
plot form, in Fig. 9(c). A product moment correlation of - ,925 indicates
a very close relation between log latency and P(Rz); approximately 85.62
of the total variation in latency is explained by linear regression on |
P(R,). |

Figure 9(e) shows the proportion of total variance in transformed
latencies (LA) unexplained by linear regression on P(Rz) for various val-
ues of A (recalling that A = 0 is interpreted as the logarithmic transfor-
mation). The esmooth curve fitted by eye to the calculated valucs indicates
that residual variance may be minimized by a transformation intermediate
to the reciprocal and logarithmic tramsformations, although this minimum
represents a negligible gain in variance accounted for over that associ-~
ateq with either the reciprocal or logarithmic mode of expression (the
cofrelation between L™1/2 and P(R,) 1s .932).

An alternative approach to finding a mode of expression for latency
in terms of which a succinct metQic representation may be obtained is pro~
vided by finding the transformation that minimizes the F-value for the one
degree of freedom test for nonadditivity (Anhcombe & Tukey, 1963). This
procedure has an advantage over the préceding snalysis which depends upon
the assumption that response probabilities have simple structure, but its
utility is limited when applied to data ﬁables having rows or coclumns that
are not identically ordered. The test is sensitive to only one source of

<nonndd1tivity, namely, that aasaciated ‘with the linear X 1inear _component

of 1nteraction which is, in- principle, removable by rescaling the depen-

| dont variabla. It measures thc -:tant to which the ciso of the 1nt¢raction
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effect for each treatment combination depends upon level of the corres-
ponding main effects. One or two outlying observations, causing row or
column effects to be inconsistently ordered, as in the present data, may,
depending on where they occur, appear to constitute a measurable amount
of removable nonadditivity and hence bias the-outcame.

The tests were perfcrméd on discrimination latencies for the linear,
logarithmic, reciprocal, and reciprocal squared transformations (A = 1, 0,
-1, and -2, respectively). The corresponding F-values for nonadditivity
are shown in Fig. 9(d). The smooth curve fitted to the calculated values
appears to reach a minimum in the neighborhcod of A = -1 (the reciprocal
transformation). For the F-values plotted, however, only the one obtained
for latencies expressed in linear scale indicates significant nonadditiv-
ity. For 1 and 8 degrees of freedom the F-value corresponding to the 0.05
significance level is 5.3, Hence, we may presume the results are in sub-

stantial agreement with those of the correlation analysis.

Discussion

The results of this study are consistent with the notion that the
metric structure of behavioral data arises from the indiscriminate pool-
ing of data across instances of selective and exclusive attehtion to
single stimulus properties. A simple ad&itive structure was obtained for

responce probabilities, both under conditions in which Ss were cued to se-

lectively attend stﬁmulus changes along one diﬁeneion at a time, as well

as under conditions that presumably set the oécnoion for simultaneous

control by both dimensions of stimulus variation. The major difference
in the results obtained under the two conditions 1s not in the metric
structure of the data but in the relative”impbrtancelof the two stimulue

I

dimensions in the apparent control of differential responding. ‘?ot the

it . : : j
i N i
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pooled data of Group I the main effectas of ¢ and mr variation are approxi-
mately equal, as measured in terms of both differences in relative re-
sponse frequency and differences in discriwination lutency. This outcome
is due to the fact that selective attention was under visual control, and
the experimental design insured that attention to the separate dimensions
occurred equally often. For Group 11, however, despite the concomitance
of visual cues that, separately, were effective in controlling attention
to one or the otherﬁdimennion of stimulus change, behavior was neither
under control of both dimensions simultaneously nor was behavior equally
controlled by both (see Table 3 and Fig. 8). Changes in cf appear to

have exerted a”much greater degree of control than mr changes, as measured
in terms of both pooled response frequency und latency. However, both cf
effects and mr effects were smaller under the combined light condition
than under the condition in which Ss were cued to attend one or the other
dimension exclusively. These facts, together with the additive structure
of the data indicate that the dimensions were selectively attended and
that over stimulus presentations and Ss the dimension of cf variation was
attended more often than that of mr.

The restriction of reinforcement during training, to differential re-
sponding in the presence of c¢f or mr diffetauces chlusively, did not pre-
clude the possibility of cf x mr interaction eifects in the presence of
concomitant variation or of the emergence of effective dimensions of con-
trol that cut across the physicul dimenciona of tha space.  In view of the
rccults, however, it may be infcrred that thé offactive dimensions of con-
trol were orthogonal anc. parallel to the physical dimensions, and that -
(for the range or values employed) the physical prOpertiea in qncotion do
not intoract in the control of discriminative behavior.

This -tudy roproocntn the only attcnpt to dntn tp m.a-urc |




two-dimensional stimulus differences in terms of disjunctive response
times, despite the long history of response latency as a dependent vari-

able in investigations of stimulus control. Woodworth (1914) credits

between two stimuli can be measured by the time of reactiqn to that differ7
ence. Numerous psychophysical studies involving stimuli that vary along
single dimensions have shown that, in general, the latency of a 'same' re-
sponge increases as the difference between a standard and comparison stim-
ulus increases. It has also been found with two and three categorieq\of
Judgment that, on the average, the latency of the stochastically Gominant
response (one with greatest probability of emission) is shorter than the
latency of a non-dominant response. On the other hand, the correlative
variation between judgment time and stimulus difference has invariably
heen found to be poorer than that between response-frequency and stimuius
difference, and éeﬁeral studies have failled to find a sigaificant corre-
lation at all. Exceptions to the other finding have also been reported.
In the face of these inconsistencies psychophysical investigators have
generally rejected the method of judgment time in preference for other
psychophysical methods that yield more consistent results.

In a comprehensive review of stimulus generalization research Mednick
& Freedmén (19605 cite 18 experiments in which geﬁeralizétion has been
measured in terms of response latency. Orderly generalization latency~
gradienta have been found in some cases but several investigators have -

failed to find any systematic relation between response latency and stim~

\\

ulus change, despite evidence of stimulus control from concomitant meag-
ures of response frequéncy. Despite the prominent status of 1atency as

| measure of response atrength in behavior theory (Hull 1943) and the .

~ recent proliferation: of~qnth¢nat1cnl‘nndg;a proponnd,tc ¢harac:;:i:q:“:~-_~ ;

Cattell for proposing, as early as 1887, that the psychological difference
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temporal properties of vhoice behavier‘(e.g. Luce, 1959; Audley, 1960;
Stone, 1960; LaBerge, 1962; Kintsch, 1963), because of the variability
inherent in response time .and iﬁe‘eeneitivity to factors outside the
range of experimental control, few~investigations have been successful in
establishing precise mathematically expressed relations between response
latency and other variables. | |

The bresent findings exhibit very litele systematic covariation be~
tween generalization latency and stimulusehange. ﬁiscrimination latency,
however, appears to be a highly sengitive measure of stimulus control. As
shown in Fig. 8, reasonably orderly discrimination latency gradients were
obtained along both dimensions of stimulus variation. A difference pe-
tween generalization and discrimination latencies with regard to their
degree of correlative variation with response probability was observed for
both experimental groups (compare Figs. 7(b) and 7(c) with Figs. 9(b) and
9(c)). Aside from the fact that the visual conditions differed for the
two groups,. in other respects the two sets of findings may be viewed as

independent replications of the empirical relations under investigation.

In both sets of data the overall effect of stimulus change, as measured

by discrimination latency, is approximately twice as great as that ob-
served for generalization lateﬁcy. This contrast is consistent with
Landahl's conjecture that two separate neural mechanisms are involved in

the perception of similarities and the perceptien of diffetences. In

. this connection, generalization (perception of similarities) is viewed

;es being controlled directly by the common elemente of stimuli, whereas

diecrimination (perception of differences) is mediated by jsome kind of

gubtraetive neural mechaniam (Landahl, 1945).
In the choice of a mode of expression for response 1atency in terms

of which '1m911¢1ﬁ7 of metric etructu%e is echieved the evidence from -

‘ 1
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this stndy points to a relatively restricted set of alternative transfor-
mations of which the most reasonable candidates are the reciprocal and the
logarithmic transformations. The reciprocal transformation has a natural
appeal for the analysis of response latencies because it is open. to the
simple 1nterpretation that it is tue gpeed of the response that is to be
considered.x On theﬁother‘hand, the logarithmic transformation is equally
appealing because it leads to the: interpretation that eqnal differences
in discrimination probability correspond to equal ratios of discrimination
latency; in other words, an additive structure for stimulus control de-
fined in terms of probability implies a multiplicative structure in terms
of response. latency. The data permit only approximate inference about a
choice of scale for latencies because the stimulus effects are not con-
sistently ordered with respect to the two dimensions of stimulus varia-
tion. However, in view of the fact that these neasures arise from the
Indiscriminate pooling of individual response times in the face of sig-
nificant between subject ditferences and under conditions of selective
attention to single stimulus properties this outcome is less surprising
than is the fact that the latency functions appear to be reasonably
orderly (exhibiting definite trend), and that a high degree of correla-
tive variation is found to exist between pooled latency and relative re~
sponse frequency. | \

| The significant feature of this study 1s the finding that a metric

treatment of stimulus control is possible, not despite the unreliability

.of the controlling relations that obtain between aspects of a stimulus

"“’and a response but, rather, because of it. It is because attention.iase‘l

L
i ’

* selective snd lebile that aweraged data exhibite additive -tructure.
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CHAPTER IV

Summary and Conclusions |

This thesis is concerned with the general problem of how the total

effect of a multidimensional stimulus is compounded from the simple ef-

w fects of its separate components in the context of stimulus generaliza~

tion,

On the theoretical level the problem is studied in terms of the
geometry of Minkowski. Stimuli are identified as points in‘Minkowski
space, and the metric for the space is determined by the shspe of the
equal-level surfaees corresponding to.prescribed amounts,of generaliza—
tion decrement. A special class of such spaces is‘charaoterized by the
single parameter family of distance functions, known as the M*nkowski I~
metrics. Three modzls of stimulus generalization aie represented by the
Minkowski r-metric as r takes on the values 1, 2 and w, respectively.
These three models represent the generalization decrement produced by a
multidimengional stimulus as 1) a simple sum of concurrent, unidimension~
al discriminations, 2) a direct function of Euclidean distance and 3) a

function only of the component stimulus change which alone, is most

'vreadily discriminated. Intermediate values of r are, of course, admiss-

| ible and may correapond to other hypotheses of stimulus generalization,

4

Eor may be interpreted, simply, as a parameter of stimulus control that

‘\

"indicatea how component stimuius effects are differentially weighted in

prodicting the total effect of a multidimensional stimulus.

A review of the literature reveals that existing experimental find-

| ings tend to converge on the general appropriateness of the r = 1 model.

In each case, however, it was necessary to transform the given generali-i

nation*meaaures in order to achiavu thic si-ple notric solution. This

b
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‘both reoponse probability and raaponae latonpy were obtainedu
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gives rise to the problem of identifying the response measure in terma
of which a simple additive metric would apply directly.

It is shown on the basis of an a priori analysis of the controlling
relations that can obtain between the component properties of a compound

stimulus and a simple discriminative response that, when generalization

is measured in terms of response probability, the appropriateness of the

r = 1 model implies that behavior is under exclnsive control of one or
another dimension upon any one stimulus presentation and never under
simultaneous control of two or more dimensions. This conclusion is con-
tradictive of the contention that the triangle inequality property of
distance cannot be satisfied by averaged data collected under conditions
of selective and shifting attention to single stimulus dimensions and
that, under these conditions, a spatial (metric) representation of the
stimuli would‘be impossible.

In order to bring empirical evidence to bear on this issue the fol-
lowing experiment was carried out. Twenty human subjects were trained
on a successive discrimination involving three frEQuency modulated sinu-
soldal tones that differed in center frequency and/or the rate of modu-

lation. The pattern of reinforcement for the emission of either of two

mutually exclusive responsee (left or right key press) was contingent on

\
the presence of one of two visual cues (an amber or a blue light). In

this way, the stimulus property attended was brought under experimental

control. The structure inauced on the extended stimnlus set was examined

ﬁ‘;using generalization testing procedures with the two visual cues presented

e aingly (to control selective attention) for 10 subjects, and with the

cues presented in combination (setting the occasion for simultaneous con-

hwtrol by both stimnlus dimensions) for the other'lo snbjects., Measures Of |

o= 53 ’

sa'«

o o ‘” ‘ Loy ‘ ’g{ : - - ;
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A simple additive structure was obtained for response probabilities
both under conditions in which subjects were cued to selectively attend
stimulus changes along one dimension at a time as well as undsr condi-
tions that were presumed to set the occasion for simultaneous control by
both dimensions. The evidence indicated that, in the latter case, sub-
jects were also selectively attending the separate stimulus dimensions.

Measures of discriminesiou latency were found to. be closely related
Vto corresponding measures of reSpouse probability, and, thus,‘were found
covary systematically with stimulus change, but generalization latencies
exhibited little systematic trend. In the choice of _a mode cf expression
for cesponse latency in terms of which simplicity of metric structure may

be achieved the evidence from this study points to a relatively reetricted E

set of alternative tramsformations of which the most reasonable ceudidates

are the reciprocal and the logarithmic transformations.

[ l\ “ “: .
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