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VERTICAL AND HORIZONTAL SEQUENCES FOR ORGANIZING MATHEMATICS CONTENT
IN ELERENTARY GRADES FOURe FIVE; AND SIN WERE IDENTIFIED USING AN
EMPIRICAL BASEe VERTICAL SEQUENCES FOR THIS PROJECT PERTAINED TO
SUBTUPICS WITHIN SEVERAL MATHEMATICS TOPICS USING THE LEVEL OF
SUBTOPIC COMPLEXITY FOR THE CRITERION. THE DEGREE OF RELATIONSHIP
BETWEEN ADJACENT TOPICS WAS THE CRITERION FOR HORIZONTAL SEQUENCES .
WITH BOTH THE ORTHOGONAL AND NON ORTHOGONAL AFPROACHESe A TEST i
DESIGNED TO ASSESS ACHIEVEMENT OF MATHEMATICS INSTRUCTIONAL ?
OBJECTIVES WAS ADMINISTERED TO APPROXIMATELY 760 SUBJECTSs DIVIDED A
ALMOST EVENLY AMONG THE 3 GRADE LEVELS USEDe SIMPLEX AND ®SMALLEST ;
SPACE® ANALYSES WERE THE BASIC MEANS USED TO IDENTIFY THE VERITCAL |
AND HORIZONTAL SEQUENCESy RESPECTIVELY. THE VERTICAL HIERARCHIAL
ORDERS AMONEG SUBTOPICS WERE SHOMWN FROM LEAST TO MOST COMPLEX FOR THE
FOLLOWING MAJOR TOPICS-—-{1) NUMBERSy OPERATIONSy AND ASSUMPTIONS
(2) GEOMETRY (FIFTH AND SIXTH GRADES ONLY)s $3) RELATIONS, 44) |
NUMERATIOMy ¢5) MEASUREMENT, AND(6) FRACTIONS (SIXIH GRADE ONLY). |
THE TOPICS OF GEOMETRY AND OPERATIONS WITH :HOLE NUMBERS WERE SET
OFF FROM THE OTHERS AND FROM EACH OTHER IN THE HORIZONTAL SEQUENCES. ;
THE BEST ORTHOGONAL TOPIC SEQUENCE AND NON ORTHOGONAL TGPIC SEQUENCE -
WERE PROVIDED. THE BASIS FOR HORIZOMTAL RELATIONSHIPS IDENTIFIED WAS
THE DEGREE OF COMMONALITY REPRESENTED BY PROBLEM-SOLVING ELEMENTS IN .
EACH TOPICe (JH) 4
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PREFACE -

The investigition reporced l:srein was conducted pursuant t~
contract for Coopsretive Research Project Nuxber 2531. The work
was supported through the Cooperativs Ressarch Program of the Offica
of Education, U, S, Department of Ha:alth, Bducation, and Weiferve,

Many people participated in conducting and reporting this project.
It is a pleasure to acknowledge and express apprecistioz to those
nezed below. Their cooperation and assistsuce contributed greatly
to tha completion of the work. : :

Mr. S W, Wood, Superintendent of the Clarke County (Georgia)
School District, gave clearance for the project to be conducted in the
School District and allocated work-load time for Mr. Ellis to devote
to the project. Work-loud time for Dr. Blake, Dr. Findley, and
Dr. Wastbrook to devote to the project, equipment, and work space
wore eliocated by ths following: Dr. Joseph A, Willians, Dean of the
College of Education at the University of Georgia; Dr. Stanley H. Ainsworth,
Chairman of the Program for Bxceptional Children; and Dr. Robsrt A. McRorie,
Diveztor of the Office of Gensral .Research. - - »

Several consultants wers helpful in solving problems related to
sompling mathematics schisvement, developing instruments, and using
the scaling procedures, These consultants included Dr. Louis Guttmen
at the Hebrew Univeraity and the Israel Institute of Applied Socigl
Research, Dr. ﬁanry F. Kaiger at the University of Wisconsin,

Dr, James C. Lingoac at the University of Michigan, and the following
University of Georgis yrofessors: Dr. Harry E. Anderson,

Dr, James L., Carmon, Mr. Jaomes C. E@écsgaa De, James B. Kenuey,

Dr. Albert J. Kingston, Dr. leonard E, Pikaart, and Dr. W. Owen Scott.
In addition, Dr. Lingoes and personnel at the University of Michigan
Camputer Csuter performed the coxputer operstions for the Smallest
Space Analysis I and the Smallest Space Analysis III.

Many public schoel pupils participated in the data coilection
phase of the project. The following are cooperating public echool
porsonnel who facilitated the work of the project with pupils under
their jurisdiction: Ur. J. C. Mullis, Director of Testing and Guidance,
and principals of several slementary cchocls =« Miss Allea Betts,
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¥iss Dorcthy Firor, Mr. Robert Garraxrd, Miss Crace Hancock,

Mr. Donzld Hight, Mcs, [osa Tarpley, Miss Helen Treanor, and

Mins Amnie Wallace. Aprendix A contains tha names of the aciools
froo. which pupils were salectsd azad tha names of the teachers who
sdministered the tests to. tha subjacts. AT ;

Mre. Rormy Gelbreat!ii cotvdinated and su mvf.sad :ctivitics in-
«1lvad in ths prepevation of the research materials. ¥z, Robert M. 3rown
did the bsckground veseazch and performed the reliabiiity analyzss
and the simplex anuzlyses. Be was ascisted by ¥zr. L. Wayne Swindel,
Persounel who scored ressarch instruments and sncoded datz were
Miss Joaz Lond, Mr. Michasl. Bradley, snd Miss Sharro: Riser.

Mr. Bradloy, Miss Maleesr Anderson, Mrs. lMargaret Jones, Mrs. Lyern Mouroe,
and Mrs., Dana Stonesifer assisted with the preparation of the final
report,.

The Bducational Testing Service sad the Califoinia Test Bureau
granced permission for the use of selected test items in the resesrch

. instruments.

While those who ars named in this prefatory statsment made
valuable contributions to the project, the project dirsctors alons
bear the entire std f£inal respomsibility for sy evrors and iaade-
quacies in plaomning, execeution, interpretaticn, sad reporting.

Kathrya 2isks
Alton A. Ellis
Warren G, Fiundley
Helen Westbrook
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Purpose and Cbisctives

This stedy's puzpose was 2o use procedures based cn Guttman's
(1954, %965) radex theory in identifying,empirically, verticsl amd
horizontal sequences for organizing mathematics content &l grade
levels &, 5, and 6., The specific objectives were as follows:

1. to identify, ot grade levels 4, 5, and 6, vertical sequences

among subtopics within several mathematics topics on the
bagis of the critericn, level of complexity of the subtopics;

2. to identify, at grade levels &, 5, and 6, orthogonal and
non-orthogonal horizontal sequences arong several mathe-
matics topics ca the basis of thie criterion, degree of
relationship between adjacent topics.

Educational Significance

Information yiclded by this study and by similar studies could be
useful in establishing instructional sequences for teaching mathematics.
That is, more cffective instrucilonal sequences can be established
vhen the structurc of the interrelations within the material to be
taught is concidered joimtly with such pianning factors as the
characteristics of the pupils and the practical exigeuciecs of the
eituation,

Mamning (1960, p. 116) succimetly portrayed how this plauning
process cam be streagthencd by idemtifying segucntisl arrsmgements
among wathematics activities on the empirical basis of the achlevemsnt

£

Aeman o

of puriic who havs beon tought in a given mathsmotics iBsTTUctio
srogram. In his iatredeuctory vemorks about s prototype design for
thir vesearch problem, ke mude these comzents.

e |
&

Tuo ozgonizaticn of topica withim o couroe or he dotews
minaticn of the cptimam sequense of couaes im any area of learning
ic recognized as a fundszoatal educational probicm. ¥meu feced
uith an cpparently hotoroganrcus axray of topics, ths toechor
zust impese ar ordor ov arvamgemaat wiich ke fecls vill benefie
the lesrmor. Sozatimas tho opdor io dicgaend by the levels
of complaricy of the varieus topics; that ig, the otvdeat zuct
have mastered topie A bofore ke cam go om to topic B and oo
foxth., Im otker fmstomecs the teples ara velated, buk oz am
aquivalsat level of cexdlamity, o that citker 2 ex 3 may be
studied earlior, '

@
;




What O epparent in moct iwsetances is that the order or
segusnce of learning iz lorgely determived on ths basis of
prefeccionnl judgrent, Alihsugh profeszionmal judgment iz not
inhecently unsatisfactery, it would bLe praferable to structure
e curriculum on the basic of the bshovior of the learners
themselves.

Related Literature

The present study's purpose essentially imvoived using procedures
based om Guttwan's radex theory (1954, 1965) to excmine the structure
of the interrelations amoug sspects of mathematics content taught at
the upper elementary school grade levels. Accompliéhing the study's
purpose ascessitated that the investigators cbtaim scores om tests of
attainment of selected instructional objectives for a given mathematics
instructional program for grvade levels &, 5, and 6. The present
investigators locaied no other projects which were specifically designed
to use Guttman's or other scaling procedures as adjuncts in esteblishing
sequences among activities in contemporary mathematics imstructional
programs for elementary school pupils.

Guttman (1954) and Kaiser (1962) presented material which can be
used as evidence relevant to interrclations among several mathematics
activities, As illustrative materials for their expositions on the
eimplex amalysis, they used mathematics dats which they culled from
the larger body of data Thurstome (1938) reported in his study of
the primary mental abilities. Specifically, they demonstrated that
the simplex model fits a set of children's numerical performance tests
used by Thurscone., Among these tests, the hierarchiml order from
simple to complex was addition, subtraction, multiplicaticn, division,
arithmetical reasoning, and numerical judgmeat.

Material more tangentially relsted to the present project includes
the work veported by Gabriel (195%4), CGutiwman (1954, 1957, 1965),
Bumphreys (19260}, and Lingoes (19638). Tney showed that procedures
related to Guttwmea's radex theory ylelded satisfactory descxiptions
of order relations emong various types of behavioral datz. Cabriel
wsed o cimplex smalysic to ascertain the structure of the Progressive
Matrices Test. OCutitwran applied simplex enslyses, clveumplar analyses,
and omallest opace sualyses to intervelations amomg oets of cognitive
and pexsonality variables, respactively., In these amalyses, Gutiman




senled intercorvelation watrices zeporked by verious suthors, €.g.,
Taurgtone (1938, 1940, 194)) and Coombs (1951), Humphreys exployad

the simplex model in ais consideretion of the intercorrelatioms botmreen
ropeated measures reported by varicus suthors: namely, trials cduring
the learning of two motor akills == complex coordination (stick and
ruddar coordination task) and discrimination reaction tims(Pleiskmen aad
Hempel, 1954; 1955); growth data for height and weight (4nderszon, 19239);
and periocdic tests during shorthand training (L2win, unpublisked).
Lingoes applied the smallest space eralysis to data reflecting cognitive
characteristics reported by Guilford exnd his associates (1952),
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CBAPTER II

PROCZLURE

Research Besign

The plan for collecting data pertinment to the project's purpose
involved administering tests designed to assess pupils' achlevement
of instructional objectives for z mathematics instructional program
at grade levels &4, 5, and 6. Procedures used to carry cat this plan
are described more specificelly below in terms of the following topics:
definitions of terms, subjects, the rathematics achievement test, and
general procedures,

Definitions of Terms

For the purposes of this study, the following cefinitions of termsl
were employed.

1.

2.

Radex theory., A theory for investigating the order ree
lationships among variables. The method seeks to determine
from a pattern of intercorrelations the vaderlying order
structure of the ccnstituent variables (Guctman, 1954; 1965).

a. Radex. A cet of variables whose intercorrelations conform
to the general order pattern prescribed by the theory.
Two distinct notions are involved in a radex., One is
that of a difference in kind between variables, and the
othe; is that or a difference in degree (Guttman, 1954;
1965).

b, Simplex. A set of variables which differ amoi 3 theme
selves, largely in the degree of their complexi~y. A
simplex possesses a simple order of complexity. The
variables csn be arranged in simple rank order  com
least complexr to most comnlax (Cugtman, 1954s (65),

c. Circumplex. A set of variables which differ among
themselves in ths kind of ability they define. Tie law
of arder here is not frem least" to "mest" in any
sense; it is an oxder which has nro beginning and no end,
namely, a circular order (Guttman, 1954; 1965).

Sequence. An order in which mathematics coatent is arranged
fer presentation to the pupils,

1

In the definitions of radex, simplex, and circumplex, the italies
and quotation marks are Guttman's; in the definitions of the none

orthogonal and orthogonal sequences, the italics are the present
investigators',




L &, Vertical sejuente, Au arrangement of the subtopics within
' sny given toric in terms of the criterion, levei of

" corplexity of subtopics; level of complexity refers to

[“' ; the cxtent to which & given subtopic includes aspects

: of other subtapics,

) t. Horizontal segusnce, Arraungement of different topice im
A terrs oi th> criterion, degree of relaticnmship between
; adjaceat topics,

- 1) Orthogcnal sequeace., A horizontal sequence in which
< the differant topics are arranged 3o that adjacent
B topics are the least closely related; i.e., adjacent

topics are relatively independint.

2) RNomeorthoeonal seauence. A horizontal sequence in
which the differcnt topics are arranged so that

adjaceut topics are the most closely related; i.e.,
E adjacant topics ave relatively non-indepandent.

3. Mnthematics éonuatl. The domain or universe of mathematics
taught the pupils at any one grade level.

a. Mathematics topics. Areas of mathrmatics content, for
example: number, operations, assumptions.

b, Mathematics sudtopics. Specific cubdivisicas of content
within the mathematics tcpics. ror example, the topic--
numbey:, operations, assumptionse-includes such subtopics
es addition and multiplication.

c. Mathemstics imatructional objectives. Precise specifications
of behavior, relevant to the subtopics, to be attained
through the imstructional program, Ior example: undexr-
standing the concept of rational numbers, facility in

{} adding two-place whole numbers,
¥ Subjects
4 The subjects were 244 fourth grade pupils, 261 £ifth grede puplls,
and 260 sixth grzde pupils. These pupils were selected from the total
number of pupils enrolled at grade levels 4, 5, and 6 in the Clarke
County (Georgia) School District during the 1963-64 school year,
The number and sizes of the classas sampled and steps involved in the
sampling procees axe specified below.

The total enrollment at each grade level coneisted of approximately
500 pupils. These pupils attendsd eight elementary schools; each

L

, l'me.ae definitions are based on materials presented in Mathee
~ motics for Georgia Schools (Georgia Curriculum Guide Committee, 1962).




elementary school contained either two or three classer at each grade
level. Cless size ranged from 25 to 40 pupils,

The saupling process consisted of twe steps: (1 selecting
participating classes; (2) selecting participating pupils within
these clueses, These Iwo steps are described more fully below.

The first step in the sampling process was to select classes of

° pupils at each grade level. The selection of classes was based pri~
marily on two criteria. The first criteriom was that the classroom
teacher had taught in the elementary schools fn Clarke County School
District for at least the previous three years, The second criterion
was that the classyoom teacher had been am active participant im the
, School District's in-service mathematics education program.

These two class selection criterin were used to insure that
teachers of the prospective subjects haod had training and experience
in teaching mzthematics as presented in Volumes 1, 2, and 3 of the
state curriculum guide, Mathematics for Gqugig,Schoolsl (Georgia
Curriculum Guide Committee, 1962). The Clarke County School Diszrict
has been in the process of revising its mathematics program for the
past few years, using the state curriculum guide as a framework
to improve mathematics instructionm in the local schools. The revision

lTbis curriculum guide was developed, tried out, and revised
over a period of several years. It was designed to serve as a
- framework for teaching mathemstics in Georgia Schools, iembers of
( / the Georgia Mathematics Curri:ulum Guide Committee were personnel
from throughout the state incivding the following: from the Georgia
State Departaent 6f Educuiion and thic universities--mathematicians
and mathematics educators; from the public schonl gystemse-instructional
supervisors, principals, secondary schuel wathematics teachers, and
elenentary school teachers who had special training and competence
, in mathzmatics education, Consultants to the Committee were a number
é%i of mathematicisds and mathematics educators from universities thcoughe
) out the nation and from federal and private ageucies.

ns

-,




process hsg incluied varicus activieiesl designed to increzse the

effectiveness with which teschers teach mathematics.

Twent g-ciz classes were identified by epplying the class gselection
criteria related to length of the teacher'’s service and to the teacher's
participation ia methematics education sctivities. There were nine
clagses on the fouzth grade level, cight classes on the fifth grade leveil,
and nine classer on the sixth grade level, Teble 1 contains datarree
flecting the distribution of these classes by schools. Appendix A
consists of a list of schcol personnel who participated in the data
collection procedures.

The second step in the sampling process was to identify pupiis
in the selected classes who were eligible to participate as subjects.
Eligible to bt subjects were pupiia in the selected classes who were
taught in the mathematics imgtructional program duriang the 1963-1964
school year and vwho satirfied the following additicaal selection
criteria,

1. The pupil had no gross physical or sensory impairments which

might interfere with responses to the mathemati¢s instructional
program or to the instruments used in the study. .

2. The proil had no rajor emotional or motivational difficulties
which might interfere with responses to the mathematics
instructionsl program or to the instruments used in the study.

IExamples of activities included in this revision process waere
the following.

a. In-service teacher education programs were imstituved; thuse
inciuded intensive work during the school year end during
pre-school and post-school planning paericds. Serving these
in-service programs ac consultanis were mathematicians and
mathematics educators from throughout the nation, the Georgile
State Department of Bducation, and the Univeraity of Gsorgla,

b. Mathematics courses for teschars were taught by University of
Georgia professors., The expenses incurred by teachers who
participated in these courses were borne by the Clarke County
Board of Education,

c. Closad circuit T.V. programs for teachars ware prasented; in
these 7.V, programs, master teachers in the Clarke Couunty
School District demonstrated methods foxr teaching modoram
mathematics.
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Table 1

Bumbar of Ciccses Selected Prom Total Nuw er of Available
Classes Categorized by School and Crade lLevel

4th Grade 5th Grade 6th. Grade

Total |Number of Total Nurzber of Total Number of

 Number | Classes Numberx Classes Number Classes

School | Of Classes| Selected |of Classes] Selected |of Classes Selectf§
1 4 2 3 2 3 2
2 2 1 2 1 2 1
3 3 2 3 2 2 2
4 1 1 1 0 1 1
. 5 2 1 2 1 2 1
6 1 0 1 1 1 1
7 2 1 2 1 2 1
8 1 1 1 0 1 0
Total 16 9 15 8. 14 9
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Contacts were made with principals end teachers in order to locate
pupils who did not meet the subject selection criteria. Pupils in the
selected classes vho did not meet the subject .clection criteria werze
identified and designated for exclusion from the study. The tests
were administered to the excluded pupils 2t the same time they were
administered to tﬁe other pupils in the szlected closses. After the
tests were collected, the excluded pupils' tests were removed. The
excluded pupils' gcores were not tabulated nor included in the data
analyses. The numbers of pupils who qualified as subjects were as
follows: fourth grade -- 244, fifth grade -- 261, sixth grade -- 260.

The Mathematics Achievement Test

The mathematics achievement data were interval scores on a test
containing items selected to reflect the eitent to which the pupils
attained instructional objectives for mathemstics topics and sube
topics which they were taught specifically. Details about the
nature of the test are presented below.

Description of the Test

Generally, the selection of items for thz wmathematics test was
limited to materials sampling the instructionsl objectives of the
mathematics curriculum for the fourth, fifth, and sixth grades.
Specifically, the test was designed to measure aclievcment of szlected
instructional objectives for subtopics within six topics: aumber,
operations, and assumptions; geometry; rclations: numeration; measuree
ment; and fractions. Each subtopic was represented by four test items.
The comnogition of tha gsct io portrayed in Table 2, is zable
contains the names of the topics and subtopics and the number of test
items relevent to each.

The framework of the mathematics curriculum to which the subjects
were exposed was the Georgis mathematics curriculum guide, Mathematics
Loxr Georgia Schools (Georgia Curriculum Guide Committez, 1962). This
guide was consideraed to be a task analysis of the curriculum used in
the Clorke Couaty School District. The guide comsists of topics,
subtepics, instructional objectiives, and specific teaching activities.
Developing the methematics test involved the following steps.

1. Reviewing in detail the curriculum guide, Mathemstics for
Geoxgia Schools.
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Table 2

Coaposition of Mathematice Test by
Topic, Subtopic, and Number of Items

Topic Subtopic Number of Items
Additicn &
Subtraction 4
Number, Cperations, Multiplication A
Assumptions Division 4
Laws and Generalizations b
20 Total
Definitions of geometric
terms . 4
Recognition of geometric
Geometry figures 4
Meagurement of geometric
figures &
12 Total
Equality 4
OCrder relations A
Reistions Maps, graphs, charis &
Functions 4
16 Total
Sets &
Other number bases 4
Numeration Reading, writing, using
numbers 4
Roman numerals 4
16 Total
Concepts of Measurement &
Conversion of units 4
P Operations without conversion &
Heas ot Operations with ecnversion b
16 Total
Concepts of fractions 4
Addition of fractiomns &
Froctions Subtraction of froctions &
Multiplication of fracticns b
Divisiocn of f£ractions 4
20 Total
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2, Selecting siz topics based on materials presented in the
curriculum guide, Desiguating several subtopics relevant
to cich topic. For these gopics snd eubtopics, furiher
s2lecting fnsteuctional objectives Zren the total mmber
of instructional cbjectives presented im the curriculum

guide ) 3
3. Kevicwing sppropriate standardized mathematics tests.
2
4. Choosing test materials to reflect the {nstructional objectives
selected for study. For instructional objectives which were
et repiesented by material in standardized tests, constructing
tect items, -
3. Presenting the seleited instructional objectives and the test .
materisls to judzen~ for evaluation of the ictems' szppropriate-
ness, relevance, etc. é
6. Making appropriate changes in the test materials on the basis .
ef recommendations by the judges.
Appendix B consists of the following materials germane to these
several stepa: the instructiunal objectives selected for study,
designations of the grade leveis &t which these instructional ihiecctives
spply, and the test items chosea to reflect the selected instruc “onal
cbjectives, These materials are organized by the tcpics and subtopics ;f

chosen for study.

Specifically, the mathematics test was counoszd of 100 items and
requirad 110 minutes to administer. Forty of the 100 items consisted
of selected items in Parts 1I and IV of the School and College Luility
Zegts, Form 5A (Educaticnal Teeting Service, 1957). Subjects were
adainisteres the published form of this test which contzins a total
of 53 items® ix Parts 7% and IV, The remaining 60 test items needed were
obtained from ths folluwing sources: Sequential Zests of Educational
Ezogtess, Foxms &A, 4B (Educational Testing Service, 1957), Contcwporary
Hathemntics Tests: Upper snd Lower Elementary Levels, Form A (Cali-
fornia lest Buresu, 1963), end 18 items constructed especially for the

lThese Jjudges respectively were specialists in mathematice, tests
aird measurenments, elemsniaxy education, and educational psychology

2 .

Only 40 of cthe 50 items were included in ¢he data analyses. Ten
igems wors not relevant o the instructional objectives chosem for
study.

LN
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present study. These 60 items were reproduced in mimeographed form
an”’ administexred as & supplementary tast. This supplementary test
ic in Appendix C. The cource end idemtification of each of ¢he 100
items selected for inclusion are presented in Appendix D,
Reliability of the Mathematics
Topic and Subtopic Scores

The relisbility coefficients for the mathematics topic and sub~
topic scores were calculated by the split-half method and corrected
by ¢he Spearmen-Brown Prophecy Formula., The data were the scores of
pupils at each grade level. The obtained rel?ability coefficients
are presented in Tabic 3. iInspecticn of this teble zevezls that,
in general, the reliabilities of the topic scores are sufficientliy
high to be considered satisfactory for research purposes with groups of
subjects (Thorndike, 1951). However, it should be noted that the
reliabilities for several of the subtopic scores are somewhat low.

The lower reliabilities of the subtcpics gemerally were considerad
to be primarily a function of the restricted mumber of items within
the subtopics; i.é., there were only four items within each subtopic.
This restriction was dictated, to a large extent, by the practicsl
exigencies of the xesearch situation in the schools where a limited .
amount of testing time was available. Even though some of the subtepic z
score. were characterized by relatively low reliabilities, they were
considered sufficientiy high, for the purposes of the prefent study,
to yield some preliminary infoxmation., However, to obtain more
generalizable results, the present study would meed to be replicated
using subtopic tests of greater length and higher reliability.

General Procedures

Major steps involved in data collectios imcluded the sctivities
listed belowe Classes of pupils were selected and pupils eligible
to be subjects were identified. Prior to the test administration,

& detailed testing schedule was formulated with the cocperatiem of
appropriate school persoanel, The testing session was scheduled so i
that all selocted classes were alministered the tests at approximately

the same time on May 8, 1964, Mcotings weze held with teachers and h;
principals in order ¢o oriemt them to the profect and to provide them

with materials and information regarding test schedules and testing
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Reliability Coefficients for the Mathewmatics Topic end Subtepic Scores”
‘_ Humber Grade Levals
= Variuble ook | crade 4 Grade 5 | Grade 6
g HR=249] N=267] N =259
- I T — o A S S = S R TS T TR el eSSl
Y1
; Addition 4 <459 0276 .387
. g Y2
Subtraction & 466 445 49,
L g o | Y3
- 5 § | Multipiication 4 591 477 .622
. & i
5 S8 [T
. §§ Division - 4 396 467 J465
.' : Ly 2 YS
3 b Lavs and
-a Generalizations 4 <605 «510 264 )
% 176 o
Total Topic 20 .10 <655 o751
;. Y7 T
i : Definition of .
o Geometric Terms 4 <150 088 <097
Y8 y
. &> |Recognition of
; & | Geometric Figures & 429 465 o708
| 8 5
r N o Y9 o
P ] © | Megsurement of
& Geazetric Figures 4 - 633 622 ax
2 Yio
Total Topie 12 o521 653 oLl ]
Y11 ) &
Bquality & -53% <503 354
w (Y12 )
5 |order Relationchips 4 o354 A1 553
@ 1713 ~
P
2 1Maga, Graphs,
and Charts & 0313 «336 - 303
Yi4
 Feacelons b » 140 %67 «3562
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Table 3 (Cortinued)

Veriable

Bwzber _ Brade Levels
Grade 5
MNw269| H=267 | N= 259

of

Ttems Grade &

Grade 6

- - , 3 = Fxr AR T o

Numeratciomn

Megurement

Setsg

16 563

+232

.182

0164
otk Tedpesswde Fepgediy ) in

.153

Y17
Other Number
Bases

.695

577

Y18
Reading, Writing,
Using Numbers

4 .326

480

Y19
Roman Numerals

4 .54C

.608

Y20

| Total Topic

15 2124

o 764

Y21
Concepts of
Mezsurement

810

&

426

488

Y22
Converasien of Units

4 «391

ey

612

Y23
Jperations ~-- Ho
Corvazrsion

& 672

. 704

679

Y24
Opexaticns -- With
Conversica

&
[ ]

w
w
et

o361

o
L+ g}

-830

Frastions

Y26
Concepts of
Fractions

& 473

581

Y27
Addition of
Fractions

& 080

<349

v28
Subtraction of
Fractions

& «328

503

Y25

LY S W R PN

Al e
ﬂul.l‘.l.pll Lalis Vi

Fractions

L1 I

765

‘A
-
T
«
i
!
)
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Table 3 (Continues)

Kumbay Grede Levale
Varisble of
Tters Grede 4 | Grade 5 _ Grade 6 |
Rw 240 | N= 267 [H=25 ° '
~1 %36 e —
g § Division of '
7 8] Fractions 4 ann L) 0299
O &} o= e
s g Y31 : :
& S} Total Topic 20 .589 745 700
L, . =l Y = A i o =

SThe subtopics Measurement of peometric figures. Multiplication of
fractions, and Division of fractions in Grade 4, and the subtopics
Multiplication of fractions and Divisicn of fractions at grade 5
are omitted here becausc chey were nof taught at these grade levels,
respactively, The scczes for these subtopics were not susmed for

the corresponding total topic scores,
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precedures, Each teacher way provided with an administrator's notebook

which fncluded a test booklet and a complete set of sest directions.
Following the orientation sessions, conferences ware arranged for

individual teachers who wished 2dJ!tional assistance in preparing for
the test siuinistration,

Test materials for Pupils were delivered to the schools imediately
prior to the test sduinistration session and collected from the echools
imnediately following the test administration session, Tests taken

by pupils identified as not having met the subject selection criteria

were eliminated. The project's research staff did the test scoring
and other work regvired for preparing

computers,

the dats for the electronic
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CHAPTER III
THE VERTICAL SEQUENCES

Research Objective and Procedures for Analyses

The first objective for the study was this: to identify, at grade
levels 4, 5, and 6, vertical sequences among subtopics within several
mathematics topics on the basis of the criterion, level of complexity
of the subtopics. Essentially, this objective involved using simplex
analyses to examine the structure of intercor-elations among pupils'
mathematics subtopic scores: that is, the investigators' task was
to determine whether the simplex model fits sets of data ordered a
priori on the basis of relative complexity.

The criterion for complexity was degree of inclusiveness. In the
context of the present study, degree of inclusiveness refers to the
extent that any one subtopic within a set of subtopics involves activi-
ties characteristic of other subtopics in that set plus additional
activities. For example, a set of activities which varies in inclusive-
ness in terms of this type of accretion can be described in this way:
subtopic #1 consists of activity a; subtopic #2 consists of activity a,
and, in addition, activity b; subtopic #3 consists of activity a, activity
b, and, in addition, activity ¢; and so on.

The £irst step in the analyses was to obtain the intercorrelat_io:n1
matric zor the set of subtopics encompassed by each one of the six topics:
assumptions; geometry; relations; numeration; measurement; and fractionms.
Examining the uiructure of these intercorrelations involved three more
steps: ordering the subtopics; detemmining the relative complexity of
each subtopic; an& assessing the goodness of fit of the simplex model
to the empirical data.

The procedure for ordering the subtopics within an intercorrelation
matrix followed Guttman's (105k, 1065) approach. That is, the subtopics
were ordered a priori using two kinde of evidence: results of a rational
analysis of the relative degrees of inclusiveness of the subtopics in-

1
“The statistic used here was the Pearson prodiuct moment correlsai:on
coefficient.
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voived; and any previously obtained data about the oxrder among the sub-
topics in question.

The relative complexity of the subtopics in a set was determined by
calculating the simplex ioadirgs (A.J and aj) for the subtopic. Prove-
dures presented by Kaiser (1962) were used to obtein these scale values.

Raiser's (1962) procedures alsc were used to assess the goodness
of fit of the simplex model tc the data. These procedures involved two
facets: comparing the observed and the reproduced tjk and Rjk matrices;
calculating the index q2 = the ratio of the sum of squares accounted
for by the model to the total sum of squares -~ which, according to
Kaiser (1962, p. 159) "(measuves) the quality of the £it".

In the subsequent presentation of results, separate sections are
devoted to each one of the gix topica. Each section is organized by the
following outiinz: description of the subtopics; specification of thc
expected order among subtopicc and the rationale for this expectation;
citation of the evidence -+ the observed rjk’nntrix, the observed Rjk
matrix with eccompanyisg A,, a,, and G2 values, the reproduced Ry
matrix, and the yeproduced rjk'untrix; sumnary comment regarding the
simplex ioadirgs and the goodness of fit of the simplex model to the
data; and statement of conclusions.

Resulto:
Numbex, Opeciations, and Assumptions

Number, operations, and assumptions included five subtopics:
addition,‘oubtraction. multiplication, division, and laws and generaliza-
tions. The instructional cbjectives and test items for thuse subtopics
are on page A-11 through page A-15 of Appendix B, Mathematics activi-
ties involved are summarized below.

1. Addition

Adding, with regrouping, two or more addends, with the addends
in each problem consisting of two or more digits.

2. Subtraction
Subtracting two, three, and four place numbers with regrouping.

3. Multiplicstion

Multipiying,; with regrouping, using two and three place multi-
pliers, including geros.
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4, Division

Dividing by one evd two place numbers with and without remainders
and including regiouping.

5. Laws and Generalizations

Demonstrating uaderstanding of properties of 1 and 0, addition
and subtraction as inverse processes, and the commutative and
assoclative laws.

The following simplical arrangehént was expected among the subtopics:
addition, subtraction, muitiplicati&n, division, and laws and generali-
zations. The rationale for this expectation is presented below.

Multiplication involving multipliers of tucw or more places requires
not only multiplication per se but also addition and the associated re-
grouping process. Therefore, multiplication is wore inclusive than
addition alone,

Division fnvolving divisors of more thsn two places and remainders
necessitates both multiplication and subtraction with the associated
regrouping processes as well as division, per se. Consequently, division
is more inclusive than either subtraction or multiplication.

The inclusiveness criterion per se does not suggest a relation-
ship between division and addition, betwecn multiplication and subtrac-
tion, and between addition and subtraction. However, previous evidence
presented by Guttman (1954) and Kesiser (1962) revealed the following
order in the data they analyzed: from least compiex to most complex --
addition, subtraction, multiplication, and divisioa.

The laws and generalizations subtopic requires a knowledge of the
four fundamental operations. In addition, this subtopic involves know-
ledge of specific concepts (e.g., the concept of zero). As a resuit,
laws and generalization exceeds the remaining subtopics in inclusive-
ness,

As stated above, the simplical order emong the subtopics within
the nunber, cperations, and assumptions topic was expected to be addi-
tion, subtraction, multiplication, division, and laws and generaliza-
tion. Tables 4 through 15 include evidence relevant to this expecta-

tion. In the expected hierarchy of subtopics, the simplex loadings,
Aj and aj, for the several variables become progressively larger; this
ic 80 at each grade level -- 4, 5, and 6 (Tables 5, 9, and 13). For

each respective grade level, thc observed and reproduced rjk metrices
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and the observed and reproduced R 1k matrices are reasonsbly similer
(Tables 4, 7, 5, 6; Tables 8, 11, 9, 10; and Tables 12, 15, 13, 14).
The index q2 is .89 for grade b, .92 for grade 5, and ,866 for
grade 6 (Tables 5, 9, 13).

Thiv evidence confirms %l2 expectancy. At the fourth, fifth,
and ¢ixth yrade levels, the simplex model fits the data rieflecting the
interxala‘.ions smong the sublopics within the number, opurations, and
assumdtirms topic, The vertical sequence from least to most complex
is the following: addition, subtraction, multiplication, division,
and lave and generalizations.




|

23

Teble &4

Greds & == Number, Opetations, and Assumptions:
Matrix of Obscrved r Y Subtopics in the Bxpactcd Oxder

..o .

Subtopics S | 2 3 5
1) Addition 1.000 233 106 131 135
3) Maltiplication . 106 +490 1.000 477 323
4) Division .131 «298 477 1.000 189
5) Laws and Generalizativns .135  -.403 .323 .189 ~ 1.000
Table 5
Grade 4 -= Number, Operations, and..usumt.iom:
Matrixz of Observed Rjk and the Aj, &,, and q2 Values
Sub-
topics 1 2 3 4 5 Rj A 3 ‘j
1) 0000 «.6326 =,9747 =.8827 <-.8697 |-3.3597 -.6719 .2129
2) 6326 ,0000 =.3098 «.5258 «.3947 |- .5977 -.1195 <7595
3) 9747 .3098 .0000 =.3215 ~.4908 4722 094 1.2429
5) «8697 .3947 4908  .7235 0000 | 2.4787 4957 3.1314
ol 2 2
Laj = 19,0248 mjk = 21,4085 q = .889
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Table 6

Srade & == Number, Opetés:iccw. snd Asgumptions:

| -Yotciz of (Aj - és.‘), the Rep:otdm:ed R‘jk ,
%btopics - Ty 2 3 & 5
1) Addicion 0000° ©.5526 -.7663 ~.873% =1.167
2) Subtraction 5536 L0000 ~-.2139 ~.3208 =.6152
3} Msltiplication 7663 L2139 .0000 =.1069 =.4813
4) Division © gm2 L2208 1689 .0000  -.294%

5) Laws and Generalications  5.1676  .5152  .4013  .2944 .0000

e, -

Faervf

Table 7

Grace & == Bumber, Opevations, ané Assumptions:
Matzriz of (a Ia~k , the Regproduced ¢ ®

Subtapics B O L 4 o3
1) addtion. .. 1.0000  .2803 _ .1713  .133%  .0680
2) Subtrsctioa ' 9893 .8000 6111 L4778 2425
3) Haltiplicstion 1733 L6313 L0002 L7819 .3969
4) Bivisten - 1339 .47718 : .781%  .00CD L5075

$) Laws and Genceaiisations 0680  .2325 0 3989 L3076  .OOCO




4} Division .133 .335  .503  1.000  .239
5) Laws and Ceneralizations .111  .285 .354 239 1.000

Table 9

Grade 5 == Number, Operations, and Assumptions:

Matrix of Olmetved_l:!.‘,‘k and the Aj’ a5 and q2 Values

Sube
topics 1 2 3 [ 5 Rj Aj aj

1) .0000 <-.6038 ~-.0l%6 -.8761 =.9547] =-3.0672 -.6134 .2436
2) .6038  .0000 =,3382 -.4750 =.5452] - .7546 <-.1309 .7065
3) .6326  .3382 .0000 -.2984 <-.4510) .2214 .0443 1.1074
&) 8761 4730 ,2084 0000 -,6216

=

0279

5) <9547 .3452 4510 .6216 ,00G60} 2.5725 .5145 3.2700

5R> = 17.7005 IR

o 18.7991 ¢® = .92

25
Teble 8
Grade 5 -- Number, Operations, and Assumptions:
Matrix of Ob:eryed_rjk, Subtopics in the Exzpected Order
' Zubtopica 1 2 - 3 4 5
1) Addition 1.000 <249 233 .133 111
2) Sibtraction 249 1.000 459 .335 .285
3) Multiplication .233 459 1.000 503 354
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Table 10

Grade 5 -- Mumber, Operations, snd Assumptions:
Matrix of'(‘A1 = A), the Reproduced Rjk

Subtoptcs 1 2 3 4 5
1) Addirion 0000 ~-.4625 --.6577 ~-.8190 -1.1279
2) Subtraction 4625  .0000 ~.1952 ~-.3565 = .6654
3) Multiplication 4625 .1952 .0000 ~-.1613 - .4702
&) " Division .6577 ,3565 .1613 .0000 - .3089

S) Laws and Generaiizations 8190 .6654 4702 .3089 .0000

—

Table 11

Grade 5 -- Number, Operstions, and Assumptiouns:
Matrix of (aj/ak), the Reproduced r

jk

1) Adaition 0000  .3448  .2200  .1517  .0745
2) Subtraction 3448  .0000  .6380  .4400  .2161
3y Multiplication .2200  .6380  .0000  .6897  .3387
4) Division 1517  .4400  .5897  .0000  .4910

5) Laws and Generalizations 0748 2161 .3387 4910 0000

- et e~ e e o —
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Teble 12

Grade 6 == Number, Opecations, and Assumdtions:
Matrix of Odserved v 3K Subtopics in the Expected Order

Subtopics 1 2 3 & 5
1) Addition 1,000 .152 .132 <246 .157
2) Subtraction 152 1,000 ,b16 <246 210
3) Multiplication .139 416 1,000 422 .338
4) Division .246 346 422 1.600 .1¢6

5) Laws and Generalizationms .157 210 338 196 1.000

- v

Table 13

Grads 6 ~- Rumber, Operations, and Assumptions:

Maceix of Cbserved Rjk and the A, o5 and g2 Valuss

Sub~
topics A 2 3 4 3 gj Aj 2

1) .om .08182 °°8570 ".50§1 “'08043. °3o@3&.} .061?? .2412

2) 8182 0000 ~.3808 =.4609 =,6778 |~ 7015 =.1403 .7240
3) 8570 <3809 0000 ~,3747 =.471% .3921 0734 1.1978
&) «505% 4602 3747 JCR00 =, 7066 J7S8Y 1476 1,404B
5) +80&LL 6776 6711 7065 ,0000; 2.659% .5319 3.4031

582 = 17,8022 AITRC

3 1k

=

= 20,5001 a® = 868
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Table 14

Grade 6 == Number, Opsrsticsns, and Assumptions:
Batriz of (Aj - Ak), the Reproduced B

§%
A — L yereac) ‘ : —— g - = —= — ‘
Subtopics i A 3 4 5
1) Additien- B600 -.477%  ~-.6961 -.7653 ~1.146§
2) Subtraction 4774 G000 -,2187 ~-.2879 -~ .6722
3) Muitiplication .6961 .2187 0000 ~-.0692 -~ .4535
4y Division .7653 .2879 .0692 0000 -~ ,3843

5) Lawz 20d Generalizatione 1.1496 .6722 4535 3843 0000

Table 15

Grade 6 -~ Nurber, Operations, and Asscmptiong:
Matrix of (aj/ak), the Beproduced tjk

£ b

Subtopics 1 2 3 4 5
1} Additien 0550 .3331 2014 1717 .0708
2} Bubtraction ~3331 0800 L8044 »3154 .2127
3) Heieipifcation 2014 6084 5000 8529 -3520
4) Yivision 1717 S5i%4 -8526 .G000 4128

3 Laws 2nd Goneralizations G708 23127 3520 43128 0000

e °
"
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Secaetry

teszetry consicted of three sublopics: deftnitions ~f geometric
teres, recognition of geomotric figures, &ud easurement of geometric
figures., The iostructional objectivez end test items for these sub-
toples are presented im Appendin B oa pege A16 through page AlS.
Mathematics gctivicieai sampled ere susmarized below.

1. ' Definitions of Gezmetric Termo

Defining terms referring to perallel lines and angles,
circles, and sets of points,

2. Recognition of Geowsetric Figures

Recognizing &nd naming two dimensional (plame) figures and
three dimensional (so01id) figures. :
3. DMeasurement of Geometric Figures

Fianding the perimeter and area of various polygens and the
volume of various polyhedrons.

Among the subtopics, the following simplical errangement was
expected: definitions of geometric texms, recognition of gecuetric
figures, and measurement of geocmetric figures. The retionale for this
expectatior i3 presented below.

Definitions of geometric terms is the lesst inclusive of the three
subtopics. 1Involved in this subtopic is knowledge of iabels used to
refer to geometry content.

Recognition of geometric figures imvolves knowledge of geometry
terminology. Required in addition are knowledge of the charscteristics
of a variety of geometric figures amd the ability to distinguish among
figures which have & number of similar Zestuzes.

Heasurement of geometric figures requires knowledge of geometry
terminology and facility in recognizing geometric figures. In eddition
measurement of geometric figures neccssitates other kinds of knowledge:
kncwledge about which operations are required to compute the various
measuves (e.g., area), facility in performing the required operations

1The fourth grade instructional program did not include some of the
listed mathematics acetivities. Consequently, the material presented im
this section pertains primarily to the f£ifth and sixth grade levels.
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(e.8., multiplication), and knowledge about messurement concepts,
terms, and conventions (g.g., width, cu, in,). _

In sum, the expected simplical arrangement among the geometry
subtopics was the following: ~definitions of geometric terus, recog-
nition of geometric figures » and measurement of geometric figures.
Tzbles 16 through 23 consis: of information pertinent to this expecta-
tion. In the expecied kierarchy of subtopics, the simplex loadings,

A 5 and a 3 for the several variables become progressively larger; this
i3 so at each grade level -- 5 and 6 (Tables 17, 21). For each
respective grade level, the observed and reproduced Tog msatrices and
the observed and reproduced Rjk matrices are gersrally similar (Tables
16, 19, 17, 18; Tables 20, 23, 21, 22), The fudex &2 is .S20 fer grade
> and .953 for grade € (Tables 17, 21).

This evidence confirms the expecconcy. At the fi{th and sixth
grace levels, the simplix model f£its the data reflecting the fnter-
relations among the subtopics within the geometry topic. The vertical
saquence from least to most complex is the following: definitions of
geometric terms, recognition of geometric figures, and measurement of
geometric figures,




Table 17

Grade 5 == Geometry:

Matrix of Observed Rjk and the Aj, a,, and qz Values

Subtcpics 1 2 3 R a

A

3 J
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Table 16
Grade 5 ~= Geometry:
_ Matrix cf Observed r e Subtopics in the Expected Order
Subtopics 1 2 3

1) Definitions of Geometric Terms 1.00G 334 «299

2) Recognition of Geometric Figures . .32 1.000 <346
_ 3) Measurement of Geometric Figures 295 «346 1.000

o
\ur

+ 3243 -4609 -0000 -9852 -3284  2.1300

3

1) 0000 -.4763 =-,5243 ( ~1,0006 -, 3335 4640
)] 4763 .0000  ~,4609 0154 .0051- - 1.0119
i

.




32

!
i
Table 18 ;
1

Grade 5 -- Geometry:
Matrix of (A.j - Ak), the Reproduced Rjk

Subtopice 1 2 3 E
1) Definitfons of Geometric Terms | 0000  -~.3386  =.6619 |
' )
’7‘ 2) Recognition of Geometric Figures .3386 0000  -,3233 E
3) Measurement of Geometric Figures .6619 3233 0000 |

. Table 19

Grade 5 -= Geomctry: |
Matrix o§ (ajlak), tb2 Reproduced rjk !

: i

Subtopics ] _ T 2 3 :

1) Defini-ions of Geometric Terxms .0000 4585 <2178 f
2) Recognition of GCeometric Figures 4585  ,0000 4751 )
3) Measurement of Geometric Figures .2178 4751 .0000 :

o e E— e oY =
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Table 20 |
- Grade 6 == Cocmetry:

Matrix of Observed .tjk’ Subtopics in the Bxpected Order :
Subtopics |
| 1) Definitions of Geowetric Terms 1,000 +362 2296 .

‘_ . 2) Recognition of Geometric Pigures 362 1,000 414
‘ 3) Measurement of G.eometz::lc rigﬁres 296 AT 1.000 )

‘ Table 21
i “ Grade 6 == Geometry:
: . Matrix of Observed Rjk and the Aj, aj, and qz Values : \“
! Subtopics 1 2 | A ;
| mies 3 % 3 % =
f 1) 0000 <4413  -,5287 | «.9700  «.3233 4750 |
| 2) 4413 ,0000 -.3805 | 0583  .0194 1,0457
3) .5287  ,3830  .0000 | .9117 .3039  2.0132
f— 2 2 2 :
l : IR = 1.7755 nISRy = 1.8629 g = .953
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Tzble 22

Grode 6 -« Geometry:
Matrix of (A.j - Ak), the Reproduced R}k

Subtopice . - : .1 2
1) Definitions of Geometric Terms , .0000 -.3427
2) Recognition of Geometric Figures .3427 .0000
3) Measurement of Geometric Figures .6272. «2845

Table 23
Grade 6 == Geometry:
Matrix of Fajlak), the Reproduced rjk

Subtnpics | ‘ 1 2
1) Definitions of Geometric Terms .0009 ".4542
2) Recognition of Geometric Figures 4542 .0000
3) Measurement of Geometric Figures «2359 5194

J
3 ‘

-.6272 |
-,2845
.0000

3

.2359
.5194
_.0000
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Relations

FPour topics are subsumed under relations: namely, equality;
ovder relations; maps, graphs, and charts; end functions, Appendix
B (pages Al9 through A23) contains the instructionsl objectives and
test items. HMathematics activities sampled are summsrized below.

1. Equality

Demonstrating kmowledge of symbols for and understanding
of concepts of equivalence and equality relations among
numberg, series of numbers, and sizes.

2. Order Relations

Demonstrating understandisg of crder relations imvolving
direction and distance concepts, abstractly and concretely

expraessed time concepts illustrated with number iines, and
place value imvolving whole numbers and decimal fractions.

3. Maps, Graohs, Charts
Reading and interpreting simple bar graphs.
i, Functions

Using concepts of ratio and proportion in solving problems
related to quantity, distance, money, and time.

The following simplical arrangement was expected among the sub-
topics: maps, graphs, and charts; equality; functions; and order
relations, The rationale for this expectation is presented below,

The maps, graphs, and charts subtopic involves demonstrating
understanding of equivalence and equality relations by interprecing
relations portrayed on a simple bar graph. This subtopic would seem
to be the least complex of the four subtopics.

Equality also requires understanding of concepts of equivalence
and equality. 1In addition, this subtopic necessitates recognizing
sytbols for equality and equivalence relations as well as applying
the equivalence and equality concepts in answering questions involving
both measurements and numbers.

Functicns parallels the preceding two subtopics in requiring under-
standing of the equivalence and equality concepts. In addition, activi-
ties in the functions subtopic necessitate applying the ratio and pro-
portion facets of the equality and equivalence concepts to a variety of

measurements.

S \ 1

it
A
i
{
i
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Drder relatione is the most complex of all. This subtopic in-
cludes not only the basic equivalence and equality relations, but also
use of the number line, reasoning with abstractly and concrotely pre-
sented material, and knowledge of place value fn relation to whole
nunbers snd decimal fractionﬁ. '

To recapitulate, the expected simplicél arrargement of the reletions
subtopics was the followinz: maps, graephs, &nd charts; equality; functions;
and order relations. Tables 24 through 35 contain evidence related to
this expectation. In the expected hierarchy of subtopics, the simplex
loadings, Aj and aj, for the several variables become progressively
larger; this is so at each grade level =~ 4, 5, and 6 (Tables 25,

29, 33). Por each respective grade level, the observed end reproduced
rjk matrices and the observed and reproduced Rﬁk matrices are quite
similar (Tables 2L, 27, 25, 26; Tables 28, 31, 29, 30; Tables 32, 35,
33, 34). The index ¢2 is .919 for grade 4, .896 for grade 5, and

834 for grade 6 (Tables 25, 29, 33).

This evideuce confirms the expectancy. At the fourth, fifth, and
sixth grade levels, the simplex mo. 1 fits the data reflecting the
interrelations among the subtopics within the relations topic. The
vertical sequence from least to most complex is the following: maps,
graphs, and charts; equality; functions; and order relations.
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Tabie 24

Grade 4 = Relations:
Matrix of Cbserved r Subtopics in the Expected Crder

jk?
Subtopics 1 2 3 L&
1% Maps, Graphg, awd Charts 1,000 .365 «297 .128
2) Equality .365  1.000 230 285
3) Punctions .297 .239 - 1.060 . 276
4) Ovder Relatioms .128 ,285 276 1.000

Table 25

Grade 4 -~ Relations:

Mctrix of Observed Rjk and the Aj’ aj, znd q2 Values
Sub= 1 2 3 % R A, a
topics _ i 4 J
1) 0000 =,4377 =.5272 =,5928 | -1.8577 -.4644 3432
2) 4377 ,0000 -.6216 ~.5452 | - 7201 -.1823 .6572
3) 5272  .6216 .0000 =~-.5591 | 5897  .1474  1.4042
4) .8928  .5452 .5591  .0000 | 1.9971  .4993  3.1571
zn§ = 8,3188 “Zzng = 9,0513 ¢ = .919

Q . ST e e - - - = A e P R R AT T s Ayme T
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Teble 26 =
) Grade 4 == Relations:
Matriz of (Aj - Ak), the Reproduced Rjk .;
Subtopies ) B 2 3 &
g 1) Haps, Graphs, and Charts 0000 -~,2821 -,6118 -,9637
2) Equality .2821 .0000  -,3297  -.6816
3) Functions .6118 . 3297 .0000 -.3519
4) Order Relations 9137 08106 . 3519 .0000
Table 27 ' -
Grade 4 ==~ Relations: ‘
Matrix of (a j,ak)’ the Reproduced tjk
Subtopics . 1 2 3 4

1) Maps, Graphs, and Charts .0000 <5222 <2444 . 1087
2) Equality . 5222 .0000 4680 2082 *

3) Punctions ' L2644 4680 .0U00 4448

4} Order Relations . 1087 .2082 4448 .0000

s
= .
g ;
t _ I — S, ] o e .
Q
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Zzble 26

Grade 5 =~ Relations:

Hagteix of Cvszrved ¢ T Subtopics in the Ezpected Qrler

Subtopics 1 2 3 4

-

1) Maps, Graphs, and Charts 1,000 .338 .297 .256
2) Equality .338 1,000 .278 .318

3) Fupctions «297 .278 1.000 451
4) Order Relations 0256 .316 451 1.000

Table 29

2

Matrix of Observed Rjk and the A, a,, and q° Valuse

373

Sube~ 1 2 3 4 R A a

topics J k| h

1) 0000 =.4711 =,5272 =,5018 | -1.5901 ~.3975  .4004
2) ATIL L0000 ~,5560 4976 | - .5825 «.1456 L7152
3) .5272 5560 ,0000 ~,3458 | .73%  .1843  1.5286
4) 5918 ,4976  ,3458 0000 | 1.4352  .3588  2.2847

Ry = 5.4713 nEIRy, = 6.1057 ot = .896
. o

.
[§ P T e ————— e = S e e -

i
Grade 5 o~ Relations: ‘ I
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Table 30

Grede 5 == Relations:

Matrix of (Aj - Ak)’ tke Reproduced Rjk

Subtopics 1 "2 3 4
2) Bqu&lity 02519 .QOOO -03299 '2’95-044
3) Functions .5813 «3299 0000 -, 1745
4) Order Relations .7563 5065 L1745  .0G00
Table 31

Grade 5 ~= Relations:
Matrix of (aj/ak), the Reprnduced Tk

Subtcpice 1 2 3 4
1) Maps, Graphs, and Charts .0000 .5598 .2619 .1753
2) Equality .5598 .0000 -4679 .3130
3) Fuenciions .2619 4679 -0000 .6691

4) Order Relations . 1753 «3130 .6691 .0000
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Teble 32
Grade 6 -~ Relations:

Matrix of Observed r K Subtopics in the Expected Oxder

3

Subtapics 1 2 3 4
1) Msps, Grsphs, and Charts 1.000 .260 302 - 321
2) Equality | 260 1.009 319 433
3) Punctions «302 .319 1,000 443
4) Order Relations 2321 | 433 A4k3 1,000
Table 33
Crade 6 -- Relations: 2
Matrix of Observed Rjk and the A,, a,, and q~ Values
Sub= 1 2 3 & R A ;4
topics 3 3 J
1) 0000 «,5850 ~,5200 ~=.4935 | -1,598% =,3996 «3935
2) 5830 0000 ~.4962 «,3635 | = ,2747 ~,0687 8537
3) 3200 4962 .0000 =,3536 6626 1657 - 1.40645
4) 4935 L3635 .3536 ,0000 1.2106 03027  2.0077
m§ = 4,5353 mﬁk = 5.4382 & = 8%

\\ '
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Table 34

Grade 6 -- Relaticns:

Matrix of (Aj - Ak)’ the Reprcduced Rjg

Subtopice i 2 3 &
1) Maps, Graphz, and Charts .0000 -.3309 «.5653 -,7023
2) Equality «3309 .0000 -, 2344 -.3714
3) Functions . 5653 . 2344 .0000 -,1370
4) Order Relations .7023 3714 .1370 .0000

Table 35
Grade 6 -- Belations:
Matrix of (aj/ak), the Reproduced tgk

Subtopics 1 2 3 4
1) aps, Graphs, aand Charts 0000 4668 2721 . 1985
2) Equality 4668 . .0000 «5829 4252
3) Functions .2721 <5829 .0000 7294
4) <729 0000

Order Rclations » 1985 4252
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Bumerstion

Rumeration wag composed of four subtopics: sets; other numerae
tion bases; reading, writing, and using vhole ruabers and decimsis;
end Roman mumorals, The instructisnal objectives and test items for
these subtopics appear in Appendix B on pages A2k through A2T. Summa-
rized_below are mathenatics activities sampled.

1. Sets

Demonstrating an undexstanding of the concept of sets and
knowiedge of set terminology, distinguishing among kinds of
sets, and demonstrating an understunding of the set opera~
tions -~ union and intersection.

2. Other Rumeration Bages

Comparing base five and base ten, counting beyond the square
of the base, and using sther numeration bases than base ten,

3. Reading, Writing, end Using Whole Numbers and Decimals

Denonstrating underatanding of place value by reading,

writing, and using whole numbers and decimals involving
multiple places,

4, Roman Numerals

Reading and writing Roman numerals corresponding to Arabic
numerals through 80,

Among the subtopics, the following simplical arrapgement was
©xpected: Roman numerals; reading, writing, and using whole nuwbers
and decimals; other numeration bases; and sets. The rationale for
this expectation is presented below,

Tﬁe activities invoived in Roman numerals primarily require
knowledge of the correspondence of the symhols in the Roman and
Arebic numeration Systems; also, activities used herein necegsi-
tated knovledge of addition facts to 20,

Reading, writing, anc “sing whole numbers and decimals is mere
inclusive, This subtopic requives knowledge of Arabic numeration
symbols for wtole numbers and retional nunbers, Also, the subtopic
recessitates understanding of and ability to apply the concept of
place value in the base ten,

Other numeration bases becomes more complex., This subtopic invclves
knowledge of Arabic numeretion symbols, understanding of the concept of

M an e e e e - - - - e e o e it S R T o S I
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numeration bases as well as specifics of several numexation Bases,

understanding of the concept of place vaiue ger se, and knowledge

of specifice of place value in relatfon to several numeration beses
other than base ten.

Sets §8 even more inclusive, Not only does sets require knoue
ledge of terminology and concepts related to such topics as Arabic
nureration symbols and knowledge of relations such as equality,
equivalence, and redurdanmcy; but also cets involves knowledge of set
tersinology as well as understanding of and ability to use concepts
and operations related to sets as a more general organizationsl system
applicable to any numerical or other domain.

As stated above, the following simplical arrangement among the
numerstion subtopics was expected: Roman numerals; reading, writing,
and using whole rumbers and decimals; other numerstion bases; and
sets., Tables 36 through 47 are compesed of information pertaining
to this expectation. In the expected hierarchy of subtopics, the
simplex loadings, Aj and aj, for the aeve;al variabies become pro-
gressively larger; this 18 so at each grade level =~ 4, 5, and 6
(Tables 37, 41, 45). For each respective grade level, the abserved
and reproduced rjk matrices and the observed end reproduced Rjk
matrices are fairiy similsr (Tables 36, 39, 37, 38; Tables LO, 43, ul,
42; Tables L4, 47, 45, 46). The index o> is .909 for grade b, .86k
for grade 5, wnd .926 for grade 6 (Tables 37, 41, 45).

This evidence confirms the expectancy, At the fourth, fifeh,
and sixth grade levels, the simplex model fits the date reflecting
the interrelations among the subtopics within the numeration topic.
The vertical sequence from least to most complex is the following:
Komen numerals; reading, writing, and using witole numbers and
decimals; other numeration bases; and sets,
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Table 36

Grade 4 «= Numeration:
Matrix of Observed r T Subtopics in the Expected Ozder

Subtopics 1 2 3 4
1) Roman Numerals 1.000 432 279 259
2) Reading, Writing, and Using
Whole Numbers and Decimals -432 1.000 -338 426
3) Gthgr Numoration Bases 279 «338 1,000 406
4) Sets .259 426 406 1.000
Table 37
Grade 4 «~ Numeration: 9
Matrix of QObserved Rjk and the Aj’ aj, and q Values
Sube- i 2 3 4 R A a
tonics 3 ] J
1) 0000 -,.3645 -.5544 -.5867 | «1,5056 ~.3764 421
2) . 3645 0000 =.4711 -.3706 | - .4772 -.1193 . 760
3) « 3544 4711 ,0000 -,3915 .6340 .1585 1.144
4) « 5867 .3706  ,.3915 0000 1,248 .3372 1,217

m§ = 4.7158 nme?l = 5,1880 ¢® = .909

o e R o sttt e o S e e —— v
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Table 38
g Grade 4 =~ Numeration:
- Matrix of (.Aj - Ak) ’ thg Raproduced Rjk
Subiopics i 2 3 4
| 1) Roman Numerals : . «0000 < 02371 -.5349 -,7136
‘ 2) Reading, Writing, and Using .2571 .0000 -.2778 -.4565

Whole Numbers and Decimals

L 3) Other Numeration Bases 5349  ,2778  ,0000  ~-.1787
- 4) Sets 7136 L4565 .1787 L0000
Table 39
: Grade 4 ~~ Numeration:
1 Matrix of (a j,ak) s the Reproduced r ik
- .Subtopics ) 1 2 3 4
. 1) Roman Numerals 1.0000 «5539 .3680 .3459
; . .
- S
i 2) QReading, Writing, and Using
‘- whole Numbere aad Decimals .5539  1,0000 .6643 .6248
3) Other Numeration Bases .3680 6643  1.0000 .9400
4) Sets 3459 .6248 .9400  1.0000
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Table 40

Grade 5 -~ Numeration:
- Matrixz of Cbserved Ty Subtopics in the Expected Order

Subtopicsa 1 2 3 4
’ 1) Roman Numerals 1.000 410 486 .280
| 2) Reading, Writing, and Using
il Whole Numbevs and Decimals 410 1.000 350 -263
; 3) Other Numeracion Bases 486 -390 1.000 »2?2
4) Sets 280 .263 222 1.000

Table 41-

Grade 5 =« Numeration: 2
Matrix of Observed R.jk and the A}’ a,, and q° Values

Sub~ ' :

topics 1 2 3 4 Ry A.j 8y
1) «0000 «.5372 «.3134 «,5528 | =1,2534 . -.3133 4861
2) <3872  ,0000 -.4089 -.5800 - 6017 = 1504 o 073
4) «5528 .5800 .6536 .0000 1.7864 4466 2.7963

mf: = 5,1290 nZZR?k = 5.9381 q% = .864
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Table 42

Crade 5 ~~ Numeration:

pu— 18 4 - ) }
- Matriz of (43 6k” the Seproduced Rjk

Subtopics . 1 2 - 3 4
1) Roman Numerals . . .0000 -.1629 =,3305 . «,7599
2) Reading, Writing, and Using . -
Whole ﬁumbers aﬁd Decimals . 1629 .0000 1676 ‘.5970
3) Other Numeration Bases <3365 . 1679 .0C00 =, 4294
4) Sets ‘ <2599 5970 - 4294 .0000
Table 45

Grade 5 == Numeration:

Matrix of (ajlak), the Reproduced rjk

Subtopics 1 .2 3 4
1) Roman Numerals .6000 6873 4672 .1738
2) Reading, Writing, and Using | q '
Whole &umbers and Decimals .6873 .0000 .6798 .2529
J) Other Numeratiorn Bases 45672 €798 .0000 3721
4) Sets .1738 +2529 .3721 .0000

| A YRS e o b
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Table 44

Grade 6 -= Numeration:

Matrix of Cbsexved tjk’ Subtopics in the Expected Order

-

Subtopics 1 2 3 4
1) Roman Numerals 1.000 422 .305 , 185
2) Reading, Writing, and Using ag
3) Other Numeration Bases 0305 «335 1,000 .193
&) Sets : .185 18,193 1.600
Table 45
Grade 6 «~ Numeration: 2
Matrix of Observed Rjk and the Aj’ aj, and q° Valuas
Subdb=
topics 1 2 3 4 Rj A3 %3
1) 00000 e 37‘}7 ®e 5157 ® 7328 - 10 6232 b 04058 . 3928
2) 3747 .0000 -.4750 -,9281 | -1.0284 ~.2571 5533
3) 5157 .4750 ,0000 . 1144 .2763 .0691 1.1724
4) .7328 .9281 .7144 .0000 2.3753 5930 - 3.9245
2 . 2 2
2R, = 9,4108 niZR,, = 10,1628 q = ,926

k| ik
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Table 48

Grade 6 -+ Numeration:

e e i M i+ +

Matrix qt (Aj - Qk), the Reproduced Rjk
’ 2
Subtopics R | 2 3 4
1) Rm Nmtals ) 00000 " 1487 . .04749 > "09996
2) Reading, Writing, and Using . .
Whole ﬁumbers a;d Decimals -1487 -0000 -3262 -£509
3) Other Numeration Bases 4749 « 3262 .0000 -.5247
4) Sets +9996 .8509 « 5247 .0000
Table 47
Grade 6 == Numaration:
Matrix of (aj/ak), the Reproduced Tk
Subtopics .1 2 3 4
1) Roman Numerals .0000  .7099 <3350 1001
2) Reezding, Writing, and Using 1
Whele Numbers a;d Decimals -7099 +0090 4719 +1410
3) oOther Numeration Bases «3350 4719 .0000 .298?7
4) Sets . 1001 .1410 .2987 »0000

e et e e e e e e et e e PR
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Measurement

Measurement encompassed four subtopics: measurement conéepts,
conversion of units, operations without converzion, and operations
with conversion, Pages A28 through A31 of Appendix B contain the inscruc-

ticnal objectives and test items, Mathematicai activities sampled are
summarized below,

1. Measurement Concepte

Pemonstrating a knawie&ge of measuremcat terminolegy and an

understanding of concepte related to size, quentity, distance
time, and weight.

‘2. Conversion of Units

Demonstrating sbility to chapge, from one unit to another,
measures related to size, distance, time, and money.

Ly
*

Operations without Coaversion

Using the fundamental operations, addition, subtractior, etc.,

in sulving problems involving measures which are expressed
ia & common unit.

k, spe;ationé with Conveision

Using the fundamental operations, addition, subtraction, etec.,
in solving »rodlems invoiving measures which are expressed in
different units and which requize conversion ¢o & common unit.

Among the subtopics, the following simplical arrangement was
expected: measurement concepts, operations without coanversiom,
conversion of units, and operations with conversion. The rationale
for this expectation 1s presented below. | h

Cf the four subtopics, concepts of measurement is the least
complex. it primarily involves a knowledge of terms and conventions
for the varicus xneasurement units and a knowledge of which specific
upits belong in various categories of messurement.

Operations with no conversion requires the same knowledge of
measurement terminology and concepts so that decisions can be made
about the need to convert units before a probiem cen be solved. Since
no conversions actuully were needed for the protlems used herein, the
only additional activity iavolved deciding what fundamentsl arithunetic

operations wvere appropriate for solving the problems and facility in
pexformivg those operations.

B T

P N
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Conversion of units 43 more compler. Knowledge of measurement
terminology ané coacepts and ability to perform the fundamental opera-
tions sre irnvolved, Required in addition are the following: knowledge
about. the size of eath4hn1t, knowledge about the relative sizes of the
units, and ability to decide what operations are needed to make the

‘required conversivns. : : .

Operations with conversion requires activities involved in the
three preneding subtopics, In addition, it necessitates the ability
to decide what kind of conversion is needed for the problem in question
as well as the abiiiiy to decide what operation is required to solve \
the problem after the conversion is made.

To recapitulate, the expected simplical arrangement among the
measurement subtopics was this one: measurement concepts, operations
without conversion, conversion of units, and operations with conversior.
Tables 48 through 59 encompzss data germane to this expectation. In
the expected hierarchy of subtopics, the simplex loadings, A3 and sj,
for the several variables become progressively larger; this is so at
each grade level -- 4, 5, and 6 (Tables 49, 53, 57). For each
respective grade level, the observed and reproduced rjk matrices
and che observed and reproduced Rjk'mattices are generally similar
(Tables 48, 51, kg, 50; Tables 52, 55, 53, 5U; Tables 56, 59, 57, 58).
The index ¢© 13.:871 for grade &, .833 for grade 5, and .702 for grade
6 (Tables L9, 53, 57).

This evidence confirms the expectancy. At the fourth, fifth, and
sixth grade levels, the simplex model fits the data reflecting the
interrelations amdng the subtopics within the measurement tep'c,

The vertical sequence from least to most complex is the following:
concepts of measuéemeat, operations without conversisn, conversion

of units, and operations with conversion.,
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~ Table 48 ‘
Grade 4 =~ Measurement:
HMatriz of Observed rjk’ Subtopics in the Zxpected Order “
Subtopics : 3 4
f — _ K
1) Concepts of Measurement 1.000 .336 «309 .357 |
2) Operations Without Conversion ,336 1.000 491 e 342
3) Conversicn of Ynits , «3073 491 1.000 «392
A &) Operations With Conversion 397 342 .392 1.000
k|
" Table 49

Grade & -« Measurement:

Matrix of Observed Rjk and the Aj’ aj » and qz Values ' ‘ \
Sub- :
topics 1 2 3. 4 Rj Aj aj \
D 0000 -.4737 -.5100 ~.4473 | -14310 -.3578 4387 |
) 4737 0000 -.3089 -.4660 |- .3012 -.0253  .gu08
»  .500 .3089 .0000 -.4067 | L4122 .1031  1.267
4) 4473 L4660 4067 L0000 | 1.3200 3300  2.1380 -
):n? = 4.0508 nzzkik = 4.6502 o = .871
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Table 50

Grade 4 -=- Measurement:

Matrix Of.(éj - Ak)’ tye Reproduced Rjk

Subtopics - ¢ 1 2. .3 4 -
1) . Concepts of Messurement - .0000 «,2825- . «.4609 -,6878
2) Operations Without Couversion .2825 0000 : «,1784 ' «,4053
3) Conversion of Units o 4609 .1784 .0009 -,2269
&) Operations With Conversion .6878 4053 .2269  .0000
] —
Table 51

Grade 4 = Measurerment:

Matrix of (aj/ag), the Reproduced rjk
Subtopics ’ 1 2 3. 4
1) Concepts of Measuresent . 0000 .5218 .34@0 +2052

2) Operations Without Conversiecn 5218 .0000 6631 «3933
3) Conversion of Units » 3460 .6631 .0000 .5930
4) Operations With Conversion «2052 .3933 «95930 .0000
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Table 52

2 ‘Grade 5 =« Massurement:
‘ Matrix of Obaétved rjk’ Subtepics in the Expected Ordnr

. . Subtopics A 1 2 3 -4

‘ 1). Conceptis of Measurement 1.000 o411 428 426
2) Operations Withcut Coaversion .510 1.000 .395 .398

3) Conversion of Units L4628 ,335 1,000 466

; &) Cperations With Comversion 426 338 466 1,000

% Table 53

Grade 5 ~e Msasurement- 2
Matrix of Observed R, and the A_, a » and q values

Ik i’
' Sube <
topics 1 2 3 4 R.j Aj aj
1) .0000 «~,3862 «,.3686 «,3706 § =1.10° »,2813 5233
2) 03862 00000 -04034 -04001 - 04173 -01043 07865
3) 3686 .4034 .0000 =,3316 4404 1101 . 1.2885
4) «3706 40031 .3316 000D '1.1023 ..2756 | 1.8861
zs.i = 2,8407 amik = 3,4205 ¢ = .833
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Tatle 54

Crade 5 =~ Measurement:

Matrix of (A\.j - Ak)’ the Reproduced Rjk

Subtopics 1 2 3 4

1) Concepts of Measurement - .0000 -.1770 -. 2914 =.556%

2) Operations Without Conversion 1770 .0000 -.2144 -.3799

3) Conversion of Units .3914 2144 .0000 -.1655

4) Operations With Conversion 5569 .3799 .1655 .0000
Table 55

Grade 5 == Measurement:

Matrix of ‘aj/ak), the Reproduced Tk

Subtopics 1 2 3 4
1) Concepts of Measurement .0000 .6654 4061 2775
2) Operations Without Conversion .6654 .0000 .6104 4170
3) Conversion of Units 4061 6164 .0000 .6832

4) Operations With Conversion 27175 4170 .6832 .0000
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Table 36

y

Grade 6 == Measuremeut:
» Subtopics in the Expected Order

Matrix of Observed rjk

Subtopics 1 2 3 4 : |
. B
1) Concepts of Measurement 1.000 .380 496 604 . |
2) Operations Without Conversion ,380 1,000~  ,378 ,470 2
3) Conversion of Units 495 .378 1.000 578 .
' &) Operai:ioné With éonversion 604 .476 2378 1.000 :

[

Table 57 }

Grade 6 == Measurement:

Matrix of Observed R,, and the A 2

» 8, and ¢ vValues

3k 3

Sube |
topics 1 2 3 4 Rj Aj aj

1) 1.0000 -.4202 -,3036 ~-.2190 |-.9428  -.2357 .581

2) 46202 ,0000 -.4225 -.3279 |-.3302 -.0825  .827 .
3) .3036 .4225 .0000 -.23s1 | .4880 1220  1.325

4) .2190  ,3279 1.2381  ,0000 | .7850 .1963  1.572

2 2 2
IR = 1.8523 nzRy = 2.6376 q° = .702

ot
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Table 58

Grade 6 ~~ Measurement:

Matrix of (Aj - Ak), the prroduced &jk

. Subtopics 1 2 3 4
1) Concepts of Measurement . .0000 .. -.1532  -.3577 +.4320
2) Operations Without Conversion 1532 .0000 -.2045  -.2788
3) Conversion of Units 3571 2045 .0000 -.0743
4) Operations With Conversion 4320 .2788 0743 .0000

Table 59
Grade 6 == Measurement:
Matrix of (aj/ak), the Reproduced T

Subtopics ,, 1 2 3 4
1) Concepts of Measurement 1.0000 . 7025 .4385 .3696
2) Operations Without Conversion .7025 1.0000 .6242 .5261
3) Conversion of Units 4385 .6242 1:0000 .8429
4) Operations With Conversion .3696 .5261 .8429 1.0000
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Ftactionq

Fractions included five subtopics: concepts cf fractions, addition
of fractions, subtraction of fractions, multiplication of fractions, and
division ot fractione. Pages A32 through A36 of Appendsx B contain
the instructional objectives end test items. Mathematics activiriesl
involved in each subtopic are.summarized below.

1. Concepts of Fractions

Recognizing fractional parts of whoies, reciprocals, . ad
reiationships between common Sractions and decimals,

2. Addition of Fractions

Adding decimals, adding like fractions, and adding unlike
but related fractions.

3. Subtraction of Fractions

Subtracting decimals and subZracting like fractions, unlike
but celated fractions, and fructions from whole numbers.

L, Multiplication of Fractioms

Multipiying a decimal by & decimal, a decimal by a whole
number, a common fraction by a whole number, and unlike
and unrelated fractions.

5. Division of Fractions

Dividing a whole number by a decimal and a fraction by a
fraction,
Among the subtopics, the following 8implical arrengement was
vkpected: concepts, addition, subtraction, multiplication, and
ivisicn, The rationale for this expectation is stated below.
Concepts of fractioms includes understanding of the meaning of
‘«t:onal numbers expressed as common fractions ard decimal fractions,
In aclition to this understanding, addiiion of fractions involves .
knowledge of the processes required to add fractions and decimals, ™
ability to adc per se, and knowledge about how to find the LD for

lThe fourth And £ifth grade instructional programs did not include ;4
some of the 1listed mathematics activities. Cousequently, the material -
presented in this section pertains primarily to the sixth grade level.




60

unlike but related fractions.

Subtraction of fractions requires understanding of the concept of
fractions and decimals, kncwledge of the processes used to subtract dece
imals end common fractions, ability to subtract per se, and knowledge
about how to find the LCD for related fractions. In these activities,
addition a2nd subtraction of fractions avre parallel activities. However,
the test items used herein to ssmple the subtraction subtopic encompassed
the additional activity of subtracting a fraction from a whole number.

Multiplication of fractions parailels subtraction of fractions in
involving understanding of concepts of fracticns, etc. However, multi-
plication becomes more compiex in terms of requiring the following:
knowledge about the roles of both the numerators énd denominators in
multiplying common fractions, and considerations related to place value
in muitiplyiug decimal fractions. In addition, th: test items also
included a problem which necessitated finding the 1.CD for unlike and
unrelated fractions,

Division of fractions parallels multiplication in the types of know-
ledge and understanding required. However. an additfoual activity in-
creases inclusiveness: wviz., knowledge about the role of the recipro-
cal in the division of fractions. '

As stated above: the subtopics subsumed under the fractions topic
were expecced to be characterized by the following simplical arrange-
ment: concepts of fractions, addition of fractions, subtraction of
fractions, multiplication of fractions, and division of fractions., Tables
60 through 63 contain evidence relevant to this expectatior, In the
expected hierarchy of subtopics at grade 6, the simplex loadings, Ai
and a ., for the several variables become progressively larger (Table 61),
The observed and reproduced Tik matrices and the expected and reproduced
R, matrices are reasonably similar (Tables 60, 61, 62, 63). The index
qg is .905 (Table 61).

This evidence confirms the expectancy. At the sixth grade level,
the simplex model fits the data reflecting the interrelations among
the subtopics within the fractions topic., The vertical sequence from
least to most complex 18 tke following: concepts of fractions, addition

of fractions, subtraction of fractions, multiplication of fractions,
and division of fracticns.
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Table 50

Grade 6 -« Fractions:

Mutrizx of Ooserved tjk’ Subtopics in the Expacted Order

Subtopics 1 2 3 4 5

1) Concepts of Fractions 1.000 .531 .519 451 374
2) &ddition of Fractions 331 1.000 558 577 <315
3) Subtraction of Fractions .519 <558 1.900 535 « 304

4) Multiplication of :
Frections .51 o577 «535 1.080 421 2

5) Division of Fractions <374 315 «304 421 1,000

Table 61
Grade 6 == Fractions: 2
Matrix of Observed Rjk and the Aj, aj, and 4 Values
Sub- ; : A
topics 1 2 3 4 5 R.j A.j aj :
1)  .0000 ~-.2846 «.2749 =.3458 -.4271]-1.3326 -.2665 .5414 T
2) . 2848 .0000 -,2534 =-.2716 ~.5171} - .7573 -.1515 .7055 A
3) .2749 -2534  .0000 -,2388 -.5017)- 2122 -.062¢6 .9070
o 4)  .3458  .2716 .2388 ,0000 <.3757] .4085 .0961 1.2477 .
5) 4271 »3171 5017 .3757 .0000{ 1.8216 .3643 2.3137

2 _ 2
IRy = 5.9435 nEZR],

= 6.5696 ¢* = .905
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Table 62 5
. , Grade 6 == Fractions: V
S Matriz of (Aj = &), the Reproduced Rjk g
’ 4
: Subtopics 1 2 3 A -5 >
i 1) Concepts of Practions 0000  ~.2150 ~.2241 ~-.3826 ~.6308 {
! \ |
= 2) Addition »f Fractions 1150 0000 ~-.1091 ~-.2476 -.5158 .

3) Subtractioa of Practions £241 .1091 0000 ~.1335 ~«.4067
4) Multiplication of Fracticnsz .3626 2476 .1385 0000 -,2682 =
5) Division of Fractions .6308 .5158 4067 .2682 .0000

Table 63

Grade 6 - Yractions:
Matrix of (a,/ak), the Reproduced rjk
J

L

—
AR—— R

Sabtopics S 2 3 4 5
1) Concepts of Fractions’ - .0000  .7674  .5969  .4339  .2340 -
2) A4ddition of Fractions 7674 0000  .7778  .5654  .3049 : %»
3) Subtraction of Fractions 5969 7778 .0000  .7269  .3920 O

4) Multipiication of Fractions .4339 9654 .7269 .0000 .5393
5) Divigion of Fractions .2340 .3049 .3920 5393 .0009
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Swimary of Conclusions

The reseerch objective reievaat to vertical éequences was this:
to identify, ot grade levels 4, 5, and 6, vertical sequences among
Subtopice within several mathematics topics ou the basis of tne criterion,
level of complexity. Several conclusions were supported by Jdata obtained
by analyzing fntercorreistions anong the sudbtopic scores to determine
whether the simplex model fitzed dats ordered a pri~ri on the basis of
the complexity eriterion. These conclusions e sumparized below.

1. At each grade level, a v-rtical hierarchy along the com-

plexity d:imension is present among the subtopics within the
topies anilyzed,

2, Within the respective topics, the hierarchisl crders among
subtopics trom least to most complex are the following.

8., Number, operetions, sssumptions: addition, subtraction,
zultiplication, division, and laws snd generalizations,

b. Geometry (fifth and sixth grade levels only)lz definitions
of geometric terms, recognition of geometric figures, and :
meaturvment of geometric figures,

¢. BRelations: maps, graphs, and chercs; equslity; functions;
end order relatio

d. HKumeration: Roman numerals; reading, writing, and using

whole numbers and decimals; other numerazion bases; and
'etso

€. Measurement: concepts of measurement, operations without <@
conversion, conversion of units, operations with conversion,

£. Practions (sixth grade level only)az concepts of fractions,
' “T@déition of fractions, subtraction of fractions, muleinii.
catlon of f£ractione, and division of fractions,

These conclusicns sre limited to conditione similar to those in-
volved in the present investigation: i.e., to pepulations similer to
those from which the subjects were selected; to aspects of mathematics

.

chmrth grade pupils had not been instructed in all 'of the

mathematics activitics 4n geom:try; thevefore, only fifth and sixth
grade dats were exsmined.

2Since fourth and £1fth grade pupils had not been fnstructed in

all of the mathematice activities in fractions, only sixth grade data
ware analyzed,

[ m Tt e s e e o a R e s Rt e . s re
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achievement similar to those assessed; and to instructional programs
at the fourth, fifth, and sixth grades similar to those used to teach
wathematics to the populations gsampled. In addition, the procedures

used in the data analyses cannot beziegardéd'as having yielded unique
solutions, ' f '




o

CHAPTER IV

. TiE EORIZONTAL SEQUENCZS

Research Objective and Proczdures for Analyses

The second objective of the study was the following: to identify,
&t grade levels 4, 5, and 6, orthogonal and non-orthogonal horizontal
Sequences among several mathematics topics on the bacis of the
crite’ lon, degree of relationship between adjacent topics.

Just as the six major topics have each been explored internally
for evidence of incressing complexity of subtopics by means of simplex
analysis, t nad been originally intended to explore the same topics
externally, each with the others, for evidence of some kind of sube
stantive continuum or coatiguity among them by means of circumplex
analysis., Secondarily, it seemed desirasble also to apply this latter
procedure to the subtopics as a single set, ignoring the major catego-
ries of topics, for evidence of feasible horizontal sequencing cutting
across the logical lines between the major topics.

Late in the project's timetable it was learned that Guttman (1965)
had extended his radex mocdel, of waich both simplex and circumpiex
procedures are parts, so much so that he and competent peers were
suggesting replacement of the earlier methods by his new "smallest
space analysis" model. Accordingly, time was sought to permit
exploration and application of smallest space analysis to our data,

Smallest Space Analysis of Topics

The new nonemetric factorial approach was applied via its gimplest
computer program (S5A-I) (Lingoes, 1965b) to the correlatiocn matrices
of the major topics for grades 4, 5, and 6, respectively. Only five
of the six major topics could be included in such analyses for grade«
& and 5 bacause student performance on Topic 6-Fractions was un-
distributed at these grade levels (See Appendix 8). Consequently,
only five variasbl=s were studied at grades &4 and 5, while these same
five variables as well as the total six veriables were subjected to
separate analyses at grade 6,
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In keeping with the approach taken in Chapter II1, the topicse«-
as defined by their test items--were reviewed to provide an & prioci
theoretical construct of similarities ar cont:lguitiec of content and
process among the topics. It immediately became apparent that Topic i~
. Geometry differed most from the others in substantive content, and in
the emphasis placed on definition and classification as dist:inguished
from preblem=solving, Because each of the subtopics uader Topic 5~
tieasurement included measures of length or distance in two of the four
test exercises presented, it was assumed that this might have the .
closest affinity to Topic 2. On the other hand, Topic S shared with
all the remaining topics a substantial emphasis on tke solving of "word
problems ' Smacial aontent and euphasis was least evident in Topic 3e
Relations, '"New" content was notable in Topic 4=Numeration in the sub-
tcpics on sets and numeration bases, Topic l=Number, operations,
assunptions contained a heavy emphasis on pure algorithms, Toplc 6e
Fractions carried an glmost exact parallei with Topic 1 in its relative
emphasis on algorithms, "word problewms,” and concepts/terminology, To
Tecapitulate and project a structure of relations among topica, a
considerabie commonality might be predicted to run through all topics
beczuse of the problem=golving emphasis, Beyond this Topic 2-Geometry
might be predicted to stand to one side, Topic 4=Numeration might depart
from commonality on enother dimension of "new" emphasis, while Topic
1-Nuzber, operations, assumptions and Topic 6-Frsctions might be repres
eented additionally on a dimension of "pure algorithm,"

The technique of smezilest spice analysis yields a pattern of
coordinates in k-digensicral space similar to factor anaiysis patteras,
(k < n, the number of original variables; moreover, k temds to be
approximately of the order of -‘-2‘-.) The coordinates yield quantitative
measures of distance in Euclidean space, but are not subject to inter~
pretation as vectors with component factor loadings, The coordinate
gystem defines relations in paychoiogical space, but without commitment
to an origin, For the sizple cases treated here, five or six variables
interpreted in two or three dimensions, the smallest space analysis
and the principal axes factor snalysis yield solutions that vary from
highly sinflar to almost identical. (See Appendix F for fectow solutions
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corresponding to the four smallest space solutions given in Tables 64
to 67.) .

Fortunately,” for simplicity of interpretation the smallest space
analyses for five topics in grades 4, 5 and 6 and for gll siz topics in
grade 6 are highly similar, RKote that in Tables 64 to 67 and corre-
; sponding figures, Topics 3, 4, anid 5 largely coincide with one another
| in the lower left corner of two-dimensional space, Topic 2 stands out
} to the right and Topic 1 is in the upper left sector. then Topic 6
, wmakes its appearance in Table 67 and Figure &, it finds its place close
| to Topic S,

f The results nmay be said to confirm the cxpectation that Topic 2
|
)
|
|
f
|
|
I
|
|
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would stand apart from the others and that Topic 1 might also. Topic
5 bore no special relation to Topic 2 and the "newness" associated with
Topic 4 was apparently no newer than other topics to these young students
to whom perhaps it was all equally new. The "newness" is probably best
put down as a distinctive characteristic only to those familiar with
an older way of teaching and learning the mathematics cf these grades.

" The single analysis involving Topic 6 gives no clesz picture of the
nature of that topic in that it does not follow Topic 1 Wut Topic 5.
A review of the test exercises of Topic 5 reveals fractions; rational
or decﬁai, are involved in perhaps 5 of the 16 exercises, hardly '
enough to explain the affinity chown. It seems simplest, Lence best,
to conclude that Topic § joins with Topics 3, 4 and 5 in reflecting the
common problem=solving element, rather than any direct connection with
the algorithmic emphasis in Topic i,

These findings yield rather neat orthogonsl sequences, With

Topics 3. 4 and 5 so closaly szsociated in all the analyses, the Sive- B
topic arrangements can be made in any order that puts Topics 1 and 2 b
in second and fourth positions, or vice versa, while Topics 3, 4 and 5 }
are distributed, as cne prefers, among first, third, and fifth positions, ;'
With the advent of Topic 6 in the grade 6 analysis, it becomes desirable
to tzy te find a place for it that will muximize its deviation from
one of Topics 3, 4 and 5 at ejtlwr end of the topical sequence. By
cumputing the several sequences generally specified above, and paying
chicf attention to Table 67 and its corresponding figure because the K
closely associated Topics 3,4 anl S are mcst widely separated there, a EO
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Table 34 . - SRS ' fTable &5
Guttman-Lingoes - ' - Quttman-l.ingoes
Smallest Space Coordinatzss Smallest Space Conrdinates
for Grade 4 (N = 244) . for Grade 5 (N = 261)

' Dimension " Dimension
Topic 1 2 Topic i 2
! 1 -818 1375 1 «235 1401
2 1779 346 2 1843 91
3 -110 722 . 3 =553 <455
4 <487 -583 4 -497 =518
5 =363 ~416 5 =558 «519
Table 66 Table 67
Guttman-Lingoes Guttman-Lingoes
Smallest Space Coordinates Smallest Space Coordinates
for Grade 6 (N = 240) for Six Topics in Grade 6
Dimengion : Dimension
Topic 1 2 Topic 1 2
1 - 3 1826 1 =607 . 1710
2 1368 «164 2 1403 91
3 <184 <663 3 485 1063
4 =923 =713 4 =954  =1156
5 =258 © <286 5 «196 179
' 6 ~131 239
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“generally_best* sequence would appear to be Topics 5, 2, 4, 1, 3, 6, or
the reverse. This empirical solution does violence only to the g priori
assumption that Topic 5-Measurement should show some affimity for Topic
2-Geometry. If that rational criterion is to be respected and the 6-
topic pattern to be given less special attention, a "generally best”
sequence would be Topics 5, 1, &4, 2, 3, 6, or the reverse.

By the same token, these data lend themselves to a rather straight-
forward non=orthogonal solution of Topics 2, 3, 4, 5, 6 and 1, or the
reverse., This sequence gives a best fit to the fourth grade data and
both analyses of the sixth grade data while the fifth grade data are
fitted by any sequence that places Topics 1 and 2 at oppesite extremes.

. Smallest Space Analysis of Subtopics

Turning next to the subtopics as a single set, the Smallest Space
Analysis III corputer program (Lingoes, 1965d) was used to analyze the
more complex dimensional structure to be expected of the 20 subtopics
'in Topics 1-5 and the added 5 subtopics of Topic 6. Since these
analyses yiclded four to six interpretable dimensjons, it would be
impractical to attempt an explanation in graphical terms, taking the
dimensions pair by pair for each grade group. Imstead onlﬁ the tables
for the smallest space analyses for the three grade groups for the 20
subtopics of Topics 1«5 and the analysis of the total 25 subtopics for
grade 6 zre presented for discpssion. Tsking ocur cue not only from the
original constructs for the qik major topics, but also from the smallest
space znclysis of those topics, we might anticipate separation of the
subtopics of Topic 1-Number, operations, assumptions and of Topic 2-
Geometry to ciuster by themselves, while a general factor common to ail
topics, hut especially Topics 3-6, might be expected to appear. Tables
68-71 are for the same grade groups and topics as Tables 64-67.

As pointed out éarlier, the dimensions resulting from a smallest
space snalysis must not be confused with factors. By the same token,
the coefficients for each subtopic must not be considered factor
loadings on those Zimensions to be explained singly. Rather, each
subtopic in Table 68 must be considered a point in 6-space related to
all the others by the paitern of its six coefficients., It should be
noted, however, that the normalized varimax rotation has the effect of
maximizing the coefficients in such a way as to give each subtopic one
or two large coefficients while at the same time restricting the number
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Table 68

i S s ot e s A ol W n it

Smailesg Space Anaiysis 1II for Subtopics in Grade'4 (N = 244)

| Dinensions |
Subtoptcs 1 2 3 4 5 8 |
5 1 .03 AL 09 .02 48T 04 |
f 2 .18 S Y il 27 a3 g
| 3 05 .36 3™ 00 .2 . .00 f
g 4 07 -.03 68 15 12 =05 |
5 .28 S L .10 .06 i |
. 6 O .06 03 320 .08 .07
7 2 .00 12 &9 st L
8 .23 35 19 S 0 -.05
9 .8 56T .09 35 .05 .18
10 Y ¢ S .26 A3 =07
| un .27 .03 27 .1 707
2 44 -.05 .16 .27 25 2%
| o1 .27 55 .06 R 37 s
- S % ST 21 -06 el .31 .03
§ 15 aeT 26 21 . .18 .29 22
; 16 S8T L2 .27 0L -.09 14
| 17 S5 19 -0 .23 .07 .09
¢ 18 460 2 3t n .02 .15
19 4 w™ 12 .19 17
_ 20 2 s .25 A8 .19 .09

- Sum of Squazes 2.60 1,95 1,62 .12 . 0.% 0.80

ok
Substantial coefficients

~ * .

Ik , Appreciable coefficients
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i .Table 69
- Smallest Space Analysis III for Subtopics -in-Grade 3 (N.= 261)
Dimensions
Subtopics . 1 2 3 . 4 3
l olﬁ . 005 . elé -012 015
2 607 01 L2 .16 2
3 S50 .16 ,29 .25 .20 |
& S3.a .09 .12 .19 i
** .
5 cla 010—" 051 031 017 ‘ ]
]
6 .10 0. .1 .10 67 ‘
7 N T AT .3t 5
8 3. 2T 8 .32 |
i
9 L :47**~ 013 - 048** .Qz 023 é
1 S 457 %Y 13 395 o7 §
11 A3 . .m 3 T .03 g
| 2 . SN 21 % ?
? 13 . .00 .05 .20 ST 16 %
2 » o 2 . 8T m .12 .07 i
| 15 T T R - S .04 !
| 16 BRSNS Sial Y * W 11 .23 .15 :
§ 17 S N ! .15 48T 1 ;
; A * R .
| 18 T SR .08 42 .66 !
. 19 60 .1 .35" .10
] x%
} 20 - 053 ¢ .29 908 c21
Sumn of Squares 3.42 .75 1.66 ~ 1,53 -

- e AR A -y~

sk
Substantial cgefficients

*
Appreciable coefficients

T st ANy AN it~

. “,
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Table ®
Smallest Space Analysis III for 20 Subtopics in Grade 6 (B = 240)

Dimensions
Subtopics 1 2 3 4
1 .02 15 .00 S5
2 9 . .87 .09 .09
3 R MY P Y .13
4 40" 4 .13 .31
5 21 28 .36 .08
| | A1 G 59 w13
— 7 22 . a6 st 22
8 S8 42T 30 -.06
_ 9 N A . o 360 .09
_ 10 | VA ) 40T =16
~ 1 49 07 .09 .03
12 ST 300 .20 .12
13 25 . =10 . 42 .24
| % 46T 12 .25 .07
3 15 Y Y Ay S 1.
5 16 B S T 14 .09
17 60 36 .18 .05
18 597 Lagt .20 .10
D 19 27 . .65 o5 .22
20 7 Sl A 11 .06
Sum of Squares 3.92 . 2.61 1.67 0,71
**Substantial coefficients
*Appreciable coefficients
\ -

oo weay
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Table 71
Smallest Space Analysis ¥IX for 25 Subtopics in Grade 6 (N = 240)

e s T

Diransions

| Subtopica 3 2 3 4 5
| R - 04 A5 . .03 66T 02

2 17 66 .15 .06 .03
: 3 330 ™ L .16 .09
4 V3 I * R T 330 .13
| 5 .17 25 a2 .06 .03
; 6 .13 N .25
| 7 .21 L85 5 a8 .08
% 8 S8 3 A -02
| 9 ‘ .28 .28 52 L00 .13
| 10 o .Sé:* .21 45T w07 .10
: 11 43 .08 .21 =,03 =403
: 12 | ST 30 22 .13 .10
j 13 A3 L05 .19 .04 22
| 1% S0 .01 31 .20 .07
§ 15 S0 36 .29 -.08 .0l
§ 16 S8 L2 .07 .02 .17
’ 17 59T .36 .19 .05 .18

18 60 36" .19 .08 .15
| 19 . .25 g0 .18 16 -.04
g 20 N U .08
, 21 32" 49T s 13 .16
| - 22 S Y A .20 .23
| 23 S0 st .19 .23 .28
; 24 597 R VI
| 25 35 L0l % WY .00

Sum of Squares 4,75 3.19 2.42 1.01 0.90

W Hahn e wpe

*%k .

Substantial coefficients
*

Appreciable coefficients

-
kg
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of subtopics having a large coefficient on any ¢ne dimension, Two
consequences are that (1) any dimension vith a large number of sub-
topics having large coefficients suggests the possibility of an
irreducible common elelnent in the several subtopics, and (2) large
coefficients may be used as aids in detecting common patterns of
dimensionaiity among subtopics. To aid in applying both cf these
lines of interprztation, each coefficient of .45 or highez has been
marked with a double asterisk and each other coefficient of .32 or
higher has been marked with a single asterisk., The reader msy prefer
to ignore them and make his own judgments on the basis of the relative
magnitudes of the coefficients. Te critical values .45 and .32 have
been chosen because in factor mlysia ’ vhere the coefﬁcienta repre-
sent coordinates of orthogonal dimensions from a presumably signifi-
cant zero~point or origin, the squares of the coefficients measure the
proportion of the total variance of each variable accounted for by
that factor, and the squares of .45 and .32 are .20 and «10, respective
ly,- Also, the horizontal lines in Table 68 separate the subtopics by
major topic,

Table 68, then, reflects a considersble irreducible common element
largely defined by Dimension 1 as being substantially represented in
the subtopics of Topics 3, 4 and 5, a finding previously indicated by
the analysis of the major topics. Beyond this the subtopics of Topic
1 are defined largely by large coefficients on Dimensions 2 and 3, and
these of Topic 2 by large coefficients on Dimension 4. Topics 3, &
and 5 are differentiated secondarily by the fact that the subtopics of
Topic 5 have some large coefficients on Dimenston. 2, those of Topic 4
also appear on Dimensicn 5, while those of Topic 3 show n~ clear pattern
of high coefficients on any other dimension. Dimension 6 has the sole
virtue of helping define Subtopic 11 as rather unrelated to any of the
others, This subtopic invoives interpretation of a chart, which might
be considered a somevhat discrete skill or at ieast one not taught
integrally with other measured skills at this grade level,

Subtopic 1l-Addition of Vhole numbers, as represented by the four
test exercises included, appears so thoroughly mastered even at grade
4 as to be undistributed oxcept for careless errors and hence little
related to any other subtopic, including the other subtopics under

P Y
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Topic 1, Its definition by Pimension 5 §s fortuitous. If a seventh

or eighth dimension had been added, it might well have been found there,
nildly associated with Subtopic 2-Subtraction of Whole Numbers, Other=
wise, Diznnsion 5 serves to reflect the "newness" element undetected

in the previous anslyses of major topics. Subtopics 13, 14 and 15,
having to do with sets, bases other than ten, and the placeholding

value of zero, respoctively, sre moderatsly represcnted on this dimension,

Dimensions 2 and 3 serve to differentiate two aspects of mastering
operations with whole nucbers. Dimension 3 points more toward routiniz=
ing mastery of the algorithm, with subtraction, nultiplication and
division having successively higher coefficients. Dimension 2 relates
the better mastezed algoritims to generalized concepts about them.

Much of the above interpretation of Table 68 may be mede similarly
for Table 69, Dimension 1 reflects an even more substantisi common
element in the data of grade 5 than was found in grade 4, Here , 10
or half the coefficients are substantial and & more are appreciable,
Each of the remaining six subtopics are somevhat unique, while all the
problem=solving subtopics are hezvily represented. Moreover, each of
the major topics is represented on Dim-mnsion 1 by -at least two sube
topics with appreciabie coefficients, The five major topics are repre~
sznted by appreciably high coefficients as follows: Topic 1 on Dimen~
sion 1 only; Topic 2 on Dimensions 1 and 5; Topic 3 on Dimensione 1,

3 and 4; Topic 4 on Dimensions 1, 2 and 3; and Topic 5 on Dimensions 1

‘and 4, Topic 2 is most readily identified by Dimension 5, where all

three subtopics have appreciable or substantial coefficients,
Subtopic 1l~-Addition of whole numbers has no coefficient larger
than .16, indicating even more clearly than at grade & that it is
undistributed, except for careless errors,because of mastery, The
“nevness" element in Subtopics 13, 14 and 15 is overshadowed by the
more substantial association of each of these subtopics with subtopics

of other major topics.

Subtopic 11 is now integrally related in

pattern to geveral other subtopics (5, 7, 9) given divect emphasis at
this grade level, Subtopics 2, 3 and 4 have come to be most related
to the general problem=solving element at this grade level,

Table 70 again shows a substantial element in Dimensfon 1, Ten
of the coefficients are substantial and 3 others are appreciable,

©
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Again it seems a general problem-solving element, all subtopics contain=
ing such an eletstit being represented by substantial or appreciable
coefficients, The five msjor: topics are defined by appreciably high
coefficlents as follows: Topic 1 on Dimensions 1, 2 and .43 Topic 2 on
Dimensions 2 and 33 Topic 3 on Dimensions 1, 2 and 3: Topic 4 on
Dimension 1 only; and Topic 5 on Dimensions 1 and 2, Topic 2 continues
& relatively unique element except for Subtopic 8, vhich i{s definitely
problem-solving in geometry, Subtopic 1 is still uniquely undistributed,
its sppearance on Dimension 4 being unaccompanied by other large coef-
ficients on that dimension, Subtopic 2-Subtraction of whole numbers
might appear to have joined Subtopic 1 as unrelated to the major
dimension’ of problem=-solving because of its low coefficient on Dimen~
sion 1, but the broad exteat of large coefficients on Dimension 2
suggests that the dimensionality of probiem=solving must be thought of
here as a pattern of these two statistical dimensions, and Subtopic 2
has a large coefficient on Dimension 2.

The "newness” element remarked at grade & is again missing at
grade 6. Also, Subtopic 11 appears now to be thoroughly a part of the
general problem~solving element reflected in Dimensions 1 and 2.

Table 71 departe very 1ittla from Table 70,.as may be ascertained
by casual inspection, The chief effect of including the 5 subtopics
of Topic 6~Fractzions is to show that these subtopics are reflected in
the problemesolving element of Dimensions 1 and 2, The addition of
Dimension 5 demonstrates the singular dimensionality of Subtopic 13-
Sets, Dimension 3 now takes on the agpect of defining the special
relationships among the Geometry subtopics. .

The analysis of subtopics does nothing to call into question the
orthogonal and non-orthogonal sequences proposed at the end of the
analysis of major topics. In view of the fact that "problen=solving
as chiefly represented in "word probiems,”" appears to be the chief
element among the major topics and is reprasented carefully in every
topic and ewen in the subtopics of Topics 1 and 6, it could be argued
that separatfon of "word problems' from the othes subtopics might make
for better oxthogonal srrangements. Similarly, the content of Sub-
topic ll-Maps, gharts and graphs could be expanded to make a separate
orthogonal unit, Rowever, once the present units are broken we are
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forced to redefine the problem of achieving orthogonality or none
orthogonality of sequences. Topics have to be, or be deezed to be,
relatively homogeneous elements in order to talk about orthogonality
(or non-orthogonality) of topic sequences. Insofar as there seems to
be good reason to teach each topic and its applications (problem-
solving) together, there is no profitéble use of the potential
orthogonality of "wozd problems" except to view them as mildly
orthogonal variations within non-orthogonal topics. No other cone
sistently orthogonal or non~orthogonal relations among subtopics appesr
to run through the data of this study. Even Subtopic 11, which appears

orthogonal at'grade 4, becomes progressively more moen~orthogonel in
, successive grades,
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Implications of Analyses

The chief implication of the analyses for horizontal sequencing
; of topics is that the considerable commonality of problem=solving means
: that chere is no indicated Proper or "best" sequence, either orthogonal
or norworthogonal. So far.as cperations with whole numbers are cone
cerned, addition is considerably mastered by grade 4, subtraction and
multiplication seem in Process of being mastexed, division is being
taught directly and gradually mastered. Insofar as division is being
taught, subtraction and multiplication are being reviewed and practiced
in the process. Geometry stands out as unique from other topics so
might be taught as a unit at the beginniﬁg or end of each year. Begin-
ning of the year Suggests itself because of the use of spatial visuali-
zation in summer activities. With problem=solving an integral emphasis
in all instruction, it would appear that the spaciel topics might be
taught as at present, each topic being built up along the lines of
Increasing complexity as indicated by the simplex analysis. Individ-
ualization of instruction by programing suggests itself since the
simplex analysis indicates appropriate sequences within topics. As
between topics the course is generally clear and open. An annual cycle
of topics, perhaps starting with geometry, incidental review of
\\ computational processes, and introduction of topics by assessing the
: current mastery level of subtopics along the lines of the simplex seem
the next steps. Tests based on the simplex analysis should help
greatly in planning and conducting group and individual instruction. 1If
the cycle is followed, longer pretests than those in the present battery
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can be used with profit at the beginning of each unit, Hopefully,
as time goes on, more will be learned earlier in many if not all the
( topics. The simplex sequences seem the chief key to guiding lower

| grade placement of opportunities to learn in ‘each topic.

.Summagz‘gg_Conclusions

Several conclusions were supported by the analyses of the horizontal
sequences and are listed below.

1. The only topics that are set off from the others and from each
other are geometry and operations with whole numbers. Relations,
numeration, and measurement show great commonality at all grade
levels and are joined at grade 6 by operations with fractions.
The commonality is generally attributed to the "sroblem-
solving" element represented in every topic. )

2. Analysis of the subtopics as a single set generally confirmed
the above conclusions reached by analysis of the broader
topics. The great commonality, despite the fundamental
statistical properties of varimax rotation, gives unique
support to the evidence from analysis by whole topics.

3. The best empirical orthogonal sequence is measurement,
geometry, numeration, whole numbers, relations, and fractions,
or the reverse. If this sequence is dismissed becsuse of
the rational association of measurement with geometry, the
next best orthogonal sequence is measurement, whole numbers,
numeration, geometry, fractions, and relations, or the

" reverse,

4. The best non-orthogonal sequence is geometry, relations,
numeration, measurement, fractions, and whole numbers, or
the reverse.

5. In view of the great commonality due to "problem=-solving",
it was concluded that the best teaching sequence would be
to teach geometry first, review operaticns with whole
numbers incidentally, but use the simplex sequences within
each of the other topics to achieve continuity aud modest
challenge.
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This study's purpose was to use proczdures based on Guttman's
, (1954, 1965) radex theory in identifying, empirically, vertical and
horizontal sequences for organizing mathematics content at

grade levels
- %, 5, and 6, The specific objectives were as follows: '
1. to identify, at grade levels 4, 5, and 6, vertical sequences
among subtopics within several mathematics topics o= the basis
of the criterion, level of complexity of the subtopics;

2, to'identify, &t grade levels 4, 5, and 6, orthoponai snd nen-
orthogonal horizontal sequences smong several m:hematics

topics on the basis of the criterion, degree of relationship
‘between adjacent topics.
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Educational Significance
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Information yielded by this end aimilar studies could be useful in
e3tablishing instructional Sequences for teaching methemsatics, That is
; more effective sequences can be established when the structure of the

’ interrelations within the material to be taught is considerzd jeintly
with such planning factors as the characteristics of the pupils and the
practical exigencies of the situation., This planuning process cen be
strengthened by identifying oequential arrangements among mathematics
activities on the empirics! 333is of the achievement of pupile who have
been taught iz 2 given mathemetics instructional program.

Ralated Litersture

The prescas investigators iccated wo other projects which were
specifically dssigned £o use Guttman's oy orher scaling procedures as
adjunct? in e2zablishing 2zquances awong ectivities in contenporary
mothemstios instrvscional programz foz elementary school pupila.

Guttman {395L) and Zziser (1962) eites & siapiical arrangdment
2mong 2ix rumerical tasks culled Zrom Thurstone's (1938) work as
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illustrations in their discussions of procedures for simplex analyses.
More tangential to the present project, Gabriel (1954), Guttman (1954,
1957, 1965), Bumphreys (1960), and Lingoes (1965a) demonstrated that
procedures related to Guttman's radex theory yielded satisfactory
degcriptions of order relations among —arious types of psychological
data.

Procedure
Research Design

The plan for collecting data pertinent to the project's purpose
involved administering to pupils a test designed to assess achieveuent
of mathematics instructional objectives at grade levels L4, 5, and 6.

Subjects

Eligible for inclusion in the samples were those pupils in the
Clarke County (Georgia) School District who were taught in the mathe-
matics instructional program at grade levels 4, 5, and 6 during the
1963-6it academic year and who satisfied certair. other selection criteria.
Pupils were selected at each grade level during the spring of 1964, The
total group included 765 subjects: 24k in the fourth grade sample, 261
in the fiftk grade sample, and 260 in the sixth grade sample.

The Mathematics Achievement Test

The mathematics data were incerval scorer on a test designed to
assess achicvement of instructional objec-ives for the following
selected topics and subtopics.

1. Number, operations, and assumptions: addition, subtraction,
multiplication, division, and laws and generalicsations,

2, Ceometry: definitions of geometric terms, recoguition of
geometric figures, and measurement of geometric figures,

3. Relations: equality; order relations; maps, graphs, charts;
and functioms.

4, Numeration: sets; other number bases; reading, writing, using
numbers; and Roman numerals.

S. Measurement: concepts of measurement, conversion of units,
operations without conversion, and cperations with conversion.
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6. Fractions: concepts of fractions, addition of Fractions,
subtraction of fractioms, multiplication of fractions, and
division of fractions.

General Procedures

Major steps iuvoived in data collection included the following
activitics, Claeses of pupils were sclected from the total number
available on the basis of criteria related to the teachers' trainming
and experience; then, pupils who were eligible in terms of the remain-
ing subject selection criteria were identified. Classroom teachers'
administered the test. Prior to the test administration, a detailed
testing schedule was formulated with the cooperation of appropriate
school perscnnel. The testing sessions were scheduied so that ail
selected classes were administered the tests at approximately the ssme
time on May 8, 196k, Meetings were held with teschers and principals
to orient them to the picjest, Following the orientation sessions,
conferences were arranged for individual teachers who wished additional

stance in preparing for the test administration.

The Vertical Sequences

Essentially, identifying the vertical sequences involved using
sinplex analyses to examine the structure of intercorrelatio. among
pupils' mathematics subtopic scores. That is, the investigators® task
vas to determine whether the simplex model fits data ordered s priori
on ¢he basis of relative complexity. '

The criterion for complexity was degree of inclusiveness, Iu the
context of the present study, degree of inclusiveness was spccifind as
the extent to which any one subtopic within a set of subtopics involves
activities charzcteristic of other subtopics in that set pius additional
activities, '

Ihe first step in the analyses was to obtain the intercorrelation
matrix for the set of subtopics encompassed by each one of the six
topics, viz.: number, operations, ussumptions; geometry; relations;
mmeration; measurement; and fractions. Exaaining the structure of
these intercorrelations involved three major steps:  ordering the sub-

topics; determining the relative complexity of thke subtopics; and
assessing the goodness of £it of the simplex model to the empirical
data. Following Guttman's (1954, 1965) approach, the subtopics within
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an intercorrelation matrix were ordered op an 8 priori basis, Procedures
proposed by Raiser (1962) were used to determine the relative complexity
of the subtopics and the goodness of fit of the model to the data,
Briefly, for 2il sets of subtopics at the three grade levels, the
results of the analyses fudicated tle following, The simplex model did
fit satisfactorily data ordered 2 priori on the basis of relative com-
plexity., The complexity loadings increased across subtopics arranged
a priori to vary in complexity from simple to compiex., The inder qz
and the degree of correspondence between the observed and reproduced
Rjk and rjk matrices, respectively, were satisfactorily high,

The Horizontal Sequences

ﬁorizoatal sequences ware explored by means of the Guttman=-Lingoes
(1965a,d) smallest space an2lysis, This noa-metric ‘factorial approach
permitted analysis of the closeness of relations among the six major
topics within a twoedimensional Eucl:idean space, The test exercises
under the various topics were first Inspected for rational a priori
Judgments of overlap. Then the topics were grarhically represented in
two~dimensional space for each grade group separately, Next, confirma-
tions and disconfirmations of & priori expectations were noted. Finally,
two solutions were presented, orthogonal and non-orthogonal, i.e., with
consacutive topics least closely related and most closely related,
respectively, The same sequence of steps was followed in analyzing
relations among subtopics as a single set at each grade level,

Conclusions and Limitations

Conclusions Relevant
to the Vertical Sequences
Several conclusions were supported by the analyses of the vertical
sequences, These conclusions are the following,
1, At grade levels 4, 5, and 6, a vertical hierarchy along the

complexity dimersion is present among subtopics within the
topics analyzed,

2, Within the respect'ive topics, the hierarchical orders among
subtopics from least to most complex are the following,

& Number, operations, and assumptions: addition, gubtraction,
multiplication, division, and laws and generalizations,
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b. Geometry (f1fth and sixth grade levels only)': ceffuitions
of geometric terms, Tecognition of geomctric figures, ard
measuremen’. of geometric figures.

C. Relations: maps, graphs, and charts; equality; functions;
aud order relations,

d. Numeration: Roman nunerals; reading, writing, and using ,
whole numbers and decimals; other numeration bases; and
sets,

e. Measurement: concepts of measurement, operations without
conversion, conversion of units, operations with conversion,

f. Fractions (sixth grade level only)zz concepts of fractions,
additiorn. of fractions, gubtruction of fractions, multipli-
cation of fractions, and division of fractione,

Conclusicns Relevant
to the Horizontal Sequences

Several conclusions were supported oy the analyses of the horizontal
Sequences and are listed below,

1. The only topics that are set off from the others and from
each other ar~ geometry and operations with whole numbers.
Relations, numerstion, and measurement show great commonality
at all grade levels and are Joined at grade € by operations
with fractions., The commonality :ls generally attributable to
the "problem-golving" element represented in every topic.

2, Analysis of the subtopics as a single set generally confirmed
the above conclusions reached by analysis of the broader topics.
The great comwnality, despite the fundsmental statistical
properties of varimax rotation, gives unique support o the
evideace from analysis by whole topics.

3. The best empirical orthogonal sequence is messurement:,
geometry, numeration, whole numbers, relations, and fractions,
or the reverse. If this sequance 1s diemissed because of the
rational association of measurement with geometry, the next
best orthogonal sequence iz maasurement, vhole numbers, numsva-
tion, geometry, fractions, and relations, or the rveverse.

4. The best aon~ovthegonal zegucnce is geometry, relations,
numeration, moasurement, fractions, and whole nunibers, ¢ the
reverse.

1’2Fourth grade pupils hed not been ingtructed iam all of the
mathematics activitizs involved in geometry; similarly, both fourth
and fifth grade pupiis had sot been taught all of the activitisa
involved in fractions, Consequently, the enslysez were resiricted, as

indicated, to pupils who had received instruction in g1} activities
involved in ail subtopics,
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5. In view of the great commonality due to "problem=solving", it
was concluded that the dest teaching c=quence wouid be to
teech geometry first, review operations with whole numbers
incidentally, but use the simplex sequences within eachk of
the other topics to .achieve continuity and modest challenge.

Limitations

Inherent in the procedures and samples used in this study are at
least aix limitations to internal and external validity which merit
consideration. Extension of conclusions beyond these limitations will
require further investigations,

First, not all aspects of mathematics achievement were sampled,

The domains of relevant behavior are extensive and time and funds were
restricted, Further research will be required to study behavior not
assessed in the present study,

Sacond, generalizations are limited, to some extent, to instruc-
tional programs of the type used to teach the pupils mathematics and to
populations of pupils similar to those at grade levels 4k, 5, and 6 in
the Clarke County (Georgia) School District. Since mathematics primarily
represents specifically taught behavior, such limitations would seem to
apply to any single study of methematics achievement which is not
extremely extensive in scope~~more extensive than the scope possible
within the budgetary and time restrictions of the present study. The
mathematics instructcionsl program in Clarke Cocunty has a number of
pssitive features and for several years has beem the focus of intensive
efforts for improvement, Also, efforts have beem made to atiain
consistency among classes in procedures related to the several elements
of the mathamatics program suck as scope, sequence, timing, methods,
materisls, allccation of personnel and facilities, and organization of
pupils for imstruction. In addition, none of the availeble evidence
indicated thet the pupils employed in the samples represented a markedly
atypical populatiomn. However, generalizations are limited to popuilations
sod instructional programs similsr £o the ones described herein, Further
work will be necessary to extend these generalizations to different
populagions which have othey bachkgrounds of wathematics training,

Third, beceuse of & rather limited amount of testing time in the
scheols, it was necesssry to restrict the mumber of test ftems which
could be used for assessing achievement ia the mathematics subtopics.,
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As 3 result, the relisbility coefficients for some of the subtopic
scores wexe relatively low, However, they were considered sufficiently
Bigh to yield, for research purposes, some prelisinary information. It
would be helpful to replicate the etudy using subtopic tests cf grester
length end higher reliability.

Pourth, because of time and budgetary restrictions as well as other
practical considerations, the focus of the study was limited to the 4
content of the mathematics instructionsl program at grade levels 4, 5, .
and 6. Similarly important is an examination of such probizms as the ' |
following: the nature of the relationships proposed for study herefn
at other grade levels, developmental trends in such relationshfips across )
grade levels from the primazy schooi through the high schooi, and so on, N
Such extensions will require further investigations which encecmpass the

1 content of the instructionsl program at other gra&e levels, &
;% ' Fifth, any analysis of sequences i3 dependent on the manner in ;
f?é which subtopics are conceived and combined into topics., For example, :S
;iﬁ if the "word problems" included in Subtopics 1, 2, 3, and 4 had been ?:
§§1 Separately grouped as sz subtopic of “word prcblems” undexr Topic 1, a ‘
'gg' differeat simplex probler might have presented itself. Similarly, if !
;f the "word problem” subtopics under the several major topics had been S
;% ‘ grouped to form anether major topic of "word problems*, the smallest '
%? 8pace analyses might have differed. This study, then, is of sequences 5
i?l of the topics end subtopics as organired and gemeralizaticns must be :
P 1imited o this or highly similar organizations of topics apd subtopics., &
Qﬁ; Sixth, cenclueions regaréing the verticsi hisrsrchicsl ovders ﬁf
;g@x amony subtcepica are itmited to describing the sufficiency of the fit Zﬁ
g?i of the & priori judgments of hiersrchical order from lesst to wmose 2,
1 somplex. N5 unique eawiricel sclution to the veriical sequemce is 4
z;% schieved, or even stieapiad, &5 might be donec in this case for the smali @g

{8 mwber of slternstive sequences possibie. : .
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Explanatory Note

This appendix congists of instructional objectives and te«t items

[N U

classified by mathematics topics and subtopics. For each subtopic, the
instructional cbjectives are presented first. In this presentation,
the symbol X is used to indicate that an instructional objective is
pertinent ut a given grade level. When an instructional objective is
not pertinent at a given grude level, the abbreviation NA is used to
indicate "nst applicable”. After the instructional objectives are

presented, the test items selected to sample achievement of these

objectives are listed.
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Topic: Number, operation, assumptions PRECEDING PAGE BLANK-NOT FILMED
Subtopic: Addition

’

= S-S T T SR TErT T -

Grade Level
Instructional Objectives . 4 5 6
mmsv—mmm
1. To add 2, 3, and 4 place muwumbers X X X
2. To add columns of 1, 2, 3, and & piace

numbers X X X

29 28 1111
+ 17 59 + 999
9

F 12 + 96 A 2000
G 36 B 2010
H 43 A 256 c 2130 '
J 56 B 257 p 2110 (
K None of these C 267 £ None of these

D 277

E Nore of these

Joan picked 23 tomatoes fresa her
garden on Monday, 36 on Tuesday,
and 18 on Wednesday. How many
tomatoes did she pick in all during
the three days?

67
17
86
87
26

RazZom
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Topic: Number, operation, assumptions

Subtepic: Subtraction

. Grade Level
Instructional Objectives 4 5 6

1. To subtract 2, 3, and 4 place numbers X 4 X
with regrouping

6007 17 821
-3928 =9 ' =514
A 179 A 6 A 207
. B 1079 B 8 B 307
C 2079 cC 9 € 310
D 2179 D 12 D 317
E None of these E None of these E None of these

Bill weighs 109 pounds.
George weighs 127 pounds.
{ How many pounds difference

is there in their weights?

18
20
28
118
136

P - N R

L AN

4
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Topic: Mumber, operations, assunptions <
Subtopic: Multiplicstion
Grade Level
Instzuctional Objectives b 5 6
1. 70 muitiply using 1, 2, arnd 3 place
multipliers, including zeros and regrouping. X X 2 ¢ A
. ‘ \ - T
809 184 580 j
x 60 x 25 x 306
P 480 F . 1,288 A 4,060 —
G &,800 G 30,772 B 19,720 )
H 48,900 . B 44,600 C 176,020
J 480,000 J 32,720 B 176,320
K HNons of thege K None of thsse E None of thesze

The achool bus makes three
round trips each day. How ’ N
many reund trips does “he bus s
wake in 260 days? .

- e A s el o R

520 ' :
685 ;

780
980

(R~ M B R

.
o 14
> .
’ -
&3
’A’ Y
-C i
G
.
. ~
N
e
{
.
*
\
L ‘
O
,,)4,
77
~
P
*a
2
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Topics Nunber, operations, posmmrntions

Subtopics Hivieion

Instructicnsl Objectives 4 5 6
l. To dtvide by 1 and 2 digit mmbers vith X X X

and without remzianders

S 7355 3 /1821 89/3366

P 61 éé 60 & 904

G B 67 B 9%

E 721 C 670 Cc 904

3 710 P 1607 D 940

E XNome of these E Nome of these E RKone of thess

3Z, 165

F S5
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i \ Topic: Nuaber, operations, sesumptions
‘«-._:.f Subtopic: Laws and gseeraiizetions ,::l”
Grade lovel
Instructional Objectives 4 5 6
. 1. To demonstrate undsrstonding of ‘ - B
generalizations concerning 1 and 0 X X X -
2, To demonstrate understanding of L
eddition and eubtraction as icveree
SN processes X X X ‘ A
N 3. To demonstrate understanding of the f
1 comsutative snd associativs lews X X .4 B
: .
s x 1 =0
{ Wiich one of ths numevsls goss The inversze operstion of addition :
= in ths box to make the sentence is
rrua?
{ s o F Multiplicstion
5 1 ¢ Subtraction ;
c ¢ B Division B
J Adding the problexm again in the ]
D 10 reverse order
B .%, X Honas of these
Which sentence expresses the Which one of the numerals should - I
property of associstivity in g0 in the box to mcke the sentence -
additton? true? |
A tmgérp 8X7=7x J h
B g{att) = (prea)c P 7
5 ¢ Trengsgt c 8 t ;
D (es)bt = pb(ett) - |
B Neae of these 3 54
K 56
: |

£

3

R

| )

e {

1

: .

R 4

{. = ! £

i

i

g B 0 A S g o 4
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Topic: Geometry
Subtopic: Definitions of Terms

Instructional Objectives _ 4

e e — — —— — _— ——— —
i. To define terms referring to parallel

lines and angles . X X X
2, To define terms referring to circles NA X X
3, To define terms referring to sets
of points NA X X
Which figure is not a simple Which angle is a right angle?
closed curve?
‘ "/V I /
‘ ‘ } /\ 'Y M = .
a B
/ . ‘ g -
N— / ) |
A
" J 3
C D
F 7 vy o J A A D D
G G K None of these B B E None of these
H H ¢ C.
How many endpoints does a The surface of a table may be
1ine have? thought of as
A Infinitely many F a ray
B Three endpoints C a line
€ Two endpoints H s square
D One endpoint J a part of a line
E No endpoints K a part of a plane
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Topic: Gecmetry

Subtopic: Recognition of geometric figures

Grade Level

Instructional Objectives 4 5 6
1. To recoguize and name two dimensional
(plane) figures X X X
2. To recognize and name three dimensional
(s0lid) figures " NA X X
—— %
Hhich figure is a triangle? - Which figure is a square?

T A L
<> 4

4

F F J J . A A P D
G G K None of thege B B
H § c ¢ E None of these
Which figure is a rectangle? Which figure is a cube?
l’ !\\
| P A 4
e -‘.\\.o -
‘/ A T \L.é.._!
Y l / ' =
\\\.) 'Ga—.‘o J...\‘ L/' J
A B °) , —
i E | H J
C D ‘
A A D D F F J J
B B E None of these G 6 K None of these
C ¢ H R
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Topic: Geometry

Subtopic: Measurement of geonetric figures

‘ Grade Level
Instructional Objectives 4 5 6
1. To find the perimeter of polygons e X X
2. To find the area of squares, rectangles, NA X X

triangles, and similar polygons
3. To find rhe volume of rectangular solid NA NA, X
p———— e e —— ————— ——
n A playroom is 30 feet long and
25 feet wide, What is its area
in square feet?
3" g F 55
> e 75
- H 750
4 J 1275
K 1750

What is the measure of the

perimeter of the figure above? What is the volume of a rectan-

gular solid which measures 2 feet
¢ 1 inches in length, 4 feet in width, and
3 feet in height?
B 20 square inches
J 21 square inches
£ i e : g
For ene of her rownie projects, g gg g:' g::
Janet made a square potholder E 36 cu. £t i
with each side 10 inches long. s o |
About how many inches of tape ]
would she need to go around the -
edges?
F 10
G 20
H 40
J 100
K None of these
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Topic: Relations
Subtopic: Bquality

a érada Level
Iastructional Objectives 4 5 6
1. To demonstrate understanding of

equivalence X X X
2. . To demonstrate understanding of
equality X X X

- Sue reported to her scout troop one night that there are four planets

larger thdan the earth and four smaller. If the earth has 8 digmeter
of 7900 miles, which one of the following planets is smaller than the

earth?

A Venus - dismeter 7600 miles

B Uranus - diameter 30,800 miles
- C  Saturn ~ dfametor 72,400 miles
D Jupiter - diameter 26,700 miles
B None of these .

7+10 [ 0+ 7

Which symbol ‘should be written in
the box to make the sentence true?

F .<

G >
H g
J -
K

10 33 9

Which symbol should go in the box
to make the sentence true?

A

MU o w
NNV %+

The newspaper gaid that Chicage had 1.06 inches of rain on Monday, 1.15
inches on Thursday, and 1.51 inches on Saturday, Which day had the LEAST

gmount of rain?

F Monday

G Thursdey

H Saturday

J Thersday and Saturday
K You can': tell

e ———— e e e e

Yl e ) A

:
L bt § e et v A e o e
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Topic: Relations
Subtopic: Order relations

A R . AT W=}
Crade Level

Instzructional Objectives & 5 6

1. To demonstrate understanding of order

velations using a number line X X X
2. To demonstrate understanding of the
ocrder of decimals X X X
A boy scout first walked 5 miles Robert's birth is marked on the
east and then 10 miles west. How time line below at R. His brother
many miles and in what direction Sam's birth is marked at S, and the
should he walk to get back to his present is marked at P. S is mid-
starting point? way between R and P,
A 5nmil
: miles east % i ﬁ
B miles west vhich one of the following sentence
C 15 miles east is true?
D 15 miles west F  Robert is younger than Sam,
E giaiiizlreﬁgzcat his G Sam and Robert are exactly
gp ¢ the same age.
H Sam is now twice as old as
Robert,
J Robert is now twice as old
as Sam.

K None of these

Which numbef has the largest value?

A 2.075
B 2.05
c 2.5
D .25
E 25
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Orcder Relatione (cont.)

P S

IR T AT A A
; 'L“""“}‘l"liil' |

-3 6.9 3 69 .
Midnight dem.  a.m. e Noon Puit. pum.  p.m. Hidtiight

"An orderly way to think about events is to arrange then along a time line
similar to the one’ above, :

’ Which one of the following points in Mary's day is NOT shown at the most ‘
likely place on the time line above? : ‘ :

A Mary goes to bed at § ;
{!zn B School is out at R _

1/ C Mary edts dinnexj atp . . i .
N D School starts at Q

£ E None of these -

Y
(]
|
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Topic: Reletions
Subtopic: Maps, graphs, charts

Instructional Objectives 4 GradeSLevel 6 '
1. To read, and interpret simp’e bar graphs., X X X
AVERAGE LIFE SPAN OF ANIMALS
I [T
Bear ! RIEGTI
‘ AEA
Horse (il Gifl bt
Hippo- : ( :
pocamus | IR g
i i
Elephant FH LTl ititygg- 1 1“164141! R o] oo g o 0 O e feet gl
S ! i | ;

0 10 20 Yeagg | 40 50 60

Jim said, "No elephant can live to be 70 years old.," BEob said, "All
elephants live to be at least 50 years old." Tom said, "All elephants
live to be 90 years old," According to the graph, who is right?

F Only Jim J Both Jim and Bob
G Only Bob K Neither Jim nor Bob nor Tom
H Only Tom
On the average, how many years On the average, a bear lives how
does a horse live? many times as long as a dog?
A 2 D 47 F 11/2 J 10
B 10 E 57 G 2 K 15
C 20 “H 5

On the average, which animal lives two times as long as a dog?
‘A Bear D Elephent

B Horse E None of these

C Hippopotamus
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Topic: Relaticme
Subtopic: »unctions

GCrade Level
Instructional Objectives 4 5 6
1. To use ratio in solving problams that
involve tha idca of rate or comparison X X X
2, To solve problems which invelve the
concept of propertion K X X

Rill's mother planned tc use up a big cake st her sen's birthday party
by cutting equal piecaa for his 20 friends. It rained that ey and
cnly 10 children ware ot the party. Bill's mother still planned to
use oo the whole ccxae by cutting equal pieces for the 10 children
instead. Thie meant that each serving wes

A tvwo times as large og¢ she had plemmed

B one-fourch as large as she had planned
C one~half ss lsrge as she had planned )
D four times ag large as she had planned
E unegual in size j
Oa a certain map 2 inches stands Jolin saves 10 cents & week, Susan
for one mile. How many iunches on saves 15 cents a week, At this :
the map would stand for a distance rate after how mcay weeks will
of 10 milee? Susan hava saved 5 times as much
as John?
A .5 cC 10 ® 20 ‘
2 8 D 15 F 1 H 3 K  Never y
< G 2 J 5 - N

Bili and Sarsh had a bicycle race from one town to another. Bill took
oxe hour and twenty minutes. Sarah took 80 minutes. Bill's speed was

¥ % of Sarsh's speed . .
¢ %— of Sarah’s speed .' . _
i -Z- of Sargh's speed :
J % oﬁ Sarah's speed

¥ the same as Ssrah's gpeed

N r et oy e s R B o i e e T e e s ms e N T T T i et .
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Topic: Numeration

Subtopic: Sets

Grade Level
Instructional Objectives 4 3 6
1. To demonstrate an understcnding of the X X ) 4
concept of sets and get termmiology
2. To distinguish among kinds oZ sets X X X
3. To demonstraze an understanding of
union and intersection of sets X X X
e e — —— - -
A symbol for an empty set A set which is equal tog, 3, 11,
is 7, 9} is
_/ . 2
R < P PS5}
¢ { ¢ f2, 4 10, 6, 8
. B B, 9 7, 5 3
I .
3 3> 3, 5 7, 9}
K ¢ K None of these
;g, o The union of{z, 4, 6,}and IZ Sat C = {6, 7, 8, 9} and
{3, 6, Gjis Se. D = {4, 5, 6, 7} find Set
X cCnN D
\ : A éa 4, 6, 6}
S afe, 7, 8
}:‘“‘.. ) B é’ 3’ 4’ 6’ 6’ é}
% By7, 8, 93
< {6}

. A TS

E None of these
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A25

Topic: Numeration
Subtopic: Other Humeration Basce

Grade Leval
Instructionsl Cbjectives 4 5 6
L. To compare base tive and bese ten 4 X X
2. ‘To count beyond the square of the base X X X
2. To uee other number bages - X X X

five nmeans

twanty-three

2 £ives and 3 ones

2 tens and 3 ones

2 tens and 3 fives
23 fives and O ones

mwcw»{:

13 16 15 20 21 22

In wvhat nuwber bage is the
counting above done?

F Basechree
G B&aefive

H Basesix

J Basetan

B Baﬁesixtaen

Which ic the largest two-place

"numeral that can be written in

base five?
A “Prive
55

€6

B five
C five
D
B

ggfive

None of these

‘What numerél in base ten sgtands

for the same number as 440 ?

P éﬁten

84 on

ast@n

zzoﬁan

five

14]

220mn

e m

I3
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Toplc: Numeration 3
A
Eubtopic: Reading, writing, using whole numbers and decimals 3
Grade ievel g
Instructional Obiectives & = 6

l. %o resd, write, and use whole
nucbers to nine places X X X

2. To read, writs, and use decimals X X X
In the vumber 5.05, the digit 5 The school district paid gixty
< is used twice. Which one of the thousand dollars for new buses.
following is true? How would you write this amount?
—d A The "5's" gtand for the
same amount, P $60
B The "5 at the left stands G $600
for an amount 10 times the B $6.000C ,
— amount represented by the ™
"5" on the right, ; 960,000

8
" _ C The “5° at the right stands K $600,000
E for an amount larger than the
one on the left,

¥ Which numeral stands for the small-

i D  The "5" at the left stands est number you can write with the

- for an amount 100 times the digits 4, 9, 1, and 6? .

- amount represented by the '"5" B

N on the right, F 1946

f; E The "5" at the left stands G 9164 -

for an amount 1000 times the H 1469 ;

: amount represented by the '5" ;
= on the right, J 1648 ;{

“ The numeral 643 has three digits. K 4981 g

. What does the "6" stand for? 23

v A Six
- Six tens ~
c' ' C The number of hundreds -

o

The number of six-hundreds
The number of thousandg

7]
14
o)
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e Topic: Numeration
- Subtople: Roman Numerals

- ’ Grade Level

- Ingtructional Objectives S 5 6

1. To read and write Roman Numerals X X 4

H & ‘ ﬁhtough XXX

In the Ca;':hedral Latin School, | XLV is the game as ‘ -
one of ike rooms is numbered . :

58 XVI, What does XVI mean? F 25

. 4 10 hundreds + 5 tens + 1 45

. i G -

< § B 10+541 H 64 .

o 2 04+4 3 615 ]
] D 151 R 1054

N E 61 , .

In Roman numerals, what letter
do we place after X to make 19?2
3 In Roman Numerals, what ietter
L ‘ _ do we place before X to make 92 P XI
- A L ¢ IX
L B D H Ixx |
S ' J IX ' ‘3
X XXX

®© O

.
'\"?y" X
o, 4n !
\['1 .\‘ '
2V
EA
S ot
e, -7
e ;A
& g
e -5
'\‘ ".
B
L
N .
”
-
-t '
) "‘ -
-z 9
%S
(PR S
~ :
S
- £
.4 A
9
; P
E
L4

!
|
!
i
i
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Topic: Measurement
ot T Subtopic: Concepts
Grade Level
Instructional Objectives i & 5 6
l To demonstrate an undezstanding of
measurement concepts related to the
following: size, quantity,
: distance, time, and weight. X X X
S ———— & —— —

Which uait of measurement is
found in the metric system?

Which unit iz - measure of Length?

A square foot

int
| B An acre F o Apin
~— . € A square yard € Ayerd
_ ; D Amile H A meter
! E A cubic yard J Aton
=1 K A week
e A half-pint is related to a pint the wey a
| F  pint is related to a quart
iR C pint is related to a gallon
H quart is related to a gallon
J pint is related to a half gallon
K quart is related to five gullons
. John 1s in schcol every weekday from 8:30 a.m. until 2:45 p.m. How
many hours does he spend in schoel each day?
F 51/4 J 6 1/4
Ve G 5 3/4 R 714
E 6

. " .

-

k‘\\’
oo




EYPEPDUE .

John helpad-clear fallen trees aftar a storv. He say a large tree which
he guessed wes 20 yards long., The tree was actually 65 feet long. John's
cuess : o L . ‘

F was too small J cannot be compared to the actual _
€ was exactly right length g i

H was too large K was none of these

Betty praciices her music iessons Betty has been saving pennies in,
140 minutes each week. How much a jar. She found that ghe had
time will she spend practicing .. 81X hundred thirtyefive pennies,
in 4 weaks? This is the same as.

A 3 hours 20 minutesg A $6.35

B 4 hours 20 minutes B $35,60

C 8 hours 20 minutes . G $63.50

D 9 hours 20 minutes D $600.35

¥ 9 hours 80 minutes E §635.,a0

David ip 42 -inches tall, ‘This is the szme’gs

F 3 feet A
G 3 feat 6 inchee , %
H 2 feet 9 intches | '
J 4 feet

K 4 feet 2 inches -

A29 }
Topic: Measurement R
Subtopic: Conversion of units o : =
. Lo - : - T (rade level
Instructional Objectives 4 5 6
l. To changa megeyres frém ome aait'tp atother X X X f
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Topic: Mezsurément
Subtopic: Operations without Conversion H

-

~ Grade level
Instructional Objectives 4 5 6

l. To solve problems using cperaticns with
megsures ‘ X X X

On a week-end trip George and his father drows= 97,3 miles on Friday,
104.8 miles on Saturday, and 124.6 miles on Sunday. How many miles did
they drive on the whole trip?

A 215,.7 D 2157
B 226.7 E 35667
} C 326.7
; -~
: Amy is 56 inches tall, Joan is If erasers cost 5 cents each, how
: 30 inches tall., Amy is how many many cents do 7 erasers cost?
inches taller than Joan?
A 6 F 5 .
16 ¢ 7.
cC 50 H 12 E
f; D 56 J 35
: E 106 R 45
ai Janet's mother bought l'of a quart of peach ice cream and 14 quarts of £
s chocolate ice cream for Janet's party. How many quarts of ice cream did .
ske buy in all? o
g 4 3 b
- 4
g B 1
iy c 2 &
D 3 S,
: 3 E & ':\'
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Topic: Measurement =
= Subtopic: Operations with Conversion

Instructional Objectives 4 5 6
——-———_—__m—:——m

1. To solve probléms which require ccnversion
of units of measure, using all operations X X X

Bill bought 3 pounds of bananas at 8 cents per pound, Which one of the
following groups of coins would be the right amount to pay for the
bananas? e .
F 1dime, 2 nickels, &4 pennies J g d%mes, 2 nickels, é pennies ;
G 1 quarter, 4 ﬁénnies' K 3 dimes, 4 pennies
H 2 dimes, l'nickel,.& pennics

: The Riley family uses 4 eges each Ellen wes 2'8" tall when David was
1 day. How many days.will 3 dozen 3'4", Af; that time, David was how
eggs last the Riley family? ‘ many inclies taller than Ellen? |
: A & F & !
t‘ B 9 G :
c 12 H 8 _ ;
D 36 J 1 :
E 40 K 16

#Hr. Ciark drove his car 1212 niles last year, How many miles on the
average did he drive his car each month?

el -

F 11
101
121.2°
1200
1212

@

R =
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Topic: FPundamental operations with fractions
Subtopic: Concept of fractions

Grade Level
Ingstructional Objectives 4 5 6
' l. To find common fractional parts of
t : the whole object and the group X X X
5 2. To demonstrate understanding of
a reciprocal NA NA X
E 3. To interpret decimals as an extension
: of one number system NA X X
% The raciprocal of'l is Which decimal numeral names 951
é 8 hundredths?
A 1 A .0951 |
B 0 B .951 L
| C .‘7i T 9.51
D 95.1
D 7
E 49
€4
What, frection of the total number What part of the rectangle is
of &ircles is shaded? shaded?
F 5 @ 3 F 1
- C ; :
5 \ ¢ 1
® ® O 3 :
H 4 o~
T @ Q O B3
i s 8
9 J 3
K 4 >
K 5
8
%
T o - T :

T LT NI e
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Topic: Fundamental operations with fractions

Subtopic: Addition

~ A

CGrade Level

Ingtructional Objectives 4 -3 .. o
1. To add like fractions | X X .4 1
2.’ To add decimals X X X .
>
3. To add unlike but related fractions NA X X
Betty and Carol are makimg 8.09
dresses for thelr dolls, Betty + 24476
. bought % of a yard of material
f 1 P. 22,75
j and Carol bought 3 of a yard of
| material, How many yards of G. 22,85 !
material did the girls buy R
altogether? He 32.75 :
r 2 3. 32.85 3
c 2 K. None of these | ,
t 6 H 4.:i
1 1 s
H 1 6 + 6 (?2) ¥
1 1 °1
J 1 % P 3 R
.2 - 1
kK 13 ¢ T
2 : <
1 B 12 , |
3 , i A st
R 36
X3
1 1 K Nome of these 3
F = J 1= 5
2 3 ;
2 |
G 3 K None of these N
8 b
H 9 \




o

A34

Topic: Fundamental operations with fractions

Subtopic: Subtraction

rade Level

Instructional Objectives ' 4 5 6
i. To subtract 1like fractions X X X
2. To subtract decimals X X X
3. To subtract unlike but zelated *
: fractions NA X X
/ | 2
) 60.00 5 L '5" = ( ? )
: - 28.74
: —r 3
A'g
A 21.26
B 31.26 | | 5 2
3
C 42.36 C 43
D 48.74 D 5.3.

E None of these E None of these

3 Fhilip had % of a gallon of gas. If
7 he hsed% of a gallon in his model
-2
7 plane, how many gallons of gas did
T 3 he have left?
F !
2 4
¢ 3 1
B 3
n 2 .
7 c 3
8
J 3 1
K None of these .
1
E 1 %




o

Ny 7 T .. R e - . > - - : m%ﬂ?’::’;"ﬁﬂs bt
N % , A35 R 1
‘ Q - ‘:j
: Topic: Fundamental operations with fractions . s%
‘ Subtopic: Multiplication “
W 4;
I _ , ' Grade Level *
Instructional Objectives - - . . . . 4o 5 6 &
- R ";j;
1. To multiply a common: fraction by a whole 4
number NA NA X ’
2, To multiply a fraction by a fraction WA NA X #
3, To multiply a decimal fraction by a whole - | .
. number . NA NA X ;
. 4. To multiply a decimal fraction by a ‘ : : z
7 ‘ decimal fraction - " RA - NA X y
. Susan knows the cost of 1 yard of ribbon. To find the cost per yard, f
she should 3 ) |
) ' : X
; A add .;. three times D divide the-cost per yard by 1 £
. K
: B eubtract:_sl, from the cost E divide the cost of 1 yard by :
per yard three 3 E
} C multiply the cost of 1 |
yard by thres ‘ E
: '
I 1.3 +33 :
y X, 06 x 2 i
: — R ;
; P L0052  J 5.20 A 066 D 66 5
i G .052 K 52, B .66 2 None of these ?
‘H .52 C 6.6 ' ] f
f , . t
34 !
] Frxg= (D - I
\ . i
P 12 J 1 i
33 5 '
- G 15 K None of these
; 23 |
b |
a H 1 '
' 12 ‘
i
—
T .
- L 1
> .
g )




e "t.sr.:ff_ e e

Iy

N

¥
[ baitatacis " ity o ¥ CTL PRV Sy =

A36

-
L4

Topic: Ftﬁdmnt;al opérations with fracticns

Subtopic: Division

-

, . ) ~ Grade Level-
Instructional Objcctives ‘ 4 5 6
= ———h —— Y
1. To divide a whole number by a decimal KA NA- X
fraction
2. To divide a-fraction by a fraction NA NA X

w—m

Four pounds and & ounges is Find the correct answer.
the same as ‘ :
A 4,15 pounds A 122
. 1 ‘ A 2035
B 47 pounds: B - 4305 °
1 C 3.05
C 4 3 pounds )] 30.5
E 305

D & 2 ounds ;
P Wkich sentence is ancther way to

express the relationship ¢

- E 5 Pounds 3
4 + = na?
?ind the correct answer. 3
2:1 8
S5+ 10 3 ¢ 8
s P T g
o a9
7 2 325,
2 © 4.8 °
B-i [ 5
2 B 3X g=n
c—
25
s by 8.
7 34 §°=®
DES 3 5
3-7- K;;- g o
S0

o et o ———
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2; SUPPLEMENTARY MATHEMATICS TEST

..
-

*

R : . DIRECTIONS FOR EXAMINER _ :

.
I 1)\\\_ s

(Repeat the directions in the STAT examiners's manual on pages 6 end
7 as you did for SCAT Parts II and IV, When you finish the Genvrai

Directions Section, say:) . » i

. On the front of your booklet, you will find Directions for Part I

: of the test, Read the directions silently while I read them aloud.

| ’ ’

‘ There are 30 problems in Part I of the test, FPollcwing each

. problem therc are five suggested =nswers. WYork each probiem in your _ )
head or on a piece of seratch paper. Then look at the five suggested ! -
answers and decide which ome is correct. Blacken the space under its
letter on the answer gheet,

Sample Problem | ) -

| t1a36 ASS27  BS627  C2875 D 5628  E Nome of these

W ey e

Because the correct answer to the sample problem is 5627, which is
lettered B, the space marked B on the answer sheet is blackened, See
how it is marked on the answer shect, Do not make any marks im your

. test booklet, Do not turn the page until you are told to do so. (Be
sure pupils are marking their answers in. the correct sections of the
answer sheet,)

- e

Are there any questions about what you should do in Part 17
(Pause momenterily to allcw questions. Then say:)

There are 30 prcblems in Part I and you will have 25 minutes to
work them. When I say “Begin®, turn to the next page and start to work,
Ready? Begin,

(Move quietly around the room to maka sure chat every student is
working in the proper part of the test and the snswer gheet, At the
end of 25 minutes, say:)

Stop! Even 4f you have not finished Part I you must stop and lay
down your pencil,

curn the page to the directions for Part III.
Read the directions silently while I read them aloud,

. There are 30 problems in Pazt III of the test, Following each
problem there are five suggested answers., Work each problem in youx
head or on a piece of scratch papec. Then look at the five suggested
- answers and decide which one is correct, Blacken the spa - under its
s . letter on the answer sheet,

LA S

k s e R T e e ==
b e o e 55 2




. for a fountain pen, How much did

A40

Sample Problem
Jane spent 25 ¢ for candy and 49¢ A 64¢ B 75¢ € 73
sae spend in ,,a_il? . D e B None of these

Becauge the correct answer to the sample problem is 74¢, which is
lettered D, the space marked D on the snswer sheet is blackened. See
how it is marked on the answer sheet, Do not make any marks in your
test booklet., Do not tuxn the page until you are told to do go. (Be
sure pupils are marking their answers in the correct section of the

TR RS TR e e o e ey e i A SRRt S -

. answer sheet,)

Are there any questions about what you should do in Part III?
(Pause momentarily to allow questions, Then say:)

There are 30 probiems in Part III and you will have 30 minutes to

-work them. When I say "Begin", turn to the next page and start to work,

Ready? Begin!

(Move quietly around the room to make sure that every student is
working ia the proper part of the test and answer sheet. At the end of
30 minutes, say:)

STOP! Even if you have not finished Part III you must stop and .
lay down your pencil. ' LI

(Collect test books, answer sheets, and IBM pencils,)

I A
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MATHEMATICS-PART 1

R DIRECTIONS :
There are 30 problems jm Part I of the test, Following each problem

-~

‘there are five suggested answers. Work each prébledm in yout head or

on a piece of scratch paper. Then look at the five suggested answers
and decide which one is corréct. Blacken the space under its letter
on the answer sheet, ’ A -

A4
¥
"

Ssmple Problem

4251 A5527 B S627 C2875 D S628 E Nome of these
+ 1376 | ROt s

Because the correct saswer to the sample problem is 5627, which is
lettered B, the space marked B on the answer sheet is blackened. See
how it has been marked on the answer sheet, Do not make- any marks

x

in your test booklet. . .

- DO NOT TURN THIS .PAGE UNTIL YOU ARE TOLD TO DO Su,

-

g
b
;
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PART 1: / TIME: 25 MINUTES S -
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.

- R
. it MRt 4
-
- -
cei 1

1 Betty has been saving pennies ¢ 7+10 0 10+7
in a jar. She found that she " !
had six hundred thirty-five . Which symbol should be written ‘
pennies. ' This is the same as in the box to make the sentence :

- . - ' tzue? :

A $6.35 , . }

B $35.60 F < ( :

.1. D $600.35 H < !
i . v K ~» 5.

2 Which numeral stands for the , 5
smcllest numbér you can write 7 - 10l lg - -
with- the digits 4, 9, 1, and : E '

! 62 o Which symbel should go in the
| ’ " - box to make the sentence true?
F 1946 - C
! G 9164 A = ‘
! H 1469 B + '
) J 1649 c >
; K 4961 D < -
| ) . E <
, 3 Which number has the largest -
value? 8 8x7=7x{7
A 2.005 Which one of the numerals ghould
B 2.05 go in the box to make the
C 2,5 sentence true?
: D «25
i E 25 F 7 f
G 8 |

4 The school district paid H 9 :
sixty thousand dollars for J 54 - §
new buses, How would you K 56 ’

_ write this amount? _ '
. 9 6xd = 0 o f
F $60 ) :
G $600 Which one of the numerals goes ;
H %6,000 in the box to make the sentence - ‘

K $600,000
A O {

5 Which decimal numeral nam s B 1 |

951 hundreths? cC 6 a
f
A L0951 D 10 5
B . 951 ry ;
C 9,51 :
D 95.1
- E 951, GO CN TO THE NEXT PAGE

I S b LI e
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-.}0. In Roman humerals, vhat

‘letters are placed after
X to make 192

P XI
¢ IX
HoIXX |
J IX
R -XXI

11 In Roman numerals, uh;t
letter is placed before
X to make 92

)

o B - B e I -~
PO T

12 XLV is the same as .

F 25 T
¢ 45 U
H 64 .
J 615

. K 1056

13 In the Céthedral Laiiﬂ School

A43

’

ore of the rooms is numbexed

XVI, What does XVI mean?
10 hundteds +5 tens +1
10+5+1

10 + 4

151 .

€L

HOOWX

4. Find the sum:

6 ,
1 '
g
-

P 11

G 12

H 21

J 22

K 31

15 The numeral 643 has ‘three digits.
What does the "6" stand for?

16

17

8ix

Six tens

The nunber of hundreds

The number of six-hundreds
The number of thousands

The inverse operation of addition
is

Multjiplication

Subtraction

Division

Adding the problem again in
reverse order

Non> of these

In the uumber 5,05, the digit 5

is used twice,

Which one of the

following is true?

A
B

The "5's" stand for the same
amount, ) '

The "5" at the left stands for
‘an amount 10 times the amotnt
reptesented by the "5" on the
right,

The 5" at the right stands
for an amount larger than

the one on the left,

The'5" at the left stands for
an‘amount 100 timee the amount
represcated by the "5" on the
right.

'The "5" at the left stands
. for an amount 1000 times the

amount represented by the ''5"
on the right,

GO ON TO THE NEXT PAGE.
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" 18 ¢
. B

19

20

21

22

The newspaper sajd that
Chicago had 1.6 inches
of rain on Monday, 1.15
inches on Thursday, and
1.51 inches on Saturday.

Which day had the LEAST
amount of zain?

F Monday

G Thursday

H Saturday

J Thursday and Saturday
K You can't tell

The correct answer to the
division problem below is
7 7 630

A 7

B 9

c 19

D 70

E None of these

Which unit of measurement is
found in the metric system?

F A pint
G A yard
H A meter
J A ton

K A week

Which sentence expresses
the property of associa-
tivity in addition?

rs = gr

r(stt) = (ris)t
r+s8s=g+r

(r48)4t = r+(stt)
None of these

symbol for an empty set is

RaZo=m P> moOwd

*VR M A

23

24

25

26

27

The vnion of {2,& ,6} gnd @,‘.ﬁ,g is

A {2,4,6,6}
B §2,3,4,6,6,%
C (6}

. D {2’3’4’6’9}

E None of these

-A set which is equal t:o£3,5,11,7,

9} is

e

G J2,4,10,6,8

B §11,9,7,5,3}

J §3,5,7,93

K None of these

if set C =16,7,8,9}and Set D =

{4,5,6,7} find Set ¢ N D,

David is 42 inches tall. This
is the same as

F 3 feet

G 3 feet 6 inches
H 3 feet 9 inches
J & feet _
K 4 feet 2 inches

Which unit is a measure of length?

A A square foot
An acre

A square yard .
A mile

—— .

A cubic yard

BmooOow

GO ON TO THE NEXT PAGE.
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28 Robert's birth is marked 30 What fraction of the total.

) on’the time line below at .. number of circles is shaded?
] R. His brother Sam’s birth '

i 48 marked at S, and the @ @ O
, present is marked at P, S : <:>
18 nidway between R and P, |

o ®

Which one of the?follow.{;zg F
sentences is true?

Rt S o e o S

wis> »n

F  Robert is younger than
Sam, |

G Sam and Robert are
exactly the same age.

H Sam is now twice as old J
as Robert.

J Robert 18 now twice as

K

WA

e vy o, e A

E S oln Vle

0ld as Sam. ' K
- None of these

P Q R S
J’ & ¢
IR BT A T 14[%}11

Midnight 3 6 9 Nocn 3 6 9 Midnight
.M. a.l. a.t. pP.s Ppo.ity p.ile

LT .
L e

29 An orderly way to think about events
is to arrange them along a time line
similar to the one above,

Mary's day is NOT shown at the most
likely place on the time line above?

Mary goes to bed at S
School is out at R
Mary eats dinner at P
School starts at Q
None of these

i' Which one of the following points in
|
|
\
:
|
|

BoOUO®EY

STOP, If you finish before time is
called, check your work on
this part. Do not go on to

. next part until you are
| _ told to do so.

R i)
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46
MATHEMATICS-PART 1XI

DIRECTIONS

There are 30 problems in Part III of the test. Following each problem
taere are five suggested answers., Work each problem in your head or
on a2 piece of scratch paper. Then look at the five suggested ancwers

and decide which one is correct. Blacken the space under its lotter -
on the answer sheet,

Sample Problem

Jane spent Z5¢ fortcandy and 49¢ for A 64¢ B 75¢ € 3¢
a fountain pen. How muck did she N

spend in all? D 7&¢:; E Note of these

Becauge the correct arswer to the sample problem is 74¢, which is
lettered D, the space marked D on the answer sheet is blackened. See
how it has been marked on the answer sheet. Do not make any marks

in your test booklet, ' :

DO NOT TURN THIS PAGE UNTIL YOU ARE TOLD TO DO SO,

e T S
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!
PARY I11 /TIME: 30 MINUTES .
AVERAGE LIFE SPAN OF ANIMALS
Dog il '
AR
_Bear g
e
Horse 1 ' .
U8 8 Rt | , i
;‘propo‘amus . ' '
DAL el o Mo et |
Elephend - ! =
AU na«mm g ol i
| i | ]
0 10 20 30 40 50 60
Years
1 On the average, how many 3 On the average, which animal :
years does a horse live? lives two times as long as a dog? *
A 2 A Bear '
B 10 B Horse
C 20 C Hipoopotamus
D 47 D Elephant
E 57 E None of these
2 On the average, a bear lives 4 Jim said, "No eiephant can live ) }g
how many times as long as a to be 70 yeare £1d.” Bob said, i
dog? "A11 elephants live to be at ‘ L
least 50 years old," Tom said, ‘
F 1% YAll elephants ‘live to be 90 /
G 2 years old." According to the : f A
H 5 graph, who ie right? N
J 10 :
K 15 F 01115’ Jim “ \Y:,
. G Only Bob _
H Only Tom 3
s J Both Jim :ud Bob 4
o R Neitoer gim ner Bob nor Tom :
50 ON TO THE NEXT PAGE B
'K': -
J
&
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Betty practicec her music 10
lessons 140 minuces each week,

How much time will she spcn&
practiciang in 4 weeks?

J hours 20 minutes
& hours 20 minutes
& hours 20 minutes
9 hours 20 minutes
% hours 80 minutes

RN N--N 2

Eilen was 2'8" tell when David

was 3'47 At that tive, David

was how many inches taller 11
than Ellen?

&
6
8
14
16

ROy

Four pounds and & ounces is
the seme gs

i

4.15 pounds

i
4@ pounds 12

B

¢ &%-peunds

5 ég'gaun&s

E 5 pounds

The surface of a tebie may be
thought of as

a8 ray
a line

a square

a pavt ¢f a line. i3
a part of a plame

Reumam

How many sadpoints doss a2 line
have?

Infinitely meny
Thres endpoints
iwo endpoints
One endpoint
No endpoints

WO >

"o w e

Jolin helped clear fallen trees
after & storm, He saw a large
tres which he guessed was 20
yards long. The tree actually
was 65 feet long. John's guess

was too small

was uxactly right

wvas too large

camnot be compared to the
sctual length

was none of these

N GHom

Sue reportad to her scout troop
one night that there are four
plapets larger than the eartk

and four smsgiler. If the earth
has a diamater of 7900 miles,
which one of the following planets
is smaller than the earth?

Venus - 7600 miles
Oreaus - 30,800 miles
Saturn - 72,400 miles
Jupiter ~ 86,700 miles
None of these

For one of her Brownie projects,
Janet made a square potholder
with each side 10 inches long.
About aow many inches of tape
would she need to go, arcund the
edges?

10
20
40
300
Nowe of these

RRo

Which is the largeet two-place
numeral that can be written in
base five?

A ahfiva

55five

66£iva
99

five
None of these

o O w

GO ON 170 NEXT PAGE.
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14 What numeral in base ten stands 19 Pind the correct answer, -7 o
- for the same number a:z : :
. 440 4 2 ]l =
\ fi.v.‘ g * 10 S .
- b Y ]
F M“n A4 3
‘ G 84“2 . ; :
g 88“11 °7' g
J 12 P
: D Oben ¢ 2
& 220, 75 ; o
18 2 . b 1
5 ‘351‘7‘ neano wvhich of the 25 f
followin; -
u . & |
= A tweaty-three
2 B 2 fives and 3 ones 20 Which sentence is another way to
' C 2 tens and 3 ones express the relastionship 4
D 2 tens and 3 fives 3 K
E 23 fives and 0 ones L S =
3 .
16 A playroom is 30 feet long 8 i
and 25 feet wide. What is
; its area in square feet? F 2.3_ + _g,. 0 ‘
° P S5 :
G 75 ¢ 2: 2an s
H 750 ‘
J 1275 !
K 1750 B2x2.,
17 Find the t ‘. ?
: correct answer J 4 x 8, .
&/ 122 . 3 5 ; ?
: A .035 K3 5
% B .305 z T g=n
C 3.05 :
g 33225 21  The reciprocal of % ie f
18 Find the correct answer. g 3 ;
1.3 ¢ 8 |
) X 04 7 !
D 2 «
F .0052 8 '
) ¢ .052
< 5 .52 e
J 5,20
) K 52.
. GO ON TO NEXT PAGE,
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2z T 137 14" 15 20 21 ‘22 és thch figuf. i.‘ & square? 5
In vhat nuaber base is the |
counting sbove donq.

F B”’thm '
1 G Bucﬁ ve g A B
B B Bue. ix . p— '
0 J B“eten / / l ,
K Base sixteen A A ¢ D
B B
23 What is the volume of a c¢C
rectanguiar solid which DD
measures 2 feét in length E None of these
& feet in width, and 3 feet
in height? 26 Wwhich figure is a triangle?

A 8 cubic feet
B 12 cubic feet

C 20 cubic feet
D 24 cubic feet . ‘
E 36 cubic feet e =

24 7“

L.~ < C

4 H J

What is the measure of the
. perimeter of the figure
] above?

F 15 inches

- G 19 inches P F

=== # Z0 square inches ¢ ¢

3

M J 21 square inches

) K 47 inches LI .
J J
K None of these

GO ON TV THE NEXT PAGE.
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27 Which figure is a rectangle? 29 vhich angle is a right angle?

>
(\) | B
e
A B
/ l —
[\ c D
C D
A A D D A A D D
B B E None of these B B E None of these
¢ ¢ c ¢C
28 Which figure is a cube? 37 Which figure is NOT & simple

closed curve?

. F G >
f’ 4:\;' ! !/‘ va, f’/
H J
— (\’“

14 F
G G
H H
J J

Raigom
R ow

None of these None of these

STOP. 1I1f you finish before time
is called check your work
on this part,

R P
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Introduction '

Listed bélow are the source and identification of the items included
in the test, They are orgenized by topic, subtopic, item identification,
and location in the supplementary test. The names of the tests have
been abbreviated. The abbreviations uged are .the following.

'SCAT - School and College Ability Tests, Form A :
STEP - A - Sequential Tests of Fducational Progress, Level &, Form A |
SIEP - B - Sequeptial Tests of Rducational Progress, Level 4, Porm B 3
CL - Contemporary uachm:1£s';w_gs_§_g, Lower Elementer: Leyal, Form A

CU - Contemporary Mathematics Tests, Upper Blementary Level, Form A

Jonic 1
Number, Operations, Assumptions

Item . : Part and Item Number:
Subtopics Identification: Supplementary Test:

SCAT, Pt, II, Item 3 °
SCAT, Pt. 1V, Item 4 '
SCAT, Pt, 1I, Item 5

B. Subtraction SCAT; Pt. II, Item 1
: SCAT, Pt. II, Item 7
SCAT, Pt. II, Item 11

SCAT, ?t, IV, Item 6

e Multiplication  SCAT, Pt, II, Item 14 . i
SCAT, Pt. II, Item 18 :
SCAT, Pt. II, Item 21

8CAT, Pr. IV, Item 5

Do DiVi’iGn SCAT’ Pto II, Item é
SCAT, Pt, II, Item 19
SCAT, Pt. II, Item 20
SCAT, Pt. II, Xtem 23

E, Laws and CL, Item 48 Part I, Item 9
Generali- CL, Item 50 Part I, Item 8
zations CL, Item 48 Part I, Item 21

¢L, Item 33 ' Part I, Item 16




.
y
!

\ g

Subtopics

A,

C.

A.

B.

C.

D.

A,

Definitions
of Terms

Recognition
of Geomstric
Figures

Measurement
of Geomatric
Figures

Equality

Order

Relationships

Map, Graphs,
Charts

Functions

Sets

Item

Identification

CL, Item 3
CL, Item &

CL, Item 26

Author

STEP-A, Pt. I, Item 17
STEP-A, Pt. I, Item 18
STEP-B, Pt. I, Item 9

Author

STEP-A, Pt, I, Item 1
CU, Item 9

Author

Author

Topic III
Relations

STEP-A, Pt. 1I, Item 12
STEP-B, Pt. II, Item 3
CU, Item 14
CU, Item 42

SCAT, Pt. IV, Item 25
STEP-B, Pt. 1, Item 21
STEP-B, Pt. I, Item 25
Author

STEP-B, Pt. II, Item 10
STEP-B, Pt. II, Item Il
STEP-B, Pt. II, Item 12
STEP-B, T't. II, Item 13

SCAT, Pt. IV, Item 15
SCAT, Pt. 1V, Item 16
SCAT, ®t. IV, Item 21

. -
SCAT’ ?:-0 I"" It&m &H*T

Topic IV
Numeration

Author
Author
Author
Author

Part and Item Number:
Supplementary Test .

Part III, Item 9

Part

111, Item 8

Part 111, Item 30

Part

Part

111, Item 29

III, Item 26

Part III, Item 25

Part
Pare

Part
Part
Part
Part

Part
Part
Part
Part

Part
Part
Part

Part
Part
Part
Part

Part
Part
Part
Porxt

111, Item 27
IIZ, Item 28

III, Item 12
III, Item 24
III, Item 23
11X, Item 16

III, Item 11
I, Item 18
I, Item 7

I, Item 6

I, Item 29
I, Item 28
I, Item 3

III, Item 1
111, Item 2
III, Ttem 3
111, Item &

I, Item 22
I, Item 23
I, Item 24
I, Item 25

———




Rumeration (cont.)

' Subtopics

B.

~

c.

D.

A.

B.

C.

D.

A.

Other Rumber
Bascs

Reading, Wr:e-

ing, Using
Numbers

Roman Numerals

Concepts

Conversion
of Units

Operations-
No Conversion

Operations-With

Conversion

A57

Item
Identification

CL, Item 36
CL, Item 38
CU, Item 29
CU, Item 37

STEP-A, Pt. I, Item 10
STBP'B’ Pto II’ Itm 1,4
STEP-B, Pt. II, Item 15
CL, Item 47

STEP-A, Pt. I, Item 16
Author
Author
Author

Topic V
Measurement

SCAT, Pt. IV, Item 12
SCAT, Pt. IV, Item 22
CL, Item 7

Author

STEP'A’ Pt. I’ Item 5
STEP'Bg Pt. I. Item 17
STEP"B’ Pto II’ Item 9
Author

Pt.
Pt.
Pt.
Pt.

SCAT,
SCAT,
SCAT,
SCAT,

IV, Item 1
IV, Item 2
IV, Item 11
IV, Item 13
SCAT, Pt. IV, Item 8
CAT, Pt. IV, iItem i8
SCAT, Pt. IV, Item 19
STEP-A, Pt. I, Item 6

aopic VI

Part and Item Number:

gsmh‘-me;'m.!ees

Part III, Item 15
Purt XII, Item 22
Part III, Item 14
Part III, Item 13

Item &
item 15
Item 17
Item 2

Part I,
Part I,
Part I,
Part 1,

Item 13
Item 10
Item 11
Item 12

Part I,
Paxt I,
Part I,
Part I,

Item 27
Item 20

Part I,
Part I,

Paxt I, Item 26
Part I, Item 1
Part III, Item 10
Part III, Item S

Fundamental Operations with Fractions

Concepts

SCAT, Pt. iV, Item 14
CL, Item 32
CU, Item 19
CU, Item 31

Part I, Item 30
ravt I, Item 5
Part IIX, Item 21
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Fundamental Operations with Fractions (cont,)

A

% ‘Subtopics -

Item . Part and Item Number:

SCAT, Pt. 1I, Item 17
SCAT, Pt. II, Item 25
SCAT, Pt. IV, Item 17

Identifiéation Supplesentary Test !

; B. Addition SCAT, Pt. II, Item 6 f
g ‘ g SCAT, Pt. II, Item 10 o
- ' SCAT, Pt, II, Item 22 o

SCAT, Pt. IV, Item 20 !

. . L]

C. Subtraction SCAT, Pt, II, Item 12 ,f

D. Multiplication  SCAT, Pt. II, Item 15 .

SCAT, Pe, IX, Item 24
SCAT, Pt, IV, Item 23
Author Part III, Item 18
Division Author Part 1II, Item 7
CU, Item 20 Part III, Item 20
Author Part III, Item 17
Part 1III, Item 19

Authoz

T A ety e e
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APPENDIX E

DESCRIPTIVE AND INFERENTIAL STATISTICS: MBANS
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Means and Stendsrd Deviations: Fourth, Fifth, and Sixeh Grade
Groups' Performance on the Mathematics Test

Grade 4 Grade S Crade 6
n = 244 n= 261 0 e 240
Variable X S X g X 5
¥ 3.16 9% 3,24 88 3,27 .89
sédition : . AR °
-~ |¥ 3.11 1,80  3.25 92 3.27 .83 -
a Subtraction . . o& .
§m Y3 - f_;
) §-§ Multiplication 10 87 la 22 20 59 10 19 30 19 1004 >;
‘-8' ‘é. - ’ : S
-5 Y4 =
4 @ | Division 1.41 .94 2.02 1,13 2.70 1.12
23 |
§ Y5 2]
< !Laws and 2.94 «36 2.67 .96 2.91 .80 : e
Generalizations — < ]
Y6 e ::_
Tota Topic | 12.50 3.3% 13,75 3.39 | 15,54 3.05% =
Y7 :f;:?
DCEinitions Of LY LY ) oD s -w on T.
Terms T
YR . &
2 Eacognition of 2.39 1.04 2.% 1.08 5.26 .86 ‘ j.x
8 | Geometric Figures L -
[
3 Measurement of o - 1,95 1,16 2.30 1.17
Ceomstric Figures - T
Y10 ‘ , .
Total Topic 4,73 1.56 6,79 2.36 7.56 2,39 i
Y11 : 3 99 ?f
o Equality 30 17 096 - \3002 -‘Leoe 3.2.’ egt -3:~"
g - N -
i B 112 102 168 L1 2,27 1.7 D
L Order Relations * ¢ * * * : : :;
? 2.45  1.06 246 1.02  2.78 %6
Haps, Graphs, Charts “° * * * * . S
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Means and Standard Deviations (Continued)

Grade & Grade 5 Grade 6
n = 244 n = 261 n = 240
Variable X s X S X s
—~
0 vY1l4 )
§ é’ Functions hadad - 2.28 1.17 2;67 1.18
& opef
~ & |y15
3 ° 3
¥16 2,64 1.07 2,13 1.09 2,21 1,03
Sets ® [ ] [ ] [ ] [ ] -0
¥17 1.46 1.29 1.89 1.37 1.52 1.33
g | Number Bages * * * *
o
b Y18 :
g Beading, Writing, 2,26 1.09 2.49 1.10 2.85 1,12
g Using Numbers
= Yio
Roman Numersls 1.63 1.18 2,31 1.30 2,62 1.21
¥20 8.33 3,32 8.83 3.48 9.15. 3.15
Total Topic
Y21
Concepts of 1,70 1.17 2.03 1.20 2.40 1.20
Measurement
Y22 .
& |23
’5 ")Perations - o NO 3.00 1.64 3038 1.90 3961 0?7
5 Conversion
;g Y24
Operations -- With 1.62 1.10 1.89 1.17 2.35 1.10
Conversion
Y25
-+ Q 1
Totai TOpic 8037 3@&5 9.52 .-.37 11.09 3031

e e . o - - F)
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Means and Standard Deviations (Continued) '*s
- Grade &4 Grade 5 Grede 6
n= 244 n = 261 a = 240 R
Variable ;(. - S g S ;(- S
: Concepts 1.55 1.05 1.93 1,04 3.1. .99 )
| o f¥27 ' _
Z g Addition bl bl 2.60 1.03 3.16 097 '
Lo |
& o [¥28 . mo , . " BB
: §'§ Subtraczion 1.58 1.91 2.39 1.12 3.06 1.0/
X al
% T & [v29 . o i
: g_.f,. Multiplication T - - - 2.78 i | “"
: s
j © " §¥30 -
% E i Division o - o - - 2.06 -1008 -
| ¥31 4.95 2,22 6,93 2,53 14,14 - 3.90
*jTotal Topic ¢ ¢ ¢ * ¢ °
/
!“7\
I
. ‘ ‘
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Results of Anaiyses of Variance Among lMeans: Fourth, Fifth, and Sixth
Grade Groups' Performance on the Muthematics Test

Source

Degrees

N
Variable of of Squore
Variation Freedom
Y Between 2 .68
Y1 Addition Within 742 .83
7 Jokek
Between 2 7.82
¥2 Subtraction Within 242 .85
2 105,54
‘ Between J
¥3 Maltiplication Within 22 1.33
2 101,397
Between .5
Y4 Division Within 742 1.15
Sk
Y5 Laws and Between 2 5.76 :
Generalizations Within 762 -85
, ~ dodese
Y6ITota1 Topic: Between 2 563,52
sumber, Operations, Within 742 10. 64
Assumptions . :
Y7 Definitions of Between - -
Ceometric Terms Within -- -
%
¥8 Recognition of Between 2 7.16
Geometric Figures Within 742 1.03
Fide
Y9 Measurement of Between 2 102.46*
Geometric Figures Within 742 1,18
Y10 Total Topic: Between -~ .-
Geametry Within .- - —
* 3
Between 2 3.10
Y11 Equality Within 742 %
deolke
Between 2 79.73 X
Y12 Order Relations Within %32 1.32
Y13 Maps, Graphs, Between 2 8.31*** &
Chazrts Within 762 1,02
Betwe&n oS- - e
Y14 Functiong Within o .
Sve .
Y15 Total Topic: Batween 2 320,13 X
Relations Within 742 8.90
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Results of Analysecs of Variance (Continued)

Source Degrees
Variable of of s”i::e
Variation Freedom 4
Sk
Y16 Sets Between 2 18,32
Within 742 1,14
| wkk
Y17 Number Bases' Within 2%2 1,77
- " )
Y18 Reading, Writing, Between 2 21,20
Using Numbers Within 742 1,21
Jekek
. Between 2 24,59
Y19 Roman Numerals Within 742 1.52
ek
Y2¢ Total Topic: Between 2 45.17
Numeration: Within 742 11.06
¥21 Concepts of Between 2 ‘28,287
Measurément Within 742 v 1,42
- - dekk
Y22 Conversion of Between 2 ' 31,62
Units Within 742 1.16
Fedek
Y23 Operations - Between 2 22,57
No Conversion _Withia 742 © .90
. Seveke
Y24 Operations - _ Between 2 32,68
With C@nversion » Within 742 1.27
- FeRd
Y25 Total Topic:’ Between 2. ' 451.69
' Measurement - Within 742 10.76
| Betw 2 164,14
. zeen .
Y26 Concepts -- Fractions Within 2%2 1.05
Between .- .-
Y27 Addition -- Fractions Within - G-
k%
Y28 Subtraction =-- Between 2 124,71
Fractions Within. 742 « 1,13
Y29 Multiplication -- Between .- .-
Fractions Within -- .-
Y30 Divi o . Between o= -
vision Fractions Within . .
Y31 Total Topic: Between .- .-
Fractions Within .- .-

* . ok '
Associated P < ,05; = Associated P < .01; ***Associated P < .001.
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FRINCIFAL AXES COORDINATES FOR TOPICS

. Table 1A Table 2A
| Principal Axes Coordinates Principal Axes Coordinates
for Grade 4 (N = 244) for Grade 5 (N = 261)
Dimension Dimension
Topic 1 2 Topic 1 2
1 -811 1379 1 240 1401
: 2 1780 337 2 1770 =522
- 3 -114 =721 3 =672 247
} 4 490  -580 4 -640 =325
: 5 =365 =414 5 =698 =306
Table 3A ‘ Table 4A
Principal Axes Coordinates Principal Axee Coordinates
for Grade 6 (N = 240) for Six Topics in Grade 6
Dimension Dimension
Topic 1 2 Topic 1 2
1 =605 1723 1 274 1795
s 2 1345 296 2 1396 ~175
3 45 =686 3 275 <1135
& -637 078 5 1155 =936
-‘P'.f, 5 149 -355 5 158 212
LA 6 =8 269
: \
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